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A B S T R A C T

A distributed Kerr-lens mode locking regime can be realized in a waveguide laser by spatial profiling of the
pump beam, thus creating a spatio-temporal soliton. Additional slow temporal modulation of the pump source
stabilizes the spatio-temporal solution in a broad range of parameters defined by the dynamic gain saturation.
We choose a Cr:ZnS waveguide laser as a practical example, but such a regime is feasible in various waveguide
and fiber oscillators. A far-reaching analogy with Bose–Einstein condensates allows this approach to stabilize
the weakly dissipative BECs.
1. Introduction

The unprecedented progress in the field of mesoscopic physics
in its general context, which comprises control of macro-quantum
states like Bose–Einstein condensate (BEC) [1–4] and quantum super-
solids [5], plasma and turbulence [6–8], attosecond [9], relativistic
and high-energy physics [10–13], metaphorical modeling and quantum
computations [14–17], physics of ultra-strongly coupled light–matter
systems [18], nano-processing [19–21], and other ranges of science,
medicine, and technology, became feasible due to the growth under-
standing of strongly nonlinear phenomena in far-from-equilibrium sys-
tems [22,23]. The coherent, self-organized, and well-localized patterns,
namely solitons, play a crucial role in most of these phenomena. The
class of such structures, dissipative solitons (DSs), is particularly impor-
tant because DS develops in open systems, where energy exchange with
an environment defines its integrity, stability, and coherence [24,25].
In photonics, DSs are a road to generating ultrafast, robust, and energy-
scalable pulses in mode-locked lasers [26,27] bringing a high-field
physics on tabletops of a typical university lab [12,28].

The modern tendencies in generating and exploring laser DSs are
based on a controllable enhancement of self-organizing effects induced
by nonlinearities and affected by both temporal and spatial degrees of
freedom [23]. A partial realization of this concept is a distributed Kerr-
lens mode-locking (DKLM) [29–31]. In a solid-state laser, this technique
uses a nonlinear medium that affects a laser beam via self-focusing,
thereby changing an effective gain in a laser resonator [32]. It was
demonstrated that one can even completely decouple the role of the
nonlinear medium and the gain medium [29]. The latter opens up
the way to power scaling of ultra-short pulsed lasers, especially in
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waveguide configuration. The transversal spatial structure of a field in
this type of device is close to a fundamental mode of laser oscillator
and, thus, trivial, so only longitudinal modes need synchronization. A
remarkable breakthrough in energy scalability of such oscillators was
demonstrated in both anomalous and normal group-delay dispersion
regimes (ADR and NDR, respectively) [30,33,34]. It was found that
such broad-range scalability could be explained by energy out/in-
flows induced by the nontrivial phase structure of DS [27,35], and the
underlying theory of the DS resonance (DSR) [36] was developed.

Using DS in the NDR fiber lasers [37] exploits the enhanced and
well-controllable nonlinearities. That bridges fiber and solid-state ultra-
fast laser photonics [23]. The keystone is utilizing a nonlinear propaga-
tion of many interacting spatial modes (e.g., in the so-called multimode
fibers, MMF) [38,39]. Such a nonlinear spatial mode coupling could
be caused by nonlinear refraction (or attractive boson interaction in
BEC [4]) characterized by the coefficient 𝑛2. A ‘‘confining potential’’
defined by spatial-dependent refractive index 𝑛(𝑥, 𝑦) (‘‘graded refractive
index fibers’’, or GRIN, nonlinear lattices [40,41], or laser-induced
confinement in BEC) enhances the relaxation of the higher-order modes
to a ground-state, i.e., lowest-order spatial mode.

In this work, we propose utilizing a nonlinear mode condensation
for DKML aimed at a spatio-temporal mode-locking (STML) [42,43].

Such an approach utilizes a dissipative (i.e., ℑ[𝑛(𝑥, 𝑦)] ≠ 0, where 𝑛
is, e.g., a complex index of refraction in optics) trapping potential [44]
for a spatiotemporal DS (STDS) without involving other nonlinear dissi-
pative processes. The 2D dissipative potential, unlike that in Refs. [45,
46] transversal (𝑥, 𝑦)-confinement induced by a complex 𝑛(𝑥, 𝑦) can be
associated with a so-called ‘‘cigar-type’’ trapping potential in a weakly
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Table 1
Correspondences between photonics and BEC [15].

Laser BEC

Propagation coordinate 𝑍 ↔ Time 𝑇
Pulse local time 𝑡 ↔ Third spatial coordinate 𝑧
Diffraction + anomalous GDD ↔ Boson kinetic energy
Kerr-nonlinearity ↔ Boson attractive colliding potential
GRIN ↔ Cigar-like (𝑥, 𝑦) trapping potential
Non-selective loss ↔ Homogeneous BEC dissipation
Graded gain + local time modulation ↔ Pancake (𝑥, 𝑦, 𝑧)-shaped inflow of bosons
Spectral dissipation ↔ ‘‘kinetic cooling’’

dissipative BEC or GRIN (see Table 1) [15]. Then, an evolutionary
(‘‘slow’’) coordinate 𝑇 is associated with time for BEC or propagation
istance 𝑍 in a fiber or cavity round-trip in a laser.

A further step is to introduce ‘‘longitudinal’’ (‘‘slow’’) 𝑇 -dependent
or propagation length 𝑍-dependent) modulation of ℜ[𝑛(𝑥, 𝑦, 𝑇 )] (or
ℜ[𝑛(𝑥, 𝑦,𝑍]), which is one of the management techniques stabilizing
an ST soliton in BEC [47]. In a mode-locked laser, it is also possible
to identify a ‘‘fast’’ coordinate (local time 𝑡) associated with the frame
co-moving with a soliton. The dependence of trapping potential on that
coordinate allows a 3D confinement corresponding to a ‘‘pancake-like’’
potential in BEC. In a laser, this corresponds to an active mode-locking
driven by an external synchronous phase modulation [48–50], which
varies as ℜ[𝛥𝑛(𝑡)] ∝ cos(2𝜋𝑡∕𝑇𝑅), where 𝑇𝑅 is a cavity round-trip period.
This modulation is slow (pulse duration 𝜏𝑝 is much shorter than 𝑇𝑅)
nd can be described by ℜ[𝛥𝑛(𝑡)] ∝ 𝑡2 + H.O.T.. It was found that such

a modulation stabilizes a driven cavity DS [51,52] and STDS [53].1
Here, we intend to exploit a concept of 3D dissipative confinement

o develop an STML mechanism to generate stable and energy-scalable
TDS (‘‘light bullet’’). This technique can be considered as a road to
orming a stable mass-scalable STDS in BEC and pattern formation in
issipative turbulent systems, which could be modeled by the dissipa-
ive version of the Gross–Pitaevskii equation (GPE) [4,54]. In contrast
o [53,55], a transversely graded dissipation (i.e., ℑ[𝑛(𝑥, 𝑦)] ≠ 0) will be
upplemented by dissipative trapping along 𝑡-coordinate (ℑ[𝑛(𝑡)] ≠ 0),
hich is a result of periodic loss modulation (or synchronous pumping)

ynchronized with the laser cavity round-trip. For BEC, this corresponds
o a ‘‘pancake-like’’ dissipative confining potential.

. A ‘‘soft-aperture’’ DKLM laser

.1. Model

Let us consider a waveguide laser composed of a fiber or crystalline
aveguide active medium enclosed in a Fabri–Perót or ring resonator
nd driven by a pump beam with a parabolic-like transverse 𝐺(𝑥, 𝑦)−
rofile and a pump intensity varying with time 𝑡 at the frequency
ynchronized with a laser repetition rate. The 𝑡−coordinate corresponds
o a ‘‘local time’’ (in a coordinate frame co-moving with an STDS) in
hotonics or to a longitudinal space coordinate for BEC (see Fig. 1 and
able 1) [15].

Such pump beam acts as a ‘‘soft aperture’’ guiding the laser beam
nd controlling its mode structure so that the laser field 𝑎(𝑧, 𝑥, 𝑦, 𝑡) tends
o condensate into the lowest-order mode. This mechanism is akin to
KLM used to generate energy-scalable DS in solid-state lasers when a
eam self-focusing enhances a spatial overlapping between pump and
eneration modes [30]. Also, it resembles a beam-by-beam control re-
orted in [56]. However, at variance with the latter, the beam-by-beam
oupling in our case is provided not only by Kerr-nonlinearity but also

1 We note that the driving (modulating) ‘‘force’’ can differ: synchronous
odulation of complex nonlinear refraction index (i.e., phase/loss in an

scillator), synchronous pumping, and applying an external coherent pulse.
ne must comprehend the inherent physical differences between them.
 a

2 
spatially-profiled dissipation. Simultaneously, 𝑡−modulation provides
confinement in the time domain. Thus, this scheme corresponds to a
three-dimensional (‘‘pancake-like’’) dissipative confinement for a BEC
or a hybrid mode-locking under synchronous pumping or an active
assisting mode locking by synchronous loss modulation [50,52,57,58].
Also, 𝐺(𝑥, 𝑦, 𝑡) could be treated as one presenting a first-order expansion
of a Gaussian external driving pulse.

For modeling a (3D+1)-dimensional trapped STDS, we use a dis-
tributed model describing the evolution of the (𝑧, 𝑥, 𝑦, 𝑡)-dependent field
𝑎 propagating along the 𝑧-axis (see Table 1 for comparison with BEC)
of an active waveguide with the linear and nonlinear refractive indexes
𝑛(𝑥, 𝑦) and 𝑛2, respectively. Under the action of (𝑥, 𝑦, 𝑡)-graded pump
(Fig. 1), the evolution can be described by a variation of the driven
nonlinear Helmholtz equation:

−
[

1
2𝑘0𝑛0

(

𝛥𝑥,𝑦 −
𝜕2

𝜕𝑧2

)

+ (
𝛽2
2

− 𝑖𝜏) 𝜕
2

𝜕𝑡2

]

𝑎 = (1)
[

𝑘0
2𝑛0

(

𝑛(𝑥, 𝑦)2 − 𝑛20
)

+ 𝑖 (𝐿 − 𝐺(𝑥, 𝑦, 𝑡)) + 𝑘0𝑛2 |𝑎|
2 + 𝑖 𝜕

𝜕𝑧

]

𝑎,

where 𝛥𝑥,𝑦 is a Laplace operator in the Cartesian coordinates, 𝑛0 is a
waveguide cladding refractive index, 𝑘0 is a free-space wave number,
and the second-order derivative over 𝑧 contributes only for large beam
numerical apertures NA [31,59]. The terms in Eq. (1) define: (I) –
diffraction, (II) – group-delay dispersion with the coefficient 𝛽2, (III)
– spectral dissipation with the squared inverse bandwidth 𝜏, (IV) –
trapping potential induced by GRIN, (V) – (𝑥, 𝑦, 𝑡)- graded saturated gain
with the coefficient 𝐺 (see footnote 1) and linear net-loss 𝐿, and (VI) –
Kerr-nonlinearity. One has to emphasize the decisive contribution of a
saturable and transversely profiled gain 𝐺(𝑥, 𝑦, 𝑡) in Eq. (1). For a low
NA, one may omit the 𝜕2

𝜕𝑧2
-term in Eq. (1). That leads to the nonlinear

riven Schrödinger or Gross–Pitaevskii equation.2 The rescaling 𝜓 =
exp(−𝑖𝑉0𝑧) (𝑉0 = (𝑘0∕2𝑛0)(𝑛21 − 𝑛20), and 𝑛1 is a waveguide core
efractive index) leads to the dimensionless mean-field equation:

𝜕𝜓
(

𝑍,𝑋, 𝑌 , 𝑡′
)

𝜕𝑍
=
{

−1
2

[

𝜕2

𝜕𝑋2
+ 𝜕2

𝜕𝑌 2
+ 𝜕2

𝜕𝑡′2
− 2𝑖𝜏 𝜕

2

𝜕𝑡′2

]}

𝜓+

1
2
(𝑋2 + 𝑌 2) − |𝜓|2 − 𝑖

[

𝛬 + 𝜅(𝑋2 + 𝑌 2) + 𝜔𝑡′2
]

}

𝜓, (2)

for the normalizations shown in Table 2 [64–66].
The dimensional extension by the ‘‘fast-time’’ (or ‘‘local time’’)

oordinate 𝑡′ allows describing the pulse dynamics in the co-moving
rame (𝑍,𝑋, 𝑌 , 𝑡′). Since an ultrashort pulse is sensitive to a group-
elay dispersion (GDD), it has to be taken into account by including the
2-term in Eq. (1). The normalized version (2) assumes an anomalous
et-GDD.

In this work, we assume the parabolic-like transverse profile of the
ain beam. Such transversely confined gain acts as a ‘‘soft aperture’’
ith an effective size ≈ 𝑤𝑝

√

𝐺0 − 𝛬 (Table 2). Our model introduces
a gain modulation along the 𝑡-axis described in a parabolic approx-
imation by the modulation coefficient 𝜔 [50,58]. The last resembles
the mechanism of the so-called active mode-locking [67]. In contrast
to [53], the proposed method does not use additional phase modulation
but only a pumping pulse train synchronized with a resonator period.
For simplicity, we manipulate with a graded saturated gain 𝐺(𝑋, 𝑌 , 𝑡) =
(0, 0, 0) ×

[

1 − 𝜅(𝑋2 + 𝑌 2) − 𝜔𝑡′2
]

, where 𝐺(0, 0, 0) or 𝐺0 (see Table 2)
corresponds to a saturated gain along a waveguide axis at 𝑡′ = 0,
and 𝜅 = 𝐺0𝑤−2

𝑝 , 𝜔 = 𝐺0T
−2 (T is a ‘‘pump pulse duration’’). Such

an approximation is valid under the condition of quasi-steady state

2 The terminology depends on the physical treatment of 𝐺(𝑥, 𝑦, 𝑡). It could
e a gain coefficient created by synchronous pumping, active gain modulation,
r a driving external pulse. In the last case, the master equation resembles the
ugiato–Lefever equation (LLE), which is a test bed model for the study of
olitons and non-equilibrium patterns in driven Kerr resonators, micro-cavity

nd fiber lasers, VCSEL, etc. [60–63].
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Fig. 1. Top: Multi-scale scheme with a local-time coordinate 𝑡 synchronized with an STDS group-velocity and a global evaluation coordinate 𝑍 (see Table 1). The gain (filled by
a red) is profiled along the radial coordinate

√

𝑥2 + 𝑦2 and the local time 𝑡. The last is synchronized with a laser round-trip period. Bottom: Synchronously pumped waveguide
oscillator with a transversely graded refractive index. An oscillator can be linear (e.g., solid-state Cr2+:ZnS) or closed (an all-fiber laser). A pump pulse could be, for instance, an
electrical pulse driving the transversely graded gain coefficient, an optical pump pulse, or an external driving pulse.
Table 2
Normalizations for Eq. (2).
Value Normalizations and definitions

(𝑋, 𝑌 ) Transverse coordinates, (𝑥, 𝑦)∕𝑤𝑇
𝑍 Propagation distance, 𝑧∕𝜁
𝑡′ Local time, 𝑡∕

√

|𝛽2|𝜁
𝜁 Propagation scale, 𝑘0𝑛𝑜𝑤2

𝑇

𝑤𝑇 Transverse scale, 4
√

𝑤2
0∕𝑘

2
0𝑛0𝛿

𝛿 GRIN contrast, 𝑛1 − 𝑛0
(

𝑘0∕2𝑛0
) (

𝑛21 − 𝑛(𝑥, 𝑦)
2) GRIN confining potential, ≃ 𝑘0

(

𝑛1 − 𝑛(𝑟)
)

|𝜓|2 Intensity, 𝑘0𝑛2𝜁 |𝑎|2

𝛬′ Net-loss, 𝛬 − 𝐺0
𝛬 Averaged loss, 𝐿𝐿𝑤∕𝜁
𝜅 Spatial confinement parameter, 𝐺0∕𝑤2

𝑝
𝜔 Temporal confinement parameter, 𝐺0∕T 2

𝑤𝑝
√

𝐺0 − 𝛬 Soft aperture size
𝜏 Squared inverse spectral filter, bandwidth normalized to

|𝛽2|𝜁
𝑘0 Wave-number, 2𝜋∕𝜆
𝜆 Central wavelength
𝑛1 GRIN core refractive index
𝑛0 GRIN cladding refractive index
𝑛2 Nonlinear refractive index
𝐿 Loss coefficient
𝐿𝑤 Waveguide (‘‘lattice’’) length
𝐺0 or
𝐺(𝑡 = 0, 𝑥 = 0, 𝑦 = 0)

Maximum saturated gain coefficient

𝑤𝑝 Pump beam size
T Pump pulse width
operation of a laser in the vicinity of the lasing threshold, where the
saturated net-loss coefficient 𝛬′ = 𝐿 − 𝐺0 is negative and close to
zero [55].

Another essential factor in Eqs. ((1),(2)) is a spectral dissipation
described by the parameter 𝜏. This parameter is inversely proportional
to a squared spectral width of the gain band or spectral filter (Table 2).

Thus, one may treat the resulting Eq. (2) as a dissipative extension
of the driven Gross–Pitaevskii equation, which is a well-known tool for
analyzing trapped BEC (Table 1) [4].

2.2. Variational approximation

The study of STDS of Eq. (2) is based on analytical and numer-
ical approaches. The first uses the well-known variational approx-
imation (VA) [55,68–71]. The generating Lagrangian density for a
non-dissipative part of (2) is

L = 1 {

𝑖
(

𝜓∗𝜕 𝜓 − 𝜓𝜕 𝜓∗) +
(

|𝜕 𝜓|2 + |𝜕 𝜓|2 + |𝜕 ′𝜓|2
)}

−

2 𝑍 𝑍 | 𝑋 | | 𝑌 | | 𝑡 |

3 
1
2
|𝜓|4 + 1

2
(

𝑋2 + 𝑌 2)
|𝜓|2 . (3)

The dissipative factors can be described in the form of the Rayleigh
dissipative function

 = −𝑖
[

𝛬′ + 𝜅(𝑋2 + 𝑌 2) + 𝜔𝑡′2 − 𝜏 𝜕
2

𝜕𝑡′2

]

𝜓 (4)

in the Euler–Lagrange–Kantorovich equation

𝛿�̃�
𝛿f

− 𝑑
𝑑𝑍

𝛿�̃�
𝛿f

= 2ℜ ∫

∞

−∞
𝑑𝑡∫

∞

−∞
𝑑𝑥∫

∞

−∞
𝑑𝑦 𝑄

𝛿𝜓
𝛿f

(5)

in agreement with Kantorovich’s method, which is a generalization of
the Rayleigh–Ritz method [72,73]. In Eq. (5), the variation is made
over the 𝑍−dependent parameters f of some ansatz, which will be
introduced below. The reduced Lagrangian

�̃� = ∫

∞

−∞ ∫

∞

−∞ ∫

∞

−∞
L 𝑑𝑡 𝑑𝑥 𝑑𝑦 (6)

is evaluated after substituting an ansatz in 𝐿 and 𝑄.
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It is convenient to assume the axial symmetry, which corresponds
to the symmetry of a cylindrical waveguide, and transit to a radial
coordinate 𝑅 =

√

𝑋2 + 𝑌 2. The next assumption is a Gaussian-sech
ansatz for Eqs. ((5),(6)) [69]:

𝜓(𝑍,𝑅, 𝑡′) = 𝛼(𝑍) sech
[

𝑡′

𝛶 (𝑍)

]

×

exp
[

𝑖(𝜙(𝑍) + 𝜒(𝑍)𝑡
′2 + 𝜃(𝑍)𝑅2) − 𝑅2

2𝜌(𝑍)2

]

, (7)

where the 𝑍−dependent STDS parameters of 𝐟 in Eq. (5) are: 𝛼 -
amplitude, 𝜙 - phase, 𝜒 and 𝜃 are the temporal and spatial chirps,
espectively; 𝜌 and 𝛶 are the beam size and STDS duration, respectively.
e use this ansatz as an approximation for a pulse with the near-
aussian transverse spatial profile, i.e., the lowest-order spatial mode

n the parabolic potential of Eq. (3), and a sech-shaped pulse with
he quadratic phase for a temporal profile. The last was widely used
or VA. Other ansatzs with different temporal phase profiles were also
onsidered (e.g., see [70]. In our case, the temporal shape of ansatz is
onditioned by the following. This shape corresponds to a dissipative
oliton solution sech(𝑡′∕𝛶 )1−𝑖𝜓 of Eq. (2) without a confining poten-

tial [74] in a limit when the exact phase profile −𝜓 ln (sech(𝑡′∕𝛶 )) ≈
𝜓𝑡′2∕2𝛶 2 (here, 𝜓 = 2𝛶 2𝜒 is a dimensionless chirp).

After some algebraic manipulations (see Appendix A and [75]), one
an obtain the expressions for the steady-state (i.e., 𝑍−independent)

STDS parameters (there are two solutions for the chirp parameter 𝜒 ,
but one of them is nonphysical):

𝜌20 =
1

384𝜋2𝜅𝜏𝛶 2
0

×

15
(

√

64𝜏
(

30𝜏 − 𝜋4𝛶 4
0 𝜔

)

+ 225 − 15
)

−

64𝜏
(

15𝜏 + 2𝜋2
(

𝜏 + 3𝛬′𝛶 2
0
))

]

,

0 =

√

𝛶 4
0
(

64𝜏
(

30𝜏 − 𝜋4𝛶 4
0 𝜔

)

+ 225
)

− 15𝛶 4
0

16𝜋2𝜏𝛶 4
0

, (8)

𝛼20 =
−6𝜅2𝜌80 − 6𝜌40 + 6

2𝜌2
,

0 = −
𝜅𝜌20
2
.

The remaining equation for the STDS duration 𝛶

144
(

𝜋2 − 25
)

𝜏2 +
(

16
(

3 + 𝜋2
)

𝜏2 + 45
)

×
√

64𝜏
(

30𝜏 − 𝜋4𝛶 4
0 𝜔

)

+ 225 + 96𝜋4𝛶 4
0 𝜔𝜏

+
21333𝜋4𝜅𝜏3𝛶 4

0

(

− 𝐴4

3×215𝜋8𝜅2𝜏4𝛶 8
0
− 3𝐴2

2𝜋4𝜅2𝜏2𝛶 4
0
+ 1

)

𝐴
= 675, (9)

= 64𝜏
(

2𝜋2
(

3𝛬′𝛶 2
0 + 𝜏

)

+ 15𝜏
)

−

5
(

√

64𝜏
(

30𝜏 − 𝜋4𝛶 4
0 𝜔

)

+ 225 − 15
)

must be solved numerically. Below, we will omit the 0-subscribe for
steady-state (fixed-point) solutions characterizing STDS.

2.3. STDS parameters

Figs. 2–4 show the STDS width 𝛶 and peak intensity 𝛼20 obtained
from Eqs. ((8), (9)). 𝛶 grows, and 𝛼20 decreases with 𝜅. Such a tendency
corresponds to that of a DKLM regime with 𝜔 = 0 and manifests
the growth of spatial mode loss with a soft aperture squeezing 𝜅 =
𝐺0𝑤−2

𝑝 [55]. The nonzero 𝜔 contributes to this behavior and squeezes
the 𝜅-range where the STDS exists. It could be explained by an addi-
tional loss due to confinement in the 𝑡-domain. Insets in Fig. 4 demon-
strate the pulse spatio-temporal and spectral profiles corresponding to
the ansatz (7) (see Appendix B).
4 
The solutions for 𝜔 ≠ 0 bifurcate close to the threshold 𝛬′ →0
(Figs. 3, 4). The new solutions with the opposite sign of the chirp 𝜒
appear. The dependencies of 𝛶 and 𝛼2 on 𝜅 for these new solutions are
opposite to those for 𝜔 = 0. Since the 𝜏-growth increases a spectral loss,
t causes the 𝛼2-decrease and 𝛶 -rise (compare Figs. 3 and 4).

2.4. STDS stability: linear analysis

The linear stability analysis is based on the standard technique of
the study of the Jacobian eigenvalues (see Appendix C and [75]) at the
stationary points of (13). Their real parts must be negative to provide
a local stability of the STDS solutions.

The analysis demonstrates that the solutions presented in Fig. 2
are unstable, expecting the confined region of 𝜅 →0 for a non-zero 𝜔
(thick magenta line). The dependencies of the corresponding Jacobian
eigenvalues 𝜆 on 𝜅 are shown in Fig. 5.

When 𝛬′ →0, the additional unstable solutions appear for the
considered non-zero 𝜔 as is shown in Figs. 3,4. But in this case, the
first solutions corresponding to the branches with lower 𝛼2 are stable
for 𝜔 ≠0 within all diapason of 𝜅 in which an STDS exists. This diapason
shrinks with 𝜔 because the 𝜔-growth shortens a gain ‘‘window’’ in the
𝑡′-domain.

The analysis testifies that, for an unstable solution, there is always
an eigenvalue 𝜆 with ℜ(𝜆) > 0 but ℑ(𝜆) = 0 that does not show evidence
of the limiting circles. On the other side, the numerical simulation of
(13) demonstrates a rapid convergence to a stable solution within its
existence region, as is shown in Fig. 6. One must note that an absence of
analytical solutions does not mean a lack of localized solutions because
the model is confined by the choice of the ansatz (7). Therefore, the
numerical simulations of Eq. (2) are required.

2.5. STDS stability: numerical simulations

We performed large-scale numerical simulations of Eq. (2) based on
the COMSOL Multiphysics software to analyze the stability of the ana-
lytical solutions based on the VA. The characteristic case is illustrated
in Fig. 7 for the parameters marked by the blue square in Fig. 4. The red
line corresponds to the analytical solution, and the black curve shows
the numerical solution for the maximal |𝜓|2 in dependence on 𝑍. The
ansatz (7) with 𝛼0 = 0.46, 𝛶 = 22, 𝜌 = 1, 𝜓 = 𝜃 = 0 was chosen as
the initial condition. One can see a fast approach of the STDS maximal
intensity to the analytical solution.

Besides the stable STDS solutions, the numerical simulations demon-
strate two main destabilization scenarios. The first is the STDS decay
(Fig. 8) corresponding to an unstable analytical solution of Fig. 4,b
(white square). For this scenario, a peak amplitude decreases exponen-
tially with a slow temporal broadening of STDS.

The second scenario is the STDS splitting with the irregular os-
cillations between multiple pulse states leading to a ‘‘rogue wave’’
dynamics. Fig. 9 shows such a regime, which cannot be described
within the above analytical model. One may conjecture that the split-
ting in a local time domain could be explained by broadening the
confinement potential with the |𝛬′

|-growth. However, a more precise
analysis of such dynamics requires considering the gain saturation.

2.6. STDS stability under the saturable gain dynamics

To take into account the dynamic gain saturation, it is convenient
to use the Frantz–Nodvik equation [76]:

𝜕𝐺0
𝜕𝑡

=
𝐺𝑠𝑠 − 𝐺0

𝑇𝑟
−
𝐺0 |𝜓|

2

𝐸𝑠
, (10)

where 𝐺𝑠𝑠 is a small signal gain, 𝑇𝑟 is a gain relaxation time, 𝐸𝑠 =
ℎ𝜈∕𝑆𝜎𝑒𝑚 is a gain saturation energy (𝜈 is a central gain-band wave-
length coinciding with the STDS carrier frequency, 𝑆 is a beam area,

𝜎𝑒𝑚 is a stimulated emission cross-section). Specifically, we base on
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Fig. 2. Dimensionless pulse width 𝛶 (a) and intensity 𝛼20 (b) in dependence on the transverse (𝜅) and longitudinal (𝜔) gain grading parameters. 𝛬′ =−0.01, 𝜏 = 0.01. The unstable
solutions are shown by dashed curves. A bold magenta curve shows the stable solutions for 𝜔 = 10−5.
Fig. 3. Dimensionless pulse width 𝛶 (a) and intensity 𝛼20 (b) in dependence on the transverse (𝜅) and longitudinal (𝜔) gain grading parameters. 𝛬′ = −0.001, 𝜏 = 0.01. Dashed
curves correspond to unstable solutions. Solutions corresponding to 𝜔=10−4 and 10−3 are nonphysical.
Fig. 4. Dimensionless pulse width 𝛶 (a) and intensity 𝛼20 (b) in dependence on the transverse (𝜅) and longitudinal (𝜔) gain grading parameters. 𝛬′ = −0.001, 𝜏 = 0.1. Insets show
the analytical spatio-temporal (a) and spectral (b) profiles of STDS for the parameters marked by the green circles (𝜅 = 0.0006, 𝜔 =10−7). The blue square marks the parameters
𝜅 = 0.0005, 𝜔 =10−6 corresponding to Fig. 7. The unstable solutions are shown by dashed curves. The white square marks the parameters corresponding to Fig. 8. Solutions for
𝜔=10−4 and 10−3 are nonphysical.
Fig. 5. Real and imaginary parts of the Jacobian eigenvalues 𝜆 in dependence on 𝜅 for 𝜔 = 10−5, 𝛬′ = −0.01, and 𝜏 = 0.01 [75].
5 
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Fig. 6. Evolution of 𝛶 (𝑍) and 𝛼2(𝑧) for the parameters marked by points in Fig. 4.
The initial values are 𝛶 (0) = 10, 𝛼(0) = 0.1, 𝜌(0) = 1, and 𝜓(0) = 𝜃(0) = 𝜙(0) = 0.

Fig. 7. Evolution of the STDS peak intensity |𝜓(𝑅 = 0, 𝑡′ = 0, 𝑍)|2 (black solid curve)
and the STDS profile |𝜓(𝑅, 𝑡′ , 𝑍 = 3000)|2 for the parameters of Fig. 4 (blue square).
The red line shows the analytical 𝛼20 from Fig. 4 for 𝜔 =10−6, 𝜅 = 0.0005.

Fig. 8. Evolution of the STDS peak intensity |𝜓(𝑅 = 0, 𝑡′ = 0, 𝑍)|2 (black solid curve,
logarithmic scale), and the initial and final STDS profiles |𝜓(𝑅, 𝑡′ , 𝑍 = 0, 10000)|2 for
the parameters of Fig. 4 marked by the white square.
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Fig. 9. Evolution of the maximal |𝜓|2𝑚𝑎𝑥 with 𝑍 for 𝜔 = 10−5, 𝜅 = 0.005, 𝛬′ =−0.01,
and 𝜏 = 0.1. Inset shows the profile of the STDS complex at the final point of the
considered 𝑍-interval.

Table 3
Cr:ZnS laser parameters [78,79].

Parameters Values

Radiative lifetime 𝑇𝑟, μs 4.3
Gain cross-section 𝜎𝑒𝑚, cm2 1.4 ⋅ 10−18

Coefficient of nonlinear refraction 𝑛2,
cm2

W
7–9 ⋅ 10−15

Central wavelength 𝜆, μm 2.35
𝑤0, μm 40
𝑛0 at 2.3 μm 2.27
𝛿 0.0047
Numerical aperture 𝑁𝐴 =

√

𝑛21 − 𝑛
2
0 ≈0.15

𝑤𝑇 , cm 0.001
𝜁 , cm 0.03
𝑆 = 𝜋𝑤2

0∕2, cm2 2.5 ⋅ 10−5

𝛽2, fs2/cm 1280

the characteristics of a Cr:ZnS waveguide laser [77]. Table 3 presents
the corresponding dimensional laser parameters (𝑛2 value is defined at
1.3 μm).

It is possible to extend the above analytical technique by tak-
ing into account the gain dynamics in the simplest form of 𝐺0 ∝
𝐺𝑠𝑠∕

(

1 + 𝛴 ∫ ∞
−∞

|

|

𝜓(𝑍,𝑅, 𝑡′)|
|

2 𝑑𝑡′
)

(𝛴 = 𝑆∕𝐸𝑠 is an inverse gain satura-
tion energy flux). Then, Figs. 2–4 could be treated as the representation
of STDS parameters along ‘‘isogains’’ |𝛬′

| = 𝑐𝑜𝑛𝑠𝑡 filling a ‘‘master
diagram’’ embedded in (𝐶𝑖, 𝐸)-parametric space like that in [80] (𝐸 is a
normalized STDS energy). The 𝐶𝑖-parameters connecting the dissipative
and nondissipative coefficients of Eq. (2) must be defined. In the
simplest (1+1)-dimensional case, a master diagram is two-dimensional
(i.e., 𝑖 = 1), but in our case, one may expect 𝑖 >1, and its developing is
a task of further exploring.

The numerical calculations allow including the gain saturation di-
rectly that demonstrates its visible effect on the STDS characteristics
and dynamics beyond the limits imposed by (7).3

For a chosen level of linear loss 𝛬, some characteristic profiles of
STDS based on the numerical simulations are shown in Figs. 10. As
one can see, an additional scenario of STDS destabilization appears.

3 The direct inclusion of (10) in (2) even in the simplest form of the
additional term like ∫ 𝑡′

−∞ |𝜓(𝑍,𝑅, 𝑡)|2 𝑑𝑡 is challenged because requires the
change of (7), in particular, introducing a gain-dependent change of the
group-velocity, carrier frequency shift, and, possible, STDS asymmetry. The
(1+1)-dimensional example can be seen in [81].
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Fig. 10. The |𝜓|2-profiles on the different distances 𝑍 = 16000 (a), 29000 (b), and 30000 (c) for 𝜅 = 0.002, 𝜔 = 10−5, 𝛬 = 0.1, 𝐺𝑠𝑠 = 1.1 𝛬, and 𝜏 = 0.1 (see the green circle in
Fig. 11).
Fig. 11. The visualization of the STDS stability region on (𝜅–𝜔)-plane under dynamic
gain saturation. The nodes correspond to the ‘‘last’’ numerical stability points connected
‘‘by hand’’ for clarity. The green circle corresponds to the parameters of Fig. 10. 𝛬 =
0.1, 𝐺𝑠𝑠 = 1.1 𝛬, and 𝜏 = 0.1.

Namely, there are the STDS shape distortion, shift, and splitting, which
alternate irregularly.

The region of STDS stability is shown in Fig. 11 for a given linear
loss coefficient 𝛬. The ‘‘nodes’’ in Figure correspond to the ‘‘last’’
stability points obtained numerically and are connected ‘‘by hand’’ for
clarity. The STDS decay confines this region for larger 𝜅, so there are no
stable pulses for 𝜅 ≳ 0.006. The difference with the analytical results lies
in the reduction of a net gain required for the soliton formation. Such a
gain reduction is a direct consequence of the gain saturation. The main
destabilization factor for smaller 𝜅 is irregular pulse splitting, which
alternates with a single-pulse regime (Figs. 10). The asymmetry of the
STDS complex appears due to dynamic gain saturation (Figs. 10). When
𝜅 approaches zero, very strong STDS power and width oscillations
appear. They reach more than two orders of magnitude (Figs. 10(a)
vs. (b,c)), so STDS is periodically ‘‘reborn’’. This phenomenon confines
the stability region from below on 𝜅 and above on 𝜔.

As an additional effect that waits for further exploration is a sym-
metry breaking. It was found [53] that this effect contributes to STDS
dynamics in a system with pure real pancake-like plus imaginary cigar-
like potentials. The STDS shape can be distorted, and the dynamics
7 
becomes more complicated. However, STDS remains 3D-localized. The
situation is reversed in our case: pure imaginary pancake-like plus real
cigar-like potentials. The numerical analysis shows that, unlike [53],
there is no STDS splitting in the transverse dimension 𝑅. That is, the
transverse perturbations are suppressed, and we may conjecture that
the development of the spatial asymmetry would be troubled.

3. Discussion and conclusion

Similar to the mechanism of STDS stabilization by non-dissipative
confinement along the longitudinal (𝑡) coordinate [53], which cor-
responds to an active phase mode-locking in a laser, the dissipative
confinement due to synchronous pulse pumping or active amplitude
mode-locking leads to a stable STDS, as well. Such stabilization is
possible at very low values of the modulation ‘‘depth’’ parameter 𝜔 =
𝐺0∕T 2 ≈ 𝛬∕T 2 10−6. For instance, it means that a pumping pulse,
synchronized with the cavity round-trip, could be ‘‘long’’ compared to
the STDS temporal width. For instance, the normalizations presented
in the Tables 2,3 result in the dimensional T ≈ 8 ps for 𝛬 = 0.1, 10 cm
ZnS-waveguide, |𝛽2| = 2000 fs2/cm, and 𝜔 = 10−6.

The linear stability analysis based on the variational approximation
demonstrates that the stable STDS exists within confined regions of 𝜅,
𝛬′, and 𝜔 parameters. The numerical simulations demonstrate that the
main destabilization scenario is an exponential STDS decay. Also, there
is a tendency to STDS splitting in the time domain with the growth of 𝜅
and 𝜔. For such a scenario, the ‘‘rogue wave’’ dynamics is characteristic.
At variance with the case of longitudinal phase confinement [53], we
did not observe complicated spatial dynamics and splitting that testifies
to the intensification of the mode cleaning process. It is important
that spectral dissipation (𝜏) is required for STDS stabilization. One
may assume that the too-low value of this parameter cannot prevent
a tendency to the STDS collapse.

We found that the gain saturation could significantly impact the
STDS dynamics. For the considered values of gain coefficient 𝐺𝑠𝑠 there
is a confined range of driving frequency 𝜔 providing the STDS sta-
bility, and this region is the broadest in the vicinity of 𝜅 ≈ 𝛬∕4 −



V.L. Kalashnikov et al.

s
d
s
c
d
t
w
e
o

s
m
(
H
m

l
t
t
p
s
d
d
i
b
T
f
N
s
b
i
s
a
m
d
n
b
e
d
s
o

C

I
i
e

D

c
i

D

A

p
a
r
e

A

w
e
d

−

2

𝜋

𝜋

−

3

+

Optics Communications 574 (2025) 131060 
𝛬∕3. The primary mechanism of destabilization is STDS decay. A
possible explanation is the following. Too small 𝜔 does not provide
ufficient confinement along 𝑡−dimension for a chosen 𝐺𝑠𝑠. Too large
riven frequency squeezes a gain window so STDS cannot be amplified
ufficiently to start a Kerr effect for spatial squeezing, and spatial
onfinement becomes destructive. Also, the dynamic gain saturation
efines some maximum 𝜅 because it decreases an effective gain, and
he spatial losses lead to the STDS decay. The STDS peak power and
idth oscillations appear with the 𝜅-decrease. These oscillations can be

xtremely strong and accompanied by alternating between asymmetric
ne and two pulses.

We must note that the cavity round-trip period could excess es-
entially 2𝐿𝑤∕𝑐 to provide the STDS energy scalability [31]. This
ethod is practiced in high-energy passively mode-locked oscillators

e.g., see [12,30]). In a waveguide oscillator, it is possible to use the
erriott cell or fiber loop for this aim. The last approach could be the
ost effective for the STDS generation in a fiber laser [53].

In conclusion, we propose a mechanism of STDS stabilization using
ongitudinally and transversely graded gain in a waveguide laser with
ransversely graded refractive index and Kerr nonlinearity. Practically,
hat means realizing a DKLM in a waveguide laser operating in ADR and
umped by a Gaussian beam with slow amplitude temporal modulation
ynchronized with a laser repetition rate. In some sense, that is a
issipative analog of ‘‘pancake-like’’ confining potential in a weakly
issipative BEC. The analytical solutions for such STDS are obtained
n the framework of VA depending on the parameters of the pump
eam, such as its width, modulation depth, and saturated net gain.
he essential ingredient of our model is spectral dissipation due to
inite spectral gain bandwidth, which contributes to STDS stabilization.
umerical simulations under cylindrical symmetry conditions demon-

trate the STDS’s stability within a limited region of parameters defined
y net gain, pump beam width, and spectral bandwidth. Consider-
ng the dynamic gain saturation, we defined the main destabilization
cenarios: decay and STDS oscillations asymmetrically alternating one
nd two pulses. We assume that the self-control of the transverse
odes by the combination of enhanced nonlinearity, specific for the
istributed nonlinear systems like waveguides composed from highly-
onlinear media, with the dissipative confinement, could provide the
reakthrough in developing the new generation of high-stable and
nergy scalable sources of STDS. In principle, this approach is a further
evelopment of the DKLM concept that proved its efficiency for energy-
calable solid-state lasers. Moreover, it could be useful for stabilizing
ther localized coherent structures, e.g., a weakly dissipative BEC.
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ppendix A. Euler–Lagrange–Kantorovich equations

The substitution of the ansatz (7) into the reduced Lagrangian (6)
ith a subsequent integration results in the following Euler–Lagrange
quations (left-hand side of Eq. (5)) for the ansatz parameters (a prime
enotes 𝑑∕𝑑𝑍):

2𝛶 (𝑍)2
(

3𝜌(𝑍)4
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 2𝛼(𝑍)2𝜌(𝑍)2

+ 6𝜌(𝑍)2𝜙′(𝑍) − 3
)

+

𝜋2𝛶 (𝑍)4𝜌(𝑍)2
(

2𝜒(𝑍)2 − 𝜒 ′(𝑍)
)

+ 2𝜌(𝑍)2 = 0,

−2𝛶 (𝑍)2
(

3𝜌(𝑍)4
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 𝛼(𝑍)2𝜌(𝑍)2

+ 6𝜌(𝑍)2𝜙′(𝑍) − 3
)

+

3𝜋2𝛶 (𝑍)4𝜌(𝑍)2
(

2𝜒(𝑍)2 − 𝜒 ′(𝑍)
)

− 2𝜌(𝑍)2 = 0

2𝜋𝛼(𝑍)𝜌(𝑍)
(

𝛼(𝑍)
(

𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑧)𝜌′(𝑧)
)

+ 2𝛶 (𝑍)𝜌(𝑍)𝛼′(𝑍)
)

= 0, (11)
3𝛼(𝑍)𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑍)

(

𝜌(𝑍)𝛼′(𝑍) + 𝛼(𝑍)
(

2𝜌(𝑍)𝜓(𝑍) + 𝜌′(𝑍)
))

= 0,

𝛼(𝑍)𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑍)
(

𝜌(𝑍)𝛼′(𝑍) + 2𝛼(𝑍)
(

𝜃(𝑍)𝜌(𝑍) + 𝜌′(𝑍)
))

= 0,

− 2𝛶 (𝑍)2
(

6
(

𝜌(𝑍)2
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 𝜙′(𝑍)
)

+ 𝛼(𝑍)2
)

+
2𝛶 (𝑍)4

(

2𝜒(𝑍)2 − 𝜒 ′(𝑍)
)

= 0.

The substitution of (7) into the right-hand side of Eq. (5) leads to
the Euler–Lagrange–Kantorovich equations:

−2𝛶 (𝑍)2
(

3𝜌(𝑍)4
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 2𝛼(𝑍)2𝜌(𝑍)2 + 6𝜌(𝑍)2𝜙′(𝑍) − 3
)

+
2𝛶 (𝑍)4𝜌(𝑍)2

(

2𝜒(𝑍)2 − 𝜒 ′(𝑍)
)

+ 2𝜌(𝑍)2 = 0,

2𝛶 (𝑍)2
(

3𝜌(𝑍)4
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 𝛼(𝑍)2𝜌(𝑍)2 + 6𝜌(𝑍)2𝜙′(𝑍) − 3
)

+

𝜋2𝛶 (𝑍)4𝜌(𝑍)2
(

2𝜒(𝑍)2 − 𝜒 ′(𝑍)
)

− 2𝜌(𝑍)2 =
4
9
𝜋
(

3 + 𝜋2) 𝜏𝛼(𝑍)2𝜌(𝑍)2𝜒(𝑍),

2𝜋𝛼(𝑍)𝜌(𝑍)
(

𝛼(𝑍)
(

𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑍)𝜌′(𝑍)
)

+ 2𝛶 (𝑍)𝜌(𝑍)𝛼′(𝑍)
)

= (12)

−
𝜋𝛼(𝑍)2𝜌(𝑍)2

3𝑇 (𝑧)
(

4𝜏 + 12𝛶 (𝑍)2
(

𝛬 + 𝜅𝜌(𝑍)2
)

+ 𝜋2𝛶 (𝑍)4
(

𝜔 + 4𝜏𝜒(𝑍)2
))

,

1
6
𝜋3𝛶 (𝑍)2𝛼(𝑍)𝜌(𝑍)

(

3𝛼(𝑍)𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑍)
(

𝜌(𝑍)𝛼′(𝑍)

+ 𝛼(𝑍)
(

2𝜌(𝑍)𝜒(𝑍) + 𝜌′𝑍𝑧
)))

=

− 1
180

𝜋𝛶 (𝑍)𝛼(𝑍)2𝜌(𝑍)2
(

20
(

𝜋2 − 24
)

𝜏 + 60𝜋2𝛶 (𝑍)2
(

𝛬 + 𝜅𝜌(𝑍)2
)

21𝜋4𝛶 (𝑍)4
(

𝜔 + 4𝜏𝜒(𝑍)2
))

,

2𝜋𝛼(𝑍)𝜌(𝑍)3
(

𝛼(𝑍)𝜌(𝑍)𝛶 ′(𝑍) + 2𝛶 (𝑍)
(

𝜌(𝑍)𝛼′(𝑍)

+ 2𝛼(𝑍)
(

𝜃(𝑍)𝜌(𝑍) + 𝜌′(𝑍)
)))

=

−
𝜋𝛼(𝑍)2𝜌(𝑍)4

3𝛶 (𝑍)
(

4𝜏 + 12𝑇𝛶 (𝑍)2
(

𝛬 + 2𝜅𝜌(𝑍)2
)

+ 𝜋2𝛶 (𝑍)4
(

𝜔 + 4𝜏𝜒(𝑍)2
))

,

2 − 2𝛶 (𝑍)2
(

6
(

𝜌(𝑍)2
(

2𝜃′(𝑍) − 4𝜃(𝑍)2 − 1
)

+ 𝜙′(𝑍)
)

+ 𝛼(𝑍)2
)

+𝜋2𝛶 (𝑍)4
(

2𝜒(𝑍)2 − 𝜓 ′(𝑍)
)

= 0.

One may obtain the equations for the evolution of the ansatz
parameters from (12):

The steady-state points of (13) (see Box I) give Eqs. (8) and (9).

Appendix B. Soliton spectrum

To find the Fourier image of (7), we use the fact that the chirp 𝜒 ≪ 1
in an anomalous dispersion regime. This fact results from calculations
of (8,9). Then, it is possible to use a Fourier image expansion over 𝜒 :

{𝜓(𝑟, 𝑡)}(𝛺,𝜛) ≈ 𝛼

√

2𝜋𝜌2

1 − 2𝑖𝜃𝜌2
𝑒
− 𝛺2𝜌2

2(1−2𝑖𝜃𝜌2) ×
(

𝜋𝑇 sech
(𝜋𝜛𝑇

2

)

+ 𝑖𝜒 ∫

∞

−∞
𝑡2 sech

( 𝑡
𝑇

)

𝑒−𝑖𝜛𝑡 𝑑𝑡
)

. (14)

The integral evaluation leads to:

|{𝑓 (𝑟, 𝑡)}(𝛺,𝜛)|2 = 𝛼2
2𝜋𝜌2

√
𝑒
− 𝛺2𝜌2
√

1+4𝜃2𝜌4 ×

1 + 4𝜃2𝜌4
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𝐷

R
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𝜃′(𝑍) =
3𝜌(𝑍)4 + 𝛼(𝑍)2𝜌(𝑍)2 + 12𝜃(𝑍)2𝜌(𝑍)4 − 3

6𝜌(𝑍)4
,

𝜒 ′(𝑍) = −
6 − 𝛶 (𝑍)2𝛼(𝑍)2 − 6𝜋2𝛶 (𝑍)4𝜒(𝑍)2 + 4𝜋2𝜏𝛶 (𝑍)2𝜒(𝑍) + 12𝜏𝛶 (𝑍)2𝜒(𝑍)

3𝜋2𝛶 (𝑍)4
,

𝜙′(𝑍) = −
21𝛶 (𝑍)2𝛼(𝑍)2𝜌(𝑍)2 − 4𝜋2𝜏𝛶 (𝑍)2𝜌(𝑍)2𝜒(𝑍) − 12𝜏𝛶 (𝑍)2𝜌(𝑍)2𝜒(𝑍) − 36𝛶 (𝑍)2 − 12𝜌(𝑍)2

36𝛶 (𝑍)2𝜌(𝑍)2
, (13)

𝛼′(𝑧) = −
−60𝜋2𝛶 (𝑍)2𝛼(𝑍)𝜒(𝑧) − 120𝜋2𝛶 (𝑧)2𝛼(𝑧)𝜃(𝑍) + 60𝜋2𝛬𝛶 (𝑍)2𝛼(𝑍) − 12𝜋4𝜏𝛶 (𝑍)4𝛼(𝑍)𝜒(𝑍)2

60𝜋2𝛶 (𝑍)2
+

−3𝜋4𝜔𝛶 (𝑍)4𝛼(𝑍) + 20𝜋2𝜏𝛼(𝑍) + 240𝜏𝛼(𝑍)
60𝜋2𝛶 (𝑍)2

,

𝜌′(𝑍) = −2𝜃(𝑍)𝜌(𝑍) − 𝜅𝜌(𝑍)3,

𝛶 ′(𝑍) = −
2
(

−60𝜏 + 15𝜋2𝛶 (𝑍)2𝜒(𝑍) + 8𝜋4𝜏𝛶 (𝑍)4𝜒(𝑍)2 + 2𝜋4𝜔𝛶 (𝑍)4
)

15𝜋2𝛶 (𝑍)
.

Box I.
[

(𝜋𝑇 sech
(𝜋𝜛𝑇

2

)

)2 + 𝜒2 𝜋3𝑇 6

32

(

sech3
(𝜋𝑇𝜛

2

)

− tanh2
(𝜋𝑇𝜛

2

)

sech
(𝜋𝑇𝜛

2

))2]

. (15)

Appendix C. Jacobian

The calculated Jacobian for the system (13) is

4𝜃0 0 𝛼0
3𝜌20

6−𝛼20𝜌
2
0

3𝜌50
0

0 4𝜒0 −
4
(

3+𝜋2
)

𝜏
3𝜋2𝑇 2

0

2𝛼0
𝜋2𝑇 2

0
0 𝐴

0 1
9

(

3 + 𝜋2
)

𝜏 − 7
6𝛼0 − 2

𝜌30
− 2

3𝑇 3
0

2𝛼0
1
5𝛼0

(

2𝜋2𝜏𝑇 2
0 𝜒0 + 5

)

𝐵 0 𝐶
−2𝜌0 0 0 −2𝜃0 − 3𝜅𝜌20 0
0 − 1

1532𝜋
2𝜏𝑇 3

0 𝜒0 − 2𝑇0 0 0 𝐷

(16)

where

𝐴 =
𝑇 2
0
(

8
(

3 + 𝜋2
)

𝜏𝜒0 − 6𝛼20
)

+ 24

3𝜋2𝑇 5
0

𝐵 = 2𝜃0 − 𝛬 + 1
20
𝜋2𝑇 2

0
(

4𝜏𝜒2
0 + 𝜔

)

−

(

12 + 𝜋2
)

𝜏

3𝜋2𝑇 2
0

+ 𝜒0

𝐶 =
𝛼0

(

20
(

12 + 𝜋2
)

𝜏 + 3𝜋4𝑇 4
0
(

4𝜏𝜒2
0 + 𝜔

))

30𝜋2𝑇 3
0

= −1
5
4𝜋2𝑇 2

0
(

4𝜏𝜒2
0 + 𝜔

)

− 8𝜏
𝜋2𝑇 2

0

− 2𝜒0,

where 𝜃0, 𝜒0, 𝜌0, 𝛼0, and 𝑇0 are the stationary points of the system (14).
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