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Abstract. We present a shift theorem for solutions of the Poisson equation in a finite
planar cone (and hence also on plane polygons) for Dirichlet, Neumann, and mixed boundary
conditions. The range in which the shift theorem holds depends on the angle of the cone.
For the right endpoint of the range, the shift theorem is described in terms of Besov spaces
rather than Sobolev spaces.
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1. INTRODUCTION

The classical shift theorem for second order elliptic boundary value problems ex-
presses the observation that regularity of the solution w is two Sobolev orders better
than the right-hand side f. For example, for the Laplacian with Dirichlet boundary
conditions and smooth domains, this shift theorem takes the form

(1.1) f € H ' implies u € H'**

for any s > 0 [19], [22], Chapter 2. In 2D polygonal domains or even Lipschitz
domains, the shift theorem (1.1) is still valid, however, for a restricted range of
values s € [0,s0), where s = 1/2 for Lipschitz domains [36] and sy > 1/2 for
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polygonal 2 depends on the interior angles of Q [22]. While the shift theorem does
not hold in the limiting case s = sg in the scale of Sobolev spaces, we show that it
holds in suitable Besov spaces.

We prove the shift theorem in the limiting case s = sg using the well-known expan-
sion of the solution in terms of singularity functions. For the purpose of exposition,
consider a cone C with apex at the origin and angle w > n. Then, near the origin,
a solution u € H'(C) of the Dirichlet problem can be written as

(1.2) u=S(f)s"x + uo,

where s is a known singularity function (see (2.14), where s* = sP), x is a smooth
cut-off function with x = 1 near the origin, ug € H? for f € L% and f — S(f) is
a linear functional. We prove the shift theorem in Besov spaces for the limiting case
using three ingredients:

(1) we assert that st € Bg  for a Besov space BS ;
(ii) we show that f +— S(f) is a linear functional on a Besov space of the type Bg/l;
(iii) we use the Mellin calculus to get a shift theorem for the mapping f +— uog.

Shift theorems involving Besov spaces for the endpoints of the Sobolev scale
have been shown to be appropriate in [36], Theorem 2. For Lipschitz domains
and Dirichlet conditions, it is shown that the solution w of the Poisson problem
—V - (aVu) = f (with sufficiently regular positive definite a) satisfies ||u||B;;/2(Q) <
I £1] By 120y (A similar result holds for Neumann boundary conditions.) The
proof relies on difference quotient techniques that are adapted to Dirichlet or
Neumann conditions; an extension to mixed boundary conditions has to im-
pose convexity conditions on the geometry [18], [17]. The endpoint result of
the shift theorem of [36], Theorem 2, implies by interpolation the regularity re-
sult for the Poisson problem of [25], Theorems 1.1, 1.3, which was obtained by
a completely different method, namely, tools from harmonic analysis, although
interpolation spaces are employed en route; these tools from harmonic analy-
sis allow one to show shift theorems up to 1/2 in scales of Sobolev spaces for
the Dirichlet or Neumann Laplace problem (i.e., homogeneous right-hand side
but inhomogeneous boundary conditions) on Lipschitz domains including the end-
point 1/2 [23], [24].

Moving from general Lipschitz domains to polygonal (in 2D) or polyhedral
(in 3D) gives the solution more structure. A powerful way to describe the solu-
tion structure consists in expansions of the form (1.2) and the Mellin calculus to
derive these expansions. Expansions in corner domains started with the seminal
work on 2D corner domains in [26]; a comprehensive discussion of the 2D case
was achieved in [22], [21]. The much more complex higher-dimensional cases and
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higher order equations and even certain nonlinear equations were addressed in [29],
in [15], and in [11], [12], [22], [15], [34], [27], [28], [33], [30]. Formulas for the
linear functionals f +— S(f) alluded to above go back to the work by Maz’ya and
Plamenevskij [28].

Describing solutions in terms of expansions of the form (1.2) leads to a further
possible regularity theory for solutions of elliptic boundary value problems in corner
domains, namely, the use of weighted spaces, which has applications to finite element
approximation theory on graded meshes [3]. While corner weighted spaces of finite
regularity are a natural habitat of solutions and data in the framework of the Mellin
calculus, weighted analytic regularity for problems in corner domains was developed
by Babuska and Guo in [1], [2] for polygonal domains and by Costabel, Dauge, and
Nicaise in [10] for polyhedra.

Elliptic shift theorems in Besov spaces have been derived in [14], [13] with a view to
characterize optimal convergence rates for adaptive numerical methods. Our present
focus on the limiting case s = sq is close to the works [5], [7], [6]. Indeed, [6] obtains
the same shift theorem as we do but effectively restricts the attention to convex
domains with one corner with interior angles between n/2 and m; [7] restricts to non-
convex domains and right-hand sides f in a Besov space that is the interpolation
space between H ! and a subspace of L? of co-dimension 1.

In the present work, by analyzing the singularity function st and the associated
linear functional f — S(f) in (1.2), we are able to lift these restrictions of [7], [6] and
show in Theorem 1.1 a local shift theorem near a corner without restrictions on the
interior angle in the framework of standard Besov spaces. Additionally, we explicitly
consider Dirichlet, Neumann, and mixed boundary conditions.

Our proof of the limiting case of the shift theorem relies on expansions in singular-
ity functions and rather explicit formulas for the stress intensity functions. Exten-
sions to 3D might be possible for geometries with point singularities; the presence of
edge singularities would require new tools.

Our main result, Theorem 1.1, is formulated in terms of L2-based Besov spaces.
Besov spaces based on LP-spaces can alternatively be considered. In Section 5 we
briefly indicate that endpoint results in such LP-based Besov spaces can be obtained
by the same approach.

1.1. Notation.

1.1.1. Interpolation spaces. For Banach spaces (Xo, ||||x,), (X1,]|x,) with
continuous embedding X; C Xp and 6 € (0,1), ¢ € [1,00], we define with the so-
called “real method” /“K-method” the interpolation spaces Xy 4 := (Xo, X1)g,q :=
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{u € Xo | Jull(xo,x1)6,, < o0}, where the norm [luf|x, , := [[ull(x,,x,),, 15 given by

(o) dt 1/(1
(/ (t_eK(t,u))q—> gell, o),
13)  Jullxy, = oo, =4 e t
supt 9K (t,u), g = 0
>0

with the K-functional
K(tw)= inf fJu—vlx, +ellx,

We refer to [31], [37], [39] for discussions of interpolation spaces. We have the con-
tinuous embedding Xy , C Xg o if 6 > 60’ (q, ¢’ arbitrary) or 6 = ¢’ and ¢ < ¢’. We
highlight that in the present case of X; C X, the integral fooo in (1.3) can actually be
replaced with the finite integral fol, [16], Chapter 6, Section 7. An important prop-
erty of interpolation spaces is the Reiteration Theorem [37], Theorem 26.3, which
states that for 0 < 61 < 62 < 1 and arbitrary 0 € (0, 1), g1, g2, ¢ € [1, 0], one has
(with norm equivalence) (Xg, q,, X0,,4,)0,¢ = X0,(1—0)+6,0,q-

1.1.2. Sobolev and Besov spaces. For domains D C R? d € {1,2}, we
employ the usual Sobolev spaces H*(D) and H*(D) for s € R as described in,
e.g., [31] or [38]. To be specific and following [31], with the space S* of tem-
pered distributions and the Fourier transformation F, the spaces H*(R?) are given
by H*(RY) = {u € S* | ||u||25([Rd) = fgeRd(l + 1€?)%| Ful?dé < oo}. We set
H*(D) := {u € D*(D) | u = U|p for some U € H*(R%)} with the norm ||ul| g+ (p) =
inf{[|U|| ey | Ulp = u}, where D*(D) denotes the space of distributions on D.
We set H*(D) := {u € H*(R?) | suppu C D} with the norm lull o (py = 1wl s (ra)-
(The space H*(D) is denoted HZ in [31], page 76, but coincides with the space
H*(D) defined in [31], page 77 by [31], Theorem 3.29.) An important relation of
these spaces is the duality relation [31], Theorem 3.30

H~*(D) = (H*(D))*, H™*(D)=(H*(D))*, secR.

Furthermore, one has H%(D) = H°(D) = L2(D) and, by [22], Corollary 1.4.4.5, for
s € (0,1/2) and by duality for s € (—1/2,0),

(1.4) H*(D) = H¥(D), |s| <1/2.

The two scales H*(D), ﬁS(D), s € R, of Sobolev spaces are scales of interpolation
spaces: by [31], Theorems B.8, B.9 we have for s1, s2 € R, § € (0,1),

(1.5)

(Hsl (D), Hs2 (D))&Q _ H(179)81+982 (D), (ﬁsl (D), ﬁsz (D))G,Q _ ﬁ(170)51+052 (D)
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The scales of Besov spaces B3 (D) and E; 4(D) are defined by interpolating between
Sobolev spaces: given s € R, select s1 < s < s2 and set with 0 := (s — s1)/(s2 — s1)

(1.6) B3 ((D) i= (H*(D), H**(D))g,q, B3 (D) := (H*(D), H**(D))gq-

The Reiteration Theorem [37], Theorem 26.3, asserts that the precise choice of s1, so
is immaterial. The formula (1.4) also implies

s s 1
(1.7) B34(D) = B3,4(D), [s| <3, aq€[l,0q].

1.2. Setting and main results. We study the regularity of solutions of ellip-
tic problems in a cone. For an angle w € (0,2n) we therefore introduce in polar
coordinates® (7, ) the cone C and the truncated cones Cr by

(1.8) C:={(rcosp,rsing) |r>0, o€ G}, G:=(0,w),
(1.9) Cr IZCQBR(O),

where B,.(0) C R? denotes the (open) ball of radius r > 0 centered at 0. The two
lateral sides of C are Ty = {(r,0) | » > 0} and Ty, = {(rcosw,rsinw) | r > 0}.
The three boundary parts of Cg are I'o g = I'o N Br(0), 'y, g = 'y, N Br(0), and
T'r:={(Rcosp, Rsing) | ¢ € (0,w)}. We consider H'(Cg)-functions u that satisfy

(1.10a) —Au=f 1in Cp,
(1.10b) u=0 onlp,
(1.10c) Opu=0 onTIy.

Concerning the boundary conditions, we consider three cases:

> Dirichlet case: T'p =T g UL, g and 'y = 0;

> Neumann case: I'y =To rUT, g and I'p = 0;

> mized case: I'p =Tg g and 'y =Ty g.

The equation (1.10) is understood in a weak sense. That is, we define the space
HE(Cr) == {v € H'(CRr) | vlg, r, = 0} and its dual H,"(Cr) := (HL(Cr))*. The
minimal regularity assumption for (1.10) is f € Hp'(Cg). Then, u € H'(Cg) solves
(1.10) if ulp,, = 0 (in the sense of traces) and the equations (1.10a), (1.10c) are
satisfied in a weak sense, i.e.,

/CVu.Vv:<f,v>H51(CR)XH1D(CR) Vv € Hp(Cr).
R

! Throughout, we freely identify points x = (z,y) € R? either in Cartesian or polar
coordinates (r, ).
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For the solutions u of (1.10), we have the following result:

Theorem 1.1 (shift theorem, Besov spaces). Let w € (0,2n). Fix 0 < R’ < R.
Let f € Hp'(Cr), and let xp € C5°(Bgr(0)) with xg = 1 on Br/(0). Then for
a solution u € H'(Cg) of (1.10) the following statements hold with implied constants
depending only on w, R, R', and xg:

(i) Dirichlet case: For xrf € B2/1w '(Cg) one has u € Bn/erl(CR/) with the
estimate

(1.11) ||u||B;(o“;+1(C )~ ”XRf”B /w Y(Cr) + ||u||H1(CR)

(ii) Neumann case: For xrf € Bn/w '(Cr) one has u € Bn/erl(CR/) with the

estimate
(1.12) el g1y S ISl gt ey + Il e

(iii) Mixed case: If xgf € Br/ 27N CR) (ifw > 1/2) or YRS € Br/(zw) Y(Cr) (if
w < 1/2) one has u € B1+r/(2w)(CR ) with the estimate

|‘XRf|‘B;1+“/(2“’>(CR) + HUHHl(CR) ifw < TE/2;

(1.13) lull grezrco @y S
I () HXRfHE,;}”/@“’)(CR)—'—HuHHl(CR) ifw > n/2.

Proof. Ttem (i) is shown in Section 2, item (ii) is discussed in Section 3, and
item (iii) in Section 4. O

Remark 1.2. The cases w = n for Dirichlet and Neumann boundary conditions
can be sharpened. This case corresponds to a smooth geometry so that by standard
elliptic regularity theory [19], [20] the solution is as smooth as the right-hand side f
permits near the origin, i.e., one has estimates of the form

Null zries ey S xR E-145cr) + Ul H1(CR)

for all s > 0. The implied constant additionally depends on s. Likewise for mixed
boundary conditions in the case w = n/2 and the present setting of homogeneous
boundary conditions, the shift theorem holds in a larger range as can be seen from
the proof of Theorem 1.1 (iii).

Theorem 1.1 discusses a limiting case of the shift theorem. With similar techniques
as those used in the proof of Theorem 1.1, one can show a shift theorem in a range
of regularity indices:
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Corollary 1.3. Assume the hypotheses and notation of Theorem 1.1.

(i) Dirichlet case: A solution u € H'(Cr) of (1.10) satisfies for 0 < s < n/w and
q €1, 0]

(1.14) ||u||B§:1(cR,) S |‘XRf||B§;1(cR) + ull rer)-

(i) Neumann case: A solution u € H'(Cg) of (1.10) satisfies for 0 < s < n/w and
q € [1, ]

ISl sve + ey 5 <1,
(1.15) HUHBS-H(C ) S { 2,4 (CR
2,q R/

Ixrf] By (Cr) + ||U||H1(CR) if s > 1.

(iii) Mixed case: A solution u € H*(Cg) of (1.10) satisfies for 0 < s < n/(2w) and
q €1, 0]

IXES N Bs=1(cpy T lNullrcny i s <1,
(116) Hu”Bgzl(CR,) S { Bz,q (CR) ( R)

Ixrf] By (Cr) + ||U||H1(CR) if s > 1.

Proof. The result follows by inspection of the proof of Theorem 1.1. For
example, for the case of Dirichlet conditions, the proof rests on two ingredients: (a)
the shift theorem for the operator T' of (2.36) and (b) the estimate of the function f
in (2.34). The operator T of (2.36) is directly amenable to interpolation arguments
as it maps H~! — H'! and, by (2.37), B;{f’fl — B;;H. Inspection of the proof
of (2.34) leads to having to control |[Vxg - Vu||B£§+s and ||AXRUHB,;L11+S« These
terms can be estimated with Lemma A.2.

For the Neumann case (and similarly for the mixed case), the analysis is also
reduced to understanding the mapping properties of the corresponding operator T.
If w>n (ie., t/w—1¢€ (—=1/2,0)) one observes that ’35;/1“71 = B;{f’fl so that one
has by (3.14) the mapping properties T: H' - H' and T: E;{f’fl — Bg’/o“éﬂ.
An interpolation argument like in the Dirichlet case concludes the argument. If
w < T, one splits the argument into two interpolation steps. First, one observes from
Corollary 3.3 for k = 0 and ¢ € (0,1/2) sufficiently small that T : H® — H2te,
Hence, T: H~' — H' and T: H® = H® — H2*¢, which provides the desired result
for s € (0,1 + ¢) by interpolation. For s € (1,n/w), one interpolates using the
mapping properties T: H® — H?>*¢ and T ngﬂ/w — B;:/w provided by (3.14).

d
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2. DIRICHLET BOUNDARY CONDITIONS

We start with introducing corner-weighted functions that are useful in connection
with Mellin transform techniques:
Definition 2.1 (Weighted spaces). For s € Ny and v € R, we put

K30 = {0 € 22(0) Hulfyer = X 1P "D ey < oo, fal < s}.

lof<s

The spaces K (Cr) are defined in the same way, just by replacing C by Cr.

Fractional order Sobolev spaces of functions that are constrained to vanish to a cer-
tain order at the origin are shown in the following Lemma 2.2 to be subspaces of suit-
able weighted Sobolev spaces of the K-type; similar estimates with a focus on integer
order Sobolev spaces are well-known in the literature, see, e.g., [27], Chapter 7.1.

Lemma 2.2. Let f € H**¢(C) with supp f C B1(0) for somek € Ng and e € (0,1)
and assume 050] f(0) = 0 fori+j < k—1. Then f € K*_(C) with the norm estimate

IFl&x ) S Il mseier)-
Proof. See Appendix A. Note that H**¢ C C* by Sobolev embedding. O

2.1. A recap of regularity based on the Mellin calculus.

2.1.1. Preliminaries. The following properties of the Mellin transformation are
at the heart of the analysis of [26], [15], [27], [28], [33], [30] and are collected in [9],
Section 3; we also refer to [35], Chapter 3 for detailed proofs. For a sufficiently
regular function u on the cone C, we define its Mellin transform M u] by

lgur
(2.1) Mud(G.9) = = / 0

where u(r, @) = u(rcos p,rsinp), i.e., the representation of u in polar coordinates.

dr

We emphasize, however, that henceforth we will write v for the function both in

Cartesian and polar coordinates. The Mellin transformation is connected to the

Fourier transformation in that one has with the change of variables r = e

1(t
Mu(C ) r/ (e, ) dt.
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This connection with the Fourier transformation is at the heart of the following norm
equivalence: if u(-,¢) € L?(0,00), then Mu](-, ) is in L?(R — i) with equivalent
norms, and the inverse Mellin transform correspondingly takes the form

1

=— i¢

u

More generally, one has for £ € Ny and v € R the norm equivalence

Iy~ [ IMEE = )l 06
S

HU”?{k(quD = Z(l + |f|2)k_j|\8iv|\%2(c)7 n=k-—vy-1,
Jj<k

where we view the Mellin transformation, which acts only on the variable r (with the
dual variable ¢) as a mapping from K’j (C) into a space of H*(G)-valued functions.
A final important property of the Mellin transformation is that if u € K ’7“ (C) satisfies
additionally suppu C B1(0), then, by a variant of the Paley-Wiener Theorem, M [u]
is actually holomorphic on {z € C | Imz > —n}. This property allows one to use the
Cauchy integral theorem /residue theorem, whose use leads to expansions in terms of
corner singularity functions.

2.1.2. The isomorphism in weighted spaces and expansion in corner
singularity functions. Let k£ € Ny and € € (0,1). Consider f € H**¢(C) with
supp f C B1(0) and 8;85 (0) =0 for i +j < k — 1. For convenience, we assume
k+1+¢e < 2n/w. Note that by Lemma 2.2 the function f € K*_(C). Assume that
uy € HY(C) with suppu; C B1(0) solves the problem

(2.2) ~Auy = f€ H***(C), u; =0 onTgandT,,.
Further we pose the auxiliary problem
(2.3) —Aug=feKF_(C), upo=0 onTyandT,,.

This latter problem admits a unique solution uwy € K Ejz (C) by the Mellin calculus
going back to [26] with the norm estimate [[uo| gr+20) S [ fllxr_(c) (see, e.g., [27],
Section 6.1.8, [15], or [35] for more details). By elliptic regularity based on a dyadic
decomposition of the cone C (see Lemma A.3), one actually has ug € H*+2+¢(Cg)

with the estimate |luo|| gr+2tecp) S ||| mr+e(c) for each fixed R > 1. Following the
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classical path, we now analyze the relation of the solutions ug and u;. The Mellin
transformation yields

(2.4) L(OMu1] = M[g] on {¢e€C: Im¢ > 0},
(2.5) L(OM[ug)l =M[g] on{¢eC: Im(=—-1—-k—¢}

with the operator £(¢) := (=02 + ¢*) and M(g] being the Mellin transform of the
function g = 7?f. Note that M]g] is holomorphic on {¢ € C: Im¢ > —1 — k — ¢}
with values in H*(G) and that M|u] is holomorphic on {¢ € C: Im¢ > 0} with
values in H?(G). Since the operator (£(¢))~! is meromorphic on C with poles at
the discrete set

(2.6) +io?  with o := (AP |neN}, AP .= n—,
we observe that M{[u;] can be extended meromorphically to {¢ € C: Im({ > —1 —
k—¢€} by

U(¢) := M[ur](¢) = (L(¢)) ™ MIg](¢)-

Let us mention that U(¢) and MJug](¢) coincide on {¢ € C |Im({ = —1—k — ¢}, as
well as U(¢) and Muq(¢) on {Im¢ = 0}. Inverse transformations and the Residue
Theorem then lead to

. 27 i —1
@ wems 3 RO M)

Im (o€(—1—k—e,0)

Since we assumed k + 1 + ¢ < 21/w, the sum in (2.7) has at most one term. Deter-
mining the residue yields

uo, fh+l4e<

w

'U; =
! 1

ug — — (/ r sin(A1¢) f () dx) P sin(APy), ifl1+k+e> 5
T\Je

with ug € H**2*¢(Cg) for any chosen R > 0. These observations are collected in

the following result, cf. [27], Section 6.1.8.

Proposition 2.3. Let R > 0. Let k € Ng and € € (0,1) satisfy k+1+¢ < \P =
2n/w and k + 1 +¢ # AP = n/w. Let f € H*¢(C) with supp f C B1(0). Further
assume 9507 f(0) = 0 for i +j < k — 1. Then uy € H'(C) with suppu; C B1(0)
solving

(2.8) —Auy = f € H (), w1 =0 forype{0,w},
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has the form

e
uo, jfZ:A1D>k+e+1,

(2.9) up =< ug— = (/c rAY sin(AP ) f(x) dX) P sin(AP ),
ifgzx\1D<k+s+1<)\§’
for a ug € H**27¢(CR) with the estimate
luollgr+atecry S N lmnre(cr)-

The next lemma allows us to remove from Proposition 2.3 the condition that f
vanish to order £ — 1 at zero.

Lemma 2.4. Let i, j, k € Ng with i+ j = k. Set EkD+2 ={ne{2,....,k+2}|
nw/m € N} and SP, , := span{r"(Inrsin(ne) + @ cos(ny)) | n € X7 ,}. Then there
is a polynomial p; ; of degree k + 2 and a harmonic function p;’j € SkDJr2 such that
pfj i= Di,j + p; ; satisfies

(2.10) —Apfj =z'y onC, pfj|p =0.
In the special case w = 1, the contribution p;’j may be taken to be zero.

Proof. Step 1: There is a polynomial pg1o of degree k+ 2 such that —Apy1o =
x'y7. This is shown by induction on j: one observes for any i € Ny that Axit2y0 =

(i +2)(i + 1)z'y" so the case j = 0 is shown; the formula
A2y = (i +2) (@ + Da'y’™ + (G + Dja' Ty

provides the induction step from j to j + 1.

Step 2: If w = =, then the boundary condition on the line {y = 0} can be enforced
k42

by subtracting a suitable harmonic polynomial Re > a,2" with z = x + iy and

coefficients a,, € R. n=0

Step 3: If w # n, then the boundary condition at ¢ = 0 is again enforced by
k+2

subtracting a suitable harmonic polynomial of the form Re > a,z". To correct the
n=

boundary condition at ¢ = w, we note (see, e.g., [32], Lemma 6.1.1) that Im 2" =

r™sin(ny) and Im (2" In z) = r"(ln r sin(ng) + ¢ cos(ny)). Both functions vanish on

¢ = 0 and are harmonic. Next, we can match a function of the form " on the

line ¢ = w by either Im 2™ if nw/n ¢ N or by Im 2" In z if nw/n € N. The function

Im (z1n z) is not required in the set SP, , since the case 1-w/n € N can only arise

for w = ]
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Corollary 2.5. Let R > 0. Let k € Ny and € € (0,1) satisfy k+1+¢ < AP =
2n/w and k+ 1+¢ # AP = njw. Let f € H**(C) with supp f C B;1(0). Let
X € C§°(B1(0)) with x = 1 near the origin. Then every function u; € H'(C) with
suppui € B1(0) solving

(2.11) —Auy = f € H*(C), w1 =0 forpc{0,w},

has the form u; = ug + xPi_1 + 0 with ug € H*T2+¢(CR),

0, ifhtetl< AP =21,
(2.12) 5= “
SP(f)sP, ifk+e+1>AP = 5
213) 870 i= — L [ SnOPO/60 + AP () ).
(2.14) sP = P sin(AP ),
Q1) Poab)= 3l @0,

i+j<k—1

and pfj are the fixed functions from Lemma 2.4. Furthermore,

(2.16) lluoll grretecny S Il arte(eys

(2.17) 1Pe—rlleresave ey S Iy o) i ZR1 =0,

(2.18) 1Pe-1ll gy 1cy S 15185 (0) 50, #0,
n* ;:min{ne (2, k+1} | n% eN},

(2.19) AP ) w2y S 1 llBs ) S I 1lEE+2(0)-

The implied constants depend only on k, &, the angle w, and the choice of the cut-off
function x.

Proof. We only consider £ > 1, since the claim for £ = 0 is a restatement of
Proposition 2.3 and P_; = 0.
Step 1: Lemma 2.4 provides functions pfj such that the function

1 i A
Pia= Y, prj(axagj/ )(0)
skt

solves the problem

(2.20) —AP,_y = g mxzyj (004 1)(0), Pr—1=0 forp € {0,w}.
i+j<k—1

We have for k& > 1 the embedding By, C C*', which is asserted in [38], The-
orem 2.8.1(c) and could, alternatively, be obtained by combining the classical
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Gagliardo inequality (in 2D) [|V7ul|re < [lull%ue: |lull}2? with 6 = (j + 1)/(k + 1)
for 0 < j < k—1 with the result [37], Theorem 25.3. In view of (2.15), this embedding
leads to the estimates (2.17), (2.18): In the first case, EkD_H = (b, the functions pfj
are polynomials (and hence smooth). In the second case, EkD 7 (), the functions pfj
are sums of polynomials, which are smooth, and functions p; ;ES kD+17 which are in
Bg’;jl(cl) by Lemma 2.6 (iv) ahead.

Step 2: We now define uy := u1 — X Pr—1, which also has support in By (0). Since u;
solves (2.11), the function u; € H'(C) solves the problem

(2.21) —AUy = f = f+A(xPr_1) € H**(C), u =0 for ¢ e {0,w}.
By construction of P;_1, the right-hand side fsatisﬁes

(2.22) 9L09f(0) =0 fori+j<k-L

Thus Proposition 2.3 can be applied to the problem (2.21), and we obtain

uo, ifk+14e<AP

€la €A

Uy =
1 D ~ D
[

T

with [Juol| grr+2te(cr) S ||ﬂ\Hk+a(C). To complete the proof, we distinguish the cases
SP =0and P, #0. If P, =0, then Py_ is a polynomial of degree k + 1
and together with (2.17) we get |\f||Hk+a(cR) Sl erese ey XL, # 0, then Py
is the sum of a polynomial of degree k£ + 1, for which we can argue as in the case
EkD+1 = (), and a harmonic contribution Pj_ , € SkDH. The function P, is smooth
away from the origin and by harmonicity we have A(x Py, ;) = 0 near the origin so
that in total we arrive again at the estimate (2.19) and thus || f|| gr+ecy S 1f | ar+e(c)-

O

2.2. Regularity of the singularity function and the stress intensity func-
tional. The following Lemma 2.6 clarifies in which Besov spaces the singularity
functions arising in corner domains lie. The proof of Lemma 2.6 (iii), (iv) relies on
arguments given in [3] or [4], Theorem 2.1.

Lemma 2.6. The following statements hold.

(i) Fora>1,a ¢ N, set k := |a] —1 and let P,_1, x be as in Corollary 2.5. Then
the mapping

fro8(0)i= [ o sin(ap)f + AGPi)) dx
Ci
is bounded and linear on Bg;l(Cl).
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(ii) Let 0 < aw < 1. Then the mapping

f= 580 ::/ r~*sin(ay) f dx

C1
is bounded and linear on é;{;l(cl). For oo > 1/2, it is also bounded and linear
on B;’El(cl) = B;;l(cl).
(iii) For B > —1, the function s*(r,¢) = r” sin(Byp) is in the space B;j;f(cl).
(iv) Let ® € C°°(R?) with |®(z,y)| < Cr™ as r — 0. The functions v(x,y) =
®(z,y)Inr and w(z,y) = p®(z,y) are in the space Bg;l (C1).
(v) The statements (i), (ii), (iii) remain true if the function sin is replaced with cos.

Proof. (i) Choose 0 < ¢ < 1 such that k +1 — o+ ¢ < 0. By the Reiteration
Theorem [37], Theorem 26.3,

BSTH(C) = (H**(C1), BT (C1)) (a—k-1-e) /(1) 1-

Now assume f € C>(Cy), f # 0, the general statement will then follow by density
arguments. For

. 1/(1—e —1/(1—¢ 1.
0= mm{Hbe{’S“(C)l)||f||3§?;(1(c1))’ §d1am{x eC: x(x) = 1}}7

denote by x5 a smooth cut-off function that equals zero for r < § and one for r > 2.
We have

(2.23) S(f) = /C = sin(a@)xs(f + APe1)) dx

+ [ sinap)(1 - ) + AcPee) dx
C1

=: 51+ Ss.

The first integral, S7, is estimated by

_ . f+AxPr-1
Sp = /C1 pathte SlH(Q@)Xé% dx
1 1/2
< f+ A(kafl)‘ / P2t 2k2et 1,2 g
rkte L2(C1)| Js
< f + A(ka—l) ‘ 5k+1—o¢+5
~ Tk+€ L2(Cy) ’
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The remaining L?-norm can be handled with Lemma 2.2: We have, since 8;8;( f+
A(xPe1))(0) =0 for i + j < k — 1, cf. (2.22),

H I+ A(xPe- 1)‘
TkJre

2
L2(Ch) < Hf‘f'A(XPk—l)HKﬁE(cl)

(2.19)
SIf+ A(ka—l)”?qkﬂ(cl) S HfH%chrs(cl)-

Since the expression § involves a minimum, we analyze two cases. If

1/(1— —1/(1
1o I ey < —dlam{x €C|x(x) =1},

we get directly

)

k+l—a+te _ 1/(1—¢) —1/(1—e)\k+1—ate
o= = (L2, )

since the exponent k + 1 — a + ¢ < 0; if, on the other hand,

1/(1—e 1/(1—¢
M@ I e > 5 dlam{x €C|x(x) =1},

then the continuous embedding BkH(Cl) C H**2(Cy) implies

1/(1—e¢) —1/(1—¢) <
I I S

and we arrive at

ghtl-ate _ (% diam{x € C | x(x) = 1}

1/(1—e 1/(1—¢ B
S U2 I ey iese,

)k+1—oz+€

For the second integral of (2.23), S2, we obtain

Sy = ‘/c ksin () (1 — Xa)&fpk_l)

5
< Hf+ A(xPr-1) H /2 otk g,
~ rk L>2(Cas)

dx‘

Since

1
A(xPg-1) = APy = — Z leyﬂ(a;ag, )(0)

i+j<k—1 T
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in the region where y = 1, it follows with the embedding B3, (C1) € C(C1), cf. [38],
Theorem 4.6.1, that

6k+27o¢
L>(C1)

‘f Yipicnor ae v (0:051)(0)

rk

s

— 1/(1—e 1/(1—¢ —
SID flleend™ ™ S I gt e (I i@ 11 i) 27
In total, we have arrived at

a)/(1=e)y ¢ (a—k—1=€)/(1=¢)
(2.24) SO IF I ) 1 s ey

y [37], Lemma 25.2 the estimate (2.24) implies
S € (H"(C1), B3 (C))(ah-1-0)/0-0),1)" = (BT (C1))"-

(ii) By (ili) we have for a € (0,1] that s~ (r,¢) = r *sin(ay) € BQ_,;’OH(Cl).
From the characterization of dual spaces of interpolation spaces, [37], Lemma 41.3,
[38], Theorem 1.11.2, we have for any € € (0,1/2) in view of —a+ 1 € [0,1) with
f=(—a+1+4+¢)/(1+¢)

Byt = (H %, Ho,00 = (H')", (H™))1200)" = (H ", H)1-91)" = (Bs1")"-

For a > 1/2, we note that o — 1 € (—1/2,0) so that by (1.7) we have Bg‘ll Byt
(iii) Step 1 (8 € Ng): For 8 € Ny, the function (z,y) ~ 7° sin(By) is a polynomial
and thus smooth.

Step 2 (8 > —1, 8 & Np): We write the Besov space as the interpolation space

ByE0(C1) = (L3(Ch), HPT2(C)) (14.6) (18 42),00

Next we select a smooth cut-off function y; with x; = 0 on Btl/(LﬂJ+2)/2 (O) and x; =1
on B1(0) \ Byi/(1s142 (0), and whose derivatives satisfy ||V*x||poo(c,) < t7F/ (15142,
We then get

(2.25)
£/(L81+2)

1
(1= Xt)5+|‘%2(cl) < /O 1- Xt)zrwrd?“ < /0 r28+1 < $2(B+1)/(18]+2)
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For the derivatives we obtain

(2.26)
IVYI2 (xes )3 20y
1181+2
S/ Z IV xe ()2 |V PIH2=508 20 4
0 s=0
1 [B]+2
< / P2O-LB1-DHL gy 1§ 426/ (L8142 (/L 142))2(5+s- 18] -D)+2
~ Jusasit )2 pt
Bl+2
< ¢(26-2181-2)/(181+2) Z t—2s/(18]+2) (tl/(LﬂjJr?))2(ﬁ+8*L5J*2)+2
s=1
< 2841 /(18]42)-2
The L?-norm satisfies
1
(2.27) ||Xt5+|‘%2(c ) < / P28+1 4y < t2(5+1)/(LﬁJ+2)*2’
! $1/(181+2) /2

since the integral is bounded and 2(5 +1)/(|8] +2) — 2 < 0. Then (2.25), (2.26),
and (2.27) imply K(t,st) < t(A+8)/(1B1+2) and thus s € let.f(cl).

Step 3 (8 = —1): Fixe € (0,1/2). We assert sT€BY ,(C1)=(H =(C1), H*(C1))1/2,1
using the “Babuska trick” [22], Theorem 1.4.5.3. Let x: be the cut-off function of
Step 2 (with 8 = —1) and split s = r~1sin(¢) as sT = (1 — x¢)sT + xusT. We
estimate with the Cauchy-Schwarz inequality and Lemma 2.2 to get

(1= xe)s™ | zr—=(c)

C.S. Lemma 2.2
= sup / (1—x)r*sTrovdx < t© sup ||r%vl|r2ey) <t
1/Cy

- ~
vEHE(C1)l|lvll o= vl ey

For the term ||x:s"| z=(c,), we employ the “Babuska trick”, i.e., we use the Sobolev
embedding W1? C H® for 1/p =1—¢/2, [22], Theorem 1.4.5.2, [38], Theorem 2.8.1,
to conveniently estimate the norm ||-||ge. A calculation shows for ¢ < 1

Ixest lmzc) S lxesTllwrwe) St°°

In conclusion, the K-functional of st for the pair (H ¢(Cy), H®(C1)) satisfies
K(r,st) < t° 4+ 7t7°. Selecting t = 7Y% shows K(r,s7) < 7!/2 so that
st € (H*(C1), H*(C1))1 /2,00 = BY oo (C1) = BY (C1).

(iv) First we consider v = ®(x,y)Inr with & = O(r™) as r — 0. We define for
every 0 <t < 1 the function

1
v = 0ay) [ —xlrrtdn
T
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where x; is a smooth cut-off function with the properties x;(7) = 1 for 7 > ¢ and
x¢(7) =0 for 7 < /2 and |V7x| <t77. Note that v; € C°°(C;) and v; = v for r > t.

We obtain
t
1
/ —dr
. T

w t t
”'U_'UtH%Q(C) :/ / o TdTS/ 2t
=0J0 0

t 1
T t
< / r2"t¥ In? = dr = 2" +2 / P2 n? p dr < 22,
0 r 0

~

2 2

[+t = nar dr

By the smoothness of ®, we have |V/®| = O(r"~7) for j € {0,...,n} and |VI®| =
O(1) for j > n. The product rule then implies (using that r ~ ¢ on supp Vyx: C
B(0) \ By/2(0))

n
vn+2v < V/L@ ‘vn-l—l—uﬁ
920 S0 (Ve .

1
+ |7’—1Xt| + ‘ / XtT_l dr
1=0 T

n

S NG on\Bua) T X2+ (7|
=0

ST XB00\BLa0) T T Xese2 + [y,

Consequently,

w 1
||vn+2’0t||%2(c) = / / |V 20 2r drde < 2
@=0Jr=0

Since the above calculations hold for every t € (0, 1), we choose t = 71/ ("+2) and get
for the K-functional

K(m,0)? < o - Ut||%2(cl) + 72||Ut||?qn+2(c1) S PR/ ()
which shows v € (L2(C1), Hn+2(cl))(n+1)/(n+2),oo = B;Jorol (Cl)
The proof that the function w = ®(z,y)y is in By !

= (C1) follows similar lines using

the function vy := ®(z, y)x:. O
The core of proof of shift Theorem 1.1 is the following abstract result:
Lemma 2.7. Let (X3, |-[|x,) € (Xo, [Ilx,) and (Y1, |[-lv;) < (Yo, [I1]lv;) be Ba-

nach spaces with continuous embeddings. Let ¢;, p; € [1,00], 8; € (0,1), j =
1,...,J, with 0 < 01 <y < ...< 05 <1. Let T: X — Yo, S X1 — Y1, Sg].:

~ J
Xop;, = Yo.q;, 7 €{1,...,J}, be bounded linear. Assume T'f = S1(f)+ >_Ss,(f)
for all f € X;1. Then, T: (Xo,X1)o,,p. = (Y0,Y1)6; 00 is bounded linear. =1
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Proof. Fort >0, decompose f € Xg, p, as f = fo+ f1 with fo € Xo, f1 € X1,
and

(2.28) I ollxo + tllfallx, < 2K (8 ) S 7 fllxay o S 1F X0, 0,

By [8], Lemma and the interpolation inequality, we have additionally

[8], Lemma
(2'29) ||f1||X91,p1 < 3HfHX91,p1’
1-6; 1-6 0;—01 1-6
(2.30) fillxe,,, S IANS S a0 e
2.28
S O Al e G=20

- -~ - -~ J
We write Tf = T fo+T f1 = Tfo+S1(f1)+ > Se;(f1). Fort >0and j € {1,...,J}
j=1
decompose Saj (fl) = Sjp(fl) + Sj71(f1) with Sj70(f1) S Y(), Sj71(f1) € Y] and

lIs1.0(f)llve + tlls1,1(f1)llva
) , (220
< 2K (t, S, (f1)) St [S0, (fi)llve, oy St N f1llxe, o, S 7 1 Fllx0, 0,

lIs5.0(fD)llvo + tlls5.1(f1)llva

(2.30)
< 2K (8,80, (f1)) S 91180, (f)llve, 0y S0 F1lx0, 0, S 871 10y

This implies the decomposition

J J
7f = (To+ X ss0l) + 102 + X sia () = o+

=1
with
lvollve + tlwnlly, S lfollxo + " 1 flxo, .+t Fillxy + 77 Fll 0, 00)
(2.28) 0
SOt xey -
Hence, Tf € X917O<> with ||TfHX91,oo 5 ”f”Xel,pl . U

We are now in position to prove shift Theorem 1.1 for Dirichlet boundary condi-

tions.
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Proof of Theorem 1.1 (i) (Dirichlet conditions). =~ We denote by x,, r > 0,
a smooth cutoff function with supp x,, C B,(0) and x,, = 1 near 0. We assume
for simplicity R < 1. By Remark 1.2 a stronger shift theorem holds for w = = so
that we will assume w # m.

Step 0 (local regularity): Since the two lines {¢ = 0} and {¢ = w} are smooth,
local elliptic regularity gives for any 0 < R; < Re < R3 < R that for any s € Ny
(see, e.g., [19], Section 6; this is even true for any s > 0, see Lemma A.2 for details)

(2.31) lulls+2cry\ery) S N Fllascr,) + ullaicr,)-

Step 1 (localized equation): Since R’ < R and we are interested in the regularity
of u in Cr, we fix a smooth cut-off function x5 € C§°(B5(0)) with x5z =1 on Crr,
where Rs < R’ < R < R3 < R <1 are such that yg =1 on Cr,. We set u := XU
and we note that u satisfies

(2.32) —Au = —xpAu—2Vxg-Vu— Axgzu
=Xgf —2Vxgs - Vu— Axgu =: f in Cg,
(2.33) i=0 onTpUlg=0dCx.
Claim:
(2'34) ||f|‘3;{1w—1(cR) S ”XRfHB;G“’_l(CR) + ||u||H1(CR)-

To see this, we consider the cases w < m and w > m separately.
Case 1: w < 1. Let s := |[A\P] = [r/w] > 1 and note the continuous embedding
Hst! ¢ B;/f) so that together with the support properties of Vx5

_ Hs+ch;/1w
@3) Wlgeren S Il lageen + ullrsepnen)
(2.31)
S ||X§f||3;{1W*1(cR) + ||f||HS_1(CR3\CR2) + HUHHI(CR)
< Il + ellmen:
where, in the last step, we used xzxr = X and the continuity of the mul-

tiplication with smooth functions in Sobolev (and hence, by interpolation, in
Besov spaces) so that ”Xﬁf”B;)/lw—l(cR) = HXR'XRfHB;GW—l(cR) S ||XRf||B;{1W—1(cR)
and [ fllas-r(cp\cry) S N lme-1cny) < IIxRSH1Ch) < IXRS]
s—1€eNg.

as

B;/1W71(CR)
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Case 2: w > m. Again, set s := |A\’] = |n/w| = 0 and note the continuous
embedding L? C Bg}lwfl. One may then argue as in the first line of (2.35), which
gives the result.

Step 2: In order to analyze the regularity of % on Cr/, we select R < R and Xg €
C§° (B7(0)) with xz = 1 on supp xg C Bgr(0) and introduce the operators 7, T by

(2.36) - {HI(CR)—)H(%(CR% 7. {HI(CR)—>H01(CR),

vav fHXR’TX§f7
where v = T f solves
—Av = f in Cg, szonI‘DUfRzacR.

Then, since supp f C Bg(0), we have Xﬁf: f and therefore @ = Tf. The proof of
Theorem 1.1 (i) is complete once we ascertain

(2.37) HTfHBQ{QQ“(Cg) S ||fHB;/1W_1(CR)7

which we will do in ensuing Steps 3-5.

Step 3: We show (2.37) for the case AP = n/w ¢ N and w < & using Lemma 2.7
and Corollary 2.5. Since w < © and AP ¢ N, we can find (k,e) € Ny x (0,1)
such that AP < k+ e+ 1 < AP together with |k + ¢+ 1] = [AP| > 1. Set
01 :=n/(wk+e+1)) €(0,1) as well as

(238) Xo = Hil(CR), X1 = HkJrE(CR), Yy = H&(CR), Y, = H2+k+6(CR).

We have B;Efl“’*l(cR) = (Xo, X1)e,,1 and Bg(o“:rl(CR) = (Y0,Y1)6,,00. By the Lax-
Milgram theorem, we have that T: Xy — Yj is bounded, linear. With wug, SP, sP,

XPr_1 given by Corollary 2.5, we set S1(f) = uo(f) + xPr_1, Se, (f) = SP(f)sP.

We note that
EkD_H:{nE{2,...,L5J}‘n%€l\l}=®

FJ5<1.
wd T

in view of

Corollary 2.5 shows that S;: X; — Y7 is bounded, linear; Lemma 2.6 (i) asserts
that SP € ((Xo, X1)g,1)* and sP € (Xo, X1)p,00- The desired assertion (2.37) now
follows from Lemma 2.7.

Step 4: We show (2.37) for the case AP = n/w € N and w < & using Lemma 2.7
and Corollary 2.5. As in Step 3, choose (k,e) € Ng x (0,1) with \P = n/w <
kE+e+1< AP +1 < AP such that [k +¢e+ 1] = AP and take with this choice
of k, € the spaces Xy, Xi, Yy, Y7 as in (2.2) and set 6; = n/(w(k+ec+1)) so
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that By (Cr) = (X0, X1)e,1 and B3, (Cr) = (Yo,Y1)s,,00- In Corollary 2.5,
our choice of k corresponds to X, = {n/w} and n* = n/w = A. Again, T:
Xo — Y is bounded by Lax-Milgram. With the functions ug, S, sP, P,_1 from
Corollary 2.5, Corollary 2.5 gives the decomposition ff = (uo(f) + SP(f)sP) +
XPr—1 =: S1(f)+Se, (f). Since s is a polynomial (and thus smooth), Corollary 2.5
asserts the boundedness of S1: X7 — Y7 and Sy, : Xg,,1 = Yp,,00. Lemma 2.7 then
implies (2.37).

Step 5: We show (2.37) for the case w > n. The procedure is similar to that of
preceding Steps 3, 4. Since w € (m,27), we have AP = n/w < 1 < 2n/w = AP so
that we may select k = 0 and € € (0,1) such that AP <1 <k+¢e+1 < AP. Then
EkDH =), P._; =0 in Corollary 2.5, and we may argue as in Step 3 with the choice
Xo, X1, Yy, Y1 from (2.2) and 6, = n/(w(k + € + 1)); note that 1/2 < n/w < 1, so
that Lemma 2.6 (ii) implies S € (B3 (Cr))* = (X0, X1)a,.1)*- 0

3. NEUMANN BOUNDARY CONDITIONS

The case of Neumann boundary conditions is handled in a way similar to the
Dirichlet case of Section 2.1.2. We put

(3.1) oV =MV |n=0,1,...} with A\ := nZ.
w
Analogous to Proposition 2.3, we have:

Proposition 3.1. Let R > 0. Let k € Ng and ¢ € (0,1) satisfy k+ 1+ ¢ <
A =2n/w, k+1+¢e # AV = n/w, and let f € H***(C) with supp f C B1(0).
Further assume 9.,0) f(0) = 0 for i + j < k — 1. Then every function u; € H'(C)
with suppu; C B1(0), solving

(3.2) —Auy = f € H**(C), 08,u1 =0 for p € {0,w}
has the form
uo, jfng{V>k+g+1,

N

1
(3.3) ur =4 o~ (/c = cos(AY @) f(x) dx) iy cos(AY ),
i = =AY <ktetl<AY
for a ug € H**2+¢(CR) with the estimate

lwoll r+2te ey S N FllEr+e(ey)-
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Proof. The procedure is as in the Dirichlet case of Section 2.1.2: The Mellin
transformation yields the equations (2.4), (2.5) for MJui] and M]Jug] together
with the Neumann boundary conditions 0, M [u,] = 9, M[ug] = 0 on {¢ =0} and
{p = w}. The operator £({) is meromorphic on C with poles at +ioc™. As in the
Dirichlet case, ug € K" ?(C) so that ug € H**2%%(Cg). Since 0 € +io™, the inverse
Mellin transformation cannot be performed on the line {Im¢ = 0}. In contrast
to the Dirichlet case, where u; € Kg(T') due to the vanishing of u; on {¢ = 0}
and {¢ = w} we only have u; € K}(C), § > 0 arbitrary, in the case of Neumann
boundary conditions. This implies that the inverse Mellin transformation has to be
done on a line {Im ¢ = §} for chosen > 0. The Cauchy integral formula relating ug
and u; now uses the lines {Im¢ = ¢} and {Im¢{ = —(k+ 1+ ¢)} and leads to

w-um= Y 2D Res(rC(£(0) " Mg(Q)).

(oE—io
Im Co€(—1—k—e,5)

For the evaluation of residues, we note that the double pole of £L7! at {y = 0 leads
to two contributions to the sum; if k¥ + 1 + & > nt/w, then a third contribution arises
in the sum. The residues can be evaluated explicitly:

at (o =0: <——/fdx>lnr—|—< \/_ 1nrfdx)1—:so—|—sl,

1
at o = —iAN:  — (— / I cos(\NV ) f dx) P cos(A\N ).
c

B
By assumption u; € H'(C) so that the contribution sy has to vanish. The con-
tribution s; is a constant function and hence smooth. Additionally, the function
(z,y) — Inris in Bj (C1) by Lemma 2.6 so that f — [,Inrf is a bounded linear
functional on (B3 ., (C1))* D H*™(C1) and thus the sum ug + s1 is in HF¥27¢(Cy)
with the stated estimate. O

The Neumann analog of Lemma 2.4 is:

Lemma 3.2. Let i, j, k € Ng with i+ j = k. Set EQI yi={ne{2,... . k+2}|
nw/m € N} and SpY, 5 := span{r™(Inr cos(np) — gsin(ng)) | n € &, ,}. Then there
is a polynomial p; j of degree k + 2 and a harmonic function p; ; € Sp., such that
pfvj = Di,j —|—p§’j satisfies

(3.4) —Apf\’[j =2'y! onC, 8npf\’[j|p =0.
In the special case w = n, the contribution p;’j may be taken to be zero.
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Proof. The proof is very similar to that of Lemma 2.4. The correction on

k42
{¢ = 0} is now done with polynomials of the form Im Z anz", an € R. For the
=0
correction on {¢ = w} one uses the functions Re z" = " cos(ngp) if nw/n ¢ No and
the function Re(z" In z) = r™(Inr cos(ny) — @sin(ny)) if nw/n € No. O

Corollary 3.3. Let R > 0. Let k € Ng and ¢ € (0,1) satisfy k +1+¢ <
2n/w = A, k+1+¢ # n/w =AY, and f € H*¢(C) with supp f C B1(0). Let
X € C§°(B1(0)) with x = 1 near the origin. Then every function u; € H'(C) with
supp u; C B1(0), solving

(3.5) —Auy = f € H*(C), 0,u1 =0 forpec{0,w}

has the form uy = ug + xPr_1 + 0 with ug € H*T2+¢(CR),

0, i E =M S ktet1,
(3.6) 5= “
SN (f)s, 1'f£ A <k4et+1<AY
B 8= - 2 [T s+ AGOPL (0 dx)
(3.8) sV = P cos(AY ),
39) P Y nli0@0n(0)

i+j<k—1

and in] are the fixed functions from Lemma 3.2. Furthermore, the following esti-

mates hold:

(3.10) luollmresase(cpy S I flese ey,

(3.11) 1Peilliesseien S Iflss e EEY0 =0,

(3.12) 1Pl gy cmy S I1Flms, 0 22 #0,
n* ::min{ne {2,....k+1}] n_ EN},

(3.13) AP ) w2 cry S 1185 ) S I 1lmE+2(0)-

The implied constants depend only k, ¢, the angle w, and the choice of the cut-off
function x.

Proof. Follows in the same way as that of Corollary 2.5. (]
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Proof of Theorem 1.1 (ii). The proof follows the strategy developed for the case
of Dirichlet boundary conditions; the main difference lies in the fact that the basic
stability estimate is now T: H~1(Cr) — H'(Cg) instead of T: H~(Cr) — H'(Cg)
for the Dirichlet case.

The regularity assertions of Step 0 still hold. The mapping T has to be replaced
with T: H~Y(Cgr) — H}(Cr), where Tf solves

—ATf=f inCr, On(Tf)=0 onTy, Tf=0 onlg,

and Ty = {o = 0} U{p = w}. We set T := (xr'T'xg) as in Step 2 of the Dirichlet
case. The modified right-hand side f is defined as in (2.32), and it suffices to ascertain

(314) HTf”B;)/;-f—l(cR,) S ||fHB;/1w—1(CR).

As in the proof of Theorem 1.1 (i) for the Dirichlet case, we distinguish between the
cases w < T and w > 7, the case w = 7 having already been discussed in Remark 1.2.
Step 1 (preliminaries): Let w < m. Then, AY > 1. Select k = 0, € € (0,1) such
that 1 < s’ := k+e+1 < AN. Corollary 3.3 asserts that T: H* ~(Cg) — H*+1(CR)
is a bounded operator.
Step 2: Let w < mand n/w &€ N. Select (k,e) € Ngx (0,1) with A\ < k+e+1 < AY
such that |k +¢e+ 1] = [AV| > 1. Take with s’ from Step 1

(3.15) X := H""Y(Cg), X1 = H**(Cr), Yo := H* 1 (CR), Y1 = H****=(Cp).

Note that with 6; = (n/w —1— (¢ = 1))/(k +e — (s = 1)) € (0,1), we have
B;’/lwfl(CR) = (X0, X1)s,,1 and B;{;+1(CR) = (Yo,Y1)6, 00- Then, T satisfies the
assumptions of Lemma 2.7: the mapping properties Xy — Y|, are given by the above
Step 1, and the mapping properties of the decomposition of ff = (uo(f)+xPr-1)+
SN(f)sd =: S1(f) + Se, (f) for arguments f € X; is provided by Corollary 3.3 in
conjunction with Lemma 2.6 (i).

Step 3: Let w < m and n/w € N. Choose k, €, Xy, X1, Yo, Y7 as in Step 2 above.
As in the Dirichlet case, choose the decomposition Tf = (uo(f) + SN (f)sN) +
XPi—1 =: S1(f)+ Se, (f); Corollary 3.3 provides that Sy, Sy, satisfy the assumptions
of Lemma 2.7.

Step 4: Let w > m. Since w € (7, 2x), we have AV = 1/w < 1 < 2n/w = A} and
may therefore select k = 0 and € € (0,1/2) such that AV <1 <k+e+1<AY. Set

(3.16) Xo = H '(Cr), X1 = H**(Cr) = H***(CR),
Yo := H'(Cr), Y1 = H*™**°(Cp),
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and 61 = (n/w—1+1)/(k+e+1) € (0,1) so that (Xo, X1)s, 1 = Eg}lw_l(CR) and
(Yo, Y1)o,1 = B;{1w+1(CR). As in the Dirichlet case, we note X, = 0 and that
Corollary 3.3 provides the assumptions of Lemma 2.7 so that T': E;‘ff"l(cR) —
B;/;H(CR). Since w € (r, 27), we have n/w —1 € (—1/2,0) and thus E;{lwfl(CR) =
B3y (CR), of. (1.7). O

4. MIXED BOUNDARY CONDITIONS

The case of mixed boundary conditions is similar to the Neumann case. We recall

that I'p = {¢ =0} and 'y = {p = w}. Set
I\=
M ._ (\M dh MM — (p— 2\
(4.1) o ={A, |neN} with A} := (n Q)w'

The operator (£(¢))~! arising in the case of mixed boundary conditions is meromor-
phic on C with poles at +ic™. With similar arguments as in Proposition 2.3 one
obtains:

Proposition 4.1. Let R > 0. For k € Ny and € € (0,1), let k +1+¢ < M\,
E+1+eg {(AM AN} = {n/(2w), 3n/(2w)}, and f € H**2(C) with supp f C B1(0).
Further assume 9%0] f(0) = 0 for i+ j < k — 1. Then u; € H'(C) with suppu; C
Bi1(0), solving

(4.2) —Aui=fecH"™(C), u1=0 on{p=0}, du1 =0 on{p=uw},
has the form

o ifhtetl<— =AM

2w

. T 3n
(4.3) uy = < ug + SM(f)sM, 1f)\{w:Z<k+e+1<%:)\§w,

3
uo + SM(f)sM + SM(f)s¥ ifi:)\§4<k+€+1<>\§”,

where
1 —n/(2w) .= T n/(2w) .2 T
(4.42) SM(f) = —E(/Cr /(2 )sm(%ga)f(a:) da:), s = pr/(2 )sm(%ga),
Mgy L —3n/(2w) i (ST M _ 3n/(2w) o (ST
(4.4b) S5°(f) = - Cr sm(2w<p)f(x) dz |, s5" =7 sm(%}@)

together with the estimate

lwoll zr+2+cry S N Fllr+e(cy)-
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Lemma 4.2. Let i, j, k € No with i +j = k. Set 5%, :={n e {1,...,k+2} |
nw/n+1/2 € N} and S}, := span{r"(Inrsin(np) + ¢ cos(np)) | n € Ek+2} Then
there is a polynomial p; ; of degree k + 2 and a harmonic function p; ; € SM iio Such
that pfwj i= Di,j + p; ; satisfies

(4.5) —Ap% =z'y’ onC, p% =0 on {¢ =0}, &J)% =0 on {¢ =w}.

Proof. One proceeds as in the proof of Lemma 2.4, the only difference being
the correction on the line {¢ = w}. For that, one uses, for n > 1, the functions Im 2"
if nw/n+1/2¢N and Im(2"1In z2) if nw/n+1/2 € N. O

Corollary 4.3. Let R > 0. Let k € Ng and € € (0,1) satisfy k+1+¢ < A\ =
5n/(2w) and k + 1 +¢e & (MM AN} = {r/(2w),3r/(2w)}. Let f € H*"¢(C) with
supp f C Bi(0). Let x € C§°(B1(0)) with x = 1 near the origin. Then every
function uy € H'(C) with suppu; C Bi(0), solving
(4.6) —Au;=fcH**(C), u1=0 on{p=0}, 0,u1=0 on{p=uw},
has the form uy = ug + xPs_1 + & with ug € H¥T2+2(Cp),

0, ifhtetl<AM ="
2w
(47) § = S{\/I(f—l—A(XPk_l))S{VI, If/\M <k+e+1l<A
SM(f + A(xPi-1))st" + 83 (f + A(xPr-1))s3",
A <k+e+1< A,
1 o
(48) Pra(x)i= Y Tﬂp%(X)(aiaif)(O),
i+j<k—1
M

where SM, SM sM M are given in (4.4), and p% are the fixed functions from
Lemma 4.2. Furthermore,

(4.9) luoll rvarecry S NF Il re(ey)s
(4.10) [Pe—tllererase ey S If s 0y ZR40 =0,
(4.11) | Pr—1] By (Cr) S I 1lBg e if S, # 0,

1
n* ;:min{ne {1,...,k+1} |ng+§ S N},
s
(012) IACPE - cmy S 155 S 1 -

The implied constants depend only k, ¢, the angle w, and the choice of the cut-off
function x.

Proof. Follows as in the Dirichlet case. O
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As in the Neumann case, the proof of Theorem 1.1 (iii) comes down to showing
the mapping property 7' Bg’/l(%)*l(CR) — B;{gw)+1(CR) for t/(2w) — 1 > —1/2

and T: By/*)7!(Cr) — By/ )% (Cp) for n/(2w) — 1 < —1/2, where T = xp Txg
with T f being the solution of

~ATf=0inCr, Tf=0o0nTgrUTlg, 8,7f=0onT, s

Proof of Theorem 1.1 (iii). Case I: w < n/2. Since w < 1/2, we may select
(k,e) € Ng x (0,1) sothat 1 <A\ <k+1+e <M and |[k+e+ 1] = [AM]. This
is the setting, where exactly one singularity function appears in the representation
of the solution in Corollary 4.3 and the arguments of the Neumann case (Steps 2, 3
of the proof of Theorem 1.1 (ii)) apply.

Case 2: w=1/2. Select k =0, ¢ € (0,1/2) such that 1 = A\ < k+e+1 < A =3.
In Corollary 4.3, this corresponds to the case of one “singularity” function SM (f)s!,
which is in fact a polynomial and thus smooth, and P,_; = 0. Lemma 2.6 (ii)
provides S} € (BY,(Cr))*. Set Xo = H '(Cr), X1 = H*(Cr), Yo = H'(Cr),
Yy = H?T¢(Cr), # = 1/(1 + ¢). From Lemma 2.7 and the solution representation of
Corollary 4.3 we infer T': Eg’l(%)*l — B;{Sw)+1.

Case 3: w € (n/2,3n/2). In this case, one can select k¥ = 0 and € € (0,1) such
that AM < 1 < k+e+1 < M) so that in the application of Corollary 4.3 a single
singularity function arises. This is handled as in the Neumann case with w > = there.

Case 4: w € (3m/2,2m). We have MM < A <1 < 2 < A}, Select k = 0 and
e € (0,1/2) such that \M <1 <k+e+1< M. Set Xg = H '(Cr), X1 = H*(Cr),
Yo = H'(Cr), Y1 = H**¥*<(CR), 6; = N} /(1 + k +¢), j € {1,2}, so that Xy, 1 =

~AM_1 AM g .
By’ (Cr) and Yp, o = By’ (Cr). Note Py_1 = 0 in Corollary 4.3. Corollary 4.3

yields for f € X; the decomposition T f = uo(f)+ SM(f)sM + SM(f)s) =: 81 (f) +
So, (f) + Se,(f) with Sp,: Xg,1 — Yy, 0 (cf. Lemma 2.6). The desired result now
follows from Lemma 2.7.

Case 5: w = 3n/2. In contrast to the preceding case w > 3n/2, we have \M <
A =1<5/4 < ). We take (k,e) = (0,¢) as in the preceding case. The function
s} is a polynomial and hence smooth. Corollary 4.3 yields for f € X; the decompo-
sition Tf = (uo(f) + SM(f)sd) + SM(f)sM =: $1(f) + Se, (f). Lemma 2.6 shows
that the operators S7 and Sp, have the mapping properties required by Lemma 2.7.
This concludes the proof. O
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5. AN EXTENSION TO LP-BASED BESOV SPACES

The Besov spaces Bj , considered so far are based on L?-spaces. Several results
obtained in the framework of these Besov spaces can be generalized to LP-based
Besov spaces. We illustrate this in the present section for the simplest case, that of
the Dirichlet boundary condition and the assumption of W?2P-regularity.

For k € Np, p € (1,00), and bounded domains 2, we introduce the spaces W#?(Q)
in the usual way by requiring that derivatives up to order k be in LP(f2), [22]. For
s > 0 with s ¢ Ny one puts W*P(Q) := (Wlslr(Q), W'l P)s—|s),p- The norm
|- [lwe»(q) is in fact equivalent to the Aronstein-Slobodeckij norm [37], Chapter 36.
A second important fact is that the Reiteration Theorem [37], Chapter 26 allows
one to show that for k, m € Ny and k < s < m with s ¢ Ny one has W*?(Q) =
(WEP(Q), W™P(Q)) (s—k)/(m—k)p [37], Chapter 34. Analogous to the case of Sobolev
spaces, one defines for s > 0, s ¢ No, Besov spaces B, ,(£2) by interpolation

B; () = (Wl (), wil#(0))

P,q s—s],q

and notes that the Reiteration theorem would allow us to represent these spaces by
interpolating between the spaces W*1P(£), W*2:P(Q) with 0 < 51 < s < s2, [37],
Chapter 24, [38], Section 4.3.2. As is customary in connection with L? spaces, we
denote by p’ = p/(p — 1) the conjugate exponent.

Analogous to the spaces K3(C), it is convenient to define K5?(C) by the norm

(5.1) lullfesniey = D Ir* =D}, .

lorf<s

We consider solutions u € W?(C) of
(5.2) —Au=f inC, u=0 onpe{0w}

5.1. Regularity of the singularity functions and stress intensity func-
tionals. Let & € Ng. If k£ > 2/p, then by [38], Theorem 4.6.1 we have the embed-
ding W*P(Cg) c CF=2/P(CR) so that one may define as in (2.15) the polynomial
Pi_2/p). We have:

Lemma 5.1. For k € Ng, p € (1,2) U (2,00), f € WFP(Cy) let Pj_2/p) be given
by (2.15), x € C§°(B1(0)) with x = 1 near the origin. Then, f — A(XP|r—2/p|) €
K§P(Cy).

Proof. The proof follows structurally that of Lemma A.1. Note that k —2/p is
not an integer, which allows one to avoid the introduction of £ > 0 like in the proof
of Lemma A.1. O
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In the following Lemma 5.2, which allows us to ascertain the regularity of the
singularity functions and the stress intensity functional, the functions P|,_») of (2.15)
arise. These functions vanish for « —2 < 0 and are well-defined for f € B}E’al—2J+2/ Pc
Clo=2] in view of [38], Theorem 4.6.1.

Lemma 5.2. Let p € (1,2) U (2, 00).
(i) For B+ 2/p > 0 the function s (r,p) = rP sin(By) is in the space BngoQ/p(Cl).
(ii) Let ® € C*(R?) with |®(x,y)] < Cr™ as r — 0 for some n € No. Then
the functions v(z,y) = ®(z,y)Inr and w(z,y) = pP(x,y) are in the space
By (C).
(iii) Let o —2/p’ > 0 with a —2 ¢ Ng. Let P,_5| be given by (2.15). Then

feaﬂ:ér”mmwu+ﬂwm4m

is bounded linear on B;‘EQ/’)/ (Cy).

Proof. (i) is shown similarly to the proof of Lemma 2.6 (iii) by estimating the
K-functional through the splitting % = r®y; +7%(1 — ;) for a suitable t-dependent
cut-off function x;.

(ii) is shown by appropriately modifying the proof of Lemma 2.6 (iv).

(iii) The proof follows that of Lemma 2.6 (i) in that BgIQ/p/ is suitably written as
an interpolation space. We distinguish the cases 0 < a < 2 and o > 2.

The case a < 2: Then P, _3) = 0. We write for € > 0 so small that a +¢ <2

a—2/p

Ba72/p’ — (P Ba72/p/+6 — .
(C1) = (LP(Cy), (€1))o1, 0 Py

p,1 p,1

As in the proof Lemma 2.6 (i), one splits for § > 0 the expression S(f) = 51 + 52 as
in (2.23). For Sy, the Holder inequality yields

1511 < I llzrien Ixsr ™ ey S 82N flloren)-

Select ¢ > 1 by the condition 2/q =2/p— (a—2/p'+¢) =2—a—e € (0,2). By [38],

Theorem 4.6.1 (c) we then have B;Iz/p,JrE(Cl) C ngQ/p/Jre(Cl) C L9(Cy) so that

. —a —a+2/q €
|52| < ||f||Lq(C1)||(1 X5)7“ ||Lq/(C1)§5 K ||f||B;;2/P'+E(C1) S d ||f||B;;2/P'+E(C1)'

As in the proof Lemma 2.6 (i), we select
(5.3)

ol _ o/t
§= mln{a diam{x € C | x(x) = 1}, (HfHLp(Cl)||f||B;1’I2/7’/+5(c1))1/(a 2/p +e)}.
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For brevity, we only consider the case when the minimum in (5.3) is given by the
second term. Then

-0
S+ 52 SISl 10100 o

An appeal to [37], Lemma 25.2 concludes the proof.
The case o > 2: Select € > 0 such that «—2—|a—2|+¢ < 1. Since |a—2]|+2/p <
a—2/p, we write

a—2—|la—2]
a—2+¢e—|a—-2]

Ba*Q/P' (Cl) _ (BIE?;*QJJr?/P(Cl) BOt*Q/p'JrE(Cl))eJ7 9 —

p,1 »=p,l

As in the proof of Lemma 2.6 (i), one splits for § > 0 the expression S(f) = S1 + S
as in (2.23). For S, we note that BE‘;QHQM(CQ c Cle=21(C;) by [38], Theo-
rem 4.6.1 (f). Hence,

1S1] < [l L2 (f + XAPa—2)) | Lo e lIxor T |11y
< 5 (@=2)+|a—2] HfHBQLi,ZHQ/p(Cl).

For S, we have by [38], Theorem 4.6.1 (f), that BZIQ/”/'FE(C&) = BTt (c)) ¢

ve P,
C*~2%¢(Cy) so that in view of the fact that —AP,,_5 is the Taylor expansion of f

at the origin of order |« — 2] and 0 < @ — 2 — | — 2| + & < 1, we get
r @7 (F 4 XAP o)) poe(en (1 = xa)r O ¥ e,

|S2| <
S 56||f||B:I2/p’+E(C1)~

We select ¢ as in (5.3) with the exponent replaced with 1/(a—2+¢— |a—2]). Then,
as in the proof of Lemma 2.6 (i), one arrives at

—6 0
S1+ 82 SIS 1 W e rprse
p,

Bptfxszz/p(Cl) (1)’

An appeal to [37], Lemma 25.2 concludes the proof. O
5.2. Expansion in the corner singularity functions. The LP-theory for el-

liptic problems in domains with conical points that was developed by Maz’ya and
Plamenevskij leads to the following Proposition 5.3.

Proposition 5.3. Let R > 0. Let p € (1,2) U (2,00), k € Ny, and assume
k+2-2/p=k+2/p' & £oP. Let f € WHP(C) satisfy 830] f(0) = 0 fori+j < k—2/p.
Then, a solution u; € WP(C) with suppu; C B1(0) solving

(5.4) —Au;=f, w1 =0 forye{0,w}
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has the form
1

U = ug — — Z i sin()\JDgo)f(x) dx sin()\?ga)
i AP<kt2—2/p”¢
with
L.5.1
(5.5) ol csor ey S 1flitney S Iflwhoce):

Proof. The procedure is similar to that in the L?-based setting in Section 2.1.
Note that supp f C B1(0). By density, one may assume f € W*P(C) N C>(C) so
that the formulas of the L2-based setting are applicable. Since supp f C Bi(0),
the Mellin transform M[g] = M([r?f] is holomorphic in the strip {¢ € C | Im >
—k—242/p}. Asin Section 2.1, the function g is defined by an appropriate inverse

Mellin transformation on the line Im = —k — 2+ 2/p, and the residue theorem yields
(5.6)  wp—uy = 3 Res (r'*(£(¢) ™ Mgl (€))-

Co€—ioP: Im(oe(—k—2+2/p,0)
Evaluating the residue yields the claimed representation. The estimate for wug is

taken from [33], Proposition 2.3, but goes back at least to [29], Theorem 4.1. O

As in Section 2.1, the condition that f vanishes to sufficient order can be removed
by adding additional polynomials or logarithmic singularities:

Corollary 5.4. Let R > 0. Let p € (1,2) U (2,00), k € Ny, and assume k + 2 —
2/p=k+2/p & +oP. Let f € WkP(C). Then, a solution u; € WHP(C) with
suppu; C Bi(0) solving (5.4) can be represented as uy = ug + xP|x—2/p| + S with

1 _\D . D,
S = — Z /r Aj sm()\nga)f + A(XPk—2/p)) dx i Sln()\jDsp)7
jr AP <k+2-2/p ¢
1 i i
Pheappy = Y. pl00.0,5(0),
itj<k—2/p "

where the functions pfj are from Lemma 2.4 and

HUOHW’“*’ZP(CR) S ||f||wf«vp(cl)-

The function P|,_s,,] =0 if k—2/p < 0 and satisfies, for k —2/p > 0, the estimates

||PUf—2/I)J HW"*“’(CR) S HfHB,Efcfz/pJJrz/p(Cl) if Eﬁﬁ*?/ijrQ = @,

IPle—2/pill gpes2rv ey S Ml pliarmivarme,y
* : D w .
n .7m1n{nEELk72/pJ+2|n;€N} X0 o p4e # 0.

Proof. Follows as in Corollary 2.5. (]
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5.3. A shift theorem. The representation formula of Corollary 5.4 allows one
to infer a shift theorem in Besov spaces as in the L2-case:

Theorem 5.5. Let R > 0. Let p € (1,2)U(2,00) and x € C§°(B1(0)) with x =1
near 0. Let k := min{n € N | AP +2/p < n + 2}. Assume that one of the following
two conditions holds:

() 2< AP +2/p<k+2< 2P +2/p.
(i) k<2/pand2 < AP +2/p <k+2.

D
Assume furthermore that k+2/p’ ¢ £oP. Then for f € B;ﬁ +2/p-2

of (5.2) satisfies

(C1) a solution u

||U||B;1D+2/p(CR) S HXfHB;\f+2/p_2(Cl) + ullwreie)-

Proof. In the following, we assume w # 7 since in the case w = 7 one has a full
shift theorem analogous to the case discussed in Remark 1.2, see [20], Section 9.

The two conditions (i), (ii) are such that the procedure already used in the L?
setting is applicable. Inspection of the proof of Theorem 1.1 (i) shows that it relies
on the following ingredients (A)—(D):

(A) Local regularity assertions as in Steps 0-1 of that proof that underlie the
estimate (2.34). The local regularity in LP-spaces is available, e.g., [20], Section 9.

(B) Solution operators T and T for the Dirichlet problem as in (2.36). In contrast
to (2.38), where Xo = H~'(Cgr), Yo = HA(Cr), we view T: LP — W2 N W, ” and
select

(5.7)  Xo=LP(Cr), X1=W"P(Cr), Yo=W?>P(Cr), Yi=W"?P(Cp),

where we recall that k is taken as the smallest integer with k +2 > AP +2/p. One
then has B, /"' = (Xo, X1)g.1 and Bpict 2" = (Yo, Y1)p.oc for 6 = (AP — 2/p/) k.

The mapping property T: X, — Y follows from the assumption 2 < AP +2/p
since this implies that the sum S in the solution representation in Corollary 5.4 is
empty for k = 0 and that the function P|;_5/,| vanishes for k = 0 so that u; = uo.

(C) The representation formula for the solution for data from X;. This is provided
by Corollary 5.4.

(D) The interpolation argument of Lemma 2.7. In the L?-setting, it was applied
in two situations:

(a) The sum S contains exactly one singularity function.
(b) The sum S contains several singularity functions but P,_; = 0; this was the
case in Theorem 1.1 (iii) for w € (3n/2, 2x).
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These two cases correspond to the conditions (i) and (ii), respectively. In the re-
mainder of the proof, we discuss in more detail the application of the interpolation
argument of Lemma 2.7.

Proof under condition (i) and AP ¢ N: The definition of k reads

(5.8) kE4+1-2/p< AP <k4+2-2/p,
which gives
(5.9) [k+2—=2/p| > M| = [k+1-2/p] = [k+2-2/p] - 1.

We claim that ELk o/pl42 = = (). To see this, note that (5.9) implies |k —2/p| +2 =
|k +2—2/p] < [M\P]+1 so that for any n € N with n < |k — 2/p| + 2 we have
D
% < % 1+ )\LD <3.
For n € Zﬁc&/mﬁ, one has n/AP € N, leading to the possible cases n = AP and
n = 2X\P. The first case is excluded by AP ¢ N. The second case is also excluded
since otherwise 2A\P = n < [k —2/p| +2 < 1+ [MP] < 1+ AP, which implies
AP <1, and then 2A\P =n € N leads to AP € {1/2, 1}, which is not possible due to
w € (0,2n) and w # n. Since EU{) 2/p|+2 = (), the interpolation argument based on
Lemma 2.7 can be done as in the proof of Theorem 1.1 (i) for the case AP ¢ N there.
Proof under condition (i) and AP € N. The value k satisfying (5.8) is given by

. AP if pe (1,2)
AP -1 ifpe(2,0)

AP ifp e (1,2),

leading to |k — 2 +2=
& : /v) {)\{3 if p € (2,00).

Hence, ELk 2/pl+2 = = {AP} and n* = A in the estimate for P|;,_5/,| in Corollary 5.4.

That is, Corollary 5.4 ascertains || P;_2/p||l g S |‘fHB/\D+2/p , as used in the
.1

proof of Theorem 1.1 (i) for the case AP € N there.

Proof under condition (ii). Multiple singularity functions in the representa-
tion of Corollary 5.4 are allowed. However, the condition k < 2/p ensures that
Plr—2/p) = 0 so that as in the proof of Theorem 1.1 (iii) for w € (3n/2,2n) one can

use Lemma 2 7 since the linear functionals f — fc A sm()\D )f dx are bounded,
linear on 32711 " for jeNwith AP +2/p <k +2. O

Remark 5.6. Theorem 5.5 is based on the assumption that the solution opera-
tor for the Dirichlet problem maps LP — W?2P, which is expressed by the condition
2 < AP +2/p. This restriction is due to our working with positive order Besov spaces
B, 4 s > 0. To remove this restriction, one would have to use negative order Besov
spaces similarly to the way it is done in the L2?-setting.
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APPENDIX A. WEIGHTED SPACES AND ELLIPTIC REGULARITY
IN WEIGHTED SPACES

We introduce for 0 < ¢ < ¢ the annuli
(A1) Alg,0) :={zeC: p<|z| <o}

Lemma A.1. Let f € H*¢(C) with supp f C Bi(0) for some k € Ny and
e € (0,1), and assume 9.8] f(0) = 0 for i+ j < k— 1. Then f € K*_(C) with the

norm estimate [|fl| ey < I/ lme+=ccy)-

Proof of Lemma A.1/Lemma 2.2. We show the result for the cases ¢ € (0,1/2)
and ¢ € (1/2,1) separately. The limiting case ¢ = 1/2 is then obtained by an
interpolation argument (cf. [37], Chapter 23 for the interpolation of L2-based spaces
with weights). We also flag that we may assume w # 7 as in the case w = = the
cone C can be split into 2 cones with apertures # n and each cone is considered

separately.
Step 1. Claim: For w # nt there holds
(A.2) L
ZZ IV? fllLaeyys k=1,
£l resecaczy) < CIVF Flaeaaz) + l? =0
ZHfHLz(Fll)a k>0, and e > 1/2,
1=1

where I'}, | € {1,2}, are the two straight parts of A(1,2). This estimate is a variant
of a classical Poincaré inequality. By the Deny-Lions lemma and the connectedness of
A(1,2), the full norm || f|| gx+- and the seminorm |V7 f|g- are equivalent up the poly-
2 k=1
nomials of degree k. To see that, for k > 1, the map f — || f[[« := > > [V’ fllp2(ry)
A ,

=1 j=
is a norm on Py, the space of polynomials of degree k, we have to show that 1 € Py

and |7/l = 0 implies = = 0. Assuming, as we may, that I'} C R x {0} and writing
n(z,y) = Y. aijz'y’, we see that a;; = 0 for all i and j = 0,...,k — 1 so that
i+j<k

n(x,y) = aory”. Since the line T'} is not colinear with I'} due to w # 7, we finally
conclude 1 = 0. The case k = 0 is easy.

Step 2. k > 1 and € # 1/2: For d > 0 consider A(d,2d), denote I'?!, I € {1,2}, the
two straight parts of 0A(d, 2d), and write ffor the function f scaled to the reference
element A(1,2). Scaling to A(1,2), using the norm equivalence (A.2), and scaling
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back yields

(A-3)/A(d » rRE 1P S d_Qk_2€+2|‘.ﬂ|i2(A(1,2)) S A2 2| Fl kre (a12))

k—1

2
S a2 (ID’“fﬁfa(A(Lz)) 2.2 |V3f||i2(p;)>

=0 =1

k—1 2
< |D* f|HE(A(d 2d)) T ZZ |r— (k+e—(1/2+7)) v]f”L?(Fd)’
7j=01=1
where we used d ~ r on A(d,2d). Covering C by annuli of the form A(d,2d), we
obtain
k—1

[ R S D ey + 3 3 I SO,

¢ =0 1=1

where Flcl, | = 1, 2, denote the straight-lined parts of 9C;. As f € H*4(Cy),

the trace theorem gives V7 f| ¢, € HF=7T==V2(I'{1) for j € {0,...,k — 1}. Since
1

5‘;5‘5]”(0) =0 for i +j < k—1, we even have Xij)'Ff € Hk tes 1/Q(I‘cl)
cf. [31], Theorem 3.40, for smooth cut-off functions x with xy = 1 near the origin.
(The cut-off function is merely introduced for notational convenience to localize near
the origin.) It follows by [22], Theorem 1.4.4.4

k—1
(A4) Ir O OGP, e Sy agrery S I ey
7=0
The higher derivatives of f appearing in the norm [|-|| g () are treated by a similar
argument.
Step 3. k=0 and € # 1/2: The result in the case k =0 and € € (0,1/2) is found
n [2 ] Theorem 1.4.4. 3 For ¢ € (1/2,1), we proceed as in Step 2, replacing the

sum Z with the sum Z [ fl2(r1y- The key estimate [22], Theorem 1.4.4.4 is again

apphcable which ylelds the result. O

Lemma A.2. Let o1 < 92 < 03 < 04 and A, Z:AA(Q1,94), Ay = A(QQ,Q?Q.
Let k € Ng, € € (0,1), f € H*(Ay) and u € H'(Ay) satisfy —Au = f on A,
with additionally either homogeneous Dirichlet conditions, homogeneous Neumann
conditions, or homogeneous mixed boundary conditions on the two straight parts of
0A,. Then, there is C > 0, depending only on w and g;, i = 1,...,4, such that
|Vk+2u|H5(A ) < CUll grreay) + HuHHl(A ). More generally, for any q € [1,0q]
and s > 1/2, one has |ju| ByF2(A) S (HfHB 1A, T lull g1 (4,))- For Dirichlet
boundary conditions, this estimate actually holds for s > 0.
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Proof. We restrict to s > 1/2 in the second part of the lemma in order to
achieve a unified notation since the spaces B, ;Jrs and 55 ;*S differ for s < 1/2.

This is a rather standard elliptic regularity theorem. We sketch the proof to
illuminate the point that also regularity assertions in Besov spaces are possible.
We restrict to Dirichlet boundary conditions at one straight edge 'y of //1\2 and
merely consider a local situation of the three half-balls H, := B,(zo) N jg, Hy =
By (z0) 012[2, Hyi := By (x0) N Ay with 29 € Ty and 0 < 0" < o < p. Consider
Xo € C§°(Bo(20)), Xo € C§°(By (x0)) with x, =1 o0n Hy and xp, =1 on Hyr. Let
T be the solution operator for the Poisson problem on H, with Dirichlet boundary
conditions on 0H,. Then, by elliptic regularity, the map f — X1 X, is bounded
H¢(H,) — H**2(Hy) for any s € NgU{—1}. By interpolation, the map f — x 71X,
is bounded B3  (H,) — BS:;Q(BQ/) for any s > —1, ¢ € [1,00]. The difference
ug = u— X T X, f satisfies homogeneous Dirichlet conditions on I'; and is harmonic
on H,. Hence, ug is smooth (up to I';) on H, and the interior regularity provides
luoll grer+2(ar,y S lluoll e,y for any s > 0. Finally, [[uolla(m,) < lulla ) +
e Txef s,y < Nl iy + XAl ros gy S lellarn,y + 1l (a0 where x
is yet another smooth cut-off function with x = 1 on B,(x¢) and supported by
a sufficiently small neighborhood of B, (zo).

The local estimates can be combined into a global one by a smooth partition of
unity to result in the desired estimates for the sets 121\1 and 12[2. O

The following lemma demonstrates a type of scaling arguments employed in con-
nection with weighted spaces.

Lemma A.3. Let k € Ng, v € R, and € € (0,1). Further let f € L (C) and
u € HL

loc

(C) satisfy —Au = f with either homogeneous Dirichlet boundary condi-
tions, homogeneous Neumann boundary conditions, or homogeneous mixed boundary
conditions. Then:

(i) For f e K¥(C), ue K27k72(C) and 3 € (No)?, |B| € [0,k + 2], it holds

(A.5)  |lr 1P DRF2=IBly | o o) < Z 71 =R D f[ 2oy + rF 2| o ey
lal<k

(ii) Let f € H**(C1) withsupp f C B1(0). Further assume that there exists R > 1
such that u € K*T?(Cg). Then

ID*2ul e ey SID* flaeeny + D, IM*7*7D fll12(e,
la|<k

+ Y IR ED oy
|a|<k+2
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Proof. Introduce the annuli A; := A(1/2,2) and Ay = A(1/4,4), cf. (A.1).
For p > 0 scaling yields for A; , := gﬁ\i, i=1,2, u(¢) := u(e€) and ]?(f) = f(0€)
that —Au = QQfOH As.

We start the proof of (i) by noting the elliptic regularity estimate

(A.6) il os iy S 1 ey + 18l r)-

We multiply (A.6) by 0”~%~2 and obtain after scaling

Z 92\a|+2’7—2k_4||Dau||%2(z41,e)
|| k42

5 Z 92‘a|+27_2k|‘Daf”%/Q(AQ,Q)+‘927_2k_4||u||%2(A2,g)'
la|<k

The definition of the annuli implies 27 % < r < 2%p, i = 1, 2, on A; ,. Thus we get
further

Ay — ke | +y—k o ke
Z [E 2Dull7aea, ) S Z [E D fl1720ay ) HIIF 2072, -
la|<k+2 |a| <k

We now cover C by annuli Ay 55, j € Z. Since they have only a finite overlap, we
obtain

[r 1By DEF2=IBLy 12, o) SN T e TEDf12 ) + (1 TE R 3
ol <k

for |B| € [0, k + 2], whereupon the result follows.

The proof of (ii) follows in a similar way. We prove it assuming R > 2. We have

(A'7) |Dk+2a|Ha(Zﬁ) N QQHfHHk‘FE(Z\Q) + Ha”HkH(ZfQ)v

which follows from Lemma A.2 after scaling with ¢. Then the usual scaling arguments
yield

k+2, 12
|D + U|HE(A1,Q)

< 2-2(k+24e) | pk+252
Se | ¥l

< gr-2kt2ee) (94 Do ID I g O ID ey D |Daa”2L?(A§))
et | <k+2
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S g* e (94 Y o D I Gaa, ) + 0 0P PEETDI R, )
jal<h

FY I,
la|<k+2

S ) gkl 1D fl132(a5,) + D" FlHeas )
la|<k

+ Z Q_Qk_25_4+2‘a|HDO‘U'H%?(AQ,Q)'
|a|<k+2

As in (i) we obtain by covering arguments

|Dk+2U|§15(c1) S Z ||Tfk7€+|a‘Daf||%2(c1) + |Dkf|?qe(c1)
la|<k

+ Z ||Tfk7572+|a\Dau”2L2(CR).
| <k+2

O
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