
Received: 20 March 2023 Revised: 10 January 2024 Accepted: 15 January 2024

DOI: 10.1002/nag.3695

RESEARCH ARTICLE

A new cube movement test for verification of simulations
of contact processes of blocks of different size in geological
hazards

XinquanWang1,2,3 Chun Feng2,3 Olaf Lahayne1 Yiming Zhang4

Herbert A. Mang1,5 Bernhard L. A. Pichler1

1Institute for Mechanics of Materials and
Structures, TU Wien (Vienna University
of Technology), Vienna, Austria
2Institute of Mechanics, Chinese
Academy of Sciences, Beijing, China
3School of Engineering Science,
University of Chinese Academy of
Sciences, Beijing, China
4School of Civil and Transportation
Engineering, Hebei University of
Technology, Tianjin, China
5College of Civil Engineering, Tongji
University, Shanghai, China

Correspondence
Bernhard L. A. Pichler, Institute for
Mechanics of Materials and Structures,
TU Wien (Vienna University of
Technology), Karlsplatz 13/202, 1040
Vienna, Austria.
Email: Bernhard.Pichler@tuwien.ac.at

Funding information
China Scholarship Council; National Key
Research and Development Program of
China, Grant/Award Number: No.
2018YFC1505504

Abstract
Inmany geological hazards, such as landslides, a large number of irregular blocks
start moving. Their interaction on the way down renders prediction of disaster
scopes difficult. To study this process and to provide a novel method for vali-
dation and calibration of numerical tools for its simulation, a cube movement
test is designed. The goal of this research is to obtain patterns of movement of
cubes, starting from different initial stacking arrangements. Cubes of four sizes
are inserted into a hollow cylinder. Their distribution after lifting the cylinder is
determined. Three categories of tests refer to three different strategies of filling
the cubes into the cylinder. In order to simulate cube movement tests, a numeri-
cal tool is developed in the framework of the continuum–discontinuum element
method (CDEM). The contact between the individual cubes is modeled by the
contact-pairs-based algorithm. Both the contact state and type are detected by
determining the half-space relation between contact pairs. The final positions of
the cubes are strongly related to their initial arrangement. The latter is different
in every test, even if the same strategy is used to fill the cubes into the cylin-
der. It is found that at least 20 experiments/simulations are required to obtain
statistically representative results. The new test provides valuable data for vali-
dation of numerical tools used for the simulation of mass movement processes.
The proposed numericalmethod captures the complicatedmovements of blocks.

KEYWORDS
contact detection, continuum–discontinuum element method, irregular polyhedra, mass
movement

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
© 2024 The Authors. International Journal for Numerical and Analytical Methods in Geomechanics published by John Wiley & Sons Ltd.

Int J Numer Anal Methods Geomech. 2024;48:1553–1580. wileyonlinelibrary.com/journal/nag 1553

https://orcid.org/0000-0001-8081-0078
https://orcid.org/0000-0001-6592-144X
https://orcid.org/0000-0002-3693-8039
https://orcid.org/0000-0002-6468-1840
mailto:Bernhard.Pichler@tuwien.ac.at
http://creativecommons.org/licenses/by-nc/4.0/
https://wileyonlinelibrary.com/journal/nag
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnag.3695&domain=pdf&date_stamp=2024-01-28


1554 WANG et al.

1 INTRODUCTION

In geological hazards, such as rocky landslides and debris flows, a large number of irregular rock boulders is involved
in their motion, including contact and collision.1,2 When the rock body fractures and moves along the damaged surface,
encountering large displacements, the discontinuous characteristics of the rock body need to be considered. Several simu-
lationmethods use a particle- or block-based approach to develop geologicalmodels, paying attention to the discontinuous
characteristics in geological problems. These simulation methods include the discrete element method (DEM),3 discon-
tinuous deformation analysis (DDA),4,5 the numerical manifold method (NMM),6,7 the material point method (MPM),8,9
smoothed particle hydrodynamics (SPH),10,11 and the finite-discrete element method (FDEM).12 Another method is the
continuum–discontinuum element method (CDEM). It is a hybrid method that can simulate the whole process from
a continuous to a discontinuous geological body.13,14 The CDEM was successfully applied to the analysis of a variety
of geotechnical engineering problems, such as coal caving mining,15 propagation of hydrofracturing cracks,16,17 rock
blasting,18,19 crack propagation of brittle materials,20,21 deformation of tunnels,22 and landslides.23,24 The success of mod-
ern simulation models for granular matter requires realistic and efficient consideration of frequently complex particle
shapes of geological materials, see Zhao et al.25 for a comprehensive appraisal of state-of-the-art computational models
for granular particles of either naturally occurring shapes or engineered geometries.
The collision of blocks results in contact forces. The subsequent movement of the blocks is influenced by their con-

tact. Modeling of contact exerts an influence on the results of the simulation.26,27 Because of the need to simulate the
movement characteristics of discontinuous rock mass, as with all other simulation methods that consider discrete prop-
erties, the CDEM requires robust contact-detection algorithms for describing the contact state between the blocks.28,29
Contact detection methods remain a major challenge in discrete element calculations. Contact between the blocks needs
to be continuously identified and updated throughout the computation. The contact-detection algorithmmust be accurate
and efficient.
For irregular elements, such as irregularly shaped particles23,30 and polygonal and polyhedral blocks, contact methods

are complex. The common plane method31 is one of the generally used search methods. The contact relations are deter-
mined by finding the common plane between the blocks. The fast common plane method,32 the shortest link method,33
and other noniterative common planemethods34,35 are developed, based on the common plane theory. The entrance-block
method36 is another contact detection theory. It converts the contact relation between two blocks into a contact relation-
ship between a point and an entrance block. Based on this contact theory, cover-based contact detectionmethods37–39 have
been developed. Potential-based penalty function methods are established to calculate the contact forces.40–42 Because of
the irregularity of polyhedra, algorithms for complete contact search and efficient contact identification are difficult to
develop. The establishment of an effective contact detection theory is a very difficult task.
After contact is detected, the corresponding contact force is to be calculated. There are twokinds of relatedmethods.One

of them allows contact bodies to overlap, and the contact force is calculated based on the penetration volume. Such meth-
ods are also called “soft-dem” approaches.43 Examples of this strategy are the penalty method proposed by Cundall3 and
the potential-based penalty functionmethods.40–42 Thesemethods use an explicit approach. The other kind is based on the
contact dynamics method.44–46 It ensures that there is no overlap in the contact area. Such methods are also called “rigid-
dem” approaches.47 The contact forces are applied as constraints at the contact points. Examples of this procedure are the
Lagrangian multiplier method,48 and the augmented Lagrange formulation.49 Both of them use an implicit approach.
Geological bodies are cut by different joints to form polyhedra. Many numerical benchmark tests use blocks of the

same size to show the accuracy of the underlying algorithms. This enables checking the consistency between numerical
results and experimental or analytical results. However, in real situations, the sizes of the blocks are different. This results
in different characteristics of the movement of the blocks.50,51 In this study, experiments with cubes of different size are
carried out. The steps of the experiment refer to the hollow-cylinder test, which has been widely used to test the properties
of granular materials.52–54 The regularities of the motion of cubes with four different sizes, starting from three different
arrangements, are studied. The simulations are performed, considering the same situation as in the experiments. The
contact status is detected by the half-space-based contact-detection algorithm.29 Herein, the subsequent identification of
the contact type is improved by taking into account the location and the number of contact pairs that satisfy the half-
space inclusion relation in the last step. This has the advantage that missed or inaccurate contact detection is avoided.
The contact forces are calculated based on the penalty function method.3,55
The paper is organized as follows: The cube movement tests are documented in Section 2, including tests of material

properties, experimental settings, and the results of tests for three types of initial cube arrangement. A brief review of
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TABLE 1 Side lengths of the PVC cubes and their numbers.

Side length of cubes [𝐦𝐦] 20 16 12 8 Total
Number of cubes [ – ] 4 8 20 68 100
Total volume [mm3] 32,000 32,768 34,560 34,816 134,144

TABLE 2 Properties of the PVC, out of which the cubes are made.

Physical property Value
Mass density 𝜌 1.406 ± 0.006 kg∕m

3

Longitudinal wave speed 𝑣𝑙 2.386 ± 0.011 km∕s

Transversal wave speed 𝑣𝑡 1.025 ± 0.008 km∕s

Modulus of elasticity 𝐸 4.085 ± 0.066GPa

Poisson’s ratio 𝜈 0.387 ± 0.002GPa

the formulation of the CDEM and the contact-detection algorithms for polyhedral blocks is presented in Section 3. The
simulation process and the results are also described in Section 3. A comparison of experimental and simulation results
is presented in Section 4. After a discussion in Section 5, the main conclusions are drawn in Section 6.

2 PULL-UP OF A HOLLOWCYLINDER FILLEDWITH PVC CUBES OF DIFFERENT
SIZE

A laboratory test, mimicking a geological mass movement problem, is developed. After inserting cubes made of polyvinyl
chloride (PVC) into a hollow polymethyl methacrylate (PMMA) cylinder, the latter is pulled upwards, the cubes run out
of it, and they come to rest in a specific distribution pattern which is documented. The approach is conceptually similar to
slump tests used for determination of the consistency of freshly mixed concrete,56,57 angle of repose tests used in powder
technology,52 and mass movement tests performed with objects of the same size and shapes.58
The use of cubes of four different sizes and the implementation of three different strategies to fill them into the hollow

PMMA cylinder are two new features of the performed tests. One hundred cubes are used for every test: four cubes with
a side length amounting to 20mm, eight cubes with 16mm, 20 cubes with 12mm, and 68 cubes with 8mm, see Table 1.
The cubes are cut from a large piece of PVCmaterial. The edges remained as sharp as they were, that is, no postprocessing
such as smoothening was carried out. The inner diameter of the cylinder is chosen as three times the side length of the
largest cube, that is, 60 mm. The outer radius is 70 mm. A cylindrical coordinate system is introduced. Its origin is located
at the center of the circle at the bottom of the PMMA cylinder. The 𝑧-axis coincides with the axis of the PMMA cylinder
and runs upwards. Three different strategies are used to fill the cubes into the cylinder.

1. “Negative size-gradient arrangement”: At first, the 20-mm cubes are inserted into the cylinder, followed by the 16-, 12-,
and 8-mm cubes.

2. “Positive size-gradient arrangement”: At first, the 8-mm cubes are inserted into the cylinder, followed by the 12-, 16-,
and 20-mm cubes.

3. “Random arrangement”: All cubes are mixed in a bowl and inserted into the cylinder in a disordered fashion.

The tests are performed on a surface made of polyethylene terephthalate (PET). Concentric circles are printed on this
surface, see Figure 1. The radial distance between neighboring circles amounts to 1 cm. The testing room is conditioned
to 20◦C.

2.1 Production of PVC cubes and ultrasonic characterization of their elastic stiffness

The cubes were produced from one block of PVC using a three-axis CLCmilling machine of type KunzmannWF 7/3-320.
It provides a nominal fabrication accuracy of 1 µm. The mass density 𝜌 of the PVCmaterial was quantified by dividing the
mass of individual cubes by their volume, see Table 2.
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F IGURE 1 Characteristic stages of the experiments: (A) check of the alignment of the axis of the lifting system with the centers of the
circles printed onto the PET surface, (B) initial arrangement of PVC cubes after their insertion into the hollow PMMA cylinder, (C) side view
of the final position of the cubes, and (D) corresponding top view after removal of cubes which have ended up on other cubes.

As for characterization of the elastic stiffness of the used PVC, loading–unloading tests would activate viscoelastic
material behavior, raising the need to evaluate such tests by means of the linear theory of viscoelasticity.59 As a remedy,
ultrasonic pulse velocity measurements are performed and evaluated by means of the theory of elastic wave propagation
through isotropic media.60 Corresponding expressions for the modulus of elasticity, 𝐸, and Poisson’s ratio, 𝜈, read as

𝐸 =
𝜌 𝑣2𝑡 (3𝑣

2
𝑙
− 4𝑣2𝑡 )

𝑣2
𝑙
− 𝑣2𝑡

, (1)

𝜈 =
𝑣2
𝑙
− 2𝑣2𝑡

2(𝑣2
𝑙
− 𝑣2𝑡 )

, (2)

where 𝑣𝑙 and 𝑣𝑡 denote longitudinal and transversal wave speeds. In order to quantify them, one cube of each size was
tested. Four individual tests are performed in all three possible directions, using both longitudinal and transversal waves
with a central frequency of 5 MHz. This results in a database of 48 pairs of longitudinal and transversal wave velocities.
They are virtually independent of the cube size and the measurement direction, see Table 2 for mean values and standard
deviations. Evaluation of Equations (1) and (2) based on values of 𝜌, 𝑣𝑙, and 𝑣𝑡 from Table 2 yields values of 𝐸 and 𝜈 also
listed in Table 2. The values of 𝐸 are, for example, typically located in an interval ranging from 2.5 to 5.5 GPa.61

2.2 Determination of friction coefficients

The friction coefficients, 𝜇, are determined by means of sliding experiments. A PVC cube is put on a PVC plate made
from the same material. The inclination of the plate is increased slowly until the cube starts sliding. The corresponding
value of the angle of inclination 𝜑 is measured. It allows for quantification of the coefficient of friction as 𝜇 = tan𝜑.
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TABLE 3 Values of coefficients of friction between PVC cubes and a PVC plate, the PET surface, and the PMMA cylinder, respectively.

Side length of cubes [𝐦𝐦] 20 16 12 8
PVC cubes on a PVC plate 0.262 0.271 0.314 0.443
PVC cubes on the PET surface 0.305 0.316 0.358 0.444
PVC cubes in the hollow PMMA cylinder 0.274 0.287 0.303 0.356

TABLE 4 Coefficients of restitution according to Equation (3) as a function of the size of the PVC cubes.

Side length of cubes [𝐦𝐦] 20 16 12 8
𝐻1 [cm] 5.6 7.7 5.3 6.8
𝑅 0.43 0.51 0.42 0.48

Performing such tests with cubes of all four sizes yields the values of the friction coefficients listed in Table 3. They are
inside the range of PVC-on-PVC friction coefficients reported in the literature.61 The same type of experiment is performed
for quantification of values of coefficients of friction between the PVC cubes and the PET surface, see Table 3. As regards
friction between the PVC cubes and the hollow PMMAcylinder, one cube is put into the cylinder such that contact prevails
along two edges of the cube. The inclination of the cylinder is increased until the cube starts sliding along the contact edges,
see Table 3 for values of friction coefficients.

2.3 Determination of coefficients of restitution

The coefficient of restitution 𝑅 is determined by means of drop tests.62 Individual cubes of all sizes are dropped, one after
the other, from a height𝐻0 amounting to 30 cm. This is done in a way that the cubes impact with a side face, rather than
with an edge or a corner, onto the PET surface. The impact of each cube and the rebound from the PET surface are recorded
with a camera. The height of rebound,𝐻1, of each cube is measured by means of a ruler, which is positioned vertically in
the immediate vicinity of the falling cube, see Table 4 for results. The coefficient of restitution, 𝑅, is quantified as

𝑅 =

√
𝐻1
𝐻0
, (3)

see Table 4 for values of 𝑅 obtained for the four different sizes of the cubes.

2.4 Performing and documenting cube movement tests

The cylinder containing the cubes is lifted, using a servohydraulic testing machine of typeWalter und Bai/DLFV-250/DZ-
10-D, see Figure 2. The maximum strokes of both hydraulic cylinders of this machine are too small for lifting the hollow
PMMAcylinder high enough to ensure a complete run-out of the cubes. As a remedy, the upper end of the PMMAcylinder
is fixed to the crosshead of the testing machine. The cross head is hydraulically moved upwards at a speed of 28mm∕s
until all cubes have run out of the cylinder.
Once all cubes have reached a stable final position, see Figure 1C, the obtained arrangement is documented by counting

the number of cubes ending up in 19 specific regions. The first region is equal to the area of the PET surface, which is
initially inside the PMMA cylinder. This circular region has a radius of 3 cm and is referred to as “Position 3 cm.” The
next 17 regions have annular shapes. The radial width of all annuli is equal to 1 cm. The innermost annular region has an
inner radius of 3 cm and an outer radius of 4 cm. It is referred to as “Position 4 cm.” The outermost annular region has an
inner radius of 19 cm and an outer radius of 20 cm. It is referred to as “Position 20 cm.” The last region refers to the area
of the PET surface, with a radial distance from the axis of the experiment larger than 20 cm. For the sake of simplicity, it
is referred to as “Position 21 cm.”
Each cube is assigned to one of these 19 regions. To this end, its center of gravity is projected vertically downwards onto

the PET surface. The obtained point is inside one specific region. It is assigned to the cube. This assignment is performed
by means of the following two-step procedure. Step 1 refers to cubes ending up on top of other cubes, see Figure 1C. These
cubes are visually assigned to the respective regions and then manually removed without changing the positions of the

 10969853, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3695 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [07/11/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1558 WANG et al.

F IGURE 2 Servohydraulic testing machine used for the cube movement experiments.

F IGURE 3 Photos showing distribution patterns resulting from tests which for three different initial arrangements: (A) negative
size-gradient, (B) positive size-gradient, and (C) random arrangement.

other cubes. Step 2 refers to cubes ending up directly on the PET surface. A photo of these cubes, taken from the top, is
shown in Figure 1D. Post-processing by means of image analysis software allows for automatically assigning the cubes to
the different regions.

2.5 Results from cube movement tests

Each cube movement test delivers a unique result. Different initial arrangements of the cubes provide different results,
see Figure 3, containing photos of the distribution patterns of the cubes after the start of tests for the three different types
of initial arrangements. Notably, these photos were taken after the classification and removal of cubes ending up on top of
other cubes. Corresponding test results in terms of numbers of cubes, ending up in the different regions, are illustrated in
Figure 4. The distribution of the 8-mm cubes may look quite similar when comparing results obtained with the “negative
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(A) (B) (C)

F IGURE 4 Number of cubes ending up in different regions, resulting from tests which for three different initial arrangements:
(A) negative size-gradient, (B) positive size-gradient, and (C) random arrangement.

F IGURE 5 Photos showing distribution patterns obtained from three different tests, starting from a “random arrangement” of the cubes.

size-gradient arrangement” and the “random arrangement,” see Figure 4A,C. However, manymore 8-mm cubes stay very
close to the center when starting the test from the “positive size-gradient arrangement,” see Figure 4B, noting that the
ordinate interval from 9 to 49 is cut out.
There is also a noticeable dispersion of the experimental results when comparing distribution patterns obtained from

different tests for the same type of initial arrangements, see for example Figure 5 for results referring to an initial “random
arrangement.” These results indicate that it is necessary to repeat the tests several times, in order to get statistically repre-
sentative results. One hundred and twenty cube movement tests were performed, that is, 40 tests for each one of the three
strategies used to fill the cubes into the hollow cylinder, see Tables A.2, B.2, and C.2. For the tests that started from “ran-
dom arrangements” of the cubes, see Table C.2, a convergence analysis was carried out for the sake of assessing whether
or not enough tests were performed in order to obtain statistically representative results. The convergence analysis started
with results from the first 10 tests. The mean values and the standard deviations of the number of cubes of a specific size,
ending up in specific regions, were computed and illustrated, see the black graphs in Figure 6. This is repeated based on
the results obtained from the first 20 tests and from all 40 tests, respectively, see the red and blue graphs in Figure 6. The
mean values from the first 20 tests are quite similar to the ones resulting from all 40 tests. Thus, 20 tests appear to be
enough in order to obtain statistically representative results.

3 SIMULATIONMETHOD

3.1 Formulation of the continuum–discontinuum element method

3.1.1 Governing equations

The Lagrangian equations are given as

d

d𝑡

𝜕𝐿

𝜕�̇�𝑖
−
𝜕𝐿

𝜕𝑢𝑖
= 𝑄𝑖 , (4)
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(A) (B)

(C) (D)

F IGURE 6 Convergence analysis of results obtained from cube movement tests for initial “random arrangements” of cubes, see
Table C.2: mean values and standard deviations of the number of cubes ending up in specific regions, computed on the basis of the first 10, the
first 20, and all 40 test results: (A) 20-mm cubes, (B) 16mm cubes, (C) 12-mm cubes, and (D) 8-mm cubes.

where 𝑡 stands for the time, 𝐿 denotes the Lagrangian, 𝑢𝑖 is a component of the displacement of node 𝑖 of the element
considered, �̇�𝑖 is the derivative of 𝑢𝑖 with respect to time, that is, the corresponding velocity component of node 𝑖, and 𝑄𝑖
is a nonconservative force component at this node.
The governing state equations for an element are given as

𝑴�̈� + 𝑪�̇� + 𝑲𝒖 = 𝑭 , (5)

where𝑴, 𝑪, and𝑲 denote the element mass, damping, and stiffness matrix, respectively. 𝑭 denotes the vector of external
node forces. 𝒖, �̇�, and �̈� stand for the displacement, velocity, and the acceleration vector, respectively.

3.1.2 Explicit approach of the solution

The governing equations of the CDEM are solved by the dynamic relaxation method, which is an explicit method. The
mass is concentrated at the nodes of the discrete elements, and the relationships between the nodes are defined in terms of
the stiffness of the element. Only the stiffness matrices of the elements need to be calculated. Because the displacement at
the current time step only depends on the velocity and the displacement of the previous time step, an iterative calculation
of the global stiffness matrix, that is, the one of the whole block, is avoided.
The solution process can be divided into three steps: step 1 extends over the elements; it involves the calculation of the

deformations and of the damping forces for each element, step 2 stretches over the interfaces; it involves the calculation
of the contact conditions and the contact forces for each contact interface, step 3 extends over the nodes; it consists of the
calculation of the external forces, accelerations, velocities, and displacements for each node.
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WANG et al. 1561

The forward Euler differencemethod is used. To ensure numerical stability, a small time stepΔ𝑡 is required. The critical
time step can be estimated by dividing the velocity of sound through the elements by the minimum size of the elements.63
Δ𝑡 should be smaller than the critical time step. The differential equations for the velocity and the displacement are given
by

�̇�(𝑡+Δ𝑡) = �̇�(𝑡) + �̈�(𝑡) Δ𝑡 ,

𝑢(𝑡+Δ𝑡) = 𝑢(𝑡) + �̇�(𝑡) Δ𝑡 .
(6)

During the calculation process, the deviation of the results from an equilibrium state of the system is characterized by
the imbalance ratio. Viscous damping is adopted to absorb part of the kinetic energy of the system and to make dynamic
relaxation computationally more efficient. In the CDEM, the Rayleigh damping is adopted, the damping matrix is given
as64

𝑪 = 𝛼𝑀𝑴 + 𝛼𝐾𝑲 , (7)

In the present study, only the stiffness damping is employed (𝛼𝑀 = 0). The stiffness damping is applied on the element,
which is treated as equivalent to the damping applied on the contact spring. For a linear single degree of freedom system,
𝛼𝐾 is given as

𝛼𝐾 =
2𝜁√
𝐾𝑛∕𝑚

, (8)

where 𝜁 denotes the critical damping ratio,𝐾𝑛 stands for the normal contact stiffness, and𝑚 denotes the mass. According
to the linear spring-dashpot contact model,65,66 the critical damping ratio 𝜁 is expressed as

𝜁 = −
ln𝑅√

ln
2
𝑅 + 𝜋2

, (9)

where 𝑅 is the coefficient of restitution, see Table 4.

3.2 Contact-pairs-based contact algorithm

The simulation of the movement of the cubes involves many contacts between them. A contact-pairs-based contact-
detection algorithm29 for an irregular polyhedron is used in this study. Its geometry is described in terms of half-spaces.
The polyhedron is assumed to be the intersection of multiple half-spaces. The contact-detection algorithm consists of
two stages: the stage of contact-status detection and the one of contact-type identification. In the first stage, the contact
status is detected by the half-space inclusion relations of the contact pairs. After detection of a contact, the next step is
contact-type identification. In the original method,29 the contact type was identified by the location of the contact point.
In the present study, this approach is improved. The contact type is determined by the location and the number of contact
pairs that satisfy the half-space inclusion relation in the last step. The contact detection algorithm is implemented in the
framework of the CDEM.

3.2.1 Contact-status detection

A three-dimensional half-space (see Figure 7) can be defined as

(𝒑 − 𝒂) ⋅ 𝒏 ≥ 0 , (10)

where 𝒑 denotes the space vector of an arbitrary point in the half-space, 𝒂 is a space vector directed to a point on the
boundary of the half-space, and 𝒏 stands for the vector, normal to this boundary. The half-space is located on the side of
the face to which 𝒏 is pointing.
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1562 WANG et al.

F IGURE 7 Definition of a half-space.

F IGURE 8 V–F potential contact pair.

In this case, the face 𝑖 of a polyhedron is denoted as 𝑓𝑖 . The plane in which 𝑓𝑖 is located is the boundary of a half-space,
defined as

(𝒑 − 𝒂𝑖) ⋅ 𝒏𝑖 = 0 , 𝑖 = 1, 2, … , 𝑛 , (11)

where 𝒂𝑖 and 𝒏𝑖 are the space vector and the “inner normal vector” of face 𝑖 of a polyhedron, respectively. The “inner
normal vector” points to the interior of the polyhedron.
An edge can be defined as the line of intersection of two faces. A vertex can be defined as the intersection point of three

or more faces. A convex polyhedron Ω𝐴 with 𝑛 faces can be defined as the intersection of 𝑛 half-spaces,

(𝒑 − 𝒂𝑖) ⋅ 𝒏𝑖 ≥ 0 , 𝑖 = 1, 2, … , 𝑛 . (12)

At the contact-status detection stage, all six contact types are summarized to vertex–face (V–F) contacts and edge–edge
(E–E) contacts. At this stage, the V–F potential contact pair and the E–E potential contact pair are identified. By examining
the relation between the vertex and the face in the V–F potential contact pair and the one between edge and edge in the
E–E potential contact pair, the contact status between two polyhedral blocks can be detected.29
For a V–F potential contact pair, consider a vertex formed by the intersection of three faces, see Figure 8. 𝒗𝐴𝑖 defines the

space vector of a vertex of polyhedronΩ𝐴. 𝑓𝐴𝑖 , 𝑓𝐴𝑗 , and 𝑓𝐴𝑘 denote the faces, in counterclockwise order, the intersections
of which result in this vertex. 𝒏𝐴𝑖 , 𝒏𝐴𝑗 , and 𝒏𝐴𝑘 are the inner normal vectors of these faces. In case of vertices formed by
more than three faces, the situation is analogous. 𝑓𝐵𝑛 stands for a face of polyhedron Ω𝐵, while 𝒏𝐵𝑛 denotes the inner
normal vector of this face.
The vertex vectors 𝒆𝑖𝑗 , 𝒆𝑗𝑘, 𝒆𝑘𝑖 are defined as

𝒆𝑖𝑗 = 𝒏𝐴𝑖 × 𝒏𝐴𝑗 ,

𝒆𝑗𝑘 = 𝒏𝐴𝑗 × 𝒏𝐴𝑘 ,

𝒆𝑘𝑖 = 𝒏𝐴𝑘 × 𝒏𝐴𝑖 .

(13)
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WANG et al. 1563

F IGURE 9 Half-space inclusion relation of a V–F potential contact pair.

F IGURE 10 E–E potential contact pair.

Because the faces are labeled in counterclockwise order and the angles between two adjacent faces are less than 180◦, the
vectors point off from the vertex 𝑣𝐴𝑖 . A V–F potential contact pair (see Figure 8) is defined as

𝒆𝑖𝑗 ⋅ 𝒏𝐵𝑛 ≤ 0 ,

𝒆𝑗𝑘 ⋅ 𝒏𝐵𝑛 ≤ 0 ,

𝒆𝑘𝑖 ⋅ 𝒏𝐵𝑛 ≤ 0 .

(14)

Given a point on face 𝑓𝐵𝑛, defined by its space vector 𝒑𝑏, see Figure 9. If the direction vector (𝒑𝑏 − 𝒗𝐴𝑖) satisfies the
condition

(𝒑𝑏 − 𝒗𝐴𝑖) ⋅ 𝒏𝐵𝑛 ≤ 0 , (15)

the vertex defined by 𝒗𝐴𝑖 is located on the same side of the half-space to which 𝒏𝐵𝑛 is pointing. Then, this vertex is located
in the half-space defined by the face 𝑓𝐵𝑛. This V–F potential contact pair satisfies the half-space inclusion relation.
In the following, the detection of the E–E contact between two polyhedral blocks,Ω𝐴 andΩ𝐵, is described. 𝐸𝑖𝑗 denotes

an edge ofΩ𝐴, and 𝒗𝐴𝑖 and 𝒗𝐴𝑗 stand for the space vectors pointing to the two vertices of this edge. 𝑓𝐴𝑖 and 𝑓𝐴𝑗 are the two
faces, the intersection of which forms this edge. 𝒏𝐴𝑖 denotes the inner normal vector of face 𝑓𝐴𝑖 , and 𝒏𝐴𝑗 stands for the
inner normal vector of face 𝑓𝐴𝑗 . Similarly, 𝐸𝑘𝑙 denotes an edge ofΩ𝐵, and 𝒗𝐵𝑘 and 𝒗𝐵𝑙 stand for the space vectors pointing
to the two vertices of this edge. 𝑓𝐵𝑘 and 𝑓𝐵𝑙 are the two faces, the intersection of which forms this edge. 𝒏𝐵𝑘 denotes the
inner normal vector of face 𝑓𝐵𝑘, and 𝒏𝐵𝑙 stands for the inner normal vector of face 𝑓𝐵𝑙.
The two edge vectors, 𝒉𝐴𝑖 and 𝒉𝐴𝑗 , in Figure 10 are defined as29

𝒉𝐴𝑖 =
(
𝒏𝐴𝑖 × 𝒏𝐴𝑗

)
× 𝒏𝐴𝑖 ,

𝒉𝐴𝑗 =
(
𝒏𝐴𝑗 × 𝒏𝐴𝑖

)
× 𝒏𝐴𝑗 .

(16)
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1564 WANG et al.

F IGURE 11 Half-space inclusion relation of an E–E potential contact pair.

The two edge vectors, 𝒉𝐵𝑘 and 𝒉𝐵𝑙, in Figure 10 are defined as29

𝒉𝐵𝑘 = (𝒏𝐵𝑘 × 𝒏𝐵𝑙) × 𝒏𝐵𝑘 ,

𝒉𝐵𝑙 = (𝒏𝐵𝑙 × 𝒏𝐵𝑘) × 𝒏𝐵𝑙 .
(17)

The vector 𝒏𝑒𝑒 is defined as29

𝒏𝑒𝑒 =
(
𝒏𝐴𝑖 × 𝒏𝐴𝑗

)
× (𝒏𝐵𝑘 × 𝒏𝐵𝑙) , (18)

𝒏𝑒𝑒 represents the normal vector of the plane if the edges 𝐸𝑖𝑗 and 𝐸𝑘𝑙 are in contact.
An E–E potential contact pair (see Figure 10) is defined either by the conditions

𝒏𝑒𝑒 × 𝒉𝐴𝑖 ≤ 0 , 𝒏𝑒𝑒 × 𝒉𝐴𝑗 ≤ 0 ,

𝒏𝑒𝑒 × 𝒉𝐵𝑘 ≥ 0 , 𝒏𝑒𝑒 × 𝒉𝐵𝑙 ≥ 0 ,
(19)

or by the conditions

𝒏𝑒𝑒 × 𝒉𝐴𝑖 ≥ 0 , 𝒏𝑒𝑒 × 𝒉𝐴𝑗 ≥ 0 ,

𝒏𝑒𝑒 × 𝒉𝐵𝑘 ≤ 0 , 𝒏𝑒𝑒 × 𝒉𝐵𝑙 ≤ 0 .
(20)

Given a point on edge 𝐸𝑖𝑗 , defined by its space vector 𝒑𝑖𝑗 , and a point on edge 𝐸𝑘𝑙, defined by its space vector 𝒑𝑘𝑙, see
Figure 11. If the direction vector (𝒑𝑘𝑙 − 𝒑𝑖𝑗) satisfies the condition(

𝒑𝑘𝑙 − 𝒑𝑖𝑗
)
⋅ 𝒏𝑒𝑒 ≥ 0 , if 𝒏𝑒𝑒 × 𝒉𝐴𝑖 ≤ 0 and 𝒏𝑒𝑒 × 𝒉𝐴𝑗 ≤ 0 , (21)

or the condition
(
𝒑𝑘𝑙 − 𝒑𝑖𝑗

)
⋅ 𝒏𝑒𝑒 ≤ 0 , if 𝒏𝑒𝑒 × 𝒉𝐴𝑖 ≥ 0 and 𝒏𝑒𝑒 × 𝒉𝐴𝑗 ≥ 0 , (22)

then the edge 𝐸𝑖𝑗 lies on the same side of the half-space to which 𝒏𝑒𝑒 is pointing. 𝐸𝑖𝑗 is located in the half-space defined
by edge 𝐸𝑖𝑗 and edge 𝐸𝑘𝑙. This E–E potential contact pair is considered to satisfy the half-space inclusion relation.
Two blocks are considered to be in contact only if all potential contact pairs between these blocks satisfy the half-space

inclusion relation.

3.2.2 Contact-type identification

After determination of the contact status by the half-space inclusion relation of potential contact pairs, the next step
consists in the analysis of the specific contact type (vertex–vertex (V–V) contact, vertex–edge (V–E) contact, V–F contact,
E–E contact, edge–face (E–F) contact, and face–face (F–F) contact) and the application of the corresponding contact force.
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WANG et al. 1565

F IGURE 1 2 Contact types.

TABLE 5 Identification of contact types.

Contact type V–V V–E V–F E–F F–F E–E
Number of vertices in V–F contacts 1 1 1 2 3 0
Number of faces in V–F contacts 3 2 1 1 1 0
Number of E–E contacts 0 0 0 0 0 1

In the contact-status detection step, two blocks are defined as being in contact if all potential contact pairs satisfy the half-
space inclusion relation. In the last time step before contact occurs, the potential contact pairs that do not satisfy the
half-space inclusion relation are considered as contact occurrence regions. There may be one or more potential contact
pairs that do not satisfy the half-space inclusion relation in the last time step before contact. Based on the number of last
contact pairs, the contact type can be identified. It can be deduced from the number of V–F contacts and E–E contacts,
see Figure 12.
If only one vertex in the last time step does not satisfy the half-space inclusion relation, contact occurs in this region.

If there is only one face that does not satisfy the half-space inclusion relation, the contact type is V–F. If two faces do not
satisfy the half-space inclusion relation, the contact type is V–E. If there are three or more faces that do not satisfy the
half-space inclusion relation, the contact type is V–V.
If there are two vertices in the last noncontact step that do not satisfy the half-space inclusion relation, the contact type

is E–F: either the whole edge or a part of it is in contact with a face. If three or more vertices in the last noncontact step do
not satisfy the half-space inclusion relation, the contact type is F–F: either the whole face of a smaller cube is in contact
with the face of a larger cube, or there is partial face–face contact with either one, two, or three vertices being actually
in contact to the face. If all potential contact pairs of V–F satisfy the half-space inclusion relation, and if only potential
contact pairs of E–E do not satisfy this relation, the contact type is E–E. The contact types and the corresponding number
of vertices and faces in V–F contact and E–E contact are listed in Table 5.

3.2.3 Calculation of contact forces

After detection of contact, the contact forces are calculated based on the penalty functionmethod.55 The position of contact
between two blocks is determined, and normal and tangential contact springs are established at this position. The contact
forces are calculated based on the embedding depth.
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1566 WANG et al.

TABLE 6 Material parameters used in the numerical simulations for different sizes of cubes.

Material parameter 𝝆 [𝐤𝐠∕𝐦𝟑] 𝑬 [𝐆𝐏𝐚] 𝝂 𝑲𝒏, 𝑲𝒔 [𝐆𝐍∕𝐦] 𝜻 𝜶𝑲 [𝐬] 𝝁𝟏 𝝁𝟐 𝝁𝟑

20mm 1406.3 4.085 0.387 40.85 0.258 2.71 × 10−7 0.262 0.305 0.274
16mm 0.212 1.59 × 10−7 0.271 0.316 0.287
12mm 0.266 1.30 × 10−7 0.314 0.358 0.303
8mm 0.230 6.10 × 10−8 0.443 0.444 0.356

𝜇1: Friction coefficient between cubes. 𝜇2: Friction coefficient between cubes and the bottom plane. 𝜇3: Friction coefficient between cubes and the PMMA cylinder.

A linear relation between the contact forces and the embedding depth is assumed. A normal contact spring is set in the
contact normal direction. The normal contact stiffness is denoted as 𝐾𝑛. Considering compression as positive, the normal
contact force 𝐹𝑛 is calculated as

𝐹𝑛 = −𝐾𝑛 𝑑𝑛 , (23)

where 𝑑𝑛 denotes the normal embedded depth.
In the following, the tangential force will be calculated. The sum of the increment of the tangential contact force and

the tangential contact force of the previous time step gives the tangential contact force at the current time step. Thus, at
the time instant 𝑡+Δ𝑡, the tangential contact force 𝐹𝑠(𝑡+Δ𝑡) is obtained as

𝐹𝑠(𝑡+Δ𝑡) = 𝐹𝑠(𝑡) + Δ𝐹𝑠 , (24)

where𝐹𝑠(𝑡) is the tangential contact force at the time instant 𝑡 andΔ𝐹𝑠 denotes an increment of this force.Δ𝐹𝑠 is calculated
as

Δ𝐹𝑠 = 𝐾𝑠 Δ𝑑𝑠 , (25)

where 𝐾𝑠 stands for the tangential contact stiffness and Δ𝑑𝑠 denotes the tangential displacement increment.
The tangential contact force is updated according to the interface friction. When the tangential contact force satisfies

the inequality

|𝐹𝑠| > 𝜇 |𝐹𝑛| , (26)

the tangential contact force is updated to

|𝐹𝑠| = 𝜇 |𝐹𝑛| , (27)

where 𝜇 denotes the friction coefficient.

3.3 Steps of simulation of the cube movement

A model with a total of 100 cubes is generated for each simulation. It consists of four cubes with a side length of 20mm,
eight cubes with 16mm, 20 cubes with 12mm, and 68 cubes with 8mm. Each cube is modeled by a hexahedral element.
This implies that sharp edges are simulated. The values of the normal contact stiffness,𝐾𝑛, and the shear contact stiffness,
𝐾𝑠, are set equal to 10 times the value of the modulus of elasticity.27 The parameters used in the numerical simulation are
listed in Table 6.
The cubes are arranged either in a negative size-gradient, or in a positive size-gradient, or in a randomway, see Figure 13.

Taking a case from the “negative size-gradient arrangement,” the process of the simulation is illustrated in Figure 14. At
first, the 100 cubes of different sizes are put on top of the hollow cylinder, see Figure 14A. These cubes aremoved downward
by gravity. In the experiment, the cubes were inserted into the cylinder at a height of 30 cm. To simulate this situation,
trying, at the same time, to save computing time, the velocities of the cubes in the simulation, when coming close to
the bottom, are set equal to the theoretical value of the velocity falling from that height. The cubes get in contact with
each other and stack inside the cylinder until they are stable, see Figure 14B. The cylinder moves upward at a speed of
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WANG et al. 1567

F IGURE 13 Three arrangements of cubes: (A) negative size-gradient, (B) positive size-gradient, and (C) random arrangement.

F IGURE 14 Simulation process: (A) loose cubes generated inside the confines of the cylinder, (B) initial arrangement of the cubes after
stacking in the cylinder, (C) top, and (D) side view of the final positions of the cubes.

28mm∕s, and the cubes run out of the cylinder until they reach a stable final position. The positions of the dispersed cubes
are documented in Figures 14C,D.
For every single simulation, the “line-up” of the cubes on top of the hollow cylinder, such as the one illustrated in

Figure 14A, is newly generated. The position and the orientation of every single cube in this line-up are randomly chosen
for simulations with “random arrangements,” while they are only random within the size groups of the cubes for simu-
lations referring to a size-gradient. This implies that the stable stack of cubes, obtained after having filled them into the
hollow cylinder, is different in every simulation.

3.4 Results from cube movement simulations

In each simulation, the initial configuration of the cubes is different, leading to different final dispersion results.
Simulation results from the same arrangement can be quite different.
In order to identify the number of simulations, required to achieve statistically representative results, a convergence

analysis was performed. This analysis was focused on “random arrangements” of the cubes. The mean values and the
standard deviations of the number of cubes ending up in specific positions, obtained from 10, 20, and 40 simulations,
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1568 WANG et al.

(A) (B)

(D)(C)

F IGURE 15 Convergence analysis of results obtained from cube movement simulations starting from initial “random arrangements” of
cubes, see Table C.1: mean values and standard deviations of the number of cubes ending up in specific regions, computed on the basis of the
first 10, the first 20, and all 40 simulation results: (A) 20-mm cubes, (B) 16-mm cubes, (C) 12-mm cubes, and (D) 8-mm cubes.

are shown in Figure 15. Each one of the four illustrations in Figure 15 refers to cubes of a specific size. When the num-
ber of simulations reaches 40, the mean values and the standard deviations of the cubes are close to the results for the
case of 20 simulations. Thus, it is concluded that statistically representative results are achieved in this case. This is the
rationale for performing 20 simulations also for the other two types of initial arrangements of the cubes, that is, for “neg-
ative size-gradient arrangements” and “positive size-gradient arrangements.” The following comparison of the output of
the simulations with experimental results is based on mean values and standard deviations of the first 20 simulations
performed for each one of the three types of initial arrangements of the cubes.

4 COMPARISON OF RESULTS FROM EXPERIMENTS AND SIMULATIONS

4.1 Comparison of the results from experiments and simulations for “negative
size-gradient arrangements” of cubes

In these arrangements, four sizes of cubes are dropped into the hollow cylinder, beginningwith the large ones. This results
in a pile with the largest cubes at the bottom and the smallest ones at the top. During upward lifting of the hollow cylinder,
the cubes are running out.
From the results of the tests and the simulations, mean values and standard deviations of the positions of the cubes can

be computed. The respective data for the “negative size-gradient arrangements” are listed in Appendix A. Experimental
and simulation results are plotted for each size of the cubes in form of the diagrams in Figure 16, relating the number
of cubes to their positions. The error bars represent the ±standard deviation from the mean value of the positions of the
cubes. Figure 16A–D refers to cubes of 20, 16, 12, and 8 mm side lengths.
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WANG et al. 1569

(A) (B)

(C) (D)

F IGURE 16 Comparison of simulation and experimental results for “negative size-gradient arrangements” of cubes, see Tables A.1 and
A.2: mean values and standard deviations of the number of cubes ending up in specific regions: (A) 20-mm cubes, (B) 16-mm cubes, (C)
12-mm cubes, and (D) 8-mm cubes.

TABLE 7 Correlation values of simulation and experimental results for “negative size-gradient arrangements” of cubes.

Side length of cubes [𝐦𝐦] 20 16 12 8
Correlation values 0.101 0.271 0.241 0.124

The 20-mm cubes are almost all inside a radius of 3 cm from the center, because they are placed at the bottom of the
cylinder. They hardly move after lifting the cylinder. The 16-mm cubes are inside a radius of 18 cm from the center. The
12-mm cubes and the 8-mm cubes move to a distance of more than 20 cm from the center. Disregarding cubes inside a
radius of 3 cm and outside a radius of 21 cm, most of the 12 and 8-mm cubes are located at a distance of 8–10 cm from the
center point of the circles.
To improve the comprehensibility of the comparison, the correlations between the experimental and the simulated

data are evaluated by the ratio of the area between the lines of experimental and simulated results. The expression of the
correlation value, 𝐴𝐷∕𝐴𝐸 , is given as follows:

𝐴𝐷
𝐴𝐸

=

∑20

𝑥=3
∫
𝑥+1

𝑥
|𝑓(𝑥) − 𝑔(𝑥)| d𝑥∑20

𝑥=3
∫
𝑥+1

𝑥
𝑓(𝑥) d𝑥

. (28)

𝐴𝐷 denotes the area between the line of the experimental results and the one of the simulation results. 𝐴𝐸 denotes the
area under the line of the experimental results. The position of the cubes is denoted as 𝑥. 𝑓(𝑥) stands for the experimental
results, and 𝑔(𝑥) denotes the simulation results. The closer the value is to 0, the better the correlation of the results.
The correlation values for the “negative size-gradient arrangements” are listed in Table 7. The correlation values for

cubes with side lengths of 20 and 8mm are smaller than for cubes with side lengths of 16 and 12mm. This indicates that
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(A) (B)

(C) (D)

F IGURE 17 Comparison of simulation and experimental results for “positive size-gradient arrangements” of cubes, see Tables B.1 and
B.2: mean values and standard deviations of the number of cubes ending up in specific regions: (A) 20-mm cubes, (B) 16-mm cubes, (C)
12-mm cubes, and (D) 8-mm cubes.

the results are more consistent for the size of the cubes located at the bottom (20 mm) and for the size of the cubes with
the greatest number (8 mm).

4.2 Comparison of the results from experiments and simulations for “positive
size-gradient arrangements” of cubes

In these arrangements, four sizes of cubes are dropped into the hollow cylinder, beginningwith the small ones. This results
in a pile with the smallest cubes at the bottom and the largest ones at the top.
The respective data for the “positive size-gradient arrangements” are listed inAppendix B. Experimental and simulation

results are plotted for each size of the cubes in form of the diagrams in Figure 17, relating the number of cubes to their
positions. Figures 17A–D refer to cubes of 20, 16, 12, and 8mm side lengths.
Because of the impact effect of larger cubes falling onto smaller ones, the 8-mm cubes form a stable pile, withmore than

73% of them ending up inside a radius of 3 cm from the center. Compared to the “negative size-gradient arrangements,”
there aremore 12-mmcubes located inside a radius of 3 cm in the “positive size-gradient arrangements” of cubes.However,
the 20 and 16-mm cubes are moving farther than in the “negative size-gradient arrangements.” Disregarding cubes inside
a radius of 3 cm and outside one of 21 cm, most of the 20 and 12-mm cubes are located at a distance of 6–11 cm from the
center point of the circles.
The correlation values for “positive size-gradient arrangements” of cubes are listed in Table 8. In the “positive size-

gradient arrangements,” the correlation is the better, the smaller the size of the cubes, because the smaller cubes are
located under the larger ones, and there are more cubes of smaller size. The increase in the number of cubes improves the
statistical significance of the results.
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TABLE 8 Correlation values of simulation and experimental results for “positive size-gradient arrangements” of cubes.

Side length of cubes [𝐦𝐦] 20 16 12 8
Correlation values 0.368 0.384 0.255 0.124

(A) (B)

(C) (D)

F IGURE 18 Comparison of simulation and experimental results for “random arrangements” of cubes, see Tables C.1 and C.2: mean
values and standard deviations of the number of cubes ending up in specific regions: (A) 20-mm cubes, (B) 16-mm cubes, (C) 12-mm cubes,
and (D) 8-mm cubes.

4.3 Comparison of the results from experiments and simulations for “random
arrangements” of cubes

For such arrangements, four sizes of cubes are well mixed before being dropped into the hollow cylinder. This results in
a pile with a random distribution of cubes.
The respective data for the “random arrangements” are listed in Appendix C. Experimental and simulation results are

plotted for each size of the cubes in form of the diagrams in Figure 18, relating the number of cubes to their positions.
Figure 18A–D refers to cubes of 20, 16, 12, and 8-mm side lengths.
Since the cubes are randomly arranged, their final distributions are irregular. It can be seen that most of the cubes are

located inside a radius of 15 cm from the center. Only a few cubes are located outside a radius of more than 20 cm from
the center. Except for the cubes located inside a radius of 3 cm, most of the cubes are located at a distance of 7–10 cm from
the center point of the circles.
The correlation values for “random arrangements” of cubes are listed in Table 9. Cubes with side lengths of 12 and

8mm have better correlations because there are more cubes of these two sizes. The correlation value for cubes with side
lengths of 20mm is greater than the one for other sizes, because the number of cubes of 20-mm side length is small. This
reduces the rate of convergence of the results for cubes of this size.
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TABLE 9 Correlation values of simulation and experimental results for “random arrangements” of cubes.

Side length of cubes [𝐦𝐦] 20 16 12 8
Correlation values 0.600 0.373 0.189 0.244

5 DISCUSSION

All experiments were carried out with the same 100 cubes of different sizes. This limitation to 100 cubes renders the
question regarding possible scaling effects, associated with different number of cubes of different sizes, open for future
research. Larger tests might be associated with smaller randomness and uncertainty, but also the efforts needed for the
documentation of the results would increase significantly.
The stable stack of cubes obtained after filling them into the hollow cylinder exhibited at least a rough order of sizes

in the experiments and simulations referring to either a positive or a negative size-gradient. Still, every single experiment
and every single simulation was, strictly speaking, started from a unique stable stack of cubes. Therefore, it would be
questionable to compare results from one specific experiment with results from one specific simulation. Instead, many
very similar but not strictly identical tests were performed and evaluated statistically. These results were compared with
those from the statistical evaluation of many very similar but not strictly identical simulations. This approach is useful for
the demonstration of the randomness and the uncertainty associated with both the experiments and the simulations.
Thehere-usedCDEMis an extension of its predecessor.29 The twomethods differ in the approachused for determination

of the contact type. Formally, this identification was based on the location of the contact point.29 In the present study,
the approach was further improved by using the location and the number of contact pairs, which satisfy the half-space
inclusion relation in the previous step of the explicit simulation.
Since the cubes did not break during the experiments, not only theCDEMbut also other approaches for the simulation of

particle movement and interaction are well suited for the analysis of the cube movement tests, for example, the Universal
Distinct Element Code (UDEC) and the three-dimensional Distinct Element Code (3DEC).67 UDEC/3DEC ismainly based
on the finite difference method and uses mixed discretizations with different element types. In CDEM, the blocks are
represented by means of finite elements, and an explicit solution scheme based on the dynamic relaxation method is
used. Thus, CDEM is particularly well suited for the simulation of problems in which the deformation of continuous
bodies is important.

6 SUMMARY AND CONCLUSIONS

In this work, a test was designed to study the movement of cubes of different size. An improved contact-pairs-based
contact-detection algorithm for polyhedral blocks was used. Then, employing the contact algorithm, the dispersion of
cubes of different size and with different arrangements was simulated and compared with the experimental results.
Three different arrangements of cubes were used, namely, a negative size-gradient, a positive size-gradient, and a random
arrangement. The main conclusions of the presented work are as follows:

1. The initial structure of the cubes inside the hollow cylinder differed each time. Forty experiments were carried out
for each one of the three types of initial cube arrangements. A convergence analysis revealed that 20 tests are enough
to obtain statistically relevant results. A similar convergence analysis was performed with the simulation tool. This
analysis focused on the initial “random arrangement” of the cubes. It was found that 20 simulations are enough to
obtain statistically relevant results. Thus, there is an agreement of experimental and numerical findings.

2. The contact type can be determined through the location and the number of contact pairs that satisfy the half-space
inclusion relationship before the contact step. By adopting the linear spring-dashpot contact model, the stiffness pro-
portional damping coefficient for Rayleigh damping was determined by testing the coefficients of restitution of the
cubes.

3. “Positive size-gradient arrangements” resulted in the smallest range of movement compared to “negative size-gradient
arrangements” and “random arrangements.” The number of larger cubes (i.e., cubes with 20 and 16-mm side lengths)
used in this study was quite small. Still, the interaction of few larger cubes with many more smaller cubes had a
significant influence on the test results.
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4. The here-reported experiments with cubes of different sizes enrich the existing pool of benchmark tests regarding
particlemovement and interaction problems. They represent another nontrivial validation example for the quantitative
assessment of related simulation approaches. Provided that such a software is capable of reproducing the here-reported
experimental results, it is further corroborated.
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APPENDIX A: DATA FOR NEGATIVE SIZE-GRADIENT CASES
The mean values and the standard deviations of the positions of the cubes, based on 20 simulations with “negative size-
gradient arrangements,” are listed in Table A.1. Themean values and the standard deviations of the positions of the cubes,
based on 40 experiments with “negative size-gradient arrangements”, are listed in Table A.2.
The first column refers to the position of the cube. It is defined as the distance from the center point of the cube to the

one of the circles on the bottom plane. The center point of the cube is the point obtained by projecting its center of gravity
onto the bottom plane.
A position of 3 cmmeans that the distance from the center point of the cube to the one of the circles is less than 3 cm.

Thus, if the distance from the center point of the cube to the one of the circles is less than 3 cm, this cube is assigned to
the group of position 3 cm. A position of 4 cmmeans that the distance from the center point of the cube to the one of the
circles is greater than 3 cm, but less than 4 cm. The positions 5–20 cm have a similar meaning. A position of 21 cmmeans
that the distance from the center point of the cube to the one of the circles is greater than 20 cm. Columns 2–5 contain
the mean values of cubes with side lengths of 20 , 16 , 12 , and 8mm in the respective position. Columns 6–9 contain the
standard deviation of the mean value of cubes with side lengths of 20 , 16 , 12 , and 8mm at these positions. The tables in
Appendices B and C have the same structure.
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TABLE A . 1 Mean value and standard deviation of the positions of the cubes, based on 20 negative size-gradient simulations.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 3.850 4.200 5.600 10.400 0.366 2.093 2.137 5.113
4 0.050 0.250 0.900 4.200 0.224 0.550 0.912 1.908
5 0.000 1.100 1.250 3.800 0.000 1.119 1.070 1.473
6 0.050 0.500 1.050 4.100 0.224 0.761 0.945 2.315
7 0.050 0.350 1.550 3.700 0.224 0.587 0.759 2.105
8 0.000 0.550 0.950 4.250 0.000 0.759 0.686 1.446
9 0.000 0.100 0.650 4.450 0.000 0.308 0.587 1.538
10 0.000 0.300 1.350 4.100 0.000 0.470 1.040 1.68
11 0.000 0.150 0.800 3.800 0.000 0.366 0.768 1.79
12 0.000 0.150 0.900 3.200 0.000 0.366 0.788 1.47
13 0.000 0.050 0.850 3.250 0.000 0.224 0.875 1.74
14 0.000 0.100 0.300 2.700 0.000 0.308 0.470 1.59
15 0.000 0.050 0.750 2.050 0.000 0.224 0.851 1.35
16 0.000 0.050 0.700 2.050 0.000 0.224 0.923 1.27
17 0.000 0.000 0.500 1.350 0.000 0.000 0.688 1.53
18 0.000 0.100 0.350 1.300 0.000 0.308 0.671 1.12
19 0.000 0.000 0.250 0.950 0.000 0.000 0.444 1.05
20 0.000 0.000 0.150 1.050 0.000 0.000 0.366 0.88
21 0.000 0.000 1.150 7.300 0.000 0.000 1.137 4.68

TABLE A . 2 Mean value and standard deviation of the positions of the cubes, based on 40 negative size-gradient experiments.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 3.725 3.575 5.725 11.175 0.452 1.880 3.389 9.391
4 0.025 0.750 0.875 2.550 0.158 0.809 0.723 1.632
5 0.100 0.675 0.825 2.800 0.304 0.730 0.903 1.829
6 0.075 0.700 1.025 3.225 0.267 0.911 0.920 2.106
7 0.050 0.500 1.150 3.800 0.221 0.716 0.893 1.713
8 0.025 0.475 1.550 4.500 0.158 0.679 1.108 2.124
9 0.000 0.475 1.450 4.625 0.000 0.599 1.154 2.888
10 0.000 0.400 1.375 4.650 0.000 0.591 1.192 2.445
11 0.000 0.150 1.175 3.800 0.000 0.427 1.174 1.698
12 0.000 0.200 1.025 3.675 0.000 0.464 1.000 1.927
13 0.000 0.050 0.825 3.475 0.000 0.221 0.874 1.797
14 0.000 0.025 0.675 2.750 0.000 0.158 0.859 2.097
15 0.000 0.025 0.400 2.650 0.000 0.158 0.545 1.610
16 0.000 0.000 0.450 2.350 0.000 0.000 0.639 1.272
17 0.000 0.000 0.250 1.700 0.000 0.000 0.494 1.285
18 0.000 0.000 0.225 1.350 0.000 0.000 0.530 1.272
19 0.000 0.000 0.200 1.450 0.000 0.000 0.405 1.280
20 0.000 0.000 0.200 1.025 0.000 0.000 0.464 1.209
21 0.000 0.000 0.600 6.450 0.000 0.000 0.841 3.623
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APPENDIX B: DATA FOR POSITIVE SIZE-GRADIENT CASES
The mean values and the standard deviations of the positions of the cubes, based on 20 experiments with “positive size-
gradient arrangements,” are listed in Table B.1. The mean values and the standard deviations of the positions of the cubes,
based on 40 experiments with “positive size-gradient arrangements,” are listed in Table B.2.

TABLE B . 1 Mean value and standard deviation of the positions of the cubes, based on 20 positive size-gradient simulations.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 0.850 2.600 9.950 51.650 1.182 2.542 5.042 12.914
4 0.150 0.200 0.900 4.750 0.366 0.523 1.165 3.385
5 0.300 0.550 0.650 3.550 0.571 0.759 0.587 3.236
6 0.500 0.750 1.000 2.500 0.827 0.716 1.376 2.188
7 0.250 0.400 1.000 1.600 0.550 0.598 1.076 1.429
8 0.250 0.650 1.250 1.350 0.444 0.875 1.020 2.661
9 0.350 0.600 1.100 0.900 0.489 0.821 1.021 1.334
10 0.200 0.550 0.700 0.550 0.523 0.759 0.733 0.887
11 0.150 0.350 0.700 0.400 0.366 0.671 0.923 0.681
12 0.250 0.200 0.500 0.200 0.444 0.410 0.607 0.410
13 0.050 0.100 0.400 0.200 0.224 0.308 0.598 0.410
14 0.150 0.200 0.450 0.100 0.366 0.410 0.759 0.308
15 0.150 0.300 0.250 0.100 0.366 0.733 0.550 0.308
16 0.100 0.150 0.300 0.000 0.308 0.366 0.470 0.000
17 0.100 0.050 0.300 0.000 0.308 0.224 0.470 0.000
18 0.000 0.000 0.100 0.000 0.000 0.000 0.308 0.000
19 0.050 0.000 0.050 0.000 0.224 0.000 0.224 0.000
20 0.000 0.050 0.050 0.100 0.000 0.224 0.224 0.308
21 0.150 0.300 0.350 0.050 0.366 0.571 0.587 0.224
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1578 WANG et al.

TABLE B . 2 Mean value and standard deviation of the positions of the cubes, based on 40 positive size-gradient experiments.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 1.050 2.125 8.550 49.725 1.197 2.139 5.514 10.713
4 0.025 0.050 0.325 4.225 0.158 0.221 0.656 3.034
5 0.125 0.300 1.075 3.300 0.335 0.464 0.971 2.053
6 0.550 0.550 1.100 2.050 0.749 0.639 1.081 2.136
7 0.275 0.725 1.475 1.575 0.599 0.751 1.261 1.259
8 0.625 0.750 1.325 1.750 0.628 0.670 1.328 1.822
9 0.325 0.750 1.550 1.350 0.526 0.981 1.300 1.252
10 0.250 0.825 0.975 1.150 0.494 0.874 1.000 1.369
11 0.225 0.525 1.225 0.825 0.423 0.784 1.025 1.010
12 0.225 0.325 0.450 0.675 0.480 0.474 0.597 0.971
13 0.075 0.325 0.600 0.375 0.267 0.572 0.900 0.628
14 0.075 0.175 0.275 0.250 0.267 0.385 0.640 0.588
15 0.050 0.125 0.275 0.175 0.221 0.335 0.506 0.385
16 0.025 0.075 0.350 0.100 0.158 0.267 0.864 0.496
17 0.000 0.150 0.150 0.100 0.000 0.362 0.362 0.304
18 0.025 0.075 0.075 0.075 0.158 0.267 0.267 0.350
19 0.000 0.050 0.125 0.075 0.000 0.221 0.335 0.267
20 0.025 0.000 0.000 0.050 0.158 0.000 0.000 0.221
21 0.050 0.100 0.100 0.175 0.221 0.304 0.304 0.447
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APPENDIX C: DATA FOR RANDOM CASES
Themean values and the standard deviations of the positions of the cubes, based on 20 experimentswith “randomarrange-
ments,” are listed in Table C.1. The mean values and the standard deviations of the positions of the cubes, based on 40
experiments with “random arrangements,” are listed in Table C.2.

TABLE C . 1 Mean value and standard deviation of the positions of the cubes, based on 20 random simulations.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 1.350 2.200 4.450 12.050 0.671 1.105 2.212 4.763
4 0.550 0.500 1.900 7.000 0.887 0.607 1.447 2.847
5 0.650 0.900 1.350 5.750 0.587 0.852 1.137 3.596
6 0.450 1.100 1.800 5.900 0.686 0.852 1.322 2.989
7 0.300 1.200 1.750 6.300 0.470 1.240 1.251 2.536
8 0.200 0.700 2.100 6.000 0.410 0.979 1.447 2.200
9 0.150 0.700 2.150 6.200 0.366 0.801 1.309 2.285
10 0.050 0.250 1.250 4.650 0.224 0.444 0.910 3.216
11 0.150 0.250 0.750 3.750 0.366 0.444 1.020 2.936
12 0.000 0.050 0.650 2.100 0.000 0.224 0.813 1.586
13 0.100 0.050 0.300 1.750 0.308 0.224 0.571 1.333
14 0.000 0.000 0.250 1.300 0.000 0.000 0.550 0.923
15 0.000 0.000 0.200 0.950 0.000 0.000 0.523 0.945
16 0.000 0.000 0.250 0.700 0.000 0.000 0.444 0.733
17 0.000 0.000 0.250 0.650 0.000 0.000 0.550 0.875
18 0.050 0.000 0.000 0.450 0.224 0.000 0.000 0.686
19 0.000 0.050 0.050 0.350 0.000 0.224 0.224 0.489
20 0.000 0.050 0.150 0.350 0.000 0.224 0.366 0.587
21 0.000 0.000 0.400 1.800 0.000 0.000 0.681 1.989
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TABLE C . 2 Mean value and standard deviation of the positions of the cubes, based on 40 random experiments.

Position
[𝐜𝐦]

Mean value Standard deviation
𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦 𝟐𝟎𝐦𝐦 𝟏𝟔𝐦𝐦 𝟏𝟐𝐦𝐦 𝟖𝐦𝐦

3 1.500 2.750 5.175 14.050 0.847 1.428 2.406 4.825
4 0.300 0.450 1.025 4.500 0.464 0.552 1.097 2.088
5 0.125 0.525 1.150 5.000 0.404 0.679 0.893 2.184
6 0.275 0.600 1.725 4.000 0.452 0.810 1.281 1.908
7 0.600 0.725 2.050 4.925 0.709 0.679 1.358 2.358
8 0.500 0.975 1.850 5.450 0.641 0.862 1.252 2.037
9 0.350 0.650 1.775 4.900 0.533 0.662 1.074 1.972
10 0.075 0.500 1.875 4.925 0.267 0.506 1.114 1.873
11 0.050 0.400 0.950 4.100 0.221 0.545 1.037 2.073
12 0.175 0.150 0.500 3.825 0.385 0.362 0.784 1.866
13 0.000 0.050 0.550 3.150 0.000 0.221 0.677 1.642
14 0.000 0.050 0.400 2.000 0.000 0.221 0.591 1.240
15 0.000 0.075 0.200 1.575 0.000 0.267 0.464 1.375
16 0.000 0.025 0.200 1.300 0.000 0.158 0.405 0.992
17 0.025 0.025 0.225 0.975 0.158 0.158 0.480 1.000
18 0.000 0.050 0.175 0.650 0.000 0.221 0.385 0.802
19 0.000 0.000 0.050 0.650 0.000 0.000 0.221 0.975
20 0.000 0.000 0.050 0.475 0.000 0.000 0.221 0.751
21 0.025 0.000 0.075 1.550 0.158 0.000 0.267 1.568
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