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Abstract

This is the first of two papers devoted to the proof of
conformal invariance of the critical double random cur-
rent model on the square lattice. More precisely, we
show the convergence of loop ensembles obtained by
taking the cluster boundaries in the sum of two indepen-
dent currents with free and wired boundary conditions.
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Paris-Saclay, Orsay, France . . 5 q c
Y Y ciated height function to the continuum Gaussian free

Correspondence field, and then to characterise the scaling limit of the
Marcin Lis, Technische Universitit Wien.

loop ensembles as certain local sets of this Gaussian free
Email: marcin.lis@tuwien.ac.at

field. In this paper, we identify uniquely the possible

Funding information subsequential limits of the loop ensembles. Combined
NCCR SwissMap; European Research

, with Duminil-Copin et al., this completes the proof of
Council, Grant/Award Number: 57296

conformal invariance.

MSC 2020
82B20 (primary)

1 | INTRODUCTION

1.1 | Motivation and overview

The rigourous understanding of conformal field theory (CFT) and conformally invariant random
objects via the developments of the Schramm-Loewner evolution (SLE) and its relations to the
Gaussian free field (GFF) has progressed greatly in the last 25 years. It is fair to say that once
a discrete lattice model is proved to be conformally invariant in the scaling limit, most of what

© 2025 The Author(s). Proceedings of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in
any medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

Proc. London Math. Soc. (3) 2025;130:70022.
https://doi.org/10.1112/plms.70022

wileyonlinelibrary.com/journal/plms 1 of 68


mailto:marcin.lis@tuwien.ac.at
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/plms
https://doi.org/10.1112/plms.70022
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fplms.70022&domain=pdf&date_stamp=2025-01-04

2 of 68 | DUMINIL-COPIN ET AL.

mathematical physicists are interested in can be exactly computed using the powerful tools in
the continuum.

A large class of discrete lattice models are conjectured to have interfaces that converge in the
scaling limit to SLE, -type curves for x € (0, 8]. Unfortunately, such convergence results are only
proved for a handful of models, including the loop-erased random walk [57] and the uniform
spanning tree [40] (corresponding to x = 2 and 8), the Ising model [15] and its FK representation
[65] (corresponding to x = 3 and 16/3) and Bernoulli site percolation on the triangular lattice [64]
(corresponding to x = 6). Known proofs involve a combination of exact integrability” enabling
the computation of certain discrete observables, and of discrete complex analysis to imply the
convergence in the scaling limit to holomorphic/harmonic functions satisfying certain boundary
value problems that are naturally conformally covariant.

To upgrade the result from conformal covariance of these ‘witness’ observables to the con-
vergence of interfaces in the system, one needs an additional ingredient. In some cases, when
properties of the discrete models are sufficiently nice (typically tightness of the family of inter-
faces, mixing-type properties, etc.), a clever martingale argument introduced by Oded Schramm
enables to prove convergence of interfaces to SLEs and CLEs. This last step involves the spatial
Markov properties of the discrete model in a crucial fashion. We refer to the proofs of confor-
mal invariance of interfaces in Bernoulli site percolation, the Ising model, the FK Ising model
or the harmonic explorer for examples. Unfortunately, the discrete properties of the model are
sometimes not sufficiently nice to implement this martingale argument and there are still many
remaining examples for which the scaling limit of the interfaces cannot be easily deduced from
the conformal invariance of certain observables — most notably for the case of the double dimer
model, for which an important breakthrough was performed by Kenyon in [37], followed by a
series of impressive papers [8, 18].

In this paper, we prove convergence of the nested inner and outer boundaries of clusters in
the critical double random current (DRC) model with free boundary conditions, as well as in
its dual model with wired boundary conditions, to level loops of a GFF. In particular, the outer
boundaries of clusters in the critical DRC model with free boundary conditions converge to CLE,.
The random current model has proved to be a very powerful tool to understand the Ising model. Its
applications range from correlation inequalities [29], exponential decay in the off-critical regime
[1, 23, 26], classification of Gibbs states [54], continuity of the phase transition [3], and so on.
Even in two dimensions, where a number of other tools are available, new developments have
been made possible via the use of this representation [4, 21, 45]. In particular, as mentioned at
the end of this Section 1.2, the scaling limit of the DRC gives access to the scaling limit of spin
correlations in the Ising model. For a more exhaustive account of random currents, we refer the
reader to [20].

Convergence to SLE,-type curves were previously proved for the harmonic explorer [61], zero
contour lines of the discrete GFF [58] (also in the cable-graph representation [5]), the zero contour
lines of the Ginzburg-Landau V¢ interface model [46, 47] and cluster boundaries of a random
walk loop-soup with the critical intensity [10, 44].

As mentioned above, our proof does not follow the martingale strategy. Instead, it relies on a
coupling between the DRC and a naturally associated height function, and can be decomposed
into three main steps (see the next sections for more details).

(i) Proving the joint tightness of the family of interfaces in the DRC model and the height
function, as well as certain properties of the joint coupling.

 Only approximately for site percolation on the triangular lattice.
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(ii) Proving convergence of the height function to the GFF.
(iii) In the continuum, identifying the scaling limit of the interfaces using properties of the GFF
and its local sets.

Each of the three previous steps involves quite different branches of probability. The first one
extensively uses percolation-type arguments for dependent percolation models. The second one
concerns a height function studied already by Dubédat [17] and Boutilier and de Tiliere [9]. How-
ever, unlike in [9, 17], it harvests a link between a percolation model (the DRC) and dimers.
Moreover, it uses techniques introduced by Kenyon to prove convergence of the dimer height
function, but with a new twist as the proof relies heavily on fermionic observables introduced
by Chelkak and Smirnov to prove conformal invariance of the Ising model, as well as a delicate
result on the DRC model (see Section 2) helping identifying the boundary conditions. Finally, the
last step relies on properties of the local sets of the GFF introduced by Schramm and Sheffield
[59], and in particular on the two-valued local sets introduced by Aru, Sepulveda and Werner [7].
This step crucially uses the spatial Markov properties of the interfaces and the associated height
function deduced from step (ii), but also establishes a certain spatial Markov property of the outer
boundaries of the clusters in the continuum limit (which turn out to be CLE, of the limiting GFF)
which is unknown in the discrete.

Part (i) of the proof is postponed to the second paper [22]. In this paper, we focus on (ii) and
(iii).

In the reminder of this introduction, we state the results of the convergence of the interfaces
in the DRC models with free and wired boundary conditions (Section 1.2) and the convergence of
the height function associated with the DRCs (Section 1.3). In reality, the DRCs with free and
wired boundary conditions can be coupled on the primal and dual graphs and be associated
with the same height function, so that these three objects converge jointly. In particular, we have
more precise descriptions on their joint limit, but we postpone these further results to Section 6
for simplicity.

Notation
Throughout the article, we work with planar graphs embedded in the plane. We will consider
Jordan domains D ¢ C, that is, simply connected domains whose boundary 0D is a Jordan curve.
In certain situations, we will impose a regularity condition on 4D, namely that itis a C' curve.
Below, we will speak of convergence of random variables taking values in families of loops
contained in D, and distributions (generalised functions). While the latter is classical and has a
well defined associated topology, we provide some details on the former. To this end, let € = €(D)
be the collection of locally finite families 7 of non-self-crossing loops contained in D that do not
intersect each other. Inspired by [2], we define a metric on €,

3f : F. - F’ one-to-one s.t. Vy € F,,d(y, f(y)) < ¢

dFr,Fi<e & o )
and similarly when exchanging 7’ and F

) (1.D)

where F, is the collection of loops in F with a diameter larger than ¢, and for two loops y; and y,,
we set

d(y1,7,) = inf sup |y;(t) — v, (0, 1.2)

tes!

with the infimum running over all continuous bijective parametrisations of the loops y; and y,
by S!.
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We will say that simply connected graphs D® ¢ 5§72 approximate D if d(dD°,3D) — 0as & — 0,
where d is as in (1.2).

1.2 | Convergence of interfaces in double random currents

Consider a finite graph G = (V, E) with vertex set V and edge set E. A current n on G is a function
defined on the undirected edges {v, v’} € E and taking values in the natural numbers. The current
set of sources is defined as the set

on := {U EV: Z ng, . is odd}, (1.3)

veviv~u

where v’ ~ v means that {v,0v'} € E.
Let QF be the set of currents with the set of sources equal to B. When B = @, we speak of a
sourceless current. We associate to a current n the weight

( JUU’ )n{v’u/}
wesm) = ] Bl 7 (14)

{v,v’'}€E n{U,U’}!

which comes from the associated Ising model on G [29] (which also has coupling constants J and
inverse temperature (). For now, we focus on the critical parameters on the square lattice

f=PB.=3In(V2+1)

and Jg, ,, = 1 for every {v, v’} which is an edge of G, and 0 otherwise, and drop them from the
notation. General models will be considered in Section 3.
We introduce the probability measure on currents with sources B C V given by

( )= Wg(n), for everyn € QF, (1.5)

G

where Zg is the partition function. The random variable n is called a random current configuration
on G with free boundary conditions and source-set B.
We define PA’B to be the law of (n;,n,), where n; and n, are two independent currents with

respective laws PA and PB The DRC (model) is the law of n; + n, under PAZ We call a cluster
of any currentn a connected component of the graph with vertex set V and edge set E(n) :={e €
E : n, > 0}. To a given cluster C, we associate a loop configuration made up of the dual edges e*
where e = {v, v’} is such that v € C and v’ ¢ C. Note that this loop configuration is made up of
loops on the dual graph corresponding to the different connected components of 72 \ C. The loop
corresponding to the unbounded component is called the outer boundary of the cluster, and the
loops corresponding to the boundaries of the bounded ones (sometimes referred to as holes) are
called the inner boundaries. We define the (nested) boundaries interface configuration n(n) to be
the collection of outer and inner boundaries of the clusters in n. We note that the inner and outer
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FIGURE 1.1 Left: We depict the outermost clusters in a double random current with free boundary
conditions. The outer boundaries of these clusters are in red (they form a CLE,). The inner boundaries of the
clusters are in black. Right: We depict the unique outermost cluster in a double random current with wired
boundary conditions. The inner boundaries of this cluster are in black. For both: In each domain encircled by an
inner boundary loop, one has (the scaling limit of) an independent double random current with free boundary
conditions. This allows us to iteratively sample the nested interfaces.

boundaries of different clusters may share edges (but they do not cross). We will often refer to the
elements of 7(n) as the interfaces of n.

As before, we fix a simply connected Jordan domain D ¢ C and consider the DRC on D?. To
state the following theorem, we will need the notion of two-valued sets A_ab introduced in [7],
which is the unique thin local set of the GFF in D with boundary values —a and b. In this work,
we use L_, ;, to denote the collection of outer boundaries (which are SLE,-type simple loops and
level loops of the GFF) of the connected components of D \ A_, ;. We refer to Section 5 for more
details on two-valued sets and related objects. We define

A=1\/7/8.

Theorem 1.1 (Convergence of DRC clusters with free boundary conditions). Let D be a Jordan
domain, and let D° approximate D. Moreover, let )° be the nested boundaries interface configuration
of the critical DRC on D° with free boundary conditions. Then, as § — 0, 7)° converges in distribution
to a limit whose law is invariant under all conformal automorphisms of D. More precisely, we have
that (see Figure 1.1 Left)

* The outer boundaries of the outermost clusters converge to a CLE, in D.
* Ifthe outer boundary of a cluster converges to y, then the inner boundaries of this cluster converge

to £—2/1,(2\/§—2)/1 in the domain encircled by y.

This picture repeats iteratively in each hole of every cluster. In particular,

* If a loop in the inner boundary of a cluster converges to y, then the outer boundaries of the
outermost clusters enclosed by y converge to a CLE, in the domain encircled by y.
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‘We will also work with the random current model with wired boundary conditions on G. For the
purpose of the statement below, we define it explicitly for the critical model on the square lattice
without referring to the dual model. Later, in Section 3.1, a version for a general planar graph
will be stated. Let G C Z? be a simply connected subgraph of Z? that is a union of square faces
(in particular does not have vertices of degree one). Let G be the set of vertices of G that lie on
the unbounded face of G and are of degree 2 or 3. We define G* to be the graph with vertex set
V* .=V u{g} where g is an additional vertex that lies in the unbounded face of G, and E* :=
EuU{{v, g} : v € 3G}, where vertices of degree two contribute two edges. This condition comes
from the fact that G is a weak dual graph of some subgraph of the dual square lattice, and in this
case, G is the full dual graph. The coupling constants on the new edges are the same as on all

other edges, and are critical. Accordingly, we introduce the measures Plé . and PA5  asbefore.

G+ H*
Theorem 1.2 (Convergence of DRC clusters with wired boundary conditions). Let D be a Jordan
domain, and let D® approximate D. Moreover, let )° be the nested boundaries interface configuration
of the critical DRC on D? with wired boundary conditions. Then, as § — 0, n° converges in distribu-
tion to a limit whose law is invariant under all conformal automorphisms of D. More precisely, we
have that (see Figure 1.1 Right)

* The inner boundaries of the unique outermost cluster converge to L N in D.

* Iftheinner boundary of a cluster converges to y, then the outer boundaries of the outermost clusters
enclosed by y converge to a CLE, in the domain encircled by y.

* If the outer boundary of a cluster converges to y, then the inner boundaries of this cluster converge
to £—2/1,(2\/§—2)A in the domain encircled by y.

Remark 1.3. The values of a and b in L_,;, that we obtain in our results are combinations of

\/Eﬂ. and 2A. The mechanism for the generation of each of these gaps in the scaling limit is very
different, and this realisation is one of the main (and possibly surprising) insights of this work. The
appearance of multiplies of \/5/1 is directly related to the value of the multiplicative constant in
front the GFF that arises as the scaling limit of the associated height function (see Section 1.3 and
Theorem 1.4 therein). This is the same constant as the one in the scaling limit of height functions
in the dimer model [35]. Moreover, the inner boundaries of clusters possess a Markov property
already at the discrete level as can be easily seen from the definition of the DRC. This means that
the gap \/El is in some sense present already in the discrete. On the other hand, 24 is the height
gap between the two sides of a level line in the GFF [58], which only emerges in the continuum.
We have identified it using properties of two-valued sets [6, 7] (see Section 5) and properties of
the scaling limit of the model (in particular, how the interfaces intersect in the continuum, which
we derive in our companion paper [22]). Also, the outer boundaries do not have any apparent
Markov property at the discrete level, and hence, one can think of the value 21 as an emergent or

effective gap.

Theorems 1.1 and 1.2 have the following applications.

* The Hausdorff dimension of a DRC cluster in the scaling limit (for both free and wired boundary
conditions) is 7/4 [56].

* (Difference in log conformal radii) The difference of log conformal radii between two successive
loops that encircle the origin in the scaling limit of DRC interfaces is equal to T; + T, where
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T, is the first time that a standard Brownian motion exits [—7, (\/E — 1)xr] and T, is the first
time that a standard Brownian motion exits [—7, 7] (see [7, Proposition 20]).

* (Number of clusters) Let N(¢) be the number of DRC clusters in the unit disk surrounding the
origin such that their outer boundaries have a conformal radius w.r.t. the origin at least . We
will show in Lemma 6.11 that almost surely,

N(e)/ log(e™!) — —2

e—0 \/57.[2 )

* (Scaling limit of the magnetisation in domains) With a little bit of additional work, one may
derive from our results the conformal invariance of the n-point spin—spin correlations of the
critical Ising model already obtained in [14] as these correlations are expressed in terms of
connectivity properties of n‘f + ng. The additional technicalities would consist in relating the
point-to-point connectivity in n‘f + ng to the probabilities that the e-neighbourhoods of the
points are connected. Such reasonings have been implemented repeatedly when proving con-
formal invariance, and we omit the details here as it would lengthen the paper even more.
Even though the result is already known, we still wished to mention this corollary as our paper
uses only the convergence of certain fermionic observables to obtain convergence of the nest-
ing field height function to the GFF. Unlike the spinor observables used in [14], these are local
functions of the Kadanoff-Ceva fermions. The convergence of such fermionic observables has
been obtained for the critical Ashkin-Teller model (which is a combination of two interacting
Ising models) in [28] via renormalisation arguments using the crucial fact that the observables
are local. Notoriously, the spin-spin correlations are not of this kind, which makes renormali-
sation arguments much more difficult to implement. We believe that the strategy of this paper
may be of use to extend the universality results from [28] to non-local Grassmann observables.

Finally, we remark that Theorems 1.1 and 1.2 are simplified versions of more detailed results
(see Theorems 6.4 and 6.2) that we will prove in Section 6. We do not include all details in the
introduction in order to facilitate the reading, but let us make some comments on the additional
properties that we can obtain:

* The proofs of Theorems 1.1 and 1.2 rely on the coupling of the models with a height function
that we will present in the next subsection. In fact, the primal and dual DRCs can be coupled
together with the same height function (see Theorem 3.1). Consequently, the limiting interfaces
of the primal and dual models are also coupled with the same GFF, so that we fully understand
the nesting and intersecting behaviour of their limiting interfaces.

* Theorems 1.1 and 1.2 state the convergence of the boundaries of DRC clusters. To identify the
cluster of a current, one only needs to know the edges where the current is strictly positive. How-
ever, apart from the shape of the clusters, we also have an additional information on whether
the current is even and positive or odd on each edge. A hole of a DRC cluster is called odd if
the flux of the cluster around this hole is an odd number, and otherwise it is called even. Here,
the flux is the total current flowing across any dual path that connects any face in the hole to
the boundary of the graph. In the discrete, given the shape of the clusters, there is additional
randomness to determine the parity of the holes. However, in the continuum limit, as we will
show in Theorem 6.4, the parity of each hole in a DRC cluster with free b.c. is a deterministic
function of the shape of the cluster.
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1.3 | Convergence of the nesting field of the double random current to
the Gaussian free field

As mentioned above, a central piece in our strategy is a new convergence result dealing with the
so-called nesting field of the DRC introduced by two of the authors in [21]. Let G = (V,E) be a
generic planar graph. For a current n, let

* n,y, be the set of edges with an odd value in n (called the odd part of n),
* N, be the set of edges with an even and strictly positive value of n (called the even part of n).

We clearly have n 44 Un.,, = E(n), and hope that no confusion will arise from the fact that
the zero values are not included in the even part of a current. In what follows we will often
identify a current n with the pair (n,qq,Neyen) as it carries all the relevant information for
our considerations.

A non-trivial connected component of the graph (V, n44) Will be called a contour. In particular,
each contour C is contained in a unique cluster of n, and each cluster & is associated to a contour
configuration € N n,4q. Each contour configuration gives rise to a +1 spin configuration on the
faces of G, where the external unbounded face is assigned spin +1, and where the spin changes
whenever one crosses an edge of a contour. We call a cluster € odd around a face u if the spin
configuration associated with the contour configuration € Nn, 44 assigns spin —1 to u (this is
the same as asking for the total flux of the current in the cluster to be odd across any dual path
connecting u to infinity).

For a current n, let €(n) be the collection of all clusters of n, and let (€ )z s (n) be i.i.d. random
variables equal to +1 or —1 with probability 1/2 indexed by €(n). These random variables are
called the labels of the clusters. The nesting field with free boundary conditions of a current n on G
evaluated at a face u of G is defined by

ho(u) 1= Z 1{% odd around u}eg. (1.6)
€eC(n)

Analogously, the nesting field with wired boundary conditions of a current n on G* evaluated at a
face u of G* is defined by

hg L) = (1{‘6g odd around u} — 1/ 2)6%g + 2 1{% odd around u}e, 1.7)
©#6,

where ‘gg is the cluster containing the external vertex g, and where the sum is taken over all
remaining clusters of n. Here, whether €, is odd around a face of G or not depends on the embed-
ding of the graph G*. However, one can see that the distribution of hg . (u) is independent of
this embedding.

Note that due to the term corresponding to €, the nesting field with wired boundary conditions
takes half-integer values, whereas the one with free boundary conditions is integer-valued. Such
definition is justified by the next result, and by the joint coupling of h; and k', via a dimer model
described in Section 3.2.3. We note that the global shift of 1/2 between h; and hg* is the same as
in the work of Boutilier and de Tiliére [9].

The following is the main result of this part of the argument. We identify the function hps
defined on the faces of D° with a distribution on D in the following sense: extend hps to all
points in D by setting it to be equal to hps(u) at every point strictly inside the face u, and 0 on
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the complement of the faces in D. Then, we view hjs as a distribution (generalised function) by
setting

hps(f) :=/Df(x)hD5(x)dx,

where f is a test function, that is, a smooth compactly supported function on D. We proceed anal-
ogously with the field h(; 5ye and extend it to all points within the faces of (D?)*. We will say that a

sequence of random generalised functions X,, converges weakly to a random generalised function
X, if X, (f) converges in distribution to X(f) for every test function f.

The GFF hp, with zero boundary conditions in D is a random distribution such that for every
smooth function f with compact support in D, we have

2
E[( /D f(z)hD<z>dz> ] - /D /D F@)f()Cp 21 2,)dz,dzs, 18)

where Gp, is the Green’s function on D with zero boundary conditions satisfying AGp(x,-) =
—d,(-), where &, denotes the Dirac mass at x. This normalisation means, for example, that for
the upper half plane H, we have

Gu(x,y) = 5 10g|(x =)/ (x = )l

Given a planar graph G, we write G for its weak dual, that is, the planar dual graph with the
vertex corresponding to the outer boundary of G removed.

Theorem 1.4 (Convergence of the nesting field). Let D be a Jordan domain, and let D° approx-
imate D. Denote by hys the nesting field of the critical double random current model on D° with

free boundary conditions, and by h(; 5yt the nesting field of the critical DRC model on the weak dual

graph (D®)" with wired boundary conditions. Then,

. : 1
m = lim + —
i Ape = UMLK sy = Nz

hD,
where hy, is the GFF in D with zero boundary conditions, and where the convergence is in distribution
in the space of generalised functions.

We want to mention that hjs and h(+D syt Can be coupled together as one random height function

Hps defined on the faces of a planar graph Cjs (whose faces correspond to both the faces of D?

and (Da)"'; see Figure 3.3) in such a way thatlims_,, Hps = LhD, and moreover, the values of h s
w

Nz
and h(‘; 5yt differ locally by an additive constant. More properties of this coupling are described in
Section 3.1.

Our proof is based on the relationship between the nesting field of DRCs on a graph G and
the height function of a dimer model on decorated graphs G¢ and C; established in [21]. We
will first explicitly identify the inverse Kasteleyn matrix associated with these dimer models with
the correlators of real-valued Kadanoff-Ceva fermions in the Ising model [32]. This is valid for
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arbitrary planar weighted graphs, and can also be derived from the bozonisation identities of
Dubédat [17]. For completeness of exposition, we choose to present an alternative derivation
that uses arguments similar to those of [21]. Compared to [17], rather than using the connection
with the six-vertex model, we employ the DRC model. We then express the real-valued observ-
ables on general graph in terms of the complex-valued observables of Smirnov [65], Chelkak and
Smirnov [15] and Hongler and Smirnov [31]. This is a well-known relation that can be, for exam-
ple, found in [13]. We also state the relevant scaling limit results for the critical observables on the
square lattice obtained in [15, 31, 65].

All in all, we identify the scaling limit of the inverse Kasteleyn matrix on graphs Cj,s as § — 0.
This is an important ingredient in the computation of the limit of the moments of the height func-
tion which is done by modifying an argument of Kenyon [34]. Another crucial and new ingredient
is a class of delicate estimates on the critical random current model from [22] that allow us to do
two things:

* to identify the boundary conditions of the limiting GFF to be zero boundary conditions;
* to control the behaviour of the increments of the height function between vertices at small
distances.

The first item is particularly important as handling boundary conditions directly in the dimer
model is notoriously difficult. Here, the identification of the limiting boundary conditions is made
possible by the connection with the DRC as well as the main result of [22] stating that large clusters
of the DRC with free boundary conditions do not come close to the boundary of the domain (see
Theorem 2.4 below). We see this observation and its implication for the nesting field as one of the
key innovation of our paper.

We stress the fact that Theorem 1.4 does not follow from the scaling limit results of Kenyon [34,
35] as the boundary conditions considered in these papers are related to Temperley’s bijection
between dimers and spanning trees [38, 39, 66], whereas those considered in this paper corre-
spond to the double Ising model [9, 17, 21]. Moreover, we note that the infinite volume version
of Theorem 1.4 was obtained by de Tiliere [16]. Finally, it can also be shown that the hedgehog
domains of Russkikh [55] are a special case of our framework, where the boundary of D° makes
turns at each discrete step.

Organisation

The paper is organised as follows. In Section 2, we state the main results from our second
paper [22]. In Section 3, we recall the relationship between different discrete models and derive
a connection between the inverse Kasteleyn matrix and complex-valued fermionic observables.
While some (but not all) of these results are not completely new, they are scattered around the
literature, and we therefore review them here. In Section 4, we derive Theorem 1.4. Section 5
presents more preliminaries on the continuum objects. Section 6 is devoted to the identification
of the scaling limit of DRCs.

2 | INPUT FROM THE SECOND PAPER OF THE SERIES

In this section, we briefly recap some inputs from [22] that are used in this paper. We refer to [22]
for the proofs. We only mention the main tools from [22] that we will use and refer, later in the
proof, to the precise statements of [22] when they were not mentioned in this section.
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Results for the double random current model

We will need tightness results for several families of loops, notably for the outer and inner
boundaries of the DRC clusters. This is done using an Aizenman-Burchard-type criterion for
the DRC. Below, for a subset A of vertices, an A-cluster is a cluster for the current configura-
tion restricted to A. A domain D is a subgraph of Z? whose boundary is a self-avoiding polygon
in 2. Let A, := [-r,r]? and Ann(r,R) := Ay \ A,_;. Call an Ann(r, R)-cluster (i.e. an A-cluster
with A = Ann(r, R)) crossing if it intersects both dA, and dA. For an integer k > 1, let A, (r,R)
be the event’ that there are k distinct Ann(r, R)-clusters crossing Ann(r, R).

Theorem 2.1 (Aizenman-Burchard criterion for the DRC model). There exist sequences
(Cidis1> A ks1 with Ay tending to infinity as k — oo, such that for every domain D, every k > 1
and allr,Rwith1 <r < R/2,
r
P A% (n R)] < (). @1)

If the domain has a C! boundary, the same holds for the model with wired boundary conditions but
with the constants Cy and A, depending on D.

We will also need some a priori properties of possible subsequential scaling limits. These will
be obtained using estimates in the discrete on certain four-arm type events. We list them now.
Let

A?(r,R) : = {there exist two Ap-clusters crossing Ann(r, R)},

and let AE(x, r, R) be the translate of AE(;’, R) by x.
Theorem 2.2. There exists C > 0 such that for allr,R with 1 <r <R,

X} O 2
PZZ’ZZ [A (r,R)] < C(r/R)". (2.2)
Furthermore, for every € > 0, there existsn = n(e) > Osuch that forallr, Rwith 1 < r < nR and every
domain Q D A,p,

P?ﬁz[ﬂx €Ag : AD(x,r,R)] <c. (2.3)
The result is coherent with the fact that the scaling limit of the outer boundaries of large clusters
in the DRC model with free boundary conditions is given by CLE,, which is known to be made
up of simple loops that do not touch each other. Interestingly, to derive the convergence to the
continuum object, it will be necessary to first prove this property at the discrete level.

We turn to a second result of the same type. For a current n, let n* be the set of dual edges e*
with n, = 0. For a dual path y = (ef, e;‘, . e;;), call the n-flux through y the sum of the n,. Call
an Ann(r, R)-hole in n a connected component of n* restricted to Ann(r, R)* (note that it can be
seen as a collection of faces). An Ann(r, R)-hole is said to be crossing Ann(r, R) if it intersects dA

The subscript 2k instead of k is meant to illustrate that there are k Ann(r, R)-clusters from inside to outside separated by
k dual clusters separating them.
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and 6A;§. Consider the event

- there exist two Ann(r, R)-holes crossing Ann(r, R) and the
Ap(r,R) = .

shortest dual path between them has even (n; + n,)-flux

Denote its translate by x by A4. (x,r,R).
Theorem 2.3. There exists C > 0 such that for allr,Rwith 1 <r <R,

3.0 [ | 2
PZZ’ZZ [A,;(r,R)] < C(r/R)". 24
Furthermore, for every € > 0, there existsn = n(e) > Osuch that forallr, Rwith 1 < r < nR and every
domain D D A,p,

P?ﬁz[ﬂx €A : AMx,r,R) < (2.5)

Let us mention that the previous results are obtained using the following key statement, which
is of independent interest and is also directly used in this paper. For a set D, let J,.D be the set of
vertices in D that are within a distance r from 0D.

Theorem 2.4 (Connection probabilities close to the boundary for DRC). There exists ¢ > 0 such
that for all r, R with 1 < r < R and every domain D containing A, but not Asp,

[4 3.0 n;+n, r
— ¢ __<PY|A 8.D] < e(L),
og®yr) S Poplhr — oDl <e(p)

where x — €(x) is an explicit function tending to 0 as x tends to 0.

We predict that the upper bound should be true for e(x) := C/log(1/x) but we do not need
such a precise estimate here. Again, the result is coherent with the fact that the scaling limit of
the outer boundary of large clusters in the DRC with free boundary conditions is given by CLE,.

The lower bound is to be compared with recent estimates [24, 25] obtained for another depen-
dent percolation model, namely the critical Fortuin-Kasteleyn random cluster model with cluster
weight q € [1,4). There, it was proved that the crossing probability is bounded from below by a
constant ¢ = ¢(q) > 0 uniformly in r/R. We expect that the behaviour of the critical random clus-
ter model with cluster weight g = 4 on the other hand is comparable to the behaviour presented
here: large clusters do not come close to the boundary of domains when the boundary conditions
are free.

3 | PRELIMINARIES ON DISCRETE MODELS

The main two goals of this section are the following. First of all, we describe a coupling between
DRCs (both primal and dual) and the associated nesting fields. This is stated in Theorem 3.1, and
the properties of the coupling are crucial in the proofs of our main theorems (they exactly mimic
the structure of level sets in the continuum GFF discussed in Section 5). For the proof, we study
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three auxiliary and related to each other discrete models: random alternating flows (introduced
in [43]), and two bipartite dimer models on two different modifications G¢ and C; of the under-
lying graph G (introduced in [21] and [17, 27], respectively). These are described in Section 3.2. We
stress the fact that the alternating flow model and the dimer model on G? are not used outside
this section, but they are a convenient tool to relate the DRC model with the dimer model on Cy;.
This is then used in Section 4 to show convergence of the nesting field to the GFF. The main new
result on the dimer model on C; contained in this section is the fact that the associated inverse
Kasteleyn matrix is exactly equal to the fermionic observable of Chelkak and Smirnov [15].

3.1 | A coupling between the primal and dual double random current

Let G = (V,E) be a graph as in Section 1.3. In this section, we discuss the joint coupling of the
DRC on G and the DRC on the dual graph G* together with a height function that restricts to both
the nesting field of the primal and the dual random current (see Figure 3.1 for an illustration). The
coupling constants for the dual model satisfy the Kramers-Wannier duality relation

exp(—2"J}.) = tanh(gJ,). (3.1

We note that if J, =J, =1 for all e, and g = B, then §* = B, (the critical point is self-dual).
Properties of this coupling will be used in Section 6 to identify the scaling limit of the boundaries
of the DRC clusters. We will provide a proof of this result at the end of Section 3.2.3 using a relation
with the dimer model.

Theorem 3.1 (Master coupling). One can couple the following objects:

(i) a DRC n with free boundary conditions on the primal graph G = (V, E), together with i.i.d.
+1-valued spins (t : C € €(n)) associated to each cluster of n,

(i) the dual DRC n' with free boundary conditions on the full dual graph G* = (U, E*) (that we
will refer to as the wired boundary conditions on the weak dual graph G') and with the dual
coupling constants, together with i.i.d. +1-valued spins (TZ, : C € 6(n")) associated with each
cluster of n',

(iii) a height function H defined on V U U,

in such a way that the following properties hold:

1. The configurations n and n' are disjoint in the sense that n, > 0 implies nZ =0 and n;* >0
impliesn, = 0, where e* is the dual edge of e.

2. The odd part (the set of edges with odd values) of n is equal to the collection of interfaces of t" (the
set of primal edges separating dual clusters with +1 and —1 spins of '), and the odd part of n is
equal to the collection of interfaces of T (the set of dual edges separating primal clusters with +1
and —1 spins of 7).

3. Fora faceu € U and a vertex v € V incident on u, we have

H(u)— H(v) = %‘L’ZTU.

Moreover, the height function H restricted to the faces of G (resp. G*) has the law of the nesting
field of n with free boundary conditions (resp. n' with wired boundary conditions) as denoted by
h (resp. h").
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14 of 68 DUMINIL-COPIN ET AL.

FIGURE 3.1 Anillustration of the coupling from Theorem 3.1. A piece of the (rotated) primal square lattice
with white vertices, and its dual square lattice with black vertices is shown. The primal and dual DRC clusters are
drawn in blue and red, respectively. The odd parts of the current are marked with solid lines, whereas the
non-zero even parts are marked with dashed lines. Each vertex (primal black vertex) and a face (dual white
vertex) carry both a +1 spin (7 and 7, respectively) and the value of the height function H. The height function
takes integer values in Z on the black vertices and in % + Z on the white vertices as implied by property 3 of the
master coupling. Property 3 and the fact that the spins 7 and t are constant on the primal and dual clusters,
respectively, imply that the height function is also constant on both the primal and dual clusters. This is why in
the figure we marked the values of the spins and height only at the rightmost vertices of the clusters (including
isolated vertices).

4. When exploring a cluster of n from the outside, inside each of its holes the dual current n' has
wired boundary conditions, where each inner boundary of the hole (as defined in Section 1.2)
is identified as a single dual vertex (note that a single hole can have multiple inner boundaries
since the inner boundaries by definition do not cross primal edges whose both endpoints are in
the cluster of n). To be more precise, let G be a connected component (which is not the component
of the boundary) of G obtained after removing a cluster C of n and all its adjacent edges. Then,
n' restricted to G* is a DRC with wired boundary conditions (here we disregard the state of n' on
edges dual to a primal edge that is adjacent to C). By duality, the same holds with the roles of n
and n' exchanged.

We stress the fact that the interfaces of 7 and ' are disjoint in the sense of property 1 appears
already in the works of Dubédat [17], and Boutilier and de Tiliére [9]. However, property 1 is a
stronger statement as it concerns the full DRC, and not only its odd part.
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FIGURE 3.2 A configuration of primal (red) and dual (blue) double random currents n and n'. The
outermost blue circuit is part of a cluster of the boundary in n” whose remainder is not shown here. The green
edges denote the inner boundary loop £ of this cluster (i.e. a loop in Q, as defined in Section 6.1). The primal
vertices on this loop are identified with each other in the exploration process described in property (4) of the
master coupling from Theorem 3.1. After this identification, the primal current n has wired boundary conditions.
The clusters of the modified current n, defined in Section 6.1 are given by the union of the green loop and the red
clusters surrounded by it. Finally, Q,(¢) is defined as the collection of loops in the inner boundary of the external
most cluster (touching #) of this modified current n”. These loops come in two types, the yellow loops that are
part of A,(¢) and the orange loops are in Q,(¢) \ A,(¢). Each orange loop traces the red clusters from the outside
and/or the green loop from the inside. This property is used in Lemma 6.8 to obtain pre-compactness of the
orange loops given pre-compactness of the red and green loops. Inside each yellow loop of the inner boundary of
the primal clusters, the procedure is repeated and now the primal clusters surrounded by each such loop have
wired boundary conditions.

We note that the laws of 7 and 7 are those of a XOR Ising model and the dual XOR Ising model,
respectively (see Corollary 3.3 below). However, we will not use this fact in the rest of the article,
and our main results do not have direct implications for the scaling limit of the interfaces in the
XOR Ising model. An extension of this coupling to the Ashkin-Teller model can be found in the
works [41, 42] that appeared before but were based on the current article. As mentioned, we will
provide a different proof that uses the associated dimer model representation (see Section 3.2.3).

The following statement identifies the labels introduced in the definition (1.3) that correspond
to the two nesting fields encoded by H.
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Corollary 3.2. In the coupling as above, each cluster C of n (resp. a cluster of n' different from the
cluster of the ghost vertex g) can be assigned a well-defined dual spin TZ. (vesp. T ). This is the spin
assigned to any face of G (resp. G*) incident on C from the outside. For the cluster of g, we set this spin
to be +1. With this definition, the independent labels associated to the clusters as in the definition (1.3)
are given by

EC = TcTT (32)

c
Proof. We first argue that TZ is well defined. By property 2, for each primal cluster C, all the dual
spins at the faces adjacent to the outer boundary of C (the innermost dual circuit surrounding C)
have the same value. Indeed, otherwise there would exist two consecutive dual vertices along the
outer boundary of C with opposite z¥ spins. However, by property 2, the corresponding primal
edge would then belong to C, and hence, the two dual vertices could not be consecutive on the
outer boundary of C. This justifies the definition (3.2).

We also need to argue that given n, the spins (€.)ces(n) are independent (as in the definition of
the nesting field). As mentioned, we will not use this result in the rest of the article. This follows
easily since given n, ‘L'C is a deterministic function of n (by property 2), and 7~ are independent by
definition. O

Finally, for the sake of independent interest, we establish a connection with the XOR Ising
model. Recall that the XOR Ising model is just the pointwise product of two i.i.d. Ising models.

Corollary 3.3. In the master coupling described above:

* The spins t,, v € V, where we define v, = 7., with C being the cluster containing v, have the law
of the XOR Ising model on G with free boundary conditions, coupling constants J, and inverse
temperature 3.

* The spins t,, u € U, where we define TZL = TZ’ with C being the dual cluster containing u, condi-
tioned on the spin of the outer vertex g being +1, have the law of the XOR Ising model on the dual
graph G* with + boundary conditions and dual parameters as in (3.1).

Proof. We prove the first statement as the second one follows by duality. To this end, let Pg g
Ising

g be
the expectation with respect to the Ising model on G with free boundary conditions, coupling

constants J, and inverse temperature 3. For every A C V, since the spins 7 are independent for all
clusters, we have

denote the master coupling probability measure and E g its expectation. Moreover, let E

¥ lH Tu] =PgglFal = Pg,ﬁ ® Pg,ﬁ[nl +n, € Ful,

VEA

where n € F, is the event that each cluster of n contains an even number (possibly zero) of ver-
tices of A. Now, the classical switching lemma of Griffiths, Hurst and Sherman for DRCs [29] (see
also [22]) gives that

2
Isi

VEA
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)
QN

FIGURE 3.3 One can construct the graphs G, G and Cs (é is formally a multigraph) locally around each
vertex of G. The weights satisfy y = lf’; —, W= :j{ ~,Z = ;ﬁ . Here, x = x, is the high-temperature weight equal

to tanh(BJ,). The edges carrying weight 1in G¢ (resp. in C) are called short (resp. roads), and the remaining

edges are called long (resp. streets).

where o denotes the Ising spins. The last expression is by definition the correlation function of
XOR Ising spins at A. Since the spins are +1-valued, this implies that the law of 7 under P s is the
law of the XOR-Ising model (e.g. one can look at the characteristic function of the random vector
7 and expand it into a finite sum of correlation functions as above). O

3.2 | Mappings between discrete models

In this section, we recall the combinatorial equivalences between DRCs, alternating flows and
bipartite dimers established in [21, 43]. We will later use them to derive a version of Dubédat’s
bosonisation identity [17]. An additional black-white symmetry for correlators of monomer inser-
tions is established that is not apparent in [17]. This will yield a representation of the inverse
Kasteleyn matrix as the fermionic observable of Chelkak and Smirnov [15].

The results here are stated for general Ising models on arbitrary planar graphs G = (V, E) and
with arbitrary coupling constants (J,),c;. We focus on the free boundary conditions case and
the wired boundary conditions can be treated analogously, replacing G with G*. We will actually
mostly consider wired boundary conditions on the dual graph G* which one can think of as (G*)*,
where G is the weak dual of G whose vertex set does not contain the unbounded face of G.

We start by describing the relevant decorated graphs: the DRC model on a graph G will be
related to the alternating flow model on a directed graph G, and the dimer model on two different
bipartite graphs G and C;. All these graphs are planar and weighted, and their local structure
together with the corresponding edge weights are shown in Figure 3.3. We now describe their
construction in detail. Even though this is ultimately not relevant, we note that the structure of
G? and G is determined by G together with a choice of an orientation for each edge.

Given G, G is obtained by replacing each edge e of G by three parallel directed edges ey, e,,,, €,
such that the orientation of the side (or outer) edges e,; and e, is opposite to the orientation of
the middle edge e,,,. The orientation of the middle edge can be chosen arbitrarily.
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To obtain G¢ from 5 we replace each vertex v of G by a cycle of vertices of even length which
is given by the number of times the orientation of edges in G incident on v changes when going
around v. We colour the new vertices black if the corresponding edges are incoming into v and
white otherwise. We then connect the white vertices in a cycle corresponding to v with the appro-
priate black vertices in a cycle corresponding to v’, where v and v’ are adjacent in G. We call long
all the edges of G? that correspond to an edge of é, and short the remaining edges connecting the
vertices in the cycles.

The last graph C; can be constructed directly from G by replacing each edge of G by a quad-
rangle of edges, and then connecting two quadrangles by an edge if the corresponding edges of G
share a vertex and are incident to the same face (see Figure 3.3). Following [17], we call streets the
edges in the quadrangles and roads those connecting the quadrangles (which represent cities).

We note that the set of faces U (resp. vertices V') of G naturally embeds into the set of faces
of G, G4 and C,; (resp. G and C;). We therefore think of U and V as subsets of the set of faces
of the respective decorated graphs (e.g. when we talk about equality in distribution of the height
function on Cg; and the nesting field on G).

In the remainder of this section, we describe the mappings between the different models in
the following order: In Section 3.2.1, alternating flows on G are mapped under a map 6 to a pair
composed of the odd and even part of a DRC on G. In Section 3.2.2, dimers on G¢ are mapped
under a map 7 to alternating flows on G. In Section 3.2.3, dimers on G are mapped to dimers on
C- The corresponding statements for wired boundary conditions can be recovered by replacing
G with G™.

The first two maps yield relations between configurations of the associated models, and the
last map is described as a sequence of local transformations (urban renewals) of the graphs C or
G4 that does not change the distribution of the height function on a certain subset of the faces of
these two graphs.

We first describe relations on the level of distributions on configurations where no sources
or disorders are imposed. Later on (in Section 3.3), we increase the complexity by introduc-
ing sources.

3.21 | Double random currents on G and alternating flows on G

A sourceless alternating flow F is a set of edges of the directed graph G satisfying the alternating
condition, that is, for each vertex v, the edges in F that are incident to v alternate between being
oriented towards and away from v when going around v (see Figure 3.4). In particular, the same
number of edges enters and leaves v. We denote the set of sourceless alternating flows on G by
F?, and following [43], we define a probability measure on 7? by the formula, for every F € F?,

P () 1= =Wy (F), (3.3)

flow
flow

where Zgow is the partition function of sourceless flows and, if V(F) denotes the set of vertices in
the graph (V, F) that have at least one incident edge,

Wiow(F) 1= 2V O] x,, (3.4)
ecF
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FIGURE 3.4 Left: A configuration (n,44, n.,.,) on a piece of the hexagonal lattice G. The blue edges
represent n 4, and the red edges represent n,,. The blue and red edges together form one cluster €. Middle: Two
alternating flow configurations on G mapped to (n44, Nee,) Under 8. The two clusters have opposite orientations
of the outer boundary. Depending on this orientation, the height function either increases or decreases by one
when going from the outside to the inside of the lower hexagon. This corresponds to two different outcomes for
the label €, in the definition of the nesting field (1.6). Right: Two dimer configurations on G¢ that map to the
corresponding alternating flows under 7. Note that the parity of the height function on G¢ restricted to the
vertices of € and shifted by 1/2 changes whenever the sign of €, changes. This can be seen from the placement of
the dimers on the short edges. This property is used in the proof of Theorem 3.1. On the other hand, the parity of
the height function on the faces of G is independent of €;,. We also note that both 7 and 8 are many-to-one maps.

with the weights x; as in Figure 3.3. We also define the height function of a flow F to be a function
h = hy defined on the faces of G in the following way:

(i) h(uy) = 0 for the unbounded face u,,

(ii) for every other face u, choose a path y connecting u,, and u, and define h(u) to be total flux of
F through y, that is, the number of edges in F crossing y from left to right minus the number
of edges crossing y from right to left.

The function h is well defined, that is, independent of the choice of y, since at each v € V, the
same number of edges of F enters and leaves v (and so the total flux of F through any closed path
of faces is zero).
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We are ready to state the correspondence between DRCs and alternating flows. To this end,
consider a map 6 : F¥ — QY defined as follows. For every F € F# and every e € E, count the
number of the corresponding directed edges e,,,, e, ey, that are present in F. Let F 44 C E be the
set with one or three such present edges, and F,., C E the set with exactly two such edges, and
set

o) := (Fodd’Feven)'

Denote by G*Pgow the pushforward measure on Q. The following result was first proved in [43].

Lemma 3.4 Corollary 4.3 of [43]. Let n be distributed according to chur, and let h,, be its nesting
field. Let F be distributed according to Pgow. Then

(Fodd’ Feven’ hF) = (nodd’ Neyens hn) in law.

Proof. Thisis a consequence of the fact that the total weight of all alternating flows corresponding
to a cluster in the DRC, and whose outer boundary is oriented clockwise is the same as those
oriented counterclockwise (see also the proof of Lemma 3.10). This corresponds to the fact that
the nesting field is defined using symmetric coin flip random variables e,,. Moreover, the sum of
these two weights is the same as the weight of the cluster in the DRC model. More details are
provided in the proof of Theorem 2.1 in [21]. O

3.2.2 | Alternating flows on G and dimers on G¢

We first shortly recall the dimer model in its full generality. To this end, consider a finite weighted
graph G. Recall that a dimer cover (or perfect matching) M of G is a subset of edges such that every
vertex of the graph is incident to exactly one edge of M. We write M(G) for the set of all dimer
covers of G. The dimer model is a probability measure on M(G) which assign a probability to a
dimer cover that is proportional to the product of the edge weights over the dimer cover.

To each dimer cover M on a bipartite planar finite graph G (coloured in black and white in
a bipartite fashion), one can associate a I-form f,, (i.e. a function defined on directed edges
which is antisymmetric under a change of orientation) satisfying f,,((v,v")) = —f,((v',v)) =1
if {v,v'} € M and v is white, and f,;((v,v")) = 0 otherwise. For a 1-form f and a vertex v, let
df(v) = Y., f((v,0")) be the divergence of f at v. Note that for a dimer cover M, d f},(v) = 1 if
v is white, and d f,,(v) = —1 if v is black. Fixing a reference 1-form f, with the same divergence,
we define the height function h = h,; by

(i) h(uy) = 0 for the unbounded face u,

(ii) for every other face u, choose a dual path y connecting u, and u, and define h(u) to be the
total flux of f,; — f, through y, that is, the sum of values of f,; — f,, over the edges crossing
y from left to right.

The height function is well defined, that is, independent of the choice of y, since f,; — f, is a
divergence-free flow, that is, d(f), — f,) = 0.
We now go back to the specific case of ¢ = G¢. We will write P?} , for the dimer model measure

on G¢ with weights as in Figure 3.3. We also fix a reference 1-form f, on G¢ given by
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1 9 TINCT 1 2
«—>
T4 T3 L4 L3

FIGURE 3.5 Urban renewal and vertex splitting are transformations of weighted graphs preserving the
distribution of dimers and the height function outside the modified region. The weights in urban renewal satisfy

X3 / Xy ’ X ’ X,

’
X = e PNy T % e T :
X X34X,X, X X34X,X, X X345, X X34X,X,

* follw, b)) = —f,((b,w)) = 1/2if {w, b} is a short edge and w is white,
* follw,b)) = fo((b,w)) = 0if {w, b} is a long edge.

We now describe a straightforward map 7 from the dimer covers on G¢ to alternating flows on G
that preserves the law of the height function. We note that one could carry out the same discussion
and make a connection with DRCs directly, without introducing alternating flows. However, we
find the language of alternating flows particularly convenient to express some of the crucial steps
discussed later on (especially Lemmata 3.10 and 3.11). To this end, to each matching M € M(GY),
associate a flow 7(M) € F? by replacing each long edge in M by the corresponding directed edge
in G. One can check that this always produces an alternating flow. Indeed, assuming otherwise,
there would be two consecutive edges in F(M) of the same orientation, and therefore, the path
of short edges connecting them in a cycle would be of odd length and therefore could not have a
dimer cover, which is a contradiction. Let ﬂ*Pg , be the pushforward measure on F? under the
map 7.

Lemma 3.5 [21]. We have 7, Pg .= Pgow. Moreover, under this identification, the restriction to U of
the height function of the dimer model is exactly the height function of the resulting alternating flow.

Proof. This is a consequence of the fact that the reference 1-form vanishes on the long edges, and
hence its contribution to the increment of the height function across a long edge of G¢ is equal
to zero, and the fact that the weights of the edges of G and the long edges of G¢ are the same.
Moreover, if a vertex v has zero flow through it, that is, v € V' \ V(F), then there are exactly 2
dimer covers of the cycle of short edges of G¢ corresponding to v. Since both of these covers have
total edge weight 1, this accounts for the factor 21~V in (3.4). O

3.2.3 | Dimerson G and on C,

We will write ch for the dimer model measure on C; with weights as in Figure 3.3. The dimer

models on G¢ and (G*)¢ are closely related to the dimer model on C; (as was described in [21])
using standard dimer model transformations called the vertex splitting and urban renewal, see
Figure 3.5. The main two results of this section are Proposition 3.6 below where we relate the
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~E-

FIGURE 3.6 Anexample of the correspondence between dimer models on G¢ and C. The yellow

quadrilaterals within grey quadrilaterals are transformed using urban renewal moves, and then collapsing one
doubled edge to a single edge as shown at the bottom of the figure. The underlying graph G is a 3 X 3 piece of the
square lattice.

height functions on G¢ and C;, and the proof Theorem 3.1 (existence of the master coupling) that
relies on Proposition 3.6.

Proposition 3.6. The height function on C restricted to the faces and vertices of G is distributed
as the height functions on G% and (G*)? restricted to the faces and vertices of G. In particular, the
height function on Cg restricted to the faces of G has the law of the nesting field of the DRC with free
boundary conditions on G, and restricted to the vertices of G has the law of the nesting field of the
DRC with wired boundary conditions on G' (or free boundary conditions on G*).

To prove the proposition, we start with a crucial lemma that first appeared in [21].

Lemma 3.7 [21]. One can transform G% and (G*)¢ to C; (and the other way around) using urban
renewals and vertex splittings.

Proof. We will describe how to transform G¢ to C; (see Figure 3.6 for an illustration). The second
part follows since Cg; is symmetric with respect to G and G*.

To this end, fix a bipartite black-white colouring of both G¢ and C;. Note that for each edge e in
G, there is one quadrilateral Q in C; and two quadrilaterals Q;, @, in G¢ corresponding to e. For
each such edge e, choose for the internal quadrilateral of urban renewal the quadrilateral Q; in G¢
with the opposite colours of vertices when compared to Q. Then, split each vertex that the chosen
quadrilateral shares with a quadrilateral corresponding to a different edge of G. In this way, we
find ourselves in the situation from the upper left panel in Figure 3.5. After performing urban
renewal and collapsing the doubled edge, we are left with one quadrilateral as desired. One can
check that the weights that we obtain match those from Figure 3.3. We then repeat the procedure
for every edge of G. The resulting graph is C;. O
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FIGURE 3.7 The figure shows the measure-preserving mapping of local configurations on G¢
(corresponding to a single edge e of G) to local configurations on the streets of C; under urban renewal
performed on the left-hand-side quadrilateral in G¢. The last case involves additional random choice between two
possible configurations. These choices are independent for local configurations corresponding to different edges
of G and the probabilities are as in the figure with w = 2x/(1 + x2).

A choice of quadrilaterals where urban renewals are applied for a rectangular piece of the
square lattice is depicted in Figure 3.6. In this way, the DRC model on the square lattice is related to
a (weighted) dimer model on the square-octagon lattice. In Figure 3.7, we illustrate the behaviour
of local dimer configurations under one urban renewal performed in the construction described
in the lemma above.

As the reference 1-form for the dimer model on C;, we choose the canonical one given by

Jol(w, b)) = —fo((b,w)) = PgG ({w,b} e M), (3.5)

where w is a white vertex. Note that this makes the height function centred as all its increments
become centred by definition. This is the same 1-form as used in [9] on the infinite square-octagon
lattice C,2. In [36], two crucial properties of f,, were established when G is an infinite isoradial
graph and the Ising model on G is critical. In the next lemma, we show that both of these properties
hold for arbitrary Ising weights on general finite planar graphs.

Lemma 3.8. We have

. PCG (e e M) =1/2, ifeisaroad, thatis, e corresponds to a corner of G,

. ch (eeM)= ch (¢! € M), ife and €’ are two parallel streets corresponding to the same edge of
G (or of the dual G*).

In the proof, which is postponed to the end of Section 3.3, we actually compute the probability
from the second item in terms of the underlying Ising measure. However, the exact value will not
be important for our considerations. We note that the first bullet of the lemma above is the reason
why the nesting field with free boundary conditions on G is defined to be integer-valued and the
one with wired boundary conditions on G* to be half-integer valued.
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FIGURE 3.8 The reverse mapping to that in Figure 3.7. Again, urban renewal is performed on the
left-hand-side quadrangle of the local configuration on G¢. Whenever there is ambiguity, we use additional
randomness which is independent for each local configuration and with probabilities as in the figure with
2(31%;‘:). These probabilities are simply obtained from Figure 3.7 using the definitions of the weights in both

dimer models on C; and G¢ and elementary conditional probability computations.

S =

A crucial observation now is that the height function on the faces of G¢ corresponding to the
faces and vertices of G is not modified by vertex splitting and urban renewal. This follows from
basic properties of these transformations, and the fact that the reference 1-form on the short edges
of G4 is the same as the one on the roads of C; (by the first item of the lemma above). Indeed,
one can compute the height function on the faces of G¢ and C corresponding to the faces and
vertices of G using only increments across short edges and roads, respectively. This means that the
resulting height function on these faces of Cj; has the same distribution as the one on G¢. Since
C. plays the same role with respect to G* as to G, we immediately conclude Proposition 3.6.

This observation is at the heart of the proof of the master coupling from Theorem 3.1. However,
one has to be careful since there is loss of information between the dimer model on G¢ and the
one on C;. Indeed, we have already seen that knowing a dimer configuration on G¢ allows one
to fully recover the triple (n 44, Neyens Ay ). However, a dimer configuration M on Cg only gives
access to (n,qq, hy,) (since M determines the height function, and n_ 44 are the edges where the
height function has a non-trivial increment) and does not contain information about n.,,. To
recover it, one needs to add additional randomness in the form of independent coin flips for each
edge of G with an appropriate success probability.

Proof of Theorem 3.1. We will use a procedure reverse to that from the proof of Lemma 3.7.
This procedure induces a measure-preserving mapping between local configurations on C; and
G4, see Figure 3.8, where in certain cases additional randomness is used to decide on the exact
configuration on G¢.

As mentioned, the graph Cj; plays a symmetric role with respect to G and G*. Hence, taking
the Kramers-Wannier dual parameters x; = (1 —x,)/(1 + x,) and rotating the local configu-
ration on Cg by 7 /2, one can use the same mapping from Figure 3.8 to generate local dimer
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configurations on (G*)? that will correspond to dual random current configurations. Recall that
part of our aim is to couple the DRC on G with its dual on G* so that no edge and its dual are open
at the same time. The idea is to first sample a dimer configuration on Cg;, and then using the rules
from Figure 3.8 to choose, possibly introducing additional randomness, the dimer configurations
on both G% and (G*)4. The desired property of the coupling will follow from the way we use the
additional randomness for G4 and (G*)“.

We now explain this in more detail. In the coupling between DRCs and dimers on G¢, an edge
in the current has value zero if and only if there is no long edge present in the corresponding local
dimer configuration. From Figure 3.8, we see that the only possibility to have non-zero values
of double currents for both a primal edge e and its dual e* is when the quadrangle in Cg; that
corresponds to both e and e* has no dimer in the dimer cover. In that case, we have a probability
of 2x2/(1 + x2) to get a non-zero (and even) value of the primal double current and a probability
of 2(x; )2 /(A + (x; ) to get anon-zero (and even) value of the dual double current. However, since
these choices are independent of the possible choices for other local configurations, and since

2 )2
2x; 2(x}) o 2x,(1 —x,) <

= 1,
T+x7 14 (x) 1+ x2

we can couple the results so that the primal and dual currents are never both open (non-zero) at
e. Together establishes Property 1 from the statement of the theorem.

We now focus on Property 2. Note that the spins 7" defined by the interfaces of odd current in
n satisfy

) = (-)H® (3.6)

for u € U, where H is the height function on C,. By Proposition 3.6, we already know that H
restricted to U has the law of the height function on (G*)? restricted to U. From the relationship
between the DRCn' on G* and the alternating flow model on G*, one can see that the parity of this
height function at a face u changes with the change of the orientation of the outer boundary of the
cluster of n' containing u (see Figure 3.4 for a dual example). Therefore, (—1)7® is distributed as
an independent assignment of a sign to each cluster of n. This yields Property 2. A dual argument
for

7, = i(-D)H® (3.7)

with v € V, and i the imaginary unit, yields the dual correspondence. Here, the factor i appears
due to the fact that the height function takes half-integer values on V.

Furthermore, (3.6) and (3.7) together imply Property 3.

Finally, for Property 4, we make the following observations. First of all, when an edge is empty
(has zero current) in n, then in the dimer model on G¢, the corresponding three long edges are not
part of the dimer configuration. We can therefore remove them, and proceed similarly for all other
empty edges encountered during the exploration of a cluster of n. This means that the unexplored
part dimer configuration on G¢ is independent of the explored part, and moreover is in a measure-
preserving correspondence with DRCs with free boundary conditions on G. Furthermore, the
(random) maps from Figures 3.7 and 3.8, when composed together, map from dimers on G¢ to
dimers on (G*)? (and hence to DRCs with wired boundary conditions on the weak dual (G")?)
are local. Therefore, the distribution of n™ inside (G*)? is not affected by the explored part of the
primal current n outside G, and is that of an independent DRC with wired boundary conditions
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G G

%% / G Cg

FIGURE 3.9 Corner insertions in the relevant models can be realised by considering additional edges
connecting a vertex and a neighbouring face.

on (G")?. We also note that a proof without using the dimer representation can also be given using
the construction from [42]. O

‘We leave it to the interested reader to check that the resulting coupling of the primal and dual
DRC model is the same as the one described in [42] (where no connection with the dimer model
is used, and where all the properties above can as well be deduced).

3.3 | Disorder and source insertions

It will be important for our analysis to introduce the so-called sources in dimers, alternating flows,
and DRCs, and to see how they relate to order-disorder variables in the Ising model.

A cornerc = (u,v) of aplanar graph G is a pair composed of a face u = u(c) (also seen as a vertex
of the dual graph) and a vertex v = v(c) bordering u. One can visualise corners as segments from
the centre of the face u to the vertex v (see Figure 3.9). In this section, we discuss correlations of
disorder insertions, by which we mean modifications of the state space of the appropriate model
that are localised at the corners of G, and describe their mutual relationships. In what follows,
consider two corners ¢; and ¢;, and a simple dual path y connecting u(c;) tou(c j). For a collection

of edges E,, of G, G, G4 or Cg, we define sgn, (E,) = —1 if the number of edges in E,, crossed by y
is odd and sgny(EO) = 1 otherwise.

In the following subsections, we introduce correlation functions of corner insertions in the
relevant models and relate them to each other.

3.3.1 | Kadanoff-Ceva fermions via double random currents

The two-point correlation function of Kadanoff-Ceva fermions is defined by

ke == > sgn, o) [[xe (3.8)
ZhT

neg{v@,-),U(cj-)} een
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where ZgT = Znegg Hee77 x,. Here, £ is the collection of sets of edges 7 C E such that each

vertex in the graph (V,7) has even degree, and £V} is the collection of sets of edges such
that each vertex has even degree except for v(c;) and v(c;) that have odd degree. We note that the
sign of this correlator depends on the choice of y. However, its amplitude depends only on the
corners ¢; and c;.

The next lemma was proved in [4, Lemma 6.3]. It expresses Kadanoff-Ceva correlators in terms
of double currents for which u(¢;) is connected to u(c;) in the dual configuration. Below, for n €
QB let

W@ 1= ) w(n)w(ny),

n, €08 n,e0f
n,+n,=n

where w = wg; is the random current weight defined in (1 4) For a current n, let n* be the set of

dual edges e* with n, = 0. For two faces u and v/, let u < u mean that u is connected to u’ in
n*, that is, that u and u’ belong to the same connected component of the graph (U, n*).

Lemma 3.9 Fermions via double currents [4]. We have

<Xc,-)(cj >}/ = % 2 sgny(nodd)wdcur(n)l{u(ci) (n_*) u(cj)}'

deur neQUCC)}

3.3.2 | Sink and source insertions in alternating flows

Consider the graph G with two additional directed edges ¢; = (u(c;),v(c;)) and —c =
(v(c;), u(c;)), and let 7~/ be the set of alternating flows on this graph that contain both ¢; and
—c;. By an alternating flow, here we mean a subset of edges of the extended graph that satisfies
the alternating condition at every vertex of G.The weights of ¢; and —c; are set to 1. With y defined

as above, introduce

Zgow(ci’ _cj) .= Z Sgny(F)Wﬂow(F)-

FeFri™

Here, c; plays the role of the source and —c; is the sink of the flow F.

Recall that 6 : 79 — QF is the measure-preserving map sending sourceless alternating flows
on G to sourceless double current configurations on G, where as before, we identify a current n
with the pair (n,44, Neyen)- With a slight abuse of notation, we also write 8 for the analogous map
from F< ¢ to the set QVCVC)} of currents on G with sources at v(¢;) and v(c;) (for currents,
there is no distinction between sources and sinks).

The next lemma is closely related to [43, Theorem 4.1].

Lemma 3.10 (Symmetry between sinks and sources). We have

ﬂow(cl’ - ) ﬂow(c T )
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Proof. Note that the flow’s weights on G are invariant under the reversal of direction of the flow,
that is, the weights of the three directed edges ey, e,,, ey, of G corresponding to a single edge
e of G satisfy x, +x,, + X, X, X, =X, by construction. Hence, for a fixed (n,q4, Deyen) €
Qiv(e)ve} e have

2 WﬂOW(F) = Z Wﬂow(F )
Fertl e 1 6(F)= (nodd’ even) Fepcjﬁci : e(F):(nodd’neven)
We finish the proof by summing both sides of this identity over (n g, Noyey) € Q€ and
using the fact that sgny(F ) depends only on 6(F). O

The next result is a direct analogue of Lemma 3.9 with an additional factor of 1/2 that corre-
sponds to the fact that the connected component of the flow that connects ¢; to —c; has a fixed
orientation.

Lemma 3.11 (Dual connection in alternating flows). We have
n*
O(Fe41) = {n € Q) ¢ u(e)  ule)},
and moreover,

ﬂow(cl’ - ) = % Z Sgny(nodd)wdcurr(n)l{u(ci) (i u(cj)}‘

neQE)C))

Proof We first argue that for each (nygq,Neyen) = 6(F) with F € F7%, we have that

u(c;) i u(c;). This follows from topological arguments and the alternating condition for flows.
Indeed, assume by contradiction that there is a cycle of edges in F separating u(c;) from u(c;),
and choose the innermost such cycle surrounding u(c;). Consider the vertex v of this cycle that is
first visited on a path from ¢; to —c;. The alternating condition implies that the edges of the cycle
on both sides of v should be oriented away from v. Following that orientation around the cycle,
we must arrive at another vertex v’ of the cycle where both incident edges are oriented towards
v’. That is in contradiction with the alternating condition and the fact that the cycle is minimal.

The fact that the image of the map is {u(c;) & u(c;)} follows from the same arguments as in [43,
Lemma 5.4].

The second part of the statement follows from the proof of [43, Theorem 4.1] or [21, Theorem 1.7]
(the weights of flows in [43] are the same as ours up to a global factor). The multiplicative constant
1/2 is a consequence of the fact that the orientation of the cluster containing the corners is fixed
to one of the two possibilities, and in the DRC measure, there is an additional factor of 2 for each
cluster (see [43, Theorem 3.2]). O

Corollary 3.12. We have

()( X >y — ﬂow(cl’_ j) — ﬂow(cl’_ i)
GAC; ZY ZV :
flow flow
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Proof. This follows directly from Lemmata 3.9 and 3.11. O

3.3.3 | Monomer insertions on G¢ and C,

We identify the faces and vertices of the graphs G and G with the corresponding subsets of the
faces of the dimer graphs G and C,;. We say that a vertex of G¢ or Cj; is a corner (vertex) corre-
sponding to ¢ = vu if it is incident both on the vertex v and the face u of G in this identification.
Analogously to the discussion above, for G € {G4, Cg}and v, V' two vertices of G, we define Zé to
be the partition function of dimer covers of the graph ¢ with v and v’ removed, where moreover
each dimer crossed by the path y contributes an additional factor of —1 to the weight of the cover.

Lemma 3.13 (Symmetry between white and black corners). Let b; and w; (resp. b; and w;) be a
black and white corner vertex of G* corresponding to the corner c; (resp. ¢ ). If there is no such vertex
of the chosen colour, we modify G¢ by splitting the corner vertex of the opposite colour (using the vertex
splitting operation from Figure 3.5). Then,

Y _ oY _
ZGd(bi, w;) = ZGd(wi,bj) = Zﬂow(ci,cj).

Proof. By the definition of the measure-preserving map F, between dimers and alternating flows,
a corner monomer insertion in dimers is a source or sink insertion in alternating flows, which
yields

Y _
Zﬂow(ci,cj) = ZGd(bi, wj).

The statement then follows immediately from Lemma 3.10. O

Lemma 3.14 (Monomer insertions in G4 and C;). Let b and w be, respectively, black and white
corner vertices of G, and let b and W be the corresponding black and white vertices of Cg. Then,

Zéd(b, w) = ZgG(B, w).

Proof. We use urban renewal as in Figure 3.10 to transform G¢ with monomer insertions to Cg
with monomer insertions. Note that here we use urban renewal with some of the long edges hav-
ing negative weight. However, this is not a problem since the opposite edges in a quadrilateral
being transformed by urban renewal always have the same sign, which results in a non-zero mul-
tiplicative constant for the partition functions. The resulting weights of C; are negative if and only
if the edge crosses y. This implies the claim readily. O

We finally combine the previous results to obtain the following identity. We note that it can also
be derived using the approach of [17] after taking into account the symmetry of the underlying
six-vertex model (that we do not discuss here and that is also not discussed in [17]).

Corollary 3.15. In the setting of Lemma 3.13, we have

ZéG(wi,bj) 3 2ZZ'G(wj’ b;)
ZC B ZC .

<Xcl-)(cj >}/ =2

G G
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FIGURE 3.10 Behaviour of corner monomer insertions under urban renewal. Insertion of a monomer is
modelled by the addition of edges with weight one into the dimer model: above (resp. below), the insertion of a

black (resp. white) monomer at the corner ¢ = uv with a disorder operator at u. The green edges crossing y are
assigned negative weights. Urban renewal is applied to the yellow quadrilaterals on the left-hand side yielding the
yellow quadrilaterals on the right-hand side. Note that the colour of the monomer insertions on the left-hand and
right-hand sides agree.

Proof. This follows from Lemmata 3.14 and 3.13, as well as Corollary 3.12. O

The final item of this section is the proof of Lemma 3.5 which explicitly computes the canonical
reference 1-form (3.8) on C; in terms of the underlying Ising measures.

Proof of Lemma 3.8. By the corollary above, for a street {w, b} of C; corresponding to an edge
e = {v, v’} of G, we have

Z' (w,b)
2x TC X
P! ({w,b}eM) = = Vs 3.9
G b & M) = 75— = ) (3.9)
where x = x, = tanh 8J, is the high-temperature Ising weight, 13(2 is the weight of the edge {w, b}

in the dimer model on C; as in Figure 3.3, and where ¢ and ¢’ are the two corners of G correspond-
ing to the two roads of C; that are incident on w and b, respectively. Indeed, the first identity is a
consequence of the fact that in this case the path y can be chosen empty and therefore the numer-
ator Zéc (w, b) is actually the unsigned partition function of dimer covers of the graph where w
and b are removed.

We now compute (y,.x)" in terms of the Ising two-point function u;[c,0,/]. To this end, recall
that £ is the collection of sets of edges  C E such that each vertex in the graph (V,7) has even
degree, and £} s the collection of sets of edges such that each vertex has even degree except
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for v and v’ that have odd degree. Let

Z+ = Z er/, and Z_ .= z er/,

neeh e'en neehe'en
een egn

and Z = foT. By definition (3.8) of Kadanoff-Ceva fermions with y empty, the high-temperature

expansion of spin correlations, and the fact that 7 — 7 /\ {e} is a bijection between £? and g’}
(3.9) gives

x 1
x2Z

_ x
P"C’G({w,b} €M)= - (x7'Z, +xZ_)= H—xz,uG[O'UUU/]. (3.10)
The same argument applied to the other street {w’, b’} corresponding to the same edge e yields
ch; (w,b} e M) = ch ({w’, b’} € M) as the last displayed expression depends only on e. More-
over, by the Kramers-Wannier duality and the same computation for the dual Ising model on the
dual graph G*, we have

X Uglo,op] = 1-x? U
—_— * | = ———— *
)2 GT U 2(1+x2)"¢

P{_({w,b'y € M) = P} _({w',b}e M) = e

[o,00], (311)

where x* := (1 — x)/(1 + x) is the dual weight, and where {u, u'} is the dual edge of {v, v'}. This
yields the second bullet of the lemma.

To prove the first bullet of the lemma, we need to relate the dual energy correlators ug[o,0,/]
and ug.[o,0,/] with each other. Interpreting the graphs in £7 as interfaces between spins of
different value on the vertices of G*, and using the low-temperature expansion, we get

_—Z
pglo,o,] = ——=.

Z

This together with the second equality of (3.10), and the fact that Z, + Z_ = Z, yields

2xuglo,oy ]+ A — xHugloon] =1+ x%
Therefore adding (3.10) and (3.11) gives

0 0 / —

PCG({w,b} EM)+ PCG({w,b teM)=1/2.
This means that the probability of seeing the road containing w in the dimer configuration is 1/2.
By symmetry, this is true for all roads of C;. This finishes the proof. O

3.4 | Kasteleyn theory and complex-valued fermionic observables

In this section, we introduce a Kasteleyn orientation which will be directly related to complex-
valued observables introduced by Chelkak and Smirnov [15].
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FIGURE 3.11 A piece of the primal graph G and its dual G* (black solid and dashed edges respectively)
and the corresponding diamond graph (blue edges) used to define the Kasteleyn weighting. We assume that the
edges of G and G* are drawn as straight line segments. Each street e of C; can be identified with a directed edge
of G or G*. Then, the angle 6, is the angle in the diamond graph at the origin of this directed edge as depicted in
the figure. By definition, these angles sum up to 27 around every vertex and face of G, and around every face of
the diamond graph. This guarantees that the associated weighting satisfies the Kasteleyn condition.

3.41 | A choice of Kasteleyn’s orientation

A Kasteleyn weighting of a planar bipartite graph is an assignment of complex phases ¢, € C with
Is.| =1 to the edges of the graph satisfying the alternating product condition meaning that for
each cycle e, e,, ..., €5 in the graph, we have

k
[Tse. 5o = F* (3.12)
i=1

Note that it is enough to check the condition around every bounded face of the graph.

To define an explicit Kasteleyn weighting for C;, consider the diamond graph of G, that is, the
graph whose vertices are the vertices and faces of G, and whose edges are the corners of G (see
Figure 3.11). Recall that the edges of C; that correspond to the corners of G are called roads and
the remaining edges (forming the quadrangles) are called streets. To each street, there is assigned
an angle 6, between the two neighbouring corners in the diamond graph. We now define

c ¢, =-1 if'e isaroad,
* ¢, = exp(%@e) if e is a street that crosses a primal edge of G,

* ¢, = exp(—%@e) if e is a street that crosses a dual edge of G*.

That is a Kasteleyn orientation of C; follows from the fact that the angles sum up to 27z around
every vertex and face of G, and around every face of the diamond graph. Note that if G is a finite
subgraph of an embedded infinite graph T, then one can as well use the angles from the diamond
graph of I since, as already mentioned, one needs to check condition (3.12) only on the bounded
faces of Cy;. In particular, for subgraphs of the square lattice with the standard embedding, we will
take 6, = 7 /2 for all edges e.

Fix a bipartite colouring of C¢;, and let K = K, be a Kasteleyn matrix for a dimer model on the
bipartite graph C; with the weighting as above, that is, the matrix whose rows are indexed by the
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black vertices and the columns by the white vertices, and whose entries are
K(b,w) = SpuwXpw

if bw is an edge of C; and K(b, w) = 0 otherwise, where b and w are respectively black and white
vertices, and x is the edge weight for C; as in Figure 3.3.

We assume that the set of corners of G comes with a prescribed order ¢, ..., ¢,,, and we order
the rows and columns of K according to this order (for each white and black vertex of C;, there
is exactly one corner of G that the vertex corresponds to). We denote by b; and w; the black and
white vertex of C; corresponding to c;.

The following lemma is a known observation.

Lemma 3.16. We have that

Zéc(wi,bj)

14 ZCG ’

K~ '(w;, b)) = ix

i

(3.13)

where y is any dual path connecting a face u; adjacent to b; with a face u; adjacent to w;, x, is a
complex phase depending only on'y, w; and b; (see the proof for a concrete formula), and ZéG (b, w;)
is, as before, the partition function of dimers on C with b; and w; removed, and with negative weights
assigned to the edges crossing y.

The factor i is due to an arbitrary choice of x,, which is made for later convenience. We will now
justify (3.13) and explicitly identify the complex phase «, in this expression.

Proof. To compute the inverse matrix, we use the cofactor representation as a ratio of
determinants:

_ 4 det KW
K Y(w;,b;) = (-1)H —=———
(Wi b)) = (=1) detK

k]

where K*ii =: K is the matrix K with the jth row and ith column removed.
By definition of the determinant, we have

m
detK = Z sgn(7) H Sbiwr (i Xy Wity
k=1

TES,,

In this sum, only terms where 7 corresponds to a perfect matching on C; are non-zero. Moreover,
by a classical theorem of Kasteleyn [33], the complex phase sgn(zx) H?il Shywne is constant for such
7. In particular, we can take 7 to be the identity. Since ¢}, ,, = —1, we get that

detK = (-1)VZc,,

where N is the number of corner edges in C.
We now want to interpret K as a Kasteleyn matrix for the graph C,; obtained from C,; by remov-

ing the vertices w; and b;. To this end, if w; and b; are not incident on the same face u; = u;, we
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need to introduce a sign change to the Kasteleyn weighting along a dual path y which connects
u; to u;. We do it as follows. Define modified weights ¢ and X by ¢, = —¢, (resp. X, = —x,), if e is
crossed by y,and &, = ¢, (resp. X, = x,) otherwise. Then ¢, x, = &,%,, and hence K(b, w) = &, %4
if bw is an edge of C;, and K(b, w) = 0 otherwise. We leave it to the reader to verify that ¢ is indeed
a Kasteleyn weighting for C;.

We can therefore again apply Kasteleyn’s theorem to obtain

-1

g = Er % =#%7" (w, b,
detK = Z sgn() By ngy Xbitage = K},ch(wl,b]),
TES,,_1 1

3

=~
1l

where by, ...,b,,_; (resp. Wy, ..., W,, ;) is an order-preserving renumbering of the black (resp.
white) vertices where b i (resp. w;) is removed, and

m—1
727 = sgn(7) H S:Ekwn(k)
k=1

is a constant complex factor independent of the permutation 7 defining a perfect matching of C;.
Setting

K, = ()N, (3.14)
justifies (3.13). O

We now proceed to giving x, a concrete representation in terms of the winding angle of y. To this
end, we first need to introduce some complex factors. We follow [13] and for each directed edge or
corner e, we fix a square root of the corresponding direction in the complex plane and denote by
7, its complex conjugate. Recall that we always assume that a corner c is oriented towards its vertex
v(c), and we write —c whenever we consider the opposite orientation. For two directed edges or
corners e, g that do not point in opposite directions, we define £(e, ¢) to be the turning angle from
e to g, that is, the number in (-7, ) satisfying

e—iA(e,g) — (U_eﬂy)z-

Lemma 3.17. Letc;, c; and y be as above. Define 7 to be the extended path starting at —c;, following
y, and ending at c;. Then,

K, = exp <%wind(}7)>,

where wind(y) is the total winding angle of the path 7, that is, the sum of all turning angles along
the path.

Proof. Let p be a simple primal path starting at v(c;) and ending at v(c;), and let  be the extended
path that starts at ¢;, then follows p, and ends at —c;. We will define a perfect matching M, of
C,; that corresponds to p in a natural way (see Figure 3.12). Note that there is a unique sequence
of streets S, such that the first edge contains b; and the last edge contains w;, and where all the
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— 1
o |
b,
%

FIGURE 3.12 Anillustration of the proof of Lemma 3.17 in the case where G is a piece of the square lattice.
The green lines represent corners ¢; and c;, the red lines represent the primal path p from v(c;) to v(c;) and the
blue lines show the dual path y from u(c;) to u(c;). The red vertices w; and b; are removed in the graph Cs. The
matching M,, corresponding to p contains the orange streets and all remaining roads. The dashed (resp. solid)
orange edges carry a phase exp(%) (resp. exp(—%)) in the original Kasteleyn weighting ¢ of C;. The orange edge
crossed by y gets an additional —1 sign in the Kasteleyn weighting ¢ of C;.

edges are directly to the right of the oriented path g (the orange edges in Figure 3.12). We define
M, to contain S, and all the remaining roads denoted by R,,.
Moreover, let £ be the loop (closed path) which is the concatenation of g and 7. We claim that

IT sow =D I spw = DO iexp (—%wind(ﬁ)>, (3.15)

bweS/3 bweS,3

where ((¢) is the number of self-crossings of #. Indeed, the first identity follows since the self-
crossings of # only come from a crossing between y and p, and each such edge gets an additional
—1 factor in the Kasteleyn weighting &. We now argue for the second inequality by inspecting the
contribution of the phases ¢ at each turn of g.

To this end, we consider all the corners adjacent to p. We denote by «;, (resp. aZ), k=1,2,..,
the unsigned angles between two consecutive corners that share a vertex (resp. a face) of G, and
by B, we denote the angles between the edges of p and the corners (see Figure 3.13). Note that
there is exactly |p| angles of type a*, and 2|p| angles of type § (there can be more angles of type
a). Moreover, a, =7 — 85, _; — 3 foreach k € {1,..., |p|}. Finally, the sum of all angles of type
a and 3 around a vertex of G is by definition equal to 7 plus the turning angle of p at that vertex.
Writing A (resp. B) for the sum of all angles of type a (resp. §), and using the definition of ¢, we
find

=TT emTk = o~ 3(A+B=IIm) _ o= 3(Wind(PHm) _ _j oy <—iwind 5 >,
bl;[gp Shuw ];[ l;[ p ( —5wind(p)

which justifies (3.15).
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FIGURE 3.13 Anillustration of the proof of (3.15). The path p goes from ¢; to —c;, and is composed of the
two red edges. The orange edges represent S,,.

On the other hand, a classical fact due to Whitney [67] (see also [13, Lemma 2.2]) says that
exp <%wind(zf’)> = (=1)+1, (3.16)
Factorising the left-hand side into the contributions coming from g and 7, we get
i i
exp <5wmd(f)> =X, exp <§wmd(p)>.

Combining with (3.15), we arrive at

H Sow = H Shw H fbw=(—l)|RP|iKy,

bweM, bwes, bwer,

where the second equality holds true since roads have complex phase ¢ = —1. On the other hand,
by (3.14), we have

m—1

K, = (=D Nsgn(i [ b, = GO Nsen@i [ Sows
k=1 bweMp

where 77 € S_; is the permutation defining the matching M, and N is the number of all corner
edges in Cg;. Therefore, to finish the proof, it is enough to show that

sgn(m) = (1) R (3.17)

To this end, first note that M, naturally defines a bijection 7 of the set of corners of G with the
two corners ¢; and ¢ i identified as one corner, called from now on &, where 7#(c) = ¢’ if the black
vertex corresponding to ¢ is connected by an edge in M, to the white vertex corresponding to c.
This bijection can be thought of as a permutation of {1, ..., k — 1} where the index corresponding to
¢ is m — 1, and where the first m — 2 indices respect the original order on the remaining corners
of Cg. Clearly, 7 has only one non-trivial cycle whose length is |S,| + 1, and hence, sgn(7) =

(—1)|SP|. Without loss of generality, let j > i and for anindex ! € {1, ...,k — 1}, let p; € S;._; be the
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permutation such that p;(I) = k — 1 and that does not change the order of the remaining indices.
Note that sgn(p;) = (—1)"1~! as p, is a composition of k — 1 — [ transpositions. One can check
that 7 = p7'7p;_;, and as a result sgn(r) = (=1)"*=1+151 To show (3.17) and finish the proof,
we count the roads whose both endpoints are covered by a streetin S, to get that N =[S | + 1 +

IR,|. O
All in all, from (3.13) together with Corollary 3.15, we obtain the following statement.

Corollary 3.18. We have
_ 1.
K 1(l’ui’bj) = EIKy<Xcchj>y9 (318)

where the complex phase x,, is as in Lemma 3.17.

3.42 | Complex-valued fermionic observables

In this section, we rewrite ( Xe X, ), and hence the right-hand side of (3.18), in terms of
complex-valued fermionic observables of Chelkak-Smirnov [15], and Hongler—Smirnov [31]. This
correspondence is well known (and can be, e.g. found in [13]) but we choose to present the details
for completeness of exposition. In the next section, we will use it together with the available scaling
limit results to derive the scaling limit of K~ for the critical model on Cps.

We first define the complex version of the Kadanoff-Ceva observable for two corners ¢; and ¢;

by

flene)) = L@ Z exp (—%wind(p,ﬂ) er, (3.19)

hT 7]egu(ci),v(Cj) een

where wind(p, ) is again the total winding angle of the path p,, that is, the sum of all turning angles
along the path, and where p, is a simple path contained in 7 U {¢;, ¢;} that starts at ¢; and ends at
—c;, and is defined as follows: for each vertex v of degree larger than two in 7, one connects the
edges around v into pairs in a non-crossing way, thus giving rise to a collection of non-crossing
cycles C, and a path from ¢; to —c; that we call p,,.

It is a standard fact that the definition of f(c;, ¢;) does not depend on the way the connections
at each vertex of ) are chosen (as long as they are non-crossing). Moreover, for all 77 € £},
we have

—%k, exp <—%wind(pn)> = sgn, (1), (3.20)

where as before, y is a fixed dual path connecting u(c;) and u(c j), andx, = exp(%wind(?)), with
7 being the path starting at —c;, then following y, and ending at ¢;. To justify this identity, we
consider the loop £ which is the concatenation of p, and the path 7, and write

exp (—%wind(f)) =X, exp (—%Wind(p,}))

A ‘T 'S202 'XYY2oorT

jrsdny woiy

5UBD17 SUOWILLIOD BA eI 3 |ced ! (dde ay) Aq pausenoh e sap e YO ‘88N JO S3|nJ 10y ARiqiT auljuQ 8|1 UO (SUORIPUOI-pUR-SWLLIBIALID A3 | IM" AReq 1 Ul Uo//SdNL) SUORIPUOD PUe SWLB | 8L} 89S *[S20Z/TO/ET] Uo ARlqi auljuo A3|1IM ‘UBIM BeISIBAILN aYdsIuYde | Ag 2Z00L SWd/ZTTT OT/I0pAuod Ao m ARiqi L



38 of 68 | DUMINIL-COPIN ET AL.

We then again use Whitney’s identity (3.16) and the fact that the collection of cycles C, must, by
construction, cross y an even number of times (since C, does not cross p,, and C, crosses £ an
even number of times for topological reasons). This justifies (3.20) and implies that

<Xcl-)(c./- >}’ = _Eyf(ci’ C‘j),
which together with Corollary 3.18 gives the following proposition.

Proposition 3.19. We have
- i
K™ (w;, b)) = _zf(chcj)' (3.21)

To make the connection with the scaling limit results of [31], we still need to introduce an
observable that is indexed by two directed edges of G instead of two corners. To this end, for
each edge e of G, let z, be its midpoint. Also, for a directed edge e = (v;, v,), let h(e) be the half-
edge{z,,,},let —e = (v,,v; ) beitsreversal and let &€ = {v,, v,} be its undirected version. Moreover,
for two directed edges e = (v, v,) and g = (05, 0,), let £%9 be the collections of edges 77 € £V2%1
that do not contain € and g. We define

fle.g) 1= Zig D, exp (—%wind(p,p) I

hT HEESI e€r]

where pyisa simple path in # U {h(e), h(—g)} that starts at z, and ends at z 4» and is analogous to
p,, from (3.19). Note that the winding of p; is constant (independent of 77) modulo 27 and equal
to «(e, g), and therefore,

fle,9) €nen R (3.22)

4 | CONVERGENCE OF THE NESTING FIELD (PROOF OF
THEOREM 1.4)

Let D C Cbe aJordan domain, and let D% approximate D, that s, d(6D5 ,0D) —» 0asd — 0(where
d is as in (1.2)). We consider the critical DRC model with free boundary conditions on D%, and the
corresponding dimer model on Dubédat’s square-octagon graph Cps. We call U° and V° the set of
faces of Cps that correspond to the faces and vertices of D? respectively. In this section, we show
that the moments of the associated height function h’ converge to the moments of Lﬂ times the

e
Dirichlet GFF.

4.1 | Scaling limit of inverse Kasteleyn matrix

We start by establishing the scaling limit of the inverse Kasteleyn matrix on Cps. This is crucial
for the computation of the moments of the height function that is done in the next section.

Our method is to use Proposition 3.19 obtained in the previous section, as well as the existing
scaling limit results for discrete s-holomorphic observables in the Ising model [14, 31]. It is
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important to note that to prove our main results, we need to work with continuum domains D
with an arbitrary (possibly fractal) boundary. Therefore, we state a generalised version of the
scaling limit results of Hongler and Smirnov [31] for the critical fermionic observable with two
points in the bulk of the domain. Their result, as stated, is valid only for domains whose boundary
is a rectifiable curve (see also [30]). Even though the stronger result that we need is most likely
known to the experts, for the sake of completeness, we will outline its proof, which is a direct
consequence of the robust framework of Chelkak, Hongler and Izyurov [14] that was used to
establish scaling limits for critical spin correlations.

From now on, we assume that the observables are critical, that is, the weight x, is constant and

equal to x, = \/5 — Lso that [],¢, x, = xl’”. Also, we define

f(e,Zg) = xc(f(es g) + f(e7 _g))5 (41)

which is the observable of Hongler and Smirnov [31] (when e is a horizontal edge pointing to the
right) that is indexed by a directed edge e and a midpoint of an edge z,,. The next lemma relates
this observable to the corner observable in a linear fashion. This type of identities is well known
(see, e.g. [13]) and is closely related to the notion of s-holomorphicity introduced by Smirnov [65]
for the square lattice, and generalized by Chelkak and Smirnov [15], and Chelkak [11, 12]. We omit
the proof.

Lemmad4.1. Letc;andc i be two corners that do not share a vertex, and let e and g be directed edges
incident to v(c;) and v(c j), respectively. Then,

% e,eé_e} (1 + (U_qver)2> <f (e,z,) - (v_ancj)zf(e,—’zg))

We also need to introduce the continuum counterparts of the discrete holomorphic observables.
To this end, let D ¢ C be a simply connected domain different from C, and let ¢, = 1,[)3 be the
unique conformal map from D to the unit disk with %,,(w) = 0 and ¥/ (w) > 0. For w,z € D, we

define
P25 = AW and 7202 = R @

Lemma 4.2 (Conformal covariance of f f_f ). Let ¢ : D — D' be a conformal map. Then,

f(eep) =

Pw.2) = g )¢ @) 2 (p(w), p(2)).
oW, 2) = ¢/ (W) ¢' (@) 2 (p(w), 9(2)).

Moreover, for the upper half-plane H, we have

and fT(w,z):2 1

H _ i
fow.2) = 27 m(z —w)

(z—-w)
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Proof. To prove the first part, note that ng(,w)(z) = ng(qo_l(z)) |§ZE$| . Indeed, the right-hand side

is a conformal map with a positive derivative (1/)3 Y (w)/|¢’'(w)| and vanishing at ¢p(w). Hence, we
have

1

7w 0(e) = | (4, ) (42,) |

P(w) p(w)

_ / NS -l (7)
= [ @ @) @ Pwe'@] 5
= 2w, 209’ (w) *¢(2)72,

and similarly for f?. The second part follows from the fact that $;(z) = i=—= and the definition

of f1. ]

We now proceed to the generalisation of [31, Theorem 8] mentioned at the beginning of the
section. In the proof, we will very closely follow the proof of [14, Theorem 2.16] dealing with the
convergence of discrete s-holomorphic spinors.

Theorem 4.3. Let D C C be a bounded simply connected domain, and let D° approximate D as

8 — 0. Fixw,z € D, and let e = ¢° and g = g° be edges of D® whose midpoints converge to w and
z, respectively, as § — 0. Then,

Foe,z,) = 5(f13(w,z) + 720w, 2) + 0(1)) asé - 0,

where f?° is the observable from (4.1) defined on D. Moreover, the convergence is uniform on compact
subsets of {(w,z) € D? : w # z}

Before giving a sketch of the proof of this theorem, we state a corollary that will be convenient
for us when computing moments of the height function in the next section.

Corollary 4.4. Consider the setting from the theorem above and let c¢; = cf and ¢; = cf be two

corners of D® whose vertices converge to w and z, respectively. Then

K wiby) = =—=0i( 12w, 2) = 7 J2w.2) +7, 2w, 2) = 0] 2w, 2)+ o)),

\/—

where K~ is the inverse Kasteleyn matrix on Cps.

Proof. To simplify the notation, we drop D from the superscripts. We combine Lemmas 4.3 and

4.1 to get that \/?E f(c;,¢j) equals to

Y (1+ G 2,) = Gone T 2,)

e’ efe,—e}
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= Y (140D (0,2 + T @, 2) = (e T(@,2) =02 T, 2)) + ()

e/ €{e,—e}

= 2(f_ .2+ 7, £, (w,2) =72 T_(@,2) = 7 [, 2)) + o(),

where the last equality holds due to cancellations resulting from 775 =-n? .- On the other hand,
by (3.21), K~ 1(w;, bj) = —%f(ci, cj) which finishes the proof. O

Sketch of proof of Theorem 4.3. Based on the scaling limit results of Hongler-Smirnov [31], we
first argue that the statement holds true for a domain D with a smooth boundary. Indeed, in [31],
it is assumed that 773 =1 and hence, in that case, the result follows directly from [31, Theo-
rem 8]. Applying this to a rotated domain together with the conformal covariance properties
from Lemma 4.2 yields the statement for a general direction of e.

We now briefly describe how to use the robust framework of Chelkak, Hongler and Izyurov to
extend this to general simply connected domains. In [14, Theorem 2.16], a scaling limit result was
established for a discrete holomorphic spinor F° defined on an approximation D? of an arbitrary
bounded simply connected domain D. The two observables F¢ and f? satisfy the same boundary
conditions (of [31, Proposition 18] and [14, (2.7)]). Moreover, both observables are s-holomorphic
away from the diagonal. The difference, however, is their singular behaviour near the diagonal.
In [14], the full plane version Fg (the discrete analog of 1/4/z — w) of the observable is subtracted
from F? in order to cancel out the discrete-holomorphic singularity on the diagonal. The details
of the proof of [14, Theorem 2.16] can be carried out verbatim for f° instead of F° and its full
plane version f g (the discrete analog of 1/(z — w)) introduced in [31] instead of Ff:. Indeed, the
arguments in [14] depend only on the fact that the observables in question are s-holomorphic and
satisfy the correct boundary value problem.

Since the scaling limit is conformally invariant and was uniquely identified for domains with a
smooth boundary by the argument above, this finishes the proof. O

4.2 | Moments of h’

Throughout this section, and as before, let D C C be a Jordan domain, and let D¢ approximate
D, that is, d(3D%,dD) — 0 as § — 0 (where d is as in (1.2)). For simplicity of exposition, we only
consider the height function on Cjys restricted to U° which has the same distribution as the nesting
field of the critical DRC on D with free boundary conditions. The case of mixed moments (for
the joint height function on both the faces and vertices of D) follows in the same manner as
the faces and vertices of D° play a symmetric role in the graph Cps. To this end, let a;, a,, ..., a,
be distinct points in D, and let ha(ai) (i =1,...,n) be the height function evaluated at the face
uf = uf(ai) € U’ of D?, in which the point a; lies (we choose a face arbitrarily if a; lies on an
edge of D%).

Let Gp(z, w) be the Dirichlet Green’s function in D, that is, the Green’s function of standard
Brownian motion in D killed upon hitting dD. In particular, for the upper-half plane H, we have

z—w|
z—wl

1
Gy(z,w) = o ln|
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Pﬂ’? b5 denotes the probability

This section is devoted to the proof of the following theorem. Below,
measure of the DRC model with free boundary conditions together with the independent labels

used to define the nesting field.

Theorem 4.5. For every even integer n and any distinct points a;, a,, ..., a, € D, we have

limE%Y | lH h(a, )] 3 [T i6pzw),

7 pairing of {ay ,...,a, } {z,w}en
where a pairing is a partition into sets of size two.

Note that the field 4% is symmetric, and therefore, the corresponding moments for n odd vanish.

Kasteleyn theory classically allows to compute all moments of the height function in terms of
the inverse Kasteleyn matrix K~!. In the proof of the theorem, we follow the line of computation
due to Kenyon [34] but with several adjustments to our setting. In particular, we start with an alge-
braic manipulation to take care of the behaviour of K ~1 nearthe boundary of DS for a‘l), s a?l €D,
write

B} ps th‘S(aﬂ] = El lH(h%ai)—h‘*(a?))] - Y TRl ll‘[m(a )]
- a )
(4.2)

where ai1 =q;fori=1,..,n

The advantage of this formulation is that the first term on the right-hand side can be computed
using Kasteleyn theory, and that the others are small when al, - ,a?l are close to the boundary.
This latter fact is not obvious and is relying on discrete properties of the DRC obtained in [22]
(note that it is basically saying that the field is uniformly small — in terms of moments — near
the boundary).

We start by proving that the remaining terms are small.

Proposition 4.6. Foranye > 0and ay,...,a, € D, one may choose a(l), s ag € D so that

B} b lH h5<ai>] B} lH(ha(ao—h%a?))l < (43)
i=1

i=1
uniformly in & > 0.

Remark 4.7. This proposition, which basically claims that the second term on the right-hand
side of (4.2) is close to zero provided the a? are close enough to the boundary, is a restatement
of the fact that boundary conditions for the limiting height function are zero. It is therefore the
main place where we identify boundary conditions. Note that this proposition relies heavily on
the main results from [22] (Theorems 2.1 and 2.4 from Section 2), and is as such non-trivial.

To prove this proposition, we need to introduce some auxiliary notions. We say that a cluster
of the DRC is relevant for A = {a,, ..., a,} ¢ D if it is odd around uf for at least two different i €
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{1, ..., n} (it is possible that uf = uf even though a; # a;). We denote by R%(A) the number of

)

relevant clusters for A in D%, and by I°(A) the event that all faces u‘f T

least one relevant cluster for A. We start with three lemmata.

are surrounded by at

Lemma 4.8. For every n > 2 even, there exists P, € (0, c0) such that for all sets of points A =
{ay,...,a,} € D, we have

n
E)Y lH hé(ai)] <P, \/ E)Y SIROAIPYY ([15(A)].
i=1

Proof. For a cluster C of the DRC, let
0dd(C) :={a; € A : Cisodd around u?}.

We denote a partition of A by {A, ..., A;}. We call such a partition even if all its elements have
even cardinality. Using the correspondence with the nesting field of the critical DRC on D°® with
free boundary conditions defined in (1.6), we have

n n .
3.9 ) _ Y0
ED5,D5 lH h (ai)] - ED5,D5 lH <Z € l{Cl- odd around u?})
i=1 ]

i=1 \ G

n
_ %9
- ED5,D5 Z H € I{Ci odd around u?}

(CprnnCy) =1
— Eﬂ,ﬂ 1
- DS DS {A;C0dd((;), C; distinct Vie{l,....k}}
{A1,...,A} even (Cq,..5Cy)

2.9
< Z EDrS ha Z I{Ci relevant for A}115(A)
{ApAteven T | (CpanCy)

3,0 § 2
<PEL) (RO 15,

sPn\/ 0 [RS(Ay P [15(A)],

DS,DS DS,Dd

where P, is the number of even partitions of a set of size n (we used that k < n/2), and where in
the last inequality we used the Cauchy-Schwarz inequality. O

Lemma 4.9 (Logarithmic bound on the number of clusters). There exists C € (0, o) such that for
every bounded domain D and every A = {a,, ...,a,} T Dand N > 1,

diam(D) >] N
1B

Y [ROAN] < — [Cn 10g<
NI ]

DS DS

uniformlyin 6 > 0.
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Proof. Consider the constant C given by Theorem 2.1. Set x := %mini;é jla;—aj| and d :=
diam(D).

Consider the family B = (A, (xk) : k € K) containing the boxes Aé (x) with r :=2Jx, x €
—ZZ N Ann(a;,r,2r) for every 1 <i<n and 0 < j < |log,(d/x)]. One may easily check that
every cluster that surrounds at least two vertices in A must contain, for some k € K, a cross-
ing from A,, (x}) to Ay, (x;). We deduce that if X is the number of disjoint A, (x;)-clusters
crossing Ann(x;, 1, 2Cr,) from inside to outside, then

RO(A) < ) X,

keK

Now, for each k € K, Ay¢,, (X)) intersects at most 0(C?) boxes Ascr, (xp) for | € K. We may there-
fore partition K in I = O(C?) disjoint sets Ky, ..., KC; for which the Ascy, (X)) with k € K; are all
disjoint. Set S; 1= ) ;¢ i Xk Holder’s inequality implies that

]

EY IREANT<EY (S + - +s|1|)N]<|I|N12E

N
DS DS DS DS S ]

DS D5

The mixing property of the DRC proved in [22] and Theorem 2.1 imply the existence of C,;, €
(0, ) (independent of everything) such that S; is stochastically dominated by C,,;,S;, where S;
is the sum of |K;| independent geometric random variables (X, : k € K;) of parameter 1/2. We
deduce that

3,8 N N (ColK; |)N
EDE DS [Si ] lex N!l :
Since |K;| < |K| £ C;nlog(d/x), we deduce that
9.9 5, N1 (Conlog(d/ 19)ad
B! IR < =
This concludes the proof. O

We now turn to the third lemma that we will need. Let d,Q be the set of points in Q that are
exactly at a Euclidean distance equal to @ away from 0Q.

Lemma 4.10 (Large DRC clusters do not come close to the boundary). For every C, a, € > 0, there
exists B = B(C, a, €) > 0 such that for every D C A,

3.0 1+n2
P D [0,D «— 9gD] < 4.9
Proof. Assume that d, D is not empty otherwise there is nothing to prove. Since D C A, one may
find a collection of k = O((C/a)?) vertices X1, ..., X € %aZz such that

. A2a/3(x)CDfor1 i<k
* A(x))gDfor1<i<k;
° aaD g Aa/3(x1) U b U Aa/3(xk).

Y
<
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Then, Theorem 2.4 implies that

k
n;+n
P} ;10.D o< Y P s[Agys(xi) ' 85D < ke(B /). (4.5)
i=1
We then choose (5 so that the right-hand side is smaller than e. O

These ingredients are enough for the proof of Proposition 4.6.

Proof of Proposition 4.6. Firstly, Lemma 4.9 shows that for every n > 2, there exist C,,, M,, < o
such that for all sets of points A = {a,, ..., a,} € D, we have

. 1 M,
E?)’?,Dd[R5(A)”] <Gy log(ni;ljn la; —a;|) Alog §)| n. (4.6)

Lemma 4.10 implies that for every n > 2 and every 7 > 0, there exists a function p : [0, ) —
[0, o0) satisfying p(0) = 0 and continuous at 0, and such that for all § and all sets of points A =
{ay,...,a,} € D that are pairwise at least 7 away from each other, we have

Pf;? P < p(min dist(u;, D).

The proof is then a direct combination of these two inequalities with Lemma 4.8 and (4.2). [

We now turn to the computation of the first term on the right-hand side of (4.2) using the
approach of Kenyon [34]. The next result is an analog of [34, Proposition 20].

Proposition 4.11. Let al, 17+ Qp a0 be distinct points in D, and let y,, ..., ¥,, be pairwise disjoint
curves in D connecting al. to a Jfori= 1, ..., n. Then,

hmEg?Dg lH(ha(ai)—hé(a?))] =i 2 Hek/ /det [f”(zl, J)] Mdzisl)...dzien),

i=1 ee{x1}" k=1 71 Vn

where dz(l) dz;, dz( D= =dz; and

0 ifi=j,

f(zi,z)) if(e,e5) =(-1,1),
fee;(2:2)) = 1 (21, 2))  if(ei,€)) = (L, D),
f-@nz) if(e.e)=Q,-1),
Fiznz) if(e.e) = (-1,-1).

Moreover the limit is conformally invariant.
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Proof. We start by proving a stronger version of the conformal invariance statement. Namely, if
one expands the determinant under the integrals as a sum of terms over permutations ¢, then
each multiple integral of the term T, corresponding to a fixed € and ¢ is conformally invariant.
This follows from the conformal covariance of the functions f,(z;, z j) stated in Lemma 4.2 and
an integration by substitution. Indeed, it is enough to notice that T, is a product of n functions
f+(z;,2;) or their conjugates with the property that each variable z; appears in it exactly twice

and in a way that, under a conformal map ¢, it contributes a factor ¢'(z;) if ¢; = 1 and cpTzl) if
€ =—1.

We now turn to the convergence part. To this end, fori = 1, ..., n and every é small enough, we
fix a dual path y connectlng (u0)5 with u? that converges uniformly to y;. It will be convenient
to choose the paths yi in such a way that:

* the faces of C)ys visited by each yf alternate with each step between U°® and V° (by definition,
the paths start and end in U9),

* the restriction of each y? to U? is a path in the dual of D%, meaning that consecutive faces share
an edge in DY,

* the restriction of each y? to V9 is a path in D given by the left endpoints of the edges of D°
crossed by the path.

Note that such paths exist (for § small enough), and they only cross corner edges of Cpys.
We enumerate the edges crossed by y5 (there is always an even number of them) using the

symbols c ¢ P ¢ z ,¢, . With a slight abuse of notation we will also write c for the indicator

functions that the edge belongs to the dimer cover, and ¢ c = c— [ ] for the centred version.
Since the height increments are centred by the choice of the reference 1 form f, (3.5) and since
|fol = 1/2 on all roads, we find

et [[losr - et [ -

o /X At A
EDs’Da (Ci,[ - cl,t)
| i=1 t=1 i
L I, n
=) (—1>#—<S>El c] , 4.7)
=1 t,=1sef+ i=1

where #_(s) is the number of minuses in s.
Fixt,,..,t,ands € {+}",and let ¢; := c . By [34, Lemma 21], the determinant of the inverse
Kasteleyn matrix gives correlations of helght increments, hence

n n
E?)?Da lH c‘i] = (HK(bi, wl-)> detC = (-1)" det € = det C, (4.8)
i=1 i=1

where C is the n X n matrix given by

¢ _{ “lw, b)) ifi# ],
ij = 0 .

otherwise.
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Here, we used that the edges of C (roads) corresponding to the corners in D? are assigned weight
—1 in the Kasteleyn weighting as defined in Section 3.4.1.

Let e; be the edge satistying c*(e;) = cl.“—}, and let z; be its midpoint. We write f, = f i’ and
£ := fPs. Proposition 4.4 gives

f 22 = T2 F- Gz + 7, foz02) =02 Fo@uzp +o(D).

-1

(wls J) - \/—(
We now expand the determinant from (4.8) as a sum over permutations. Let us investigate the
term in this expansion coming from a fixed permutation ¢, and for simplicity of notation, let us

assume that ¢ is the cycle «(i) = i + 1 (mod n). The case of a general permutation will follow in a
similar manner. The term under consideration reads

n
—2
" <f_(Zi, Zizq) + Ucl.f+(Zi’ Zip1)—
i=1

=2
Bz TG i) =12 TG Zia) ) +0(6")

-2
H< 1,1(Zi’zi+1)+77¢i f11(zi,2i40)—

M 1@ Ze) = faa@ezi)) +0@). (49)

We can now expand the product into a sum of 4” terms. Note that for each corner c;, the fac-
tors nfi and nc‘iz appear in exactly one out of n brackets, meaning that each final term contains a
multiplicative factor of n;c" , Where re, € {=2,0,2}.

The first important observation is that the terms for which there exists i such thatr, = 0 cancel
out to o(6") after summing over all sign choices s € {—1, 1}"* in (4.7). Indeed, for each such term,
take the smallest i for which r, = 0 and consider the corresponding term assigned in (4.7) to a
different sign choice s’ which dlffers from s only at the coordinate i. By (4.9), the two terms differ
by 0(6"), and the cancellation in (4.7) is caused by the fact that #_(s) = —#_(s’).

There are exactly 2" remaining terms indexed by € € {—1,1}" that satisfy r, = —2¢; for all i.
Note that in the embedding of the square lattice §72, all corners have length § \/E /2, and
therefore,

2 = V261 dcY,

where dcgl) :=dc; and dcl.(_l) = d_q Hence, the \/E-terms cancel out, and each such term is of
the form

sgn(0)i" <H el-) <H ferein, Zir Zi +1)>dc(€1 dc(e") + o(8"). (4.10)
i=1

The term [];_, ¢; arises as the product of the signs from the expansion of (4.9).
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Since
dle], ) - die, ) = ),

keeping the permutation ¢ and the signs ¢ fixed, and summing (4.10) over all s € {—1,1}", we
obtain

sgn(u)i” <H el-) <H fei’em(zi, zi+1)>d(zf)(el) d(zfl)(en) + o(6™).
i=1

i=1

Finally, summing back over all permutations and using that yf — y;asd — 0, we obtain that (4.7)
is equal to

L ln n
Z Z ( Z <He ) det [fe 3 (zi,z; )] N d(zf)(sl) d(zg)(en) + 0(5n)>
=1 =1 1<i,j<n

t; ee{+n \i=1

Y <He)/ / det [fei,ei(zi,zj)]l e ... dz 4 o1). (411
Yn ’ <L, jsn

eef{xn
This concludes the proof of Proposition 4.11. O

Proof of Theorem 4.5. We already proved in Proposition 4.11 that the desired limit exists and is
conformally invariant. Hence, it is enough to identify it for the upper half-plane H. In this case,
by Lemma 4.2, we have an explicit formula
LT

i 2

27 (dej) - Z@)) ’

J L

ey

i
where z;” = z; and z; = Z;. Up to conjugation by a diagonal matrix with entries i, this is the
same matrix as in [35 Lemma 3.1], and hence,

fei,ej(zi’ Zj) =

(=1)

1 1
I<ijsn (2

det [fei,ej (2 Zj)]

This means that, after exchanging the order of summations, integrals and products, (4.11) is equal

to
n dz;dz; dz;dz;
i R / / iz itej
Qmyn Z H e[ vidv =z (z; —7z)?

7 pairing of {1,...,n} {i,jlen J

_z 1 (uj - ui)(u? — u?)(us) — u_i)(uj _ u?)
’ —1In

7 pairing of {1,...,n} {i,j}en 27 (u? - ui)(uj - u?)(uj - u_l)(u? - u?)
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Note that the terms in the product above converge to Gy (u;, u;) as u? and u;’ get close to oH.
This together with (4.3) implies that, up to the explicit multiplicative constant, the moments have
the same scaling limit as in [35], which ends the proof. O

4.3 | Convergence of h° as a random distribution

Recall that for a € D, we write h®(a) for the evaluation of the nesting field at a face u® = ub(a) of
D?® containing a. (Here, we talk only about the graph D where the nesting field is defined, and
not about Cps which is used as an intermediate tool to prove this convergence.) For a test function
g . D - R, define

ho(g) := /D g(a)h’(a)da. (4.12)

Theorem 4.12. Let hy, be the GFF in D with zero boundary conditions, and let ¢y, ..., g, : D > R
be continuous and bounded test functions. Then, forl,, ..., I, €N,

k k l
lim E?Y @) | =E Lh (g) ) |
5—0 D3.DS |‘11:T1 i H \/E D\Ji

i=1

Proof. We first note that if Zle I, is odd, then the corresponding moments of h° and h vanish and
there is nothing to prove. Moreover, to simplify notation, we only consider moments E[h°(g)'] of
one test function ¢ for I even. The general case follows in a similar way. To this end, we fix | > 2,
and define

Dla :={(a1,...,al)eDl : la; —a;| <6 forsome i # j}.

Then, by Lemma 4.8 and (4.6), we have
1
1
/D /D B, l]‘[ g(ai)hb'(ai)] L,...apepi dar -~ day < CllgllL log £)™2%(D)
i=1

< C'llgllL A2(D)' ! (log )™ 82

for some constants C,C’ and M that depend on [, where 22! is the 2l-dimensional Lebesgue
measure. Note that the right-hand side tends to zero as § — 0. The function

(al’ ey al) = | log(rgéljn Iai - aJI)IlM

is integrable over D!, and hence by dominated convergence, Lemma 4.8 and (4.6) again, we have

l
lim B2 [1()] = lim /D /D B lH g(ai)h‘s(ai)] da, - da,
i=1

l
i 3.0
= gl_l’)ré'/D e /D EDa,Dé lH g(al)ha(al)] l(al,-.-,a[)EDl\Dédal e dal
i=1
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l n
= / / (Hg(ai >‘lgiz>r(l)E%?D5 [H ha(ai)] Lg,... al)eDf\Dédal‘“dal
D D \ iz ’ i=1
l 1
= g(a -G (a.,a.)da ...da
A /D<111 l> Z H T D\%i> % 1 [

7 pairing {i,j}er

= El(—=hp(9))],
T

\/_

where the second last equality follows from Theorem 4.5. O

Remark 4.13. We note that the same convergence as in Theorem 4.12 holds if the height function
is considered as a function on all faces of Cj;s and not only on the faces of G°.

We are now ready to conclude the proof the main theorem of this section.

Proof of Theorem 1.4. By Theorem 4.12, all moments of h® converge to the corresponding moments
of = hp. Since hp, is a Gaussian process, its moments identify its law uniquely. Since convergence
s

\/—

of the second moment implies tightness, we conclude that h° tends to -

Vr
tends to 0 in the space of generalised functions acting on continuous test functions with compact
support. [l

hp in distribution as &

5 | FURTHER PRELIMINARIES

In this section, we recall some background on the continuum side.

In this section, we recall some background on the continuum side, notably on the GFF, the
local sets and the two-valued sets. Throughout, let D C C be a simply connected domain whose
boundary is a Jordan curve.

The SLE was introduced by Schramm in [57]. It is a family of non-self-crossing random curves
which depend on a parameter x > 0. For many discrete models, free or wired/monochromatic
boundary conditions force the interfaces to take the form of loops. The loop interfaces are conjec-
tured (and sometimes proved) to converge to a conformal loop ensemble (CLE) in the continuum,
which is a random collection of loops contained in D that do not cross each other. The family of
CLE was introduced by Sheffield in [62] and further studied by Sheffield and Werner in [63]. It
depends on a parameter x € (8/3,8) and can be constructed using variants of SLE,.

In [58, 59], Schramm and Sheffield made the important discovery that level lines of the discrete
GFF converge in the scaling limit to SLE, curves, and that the limiting SLE, curves are coupled
with the continuum GFF as its local sets (i.e. a set with a certain spatial Markov property, see
Definition 5.1). More generally, the theory of local sets developed in [59] allows one to couple
SLE, with the GFF for all ¥ € (0, 8). The coupling between SLE, and GFF was further developed
in [19, 49-52] (also, see references therein).

In this work, we are only concerned with the case x = 4. It was shown in [59] that SLE,-type
curves are coupled with the GFF with a height gap 24 in such a way that they are local sets of
the GFF with boundary values, respectively, a — A and a + 1 on the left- and right-hand sides
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FIGURE 5.1 Left: A sketch of CLE, coupled with the GFF. The loops have boundary values —24 or 2A.
Right: We depict a few layers of the nested CLE, coupled with the same GFF. We mark in red the outermost loops
that have boundary values —44 or 44, which belong to £_; 4.

of the curve. A crucial property shown in [59] is that such SLE,-type curves are deterministic
functions of the GFF. We call these curves level lines, to keep the same terminology as in the
discrete. The value a € R is called the height of the level line. The coupling between SLE, and
GFF was extended to CLE, and GFF by Miller and Sheffield [48] (a more general coupling between
CLE, and GFF for all k¥ € (0, 8) was established in [53]; a proof for the case ¥ = 4 was also provided
in [7]).

Let us fix some notation that will be used throughout this work. For any simply connected
domain U, we say that its boundary dU is a contour. If y is a simple loop, then let O(y) denote the
domain encircled by y, which is equal to the unique bounded connected component of C \ y. Let
O(y) be the closure of O(y). Every simple loop is a contour, but a contour need not be a loop or
a curve. Let h be a zero boundary GFF in D. For every simply connected domain U C D, let h|;
denote the restriction of & to the domain U. If h|; is equal to a GFF in U with constant boundary
conditions, say equal to c, then let h°|; be the zero boundary GFF so that k|, is equal to h°|;
plus c. This constant c is also called the boundary value of U, or the boundary value of 0U. Let T’
denote a collection of simple loops which do not cross each other. Let gask(I") denote the gasket
of T, which is equal to D \ U,erO(y). Given a connected set A C D such that 8D C A, let £(A)
denote the collection of outer boundaries of the connected components of D \ A.

The Miller-Sheffield coupling between the GFF and CLE, states that & a.s. uniquely determines
a random collection T of simple loops which do not cross each other and satisfy the following
property (see Figure 5.1, left): conditionally on gask(I"), for each loop y € T, there exists e(y) €
{—1,1} such that k|, is equal to €(y)24 plus a zero-boundary GFF. In addition, the fields h|,
for different y’s are (conditionally) independent of each other. In other words, gask(I') is a local
set of h with boundary values in {—24, 24}. It turns out that I has the law of a CLE,. In addition,
gask(I") carries no mass of the GFF: for all test function f on D, we have

h(x)dx = h dx. .
[ seonax=3, [  Shlog (<) 51)

yer
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Each loop y in CLE, is a level line (we also call it a level loop) of the GFF with boundary
value €(y)24 on the inner side of the loop and O on the outer side of the loop (so it is at
height e(y)A).

It is also natural to consider level loops of h at other heights than those of CLE,. For example,
the previous coupling can be extended to the nested CLE, (by sampling the CLE, coupled to
h°| oy, for each y € T), so that the further layers of CLE, loops are at heights (2k + 1) fork € 7.
For a € (—4, 1), the outermost level loops of & at height a are given by boundary conformal loop
ensembles (BCLE) [53], and one can then also consider nested versions of BCLE to obtain level
loops of h at a continuum range of heights.

The gaskets of CLEs and BCLEs belong to a particular class of local sets called two-valued sets
introduced by Aru, Sepulveda and Werner in [7]: a two-valued set is a thin local set (a termi-
nology in [60] meaning that the local set carries no mass of the GFF, described by (5.1)) with
two boundary values in {—a, b}, denoted by A_, ,. For example, the gasket of CLE, is equal to
A_5,,2, and the gaskets of BCLEs correspond to A_,;, with a + b = 21. It was shown in [7]
that the sets A_g,p exist for a,b > 0 with a + b > 24, and are a.s. unique and determined by
h. Let us use L£_,, to denote L(A_, ;). Throughout, we denote by Efa’b (resp. E:a’b) the set
of loops in £_,, with boundary value b (resp. —a). We will also use notations like CLE,(h)
and L£_, ,(h) to represent these sets coupled to h (especially when there are different GFFs
involved).

The loops in L_, ;, are composed of SLE,-type curves which are level lines of h, hence are a.s.
simple and do not cross each other (but can intersect each other). The law of £_, ;, is invariant
under all conformal automorphisms from D onto itself, since / is invariant under those conformal
maps. The geometric properties of the loops in £_, , are well understood (see, e.g. [6, 7, 56] and
Lemma 5.6).

Let us now give a simple and intuitive explanation of the two-valued sets, and postpone more
details to the next subsection. As pointed out in [7], A_, ;, is a 2D analogue for GFF of the stop-
ping time of a 1D Brownian motion upon exiting [—a, b], and is intuitively the set of points
that are connected to the boundary by a path on which the values of h remain in [—a, b]. Let
us illustrate this by the following construction of A_,,, ,,; via iterated CLE,s (see Figure 5.1,
right). For each point z € D, the boundary values of the successive loops that encircle z in the
nested CLE, perform a symmetric random walk with steps +24. The loops in £_,,, ,,; corre-
spond to the first time that we obtain a nested CLE, loop with boundary value equal to —2nl
or 2nA.

Let us give more details on GFF, local sets and two-valued sets. Here, we look at a GFF in the
unit disk U. For any other simply connected domain D, one can simply map D conformally onto U.
Let I be the space of all closed non-empty subsets of U. We view I' as a metric space, endowed by
the Hausdorff metric induced by the Euclidean distance. Note that T is naturally equipped with
the Borel o-algebra on I' induced by this metric. Given A €T, let A5 denote the closure of the
d-neighbourhood of A in U. Let A5 be the smallest o-algebra in which A and the restriction of h
to the interior of A5 are measurable. Let

A= m Ag.
§€Q,6>0

Intuitively, this is the smallest o-algebra in which A and the values of h in an infinitesimal
neighbourhood of A are measurable.
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Definition 5.1 (Local set [59]). Let h be a GFF in U. We say that a random set A is a local set of h
if A is a closed subset of U and one can write h = h, + h*, where

* h, is an A-measurable random distribution which is a.s. harmonic on U \ A.
* Conditionally on A, h4 is a random distribution which is independent of A. It is a.s. zero on A
and equal to an independent zero boundary GFF in each connected component of U \ A.

Two-valued sets were introduced by Aru, Sepulveda and Werner in [7]. More precisely, they
denote thin local sets with two prescribed boundary values. Above we have mentioned the exam-
ples of CLE, (whose gasket is a thin local set of a GFF with two boundary values in {—24, 24}) and
BCLE,(—1) (whose gasket is a thin local set of a GFF with two boundary values in {—4, 1}).

In 7], the authors first defined the more general family of bounded-type thin local sets (denoted
by BTLS), as follows.

Definition 5.2 (BTLSs, [7]). Let h be a GFF in D. Let A be a relatively closed subset of D. For
K > 0, we say that A is a K-BTLS of h if

1. (boundedness) A is a local set of & such that |h,(x)| < K forallx € D \ A.
2. (thinness) for any smooth function f, we have (hy, f) = fD\ 4 ha()f(x)dx.

It was shown in [7] that a BTLS must be connected to the boundary of the domain.
Lemma 5.3 (Proposition 4, [7]). If A is a BTLS, then A U dD is a.s. connected.

A two-valued set is defined to be a BTLS A such that h, € {—a, b} for a,b > 0. The family of
two-valued sets satisfies the properties of the following lemma.

Lemma 5.4 (Proposition 2 in [7]). Let —a < 0 < b.

* When a + b < 24, it is not possible to construct a BTLS A such that h, € {—a, b} a.s.

* Whena + b > 24, there is a unique BTLS A coupled with h such that h, € {—a, b} a.s. We denote
thisset Aby A_ .

* Ifla,b] C[a’,b'], then A_,,, CA_y py as.

This lemma shows that two-valued sets are deterministic functions of the GFF h (when they
exist), and this property will be instrumental in our proof.

Whena + b = 24, theset £_, ; is equal to BCLE,(p) (Where p = —a/2) and can be constructed
using the branching SLE,(p, —2 — p) process ([7, 53]). The loops in [1+ , (resp. LT ) corre-
spond to the loops traced in the clockwise (resp. counterclockwise) dlrectlon by the branchlng
SLE,(p, —2 — p). Properties of such SLE processes directly imply the following lemma.

Lemma 5.5 [7, 53]. If a + b = 24, every loop in L _, ;, intersects dD. The loops in L~ _, are equal to

a,b
the outer boundaries of the connected components of D \ U,¢,+ bO(y).
Ta

For other values of a,b, A_,, is constructed by iterating the branching SLE,(p, -2 — p)
processes. Using properties of the SLE,(p,—2 — p) processes, [6] has deduced the following
intersecting behaviour of the loops in £ _ ;,, which will be useful for us later.
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Lemma 5.6 (Intersecting behaviour of the loops [6]).

1. There exists a loop in Efa,b (resp. E:a,b ) which intersects 0D if and only if b < 2 (resp. a < 22).

2. Ifa + b < 44, then one can connect any two loops n; andn, in L_, ;, by a finite sequence of loops
(V155 ¥Yp)SOthaty, =1y, v, =1, andy,.,, intersects y, foreach 1 < k < n — 1. Only loops with
different boundary values can intersect each other.

We will also use the following lemmas to identify uniquely the law of the limiting interfaces in
Section 6.1.

Lemma 5.7 (Lemma 3.8, [6]). Let a,b > O with a + b > 2A. Then almost surely, a loop ¢ of L_
labelled —a touches the boundary if and only if a < 24 and ¢ is a loop of L_, _,,; labelled —a.
Moreover, the loops of L_, ;, which do not touch the boundary and are surrounded by a loop y €
L_, a2 labelled —a + 24 are exactly the loops ofﬁ_z/l,aer_M(hOlO(y)).

Lemma 5.8. Let A, A,, ... be an increasing sequence of thin local set of a GFF h in a domain
D with A, = A_\/E/1 NGTS and such that for each k and each ¢ € L(A;) with boundary value
m\/E/l, each loop in L(Ay,,) encircled by ¢ has boundary value either (m — 1)\/5/1 or (m+
1)\/5/1. Then, for each k and each ¢ € L(Ay), the loops in L(Ay,,) encircled by ¢ are exactly

0
[“—\/Ea,ﬁa(how))'

Proof. Suppose that £ € L£(A;) has boundary value m\/z/l. Since A, A,, ... is an increasing
sequence, every loop y € L(A,,;) is either encircled by £ or O(y) N O(¢) = @. Since A, ; is a
thin local set of h, we have for any smooth function f

h dx = h dx = h dx.
/ o (0 (9 / RECTCEE / o (ax

YEL(Ak41),.0(1CO(?)

Since # has boundary value m \/5/1 and eachy € L(A,,,) encircled by £ has boundary value either
(m— 1)\/5/1 or (m + 1)\/5/1, we can conclude the proof. O

Lemma 5.9. Consider the following collection of loops defined iteratively.

« Let Ly(h) be the collection of loops resulting from replacing each ¢ € L* /i \/_A(h)
—V22,1/2
(resp. fe[i_ﬁm/z/l(h)) by an independent (conditionally on ¢) E_ﬁi’(z_ﬁ)l(hlo(f))

(resp.L_, /55 vz (Mloy)-
* Given L, (h), define L ,(h) by replacing each ¢ € L;(h) with boundary value O by an
independent (conditionally on ¢) copy of L(h|p))-

Then, liminf, _, £, (h) = limsup,_, ., Li(h) = L_,,,,(h) = CLE,(h).

Proof. For each k, gask(L (h)) is clearly a thin local set of & with boundary values in {—24, 0, 24}. It
remains to prove that gask(lim; _, ., £, (h))isathinlocal set of h with boundary valuesin {—24, 24}.
For this purpose, it is enough to prove that lim;_, £, (h) a.s. does not contain any loop with
boundary value 0.
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Let D be the domain on which h is defined. For z € D, if z is encircled by a loop in £, (k) with
boundary value in {—24, 21} for some k > 0, then z cannot be encircled by aloop in lim_, ., £;.(h)
with boundary value 0. Let E(z) be the event that z is encircled by a loop ¢}, € £ (h) with bound-
ary value 0 for every k > 0. Then, z is encircled by a loop ¢ € lim,_,, £, (h) if and only if E(z)
occurs. On this event, ¢ is a.s. encircled by £ for every k > 0.

On E(z), for k > 1, let r,(z) be the conformal radius of #;_, seen from z. Let r,(z) be the
conformal radius of dD seen from z. Then, for k > 1, conditionally on E(z), the random vari-
ables r;(z)/r;_,(z) are i.i.d. and their law does not depend on z (due to conformal invariance of
L,(h)). Moreover, r;(z)/r;_;(z) is a.s. strictly less than 1, since gask(L,(h)) is a.s. non-empty. It
follows that r; (z) — 0 as k — o a.s., hence £ a.s. has conformal radius 0, which is impossible.
Therefore, z is a.s. not encircled by a loop in lim;_, , £, (k) with boundary value 0. Since this is
true for all z, we have proved that lim,_, , £, (h) a.s. does not contain any loop with boundary
value 0. O

6 | SCALING LIMIT OF THE DOUBLE RANDOM CURRENT
CLUSTERS

In this section, we identify the scaling limit of the DRC clusters with free and wired boundary
conditions. More precisely, we prove Theorems 6.2 and 6.4 which imply Theorems 1.1 and 1.2. As
we have pointed out at the end of Section 1.2, Theorems 6.2 and 6.4 contain more information
than Theorems 1.1 and 1.2.

Our proof crucially relies on the height function as defined in the master coupling in Theo-
rem 3.1 which satisfies a strong form of spatial Markov property at the inner boundaries of the
DRC clusters, namely one has an independent height function (which converges to a GFF) inside
each domain encircled by the inner boundary of a cluster. The boundary values \/5/1 and 2\/5/1
at the inner boundaries of the clusters come from the discrete height function (in the discrete,
the height changes by +1 or +1/2 between neighbouring sites and faces but the limiting field is
2 \/5/1)_1 times the GFF, hence the values of the continuum field on the scaling limit of such
inner boundaries are multiples of \/5/1). For example, the scaling limit of the inner boundaries of
the outermost cluster in a DRC model with wired boundary conditions follows directly from this
spatial Markov property and the characterisation of two-valued sets (Lemma 5.4) [7].

In contrast, the discrete height function does not have this form of spatial Markov property
at the outer boundaries of the clusters. However, we establish this spatial Markov property in the
continuum limit, using additional information on the geometric properties of these loops and their
interaction with other interfaces of the primal and dual models coupled through Theorem 3.1.
More precisely, we show that the outer boundaries of the clusters in a free boundary DRC model
converge to the CLE, coupled with the limiting GFF, so that each limiting loop has boundary
value —24 or 24. The value 24 cannot be found in the height function of the discrete model, but
only appears in the continuum limit. This is the same value as the height gap at the two sides of
a level line, identified in [58].

Throughout, let D be a Jordan domain. Let U; and U, be two open and simply connected sets.
We say that two contours U, and U, cross each otherif U; € U,, U, € U, and U; N U, # @. We
say that a contour 0U, encircles another contour U, if U, C U,, and we say dU, strictly encircles
ou, ifU, ¢ U;.
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6.1 | Main results

In this section, we state the main Theorems 6.2 and 6.4, which can be seen as enhanced versions
of Theorems 1.1 and 1.2 presented in the introduction.

Let D ¢ C be a Jordan domain. Recall that we say that simply connected graphs D° c 672
approximate D if d(dD°,0D) — 0 as § — 0, where d is as in (1.2). We consider a critical DRC
n® on D? with free boundary conditions, and the dual DRC (n")° on (D%)" with wired boundary
conditions, coupled together as in Theorem 3.1. Let P;,s be this coupling that also encodes the
joint height function H® composed of the nesting field h° of n®, and the nesting field (h")° of
(n")%. The following collections of loops will be relevant in our proofs.

. Qg is the collection of loops in the inner boundary of the cluster of the ghost vertex of (n")°.
We proceed inductively. Having defined Q°, we define Qi+1 in the following way. Recall that
by property (4) of the master coupling from Theorem 3.1, if k is even, then in each loop ¢ of
Ql‘z, n® restricted to the domain encircled by # has wired boundary conditions. We modify the
current by setting nf = 2 (the only important property is that the value is non-zero and even)
for every primal edge e whose both endpoints are adjacent to # from the inside. We denote this
modified current restricted to £ by n?. We then define Ql‘zﬂ(zf’) as the union of all the loops

in the inner boundary of the external most (touching £) cluster of ni (see Figure 3.2 for an

1
k+1

with n° replaced by (n")?, and the primal graph replaced by the dual graph. In particular, the
loops in Q; are on the primal (resp. dual) lattice for k even (resp. odd). We define Q% = U,‘?’ZO QZ.
. Bl‘i, for k even, is the collection of outer boundaries of the clusters of n® that touch a loop of
Qlf from the inside. Moreover, for each loop 7 € Bi , let C(¢) be the cluster of n® with outer
boundary ¢, and let Alf(z,” ) be the collection of loops in the inner boundary of C(¢), and Ai =
U /eBi Ai(f). The collection of loops BY, for k odd, is defined in the same way but with n’

exchanged for (n")°. Finally, let B® = J;2, BS and A° = [ Ji2, A°.

illustration). Finally, we set Qg a= U reqd Q (©). If k is odd, then we proceed analogously
k

Remark 6.1. Note that Az(f) C Qlfﬂ(z,”), and hence Ai C Qi+1‘ Moreover, every loop in Qiﬂ(f) \
Ai(f) traces pieces of loops in Blf that touch ¢ and/or the loop ¢ itself (see Figure 3.2 for an
illustration). We also note that the outermost loops both in B® and A° can be of arbitrary level,

that is, belong to Blf and Al‘z for any k.

For k odd (resp. even) and each y € Qi(zf ), we say that y is the boundary of an odd hole if ng
(resp. (n*)?) is odd around every face encircled by y (see definition in Section 1.3). Otherwise
we say that y is the boundary of an even hole. We define c®(¢) = 1 (resp. c?(¢) = —1) if £ is the
boundary of an odd (resp. even) hole. Note that every loop in Qiﬂ(f) \ Ag(z,”) is the boundary
of an even hole in by construction (since we modified the current by adding edges with value 2).
Moreover, for each loop # € B?, let €%(#) be the label of the cluster C(#) of n® with outer boundary
¢. The label is defined by the coupling with the nesting field 4’ as in Theorem 3.1.

We will prove the following theorems which clearly imply Theorem 1.1 and Theorem 1.2.

Theorem 6.2. Let D and D° be as above, and such that 8D is C*. Let eg be the label of the cluster of the

boundaryin (n"')5. Then, asd — 0, the family (H o, Q5, e, eg) defined above converges in distribution
o1 NP

to a limit (%h, Q,c, eg) satisfying:
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* his a GFF with zero boundary conditions in D.
* Fork > 0, let Qy be the scaling limit of the loops in Q]f. Then, Q, isequalto E—\/E/I \/E/l(h)' Moreover,

Jorevery loop y € Qy, h restricted to O(y) has boundary value € c(y) \/E/l.
* This picture repeats iteratively: if  is a loop in Qy,, then all the loops in Q, , ; directly encircled by £
form L NeT \/E/l(ho locs)), and for each such loop y, h° los) restricted to O(y) has boundary value

(~DFe@)e(2)V21.

Remark 6.3. The difference in the gaps between the first layer and the remaining layers (e,c(y) \/5/1

and (—l)kc(y)c(f)\/i/l, respectively) comes from the fact that in the master coupling of Theo-
rem 3.1, the label of the external most cluster of n' is chosen uniformly at random, whereas the
increment of the heights between loops in consecutive layers is given by Property (3). Here, we
also use Property 2 to see that for a primal cluster C, one has ¢, = —c(y), where  is the loop in Q°
that surrounds and touches C. An analogous formula holds for dual clusters. The alternating sign
(=1)* appears since Qi alternate between primal and dual interfaces, and the formula in Prop-
erty (3) changes sign depending if we compute the increment from a face or from a vertex of the
original graph.

Theorem 6.4. Let D and D® be as above and such that 8D is C1. As 8§ — 0, the family
(H°,B%, A% €%,
defined above converges in distribution to a limit (%h, B, A, ¢, ¢) satisfying (see Figure 6.1):
T

* his a GFF with zero boundary conditions in D.

* The collection of outermost loops in B is equal to CLE(h). For each such loop ¢, h| ) is equal to
an independent zero-boundary GFF h® locs) Plus the constant e(£)2A.

* For each such outermost loop ¢ of B, let A(¢) denote the collection of loops y in A that are directly
encircled by ¢ (no other loop in A encircles y).
- Ife(?) = 1, then A(?) is equal to E_m’(z\/z_z)/l(holo(f)).
- Ife(?) = —1, then A(?) is equal to E_(z\/i_z)l,m(holo(f)).

- Eachloopy € A(?) has boundary value e(¢)(c(y) + 1)\/5)..
* This picture repeats iteratively in each outermost loop ¢ of A (with D := ¢, and with the loops of
B and A encircled by ¢).

The relation between the loops in Q an A, B is illustrated in Figure 6.2.

Remark 6.5. We can deduce using crossing estimates from [22] that for each loop £ € B, , two loops
in A, (¢) of the same parity (hence of the same boundary value and drawn in the same colour in
Figure 6.1) never touch each other. Moreover, only the limit of the boundaries of odd holes can
touch #. This is consistent with Theorem 6.4 and the adjacency properties of the loops in a two-
valued set (Lemma 5.6). Furthermore, Theorem 6.4 implies that each loop in A4, (¢) is connected
to Z via a finite chain of loops of alternating parities (hence the length of this chain always has a
fixed parity). In particular, the parity of the holes are determined by the shape of the clusters.
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FIGURE 6.1 Scaling limit of the boundaries of the outermost clusters on the primal graph. We depicted the
outermost loops of B in blue. For each blue loop ¢, the loops in A(¢) have boundary value either 0 or e(f)Z\/E/l.
For two blue loops #; and ¢, with labels e(¢;) = 1 and €(¢,) = —1, we depict the loops in A(#,) and A(¢,). For

i = 1,2, we draw the loops in A(¢;) with boundary value 0 (resp. (Z i)2\/5/1) in red (resp. green). Each green
(resp. red) loop is the limit of the boundary of an odd (resp. even) hole.

Remark 6.6. We can deduce using crossing estimates from [22] that two loops in Q, of the same
parity (hence of the same boundary value and drawn in the same colour in Figure 6.2) never
touch each other. This is consistent with Theorem 6.2 and the adjacency properties of the loops
in a two-valued set (Lemma 5.6).

6.2 | Pre-compactness and first properties of limiting curves

We now proceed to proving the two theorems. To this end, recall the tightness criterion [2, H1]:
a family of random variables 7° (with law ;) taking values in G(Q) satisfies condition H1 if
for every k < oo and every annulus Ann(x, r, R) with § < r < R < 1, the following bound holds
uniformly in § > 0:

Ps[Nys(Ann(x, r,R)) > k] < C(k)(if)ﬂ"), (6.1)

with C(k) > 0 and A(k) tending to infinity as k — oo, and where
Nys(A) = {k distinct pieces of curves in 7 cross the annulus A}. (6.2)
Here, by a piece (in A) of a curve, we mean a connected component of the curve resulting from
a restriction of the curve to the annulus A. If 7° contains only one curve #, we will simply write

N, for Ny;. Theorem 1.2 of [2] says that if F? satisfies condition H1, then F? is pre-compact for
the topology of weak convergence with respect to the distance (1.1).
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FIGURE 6.2 The nesting between the loops in Q, A, B and their coupling with h. For each set of discrete
loops at mesh size §, we take away the superscript d to denote its scaling limit in the continuum. For example, A
and B, denote, respectively, the scaling limit of the loops in Ai and B}‘z. We point out that an outermost loop in B
or A can be at an arbitrary level, that is, belongs to B, or A, for any k.

Proposition 6.7. Let D, D° and Pps be as above. Let 1° (resp. 7°) be the nested boundaries interface
configuration of n® (resp. (n")°) as defined in Section 1.2. We view n° and 7° as collections of loops,
so thatn® UR® = A% U B°. Then, 1° satisfies condition H1 under Pps. Moreover, if 0D is C*, then 7°
also satisfies condition HI under Pps.

Proof. We apply criterion H1 to the families #° and 7°. The event that Ann(x, r, R) is crossed by
k separate pieces of interfaces in 7° (resp. 7°) is included in the (rescaled version of the) event
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A, (r/8,R/8) for n (resp. (n®)"), so that we may apply Theorem 2.1 and Remark 7.3 of [22]. This
concludes the proof. O

Lemma 6.8. Let D, DY, Pps, and Ql‘z be as above. Assume, moreover, that 8D is C*. Then, for each
k>0, Qi satisfies condition H1 under Pps.

Proof. We will say that two (pieces of) loops are adjacent if either they are both subsets of the same
graph (primal or dual), and moreover, they intersect, or they are subsets of mutually dual graphs,
and moreover, they visit at least one same corner (pair of vertex and face) of the primal graph.

‘We will proceed inductively. By Proposition 6.7, Qg satisfies H1 since it is a subset of #°. Let us
hence assume that Qlf satisfies H1. Suppose that k is even (the case of k odd is treated analogously).
Let us show that Qi . also satisfies H1 (with properly adjusted constants in (6.2)). For £ € Q?, let
L(®) = Qiﬂ(f) \ 7%, and L = Q£+1 \ n® = UKEQi L(?). Note that by Proposition 6.7, it is enough
to prove that L satisfies H1.

To this end, we will use the fact that the loops in L are constructed from (pieces of) a loop
‘e Qi or/and pieces of the loops in 7° that are adjacent to # from the inside (see also Remark 6.1).
Let us denote the latter collection of loops by 7°(#). Consider annuli A = Ann(x,7,R), and A; =
Ann(x, rsi=1,rs'), where i = 1,2,3,4and s = {/R/r, so that A = A; UA, U A, U A,. Since n°(¢)
and %(¢") are disjoint for # # #’, by Proposition 6.7 and the induction assumption, it is enough
to show that for each 7 € Qg,

Nio)(A) < 2(Nys)u1ep (A1) + Ny ) (Bo) + Ny ) (As) + Nys )01 (A))- (6.3)

To this end, let P,(¢) be the set of all pieces in A of the loops in L(¢) that cross A (as defined
above). Then, the cardinality of P,(¢) is equal to Ny, (A). Moreover, let P,(¢) be the set of all
pieces in A of the loops in 7°(#) U {#} (not necessarily crossing A). Here, if a loop is fully contained
in A, then there is one piece which is equal to this loop. Furthermore, for each p; € P,(¢), let
P,(p;) C P,(¢) be the set of pieces in P,(¢) that are adjacent to p,, or are adjacent to another
piece adjacent to p;. As we mentioned earlier, the union of the pieces in P,(p,) should entirely
cover p;, by Remark 6.1. The pieces in P,(#) are of two kinds: either they come from # or 7°(¢).
See Figure 6.3 for an illustration. Let p, € P,(#). Since # encircles all loops in 7°(#), every piece
in P,(p,) that is a piece of a loop in °(¢) is either itself connected to the boundary of A or it is
connected to it via a single piece of # in P,(p,). This means that there are two possibilities: either
there exists a piece in P,(p,) that crosses A, or A,, or there exists a piece in P,(p,) that is a full
loop and crosses either A, or A;. Indeed, suppose that none of the two possibilities is true, then
there must exist a full loop y in P,(p,) that is entirely contained in A, U A;. Note that y must be
connected to the boundary of A via a single piece of £ in P,(p;). The latter piece in P,(p;) then
has to cross either A, or A,, leading to a contradiction. Observe, moreover, that by planarity, each
P> € P,(p;) belongs to at most two sets of the form P,(p!) for some p; € P,(¢), since a crossing
piece p, can follow p, from at most two sides (this bound is not optimal, but sufficient for our
purpose), hence the constant 2 in (6.3). This shows (6.3) and finishes the proof of the lemma. []

Finally, we will need the following intersection properties of the limiting interfaces.

Lemma 6.9. Let (A, B, c) be any subsequential limit of(Aa, BY, c‘s). Then
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O == P

A, — 2

AV
A V@ M’\/

FIGURE 6.3 Illustration of the proof of (6.3). The proof is on the discrete lattice, but we depict curves in the
continuum for convenience. Adjacent pieces of loops are depicted as curves that touch or trace each other. We
depict in green the loop #, and in red the loops in 7°(#). Note that in the discrete, the loops in °(#) can be
adjacent to each other (i.e. the red loops can touch each other), even though Theorem 6.2 (that we will prove
later) implies that the scaling limit of the loops in 7°(#) a.s. do not touch each other (see Remark 6.6). The pieces
in P,(#) are drawn in solid (green or red) curves. We depict in blue 3 pieces p;, p;, p{’ in P,(#) (among several
others). We can see that p, and p] are adjacent to the same pieces in P,(¢), which is why the constant 2 in (6.3) is
needed. In this picture, there are five pieces in P,(#) which are adjacent to p’, but none of them makes the
required crossing across A,, ..., A,. However, in this case, the pieces in P,(#) adjacent to p!’ must contain at least
one full loop y from 1?(¢#) which is strictly contained in A, U A,. Then, y must be adjacent to some piece p, of the
loop # which is connected to dA. Here, p, crosses A,. Note that p, is not directly adjacent to p’, but is adjacent to
some piece adjacent to p/’, so it is contained in P,(p}’) by our definition.

* the loops in B are simple and do not intersect each other,
* the outermost loops in B do not intersect the outermost loops in A with ¢ = —1.

Proof. The fact that the loops in B do not intersect each other is a direct consequence of Theo-
rem 2.2. Indeed, fix a, 8, > 0. For two loops of B9 of diameter at least & to come within distance
B of each other, there must be x € Q° such that the translate by x of the rescaled version of the
event AE(ﬁ /8,a/d) occurs. Yet, Theorem 2.2 implies that provided that 8 < §,(«, €), this occurs
with probability smaller than e. The fact that the loops in A and B are simple is also direct conse-
quence of Theorem 2.2. Indeed, the event that a single loop comes within distance § of itself after
going away to distance a also implies the same event. Letting 3 tend to zero, then «, and finally &,
we obtain the result.

Moreover, for a loop of A® of diameter at least « and with boundary value zero (and hence
¢ = —1) to come within a distance 3 of an outermost loop in B9 of diameter at least ¢, there must
be x € D? such that the translate by x of the rescaled version of the event A4.(ﬁ /8,a/d) occurs.
Yet, Theorem 2.3 implies that provided that 8 < B, («, €), this occurs with probability smaller than
¢. Letting 8 tend to zero, then «, and finally €, we obtain the result. O

6.3 | Identification of limits

We start with a lemma that proves the first two bullets of Theorem 6.2.
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Lemma 6.10. Let D, DS, Pps and Qg be as above. Assume moreover that 3D is C*. Let eg be the
label of the cluster of the boundary in (n")°. Then the family (h")?, Qg ,c2, eg) converges weakly to
(ﬁh, Qo> €, eg) as d — 0, where

* his a GFF with zero boundary conditions in D.

* Qo = ﬁ—\/E/l,\/E/I(h)'

» Foreach ¢ € Q,, h restricted to O(¢) has boundary value egc(z,”) \/5/1.

Proof. By Lemma 6.8, Theorem 1.4, and the compactness of {—1,1}", ((h")3, Qg, s, eg) is
pre-compact in the topology of week convergence. Let (%h, Qo ¢, €4) be a limit along a subse-
T

quence J,,. We also know from Theorem 1.4 that h is the GFF in D with zero boundary conditions.

We will identify gask(Q,) as the only two-valued set of & with boundary values i\/z/l. To this
end, we need to show that gask(Q,) is thin for h, that is, for any smooth bounded function g, we
have

[ seomeax= 3 [ 90Ol

7€Qo

Note that gask(Qg) c gask(Ag ) by the master coupling from Theorem 3.1, and moreover h? is
Zero on gask(Ag). Furthermore, (h")° and h® have a common scaling limit Ln by Theorem 1.4.
T

\/_

Therefore, it is enough to show the following (here we prefer to look at gask(Ag) as it deals
with DRCs with free boundary conditions, and these are more amenable to analysis as already
mentioned)

a—0n—oo

. . S, _
lim lim /1)5n g(x)h (x)lergn dx =0, (6.4)

where, if A, (y) :=y + [—a,al?,

Eg” := union of the A, (y) for y € aZ? such that A, () intersects some y € Ag"

(note that, in particular, every x that is within a distance a of some y in Ag" must be in Eg").
In order to prove this statement, we fix ¢ > 0 and see that

n

ePs, [ /D s g(x)hén(x)lergn dx > s] <Ej, ’ /D 5 g(x)hén(x)lergn dx’]

<Xel/ |, SO COL,,x|

y€Eaz?

— Sy
= Y &, 1o /A " g(0h (x)dx|

y€az?
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,T1/2

Ps [y € E>'Y/2E < (x)h%(x)d )
Y Pl ;) /w“ x)dx

ye€az?

D« x Cg)a? log(1/a)

ye€az?
< C(g,D)log(1/cx)a".

Above, we used Markov’s inequality in the first inequality, the triangle inequality in the second,
the fact that x € Ea isequivalenttoy € E(S in the third, and Cauchy-Schwarz in the fourth. In
the fifth, we combine an easy estimate on the second moment of f A g(x)h5 n(x)dx based on
the definition of the nesting field and RSW-type estimates from [22], together with the fact that
for A, (¥) to intersect a loop y in A9, there must be a primal path in n® from A, (x) to Ag (x)ora
path in (n®)* (the dual complement) from 9Ag(x) to OAy(x 5py(x), Where 8 1= y/ad(x,dD). This
proves that gask(Qg) is thin for h.

Moreover, by the Markov property of the nesting field with wired boundary conditions (1.7) and
Theorem 1.4 applied inside each loop of Qg, we know that gask(Q,) is a local set of h, and that for

each y € Q,, the restriction of / to O(y) has boundary value equal to egc(f)\/i/l € {—\/5/1, \/5/1}
(since in the discrete the boundary value is equal to il and the scaling limit of h° is %h =

\/_/1 —=h). By Lemma 5.4, this uniquely characterises Q,, as the two-valued set £ Vi, \/—A(h) O

Proof of Theorem 6.2. By the lemma above, we are left with proving the third bullet from the
statement. By the definition of Qlf and by the Markov property 4 of the master coupling from
Theorem 3.1, we know that the loops of Qi “ contained in a single loop ¢ of Q5, have the same
distribution as Qg in a domain D° whose outer boundary is #. However, we cannot directly apply
Lemma 6.10 since the assumption on the boundary of the domain being smooth is not satisfied
by the scaling limits of the loops from Qg (as they are fractal loops by Lemma 6.10). Nonethe-
less, this assumption is only used to obtain subsequential limits of the loops. Indeed, the proof of
convergence of the height function in Theorem 1.4 and of the fact that the gasket of the limiting
collection of loops is thin in Lemma 6.10 works for Jordan domains with arbitrary boundaries
as it goes through currents with free boundary conditions (and we have more control on them
as already mentioned). The remaining ingredient of the proof is the Markov property that is the
same both for random currents with free and wired boundary conditions.

Therefore, to prove the third bullet, it is enough to use pre-compactness of Qi (which follows
directly from Lemma 6.8) and show that every subsequential limit of gask(Qi) is a thin local
set (as in the proof of Lemma 6.10). Then, use Remark 6.3 to identify the signs of boundary val-
ues of the field on consecutive loops in the continuum, and use Lemma 5.8 to identify the limit
uniquely. ]

Proof of Theorem 6.4. By Theorem 1.4, Proposition 6.7 and compactness of {+1}", we know that
(A%,B%, 1%, c?, ) is pre-compact in the topology of weak convergence. Let (A4, B, h, ¢, €) be any
subsequential limit.

Note that from Theorem 6.2 and Remark 6.1, we already know that the loops in A are a
subset of all the loops in the union of nested iterations of £ _ Van /a1 However, we need an
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additional argument to uniquely determine exactly which subset they are. To be more pre-
cise, recall from Remark 6.1 that Alf C Qi+1' Theorem 6.2 implies that if # is a scaling limit of

e Qg, then the scaling limits of loops in Q2+1(f5) is E—\/E/l \/El(h0|o(f)). We claim that the
scaling limit of Q2+1(f5)\Ai(f5) is exactly the set of loops in £_ 5, \/E/l(holo(f)) that have

label (—l)k“c(f)\/z/l and moreover intersect #. Equivalently, by Lemma 5.7, this is exactly

L~ h if ¢(#) = (=1)k, and £* h° if c(£) = (=1)K*1. Indeed,
"y Ploe) T €)= (1, and £ (Bfloq) i @) = (<14 Indee

by property 2 of the master coupling from Theorem 3.1, the increment of the nesting field
between #° and y° € Qiﬂ(f‘s) is (=1)*c(#%)c(y?). The loops in Qiﬂ(ﬁ) \ A%(#?) are bound-
aries of even holes as mentioned below Remark 6.1, and hence c(y®) = —1 for every such

loop y°. Altogether this means that all loops in the scaling limit of Q£+1(f5)\Ai(f5) have

label (—l)k“c(f)\/i/l. To prove the claim, we still need to show that they are boundaries of
exactly those even holes in Qiﬂ(ffs) whose scaling limit intersects #. Here is where we use
the intersection properties from Lemma 6.9. First of all, every loop y° € Ai(fa) is by defini-
tion encircled by a loop in B®, which, in turn, is encircled by #°. If y° is the boundary of an
even hole, then its scaling limit cannot intersect £, as in this case, it would intersect the scal-
ing limit of the corresponding loop in B?, which is forbidden by bullet two of Lemma 6.9.
Hence, it is enough to show that every loop in Qi +1(f5 )\ Ai(ﬁ) has a scaling limit that inter-
sects #. To this end, recall from Remark 6.1 that each such loop traces pieces of loops in BZ
that touch #° and/or pieces of #9 itself. If its scaling limit does not intersect #, it means that
it can only trace pieces of scaling limits of loops from Bi that intersect #. However, that would
imply that these loops either touch each other or self-touch which is forbidden by bullet one of
Lemma 6.9.

We now move on to the identification of the scaling limit of the outermost loops of B as CLE,(h)
using Lemmas 5.5 and 5.9. Our aim is to show that the continuum construction of Lemma 5.9 is
mirrored in the discrete. Since we look at the outer boundaries of only the primal current n®,
the relevant auxiliary collections of loops will be ng, k=0,1,... Let 2% € ng, and recall that
B, (£°) is the set of outer boundaries of n® that touch #° from the inside, and let B, (#) be the
set of their scaling limits, where ¢ is the scaling limit of #°. We claim that the restriction of the
loops in B, (¢) to O(¢) agrees with the restriction of £~ (holo(f)) to O(?) if c(¢%) = 1,

-V21,-V2)1
and with the restriction of EJ:(Z_ VIR \/E/l(ho loeey) if c(© %) = —1. Without loss of generality, let us
assume that ¢(#%) = 1. Indeed, by definition, the loops in ngH(f %) \Agk(f5) restricted to the

inside of #° follow pieces of loops from B, (£°). Reversely, the loops in B,,(#°) follow pieces of
loops in ng H(f 9\ Agk(f 9) unless the loops in sz(f‘s) come to distance one (see Figure 3.2 for
an example). Since B, () do not intersect each other, and by the paragraph above, inside O(¢),
all loops from B, (¢) follow pieces of O(?) if ¢(#%) = 1. On the other hand, again by definition,
the restriction of the loops in B, (¢) to ¢ is the closure of the complement of the restriction of

L£- ho to . Hence, by Lemma 5.5, B,,(¢) is equal to £* ho . This
_\/5/1,(2_\/5)/1( |O(f7)) y Zk( ) q _\/5/1’(2_\/5)&( |O(f))

together with the construction of Lemma 5.9 that extracts the outermost loops from B proves that
these outermost loops are CLE,(h).

The fact that A(y) for every outermost loop y € B is equal to £—2/1,(2 Va-2) A(holo(y)) ife(y) =
1, and to [i_(z Vi-2) ,1’2/1(]10'0(;/)) if e(y) = —1 follows directly from the discussion above and the
second part of Lemma 5.7. O
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6.4 | Asymptotic behaviour of the number of clusters

Let us now prove a lemma which leads to the asymptotic numbers of clusters in the DRC models
that surround the origin.

Lemma 6.11. In the scaling limit of the DRC model in the unit disk (with either the free or wired
boundary conditions), let N(g) be the number of clusters surrounding the origin such that their outer
boundaries have a conformal radius w.r.t. the origin at least €. Then,

N(e)/ log(e™) — 1/(V2r).

Proof. By Theorems 1.1 and 1.2 and [7, Proposition 20], we know that the difference of log
conformal radii between the outer boundaries of two successive DRC clusters that encircle the
origin is given by R :=T, + T,, where T, is the first time that a standard Brownian motion
exits [—7, (\/5 — 1)xr] and T, is the first time that a standard Brownian motion exits [—7, 7]. We
have

E(T, +T,) = (V2 — D)r? + 7% = V272

The nth cluster which encircles the origin has log conformal radius equal to —S, where S, :=
—(R; + -+ + R,,) and R; are i.i.d. random variables distributed like R. Then, N(¢) is the smallest
n > 1 such that S, > log(e™!). By the law of large numbers, we know that S, /n converges to
E(R) a.s. as n — oo. Since N(¢) —» oo as ¢ — 0, we also have that

Sn(e+1/(N(E) +1) = E(R) as.ase — 0.

Note that log(e™!) < Sy(e)41 < log(e™) + Ryy,). It follows that
lim log(e~)/N(e) = E(R) = Vor?.
E—
The inverse of the above equation proves the lemma. O
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