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Kurzfassung

Die fortschreitende Miniaturisierung von moderner Technologie bedingt die Notwen-
digkeit Transportmodelle, die in computergestütztem Design von Halbleiterbauele-
menten zur Anwendung kommen, fortlaufend zu verfeinern und zu erweitern. Zwei
solche Verfeinerungen bilden das Thema dieser Dissertation.

Momenten-Methoden

Hohe elektrische Felder, die auf einer kleinen Längenskala stark schwanken, bedingen
nichtlokale Effekte im Verhalten heißer Ladungsträger. Unter gewissen Umständen
dominieren diese Effekte, die durch einfache Energietransportmodelle nicht adäquat
beschrieben werden, das Verhalten des Bauelements.

Durch Abschneiden des Momenten-Gleichungssystems der Boltzmann Gleichung
erhält man makroskopische Modelle, die die Einschränkungen der vorhandenen Ener-
gietransportmodelle überwinden können. In früheren Arbeiten wurde am Institut für
Mikroelektronik ein konsistentes Transportmodell entwickelt, das die ersten sechs
Momente der Verteilungsfunktion verwendet. Ziel dieser Arbiet ist es, die numerische
Robustheit des Lösungsalgoritmus für das Sechs-Momenten-Modell zu verbessern.

Das Abschneiden des Momenten-Gleichungssystems bedingt ein Abschlussproblem,
da die Zahl der Unbekannten die Zahl der Gleichungen übersteigt. In der vor-
liegenden Arbeit liegt das Hauptaugenmerk auf dem Studium verschiedener Ab-
schlussbeziehungen für das höchste Moment, da die Wahl der Abschlussbeziehung
entscheidend für die numerische Robustheit des Modells ist. Indem wir konsistente
Übereinstimmung mit Bulk-Simulationen verlangen, erhalten wir eine neue Lösung
des Abschlussproblems.

Quantenmechanischer Transport

Mit fortschreitender Miniaturisierung kann das Verhalten von Bauelementen nicht
mehr durch die klassische Physik beschrieben werden und eine quantenmechanische
Modellierung wird notwendig. Nanoelektronik ist ein neu entstehendes Gebiet, das
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ii KURZFASSUNG

sich mit der Herstellung von Bauelementen beschäftigt, deren Funktionsprinzipien
quantenmechanischer Natur sind.

Im Rahmen des NANOTCAD-Projektes wurde ein Löser für die Wigner-Gleichung
basierend auf finiten Differenzen implementiert. Der Löser wurde zum anfänglichen
Vergleichen und Testen eines Wigner-Lösers verwendet, der auf der Monte Carlo
Methode beruht.

Als Alternative zur Wignermethode wurden mehrere Methoden, die direkt auf der
Schrödingergleichung basieren, implementiert. Modelle, die es erlauben, Streuung in
diese Modelle mit einzubeziehen, wurden entwickelt.

Im Falle von kohärentem Transport beschreiben die numerischen Methoden, die auf
der Schrödingergleichung basieren, und die Wignermethode exakt dasselbe physi-
kalische Modell. Wir zeigen jedoch, dass die numerische Implementierung beider
Methoden signifikant unterschiedlich Ergebnisse liefert und diskutieren die Diskre-
panz.



Abstract

The ever ongoing feature size reduction in state-of-the-art technology causes a
continuous need for refinement and extension of transport models used in technology
computer aided design (TCAD). Two such areas of refinements are the topic of this
thesis.

Moment Methods

In modern devices large electric fields which rapidly change over small length scales
give rise to non-local and hot-carrier effects which begin to dominate device perfor-
mance.

Macroscopic models which can overcome the limitations of the available energy-
transport models are obtained by taking the moment system of equations of the
Boltzmann transport equation and truncating it at a suitable order N . A consistent
transport model based on the first six moments of Boltzmann’s equation has been
developed at the Institute for Microelectronics. The aim of this research is to increase
the numerical robustness of the solution algorithm for the six moments model.

Truncation introduces a “closure problem” because the number of unknowns exceeds
that of the equations. The main emphasis in this thesis is put on studying different
kinds of closure relations for the highest order moment, as this was found to be a
critical issue with respect to robustness. Requiring consistency with bulk simulations
we give a new solution to the closure problem.

Quantum Transport

With decreasing feature size the physical description changes from classical physics
to quantum physics. Nanoelectronics is the emerging field of building electronic
devices that use quantum effects and harness the small-scale quantum properties of
nature.

For the NANOTCAD project the task was to implement a finite difference solver for
the Wigner equation. The solver was used for comparison and testing of a Wigner
Monte Carlo code during prototyping.
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iv ABSTRACT

As an alternative we implemented the quantum transmitting boundary method
(QTBM) and experimented with a variety of quantum mechanical formulations.
Models for inclusion of scattering within the QTBM are developed.

With regard to coherent transport both the QTBM and the Wigner function method
describe the same physical model. Comparing results from the QTBM and the
Wigner function method we find that there is a significant difference in the results
and discuss the discrepancy.
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Chapter 1

From Micro- to Nanoelectronics

In the late 1960’s, Gordon Moore, the co-founder of Intel Corporation made a
memorable observation that has since become known as Moore’s Law. He noted
that the number of transistors on a chip roughly doubled every 18 months. What
is remarkable is that this trend has remained true for the past four decades. A
consequence of this doubling is that the individual feature size of electronic com-
ponents decreases every year despite the continued difficulty in fabricating smaller
and smaller electronic components.

The importance of Technology Computer Aided Design (TCAD) tools in the devel-
opment of industrial semiconductor technology is well outlined in the SIA National
Technology Roadmap for Semiconductors - Technology Needs ([Sem97]): “Modeling
and simulation is the only tool available for engineers to design processes, material
use, transistors, and structures; there is no viable alternative. The major challenge is
getting predictive model results from atomic scale through electrical performance; to
accurately model new technologies a priori, resulting in development cost reduction;
and faster time to market.”

1.1 The Road to NanoTCAD

The aim of the International Technology Roadmap on Semiconductors [RO003] is to
give a very detailed industrial perspective on the future requirements for micro/nano
electronic technologies. The roadmap is built on a worldwide consensus of leading
industrial technologists. It provides guidance for the semiconductor industry and
for academic research worldwide. The goal is to continue exponential gains in
performance per price for the next fifteen years.

The consensus opinion within the semiconductor industry is that CMOS scaling can
be extended until some time between 2012 and 2016. The roadmap projects that
by 2016, half-pitch spacing of metal lines will be 22 nanometers (“22 nm node”)
and device gate lengths will be 9 nanometers. Beyond 2016, CMOS scaling will

3



4 Chapter 1. From Micro- to Nanoelectronics

slow significantly and alternative technologies will emerge. A hypothetical 16 nm
CMOS node is still speculated about. The nature of these alternative technologies
is unclear, but what is clear is that the enormous silicon infrastructure will force
the alternative technologies to be integrated on silicon platform and hence CMOS
compatibility will play an important role in determining which of the emerging
technologies becomes economically significant.

Technology Computer-Aided Design (TCAD) is one of the few enabling methodolo-
gies that can reduce development cycle times and costs. Device modeling is used
for scaling studies and technology optimization; therefore, the ability to correctly
represent today’s performance and predict tomorrow’s limitations is paramount.
The key driver for accurate modeling and simulation software tools is the need to
obtain knowledge and insight that will reduce development cycle times and costs.

The latest roadmap from 2003 [RO003] has a full section “Modeling and Simulation”
devoted to TCAD and a subsection dealing with device modeling. It gives a list of
difficult challenges which are treated in two groups corresponding to the projected
development of technology.

The first group defines “ultimate nanoscale CMOS simulation capability” as the
main challenge through 2010. As classical MOS devices continue to be scaled, it
is important to understand possible limits to scaling from a modeling perspective.
The need for the predictive simulation of non-classical CMOS devices and for more
accurate solutions to the Boltzmann equation is stressed.

The second group is entitled “nano-scale modeling”. The challenge is the de-
velopment of device simulation tools for the emerging candidate technologies to
complement CMOS on the long-term run beyond 2010. As traditional MOS scaling
becomes less effective, nano-scale device modeling will be needed to help develop
innovative MOS devices as well as to explore new device structures that may operate
on different principles. Quantum transport, resonant tunneling and spintronics are
explicitly mentioned.

Mapping the contents of this thesis to the roadmap we see that a lot of work is
required on both topics.

In the first half of this thesis we develop a six moments model for more accurate
simulation of classical carrier transport. This will not give us “ultimate CMOS
simulation capability” but it will serve the respectable aim to replace the drift-
diffusion model in an intermediate gate-lengths window of 100 to 25 nm. Currently
the drift-diffusion model is still the workhorse mostly used for in-production device
modeling, but at smaller gate lengths it is no longer suitable.

The second half of this thesis deals with the simulation of resonant tunneling diodes
(RTDs) and the phenomenon of resonant tunneling. The RTD is one of the emerging
research logic devices discussed in the roadmap. While it is doubtable if RTDs
will ever play a major role in mainstream technology, the numerics behind the
simulation definitely does. We compare several numerical methods for the simulation
of quantum transport using the RTD as a test case.
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These numerical methods will play an important role for the simulation of CMOS
in the near future: In recent years a large variety of CMOS compatible new device
architectures has been proposed. A promising method to suppress the short-channel
effect exploits thin films. Therefore fully depleted SOI, FinFETs, and various
forms of double-gate or all-around gate structures have been investigated [XRB03],
[BCJP03]. For such structures and gate lengths below 10 nm quantum transport
models are indispensable [BAM+03], [WL02].

The ever ongoing feature size reduction in state-of-the-art technology causes a
continuous need for refinement and extension of transport models used in TCAD.
Two such areas of refinements are the motivation for this thesis, as is explained in
the next two sections.

1.2 Extensions of Drift Diffusion Models

In industrial applications of TCAD there is a strong need for fast and efficient
models, preferably compact models. In conventional device simulation efficient
models are derived by considering the first few moments of the Boltzmann equation.
These models eliminate many of the assumptions required for the applicability of
compact models.

However, in modern devices large electric fields which rapidly change over small
length scales give rise to non-local and hot-carrier effects which begin to domi-
nate device performance. Accurate description of non-local effects is of utmost
importance for these modern semiconductor devices. In particular, the distribution
function has to be modeled properly as it is inherently linked with hot-carrier effects.
In the framework of hydrodynamic and energy-transport models only the average
energy is known which does not provide enough information about the shape of the
distribution function.

At the high end of device simulation, there are the Monte Carlo codes which solve
the full Boltzmann equation. They play a dominant role in computational device
physics. Within TCAD they are important as a tool for calibration and development
of simplified models. These codes achieve the highest accuracy and implement
physically advanced models at the price of very long simulation times.

Higher order moment method are designed to keep the balance between efficiency
and required accuracy of the simulation. To overcome the limitations of the available
energy-transport models a consistent transport model based on six moments of
Boltzmann’s equation has been developed in [GKGS01]. In addition to the concen-
tration and the carrier temperature, as provided by the energy-transport models, we
obtain the average of the square energy which we map to a new solution variable,
representing the kurtosis of the distribution function.

The aim of our research was to increase the numerical robustness of the solution
algorithm for the six moments model. As higher order moment systems are complex
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nonlinear systems, robust solution requires a lot of fine tuning and experimenting
with both the discretization and the nonlinear solver.

1.3 Entering the Quantum Regime

With decreasing feature size the physical description changes from classical physics
to quantum physics. Nanoelectronics is the emerging field of building electronic
devices that use quantum effects and harness the small-scale quantum properties of
nature.

Nanotechnology offers the possibility of building a new generation of electronic
devices in which electrons are confined quantum mechanically to provide superior
device performance. Over the past two decades discrete nanoelectronic devices
have been proposed and successfully demonstrated in research laboratories, such
as resonant tunneling diodes (RTD), single electron transistors (SETs) and a broad
class of devices comprised of quantum dots, quantum wires and molecules.

The development of novel devices at the nanometer scale with potential for large-
scale integration and room temperature operation is a formidable task. Over the
years, many ideas have been proposed on the basis of very qualitative reasoning
or simplified physical models: typically, the demonstration of working prototypes
is achieved, while the fabrication of complex logic circuits proves to be infeasible.
There are often fundamental problems, such as the extreme sensitivity of device
operation to the presence of defects, stray charges, and other parasitics, or the need
of prohibitively tight fabrication tolerances. In other cases the switching times are
inherently slow, or the physical effect is so weak that room temperature operation
is prevented. Moreover, there is a gap between device physics and nanoelectronic
systems integration. Moore’s Law predicts that this gap will be closed around 2015.

Though the age of nanoelectronics is predicted to be still 10 years ahead the change
in physics from (semi-)classical to quantum physics has an impact for TCAD much
earlier. With ongoing miniaturization quantum effects sometimes come to play a
dominant role in conventional devices. Currently most commercially available device
simulators are based on classical drift-diffusion modeling and variants thereof. Few
years from now these codes will no longer be sufficient to simulate devices which
are then in industrial production. The current code base of the TCAD vendors will
then have lost much in value and new truly quantum mechanical models must be
implemented.

Among the ambitious objectives of the Nanotechnology Information Devices (NID)
Initiative of the European Commission are the development of novel devices for an
unprecedented scale of integration, and the development of tools and techniques for
the fabrication of such devices. The NANOTCAD project within the NID Initiative is
a coordinated experimental and theoretical effort aimed at the development and the
validation of a software package for the simulation and the design of a wide spectrum
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of nanoscale devices. However, since technologies for nanoscale devices are still at
the early research stage, as opposed to the production stage of ULSI technologies,
the project is mainly oriented at device prototyping and early evaluation of the
realistic potential of a device structure.

Work package 3 within the NANOTCAD project is entitled “Quantum Monte Carlo
Modeling”. Its goal is to develop models and numerical methods for quantum
transport using the Monte Carlo method in far from equilibrium conditions. This
work package aims at the inclusion of dissipative processes such as phonon scattering.
The goal for the “Quantum Monte Carlo Modeling” work package is to extend some
techniques of classical Monte Carlo simulation to the quantum mechanical regime.
Some of its results are also described in this thesis [NKKS01], [KNS03], [KKNS03].

For the NANOTCAD project this author was set the task to implement a finite
difference Wigner equation solver. The solver should be used for comparison and
testing of the Monte Carlo code during prototyping. However, it turned out, that
the Wigner solver did not perform well on the test cases (resonant tunneling diodes)
set by the project. Searching for an alternative we (re)discovered the quantum trans-
mitting boundary method (QTBM) and experimented with a variety of quantum
mechanical formulations.

1.4 Outline of the Work

In the first half of this thesis we summarize the problems we found with the six
moments method and the enhancements we introduced to overcome them. The
second half of this thesis describes the work done for the NANOTCAD project.

1.4.1 Higher Order Moment Methods

Minimos-NT is a device simulator developed at the Institute for Microelectronics
in TU-Vienna in a tradition going back more than 20 years. It is a complex software
package consisting of over 500.000 lines of code being the result of over 100 man-
years. Minimos-NT is made available free of charge to the public. To keep pace
with the needs of the latest technology nodes, the simulator was enhanced by the
addition of higher order transport models.

The six moments model [GKGS01] is a consistent extension of standard energy-
transport models and allows for a detailed study of hot-carrier effects. Minimos-NT

aims to be applicable to real-world examples from semiconductor industry. However,
the implementation of the six moments method [Gri02] did not work reliably as
measured by industrial TCAD software quality standards.

It was not clear at the beginning of this work what caused this failure. The job
assigned to this author can be summarized in one slogan: “Robustness”. This is an
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important issue which marks the difference between a software package for industrial
application and a computer program mainly used as an aide in producing figures for
academical research papers.

In the course of numerical troubleshooting we expected to make lots of changes
to the code. To avoid the overhead of implementing this in Minimos-NT it was
decided to reimplement the method for the one dimensional case stand-alone in
Matlab, which is a very good development platform for prototyping. By comparing
the two implementations many problems could be eliminated, resulting in a stable
implementation.

Our initial working hypothesis was that some improvements to the nonlinear solver
were needed. But during the course of the project it was found that there did not
exist a single showstopper but a variety of numerical issues which needed to be
addressed.

Chapter 2 starts with introducing the Boltzmann-Poisson system and the one-
dimensional model which we used for developing the stand-alone simulator. The
solution of the Boltzmann equation by the method of moments is discussed. The
hierarchy of moments equations is derived and the “closure problem” is defined. We
study the closure in the scattering operator using mobilities and relaxation times.

The closure problem for the highest order moment is the topic of Chapter 3. We
review three methods from the literature: First, the use of cumulants instead
of moments for the description of the distribution function [WSYM98] leads to
a generalized Gaussian closure. Second, the maximum entropy principle in the
diffusion approximation was applied to solve the closure problem. Finally, the
closure relations proposed in [GKGS01] are considered, where the sixth moment
is modeled as a function of the variance and the kurtosis of the distribution function
using a real number c as parameter. In the last case the closure problem is reduced
to the choice of c. This indeterminacy can be eliminated by requiring consistency
with bulk Monte Carlo data.

Chapter 4 describes the tuning of the nonlinear solver. The success and practical
applicability of numerical simulation depends critically on the convergence rate as
well as the control of any numerical instability arising from discretization error.
As a first step in the investigation a variety of generalized Scharfetter Gummel
schemes were implemented. We discuss the discretization schemes we tried for the
six moments model.

Compared with the simple drift-diffusion model higher order methods give stronger
coupling between the device equations as the physical models for mobility are
functions of the local carrier temperature. There are several critical points which
influence the convergence behavior: A basic one is the choice of variables. This
is already an issue for the drift-diffusion systems where different sets of variables
can be used. To find the optimal set of variables convergence behavior is compared
experimentally.
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Correctness of the implementation has been checked by comparing simulation results
with exact analytical results known for the bulk case. Furthermore simulation results
are compared with Monte Carlo data, which finishes this part of the thesis.

1.4.2 Quantum TCAD

In the NANOTCAD project the simulation of resonant tunneling diodes (RTD) was
used as a test case for the quantum Monte Carlo simulator. Despite its simple
structure, the RTD is indeed a good laboratory for electron-wave experiments,
which can investigate various manifestations of quantum transport in semiconductor
nanostructures. For this reason Chapter 5 deals with the fundamental physics of
resonant tunneling.

In the discussion we point out that for an accurate prediction of the I-V charac-
teristics of resonant tunneling devices scattering mechanisms have to be included
in the model: scattering that breaks phase-coherence results in a broadening of the
transmission peaks at resonance and a dramatic degradation of the peak-to-valley
current ratio of RTDs.

A proper theoretical description of the complicated transport properties beyond the
global coherent tunneling picture is given in terms of a non-equilibrium quantum
transport theory such as the density matrix, Wigner function or Kadanoff-Baym and
Keldysh techniques for the non-equilibrium Green’s function. The natural frame to
extend semiclassical Monte Carlo methods to the quantum regime is the Wigner
formulation of quantum mechanics. This formulation was actually adopted for the
Monte Carlo simulator. But many equivalent formulations of quantum mechanics
are possible and appropriate in other modes of device simulation.

Chapter 6 summarizes a few of these possible formulations, which have been applied
to a variety of problems in the literature. We give formulations on configuration
space (Schrödinger equation, the hydrodynamical formulation and hybrids thereof
like the Riccati and Prüfer equation). Then we introduce phase space distribution
functions focusing on the Wigner distribution.

In Chapter 7 we discuss the simplest quantum transport model: the open boundary
Schrödinger equation. We give the formulation of absorbing boundary conditions
and compare the Schrödinger, Riccati and Prüfer equations. Then the one-particle
Schrödinger equation is extended to the von Neumann equation which describes
many non-interacting particles. In the coherent case this is an alternative to the
Wigner formulation. For open boundary conditions the von Neumann equation
can be solved by a separation ansatz. This reduces the problem to a set of one
dimensional Schrödinger equations which then can be solved independently. This
method is known as quantum transmitting boundary method (QTBM). It is very
fast and ideal for TCAD purposes.

Coupling the Poisson equation with the von Neumann equation we get a nonlinear
system. The calculation of the Jacobian is parallelized using MPI [GHLL+98]. The
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main drawback of the QTBM is that it is difficult to include scattering in the model.
Methods for describing scattering in the density matrix formulation are discussed.

Chapter 8 introduces the Wigner function method (WFM). It applies the finite
difference method to the Wigner equation for the simulation of RTDs. Although
the Wigner method has very good theoretical properties its numerical discretization
using finite differences proves to be troublesome. We implement the so called
“standard discretization” (see [Fre90]) and discuss its numerical properties.

Chapter 9 deals with the development of quantum Monte Carlo methods. In the
Wigner formalism the potential operator becomes non-local in momentum space
with properties similar to the collision operator. We present a Monte Carlo algorithm
which treats potential and collision operator in a unified way as a generalized
scattering operator which allows for negative transition “probabilities” [NKKS02],
[KNS03]. The arising negative sign problem is illustrated.

In the previous chapters we presented several numerical approaches to the simulation
of quantum transport in mesoscopic device structures. Chapter 10 is devoted to the
application of the von Neumann and the Wigner formulation to a test problem. We
discuss the discrepancy in the results from a purely numerical point of view and find
that the QTBM is superior to the Wigner function method in terms of numerical
accuracy and computational costs.
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Introduction to Part II

Carrier transport in modern semiconductor devices is commonly investigated using
Boltzmann’s transport equation, either directly by means of the Monte Carlo method
or by using simplified macroscopic transport models derived from Boltzmann’s
equation. To obtain a physically accurate picture which includes as many effects
with as few approximations as possible, the Monte Carlo method is often the method
of choice. However, on an engineering level the Monte Carlo method is inconvenient
because it requires large simulation times. In particular, the extraction of some
relevant device parameters is very costly, for instant transit frequencies, small-
signal parameters, threshold voltages and in general situations where only small
current levels are involved. Therefore simpler methods have to be derived which, for
instance, focus only on the first few moments of Boltzmann’s transport equation.

Since the advent of the first simulator that solved the semiconductor equations
on one- or two-dimensional geometries, the drift-diffusion model which comprises
the first two moment of Boltzmann’s equation has been the workhorse of TCAD
device engineers. As classical MOS devices continue to scale, the numerical methods
and algorithms need improvement to support the growing complexity of physical
phenomena to be addressed by TCAD. In some aspects, such as non-local effects
due to impact ionization, band-to-band tunneling, trap-assisted tunneling or channel
mobility, the basic physical models have to be refined. For this more accurate
treatments of the Boltzmann transport equation than provided by drift-diffusion
models are required [RO003].

Higher-order transport models have been proposed to alleviate some of the most
stringent assumptions underlying the drift-diffusion equations. However, many
doubts regarding the accuracy of fourth-order models like the energy-transport
model have been raised. It has often been observed that the additional overhead
imposed by these methods is not justifiable. For improved accuracy six moments
models [GKGS01] have been proposed which add the kurtosis of the distribution
function as additional solution variable.

One point subject to much research are the numerical properties of higher-order
transport models. With the first implementation of the six moments model [Gri02]
many convergence problems were observed. Trying to achieve a robust implemen-
tation we found that the closure relation for the sixth moment is the critical issue
with respect to numerical robustness of the solution algorithm for the implemented
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six moments model. The search for a suitable closure relation is the central topic in
this first part of the thesis. This is discussed in Chapter 3. The search for a suitable
closure was accompanied by investing much work in the fine-tuning of the nonlinear
solver as described in Chapter 4.



Chapter 2

A Six Moments Model for the

Boltzmann Equation

In this chapter we introduce the Boltzmann transport equation (BTE) which is the
fundamental relationship describing transport of free carriers in semiconductors. We
discuss the solution of the Boltzmann equation by the method of moments. The
arising hierarchy of equations is simplified assuming the diffusion approximation.
Truncation of the hierarchy at a finite order leads to a closure problem. Closure
in the scattering operator is achieved by using the macroscopic relaxation time
approximation. Models for mobilities and relaxation times consistent with bulk data
are introduced. Discussion of the closure in the highest order moment is treated in
Chapter 3.

2.1 The Boltzmann Poisson System

The Boltzmann equation is a semiclassical equation and describes the time-dependent
position and momentum of electrons and holes in semiconductors. To describe the
interaction between electrons the BTE is coupled with the Poisson equation.

To simplify the (3+3)-dimensional equation additional assumptions are made. Using
cylinder symmetry the equation can be reduced to (1+2) dimensions. Further
simplifications in the framework of the diffusion approximations are defined.

2.1.1 The Boltzmann Equation for Parabolic Energy Bands

For a distribution function f(x,k, t) where x is the position, k is the wave vector
and t is the time the Boltzmann equation for parabolic energy bands reads

∂f

∂t
+

1

�
∇kε(k) · ∇xf − q

�
∇xV (x, t) · ∇kf = Q(f) . (2.1)

15
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Here ε is the given energy band diagram, V is the electrostatic potential and q is
the carrier charge (negative for electrons). The independent variables are k ∈ R

3, x

∈ R
3, t ∈ R.

We define the group velocity v

v(k) =
1

�
∇kε(k) . (2.2)

For now we restrict ourselves to parabolic bands. Then

ε(k) =
�

2

2m∗
|k|2 , (2.3)

with effective mass m∗ and

v(k) =
�k

m∗
. (2.4)

The momentum p is defined as

p = �k . (2.5)

Using the group velocity v the Boltzmann equation becomes

∂f

∂t
+ v · ∇xf +

q

m∗
E · ∇vf = Q(f) , (2.6)

where we introduced the electrical field E = −∇xV (x, t).

2.1.2 Poisson Equation

By definition the potential V fulfills

E = −∇V . (2.7)

By Maxwell’s equations we have

D = εε0E . (2.8)

and

∇ · D = ρ . (2.9)

Here ε0 is the electrical permittivity of free space and the dimensionless dielectric
constant ε is a material dependent parameter. In our case the charge density ρ is
given by

ρ = q(M0 − C) , (2.10)

with q the (negative) elementary charge, M0 the zeroth moment, that is, the particle
density, and C the net doping.
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2.1.3 Dimensional Reduction

To derive a numerically tractable model from the full (3+3)-dimensional Boltzmann
equation we assume that the distribution f(x,k) is one-dimensional in space x and
has cylinder symmetry in k. That is

f(x,k) = f(x3, k3, kr), where k2
r = k2

1 + k2
2 . (2.11)

This is known as the “1+2”-Boltzmann equation. Note that also the input data
has to fulfill this symmetry. Consequently the cylinder radial components of the
electrical field E vanish.

With this assumption we have

∂f

∂x1

=
∂f

∂x2

= 0 (2.12)

and

Ex1 = Ex2 = 0 . (2.13)

Hence the BTE reduces for parabolic bands to

∂f

∂t
+ v3 · ∇x3f +

q

m∗
Ex3 · ∇v3f = Q(f) . (2.14)

2.1.4 Distribution Function Models

To obtain simpler equation systems we can add further constraints on the distribu-
tion function. The following assumption can be justified in the framework of the
diffusion approximation [GJK+04]: The symmetric part fS of f

fS(x, k) =
1

2
(f(x, k) + f(x,−k)) (2.15)

is isotropic, that is

fS(x, k) = fS(x, |k|) . (2.16)

We refer to it as the “isotropy condition”.

Another model emerges from the first order approximation to a shifted Maxwellian
[GJK+04]:

f(x, k) = g(x, |k|) + kxh(x, |k|) . (2.17)

We call it the “shifting” assumption and refer to the class of functions as of “linear-
isotropic” type. Distribution functions of this form also fulfill the isotropy condition
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Equation 2.16. The isotropy condition does not imply the shifting assumption. To
see this we consider a distribution function of the form

f(x, k) = g(x, |k|)exp(kx|k|)
cosh kx|k| . (2.18)

This distribution has an isotropic symmetric part, but is not of the “linear-isotropic”
type. Under the shifting assumption the distribution function f is given by two
“1+1” unknowns g and h. Computationally this reduces the three-dimensional k-
space to two one-dimensional distributions in |k|.
Further functional forms of the distribution function emerge, e.g., from the maximum
entropy closure or from an expansion in Hermite polynomials. The choice of the
functional form is necessary to describe the distribution function by a reduced set
of moments within the moments method, see Section 2.2.

2.2 The Method of Moments

We now discuss the solution of the Boltzmann equation by the method of moments.
For this we will assume the “1 + 2” case and the isotropy condition. Furthermore
we restrict ourselves to the stationary case in the discussion.

2.2.1 Macroscopic Observables

For many TCAD purposes the kinetic description in terms of the distribution func-
tion f(x, k) contains more information than is really needed and is numerically
not tractable. The link to the continuum formulation is made by reducing the
distribution to its first moments.

The macroscopic quantities (moments) M(x) are the expectation values derived
from the observables O by integrating the distribution function f over k-space with
weight O(k).

Mi(x3) =

�
f(x3, v3, vr)Oi(v3, vr)d(v3, vr) = �Oi� (2.19)

In this equation d(v3, vr) denotes the volume element stemming from the transfor-
mation to the new variables. (This is not given here explicitly as we never need it.)
We denote the expectation value by M = �O�.

Sets of Moments

The description of the distribution function f by a set of moments eliminates
the k-coordinates at the expense of information loss concerning the details of the
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distribution function, as the common simplification is to investigate only a few
moments of the distribution function.

In the parabolic case the energy ε is

ε =
m∗

2
v2 . (2.20)

In this special case we can choose the observables to be polynomials in v.

We set

u = v2 = v2
3 + v2

r . (2.21)

and we define the set of velocity observables:

O = {O0, O1, O2, O3, O4, O5, O6} = {1, v3, u, v3u, u2, v3u
2, u3} . (2.22)

The moments derived from these observables are denoted by Mi. This set of mo-
ments naturally corresponds to the use of a “shifted” distribution function (diffusion
approximation) as defined in Equation 2.17.

For the non-parabolic case the following set of observables is more appropriate and
is used in [GJK+04]:

P = {P0, P1, P2, P3, P4, P5, P6} = {1, v3, ε, v3ε, ε
2, v3ε

2, ε3} (2.23)

We define the “energy” moments as

V2i = �εi� (2.24)

and the fluxes

V2i+1 = �v3ε
i�. (2.25)

In the parabolic band case the energy and the velocity set of moments are equivalent
descriptions. In this case the quotient between the velocity moments and the energy
moments depends on i = 0, 1, 2. We have

V2i+k =
	m∗

2

�i
M2i+k , M2i+k = V2i+k

	 2

m∗

�i
, (2.26)

where k = 0, 1.
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Physical Quantities

The following moments correspond to physical observables which play an important
role in device physics and are introduced here for a reference.

Definition of the carrier density:

n = M0 (2.27)

Definition of the current density:

J = qM1 (2.28)

Here q denotes the carrier charge (negative for electrons).

Definition of temperature and energy: We have

E =
3

2
kBT =

m∗

2

M2

n
, (2.29)

which gives

T =
2

3

m∗

2

M2

kBM0

. (2.30)

Physical equivalents to other moments can be found in [Gri02].

2.2.2 Hierarchy of Moment Equations

We get the equation system corresponding to a set of observables by multiplying the
Boltzmann equation with the observable as a weight function and integrating over
the cylinder-symmetric phase space (v3, vr). Due to the structure of the Boltzmann
equation additional moments not stemming from the set of observables appear in
the equations.

In the parabolic band case we use the set of weight functions Oi. For the unknowns
we use the corresponding moments Mi. This is done in the calculations below.

Even Moments

Multiplication with weight Oi and integration gives the equation for the unknown
Mi. For the even moments this gives

∂x3

�
v3u

if(x3, v3, vr)d(v3, vr) +
q

m∗

�
Ex3(∂v3f(x3, v3, vr))u

id(v3, vr) =�
Q(f)uid(v3, vr) .

(2.31)
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We use partial integration on the second term which leads to

∂v3u
i =

∂ui

∂u

∂u

∂v3

= iui−1 ∂(v2
r + v2

3)

∂v3

= iui−1(2v3) . (2.32)

For i = 1, 2 and O2i = v2i = ui we get:

∂x3M2i+1 − q

m∗
Ex3(2iM2i−1) =

�
Q(f)uid(v3, vr) . (2.33)

For the special case of the zeroth moment we obtain from O0 = 1

∂x3M1 = 0 , (2.34)

which is the well-known continuity equation.

Odd Moments

For the odd moments we obtain

∂x3

�
v2

3u
if(x3, v3, vr)d(v3, vr) +

q

m∗

�
Ex3(∂v3f(x3, v3, vr))v3u

id(v3, vr) =�
Q(f)v3u

id(v3, vr) .

(2.35)

For the first term we note that by the assumption of isotropy of the symmetric part
we have

�
v2

3u
i
�

=

�
1

3
(v2

1 + v2
2 + v3

3)

�
=

�
1

3
ui+1

�
. (2.36)

By using partial integration on the second term we obtain

∂v3(v3u
i) = ui + v3(iu

i−12v3) = ui + 2iui−1v2
3 . (2.37)

With symmetric isotropy we get

�ui + 2iui−1v2
3� =

�
ui



1 +

2

3
i

��
. (2.38)

In summary we get the following set of equations: For i = 0, 1, 2 and O2i+1 = v3u
i:

1

3
∂x3M2i+2 − q

m∗
Ex3




1 +

2i

3

�
M2i

�
=

�
Q(f)v3u

id(v3, vr) . (2.39)
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The derivation does not need the full isotropy condition for its validity. Instead, we
only need two reduction conditions:

�v2
3� =

�
1

3
v2

�

�v2
3v

2� =

�
1

3
v4

�
.

(2.40)

A third reduction condition

�v2
3v

4� =

�
1

3
v6

�
(2.41)

is not needed if the sixth moment M6 is redefined as

M6 = 3�v2
3r

4� . (2.42)

So by using the isotropy condition we can eliminate the moment �v2
3u

i�. For the
validity of Equation 2.36 the isotropy assumption is a sufficient, but not a necessary
condition. A simple counter example is a function of the form g(|k|)(|kx|+|ky|+|kz|).
However, this form does not fulfill cylindrical symmetry. Examples which fulfill
cylindrical symmetry can be constructed too, but one has to consider multivariate
polynomials up to sixth order for a proof.

Non-Parabolicity Corrections

So far we have assumed parabolicity in our derivations. The non-parabolic case is
discussed in broad detail in [GJK+04]. Here we restrict ourselves to a short summary.

First we have to decide on a set of solution variables and express the remaining
moments via closure relations. A second issue is the choice of weight functions and
indeed different sets of weight functions have been frequently used.

As solution variables we choose the unknowns �εi� and �vεi�, that is the moments
V . In the non-parabolic case we use the following set of weight functions:

W2i = �εi� (2.43)

and

W2i+1 = �p3ε
i�. (2.44)

Note that the weight functions use the momentum p3 in place of the velocity v3. We
then apply the weight functions εi and p3ε

i to the Boltzmann equation.

The product p3v3, which appears in the calculation, has units of energy. In the
derivation above, valid for the parabolic case, we used the fact that (under the
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isotropy condition) moments of the form p3v3ε
i can be reduced to εi+1. For non-

parabolic bands this is no longer the case.

Due to the choice of solution variables the balance equations are independent of the
band structure model and the same as in the parabolic case. For the flux equations
a simple method to close the equations in the solution variables is to introduce
correction factors Hi, see [GJK+04]. This gives the following modified equations:

2

3
∂x3



H2i+2V2i+2

�
− qEx3




1 +

2i

3
H2i

�
V2i

�
= − q

µ2i+1

�P2i+1� (2.45)

where the integral from the scattering operator was modeled using mobilities, which
will be discussed in Section 2.3.

The correction factors H2i can be tabulated as a function of temperature and doping
extracted from bulk Monte Carlo simulations. We define H2i by

H2i =
Ui

2
3
�εi� . (2.46)

This uses the quantity Ui which is given through the trace of the tensor

Ǔi = �εi−1u ⊗ p� (2.47)

by assuming cylindrical symmetry as

Ui =
Ǔi,xx + 2Ǔi,yy

3
. (2.48)

2.2.3 Closure Problem

Macroscopic models are obtained by taking the system of moment equations and
truncating it at a suitable order N . Such a truncation introduces three main
problems due to the fact that the number of unknowns exceeds that of the equations.
These are

1. Elimination of additional lower order moments which appear in the equations:
These moments can be eliminated in the framework of the diffusion approxi-
mation.

2. Closure for terms involving the scattering operator

3. Closure for the highest order moment: This is the topic of Chapter 3.

The main emphasis in this thesis is put on studying different kinds of closure relations
for the highest order moments. In our case this is the sixth moment M6.
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2.2.4 Boundary Conditions

We choose the same boundary conditions as are implicitly used in the Monte Carlo
simulator. Essentially these consist in Dirichlet boundary conditions for the “in-
coming” part of the distribution, as this corresponds to the injected particles.

We use Dirichlet boundary conditions for the even moments stemming from a “cold”
Maxwellian distribution. We also assume local charge neutrality at the boundaries,
that is, the carrier density n is equal to the doping C.

The equilibrium values �Ôi�eq are a function of the lattice temperature TL and for
parabolic band we obtain ([Gri02], page 17):

�O2�eq =
2

m

3

2
kBnTL , (2.49)

�O4�eq =
2

m

5 × 3

2

k2
B

m
nT 2

L , (2.50)

�O6�eq =
2

m

7 × 5 × 3

2

k3
B

m2
nT 3

L . (2.51)

2.3 Closure Relations for the Scattering Operator

In general the terms involving the scattering operator cannot be expressed as a sim-
ple function of, for instance, the parabolic moments Mi. Here we use a macroscopic
relaxation time approximation for the closure which gives the system of moment
equations a structure resembling the drift diffusion system.

In a deliberate way the scattering integral stemming from an observable O is modeled
as �

Q(f)Od(v3, vr) = −�O� − �O�eq
τ

(2.52)

Here ��eq denotes the moment from the equilibrium solution. A discussion on the
validity of this approximation is given in [Lun00]. Note that the odd equilibrium
moments vanish and hence the expression simplifies in this case.

2.3.1 Even Moments: Relaxation Times

In the simplest case the relaxation times τ2i are often modeled as constants.

∂x3M2i+1 − q

m∗
Ex3(2iM2i−1) = −M0

M̂2i − M̂2i,eq

τ2i

. (2.53)
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Here the hat denotes the normalized quantities:

M̂2i =
�O2i�
�1� =

M2i

M0

. (2.54)

For the even moments the relaxation time approximation implies that the perturbed
moments of the distribution function will relax exponentially to the equilibrium
function with time constant τ2i when the perturbing field is removed. In this case
we relax the normalized quantities M̂2i to the values from a cold Maxwellian.

M̂0,eq = 1 ,

M̂2,eq =
3

2
kBTL ,

M̂4,eq =
5 × 3

2

k2
B

m
T 2

L .

(2.55)

We combine lattice temperature and local density M0(x) and hence, in the equation
for the second moment, we really relax the temperature.

Variants in the specification of the relaxation time approximation are possible. For
the higher order moments relaxation to values from a hot Maxwellian with local
temperature T (x) is a valid alternative.

Often the relaxation time is modeled as depending on the normalized ε, that is, local
temperature. For a comparison with Monte Carlo results the constant relaxation
time approximation can be too simplistic. A better approximation is to tabulate it as
a function of temperature and doping extracted from bulk Monte Carlo simulations
as discussed in Section 2.3.4.

The modeling of production terms by relaxation type models leads to inconsistencies
with the Onsager reciprocity relations as stressed in [ARR00].

2.3.2 Odd Moments: Mobilities

As the odd equilibrium values vanish, the macroscopic relaxation time approxima-
tion simplifies. To approximate the odd scattering terms we introduce the mobilities
[GJK+04] in the odd equations. By setting

τ=̂
m∗µ

q
(2.56)

we get a formal correspondence between relaxation times and mobilities for parabolic
bands. If µ and q have the same sign, then τ is positive.

With this correspondence we get:

�O2i+1� = −µ2i+1m
∗

q



1

3
∂x3M2i+2− q

m∗
Ex3




1+

2i

3

�
M2i

��
(i = 0, 1, 2) (2.57)
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One possibility to model µ is as a function depending on the the local temperature
Tn(x). Hence the equations depend in a nonlinear way on M2 and M0. Information
about the scattering term can be encoded into a fitting ansatz for the mobilities, for
example in the form µφ(T ) = aφT

bφ with fitting parameters aφ, bφ.

Alternatively, we can approximate the mobilities as functions of temperature and
doping using results from bulk Monte Carlo simulations, see Section 2.3.4.

2.3.3 Analytical Mobility and Relaxation Times

Our first implementation used a mobility model which was originally introduced by
Hänsch. The higher order parameters used were found by fitting data from Monte
Carlo simulations. It is a specialization of a more general model which has been
implemented in Minimos-NT.

Define (lattice scattering, lattice impurity scattering):

µL = 1430 cm2/Vs (2.58)

µLI =



80 +

1430 − 80

1 + ( NTOT(x)
1.12×1017 cm−3 )0.72

�
cm2/Vs . (2.59)

Here NTOT is the net doping, i.e.,

NTOT(x) = |ND(x) − NA(x)| . (2.60)

Then using the form

µ0 =
µLI

1 + α(Tn − TL)
(2.61)

where

α =
3kBµLI

2qτεv2
sat

(2.62)

with the saturation velocity in silicon

vsat = 107 cm/s (2.63)

we get

µ0 =
µLI

1 + µLI

qτεv2
sat

�
ˆ�ε�eq − ˆ�ε�

� . (2.64)
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For the higher mobilities we use

µi = γiµ0 (2.65)

with

γ2 ≤ 0.8 and γ4 ≤ 0.7 . (2.66)

For the relaxation times we use

τ2 = 0.33 ps and τ4 = 0.2 ps . (2.67)

This analytical model gives good results on some practical examples. In the produc-
tion version of Minimos-NT we take a different approach. We use tables for the
mobilities and relaxation times. These tables are extracted from Monte Carlo data
in such a way that the six moments model gives identical results for the bulk case.
See Section 2.3.4 for details.

2.3.4 Consistency with Bulk Monte Carlo Results

During the development of numerical codes it is very important to find simple test
cases for which the analytical solution is known and which can be used to debug
and test the simulator.

In the bulk case we assume a constant field E and constant doping. If all quantities
are space independent we get the following system of equations:

�M1� = µ1EM0 (2.68)

�M3� = µ3E



1 +

2

3

�
M2 (2.69)

�M5� = µ5E



1 +

4

3

�
M4 (2.70)

and

M2 = M2,eq +
2q

m∗
τ2

M1

n
E (2.71)

M4 = M4,eq +
4q

m∗
τ4

M3

n
E (2.72)

The equation for M0 degenerates and M0 is fixed by the doping (charge neutrality).
The bulk case is used to calibrate the simulator by comparison with Monte Carlo
data. The mobilities and relaxation times are extracted to match the Monte Carlo
results. Hence the resulting model contains no free fit-parameters.
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2.3.5 Hierarchy of Equations

Using the mobility closure given by Equation 2.57 the fluxes can be eliminated.
The system of first order moment equations then becomes a system of second order
equations in the even moments.

With the relaxation time approximation the general equation for M2i is of the
following form:

∂x3M2i+1(M2i+2,M2i)− q

m∗
Ex3(2iM2i−1(M2i,M2i−2)) = −M0

M̂2i − M̂2i,eq

τ2i(Tn)
(2.73)

Using the explicit expression for M2i+1

M2i+1 = −µ2i+1m
∗

q



1

3
∂x3M2i+2 − q

m∗
Ex3



1 +

2i

3

�
M2i

�
(2.74)

we see that M2i+2 enters Equation 2.73 only through the term

−1

3
∂x3

µ2i+1(Tn)m∗

q
∂x3M2i+2 . (2.75)

This is the only second order term in Equation 2.73 and can be interpreted as a
diffusion operator. The general equation for the M2i equation can be supplemented
with Dirichlet boundary conditions for M2i+2.

Besides M2i the moments which enter in the equation for M2i are M2i+2 and M2i−2.
In addition we need M0 for the relaxation term. Furthermore relaxation times and
mobilities depend on Tn, which needs M2 (and M0) for its calculation.

Equation 2.73 gives an infinite hierarchy of equations. If M0 is fixed, we get the
self-consistent electrical field from the Poisson equation. Then we can calculate M2

by solving the linear Equation 2.73 (with 2i = 0) for M2. For order 2i = 0 this is a
nonlinear equation due to the dependence of µ1 on M0 and M2 via the temperature.

In an infinite chain we then can solve linear equations with linear operator 2.75 to
get M4, M6, and so on. The linearity is due to the exclusive dependence of µ and
τ on M0 and M2 via the temperature. We also see that the infinite hierarchy has
a solution for arbitrary chosen M0. This is a weakness of the model, the infinite
hierarchy represents an underdetermined system of equations and is not equivalent
to the full Boltzmann equation. The infinite system lacks a closure condition or
constraint which picks out the “one” solution. In Section 3.2 we propose to apply
the maximum entropy principle for this purpose.

As the infinite hierarchy is not equivalent to the Boltzmann equation it is reasonable
to truncate the series at a low order 2i. We then have to impose an additional
equation for the highest occurring moment with order 2i+2, to get an equal number
of equations and unknowns. This closure condition is the topic of the next chapter.



Chapter 3

Highest Order Moment Closure

To close the system of equations the highest order moment has to be expressed
as a function of the lower order moments. For the numerical properties of the six
moments model – especially for robustness – this is an extremely critical issue. In
this chapter we review different methods from the literature and propose a new
solution to the closure problem.

First, the use of cumulants instead of moments for the description of the distri-
bution function [WSYM98] leads to a generalized Gaussian closure. Second, the
maximum entropy principle in the diffusion approximation was applied to solve
the closure problem. A third alternative is the use of polynomial approximations
which are popular in higher order statistics. Finally, the closure relations proposed
in [GKGS01] are considered, where the sixth moment is modeled as a function of
the variance and the kurtosis of the distribution function using a real number c as
parameter. In the latter case the closure problem is reduced to the choice of c. This
indeterminacy can be eliminated by requiring consistency with bulk Monte Carlo
data.

3.1 Cumulant Closure

From a theoretical point of view probability distributions are better described in
terms of cumulants than in terms of moments, see [Rot01]. This motivated us to
study the notion of cumulants and apply it to the closure problem. Using a cumulant
expansion method for device simulation was also suggested in [WSYM98]. In [SH00],
the cumulant method was used for the solution of the Boltzmann equation in the
context of gas dynamics.

In probability theory and statistics, the cumulants κn of a probability distribution
f are given by

E(etX) = exp
� ∞�

n=1

κnt
n

n!

�
(3.1)
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where X is any random variable whose probability distribution is the one whose
cumulants are taken and t is a real parameter.

In other words, κnt
n/n! is the n-th coefficient in the power series of the moment

generating function. The logarithm of the moment-generating function is therefore
called the cumulant-generating function.

Equivalently (via the complex domain) cumulants can be defined by using the
characteristic function (Fourier transform of f) in place of the moment generating
function [Mat99].

The first cumulant is equal to the logarithm of the total mass of the distribution
function (hence zero for proper probability distribution functions). The second
cumulant is the variance. Cumulants of order greater than 2 are measures of non-
normality. The third and fourth cumulant are related to the skewness and the
kurtosis, respectively. For a distribution function with unit variance the kurtosis is
equal to the fourth cumulant. Calculations simplify if central moments are used.

In the cumulant expansion method closure of the highest order equation can be
achieved by setting all higher cumulants to zero. This translates to a condition on
the moments and defines a generalized Gaussian closure.

Application of this closure to our system of moment equations encounters technical
difficulties. The reason is that the expression for the sixth moment from a general
three-dimensional distribution function contains lower order moments which are not
fixed by the reduced set of moments given in 2.22.

These difficulties can be overcome in two different ways. In the first way we
assume that our distribution is of the linear-isotropic type Equation 2.17. With
this constraint all lower-order moments are fixed and we can calculate the cumulant
closure by using Ansatz 2.17 for the distribution function.

In the second method we use another class of distribution functions to fix all
lower-order moments. We observed that the logarithm of the Fourier transform
is a polynomial, when the cumulant closure is applied. By chance this family of
distribution is formally the same as the ansatz derived from a maximum entropy
closure. Hence in the second way we assume that the logarithm of the Fourier
transform is a polynom whose terms are given by the known moments. Note that
we have to add all moments from the integrability conditions 2.40 into the ansatz.

This gives the ansatz

f̂ = exp(a1k + a2r
2 + b2k

2 + a3kr2 + a4r
4 + b4k

2r4 + a5kr5) , (3.2)

where f̂ denotes the Fourier transform of the (normalized) distribution function f .

Closure of the equations is implicitly achieved as by this ansatz

d2

dk2

d4

dr4
log f̂ = 0 (3.3)
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at the origin (kx, ky, kz = 0). Mind that

d2

dr2

is defined as

d2

dk2
x

+
d2

dk2
y

+
d2

dk2
z

.

Now the highest order moment which is considered stems from k2r4 (and not from
r6) and (a priori) no integrability condition is assumed for these two moments.
Consequently the equation for M6 is changed.

We note that using an ansatz from the maximum entropy family in Fourier space
corresponding to the isotropy condition does not work as not all higher order
derivatives exist at the origin due to the occurrence of a square root r in the
distribution. (The same holds true for the maximum entropy class from the linear-
isotropy condition.)

The actual calculation consists of the manipulation of some polynomial series expan-
sion. This is in principle straight forward, but gets involved in practice, as terms up
to order 6 in (k, r) have to be considered. Hence the calculations were implemented
in Mathematica.

For the linear-isotropic ansatz we get the following closure for M6:

M6 = 120M 6
1 − 168M 4

1 M2 − 70M3
2

9
+

504M3
1 M3

5
+

42M2
3

5
+ (3.4)

14M2
1 (5M2

2 − M4) + 7M2M4 + M1(−56M2M3 + 6M5) .

From the ansatz stemming from the integrability conditions we get

M6 =
4296M6

1

25
− 1704M4

1 M2

5
− 70M3

2

9
+

5112M3
1 M3

25
+

462M2
3

25
+ (3.5)

154M2
1 (5M2

2 − M4)

5
+ 7M2M4 − 22M1(28M2M3 − 3M5)

5
.

Note that in these formulas we assume a normalized distribution. Assuming that
all odd moments vanish in a diffusion approximation both formulas give the same
closure:

M6 = −70M3
2

9
+ 7M2M4 . (3.6)

Hence the cumulant closure is robust in a theoretical sense. It can be checked that
the diffusion cumulant closure gives the correct value for M6 in equilibrium.
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The cumulant closure is a type of Gaussian closure which is distinguished from a
theoretical viewpoint. It is given by a combination of closures from Section 3.4 for
values of c = 0 and c = 1.

Within a cumulant expansion method the equilibrium type boundary conditions for
the even moments are replaced by imposing zero Dirichlet boundary conditions for
the even cumulants.

Furthermore the mobility and relaxation time models describing scattering can be
replaced by descriptions in terms of cumulants [SH00].

3.2 Maximum Entropy Closure

The maximum entropy principle yields, for a given set of prior information, a density
which contains least additional information in the sense of Shannon. It is obtained
by maximizing the entropy

H(f) = −�f ln f − f� (3.7)

under the constraint that a given set of moments of the distribution function f
assumes prescribed values [Wu97].

A maximum entropy approach to the closure problem was applied by Levermore
[Lev96]. A physical approach based on the maximum entropy principle was initiated
by Anile [ARR00] within the framework of extended thermodynamics.

3.2.1 Distribution Families

Depending on the set of constraints different classes of distribution functions are
obtained. For our applications the constraints can be divided in two classes: the
first consists of a set of determined moments, the second consists of additional
constraints (related to the isotropicity condition) on the distribution functions.

Here we will only study the closure from the reduction conditions 2.40. It is also
possibly to study the closures from other constraints, e.g., isotropic symmetric part
or the shifting (linear-isotropic) assumption, but the corresponding families cannot
be described using elementary functions.

The maximum entropy closure from the reduction conditions is easily achieved, by
noting that they determine additional moments, which have to be included in the
ansatz.

Hence we get the following family of distributions

f(r, kx) = exp(a0 + a1kx + a2r
2 + b2k

2
x + a3kxr

2 + a4r
4 + b4k

2
xr

2 + a5kxr
5) . (3.8)
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Then the 7 free parameters have to be determined from the 5 known moments plus
the two moments which are additionally known from the reduction conditions.

If a function f is written as

f = f(kx, r) (3.9)

with r the spherical (not cylindrical, though we assume cylindrical symmetry) radius,
then the integration takes the form�

R3

fd3x =

�
∞

0

dr2rπ

� r

−r

dkxf(kx, r) . (3.10)

3.2.2 Critique and Modifications

The maximum entropy method has been criticized by Junk [JU00], see also [BBB00]
and [Tag03]. For the semiconductor Boltzmann equation with parabolic bands the
equilibrium states are located on the boundary of the domain of definition of the
maximum entropy system. For the maximum entropy closure involving moments of
fourth order or higher, the flux function of the maximum entropy system is singular
in equilibrium points. Arbitrarily close to equilibrium, the maximal characteristic
velocity becomes arbitrarily large. These results also imply, that the maximum
entropy closure does not always exist.

The maximum entropy closure is not invariant under a nonlinear transformation of
the random variables. For example, maximizing the entropy for the distribution
of the random variable ε3 corresponding to M6 gives a different closure. To ap-
ply the maximum entropy closure a set of “natural” random variables has to be
distinguished.

Furthermore, in the maximum entropy closure as applied in [ARR00] it is assumed
that, e.g., the first five moments are known and then the sixth moment is estimated.
No knowledge is assumed about the higher order moments. However, this ignores
available information about the sixth moment – as this moment enters into the
equation for the fourth moment.

To include this available information we propose the following modified maximum
entropy closure: We apply the maximum entropy principle to the class of all solutions
of the under-determined equation system (4 unknowns: M0,M2,M4,M6, 3 equations
for: M0,M2,M4). The entropy which is to be maximized is the global entropy of
the six-dimensional function f(x, k). In this way M6 is not pre-eliminated and is
treated on a same footing with the lower even moments. However, carrying through
this approach leads to an even more complicated system of equations.

This is also the natural way in which the infinite hierarchy of moment equations
(as discussed in Section 2.3.5) should be closed, i.e., of all solutions of the infinite
hierarchy choose the one with maximum entropy.
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3.2.3 Diffusion Closure

The diffusion closure is a linearized version of the maximum entropy closure. We
rewrite a distribution function

exp(a0 + a1kx + a2r
2 + a3kxr

2 + a4r
4 + b4k

2
xr

2 + a5kxr
5) = (3.11)

exp(a0 + a2r
2 + a4r

4) exp(kx(a1 + a3r
2 + a5r

5))

and assume that the coefficients a2i+1 are small, that is, we stay in the diffusion
limit. Then we linearize the second factor and get

exp(a0 + a2r
2 + a4r

4)(1 + kx(a1 + a3r
2 + a5r

5)) (3.12)

which is of the linear-isotropic type. Given the even moments, the parameters a0, a2,
and a4 can be determined. However, not for every combination of M0,M2, and M4

from a distribution function f we can find such parameters. In particular, it can be
shown, that

1 <
M0M4

M2
2

<
5

3
(3.13)

which limits the range of β, where β is defined as

β =
3

5

M0M4

M2
2

. (3.14)

In Equation 3.13 the value 5/3 comes from a Gaussian distribution. The value of
1 is reached from a distribution function of the form exp(−ax4 + x2) in the limit
a → 0.

Likewise one can show that

1 <
M0M6

M2M4

<
7

3
(3.15)

must hold. Our implementation of the diffusion closure uses one lookup table for β
and one for

γ =
M0M6

M2M4

(3.16)

both parameterized by the single parameter signum(a2)a
2
2/a4 . From the study of

Monte Carlo data we know that the range of parameters β and γ in the results
largely exceeds the range of β and γ given by Equations 3.13 and 3.15.
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3.3 Higher Order Statistics

There are no generally applicable methods for estimating a distribution from mo-
ments without additional assumptions. For weakly non-normal distributions two
formalisms are in widespread use: the cumulant or Edgeworth expansion [Hal92]
and the quasi-moment or Gram-Charlier expansion [Hal98]. Both expansions are of
the form

f(x) = G(x)p(x) , (3.17)

where G denotes a Gaussian-like distribution and p is a polynomial. To achieve a
reasonably good approximation a large number of moments has to be included in
the expansion due to the polynomial nature of p(x).

The Gram-Charlier series is merely a kind of Fourier expansion in the set of Hermite
polynomials which diverges in many situations of practical interest [BM98]. The
Edgeworth expansion gives an asymptotic series.

Both Gram-Charlier and Edgeworth expansion can result in distribution functions
which take on negative values. With positivity constraints the domain of skewness
and kurtosis which can be represented is smaller than for the full maximum entropy
approximation [RJ02].

Expansions which use similar classes of ansatz functions are used in the spherical
harmonic expansion [Str00], [BAD96], in Grad’s expansion and in various Galerkin
approaches [RSZ01], [SZ98], [Rin01], [Rin00]. For good results these methods need
a large number (for example up to an order of ≥ 50) of moments.

3.4 Gaussian Invariant Closure

If the first three moments of a one-dimensional distribution function are known,
a unique normal distribution with parameters µ and σ is defined. Similarly, by
assuming that the diffusion approximation holds (that is, the odd moments are
assumed to be small) M0 and M2 fix a distribution function in three dimensions,
which gives the relation

M0M4

M2
2

=
5

3
. (3.18)

Hence, naturally, the assumption of gaussianity gives a closure for the hierarchy of
moment equations at order 4.

For probability distributions (M0 = 1) the kurtosis κ is defined as

κ =
M̃4

M̃2
2

. (3.19)
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Note that here M̃2, M̃4 denote the central moments of a one-dimensional probability
distribution. The kurtosis is one invariant of the class of Maxwellian distributions.
Deviations from this constant value are measures of nongaussianity.

Other invariants exist and can be used to define closure relations. One such family
of invariants was used in [GKGS01] to express the sixth moment as a function of
the lower moments.

Similar to the kurtosis is the dimensionless quantity β

β =
�ε2�
�ε2�M (3.20)

Here the subscript M denotes the Maxwellian distribution with local temperature
Tn. In terms of moments β is given by Equation 3.14.

Then we approximate M6 by ([Gri02], p.24)

M6 =
7 × 5

9
M0



M2

M0

�3

βc . (3.21)

In terms of moments this closure is written as

M6 =
7 × 5

9
M c−2

0 M3−2c
2 M c

4



3

5

�c

. (3.22)

For this type of closure the sixth moment is a rational function in the even moments.
When this is combined with the use of mobilities to describe the scattering integral
this method can be easily implemented by extending an existing drift-diffusion code.

A suitable value of c is found by comparison with Monte Carlo data. This approach
was developed in [GKGS01], [Gri02], where c was assumed integer.

For c = 0 we get M6 from a Maxwellian with temperature Tn by the relation:

M6

M0

=
7 × 5

9

M3
2

M3
0

. (3.23)

For c = 1 a dimensionless parameter

γ =
M0M6

M2M4

(3.24)

can be introduced. The closure becomes

M6

M0

=
7 × 5

9

3

5

M2M4

M2
0

(3.25)

This closure was studied in [SYT+96].
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For c = 2 we get another Gaussian invariant and introduce a parameter δ as

δ =
M6M2

M2
4

, (3.26)

which is (up to a constant factor) the quotient between γ and β. The definition of
δ is a generalization of the kurtosis. This gives the closure

M6 =
7 × 5

9



3

5

�2
M2

4

M2

. (3.27)

Note that only for this value of c the closure does not depend on M0.

Finally, for c = 3 we get

M6 =
7 × 5

9



3

5

�3

M0



M4

M2

�3

. (3.28)

It is only for the value of c = 3 that the sixth moment goes with the first power of
M0.

In general the given moments M0,M2, and M4 cannot be represented as moments
of a Gaussian distribution. Yet all closures of the family impose some type of
gaussianity condition on the moments of the distribution function.

As the generalized invariant approach does not make an ansatz for the distribution
function f it has the advantage that the domain of skewness and kurtosis which can
be represented is in principle not restricted, which improves the fourth order closure
3.18.
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Chapter 4

Tuning of the Nonlinear Solver

In numerical programming there is always the risk that methods do not work because
of overlooked implementation errors. By comparing with the implementation in
Minimos-NT a reliable implementation was achieved in both simulators.

We choose a Newton method with linesearch for the solution of the Boltzmann-
Poisson system. In industrial simulation robustness is of paramount importance.
To achieve robustness the nonlinear solver has to be tuned carefully.

4.1 Discretization

The choice of discretization can have a major impact on the convergence properties
of a nonlinear equation solver. Similarly also the meshing can have a major influence.
However, in our case we are using an equispaced ortho-grid in one dimension.
As even global refinement is feasible we can hardly blame meshing for observed
convergence problems. Hence we start to work on the discretization.

4.1.1 Variants of the Scharfetter Gummel Discretization

In Minimos-NT a Scharfetter-Gummel (SG) style discretization [Tan84] was ini-
tially used for the discretization of the six moments model. Simulations using this
variant of the Scharfetter Gummel discretization did not converge for closures with
parameter c ≤ 2.

In the literature there are several suggestions for discretizations which generalize and
claim to improve on the Scharfetter-Gummel method. These were implemented and
tried as a possible cure for the convergence problems. Methods of this kind which
we studied are: Meinerzhagen’s model [ME88], Forghieri’s method [CAP+94] and
variants thereof. All these methods can be unified in the framework of an optimal
artificial diffusion method [TI95].

39
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A variety of variants of Scharfetter-Gummel was implemented and tested labori-
ously, but the achieved improvements were minute. In the rare cases where the
Newton solver converged, the results were of bad quality, showing traces of central
differencing. We suspect that these are caused by interpolating quantities from the
odd to the even grid and vice versa.

In Scharfetter-Gummel style discretization interpolation occurs at the following
steps: First, the mobility µ is needed on the odd grid, but depends on temperature
Tn which is defined on the even grid. Secondly, the electric field E which is naturally
an odd quantity is needed on the even grid in Equation 2.57. Here the term
Q = Ex3M2i−1 is defined on the odd grid, but is needed on the even grid.

4.1.2 Double Grid Discretization

In the desire to avoid interpolation from odd/even quantities to the even/odd
grid (which we saw as an obstacle to reach convergence) the following idea for
discretization was born: As we need the even quantities also on the odd grid why
not simply add equations for the even quantities on the odd grid?

In this way we have two grids which are treated on a perfectly equal footing. If we
need an even quantity on the odd grid no interpolation is involved, as the quantity
is available from the equations for the second grid.

For illustration we give the equations for the fluxes. We now have two unknown
quantities M o

2i+1 and M e
2i+1 and hence have two equations

M o
2i+1 = −µ2i+1(T

o
n)m∗

q



1

3
∂x3M

e
2i+2 −

q

m∗
Eo

x3




1 +

2i

3

�
M o

2i

��
, (4.1)

M e
2i+1 = −µ2i+1(T

e
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��
. (4.2)

We have Dirichlet boundary conditions for the even quantities. There are several
ways to impose boundary conditions for the even quantities on the odd grid. The
simplest is to use Dirichlet conditions too. The boundary value is then given by
interpolation from the even grid. So interpolation is needed, but only for the
boundary values.

Analysis of the resulting discretization shows that this does not avoid central dif-
ferencing at all. If one views the two “separated” grids as one grid with the double
number of points it can be seen that on the contrary the discretization applies central
differencing consistently everywhere.

In practice for one quantity we get two distinct solution curves – one on the odd and
one on the even grid. Both of these curves are smooth. We also get two constant
lines for the current. In general the current values are different, hence an error
estimate comes for free.
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When using the double grid discretization we also use two grids for the Poisson
equation. Alternatively one can use a single big grid and combine this with the
double grid discretization. This has the advantage that central difference effects
are eliminated to a large extent. However, experiments show that we also lose the
favorable convergence properties of the pure double grid discretization.

4.1.3 Discussion

All Scharfetter-Gummel discretisation variants can solve the six moments Boltzmann
Poisson system reliably for the closure parameter c = 3. By stepping the parameter c
we found that there seems to be a certain sharp value of c below which no convergence
can be reached.

Especially, for closure with c = 2 the solver fails to converge on certain bench-
mark examples no matter which Scharfetter-Gummel style discretization we choose.
Overall it is found that none of the (supposedly) more sophisticated methods can
improve much on the original Scharfetter-Gummel style discretization.

Initially we blamed the central differencing effects to be the cause for the failure,
as these effects are much more pronounced in simulations using c = 2. However,
blaming central differencing effects alone for non-convergence misses the point as is
proved by the naive discretization which we termed the “double grid discretization”
in Section 4.1.2.

Surprisingly the double grid discretization outperforms Scharfetter Gummel with
respect to nonlinear convergence for c ≤ 2. From simulation results it was found
that for closures with c ≤ 2 the system of equations can exhibit oscillations in the
solution. A typical result is depicted in Figure 4.2, where the electron concentration
in equilibrium is depicted. A closure parameter c = 1.5 was used. In this way the
closures using c ≤ 2 could be ruled out as unphysical. In such unphysical cases the
double grid discretization performs much better than the Scharfetter-Gummel style
discretizations.

Also the overall convergence behaviour is more regular and sensible. Paradoxically,
we observed that in the case of Scharfetter-Gummel style discretizations global
refinement often makes the convergence worse. This effect is also diminished with the
double grid discretization. At the time being we do not really understand the reason
for the in these respects superior performance of the double grid discretization.

The main drawback of the scheme is that it is not clear how to extend it to
dimensions two and three on an unstructured grid, although it generalizes easily to
equispaced meshes in higher dimensions. We see the main accomplishment of this
scheme in the proof that there is still room for improving on Scharfetter-Gummel
style discretizations. At least part of the blame for non-convergence has to be
put on the discretization, though we found that the kind of applied highest order
moment closure is a bigger factor. For closures consistent with bulk Monte Carlo
data Scharfetter-Gummel style discretizations perform superiorly.
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the Scharfetter-Gummel style discretizations failed. The oscillations showing up in
the result ruled out the c = 2 closure as unphysical.

Discarding the restriction of c to integer values we now take a somewhat different
approach: by requiring consistency with bulk MC simulations we allow c to take
any real value and obtain a best match for a value of c = 2.7. This approach is
analogous to our approach for determining bulk mobilities and relaxation times.

To investigate the influence of the highest order moment closure we consider a one-
dimensional n+-n-n+ test-structure. The doping concentrations are taken to be
5 × 1019 and 1017 cm−3. The channel length Lc is 100 nm.

In Fig. 4.3 we show the relative error (ratio between sixth moment calculated from
the MC moments M0,M2, and M4 and the real MC solution for M6) of the closure
for bulk and from the simulation result using the Lc = 100 nm device. It can be seen
that for high electrical field the error from the cumulant closure increases, which also
explains the observed bad convergence behavior when a high bias is applied.

Closure relations derived from theoretical considerations based on analytical dis-
tribution function models ([GKHS02] or maximum entropy principle) and relations
derived from the cumulants of the distribution function [WSYM98] do not deliver
satisfactory results. In contrast the bulk data approach gives a numerically more
robust closure and an accurate kurtosis, which is a prerequisite for modeling hot
carrier effects.

4.3 Choice of Residual Function

To apply the Newton method a set of variables and a target function has to be
specified. A natural choice for the unknowns are the even moments and the potential.
Other choices are possible and are discussed in the section on linesearch (see Section
4.4). We did not try to include the odd moments in the set of variables. In hindsight
we regard this as a missed opportunity in the one-dimensional case.

The calculation of the residual function always starts with the calculation of the
closure for the sixth moment as a function of the lower order moments.

We then have four types of equations: three equations for the moments and one for
the potential. The residual vector r is built from the residuals ri stemming from
these four coupled systems.

The choice of residual function is not unique and there are many specifications
possible all of which define the same solution. The easiest way is to define the
residual as the error from the linear equations 2.73 and the Poisson Equation 2.9.

ri = Aixi − yi i = 1, 2, 3, 4 (4.4)
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The third variant is similar to the second. Only this time we divide the equation by
M0,M2,M4 instead of M2,M4,M6 and get

r̂i =
ri

M2i−2

i = 1, 2, 3 . (4.6)

Another motivation for variants two and three is, that without it, the residuals
from the four types of equations have vastly different orders of magnitude. Even
with this form we still have to rescale the residual functions by constant scaling
type-dependent factors so that the contribution from each type of equation is ap-
proximately of the same order.

Variants two and three can be implemented by reusing the Jacobian J from the first
(“linear”) variant. The Jacobian Ĵ from the modified residual is a simple function
of the linear Jacobian J .

All the Jacobians are sparse and (depending on the mobility model) can be computed
analytically. However, as the formulas become very complex we preferred to use
numerical differentiation. With this the only task is the fine-tuning of the step-size
for each variant of Jacobian.

We found that the influence on the convergence behavior of the solver is important
with respect to performance, and of lesser importance with respect to robustness.
Both the second and third variant are superior to the first one and resulted in faster
and more uniform convergence. In both respects the third variant seems to be
optimal. Hence it pays off to define the residuals in a logarithmic way.

4.4 Linesearch

Physically the even moments represent positive quantities. The same property
should be valid in the model. It was observed that the emergence of negative
concentrations during a simulation run almost always resulted in non-convergence
of the solver.

An obvious idea to avoid negative concentrations is to write the equations in terms
of the logarithm of the even moments. Then this problem is eliminated. However,
for the discretization the use of logarithmic variables is of disadvantage.

The dilemma can be solved in a similar way in which we tackled the problem of the
formulation of the residual function. Again we use linear variables for calculation of
the Jacobian. However, when doing the linesearch we use logarithmic variables.

The linesearch in the space of linear variables proceeds from the origin along a
straight line. Linesearch in the logarithmic quantities starts from the same origin,
but now we move along a straight line in the space of logarithmic quantities log Mi.
Both curves have the same tangent in the origin. Hence we can calculate the
logarithmic direction from the linear direction using the chain rule for differentiation.
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The same trick can be used for any set of independent variables. The implementation
in Minimos-NT uses M0, Tn and

θ = Tnβ (4.7)

as its variables. In this way it is possible to evaluate the effects of a change of
independent variables with a minimum amount of extra implementation effort.

Compared to linear linesearch the logarithmic linesearch has very favorable proper-
ties and enhances the robustness of the solver.

4.5 Initial Values and Stepping Methods

We use a linesearch which determines an optimal value for the Newton step size.
If the Newton method does not converge, the “optimal” step can be additionally
multiplied by a fixed damping factor.

An alternative, computationally more intense approach compares predicted and
actual decrease of the error norm to ensure that we are closely following the Newton
trajectories. If there is still no convergence another starting point has to be chosen.

In one dimension the standard initial values are derived by linear interpolation
between the Dirichlet boundary values. The higher dimensional analogon is the
solution of a Laplace equation with Dirichlet boundary conditions. For the Poisson
equation another good initial guess is the builtin potential.

As an alternative one can start from the equilibrium values which are determined
from the doping and the lattice temperature. For the examples used here there were
only a few cases where this second set of initial values leads to convergence while
the first one fails.

If “cheap” initial values which lead to convergence cannot be found, then stepping
methods are applied. We use bias stepping or charge stepping. Here charge stepping
refers to stepping in the value of the carrier charge. This value enters the Poisson
equation and by multiplication with the electrical field in the moment equations.
Charge stepping has the advantage that it can also be used for the calculation of
the equilibrium solution.

We also experimented with other methods. For example we tried to use the results
from a different closure or from a different discretization as an initial guess. These
should be very good initial guesses. However, it turned out, that in practice they
rarely converged. A similar observation is that starting with results from a coarse
grid often fails to converge on a refined mesh.
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4.6 Variations of the Newton Method

For a fixed potential we can solve the set of moment equations reliably. The Newton
method is robust in this case. However, convergence problems emerge when we
couple the Boltzmann moment system with the Poisson equation.

In principle it is possible to eliminate the potential from the system by solving the
Poisson equation for the electrical field “on the fly”, which makes it a function of the
density. This approach was tried, but it degraded the performance of the nonlinear
solver. The other extreme is to solve for the moments using a fixed potential. In
this case the potential is the primary variable. Interpolating approaches are possible
and are studied below.

The first variant which was tried was dubbed “residual damping”. It consists in
using a modified residuum vector r̃ in the Newton equation

J�x = −r . (4.8)

Now the components of the residuum vector (from the potential and the even
moments) are rescaled by factors λquant, e.g., in the form

r̃ =


��

λM0rM0

λM2rM2

λM4rM4

λV rV


�� (4.9)

We mostly used λ = 1 for the even moments and λV < 1. This corresponds to
changing the potential slowly with the even moments closer to a non-selfconsistent
solution.

An alternative implementation of a similar idea is to change the Jacobian by adding
a diagonal matrix Λ, as

(J + Λ)�x = −r . (4.10)

This assumes that the Jacobian has previously been rescaled to unit diagonal in a
first step and is diagonal dominant.

The diagonal entries in Λ are chosen block-wise according to the type of quantity.
This method has nice mathematical properties. For the diagonal matrix Λ = 0 we
recover the original equation. Letting λV → ∞ (and zeroes for the other blocks)
gives the moment system for a fixed potential in the limit.

The implementation in Minimos-NT takes another, more sophisticated approach.
Here the Jacobian is calculated symbolically. Parts of the Jacobian are initially
neglected and only “switched on” later in the Newton iteration. With this method
convergence can often be obtained without the need for bias stepping.



4.7. Comparison with Monte Carlo 49

4.7 Comparison with Monte Carlo

To investigate the accuracy of the six moments (SM) model we consider a series
of one-dimensional n+-n-n+ test-structures. Although these structures are not
of practical relevance, they still display similar features as contemporary MOS
and bipolar transistors like velocity overshoot and a mixture of a hot and a cold
distribution function in the ’drain’ region.

Here we present results of numerical solutions of six moments models (SM) and
compare them to self-consistent Monte Carlo data (SCMC). Relaxation times and
mobilities are extracted from bulk Monte Carlo data as a function of the carrier
temperature and the doping.

In addition to the SM model we consider the corresponding energy-transport (ET)
model formulated in moments Vi (see Equations 2.24, 2.25), where the equation
for V4 is kept but the equation for the energy-flux V3 is closed with V4 = (5/3)V 2

2 ,
corresponding to a heated Maxwellian distribution. This decouples the equation
for V4 from the lower order equations and provides an estimate for V4 and thus β
[GKGS01], [SYT+96].

The doping concentrations were taken to be 5 × 1019 and 1017cm−3. The channel
length was varied from 1000 nm down to 50 nm while maintaining a maximum
electric field of 300 kV/cm.

A comparison of the average velocity V0 and the kurtosis β obtained from the SM
and ET models with the SCMC simulation is shown in Fig. 4.4 and Fig. 4.5 for the
Lc = 100 nm device. The spurious velocity overshoot is significantly reduced in the
SM model, consistent with previous results [GKS01], while the kurtosis produced
by the ET model is only a poor approximation to the MC results.

Despite the fact that SM models provide the kurtosis of the distribution function,
they do not require a heated Maxwellian closure in the energy flux relation. This
has a significant impact on the resulting device currents for channel lengths smaller
100 nm where the ET models show the well-known overestimation of the device
currents (see Figure 4.6). The results of the SM model, on the other hand, stay
close to the SCMC results which makes the SM model a good choice for TCAD
applications.
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Introduction to Part III

It is likely that the scaling of CMOS device and process technology, as it is known
today, will end by the 22 nm node (9 nm physical channel length) by 2016 [RO003],
[Lun02], [Com01]. The grand challenge, then, is to invent and develop one or more
new technologies that will extend the scaling of information processing technologies
beyond 2016. It is important to understand that the emerging research devices are
speculative, with no certainty of being implemented into manufacture.

Any new technology must extend microelectronics well beyond the domain of CMOS
and should be interface-able with a CMOS platform [HBZB02], [RO001]. One
candidate to complement CMOS in the long-term run is resonant tunneling with
the use of RTD-FETs as novel logic devices. RTD device technology is now quite
mature with many demonstrations of circuits [CMP03]. These are the first quantum
transport devices to have made it into (pilot) production.

We see the simulation of RTDs as a test case for the simulation of quantum transport
as is also needed for novel CMOS technology. Channel lengths or silicon films of a few
nanometers cannot be accurately represented without (partially) ballistic transport
models which also include quantum effects [BJSS04], [HWL04].

In scaled CMOS technology the short distance between source and drain requires a
full two-dimensional quantum transport formulation [HWL04]. Several approaches
have been suggested to realize these calculations. The simplest scheme is based on
a self-consistent Poisson-Schrödinger coupled set of equations. A more advanced
method is the quantum Liouville equation formulated in the Wigner function or in
moments of the Wigner function leading to a quantum drift-diffusion model. Apart
from the formal justification of the computational algorithm the CPU demands are
also huge. These simulation methods were compared using the one-dimensional
RTD as a testbed, where simulation costs are feasible.
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Chapter 5

A Test Case for NanoTCAD:

Resonant Tunneling Structures

In this chapter we discuss a device structure whose working principle is based on
quantum mechanics: the resonant tunneling diode. We summarize basic facts of the
fundamental physics of resonant tunneling diodes. Our review is based on material
from the recent monograph [MT95].

5.1 Physics of Resonant Tunneling

A quantum well, in the general use of this term, is a potential structure which spa-
tially confines the electron. According to quantum mechanics, an electron subjected
to potential confinement has its energy quantized and a discrete energy spectrum
would be expected for the electron system. However, the electron remains free to
move in the perpendicular direction. This results in the creation of a two-dimensional
electron gas of quasi-bound states.

Resonant tunneling refers to tunneling in which the electron transmission coefficient
through a structure is sharply peaked about certain energies. The emergence of
these peaks can be qualitatively explained by introducing infinite walls as boundary
conditions. It is usually possible to do this far from the quantum well itself.
Then the calculation of the quantized energy levels in a quantum well of arbitrary
shape is the solution of an eigenvalue problem. For electrons with an energy
corresponding approximately to the virtual resonant energy level of the quantum
well, the transmission coefficient is close to unity. That is, an electron with this
resonant energy can cross the double barrier without being reflected. This resonance
phenomenon is similar to that taking place in the optical Fabry-Perot resonator or
in a microwave capacitively-coupled transmission-line resonator.

The outlined physics gives a simple theory of quantum transport through quantum
wells from elementary quantum mechanics. However, for simulation, we model
resonant tunneling using open systems theory.
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The region between the two barriers defines a virtual quantum well since the elec-
trons can escape the well confinement by tunneling. The resonant tunneling diode
(RTD) is thus an open quantum system in which the electronic states are scattering
states with a continuous distribution in energy space, rather than bound states with
a discrete energy spectrum. Under these circumstances quasi-bound states (resonant
states) are formed in the quantum well which accommodate electrons for a time
that is characteristic for the double-barrier structure. So-called resonant tunneling
through the double-barrier structure occurs when the energy of the electrons flowing
from the emitter coincides with the energy of the quasi-bound state, E0, in the
quantum well. The effect of the external bias V is to sweep the alignment of the
emitter and quasi-bound states.

For many applications, negative differential resistance (NDR) devices should have a
large peak current and a small valley current, where the latter is the minimum cur-
rent following the peak current as the magnitude of the voltage increases. Therefore
an important figure of merit for an NDR device such as the RTD is the peak to valley
ratio (PVR). For good devices with thin AlAs barriers, PVRs close to 4:1 and peak
current densities in excess of 105 A/cm2 may be obtained at 300 K (see [FG01], page
96), although not in the same structures, since there is usually a trade-off between
these two parameters in terms of device design.

Because tunneling is inherently a very fast phenomenon that is not transit-time
limited, the resonant-tunneling diode is considered among the fastest devices ever
made. On the other hand, using resonant-tunneling diodes it is more difficult to
supply high current and the output power of an oscillator is limited.

Integration of RTDs with MOSFETs provides high speed operation due to the
inherently fast tunneling process, and negative differential resistance regime (NDR)
that provides at least two stable operating points (i.e., multiple valued logic) when
combined with MOSFETs [RO001].

The resonant tunnel devices for logic applications include resonant tunnel transistors
(RTT) and hybrid devices incorporating resonant tunneling diodes and one or more
FETs (RTD-FET). RTD designs can offer a reduction in circuit component count
by up to 40% when compared with the equivalent CMOS logic family.

The major problem is the extreme sensitivity of device characteristics to the thick-
ness of the tunneling well as the tunneling current depends exponentially on the
thickness of the tunnel barrier. The challenge to the process engineer is to match
device properties across the wafer.

Overall, the resonant tunneling devices may be useful for certain niche applications
requiring high speed and low dynamic range, provided the manufacturing issues
associated with uniformity of the tunneling barrier can be resolved. Thus, RTDs
are on the verge of commercialisation. Potential practical applications are high-
speed microwave systems and novel digital logic circuits.
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5.3 Coherent Tunneling

In this description the electron does not experience any phase-coherence breaking
events throughout the structure, it is based on the Schrödinger equation. We refer
to this model as “global coherent tunneling picture”. It neglects any scattering
processes. Note that transport in the absence of scattering is referred to as ballistic
transport. Ballistic transport through a device can be assumed when the device
length is short compared with the mean free path of the electron.

When no voltage is applied electrons are injected from the left and the right, and
due to the symmetry of the device, no current results, as should be the case in
equilibrium. With a positive bias applied to the right contact relative to the
left, the Fermi energy on the left is pulled through the resonant level E0. As
the Fermi energy passes through the resonant energy, a large current flows due
to the increased transmission from left to right. It reaches a local maximum, called
peak current. With higher bias, the current ceases to flow, when E0 falls below the
conduction-band edge. The result is a marked decrease of the current with increasing
voltage, giving rise to a region of negative differential resistance, see Figure 5.2. The
minimum current following the peak current as the voltage increases is denoted valley
current. The nonzero valley current is mainly due to thermionic emission over the
barriers, and it has a large temperature dependence. Another small but conceivable
contribution is due to tunneling of electrons through higher quantized levels. At
larger bias the current increases again as particles acquire enough kinetic energy.

5.4 Influence of Scattering Events

Global coherent tunneling is usually simulated using the transfer matrix method
[Geh03]. Qualitatively, coherent tunneling describes RTDs reasonably well. How-
ever, comparing simulation with experiment it has been found that the coherent
tunneling model may overestimate the peak to valley ratio by an order of magni-
tude. In these circumstances we have to go beyond the global coherent tunneling
model to deal with dissipative tunneling processes. Within the NANOTCAD project
dissipation was modeled by adding a classical Boltzmann scattering term to the
Wigner equation.

An alternative analytical model which incorporates scattering effects has been de-
veloped: incoherent (sequential) tunneling [FG01]. In this model, carriers tunnel
through the first barrier into a quasi-bound state residing in the well and subse-
quently lose their phase memory through a scattering process there. The phase-
randomized carriers tunnel out of the second barrier through a second uncorrelated
tunneling process.

It has been argued that scattering that breaks phase-coherence results in a broad-
ening of the transmission peaks at resonance and a dramatic degradation of the
PVR of RTDs [MT95], see Figure 5.2. In addition, frequent scattering processes
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incorporated into a Wigner Monte Carlo simulation. A study of the influence of
phonon scattering within the Wigner function approach can be found in [KKNS03].

For completeness we note that a comprehensive analytical model that unifies the
sequential and resonant tunneling models in a wide range of transport regimes,
from completely coherent to completely incoherent, has been developed [IP95].



Chapter 6

Mathematical Formulations of

Quantum Mechanics

Classical Mechanics can be formulated in configuration space (Lagrangian formula-
tion) or in phase space (Hamiltonian formulation). Via the Legendre transform both
formulations are in duality to each other. Similarly, there is a variety of different
formulations available for quantum mechanics.

This chapter gives an overview of the formulations used in this thesis. We first
discuss different formulations of Schrödinger’s quantum mechanics. Then we make
the transition to the Wigner formulation which retains many of the concepts and
notions of classical mechanics.

6.1 Quantum Mechanics in Configuration Space

Schrödinger’s wave mechanics is the standard formulation of quantum mechanics
used in most introductory textbooks. It is formulated in configuration space using
a description of states (wave functions) and physical quantities (operators) very
different from that of classical systems. It can be reformulated in many ways which
give rise to different interpretations of quantum mechanics.

6.1.1 Wave Mechanics

In wave mechanics the set of all possible states of a system is described by a complex
Hilbert space, and any instantaneous state of a system is described by a ray in that
space.
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Schrödinger Equation

The time-dependent single-particle Schrödinger equation is

ı�
∂ψ

∂t
= Hψ . (6.1)

Here ψ(x, t) is the complex wave function. The Hamiltonian operator H is a
Hermitian (self-adjoint) linear operator acting on the state space. The Hamiltonian
describes the total energy of the system.

For a particle with potential energy V (x) the Hamiltonian is

H =
P 2

2m
+ V . (6.2)

If the effective mass m is space dependent we choose the operator ordering

H = P
1

2m
P + V . (6.3)

to get a self-adjoint Hamiltonian. In all our applications the effective mass is
piecewise constant.

Position and momentum operators obey the canonical commutation relations

[X i, P j] = ı�δij . (6.4)

In one-dimensional position space L2(R) the position operator X is given by x (i.e.,
multiplication of ψ(x) by x). The momentum operator P is then given by −ı� ∂

∂x
.

With this the transient Schrödinger equation for the electron wave function ψ(x, t)
on the real line R reads (with constant mass)

ı�
∂ψ

∂t
= − �

2

2m∗
ψ�� + V (x, t)ψ . (6.5)

In the so called time-independent case the wave function is of the form

ψ(x, t) = e−ıEt/�ψ(x) . (6.6)

As time progresses, the state vectors change only by a complex phase and Schrödinger’s
equation becomes an eigenvalue equation for the Hamiltonian H,

Hψ = Eψ (6.7)

or with 6.2

− �
2

2m∗
ψ�� + V (x)ψ = Eψ . (6.8)
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The inner product in the Hilbert space determines the probabilistic structure. Ob-
servables are represented by self-adjoint operators. The inner product �ψ|φ� of two
vectors is given by

�ψ|φ� =

�
ψ (x)φ(x)dx (6.9)

where we used Dirac’s “bra-ket” notation. The eigenvectors of the position operator
are denoted by |x�, we write |p� for the eigenvectors of the momentum operator.
The wave functions ψ(x) and φ(p) are then recovered as

ψ(x) = �x|ψ� φ(p) = �p|φ� (6.10)

for abstract wave vectors ψ, φ. The relation beween space and momentum repre-
sentation is a Fourier transformation

φ(p) =
1√
2π�

�
dxψ(x)e−ıpx/� ψ(x) =

1√
2π�

�
dpφ(p)eıxp/�

Observables are repesented by self-adjoint operators. In the Dirac notation the
expectation value of an observable A given in state ψ is denoted by

Ā = �ψ|A|ψ� = �ψ|Aψ� = �Aψ|ψ� . (6.11)

Note that for non self-adjoint operators O the notation �ψ|O|ψ� is ambiguous.

Von Neumann Equation

For quantum statistical mechanics the Schrödinger equation gives rise to the von
Neumann equation for the density operator ρ

ı�
∂ρ

∂t
= [H, ρ] , (6.12)

where the brackets denote the commutator

[A,B] = AB − BA (6.13)

of operators A,B. The density operator ρ is assumed self-adjoint, positive and of
trace class. The density matrix ρ(x1, x2) is defined by

ρ(x1, x2) = �x1|ρ|x2� . (6.14)

For a pure state ψ the density operator is written in bracket notation as

|ψ��ψ| (6.15)

and the corresponding matrix in position space is given by

ρ(x1, x2) = ψ(x1)ψ
∗(x2) .

The probabilistic structure is now given by the trace operation tr . The expectation
value of an observable A becomes

Ā = tr (Aρ) = tr (ρA) . (6.16)
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6.1.2 Hydrodynamical Formulation

The hydrodynamic model, originally proposed by Madelung [Mad27], provides a
classical picture for quantum dynamics, namely, that of the flow of an indestructible
probability fluid.

Mathematically it consists in representing ψ using polar coordinates as

ψ(x, t) = R(x, t)eıS(x,t)/� . (6.17)

Substituting this ansatz into the time-dependent Schrödinger equation with constant
mass and separating into real and imaginary parts, gives two equations:

∂n

∂t
= 2R

∂R

∂t
= −



n

S �

m

��

(6.18)

∂S

∂t
= −V − Q − (S �)2

2m
(6.19)

where we introduced the quantum density n(x) = R(x)2 and the so-called quantum
potential Q:

Q = −�
2

2

(R�

m
)�

R
. (6.20)

In these formulas the prime � denotes the one-dimensional space derivative.

The quantum potential arises from the kinetic energy of the Schrödinger equation
and creates the “self-field”. Alternatively nQ can be seen as pressure in a hydrody-
namical Navier-Stokes interpretation [Har66], which is related to Nelson’s stochastic
interpretation of quantum mechanics.

In the classical limit (e.g., WKB approximation [Kol00], [Sch69]) Equation 6.19
becomes the Hamilton-Jacobi equation with principal function S.

With the identification of the velocity

v =
S �

m
(6.21)

and the flux

j = nv (6.22)

the Equation 6.18 becomes the continuity equation

∂n

∂t
= −j � (6.23)
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and the second equation can be rewritten as an equation of motion (assuming
constant mass m)

m
dv

dt
= −(V + Q)� (6.24)

where in the last equation d
dt

denotes the Lagrangian (also called “convective”)
derivative [Bit00], [SRV89].

In the deBroglie-Bohm interpretation of quantum mechanics a particle has a sharp
position x(t) at each time moving along a fluid trajectory determined by Equation

6.24 (with v = dx(t)
dt

). Evolution in the Bohm picture is “sharp”, but the initial
condition given by the initial location of the particle is a distribution. Tunneling is
explained by lowering the barrier through the additional Bohm potential Q. This
is a hidden variables theory which singles out position as a preferred variable. The
same can be done for other observables, see [Vin00].

In the stationary case we have

ψ(x, t) = R(x)eı
S(x)

� e−ı Et
� . (6.25)

This gives S(x, t) = S(x) − Et and

−∂R

∂t
= 0 = j � (6.26)

−∂S

∂t
= E = V + Q +

mv2

2
(6.27)

which expresses conservation of particle number and of energy.

The hydrodynamical formulation can be extended to the mixed state case and was
used for quantum mechanical simulation in [BM02], [LW99], [Dal03], [Bit00].

It is pointed out in [Wal94], that the hydrodynamical formulation needs an ad-
ditional quantization constraint for equivalence with the “standard” Schrödinger
equation.

6.1.3 The Riccati and Prüfer Equation

The Riccati equation was used in [Bit00] as a numerically more suitable variant of
the hydrodynamical formulation.

Set

z = ln ψ . (6.28)

With this the stationary Schrödinger equation

−�
2

2

�ψ�

m

��

+ V (x)ψ = Eψ, 0 < x < L
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becomes

1

m



z�

m

��

+



z�

m

�2

= 2(V (x) − E)
1

m�2
. (6.29)

By the substitution

z�

m
= y (6.30)

it reduces to a nonlinear first order equation. For constant mass m and z � = u we
get

u�(x) + u(x)2 = 2(V (x) − E)
m

�2
(6.31)

This type of equation is known as Riccati equation [MR96]. The Riccati equation
plays an important role in control theory and has a rich theory of its own. Separation
of Equation 6.29 into real and imaginary part recovers the hydrodynamical equation
for the phase S as equation for the imaginary part of z.

Another alternative formulation of the Schrödinger equation, which is closely related
to the Riccati equation, is the Prüfer equation. The Prüfer transformation is a
useful tool in the qualitative theory of second order Sturm-Liouville differential
equations [BD01]. In the case of the Schrödinger equation with constant mass m it
is introduced in the following way: Define complex quantities q, p

q = ψ (6.32)

p =
1

m

dψ

dx
. (6.33)

Introducing the transformation

q = r cos(α) , (6.34)

p = r sin(α) , (6.35)

with complex r, and α we get from the Schrödinger equation and from the defining
equation for p (6.33)

�
2

2
(r� sin(α) + α�r cos(α)) = (E − V (x))r cos(α) (6.36)

1

m
(r� cos(α) − α�r sin(α)) = r sin(α) . (6.37)

Respective multiplication of these equations with − sin(α) and cos(α) and adding
the resulting equations yields (after elimination of r):

α� =
2m

�2
(V (x) − E) cos2(α) − sin2(α) . (6.38)
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So the equation for the angular variable separates. For r we get:

r�

r
=



m

�2
(V (x) − E) +

1

2

�
sin(2α) . (6.39)

The link to the original Riccati idea is immediate. If α is a solution to the Prüfer
equation, then u = tan(α) is a solution to the Riccati Equation 6.31. The advantage
of the Prüfer equation (6.38) over the traditional Riccati equation is that it can be
solved for arbitrary α without leading to singularities, as is the case with nodes
(ψ(x) = 0) in the Riccati equation. The Schrödinger, Riccati and Prüfer equation
will be investigated numerically in Section 7.1.3.

6.2 Quantum Mechanics in Phase Space

Formally, the phase space representation is closer to its classical counterpart than
Schrödinger’s formulation. The formulation of quantum mechanics in phase space
is outside the scope of most introductory books on quantum mechanics. Here we
present an introduction, which focuses on the Wigner distribution.

First we translate the abstract quantum mechanical machinery (operators and prob-
abilities) to the Wigner language. Special care is devoted to the notion of marginal
distributions and marginal expectation values. We point out that these present an
instance of the operator ordering problem and their definition is non-unique. We
then present a phase space distribution which has the property that it is positive
everywhere and gets carrier, current and energy density consistent with the standard
definitions for a Schrödinger wave function ψ. Finally we discuss the quantum
mechanical analogon of the classical notion of trajectories and their peculiarities.

6.2.1 Phase Space Distribution Functions

In 1932 Wigner [Wig32] suggested a representation of quantum mechanics by means
of joint distributions of the probabilities (or, more precisely, the quasi-probabilities)
for coordinates and momenta in phase space.

The phase space representation only involves concepts that are common to both
quantum and classical mechanics. Therefore it is especially convenient in the con-
sistent derivation of quasiclassical methods, in which, for example, one of the in-
teracting systems is described by quantum mechanics and the other by classical
theory. We used the phase space representation as a unified formalism for combining
quantum (coherent) transport models with classical scattering theories [Shi79].

A number of different phase space distribution functions has been introduced and
investigated over the years. Most of them fit into Cohen’s class of distribution
functions [Coh89]. For the purposes of this thesis, we mainly considered the Wigner
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distribution function [Tat83], the Kirkwood-Rihaczek distribution [vR60], [PW02],
the Husimi function [LSR95], [App00] and the positive P distribution [DGW81].
All these distribution functions are quantum analogons of the classical Liouville
function. Practical use (that is, implementation) was only made of the Wigner
function.

There is also a complex representation of the single particle Schrödinger equation
in phase space [Pru84], [TVF93], [Wlo94], [TVF90]. This is a Schrödinger equation
for ψ(x, p) with complex ψ. Then �ψ(x, p)|ψ(x, p)� is a positive quantity which is
related to the Husimi density. In this complex representation one can then consider,
for instance, the hydrodynamical formulation of the Schrödinger equation [dPC97].

6.2.2 Definition of Wigner Function

Among the several transforms of the wave function or in general of the density
operator, that provide a phase space view of the quantum state, the Wigner function
is the one that has found more applications, mainly in statistical mechanics, but also
in quantum chemistry, molecular dynamics, scattering theory, or quantum optics.

The Wigner function is (up to a constant factor) the Weyl transform of the quantum-
mechanical density operator. For a particle in one dimension it takes the form

w(r, p) =
1

2π�

�
ρ



r − s

2
, r +

s

2

�
eıps/�ds . (6.40)

Here ρ(x1, x2) denotes the von Neumann density function, i.e.,

ρ(x1, x2) = �x1|ρ|x2� (6.41)

with ρ the density operator.

This transformation can be conveniently split into two steps. For this we define:

r =
x1 + x2

2
, s = x1 − x2 . (6.42)

We call r the center of mass coordinate and s the distance coordinate. These names
should not be physically misleading as the von Neumann equation does not describe
a two-particle problem but quantum correlations.

The inverse relation is

x1 = r +
s

2
, x2 = r − s

2
. (6.43)

Calculation of the Wigner distribution involves as a first step a change to new
coordinates r and s. This gives

σ(r, s) = ρ(r +
s

2
, r − s

2
) . (6.44)



6.2. Quantum Mechanics in Phase Space 71

We call σ(r, s) the center of mass (com) distribution.

In a second step this is followed by a Fourier transformation with respect to s.

w(r, p) =

�
dsσ(r, s)e−ıps/� . (6.45)

An inverse Fourier transform gives the com distribution from the Wigner distribu-
tion:

σ(r, s) =
1

2π�

�
dpw(r, p)eıps/� . (6.46)

Instead of the momentum coordinate p it is possible to introduce the wave vector
k = p/� which eliminates � from the transformation:

f(r, k) =
1

2π

�
dsσ(r, s)e−ıks . (6.47)

Note that as ρ is self-adjoint,

ρ(x1, x2) = ρ∗(x2, x1)

we have

σ(r, s) = σ∗(r,−s)

and

w(r, p) = w∗(r, p) .

So the Wigner distribution is real. However, in contrast to its classical analogon it
can assume negative values. As position and momentum operators do not commute
and hence cannot be measured together, this does not present an inconsistency.

The Wigner distribution possesses an important x-p duality given by the alternative
definition [FJP03]

w(r, p) =
1

2π�

�
ρ



p +

l

2
, p − l

2

�
eılr/�dl . (6.48)

Here ρ denotes the density function in momentum representation, that is:

ρ(p1, p2) = �p1|ρ|p2�

where |p� denotes the eigenvector of the momentum operator −ı�∂x with eigenvalue
p.
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6.2.3 Operator-Theoretic Structure

The Wigner function construction is a special case of a correspondence between
quantum-mechanical operators and ordinary c-number phase space functions.

For operators which are functions of coordinates or momenta only, such as xn or pn,
the Weyl transform agrees with the classical function corresponding to A. This can
not be the case in general, as is clear from the non-commutativity of the operator
product. For example the Weyl transform of xp is xp + ı�/2.

The crucial question is: what does the operator product look like in phase space?
This question was answered by Moyal in [Moy49] by introduction of the star product.

Let Aw, Bw be the Weyl transforms of the operators A,B. Then the Weyl transform
Cw of the operator AB is given by the Moyal star product Aw A Bw:

Cw(x, p) =
1

�2π2

�
dudvdwdzAw(x+u, p+v)Bw(x+w, p+z) exp(

2ı

�
(uz−vw)) .

(6.49)

The A-multiplication of c-number phase space functions is in complete isomorphism
to Hilbert-space operator multiplication.

The von Neumann equation

ı�
∂ρ(x, t)

∂t
= [H, ρ(x, t)] (6.50)

becomes the quantum Liouville (or Wigner) equation:

ı�
∂f(x, t)

∂t
= Hw A f − f A Hw . (6.51)

6.2.4 Probabilistic Structure

The standard semantics of quantum mechanics as specified by the Kopenhagen
interpretation is a probabilistic one. The probabilistic structure manifests itself as
inner product in a Hilbert space: The space of operators with the trace as inner
product is a Hilbert space. The operator product has already been translated to
phase space in the preceding section. Now we come to the translation of the inner
product.

The expectation value Ā of an operator A in a state ρ is given by performing the
trace operation:

Ā = tr (Aρ) . (6.52)
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In phase space the trace becomes a simple integral over the ordinary product of the
corresponding Weyl transforms:

tr ((Aρ) =
1

2π�

� �
Aw(x, p)f(x, p)dpdx . (6.53)

Therefore, the computation of average values takes the same form as in classical
statistical mechanics, with the Weyl transform Aw and the Wigner function f playing
the roles of the classical observable A(x, p) and the classical probability distribution
f cl respectively.

p− or x−projection leads to marginal probability densities: a space like shadow
X(x) =

�
f(x, p)dp or else a momentum-space shadow P (p) =

�
f(x, p)dx. Both

are (bona-fide) probability densities, being positive semidefinite, as they are the
expectation values of the projection operators on the corresponding eigenstates.

But neither can be conditioned on the other, as the uncertainty principle is fighting
back: The Wigner function itself can, and most often becomes negative in some areas
of phase space. In fact, the only pure-state Wigner function which is non-negative
is the Gaussian.

6.2.5 A Caveat on Marginal Distributions

If X and Y are random variables and f(x, y) is their joint probability distribution,
the marginal distribution g(x) of X is given by

g(x) =

�
f(x, y)dy . (6.54)

It can be interpreted as a probability density of the single variable x. The random
variables X and Y are independent if and only if f can be factorized by the marginal
distributions g(x), h(y) as

f(x, y) = g(x)h(y) . (6.55)

The Wigner distribution f has the properties

1

2π�

�
dpf(q, p) = �q|ρ|q� (6.56)

1

2π�

�
dqf(q, p) = �p|ρ|p� . (6.57)

For an observable A with corresponding symbol a we have for its expectation value

Ā = tr (ρA) = tr (Aρ) =

1

2π�

�
dpdqf(q, p) A a(q, p) =

1

2π�

�
dpdqf(q, p)a(q, p)

(6.58)

where A denotes the Moyal star product.
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Classically the definition of the local (marginal) expectation values of observables
is not ambiguous due to the commutativity of all observables. However, quantum
mechanically to each way of calculating the expectation value in 6.58 corresponds a
definition for the local expectation value a(q) and in general these definitions give
different results

�q|ρA|q� �= �q|Aρ|q� �= 1

2π�

�
dpf(q, p)Aa(q, p) �= 1

2π�

�
dpf(q, p)a(q, p) . (6.59)

In general the operator Aρ is not selfadjoint, so the definitions using Dirac brackets
above are different. We can rephrase this by using the explicit expression for the
density operator for a pure state ρ = |ψ��ψ|. For a single wave function ψ we get
two definitions for the local expectation a(q)

�q|ψ��ψ|A|q� �= �q|A|ψ��ψ|q� . (6.60)

A good way to define the local expectation is to symmetrize the definitions

a(q) =
1

2
�q|(ρA + Aρ)|q� . (6.61)

This definition has the property that ρA + Aρ is again a selfadjoint operator,
hence the local expectation is real. This is the way in which the current j(x) is
conventionally defined.

A special case which is not treated in this way is the definition of local expectation
for an energy-like operator E = P 2 where P is selfadjoint. Then we can define

P 2(q) = �q|PρP |q� , (6.62)

which is a positive quantity. We use this form to define a positive phase space
distribution function in Section 6.2.6.

However, in the Wigner formalism one usually defines energy as the second p-
moment in the form

E(q) =
1

2π�

�
dp

p2

2m
f(q, p) . (6.63)

With this definition for the local expectation value the local energy E(q) can become
negative, as was observed in Wigner function simulations.

To calculate the Wigner transformation of PρP we use a suitable definition for the
star product. We get

Ẽ(q) =
1

2π�

�
dp

1

2m
(p2 + (

�

2
)2∂2

q )f(q, p) (6.64)

which is seen to differ from the second order moment definition 6.63.

The question of marginalization is also discussed in [Wlo99].
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6.2.6 A Feasible Phase Space Distribution

There are numerical issues with the Wigner transform so that we would like to
avoid this task. Instead we will now define a distribution which in one dimension
classically approximates the phase space distribution. We want our distribution to
reproduce exactly the marginal expectation values for n(x), j(x) and E(x). Other
local expectation values are not necessarily reproduced correctly.

Carrier, current, and energy marginal densities can be directly calculated from the
Schrödinger function ψ(x) respectively the hydrodynamical quantities R, S̃ with

ψ = ReıS̃. Instead of the densities n(x), j(x), E(x) we prefer to work with the
marginal x-distributions for the in the case of constant mass equivalent set of “local”
observables I,K = −ı∂x, K

2 = (−i∂x)
2, where I denotes the identity operator.

Introducing the variable

a = −ı(R� + ıRS̃ �) , (6.65)

we get the marginal expectation values (using the split of the energy operator as in
Equation 6.62) for a pure state ρ = |ψ��ψ|:

I(x) = R2 , (6.66)

K(x) = R2S̃ � =
1

2
(a + ā)R , (6.67)

K2(x) = (R�)2 + (S̃ �R)2 = aā , (6.68)

To define a corresponding classical phase space distribution function w(x, p) we
assume that for a wave function ψ the corresponding distribution w(x,p) for each x
consists of left (up) and right (down) going modes, i.e.:

w(x, p) = D(x)δ(p − p(x)) + U(x)δ(p + p(x)) (6.69)

with p(x) ≥ 0.

This assumption makes sense in cases, in which the classical problem has a similar
property. Such is the case for the scattering problems and the open Schrödinger
equation which we consider in Section 7.1. In this case particles are injected with a
fixed momentum p from one electrode and condition 6.69 is fulfilled exactly. In the
electrodes we have a superposition of transmitted and reflected modes.

From the ansatz 6.69 we can calculate the classical quantities:

I(x) = U(x) + D(x) , (6.70)

K(x) = −U(x)p(x) + D(x)p(x) (6.71)

K2(x) = (U(x) + D(x))p2(x) . (6.72)
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Classically U and D are always positive quantities. Equating the marginal expecta-
tion values from the wave function and from the “classical” distribution function w
we get the system of equations:

D + U = R2 , (6.73)

p(D − U) =
1

2
(a + ā)R , (6.74)

p2(D + U) = aā . (6.75)

From the last equation we get

p =
|a|
R

, (6.76)

which reduces the system of equations to

(D − U)|a| =
1

2
(a + ā)R2 , (6.77)

D + U = R2 , (6.78)

with the solution

2D = R2



1 +

1

2
(â + ¯̂a)

�
> 0 (6.79)

2U = R2



1 − 1

2
(â + ¯̂a)

�
> 0 (6.80)

with

â =
a

|a| . (6.81)

The coefficients U and D are positive values between 0 and 1 as has to be the case
for proper probabilities. To sum up: Our (1+1)-dimensional distribution function
has the property that it is positive and reproduces the moments up to an order ≤ 2
correctly.

6.2.7 Quantum Propagators and Trajectories

Description of quantum phenomena in terms of particle trajectories is a promising
approach for understanding and modeling the transport in nanoscale electronic
devices.

In [TM98] the potential term has been interpreted as a quantum force giving rise
to dynamic particle trajectories. They nicely explain the tunneling process but yet
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cannot solve Equation 6.51 because the quantum force itself depends on the solution
fw.

In [NDRJ96] a particle approach to the coherent Wigner equation has been pro-
posed. The Wigner potential has been treated exactly by the iteration series of the
equation. The convergence of the obtained backward Monte Carlo method has been
theoretically investigated.

Recently the coherent Equation 6.51 has been solved numerically by using particles
[SF01] which cross the device by collisionless drift over classical trajectories. The
information about Vw is retained as particle affinity.

The phase space propagator Lt(x, p; x0, p0) is defined to give the time evolution of
the Wigner function

f(x, p, t) =

�
dx0dp0Lt(x, p; x0, p0)f(x0, p0, 0) . (6.82)

Quantum propagators can be quite different from classical propagators. The classical
equations of motion define classical trajectories in phase space for the coordinates
x(t), and momenta p(t), as a function of the time t. The classical propagators for
Liouville distributions in phase space are therefore δ functions over the classical
trajectories defining a one-to-one mapping between single points of the initial and
final distributions. In quantum mechanics, on the other hand, a single point of the
phase space distribution at one time can in principle be causally connected to many
points of this phase space distribution at any other time. Furthermore, quantum
propagators may include quantum jumps, sudden changes in the momentum or quick
change in the coordinate of the phase space quasi distributions. Two points of the
phase space distribution at two different times can be causally connected even when
no classical trajectory connects them. These are essential quantum features.

For any Hamiltonian H = p2/m + V (x) with potential energy V (x) and constant
mass m that is, at most, quadratic in the coordinate x, the phase space propagator
is a δ function on the classical paths. For the free propagator (V (x) = 0) we get

Lt(x, p; x0, p0) = δ(p − p0)δ(x − x0 − tp0/m) (6.83)

In this case the classical and quantum dynamics are basically the same as Wigner’s
integro-differential equation for quadratic potentials is equivalent to Liouville’s clas-
sical equation with a constant force term. The main difference is in the initial
conditions: In the quantum case the initial distribution must be chosen in such a
way that it corresponds to a positive definite density matrix ρ0. In the classical case
any positive distribution function f0 can be chosen.

For more complicated potentials the phase space propagator is no longer a δ function.
To deal with this in a particle picture we develop a stochastic approach suitable for
Monte Carlo methods in Chapter 9.
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Chapter 7

Schrödinger and von Neumann

Equation

In this chapter we study the orthodox formulation of quantum (wave) mechanics
using the Schrödinger and the von Neumann equation. First we study single par-
ticle transport as described by the Schrödinger equation with absorbing boundary
conditions. Then we solve the open boundary von Neumann equation by reducing it
to a set of Schrödinger equations using the separation ansatz. This is known as the
quantum transmitting boundary method (QTBM). Finally we discuss the modeling
of scattering using hydrodynamical variables within the QTBM.

7.1 Single Particle Transport

In this section we study single particle quantum mechanics and the various formula-
tions of wave mechanics. To model particle transport absorbing boundary conditions
have to be applied. These change the character of the equation and time-reversibility
is lost. For the stationary case absorbing boundary conditions are formulated for the
Schrödinger, Riccati and Prüfer equation and their numerical solution is discussed.

7.1.1 Open Quantum Systems

We consider a one-dimensional system described by a simple single-particle Hamil-
tonian

H = − ∂

∂x

�
2

2m∗(x)

∂

∂x
+ V (x, t) (7.1)

where V (x, t) denotes the (possibly time-dependent) potential energy of the electron,
m∗(x) its (possibly space-dependent) effective mass, ∂

∂x
is the one-dimensional spatial
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derivative (with −ı�∂x representing the momentum operator), and � is the Planck
constant.

In applications the simulation domain is usually taken to be finite. The influence of
the domain which is cut away on the left and on the right is modeled by imposing
special equations for the boundary.

In our applications the boundaries are physically given by device contacts. In this
case open boundary conditions have to be employed. The boundary conditions
describe the interaction of the system with the environment.

Outgoing particle waves shall leave the device without being reflected at the bound-
ary. The waves appear to be completely absorbed at the boundary – for this reason
one also uses the term “absorbing boundary conditions”.

The open boundary conditions change the character of the equation. We get a
dissipative Schrödinger operator, time reversibility is lost. Technically this change
creates a problem in the interpretation. In standard quantum mechanics only self-
adjoint operators present valid observables. However, the self-adjointness of - for
instance - the momentum operator on a finite domain depends on the boundary
conditions. This is discussed in [KNR02] for the Schrödinger equation using a
different type of open boundary conditions. For a discussion of the need for self-
adjointness demonstrated by analysis of an elementary textbook example we recom-
mend [BFV01] to the reader.

7.1.2 Absorbing Boundary Conditions

The scattering of an incoming particle by a potential can be modeled by using
transparent boundary conditions [Arn01] in the Schrödinger equation. In this pic-
ture a particle represented by an infinite coherent wave packet fixed by a wave
vector k is scattered from the potential V . The incoming waves are assumed to be
plane waves of the form eıkxe−ı E

�
t. The assumption of an infinite wave trail is an

idealization. A more realistic model consists in modeling the particle as an incoming
coherent wave packet with finite coherence length. The main reason for the above
assumption seems to be that it allows for an analytic solution in simple cases and
leads to easily implementable boundary conditions. For the Schrödinger equation
absorbing boundary conditions can be discretized as “transparent BCs”, for the
Riccati equation we get Dirichlet type BCs.

Schrödinger: Transparent BCs

The idea of transparent boundary conditions is to model the problem in the un-
bounded domain. Then one imposes boundary conditions such that the solution
from the finite problem is exactly the same as the solution from the unbounded
problem restricted to the simulation domain.
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We now apply this procedure to the stationary Schrödinger equation

−(
�

2

2m∗
ψ�)� + V (x)ψ = Eψ ,

where we have an incoming right-traveling stationary wave ψ in(x) = eıkx coming
from −∞ entering the device region via the left lead. We assume k > 0 and E = k2

�
2

2m∗
.

The device region is represented by the spatial interval (0, L). We assume that V is
constant in the leads:

V (x) = 0, x < 0 ,

V (x) = VL, x > L .

In general we have VL �= 0. In approaches which use the Fourier transform of V this
creates numerical problems as the Fourier transform of V behaves essentially like
the Fourier transform of a Heaviside step function and exists only in the sense of
distributions.

Part of the incoming plane wave is reflected by the potential and goes back to −∞:

ψr(x) = Rke
−ıkx, x ≤ 0 . (7.2)

Note that ψr = ψ−ψin (and not ψ) has to fulfill the absorbing boundary conditions,
i.e., we really have inhomogeneous transparent boundary conditions on the left
boundary.

The other part of the wave is transmitted and travels to +∞. With V = 0 in the
left lead the energy of the incoming particle is E = k2

�
2

2m∗
. Using the fact that energy

is conserved we get

ψt(x) = Tke
ı
√

k2−2m∗VL/�2x, x > L. (7.3)

for the transmitted wave.

In the left lead the steady state solution hence takes the form

ψ(x) = ψin(x) + ψr(x), x > L. (7.4)

The three subproblems (one for each domain) are coupled by the assumption that
ψ, �ψ�/m∗(x) are continuous across the artificial boundaries at x = 0 and x = L.
This allows us to eliminate the a-priorily unknown coefficients Rk and Tk. For a
fixed wave vector k of the incoming wave this yields the boundary value problem
(BVP):

−(
�

2

2m∗
ψ�)� + V (x)ψ =

k2
�

2

2m∗
ψ, 0 < x < L,

ψ�(0) + ıkψ(0) = 2ık, x = 0, (7.5)

ψ�(L) = ı
�

k2 − 2m∗VL/�2ψ(L), x = L .



82 Chapter 7. Schrödinger and von Neumann Equation

We note that the boundary conditions contain the spectral parameter k and are
non-homogenous as the amplitude of the incoming wave packet is normalized to
unity. The Fourier transform of the wave ψ exists only in the sense of distributions.

It is important to find a good numerical discretization of the transparent BCs. This
is done in [Arn01] where the discretization is determined in such a way that there
are no reflections in the case of a flat potential and a homogenous incoming wave.

We have only derived transparent boundary conditions for the stationary case. The
same can also be done for the transient Schrödinger equation. However in this
case the boundary conditions become non-local in time t and the equation “has a
memory”. Recently Ehrhardt and Arnold [AES03] derived a discretization which
they claim to be feasible for numerical simulation.

Riccati and Prüfer: Dirichlet BCs

The boundary conditions given by 7.5 translate to

z�(0) + ık =
2ık

ez(0)
, (7.6)

z�(L) = ı
�

k2 − 2m∗VL/�2 . (7.7)

If we set z� = u we get (with constant mass in the electrodes)

u�(x) + u(x)2 = 2(V (x) − E)
m∗

�2
(7.8)

with the Dirichlet boundary condition

u(L) =
�

k2 − 2m∗VL/�2 . (7.9)

Solving Equation 7.8 fixes z�. The value of z is fixed up to an additive constant
c, which is then determined by the second boundary condition. For the Prüfer
Equation 6.38 we get the Dirichlet boundary condition

α(L) = arctan(
�

k2 − 2m∗VL/�2) (7.10)

We stress that with inflow boundary conditions the wave function ψ cannot have
nodes, hence in this case the Riccati equation has an everywhere defined solution.
The main advantage with respect to the Schrödinger equation is that it is a (non-
linear) first order equation with a Dirichlet boundary condition.

We have implemented both the Prüfer and the Riccati equation as an alternative to
the Schrödinger equation. The results are reviewed in the next section.
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7.1.3 Comparison: Schrödinger, Riccati & Prüfer Equation

For the quantum transmitting boundary method we implemented a finite difference
Schrödinger solver and as equivalent alternatives a Riccati and a Prüfer solver. For
the Riccati and the Prüfer solver we used a custom first order differential equation
solver (the odesuite from Matlab, a sample of highly accurate ode solvers.)

The most important clue in the implementation of the Prüfer equation was the
insight that one has to solve the angular equation and the equation for the amplitude
in parallel. Solving for the angle first and only then for the amplitude results in
jumps in the solution stemming from the minima of ψ which are not resolved, even
if the error tolerance is set to the machine epsilon. However, when solving for
both polar coordinates they are correctly detected and the artificial jumps in the
solution disappear. In this respect the Riccati equation was better behaved, using
very stringent tolerances it was always solved correctly. But it also improved when
we solved for ln ψ and (ln ψ)� in parallel.

All implemented methods are able to solve the Schrödinger equation with high pre-
cision. However, the Prüfer and especially the Riccati solver require quite stringent
error tolerances to achieve a correct solution. This makes the solvers slow. They
are at least by a factor of 30 slower than the Schrödinger solver and not competitive
in terms of efficiency. In this last respect the Prüfer equation was superior to the
Riccati equation. However, we made no attempts to implement either a special
purpose Riccati or Prüfer solver, so this study may not be the last word with regard
to speed comparison. But the discrete Schrödinger equation is a tridiagonal system
for which there are highly optimized direct solvers. It is unlikely that one can
improve on it.

The main value in the Riccati and Prüfer equation is that they allow for a check
of the implementation of open boundary conditions in the Schrödinger equation. It
turns out, that accuracy is excellent. The simulation results are identical for all
practical purposes.

With respect to the usage of hydrodynamical methods the experiences with the
Riccati equation raises some doubt that these methods can be used successfully in
two dimensions. Already in one dimension it was very difficult to resolve the spikes
from the minima in R of the wave function.

7.2 The Open Von Neumann-Poisson Equation

In this section we introduce the quantum transmission boundary method (QTBM).
First we discuss how the solution of the coherent transport problem for an open
system is reduced to the solution of a set of Schrödinger equations with absorbing
boundary conditions. This is also known as the “mixed state Schrödinger approach”
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Then we couple the von Neumann equation self-consistently with the Poisson equa-
tion to describe interactions between electrons. For this both a Gummel method
and a full Newton solver have been implemented. The assembly of the Jacobian
matrix needed for the Newton solver has been parallelized using MPI. It has been
observed that the system admits multiple solutions which are difficult to handle with
stationary simulations alone.

The final section discusses the description of scattering within the QTBM. We
use the hydrodynamical formulation to investigate scattering models which are
compared with the Wigner relaxation time model.

7.2.1 Separation of Neumann Equation

For the Hamiltonian 6.2 the von Neumann equation for the density matrix ρ(x1, x2, t)
reads

ı�
∂ρ

∂t
= [H, ρ] = − �

2

2m∗
(

∂2

∂x1
2
− ∂2

∂x2
2
)ρ + (V (x1) − V (x2))ρ . (7.11)

To regain the Schrödinger equation from the von Neumann equation we make a
separation ansatz for the density ρ:

ρ(x1, x2, t) = ψ(x1, t)φ(x2, t). (7.12)

We get (omitting t in the function arguments)

ı�
	
ψt(x1)φ(x2) + ψ(x1)φt(x2)

�
= (7.13)

(ψ(x1)φ(x2))(V (x1) − V (x2)) − �
2

2m∗



�x1ψ(x1)φ(x2) − ψ(x1)�x2φ(x2)

�

Factoring out ψ(x1) and φ(x2) gives

ψ(x1)



ı�φt(x2) − �

2

2m∗
�x2φ(x2) + φ(x2)V (x2)

�
=

φ(x2)



− ı�ψt(x1) − �

2

2m∗
�x1ψ(x1) + ψ(x1)V (x1)

�
(7.14)

Division by ψ(x1)φ(x2) separates the equation and we get (with E as separation
constant)

ı�ψt(x1) = − �
2

2m∗
�x1ψ(x1) + V (x1)ψ(x1) − Eψ(x1) , (7.15)
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ı�φt(x2) =
�

2

2m∗
�x2φ(x2) − V (x2)φ(x2) + Eφ(x2) . (7.16)

If ψ is a solution to Equation 7.15 with separation constant E, then ψ∗ is a solution
to Equation 7.16 with complex conjugate separation constant E∗ and the density
matrix ρ is of the form ψ(x1)ψ

∗(x2) corresponding to a pure state.

We get an additional term Eψ(x, t) in the separated equation, which is at first
surprising since we are not in the stationary case. However, the von Neumann
equation is invariant under a change of V to V + E, while the Schrödinger equation
is not.

By separation of the transient von Neumann equation we get the Schrödinger equa-
tion with an additional term Ẽψ. This shifts the value of E in the stationary
Schrödinger equation. But varying E the set of solutions ψ stays the same. So we
can set Ẽ = 0 without loss of generality.

7.2.2 Open System

In our application the environment (electrodes) absorbs outgoing particles and
injects particles into the device with a Fermi-Dirac equilibrium distribution which is
fixed by the demand of local charge neutrality at the boundary. Adding boundary
conditions can change the character of the model and in general a separation ansatz
will no longer work. However, if we have an open system and incoming waves
are mixed states built from plane waves of the form eıkxe−ıEt/� then this type of
boundary conditions can still be treated by the separation approach.

In this way the von Neumann equation with absorbing boundary conditions is equiv-
alent to a countable system of Schrödinger equations with transparent boundary
conditions. In practice we solve the open Schrödinger equation for a set of values
for k. Then the solution is built from the pure states |ψk��ψk| which are summed
with the correct weight given by the equilibrium Fermi-Dirac distribution in the
electrodes. Solving the von Neumann equation by the separation method is known
as the quantum transmitting boundary method. It has been introduced in [LK90b].
It has been applied for device simulations in [BA00], and [Fre87]. For an extension
see [LKF02].

The reflection and transmission coefficients for pairs of energy-related incoming
waves from left and right are not independent [Akt99] which can be used to reduce
the numerical costs by a factor of 2.

Ballistic transport is only a good approximation if the influence of scattering can be
neglected. The catch here is that in such cases the assumption of injection with an
equilibrium distribution is doubtful.
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7.2.3 Self Consistency

The interactions between electrons involving distances greater than the Debye length
can be treated using the Poisson equation.

d

dx



%(x)

d

dx
φs(x)

�
= −c(x) . (7.17)

Here φs denotes the (electrostatic) potential and c denotes the total charge density
(sum of doping and carrier charges). We use Dirichlet boundary conditions for the
Poisson equation. The difference between left and right potential is equal to the bias.
Alternatively it can be supposed that part of the voltage drop is in the electrodes.
Such boundary conditions are for instance implemented in the program package
NanoMOS [RVG+03].

Self-consistency in electronic device simulation means ensuring that the carrier
density profile in the simulated device is consistent with its potential profile. The
self-consistent field effectively acts to screen the positive applied voltage. Therefore,
the effects of the self-consistent field can essentially be modeled by a smaller applied
bias.

The Poisson and the von Neumann equation form a system of coupled nonlinear
differential equations which is usually solved by an iteration between Poisson’s and
von Neumann’s equation.

The potential φ which enters the Schrödinger equation (see Figure 7.1) is the sum
of the solution φs of the Poisson equation and an φe(x) from the materials’ bandgap

φ = φs + φe . (7.18)

The potential energy V in the Schrödinger equation is then given by

V = eφ (7.19)

where e is the carrier charge.

In order to solve the coupled system, we have used the Gummel method [Gum64],
which takes into account the exponential dependence of the density on the potential.
We follow the approach from [BAPGR02].

With this the step for updating the potential in the iteration is given by

d

dx
[%(x)

d

dx
φnew

s ] = e



n[φold

s ] exp



φnew

s − φold
s

φref

�
− C

�
. (7.20)

Further details can be found in [BAPGR02], where this method, which is based on
classical assumptions, was introduced.
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Here the function F consists in solving the set of Schrödinger equations to get the
density n as a function of Vold and then solving the Poisson equation to derive Vnew

as a function of n. This eliminates the modes ψ(x) from the system. The reason for
the elimination is that without it we get a “huge” Jacobian matrix, as changing V (y)
on a single point y has an influence on all values ψ(x) and the Jacobian becomes
nonlocal.

Numerical costs for the calculation of the Jacobian of F are high. For each grid point
x we have to solve a set of Schrödinger equations. As there are > 1000 grid points in
x and up to 2×2000 points in k-space, this can amount to solving up to four million
Schrödinger equations for the calculation of the Jacobian. Though the implemented
Schrödinger solver is highly optimized (Fortran code with a tridiagonal solver which
was specialized for the application), this was too slow for practical purposes.

To overcome the cost constraints the calculation of the Jacobian was parallelized on
a cluster of desktop PCs. Using MPI we followed a very restricted programming style
to get a functional program, as debugging parallel applications is hard and mainly
has to be done by extensive code inspection and occasionally by using good old
printf statements. Unfortunately MPI itself lacks some fundamental functionalities.
For instance, in MPI (at least in the standard version 1.x which we used), there are
no routines available for checking if some node is up.

The implementation was kept modular. It can be combined with any nonlinear
solver library. Most of these libraries allow the user to supply a function which cal-
culates the Jacobian. We applied several well-known libraries to the von Neumann-
Poisson problem, among them the Minpack and the Tensolve package. Furthermore
we implemented and tried several textbook methods [Kel95]. We observed that
non-Newton methods tended to violate the Dirichlet boundary conditions in the
Poisson equation and high penalty weights had to be introduced in order to enforce
fulfillment of the boundary conditions.

The full Newton solver behaved more robust than the “simple” approaches, which
do not need the Jacobian. Especially, as code for the calculation of any “expensive”
Jacobian matrix was available, we could check, that certain simple overrelaxation
methods which are found in the literature can hardly work in practice for our
examples, as the applied fixed-point iteration is not a contraction near the solution
vector.

However, in the big picture we could not produce a robust implementation and in
many cases we still cannot reach convergence. In cases where convergence is reached,
the solution is numerically “sound”, i.e., refinement of the grid or (reasonable)
changes in the discretization give a result which is the same for all practical purposes.

7.2.5 Existence But Non-Uniqueness

There are reports in the literature about non-existence or existence of multiple
solutions to Schrödinger-Poisson (or equivalently to Wigner-Poisson) problems. Ref-
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erence [GMN93] discusses multiple self-consistent solutions at zero bias in selectively
doped two-terminal quantum tunneling devices (that is, resonant tunneling diodes).
References [JB91] and [Bie98] use a transient method to find the stationary solution
for a Wigner-Poisson problem. Both papers report current oscillations at a fixed
bias and failure to find a stationary solution in (parts of) the region of negative
differential resistance.

However, from a theoretical point of view at least the existence of solutions can be
guaranteed. (Please keep in mind that existence and uniqueness depends also on
the boundary conditions which are used. Theorems for the closed von Neumann-
Poisson system [Nie93] can not be applied.) For analysis of the existence problem
it is instructive to consider the classical case first.

The classical analogon to the Wigner-Poisson problem is the Vlasov-Poisson system.
Classical solutions always exist. They may be non-unique due to existence of “bound
states”. These represent particles which are bound to the device (e.g., trapped in a
potential well). The boundary conditions have no influence on the number of such
particles, hence the solution is non-unique. However, it is possible to add some
“damping” to the equation which has the effect to suppress these bound states.
Then in the limit of vanishing damping constant we get a well-defined and – in this
sense – unique solution.

Existence of solutions is proved by use of Schauder’s fixed-point principle [BA00],
[BADM97]. However, this is a non-constructive proof and of little value for numerical
solution. In the open quantum-case a similar proof as in the closed case can be
carried through [BADM97], [BA00]. In the one-dimensional quantum transmitting
boundary method bound states are not considered, while – at least in principle –
they are present in the Wigner simulation. There is some probability for particles in
quasi-bound states in a quantum well to tunnel through the barriers and eventually
leave the device. Unless there are regions where the potential is smaller than in the
leads, real bound states (which do not contribute to the current) as discussed in
[CK85] are unlikely to occur.

What we observed in practice is consistent with observations from the literature:
First there is non-uniqueness. In contrast to the classical case a multitude of
solutions is possible, even when there are no bound states. Already in equilibrium
there may be several solutions, as we discovered by chance, even if the doping is
symmetric. For a certain example we found (at least) three solutions: a symmetric
one and a pair of unsymmetric solutions.

Secondly, when using bias stepping to find the solution, in some cases it is not
possible to step up any further. It seems that there are branches of solutions which
cannot be extended beyond a certain value for the bias. For the simulation of
hysteresis bifurcation methods (see [MRS84] and [Kel86]) have to be employed.

It is now clear that multi-branch I-V curves cannot be captured by stationary simula-
tions alone, but transient simulations have to be applied. With absorbing boundary
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conditions this is difficult when using the QTBM, as the boundary conditions become
non-local in time and the equation “has a memory”.

7.2.6 Scattering in the QTBM

With the electron-phonon scattering operator given in (classical) phase space scat-
tering is described by Fermi’s golden rule. In Chapter 9 we will include this classical
description for scattering in the quantum Wigner Equation 8.1 to solve this model
by Monte Carlo methods.

The fundamental reason, why this model cannot be adequately formulated within
the QTBM, is that the corresponding equation for the density matrix cannot be
separated, that is, there is no corresponding single particle Schrödinger equation.
This model can only be formulated with the use of densities.

What we need technically is a method to describe a single particle (wave function,
pure state) in contact with a phonon bath (density, mixed state) within the QTBM.
Formulation of such models for scattering is the topic of the next subsections.

Schrödinger Equation with an Imaginary Potential

One way to describe dissipative effects in the Schrödinger equation is by introduction
of an imaginary potential ıW0, also called an optical potential as it describes optical
phonon scattering. This model is discussed in [SHMS98]. The time-dependent
Schrödinger equation becomes

ı�
∂ψ

∂t
= − �

2

2m∗

∂2

∂x2ψ + V (x, t)ψ − ıW0ψ . (7.22)

As discussed in [SHMS98] in this model the current density is attenuated by the
optical potential at a rate of 2W0/�, which corresponds to a scattering time

τ = �/(2W0) . (7.23)

As a first step in the construction of a scattering model we show the relation of this
model with the model for relaxation time scattering in the Wigner method. Scat-
tering in the relaxation time approximation is discussed in Section 8.1, Equations
8.1 and 8.4. In the density matrix picture this is the equation:

ı�
∂ρ

∂t
= [H, ρ] − ı�

1

τ



ρ − ρeq ρ(x1+x2

2
, x1+x2

2
)

ρeq(x1+x2

2
, x1+x2

2
)

�
. (7.24)

If we ignore the inscattering term we can separate this equation. We get

ı�ψt(x1) = − �
2

2m∗
�x1ψ(x1) + V (x1)ψ(x1) − ı�

2τ
ψ(x1) − Eψ(x1) ,

ı�φt(x2) =
�

2

2m∗
�x2φ(x2) − V (x2)φ(x2) − ı�

2τ
+ Eφ(x2) .

(7.25)
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As for the proper Schrödinger equation we get a pair of mutually complex conjugate
equations. If we put �/(2τ) = W0 in 7.25 we see that Haddad’s identification
Equation 7.23 is correct. But we also see, that basically only outscattering is
modeled by the introduced imaginary potential. We will identify and examine ways
to include also inscattering into the QTBM in the next subsections.

Relaxation-Time-Like Models

Some of the proposed scatterings model are most conveniently described using
the hydrodynamical formulation of quantum mechanics. To derive a model for
inscattering we point out a superficial formal analogy between the Wigner density
picture and the QTBM.

In the Wigner picture we have for each k a density f(x, k). In the QTBM we have
for each k a mode ψk(x) and a corresponding hydro density

nk(x) = |ψk(x)|2 = R2
k(x) . (7.26)

This formal analogy is a guideline which was helpful in finding a scattering model
for the use with the QTBM. It should not be stretched too far.

From the modes we build the mixed state

ρ =
�

k

ak|ψk��ψk| (7.27)

with corresponding density

n(x) = ρ(x, x) . (7.28)

We are not interested in Schrödinger models for relaxation time scattering per se, but
it is a good test case and gives important hints on how to model scattering. We will
propose a refined QTBM Schrödinger model for scattering which includes a better
model for inscattering. The models proposed in this section share some properties
with the Wigner relaxation time models. They are not identical in the sense of being
equivalent via a Wigner transform, hence we call them “relaxation-time-like”.

As a first proposal for a model of this type we try (using the anology above):

ı�∂tψk(x) =

− �
2

2m∗
�xψk(x) + V (x)ψk(x) − Eψk(x) − ı�

2τ



ψk(x) − ψeq

k

n(x)

neq(x)

�
.

(7.29)

This model has the property that for τ → 0

ψk(x) → ψeq
k (x) . (7.30)
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However, the scattering term

ı�

2τ



ψk(x) − ψeq

k

n(x)

neq(x)

�
(7.31)

does not conserve mass for the corresponding mixed density n(x).

We will now look at the same problem in the hydrodynamical formulation which pro-
vides further insight. The Schrödinger equation with relaxation time outscattering
becomes for a mode ψk

∂tRk = −RkS
��

k − 2R�

kS
�

k −
τ

2
Rk (7.32)

∂tR
2
k = −2(R2

kS
�

k)
� − τR2

k . (7.33)

Note that the equation for Sk stays unchanged. We obtain a modified continuity
equation. The resulting current is no longer constant.

As a hydrodynamical relaxation time model which also includes inscattering we
propose

∂tR
2
k = −2(R2

kS
�

k)
� − τ



R2

k −
n(x)

neq(x)
R2

k,eq

�
. (7.34)

The corresponding wave function scattering term is

1

2τ

�
ψk − |ψeq

k |2
ψ 

k

n(x)

neq(x)

�
. (7.35)

This model does not relax ψk, but only relaxes |ψk| towards the equilibrium values.
We can relax left and right going modes separately or in parallel, in the last case we
have

n(x) = nl(x) + nr(x) .

This model conserves mass. To compare it with the Wigner relaxation time model
we look at the pure state

ρk = |ψk��ψk| = ψk(x1)ψ
∗

k(x2) . (7.36)

Using hydrodynamical variables this state is written as

ρk(x1, x2) = Rk(x1)e
ıSk(x1)/�Rk(x2)e

−ıSk(x2)/� = R̃k(x1, x2)e
ıS̃k(x1,x2)/� .

From the Schrödinger equation for ψk with scattering term 7.35 we derive a von
Neumann equation for ρk where the scattering is of the form

− 1

2τ



Rk(x1) −

R2
k,eq(x1)

Rk(x1)

n(x1)

neq(x1)

�
Rk(x2)− 1
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R2
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n(x2)

neq(x2)

�
Rk(x1) .



7.2. The Open Von Neumann-Poisson Equation 93

For the outscattering this gives

−1

τ
Rk(x1)Rk(x2) .

For the inscattering we get

1

2τ



R2

k,eq(x1)
n(x1)

neq(x1)

Rk(x2)

Rk(x1)
+ R2

k,eq(x2)
n(x2)

neq(x2)

Rk(x1)

Rk(x2)

�
.

The inscattering is not closed (that is, expressed by) in R̃k(x1, x2) = Rk(x1)Rk(x2)
and no equation closed in ρk is derived.

The inscattering from Wigner relaxation time scattering is (writing Equation 7.24
in hydro variables):

1

τ
R2

k,eq



x1 + x2

2

�
n(x1+x2

2
)

neq(
x1+x2

2
)
. (7.37)

Comparing our proposed model for inscattering and the original Wigner relaxation
time scattering we see that the QTBM hydro model approximates

R2
k,eq



x1 + x2

2

�

by

1

2
(R2

k,eq(x1) + R2
k,eq(x2))

and puts
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Rk(x1)

Rk(x2)
+

Rk(x2)

Rk(x1)

�
= 1 . (7.38)

The equation for S̃ is the same in both cases, scattering does not enter.

Implementation of hydrodynamical models is a formidable task, see [Bit00] for
related work. Our experience with the Riccati equation is also disheartening. Hence
the numerical validation of all proposed scattering models is an open issue.
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Chapter 8

Finite Difference Wigner Function

Method

The Wigner equation is a widely used approach to quantum device simulation. The
formalism combines description on a rigorous quantum-kinetic level with the classical
concepts for phase space and open boundary conditions.

This chapter discusses Frensley’s approach [Fre90] to the discretization of the Wigner
equation using finite differences. We show that the use of an equidistant product
grid is necessary for a discretization which conserves mass.

8.1 Wigner Equation

The transient Wigner equation with relaxation time scattering is

∂

∂t
f(x, k, t) +

�k

m∗

∂

∂x
f(x, k, t) +

�
Vw(x, k − k�)f(x, k�, t)dk� + Rel[f ] = 0 . (8.1)

Here f(x, k, t) is the 1-D Wigner function at position x, wavenumber k and position
t. The non-local Wigner potential Vw(x, k) is calculated from the real potential
energy V (x) by

Vw(x, k) =
1

2πı�

�
∞

−∞

dy exp(−ıky)



V (x − 1

2
y) − V (x +
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2
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�
= (8.2)
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2
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2
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�
. (8.3)

In Equation 8.1 Rel[f ] denotes the term for relaxation time scattering, that is

Rel[f ] =
1

τ



f(x, k, t) − feq(x, k, t)

n(x, t)

neq(x, t)

�
. (8.4)
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Here τ denotes the relaxation time, n denotes carrier density

n(x) =
1

2π

�
f(x, k)dk . (8.5)

and feq denotes the equilibrium solution. Assuming that the doping is the same in
the left and the right electrode we define feq as the solution of Equation 8.1 under
zero bias (and relaxation time scattering excluded).

Note the factor 1/2π which comes from the Wigner transformation of the density
matrix trace operation.

The Wigner equation has to be supplemented with suitable boundary conditions.
It is of first order in x, hence a possibility is to specify the solution on one side of
the simulation domain. We used inflow boundary conditions: these are of Dirichlet
type in Wigner phase space and specify the incoming flow on the left and on the
right contacts. Hence half of the boundary conditions is given on the left, half is
given on the right boundary. We assume that even under bias, the distribution in
the leads is in equilibrium and the incoming part of the distribution at the contacts
is given by this equilibrium distribution. The equilibrium distribution is given by a
Fermi-Dirac distribution which poses the boundary conditions:

fL(k > 0) = fR(k < 0) = FD(TL, k) . (8.6)

The Fermi level is correct when the carrier concentration equals the doping density.

We allow the effective mass m∗ to be a space dependent parameter. This is only an
approximation to the Wigner transformation of the term ∂x

1
m∗(x)

∂x in the Schrödinger
equation and is known as “Frensley’s model” or as “classical approximation”. The
correct term as obtained by Wigner transformation leads to a convolution integral
and is treated in [TOM91], [MH94].

8.2 Discrete Wigner Transform

Amongst the myriad of time-frequency distributions, the Wigner distribution stands
alone in satisfying many desirable mathematical properties [OFW99]. The contin-
uous and aperiodic Wigner function is (i) a quadratic functional, (ii) is covariant
to time shifts and frequency shifts, (iii) satisfies Moyal’s formula, (iv) is compatible
with modulations, (v) is compatible with filtering, and (vi) is real.

While there has been much success in the development of a theory for continuous
distributions, attempts to extend the definition of the Wigner distribution to the
discrete case have not been completely successful. An ideal approach for computing
a discrete distribution would preserve the properties present in the continuous
distribution. Depending on whether the function is continuous and periodic there
are four different types of Fourier transform and hence arguably four kinds of Wigner
transform.
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In our applications we have a wave function ψ on the (infinite) real line. If we dis-
cretize it this corresponds to the discrete and aperiodic case. It is proved in [OFW99]
and in [OW98] that in this case there exists no definition of the discrete Wigner
transform which satisfies all the desirable properties mentioned above. The problem
of defining a “good”discrete Wigner transform is further discussed in [RPS98]. We
refer the reader to these literature references for an exact formulation concerning
these “no go” theorems. Good solutions only exist for distributions (and operators)
which are periodic both in x and k. While in our application case periodicity of
the Wigner distribution in k is not too unreasonable, periodicity in x can not be
assumed if a bias is applied.

In the literature on Wigner function method simulation authors propose various
definitions of a discrete Wigner transform. Starting from the discrete Schrödinger
equation they derive different discretizations of the Wigner equation. Each of these
definitions has its shortcomings. And the cited results suggests that the search for
a “good” definition of discrete Wigner transform is in vain.

8.3 Conservation of Mass

There are two basic theories to describe nonequilibrium phenomena in mechanics:
kinetic theory from a microscopic level and continuum theory from the macroscopic
level. For the NANOTCAD project we adopted a first principles approach using a
microscopic formulation. This leads us to the Wigner (quantum case) and to the
Boltzmann equation (semiclassical case) which describe transport by a distribution
function f in six-dimensional phase space.

For many TCAD purposes this kinetic description contains more information than
we really need and it is numerically not tractable. The link to the continuum
formulation is made by reducing the distribution to its first few velocity moments.
Of particular interest are the moments associated with the mass, momentum and
kinetic energy. The equations for these macroscopic variables are called conservation
equations, because they describe quantities which are conserved due to physical
symmetries (Nöther’s theorem).

All the moment equations are derived from the Wigner equation and are implicitly
fulfilled by the distribution function f . When discretizing the Wigner equation, one
has to take great care that the discrete Wigner equation also leads to a reasonable
discrete conservation law and to correct continuum physics. In this section we study
the conservation of mass and the constraints this imposes on the mesh.
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8.3.1 Continuity Equation

The physical quantity associated with the zeroth order moment is the carrier density
n(x):

n(x) =

�
dk

2π
f(x, k) .

The zeroth order moment equation describes the conservation of particle number,
also called conservation of mass.

We derive the corresponding conservation equation by integrating the Wigner equa-
tion over all velocities k ∈ R

∂

∂t

�
dkf(x, k) =

− ∂

∂x

�

m∗

�
dkkf(x, k) −

�
dk

�
dk�Vw(x, k − k�)f(x, k�) −

1

τ

�
dk

�
f(x, k) − feq(x, k)

n(x)

neq(x)

�
.

(8.7)

By definition the Wigner potential Vw(x, k) is an odd function in k. Hence the
contribution from the integral�

dk

�
dk�Vw(x, k − k�)f(x, k�) =

�
dk�f(x, k�, t)

�
dkVw(x, k − k�) (8.8)

vanishes. This property expresses conservation of particle number from potential
scattering. In a similar way the term stemming from scattering also vanishes as we
have �

dkf(x, k) = 2πn(x) = n(x)

�
dkfeq(x, k)

neq(x)
.

With the introduction of the (particle) current density j(x, t):

j(x, t) =
�

2πm∗

�
dkkf(x, k, t) (8.9)

we finally get the continuity equation (in vector notation):

∂n

∂t
= −∇ · j

The aim is to find a discretization of the full Wigner equation which conserves mass.
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8.3.2 Meshing Constraints

Conservation of mass is the one most important property a discretization of the
Wigner equation has to fulfill. This subsection discusses the constraints this imposes
on the mesh.

The main difficulty in achieving a discrete conservation law lies in the discretization
of the drift term

Pot[f(x, k)] =

�
dk�Vw(x, k − k�)f(x, k�)

We write Vw in the form

Vw(x, k) =
2

π�

�
∞

0

dy sin(2ky)
	
V (x + y) − V (x − y)

�
. (8.10)

We need Vw(x, k − k�) for every pair k, k�. For a general mesh one gets N 2
k different

values for k−k� and needs as many evaluations of the integral 8.10. Hence only from
feasibility requirements alone one is in practice often forced to use an equispaced
k-grid.

In the continuous infinite case the k-integral over Pot[f(x, k)] vanishes because Vw

is odd in k and the integral appearing on the right hand side of Equation 8.8�
∞

−∞

dkVw(x, k − k�) =

�
∞

−∞

dkVw(x, k) (8.11)

extends over the whole k-space.

To discuss the discrete case we assume that the k-domain used for f has limits kmin

and kmax. We denote the length of the integration domain by Lk.

Then the integration argument k extends from kmin to kmax and we integrate over
Vw(x, k) with limits kmin − k� to kmax − k� in the right hand side of Equation 8.11.� kmax−k�

kmin−k�

dkVw(x, k) . (8.12)

Now the integration interval is symmetric around k� (and not around 0) and in
general the integral no longer vanishes, even if Vw(x, k) is an odd function in k.

The integral 8.12 vanishes in the case that Vw(x, k) is not only odd but also periodic
with period Lk. Then the integral 8.12 always extends over exactly one period and
hence vanishes in each case as it is independent of k�.

To achieve a periodic Vw in the case of discrete y one can introduce a special mesh.
This method was introduced by Frensley [Fre90]. It assumes an arbitrary (possibly
shifted) equispaced mesh for y in 8.10. Here we write the y-mesh in the unshifted
form

ym = m�y m ∈ Z (8.13)
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The condition for an integrand which is periodic in k in Equation 8.10 is given as

sin(2km�y) = sin(2(k + Lk)m�y) ∀m. (8.14)

This condition is fulfilled if the phase difference

2Lkm�y (8.15)

is a multiple of 2π. From this we derive the condition

Lk�y = π . (8.16)

This condition is known from [Fre90] as a completeness condition. It links the
spacing of the y-mesh in the calculation of the Wigner potential with an apparent
periode length Lk of Vw(x, k).

We now assume that Vw(x, k) is odd in k and periodic with period Lk. Then in
order that the discrete version of� kmax

kmin

dkVw(x, k − k�) =

� kmax−k�

kmin−k�

dkVw(x, k)

vanishes (with k, k� from the k-mesh for f(x, k)) we can choose an equispaced k-mesh
satisfying the constraint

Nk�k = Lk . (8.17)

The meshing condition 8.16 fixes only the spacing �y to be used in the discrete form
of 8.10 but it does not fix the limits of the integral, i.e., the number of points Ny.
However, given an equispaced k-mesh for f(x, k) with Nk points, it seems natural
to choose the mesh in such a way that definition 8.10 corresponds to the expansion
of an odd function into a series of sines. Then the denomination “completeness” is
also justified. The discrete sine transform is

Fm =
N−1�
j=1

fj sin



jmπ

N

�
m, j = 1, . . . , (N − 1) . (8.18)

Comparing with 8.10 and using

�k�y =
π

Nk

(8.19)

we get the discrete form

sin(2m�kj�y) = sin



jm

π

Nk/2

�
(8.20)

and the discrete form of 8.10 finally becomes

Vw(x,m�k) =
2

π�

Nk/2−1�
j=1

sin



jm

π

Nk/2

� 	
V (x + j�x)− V (x− j�x)

�
. (8.21)
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The k-mesh has an even number of points Nk which we choose symmetric around
zero

k = (m +
1

2
)�k, m = −Nk/2, . . . , (Nk/2 − 1)

We denote the quantity Lcoh

Lcoh = Nk�x (8.22)

as the coherence length. It is introduced here for purely numerical reasons but also
allows for a physical interpretation.

We want to stress, that the y-mesh used in the discretization of the Wigner potential
can in principle be chosen independently and differently from the x-mesh, especially,
if the band is given analytically - for example, in a flat band model. In a self-
consistent simulation one normally uses the same mesh for y and for x. In any case
the number Nk of points in k and the number of points Nx in x can be chosen
independently and usually one chooses Nk slightly smaller than Nx.

In practice one starts with choosing an equispaced mesh using Nx points for the
simulation domain. Then one chooses a coherence length Lcoh which is a multiple
Nk�x of the x-mesh spacing �x, see Equation 8.22. The period length Lk of the
k-mesh is then fixed by the completeness condition Equation 8.16 as

Lk =
π

�x
(8.23)

where we used �y = �x. Finally, the k-spacing �k is given as Lk/Nk

�k =
π

Nk�x
. (8.24)

The artificial introduction of a Wigner potential Vw(x, k) which is periodic in k is
an elegant trick to obtain a discretization conserving mass. We also experimented
with meshes which do not obey this completeness condition. But the results from
such simulations were unusable for TCAD purposes. Hence meshing is essentially
restricted to the use of an equispaced (x, k)-product grid.

These discussions are in accordance with transformation-theoretic theorems stat-
ing that in a certain sense there are no reasonable discretizations of the Wigner
transform. Every discretization lacks one or more properties characteristic of the
continuous transform.

8.4 Discretization

In the previous section we derived meshing constraints necessary for a mass con-
serving discretization. We discretize now directly the Wigner equation using finite
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differences on an equispaced product-grid in (x, k). Alternative approaches discretize
the Schrödinger or von Neumann equation and perform some kind of a discrete
Wigner transformation. This leads to difficulties with the domain of the mesh, see
[Fre87]. See also [MH94] where the Schrödinger equation is carefully discretized and
a staggered grid is used. Our implementation follows [Bie97] and [KKFR89]. Some
physical background can be found in [Fre90].

For the Wigner equation our main interest was in the stationary case as the Monte
Carlo simulator was based on the stationary method. The discretization of the terms
for free streaming, potential and relaxation time scattering is largely independent
from each other. They are treated separately in the next subsections.

8.4.1 Free Term

In the stationary case without scattering Equation 8.1 degenerates for k = 0 as the
Wigner potential Vw is zero for k = 0. If also the potential is zero, i.e., the free case,
then left (k > 0) and right (k < 0) going modes do not couple at all. Accordingly,
the solution might become discontinuous for k = 0. Discontinuity of the Wigner
function for k = 0 is considered as a feature of ballistic transport and is unavoidable
under certain types of inflow boundary conditions. A possibility to get an equation
for k = 0 is to divide Equation 8.1 by k and to consider the limit equation for k → 0.

From meshing constraints discussed in the previous section it follows that the number
of grid points Nk is an even number. Hence we can choose the equidistant mesh
symmetric around k = 0 excluding the point k = 0.

We implemented four different discretizations for the derivative ∂x: upwinding first
and second order and central differences (second and fourth order), see [Bie97].
Special care has to be taken of the boundary points and the points next to the
boundary. The discretization at the boundary must be at least exact of order m− 1
if the internal discretization is to be exact of order m. Otherwise the overall order
will decrease and be less than m.

The discrete formula for the calculation of the current j is fixed by the discretization
of the free streaming operator. If this is not respected then the calculated current
density will not be constant in one dimension and conservation of mass is severely
violated. This is further discussed in Section 10.1.

8.4.2 Drift Term

The discretization of the Wigner potential operator has already been implicitly
discussed in the previous section on conservation of mass. We have shown, that one
has to use an equispaced product grid to obtain conservation of mass in the discrete
case.
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Another undesirable feature of the potential operator is that we need the potential
outside the simulation domain in the calculation of Vw(x, k) from 8.10, assuming that
the integration domain is symmetric around x. Usually the potential is extended
outside the domain with the values at the boundary which are fixed by the applied
bias. With this we get that the integrand V (x + y)− V (x− y) in the calculation of
Vw(x, ·) is equal to the applied bias for y → ∞ and, in general �= 0. Consequently
Vw(x, k) has a singularity at k = 0. As Vw is odd, it is natural to set Vw(x, 0) = 0. The
singularity can be calculated analytically, which reduces to the Fourier transform of
a Heaviside function.

8.4.3 Relaxation Time Scattering

In the relaxation time approximation the outscattering rate is determined by a single
relaxation time constant τ . The inscattering rates are proportional to feq(x, k, t)
driving the system to the equilibrium distribution feq. The rates are scaled with
n(x, t)/neq(x, t). It follows that the relaxation time scattering operator has the
properties (continuous case)

Rel[feq] = 0 (8.25)

and �
dkRel[f(x, k, t)] =

1

τ

�
dk

�
f(x, k) − feq(x, k)

n(x)

neq(x)

�
= 0 . (8.26)

The first property guarantees that the equilibrium distribution is not changed by
the scattering. The second property was already discussed in Section 8.3. It is
necessary for conservation of mass, i.e., scattering only redistributes the carriers
between different states k. Inscattering and outscattering cancel in total. It is
straightforward to see that both properties hold also in the discrete case.

8.4.4 Boundary Conditions

The Wigner-Poisson system has a classical analog, the Vlasov-Poisson equation,
whose quantization is given by the Wigner-Poisson equation. However, to quantize
the system correctly, one also has to use a correct quantum mechanical formulation
of the boundary conditions. The various formulations found in the literature on
device simulation all appear to be incorrect in the general case. A physically correct
approach is discussed in [BMP+00], [SBM93].

For the Wigner simulation we use inflow boundary conditions which are modeled
by Dirichlet type boundary conditions in (x, k)-space. In the coherent case these
are only an approximation to the absorbing boundary conditions as applied in the
quantum transmitting boundary method. More specifically: in the Wigner model
the inflow is prescribed as the Wigner equilibrium distribution, and outgoing waves
appear to be partially reflected at the boundaries. Improved boundary conditions
were suggested in [RFK89].
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8.5 Remarks on Implementation

The discretization is only sparse in x, it is dense in k. That means for a fixed x all
pairs (x, k) and (x, k�) couple in the matrix and give full blocks in k.

The need to use an equispaced grid in k is a performance killer. For resonant
tunneling diodes one gets sharp resonances which have to be resolved by a fine
enough k-mesh. Although the equation is sparse in x, the terms for potential and
for scattering give full Nk ×Nk blocks in the matrix. For self-consistent simulations
one usually chooses �x = �y where �y is given by 8.16. Then the completeness
condition shows the following unpleasant feature: if one refines the mesh everywhere
in x and also doubles the number of points Nk, then the resolution �k in k is
unchanged. The k-mesh is only extended towards infinity, but not denser. The new
k-points are introduced in external areas where the density f(x, k) is very low and
accuracy in k is not increased. Hence in a large part of the simulation domain the
density is very low as depicted in Figure 8.1. In this case one has to increase the
number of points in k by a factor of 4 to achieve double resolution.

If the nodes are ordered properly, the overall sparsity structure of the matrix is a
banded block matrix with bandwidth of an order like n × Nk where n depends on
the chosen discretization for the free term (that is, a small number, for example
n = 3). This Wigner system can be conveniently solved with a (sparse) Gaussian
elimination solver. Note that the bandwidth for the Wigner system is approximately
of the same order as for the matrix stemming from a two dimensional diffusion
problem (Laplace equation). So with respect to the use of sparse Gaussian solvers,
the Wigner equation is no worse than a “completely”sparse problem. But a two-
dimensional diffusion problem can conveniently be solved by iterative solvers, while
the low overall sparsity (full blocks) of the Wigner system makes this slow.

Numerical costs for Gaussian elimination applied on a Nk ×Nk matrix block are of
the order of N 3

k . The number of such blocks in the system matrix is proportional to
Nx. Hence the costs are of the order of N 3

k × Nx which is approximately N 4
k . Even

in one spatial dimension this sets a tight practical limit on the feasible size of the
mesh. The Wigner function method is compared with the QTBM in Section 10.1 .
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Chapter 9

Stochastic Methods and Monte

Carlo

For the NANOTCAD project our working group had the task to simulate resonant
tunneling diodes by the Monte Carlo method.

The Monte Carlo approach is motivated by the Monte Carlo (MC) method for
classical device simulation, where the dissipation operator is treated exactly and the
potential operator can be treated by the method of trajectories.

Regarding the simulation of coherent (ballistic) transport, the Wigner method is
inferior to the quantum transmitting boundary method in terms of numerical ac-
curacy and feasibility as will be discussed in Section 10.2. Why then should we
bother to solve the Wigner equation and go through all the numerical troubles as
described in Chapter 8? The reason is: many-particle interactions, i.e., electron-
phonon scattering. Even for many devices at the end of the roadmap scattering is
far too important to be neglected.

In this chapter we discuss the modeling of dissipation by electron-phonon scattering.
Secondly, we show how coherent transport in a quantum potential can be understood
as a stochastic process using particles and “antiparticles”. Finally we discuss the
negative sign problem and the inclusion of annihilation into the stochastic process.
This allows for stationary solutions of the stochastic process and reduces the variance
of the Monte Carlo algorithm.

9.1 Quantum Electron-Phonon Scattering

For the NANOTCAD project we modeled electron-phonon scattering from first prin-
ciples using a Fröhlich Hamiltonian [NKKS01]. The state space is built from a single
electron wave function and the phonon Fock space. This is a Schrödinger equation
in a larger space describing electron phonon interaction. However, the subsequently

107
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derived equation for the electron density function is no longer separable and describes
a non-Markovian process. In the derivation of the reduced equation the separability
of the equation is lost. As discussed in Section 7.2.6 no Schrödinger equation can
be derived.

Here we only consider electron-phonon scattering as a classical stochastic process
which has to be coupled with a quantum mechanical system describing charge carrier
motion in a potential. Such systems are often denoted as hybrid. Reference [DGS00]
suggests a general procedure for coupling classical and quantum systems.

It is not clear a priori, that quantization of the classical scattering model really leaves
it invariant. In a fully quantum mechanical treatment the classical scattering prob-
abilities should be replaced by the correct quantum mechanical quantities [Pru84].
However, we derived Fermi’s golden rule in a special case [KNRS03] as a scaling
limit from a fully quantum mechanical description of electron-phonon interaction.
This is a hint, that the model adopted for the Monte Carlo simulations is physically
admissible.

For Monte Carlo simulations, the classical Boltzmann scattering term was included
into the Wigner equation. This contradicts the interpretation of scattering as a
classical stochastic process, as the Wigner function may take on negative values and
the interpretation of scattering probability breaks down.

One way out of this dilemma is to use the Husimi function which is positive every-
where as the probability distribution for calculating scattering probabilities. The
scattering of particles is then interpreted as a transition between coherent state
wave packets, which present the closest quantum mechanical analogue to classical
particles.

Then the numerical problem remains to calculate the time evolution of a coherent
wave packet in an arbitrary potential. Classically this time evolution is a simple
trajectory, but quantum mechanically the problem is not so simple as even the free
propagator (zero potential) is not given by a trajectory in the Husimi representation.

For reuse of classical Monte Carlo codes this numerical problem has to be solved very
efficiently, otherwise performance is too poor. The development and implementation
of such fast methods is an open task. In this thesis we only consider scattering in
the Wigner formulation.

9.2 Boltzmann-Type Scattering

Considered is the Wigner equation which accounts for the nondissipative part of the
transport via the coherent free term and the Wigner potential Vw and for dissipation
processes via the Boltzmann collision operator B. In the Monte Carlo simulation
all three dimensions of the momentum space can be considered.
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In contrast the finite difference methods consider the momentum space only as
one-dimensional. Dissipation is only included in a relaxation time approximation
[SHMS98].

For one-dimensional devices the equation reads:



∂

∂t
+

�kx

m

∂

∂x

�
fw(x,k, t) = (Bfw) (x,k, t) (9.1)

+

�
dkx

�Vw(x, kx
� − kx)fw(x, k�

x,kyz, t) .

The Boltzmann collision operator is defined by the scattering rate S

(Bfw) (x,k, t) =

�
dk�fw(x,k�, t)S(k�,k) − fw(x,k, t)λ(k), .

S(k�,k) is the probability density per unit time for scattering from state (x,k�)
to state (x,k). S is a cumulative quantity which accounts for different scattering
sources such as phonons and impurities. The total out-scattering rate λ is defined
by the integral over all after-scattering states as

λ(k) =

�
S(k,k�)dk� . (9.2)

We stress that the Boltzmann scattering operator is a superoperator and cannot be
written as an ordinary commutator. Technically this is the way in which proper
quantum mechanics – which is time-reversible – is extended. As the Wigner formal-
ism is naturally a superoperator formalism this is more easily achieved in the Wigner
picture [Roy91]. The superoperator formalism was favored by Prigogine [GP79] as
a framework for time-irreversible quantum mechanics.

9.3 A Scattering Interpretation of the Potential

Operator

Both quantum mechanics and stochastic process theory deal with dynamical sys-
tems which can be predicted only probabilistically. Efforts to reformulate quantum
mechanics in terms of the theory of stochastic processes are legion [Nel66], [SS98],
[GHT79], [MR88].

How to account for the complete potential term is the main concern of the stochastic
particle approach. Here we present a formulation of potential scattering as a real
stochastic process which retains the basic features of the weighted Single Particle
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MC method [KNS01]. This approach was already tried in [NDB+97]. An approach
close to ours is given in [SM93]. There also exist some similarities with the phase-
space path integral approach [Mar91].

The Wigner potential is defined by the Fourier transform

Vw(x, kx) =
1

2πı�

�
∞

−∞

dse−ıkxs
�
V

�
x − s

2

�
− V

�
x +

s

2

��
. (9.3)

Formally the Wigner potential operator is similar to a Boltzmann inscattering
operator. However, it is seen from the definition that the Wigner potential is odd
in kx. Hence the inscattering rates can become negative. Negative inscattering
can be interpreted as annihilation of particles, positive inscattering is interpreted as
creation of particles. The sum over the inscattering probabilities is zero (as Vw is
odd in k) and the process itself conserves mass. Negative inscattering may result
in negative values for fw, which defies a classical stochastic interpretation but is
in accordance with the general properties of the Wigner function which can obtain
negative values.

In a Monte Carlo view the Wigner potential Vw is seen as an indefinite measure
Vw = V +

w − V −

w , where V +
w and V −

w are positive. For nonzero bias the Wigner
potential Vw has a δ-singularity for k = 0. This singularity can be removed by
introducing a constant electric field E in the Monte Carlo simulation. A numerical
integral evaluation naturally splits into two separate ensembles with weight V +

w and
V −

w .

This splitting suggests to rewrite the Wigner equation in terms of two positive species
f+, f− (particles and “antiparticles”) where negative inscattering is interpreted as
creation of an antiparticle.

In this interpretation the Wigner equation becomes a system of equations:

∂f+

∂t
=

�
f+(x, k�, t)V +

w (x, k − k�)dk� +

�
f−(x, k�, t)V −

w (x, k − k�)dk� + · · ·
∂f−

∂t
=

�
f−(x, k�, t)V +

w (x, k − k�)dk� +

�
f+(x, k�, t)V −

w (x, k − k�)dk� + · · ·
(9.4)

Here we have not written down the terms from the free operator and from Boltzmann
scattering. Subtracting the second from the first equation gives the original Wigner
equation for the quantity fw = f+ − f−.

Regarding the mathematical equivalence of quantum mechanics and real stochastic
processes we note that a quantization constraint has to be imposed on the stochastic
process as not every function f represents a quantum distribution. We know of no
stochastic interpretation for this constraint.
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9.4 The Negative Sign Problem

In the previous section we derived a stochastic interpretation of the potential scat-
tering operator. However, the stochastic process is not of the same simple type as
the classical Boltzmann scattering operator but belongs to the more general class of
annihilation/creation processes [Nag00].

Consequently the Monte Carlo algorithm looses its good numerical properties. In
practice simulation costs are very high and scale badly. Similar effects are observed
in quantum Monte Carlo (QMC) algorithms from other fields [SK84].

The reason can be traced back to the indefinite measure represented by Vw [KG94].
In Monte Carlo theory such a property of a stochastic algorithm is termed “the
negative sign problem”.

In the special case of resonant tunneling it has the following characteristics: A
unique function

γ(x) =

�
V ±

w (x, kx)dkx

can be introduced.

We interpret γ as the out-scattering rate of the Wigner potential in strict analogy
with the phonon out-scattering rate λ, given by Equation 9.2. Stochastically the
potential operator can be also interpreted as a generation term, which makes γ a
pair (particle + antiparticle) generation rate. Typically this Wigner generation rate
is on the order of 1015 s−1. A high γ indicates that quantum interference effects are
dominant and a full quantum description is necessary. This is depicted in Figure
9.1. The frequency γ−1 of the scattering events is also proportional to the barrier
height.

A direct application of the QMC algorithm gives rise to an expensive computational
problem. The problem is inherent to the method and can be explained as follows. For
simplicity we consider the coherent case. Each trajectory starts from the boundary
with unit weight which is multiplied by ±3 with each scattering event, as we have the
original particle plus a generated particle-antiparticle pair. This process is depicted
in Figure 9.2. This process continues until the trajectory exits the domain and the
next particle is injected. The statistical weight increases exponentially according to

|w(t)| = exp(

� t

0

2γ(Gr(τ))dτ) (9.5)

If we inject particles with a delta function distribution (a fixed value of momentum)
then by energy conservation (coherent case) the distribution of outgoing particles
is also a delta function. This makes a good numerical test for the Monte Carlo
algorithm.

For the NANOTCAD project a double barrier structure with a 4 nm well and 3 nm
barriers of 0.493 eV height had to be simulated. The relevant quantum domain which
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Chapter 10

Evaluation of Quantum Simulation

Approaches

In the previous chapters we discussed several numerical approaches to the simulation
of quantum transport in mesoscopic device structures. This chapter is devoted to
the numerical evaluation of the approaches with regard to TCAD purposes.

We first compare the QTBM and the finite difference Wigner function method
(WFM) for coherent transport. In this case both methods simulate the same model
and results should agree. We then discuss the discrepancy in the simulation results
from both methods.

10.1 Comparison of Simulation Results

With regard to coherent transport both the quantum transmitting boundary method
and the Wigner function method try to implement the same physical model: Par-
ticles are injected from the electrodes with a fixed distribution. Outgoing particles
can leave the device without being reflected and are absorbed at the boundaries.

In this section we do not try to replicate any of the “advanced” simulations found in
the literature. Instead we will concentrate on a much more down-to-earth question:
Does the Wigner standard discretization accurately solve the physical model it
describes? For ballistic transport we compare results from the Wigner method with
results from the quantum transmitting boundary method.

For a numerical exemplification we present simulation results for a resonant tunnel-
ing diode with the following specification: The RTD model consists of a 4.5 nm-wide
GaAs quantum well and 2.8 nm-wide AlGaAs barrier layers. The GaAs electrode
layers of 17.5 nm are included on each side of the device. The conduction band
discontinuity is taken to be 0.27 eV. We use a constant effective mass of 0.067 m0.
The doping density in the GaAs electrodes is given as 2 × 1018 cm−3 and is used to
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calculate the distribution of the incoming carriers. Scattering processes are neglected
and all calculations are performed at a room temperature (300 K).

We assume a flat band model where the voltage drops linearly across the barrier
and well regions. This non self-consistent model is chosen for ease of numerical
comparison.

For the finite difference Wigner solver we use Nx = 81 and Nk = 60. These are
typical values for the mesh size used in the literature. We use Frensley’s standard
discretization. No relaxation time scattering is included.

For the Schrödinger solver we use Nx = 500 and Nk = 600. The mesh in k is adapted
to resolve the resonances accurately. The choice of Nx guarantees that resolution is
at least 20 points per wave length. In this way a numerically accurate solution is
obtained.

10.1.1 I-V curves

The resulting I-V curves for the RTD are depicted in Fig. 10.1. While the QTBM
solution has a peak-to-valley ratio of approximately 5, the Wigner solution only
shows a weak resonance with a peak-to-valley ratio of roughly 1.4. So it seems as if
in the Wigner function simulation some scattering mechanisms are included which
diminish device performance.

10.1.2 Current Density

The current density in the WFM is only constant, if the discrete formula for the
calculation is chosen according to the discretization of the free operator. With the
appropriate discretization the resulting current density comes out constant, now
matter how crude the mesh is.

In Fig. 10.2 we depict the current density at the simulated maximum bias of 0.4 V,
if we calculate it pointwise according to the “naive” formula

ji =
e�

2πm0

�
kf(xi, k)�k . (10.1)

The straight line depicts the current derived from the “correct” discrete formula for
first order upwinding

ji+1/2 =
e�

2πm0

��
+

k+f(xi, k
+) +

�
−

k−f(xi+1, k
−)

�
�k (10.2)

where the two parts of the sum stem from negative and positive values of k respec-
tively.
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In defense of the Wigner method we note that scattering is usually included in
the WFM model. In this case the transmission peaks are naturally broadened and
meshing constraints are less stringent.

10.2.3 Boundary Conditions

A different numerical issue is the formulation of boundary conditions without in-
troduction of artificial reflection [RFK89]. What is actually modeled in the Wigner
equation is not so clear, as artificial reflection of outgoing waves occurs. Only in the
limit of infinitely long electrodes the posed BCs are absorbing.

The QTBM suffers from the problem that in the non-stationary case the absorbing
boundary conditions become non-local in time, that is, the equation has a “memory”.

10.2.4 Effective Mass Model

Another possible source of the discrepancy is Frensley’s simple effective mass model.
This is known to produce unphysical results in certain cases [Wu94] and the dis-
cretization of the quantum effective mass model is cumbersome [MH94, TOM91].
But comparing simulation results while using constant mass in both models we see
that the discrepancy persists.

10.2.5 Discretization

Many of the numerical peculiarities can be traced back to the fact that there
is no “good” discrete Wigner transform as explained in Section 8.2. Some are
minor technical issues, which can be solved by increased implementation efforts.
However, often simulations still use the simple “standard discretization” (i.e., first
order upwinding with Frensley’s completeness condition for the mesh) and hazard
the consequences. A good reference where discretizations of the Wigner function
method are compared is Biegel’s PhD thesis [Bie97]. In contrast for the QTBM the
choice of discretization was a non-issue.
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Chapter 11

Resume

The ever ongoing feature size reduction in state-of-the-art technology causes a
continuous need for refinement and extension of transport models used in technology
computer aided design (TCAD). Two such areas of refinements were the topic of
this thesis.

The first half of this thesis dealt with the development and implementation of higher
order moment methods for the solution of the Boltzmann equation. In the second
half of this thesis we studied and compared several different approaches to the
simulation of resonant tunneling diodes.

In this chapter we give first a detailed scientific resume and then finish the thesis
with some closing words.

11.1 The Highest Order Moment Closure

Problem

We found that the closure relation for the highest order moment is the critical issue
with respect to numerical robustness of the solution algorithm for the implemented
six moments model. The main part of our work consisted in studying different
solutions to this closure problem.

We have shown that closure relations derived from theoretical considerations based
on analytical distribution function models ([GKHS02] or maximum entropy princi-
ple) and relations derived from the cumulants of the distribution function [WSYM98]
do not deliver satisfactory results. In contrast the approach consistent with bulk
data which we introduced gives a numerically more robust closure and an accurate
kurtosis, which is a prerequisite for modeling hot carrier effects.

Since all model parameters are obtained from bulk MC simulations the transport
model is fit-parameter free and leaves us with ’no knobs to turn’ [TI97]. The
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existence of many fit parameters is a particular inconvenience inherent in many
energy-transport models [GTKS03]. This was found to be essential for higher-order
models since the interplay between the various parameters is highly complex and
the numerical stability of the whole transport model depends significantly on the
choice of these parameters. In particular, our MC based model outperformed its
counterparts based on analytical mobility models [GKGS01] significantly, both in
terms of its numerical properties and in the quality of the simulation results. On
the roadmap the important gate-lengths window of 100 to 25 nm may be covered
by the six moments model.

11.2 Merits of Quantum Simulation Approaches

Novel device architecture and ultimate CMOS scaling require more rigorous mod-
eling. For the latter partly quantum based and non-equilibrium (ballistic) device
simulation is necessary. Comparison of approaches to the simulation of quantum
transport using the resonant tunneling diode as a test case was the topic of the
second half of this thesis.

The Wigner function method has been used to include time dependence, inelastic
phonon scattering and the self-consistent potential in quantum transport model-
ing. Several interesting behaviors of resonant tunneling diodes (RTDs) have been
investigated through numerical simulation [Bie98], [ZCW+00]: high frequency self-
oscillations, strong intrinsic hysteresis, and pronounced static bistability. These are
“advanced” features of RTDs in the sense that these behaviors have been observed
in RTDs, but the measured effects have been slower (oscillations), weaker (hystere-
sis, bistability), or required external inductance to occur (oscillations, hysteresis).
Moreover the physical origin of these effects has given rise to heated controversy of
the past few years and the experimental observation of some of the reported effects
is disputable ([MT95], pp.113–117).

The strength of the WFM is its conceptual similarity with classical physics in phase
space. At the same time this similarity bears the danger that classical features sneak
into the model unnoticed. Contrary to wishful belief, the Wigner function does not
solve all problems of quantization automagically. One such example was discussed
in Section 6.2.5, where we show that a positive local quantum energy density is not
given by the second moment of the Wigner distribution function, but a quantum
correction term has to be added. This simple example shows that even in Wigner
formalism one still has to take great care in finding the correct quantization for a
classical quantity.

In practice the grief that we have with the Wigner function method is some lack of
numerical soundness. Here by soundness we mean that the change in the result is
sufficiently small if details in the discrete model (mesh size, coherence length, length
of electrodes) are changed. Simulation can make use of this deficiencies by using
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these parameters for fitting. The danger here is that numerical effects interfere with
the physics which was put into the model and this presents an abuse of TCAD.

Overall the future perspective of the finite difference Wigner method for TCAD may
be limited, because one has to keep in mind that for many applications the method
should also work efficiently in two spatial dimensions. In contrast the quantum
transmitting boundary method is still feasible in two dimensions [LK90a], [LKF02].

So with respect to the Wigner and the Schrödinger QTBM method the status of
fully quantum device simulation is an unsatisfactory one: For reliable and accurate
simulation of coherent transport in resonant tunneling diodes one is better off
with solving the von Neumann equation using the quantum transmitting boundary
method. Models based on the Schrödinger equation are more robust and can
be solved efficiently. The Wigner formulation on the other side is a much more
versatile tool for modeling purposes, but its actual numerical performance is more
cumbersome. One application domain is for the case of classical devices going
“quantum” like ultrashort MOSFETS where QTBM will not work because scattering
is still important (mean free path of 1-3 nm).

In the case of the finite difference WFM no numerically feasible model for dissipation
beyond the simple relaxation time approximation is known. Full classical electron
phonon scattering can be included in the Monte Carlo WFM. Different from the finite
difference Wigner method the Wigner Monte Carlo method can in principle also use a
very large mesh size. However, due to the negative sign problem computational costs
are several orders of magnitude higher than for all other discussed methods. Results
from the Monte Carlo WFM were found to agree with other rigorous simulation tools
[KKNS03]. The ultimate test is application to a variety of devices and comparison
with experiment which is still pending.

11.3 Closing Words

TCAD is an ideal field for academic research, because it is generally pre-competitive
and therefore an excellent field for broad cooperation. Besides sufficient and timely
research, modern challenges for TCAD request interdisciplinary cooperation between
electrical engineering and related fields, among them physics, chemistry, mathemat-
ics, computer science, and material science [RO003].

Within the field of simulation this thesis focused on numerical issues emerging from
the practical application of numerical algorithms to realistic examples from TCAD.
Specialized mathematical publications often tend to ignore the full complexity of
engineering problems. Often they abstract too much or only deal with unrealistically
simple problems which have a nice mathematical structure. Then they leave the
generic “dirty” problem with less structure to the engineer specialized on the field
who is supposed to solve it by adapting methods mostly developed for the “nice”
case. To deal with complex problems good software engineering skills are required.
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It is the required combination of both software engineering and mathematical skills
together with the requirement of basic knowledge from the field of application which
makes programming for TCAD a difficult task.

Coming from a theoretical research community (i.e., mathematics), the main con-
clusion I draw from writing this thesis is not at all related to any details about this
or that problem in device simulation, although a whole branch of software industry
and a part of academia make their living from this. The more important experience
was the personal excursion out of the “ivory tower” of mathematics and doing some
industry-related research on a research institute of international reputation.
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