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ABSTRACT

We consider the discretization of the 1d-integral Dirichlet fractional Laplacian by Ap-finite elements. We present quadrature schemes to set up the
stiffness matrix and load vector that preserve the exponential convergence of 2p-FEM on geometric meshes. The schemes are based on Gauss-Jacobi
and Gauss-Legendre rules. We show that taking a number of quadrature points slightly exceeding the polynomial degree is enough to preserve
root exponential convergence. The total number of algebraic operations to set up the system is (((N*/2), where N is the problem size. Numerical
examples illustrate the analysis. We also extend our analysis to the fractional Laplacian in higher dimensions for Ap-finite element spaces based on
shape regular meshes.

1. Introduction

Fractional differential equations have become an important modelling tool, which sparked significant research in analysis and
design and analysis of numerical methods, see, e.g., [8] and, for numerical methods, [4,6,25,14,20,21,36] and references therein.
We consider the fractional differential equation

(-AYu=f inQ:=(-1,1)CR, (1.1a)
u=0 inQ :=R\Q, (1.1b)

where s € (0,1), and f is analytic in Q. Here, the operator (—A)*® is the Dirichlet integral fractional Laplacian, defined in (2.1)
below. Among the discretization techniques, methods like the Ap-finite element method (FEM) stand out as they achieve exponential
convergence, [5,17], so that significantly fewer degrees of freedom are required to achieve the same accuracy compared to fixed
order methods such as the classical 2-FEM. This is particularly interesting for non-local problems such as fractional PDEs since there
the stiffness matrices are fully populated with corresponding high memory requirements and high complexity to set up the matrices.
In fact, [5] considers hp-FEM approximations on suitably designed geometric meshes in one space dimension and shows, for the
hp-FEM approximation u, to the solution u of (1.1), the energy-norm error estimate

||“—”N||f1s(g) < Cexp(—bVN), (1.2)

where b, C > 0 are constants independent of the problem size N. Such exponential convergence results generalize to higher dimen-
sions, e.g., in two space dimensions [17] asserts a similar convergence estimate where the square root in the exponent is replaced by
N1/A4,

The exponential convergence in [5,17] is asserted ignoring variational crimes, in particular, it is shown under the assumption that
uy is the exact hp-finite element Galerkin approximation to u. However, a practical realization of the Galerkin method (2.2) requires
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the evaluation of singular integrals by numerical quadrature. In the present work we develop and analyze quadrature schemes that
preserve the exponential convergence (1.2). The quadratures are based on Gauss-Legendre and Gauss-Jacobi rules, and the analysis is
performed in the framework of the First Strang Lemma. The key observation is that the hyper-singular integrand can be transformed
such that singularities are aligned with coordinate axes, which allows for efficient treatment with Gauss-Jacobi rules.

The issue of evaluating singular integrals has already appeared in the context of boundary element methods (BEMs), [32]. For the
kernels of BEM-operators arising from second order elliptic boundary value problems, regularizing transformations for the singular
integrals have been devised that fully remove the singularity so that standard quadrature techniques can be brought to bear and a
full quadrature error analysis is available, [32, Chap. 5]. For meshes with certain structure it is even possible to evaluate the stiffness
matrices of hp-BEM explicitly, [27,19].

Generalizing the quadrature techniques described in [32, Chap. 5] the works [12,10,9,13] present and analyze regularizing
transformations for a class of integrands that includes products of analytic/Gevrey-regular functions and singular functions; com-
putationally, an essential point of these transformations is that they lead to the use of products of Gauss-Legendre and hp-quadrature
or Gauss-Jacobi quadrature. Using similar transformations (in 1d) and building on these works (for d > 1), our analysis considers the
specific case of hp-FEM for the fractional Laplacian, explicitly works out the dependence on the polynomial degree p of the ansatz
space, and asserts exponential convergence of the fully discrete method. The work to set up the stiffness matrix is algebraic in the
problem size.

Implementations of the spectral fractional Laplacian have been proposed in the literature. Low order (for d > 1) Galerkin methods
include [2,3,16] and typically exploit that a specific choice of basis is made in contrast to the present quadrature-based approach.
Especially for 1d fractional differential equations, spectral and spectral element methods are available in the literature, see, e.g.,
[21,26,33,35,36,25,30,11] and references therein. The 1d quadrature techniques employed in the present work on shape regular
meshes are closely related to those presented independently in [30]. Compared to these works, an important novel aspect of the
present work is the full quadrature error analysis that rigorously establishes that taking n > p + 1 quadrature points (p > 0 denoting
the employed polynomial degree) is sufficient to retain the exponential convergence of 4p-FEM.

In the present article, we consider the 1d case in great detail to make key concepts appear clearly. Extensions to d > 1 are possible,
but come with additional (technical) difficulties. We present an analysis for d > 1 for shape regular meshes based on the regularizing
transformations of [10] in Section 6. We hasten to add that exponential convergence (both in terms of error versus number of degrees
of freedom and error versus computational work) of Ap-FEM in d > 2 requires anisotropic elements with large aspect ratio, [17]. A
quadrature error analysis for meshes including anisotropic elements is the topic of a forthcoming work.

The present article is structured as follows: In Section 2, we introduce our model problem and formulate the main result, exponen-
tial convergence of hp-FEM in the presence of quadrature, in Theorem 2.4. Section 3 specifies the Gaussian quadrature rules and the
resulting approximation of the bilinear and linear forms in the weak formulation of the model problem. Section 3.1 shows stability of
the method under quadrature. Section 4 provides the proofs of our main results using the First Strang Lemma, while the consistency
analysis is postponed to Section 5. Section 6 extends the 1d-analysis to higher dimensions for shape regular meshes based on the
quadrature techniques developed in [12,10].

Finally, Section 7 provides numerical examples illustrating the performance of the quadrature scheme.

2. Main results

For s € (0,1), we consider the integral fractional Laplacian defined for univariate functions u pointwise as the principal value
singular integral

Mdy with C(s):=—225w

(=A)’u(x) :=C(s)P.V. i+ 21/ (=s)’

(2.1)

where I'(-) denotes the Gamma function.
Appropriate function spaces for fractional differential equations are fractional Sobolev spaces, defined for t € (0, 1) and any open
set @ C RY by means of the Aronstein-Slobodeckij seminorm

oG — o)
00 = / / OB dvde ol = W, + 0,

In order to incorporate the exterior Dirichlet condition, we define r(x) := dist(x,0Q) and introduce the space FI’(Q) =
{u e H'(RY) :u=0o0n Rd\ﬁ} with norm

2
lloli% +llo/r 113

P =0l q) 2@

With the exception of Section 6 the domain Q = (—1, 1) always denotes the bounded open interval from our model problem (1.1); in
Section 6, we will consider polyhedral Q c R?. We will use the fact that the norm || - || 5@ and the seminorm | - | s, are equivalent
on H* (L), [28]. The weak form of the fractional PDE (1.1) reads: find u € Hs (Q) such that
C - - ~
a(u,v) 1= %S) / / (U0 ~ U =0 D= ) Yoe F@. 2.2)

|x _y|l+2s
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Since a(-,-) : H* Q) x H $(Q) — R is continuous and coercive on H 5(Q), (2.2) is uniquely solvable by the Lax-Milgram Lemma, see
[1, Sec. 2.1].
For the discretization of the weak formulation, we employ piecewise polynomials on shape regular meshes.

Definition 2.1 (Shape regular meshes and spline spaces). For an interval I C R, we denote its length by /; := diam(Z). For a bounded
interval Q = (xg, X), let the points xj < x; < -+- < x;, determine the mesh 7, = {T; :=(x;_;,x;): i=1,..., M }. The mesh 7, is said
to be y-shape regular, if

vhy, <hg, forall T,T,€T, with T,nT,#0. (2.3)
Based on 7, we define finite dimensional spline spaces by
SPNT) = {ue H'(Q) ulp € P(T) forall T €7},
SPNT) 1= SPUT) N HLQ.
Here, P,(T) denotes the space of all polynomials of degree at most p € N on T'. The standard basis for Sg’l(ﬁ,) is given by

B=B"y BLes, 2.4

where B/" :={@, : i=1,..., M — 1} are the hat functions associated with the interior nodes x;, i = 1,..., M — 1, and the higher order
modes are collected in BL¢ :=Uy; By with element bubble functions from By :={¢g, : i=2,...,p}. For an element T = (x,,x,)
of length h = x, — x,, the element bubble functions are given by

—142(x—xp)/h
or;(x)= L P dr xeT, — (2.5)
! 0 x€Q\T,

where P, is the i-th Legendre polynomial.

The hp-FEM approximation u, is given by Galerkin discretization of (2.2): Find uy € S(’;’l(Ty) such that

auy.vy)=1I(vy) forall vy €SP (T,). (2.6)
For a given basis B :={¢@,,...,py} of Sg’l (7}), finding the solution uy := Zﬁ | X;®; is equivalent to solving the linear system
Ax=0b, 2.7)

where A € RV*N with A;; = a(@;, ;) and b € RN with b; :=(f,¢;);2q)- Setting up the linear system requires evaluating the bilinear
form a(-,-) for all pairs of basis functions, which means calculating (singular) double integrals. Computing the linear form /(-) for all
basis functions leads to a routine problem of calculating integrals involving f.

Our main convergence results are formulated for a specific kind of shape regular meshes, so-called geometric meshes, defined in
the following Definition 2.2. However, we emphasize that the analysis of the consistency errors of the bilinear and linear forms in
Chapter 5 hold for arbitrary shape regular meshes.

Definition 2.2 (Geometric mesh 7;,&036 and basis 1B38¢° of the spline space S(’;’l(Tg ﬁw)). Given a grading factor ¢ € (0, 1) and a number

L €N of layers, the geometric mesh TL = {T; :i=1,..,2L + 2} with 2L + 2 elements T; = (x*°°, x¥*°) is defined by the nodes

geo,o i-1"7
xEi=—1, X =—1+o" fori=1,...,L,
geo _ 1 _ _i-L L geo . _
xl_+l—1 c fori=L,...,2L, x2L+2.—1.
We note that N :=dim Sg’l(ngo’g) ~ pL and that ngo,g is shape regular with y = ¢. The basis /3%¢° for Sg’l(ngM) is taken as the
basis of Definition 2.1 for the mesh 7L

geo,c"

In [5] the following exponential convergence result for the difference in the energy norm between the solution u in (2.2) and its

hp-FEM approximation u, from (2.6) on geometric meshes 7, = 7; ’;M is shown:

Proposition 2.3 ([5]). Let T L

geo,o

be a geometric mesh on the interval Q = (—1, 1) with grading factor o € (0, 1) and L layers of refinement
towards the boundary points. Let the data f be analytic in Q. Let u N € Sg’l(TgL ) solve (2.6) with Ty =7TL and u solve (2.2). Then,

€0,0 geo,o

there are b, C > 0 and for all € > 0 there is C, > 0 such that for all p and L there holds

||u—uN||ﬁS(Q) SCe_b”+Cga(l/2_5)L. (2.8)
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The choice L ~ p leads to convergence |lu—uy|| 55 @ = Cexp(—b'\/N), where N is the dimension of Sg ! (Tg]; M) and C, b are constants
independent of N.

In practice, it is not possible to set up the linear system of equations corresponding to (2.6) exactly due to the presence of the kernel
function |x —y|~!=%*. To implement the 4p-FEM method, we therefore have to work with computable numerical approximations @,,(-, -)
andz,(~) of the bilinear form a(-, -) and the right-hand side /(-), respectively. The fully discrete problem then reads: Find EN’,, eSs 5,1 (77,)
such that

@,y o) =1 (vy) forall vy € SPN(T). (2.9)

In Section 3 below, we specify the approximations a,(-, -) and INn(-) based on (weighted) Gaussian quadrature rules with »n points. Our
main result formulated in the following states that the exponential convergence rate of i, to the solution u is preserved.

; L
Theorem 2.4 (Exponential convergence under quadrature). Let Tg o

be a geometric mesh on the interval Q := (-1, 1) with grading factor
o €(0,1) and L layers of refinement towards the boundary points. Let f be analytic in Q, denote byue HS(Q) the solution to (2.2) and by
’LZN’H S Sg‘l(nga ») the solution to (2.9) with Ty = Tgléa - where a,(-,-) and 1,(-) are defined in (3.11) and (3.3), respectively. The index n
indicates the number of quadrature points that are used per integral and element.

There are constants C, b> 0 and, for each € > 0, a constant C, (depending on f, s, and ¢) such that for any n>p+1, p, L € N and

re{l,...,p}, there holds

lu =iyl s gy < Ce™ + Coa1/27E 4 CL2 P pdpl =2, (2.10)
For L ~ p and n> p+ 1 there holds in terms of the problem size N := dim Sg’l(’fggo,g) for some C, b’ > 0 independent of N and n
llu =Ty ol (0 < Cexp(=b'VN). (2.11)

For L ~ p ~ n and the basis 3¢ from Definition 2.2, the number of algebraic operations to set up the linear system (2.7) is O(L5) = O(N>/2),
3. Quadrature approximations

Throughout this section, we consider y-shape regular meshes 7,. We start with some general definitions and notations. T:=(0,1)
denotes the reference element and, for each element T := (x,, x,) € T, we define the affine element map by

Fr:T—>T. xx,+xhy. (3.1)

With a slight abuse of notation, we will naturally extend F; to an affine function C — C when needed. For a function v defined on
T, we write O for its pullback to the reference element

Oy :=voFy. (3.2)
Our approximations to a(-,-) and /(-) are based on the following (weighted) Gaussian quadrature rules. Let w : (0, 1) — R be a positive,
integrable weight function. Then, we approximate

1

(@) := / Px)o(x) dx» Y 0,0(E) =: G, (@),
i=1

0

where & are the Gaussian quadrature nodes (zeros of orthogonal polynomials w.r.t. the w-weighted L2-inner product) and
w; = /01 w(x)L;(x)dx with the i-th Lagrange interpolation polynomials L;(x) = H;.':l i % associated with the quadrature nodes
J# g g
ISEREEN
For w = 1, we write GL,(®) (Gauss-Legendre quadrature) for the quadrature rule. For integrands with singularities at the bound-
aries, we take w(x) = (1 — x)*x?, a,f > —1 and write GJ,’ P (®) (Gauss-Jacobi quadrature). For multivariate functions ®(x, y), we
will indicate by the subscript x, y the variable to which the quadrature rule is applied.

We start by deriving an approximation to the right-hand side /(v) := (f,0)2(q, in (2.6). Dividing the integration domain Q into
the elements T € 7, transforming them to the reference element T, and using Gauss-Legendre quadrature for each integral defines
the linear form 7,(vy) for vy € Sg" (T,) by

l(UN)=/UN(x)f(x) dx= Z hT/ﬁN’T(x)fAT(x) dx~ Z hy GL,(0n 7(X) fr(x) =: T,(0y). (3.3)

o TeT, TeT,



B. Bahr, M. Faustmann and J.M. Melenk Computers and Mathematics with Applications 176 (2024) 324-348

The approximation of the bilinear form a(-,-) is more involved since we have to deal with hyper-singular double integrals. Using
symmetry and dividing the integration domain R x R into the elements 7' € 7, and the complementary set Q¢ leads to

Ay wy) = C;s)( Y Y ey +2 Y Iraoy.wy)),

TeT, T'eT, TeT,

where, for arbitrary sets A, B C R, the symbol I, g(vy,wy) denotes

IA,B(UNsz) :://(UN(x)—UN(y))(wN(x)—wN(y)) dydx. (3.4)

|X_y|1+2x

A B

The integral over Q¢ can be integrated explicitly. All other integrals have to be transformed to a reference square and then approxi-
mated by a suitable quadrature rule, which leads to four cases.

Identical elements (T =T'):

We transform the double integral I (u,v) to the reference square T x T and divide this integration domain into the triangles
A ={(x,»)|0<x<1,0<y<x}and 4, :={(x,») | 0<y<1, 0<x<y}. As the integrand is invariant under the transformation
(x,y) ~ (¥, x), we notice that both integrals are the same. Employing the Duffy transformation, i.e., (x, y) ~ (x, xy), leads to

Iy (o w0y) = 287 / / Onr(0) = On 7 GYW N 7(x) = Wy 7(x¥)) 2251 )y dx
T 7

x —xy|?

~ 2RI G 0225 o Gy 1250 < (ﬁN,T(x) - ﬁN,T(XY))(@N,T(x) - “A}N,T(x)’)) >
~&itr n,x ny

|x —xy[?
=10 (y.wy). (3.5)

We note that after the separation of the weight function, the integrand in (3.5) is a polynomial since only removable singularities are
left.

Remark 3.1. Our choice of the Gauss-Jacobi weight function is not the only possible option, as, e.g., one could cancel one additional
power of x in the first equality in (3.5). However, our choice is optimal in the sense that it decreases the polynomial degree of the
integrand as much as possible. m

Adjacent elements (T # T’ with T N T +0):

Without loss of generality, we may assume that T is the left neighbor of T’, otherwise T and T’ change their roles. Then, the
element maps transform the singularity at TNT to the point (1,0) in the reference square. With an additional transformation
(x,y) = (1 —x,y) we are now in a similar setting as in the previous case. The integral can be split into integrals over A; and A, and
employing the Duffy transformation on A, (for A, we take (x,y) — (xy,)) leads to

Ly g (onat0n) = hphgs < // Onr(L=x) = On pr YN (1 = X) = Dy 77 (xY)) 2 dydx
T T

|z + yhps 1425 x2

(3.6)

(ﬁN,T(l —xy)— 0]\/,7" (Y))(wN,T(l —xy)— uA)N,T/(,V)) 9 0
+ y dydx ).
[xhp + hpr 1125 32
T 7

The singularities appear only in one variable in each integral, for which we employ Gauss-Jacobi quadrature, while in the other
variable Gauss-Legendre quadrature is sufficient. This gives the approximation

O ooy = G2, ( Q8100 Onr N0~

|hT + yhT,|1+2s x2
(ﬁN,T(l - Xxy)— ﬁN,T/ (Y))(I/DN,T(I - Xxy)— “A)N,T' (J’))) >
|xhp + hp |1+2s 32 ’

+GL, 0GJ)> ( (3.7)
Separated elements (T N T’ = §):

This time, the integrand is not singular. Therefore, one can directly transform the double integral to the reference square and
employ tensor product Gauss-Legendre quadrature, which produces as the approximation of I 1/ (vy,wy) the expression

Onr(X) =N W@ N () = D 77(¥)
o (Unswy) i=hphy GL, .oGL : : : : ,
Or (N, wy) rhy nx®G Ly, ( (1= )y + disty 77 +yhys [1425
where disty 7+ denotes the Euclidean distance between the elements T and T”.

328
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Complement part ( Iy ge):
The inner integral over Q¢ can be calculated explicitly exploiting that the functions vy, wy € Sg’l(Ty) vanish outside of Q =

(=1, 1). The outer integral can be transformed to the reference element T, which gives

h_r On 7()W N () On ()N 1(x)

2s J | diStT’{fl} +XhT|2s | diStT&]} +(1 - x)thzs
T

Ip ooy, wy) 1= (3.8)

If T is an interior element, i.e., TNoQ= @, we employ Gauss-Legendre quadrature
h On (X)W () On (X)W ()
Q; Qc (UN’wN) :=_T GLn .N,T NI +GLn N NT NI .
, 2s | disty _y) +xhg |2 | disty (1) +(1 = x)hp|?
For T NoQ = {—1}, we set

(oA ;:h_T <GJ’?,22A~ < ﬁN,T(x)I’DN,T(x)> vor, < O 7 ()W 7 (X) >> 3.9)

s x2h% [ disty 1y +(1 — x)hp|>

and for T N 9Q = {1}

o (vn,w );=h_T GL M 4+ GJF2s0 M . (3.10)
TN N0 "\ Idisty ;) +xhp|> " (1= x2h%

Now, having defined Q) ;(vy,wy) for all cases of integrals I, p(vy,wy), we obtain the approximated bilinear form as

~ C
a,(vy,wy) = %( Z Z Q7 vy wy) +2 Z Q;,QC(UN,I,UN)>. (3.11)

TeT, T'eT, TeT,
3.1. Stability of the quadrature rule

Positivity of the kernel function (x,y) ~ |x — y|~'=2% and the Gauss-Legendre/Gauss-Jacobi weights as well as exactness of the
Gauss-Legendre/Gauss-Jacobi quadrature allow us to prove the following stability result:

Lemma 3.2. Let 7, be a y-shape regular mesh, u € S"*l(TJ,). Then, the following holds:
() Foralln>landdl T, T €7T,Uu(Q°}, we have 07 ./ (u,u)20.

(ii) Letn>pandu€ Sg’] (Ty). Then a,(u,u) = 0 implies u = 0. In particular, the stiffness matrix A in (2.7) is symmetric positive definite.

woer > 0 depending only on y and s such that for all u € Sg’l(Ty) the following assertions hold:
(iii) (Identical elements) For n>p and T € Ty: Q"T T(u,u) = Ipp(u,u).

(iv) (Adjacent elements) For n> p+ 1 and (T, T") € T, X (T, U {Q°}) with T # T' and TNT +0: Q"T’T,(u, u) 2> Cpopd o (u,u) > 0.
(v) (Separated elements) For n>p+1 and (T, T') € T, X (T, U {Q°}) with TNT =0 Q;’T,(u, u) > Copor Iy 7 (u,u) 2 0.

Furthermore, there is C,

Proof. Proof of (i): This follows from the positivity of the kernel and the Gauss-Legendre/Gauss-Jacobi weights.
Proof of (ii): From (i), we get for u € SS’I(TV) with @, (u,u) =0

0= Lan(u,uh Z Z Q”T’T,(u,u)(lzl) Z 0F 1 (u,u) @ Z I 1 (u,u) > 0.

€ TeT,01Q¢) T'eT,0{(0r ) TeT, TeT,

Hence, |u|ys(ry =0 for each T € 7, so that u is constant on each element. By continuity of , it is constant on €2, and the boundary
conditions then imply u = 0.

Proof of (iii): For n > p, the univariate Gauss-Jacobi quadrature in (3.5) is exact for polynomials of degree 2p — 1. Inspection of
(3.5) shows that the argument is the square of a polynomial of degree p — 1 in each variable.

Proof of (iv): For n > p + 1, the univariate Gauss-Jacobi quadratures in (3.7) are exact for polynomials of degree 2p + 1. We study
the cases (T, T') € T}, X 7;, and (T, T') € Ty x {Q°} separately, starting with (T, T') € Ty X Ty We only consider the first term in (3.7),
the other one being handled analogously. Let u € Sg’l (7). For the pull-backs éi7, fiy to the reference element T of the functions ulr,

ul|ys, we get by continuity of u at TNT that iy (1) =i7(0). Hence,

(1 —x) = a1 (xy)
X

U(x,y) :=

is a polynomial of degree p — 1 in x and of degree p in y. Using the positivity of the quadrature weights and the exactness of the
quadrature rules (U? is a polynomial of degree 2p < 2p + 1 in each variable)

329
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(dp(1 = x) — s (xy))?
x2(hy + yhp)1+2s

hrhpGI®2oGL, ( ) = hrhp G 0G L, , (U (x, Y)(hr + yhy)™1429)

> hphp GIOZ 2 0GL, , (U (x,y)(hy + hy)™429) = hphy / / U2, p) (A + hp )" 2952 25 gy dx
xeT yeT
> (14 hyr [hy) 2 by / / U2 (x, y)(hy + yhy )" 0F29x225 gy dx,
xef yeft

where we used in the last inequality that h;“”s) > (hy + yhp)~U0%29). We conclude in view of (3.6)

Q;‘,T’ (u,u) 2 Ceoer IT,T’ (u,u),

where C,,,, :=inf{(1 + Ay /hp) 0129 |T € 7,,T' adjacent to T'} depends only the shape regularity constant y and s. The case

(T, T e T, x {Q°} leads to two terms of the form (3.9) or (3.10). One term can always be analyzed in similar fashion as above and
the other one can be treated as in the following case (v).
Proof of (v): This is handled similarly to the case of adjacent elements in (iv). We consider only the case (T,T”) € Ty X Ty, the case
(T, T") €T, x {Q°} is handled similarly.
With #iy, fi7 as above and using that polynomials of degree 2p + 1 are integrated exactly for n > p + 1 we estimate
0} 1/ (wu)=hphp GL, ,oGL,, ((ar(x) ap (W1 = )y +disty g +yhy)~1F29)

> hphyGL, 0GL, , (i (x) = it () (hy + disty 7 +hp )~ 142)

= hyhy / / (g (x) = s (V) (hyp + disty go +hp) ™12 dydx

xeT yef

dist ! 1425 1l —0 2
S < iStr.r > hy b / / (uT(x)‘ () dydx
hy + disty 77 +hy (1= x)hy +disty g +yhy)1+2

x€T yeT

2 Cpor I 71 (U, ),

fora C,

coer

> 0 that depends solely on the shape regularity constant y and s. []

Remark 3.3. The proof shows that the condition n > p+ 1 for the case of adjacent elements could be weakened in that p points suffice
in one variable whereas p + 1 point should be used in the other one. m

Corollary 3.4. Let T, be a y-shape regular mesh. There is c,,,, > 0 depending only on y and s such that for n> p + 1

coer

@, (uu)> cwerllullgv(m vue ST, (3.12)

Proof. We write
~ C
a,(u,u) = ﬁ Z Z Q;’T/ (u,u)

TET,u{Q} T €T, u{Qc}

and use Lemma 3.2 to bound Q" T,(u u) > C,pop 1 T,(u, u) for a C,,,, > 0 depending only on y and 5. []

Remark 3.5. (i) Lemma 3.2 shows that it suffices to use n > p quadrature points for the quadrature Q7. .. to ensure solvability of
the linear system (2.7). The condition n > p + 1 stipulated in Corollary 3.4 leads to uniform (in p and T) coerc1v1ty (ii) Remark 3.3
shows that for adjacent elements a “mixed” quadrature order could be employed to slightly reduce the nurnber of quadrature points.

(iii) The stability result Corollary 3.4 exploits positivity of the kernel and weights as well as a certain exactness property of the
Gauss-Legendre/Gauss-Jacobi quadratures. One can avoid exploiting these properties and rely on a perturbation argument that uses
consistency error estimates for the quadratures and the coercivity of the continuous bilinear form a(, -). This approach, which results
in the stronger requirement n > p + O(log((p + 1)(#Ty + 1))) is discussed in Lemma 4.4 below. m

4. Proof of Theorem 2.4
The proof is based on the classical Strang Lemma, see, e.g., [7, Chap. 3]. In the present setting, it takes the following form:

Lemma 4.1 (First Strang Lemma). Let T be a mesh on Q and let @, > 0 be such that a,, satisfies

a ”UN”HS(Q) <a,(vy,vy) forallvy € Sp’ (7). (4.1)
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Then, with the continuity constant C, of the bilinear form a, the difference u — iy, between the solutions u € H Q) of 2.2) and iy , €
SPU(T) of (2.9) satisfies

~ C . a(v, w) — @,(v, w) I(w) =T (w)
||”—“N.n||§s(g)5 <1+~—“> ( mlf <||M—U||,7:(Q)+ sup % |—~"| .
Ay UESS' (T) wESg'l(T) ||w”HA‘(_Q) wESS’I(T) ”LUIIHS(Q)

Lemma 4.1 indicates that we have to show lower bounds for the coercivity of a,(-,-) as well as derive bounds for the consistency
errors |I(w)—1,(w)| and |a(v, w) — @, (v, w)|. This is the subject of the following two lemmas, whose proofs are postponed to Section 5.

Lemma 4.2 (Consistency error for 1). Let f be analytic in Q, and let 7, be a y-shape regular mesh. Let 1(v) = (f,v) 2(q, and let its
approximation IN,,(-) be defined by (3.3). Then, there exists a constant p > 1 depending only on f such that

W) =T, < C; pp" " pllvll o, forall ve ST, (4.2)

where C, ;> 0 is a constant that depends only on s and f.

Lemma 4.3 (Consistency error for a). Let T, be a y-shape regular mesh, a(-,-) be the bilinear form of (2.2) and @,(-, ) be its approximation

(3.11). Then, there exists a constant p > 1 that depends only on the shape regularity constant y such that for all u € S(:’l (7;,) andv € Sg’l (7;,)
there holds

la(u, v) = @@, 0)| < C,, TP lull s o 101 s (4.3)

where C, , is a constant that depends only on y and s.
As pointed out in Remark 3.5, the consistency error a — a, allows one to infer uniform coercivity by a perturbation argument:

Lemma 4.4 (Uniform coercivity). Let the assumptions of Lemma 4.3 hold. Then, there are constants @, A;, A, > 0 depending only on the
shape regularity constant y and s such that for n > p+ A, In(p + 1) + 4, In(#7,, + 1) there holds

Floyll%,  <a,(oy.oy) foralvy e Sh(T,). (4.4)

Hs@ ~ "
Proof. The coercivity of a(-,-), the triangle inequality and Lemma 4.3 applied with r = p give

2 ~ ~ ~ 2 2p-2n+l 6 2
0’||UN||HX(Q) <a(vy,vy) <@,y vN) +lavy,vn) — a4, (N, vl S @, (v, vN) + Cy, (HT,) p™ "p ”UNHES(Q)'

As the second term on the right-hand side tends to zero for n — co, we may ensure for n > p+ A;In(p+ 1) + 4, ln(#Ty + 1) with large
enough constants 4, 4, that
C,, T, Y2 p0p1=2 In(p+1)=24 InGHT, +1) o & (4.5)
S,y Y ) .

so that coercivity of @, follows with coercivity constant @ := /2. To give more details: we note that 4;, 4, can be chosen to be
independent of p and #7,, as

. Alzl?_) = (p+1)6—2111n(p)sl,
n(p
* A2 () = #T,+ 1) <,
In(2p C, y) —In(a) a
- > s 7 C #T 4+ 1)) < Z
’ ‘max< In(p) In(2) ) = G @IS

which directly gives (4.5). [

Proof of Theorem 2.4. Proof of (2.10): Under the assumptions made, we can apply the stability result Corollary 3.4 with 7, = Tg ﬁ(w
noting that #7 L

weos = 2L +2. Hence, for r € {1,...,p}, we can use the First Strang Lemma to estimate

la(u,, w) — a,(u,, w)|

lu =N |l 5500 < C inf lu—u. 55060 + su| + M
Nonlliscey = i i@ b iz e /'
4S5 Teos) wesy (T, o) @ weSy Ty ) @

geo,o

Taking u, € S(')’](TL

geo,o

) as the hp-FEM approximation of (2.6) for the space S(;’] (TL ), we get from Proposition 2.3 for the first term

geo,o

e =, sy < Ce™ + C 01/t (4.6)
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Lemma 4.3 and the a priori estimate ||u,||ﬁs(g) < C||f||Lz(Q) lead to

a(u.,w)—a,u.,w
sup la( r ) n( r ) <C5,o-,f L2pr+p72n+1r3p3. 4.7)

wGSg'](TL ) ”w”ﬁ\(ﬂ) -

geo,o

Finally, Lemma 4.2 provides
I(w) =T (w
sup 11w) =1, w)l <Cjpr 2., (4.8)
wes? 7y lwll 75

This proves the convergence result (2.10).

Proof of (2.11): Follows from (2.10) by taking r = p/2.

Proof of the complexity estimate: We are left to show that, for L ~ p ~ n and the basis B5°° = B U B8 from Definition 2.2, the
number of algebraic operations to set up the linear system Ax = b is O(L5), where A € RV*N with A;; = a(p;, ;) and b € RN with
b; :={(f,®;)2q)- The key to this improved complexity estimate is that the evaluation of the p+ 1 shape functions at the n quadrature

points always happens on the reference element T and can therefore be precomputed. This precomputation can be realized in O(np)
operations using three-term recurrence relations by noting that the integrated Legendre polynomials are orthogonal polynomials (see,
e.g., [24, (A.3), (A.9D).

We recall that the support of the basis functions consists of two mesh elements for 3" and one for 3¢4. If the supports of @; and
@; are separated then in the definition of the approximated bilinear form

~ C
an(fp,«,fp,>=¥< > Y Oa@nep+2 Y, Q;,Qc«p,.,(p,)),

TeTk,  T'eTk TeTk

geo,o geo,o geo,o

most of the summands are zero; in fact, only (1) terms have to be calculated. If the supports of ¢; and ¢ ; have non-trivial intersection,
we have to calculate O(L) summands. Before we derive the stated complexity bound, we show that a direct implementation is
insufficient to achieve complexity O(L>).

Direct implementation: In terms of computational effort, the evaluation of the stiffness matrix A4;; dominates the computation of the
load vector b; (which is of order O(Lpn) by the same reasoning as below). For the stiffness matrix, a straight-forward implementation
contains several nested loops:

+ 2 loops over the O(p L) basis functions 588%° to calculate each of the O(p? L?) entries a,(@;, @ ):

- O(p*L) of these pairs (@i 9;) of basis functions are pairs whose supports intersect non-trivially, which leads to O(L)
evaluations of the type Q;’T,(go,-, @;) or Q;QC (@1, 9));

— the remainder of the @(p*L?) entries of the stiffness matrix result from pairs of basis functions with separated supports,
which leads to (1) evaluations of the type Q”T T,((pl-, @)

- evaluation of each Q;’_ T,((pi, ®;) and Q’} Qc(qol-, ®;): 2 loops over the quadrature points with complexity O(n?).

In total this leads to a complexity of O(p? L2n2) = O(L®), since L ~ p ~ n. We now show that the complexity of setting up the stiffness
matrix and therefore the overall complexity, can actually be reduced from O(L®) to O(L>).
The reduction in complexity comes from precomputing the terms Q7. ., (¢;,¢;) and Q
assembled by looping over all basis functions. ’
We start by noting that Q”T’T,((pi, 9;)=0, if neither T nor T is in the support of one of the basis functions ¢, or ¢ e

T oc (@i, @;) before the stiffness matrix is

Step 1 (precomputation of Q"T T,((p[, @;): LetT, T' € TL be a pair of elements. We distinguish two cases: the (L) coinciding or

geo,o
adjacent pairs 7/, T, and the O(L?) well-separated pairs.
For the first case of adjacent pairs or identical pairs, one has to consider (9(p?) pairs of basis functions from /3%¢° with the property
that Q”T 7+ (@i>®;) is non-zero. This leads to a total complexity of O(L p?n?) = O(L>) to precompute all Q"T 7 (@i ) of this type.

For well-separated pairs TNT = @, we differentiate between two possibilities for non-zero contributions Q’} T,((p,., ®;):
* T C supp(g;) Nsupp(e;) (or T' C supp(e;) N supp(¢p i) which is handled analogously):

Qrplene) o 7,09, (x) .
hy by TN = )by + disty g +yhp |12 )

(4.9

+ T Csupp(g;) and T' C supp(¢ ;) (interchanging the roles of ¢;, ; leads to the same case):

QnT’T, (p;,9;) (’[wi(x)(ﬁj )
—  =GL,,oGL, - . (4.10)
hyphy ’ Y\ N = x)hy + disty s +yhp |12

332



B. Bahr, M. Faustmann and J.M. Melenk Computers and Mathematics with Applications 176 (2024) 324-348

For (4.9) the term Q;’T,((pi, @;) is calculated by

Q;’Tr((piv ¢J) ~ ~ T
h—h/ =(wy, (p,»(xk)coj(xk))kzlw,, . (kT,T/(xk,yl))kJ:],___,n . (w1)1=1“__,m (4.11)
1
where kr7/(x,y) 1= (|(1 = x)hr + disty 1 +yhzs|'*2%)~1. As mentioned in the beginning, the vectors (@:(x;)=1....n can be pre-

computed in O(np). Remember that @;,p ; are independent of T since the evaluation happens on the reference element T.
Thus, with additional O(p?n) operations we can precompute the vectors (w, ;(x;) @ j(xk))z=],,..,n' The precomputation of V :=
(kg1 s YD ki=t...m - @)=y, for all T, T takes O(L?n?) operations. Therefore, we can compute the products in (4.11) as: Mul-
tiply each of the O(p?) possible vectors (@, §;(x;) j (xk))Llw“n with each of the O(L?) suitable vectors V' in )(n) operations. For
all Q7. . (¢;. ;) of the form (4.11), this leads to a total complexity of OP*L2 n) = O(L3).

For (4.10) the term Q’}’T,(<pi, @) is calculated by

O (@i 9))

hyhps = (wy @,-(xk))zzlwn e (X Y=t - (@ @,-(y,)h:],_“,n, (4.12)

where kr 1/(x,y) 1= (|(1 =x)hp +disty 77 +yhq | 1+25)=1_All three terms in the product (4.12) can be precomputed similarly to the case
(4.11). Thus, we can compute the products in (4.12) as: For all pairs of separated elements T, T” and all ¢; € B%¢° with T C supp(¢;),
compute the vectors

« then, loop over all basis functions ¢ ; € B8 with T C supp(¢ ) and compute the scalar product M - (w; i (Y)i=1,..p in O(n).

This leads to a total complexity of O(L? p (n* + p n)) = O(L>).

Step 2 (precomputation of Q;,ﬂ” (@ 0;)): There are O(L p?) constellations such that O
to calculate so that the total complexity for this step is O(L p>n) = O(L*).

Step 3 (assembling the stiffness matrix): To calculate the O(L%p?) matrix entries a,(p; @ ), we have to sum for each entry over O(L)
non-zero, precomputed terms Q’}’T,((p,-, ®;) and Q"T,QC((p,-, ®;)- This proves the total complexity of O(L*p?L) = O(L>). []

”T,QC (¢;» @;) is non-zero with O(n) operations

5. Consistency errors

In this chapter, we present the proofs for the consistency error estimates in Lemmas 4.2 and 4.3.
We start with a well-known basic error estimate for Gaussian quadrature. Recall that

0;®(x;) =: G, (D),
1

I1(®) := /<I>(x)w(x) dx =

~ 1

T

n

with ¥, 0, =C, := /f wdx and that the numerical integration is exact for Il € P,,_ 1(?). Thus, for an arbitrary polynomial I €
P,y (T) we get (using also the positivity of the weights w;)

n
E, :=|1(@) = G,(®)| = [I(@~T1) = G,(@ = ID| < C, | ~ T . 7, + D, |0 =TI 0 ) <2C, |10 = TI}| o 7.

i=1

which gives the best approximation estimate

E,<2C, inf IO =TI]l,q4)- (5.1)
er,, (1)

By tensorization, this result for univariate Gaussian quadrature can be extended to the 2d-case. For the special case w = 1 and
n
rPP@) := / / O(x,y)dydx % G2 (@) := G, G, (@) =G, ,0G, (D)= Y, w0;(x;.y))
A ij=1
T 7

we estimate the quadrature error using C, =1 for w = 1:

EXP :=|1*P(@) - G2 (@) = / / D(x,y)dy — G, ,(®(x, ) dx| + / G,,(@(x,")dx G, ,°G, (D) (5.2)
7T

7

< sup [ H(@(x, ) = G (BCx, )| + Gn’y< / D(x,)dx — G,,YX(CD))
xeT ~
T
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<sup [I(P(x, ) = G, (D(x, )| + 2 w; /‘D(x, y)dx =G, (P(.y)

xeT i=1 “
T
Zi ;=1
< sup [H(D(x, ) = G, ((x, )| + sup [I(D(, ) = G, (D(. 1)) -
xeT yeT

In view of (5.1), these two univariate integration errors are estimated by best approximation errors. For analytic integrands, the
best approximation errors will be quantified in Proposition 5.2.

Definition 5.1 (Bernstein ellipse). For p > 1, we define the Bernstein ellipse £, and its scaled version 3 » by

E,:={zeC:|z—1|+|z+1|<p+p'}, (5.3)
& . -1
&, =F\ (&), (5.4

where F_, ;) : C - C, x = 2x — 1 is the affine map transforming (-1, 1) to (0, 1). We note that the focal points of fp are 0 and 1.

Proposition 5.2. Let ® be holomorphic on é\;, p > 1. Then, for every 1 < p < p, we have

. 2
f ||®— © <—p "D 2y 5.5
UIEnT),, ” U”L 0,1) = - lp ” ||L°°(€P) ( )

Proof. This proposition is just a transformed version of [15, Chap. 7, Thm. 8.1]. []
With this estimate for the best approximation error, we obtain exponential convergence for the quadrature errors.

Lemma 5.3. Let p > 1.
(D) Let ® : & — C be holomorphic. Then, for every 1 < p <p, the quadrature error can be estimated by

—2n+1

where the constant C is independent of n and ®.
(ii) Let ® : é‘; X é';, — C be such that for each y € (0, 1) the function ®(:,y) is holomorphic on 8; and such that for each x € (0, 1), the
function ®(x, -) is holomorphic on EA;. Then, for every 1 < p < p, the quadrature error can be estimated by

I1?P(@) - G*P(@)| < Cp™ | sup 1DC, 00002, + SUPp 19 002, | (5.7)
" y€(0,1) L=E) e L=Ey)

where the constant C is independent of n and ®.

The norms in the previous estimates do not involve the || - || (@) norm required in the Strang Lemma. This is achieved with an
inverse estimate or a Poincaré type estimate.

Lemma 5.4. Let T = (x;,x, + hy) C R be an interval with diameter h; := diam(Z) < oco.
(i) There is a constant independent of T such that for every p > 1 and p € N there holds for all polynomials v € P,(I) and their pullbacks

D i=voky
L <cppn? .8)
de Lm(g)_ pphy |U|HS(1), .
P
A -1/2
101wz, < Co%p 7 Mol sy, (5.9)

(ii) Denote I, =(x; —hy,x, + hy) andlet v € H*(Iy,) with 0|, _p, ,) =0. Then, there is C > 0 depending only on s such that

||U||L2(1) SCh;lulHS(l (5.10)

sym )

The same estimate holds for I, = (x;,x; +2hy) and v € H*(L,y,,) With v|(x, 4p, x,+2n,) =0
Proof. With the Bernstein inequality [15, Chap. 4, Thm. 2.2]

I9ll Lo,y < P"Nldll ooy for all g € P,(0. 1)
and inserting the mean 0 := /01 0(x) dx, we obtain
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d . d .
U

— —0
dx dx

<Cp?

d . =
E(U—U)

L=, L®(0,1) Lo

Employing inverse inequalities of Markov type, see [31, Thm 3.91, Thm. 3.92] together with a fractional Poincaré inequality, see
[18], and a scaling argument, we arrive at

A s—1/2
4 o- <CP 10l sy <CP R 0l s ry- (5.11)

dx

I
L®(0,1) Le(0,1) L2(0,1)

This shows (5.8). Inequality (5.9) follows with the same arguments.

The fractional Poincaré inequality (5.10) can be shown by a scaling argument and the compact embedding H* c L?; the fact that
the seminorm appears on the right-hand side of (5.10) is a consequence of the fact that v is assumed to vanish on parts of 7 See
also [1] for the proof of a closely related result. []

sym*

The following lemma provides the key technical estimates for the quadrature errors appearing in the approximated bilinear and
linear forms.

Lemma 5.5. Let co(T, T") denote the convex hull of two sets T and T'. Let Ty be a y-shape regular mesh on Q. There exists a constant p > 1
that depends only on y and s such that for all v € SS’I (T,), we S(’)”1 (Ty) and T, T' € Ty there holds

‘IT (v, w)— 0% UCx w)l <C,, P p3prte- 2"+1|U|HS(CO(T,T1))|w|H.S(CO(T’T/)), (5.12)

r+p—2n+1 |U|
HA

‘IT,QC(Ua w) — T’Qc(yv w)| < Cs,p,yr P P H '(Q)lwlﬁs(g)- (5.13)

Proof. We distinguish the cases of pairs of adjacent elements, identical pairs, well-separated pairs, and combinations of elements T’
with Q°.
Case of adjacent elements: We start with the case for adjacent elements T # T’ with TnT' # ). Due to Lemma 5.3 it is sufficient to

estimate the L*°-norms of the integrands in (3.6). As both integrands can be treated in the same way, we only consider the first one

N o125 (1 =X) = O (xy)) (D (1 = x) = s (xy)) 1

gi(x,y) :=hg . . .

x x [1+ yhyi /by |1+

Note that the first two fractions of the product on the right-hand side have removable singularities and are therefore holomorphic on C
in each variable. The function y — |1 + yhgs /hp| = v/(1 + yhys /hp)? > 0 on the closed interval [0, 1] and therefore has a holomorphic
extension to an ellipse E , for some p > 1 that solely depends on y since g/ /hr < 1/y by shape regularity. We conclude that g1,y is

holomorphic on C for fixed y € [0, 1] and &) (x, ) is holomorphic on £ " for fixed x € [0, 1]. Using that 01 (1) = 07+(0), the fundamental

L°°<§,,>> '

theorem of calculus implies for (x, y) € [0, 1] X 3 " and for (x,y) € 3 » % [0,1]

X Xy
i(ﬁT(l—x)—ﬁT/(xy))‘z‘i(/%ﬁﬂl—z)dz—/%ﬁw(z)dz)
0 0

Analogously, the same can be shown for the function . With Lemma 5.4, this implies

d .
—Upr

. 2 d .
< 2d1am(£p) max (” EU 20T

T ~ 2
L=@E,)

A~ ~ 3.3
sup ”gl('a)’)”Lm(g yT sup llg) (x, ')”Loo(g) <G,y rP o rnax(|U|Hs(T), |U|HX(T,))max(|w|Hs(T), |W|HS(T/))~
ye(0.1) P77 xe0,1) ’

Together with (5.7) and max(|v| grs 7y, |01 grs7y) < 0] rs(co(r.17))» this finishes the proof for the case of adjacent elements T,7".

Case of identical elements: The case T =T’ follows with similar arguments. We note that in this case the integrand

(U (x) = 7 (xy))(Op (x) — O (xy)) h 125
[x = xy|?

L(x,y) = (5.14)

is a polynomial of degree <r+ p — 1 and thus is integrated exactly for n > max(r, p).
Case of well-separated elements: For separated elements TNT' =0 the integrand is continuous. Thus, by [29, Lem. 4.6], the Gaussian

quadrature error can be estimated by the best approximation error for the function g3(x,y) :=| disty 77 +(1 = X)hy + yhy |71-25 in
L* using polynomials of maximal degree r, :=2n—p—r—1 and L2-norms of the polynomials O (x) — O (y) and tp(x) — W (¥):

Ir g (0,w) = 0 1, (0,w)| S Cp*hyhyr  inf ||

§€9Q,,(0.1)?)

2 2 1/2
//(UT(X)—UT/(y)) dydx //(wT(x) Wrr(y)) dydx) N (5.15)

- q” Loo(’fxf)'
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where Q, ((0 1)) denotes the tensor product space P, (0 NP, (0 1) =span{(x,y) = x'y/ : 0<i,j <r.}. Similarly to the case of
adjacent elements, the function g admits a holomorphlc extension to é’p x & » for some p > 1 since g3(x,y) = ((disty 7 +(1 = x)hp +
yhyr y2)~1/2=5 and the argument of (-)~!=2% is bounded away fI'OII/l\ 0 for (x,y) € [0, 1]%. In fact, we only require that for each fixed
x € [0, 1] the function g3(x, -) can be extended holomorphically to £ A and for each fixed y € [0, 1] the function g5(-, y) can be extended
holomorphically to £,. As in the case of adjacent elements, we have by shape regularity Ay /disty 7 <1/y and hq / disty 70 < 1/y.

We may employ Proposition 5.2 and a tensor product argument akin to that employed in (5.2) to get with inequality (5.2) the
existence of p > 1 such that

. P N A< —re 4; —]—2s‘ .
t?eerﬁ(fo,l)z) g3 q”Lm(TXT) < Coprb dlStT’T/ (516

For the remaining terms in (5.15), we transform back to the physical elements, insert the mean voor 7y 1= Joop ) V(X) dX [heoer 1)
over the convex hull co(T,T’) of T and T’ and integrate in one variable to obtain

/ / (b (x) = O (V) dydx = hy' h, / / (vp(x) = v (V) dydx <2h7' by, / / (V(x) = Voo 1) + egirrry — V) dy dx

=207 10 = Do) I3, . 20 1o = Teoir . I35 vy (5.17)

Both terms can be treated in the same way, we thus only focus on the first one. Increasing the domain of integration to the convex
hull co(T',T") and employing a Poincaré inequality, see [18, Prop. 2.2], gives

—2 — 5 2

llv— Ueo(T,T") ||L2(T) <llv- Ueo(T,T) ”Lz(co(T Ty = CshCO(T T/)lvl s(co(T,T"))" (5.18)

Inserting everything into (5.15) gives
2 r+p=2 =12 2s

I (v, w) — "T’T/(U, w)| < Cp?prtrant disty *(hy + hT/)hc:,(T,T/)lvlHf(co(T,T/))|w|H5(co(T,T’))' (5.19)

We note that, for shape regular meshes, we can estimate
1 1 . . 2
hy <y~ 'disty g0, hyr <y~ disty g0, oo vy < disty g +hy + hyr < disty <1 + ;> .

Thus, there holds dlst;lT,2S(hT/ + hT)hzf) T S <(2/7)(1 +2/y)*, which concludes the argument for the case of separated elements.

Case of combination of T with Q¢: For the complementary part, see (3.8), we consider integrals of the form

O ()7 (x)

(5.20)
[disty (_y) +xhy|?

We have to distinguish two cases. If T is at the left boundary, —1 € T and therefore disty (_1; =0, we can treat the singular integral
(5.20) as a one dimensional version of the adjacent case. If disty (_;, > 0, the proof uses similar techniques as the separated case. The
only difference is that, instead of the convex hull of two elements, the convex hull of the element and the boundary point —1 is used
and [18, Prop. 2.2] is replaced with (5.10) to bound the L2-norms

||U||L2(T) < ”U”Lz(co(T,{ <ChLO(T( 1 )”U”H‘(Q) O (5.21)
The consistency errors follow from summation of the elementwise contributions.

Proof of Lemma 4.3. With the triangle inequality, basic integration and Lemma 5.5 we obtain

la(v, w) — a,(v,w)| < ;S)< z Z ‘IT,T,(U, w) — '}’T,(U,w)’+2 Z )IT,QC(U, w)—Q;’QC(U, w)|>
TeT,

TEeT, T'eT,

3.3 2n+1
SC yP ﬂr+p "t < E § |U|H5(c0(TT’))lleﬂ(co(TT’))+2 z ”U”Hx(g)”w”Hs(Q)>
TeT, T'eT, TEeT,

< Cypy TP 772 0]l s o 1l s 0 (5.22)

which finishes the proof. []

Proof of Lemma 4.2. As f is analytic on [0, 1] there exists an analytic extension to a Bernstein ellipse é ,» for some p > 1. Using (5.6)
of Lemma 5.3 gives for each element
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~ ~ ~ _ ~ _ ~ (5.9) _ 12
/fT(x)UT(x)dx_GLn(fTUT) <Cp 2"+l||fTUT||Loo(§p>SCp,f/’ 2n+l”UT”Loo(§p) < G, pp0” 2"+1hT/ ol s ery-
T

Summation over all elements T’ € 7, together with the Cauchy-Schwarz inequality gives

~ ~ ~ A — 1/2
i) =T,) < Y hr / Freobrx)dx = GL,(Frp)| <Cy o™ 3 h 0l ycr)
TeT, f TeT,

: 12 :
< Copspt"  IVIRI( Y Molsg) < Copp 227 el O
TeT,

6. Outlook: the multidimensional case on shape regular meshes

In this section, we discuss how the preceding 1d-analysis can be generalized to the multidimensional case d > 1 for bounded
polyhedral Lipschitz domains Q ¢ R¢. In this case, the weak formulation is given by: Find u € H*(Q) such that

a0) = C(s,d) // uX) —li(ﬂ)fv(x)— v(y) d7d3=(f.0) 2y =1 1) Ve (@), ©.1)
2 |x _ y|d+2s
R R
where C(s,d) :=2%s'(s + d/2)/(7td/2F(l —s)) (see, e.g., [1]). Thus, we have to numerically compute integrals of the form
. (WX) — v WE) —w@) - -
Ig,.s,(0,w) 1= // FETEs dydx, (6.2)
S, S,
. oo 1 oo
IS]’QC(U, w) .=S/U(x)w(x)/ Wdydx, (6.3)
1 Q¢

where S, and S, denote d-dimensional simplices.

In the following, we will consider regular, y-shape regular triangulations TJ, of Q, i.e., decompositions of Q into simplices. As usual,
y-shape regularity means that y > 0 is independent of the number of elements in the mesh and there holds max g¢7, (hg/1S| Vdy<y <
o0, where hg :=diam(S) and |S| denotes the d-dimensional Lebesgue volume. We set Sg’l (Ty) ={ue Hé Q) |ulg e PP(R") VS e
7,}, where Pp(le ) denotes the space of d-variate polynomials of (total) degree p. We will also require the tensor-product space
Q,RY) := span{x'il1 x:d [0<ap,...,a; <p}.

6.1. Quadrature on pairs of simplices

In the present case of shape regular triangulations, techniques developed in [10] can be adapted to numerically integrate (6.2).
Similarly to the case d = 1 in the previous sections, singularities in the integrand can be transformed such that suitable combinations of
Gauss-Legendre and Gauss-Jacobi quadrature can be employed. In the following we state the main result of [10] regarding numerical
integration of certain singular integrals.

Proposition 6.1 ([10]). Let Ty be a y-shape regular mesh and S, S, € Ty be closed simplices in R? with k := dim(S 1 NSy) (setting
k :=-11if S| NS, =@) and consider integrals of the form

1= [ [ 155 rG5s -y, (6.4
Sp S
where a € R and F is a real analytic function, i.e., F € C*(S| XS, X (S, — 8))).
Then, there exist K, € N depending only on k and polynomial transformations ®;, j =0, ..., K of degree qq := max; deg(®;), depending
only on d, such that the integral I takes the form

Ky
=y / Fo, () R, (D) Jg" (D 1+~ d1, (6.5)
j=0[0Y1]2a

where R ; € C*([0, 11%4) are real analytic functions given by

|G = o, (D]

a
[l

R;(1):= . (6.6)
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Jgm = Jq,/_ / t%d‘k_l are polynomials of degree at most d(qq, — 1), and Jq)j are the Jacobians of the transformations ®;. In particular, the
J

condition « > k — 2d ensures that (6.5) is integrable, and t‘l”y_k_l can be used as a Gauss-Jacobi weight function.

Proof. See [10, Sec. 3] for the explicit construction of the transformations ®; and the resulting polynomial degree gq,. We also refer
to [10, Thm. 4.1, Rem. 2], where a slightly different formulation is given, which even includes the more general case that F is in a
Gevrey class. In [10] the condition a > k — 2d is required, but it follows from inspection of the proof that it is only needed to ensure
integrability of the integrand. []

Remark 6.2.

(i) The transformations ® ; are, similarly to the case d = 1, combinations of affine transformations and Duffy-like transformations
that transform simplices to hypercubes and thus are polynomials. The parameter K, € N accounts for different cases that have
to be treated with different transformations (as can be seen in the case d = 1 as well, compare (3.5) and (3.6)). For d > 1, this
requires even more cases; however, structurally they are all similar, which allows for the compact notation.

(ii) An important observation of (6.5) is that the transformations (by employing relative coordinates) can be constructed such that
the singularity of the function |X — ¥|~?~2* appears after transformation and permutations of the variables only in a single
variable labelled ¢,.

(iii) Since the term t‘l'+2d_"_1 with « +2d — k — 1 > —1 can be handled as a weight function with Gauss-Jacobi quadrature, an
approximation to (6.5) can be achieved by a tensor quadrature rule. m

Unfortunately, the integrals in (6.2) do not fulfill the requirement of the final statement of Proposition 6.1 to be integrable since
a=—d —2s>k—2d does not hold for all 0 < k <d and s € (0,1). Therefore, we have to modify the analysis of [10] to suit our
integrand by showing that, after application of the transformations @;, the term (v(X) — v(3))(w(X) — w(3)) takes the form t? qtys ... tay)
where g is a polynomial in 2d variables, i.e., g € P, (R?) for some k. Consequently, the singular term in the integral takes the form
t’li with @ :=a +2d — k+ 1 > —1. More precisely, we have the following Corollary 6.3, which can be seen as an extension of [10,
Thm. 4.1] to the present specific case (6.2).

Corollary 6.3. Let 7, be a y-shape regular mesh and S}, S, € T, be closed simplices in RY with k := dim(S; N S,) (setting k := —1 if
S1NnS, =% and, forv, we Sg’l(Ty), consider the integral

= [ [ ® ol Dwls, @ ~wls, O

|3 — y|d+2s ydx. (6.7)

S1 52

Then, employing, for k > 0, the polynomial transformations ®; of Proposition 6.1 of degree (at most) qq, the integral Is, g (v, w) takes the
form

Ky
_ " " " 2N 2-2s+d—k—1 ;7
Is, 5,0, w) = / ZPU,j(t)Pw!j(t)Rj(t)Jé)‘j'"(t)tl s di. (6.8)
[0.1124 J=0 -~ _
=:F.

J
Here, J. gj’" 1= Jq)j /t%”""‘1 are polynomials of degree at most d(qq — 1), the transformations ®; have Jacobians Jq,/_, and the R; €

C?([0,11*%) are analytic functions given by

R;(1) = L (6.9)
TG = o, (D] '
and P, ;, P, ; € P(R??) are polynomials of degree (at most) < pqq, — 1, defined by
P, ()= s, = vl5,)09,(0 U:fz)oq)’(?) and P, ,(7) = Wls, = u;|152)o¢‘j(_f). (6.10)
For k = —1, we get the form
Ig, 5,0 w) = / Py i(D) Py (DR_ (D Jo_, (DT, (6.11)

.
2d
(0.1} =iF_

with a polynomial transformation ®_; and its polynomial Jacobian Jg,_, R _ (1) 1= |(F=Pod_, (1)|79=% analytic and polynomials P,y
Py, _1 € Ppyy—1(R*) defined by

P, (1) i=(vlg, —vl5)o®_ () and P,,_;(7) :=(wls, —wls,)o®_; (7). (6.12)
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Proof. For k >0, with Proposition 6.1 it is only left to show that P,; and P, ; from (6.10) are polynomials. We only prove the
statement for P, ;.

Since v € SP! (T,) is a piecewise continuous polynomial, the singularity points X =7 of |X — #|7972% are a subset of the roots of
the polynomial (v| s, X)) —v| S, (¥)). Since ® ; is a polynomial, it follows that (| s~ v| 52)0<I) ; is also a polynomial (of degree bounded
by pqe) that vanishes at the singularities of |X — 3| =4~
fundamental theorem of algebra finishes the proof.

For k = —1 the proof follows immediately from Step 1 and 2 of the transformations of [10, Sec. 3]. []

o®;. So the separated singularity 7, has to be a root of (v| s~ v| SZ)OCI) ;- The

[10, Thm. 5.4] also asserts exponential convergence of a suitable combination of Gauss-Jacobi and Gauss-Legendre quadrature
employed to integrands covered by Proposition 6.1.

Proposition 6.4. Let R € C“([0, l]dl) and f; > —1. Then, there exist C, b > 0 independent of d’ such that for all n € N there holds

PR d T~ GJ,‘i;’j' oGL,, 0+ 0GL,, (R)| < Cexp(-b N'/*), 6.13)

n,td/

(0,134’

where N = O(n?') is the total number of quadrature points.

Propositions 6.1 and 6.4 are formulated for fairly general integrands. However, in order to obtain exponential convergence results
for hp-FEM discretizations, as in the case d = 1, an explicit dependence of the convergence rate on the employed polynomial degree
has to be derived, which is not directly deducible from Proposition 6.4.

In the following we extend our 1d-quadrature analysis, which was explicit in p, to higher dimension d > 1 specifically for the
easier case of y-shape regular meshes 7, with a finite number of patch configurations. We will make the following assumption on the
structure of the underlying triangulation of Q:

Assumption 6.5. The triangulation 7, is y-shape regular and there exists, up to dilations, rotations, and translations, a finite number
(independent on the number of elements in the mesh) of different patches (i.e., unions of elements sharing a vertex). This is, for
example, ensured for d € {2,3}, if the mesh is generated from a coarse mesh by “newest vertex bisection”, [23,34].

Remark 6.6. For exponential convergence results in terms of “error vs. number of degrees of freedom” as in Proposition 2.3 or

Theorem 2.4, special geometric meshes 7, are required that include anisotropic elements, [17]. A quadrature analysis on such

meshes requires a more careful analysis of elements with large aspect ratio and is postponed to a forthcoming work. m
6.2. Consistency error analysis

We start with a standard quadrature rule on a simplex S. To that end, we can also use the affine transformation [10, Sec. 3 (Step
1)] to map a given simplex .S’ to the reference simplex S; :={(x,...,x;) | x; >0Vi=1,...,d, x; + --- + x; < 1} and afterwards with
the Duffy type transformation [10, (2.12)] to [0, 1]¢. This then allows one to use tensor product Gauss-Legendre rules to obtain

/f(?c)d?c: / [o®s(D)Jg (DdixGL,, 0+ 0GL,, (fo®g g )=: GLY(f), (6.14)
S

(0,11

where @ denotes the composed polynomial transformations [10, Sec. 3 (Step 1) with (2.12)] depending only on the simplex .S
with its polynomial Jacobian Jg . Since ®g is an affine transformation composed with a Duffy type transformation, it holds for
polynomials u € P,(.S) that uo®g € Q,(R?).

The approximation of the right-hand side /(v) :=(f,v)2(q, follows immediately.

Definition 6.7 (Approximate linear form for d > 1). For a piecewise polynomial v € S(‘!)"1 (Ty ), define the approximate linear form by

1) 1= (f. V) 20 = Z /f(?c)v(?c) dx =~ Z GLL(fv)=:T,(v). (6.15)

SeT, S SeT,

where GLt’9 denotes the tensor product Gauss-Legendre rule (6.14).
Consistency error estimates for the linear form / follow with the same arguments as for the one dimensional case in Lemma 4.2.

Lemma 6.8 (Consistency error for 1). Let f be analytic in Q, and let 7, be a y-shape regular mesh on Q C RY. Let I(v) :=(f,v) 12(q) and
let its approximation T,l(~) be defined by (6.15). Then, there exist constants p > 1 and C, ;> 0 depending only on f, v, s, and Q such that

1) =T, <Cpyp o Nl forall ve SFHT). (6.16)
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Next, we define the approximation to the bilinear form a(-, -).

Definition 6.9 (Approximate bilinear form for d > 1). Let T], be a y-shape regular mesh and S}, S, € Ty be closed simplices in R?

with k :=dim(S, N S,) (setting k := —1 if S| N S, = @). For piecewise polynomials v € Sg’l(Ty), we S6‘1(7'y), using the notations
F;, j=-1,...,K; from Corollary 6.3, we define the following tensor product quadrature rules
. 0.p K
05, 5, (0. w) 1= GJ,;'oGL,, 0 oGL,,, ( E,:"o F;) for k>0, (6.17)
5.5, w) :=GLy,, 0-0GL,, (F_) for k=-1, (6.18)

where | :=1-2s+d —k.
The final approximation to the bilinear form a(-, ) reads

_ __ C(s.d) . .
@, (0.w) 1= =2 >y Q% 5 (0,w) +C(s,d) > Q% o (0 10). (6.19)
S|E€T, $€T, S1€T,

Here Q’b',1 Q‘,(u, w) denotes an approximation to [ 5,0 (v, w) given by (6.39).

Next, we employ scaling arguments to work out the dependence on the element sizes and the polynomial degree when estimating

laC--) = a,(. )l

Adjacent or identical simplices
We start with the case of two simplices S|, S, with k := dim(S; n S,) > 0. We define the reference simplex as S, :=

{(xg,..00xg) | x; 20Vi=1,....d, x; + -« + x; < 1}. As the simplices S}, i = 1,2, share, by assumption, k + 1 vertices, we may

label the vertices 7 of S; such that 2 =73 forall 0< £ <k and 7" # > for all k + 1 < < d. With the d x d-matrices

AD = (0D 0 LD gy o o, (6.20)
the pullback transformation Fg g, is given by
PPN . - ~(1,0 = =20 =
Fg s, © Sg XSy = 81 X8, (%,3) = (Fs,(3), Fs, () 1= (U( )+ A0z, 720 + A(z)y) (6.21)

with its Jacobian JFSlxs2 = |det AV det A®|. Denoting by bg, 1=vls,0Fs, and g 1= w|goFg, for i=1, 2, the pullbacks to the

reference simplex §d, the map Fy s, transforms the integral (6.7) to

(05, (X) = 05,(P) (5, (X) — 05, ()
Iy o (w)= / / 51 i bt 5 g dydR. (6.22)
1592 |F51 &) - Fsz(j;)ld+25 S1%S)
Sa 84
As, for all elements in a y-shape regular mesh 7,, the lengths of all edges |T)(j D _ DU’O)l are controlled by the element diameter h S0

we obtain Jp,  <C, h‘;l h‘éz with a constant C, ; that depends only on y and the dimension d.
1292 ’ ’

To simplify the notation we introduce N(%,y) 1= Dg, xX)— Ds, (%) and N(X,Y) := Wy, xX)— Wy, (). Corollary 6.3 yields for (6.22)

Ky 7 o .(F d+2s
Ig g (w)=J > Noo®)(1) Nipod; (1) d Jrem(qy fl-2s+d=k g3 (6.23)
51.8,{0> Fsixs, = 1 1 [(ADZ — ADF)od, (7)]d+2s @; 1 ' ’
0,124 !~ Y

=:1(7)
The estimate of the consistency error is again based on Lemma 5.3, which directly generalizes to higher dimensions. Corollary 6.3
shows that T allows for a holomorphic extension to a Bernstein ellipse £, in each variable with fixed p ,0) 4@ > 1, ostensibly dependent
on the transformation matrices AV, A® but independent of v € Sg’l(’fy), we S6’1(7;,). By Assumption 6.5, there is only a finite

number of patch configurations in Ty, which leads, up to scaling, to a finite number of different matrices AN AD To remove the
scaling dependence, we note that

ADZ = APF = hg, (5l AV - 15! ADF), (6.24)
For y-shape regular meshes we have hg ~ hg, and the diameter of each simplex is proportional to all edge lengths, which leads
for A® = hgll AD to |AD||, = O(1) for i = 1,2 and subsequently to a finite number of different values p A0 e > 1. Thus, we
have a holomorphic extension of 7 to a Bernstein ellipse é’;, with a fixed p 1= miny, 20(P20) 2@) > 1. To finish the estimate of

the consistency error, it suffices to bound each of the three quotients in (6.23) in the norms || - where T := (0,1) and

”Loo(de\t’xgpf);
T2\« € pf i=I X XIxE,XIXxI denotes the set where the #-th component of 724 is extended to the Bernstein ellipse £ -
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Using O, (6) =0g, (6) for k > 0, the first term can be bounded as in Lemma 5.4 using the Bernstein and Markov inequalities by

b
HNﬁ°‘I’j tl_lHLm(fzd\fXg;)=”/ar(/‘fﬁ°q’j(7”2’-“”d)) drry! )5 Haﬂ (N0°d)j(7))HL°°(f2d\fx€f)
0

Loo(F2\E xEY

< p107]|0,, (N0, (D) | < o | N0, (1) = (@opP 0|

< (gop)*pi®? HN p

Loo(T2d) Loo(T2d) Loo(;(124)) Lo(8;%x8,)

= (en?%?||05, — b5, @+ 05,0) - b, HL°°(§d><§d) < (q@p)zp%l’(”ﬁsl — b5, (6)“Lw(§d) + s, - 05, (6)||Lw(§d)), (6.25)

where, again, qq is the maximal degree of the polynomial transformations ®@;. On the reference simplex, there holds by Markov’s
inequality and inductive application of the inverse inequality from [31, Thm. 3.92] that

Hﬁsl — s, (6)||L°°(§d) 3 ||VﬁS] HL%(@,) - Hv(ﬁﬁ _ﬁ_sl)”m(ﬁd) 3 (qq)p)2| bs, _gum@,)
< (gep)*H ||ﬁsI - ﬁ_S]HLZ@) < (gop)** ‘ﬁsl |H~"(§d) < Cy,d,s(qqm)z”’h;‘ld/z( vls, ‘H»Y(Sl)’ (6.26)
where C, ; ; is a constant that depends only on v, d, s. This finishes the upper bound for the first quotient in (6.23)
HNﬁoq>j ! Hm@d\/ng) <C, g5 P77 (gop) ™+ max (h;d/z ‘ ols, ‘HS(SI), h»;;d/z |u| 5, Hs<s2>)
SC, a5 p™F (qc1>l’)4+”lh}_1d/2 [0 F5(co(s,.50)) (6.27)

where co(S,.S,) denotes the convex hull of S| and S,.
The second factor in the integrand in (6.23) can be treated in the same way. The estimate for the third factor in the integrand

follows again, as discussed above, by Assumption 6.5 and (6.24)
tllj+2s —d-2s Z(IH—ZS —d-2s

= hSl L d+2s < Crspa hSl ’
g | a0 = 151 425)00, D oy

[(ADX — A(Z)J'})oq)j(_i)|d+2s

where the last estimate follows from the observation that we only have a finite number of cases for the function inside the norm.
Now, we have deduced the appropriate scaling in terms of the element sizes for each factor in (6.23) in the L*-norm and inserting
everything into the higher-dimensional analog of Lemma 5.3 yields

s,,s,(0,w) = Qi’g] 5 Ww)| £Cy, 4 (@op) ™ (ger) ™ plortn =2t | H5(co(Sy,5)) [ W Hs (cots,,50)) (6.28)

for adjacent or identical simplices .S}, .S,.

Separated simplices
For the case S; NS, =@, i.e. k =—1, we start with the same transformation as in (6.22), where we labelled the vertices such that

there holds || 710 _ 3(2,0)”2 = min, ; || D _ 5@ II, is the shortest Euclidean distance between vertices of .§| and .S,. Corollary 6.3
yields for (6.22)

-

Is, s, (00) = Tpg o / Nyo®_ (1) Nyyod_; (1) |(Fs, () = Fs,(7)o®_ (D™ Jg_ (Hd. (6.29)
[0,1]2‘1
For simplices .S, S, define dg, g, :=dist(S],S,) and pick a closed ball By, ¢ with S, S; C By, 5, and diam Bg g <hg +hg, +
dg, s,- The integrand can be estimated with a combination of arguments applied to the case k > 0 and the case d =1 in Lemma 5.5.
Inserting the mean Ule.sz = /levsz U(x)dx/|le,Sz| gives

Nyod H ., < piP || Ny < Cpio?|bg -0
H 1] -1 Lm(ﬁd\fxé‘f) =/ ) -1 Loo(de) sCp S Y Lw(§dX§d)
dwr (|5 —5o— b —Do—
<Cre (”USI UBs.s, ||L°°(§d) * ||US2 UBs,.s, ||L°°(§d)>' (6.30)
With an L®-L? inverse estimate on the reference simplex and a Poincaré type estimate for the ball B s,.,s, there holds
T AR T P R
1 1.5, Loy~ 1 1.5, LZ(Sd) = 14,5 TNS) 1.5, LZ(SI)
-d/2 d
<Cras hs, (hs, + hs, +ds, 5,)*(qeD) |U|HS(BSI 550 (6.31)
where C, , , is a constant that depends only on y, d, s. For the third factor in the integrand in (6.29), we note
- =\ |—d— -(1,0) =20 > N
(Fs, &) = Fs,3)o®_, (D77 = (2" = 5% + A0% — AP F)00_, (1)1~ (6.32)
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It follows that

15, G = Fs,Go@_y (DI

Leo(T2\ XEL)

—d-2s
<dj

152 (6.33)

S 10 =20y, o1 a(Dm g—l 4Q) e —de
(s, 5, (07 =07 +dg 5 AVX —dg g AV (D7

Leo(de\t’xé\g’).

By Assumption 6.5, there is only a finite number of patch configurations in 7,, which leads, up to scaling, to a finite number of

different matrices A1), A®. The y-shape regularity and choice of numbering of the vertices yield |(?” — 2*V)| ~ d s5,.5, and
||d§1' s, ADY, ||d§l1 s, A@||; = ©(1). This leads to a finite number of holomorphic extensions. Hence, there is a p > 1 depending only

on y and Q for which, in each variable, a holomorphic extension to the Bernstein ellipse fp is possible, and this extension can be
bounded by

1075, = Fs, 0@ DI || oo, < Crsa At (6:34)
P

Inserting everything into the higher-dimensional analog of Lemma 5.3 yields for separated simplices .S, .S,

Is,,5,(0:0) = Q5 o (W) <Cyyy (@op)! (ggr)! plotrn=2m! |U|HS(BS,,SZ)|W|HS(BSI,SZ)’ (6.35)

where we used that for y-shape regular meshes there holds dg, g > Cmax{hg,,hg,} for some C > 0 depending on y so that the
combined effect of the scaling parameters of all contributions in (6.29) can be uniformly bounded by

—d/2

a2 h"sl h‘éz(hsl +hg, +dg, )% (hSl

—d/2\2
1.5, thg, ) <G,

Combining the estimates for all cases with the simple observation co(Sy,$,) € By, g, yields the following lemma for the quadrature
error.

Lemma 6.10. Let 7, be a y-shape regular mesh satisfying Assumption 6.5. Let S|, .S, € T, be closed simplices in RY and denote by B S,.5,
a closed ball with diam Bg, 5, < hg + hg, + dist(S,.5,) that contains the simplices S|, Sy C By, s,. Then, for the integral I g, (v, w)
from (6.7) and its approximation Q’b',1 s, (v, w) by quadrature, there exists a constant p > 1 that depends only on y and Q such that for all

1 1
ve SHNT,), we ST, there holds

ILs,,5,(0:10) = O, ¢ 0. 0)| < Cg 4 @on)™ (@)™ o™ ol g Wl sag, ) (6.36)

with the constant C, , ; depending only on s, v, d, and €; qq, is given by Proposition 6.1.

6.3. Treatment of Q¢

In this section, we discuss the issue that the evaluation of the bilinear form a(-, -) requires the evaluation of 5,.0° given by (6.3).
This is addressed using two ingredients:

(i) we select an open set By with QcCB g (for convenience, this set will be taken to be a hypercube (—R, R)“ below) and extend
the mesh 7, to a triangulation Ty R of By satisfying Assumption 6.5. For this triangulation, we may employ the quadrature
technique used above.

(ii) We develop a quadrature rule for integration over B;{ =R \ By and exploit that dist(.S|, B;{) > dist(Q, B;) > 0 together with
analyticity of the integrand.
We focus on (ii). Let By := (=R, R)? for a fixed R > 0. Introduce the cones C:={Ln) Ny >Ry € [—1,11971} as well
as C;, i =2,...,2d obtained by rotating C; so that the centerline of C; is aligned with one of the unit vectors (+1,0,...,0),
0,+1,0,...,0),...,(0,...,0,+1) € R%. An integral of the kernel function over C | can be evaluated using the transformation n =1/y,
as follows:

o0
G\ 1= / I 5174429 45 = / / 1= ()T P21y ay,
=R

yec, y'el-1,119-1 y;
1/R
— / / |’1;(>_(l’yl)Tlf(dJrZ.\')rIZ,\'fld”dyl‘
———ee
Yel-L1etn=0 =161 G

This suggests to use a tensor product quadrature with (product) Gauss-Legendre quadrature in the y’-variables and a Gauss-Jacobi
quadrature with weight #>*~! in the n-variable. Key to the performance of the quadrature rule is the analyticity of the function G;:

Lemma 6.11. Let Q C By = (—R, R)“. Then:
() The function G is analytic on Q.
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(ii) The function G, is analytic on ax|o, 1/RIx[~1, 119-1,

(iii) The functions G, and G, are positive on Qand Q x[0,1/R]x[-1, 1191, respectively.
Analyticity of a function G on a closed set A C R" means that there is a complex neighborhood A, C C" of A and a function G, holomorphic
on A, with G, |, =G

Proof. Proof of (iii): Consider the function

d

GOxp oo XM YooV 1= Oy = D7 4 Y 0, = YD =P 1R =0~ (L)%, (6.37)
i=2

which is an entire function on C*¢. We claim that G(%,7,)') > 0 on K :=Qx[0,1/R]x[=1,1]%"!. Since ¥ € Qand 4~'(1,y)T € ¢, C
B, we have G> (7 dist(Q, BS ))2 > 0 for > 0. For 1 =0, we have G@F,0, y)=1(1,y)> > 1. Since G, = G—@+29)/2 5 (), the integrand
of Gl is positive. This ﬁnlshes the proof of (iii).
Proof of (i): By positivity of G on the compact set K and the smoothness of G, thereisa complex nelghborhood K, :=U,cxB.(2) C
€2 such that ReG >0 on D, . Hence, with the principal branch of the logarithm, the function exp(—ﬂ
on K, and coincides with G; on K.

Proof of (i): This follows from (ii)). []

log G(z)) is holomorphic

In total, we have arrived at

2d
I ocw)= Y Ig 50w+ Y / G,HvEw®) d¥,
S,eTA\T, =liés,
where the functions G;, i > 2, are defined as G| with C; replaced with C;. Analogous to Lemma 6.11, the functions G; and the
corresponding integrands G, are analytic. For a fully discrete approximation of I qc(v, w), we denote by Qg,l ¢ (v, w) the quadrature
rule to evaluate

1/R
Is, ¢, (v,w) = / v(X)w(X) / /Ql(i,n,y’)nz“"‘dndy’df
XS V' e[-1,114-1 n=0

with a tensor product Gauss-Legendre rule (with n points for each variable) for the integration in )/, a Gauss-Jacobi rule (with n
points) for the integration in #, and the tensor product Gauss-Legendre rule (6.14) for the integration in X over the simplex S|, i.e.,

Q% ¢, (0:w0) 1= GLY (0wGI ) oGL, yo - 0GL,y (GioF, Ty ). (6.38)

where the pullback transformation F,, 10,1 /RIX[-1, 11971 - [0, 1]9 is defined in a canonical way and J Fyy denotes its Jacobian.

Analogously, we define rules Q. i > 2. The fully discrete approximation is then given by

51.¢;°

2d
Is 000~ Q4 oo (0,10) 1= > le’sz(u,w)+ZQ’&I’CI_(U,W). (6.39)
i=1

S,eTA\T,

Remark 6.12. The function ¥ ~ |, pe 1X— $|~@+29 43 is analytic on Q. Hence, it could be approximated by a (piecewise) polynomial on
a coarse mesh. A computational speed-up is then possible since the evaluation of the le (0, w) can be replaced with the evaluation

of /. s, v(X)w(X)r(X)dX for some polynomials z. Precomputing on the reference element is an option. m

6.4. Exponential convergence under quadrature

Combining the approximation results for the integrals I ¢ (v,w) and Ig, o-(v,w) from the previous subsections, we directly
arrive at an error estimate for the consistency error for the bilinear form a(:, ).

Lemma 6.13 (Consistency error for bilinear form a for d > 1). Let T, be a y-shape regular triangulation of Q C R, R > 0 be such that

Qc (—=R,R)? and TyR be a y-shape regular mesh that extends the mesh 7;, to (—R, R)“. Assume TyR satisfies Assumption 6.5. Let a(-,-) be
the bilinear form of (6.1) and a,(-, ) be its approximation given by (6.19). Then, there exists a constant p > 1 that depends only on the shape
regularity constant y and Q such that for all v € S(’)”] (Ty) and w € Sg’l (Ty) there holds

la(v,w) — a,(v,w)| < CS’M(#TVR)2pd+4rd+4pqq>(r+p)—2n+1 IIUIIﬁS(Q) ”w”ﬁs(g)v (6.40)

with constants Cy , ; depending only on s, v, d, and ; qq, is given by Proposition 6.1.
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Proof. With the triangle inequality, (6.19) and (6.39), we obtain

C(s,d
S )< Z Z s,.s,(0,w) = Q5 o (v,w)]

2 S|€T, €T,

|a(U, w)_an(v> M))l <

2d

+2 ) Y s s,@uw)-0% ¢ w)l+2) |Isl,c,.(U,w)—Q"S],Cl_(v,w)|>-
S1€7, 5,eTR\T, i=1

The terms |/ Si. S2(U, w) — Q"S1 Sz(v, w)| can be estimated with Lemma 6.10. The other contributions of the form |/ SI’C’_(U, w) —

’fvl ¢, (v,w)| correspond to approximation of /. s, v(X)w(¥)G;(X)dX with analytic functions G; and thus take the same form as the

integrals involved in the linear form /(-). Thus, a combination of Lemma 6.10 and Lemma 6.8 together with summation over all
simplices gives the result. []

With the estimate for the consistency error, we directly obtain uniform coercivity as in the case d = 1 by a perturbation argument
as described in Lemma 4.4. Note that the integral transformations @; for d > 1 induce an additional constant ¢4, in the exponential
term in the consistency error. In order to compensate for that the number of quadrature points now has to grow like Ap for some
A>1.

Theorem 6.14 (Uniform coercivity, d > 1). Let the assumptions of Lemma 6.13 hold. Then, there are constants @, A;, 4, > 0 depending
only on s, the shape regularity constant y, the dimension d, and Q such that forn > A;p+ 4, ln(#TyR + 1) there holds

@oll%,  <@,v.0) forallve Sk (T, (6.41)

Employing the Strang Lemma, we can derive a result similar to Theorem 2.4 for d > 1 by the same arguments. The error of the
fully discrete FEM approximation can be bounded by the exact FEM error and a consistency error that decays exponentially in the
number of quadrature points.

Theorem 6.15 (Exponential convergence under quadrature, d > 1). Let 7, be a y-shape regular triangulation of the bounded polyhedron
Q Cc R?. Let R > 0 be such that Q C (=R, R)¢, and let TyR be a y-shape regular mesh that extends the mesh TJ, to (—R, R)4. Assume TYR
satisfies Assumption 6.5. Let f be analytic in Q. Denote byue H5(Q) the solution to (6.1), byu.e Sg’l(Ty) the FEM solution for the exact
variational formulation in the space S(’)’] (Ty) C Sg’l (Ty), and by ﬁN!n € Sg’] (7,,) the solution to

@Gy on) =1vy) Yoy €SPNT),

where a,(-,-) and 'l‘;,(-) are defined in (6.19) and (6.15). The index n indicates the number of quadrature points that is used per coordinate
direction per integral and element.
Then, there exist constants p > 1, Ay, 4,, Copa>0 (depending only on s, Q, d, y), such that for all p, #TyR and n with n > A\p +

A ln(#TyR +1) and r € {1,...,p} there holds

< ”u _ Cs,y,d(#TVR)Zpd+4rd+4pq¢(p+r)_2n+l ; (642)

”u_EN,n”ITp(Q) “r”ﬁx(g) +

the constant qq, is given by Proposition 6.1. The number of operations to compute the stiffness is O((np)* 7, Ry2y,

Remark 6.16. The treatment of the complementary part Q¢ in the bilinear form induces the appearance of the term #TyR in the
error estimate (6.42). In the context of shape-regular 4p-FEM “boundary concentrated meshes” [22] both for 7, and TVR are a natural

choice. The total number of elements is then proportional to the number of elements touching the boundary dQ and thus #TyR is
proportional to #7,. m

7. Numerical experiments

In this section, we present some numerical examples that underline the theoretical estimates in our main results, Theorem 2.4.
We consider

(-AYu=1 inQ:=(=1,1), u=0 onQ°,

with exact solution u(x) = 2725 \/;(F(s +1/2)0(1 + )11 — x?)°.

In the following, we will present three different approaches to estimate the energy norm error between the exact solution u and
the fully discrete 2p-FEM approximation iy ,

344



B. Bahr, M. Faustmann and J.M. Melenk Computers and Mathematics with Applications 176 (2024) 324-348

107 100 F
S 101 ) 1 g w0t
3 F i3 b
E 02| | g 07
S| 1 g §
= ¥ 1 7 10734
5 10-3 1 n=p ] & H n = |1.3 p]
= F| —%— method 1 E T 1044 —— method 1
g . t| —A— method 2 1 g H —— method 2
10 E| —8— method 3 E 10~5 | —8— method 3 4
& T T | | | | t T T | | | |
2 4 6 8 10 2 4 6 8 10
number of layers L number of layers L
100 T T T T 3 F T T T T
: .
B E:
E 1 8 103k
> n = 1.9 p] E S H mn=3p
%C 10—4 | —*— method 1 7; 5] 104 {{ —*— method 1 -
g H —— method 2 1 g H —&— method 2 3
10—° H —&— method 3 E 10~5 H —8— method 3 E
& T T | | | 4 & T T | 1 1 |
2 4 6 8 10 2 4 6 8 10
number of layers L number of layers L

Fig. 1. Three different methods (see Example 7.1) to calculate the energy norm error of hp-FEM with n = O(p) quadrature points on a geometric mesh with grading
factor o = 0.172, polynomial degree p=L, s =3/4.

\/a(u — Uy U=y ,)= \/a(u,u) —a(y iy ) = 2a(u =ty Uy ,)-

If the quadrature error is ignored, i.e., if it is assumed that u =1y ,, then Galerkin orthogonality a(u — iy .l ,) = 0 holds and,
assuming that a(u, u) is known, the error can be computed in the standard way as the square root of the difference between the energies
of the exact solution and the Galerkin approximation. The exact energy a(ity ,,4y ,) of éiyy , can in general only be approximated by
quadrature, leading to an error estimate of the form

\/a(u — Tyt — Ty ) ® \/a(u,u) — &, (T oy ), 7.1)
where m > n denotes a number of quadrature points used. However, as u and iy, solve different variational formulations, Galerkin
orthogonality for &y , holds only up to the consistency error

|a(u - ﬁN,n’ﬁN,n)l < |a~n(ﬁN,n’ﬁN,n) - a(gN,n’gN,n)l + |1(gN,n) - ln(gN,n)l'

For a high number of quadrature points n the consistency error is small compared to the approximation error. However, for n close to
the polynomial degree p we need a different approach. The idea is to calculate an additional reference solution i ,, with an increased
number of quadrature points m > n and use the triangle inequality to estimate the energy norm error by

VA =Ty ot = Ty ) S 7@ =Ty ot = Ty ) + AU o = T Ty = Ty ) (7.2)

By choosing m sufficiently large, the Galerkin orthogonality a(u — Uy, %y ,,) = 0 holds with a negligible consistency error, and we
can again use approximation (7.1) for the first term of the right hand-side. The second term can be approximated with the same small
consistency error by replacing a with a,,, which leads to an estimate for the energy norm error given by

\/ att, 1) = &,y Ty oy ) + \/Em(aN,m — T o — Ty - 7.3)

We can interpret the first term in (7.3) as a good approximation to the energy norm error /a(u —uy,u —uy) and therefore as the
optimum that our implementation can achieve. The second term in (7.3) represents the implementation error due to the quadrature.
The following example shows that the difference between the approximation methods (7.1) and (7.3) can be significant.

Example 7.1. We employ a geometric mesh Tg ﬁoﬁ with grading factor o =0.172 and take piecewise polynomials of degree p= L. In
Fig. 1, three different error measures are plotted versus the number of refinement layers L for different numbers of quadrature points
n=0(p) used to calculate the solution iy ,:

* Method 1: Use approximation (7.1) with the same number of quadrature points m for a,,(-,-) as for the solution iy ,, i.e., m =n.
+ Method 2: Use approximation (7.1) and increase the number of quadrature points for the bilinear form a,,(-,-) to m = 6p.

+ Method 3: Use approximation (7.3) with m = 6p quadrature points for the reference solution #y ,, and the bilinear form a,,(-,-).
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Fig. 2. Exponential convergence in the energy norm (approximation (7.3) with m = 6p) of hp-FEM on geometric mesh with grading factor ¢ = 0.25, polynomial degree
p=L, n=1.2 p| quadrature points, and different fractional parameters s.

100 F T B F 1
§ § 1071 E £
?} 10—2 [ - ?} E E
= = |
g = 107°F
e} > [ N ]
o0 10-4H8B-"=P ; - o0 [[—B—n=p AN i
% —%—n=[1.2p] % 10-3 | —*—n=[1.2p] N 4

—A—n=15p| O_L/z/L‘\ 8 H—a—n=[15p] a.L/Z/\L\\\ ]
—o-n=4dp S |—o—n=4p I
10*6 T T | | | | T T | | | |
2 4 6 8 10 0 2 4 6 8§ 10 12
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Fig. 3. Exponential convergence in the energy norm (approximation (7.3) with m = 6p) of hp-FEM with n = O(p) quadrature points on geometric mesh, polynomial
degree p= L, s =3/4. Left: grading factor ¢ = 0.172. Right: grading factor ¢ = 0.5.

For the cases n=|1.9 p| and n =3 p all three methods produce nearly identical results, whereas for n = p and n = | 1.3 p| the method
of calculating the error significantly differs. We observe that Method 1 overestimates the energy norm error significantly and also
increasing the number of quadrature points for the norm calculation (Method 2) does not help either. This is consistent with the fact
that Method 2 does not decrease the consistency error that is made in the Galerkin orthogonality. We also note that for the cases n = p
and n = [1.3p| the computed “energies” were larger than the exact energy so that no errors are reported for these cases in Fig. 1.

The next example is similar to an example in [5] that shows exponential convergence of hp-FEM, where the linear system was
assembled using the quadrature approach (2.9) in this article.
Example 7.2. We employ a geometric mesh 7;15076 with grading factor ¢ = 0.25 and take piecewise polynomials of degree p= L. In
Fig. 2, the energy norm error (approximation (7.3) with m = 6p) is plotted versus the number of refinement layers L for different
fractional parameters s. For the number of quadrature points, we used n := | 1.2 p| and, as predicted by Theorem 2.4, we observe
exponential convergence with respect to the number of layers L noting that N ~ L. In fact, the convergence behavior is O(cL/2 L")
and thus slightly faster than asserted by Theorem 2.4. An argument for this observation is given in [5, Sec. 4].

Next, we discuss the number of quadrature points used. Although Theorem 2.4 suggests that a choice of quadrature points n > p+ 1
and in particular n := p+ 4 p for any fixed 4 > O suffices to obtain exponential convergence, the rate, or more precisely, the constant
in the exponent, is impacted by the choice of 4.

Example 7.3. Fig. 3 plots the energy norm error (approximation (7.3) with m = 6p) for different numbers of quadrature points
n :=p+ Ap versus the number of layers L for two different choices of grading parameters, ¢ =0.172 and ¢ = 0.5. Again, we choose
p = L and fix the fractional parameter s = 3 /4. We notice that the grading factor ¢ has a direct impact on the number of quadrature
points needed to achieve the same accuracy. For the smaller o = 0.172, the rate of the exponential convergence depends on the choice
of I, while, for o = 0.5, the convergence always appears to be O(cL/2L=1). This can also be observed in the theoretical estimates in
Theorem 2.4 as the term L2p®p!*2~2" may be dominant in the case of small o.

Finally, we consider the elementwise contributions in Lemma 5.5 and observe exponential convergence for two different config-
urations.
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Fig. 4. Exponential convergence of the elementwise contributions |I1. ;- (v, w) — @}, (v,w)| for the integrated Legendre polynomials (7.4) on geometric meshes Tg ﬁo -
with L =2 layers and different grading parameters o. Left: adjacent elements. Right: separated elements.

Example 7.4. Fig. 4 considers the case of adjacent elements T := (x5, x{*), T/ 1= (x¥*,x5*) (left) and separated elements

T := (xge" ge") T = (x ‘;e” ge”) (right) in a geometric mesh 7 LM with L =2 layers and different grading parameters o (see

Definition 2. 2) We plot the absolute quadrature errors | I 7+ (v, w) — Q7 T,(v w)| for two integrated Legendre polynomials v : T — R
and w : T' — R versus the number of quadrature points n. On the reference domain (-1, 1) they are defined as

X

y
U(x)=/P5(t)dt and w(y)=/P7(t)dt, (7.4)

-1 -1

where P,(t) € P; denotes the i-th Legendre polynomial. We used Q50 ,(v,w) with 50 quadrature points, as the reference solution
It 7+(v,w) and observe the predicted exponential convergence rate as well as that the rate decreases with o. This is in line with
Lemma 5.5 since p — 1 as o — 0. We stress that Fig. 4 shows the absolute error; the final relative error is close to machine precision.
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