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Abstract. The influence of the drive torque distribution of an AWD
vehicle with individual motors at the front and rear axles on the han-
dling and stability properties is investigated. By applying bifurcation
analysis methods, different types of loss of stability at combined longi-
tudinal and lateral acceleration are identified. The impact of the drive
torque distribution on the stability boundaries in the GG diagram is
examined, and the related stable acceleration envelope is compared to
the envelope derived from applying optimisation methods. Representa-
tive corresponding handling characteristics are compared and discussed.
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1 Introduction

Drive train architectures of electric vehicles, often equipped with more than
one electric motor, allow both to ‘stabilise’ and to make the vehicle’s motion
‘more responsive’ but also require a profound understanding of its influence on
stability and handling to ensure safe operation. Depending on the longitudinal
acceleration and drive train configuration, the handling behaviour and respective
passive stability properties of the vehicle can significantly change [1,5,6]. To
study these characteristic properties, a quasi-steady-state description is derived,
where the state of a vehicle accelerated in longitudinal direction is transformed
to a mechanically equivalent steady-state [1,6].

Bifurcation analysis is frequently used to find stability boundaries [10]. In
[3], Della Rossa et al. analyse the stability properties of a vehicle with different
tyre configurations and demonstrate that various types of loss of stability may
appear. Horiuchi et al. use a quasi-steady-state description to model transient
states to investigate the loss of stability for a longitudinally accelerated vehicle
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with fixed drive torque distribution in [5]. Lenzo et al. analyse the handling
characteristics for different drive concepts and present the relation between yaw
torque and understeer coefficient [7].

This paper investigates the impact of the drive torque distribution of an
AWD vehicle with individual motors at the front and rear axles on the transient
handling and stability properties. The vehicle state is transformed to a mechan-
ically equivalent quasi-steady-state to apply linear stability theory and to utilise
bifurcation and continuation algorithms. For various drive torque distributions,
different types of bifurcations are found and discussed. The stable acceleration
envelope is compared to the solution found by optimisation, and differences are
discussed.

The paper is structured as follows: In the next Section, the vehicle and tyre
models are addressed. In Sect. 3, the applied methods are briefly described. In
the following Sect. 4, the impact of the longitudinal acceleration on the han-
dling characteristics is shown. The stability boundary found with the bifurca-
tion method is presented in the GG diagram and compared to the optimised
acceleration envelope in Sect. 5.

2 Vehicle Model

A nonlinear four-wheel vehicle model with 10 degrees of freedom, as introduced
and described in [4] and illustrated in Fig. 1, is considered in this study. The
rigid vehicle body is modelled with 6 degrees of freedom, (longitudinal velocity
vxB, lateral velocity vyB , vertical velocity vzB, roll angle ϕB , pitch angle θB and
yaw rate ψ̇B ), and one rotational degree of freedom is considered for each wheel,
ωi (i = 1, 2, 3, 4). Input quantities are the drive torques at the individual wheels,
T1 = T2 and T3 = T4, and the steering angle δ, where δ1(δ) and δ2(δ). The
Magic Formula [9] is used to model the combined tyre force characteristics. In
the subsequent figures, the vehicle states are represented in the x-y-z-coordinate
frame depicted in red colour in Fig. 1.

For vehicle parameters, governing equations and tyre force characteristics,
please refer to [4].

Fig. 1. Schematic illustration of the vehicle model
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3 Methods

To apply continuation methods for the nonlinear stability analysis, the combined
accelerated manoeuvre (an �= 0 and at �= 0) is transformed to a quasi-steady-
state, mechanically equivalent state, which approximates the combined accelera-
tion manoeuvre well [2,5]. In this paper, similar to [5], an equivalent force in the
direction of the velocity vector is applied at the centre of gravity of the vehicle.
This system adaption considers both the load transfer and the mutual influence
of the longitudinal and lateral tyre forces. Yaw acceleration ψ̇, derivative of the
vehicle sideslip angle β̇, and the derivatives of the other states are set to zero to
fulfil the steady-state condition.

Once equivalent equilibrium solutions are found, linear methods are applied
to analyse stability properties. For that purpose, the equations of motion are lin-
earised with respect to the equilibrium solutions, Δẋ = AΔx+BΔu. Lyapunov’s
first method implies that an equilibrium solution is stable if all eigenvalues λi

from (A − λiI)pi = 0, with the right eigenvector pi, have negative real parts
[10].

With the help of a path continuation algorithm [10], solution paths are found
by varying parameters and inputs. A more detailed description of the used
method is given in [4]. Moreover, optimisation techniques are applied to find
the maximum possible acceleration envelope [8]. The result is compared to the
stable acceleration envelope found with bifurcation analysis.

4 Handling Characteristics at Longitudinal Acceleration

The handling diagram for the considered vehicle with drive torque distribu-
tion γ = 1, i.e. rear-wheel-drive (RWD), and zero tangential acceleration shows
understeer handling characteristics and limit understeer behaviour, see Fig. 2
(blue line). The respective vehicle configuration with γ = 0, i.e. front-wheel-
drive (FWD), shows qualitatively the same characteristics and is not depicted.

Increasing the vehicle tangential acceleration, e.g. to at = 4 m/s2, results in a
qualitative change to limit oversteer behaviour of the vehicle with γ = 1 (Fig. 2,
orange line). In contrast, no qualitative change may be observed for γ = 0 (not
depicted) and an all-wheel-drive (AWD) configuration with a certain portion of
drive torque at the front axle (e.g. γ = 0.7, green line).

Evaluating the eigenvalues for γ = 1 at at = 4 m/s2 indicates a Hopf-type
loss of stability (◦ in Fig. 2), characterised by a conjugate complex pair of eigen-
values with zero real part. For decreased parameter γ the Hopf point moves to
higher normal accelerations an (black line) while the imaginary part of the Hopf
eigenvalue λI decreases and finally results in two zero eigenvalues, Fig. 2 black
×, called Takens–Bogdanov bifurcation. Further decrease of the drive torque dis-
tribution γ leads to limit understeer behaviour. The torque distribution at the
Takens–Bogdanov point, γTB ≈ 0.86 for a tangential acceleration of at = 4 m/s2,
characterises the change from limit understeer to limit oversteer behaviour and
vice versa. The Takens–Bogdanov solution for various γ and at is depicted in
Fig. 2 (red line).



Influence of the Front-Rear Torque Distribution 203

Fig. 2. Steering angle δ and vehicle sideslip angle β for different drive torque distri-
butions γ at tangential acceleration at. Quasi-steady-state solutions for vehicle veloc-
ity v = 20 m/s2.

5 Takens–Bogdanov Point as Design Criteria

The corresponding ax–ay diagram (GG diagram) depicted in the left graph of
Fig. 3 includes two coloured lines: the maximum lateral acceleration for the
considered vehicle with γ = 1 (blue line) that shows limit understeer behaviour
up to a longitudinal acceleration of ax = 2.6 m/s2, followed by the Takens–
Bogdanov solution for higher longitudinal accelerations (red line). In the right
graph of Fig. 3 (red line), the respective torque distribution γ for the Takens–
Bogdanov solution is plotted over the longitudinal acceleration ax.

In addition, the numerically optimised GG diagram that represents the max-
imum acceleration envelope for the considered vehicle and the resulting optimi-
sation parameter γ are plotted in Fig. 3 (black lines).

In the left graph, it can be seen that the solutions from bifurcation analysis
and optimisation are almost equal. Nevertheless, at small longitudinal acceler-
ations ax < 2.5 m/s2 the maximum lateral accelerations ay from the optimised
drive torque distribution γ are slightly superior. Inspecting the respective drive
torque distributions γ, right graph in Fig. 3, shows that an AWD configuration
is beneficial in this regime.

Fig. 3. Comparison of Takens–Bogdanov solution and optimised solution: Acceleration
envelope ax–ay and drive torque distribution γ.
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Considering the graph of the optimal drive torque distribution γ, at ax ≈ 2.5
m/s2 a discontinuity can be noticed. Evaluating the stability properties of the
steady-state solutions derived with the optimisation technique reveals a qual-
itative change from stable conditions (black solid line) to unstable conditions
(black dashed-dotted line) at ax > 2.5 m/s2, whereas the Takens–Bogdanov solu-
tion characterises the stability boundary in the ax–ay-envelope. This can also be
seen in Fig. 4 where handling curves for three constant tangential accelerations
at = 1, 3, 5 m/s2 are plotted for the respective optimal and Takens–Bogdanov
quasi-steady-state solutions, and corresponding constant drive torque distribu-
tions γopt and γTB, respectively.

The handling curves for at = 1 m/s2 show that the maximum normal accel-
eration an of the optimised solution is superior compared to the γ = 1 configu-
ration. For at = 3 m/s2 the optimal solution is found for γopt < γTB after loss of
stability (Fold bifurcation). The Fold bifurcation occurs after limit understeer
behaviour and can be attributed to the saturation of the longitudinal tyre forces
at the inner rear wheel (i = 3). The behaviour then changes to an unstable
oversteer behaviour where the optimal solution is found.

At tangential acceleration at = 5 m/s2 the torque distribution of the opti-
mised solution is a little larger than the torque distribution of the Takens–
Bogdanov point (γopt > γTB) and a slightly higher normal acceleration an is
achieved. The optimised quasi-steady-state solution is again unstable following
a Hopf bifurcation.

Fig. 4. Detail of handling diagram for different constant tangential accelerations at

and drive torque distributions γ.

6 Conclusions

The transition between limit understeer and limit oversteer behaviour due to
the change of the drive torque distribution at longitudinal acceleration in quasi-
steady-state condition was investigated. It was shown that the Takens–Bogdanov
solution characterises both the change from limit oversteer to limit understeer
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behaviour and the change of the type of loss of stability from Hopf to Fold
bifurcation.

A Takens–Bogdanov solution was identified by Della Rossa et al. in [3] by
studying a pure lateral vehicle model with the same maximum friction potential
of the tyres at the front and rear axles. In this study, it was shown that a similar
behaviour may result from the mutual influence of longitudinal and lateral tyre
forces at a vehicle accelerated in longitudinal direction.

The Takens–Bogdanov solution seems to be a reasonable design criterion for
the drive torque distribution of an AWD vehicle since, for a given longitudinal
acceleration (or an equivalent drive torque demand), almost the maximum nor-
mal acceleration may be achieved without ‘early’ limit understeer or oversteer
behaviour. This may improve the vehicle’s safety and manoeuvrability during
combined manoeuvres. In addition, the Takens–Bogdanov solution represents
the acceleration envelope near the optimal (maximal) envelope. In contrast to
the latter, which includes unstable solutions, the Takens–Bogdanov solution may
be of more practical relevance, since the solutions are stable. However, potential
practical implications have to be investigated thoroughly. The impact of relevant
system parameters like tyre–road friction potential and different vehicle param-
eters have to be considered, and their influence on the shown method should be
analysed.

Further investigations on the drive torque distribution to generate yaw torque
to modify the handling behaviour and stability boundaries appear to be reason-
able. This will be studied in more detail in a forthcoming paper.
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