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Abstract

To obtain a foundational understanding of timeline algorithms and
viral content in shaping public opinions, computer scientists started
to study augmented versions of opinion formation models from so-
ciology. In this paper, we generalize the popular Friedkin-Johnsen
model to include the effects of external media sources on opinion
formation. Our goal is to mathematically analyze the influence
of biased media, arising from factors such as manipulated news
reporting or the phenomenon of false balance. Within our frame-
work, we examine the scenario of two opposing media sources,
which do not adapt their opinions like ordinary nodes, and analyze
the conditions and the number of periods required for radicalizing
the opinions in the network. When both media sources possess
equal influence, we theoretically characterize the final opinion con-
figuration. In the special case where there is only a single media
source present, we prove that media sources which do not adapt
their opinions are significantly more powerful than those which
do. Lastly, we conduct the experiments on real-world and synthetic
datasets, showing that our theoretical guarantees closely align with
experimental simulations.
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1 Introduction

Understanding the impact of social media and of conventional me-
dia (such as TV or newspapers) on modern societies has been an
active research topic of the last decade. This has led to a large
body of empirical work, which obtains real-world data from vari-
ous media sources and analyzes it to obtain insights into societal
phenomena [31].

To gain an enhanced theoretical understanding, computer scien-
tists have recently started to study opinion formation models from
sociology. They augment these models with abstractions of how
online social networks impact the opinion formation process, for
instance, when the social network provider (like Facebook or X,
previously known as Twitter) aims to minimize the disagreement
between the users [13] or in the context of confirmation bias and
friend-of-friend recommendations [8].

One shortcoming of previous works is that they usually ana-
lyze graphs based on online social networks without any external
influence. However, we argue that the discussion on online plat-
forms like X or Reddit is also influenced by external sources, such
as conventional media (like newspapers or TV), which are often
consumed independent of online social networks.

The influence of these external media sources on the opinion for-
mation process can be particularly stark in the event that the media
source is biased, i.e., it does not truthfully reflect the average of the
opinions. External media sources can be biased, for instance, due to
phenomena like false balance or bothsidesism, where media aim to
present both sides of a conflict but unintentionally overrepresent
one side of the conflict. This received attention when media gave
too much attention to doubters of climate change [9]. Bias can also
be the result of intentional manipulations. For example, the Polish
PiS party, which formed a majority government from 2015 to 2023,
has been blamed for engineering the media coverage to support
their own agenda [24]. As exposure to this biased information can
lead to negative societal outcomes, including group polarization,
intolerance of dissent, and political segregation [36], it is critical to
gain an enhanced understanding of the effect of (biased) external
media sources on the opinion formation process.

Our contributions. In this paper, we investigate how much impact
external sources can have on the opinion-formation process in a
social network. In particular, we propose an augmented version
of the popular Friedkin-Johnsen (FJ) model [18], in which one or
two external sources are added (see Section 3.1 for details). We use
our model to study the setting in which the external media sources
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are biased, i.e., they do not report the average of the individuals’
opinions, but their opinion is skewed into a direction. This allows us
to analyze how phenomena like false balance or biased media can
push a population’s average opinion towards a certain direction.

We provide theoretical upper and lower bounds on how much
one and two external sources can influence the average opinion in
the network (see Theorem 3.3). We then argue that our bounds are
tight. More precisely, we show that for regular graphs, our upper
and lower bounds match, i.e., that for regular graphs, our analysis
is exact. Moreover, we experimentally observe that on real-world
social networks (SN), such as Facebook, and synthetic graph models,
such as Barabési-Albert (BA) graphs [5], the growth/decrease of
the average opinion and the time it takes to reach either radicalized
average opinions (close to 0 or close to 1) is similar to the theoretical
bounds provided in Theorem 3.3 and Proposition 4.1.

We also study a setting of repeated influence from two external
sources, in which we consider multiple periods of opinion conver-
gence, after each of which the two external sources update their
bias. In the case of two media sources in which one is stronger than
the other, we show that in regular graphs even a constant number
of periods suffices to radicalize almost all opinions in the network
(see Proposition 4.1). Interestingly, we experimentally show that in
the regular graphs, this discrepancy in strength between the media
sources can be as small as one media source being connected to
one more node than the other media source to achieve this radi-
calization of opinions. For two equally influential external sources,
we specify the nodes’ final opinions exactly for regular graphs (see
Proposition 4.2). In particular, this proposition states that in this
setting the total sum of opinions stays unchanged over time, which
we additionally verify experimentally.

Furthermore, we give results that differentiate between stubborn
and non-stubborn external sources. Here, we say that an external
source is stubborn if it does not participate in the opinion formation
process, and it is non-stubborn if it updates its opinion like any other
node. We show that non-stubborn external sources can have only
very small impact, whereas the impact of stubborn external sources
(that we study in the rest of the paper) is significantly higher (see
Proposition 5.1). This suggests that it is essential that the media face
public scrutiny and peer pressure, to avoid them from (deliberately
or unintentionally) biasing a population’s average opinion.

1.1 Related Work

Studying opinion formation models and their properties has been
an active area of research for at least two decades in the computer
science literature. Some of the most well-established models are the
threshold model [25, 38], the majority model [10, 23, 42], and the
voter model [33]. In this paper, we focus on the popular FJ model.

The paper most closely related to ours is by Gionis, Terzi and
Tsaparas [22], who considered the problem of identifying the best
k individuals in a network such that if their expressed opinions are
fixed to 1, the sum of expressed opinions is maximized; this was
motivated, e.g., by marketing campaigns. They found that this prob-
lem is NP-hard, but since the objective function is monotone and
submodular, this problem admits a greedy (1 — %)-approximation
algorithm. In this paper, we also consider the sum of opinions
in a network and fix the expressed opinions of some nodes. The
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main difference is that the results in [22] are algorithmic, whereas
here we are interested in obtaining analytic bounds on how much
the opinions can change. Therefore, the techniques developed by
Gionis, Terzi and Tsaparas do not apply in our setting.

Abebe et al. [1] also studied a variation of the FJ model in which
each individual has a resistance or stubbornness parameter mea-
suring the individuals’ propensity for changing their opinion. They
consider the problem of how to change the individual’s resistances
to maximize (or minimize) the sum of opinions.

Musco, Musco and Tsourakis [29] considered the problem of
minimizing the polarization-disagreement index in the FJ model
and showed that their objective function is convex which yields an
exact polynomial-time algorithm. Zhu, Bao and Zhang [43] studied
a similar problem with the goal of adding a small number of edges
to the network, and showed that the objective function of their
problem is not submodular, although it is monotone. A similar
problem based on changing the opinions of a small number of
nodes was considered by Makos, Terzi and Tsaparas [27].

Chen and Racz [12] and Gaitonde, Kleinberg and Tardos [19]
considered the impact of adversaries on the FJ model, who aim to
maximize the polarization and disagreement in the network. They
derived analytic bounds on the maximum possible impact of ad-
versaries and also considered the underlying algorithmic problems.
This was extended to adversaries with limited information by Tu,
Neumann and Gionis [39].

Recently, several works have empirically analyzed the influence
of an external media source in different opinion dynamics models.
Crokidakis [15] and Nazeri [32] considered the influence of such
external mass media by means of Monte Carlo simulations in the
two-dimensional Sznajd model [37] and Muslim et al. [30] in the
voter model. Pineda and Buendia [34] experimentally analyze the
effect of an external media source in the Hegselmann and Krause
model [35]. Lastly, Auletta, Coppola and Ferraioli [4] and Candogan
[11] considered the setting in which the social media platform itself
gives news recommendations to the users, targeting at maximizing
user activity on the platform, in the DeGroot model [16].

Apart from external media sources, different forms of (external)
bias in opinion dynamics have been considered. The inclusion of
stubborn agents (agents with a bias towards a specific opinion) and
zealots (agents that never deflect from their initial opinion) has
by considered extensively (cf. [3, 20, 28]). Moreover, the scenario
in which there is a bias towards a certain (superior) alternative is
studied in the majority by Anagnostopoulos [2] and in the voter
model by Berenbrink et al. [6]. Lastly, Wilder and Vorobeychik [41]
and Coro et al. [14] consider a variant of influence maximization
problem in the Independent Cascade and Linear Threshold model re-
spectively, where they have the budget to convince k nodes initially
of some preferred opinion. These k nodes in turn start spreading
messages which biases the nodes who receive the message towards
this preferred opinion.

2 Preliminaries

Graph Notation. Throughout this paper, we let G = (V, E, w) be
an undirected weighted graph which represents a social network.
We setn = |[V]and w: E — Rog. Foranodei € V, N (i) :== {v €
V :{v,i} € E} is the neighborhood of i, and d; == }. jen ;) Wij s the
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degree of i. We let dmax and dpi, denote the maximum degree and
minimum degree in G, respectively. The weighted adjacency matrix
W € R™" s defined as Wj; = w;j for all i, j € V. We let D € R™"
be the diagonal degree matrix given by Dj; = 3. ;en ;) wij and 0
off the diagonal. We let L := D — W denote the graph Laplacian.
We let I € R™" be the identity matrix, and e € R" be the vector
with 1 in each entry. All logarithms are natural logarithms unless
mentioned otherwise.

Friedkin-Johnsen opinion dynamics. We study opinion dynam-
ics based on the Friedkin-Johnsen (FJ) model [18]. The dynamics
are specified by a graph G = (V, E, w), where each node i € V has a
fixed (private) internal opinion s; € [0, 1] and a (public) expressed
opinion zi(t) € [0, 1], which depends on the time ¢ € Ny. Intuitively,
one can think of [0, 1] as an interval of opinions where 0 and 1 are
the two extreme viewpoints, for instance, 0 corresponds to the view-
point that climate change is the most pressing issue of the world
and 1 corresponding to denying climate change. It will be conve-
nient for us to consider the vectors s € [0,1]" and z(*) € [0,1]" of
innate and expressed opinions. Starting with z(®) = s, at each time
step t all nodes i € V update their expressed opinions by taking the
weighted average of their neighbors’ expressed opinions, as well as
their own innate opinion:

L(41) _ Si + 2jeN(i) W"jzj('t)

! 1+ X jen(i) Wij
It is worth noticing that in this update rule, we implicitly assume

that each node’s innate opinion has unit weight 1. The above update
rule can be equivalently expressed as:

2D = (1+D)! (s +Wz(t)) .

(2.1)

(2.2)

It is well-known that for ¢t — oo, the vector of expressed equilibrium
opinions is given by

z":= lim 2 =(1+L)7 . (2.3)

Interestingly, the sum of innate and of equilibrium opinions is the
same (Lemma 2.1). This is well-known in the literature.

LEMMA 2.1. It holds thateTz"* = eTs.

Convergence properties. We will study several convergence prop-
erties of our model, where we apply some additional notation and
several lemmas from [7] for our proofs. Specifically, we will use the
characterizations of nonhomogeneous first-order matrix difference
equations (Definition 1) and properties of M-matrices (Definition 2).

DEFINITION 1. A nonhomogeneous first-order matrix difference
equation is of the form x'*1
c is an n X 1 constant vector, and {xt
n X 1 vectors.

= Hx! + ¢, where H is an n X n matrix,

o o
i1 1s an infinite sequence of

The following lemma characterizes the solution and convergence
properties of nonhomogenous first-order matrix difference equa-
tions [7, Lemma 3.6].

LEMMA 2.2. Let A =M — N € R™" be such that both A and M
are nonsingular matrices. Let H = M™'N and ¢ = M™'b. The vector
{x! 121 of the nonhomogenous first-order matrix difference equation

x*1 = Hx! + ¢ converges. Moreover, lims oo x* = A™!b.
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DEFINITION 2 (M-MATRIX). Let A be annxn matrix wherea; j < 0
foralli # j. Then A is an M-matrix if it is positive semidefinite, i.e.,
for any vector x, it holds that xTAx > 0.

Note that the graph Laplacian matrix L is an M-matrix, as it is pos-
itive semidefinite [40, Proposition 1] and its off-diagonal elements
are non-positive. Next, we provide two properties of a nonsingular
M-matrices [7, Theorem 2.3].

LEmMA 2.3. The following two properties hold: (a) If A is an M-
matrix, then A + D is a nonsingular M-matrix for each positive diag-
onal matrix D. (b) If A is a nonsingular M-matrix, then it is inverse-
positive; that is A™! exists and A™! > 0, where the inequality holds
elementwise.

3 Stubborn media sources with one period

In this section, we examine the impact of stubborn media sources on
opinion formation among individuals in social networks. These me-
dia sources are considered stubborn as they keep their (expressed)
opinions fixed throughout an entire period of opinion dynamics,
i.e., they do not adhere to the FJ-dynamics in Eq. (2.1). We first give
an overview of the model and introduce some further notation in
Section 3.1.

3.1 Our model

We consider the scenario in which two competing external media
sources M and M’ are added to the social network. In real-world
scenarios, M and M’ could be the media sources with opposing
political standings, like CNN and Fox News.

Formally, we let G = (V, E, w) be an undirected weighted graph,
and M and M’ be two external media sources. Each node i € V is
either connected to M or to M’, i.e., we either add an edge (i, M)
or (i, M) for all i € V. We set the weight of this edge to f(1 + d;),
where f > 0 is a model parameter. This means that an external me-
dia source contributes a fraction of § to the influence on the users,
and each node is exclusively connected to one media source. Addi-
tionally, we let @ € [0, 1] denote the fraction of nodes connected
to M. Hence, there are an nodes connected to M, while (1 — a)n
nodes are connected to M’. When @ = 0 or « = 1, the nodes are
influenced by a single media source, which we refer to as the single
media setting.

In this section, we assume that the expressed opinions of M and
M’ are fixed for the whole period, i.e., M and M’ do not participate
in the opinion dynamics from Eq. (2.1). We use z)s € [0, 1] to denote
the fixed expressed opinion of M and zpr € [0, 1] to denote the
expressed opinion of M’. For convenience, we define a vector ¢
such that {; = z)s if node i is adjacent to M, and {; = zp if node i
is adjacent to M.

In our analysis, we use z!) to denote the vector of expressed
opinions at time step t of nodes in the graph G that contains M and
M’. We define 2* = lim;_,00 2(*). We start by giving a closed-form
formulation for the equilibrium expressed opinions z*.

THEOREM 3.1. Let G = (V, E, w) be a weighted graph and consider
the setting described in Section 3.1, the equilibrium expressed opinions
z* can be formulated as:

25 =((1+PI+pD+L) L (s+f(I+D) ). (3.1)
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Before providing the proof of this theorem, it is worth noticing
that Theorem 3.1 is a generalization of Eq. (2.3): in the absence of
external sources, indicated by = 0, Theorem 3.1 matches Eq. (2.3).
We note that the result of the theorem holds irrespective of the
concrete values of zyr and zpy .

Intuitively, Theorem 3.1 shows that the changes to the graph
topology in the graph by including M and M’ can be translated to
adapting and slightly reweighting the innate opinions of the nodes
in the initial graph, which we also illustrate in Fig. 1.

ProoF oF THEOREM 3.1. Let Dj; = Dj; + B(1+ Dj;). By expand-
ing Eq. (2.1), node i’s expressed opinion at time step ¢ + 1 can be
formulated as follows:

(s1) S+ ZjeN() Wi,j2](~t) + B+ Xjen(i) wij)di
Z. =

! 1+ X jen() Wij + B(1+ Xjen(i) Wij)
S NG .50

_ ZjeN(i) Wij%; si +ﬂ(1+Dii)§i

l+f)ii 1+]5i,' l+ﬁii .

Writing this in matrix notation, we get:
2D = (14 D) Wz + 1+ D) (s + (D - D)?).

Note that this is a nonhomogeneous first-order matrix difference
equation (see Definition 1), and hence we can apply Lemma 2.2 to
check whether 2(*) converges and obtain the value of lim; 00 7(8)

We apply Lemma 2.2 with H = (I+D) "W and ¢ = (I+D) (s +
(D — D){). Additionally, we set M to the common term of ¢ and
H,ie,weletM =1+ ]5; hence, N = W,b = s + (]5 —D){ and
A=I+D-W.

Next, we check whether A and M are singular. We notice that
A is a nonsingular M-matrix, as L is an M-matrix and A = 1+ D —
W = (1+ f)I+ D +L is the sum of an M-matrix and a positive
diagonal matrix. Hence by Lemma 2.3, A is a nonsingular M-matrix.
Furthermore, M is nonsingular as it is a positive diagonal matrix.
Hence, we can directly apply Lemma 2.2, and get:

A= (I+D-W) s+ (D -D)]
= ((1+B)I+pD+L)" (s + pI+D)0).

Competing media sources. For the rest of this paper, we assume
that the two media sources exert opposing influences on the average
opinions of network users: M aims to increase the average opinion
of network users (i.e., bring it closer to 1), while M’ aims to decrease
the average opinion (bring it closer to 0). To this end, we consider a
bias parameter y € (0,1) and let § = ins denote the average innate
opinion of the network users. We then set the expressed opinion
zp of media source M to zp; = min{(1 + y)s, 1}, and the expressed
opinion zyy of media source M’ to zyp = (1—y)s. It is important to
note that there are instances where zj; = (1 + y)§ might be greater
than 1, thus exceeding the maximum value; we therefore add the
minimum constraint. We do not need to set the similar constraint
on zpp, as (1 — y)s is always at least 0.

e
VA =

]

3.2 Sum of opinions

Our goal is to bound how much impact the external sources M and
M’ can have on the average opinion in the network. To this end,
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we derive a bound on how much the total sum of opinions in the
network with external media sources differ from the total sum of
opinions in the network without external media sources.

Recall that above we set zp; = min{(1 + y)§, 1}. We obtain dif-
ferent results for the two cases and refer to them as non-truncated
and truncated opinions.

Before we present our main results of these two cases, let us
introduce Lemma 3.2. Our main technical results in this section are
built on the top of this lemma since it allows us to derive a bound
on the sum of opinions that purely relies on the maximum and
minimum degree of the graph. We provide the proof of this lemma
in Section 3.3.

LEMMA 3.2. Let G = (V,E, w) be a weighted graph, with degree
matrix D and Laplacian matrix L. Let § € [0, 1], and dpin and dmax
be the minimum and maximum degree of G, respectively. Then it
holds that,

(1) eT((1+ AL+ D +1) 7" < gro—daeT.

(2) eT((1+ AL+ D +L) " > grotarer.

The inequality holds element-wise. Furthermore, this holds with equal-
ity when the graph is d-regular.

Non-truncated opinions. First, we present a result in Theorem 3.3
if zpr = (1 +y)§, ie., the opinion of z)s was not truncated.

THEOREM 3.3. LetG = (V, E, w) be a weighted graph and consider
the setting described in Section 3.1 with zpr = (1 + y)§ and zpp
(1 — y)s. Then the sum of equilibrium expressed opinions can be
bounded as,

1+(dmax+1) f((22-1) y+1) eTs
ﬂ(dmin+1)+1 ’
1+(dmin+1) f((2a—1)y+1) eTs
P(dmax+1)+1 ’

To better illustrate the bounds, Corollary 3.4 states the bound
for d-regular graphs, for which it is tight.

\%

COROLLARY 3.4. Let G = (V, E, w) be a weighted d-regular graph,
i.e., dmax = dmin = d and zpr = (1 +y)s and zpp = (1 — y)S. Then
the sum of equilibrium expressed opinions is given by:

pd+D(2a-1))
T pd+n+1 O

Observe that the sum of opinions increases (decreases) when
a > % (a < %) Furthermore, when f(d + 1) is sufficiently larger
than 1 then the theorem states that eTz* = (1 + Q(y(2a — 1)))eTs,
i.e., under these conditions, the sum of opinions is only controlled
by the bias parameter y and how much the stronger media source
dominates (controlled by «).

This result is significant for two reasons: (1) Lemma 2.1 asserts
that without the intervention of external media sources, the total
sum of expressed and innate opinions of the network users always
stays the same, i.e., eTz* = eTs. Hence, the theorem characterizes
the power of the external sources and shows that, under the pa-
rameter settings from above, the external sources bias the average
opinion by a factor of 1 + Q(y(2a — 1)). (2) The result of the the-
orem is enabled by the fact that the media sources M and M’ are
stubborn, i.e., their expressed opinions are fixed. In Section 5 we
show that if there is only a single media source (i.e., @ = 1), which
can only control its innate opinion but has to update its expressed

eTZ =1+
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(a) An example of how z; gets influence from different

nodes,including M, in our model.
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(b) An equivalent influence on z;, by merging the influence
of node M with the node 1’s innate opinion s;.

Figure 1: Two equivalent ways to present the influence of a stubborn media source M and its neighbors on node 1, at each time
step. The nodes represent the innate or expressed opinions; we use circles to present nodes’ expressed opinions and use boxes
to annotate fixed innate opinions. We assume that N(1) = {2,3,4} and wy 5 = f(1 + Z?:] w1,i).

opinion based on the update rule in Eq. (2.1), the bias on the sum
of opinions is much weaker (it only contributes a factor of 1 + HTY

rather than 1+ Q(y)).

Proor or THEOREM 3.3. First we give a lower bound on the sum
of expressed opinions,

(@)

eTZ*=eT (1+f)-1+-D+L)" (s+ fI+D))
(b 1

" Pldmax+1) +1

1
§ m (eTs + (dmin + 1)BeT{)

(01+ (dmin + DB((2a -y +1) T
= eTs,
Bdmax +1) +1

where in Step (a) we used Theorem 3.1, in Step (b) we used Lemma 3.2
(2), and Step (c) follows from how we set { (recall that {; = zp; =
(1+y)- % ifiis adjacentto M, and {; = zpp = (1—-y)- % if i is ad-
jacent to M”). To obtain the upper bound stated in Theorem 3.3, we
perform the same calculation, except that now we use Lemma 3.2
(1) in Step (b). O

eT(s+p(I+D)J)

Truncated opinions. Now, we consider the case when (1+y)s > 1,
and hence we truncate z)s by setting z); = 1. Nonetheless, we still
setzyy = (1—y) ins. Note that this setting is interesting, since now
M induces a smaller bias than before, and we need to understand
how much this boosts the impact of M’. For d-regular graphs, we
obtain Proposition 3.5, which gives us a closed form solution for
etz

ProrosITION 3.5. Let G = (V,E, w) be a weighted d-regular
graph. Suppose zyr = 1 and zpp = (1 — y)8. Then the sum of equilib-
rium expressed opinions is
_(1+B(1+d)(1-a)(1-y))eTs+af(1+d)n

1+B(1+d) 3.2

eTz*

Observe that the proposition implies that eTz* increases linearly
as a function of & (since eTs < n), and it decreases linearly as a
function of the media bias y. This dependency on y stems from the
fact that we truncate z)s, while z)y decreases as y increases.
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Furthermore, in Corollary 3.6 we derive a lower bound on eT z*
that is independent of d and p that purely relies on the innate
opinions, « and y. Note that this provides a general bound on the
power of the bias of M’ if zp; = 1, since we provide a lower bound
oneTz".

COROLLARY 3.6. Suppose G is d-regular. By rearranging Eq. (3.2),
we obtain the following lower bound oneTz*:e77* > eTs(1—y+ay).
PRroOF OF PROPOSITION 3.5. We use Theorem 3.1 and simplify
the expression:
eT2" =eT((1+p)I+pD+L)" (s + B(I+D)?)

@__ 1 r(s+pa+D))

1+ p(1+d)
() eTs+B(1+d)(an+(1—a)(1-y)eTs)
- 1+p(1+d)
1411 -ppa+d) _ anf(i+d)
1+ B(1+4d) 1+ B(1+d)’

where Step (a) holds by Lemma 3.2, which we prove below. Step (b)
holds by plugging zpy = 1 and zpp = (1 - y)% into ¢, since
eTl=an-1+ (n—an)?(l —y)=an-1+(1—a)(1—y)eTs.

m]

ProoF oF COROLLARY 3.6. We start by applying Proposition 3.5:

1+(1-0(1-pp+d) _  anp(l+d)
1+p(1+4d) C ST IT B+ d)
@1+(1-a)(1-y)p+d) +af(1+d) _
g 1+p(1+d) es
® (-y+ap+(-y+app(i+d)
1+ p(1+d)

=(1-y+ay)eTs.

Note that Step (a) is obtained from n > eTs, and Step (b) is obtained
froma < 1,hence 1 —y + ay = 1+ y(a — 1) < 1. By substituting
back into the formula, we obtain

eTz" > eTs(1—y+ay),

which is what we claimed in the corollary.
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3.3 Proof of Lemma 3.2
First, we prove that it holds element-wise thateT > meT (I+

L+(D+I)f),andeT < meT (I+L+ (D+1)p). After that,
we show that (I+L + (D + 1)) is a non-singular M-matrix; this
implies that (I+L+ (D+I)8)~! only contains nonnegative elements
(see Lemma 2.3). In the end, we show that by combining these two

properties, the lemma follows.

We note that €T > zr—tormeT(I+ L+ (D+1)f), as,
1
WGT(I+L+(D+I)ﬂ)
max
1
@WN (I+(D+1)p)
() 1
< eTI(1+ f(dmax +1)) = €T,

~ Pldmax+1) +1

where Step (a) holds since eTL = 0 and Step (b) holds since D +1 <
(dmax + DL

Similarly, to show thateT < meT (I+L+(D+Dp), we
proceed as follows:

1
ﬁ(dmin + 1) +1
@

ﬁ(dmin + 1) +1
®) 1
> -
B ﬁ(dmin + 1) +1

where Step (a) follows from the fact that eTL = 0, and Step (b) holds
because D +1 > (dpin + 1).

Next, we notice that (I+L+ (D+1I)f) is a non-singular M-matrix,
as it is the sum of the M-matrix L and the positive diagonal matrix
(I+(D+1)p), according to Lemma 2.3, it is a non-singular M-matrix.

Before we finish the proof, we briefly prove an observation.
Consider vectors a > b, where the inequality holds element-wise,
and a vector ¢ with non-negative entries. Now observe thataTc =
Yiaici = X bici=bTc.

Finally, we prove the lemma by combining the previous results.
To show this, we let x; denote the j’th entry of e 7 (I+L+ (D+1)p)~1
and we let y; denote the j’th entry of B eT. Then we set

1
ax+1)+1
_ _ 1
aT =eT,bT = Bl +1)+1eT(I+L+ (D +1)f), and we let ¢ be the

j’th column vector of (I+L+ (D+1I)5)~!. Notice that by Lemma 2.3
(see above), ¢ is a vector with nonnegative entries. Now we obtain
that,

eTI+L+ (D+Dp)
eT(I+(D+Dp)

eTI(1 + f(dmin + 1)) = €T,

xj=eTc eTI+L+ (D+I)p)c

1
> 0"
B(dmax +1) +1
1
=—————e¢Td=yj,
B(dmax + 1) + 1 vi
where d is the indicator vector with a 1 in the j’th entry and 0 in all
other entries. Since this holds for all j, this implies our first bound.
Similarly, letting aT = meT (I+L+(D+0)p),bT =eT,
and ¢ any column of (I+L + (D +1)B)~, we can prove eT (I+L +
-1 1
D+DP)~ < Bdom D)1 eT.
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4 Stubborn media sources with multiple
periods

In this section, we study the impact of two stubborn media sources
on the expressed opinions over a longer time horizon. In Section 3
we considered the expressed opinions z* after M and M’ were
added to the graph and the expressed opinions converged. Now we
consider multiple periods of such convergence steps (after each of
which zs and zpy are updated) to understand how quickly opin-
ions can get radicalized towards an extreme opinion after multiple
periods. This setting is applicable when each period of convergence
corresponds to a new societal topic and is similar to a setting studied
by [19].

Formally, our model is as follows. We consider a sequence of
periodst =0,1,2,.... At the beginning of each period ¢, individuals
set their innate opinions to their expressed opinions from the pre-

vious period. Formally, let 21.(t) denote the equilibrium expressed

opinion of node i at the end of period ¢. Then in period ¢ + 1, all

nodes i set their innate opinions to sl.(tﬂ) = 21.(0. After updating

the nodes’ innate opinions, the opinions of the external sources are

also updated, now defined as zl(VtIH) = min{(1 + y)s(t”), 1}, and
zl(\/t;d) = (1- y)§(t+l), where §(f*1) = $ is the average innate
opinion at the start of period ¢ + 1. Then we run the model from

Section 3 to obtain 55 Hl). In our analysis, we restrict ourselves to

regular graphs and assume o > 1/2. We will provide results for
a> % and for o = %

Unequally strong media sources. First, we assume that o > %
i.e., that source M is connected to strictly more nodes than M’. We

first compute the minimum number of periods it takes to obtain

MO
M
in this case the average opinion in the network is at least 1/(1 +y).

We denote this number of periods by £*.

= 1, which we consider as a criterion for radicalization, since

ProPosITION 4.1. Let G be a d-regular graph and let y, 29 o and
t* be as defined above. We assume that @ > 1/2. Then,

o ouleion)
- (d+1)(2a-1) \
log (1+Y' @) pri )

Observe that if for the initial innate opinions at period 0 it holds

(d+1)B(2a-1)
that eTs = Q(n) and y - (d+)ﬁ+1
reasonable assumptions for most scenarios), then ¢£* = O(1). That
is, it takes a constant number of periods to radicalize the sum of

opinions in the network.

is a constant (which are

PRrROOF OF ProPOSITION 4.1. By Corollary 3.4 we note that,

1 200 —1

eTz" =1+ (d+ Vpy(a - 1) eTs.
d+1)p+1

Now, observe that

eTz(k) = (1 + —(d + Dy (2a - l))keTs.

d+1)p+1

As we assume that « > 1/2, we are interested in finding the period
for which,
_ 15(k)
1+p)a® = (14y)- 2 =1
n
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Now elementary calculations show that,

1og (st

- (d+1)y (2a-1)
log (1 + (d+1) f+1

Next, let us consider multiple periods where the expressed opin-
ion of M is truncated, i.e., zjr = 1. Here, even though @ > 0.5, e7Z
might decrease as zyyp is still (1 — y)é(”l) but zpp = 1 (instead of
(1+y)s(t*)). However, by setting a > 0.5, 2* = z(*1) and s = z(?)
in Corollary 3.6 we observe that the normalized average opinion

cannot drop below (1+_1y)2

Equally strong media sources. Next, we consider the case when
a= % i.e., when both media sources are equally strong. We give a
closed-form solution of the final expressed opinions after an infinite
number of periods. Here, we denote the final expressed opinions
by 2(%) = lims_e0 z(!) . Furthermore, we let 14 (0 denote the vector
which contains the initial opinions of the sources that the nodes
are connected to; more formally, we set { i(o) = s](\g)

connected to source M and {i(o) = sj(wo,)

source M’. Then we obtain the following result.

if node i is

if node i is connected to

PropPosITION 4.2. LetG = (V, E, w) be a weighted d-regular graph
and let a = % Then eTz(t) = eT75(0) forallt > 0 and z(®) =

(I + WL)*lg(O)

Proposition 4.2 shows that when the media sources are equally
strong, the sum of opinions does not change (as one might have
expected). Surprisingly, the proposition also implies that z(®) is
solely dependent on the sources’ initial opinions (0 the parameter
p which determines the impact of the sources on the nodes, and
the graph’s adjacency matrix W (which determines the degree d
and the Laplacian matrix L). Interestingly, observe that if f(d + 1)
is large, () is very close to ().

PROOF OF PROPOSITION 4.2. We first plug a = % into Corol-
lary 3.4, and we notice that eT#* = eTs. As we always set s(/+1) to
the expressed equilibrium opinions at the end of period ¢, 20 it
follows that for any period it holds that e™ z(tH) = eTz(0),

Next, consider the ¢-th period. We set M’s opinion to

etz(t) eTs
A4 =T — =4St
and M”’s opinion to
etz(t) eTs
gy = (1= ——=(1-p—.
n n

In other words, zj(vt[) and z}(\/t[? stay the same over all the periods.
Based on our observation, we use the fact that { always stays the

same over all the periods and re-formulate the linear equation of

Theorem 3.1 into the following nonhomogeneous first-order matrix

difference equation:
i) = (14 P14+ pD+L) @D + p1+D) ().

We again apply Lemma 2.2 to check whether 2(*) = lim;_,c z(?)
exists and obtain the value.

1821

CIKM °24, October 21-25, 2024, Boise, ID, USA

To apply Lemma 2.2, we set H = ((1 + f)I+ D + L)L ¢
(1+PI+pD+L)1BA+D) O M= (1+p)I+pD+L,
b=p1+D){® and A= pl+pD+L.

We observe that both A and M are non-singular M-matrices,
hence

L

2 =A"1
= (f1+ D +L) 1 pA+D) 0
= (I+(B(1+D)) L)@

Y PO S )
- (1 st

Notice that the last equality holds as the graph is a d-regular
graph. O

5 Non-stubborn Media Sources

Next, we consider a single non-stubborn media source, i.e., now the
media source participates in the FJ-dynamics like any other node.
Formally, our model is as follows. Initially, we set the innate opinion

and the expressed opinion of M to be the same, i.e., spr = zﬁ) =

(1 + y)s, but now z](v? is updated based on Eq. (2.1). Intuitively,
one would expect that here M influences the other nodes’ opinions
much less than in the stubborn setting. Indeed, we show that for
any (possibly non-regular) graph, the sum of expressed opinions
increases by at most a factor of 1 + HTY This is in stark contrast
to our discussion after Corollary 3.4, where we argued that for
d-regular graphs with d(f + 1) > 1, the sum of expressed opinions
increases by at least a factor of 1+ Q(y).

PROPOSITION 5.1. After the convergence of opinion dynamics, we
obtain thateT2* < (1 + HTY) eTs.

Proor. By Lemma 2.1, the sum of the expressed opinions of all
nodes, including the external source, is equal to the sum of innate
opinions of all nodes, namely eTz" + 2}, = eTs + 5. Re-arranging
the equation, eT2* = eTs +sp — 2. As 23, 2 0, an upper bound
on the sum of expressed opinions is given by eTz* < eTs + sy.
Plugging sp; < (1 +y)eTs/n into the formula, we obtain

1+
y)eTs.
n

Next, we run experiments to validate how well our theoretical
bounds match the behavior in on real-world graph data and syn-
thetic graph models.

eT2" <eTs+(1+y)eTs/n= (1 +

6 Experimental Results

6.1 Setup

Real-world Networks. For our experiments, we use publicly avail-
able Social Network (SN) data from [26]. Our experiments were con-
ducted on Facebook SN (4039 nodes and 88234 edges) and Wikipedia
SN (7115 nodes and 103689 edges) datasets; we abbreviate them as
FB and WK, respectively.

Synthetic Graphs. We also conducted experiments on synthetic
graphs, namely Barabasi-Albert (BA) graphs and d-regular random
graphs (DREQG), i.e., random graphs with a uniform distribution
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Figure 2: In (a), (b), (¢), (d) and (e) we consider the FB SN and the BA and DREG graph with comparable parameters to FB. In
(1), (9), (h), (i) and (j) we consider the WK SN and the BA and DREG graph with comparable parameters to WK. In (a) and
(f) the normalized sum of expressed opinions over multiple periods is depicted. The logarithmic number of periods to reach
normalized average opinion 1/(1+y) is depicted in (b) and (g) for different values of y and in (¢) and (h) for different values of /.
In (d) and (i) the logarithmic number of periods to reach normalized average opinion 1/(1+y) or ¢ := 10/n for different values
of a are shown. Lastly, in (e) and (j) the final normalized sum of opinions at the end of the process for different values of «
are given. The graph TB depicts the theoretical bound from Corollary 3.4 in (a) and (f) and Proposition 4.1 for (b), (g), (c), (h)

and (d) and (i).

over all d-regular graphs on n nodes. We include the BA graph
as it is a model to simulate real-world SNs and the DREG since
we provide theoretical results, particularly for regular graphs. The
parameters in these synthetic graphs were chosen such that they
are comparable to the real-world SN, i.e., such that the (expected)
number of nodes/edges is the same as in the aforementioned real-
world networks. For example, the DREG graph comparable to the
FB SN has 4039 nodes and degree 44 ~ (2 x 88234)/4039. All edges
in these networks are of weight 1, except from edges connected to
the media source (edge (i, M) has weight (1 + d;) similarly as in
the theoretical setup).

Innate Opinions. In our experiments, the innate opinions are
chosen from a Gaussian distribution with mean 0.5 and variance
0.2. We choose the mean in this way such that on average the innate
opinions are not biased towards 0 or 1. There is nothing unique
about our choice for the variance, and our results would hold for
different values of the variance as well.

Theoretical Bound. When reporting our results, we sometimes
include a plot corresponding to one of our theoretical results; we
denote this plot by Theoretical Bound (TB).

Implementation. To compute z* as in Theorem 3.1, we rely on
the algorithm of [21] and its implementation in Laplacians.jl. To
generate the synthetic graphs, we rely on the implementations in
[17]. Furthermore, our experiments are implemented in Julia and
our code is available in the supplementary material.
Repetitions. Each experiment is repeated 20 times. In the plots in
Fig. 2 the average output with confidence intervals are depicted
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(note that the repetitions are highly concentrated). In the plots in
Fig. 3, each one of the 20 repetitions is plotted individually.

6.2 Findings
Results for a Single Media Source. In line with Theorem 3.3,
Fig. 2a and Fig. 2f show that when all nodes are connected to a
single source M (a = 1) the normalized sum of opinions converges
to a value arbitrarily close to 1. Interestingly, the BA graph also
follows the theoretical bound for DREG (depicted in purple) quite
closely in both networks. Fig. 2b, Fig. 2g and Fig. 2c Fig. 2h indicate
that both bias parameter f and external influence magnitude y are
negatively correlated with the number of periods to reach normal-
ized average opinion 1/(1 + y) (see also Proposition 4.1). However,
the dependence on f} appears to be less significant, as we previously
observed in Corollary 3.4 for the regular graph.
Results for Multiple Media Sources. In Fig. 2d and Fig. 2i the
logarithm of the number of periods it takes to reach normalized
average opinion 1/(1 + y) for different values of « is depicted. Con-
sistent with Proposition 4.1, we observe that the process takes the
longest for values of & close to 0.5 in both networks. The asymme-
try in the plot is due to the nature of our model (from n/2, it takes
less time to reach n/(1 + y) by increasing with a factor of (1 +y)
than to reach a very small constant by decreasing by a factor of
1 —y). In Fig. 2e and Fig. 2j we observe that the normalized sum of
opinions converges for values of & < 0.5 to 0 and for @ > 0.5 to 1,
as previously proven for the regular graphs in Corollary 3.4.

Next, we further investigate the behavior at the threshold value
a = 0.5. As the number of nodes in FB and WK SN are 4039 and
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Figure 3: In all the above figures, we plot the normalized sum of opinions when « = 0.5 or @ = 0.5. Each one of the 20 repetitions
is plotted individually. In (a) and (e) we consider the FB and WK SN respectively with a randomly chosen node removed.
Figures (b) and (f) correspond to DREG graphs with n = 4038, d = 44 and n = 7114, d = 30 respectively (note that these are
comparable parameters to the FB and TW SN with a single node removed, which is the same across repetitions). In (¢) and (g)
we depict the FB and WK SN respectively. Lastly, in (d) and (h) DREG graphs with comparable parameters to FB and WK SN

respectively are shown.

7115 respectively, and thus odd (so a cannot be exactly 0.5 in this
case), we delete one node from these graphs uniformly at random
to achieve @ = 0.5. Moreover, we generate DREG graphs on 4038
nodes with d = 44 (the same average degree as FB SN) and 7114
and d = 30 (same average degree as WK SN).

The normalized sum of opinions over multiple periods for these
graphs are depicted in Fig. 3a, Fig. 3e (SN’s with a randomly chosen
deleted node) and Fig. 3b, Fig. 3f (DREG graphs with comparable
parameters to FB and WK SN with a single removed node). We
observe that in line with Proposition 4.2, the sum of expressed
opinions stays the same in the DREG graphs on 4038 and 7114
nodes but on the FB and WK SN converges to either 0 (this happens
in iterations whose graphs are colored red in Fig. 3a, Fig. 3e) or to 1
(this happens in iterations whose graphs are colored blue in Fig. 3a
and Fig. 3e). Lastly, we perform the same experiment on the actual
FB and WK SN and DREG graphs with comparable parameters
to FB and WK SN as depicted in Fig. 3c and Fig. 3g and Fig. 3d,
Fig. 3h. Here, due to the odd number of nodes of FB and WK SN,
either a = 0.4999 or a = 0.5001, both with probability 0.5. We thus
observe in Fig. 3d that by adding a single node to the DREG graph
the final set of opinions also becomes radicalized, even though it
takes many periods. This indicates that even a very small difference
in the power of the external media source has a significant impact
on the final opinion configuration.

Summary. Our experiments have shown that our simulations re-
sults and the bounds that we obtained theoretically match very
well. This is interesting since some of our theoretical results were
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mostly derived for d-regular graphs, and the real-world networks
are not regular. This empirically indicates that our theoretical re-
sults transfer to real-world graphs.

7 Conclusions

In this paper, our goal was to obtain a mathematical understanding
of how external sources impact the opinion formation process in
social networks. To study this formally, we proposed a generalized
version of the popular FJ model and derived analytic bounds on the
power of the external sources. Several of our bounds are tight for
regular graphs, and we showed experimentally that our theoretical
bounds closely match simulation results on real-world datasets.

In the future, it would be interesting to study the more general
setup, where an external source can connect to only a given number
of nodes and aims to optimize a specific objective, such as maximiz-
ing/minimizing the final sum of opinions. Another potential avenue
for future research is investigating the impact of external sources on
polarization in the network, especially when two external sources
attempt to pull the opinions in opposite directions.
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