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ARTICLE INFO ABSTRACT

Keywords: In structural engineering, assessing the probability of failure is crucial for reliability considerations in design
Size effect codes. Most experimental studies on glued laminated timber (GLT) beams have focused on small-scale beams,
Quasi-brittle material leaving a gap in understanding the failure probabilities of large-scale structures up to 3m. Despite the use
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of various probability distribution functions (PDFs) to characterize GLT beam strength, a comprehensive
mechanics-based approach that accounts for beam size, load configurations, and strength classes remains
absent. To address this, we applied the finite weakest-link theory to model the PDFs of GLT beams with
homogeneous layup according to European standards. This study details the parameter identification process,
compares model predictions with experimental data, explores trends for large-scale beams, and discusses the
implications for structural reliability.

Our model predictions showed strong agreement with data from nine experimental studies involving 556
beams. For large-scale beams, where no experimental data was available, the predicted trends aligned with
an independent numerical study. The characteristic bending and tensile strengths were successfully modeled
in accordance with European standards, and an exemplary structural reliability analysis revealed diverging
trends when comparing the Weibull-Gaussian distribution with the commonly used log-normal distribution.
In conclusion, this statistical mechanics-based model effectively characterizes the PDFs of homogeneous
GLT beams based on size, load configuration, and strength class. The left tail of strength distributions is
essential for assessing structural reliability. While this tail has been characterized through simulations, detailed
experimental investigations will be required to validate these findings.

1. Introduction of GLT beams, such as the normal (Gaussian) distribution in [1],
the log-normal distribution in [5], and the three-parameter Weibull
Stochastic knowledge of material properties is crucial for formulat- distribution in [3]. Typically, the obtained PDFs correspond to only a
ing holistic design concepts, particularly in timber engineering. Wood, single set of experimental data with the same test configuration. A the-
due to its natural growth process, exhibits higher variability compared oretical framework is desirable that provides the strength distribution
to other bu11d1ng materials like steel, concrete, or brick. Timber con- depending on the Strength class, load configuration, and beam size:
structions have seen a rise in both number and size in recent years.
The size limitations of individual wooden boards can be overcome « The strength class ensures that a product meets specific character-
by manufacturing glued laminated timber (GLT) beams, achieved by istics such as strength, stiffness, and density. While prEN 1995-1-
gluing finger-jointed boards on top of each other. This manufacturing 1 [11] provides the design concept of GLT beams, EN 14080 [12]
process also results in the homogenization of material properties. The defines the strength grade for the boards, the strength of finger-
dimensions of these beams vary in practical applications, with depths joints, and the overall beam layup. For instance, the Sth-percentile
reaching up to 3m. bending strength depends on the strength class. Thus, the re-
The variation of strength can be described by probability distri- sistance level of a structure is also determined by this strength
bution functions (PDFs). Various distribution types have been used class.

in experimental studies [1-10] to characterize the bending strength
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+ In timber engineering, load configurations often lead to a com-
bination of tensile and bending stress states. Nevertheless, pure
tensile and bending strength are typically distinguished to align
with experimental observations, e.g., in [3,6]. From a contin-
uum mechanics perspective, this distinction can be misleading.
For instance, the same tensile stress acting on a material point
can be caused by either tensile or bending load configurations.
The behavior of the material point is driven only by the act-
ing stresses, independent of their cause. Thus, the distinguished
tensile and bending strengths are not material strengths but
rather structural properties depending on the load configura-
tion.

The effect of beam size on bending strength is typically recog-
nized in design codes, e.g., with the depth modification factor
in prEN 1995-1-1 [11]. Multiple studies have focused on deter-
mining the size effect experimentally, e.g., in [4,6]. However,
large-scale testing of GLT beams involves a tremendous effort.
Thus, for large beams, the so-called size effect has been studied
with numerical simulations, e.g., in [13-15]. These studies found
differing trends for the 5th-percentile bending strength with
varying beam sizes but revealed that with increasing beam size,
the coefficient of variation (CV) of the bending strength decreases.
Recently, Fink et al. [16] confirmed that the CV is likely to
decrease for large beams by compiling results from numerous
experimental studies in the literature.

Such a flexible theoretical framework enables the effective assess-
ment of structural reliability for GLT beams in various scenarios. This
is essential for developing design concepts that maintain constant
reliability, despite the diverse demands faced by modern structures.

1.1. Theoretical frameworks and structural reliability

A widely used framework for describing the change in strength PDFs
of timber is Weibull’s statistical strength theory [17], which conceptu-
ally defines the tensile strength by the weakest link in a chain. The
theory derives the Weibull distribution for isotropic brittle materials,
allowing scaling based on stress distribution and volume. Bohannan
[18] applied the theory to describe the size effect of GLT beams sub-
jected to bending. While the theory explains the strength decrease with
increasing stressed volume, it maintains a constant CV independent of
the scaling.

Schilling et al. [19] proposed adjusting both parameters of the
two-parameter Weibull distribution based on beam depth. While this
approach results in decreasing strength and CV, it contradicts the use of
material-related parameters for the distribution, as originally intended
by Bohannan [18]. The adjustments were derived from numerical
simulations of beams in four-point bending, with depths ranging from
0.3m to 3.0m and a fixed length-to-depth ratio [14].

These approaches are only partially effective. Weibull’s statistical
strength theory is inadequate because wood failure is quasi-brittle
rather than brittle. Failure in quasi-brittle materials is influenced by a
fracture process zone ahead of the crack tip, which is significant in size
relative to the cross-section dimensions and enables stress redistribu-
tion [20]. Moreover, implementing a decreasing CV requires violating
the assumption of constant, material-related parameters.

Bazant and Pang [21,22] proposed a statistical mechanics-based
framework to characterize tensile or bending strength PDFs of quasi-
brittle materials. The framework uses a Weibull-Gaussian distribution,
combining a Weibull part for the left tail with a Gaussian part for the
remainder. Conceptually, it accounts for stress distribution and volume
by forming a chain of finite elements, within which stress redistribution
is possible. Ultimate failure occurs when a single element collapses.
This so-called finite weakest-link theory has proven successful for var-
ious quasi-brittle materials such as ceramics [23], asphalt [24], and
oak boards [25]. Recently, Tapia and Aicher [26] applied the theory
to glued laminated timber made of oak boards.
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An accurate strength distribution is essential for structural reliability
assessments, as it characterizes the resistance. Commonly, the strength
of timber structures is assumed to follow a log-normal distribution, as
in EN 14358 [27] and JCSS [28]. For bending strength distributions of
GLT beams, JCSS [28] recommends a CV of 0.15, independent of their
size. So, there exists a significant knowledge gap in comprehensively
describing the strength distribution of GLT beams influenced by their
size, load configuration, and strength class. It is expected that the
depending characteristics of the distribution influence the structural
reliability. Addressing this gap is essential for developing holistic design
concepts that aim for constant reliability of structures regardless of
their size.

1.2. Scope of this work

To address this knowledge gap, we identified five key parameters
for GLT beams that define the grafted Weibull-Gaussian distribution
within the finite weakest-link theory. Our focus is on GLT beams made
of softwoods with a homogeneous layup, meaning the individual boards
belong to the same strength class. The initial parameters were derived
from a comprehensive numerical simulation study [15]. Subsequently,
one parameter was refined based on an experimental study [3], while
another was adjusted to align the distribution with European strength
classes [12]. This statistical mechanics-based model enabled the predic-
tion of trends in decreasing mean strength and CV across different beam
sizes, including large beams up to 3 m in depth. A structural reliability
analysis followed, aiming to achieve consistent structural reliability
using Weibull-Gaussian or log-normal distributions.

This paper is organized as follows: Section 2 covers the fundamen-
tals of the finite weakest-link theory, presents the model parameters
and fitting procedure, and compiles experimental and numerical re-
sults. In Section 3, the fitting of the model parameters is shown, which
are further used in Sections 4 and 5. This is followed by a comparison
of predicted mean strengths and their CVs with experimental data, and
an in-depth discussion of the model parameters. Section 4 provides
predicted trends for large GLT beams and explores the influence of size
and load configuration on the PDFs. Section 5 demonstrates the model’s
implications through an exemplary structural reliability analysis. It
explores how constant reliability is maintained when using either a
Weibull-Gaussian or log-normal distribution, and includes a sensitivity
analysis of one key parameter of the Weibull-Gaussian distribution. The
paper concludes with a summary of the model parameters and their
derivation, the conclusions, and an outlook discussing further necessary
research and potential extensions (Section 6).

2. Materials and methods

The finite weakest-link theory [21,22,29] offers a statistical
mechanics-based framework that provides a variable strength distri-
bution depending on the structure’s size and load configuration (Sec-
tion 2.1). The framework utilizes five independent model parameters,
which remain constant while capturing these variations (Section 2.2).
In this study, the parameters are identified using maximum likelihood
estimations (Section 2.3). Section 2.4 details bending strength data
from both experimental and numerical studies. Since the experimen-
tal data available in the literature is insufficient to identify all five
parameters, numerical simulations were primarily used. To validate
the findings, a comprehensive dataset consisting of 556 homogeneous
GLT beams from nine experimental studies [1-10] conducted over the
past 38 years is presented.
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Fig. 1. CDFs of the tensile strengths for single and multiple equivalent elements N, shown in (a) Weibull probability plot and (b) normal probability plot, where the corresponding

distributions appear as straight lines.

2.1. Finite weakest-link theory

The finite weakest-link theory provides PDFs for quasi-brittle ma-
terials of various sizes under different loading conditions. Bazant [20]
proposed a gradual transition of the PDF from a predominantly Gaus-
sian distribution (ductile failure) to a Weibull distribution (brittle fail-
ure) with increasing structural size. The theory is based on representa-
tive volume elements (RVEs),! whose failure causes the failure of the
entire structure [21].

First, the representation of a single RVE under pure tensile load-
ing is addressed, before expanding to structures of various sizes and
their stress distributions based on loading conditions. For quasi-brittle
materials, a single RVE must be capable of manifesting damage on
smaller scales, such as microcracking, without leading to complete
failure. Bazant and Le [30] argue that the ultimate strength of ductile
materials follows a Gaussian distribution, based on the central limit the-
orem, as it sums all contributions across the failure surface. In contrast,
Weibull’s statistical strength theory [17] applies to brittle materials.
Therefore, the type of PDF for a single RVE is a key consideration,
as it cannot be purely Gaussian (ductile materials) nor purely Weibull
(brittle materials).

In Le et al. [29], the PDF type of a single RVE is derived based
on two statistical models: series coupling (chain model or weakest-link
model) and parallel coupling (fiber bundle model). The gap between
failure within the atomic lattice (nano-scale) and the RVE (macro-
scale) was bridged using a hierarchical statistical model with sub-chains
and sub-bundles. At the lowest scale (nano-scale), the PDF exhibited a
power-law tail, and the mechanical post-peak behavior of elements in
the fiber bundles was either brittle, linear softening, or plastic. Despite
these different mechanical behaviors, the PDF type was consistent and
could be formulated by a Gaussian distribution with a grafted far-left
Weibull tail.

The cumulative distribution function (CDF) of the tensile strength of
a single RVE P, (Fig. 1) follows a Weibull-Gaussian distribution [29]

1 —exp [—(%)m] for x < x,

P(x) = ’ 2
[—%] dx’  for x2x,
262

, (€Y

T

¢ x
€X
6 V2 jng P

P+
where m is the Weibull modulus and s, is the scaling parameter of the

Gaussian distribution. ug is the mean and §g is the standard deviation
of the Gaussian distribution. P, is the probability at the grafting

1 The RVE size differs in comparison to elastic homogenization theory [21].

point x,,, and r; is a scaling parameter to normalize the grafted CDF to
guarantee that P;(c0) = 1. To ensure the grafted CDF is a differentiable
function [22], continuity of the probability density function must be

guaranteed at the grafting point p, (x,,) = % e ie.,
=Xy

Pl(X;r) = Pl(Xgr)~ 2

Finally, the CDF of strength for an entire structure P, is derived by
constructing a conceptual chain of RVEs (Fig. 1), employing extreme
value statistics

Pr(x)=1—(1—P(x)"ea, 3)

where N, represents the equivalent number of RVEs within the chain.
Neq depends on the structure’s size, loading condition, and RVE size,

_ V[ e
Noy= 7= | [to@n]"ae. @

where V is the structure’s volume, Vyyg is the volume of a single RVE,
& represents the dimensionless stress distribution with parameterized
spatial coordinates &, and m is the Weibull modulus. The Macaulay
brackets (-) are applied with the general formulation to consider only
tensile stresses, which are responsible for (quasi-)brittle failure
x<0: O

<x>_{x20: x )

The finite weakest-link theory is a statistical model that uses the
elastic stress field to qualitatively capture the nonlinear failure behavior
of quasi-brittle materials [31]. Some of the presented parameters are
interrelated, such as ug and 65 depending, for example, on m, sy, and
x,- The introduction of independent parameters is addressed next.

2.2. Defining the model parameters

The model presented by Bazant and Pang [21,22] depends on
five parameters: the Weibull modulus m, the scale parameter s,, the
probability at the grafting point P,,, the CV of the Weibull-Gaussian dis-
tribution w,, and the volume of a single RVE Vyg. The last parameter
controls the size- and load-dependent scaling of the grafted Weibull-
Gaussian CDF according to Egs. (3) and (4). The other four parameters
are presented next and deal with the PDF of a single RVE.

Starting with the Weibull part of the distribution in Eq. (1), the
Weibull modulus m controls the slope and the scale parameter s, the
horizontal position of the distribution on the Weibull probability plot
(Fig. 2a). The Gaussian part of the distribution in Eq. (1) depends on
its mean and standard deviation, ug and ég, respectively. These two
parameters are related to the Weibull-part parameters to fulfill the
continuity condition in Eq. (2) at the grafting point. This limits their
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Fig. 2. Parameters (m, sy, Py, ®,) that define the CDF of the tensile strength for a single equivalent element N, shown in (a) Weibull probability plot and (b) normal probability

plot.

effectiveness, as the goal is to have independent parameters. Thus, the
grafting point probability P, and the CV of a single RVE w, are used
instead from now on.

P, defines the position of the grafting point x,,, where the Weibull
distribution transitions to the Gaussian one (Fig. 2). The grafting point
position reads

xgr = o [~In (1= P )" ©

based on the Weibull part of the Weibull-Gaussian distribution in

Eq. (1). At Xgrs the continuity condition from Eq. (2) is used to for-
mulate the Gaussian mean
HG = Xgr + 86 [—21n(g)]7? @
with
b 5 X m—1 X m
= () e(-(5)): ®
S0 So So

Ug is now a function of 5, and for its computation, it is necessary to
restrict g to the range 0 < g < 1.

The last step is to find an expression for 65, which is provided by
the CV

o
Wy = —, 9
Ho
where the mean reads as:
Ho = / x pp(x)dx 10)
0
and standard deviation as:
oo 1/2
2
8y = [/ (x—yo) p1(x)dx s an
0

both regarding the Weibull-Gaussian distribution of a single RVE. Plug-
ging Eq. (7) in Eq. (1) and differentiate with respect to x leads to the
probability density function of a single RVE p;, which is then used in
Egs. (10) and (11). This finally leaves 65 as the only variable in the
formulation of w, in Eq. (9). é5 is found numerically for a given w, by

O<g<l1: wo—i—zl
arg{sgnm g<0: Ag—1)° " 12)
g=1: ig?

where 4 is a Lagrangian multiplier and g is defined by Eq. (8).
2.3. Parameter fitting

The aim is for the grafted Weibull-Gaussian distribution to ac-
curately describe the observed data. To achieve this, the discussed

parameters (m, sy, Py, @o, and Vgyg) are fitted to either experimen-
tally or numerically obtained data. The maximum likelihood method
is commonly used to estimate the parameters 6 of the probability
density function p, for a set of observed data x, which is obtained by
differentiating Eq. (3) with respect to x. The estimates are obtained by

maximizing the likelihood function

£@x) =[] r,x:0. (13
i=1

To estimate the five discussed parameters 6 = [m, s, Py, @y,
Vrvel, the natural logarithm of £(6|x) is maximized for k given sets of
observed data x,. This leads to the minimization problem that is solved
numerically by

k
argmin — ) In(£(6]x))) + Ah, 14
0 -1

J

where 1 is a Lagrangian multiplier and
h = (=Py)? (15)

is a penalty function to ensure that P,, > 0. To maintain the integrity of
the model during the optimization, P,, is set to zero for values violating
the constraint Py, > 0.

2.4. Experiments and simulations

Estimating the parameters for GLT beams requires data on their
tensile or bending strength. This data must encompass both the Weibull
and Gaussian parts of the distribution (Fig. 1) and can be obtained from
experiments (Table 1) or simulations (Table 2). A significant challenge
with experimentally obtained data is that the tested beam and sample
sizes currently available in the literature are too small to provide
sufficient information on the Weibull part (Fig. 3a). Simulations can
effectively fill this gap, providing the necessary information for now
(Fig. 3b). In this study, the empirical CDF for both experimental and
simulated data was always determined using the method proposed
by Hazen [33]: Pr=(- 0.5)/n.

The challenge exists despite numerous studies in the literature [1-
10] reporting the bending strength of homogeneous GLT beams manu-
factured from Norway spruce? (Table 1). Primarily, four-point bending
tests (Fig. 4a) were used, in accordance to EN 408 [32]. The standard
test setup prescribes the length-to-depth (¢/d) ratios between the bear-
ing and loading points, leading to a proportional stress field for beams

2 The studies [1,2,4] present properties aligning with Norway spruce
without explicitly specifying the wood species.
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Table 1
Experimental data from the literature on GLT beams with homogeneous layup considered in this study. Dimensions are in reference to Fig. 4.
Dimensions in mm Strength class
Study Sample size n 14 7, ¢, w d Study*® Assigned” Eg. no. RVEs® N
Ehlbeck and Colling [1] 3 3750 1875 - 100 330 GKII GL24h 0.7
3 3750 1375 1000 100 330 GKII GL24h 6.3
3 4650 1325 2000 100 330 GKII® GL24h 20.9
3 6900 1700 3500 100 330 GKII° GL24h 20.9
3 6900 1700 3500 100 330 GKII GL24h 6.0
6 3700 850 2000 100 167 GKIIP GL24h 9.0
3 3300 650 2000 100 250 GKII¢ GL24h 12.1
3 4650 1325 2000 100 500 GKII GL24h 18.3
3 6000 2000 2000 100 750 GKII® GL24h 28.1
3 9000 3500 2000 100 850 GKII” GL24h 33.3
3 7500 2750 2000 100 1000 GKII GL24h 38.3
3 7500 2750 2000 100 1000 GKII¢ GL24h 38.3
3 11800 4900 2000 100 1250 GKII GL24h 51.1
Colling [2] 7 7500 2750 2000 100 600 -d 22.8 N/mm? 23.0
7 7500 2750 2000 100 600 - 24.6 N/mm? 23.0
7 7500 2750 2000 100 600 d 24.9N/mm? 23.0
7 7500 2750 2000 100 600 d 29.6 N/mm? 23.0
7 7500 2750 2000 100 600 - 32.6N/mm? 23.0
7 7500 2750 2000 100 600 -d 33.0N/mm? 23.0
Falk et al. [3] 104 5400 1800 1800 90 300* LH35 29.8 N/mm? 9.1
112 5400 1800 1800 90 300* LH40 34.1 N/mm? 9.1
Aasheim and Solli [4] 24 5400 1800 1800 90 300* T30 GL28h 9.1
20 10800 3600 3600 90 600 T30 GL28h 36.4
Gehri et al. [5] 23 5310 1770 1770 160 297 MS10h GL20h 15.7
(Schickhofer [6]) 10 9504 2970 3564 160 594* MS10h GL20h 62.7
30 5310 1770 1770 160 297* MS13h GL26h 15.7
20 5310 1770 1770 160 297* MS17h GL30h 15.7
18 9504 2970 3564 160 594* MS17h GL30h 62.7
Brandner et al. [7] 25 9000 2700 3600 160 600 GL36h 63.6
Fink et al. [8] 12 5680 1880 1920 115 320* GL24h 13.2
12 5680 1880 1920 115 320* GL36h 13.2
Kandler et al. [9] 10 2340 780 780 90 132% GL24h 1.7
10 5200 1610 1980 90 330* GL24h 10.9
10 2340 780 780 90 132* GL30h 1.7
10 4140 1380 1380 90 231* GL30h 5.4
10 5200 1610 1980 90 330* GL30h 10.9
Fink et al. [10] 4 10800 3600 3600 158 600~ GL24h 63.8
2 18000 6000 6000 178 1000* GL24h 200
4 10800 3600 3600 158 600~ GL32h 63.8
2 18000 6000 6000 178 1000* GL32h 200

* ¢,/d ratios according to EN 408 [32].

2 As specified by each study.

b

Assigned as specified in Appendix A.

¢ One beam’s outermost lamination had grade GKI.

d

¢ Equivalent number of RVEs from Eq. (4) for model parameters listed in Set 3 in Table 3.

e experimental result
4-point bending,
I X w X d (mm):
5400 x 90 x 300,
LH40, n = 112

=== model prediction

Three outermost laminations graded according to specific wood properties.

2,
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E
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Fig. 3. Exemplary CDFs of the bending strength f, in Weibull probability plots for (a) experimental results from [3] and (b) simulation results from [15], with model predictions
using parameters from Set 2 and Set 1 in Table 3, respectively. The large dot marks the transition from the Weibull to the Gaussian distribution.

of varying sizes. A significant advantage of the finite weakest-link
theory is its capability to consider such stress fields. Thus, studies with
varying £ /d ratios or using a three-point bending test setup (Fig. 4b)

can also be included.

A recent simulation campaign [15] investigated the size effect of
large GLT beams. The simulations considered discrete vertical and
horizontal cracks using the extended finite element method and co-
hesive surfaces, respectively, as provided by the frameworks available
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Fig. 4. Load configurations for GLT beams: (a) four-point bending test, (b) three-point bending test, and (c) directly applied constant bending moment. The span of the beam is
denoted by ¢, with 7, and ¢, representing the ranges with triangular and constant bending moment profiles, respectively. #, was implemented in the simulations to minimize
load application effects, where no damage was considered. w is the beam width and d the depth.

Table 2
Simulated data from [15] on GLT beams with homogeneous layup, as considered in
this study. Dimensions are in reference to Fig. 4c.

Dimensions in mm"

¢/d Sample size® n t, d Eq. no. RVEs® N,
1.5 1600 247.5 165 0.6
400 495 330 2.6
400 990 660 10.3
400 1980 1320 41.2
300 2970 1980 92.7
200 3960 2640 165
200 4950 3300 257
6.0 500 990 165* 2.6
100 1980 330* 10.3
100 3960 660* 41.2

* ¢,/d ratio according to EN 408 [32].

2 For each strength class: GL24h and GL30h.

b Constant width w = 90 mm.

¢ Equivalent number of RVEs from Eq. (4) for model parameters listed in Set 1 in
Table 3.

in Abaqus [34]. Beams with depths up to 660 mm accounted for plas-
tic deformations with a multisurface failure criterion [35-37] in the
upper half of the beam. In this study, we used data from 8400 simu-
lated GLT beam sections (Table 2), encompassing two strength classes,
GL24h and GL30h, for #/d ratios of 1.5 and 6.0. The beam depths
ranged from 165mm to 3300 mm, and the sections were subjected to
a constant bending moment (Fig. 4c).

In the finite weakest-link framework, the stress distribution and
beam size is accounted for by the equivalent number of RVEs N,
calculated according to Eq. (4) in conjunction with the model param-
eters identified in Section 3 (Table 3). Neg values are provided for
experimental data in Table 1 and for simulation data in Table 2.

3. Model based on the finite weakest-link theory framework

Based on the estimated model parameters (Section 3.1), the model
predictions are compared to experimental results from the literature
(Section 3.2). This section concludes with discussions of the model
parameters (Section 3.3).

3.1. Estimating the model parameters

The five model parameters (m, s, Py, @, and Vpyg) for the Weibull-
Gaussian distribution were initially estimated using results from numer-
ical simulations [15]. Subsequently, @, was refined based on data from
a comprehensive experimental study [3] and s, was linked to European
strength classes [12]. These steps resulted in individual parameter sets
presented in Table 3, with the final parameters given in Set 3.

The initial parameter estimation was based on numerical simula-
tions with #/d = 1.5 from Table 2, using the likelihood function
maximization according to Eq. (14). Parameters were estimated from
data of both strength classes, except for the scale parameter s,, which

Table 3

Model parameters for a single RVE: m (Weibull modulus), s, (scale parameter), Py,
(failure probability at grafting point), w, (CV of a single RVE), and Viyg (RVE volume).
forer is the characteristic reference bending strength.

Weibull-Gaussian parameters

Parameter Strength m So P, Ion Ve

sets class =) (N/mm?) (x10™%) =) (mm?)
GL24h 32.27

1° 28. 2.562 1121

Set GL30h 8.4 37.03 56 0. 8 97087
LH35 35.74° .

Set 2 LH40 28.4 42.73¢ 2.562 0.1717 97087

Set 3 Foret 284 1260 f, ¢ 2562 01717 97087

2 Fitted to simulation results [15].

b Tuned by experimental results [3].

¢ Adjusted to strength classes from [3].

d Related to European strength classes [12].

Table 4
Maximum absolute values of relative errors between empirical simulation results and
model predictions for 20 configurations (16 configurations in parentheses).

Maximum absolute values of relative errors® (%)

Z/d Strength class 5th percentile mean 95th percentile
15 GL24h 9.0 (3.3) 2.7 (1.1) 4.1 4.1)
: GL30h 4.3 2.3) 6.0 (2.2) 8.5 “4.1)
6.0 GL24h 8.2 1.4 4.1 3.3) 0.6 (0.6)
: GL30h 3.8 (3.8) 2.1 (1.6) 3.4 (0.6)
Summary 9.0 (3.8) 6.0 3.3) 8.5 “4.1)

2 Parentheses (-) denote results that exclude simulations of the smallest size.

was estimated separately for each strength class (Set 1 in Table 3). The
model’s versatility was demonstrated by formulating the PDFs for all
20 simulated beam configurations using only the six fitted parameters
(Fig. 5). The size differences were accounted for by employing the
equivalent number of RVEs Neg (Table 2). The maximum absolute
values of the relative errors of the 5th percentile, mean, and 95th per-
centile of the grafted Weibull-Gaussian distribution, compared to the
simulation data, showed the model’s adequacy (Table 4). The largest
deviations were observed for the smallest simulated beam sections.

The experimental results presented by Falk et al. [3] were well-
suited for additional analysis due to the extensive scope of their ex-
periments. To derive the corresponding Weibull-Gaussian distribution,
the previously estimated parameters (Set 1 in Table 3) were used,
except for the scale parameter s, which was adjusted for each strength
class. The equivalent number of RVEs N, accounted for the beam
size and load configuration (Table 2). A comparison between the em-
pirical CDFs and the CDFs of the initial model prediction revealed a
significant difference in the standard deviation for both strength classes
(Fig. 6a). This discrepancy was attributed to the limited sample size of
140 wooden boards per strength class available for the simulation cam-
paign. As a result, the CV w, was tuned, along with the corresponding
scale parameters s, based on the experimental data (Set 2 in Table 3),
ensuring better alignment with the empirical CDF (Fig. 6a).
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Fig. 5. CDFs of the simulated and model predicted bending strengths f, for beam sections subjected to a constant bending moment, as outlined in Table 2. Model predictions use
parameters from Set 1 in Table 3, considering different sizes through the equivalent number of RVEs N,. The length-to-depth ratios #/d are (a,b) 1.5 and (c,d) 6.0 with strength

classes (a,c) GL24h and (b,d) GL30h.

70

1.0
e experimental result
initial prediction
0.8 | === tuned prediction
LH40
’l‘ n =112
— 0.6
ar
E 0.4
O
0.2
0.0 | | J
30 40 50 60
(a) bending strength fi, (N/mm?)

32+

26 |

24

5th-percentile
bending strength fi 05 (N/mm?)

I ! ! ! ! ! !
20 22 24 26 28 30 32

bending strength of strength class fb rer (N/mm?)

(b)

Fig. 6. Adjusting the model parameters involves two steps: (a) tuning the CV w, based on experimental results from [3], resulting in the parameters from Set 2 in Table 3 for
the tuned model prediction; and (b) relating the scale parameter s, to strength classes by matching their 5th-percentile bending strengths f . = f;,s for the reference beam size

and test setup, as defined in Egs. (17) and (18), respectively.

Additionally, the scale parameter s, was linked to strength classes
by using a reference bending strength f; .. This relation was estab-
lished by

50 = 80 Souret » (16)

where §, denotes the scaling factor, and f;, ¢ corresponds to the char-
acteristic (5th-percentile) bending strength associated with a specific
reference beam size and test configuration. The reference beam had
the length ¢, width w, and depth d of:

7 =10800mm, w=150mm, d =600mm. a7

The reference test configuration was a four-point bending test with the
beam span depending on d and loading applied at the third-points:

£=18d, ¢,=6d, £, =¢,. (18)

The load configuration with the corresponding dimensions is illustrated
in Fig. 4a. These specifications were chosen to align the Weibull-
Gaussian distributions with the strength classes defined in EN 14080 [12].

The scaling factor §, was then determined through numerical opti-
mization to ensure that the 5th percentile of the Weibull-Gaussian dis-
tribution matched the given f, ¢ (Fig. 6b; Set 3 in Table 3). The opti-
mization used the previously established parameters (Set 2 in Table 3),
along with the definitions of the reference beam size and test configura-
tion from Egs. (17) and (18), respectively. This resulted in an Neg = 61
used for the model predictions.

In conclusion, the parameters m, P,, and Vpyg were determined
through simulations. The CV w, was tuned based on the experimental
study by Falk et al. [3]. Finally, the scale parameter s, was related
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to the characteristic reference bending strength using Eq. (16), en-
abling the use of European strength classes [12]. The parameters are
summarized under Set 3 in Table 3.

3.2. Analysis of model prediction and experimental results

The statistical mechanics-based model generates PDFs for GLT
beams of various strength classes, sizes, and load configurations. This
enabled a comparison with results from the nine experimental studies
listed in Table 1, encompassing data from 40 test series that include
556 beams with a homogeneous layup published over the past 38 years.
The sample sizes varied significantly across the test series, with some
containing as few as two or three tests. The beam sizes ranged from
depths of 132mm to 1000 mm for beams subjected to a test setups
following EN 408 [32].

Analyzing such a large experimental dataset, some scatter in the
data was expected, as many influencing factors differ from study to
study. Fink et al. [16] listed examples of such influences, including
wood species, material source, finger-joint quality, beam dimensions,
and test setup. They also pointed out that variations can be caused by
different batches of wooden boards, different producers, and specific
characteristics of the strength class. Despite these variations, an observ-
able trend was anticipated. To facilitate the comparison of the different
strength classes used in the studies, the strength was normalized by the
scale parameter s.

The analysis compared the mean bending strength 7, and the coef-
ficient of variation (CV) of the bending strength ; between the model
predictions and the experimental results. The CV
_or

o

is the ratio of the standard deviation §f of the bending strength to f;.
The calculation of 6f and f; for both the experimental results and
model predictions is detailed in Appendix B. The varying beam sizes
and load configurations were accounted for using Neq from Eq. (4),
which depends on the model parameters m and Vgyg. The analysis used
the five optimal parameters from Set 3, with the corresponding N,
values for the experimental sets shown in Table 1.

The predicted bending strength agreed well with the experimental
results (Fig. 7). More than three-fourths of the experimental results
lay within a range + 10% of the model prediction (Fig. 7a). The
predicted decrease followed the experimental observations of mean
bending strength for an increasing N.,. The relative error of all 40 sets,
relative to their prediction, showed that the mean aligns very well with
the model prediction, having a standard deviation § = 0.0862 (Fig. 7b).
A linear regression with an intercept close to zero and a slope of 1.03
confirmed the correct inclusion of different strength classes, beam sizes,
and test setup configurations of the model (Fig. 7c). The coefficient of
determination was R? = 0.818.

The predicted CV also agreed well with the experimental results
considering the rather small sample size of some sets (Fig. 8). Although
the large tested beams had a very small sample size, the CV showed
a decreasing trend for an increasing N, (Fig. 8a). Considering the
sets with 10 or more tests relative to their prediction, the mean of
the relative errors aligned very well with the model prediction, having
a standard deviation 6 = 0.141 (Fig. 8b). The linear regression high-
lighted the challenge of comparing a universal model with individual
experimental sets (Fig. 8c). For example, the current model predicts a
constant w, for a given beam size and test setup, but it cannot capture
the variability observed by Colling [2].

19)

@r

3.3. Discussion of the model parameters

In the following, the focus is on discussing the expected order and
range of the five model parameters and comparing them to the optimal
parameters from Set 3 in Table 3.
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Weibull modulus

Determining the Weibull modulus m experimentally is challeng-
ing. While the Weibull distribution features a constant CV inversely
proportional to m, calculating m directly from the CV is not straightfor-
ward. The Weibull part of the Weibull-Gaussian distribution becomes
dominant only in sufficiently large structures. BaZant and Novék [38]
demonstrated that testing concrete beams of the required size would be
practically infeasible, and this limitation also applies to GLT beams.

Data of typically tested beam sizes in the literature lack information
on the Weibull part in the Weibull-Gaussian distribution, suggesting
that the Weibull part only represents very low probabilities. Observing
this range experimentally would require large enough sample sizes. For
instance, Falk et al. [3] tested homogeneous GLT beams with a depth
d = 0.3 m, including two strength classes with over 100 specimens each.
Their lowest results correspond to empirical values P, < 1%. Despite
this extensive testing, the data from both strength classes failed to
reveal the transition from a Weibull to a Gaussian distribution (Fig. 3a).
This highlights the practical infeasibility of such experiments, given the
necessity for even larger sample sizes.

Another method to calculate m involves using experimental results
from two different beam sizes with proportional stress distributions,
denoted with subscripts i = 1,2. Based on Weibull’s statistical strength
theory [17], m can be determined by

1/m
Lo (%) " 20
fi v

where f; denotes the strength and V; the tensile stressed volume of the
beam. To determine the desired m that describes the asymptotic limit
for the strength decrease, the strengths f; need to be obtained from the
Weibull part. A smaller strength decrease corresponds to a larger m,
whereas a larger decrease corresponds to a smaller m, assuming the
same volume ratio.

Aasheim and Solli [4] and Schickhofer [6] tested different beam
sizes, resulting in m values around 20 and 35, respectively. These values
were obtained using Eq. (20) with f; corresponding to their reported
Sth-percentile values.® Notably, the smaller beam size in both studies
was d =~ 0.3 m, which is too small to capture the 5th percentile from the
Weibull distribution part, as previously described. Therefore, these m
values represent a lower limit, as the strength decrease gets smaller for
larger structures, approaching the trend solely defined by the desired
(theoretically higher) m. The value identified through simulations, m ~
28, appears reasonable in this context.

Given wood’s orthotropic nature, a further question arises: Does m
vary with the material direction, given that Weibull’s statistical strength
theory [17] is designed for isotropic materials? If m is independent of
material direction, changing volume in any direction will not affect
the CV, which depends solely on m and must remain constant [18].
This implies defects should be evenly distributed across all material
directions. However, this uniform defect distribution does not hold true
in timber. For example, knots appear quite regularly in the longitudinal
direction of boards, but their position across the board’s width can
vary significantly, likely leading to different effects on the width of
GLT beams. Design codes implement different strategies for considering
beam width. For instance, prEN 1995-1-1 [11] excludes the width,
while ANSI/AWC NDS [39] considers all three spatial dimensions
with the same m. For the present model, we included the width and
applied the same m, which can be easily adapted as new data becomes
available.

Scale parameter
The scale parameter s, adjusts the strength range covered by the
Weibull-Gaussian distribution while maintaining a constant CV. In

3 The 5th percentiles were obtained from a three-parameter Weibull
distribution in [4] and a Gaussian distribution in [6].
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Fig. 7. Analysis of model prediction and experimental results for the mean bending strength £, showing (a) the effect on f, normalized by s, depending on the equivalent number

of elements N, (b) histogram of relative errors, and (c) linear regression.

Section 3.1, s, was related to the 5th-percentile bending strength for
the reference beam size and test setup, as defined by Egs. (17) and (18).
This relation ensures the model accurately represents the European
strength classes [12].

Grafting point probability

According to Bazant and Pang [22], the grafting point probabil-
ity P,, for a single RVE is assumed to be in the range of 0.0001 to 0.01
to ensure the transition between Gaussian and Weibull distributions is
observable for typical sizes of tested structures. The identified P,
0.0003 from simulations falls on the lower end of this range, indicating
that the Weibull distribution part will only be observable for quite large
structures. As discussed regarding the Weibull modulus, this appears to
be the case for GLT beams.

~
~

CV of a single RVE

The CV of a single RVE w, was tuned using data from an experimen-
tal study [3]. This parameter tuning allowed the model to closely match
the mean values of the experimental data presented (Fig. 8). However,
the scattering observed in the experiments, especially those with only
a few samples, underscores the importance of sample size in test series.

RVE volume

For orthotropic materials, the volume of a single RVE (Vgyg) de-
rives from dimensions (length, width, and depth) that vary based on
material direction [29]. According to Le et al. [29], the RVE size is
likely comparable to the length of the FPZ observed in size effect tests

proposed by BaZant et al. [40]. Recently, Le et al. [31] found that Viyg
is a structural parameter related to Irwin’s characteristic length and the
crack band width, with their relationship varying according to the load
configuration.

In the context of timber, the pronounced heterogeneity caused by
defects such as knots poses a challenge when utilizing parameters from
fracture mechanics. Timber is characterized by both the wood species
and the grading process, which manages such defects. Consequently,
the size of the RVE likely depends on the wood species, the grading
process, and the specific load configuration.

With limited information on timber, materials like concrete or
ceramics suggest a rule of thumb where the characteristic length is
roughly two to three times the maximum inhomogeneity size [22].
Consequently, the anticipated dimensions of wooden RVEs range from
millimeters to centimeters, which aligns well with the obtained Vpyg ~
100000 mm?>. This volume corresponds to a wooden cube with a side
length of approximately 46 mm, which appears intuitively plausible.

4. Dependency on beam size and load configuration

Of great interest are the trends of f, and w, for beams larger
than those experimentally tested. For example, these two parameters
already define a two-parameter PDF, which can be further utilized in
a structural reliability analysis (Section 5). Both the model and the
experimental data suggest further decreasing trends with increasing
beam size, as can be seen from Figs. 7a and 8a. This section presents the
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model’s predictions for trends extending beyond the tested beam sizes,
using the optimal parameters from Section 3 (Set 3 from Table 3).

The trends of f, and w, continued to decrease for large beams, as
shown by Fig. 9. The variation decreased significantly with decreasing
mean bending strength. The experimental studies [5,7,10] included
sets of beams with dimensions very close to the reference size having
a depth d = 0.6m (Table 1). Calculating their mean CV resulted in
o, = 0.111 (values ranged from 0.090 to 0.130), which was within
2% of the model prediction. For the reference beam in the reference
test setup, the relationship between the mean bending strength and the
5th percentile strength was f, = 1.25 f; ;. This result is only slightly
different from the relationship f, = 1.29 f; ., which is obtained by
following JCSS [28] recommendations to use a log-normal distribution
for f, with w, = 0.15.

Frese and Blaf [14] conducted a simulation study on homogeneous
GLT beams of different strength classes and beam sizes. For the sim-
ulated reference-sized beams, @ ; ranged from 0.133 to 0.149, which
was close to the JCSS [28] recommendation for f, with w = 0.15. For
beams with depths of up to 3m, o, ranged from 0.080 to 0.087. In
both cases, their values were larger than the predicted value presented
herein (Fig. 9). On the other hand, the decrease in f, aligned well with
the herein presented value of 0.774, which was close to the edge of the
observed range of 0.755 to 0.779 in [14].

A big advantage of the presented model is the flexibility to ac-
count for different load configurations (stress fields) by the equivalent
number of elements Ny, as given in Eq. (4). Thus, one specific prob-
ability distribution can correspond to multiple scenarios, where beams
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Fig. 9. Interaction of CV w, and mean bending strength f, normalized by the mean
reference bending strength £, . highlighting exemplary beams with dimensions given
in Table 5.

have different sizes and load configurations. In Fig. 9, each marked
beam corresponds to a specific probability distribution, where the size
of the beam depends on the load configuration (examples given in
Table 5). The examples highlight how dependent PDFs are on the stress
distribution.
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Table 5
Homogeneous GLT beams with the same cross-section dimensions and equivalent number of elements N, result in different beam lengths when subjected to three exemplary load
configurations.
0 0* o EE
N H g‘%
w ¢=18d | N N
f==l fo——l fo—— ——
Cross section 4-point bending® constant bending 3-point bending
Beam Eq. no. RVEs® N w d 3 * 4 ¢ "
) (m) (m) (m) (m) (m) (m) (m)
1 15 0.3 5.4 1.8 1.9 56.5 28.3
2b 61 0.6 10.8 3.6 3.8 113.1 56.5
3 168 0.15 1.0 18.0 6.0 6.4 188.4 94.2
4 673 2.0 36.0 12.0 12.8 376.9 188.4
5 1515 3.0 54.0 18.0 19.2 565.3 282.7

a Reference test setup according to Eq. (18).

b The dimensions in 4-point bending equal the reference beam size according to Eq. (17).

¢ Equivalent number of RVEs from Eq. (4) for model parameters listed in Set 3 in Table 3.

The experimental data presented included various load configura-
tions, primarily four-point bending tests, with only some following
EN 408 [32]. One set of beams applied three-point bending tests
(Table 1, first set in [1]), with results aligning well with the model
prediction (Figs. 7 and 8, lowest Neg in [1]). Furthermore, the model
was able to predict pure tensile strengths. The characteristic tensile
strength f, o5 of GLT beams modeled according to EN 408 [32] showed
aratio f, s/ fy 05 = 0.84 compared to the 0.8 used in EN 14080 [12]. Frese
et al. [41] found a ratio of 0.88 based on a numerical study. Neverthe-
less, studies exploring different load configurations experimentally are
rather limited in the literature.

5. Exemplary structural reliability analysis

The effect of decreasing mean bending strength 7, and CV @
with increasing beam size on the probability of failure P; is critical
for a holistic design, aiming to maintain a constant level of safety
regardless of structure size. Considering only the decrease in strength
without accounting for the also decreasing CV might result in inefficient
designs. The section first outlines the procedure for the conducted
structural reliability analysis (Section 5.1). To investigate the effects
of decreasing trends, a simple design example with a single load effect
and resistance modeled by either a grafted Weibull-Gaussian or log-
normal distribution is presented (Section 5.2). The discussion covers
the results based on the two different resistance distributions (Sec-
tion 5.3) and the sensitivity with a decreased Weibull modulus m for
the Weibull-Gaussian distribution (Section 5.4).

The analysis excludes uncertainties in the modeled load effect and
resistance, as well as load duration effects and moisture influences. Fink
et al. [16] discuss various sources of variation that need to be consid-
ered in such an analysis, which were already mentioned in Section 2.4.
In this context, it is notable that the model does not provide the
5th percentile with a 75% tolerance limit as required by EN 14358 [27].

5.1. Procedure and definitions

To analyze the structural reliability, PDFs are assigned to the load
effect .S and the resistance R. For independent S and R, the structure’s
probability of failure P; can be determined using the convolution
integral

Pf=/ Pr(x) pg(x)dx, 21)
0

where Py, is the CDF of the resistance and pg is the probability density
function of the load effect [42]. The integral was solved numerically
using adaptive Gauss-Kronrod quadrature. The relationship between P;

and the reliability index f is expressed by
P =o(-p), (22

where @ is the standard Gaussian CDF.

11

In this example, only beams in the reference standard test setup, as
defined in Eq. (18), were considered. Consequently, the beam depth d
can be used as the sole variable determining the beam size. The
ultimate limit state, aligning with EN 1990 [43], aims to balance
the characteristic values for the load effect S, (mean value) and the
resistance R, (5th percentile)
n&m=$$,
where y; and y); are partial safety factors applied to the load effect and
resistance, respectively.

The focus is now on maintaining a constant reliability, thus a
constant f# can be prescribed by combining Egs. (21) and (22). Speci-
fying a constant g and a size-dependent probability distribution for the
resistance Pp, the load effect pg can be defined for a two-parameter
probability distribution by knowing the type and CV. A constant f in
the limit state is then maintained by linking Egs. (21) to (23) and
deriving the characteristic values from Pp and pg. In this example,
yr is constant. Based on these relationships, y\(d) can be utilized
to compensate for the size dependency of the resistance CV while
maintaining a constant f.

(23)

To account for size dependency of the resistance while keeping
p constant, the effects due to the varying characteristic resistance
(i.e., strength) and its varying CV are considered separately. First, the
effect of a varying characteristic strength is expressed for by the size
modification factor
Ry(d)

ald) = Ry ret
ref

24

where Ry, (= fy.er) is the characteristic reference resistance for

the reference beam size in Eq. (17). Second, the effect of a varying
resistance CV is included in the resistance-related partial safety factor

kp(d) Ry rep

m(d) = ——=
7 S (d)

by using Eq. (24) in Eq. (23) and solving for yy;(d). The change in yy(d)
relative to a fixed reference partial safety factor yy; ¢ is expressed by
the partial-safety modification factor
d
k,(d) = (@) .
YM.ref

(25)

(26)

The modification factors from Egs. (24) and (26) can be implemented
on the resistance side of the ultimate limit state equation (23) to
account for size dependency

kh (d) Rk ref
7ESk(d) = ———. 27)
ok ky(d) VM,ref
Finally, this enables using the effective size modification factor
ki (d)
= 2
ki e (d) k@ (28)
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to combine both effects while ensuring a constant g regardless of the
structures’ size.

5.2. Example with constant reliability

The example focuses on two objectives: first, a comparison of
the results obtained using the log-normal and Weibull-Gaussian dis-
tributions; second, the sensitivity of the Weibull modulus m in the
Weibull-Gaussian distribution. Both scenarios cover beam depths rang-
ing from 160mm to 3000 mm. The sensitivity is demonstrated using
parameter Set 4, where m is reduced by 15% compared to Set 3 in
Table 3. The adjustment of m requires recalibration of the CV of a single
RVE w, and the scale parameter s,, as described in Section 3.1. The
parameters in Set 4 are: m = 24.1, s, = 1.331 fy, .o, and @, = 0.1734
with values of P,, and Vgyg remaining identical to those in Set 3.

The load effect .S was considered as a dead load following a Gaus-
sian distribution with a CV wg = 0.1, as recommended by JCSS [44].
Two different distribution types were analyzed for the size-dependent
resistance R: the bending strength followed either a log-normal distri-
bution consistent with the trends shown in Fig. 9 or a Weibull-Gaussian
distribution using parameters from Set 3 or Set 4. Set 3 represented
the optimal model parameters (Table 3), and Set 4 demonstrated the
sensitivity of the Weibull modulus m. The partial safety factor for the
dead load was set at yp = 1.35 in accordance with EN 1990 [43].

The reliability index was p = 4.4214, matching the value obtained
when using a log-normal distribution with a CV o, = 0.15 as recom-
mended by JCSS [28] and a partial safety factor y,; = 1.25 according
to prEN 1995-1-1 [11]. This selection of # allows to relate the results
to the design standard in [11]. For context, consequence class (CC)
3 with a 50-year reference period has a f5, = 4.3, as stated by
EN 1990 [43]. This example considers only dead loads, while Kohler
et al. [45] demonstrated the influence on p for GLT beams using dead
and variable loads with different ratios.

In the design standard prEN 1995-1-1 [11], the resistance-related
partial safety factor is constant at yy .. = 1.25. In this work, yy . is
used as a reference for the partial-safety modification factor in Eq. (26).
An equivalent to the size modification factor from Eq. (24) is provided
by the depth modification factor

[ (600008
kp prEN = Min { <7) L1,

where d is the beam depth in mm. The modification factors k;, ,en
and k,, from Egs. (24) and (29), respectively, both describe the change
of the 5th percentile.

The predicted 5th percentiles of the log-normal and Weibull-
Gaussian distributions deviated by a maximum of 3.5% within the
analyzed size range, both using the parameters from Set 3. To demon-
strate the sensitivity of the Weibull-Gaussian distribution regarding its
parameters, the Weibull modulus m was reduced by 15% as an exam-
ple. Reducing m required recalibrating s, and w, with the modified
parameters summarized in Set 4 at the beginning of this section. Using
the Weibull-Gaussian distributions with parameters from Set 3 and 4
resulted in a deviation of the characteristic (5th-percentile) strengths
and the mean strengths, which was less than 2% across the analyzed
size range.

Plotting the resistance-related partial safety factor yy(d) from Eq.
(25) for varying beam depths d revealed the effect of a variable CV
(Fig. 10a). Generally, y,; decreased as d increases. However, with the
Weibull-Gaussian distribution, y,;(d) remained constant for beams with
depths greater than d ~ 1.1 m using the parameters from Set 3. For
beams with the reference size of d = 0.6m, both the log-normal
distribution and the Weibull-Gaussian distribution with parameters
from Set 3 yielded yy; ~ 1.17. For beams with d = 3m, y varied
significantly, ranging from 1.06 for the log-normal distribution to 1.20
for the Weibull-Gaussian distribution using the parameters with the
reduced m from Set 4.

(29
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The influence of the decreasing bending strength and CV was cap-
tured by the effective size modification factor k ¢r(d) from Eq. (28)
for varying beam depths d (Fig. 10b). Generally, kj, .¢; decreased as d
increases. While the Weibull-Gaussian distributions showed a decreas-
ing trend with increasing depth, the log-normal distribution almost
converges to a constant value for beams larger than d = 2m. At the
reference beam size with d = 0.6m, both the log-normal distribution
and the Weibull-Gaussian distribution with parameters from Set 3
resulted in ky, o¢y ~ 1.07. The reduced m in Set 4 for the Weibull-Gaussian
distribution resulted in kj, .¢¢(d = 0.6m) = 1.03.

5.3. Discussion on resistance distributions

This discussion focuses on comparing the results obtained by the
log-normal distribution and the Weibull-Gaussian distribution with
the parameters from Set 3 in Table 3. The trends of mean bending
strength f, and CV w, for both distributions consist with the trends
shown in Fig. 9.

The log-normal distribution was chosen for comparison because the
tensile or bending strength of timber structures is assumed to follow it,
as prescribed by EN 14358 [27] for estimating the 5th percentile and
recommended by JCSS [28] for probabilistic models. This distribution
provides only positive values, making it suitable for describing strength,
and it arises from the central limit theorem using products of random
variables [46]. However, Bazant and Le [30] argue that using the log-
normal distribution implies that the ultimate strength is the product
of contributions across the failure surface, which is mechanically im-
possible. Despite this, its common use makes the comparison highly
relevant.

The use of these two different distributions slightly influences the
decrease of their 5th percentile, known as the size effect described
by Eq. (24). At the reference size of d = 0.6m, both distributions
were calibrated to ensure their characteristic (Sth-percentile) strength
matches the strength class with a CV w, = 0.114, resulting in a mean
value deviation of 3%. Following the same decreasing trend in mean
value, the 5Sth-percentile strength from the log-normal distribution is
about 3% lower than that from the Weibull-Gaussian distribution for
large beams with d = 3m. Thus, the characteristic strength decrease
predicted by both distributions is approximately the same.

The lower y,; compared to yy,s = 1.25 for the reference-sized
beams results from the reduced CV o, = 0.114, as opposed to the
recommended o, = 0.15 by JCSS [28] (Fig. 10a). This difference
causes the vertical shift of the effective size modification factor ky .
compared to the depth modification factor k, ,,zy = 1.0 at d = 0.6m
from prEN 1995-1-1 [11] (Fig. 10b). Nevertheless, the decreasing trend
of the Weibull-Gaussian distribution for kj, ¢ is similar to k;, gy for the
considered beam depths up to 3 m.

The significantly differing trends of the log-normal and Weibull-
Gaussian distribution for large beams (Fig. 10b) are caused by the
steady decrease of y,; for the log-normal distribution (Fig. 10a). The
constant y,; for the Weibull-Gaussian distribution after a certain beam
size is attributed to the constant CV on both sides: the load effect
(Gaussian distribution) and resistance (left tail follows a Weibull dis-
tribution). The 5th percentile is derived from the Weibull part of the
distribution for beam depths greater than d ~ 1.1m.*

The analysis is limited to variable depths with fixed length-to-depth
ratios and a four-point bending test with the load applied at the third

4 When the characteristic values are derived from distributions with con-
stant CVs, y,, from Eq. (25) remains constant. Both the Gaussian distribution
for the load effect and the Weibull part of the Weibull-Gaussian distribution for
the resistance have a constant CV. Their right and left distribution tails, both
with constant CVs, govern the convolution integral in Eq. (21). Consequently,
maintaining a constant probability of failure results in a constant y,,;, even as
the strength decreases further with increasing size.
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Fig. 10. Structural reliability analysis using Weibull-Gaussian and log-normal distributions with parameters from Set 3, as listed in Table 3, and Set 4, as provided at the beginning
of Section 5.2, for variable beam depths d, focusing on (a) the partial safety factor yy(d) and (b) the effective size modification factor k; .;(d). For comparison, the current design
specifications in prEN 1995-1-1 [11], which do not maintain constant structural reliability, are included, featuring a constant yy and the depth modification factor k.pn(d).

points. However, modern structures often have variable lengths for
the same depth and different load configurations, such as distributed
loads or off-centered three-point bending. These effects are important
to consider in a comprehensive structural reliability analysis, which
is feasible with the presented statistical mechanics-based model but
beyond the scope of this study. This simple example showed that the
Weibull-Gaussian distribution with parameters from Set 3 generally
provides conservative results compared to the log-normal distribution
with the same mean and CV.

5.4. Discussion on sensitivity

The parameter m solely defines the CV of the Weibull distribution,
and the resistance-related partial safety factor yy;(d) heavily depends on
this CV. Consequently, y,; depends on m (Fig. 10a). Using parameters
from Set 3 or Set 4, the depth beyond which y,; remains constant varies
(Fig. 10a). This variation arises from scaling the PDF based on the
structure’s size and load configuration, represented by the equivalent
number of RVEs Neg- Generally, the structure’s size (volume V), at
which yy; becomes constant, depends on the stress distribution and
model parameters m, P,,, and Vgyg, as given in Eq. (4). In this example,
the difference of depths beyond which y,; remains constant were only
caused by the modified m.

When comparing the results of the effective size modification fac-
tor ky .pp using the parameters from Set 3 and Set 4, a vertical shift
becomes apparent, with the difference slightly increasing for beams
with greater depths (Fig. 10b). In this case, the primary factor driving
the vertical shift is the effect of y),. However, k;, .; also accounts for the
effect of the characteristic strength reduction k;,, which contributes to
the slight variation observed at larger beam depths. Theoretically, for
sufficiently large structures where y,; has already reached a constant
value, the strength reduction depends solely on the Weibull modulus m,
as discussed by Tapia and Aicher [25, Fig. 12].

The demonstrated dependency of the model parameters highlights
the importance of accurate parameter identification and should mo-
tivate further research focusing on the Weibull part of the Weibull-
Gaussian distribution. Additionally, a comprehensive sensitivity study
of the parameters would be useful, as the grafting point probability is
also expected to have a strong influence. These topics, however, were
beyond the scope of this study.

6. Conclusions and outlook
The finite weakest-link theory can be used to formulate the PDFs

of homogeneous GLT beams of different sizes, load configurations, and
strength classes. The present work identifies all five model parameters:

the Weibull modulus m, the scale parameter s, the grafting point prob-
ability P,,, the CV of a single RVE w, and the RVE volume Vgyg. These
parameters were initially obtained by maximum likelihood estimations
using numerical simulations [15] of beam sections in seven different
sizes and two strength classes. Subsequently, w, was tuned based on
an experimental study [3] and s, was related to European strength
classes [12]. General conclusions using the finite weakest-link theory
framework are as follows:

+ The statistical mechanics-based model successfully predicts the
mean bending strength £, and CV w, from experimental studies
covering different beam sizes, load configurations, and strength
classes over the last 38 years. For f;, all 40 experimental sets from
nine studies result in a mean relative error of —0.1%. Given to the
high sensitivity of o, to sample size, selecting 17 sets with sample
sizes > 10 from six studies yields a mean relative error of —1%.
The model successfully accounts for different strength classes, as
demonstrated by a linear regression between experimental and
predicted f, with an intercept close to zero and a slope of 1.03.
The coefficient of determination is R*> = 0.818. @ ; is considered
independent of the strength class.

Regarding the dependency on beam size and load configuration, the
following conclusions are drawn:

« The predicted PDFs provide specific pairings of 7, and w,. For
reference-sized beams tested in the reference setup, both specified
in Egs. (17) and (18), the modeled 5th percentile corresponds to
the characteristic strength f; s specified by European strength
classes [12]. This configuration results in f, = 125 f, ¢ and
®; = 0.114. In contrast, JCSS [28] recommends a log-normal
distribution with a higher CV of 0.15 for GLT beams, which leads
to a similar £, = 1.29, fb, ref. Notably, the predicted o r deviates
by only about 2% from the mean CV of experimentally tested
beams of similar size and test setups.

The trends of £, and w, decrease with increasing tensile stressed
volume. The obtained trends align with the results presented in a
simulation study by Frese and Blaf [14]. However, the » ' values
presented in this study are consistently lower, showing an almost
constant difference across the modeled size range. The beams
in both studies were subjected to the reference test setup from
Eq. (18), with depths up to 3.0m. Unfortunately, the literature
lacks experimental data of GLT beams larger than the reference
size with sufficiently large sample sizes.

The model successfully predicts the characteristic (5th-percentile)
bending and tensile strength of homogeneous GLT beams in ac-
cordance with EN 14080 [12], using their reference size and test
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setup as provided in EN 408 [32]. In [12], the tensile-to-bending
strength ratio is 0.80, which agrees well with the predicted ratio
of 0.84; in both cases, the ratio is independent of the strength
class. However, further experimental data with different load
configurations is necessary for validation.

Regarding the structural reliability demonstration, the following con-
clusions are drawn:

+ Applying either a Weibull-Gaussian or log-normal distribution
with the same decreasing £, and ; leads to significantly dif-
ferent trends in the effective size modification factor k; . to
ensure a constant reliability index g. Currently, the latter distri-
bution is used for describing the bending and tensile strength of
GLT beams in accordance with EN 14358 [27] and JCSS [28],
though Bazant and Le [30] argue against its mechanical validity.
Generally, the Weibull-Gaussian distribution yielded conservative
results compared to those from the log-normal distribution.

The parameters of the Weibull part of the Weibull-Gaussian dis-
tribution are crucial in a structural reliability analysis as they
govern low probabilities and influence f. The presented example
demonstrates the significant influence of the Weibull modulus
on the partial safety factor yy;. This underscores the importance
of accurate parameter identification and should motivate further
research on the parameters of the Weibull part.

Future research should focus on validating Weibull distribution
parameters, exploring different load configurations experimentally with
sufficient sample sizes, and analyzing the model’s parameter sensitivity.
Identifying the Weibull modulus m and the grafting point probabil-
ity Py where the distribution transitions from Weibull to Gaussian,
seems most promising with tensile tests, since the specimen size can
be much smaller than in bending tests according to the finite weakest-
link theory. Additionally, extending the model to GLT beams with
combined layups or those made from different wood species would be
of significant interest.

Modern structures often use beams with varying sizes and load
configurations, which should be considered in the design process to
ensure the desired structural reliability. The presented modeling of
probability distribution functions for GLT beams of various sizes and
load configurations is a valuable tool to account for diverse structural
applications. By addressing the outlined future research, the model’s
applicability can be further enhanced, supporting the development of
more comprehensive design strategies in timber engineering.
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Appendix A. Classification of reference bending strength

This appendix relates the experimental studies conducted up to
1995 in Table 1 to the current strength classes in [12] or the reference
bending strengths fy .r. fyer represents the 5Sth-percentile strength
for beams of the reference size specified in Eq. (17) tested in the
reference setup from Eq. (18). In some studies, the reference size and
load configuration differed, requiring adjustments.

To account for different beam sizes and load configurations, the
model presented herein was applied with parameters from Set 3 in
Table 3. The 5th-percentile bending strength f, (s, corresponding to a
specific beam size and load configurations, can be converted to fj, ..
by applying the ratio
_ Joer

Joos

The ratio k is independent of the strength class and thus is f} ;ef- fp 05
was calculated for its specific beam size and load configuration based
on the PDF obtained by the present model.

k (A1)

A.1. Ehlbeck and Colling [1]

The tested GLT beams reported by Ehlbeck and Colling [1] con-
sisted of laminations from strength class GKII and GKI according
to DIN 4074-1:1958 [47]. The beams were mainly manufactured ho-
mogeneously from GKII. However, individual sets included a single
beam using the higher strength class GKI for the outermost lamina-
tion (Table 1). A weak trend of an increased bending strength was
reported for the beams using the higher strength class in the outer-
most lamination, but due to the small sample size, the increase was
inconclusive.

Nowadays, beams manufactured from laminations of strength class
GKII correspond to strength class GL24h according to EN 14080 [12].
This classification was made by using DIN 1052-1 [48] and DIN 1052-
1 [49] to first assign the beams to the former strength class BS11, and
then applying DIN 1052 [50] to link the former and current strength
classes.

A.2. Colling [2]

Experimental tests presented by Colling [2] consisted of GLT beams
manufactured from laminations graded by varying strength grading
criteria. All beams were loaded in four-point bending. Additionally,
Colling [2] introduce a model that was used to predict the characteristic
bending strength of the tested beams. A systematic underestimation of
their characteristic bending strength is stated in [2]. In comparison to
the reference beam size, the beams were shorter and thinner. Herein,
we used the predictions provided in [2] and account for the different
size and load configuration by k = 0.9283.

A.3. Falk et al. [3]

The study conducted by Falk et al. [3] used the strength classes
LH35 and LH40, where the digits are dedicated to the characteristic
bending strengths of beams having a depth of 300 mm. Thus, we herein
applied k& = 0.8521 to translate their strength classes to the reference
beam size and load configuration.

A.4. Aasheim and Solli [4]

Boards corresponding to the Norwegian strength class T30 were
used to manufacture the GLT beams in the study presented by Aasheim
and Solli [4]. Additionally, 15 finger joints were tested to deter-
mine their tensile strength. With their characteristic board bending
strength of 30N mm~2 and the reported characteristic finger-joint ten-
sile strength of about 27 N mm~2, we assigned the beams to the strength
class GL28h according to EN 14080 [12].
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A.5. Gehri et al. [5]

Gehri et al. [5] tested GLT beams built from machine graded boards
resulting in the strength classes MS10h, MS13h, and MS17h. The
reported tensile strength, tensile modulus of elasticity, and density
enabled us to assign the strength classes GL20h, GL26h and GL30h
according to EN 14080 [12]. Additionally, the reported finger-joint
bending strengths fulfilled these assignments.

Appendix B. Calculation of mean bending strength and standard
deviation

First, the calculation of the mean bending strength £, and standard
deviation &, is presented for the experimental results, followed by the
model predictions. For experimentally obtained bending strengths f,,
the estimate of f,, was

N R
fo=+ ;fb,,-, (B.1)
and the standard deviation was defined by
n 12
1 =1\2
b= == X (foi=F) (B.2)

i=1
Most experimental studies [1,2,8-10] report individual results, for
which Egs. (B.1) and (B.2) were used. For the study by Falk et al.
[3], individual results were extracted from a figure in their report. The
studies by Aasheim and Solli [4], Gehri et al. [5], Brandner et al. [7]
provided mean and CV values, which were used directly.

For the model predictions, the present model was employed. The
probability density distribution p,(x), which is the derivative of Eq. (3)
with respect to x, was used to calculate

fb=/ xpp(x)dx, (B.3)
0
and
© 5 1/2
5f=[/ (x= 7o) prdx| (B.4)
0

where x denotes the bending strength f, described by the distribution.
Data availability

Data will be made available on request.
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