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MSC: This work is devoted to the analysis of the interplay between internal variables and high-
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techniques, we derive a macroscopic description for an elastoplastic medium. Specifically, we

;2;3 consider a composite obtained by filling the voids of a periodically perforated stiff matrix by
74005 soft inclusions. We study the I'-convergence of the related energy functionals as the periodicity
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degeneracy of the material properties in the soft part. We prove that the I'-limit, which we
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resulting from each of the two components separately. Eventually, convergence of the energy
minimizing configurations is obtained.
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1. Introduction

The present paper is concerned with the variational analysis of some integral functionals that model the stored energy of materials
governed by finite-strain elastoplasticity with hardening. Our goal is to derive, by means of I'-convergence, the effective macroscopic
energy of a special class of heterogeneous materials, those with a so called high-contrast microstructure. The interest in such media
stems from the experimental observation of an infinite number of band gaps in their mechanical behavior: high-contrast materials,
indeed, exhibit infinitely many interval of frequencies in which wave propagation is not allowed. This, in turn, makes them extremely
interesting for possible cloaking applications. Some recent ones in civil engineering, for example in seismic waves cloaking, and in
the modeling of advanced sensor and actuator devices call for advancements in the mathematical modeling of those classes of
high-contrast materials that have not been fully studied yet, like the ones we consider here.

The mathematical literature on high-contrast materials is vast. To keep our presentation concise, we only point out that, besides
results for stratified elastoplastic composites [1-4], the only additional available contributions in the inelastic setting concern the
study of brittle fracture problems [5-7]. For the modeling of nonlinear elastic high-contrast composites we single out the works [8,9].

When undertaking the analysis of high-contrast media beyond the elastic purview, hurdles are posed by the mathematical
treatment of possible internal variables and dissipative effects, as well as by their interplay with the high-contrast microstructure. In
this paper we initiate such task by focusing on the case-study of finite elastoplasticity (see, e.g., [10]). At this first stage we neglect
both the difficulties due to possible lack of coercivity for the dissipative effects and those associated with time evolution. Thus, we
focus here on a static model for a single time-step with a global regularization on the gradient of the plastic strain, and leave the
analysis of different regimes and the passage to the limit in the quasistatic evolutions for future investigations.
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The present study grounds on a previous result that we obtained in [11], where we addressed the static homogenization of
elastoplastic microstructures in the large strain regime. As in that work, our starting point is the description of the medium at the
microscopic level. We let 2 c R? be an open, bounded, connected set with Lipschitz boundary, and we suppose it to be the reference
configuration of an elastoplastic body that exhibits the following microstructure: denoting by £ > 0 the microscale, we suppose that
a stiff perforated matrix Q! sits in Q and that its pores are filled by soft inclusions, which form the set Q0 (see Fig. 2). Let us
denote by SL(3) the group of 3 x 3 real matrices with determinant equal to 1. When the matrix and the inclusions exhibit the same
plastic-hardening H, the functionals encoding the stored energy associated with the deformation y € W12(£2;R?) and the plastic
strain P € W14(Q; K), with ¢ > 3 and K c SL(3) a given compact set, read

J.(.P) = /0 WP (eVy(x)P~'(x)) dx+/l W (Vy(x) P~ (%)) dx+/ H(P(x)) dx+/ |[VP(x)|4 dx, (1.1
2 o) Q Q

where {W?°},., and W are, respectively, the elastic energy densities of the inclusions and of the matrix.

Let us briefly comment on some modeling choices underlying (1.1). The factor ¢ multiplying the argument of W encodes the
high-contrast between the two components, and it results in a loss of coercivity in the problem. From a modeling perspective, this
heuristically means that very large deformations of the inclusions are allowed or, in other words, that the inclusions are very soft
— whence the expression high-contrast to describe the difference between the phases.

As for the hardening term, note that also additional hardening variables have been taken into account in the literature, see [12,13]
for a modeling overview. Here, for the purpose of putting the high-contrast behavior to the foreground, we give up full generality
and restrict ourselves to the case in which only a hardening dependence on the plastic strain is given. A discussion on alternative
modeling choices is also presented in Remark 2.3.

Our main result describes the asymptotics of the functionals .7,, and it is presented in Theorem 2.7. The precise mathematical
framework of our analysis is described in Section 2, where further details on the definitions and on the roles of the terms in J, may
be found.

We work under the classical assumption that the elastic behavior of our sample £2 is independent of preexistent plastic distortions.
Then, the deformation gradient Vy associated with a deformation y: 2 — R? of the body decomposes into an elastic strain and a
plastic one. In the framework of linearized elastoplasticity the decomposition would take an additive form. In the case at stake,
that of finite plasticity [12-15], the existence of an intermediate configuration determined by purely plastic distortions is instead
assumed, and it is then supposed that elastic deformations are applied to such intermediate configuration. Mathematically, these
hypotheses amount to a multiplicative decomposition of the gradient of a deformation y € W12(2; R3):

Vy(x) = F,(x)P(x) fora.e. xe£,

for a suitable elastic strain F, € L*(2;R>?) and a plastic strain P € L*(£2;SL(3)). On the one hand, such multiplicative structure has
recently found an atomistic validation in the framework of crystal plasticity by means of a discrete-to-continuum analysis [16,17].
On the other hand, alternative models for finite plasticity have been proposed. However, since a discussion of fine modeling issues
goes beyond the scopes of our work, we do not dwell here on a comparison of the various modeling theories. We refer the reader
interested in this topic to, e.g., [18-21].

Finally, we comment on the regularizing term in VP in the energy (1.1). As mentioned before, at this stage we assume it to
provide coercivity of the energy with respect to the plastic-strain variables on the whole set Q. From a modeling point of view,
we note that this regularization is common in engineering models, for it prevents the formation of microstructures, see [22,23].
Alternative higher order regularizations are discussed in [24].

Let us conclude our introduction with a few words on the proofs. A delicate point is choosing a suitable notion of convergence
that ensures effective compactness properties. Indeed, the fact that the energy contribution in the soft inclusions is evaluated in
terms of ¢Vy leads to a loss of coercivity, and, subsequently, to the loss of compactness in classical weak Sobolev topologies. On
the other hand, using the strong two-scale convergence of the gradients (as in [9]) does not guarantee convergence of minimizers
of J, to minimizers of the limiting functional. To cope with this difficulty, we adapt the approach of [25] and introduce an ad hoc
notion of convergence for deformations, to which we refer as convergence in the sense of extensions. Roughly speaking, a sequence
of deformations converges in the sense of extensions if it is bounded in L? and can be extended in W2 in such a way that the
extensions are weakly compact in the Sobolev sense, cf. Definition 2.4 and Remarks 2.5 and 2.6 for the precise definition and some
basic properties. For the plastic strains, we argue instead by using the uniform convergence. This choice is motivated by the fact
that sequences of deformations and plastic strains with uniformly bounded energies are precompact with respect to the convergence
resulting from pairing the two mentioned above. Thus our I'-convergence analysis directly entails convergence of minimizers. We
observe that this result can easily be extended to functionals which take into account also plastic dissipation. We refer to Section 6
for a more detailed discussion on this point.

Our approach to the proofs resorts to extension results on perforated domains, to two-scale convergence and periodic unfolding
techniques, as well as to equiintegrability arguments used to control the behavior of the microstructure close to the boundary of
the set Q. A key step is a splitting procedure that allows to treat the soft and the stiff parts separately.

Outline of the paper

The setup of our analysis and the main result, Theorem 2.7, are presented in Section 2. Section 3 contains some useful
preliminaries. In Section 4 we discuss the equicoercivity of the energy functionals under consideration and the splitting procedure.
The asymptotic behavior of the soft inclusions is characterized in Section 5. The ground is then laid for the proof of Theorem 2.7,
which is contained in Section 6 together with a variant including plastic dissipation and a comparison with the aforementioned
result from [9].
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Fig. 1. The periodicity cell Q and its partition into the soft inclusion Q° (white) and the stiff matrix Q' (gray).

2. Mathematical setting and results

Hereafter, Q is an open, bounded, and connected set with Lipschitz boundary in R3. Working in the 3-dimensional space is not
essential, and our analysis can be easily adapted to the setting of R? with d = 2 or d > 3. The spaces of real-valued 3 x 3 and
3 x 3 x 3 tensors are denoted by R and by R¥>3*3, respectively. We adopt the symbol I for the identity matrix. By | - | we denote
indiscriminately the Euclidean norms in R?, R33 and R¥3*3, To deal with plastic strains, we recall the classical notation

SLQ3) :={F € R¥3 : det F = 1}.

If A c R? is a measurable set, we denote by £3(A) its three-dimensional Lebesgue measure. Finally, we simply write || - ||;, for
the norm of a function in LP(2;R3), LP(2; R¥>3), or LP(2;R3>3*3) when no ambiguity arises, and we specify the integration domain
only when necessary.

A fundamental role in our study is played by the following notion of variational convergence, see the monograph [26] for a
thorough treatment:

Definition 2.1. Let X be a set endowed with a notion of convergence. We say that a family of functionals {G,}, with G, : X —
[—o0, +00], I'-converges as e > 0 to G: X — [—o0,+o0] if for all x € X and all infinitesimal sequences {¢, },cy the following holds:

(1) for every sequence {x; };cy C X such that x, — x, we have
0(x) < lziffi&f Ge, (X103
(2) there exists a sequence {x; };cy C X such that x, — x and
lim sup Qék (xg) < G(x).
k—+o00
When X is equipped with a topology 7, we write e.g. I'(r)-convergence to stress what the underlying convergence for sequences in
X is. In what follows, for notational convenience, we indicate the dependence on ¢, by means of the subscript k alone, e.g., J :=J, -
Our aim is to study elastoplastic media with high-contrast periodic microstructure in the case of soft inclusions inserted in a
perforated stiff matrix. Letting Q := (0, 1) be the periodicity cell, in order to describe the geometry in precise terms, we start by
considering a set E' ¢ R? that is open, connected, Q-periodic, and has Lipschitz boundary, cf. [27] or [28, Chapter 19]. We recall

that the set E! ¢ R? is Q-periodic if E! +¢ = E! for all r € Z>. The set E! is then employed to define the microstructure as follows.
First, at the scale level € = 1, we define

Q' :=QnE' and 0Q°:=0\0/,
where the sets Q° and Q! represent, respectively, the inclusion and the matrix of the unit cell Q (see Fig. 1). Note that, according
to the definition of Q', it holds that
E' = Je+oh. @1
ez’
Second, Q' is translated and rescaled to describe the set of soft inclusions. Precisely, given a (small) 4 > 0, we define the collection
of inclusions at a scale € > 0 as
@ = Jew+ 0", where T, :={re 7 : dist(er+0%,02) > Je ). (2.2)
1€T,

Since Q2 represents the region of space occupied by the whole composite, the stiff matrix is then given by
1._ o0
Q, =0\, (2.3)

see Fig. 2. Note that the set QEI is connected and Lipschitz, and that (2.2) ensures that the inclusions are compactly contained in €,
since they are separated from the boundary by a strip of width Ae. Our assumptions allow for some flexibility on the geometry of
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Fig. 2. The microstructure of the composite in Q. The soft inclusions that form 20 correspond to the white holes, while the gray region represents the matrix
Q!. Note that the perforations do not intersect the boundary.

Fig. 3. In the 3-dimensional space, interconnected soft fibers do not disconnect the matrix. A simple case is depicted here: the cylindrical perforation Q° runs
through the periodicity cell and its complement Q' is connected.

the inclusions, which could for instance form interconnected fibers (see Fig. 3). Indeed, differently from other works (e.g. [9]), we
do not prescribe that the unit perforation Q, is compactly contained in Q. Therefore, the geometry considered in this paper is on
the one hand less restrictive than that in the seminal contributions on perforated domains, but on the other hand it is less general
than that in [27].

Our I'-convergence result deals with the asymptotic behavior, as ¢ tends to 0, of the family {.7.} defined by (1.1). Before stating
the result, we collect the hypotheses we use in the following lines.

The elastic energy density of the stiff matrix W' : R3*® — [0, +c0] satisfies the following:

El: It is 2-coercive and has at most quadratic growth, that is, there exist 0 < ¢; < ¢, such that for all F € R¥3
AlFP <WIU(F) <, (IF* +1).
E2: It is 2-Lipschitz: there exists c; > 0 such that for all F;, F, € R¥3
IWHF) - WHED| < e5 (1+|F| + | F|) |F - Fyl.
The assumptions on the soft energy densities W : R¥3 — [0, +co] are analogous:
E3: There exist 0 < ¢; < ¢, such that for all F € R>3, and all € > 0,

lFIP <WAF) < (IFI* +1).
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E4: There exists ¢; > 0 such that for all F;, F, € R®3, and all € > 0,

WOF) = WEAF)| <5 (14+|F| + B IF - Fl.
E5: There exists W9 : R¥3 - [0, +o0] such that for all F € R¥3

lim W2(F) = WO(F).
e—0

Remark 2.2. The function W0 possesses the same growth and regularity properties of W2.

Our assumptions rule out non-impenetrability constraints at the level of the energy. A blow-up of the energy on matrices with
non-positive determinant is desirable from a modeling point of view, but at the same time very difficult to handle and yet to be
done in the context of homogenization. Frame indifference is instead compatible with our hypotheses, and up to adding a constant,
conditions fulfill the physical requirement that rigid motions have zero elastic energy. We also note that the choice of considering
a family {WSO} instead of a fixed W for the soft stored elastic energy is somehow standard in the literature, see, e.g., [9, Remark 2]
for a motivational example in the context of solid mechanics.

Next, we list the assumptions on the hardening H : R¥3 - [0, +co].

H1: Assume that a Finsler structure on SL(3) is assigned. H(F) is finite if and only if F € K, where K c SL(3) is a geodesically
convex, compact neighborhood of I.
H2: The restriction of H to K is Lipschitz continuous.

The requirement that K is geodesically convex with respect to the Finsler structure assigned on SL(3) is the crucial ingredient to
invoke [11, Theorem 2.2], which in our context is employed to capture the asymptotic behavior of the stiff matrix, see Theorem 3.8.
We refer to [11] for a discussion on the role of the Finsler geometry for the homogenization of elastoplastic media, and to Section 3.5
for a summary of the tools from that theory that we need here. In particular, the existence of a set K complying with H1 is settled
in Lemma 3.10 below.

Requirement H1 prescribes that the effective domain of H coincides with a compact set K containing I. Then it follows that
there exists cg > 0 such that

|F|+|F~'| <cg forevery F € K, 2.4)

because SL(3) is by definition well separated from 0. As a consequence, plastic strains with finite hardening are uniformly bounded
in L*, and, in particular, we infer that for any F € K and G € R>*3

|G| = |GF"F| <k |GF’1’. (2.5)

Remark 2.3. Note that in principle it would be reasonable to suppose that the soft and the stiff components feature different
hardening behaviors. For instance, it could be imposed that the soft hardening is evaluated on an e-rescaling of the plastic stress,
thus replicating the structure of the elastic contribution. As the only available tool to deal with periodic homogenization at finite
strains is [11, Theorem 2.2], we leave such scenarios for possible future investigation and restrict ourselves to a simpler setting,
namely we choose to model both hardening terms by a single function satisfying . We point out that under these assumptions making
a distinction between H' = H(P), i = 0, 1 would not require any substantial change in our approach, therefore we dispense with it.
Qualitatively, keeping the soft hardening contribution of order 1 amounts to the situation in which, for small ¢, elastic deformations
much larger than the plastic ones are allowed.

We can now state the homogenization result for high-contrast elastoplastic media. Since we want our analysis to yield
convergence of minima and minimizers of J, to the ones of the limiting energy, we need to introduce a convergence that is compliant
with the degeneracy of the soft inclusions. For shortness, we refer to it as convergence in the sense of extensions, even though the
name is not at all standard.

Definition 2.4. Let {¢,} be an infinitesimal sequence. We say that {y,} ¢ W12(2;R?) converges to y € W12(€2;R?) in the sense
of extensions with respect to the scales ¢, if the following hold:

(1) {y,} is bounded in L?*(2;R?);

(2) there exists a sequence {§,} C W'2(2;R?) such that y, = j in Q| := lek and y, — y weakly in W12(Q2;R?).

Remark 2.5. Let ji = , a.e. in Q,. Let as well j; — y and 7| — )/ strongly in L*(2;R?) (e.g., y and y' are W'2(Q;R%)-weak
limits of the respective sequences). Then, recalling (2.1) and (2.3), and observing that 2 n¢, E Ic Q}(, we get

k—+o00

0= lim /1 |J7k—J7;|dekETw/)(EkEl(x)lf/k—5’2|dx=ﬁ3(Q1)/ ly=ldx.
Q Q Q

From this, we conclude that y = )’ a.e. in Q. In particular, if the limit in the sense of extensions exists, then it is unique.
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Remark 2.6. By (2.2), there exists a neighborhood O, of 982 in 2 such that _Q}c N O, = 2n O,. Therefore, if y and j coincide in
Q}{, their traces on 002 are also equal.

Bearing in mind that we set g > 3, the asymptotic behavior of the family {.J,} is described in the next theorem:

Theorem 2.7. Let {W'} and {W'} satisfy E1-E5, and let H satisfy H1-H2. For all y € L*(2;R?) and P € L9(Q;SL(3)) there exists a
functional

J(. P) :=TI-lim . (y, P),

where the underlying convergences are the one in the sense of extensions and the uniform one, respectively for the first and for the second
argument. The I'-limit is characterized as follows:

Jo.P)=J%P)+T' (. P),

E3(Q0)/ [@w*(0.P 1) + H(Pw)|ax  if PeWha(@iK),
Q

JP) = (2.6)
+00 otherwise in L4(£2;SL(3)),
and
fa| 3 1 ;. 1,2 .3 1, .
T P) = /!2 [Whom(Vy(x),P(x))+£ (OHH (P(x)) +|VP(X)|4] dx if (5 P) € WI2(@;R3) x W14(Q2; K), -
+00 otherwise in L2(2;R3) x LI(2;SL(3)).

Here, for F,G € R¥3,

QWO(F,G) := inf {/ WO((F+Vo2)G)dz :ve Wol'z(Q;R3)}, (2.8)

(9]

while
=1 N 1. 1 -1 . 12 3.3
Wion(F,G) = lim_ = inf e w ((F+Vy(x))G )dx Dy € W0, )G RY) b

The formula defining Q'W?° provides a variant of the classical quasiconvex envelope of W°. We refer to Section 5 for further
discussion on this point.

Remark 2.8. In principle, it cannot be excluded that some nontrivial energy densities W do not contribute to the elastic
homogenized energy, in the sense that, when finite, for the corresponding J° we have

7 = £ [ 1(Pwo)ax
Q

As an instance of this phenomenon, we consider the following example. For any F € R¥?3, we let WO(F) = WO(F) := |F 2.
Conditions E3-E5 are satisfied by definition. Since for any fixed G € R**3 the function F Wg(F) 1= WO(FG) is convex, it is, in
particular, also quasiconvex. Hence, Q'W°(0,G) = W°(0,G) = w9(0) = 0.

As a byproduct of our asymptotic analysis, we are in a position to infer convergence of the minimization problems associated
with the energy functionals and of the related (quasi) minimizers.

Corollary 2.9. Let the assumptions and notation of Theorem 2.7 hold, and let {(y,, P,)} C WOLZ(Q;R3) x W14(Q; K) be a sequence of
almost minimigers, that is,

Jim (T P = inf (0 P)) =0,

where the infimum is taken over Wol’z(.Q; R3) x W14(Q2; K). Then, there exists a minimizer (y, P) € WO"Z(.Q;R3) x W14(2; K) of J such
that, up to subsequences, y, — y in the sense of extensions and P, — P uniformly. Moreover,

inf J, - minJ.
Remark 2.10. The conclusion of the previous corollary is not affected if the homogeneous boundary conditions on {y, } are replaced

by more general (and physical) ones, for example y, = u on a non negligible subset of 92 for a given u € W2(2; R?).
Note, instead, that global forcing terms such as

F(y) = —/ f-ydx for agiven f € WI(2;R?)
Q
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cannot be added to the functionals J, without need of further analysis. Indeed, the functional 7**' is not continuous with respect to
the convergence in Definition 2.4, and therefore standard results about continuous perturbations in the context of I'-convergence
cannot be invoked.

The proof of Theorem 2.7 consists of three steps. First, we study the compactness properties of sequences {(y,, P.)} satisfying
sup, J.(y., P,) < C and characterize their limits. Second, we show that the two components of the material can be studied
independently. Finally, we perform the analysis of each component separately. In view of this approach, it is useful to introduce
the functionals that account for the two different contributions, namely

£y, P) :=/;(3(x)[wf (eVy(x)P~ (x)) +H(P(x))]dx, (2.9)
Q

ENy, P) = / 2@ (V30PT @) + H(P) |ax, (2.10)
Q

where, for i = 0,1, y/(x) denotes the characteristic function of Q! (i.e., y/(x) = 1if x € @ and y/(x) = 0 otherwise). We also
decompose the functional J, accordingly:

J. =J£0+‘7£1,
with

&y, P) if (y, P) € WA RY) x W(Q; K),

7°0.P) = (v, P) if (y ).e. ( ) X ( ) @211)
+c0 otherwise in L2(£2;R3) x L4(£2;SL(3)),
'y, P Pl if (y, P L2, R? La(Q; K

T0uP) = EP)+|V IIL,,(Q;R3X3X3) if (y, P) € W4 (2, R°) x WH1(Q2; K), 2.12)
+c0 otherwise in L2(£2;R3) x L4(£2;SL(3)).

In contrast to Jsl (y, P), whose asymptotic behavior is derived from [11, Theorem 2.2], the soft part requires a dedicated treatment.
This happens already in the setting of nonlinear elasticity (see [9]). We obtain the following proposition, whose proof is given in
Section 5.4.

Proposition 2.11. For an infinitesimal sequence {¢,}, consider Jko and J° as in (2.6) and (2.11), respectively. Let also P €
W 4(Q2; SL(3)).

(1) For every sequence {(v,, P,)} C WOI’Z(.QQ;R3) X W4(9;SL(3)) such that {&, Vv, } is 2-equiintegrable and that P, — P uniformly,
we have

J°(P) < lim inf J2(0;, Py).
(2) There exists a bounded sequence {v,} C L*(2;R?), with {v,} C Wol’z(.QO;]l@) for each k, such that

limsup J0 (v, P) < JO(P),

k—+o00
provided P, — P uniformly.

In the statement above, the space WOI’Z(QS; R3) is regarded for each ¢ as a subset of W 1-2(2; R?) by extending its elements to 0 on

QL. The reason why we are only interested in functions with null traces roots in the splitting procedure, cf. (4.11) in Proposition 4.3.

Remark 2.12. Let 2 ¢ R? be bounded Lipschitz domain and, for p > 1, let us consider the local integral functionals on W'7(2;R?)

UH/I/Vk(Vv)dx.
Q

If the energy densities {W,} satisfy standard p-growth conditions, as a consequence of Rellich-Kondrachov theorem, the I'-limits
with respect to the strong LP-convergence and with respect to the weak W !”-convergence coincide (if they exist).
For the sequence of functionals

UH/M(skVU)dx, (2.13)
Q

again under standard growth conditions for { W)}, the analysis is more delicate. The natural bound that follows from the p-coercivity
is |le, Vuillz» < C, and it suggests the use of weak two-scale convergence (see Section 3.3). However, this estimate alone is not enough
to deduce convergence of the sequence {v, }: a further control on the e-difference quotients is required to guarantee that a two-scale
variant of Rellich-Kondrachov theorem holds (see [29, Theorem 4.4]).

In other words, in our degenerate setting, compactness of sequences of gradients, say {¢; Vv, }, does not bring compactness of
{v,}. This explains why we need to exploit the specific geometry of the perforated medium to recover the bound on |[v;||;2, see the
proof of item (2) in Proposition 2.11.

We note incidentally that, by means of Lemma 3.6(4) below, it can be shown that the I'-limit of the functionals (2.13) with respect
to the strong two-scale convergence in L? of {v,} is the same as the one computed by combining the latter convergence and the
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weak two-scale convergence of {¢, Vv, }. Those are not suitable choices for our goals, though, because, as we commented above, they
do not match the natural compactness of the problem. This explains why in [9], where strong two-scale convergence is considered,
the asymptotic behavior of minimum problems is not immediately determined by the I'-convergence (see [9, Section 10]). We also
refer to Section 6 for a comparison between our findings and the ones in [9].

3. Preliminaries
We gather in this section the technical tools to be employed in the sequel.
3.1. A decomposition lemma

In our analysis of heterogeneous media it will be often desirable to disregard the energy contributions arising from the region
close to 09, for the composite fails to be periodic there (recall definitions (2.2)-(2.3)). To this aim, it is natural to resort to p-
equiintegrability arguments, because such boundary strip has small measure. We recall that a family C ¢ LP(€2;R?) is said to be
p-equiintegrable if for all § > 0 there exists m > 0 such that

sup/ lul’dx <& whenever E C Q satisfies £3(E) < m.
ueC JE

The ensuing lemma grants that for any bounded sequence in L? we can always find another one which is p-equiintegrable and
“does not differ too much” from the given one.

Lemma 3.1 (Theorem 2.20 in [30]; see also Lemma 1.2 in [31]). Let 2 be as in Section 2. For any sequence {v;} C W2(Q;R?) such
that v, = v weakly in W'2(Q;R®) there exist a subsequence {k;} and a sequence {u;} C W1-(2;R%) satisfying the following:

(1) u; —~ v weakly in Wl2(Q;R3);

@2 u ;=vina neighborhood of 0€2;

(3) {Vu;} is 2-equiintegrable;

(4) lim;_ o L3({x € Q 1 v () #1;(0)}) = 0.

Jj—=to

Property (4) yields lim;_ £3 Vukj # Vu;}) = 0, because by standard properties of Sobolev functions (see, e.g., [32,
Lemma 7.7]) the inclusion {vkj #Fu;} 2 {Vvk/ # Vu;} holds true.

3.2. A couple of tools to deal with periodic heterogeneous media

The periodic geometry of the composite calls for an extension result for Sobolev maps on perforated domains. Since the
perforations of the matrix are well detached from the boundary, by applying [28, Lemma B.7] the following can be proved:

Lemma 3.2 (Lemma 8 in [9]). Let 2 be open and bounded, and let Qi be as in Section 1. There exists a linear and continuous extension
operator

T, WH(QLRY) - w2 R?)
such that for all y € W12(Q1;R3)

Ty=y aeingl,

1Tyl 200 < € IV 21 g3

VT 2 @rixsy < € ”vyllLZ(Qfl;R}X:i),

where c is independent of € and Q.

Remark 3.3. Even though the lemma above is a classical result, it is worth clarifying the way we employ it.

In the sequel, we always work with sequences which are already defined on the whole ©2. When we apply Lemma 3.2 to such
a sequence, say {y,} ¢ W12(2;R3), it is tacitly understood that the functions that are extended are the restrictions yE,__Q;. So, in a
sense, the process modifies y, on the region occupied by the soft inclusions rather than extending it. Note that the modification is
a true one, because T, cannot be the identity. The two crucial points for our analysis are that

1) if {y, 2!} and {Vy, Q!} are bounded in L2, then {T,y,} is bounded in W12(Q;R?);
(2) if {y,} is bounded in L*(2;R?) and {Vy,} is a 2-equiintegrable sequence, then {V(T,y,)} is 2-equiintegrable as well.

The second property follows from the construction of T,, which is modeled on the proof of [28, Lemma B.8] by patching together
the extensions from W12(Q!;R3) to W12(Q;R?) given by [28, Lemma B.7] via partitions of unity (this is also the reason why the
constant ¢ above depends only on Q'). The extensions in [28, Lemma B.7] preserve equiintegrability, because they rely on the
classical reflection procedure.
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The first application of the extension lemma is the following Poincaré inequality on periodic heterogeneous media (cf. for-
mula (4.5) in [33] where, however, the proof is not provided).

Proposition 3.4. Let @, Q0 and Q! be as in Section 1. There exists a constant ¢ independent of  and such that for every y € WO] 2(@:R%)

I 2azs) < € (£NV1 2 gpmses, + 199 2onme ) -

Proof. For ¢ fixed, we use the extension operator T, from Lemma 3.2 to obtain

”y”LZ(Q) < ||y_ Tgy”Lz(_Q) + ||T5)’||L2(Q)

(3.1
=ly-Tl 12(Q%) + ||TEY||L2(Q)-

Observe that T,y € WO1 2(@;R3), as T,y =y a.e. in Q! and there exists a tubular neighborhood O of 92 such that 2! n0=2no0.
Then, by the standard Poincaré’s inequality,

ITeyll 2@y < VTl 12¢0) < C||Vy||L2(_Qg)- (3.2)

Observe also that y— T,y € VVOI’Z(Q?; R3). In view of the periodic structure of Q? and of Poincaré inequality on each cube, we infer

2

- = - 2
Iy = Texl g0, zT} 1y =Ter 3 20

=y 53/ |9t + 2)) = T, y(e(t + 2))|* dz
Qo

t€T,

<c Y& [ Vo-Toeu+ )l
Qo

teT,

_ .2 _ 2
=ce”||V(y Tgy)IILz(QB>,

where ¢ depends only on Q,. By applying again Lemma 3.2 we find
1y = Tevllzan, < & (I3l 20, + 1991 20, ) -

This, together with (3.1) and (3.2), yields the result. []
3.3. Two-scale convergence and the unfolding method

From a mathematical perspective, the high-contrast structure of the functional J, results in the absence of uniform bounds in L2
for sequences with equibounded energy; indeed, only bounds on {eVy, P~} are available. Such degenerate bounds are conveniently
dealt with by means of two-scale convergence [33,34], whose definition we recall next. Hereafter, the subscript per denotes spaces
of Q-periodic functions, e.g.

Wl (R) = {u e WL2®3) 1 ux + 1) = u(x) ae. for all r € Z°}.

Definition 3.5. Let {¢;} C (0,+) be infinitesimal. A sequence {y,} C L?(2;R?) weakly two-scale converges in L? to a function

2
y € L*(&; L7 (R*;RY)) (notation: y, — y) if for every v € L*(€2; e (R*; R?))

lim /yk(x)~v(x,l>dx://y(x,z)-v(x,z)dzdx.
k—+oo [ Ep 2Jo

2 2

A sequence {y,} C L*(€2;R?) strongly two-scale converges in L> to y € LZ(Q;Lger(R3;R3)) (notation: y, — y) if y, — y in L? and
”yk”LZ(Q;]R3) - ||Y||L2(.Q><Q:]R3)'

Recalling that for i = 0,1 ;(li(x) =1lifxe Q;{ and ;(/i(x) = 0 otherwise, an example of strong two-scale convergence is provided

by the sequences {7} and {y; }. Indeed,

i

2
X = x' strongly two-scale in 12, (3.3)

where y/(x,z) 1= yyi(z) for all (x,2) € 2% Q.
We collect in the next lemma some basic properties of two-scale convergence which we will resort to in the following. Proofs
and more details can be found in [29,33,35].

Lemma 3.6. Let {¢,} C (0,+00) be infinitesimal and consider {y,} C L*>(2;R?).
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(1) If {y,} is weakly two-scale convergent, then it is bounded in L>(£2; R®); conversely, if {y,} is bounded in L*($2;R3), then it admits
a weakly two-scale convergent subsequence.

2
(2) If y, = y weakly two-scale in L?, then y, — fQ y(-,z)dz weakly in L?(2;R3).
2
(3) If y, — y weakly two-scale in L* and if {y,} C L®(2) is a bounded sequence that converges to y € L®(£) in measure, then

ZxVe = xy weakly two-scale in L?.
(4) Suppose that {y,} € W'2(2;R?) and that {y,} and {e,Vy,} are bounded in L. Then, there exists y € L*(£2; W, (R*;R?)) such

per

2 2
that, up to subsequences, y, — y and &, Vy, — V,y weakly two-scale in L.

Two-scale convergence in L? can be related to L?> convergence by means of unfolding operator, which, for ¢ > 0, is the map
S, : L2(Q) —» L*(R? x O; R?) defined as

Sy(x,z) 1= f}(e {EJ + £z), (3.4)

where § denotes the extension of y by 0 outside 2 and | - | is the floor function.

Lemma 3.7. If {y,} C L*(€;R?) is bounded, the following hold:
(1) v, —z\ y weakly two-scale in L? if and only if Sy, — y weakly in L*(R3 x Q; R%);
(2) y. = y strongly two-scale in L? if and only if S,y, — y strongly in L*(R> x Q; R?).
In addition, if {y,} is 2-equiintegrable, the family of unfoldings {S,y,} is also 2-equiintegrable on R3 x Q. Lastly, if y € W12(2;R3), then
S.(eVy)(x,2) = V.(S,))(x.2) ae inR3xQ.

For a proof of Lemma 3.7 and for further reading on the unfolding operator we refer to [29,35-37].
3.4. Homogenization of connected media in finite plasticity

We present a variant of [11, Theorem 2.2] that is instrumental in dealing with the analysis of the stiff matrix. Its proof is an
adaptation of the one in [11], the most substantial difference being the use of [28, Theorem 19.1] instead of [28, Theorem 14.5].
Recalling that we chose ¢ > 3, we work in the space W '2(2; R3) x W14(Q; K) endowed with the topology = characterized by

. y, =y strongly in L2(2;R3),
5. P) — (7 P) ifandonlyif 4 ¢ &Y (3.5)
P, - P uniformly.

Theorem 3.8. Let E be an open and connected set that is Q-periodic and that has Lipschitz boundary. For every (y, P) € W12(2;R?) x
Wha(Q; K), let

W(x.F) = ygW'(F),  H(x,P) := yg(x)H(P),
and define
F.(.P) = /QW (f,Vy(x)P’l(x)) dx+/gﬁ <§,P(x)) dx+/g|vp(x)|’1 dx, (3.6)
which we extend by setting
F.(y,P)=+o0 on [L*(2;R?) x LI(€2;SLG3))| \ [W (2 R?) x W(Q2; K)).
If W' and H satisfy E1-E2 and H1-H2, respectively, then for all (y, P) € L*(22; R?) x L4(82;SL(3)) the I'-limit
F(y, P) 1= I'(r)- llg(l) F.(y. P)
exists and we have that

/ ( Phom (V3600 PG + Hyom(PG) + [VPOOI ) dx if (5. P) € W@ R x W K),
Q
+00 otherwise in L2(2; R?) x L1(2;SL(3)),

F(y, P) =

where Wi, : R¥3 x K — [0, +00) and Hy,, : K — [0, +c0) are defined as
Wi om(F.G) := lim Ling {/ W (x.(F + Vy(x))G™") dx : y € W, ((0, /1)3;R3)},
.03

A=+ A3

Hyom(F) 1= / H(z, F)dz.
o

10
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We observe that the theorem above is similar in spirit to homogenization results for perforated domains. The case at stake is
however different, in that later we will deal with functions defined on the nonperforated domain Q. This simplifies the analysis,
because it spares us the need to extend Sobolev maps valued at SL(3).

Thanks to Lemma 3.1, we are able to refine the choice of recovery sequences for F. This will come in handy in the proof of
Corollary 2.9.

Corollary 3.9. Under the assumptions of Theorem 3.8, for any (y, P) € W2(2; R¥>)x W 4(Q; K) there exists a recovery sequence (y;, P,)
for F(y, P) satisfying the following:

(1) y, = y weakly in W12(2;R3);
(2) y, =y in a neighborhood of 0£2;
(3) {Vy,} is 2-equiintegrable.

Proof. Let {(wy, P,)} be a recovery sequence for F(y, P) as provided by Theorem 3.8. We apply Lemma 3.1 to {w,}. We deduce
the existence of sequences {k;} and {u;} C W'"*(2;R?) such that the sequence defined by

u; if k=k; for some j €N,
y  otherwise

satisfies properties (1)-(3) and (y,, P,) 5 (y, P). Moreover
lim £3(N) =0,
Jj—too
where N; =={x€Q: wy (x)#u;(x)}.
We are left to prove that {(v. P} satisfies the upper limit inequality. Loosely speaking, this is a consequence of the fact that

passing to a 2-equiintegrable sequence “does not increase the energy”. Upon passing to a subsequence, which we do not relabel, we
can assume that {F,(y,, P,)} is convergent. We first focus on the elastic and hardening parts of the energy T’kj. It holds that

/ [W(—" Vi, P,:_1>+H<—x ,Pk_>] dx
Q €k, S &,
J J
= wl = vw, P )+H| Z.p, )| dx+ wl X vupr' +H(| X, P ||dx
k; Tk k; "k k;
Nj &k, ! Ek; 2\N; Ekj ! &k
2/ w =, vup' )+ H( X P, )| dx,
Q\N, £, J &,
so that

limsup/ w( =V, P, |+H| =P, dleimsup/ w =.vup' |+ H =P ||dx
j=+o J@ £, S £, jo+eo JON; £k, Ik &,
=limsup/ w i,Vu-Pk_l +H| =P, )| dx
j=teo Jo &g, Ik £,

where the equality follows from the growth condition E1 and from the 2-equiintegrability of {Vu;} (recall that sup,cy || P, e <0,
together with the boundedness of H. Therefore, coming back to the full functional Fi»

lim Fi, (wy;» B)

Jj—o+oo

Zlimsup/ w( = Vw, P |+H| =P, dx+1i_minf/|Vka|qu

j=+o Jo €y, S &, j=te o /

Zlimsup/ w | =.vup' |+H| =P, dx+li_minf/|VPk,|"dx
jotoo JQ fkj J ekj J joto [ J

> 1 .
> lim Fy ). Py,

3.7)

Recalling that {(w,, P,)} is a recovery sequence and that we can assume {F,(y;, P,)} to be convergent, we find
kEToo Fips Pr) = jkﬂ-noo ij (uj, Pk/.) < jl}ﬂ_nw ij (wkj s Pk/) =F(y, P),
which in turn yields that {(y,, P,)} is also a recovery sequence. []

3.5. Finsler structure on SL(3)

In order to apply the results on homogenization of elastoplastic media in [11], we endow SL(3) with a Finsler structure. In doing
so, we follow [12], whose approach is based on the notion of plastic dissipation. Such line of thought links the geometry of SL(3) to
the physics of the system under consideration, and allows to conveniently include dissipation effects in the model, see Section 6.3.

11
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We start from the observation that SL(3) is a smooth manifold with respect to the topology induced by the inclusion in R3*3,
For every F € SL(3) the tangent space at F is characterized as

TrSL3) = FsI(3) := {FM € R®® : tr M = 0},

and, in particular, T;SL(3) coincides with sl(3) := {M € R¥3 : trM = 0}. To the purpose of endowing SL(3) with a Finsler structure,
we consider a function 4; : sl(3) — [0, +o0) on which we make the following assumptions (cf. [38, Section 1.1] and [12, Section 1]):

D1: It is C? on sl(3) \ {0};
D2: It is positively 1-homogeneous: 4;(cM) = c4;(M) for all ¢ > 0 and M € sl(3);
D3: The function A% /2 is strongly convex;

D4: It is 1-coercive and has at most linear growth: there exist 0 < ¢4 < ¢5 such that for all M € sI(3)
cy|M| < A (M) < c5|M|.

Note that we consider more restrictive regularity assumptions than the ones in [12] because we appeal to results of differential
geometry, where smoothness is customarily required. The drawback of this choice is that in our analysis we cannot encompass
some models, such as single crystal plasticity. However, on the positive side, our assumptions cover Von Mises plasticity, see [12,39]
and [11, Example 3.6].

Let TSL(3) denote the tangent bundle to SL(3). We can “translate” 4, to the tangent spaces other than sl(3) by setting

A TSL3) — [0, +00)

(F,M) = A (F'M). (3.8)

Then, it can be proved that (SL(3),4) is a C? Finsler manifold. For an introduction to Finsler geometry we refer to the mono-
graph [38].
Next, we introduce the family C(Fy, F;) of piecewise C? curves @ : [0, 1] — SL(3) such that ®(0) = F, and &(1) = F;. We set

1
D(Fy, F,) :=inf {/ A(D(1),d(1))dt : D € C(FO,FI)}, 3.9
0

where @ is the velocity of the curve. The function D provides a non-symmetric distance on SL(3): it is positive, attains 0 if and only
if it is evaluated on the diagonal of SL(3) x SL(3), and satisfies the triangular inequality; in general, however, D(F,, F,) # D(F,, F).

Note that under assumptions D1-D3 it follows that 4 is subadditive (see [38, Theorem 1.2.2]), hence convex. Therefore, by an
application of the direct method of the calculus of variations (cf. [12, Theorem 5.1]) it can be proved that for every F,, F; € SL(3)
there exists a curve @ € C1([0, 1];SL(3)) such that ®(0) = F,, ®(1) = F, and

1
D(Fy, F)) = /0 A(@@), D)) dr. (3.10)

We call such a @ a shortest path between F, and F;.

A geodesic between F, and F, instead, is a path that is a critical point of the length functional under variations that do not alter
the endpoints. When for any couple of points in a given subset S of a Finsler manifold there is a unique shortest path contained in
S joining those points, we say that S is geodesically convex.

The existence of a compact set K meeting the requirements in H1 is guaranteed by the following lemma, whose proof is the
content of [11, Remark 3.5].

Lemma 3.10. Assume that a C? Finsler structure on SL(3) is assigned. Then, there exists a geodesically convex, compact neighborhood of
1.

4. Compactness and splitting

We now turn to the analysis of the high-contrast energy in (1.1). We investigate in this section the compactness properties of
sequences with equibounded energy. We will see that, as a consequence of the behavior of the hardening functional H, we can
reduce the problem to the case of pure elasticity addressed by K. CHerpANTSEV & M. CHEREDNICHENKO [9], and we adapt their approach.

Lemma 4.1 (Compactness). Let {¢,} be an infinitesimal sequence. We suppose that {(y;, P;)};en C L2(2;R3) x LI(2; SL(3)) satisfies
||yk||L2(_(2;R3) <C, T, P L C

for some C > 0, uniformly in k. Let us denote by j, the extension of y, in the sense of Remark 3.3 above. Then, there exist subsequences
of (e}, (v}, and {P,}, which we do not relabel, as well as y € L*(2; Wi (R RY)), y' € WIH@2:R%), v € LX(2; W,*(Q":R?)), and
P € W(@2; K) such that the following hold:

y(x,z) =y (x) + v(x,z) fora e (x,z) € 2xO0, 4.1)

2
yy =y weakly two-scale in L2, (4.2)

12
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£,V 2 V.v weakly two-scale in L?, (4.3)
Jr = ' weakly in W2 (Q;R?), (4.4)
P> P, P7'> P wedkly in W"(2;SL(3)) and uniformly in C(£; SL(3)),

V5 P = Vy'PT! wedkly in L*(2;R¥). (4.5)

Proof. From the definition of J, for all k e N
VP <C. (4.6)
Besides, for all k, hypothesis E3, the definition of H and the bound (2.4) imply

12l + | B, <€ (4.8)

EkZ/?VYkPEIHLz + ”%:Vykl’k_l“Lz <C, 4.7

Thanks to (2.5), from the first estimate we deduce

Jestonl,, + o], <.

which is precisely formula (21) in [9]. Thus, for what concerns the sequence of deformations, the same bounds as the purely elastic
case are retrieved. While referring to [9] for details, here we limit ourselves to sketch how (4.9) entails two-scale compactness.

The boundedness of {y,} in L? and Lemma 3.6(4) yield the existence of a function y € L?(£2; %le‘f(R3;R3)) such that, up to
subsequences, (4.2) holds and

2
£ Vy, = V,y weakly two-scale in L. (4.10)

Thanks to (3.3) and Lemma 3.6(3), we also infer that

2 2
;(]lyk Saly, ek;(,l Vy, = x'V,y weakly two-scale in 1%

Moreover, there exist y! € W12(@2;R?) and v € L%(&2; WOI’Z(QO;R3)) such that the decomposition (4.1) and the convergence (4.4)
hold. By combining (4.1) and (4.10), (4.3) follows.

We now turn to the sequence of plastic strains. By (4.6) and (4.8), we see that {P,} is bounded in W4(Q; K). Since ¢ > 3,
Morrey’s embedding yields the uniform convergence of (a subsequence of) {P,} to some P € W!9(0; K) (note that the uniform
convergence of {P,} C W4(Q; K) yields that P attains values in K as well). Therefore, by definition of the inverse matrix

cof P, r
P = ( det }I;k) = (cofBy)"

we also deduce that P! — P! uniformly.
Finally, we observe that, thanks to (4.4) and the uniform convergence of {P,: 1Y) (4.5) is also inferred. [J

It is well-known that I'-limits are not additive. In our case, however, we are able to show that the asymptotic behavior of the
functionals J, is given exactly by the sum of the I'-limits of the soft and of the stiff contributions. Such splitting will enable us to
treat the I'-limits of JEO and of J 61 separately. We premise a simple lemma, which deals with the hardening part of the energy. We
recall that, for i = 0,1, y} is the characteristic function of !.

Lemma 4.2. Under assumptions H1-H2, for any sequence { P} C W14(Q; K) converging uniformly to P € W4(Q; K) it holds that

lim /;{,i(x)H(Pk(x))dx:£3(Qi)/H(P(x))dx fori=0,L
k—+oo [ Q

Proof. Let us focus on the case i = 0 first. We set

E* = Ja+0) =R\ E,
€23
By definition of !22 (see (2.2)), we have
QN (g E'\ Q) C {x € Q : dist(x,002) < dey ).

Since { H(P,)} is uniformly bounded by , we see that

lim [ 72(x)H(Py(x))dx
Q

k—+o00

= lim ;(EkEo(x)H(Pk(x))dx—klim /(;(EkEo(x)—;(,?(x))H(Pk(x))dx
0 —+o J o

k—+o00

= lim / ;(EkEo(x)H(Pk(x))dx.
Q

k—+o0

13
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Then, by the Lipschitz continuity of H on its domain,

lim / ;(EkEo(x)H(Pk(x)) dx = lim / ;(EkEo(x)H(P(x)) dx = £3(0% / H(P(x)) dx.
0 k—+o0 Q Q

k—+o0
The case i = 1 follows from the previous one by the identities ){2 =0 -— ;(E and £3(0H) =1-2£3Q%. O
The splitting process is explained by the ensuing proposition.
Proposition 4.3 (Splitting). Let {&,} be an infinitesimal sequence, and let {(y;, P\)}reny C WHA(2;R3) x W4(2;SL(3)) be a sequence
satisfying
||yk||L2(Q;]R3) <C, JOP)=<C

or some C > 0, uniformly in k. Let j, be the extension of y, in the sense of Remark 3.3, and let v € L2(£2; WI’Z(QO;R3)) be as in
k k 0
Lemma 4.1. Then, defining v; := y; — J, the following hold:

(e} € W QLRY), (4.11)
el 2 < C-

£,V 2 V,v weakly two-scale in L, (4.12)
lim inf T, P + lim inf TG P) < lim inf (v, Po), (4.13)
ILTiiP T P) < I}CIEE‘:OP J,?(Uk’ P+ I}CTEEOP TG P (4.149)

Moreover, in (4.13), {v,} may be replaced with another sequence {w;} C W01’2(_(22;R3) such that {¢,Vw,} is 2-equiintegrable and
£, Vw, = 0 weakly in L*(Q;R¥3).

Proof. We first prove that (4.12)—(4.14) hold for the sequence {v, }. Afterwards, we will show how to recover the equiintegrability
for the sequence of gradients.
We split the functional J, evaluated on (y,, P,) as follows:

T P) = T20k PO + T 0 PO = T2 PO + TG PO + Ry, (4.15)
where Jko and J! are as in (2.11) and (2.12), while

Ry =T P) = T (0 P) = /Q L W2 (e Vi PY) = W0 (6,Vo, P dx.

We next show that R, is asymptotically negligible.
Hypothesis E4 yields

IR, | < c3/ 22 (1 Jewn P [+ [eeVor ! |) [ecVaepy | dx. (4.16)
Q2

Since {(y;, P,)} is equibounded in energy, the sequences {¢, ;(,?Vyk P}, {2 Vy P!}, and { P!} are bounded in suitable Lebesgue
spaces (see (4.7) and (4.8)). By the properties of the extension operator T, in Lemma 3.2, we deduce that

R -2 1 2 1 -1)?
‘VykPk ’ dx<c [ |VH| dx<c |}(kVyk‘ dx <c |}(kVykPk ‘ dx<C
Q Q Q Q
(recall estimate (2.5)). So, thanks to (4.3), we deduce that

2
£V, = £, Vy, — £, Vy, = V,v weakly two-scale in L2,

In particular, by Lemma 3.6(1), {£; xVv, P} is bounded in L?(€2; R¥®). By applying Hélder’s inequality to the right-hand side of

(4.16), we then find R, = O(g;,). Owing to (4.15) we conclude that (4.13) and (4.14) hold.

To complete the proof, we are only left to establish the existence of the sequence {w, }. Upon extraction of a subsequence, which
we do not relabel, we may assume that in (4.13) the lower limit involving Jko is a limit. From the equiboundedness of the energy,
by arguing as in the lines before (4.9), we get

leeVallz <€ el Vol <C. (4.17)
Then, (4.3) holds and, by Lemma 3.6(2), we obtain
£,Vy, =0 weakly in L>(2;R¥3).

Lemma 3.1 applied to the sequence {¢,Vy,} yields two sequences, {k;} and {u;} C W2(2;R?), such that {eijuj} is 2-
equiintegrable,

€, Vu; =0 weakly in L*(2;R>3), (4.18)

14
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lim £3(N) =0, with N; :={x€Q:y, () #u;(x)}.
j—+oo J
Besides, we have
1 : 2 .m3%3
e, Xy, Vuy = 0 strongly in L~(Q;R™). (4.19)
J
Indeed, it holds that
1 _ 1 1
”51(/)(;(/ Vuj”LZ(Q) = ”Skj)(k, Vuj”LZ(N/.) + ||5k/){kj Vykj ”LZ(Q\Nj)
1
< ||€kj V"j”]_Z(NJ) * &y ||Zk/ Vykj lr2¢q)

and the conclusion follows by the 2-equiintegrability of {5kj Vu;} and from (4.17).

We now define &; := T, u;, with Tkj as in Lemma 3.2. From Remark 3.3 it follows that {gkj Vi, } is 2-equiintegrable as well.

Thus, the sequence defined by

wy 1= :
0 otherwise

{uj — i if k = k; for some j € N,
has the properties that w, € WOI'Z(QZ;RZ’) and {¢, Vw,} is 2-equiintegrable. Moreover,
g,Vw, =0 weakly in L2(Q2;R>3).
To see this, we write
€k, Vwkj = £y, Vu; — €k, Vii;.
The first term converges to 0 weakly in L2(2;R3?), as stated in (4.18). Additionally, Lemma 3.2 entails
= 1
”5/(/ Vuj”LZ < Cllgk/)(kjvujllL25

and the weak convergence of {g; Vw,} follows from (4.19).
We are now ready to prove the validity of (4.13) when {¢, Vv, } is replaced by the 2-equiintegrable sequence {¢,Vw,}. By the
definition of the sequence at stake, we have

£k, (Vvk/ - Vwkj) =&y, (Vykj = Vu;) - £k, (Vykj —Vi;) a e in Q. (4.20)
Lemma 3.2 yields
Ek; ||VJ~’kJ - Vﬁj”LZ(Q) = &; ||V(Tk/ (ykj - uj))”LZ(g)
< eeg g, VOu, = 4l
=cey, ||;(,1/(Vykj = Vupll ;)
<c (ekl 2k V3, ey + ||eijuj||L2(N/)) .
Thus, (4.17) and the 2-equiintegrability of {ek/Vu ;) entail
&k, (V)"/kj - Vﬁj> — 0 strongly in L*(Q;R¥3), (4.21)
Therefore, using (4.20) and the fact that the densities Wkoj are bounded from below, we have
/Q 20 COW, (e Vo (0P () dx
= /N j )(]?j(x)Wk(j_ (skJVvkl (x)P,:/l(x)) dx
j

+ / xQ_(x)Wk".((ek.Vwk.<x>—ek.mk,(x)—Vaj(x»)P,;l(x))dx
.Q\N/ j j J J J J

_ /_Q\N, ;(,?j(x)Wk(; (eijwkj (x)Pk_J](x)) dx + [2\ )(,?/(x)W/?j (Eijwkj(x)P]:j](x)) dx
J

N/
1/2
> —c / lex, (V5i, () = V()P dx ) + / 2 W (e, Vo, ()P () dx,
Q\N; \N; J /
where the Lipschitz regularity E4 and Holder’s inequality were employed to derive the last bound (recall that sup,ey || P Ne <O

We now take the limit in the inequality above. According to Lemma 4.2, the hardening term has a limit. Therefore, also the elastic
contribution is convergent, and it satisfies

kLiTme(uk,Pk)=j§21m/!)12/(x)m‘i (ekijkj(x)P,;jl(x))dx+£3(Q°)/QH(P(x))dx.
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The strong converge (4.21) implies

Jj—oto

. 0 0 1 S 0 0 -1
lim /Q 1, oW, (e, Vo, (P 1)) dx 2 lim inf /Q W, 2, oW (e, Vi ()P (x) dx
i 0 0 -1
= lim inf /Q 2, oW, (e, Vi, (0P () dx,
where the equality follows from the growth condition E3 and from the equiintegrability of {eijwkj }. We thereby infer
. 0 . 0 . 0
lllchgof T (W, P) < I}Tﬂ,‘f ka (wy;> B,) < kEToo T Wi Py),

and this concludes the proof. []
5. I'-Limit of the soft component

We devote this section to the study of the asymptotics of the functional J? in (2.11), which encodes the energy of the inclusions.
After some observations on the limiting functional J° in (2.6), in the second and third subsections we deal respectively with the
lower and with the upper limit inequality for the elastic part of the energy. The other contributions will be taken into account in
Section 5.4, where we prove Proposition 2.11.

5.1. The limiting functional

The definition of Q’W?° in (2.8), which encodes the limiting elastic contribution of the soft inclusions, may be regarded as a
variant of the well known Dacorogna’s formula for the quasiconvex envelope [40, Theorem 6.9]. As such, the infimum in (2.8) does
not depend on Q, and we may rewrite Q' W as follows:

Q'WOF,G) = inf {f WO<(F + Vv(z))G) dz:ve WOI’Z(QO;R3)} . (5.1)
QO

Note that here quasiconvexification occurs just with respect to the first argument, since a very strong convergence is considered
for the second one (cf. Proposition 5.4 below). The fact that different variables in a problem may call for different relaxation
procedures has been already observed. As an example, we mention the concept of cross-quasiconvexity introduced by Lt Drer &
Raourt [41] to deal with dimension reduction problems in elasticity.

For the sake of completeness, we explicitly mention some basic properties of Q'W?. Note that in the following lemma we use
the symbol W to denote a generic function rather than the specific one in E5.

Lemma 5.1. Let W°:R¥>3 — R, and assume there exist 0 < ¢; < ¢, such that for all F € R¥3
AlFP <WOUF) < (IFI*+1).
Let 9'W° be as in (2.8).
(1) Forall F,G € R®3
a|FGP> <QWOF,G) < ¢, (IFGI* +1),
and for all G € R33 there exists ¢ := ¢(G) > 0 such that for all F,, F, € R>?
‘Q’WO(FI,G) - Q’WO(FQ,G)| <c(1+1F | +|F])|F, - Bl
Suppose further that there exists c; > 0 such that for all F,, F, € R>3

WO = WOE| < cs (14 E | +1BI) IF = Fyl. (5.2)

(2) Then, Q'WO(F, -) is continuous for all F € R3*3,
(3) If {P,} ¢ Whe(Q;SL(3)) converges weakly to P € W 4(2;SL(3)), then for any V € L*(2;R¥>3)
lim / QWO (V(x), P7 (%)) dx = / QWO (V(x), P~ () dx.

Q Q

k—+o0

Proof. The growth conditions on Q’'W?° are an immediate consequence of the ones on W and of the definition of Q'W?.

For what concerns the 2-Lipschitz property, let us set W2(F) := WO(FG) for any fixed G € R¥?. Then, Q'W(-,G) coincides
with the quasiconvex envelope of Wg. By [40, Remark 5.4(iii)] it follows that Q'W7V( -, G) is separately convex, and hence, in view
of the growth assumptions on W7, the proof of item (1) is concluded by [40, Proposition 2.32].

As for assertion (2), let G, — G in R3*3. In view of (5.2), for every & > 0 there exists ¢; > 0 such that

QWOF,Gy) - O WOF,G) < ¢5|G, — G| +6.
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Similarly, for any k € N there exists v, € WOl ?(Q; R¥*3) such that
AWOUF,G,) - QWOF,G) > —¢;|G, - G| / (14 [(F + Vo )Gy | + |(F + Vo )G|) | F + Vo | dx — %
o
Thanks to the coercivity of the integrand, it follows that {Vv,} is bounded in L?, whence
/170 /1170 1
QWIF,Gy) - QW(F,G) 2 —c |G, - G| - %

for a constant ¢ independent of k. The continuity of Q'WO(F, -) is then proved by letting first k — +co and then § — 0.
Finally, taking into account properties (1) and (2), as well as the compact embedding of W 14(Q) into C(£), we can employ the
dominated convergence theorem to obtain the continuity property in (3). [J

We now exhibit an alternative expression for the soft limiting elastic energy, which is to be exploited in the proof of
Proposition 5.7.

Lemma 5.2. For every couple (V, P) € L*(2;R¥>3) x W14(Q;SL(3)) we have

/ QWO (V(x), P'(x)) dx = inf {/ f WO((V(x) + V. w(x, z))P’l(x)> dzdx : we LY WOI’Z(QO;RZ’))} . (5.3)
Q Q Q()

The identity above rests on a measurable selection criterion that we recall next.

Lemma 5.3 (Lemma 3.10 in [42]). Let S be a multifunction defined on the measurable space X and taking values in the collection of
subsets of the separable metric space Y. If S(x) is nonempty and open in Y for every x € X, and if the set {x € X : y € S(x)} is measurable
for every y € Y, then S admits a measurable selection, that is, there exists a measurable function s : X — Y such that s(x) € S(x) for all
x € X.

The previous lemma is a variant of [43, Theorem III.6], and we refer to that monograph for a comprehensive treatment of
measurable selection principles.

Proof of Lemma 5.2. The argument follows the one proposed in [42, Corollary 3.2].
Let us fix w € L%(&; Wol’z(QO;R3)), so that, for almost every x € Q, w(x, -) € WOI‘Z(QO;]R3). Hence, according to (5.1), we have

WOV (x), P () < f WO((V&) + Vo, ) P'(0)) dz - fora.e x€Q,
QO
whence, after integration over 2, we deduce that in (5.3) the left-hand side is smaller that the right-hand one.
In order to establish the opposite inequality, we first observe that, by (5.1), for every x € 2 and every § > 0 there exists

v, 5 € W,(Q"R?) such that

f WO((V0)+ Vo) P70 ) dz = QWO (V (), P () < 6. (5.4)
QU
We introduce the multifunction S defined for x € 2 by

S(x) 1= {v € W% %) : (5.4) holds for v, ; = v}.

We show that it admits a measurable selection. To this purpose observe that, as a consequence of the growth assumptions on W?
and the dominated convergence theorem, S(x) is a nonempty, open subset of Wol‘z(QO;R3) for every x € . Second, for every
vE WOI‘Z(QO; R3) the set {x € 2 : v € S(x)} is measurable, because it is the sublevel set of a measurable function.

Thanks to Lemma 5.3, for every 6 > 0 we retrieve a measurable function w; : 2 — VVOI’Z(QO;R3) that satisfies

/f WO((V(x)+Vzwg(x,z))P‘l(x))dzdxg/Q’WO(V(x),P"(x))+O(5).
oJoo Q

In particular, by the growth conditions on W, w; must belong to L(£2; WOl ’Z(QO;R3)). Therefore, since § is arbitrary, we conclude
that the left-hand side in (5.3) bounds from above the right-hand one. []

5.2. Lower bound for the elastic energy
The goal of this subsection is to prove the ensuing:

Proposition 5.4. Let {Wko} « satisfy assumptions E3-E5, and let P € W49(2;SL(3)). For every sequence {(v;, P,)} C WOI'Z(QQ;]I@) X
W4(0; SL(3)) such that {¢,Vuv,} is 2-equiintegrable and P, — P uniformly, it holds that

£3Q% / awO(0, P~ () dx < lim inf / 2POW (e, Vo (0P (%)) dx. (5.5)
Q —re Ja

17



E. Davoli et al. Nonlinear Analysis: Real World Applications 81 (2025) 104198

At a first glance, it may look bizarre that no convergence for the sequence {¢, Vv, } is prescribed. The statement becomes clearer

once we recall that if Qf is the quasiconvex envelope of f : R¥3 — R, then
Q1) < f £(Vor) dx
Q

for any v € W01'°°(_Q;]R3).

In order to establish (5.5), it is convenient to unfold the elastic energy.

Lemma 5.5. Let {W}, satisfy assumptions E3-E5. For any (v, P) € W12(2; R?) x W4(2; SL(3)) it holds that

/ 2200w (e, Vo) P~ (x)) dx = / w0 (V.0(x, 2P~ (x,2)) dzdx, (5.6)
Q reTy, 7 ex(t+0) J QO

where 0 :=Syv, P :=S, P and S, := S,, is the unfolding operator introduced in Lemma 3.7.

Proof. According to the definition of 92 in (2.2), the left-hand side of (5.6) equals
si / I/Vko(sva(sk(t+z))P’l(ek(t+z))>dz
QO

We use the unfolding operator to rewrite this quantity as a double integral. Recalling Lemma 3.7, we first observe that for every

t €T, and z € Q" we have the identities

S, (g, VU)(git, 2) = EkVU(Ek(I + z)), SkP_l(ekt, z)= P! (Ek(t + z)).
Then, we also have

Si(e Vo) =V, (Sv) =V.0, S P =P =P.
We obtain

/)(k(x)WO(skVU(x)P (X)) dx=¢; Z/ O (S (e, VU)(Et, 2)S (P~ (et 2)) dz

1Ty,
3Lyt (2] ) (o2
reT, J e t+Q) J Q0 €k €k

because |x/¢e, ] =1t for all x € ¢,(t + Q). Since, in general, it holds that

Siu <£k léJ ,z> =u (ek [éJ +skz) = S,u(x, z),

identity (5.6) follows. []

A crucial ingredient in the proof of Proposition 5.4 is a sort of lower semicontinuity result for the elastic contribution to the

energy.

Lemma 5.6. Let {W0 }« satisfy assumptions E3-E5. Let also {w,} C L*(£2; W (QO,Rz)) be such that {V,w,} is 2-equiintegrable. Then,
for dll P € W4(Q;SL(3)),

18



E. Davoli et al. Nonlinear Analysis: Real World Applications 81 (2025) 104198

k—+o0

£30% / @'WwO(0, P~ (x)) dx < liminf / / W (V. w,(x, 2)P7 (%)) dzdx,
Q QJoo

whenever P, — P uniformly.

Proof. From (5.1) it follows that for all k € N
£3(Q0)/ o'WwOo(0, P7 (%)) dx < / / WOV, w(x, )P (x)) dz dx. (5.7)
Q QJoo

Next, relying on the pointwise convergence of {Wko} to W, we adapt the argument in the proof of [26, Theorem 5.14] to pass
from WO to Wko on the right-hand side (see also [25, Lemma 5.2] for a similar result in the context of &/-quasiconvexity). Fix § > 0.
If {V,w,} is 2-equiintegrable, then so is {V Wi PC 1}. Therefore, since the 2-growth assumptions on {Wko} transfer to the pointwise
limit W9, there exists r > 0 such that

sup /
keN J{(x.2)€QxQ0: |V 1wy (x.2) P () [>r}

WO(V,w(x,2)P7 (%)) dzdx < 6. (5.8)
Owing to assumption E4 and Remark 2.2, we can find p > 0 such that for every F,G € R¥>3 contained in the open ball B(0, p)
sup |[W)(F) = W(G)| + |W°(F) - W(G)| < 6. (5.9)
keN
Let now F,..., F, € B(0,r) be such that

n

BO.rc|JB(F.p). (5.10)

i=1

Due to the pointwise convergence of Wko to W9, for any such F; there exist k; € N such that |VI’,?(I~",~) - WOF)| < if k > k;. Letting

k := max{ky,...,k,}, it follows that for any i = 1, ..., n
IWo(F) - WOUF)| <6 if k>k. (5.11)

By (5.10), for every G € B(0,r) there exists i € {1, ...,n} such that G € B(F}, p). For this particular i, the combination of the triangle
inequality, (5.9) and (5.11) yields

WAG) - WO@)| < IWAG) = W) + IWA(F) = WOF)| + [WO(G) - WOF)| < 36, (5.12)

for every G € B(0,r) and every k > k.
Thanks to Lemma 5.1(3) and (5.7) we deduce

" / Q'Ww(0, P~ (x)) dx
Q
=£3Q" lim /!2 w0, P (x)) dx

< liminf/ / WO(VZwk(x, z)Pk_l(x)) dzdx
o Joo

k—+o0

< liminf

/ WOV, w,(x, )P (x)) dzdx + &
k=+oo [1(x 2)€@xQ0: |V, w; (x,2) P (x)|<r)
5 W (X, k <

<lim inf/ / W2 (Vow(x, )P (x)) dzdx +35£5(2 x Q%) + 6,
QJoo

k—+00

where the second inequality is due to (5.8), and the last one to (5.12). The arbitrariness of § > 0 yields the conclusion. []

We are now ready to prove the lower bound for the elastic contribution of the soft part.

Proof of Proposition 5.4. Let 9, :=S,v,. In view of the 2-equiintegrability of the sequence {¢, Vv, } and of Lemma 3.7, {V_ 0, } is
2-equiintegrable as well, and it is hence a fortiori bounded in L2. From Lemma 5.5, restricting the summation in (5.6) to the set of
translations

T, = {z ez’ : dist(et+0),02) > /16} cT,

we deduce

- 0 0 -1 .
lim inf /!2 2 oW (e Vo ()P () dx 2 lim inf /Q k

/Q0 WkO(Vzﬁk(x, z)Pk_l(x)) dzdx,
where

Q= att+0. (5.13)

=0
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We rewrite the right-hand side of the previous inequality as the difference between the integrals
I = / / VVko(VZOk(x,z)P,:'(x)) dzdx,
eJoo
I = / A / W (V.0,(x,2)P ! (x)) dz dx.
A JQ°

Being that {V,0,} 2-equiintegrable, the sequence {V,5, P} is also 2-equiintegrable. Thus, by the growth condition E3 and the fact
that @\ &, C {x € 2 : dist(x,02) < (4 + V3)e}, we obtain
lim I}/ =0.
k—+0c0

Taking into account Lemma 5.6 we conclude

lim inf / 2RCOW (Vo ()P () dx 2 lim inf 1} > £3(0%) / w0, P () dx. O
Q oo Q

k—+o0

5.3. Upper bound for the elastic energy

In this subsection we address the proof of upper I'-limit inequality for the elastic contribution of the soft component. Differently
from the previous subsection, in order to establish the desired inequality we perform an analysis that is genuinely two-scale, in the
sense that we interpret 0 as the average with respect to the periodic variable of the two-scale limit of the sequence {¢,Vu,}.

Proposition 5.7. Let {Wko} « satisfy assumptions E3-E5, and let P € W19(2;SL(3)). For all 5 > 0 there exists a sequence {v;} C
%1’2(92;R3) such that &, Vv, — 0 weakly in L*(2;R>3) and that

lim sup/ 200OWL (e, Vo, (0P (%)) dx < £3(Q°)/ Q'Ww(0, P (%)) dx + 6, (5.14)
k—=+00 JQ Q
whenever P, — P uniformly.

We begin with a lemma that provides a strong two-scale approximation of any sufficiently regular function. The result has already
appeared in [9, Lemma 22] where, however, the proof is just sketched. In Section 6 we state and prove a more detailed version of
this lemma (i.e., Lemma 6.1) and compare our result with the one in [9].

Lemma 5.8. Let w € L3(R; WOI’Z(QO;R3))0C2(Q><Q°;R3). Then, there exists a sequence {v, } C L>(2;R3) such that, letting o), := S, vy,
it holds that

V,0, = V,w strongly in L2(Q x Q; R¥3). (5.15)
We are now ready to prove the I'-limsup inequality for the soft inclusions functional.
Proof of Proposition 5.7. According to Lemma 5.2, for every 6 > 0 there exists w; € L*(£2; WOI’Z(QO;]R3)) satisfying
/ / WO(V,ws(x,2)P~!(x)) dzdx < E(QO)/ QW (0, P~ () dx + 6 (5.16)
o Joo Q

We would like to apply Lemma 5.8 which, however, requires ws € L*(£2; WO1 2(0% R3)) N C2(2 x 0% R3). We therefore establish the
inequality first for a sufficiently regular w;, and we then extend the result by a density argument.

CasE 1: wg REGULAR

Let wy € L?(£2; WO"Z(QO;R3)) N C2(2 x Q% R3). We consider the recovery sequence {v,} coming from Lemma 5.8. Lemmas 3.7
and 3.6(2) yield ¢, Vv, = 0 weakly in L?(€2;R3*3). Assumption E4 and Hélder’s inequality entail

> / /0 W2 (Va0 )P () = W0 (V2w )P ()| dzdx
1€ty J ex(1+0) J O

172
<ecy / [V.0,(x, 2) = Vw(x, )| dzdx |,
= £,(t+0) J 00

where the constant ¢ bounds || P !'ll .. Thanks to the strong convergence of {V_o;}, we obtain that the term above is infinitesimal
when k& - +oco0. From Lemma 5.5 we then deduce

lim sup/ ;(E(x)I/VkO (skVUk(x)Pk_l(x)) dx
Q

k—+o00
=1imsup2/ / W (V,ws(x, )P (x)) dzdx
k=+oo yo, Jer(t+0) J Q0
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= lim sup / / V LWws(x, z)P™ 1(x)) dzdx
koo o7 Jea+0) J Q0

= lim sup / W0 V,ws(x,z)P~ 1(x)) dzdx,
e (1+0) J 00

k—+00 =

where the second identity follows from E4 and the last one from E5. Note also that, by absolute continuity of the Lebesgue integral,

lim sup / / V LWws(x,z)P™ (x) dzdx— // V Lws(x, )P~ (x)) dzdx.
k—+00 = e, (1+0) J Q0

Therefore, combining the equalities that we have just found with (5.16), we achieve the conclusion in the case under consideration.

CASE 2: ws GENERIC
Let now w; € L*(£2; WI’Z(QO;]R3)). By density, we retrieve a function @; € C®(2; C*(Q% R?)) such that

//QO V LWs(x,z)P™ l(x) dz<// V LWws(x, z)P™ (x)) dz + 6.

To achieve the conclusion, it only suffices to repeat the argument in Case 1 for ;. [
5.4. Proof of Proposition 2.11
We are eventually in a position to reap the fruits of the previous subsections.

Proof of Proposition 2.11. Let us start with the lower limit inequality. If the lower limit of Jko(vk, P,) is not finite, there is nothing
to prove. Otherwise, statement (1) in Proposition 2.11 follows by combining Proposition 5.4 and Lemma 4.2.

As for the upper bound, Proposition 5.7 provides for all § > 0 a sequence {v,} C W] 2(_QO R3) such that &, Vv, — 0 weakly in
L2(2;R*3) and (5.14) holds. By the Poincaré inequality on perforated media (see Proposmon 3.4), it follows that {v, } is bounded
in L2(2;R3). We employ again Lemma 4.2 to deduce that

lim sup Jk (U, Pp) < JoP) +6.
k—+o0

This inequality is actually equivalent to the desired one (cf. [44, Section 1.2]), and the proof is therefore concluded. []
6. Conclusions and a variant of the problem with plastic dissipation

We devote this final section to the proof of the homogenization result for high-contrast composites and to the discussion of a
variant of the problem featuring plastic dissipation.

6.1. Proof of Theorem 2.7 and convergence of minimum problems

As we outlined before, the proof of Theorem 2.7 is achieved by combining the splitting procedure in Proposition 4.3 with
Theorem 3.8 and Proposition 2.11, which account for the asymptotics of the stiff and the soft components, respectively. Once
the homogenization theorem is on hand, the convergence of the minimum problems and of their minimizers will follow thanks to
the compactness result in Lemma 4.1.

Proof of Theorem 2.7. Let {¢,} be an infinitesimal sequence and let us fix y € L?(«2;R?) and P € L9(2;SL(3)). We separate the
proof of the lower and of the upper limit inequalities.

LOWER BOUND

We consider a sequence {(y;, P,)} € L*(2;R3) x LI(£2;SL(3)) such that y, — y in the sense of extensions and that P, - P
uniformly. The only case to discuss is the one in which the lower limit of 7 (y,, P,) is finite, and we may thus assume that {J, (v, P,)}
is bounded. Keeping in force the notation of Definition 2.4, we let {5} C W!2(2;R?) be a sequence such that y, = 5, in Q] and
7, — y weakly in W12(Q;R?). In the light of (4.4) and Remark 2.5, we may without loss of generality assume that j, := T,y, with
T, as in Lemma 3.2.

We now apply Proposition 4.3, which yields {v;} ¢ W, 2(@2% R3) satisfying (4.13) and such that {v,} is bounded in L* and that

(e, Vv ) is 2-equiintegrable. In particular, &, v, — 0 strongly in L?, and hence (g, vy, P;) 5 (0, P). Besides, Proposition 2.11 yields
0 s 0
J(P) < lzlch;,f T Wi, Py).
At this stage, recalling (4.13), the proof of the lower bound is concluded as soon as we show that
1 L 15 JERTIN 1
J° (. P) < liminf 7, (5, B) = lim inf J, (v, P) (6.1)
with J!(y, P) given by (2.7). This is what we prove next.
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Let us set

~

W', F) i= gy OWYF),  H(x, P) i= yp (x)H(P),
Jw.p :=/ [1’471 <1,V37P’1> +H (1,P> + |vp|‘1] dx. (6.2)
Q €k €k
It holds

P o~ PR 1/~
lglirolof T G, P) < 1;1’31{.’5 T G> Pr)-
Since (§, P) A (y, P), by applying Theorem 3.8 to the left-hand side of the previous inequality, (6.1) is deduced.

UPPER BOUND

If P ¢ W4(Q; K) there is nothing to prove; let us then assume that P € W4(Q; K).

As we have already observed, {jkl} satisfies the requirements of Theorem 3.8. In view of Corollary 3.9, for any (y,P) €
WL2(2;R3) x Whi(Q; K) there exists a sequence {(uy, P,)} C WL2(2;R?) x W4(2;K) such that {Vu,} is 2-equiintegrable,
(. P) = (v, P), and

lim sup j;(l(uk, P) < J' &, P).
—+00

Note that
0< T e P = Ty, P

= /Q(;(l:(x)—)(EkEl(x))(Wl(VukPk_l)+H(Pk)) dx

<c / (;(]:(x) — ngEl(x))(W“Hz + 1) dx
Q
for all k € N. Thanks to the 2-equiintegrability of {Vu,}, we deduce

lim sup Jkl (ug, Pp) = lim sup,fkl(uk,Pk) <J'o,P). (6.3)
k—+00 k—+o0
We now focus on the soft part. Proposition 2.11 grants the existence of a bounded sequence {v;} c L?(£2;R?) such that
{ve} € WP (@) R?) and

lim sukaO(vk, Py < JP), ©.4)
k=400
where {P,} is as in (6.3). Notice that if y, :=u, + vy, then {J, (v, P,)} is bounded and {y,} converges to y in the sense of extensions
(recall Remark 2.5). Letting 7, := T, thanks to (4.14) we conclude the proof of the upper limit inequality:

lim sup J; (v, P) < limsup J2(yy. — 3 P) + limsup J, (5, P)
k—>+o00 k—+00 k—+o0
= limsup J (v, P) + limsup J! (uy., P,)
k

k—+o00 —+00

<J.P).

In the previous lines, the equality is a consequence of the facts that {Vu, } and {Vy,} are bounded and that u, =y, on Q}(, whereas
the last bound is accounted for by (6.3) and (6.4). [

Finally, we are only left to establish the convergence of the minimum problems associated with the energy functionals .7,. What
we need is an adaptation of the I'-convergence statement that we have just proved so as to make it comply with Dirichlet boundary
conditions. To this aim, as it is customary (see, e.g., [28, Proposition 11.7]), we could employ the fundamental estimate derived
in [11] on the functionals { fk‘ } in (6.2); indeed, boundary data concern only the stiff part, cf. Remark 2.6. In the light of Corollary 3.9
we can adopt an alternative strategy.

Proof of Corollary 2.9. Since {(y;,P,)} is a sequence of almost-minimizers, there exists C such that J (v, P,) < C. The 2-
growth condition from below, together with Proposition 3.4, provides a bound on ||y;[l;2. By Lemma 4.1, there exists (y, P) €
WOI’Z(Q;]R3) x W14(Q; K) such that, up to subsequences, y, — y in the sense of extensions and P, — P uniformly. Theorem 2.7
ensures that

J(y, P) < liminf J, (yy, Pp).
k—+o00

We now prove the existence of a recovery sequence meeting the boundary conditions. As suggested by Remark 2.6, we focus on
the stiff part. Let us consider again the functional Jkl in (6.2). Since the sequence {Jkl} falls within the scopes of Theorem 3.8, for
any (5, P) € VVOI’2(.Q;R3) x W4(Q; K) Corollary 3.9 provides a sequence {(u;, P,)} C VVO"Z(.Q;R3) x W4(Q; K) such that {Vu,} is

2-equiintegrable, (u,, P,) — (5, P) and

lim supfk'(uk, Py < T, P).

k—+o00
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By reasoning as in the proof of the upper bound in Theorem 2.7 we retrieve a sequence {3, ﬁk} S WOI’2(.Q;R3) x W4(0; K) such
that $, — ¥ in the sense of extensions, P, — P uniformly and

limsup 7,9y ) < TG, P),

k—+o0
whence

lim sup(inf J) <inf J.

k—+o00

Recalling that {(y,, P,)} is a sequence of almost minimizers, we conclude
inf J < J (3, P) < liminf J,(y;, P,) = liminf inf J, < inf J,
k—+o00 k—+o00

as desired. []
6.2. A non degenerate upper bound for the soft component

We proved in Section 5 that the limiting behavior of the soft inclusions is described by a degenerate functional. However, under
our assumptions, a non-degenerate upper bound may still be established, as we prove in the remainder. The argument follows [9],
where CHERDANTSEV & CHEREDNICHENKO derived the effective energy of high-contrast nonlinear elastic materials. Differently from us,
the I'-limit that they retrieve keeps track of both the macro- and the microscopic variable, and this roots in the choice of a stronger
notion of convergence. The drawback of such an approach is the lack of compactness for sequences with equibounded energy. It was
shown in [25, Example 2.12] that, when weaker topologies are considered, the quasiconvex envelope does not provide the correct
limiting energy density for the lower I'-limit.

We start by proving a more detailed version of Lemma 5.8.

Lemma 6.1 (¢f. Lemma 22 in [9]). Let w € L*(; WOI"Z(QO;R3)) N C%2(2 x Q%R3). Then, there exists a sequence {w,} C
L2(Q; WL2(R3, R3)) such that V,w, — V,w strongly in L*(Q x Q; R¥3). Besides, setting for x € 2

per

v(x) 1= wy <x, 1) (6.5)
&k
{v, )} converges strongly two-scale to w in L? and (5.15) holds.

Proof. We extend w by setting it equal to 0 on Q \ Q, so as to obtain a function in L?(£; %Lf(R3;R3)) which, by a slight abuse
of notation, we denote again by w.

Keeping in mind the definition of _ék (see (5.13)), for (x,z) € 2 x R3 we define w (%, z) in terms of the averages of w(-,z) on
the cubes that form Q,:

f w(x,z)dx if X € g,(t + Q) for some t € T,
wi(%,2) :=19J e (t+0) (6.6)

0 for any other x € Q.

By definition, w, (-, z) is piecewise constant for all z € Q. Moreover, for almost every x € 2, w,(x, -) is Q-periodic as well as weakly
differentiable, and V_ w; — V,w strongly in L*(2 x Q; R¥?). Indeed, from (6.6) and Jensen’s inequality, we have that

//|Vzwk(x,z)—Vzw(x,z)|2dzdx

/ /|V Wi (x,2) = V,w(x, z)|2dzdx+/ /|v w(x, 2)| > dz dx
o

= Z/ /|V wy(x, z) = Vw(x, z)|2dzdx+o(1)
£4(t+0)

< Z/ /f ‘Vzw(é,z)—Vzw(x,z)|2d§dzdx+o(1),
et e+ S0 J e i+0)

and the last term is infinitesimal for k — 4o (recall that w € C? and the mean value theorem applies).

We now turn to the functions v, given by (6.5). First of all we point out that, thanks to the regularity of w, v, is measurable
because it is C? in the second argument (see [33, Section 5]), and vanishes on .Ql Besides, it belongs to W1 2(!22; R?). Second, we
show that {v, } converges weakly two-scale to w in L. To this aim, let us fix ¢ e C(2; C,.(R3;R3)). We flnd

/vk(x) qﬁ( )dx—/ wk<x,i>-¢<x,i> dx
€k tod £k £k
=2/ wk<x,i>~¢<x,i> dx
reT;, J ext+0%) €k €k

per
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= si Z /QO wy (ek(t + z2), z) ~¢(sk(t + z),z) dz

teTy,
= Z / / w(x,z)~¢(£k(t+z),z) dxdz
et /00 Jert+0)

= / / w(x, z) - ¢y (x,z)dzdx,
Q. Joo

where ¢, (x,z) 1= ¢(e,(t + 2),2) if x € g, (t + Q) with 1 € T,. By the dominated convergence theorem, we infer

lim /uk(x).qs(x,i) dx=// w(x, z) - p(x, z) dz dx,
k—+00 [ Ex Q Joo

2
that is, v, — w weakly two-scale in L? (recall that w(x, z) = 0 if z € Q1).

In order to prove that strong two-scale convergence actually holds, we study the limiting behavior of the L? norm of {v,}. On
the one hand, the weak two-scale convergence yields

||w||L2(_Q><Q) < l}{rﬂigof ”Uk||L2(Q)' (6.7)

On the other hand, from the properties of {w,} and a change of variables we have the identities
2

/ |vk(x)|2dx:/ wy, <x1> dx = Z/ wy, <x£>
Q o)) £k 1eT;, J er(t+0%) £k

2
= Z 87‘/0 |wk(5k(t+z),z)) dz = Z Ez/o f w(x, z)dx
0 er, 70 eawo

2
dx

2
dz.

(€T},

Thanks to Jensen’s inequality we deduce

/|U,{(x)|2 dx < 252/ f |w(x,z)|2dxdz=/ / |w(x, z)|* dx dz.
Q sy 00 J e, t1+0) Q0 J &y

This, combined with (6.7), ensures that
Jim ol 2@ = 1wl 2x0)-

In view of Definition 3.5 the conclusion is achieved.
Finally, the strong convergence (5.15) follows by observing that, if x € £,(r + Q), it holds that

V.0, (x,2) = Vwy (6, +2),2). O
We are now in a position to prove a non-degenerate upper I'-limit inequality that is the counterpart of the one in Proposition 5.7

under the current stronger convergence assumptions.

Proposition 6.2. Let {WkO }« satisfy assumptions E3-E5. For any (w, P) € L*(£2; WOI’Z(QO; R3)) x W 4(Q; SL(3)). there exists a sequence
{vg} € W, (@0 R?) such that:

2

(1) v, = w strongly two-scale in L%;

(2) £,Vv, = V,w weakly two-scale in L?;
(3) whenever P, — P uniformly, it holds that

limsup/)(,?(x)VVko(evak(x)P,:l(x))dxs// QWO (V. w(x,z), P~ (x)) dzdx,
k—+oo0 JQ Q2JQ°

where Q'W° is given by (2.8).

The conclusion is not a straightforward consequence of Lemma 6.1, because along the sequence {v,} in (6.5) we would not end
up with the correct limiting energy density. Therefore, the actual recovery sequence is obtained by adding a “correction” to vy.

Proof of Proposition 6.2. The proof consists of several steps. At first, to circumvent measurability issues, it is convenient to consider
a sufficiently regular w. Under such assumption, we are able to construct a recovery sequence of the form v, = 9, + w,, where {7}
is provided by Lemma 6.1 and {@,} allows to pass from the densities WkO to Q' Wko. The definition of i@, is given in Step 1, while
Step 2 deals with the upper limit inequality in the regular case. The general statement is eventually retrieved by approximation.
STEP 1: CONSTRUCTION OF (D) FOR A REGULAR W

Let us assume that w € L%(£2; WOI’Z(QO; R*) N C2(2 x Q% R3?). We consider a cover of Q° made of cubes whose edge length is ¢,.
We set 5, := {s € Z’ : &,(s + Q) C Q°} and, for all (z,s) € T} x 5, we introduce the averages

A(t,s) :=f / V,w(x, z)dzdx (6.8)
e, (t+0) J £, (s+Q)
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and the piecewise constant functions
Ap(t,s) if (x,2) € g4t + Q) X (s + O), (t,5) € Ty x 2,
Ap(x,z) = .
0 otherwise.
We record here for later use that, by means of Lebesgue differentiation and dominated convergence theorems, it follows

lim ||A, — V,w]|?
k—>+co|| k 2wl

L2(2%0)
G Z Z / / [A (2, 5) = V. w(x, )| dzdx .
fre 1ef, ses;, 7 e+ Q) Jer(s+0)

=0.

By the definition of Q’ Wko, for all k € N there exists y; € WOI’Z(Q;]R3) such that

/ ;(O(z)WkO((Ak(t, s)+ Vy/k(z))Pk_l(x)) dz QWO (A(t,5), P~ (x)) + % (6.10)
[}

Note that, due to the smoothness of w, the averages A, are bounded uniformly in k, ¢ and s. In the light of Lemma 5.1, the values
Q' %O(Ak(t, s), P‘l(x)) are uniformly bounded as well. Therefore, by combining (6.10) with assumption E3, we deduce that {y} is
bounded in Wol’z(Q;R3).

A change of variables in (6.10) yields

/( o 7 <§ - s> w <<Ak(t, 5) + Vi <§ - s>> P_l(x)> dz <&} (Q’WkO(Ak(t, £, P7') + %) (6.11)
£x(s

and that suggests us to introduce the functions

_ ExVk (i - S) if (x,2) € 6, (t+ Q) X g4 (s + Q), (1, 5) € Ty x 5,
i (x, z) := £k

0 otherwise.

Note that, for each k and x € ©, ¥, (x, -) admits a weak derivative with respect to z; thus, by summing over (z,s) € Tk X fk, from
(6.11) we may write

3 / / 7° <i —s) WP ( (Ag(x, 2) + Vi (x, z))P—‘(x)) dzdx
()eTyx 8, ? k+0) Jer(s+0) €k

_ 1
< Y e (Q’W,?(Ak(z, 9, PTL () + Z) dx.
(t,5)€Ti x5y £ (1+0)
(6.12)

We also observe that, since {, } is bounded, i, — 0 strongly in L?>(2xQ; R?). Then, given that {V,y} is bounded L*(2xQ;R>?),
it must converge weakly in L? to 0. It follows that, if w, is as in Lemma 6.1 and if (x, z) € ,(t + Q) X £,(s + Q) with (1,5) € fk X Sk,

V,(wy + ;) = V,w  weakly in L2(Q x Q; R¥P). (6.13)
We further notice that
~. ~ X X X
Wi (x) =1y <x, —> = ) aw <—2 - S) Xer1+0) () Xeg(s+0) <_>
Ex repl £ Ep
(1,5)€T x5y k
is a measurable function. A quick application of the definition of weak derivative proves also that i, belongs to I/VOI’Z(_Qg; R3).

STEP 2: w REGULAR
We now turn to the proof of the limsup inequality along the sequence {v, } defined as

U 1= Oy + Wy, (6.14)
where

(%) = wy (x, é)

with w, as in Lemma 6.1, and where {0, } was introduced in Step 1. We have

. . X _ x
0y (x,2) 1= Svp(x,2) = wy | & = t+ez,z )+ | & = +&2z,z |,
k k

so that if (x,z) € g, (t + Q) X g,.(s + Q)

V. 0,(x, 2) = Vwy (6t + 2), 2) + Vi (Ei - s> . (6.15)
k
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Taking into account (6.13), (6.15) and Lemma 3.7(1), it follows that
2 .o
&, Vv, = V,w weakly two-scale in L”.

Recalling Lemma 5.5, we have that

lim sup/ xg(x)ﬂ/}(o(ekVUk(x)P;l(x)) dx = lim sup Z / / VVkO (Vzﬁk(x, z)Pk’l(x)) dzdx
Q £,.(t+Q) J Q0

k—+o0 k—+o0 =

= limsup I,
k—+o0

where

I, = Z / / W (V0 (x, 2)P7 1 (x)) dz dx.
£, (t+Q) J g4 (s+Q)

(t,9)€T x5y

Indeed, o, vanishes if x € 2\ £, orif z € Q°\ U{g,(s + Q) : s € 5;}, and the sequence {W.(0)} is bounded by virtue of E3.
Therefore, since the measure of Q \ Qk and of 0%\ U{g,(s+Q) : s € Sk} vanish for k — +oo, the second equality holds.
Being the value of V.9, (x, z) expressed by formula (6.15), we introduce

Z —
I :=Z/ / I/Vk0<<Ak(t,s)+Vu/k<——s))Pkl(x)> dzdx,
s Jert+0) Jer(s+0) €k

where the summation runs over T} x . By exploiting assumption E4 and Hélder’s inequality, we obtain the estimate

|Ik —IL| ch/ / |(Vzwk(gk(t+z),z) —Ak(t,s))Pk’l(x)
& Jeriro) Jeysro)

In view of Lemma 6.1 and (6.9) we deduce

2
dzdx.

lim |1, - 1;| = 0. (6.16)

k—+o00

Next, let us set
I = / Q’VVkO(Ak(x, z), Pk_l(x)) dzdx.
8, Joo
According to (6.12), the difference between the integrands of I; and I}/ is of order k1
: r_ | =
Jim |1 17| =0. (6.17)

Finally, we compare I}’ and the limiting functional. We have

1;’—// QWO (V,w(x,z), P~ (x)) dzdx
2 Joo
s/ / ‘Q’%O(Ak(x,z),P]:I(x))—Q’I/Vko(Vzw(x,z),P,:l(x))’dzdx
@ J0°
+/ / oW (V.wwx, 2. BT () = QW0 (V.. 2), P ()| dzdx
& Jo0
+/ / |Q,Wk0(Vzw(X,z),P_'(x))—Q’WO(VZw(x,z),P"(x))‘dzdx
@ J Q0
+/ Q'WO(V, w(x,z), P~ (x)) dz dx.
o\Q, Job

All the terms on the right-hand side vanish as k — +co. Indeed, by using the Lipschitz continuity of Q’ Wko (see Lemma 5.1(1)) and
the uniform bound on { P}, the first summand is controlled by the norm of A, — Vv, which, according to (6.9), is infinitesimal.
For what concerns the second term, Lemma 5.1(2) and the uniform convergence of { P} imply that the integrand is infinitesimal
for k - +oo. The third quantity vanishes because {Q’ Wko} pointwise converges to Q'W? (recall that they are just variants of the
quasiconvex envelopes). Lastly, the fourth summand is negligible since £3(22\ £,) tends to 0.
On the whole, taking into account (6.16) and (6.17), we conclude
lim I = / / QWO (V. w(x, z), P~ (x)) dzdx.
e Joo

k—+o00

STEP 3: w GENERIC
The argument follows the one of Case 2 in the proof of Proposition 5.7. []
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6.3. A variant with plastic dissipation

With a view to applying Theorem 2.7 to time-dependent problems, it is useful to modify the functionals .J, by adding a
term that encodes the plastic dissipation mechanism of the system. Precisely, we take into account the non-symmetric distance
D:R¥>3 xR¥3 - [0, +0c0] in (3.9) and we define the dissipation between P,, P, : 2 — SL(3) as

D(Py; P,) :=/D(P0,P1)dx.
Q

From a physical viewpoint, if Py, P, : 2 — SL(3) are admissible plastic strains, D(P,, P;) is interpreted as the minimum amount of
energy that is dissipated when the system moves from a plastic configuration to another. Then, assuming that P € W 19(£2; SL(3))
represents a pre-existent plastic strain of the body, we set

TN P) 1= E 0. P)+ D PY+IVPIY, (6.18)

In the same spirit of (2.9) and (2.10), we distinguish between the dissipation of the inclusions and the one of the matrix, respectively
D(P; P) = /!2 22(x)D(P, P)dx, D!(P; P) := /Q 2 (x)D(P, P)dx.

For what concerns the compactness of sequences with equibounded energy, we notice that the presence of the dissipation D does
not affect Lemma 4.1: the same conclusions hold if the bound on J,(y. P;) is replaced by a bound on inss(yk, Py).
Also our I'-convergence results easily extend to the family {J9%}. The dissipation is indeed a continuous perturbation:

Lemma 6.3. Let P, P € C(Q2; K) be given. If { P,} C C(£; K) converges uniformly to P, then

lim Di(P;P) = £3QHYD(P;P)  fori=0,1.
k—+o00

Proof. We first observe that if P, —» P pointwise, then
D(P(x),P(x)) = 0,  D(P(x),P(x)) - 0. (6.19)

To see this, let y be such that for all (z, F, G) € [0, 11xSL(3)xSL(Q3), y(t, F, G) is the evaluation at 7 of the unique minimizing geodesic
connecting F and G, cf. Lemma 3.10. Then, by (3.9) and the definition of y,

1
D(Py(x), P(x) =/0 A(y(t,Pk(x),P(x)),j/(t,Pk(x),P(x)))dt

1
<c /0 17 (1. Pe(x), P()) [ dr,

where the inequality follows from the definition of 4 in (2.4) and (3.8). Since y is continuous and bounded, by dominated
convergence we deduce that the last term vanishes as k — +oo. In a similar fashion, we show that D(P, P,) — 0 as well.
As second step, we notice that

D(P(x), P(x)) - D(P(x), P(x)). (6.20)
Indeed, the triangular inequality yields
D(P(x), P(x)) — D(Py(x), P(x)) < D(P(x), P(x)) < D(P(x), P(x)) + D(P(x), P,(x)),

and the assertion follows as a consequence of (6.19).
Finally, we observe that (6.20) grants that

kEToo D\ (P;P,) = kEToo /Q 2, ()D(P(x), P(x))dx,
and the conclusion is achieved by arguing as in Lemma 4.2. []
Acknowledgments

We acknowledge support from the Austrian Science Fund (FWF) projects 10.55776/F65, 10.55776/V662, 10.55776/Y1292,
and 10.55776/P35359, as well as from the FWF-GACR project 10.55776/14052 (19-29646L), and from the OeAD-WTZ project
€Z04/2019 (MSMTCR 8J19AT013).

References

[1] F. Christowiak, C. Kreisbeck, Homogenization of layered materials with rigid components in single-slip finite crystal plasticity, Calc. Var. Partial Differential
Equations 56 (2018) 75.

[2] F. Christowiak, C. Kreisbeck, Asymptotic rigidity of layered structures and its application in homogenization theory, Arch. Ration. Mech. Anal. 235 (2020)
51-98.

27


https://doi.org/10.55776/F65
https://doi.org/10.55776/V662
https://doi.org/10.55776/Y1292
https://doi.org/10.55776/P35359
https://doi.org/10.55776/I4052
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb1
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb1
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb1
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb2
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb2
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb2

E. Davoli et al. Nonlinear Analysis: Real World Applications 81 (2025) 104198

[3]
[4]

[5]

[6]

[71
[8]
[9]

[10]
[11]
[12]

[13]
[14]
[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]

[23]
[24]

[25]
[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]

[40]
[41]

[42]

[43]
[44]

E. Davoli, R. Ferreira, C. Kreisbeck, Homogenization in BV of a model for layered composites in finite crystal plasticity, Adv. Calc. Var. 14 (2021) 441-473.
E. Davoli, C. Kreisbeck, On static and evolutionary homogenization in crystal plasticity for stratified composites, in: Research in the Mathematics of
Materials Science, Springer AWM series, 2022, pp. 159-183.

M. Barchiesi, Toughening by crack deflection in the homogenization of brittle composites with soft inclusions, Arch. Ration. Mech. Anal. 227 (2018)
749-766.

M. Barchiesi, G. Lazzaroni, C.I. Zeppieri, A bridging mechanism in the homogenization of brittle composites with soft inclusions, SIAM J. Math. Anal. 48
(2016) 1178-1209.

X. Pellet, L. Scardia, C.I. Zeppieri, Homogenization of high-contrast Mumford-Shah energies, SIAM J. Math. Anal. 51 (2019) 1696-1729.

A. Braides, A. Garroni, Homogenization of periodic nonlinear media with stiff and soft inclusions, Math. Models Methods Appl. Sci. 5 (1995) 543-564.
M. Cherdantsev, K.D. Cherednichenko, Two-scale I'-convergence of integral functionals and its application to homogenisation of nonlinear high-contrast
periodic composites, Arch. Ration. Mech. Anal. 204 (2) (2012) 445-478.

J. Lubliner, Plasticity Theory, Macmillan Publishing Company, New York, 1990.

E. Davoli, C. Gavioli, V. Pagliari, A homogenization result in finite plasticity, Calc. Var. Partial Differential Equations 63 (2024) 72.

A. Mielke, Finite elastoplasticity Lie groups and geodesics on SL(d), in: P. Newton, A. Weinstein, P.J. Holmes (Eds.), Geometry, Mechanics, and Dynamics,
Springer-Verlag, New York, 2002, pp. 61-90.

A. Mielke, Energetic formulation of multiplicative elastoplasticity using dissipation distances, Contin. Mech. Thermodyn. 15 (2003) 351-382.

E. Kroner, Allgemeine Kontinuumstheorie der Versetzungen und Eigenspannungen, Arch. Ration. Mech. Anal. 4 (1959) 273-334.

E.H. Lee, Elastic—plastic deformation at finite strains, J. Appl. Mech. 36 (1969) 1-6.

S. Conti, C. Reina, Kinematic description of crystal plasticity in the finite kinematic framework: a micromechanical understanding of F = F,F,, J. Mech.
Phys. Solids 67 (2014) 40-61.

S. Conti, C. Reina, A. Schlémerkemper, Derivation of F = F,F, as the continuum limit of crystalline slip, J. Mech. Phys. Solids 89 (2016) 231-254.

E. Davoli, G.A. Francfort, A critical revisiting of finite elastoplasticity, SIAM J. Math. Anal. 47 (2015) 526-565.

D. Grandi, U. Stefanelli, Finite plasticity in P"”, Part I: constitutive model, Contin. Mech. Thermodyn. 29 (2017) 97-116.

D. Grandi, U. Stefanelli, Finite plasticity in PT*, Part II: quasi-static evolution and linearization, SIAM J. Math. Anal. 49 (2017) 1356-1384.

P.M. Naghdi, A critical review of the state of finite plasticity, Z. Angew. Math. Phys. 41 (1990) 315-394.

S. Bartels, C. Carstensen, K. Hackl, U. Hoppe, Effective relaxation for microstructure simulations: algorithms and applications, Comput. Methods Appl.
Mech. Engrg. 193 (2004) 5143-5175.

C. Carstensen, K. Hackl, A. Mielke, Non-convex potentials and microstructures in finite-strain plasticity, Proc. R. Soc. Lond. Ser. A 458 (2002) 299-317.
E. Davoli, T. Roubicek, U. Stefanelli, A note about hardening-free viscoelastic models in Maxwellian-type rheologies at large strains, Math. Mech. Solids
26 (2021) 1483-1497.

E. Davoli, M. Kruzik, V. Pagliari, Homogenization of high-contrast composites under differential constraints, Adv. Calc. Var. 17 (2) (2024) 277-318.

G. Dal Maso, An Introduction to I'-Convergence, Springer Science & Business Media, 2012.

E. Acerbi, V. Chiado-Piat, G. Dal Maso, D. Percivale, An extension theorem from connected sets, and homogenization in general periodic domains, Nonlinear
Anal. 18 (5) (1992) 481-496.

A. Braides, A. Defranceschi, Homogenization of Multiple Integrals, Oxford University Press, 1998.

A. Visintin, Towards a two-scale calculus, ESAIM Control Optim. Calc. Var. 12 (3) (2006) 371-397.

M. Baia, I. Fonseca, The limit behavior of a family of variational multiscale problems, Indiana Univ. Math. J. 56 (1) (2007) 1-50.

1. Fonseca, S. Miiller, P. Pedregal, Analysis of concentration and oscillation effects generated by gradients, SIAM J. Math. Anal. 29 (1998) 736-756.

D. Gilbarg, N.S. Trudinger, Elliptic Differential Equations of Second Order, second ed., Springer-Verlag, Berlin, 1983.

G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 (6) (1992) 1482-1518.

G. Nguetseng, A general convergence result for a functional relate to the theory of homogenization, SIAM J. Math. Anal. 20 (3) (1989) 608-623.

A. Visintin, Some properties of two-scale convergence, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 15 (2) (2004) 93-107.
D. Cioranescu, A. Damlamian, G. Griso, Periodic unfolding and homogenization, C. R. Math. Acad. Sci. Paris 335 (1) (2002) 99-104.

D. Cioranescu, A. Damlamian, G. Griso, The periodic unfolding method in homogenization, SIAM J. Math. Anal. 40 (4) (2008) 1585-1620.

D. Bao, S.-S. Chern, Z. Shen, An Introduction to Riemann-Finsler Geometry, Springer Science & Business Media, 2000.

K. Hackl, A. Mielke, D. Mittenhuber, Dissipation distances in multiplicative elastoplasticity, in: W. Wendland, M. Efendiev (Eds.), Analysis and Simulation
of Multifield Problems, Springer, New York, 2003, pp. 87-100.

B. Dacorogna, Direct Methods in the Calculus of Variations, Springer Science & Business Media, 2008.

H. Le Dret, A. Raoult, Variational convergence for nonlinear shell models with directors and related semicontinuity and relaxation results, Arch. Ration.
Mech. Anal. 154 (2000) 101-134.

1. Fonseca, S. Kromer, Multiple integrals under differential constraints: two-scale convergence and homogenization, Indiana Univ. Math. J. 59 (2) (2010)
427-457.

C. Castaing, M. Valadier, Convex Analysis and Measurable Multifunctions, in: Lecture Notes in Mathematics, vol. 580, Springer-Verlag, 1977.

A. Braides, I'-Convergence for Beginners, Oxford University Press, 2002.

28


http://refhub.elsevier.com/S1468-1218(24)00137-8/sb3
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb4
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb4
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb4
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb5
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb5
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb5
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb6
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb6
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb6
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb7
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb8
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb9
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb9
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb9
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb10
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb11
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb12
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb12
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb12
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb13
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb14
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb15
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb16
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb16
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb16
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb17
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb18
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb19
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb20
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb21
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb22
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb22
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb22
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb23
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb24
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb24
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb24
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb25
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb26
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb27
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb27
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb27
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb28
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb29
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb30
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb31
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb32
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb33
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb34
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb35
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb36
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb37
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb38
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb39
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb39
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb39
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb40
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb41
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb41
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb41
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb42
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb42
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb42
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb43
http://refhub.elsevier.com/S1468-1218(24)00137-8/sb44

	Homogenization of high-contrast media in finite-strain elastoplasticity
	Introduction
	Outline of the paper

	Mathematical setting and results
	Preliminaries
	A decomposition lemma
	A couple of tools to deal with periodic heterogeneous media
	Two-scale convergence and the unfolding method
	Homogenization of connected media in finite plasticity
	Finsler structure on SL(3)

	Compactness and splitting
	Γ-limit of the soft component
	The limiting functional
	Lower bound for the elastic energy
	Upper bound for the elastic energy
	Proof of Proposition 2.11 

	Conclusions and a variant of the problem with plastic dissipation
	Proof of Theorem 2.7 and convergence of minimum problems
	A non degenerate upper bound for the soft component
	A variant with plastic dissipation

	Acknowledgments
	References


