European Journal of Mechanics / B Fluids 111 (2025) 250-265

Contents lists available at ScienceDirect

Europeon Journal of

Mechanics

European Journal of Mechanics / B Fluids

journal homepage: www.elsevier.com/locate/ejmflu

ELSEVIER

Check for

The horizontal far wake behind a heated or cooled body™ | e

Wilhelm Schneider ', Lukas Babor

Institute of Fluid Mechanics and Heat Transfer, TU Wien, Building BA, Getreidemarkt 9, Wien 1060, Austria

ARTICLE INFO ABSTRACT

Keywords: Buoyancy affects the horizontal wake far downstream of a heated or cooled body in an indirect manner via the

Wake hydrostatic pressure perturbation. Plane flow at large Reynolds and Péclet numbers is considered in this paper.

Buoyancy The buoyancy effects are characterized by a Richardson number. Both laminar and turbulent flows are inves-

Free_ shear layer tigated to provide asymptotic solutions that are suitable as outflow boundary conditions in computational fluid

Horizontal flow i

Self-similar flow dynamics.

Boundary conditions Similarity transformations, which are universal, lead to sets of ordinary differential equations. The interaction
between the wake and the outer potential flow is taken into account by applying Bernoulli’s equation as a
boundary condition. As the thermal energy equation and the boundary conditions for the temperature pertur-
bation are homogeneous, the magnitude of the temperature perturbation is determined by the over-all thermal
energy balance.

The results of the analysis are in remarkable contrast to the classical non-buoyant wake solutions. Driven by
the hydrostatic pressure disturbance, the flow does not decay in streamwise direction. The flow is governed by
the total heat flow at the body, whereas the effect of the drag force is negligible.

The set of ordinary differential equations is solved numerically. For laminar flow, two kinds of solutions are
found for Richardson numbers below 0.734. One kind of solutions describes a flow field containing a reversed-
flow region. For turbulent flow a turbulence model based on the turbulent kinetic energy balance is applied. In
addition, the limit of weak buoyancy effects is considered, leading to power laws in terms of the Richardson
number.

1. Introduction

It has been known for many years that the computation of horizontal,
or nearly horizontal, mixed convection flows suffers from severe prob-
lems with regard to the outflow boundary conditions [1,2]. If reversed
flow far downstream can be excluded, the application of conventional
outflow boundary conditions may suffice, even if reversed flow regions
occur within the computational domain [3]. However, the problem with
outflow boundary conditions persists in case of flows that have, or may
have, regions of reversed flow far downstream [4,5]. As was already
suggested in [2] and further elaborated in [4], a possible remedy is to
apply asymptotic solutions as outflow boundary conditions.

The wake far downstream of a submerged body is, of course, a
classical problem of fluid mechanics, commonly considered on the basis
of boundary-layer theory, cf. [6], pp. 187-190 (laminar flow) and pp.
669-671 (turbulent flow). If the body is heated or cooled, a thermal
wake occurs. Provided buoyancy effects are negligible, the temperature

field in free flows is analogous to the velocity field, cf. [6], pp. 218-222,
669-671. If, however, buoyancy forces affect the flow, the analysis of
the wake becomes more complicated. The special case of the vertical
plane wake above a heated or cooled body was studied analytically,
numerically and experimentally in [7], where a comprehensive litera-
ture survey is also given. In this case, buoyancy gives rise to a force term
in the momentum equation for the main flow direction, yet the
asymptotic structure of the far wake remains the same as without
buoyancy. Clearly, this would also be the case if the wake were not just
vertical but arbitrarily inclined with respect to the horizontal plane. In
case of a horizontal wake, however, there is no buoyancy-force
component acting in main flow direction, and buoyancy affects the
flow only indirectly via a perturbation of the hydrostatic pressure. This
effect is well-known for both natural and mixed convection flows over
semi-infinite horizontal plates, see [6], pp. 281-289 for a survey. It is
remarkable that in case of mixed convection flow over horizontal plates
the boundary-layer equations exhibit break-downs and non-uniqueness
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[5,8]. Regarding free flows, it was shown in [9,10] that indirect natural
convection at a horizontal plate of finite length may be the source of
horizontal jets. As far as the wake downstream of a horizontal plate of
finite length is concerned, the question arises whether the far wake is
also horizontal. The answer depends on the over-all flow field. For large
Reynolds numbers it was found in [11]" and further elaborated in [12,
13]? that a potential flow is induced in order to satisfy the Kutta con-
dition at the trailing edge of the plate and compensate the hydrostatic
pressure perturbation across the wake. At the trailing edge, the flow field
exhibits a singularity that was investigated for laminar flow in [14,15].
Concerning the far field, it was already observed in [11] that a decay to
free-stream conditions at infinity is not possible for an unbounded flow.
Thus, a vertical entrance plane (representing, for instance, the outlet of
the plate grid of a flow rectifier) at some distance upstream of the hor-
izontal plate was introduced in [11] and a vanishing vertical velocity
component at that entrance plane was prescribed. The flow field can also
be bounded by horizontal walls of a channel, where the horizontal plate
of finite length is placed [12,13]. Obviously, far downstream of the
trailing edge the wake, guided by the channel walls, will become hori-
zontal. The same is true for the flow bounded by a vertical entrance
plane, as an analysis of the potential flow obtained in [11] shows.

Another possibility of prescribing suitable boundary conditions for
the induced potential flow is to assume that the flow far upstream of the
plate is slightly inclined with respect to the horizontal, cf. [16,17] and
the survey given in [18]. In those cases, however, the far wake cannot be
expected to be horizontal.

In previous work [11-13] the analysis was simplified on the basis of
various assumptions, e.g. large Reynolds numbers, weak buoyancy ef-
fects or small Prandtl numbers. It was also tacitly assumed that the
classical hierarchy of matched asymptotic expansions is applicable, i.e.
that the boundary-layer solution, in leading order, is independent of the
induced potential-flow solution. However, under certain conditions, an
interaction between the vortex sheet that represents the wake and the
induced potential flow may be of importance [19]. The interaction effect
is characterized by a suitably defined interaction parameter. Remark-
ably, solutions of the interaction problem could be obtained in [19] only
for values of the interaction parameter below a critical value.

In the present analysis we shall try to keep the number of basic as-
sumptions to a minimum. In particular, arbitrary values of the Prandtl
number will be allowed, and the assumption of weak buoyancy effects
will be dropped. However, in case of turbulent flow, the limit of van-
ishing buoyancy will be investigated as an interesting special case. To
describe the far wake, asymptotic expansions for large distances from
the plate (or another body) will be performed, leading to sets of ordinary
differential equations for self-similar laminar and turbulent, respec-
tively, flow fields. The interaction between the wake and the potential
flow will be taken into account by applying Bernoulli’s equation as a
boundary condition to the differential equations.

The presentation is arranged as follows. After defining dimensionless
quantities and formulating the basic equations in Sections 2 to 4, the
laminar wake flow is considered in Section 5. However, by analogy to
the classical laminar wake flow [20], the buoyant horizontal laminar
wake flow can be expected to become unstable and undergo the tran-
sition to turbulence already at modestly large local Reynolds numbers.
Of course, the streamwise pressure gradient induced by buoyancy can
have a strong effect on the stability of the laminar wake, cf. [21]. To
study the associated stability and transition problem is beyond the scope
of the present investigation. But it appears worthwhile to discuss the
main properties of the fully turbulent horizontal wake. This will be done

1 An error in the analysis was detected by the present authors. Revised results
are given in [4].

2 Corrigendum to [12] by author: All subscripts ought to be 2c in Eq. (33).
The coefficient 4/,/7 has to be added in front of the brackets in Eq. (48). —0a;
rather than 6, is plotted in Fig. 5.
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in Section 6. The last section is devoted to conclusions and a discussion
of the main results of the analysis. Finally, Appendices provide addi-
tional material that might be of some interest, but has not been seen as
essential for the main problem.

2. Dimensionless variables

The plane steady flow in the wake very far from a horizontal plate (or
another body of a shape that prevents oscillations of the wake) is
considered; see Fig. 1. For turbulent flow, ensemble (or time) averaged
quantities are denoted by a bar. The bar can be dropped in case of
laminar flow.

It is assumed that the Reynolds number and the Péclet number are
very large, whereas the Prandtl number is of the order of 1, i.e.,

Re = u,L/v>1,Pe = u,L/a>1,Pr =v/a = 0(1), (¢})
where L is the plate length, u,, is the constant free-stream velocity far
upstream of the plate, and v and « are the fluid’s kinematic viscosity and
thermal diffusivity, respectively, which are assumed to be constant. For
justification of assuming constant fluid properties in contrast to ac-
counting for variable fluid properties see [22], pp. 81-96, for a general
discussion and [23,24] for applications.

A Cartesian coordinate system (x,y) is used, with the x-axis coin-
ciding with the dividing streamline ¥ = 0, see Fig. 1. In general, the x-
axis deviates from the plane of the plate, depending on the whole flow
field, see, for instance, Fig. 10 of [13] or Fig. 3 of [4].

Dimensionless variables are then introduced as follows:

X=x/L , Y=y/L, (2)
U=1/u, V =9/u, 3
@:pmcpumL(Tme)/.Qv p: @*Pm)/ﬂmuiv (4)

where u, v, T and p are, in this order, the velocity components in di-
rection of x and y, respectively, the absolute temperature and the
pressure. T, and p_ are the constant values of temperature T and mass
density p, respectively, in the free stream, c, is the fluid’s isobaric spe-
cific heat capacity, which is assumed to be constant, Q is the total heat
flow from the plate per units of time and depth of the plane flow,
respectively, and p, is the hydrostatic pressure in the undisturbed fluid.
The total heat flow rate Q may be positive or negative, depending on
whether the plate is heated or cooled. The hydrostatic pressure varies in
vertical direction due to the gravity force g per unit mass. There are, of
course, other possibilities to define dimensionless variables, in partic-
ular for the temperature, but the present choice leads to formally simple
results.

A V/L i g
potential Y/\“/b—' wake
flow : _ —-boundaries
—> - lam.
free y, plate - p
stream -1"\/\ /L
0 o~ >
streamline - 1)

. - _

Fig. 1. The horizontal wake flow far downstream of a horizontal plate with
profiles of temperature perturbation (@) and pressure perturbation
(P) (schematic).
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3. Boundary-layer equations for the dimensionless variables

Considered is the far wake, which is characterized by very large
distances from the plate, i.e. X—o0. Following the classical estimates for
laminar flows at large Reynolds numbers it can be seen that the laminar
horizontal far wake is slender and satisfies the conditions for applying
the boundary-layer theory. Regarding the turbulent far wake, it is
known from experiments that most turbulent free shear layers are suf-
ficiently slender to allow the application of the boundary-layer theory,
cf. [25] for a survey. Here we will follow that common practice, cf. [6],
pp. 653-655. A posteriori (Section 6.3) it will be seen that an effective
buoyancy parameter must not be too large in order not to violate the
assumption of slenderness. The width of the turbulent far wake even
tends to zero in the limiting case of very weak buoyancy effects (Section
6.4).

For formulating the basic equations, further common assumptions
are made. Dissipation and the work done by pressure are neglected in
the thermal energy equation. Justification of that simplification is not as
trivial as it might appear at the first glance, cf. Appendix A. Furthermore,
the Boussinesq approximation is applied, cf. [6], pp. 88-89, and the
discussion in [22], p. 60. Finally, in case of turbulent flow it is assumed
that density fluctuations are negligible, cf. [6], p. 616. On the basis of
those assumptions, we obtain the following boundary-layer equations in
terms of the dimensionless variables introduced according to Eqs. (2)-

(4):

ou ov

xTar= 0, (5)
—0U —o0U 0P 0 1 1\ dU
U&+Vﬁ+&fﬁ{<ﬁ+£>ﬁ}7 (6)
oP =

Sy —Ri®, ™
00 00 0 1 1\ 06

Ua_X+ a—Y—a—Y|:(P—e+P—et)a—Y:|7 8)
where

Ri = 84,Q /oot ©

is the Richardson number [12,13]. The Richardson number may be
positive or negative, depending on whether the plate is heated or cooled.
The isobaric thermal expansivity f, of the fluid is assumed to be a
positive constant, as usual with the Boussinesq approximation. The
special case of vanishing f, is excluded here; it would require a more
complicated analysis [26]. The “turbulent” Reynolds number, the “tur-
bulent” Péclet number and, for later use, the “turbulent” Prandtl number
are defined in analogy to Eq. (1) as

Re; =u.L/v,, Pe=uil/a;, Pr,=v/a, (10)
with v, and a; as turbulent kinematic viscosity and turbulent thermal
diffusivity, respectively. Owing to the character of turbulent flow, Re;,
Pe; and Pr; are, unlike Re, Pe and Pr, not constant parameters that
govern the flow, but rather dimensionless representations of the flow
variables v; and a.

Y is to be taken as a boundary-layer coordinate. For laminar flow
with large Reynolds numbers, Y is stretched with v/Re, and matching
with the outer, potential flow is accomplished with ¥ = v/ReY— = co.
For turbulent flow, the edges of the wake are described by y = b*(x) or Y
= B*(X), with B¥*(X) =L71b*(x). The upper and lower signs refer to the
upper and lower side, respectively, of the wake. The dimensionless
width of the wake is then B(X) = B*(X) — B~ (X), and the slenderness of
the wake is expressed by B(X)<X.
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Apart from the common terms due to convection and shear stresses,
respectively, Eq. (6) contains a pressure term that represents the indirect
effect of buoyancy in horizontal flows. As Eq. (7) shows, the pressure
term stems from the hydrostatic pressure perturbation that is caused by
the temperature perturbation. The hydrostatic pressure perturbation is
seen to be proportional to the Richardson number, Ri. Since the present
investigation aims at describing wake flows with substantial buoyancy
effects, it is assumed that Ri = O(1), with the limiting case Ri—0 to be
considered separately in Section 6.4 of the paper.

It might be of interest to note that the Richardson number is related
to the Archimedes number Ar, which is sometimes used in other in-
vestigations, e.g. [11], as follows:

Ar=gL8,Q / ku?, = Ri Pe. (11

To ensure that the wake is horizontal, we require that the dividing
streamline, which separates the upper part of the wake from the lower
one and coincides with the x-axis, is horizontal. This gives the boundary
condition

V=0atY=0. 12)

Since there is no temperature disturbance in the outer, potential
flow, the temperature disturbance in the wake has to decay according to
the boundary condition

o

Finally we have to consider the condition for matching the wake flow
with the potential flow, in which Bernoulli’s equation is valid. Accord-
ing to Eq. (4), the pressure disturbance P is defined, in terms of
dimensionless variables, as the deviation from the hydrostatic pressure
in the undisturbed fluid outside the wake. Thus, Bernoulli’s equation
without a gravity term is applied to obtain the matching condition for
the wake as follows:

P:(l/z)(l—Uz){

Eq. (14) permits positive as well as negative values of P on either side
of the wake. However, integrating Eq. (7) over the wake cross section
gives

as Y- =+ oo for laminar flow,

2] 1
@ at Y = B*(X) for turbulent flow. (13)

as Y— + oo for laminar flow,

14
at Y = B*(X) for turbulent flow. 14)

P(X,4+00) —P(X,—0) =

(Ri / \/ﬁ) / ” @dY for laminar flow,

B}
P(X,B") —P(X,B") = Ri/ 6dY for turbulent flow,
b

(15)

indicating that there is a hydrostatic pressure jump across the wake. This
pressure jump has to be compensated by the potential flow. In outer
variables, i.e. from the point of view of the potential flow, the wake
appears infinitesimally thin, and the pressure jump has to be compen-
sated by a vortex sheet. This has already been elaborated in previous
work [11-13] for weak buoyancy effects, i.e. small values of Ri, and it is
equally valid in the present case. Thus, the deviation of the longitudinal
velocity component from the free-stream value has to be antisymmetric
as the boundaries of the wake are approached, leading to the following
additional matching conditions for the wake:

Note that applying Bernoulli’s equation implies a coupling (inter-
action) between the wake flow and the potential flow; cf. also the
interaction problem investigated in [19].

The set of equations now consists of the 6th order parabolic system of
differential Egs. (5)—(8) and the boundary conditions Eqs. (12)-(14) and
(16), where Egs. (13) and (14) count for two boundary conditions each.

U(X,+o0) — 1 = —[U(X, —o0) — 1] for laminar flow,

UX,B")— 1= —[UX,B") — 1] for turbulent flow. (16)
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Summing up, the appropriate number of 6 boundary conditions is ob-
tained. However, as the thermal energy equation, Eq. (8), is homoge-
nous and, furthermore, the associated boundary condition Eq. (13) is
also homogeneous, the over-all thermal energy balance will have to be
considered to fix the maximum value of the temperature perturbation.

4. Over-all thermal energy balance

As the Péclet number is assumed to be very large according to Eq. (1),
the heat flow due to conduction in main flow direction is negligible in
comparison to the enthalpy flow. The over-all thermal energy balance
then reduces to

Q=p.6 / (T — T.,)udy = const, a7

wake

where the integral is to be taken over any cross section of the wake.
Introducing the dimensionless variables according to Egs. (2)-(4), one
obtains

+co

(1/\/Re) / O UdY =1 for laminar flow,

[ oo

The formal simplicity of Eq. (18) indicates that the choice of
Q/ P CpllL as a reference temperature in Eq. (4) is a convenient one.

(18)
O UdY =1 for turbulent flow.

5. The laminar horizontal wake
5.1. Boundary-layer equations for stretched variables

For laminar flow, averaging is not required, i.e. the bars over all
variables are to be dropped. Furthermore, the terms containing Re; and
Pe; vanish in Egs. (6) and (8), respectively. In accordance with
boundary-layer theory, the lateral coordinate Y and the lateral velocity
component V are stretched as follows:

Y=vVReY, V=+vReV.

The stretched coordinate ¥ was already used in Sections 3 and 4. To
satisfy the continuity equation, Eq. (5), a stream function ¥ is intro-
duced with the relations

19

Uu=v, V=—% (20)

Here, and in what follows, partial derivatives with respect to X and Y
are indicated by the respective subscripts. The momentum equations,
Egs. (6) and (7), and the thermal energy equation, Eq. (8), then become:

Fi¥ur — Fx¥yy +Px = Fiyy, @D
P, = <Ri / VRe ) 0, (22)
¥ 0x — PxO; = Prl0gy. (23)

5.2. Similarity transformation

Very far downstream of the plate the details of the flow at the plate
are not of importance, and the flow can be expected to exhibit spatial
self-similarity. It might then be tempting to apply the similarity trans-
formation known from classical wake solutions, cf. [6], pp. 187-190,
218-222. This, however, would be misleading in case of substantial
buoyancy effects, i.e. if Py = O(1). As a consequence of the pressure
term Py, which is due to buoyancy according to Eq. (7), the momentum
Eq. (6) cannot be satisfied with the similarity transformation applicable
to the non-buoyant wake. However, the present problem is related to the
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problem of a semi-infinite horizontal plate that is thermally isolated
with the exception of the leading edge, where there is a heat source or a
heat sink. This problem was investigated in [27]. Guided by [27], the
similarity transformation that will turn out to be suitable for the present
problem is written as follows:

£=X n=Y/VX, 24)
¥ =E%f(n), (25)
0 =&1%9(n), (26)
P=g(n). @27

For later use, the velocity components are of interest. Eq. (25) gives

U =¥y =f), 28)

V= —¥x = (1/2)& V?[uf (n) — F(n)]. 29

Here, and in what follows, primes indicate derivatives.

With Eq. (27) for P, the pressure jump across the wake according to
Eq. (15) becomes independent of X, leading to a constant vorticity dis-
tribution in the vortex sheet of the potential flow. This requires care with
formulating proper boundary conditions for the potential-flow equa-
tions, as discussed in previous work [11-13,16-18].

5.3. Ordinary differential equations and boundary conditions

Transforming Eqs. (21) to (23) according to Eqgs. (24) to (27) gives a
set of ordinary differential equations for f, g and 9. Eq. (23) is homo-
geneous and linear with respect to @. Furthermore, the boundary con-
ditions in Eq. (13) are also homogeneous. Thus, one can introduce a

normalized temperature disturbance 9 by the relation

8 = Co9, (30)
together with the boundary condition
9(0)=1. (31)

Co is a free constant that will be determined from the over-all ther-
mal energy balance considered below. The following set of ordinary
differential equations is then obtained:

2f" +ff +Knd =0, (32)
g =K?, (33)
(2/Pr)9" + f9 +f19 = 0, (34)
with the “effective buoyancy parameter”

K = CoRi / VRe. (35)

According to Eq. (33), buoyancy is a first-order effect if K = O(1).
Not surprisingly, Egs. (32) and (34) are formally identical with the Egs.
(11a) and (11b), respectively, of [27].

The boundary conditions and the matching conditions, Egs. (12) to
(14) and (16) transform into the following set of equations:

f(0) =0, (36)
9=0as n— =+ oo, 37)
g:%[lf(f)z] as n— + oo, (38)
[f(+o0)=1]= —[f(~oc0)—1]. (39)
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Egs. (36)-(39) are 6 boundary conditions for the 6th-order system of
differential equations, Eqs. (32)-(34). Since the differential Eq. (34) as
well as the boundary conditions according to Eq. (37) are homogeneous,
the normalizing condition Eq. (31) has to be obeyed in order to fix the
maximum value of the temperature perturbation.

Eq. (34) can be integrated once. Making use of the boundary con-
dition (37), and anticipating exponential decay of the temperature
perturbation with n— + oo, cf. Appendix B, the result becomes

(2/Pr)¥+f9 =0. (40)

A formal solution of this first-order differential equation subject to
the normalizing boundary condition (31) can be given as follows:

E:exp<7%/ovfdn)‘

Whether applying Eq. (41) is preferable to using the differential Eq.
(40) with the normalizing boundary condition (31) is a matter of taste.
In case of using Eq. (40) for a numerical solution it is of interest that the
boundary conditions according to Eq. (37) will be automatically satis-
fied, as the formal analytical solution (41) shows.

Finally, Eq. (33) can also be formally integrated, with the result

~ (1
g:K/ B,
g

(41D

(42)

where 7* is a constant that is to be determined as part of the solution.
Note that = 5* gives the position of vanishing pressure perturbation.

The buoyancy parameter K, as well as the Richardson number Ri, can
be positive or negative for a heated or cooled body, respectively. The
system of differential Eqs. (32)-(34) is, however, symmetric with respect
to the change of signs of K and 5. Therefore, only positive values of K,
corresponding to a heated body, will be considered. Results for a cooled
body can be obtained by simply reverting the direction of the 5-axis.

It remains to determine the constant Cg, which is required to obtain
the temperature disturbance associated with a certain over-all heat flow
by applying Eq. (30). Inserting the transformed variables into the upper
equation of Eq. (18) gives

Cot = (1/VRe) /fw Spdn.

©

(43)

A further equation for Ce can be obtained from Eq. (43) with an
integration by parts, substituting for & in the integral according to Eq.
(40), and observing the boundary condition Eq. (37), thereby antici-
pating that the temperature perturbation decays exponentially; see
Appendix B for verification. The result is the following:

—+00
Co™" = (pr/2vRe) / 3Fdy. (44)

As9>0 according to Eq. (41), the integral in Eq. (44) is also posi-
tive. Thus Cg is positive, as required.

The analysis of the asymptotic behavior of the solutions as 7— + oo,
which is given in Appendix B, is not only useful for deriving Eq. (44), it
also shows that there is no reversed flow at the wake boundaries.

Regrettably, the authors have not been able to find analytical solu-
tions of the present system of equations for horizontal flow, in contrast
to the well-known solutions for vertical flow [28,29]. The main obsta-
cles to analytical solutions are the coupling of the momentum equations
for the x and y directions, respectively, and the non-linear boundary
condition describing the coupling between the wake flow and the outer
potential flow.

5.4. Numerical solutions for the laminar wake
5.4.1. Method of solution

The system of differential Eqs. (32), (33) and (40) with the boundary
conditions (31) and (36) to (39) is solved using the shooting method
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with adaptive step size, implemented in the numerical differential-
equation solver “NDSolve” of Wolfram Mathematica, version 13.3. For
that purpose Eq. (32) is transformed into an equivalent system of three
first-order differential equations which are numerically integrated
together with Egs. (33) and (40) from the initial point # =0 in both
directions, using Eqs. (31) and (36) as initial conditions. The three
remaining unknown initial values f(0),f”(0) and g(0) are computed
iteratively to satisfy the three asymptotic matching conditions of Egs.
(38) and (39) at large, but finite, distances from the axis, i.e. at y =
n, < 0and n = > 0. To ensure that the boundary conditions at
finite distances are indeed approximating the asymptotic matching
conditions, it is advisable to prescribe the following additional boundary
conditions:

f'(ny) =0, (45)
where 7f stands for 7 and #;, respectively. We found the values
n, =—15 and 5j =15 to be sufficient. In order to enforce the artificial
boundary condition (45), the numerical solution is sought in the least-
norm sense. The L; norm of the residuals of the boundary conditions
(37) to (39) and (45) is required to be smaller than a prescribed nu-
merical tolerance of 10~°. The numerical solver is operated with default
settings, which results in step sizes Az of the order of 107l. The
maximum residual of the Egs. (32), (33) and (40) is of the order of 107°.

5.4.2. Non-uniqueness of the solution

Depending on the initial guess for the shooting method, we find two
different kinds of the solution which co-exist within a certain parameter
range. The solutions of the first kind, considered in Section 5.4.3, are
characterized by a monotonous variation of the horizontal velocity
component f’. In contrast, the solutions of the second kind, which will be
discussed in Section 5.4.4, are characterized by non-monotonous f’. The
solutions of the second kind exhibit flow reversal within part of the
wake’s cross-section, even though the horizontal velocity component in
the outer flow remains non-negative (see Appendix B).

5.4.3. Solutions of the first kind

The solution of the first kind is obtained when the initial conditions
corresponding to the non-buoyant solution, f(0) =1, f/(0) =0 and
g(0) =0, are employed as an initial guess for the shooting method. For
K=1/4 and Pr = 1, the solution converges to the initial conditions
f(0) =1.05,f'(0) =—0.126 and g(0) 0.115. The resulting profiles
are shown in Fig. 2. The value of the temperature normalization constant
is Co = 0.278v/Re, leading to the value Ri = 0.899 for the Richardson
number. For these parameters, the horizontal velocity component at the
boundaries of the wake is f'( £ c0) = 1 F 0.435.

In the wake the horizontal velocity component varies monotonously
between the boundary values. Although the perturbation f —1 of the
outer horizontal velocity component is antisymmetric about 7 = 0, the
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Fig. 2. A solution of the first kind: Profiles of horizontal velocity component f
(black), normalized temperature perturbation 9 (red), pressure perturbation g
(green) and vertical velocity component 7f —f (blue). K = 1/4, Pr = 1.
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antisymmetry is broken inside the wake, which is evident from the
observation that f(0) # 1. For the solution of the first kind, the hori-
zontal velocity component at the zero streamline 5 = 0 is always larger
than one. The vertical velocity component, 7f — f, is negative at both
sides of the wake. It vanishes at = 0, such that the zero streamline
remains horizontal, cf. Eq. (12).

The profile of the temperature perturbation 9 resembles, at the first
sight, the classical non-buoyant solution, cf. [6], pp. 187-190 and
218-219. Its symmetry about # =0 is, however, broken due to the
asymmetric horizontal velocity component. The temperature profile is
wider in the upper part of the wake, where the horizontal velocity
component is reduced, and narrower in the lower part, where the hor-
izontal velocity component is larger. The broken symmetry of the tem-
perature profile causes the broken antisymmetry of the profile of the
horizontal velocity component.

Due to the nonlinearity of the Bernoulli equation, cf. Eq. (38), the
pressure perturbation g is not even antisymmetric at the boundaries. For
the solution shown in Fig. 2, the boundary values are g(c0) = 0.341 and
8(—) — 0.530. The profile of g crosses zero at = n* = 0.471.

The solution of the first kind exists up to a critical value of K,

depending on Pr. For Pr = 1, the critical value is K, = 0.61. The cor-
responding critical Richardson number is 2.31. At the critical value, the
horizontal velocity component vanishes at the upper boundary. Ac-
cording to Eq. (39) the horizontal velocity component at the lower
boundary is f'( — o) = 2. The boundary values of the pressure pertur-
bation then follow from Eq. (38) as g( —o0) =—3/2 and g(c0) = 1/2. A
further increase of K beyond the critical value would require the hori-
zontal velocity component to become negative at the upper boundary,
which is forbidden as it would lead to an exponential growth of tem-
perature, cf. Eq. (B.4).

5.4.4. Solutions of the second kind, reversed flow regimes

The solution of the second kind is obtained when the initial guess for
f1(0) is below a certain threshold, depending on the parameters K and Pr.
For example, the default initial guess f'(0) = 0 of the solver typically lies
inside the basin of attraction of the solution of the second kind. For Pr =
1 and K = 0.04, the solution of the second kind is shown in Fig. 3. The
main difference compared to the solution of the first kind is a reversed
flow region in the wake. Note that the perturbation of the horizontal
velocity component in the reversed-flow region remains of the order of 1
even for such small values of K as in Fig. 3.

Since, according to Eq. (4), the same reference quantities are used,
and, furthermore, the same boundary conditions are applied irrespective
of whether the flow is in forward direction or reversed, it is tacitly
assumed that the stagnation pressure far downstream is the same as far
upstream.

Due to the reduced horizontal velocity component in the lower part
of the wake, the temperature perturbation profile is wider in the lower
part than in case of the solution of the first kind. For K < 0.06, the
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Fig. 3. A solution of the second kind: Profiles of flow quantities, distinguished
by color. K = 0.04,Pr = 1.
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temperature profile contains a second local maximum below the
dividing streamline. When K decreases, the region of the reversed flow
grows, as well as the distance between the temperature maxima.

The vertical velocity component is positive at the upper boundary
and negative at the lower boundary. Note that in the lower part of the
wake, the vertical velocity component changes sign at the same point as
the horizontal velocity component. Therefore, on the lower side, fluid is
released into the outer flow only from the lower layer of the wake with a
positive horizontal velocity component. From the reversed-flow region,
on the other hand, fluid is transported towards the dividing streamline at
n =0.

For Pr = 1, the solution of the second kind is found for K < 0.27,
corresponding to Ri < 0.734. Again, the upper bound for K corresponds
to vanishing horizontal velocity component at the upper boundary of the

wake. The critical value of K is lower as compared to the solution of the
first kind, because the wider temperature profile leads to a larger pres-

sure jump across the wake for the same value of K, cf. Eq. (42).

5.4.5. Entrainment

The entrainment of mass into the wake is described by the lateral (i.e.
vertical) velocity component, cf. Appendix B, Eq. (B.13). Numerical
results for solutions of the first kind show that entrainment of mass is
positive on the upper side and negative on the lower side. For the so-
lution of the first kind, the net entrainment is positive, i.e., the mass flow
in the wake increases with increasing distance from the origin. However,
for the solution of the second kind, the entrainment is negative on both
sides. Those first-order results would have to be taken into account in a
second-order solution for the potential flow and the wake, which is
beyond the scope of the present work.

5.4.6. Limitations to the parameter regime

As indicated above for the solutions of both the first and the second
kind, no numerical solution could be found for values of the buoyancy
parameter above an upper bound, depending on the Prandtl number.
This resembles the critical value found in [16] for the interaction be-
tween the vortex line that represents the wake and the induced potential
flow. In our case, the upper bound corresponds to vanishing horizontal
velocity component at the upper boundary, since the solution exists only
for non-negative velocity in the outer flow. We expect that for super-
critical values of K the self-similar structure of the wake, described by
Egs. (24)—(27), is broken. This hypothesis is subject to being confirmed
by solutions of the full Navier-Stokes equations.

6. The turbulent horizontal wake
6.1. Similarity transformation of the equations of motion

The set of basic equations now consists of the continuity Eq. (5), the
momentum Egs. (6), (7) and the thermal energy Eq. (8). To satisfy the
continuity Eq. (5), a stream function ¥ is introduced with the relations

U=¥y , V= - (46)

For sufficiently large Reynolds and Péclet numbers the molecular
viscosity, v, and the molecular thermal diffusivity, @, can be neglected in
comparison to the turbulent viscosity, v;, and the turbulent thermal
diffusivity, a;, respectively, cf. [6], p. 653. Thus, the terms 1/Re and
1/Pe are dropped in Egs. (6) and (8), respectively. It might be tempting
to retain the terms 1/Re and 1/Pe in the equations, with the aim of
obtaining numerical solutions that allow to study the transitional
behavior as Re—co and Pe—oo.> However, it will turn out that the
structure of the turbulent horizontal wake differs from that of the

3 As suggested by an anonymous reviewer.
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laminar wake such as to not permit including the terms 1/Re and 1/Pe
without violating the requirements for self-similar flow.

After dropping the terms 1 /Re and 1/Pe, the equations governing the
turbulent horizontal far wake do not contain a characteristic length as a
parameter. It follows from dimensional analysis that the width of the far
wake has to be proportional to the distance from the plate. Thus, the
dimensionless width of the wake is written as B = CgX in terms of the
dimensionless coordinate system (X,Y), with Cg = const. This is in
contrast to the classical, non-buoyant wake [6], pp. 669-671." For the
turbulent shear layer to be slender, it is required that Cgy<1. But in view
of the terms that are neglected in the boundary-layer equations, a more
appropriate criterion for the applicability of the boundary-layer equa-
tions stems from the magnitude of the lateral velocity component, i.e.
V<1 may serve as a sufficient and necessary condition.

In the absence of a characteristic length it is to be expected that the
flow will be self-similar. To find an appropriate similarity trans-
formation, systematic methods are known from the literature, e.g.
[30-33]. In the present case, however, it suffices to estimate the terms in
the boundary-layer equations as follows. First, it follows from the mo-
mentum equation for the x-direction, i.e. Eq. (6), that T ~P and
U /X ~ (1/Re;)U/B2 Secondly, the momentum equation for the y-di-
rection, i.e. Eq. (7), gives P ~ Ri@B, or P ~ @B, as the Richardson
number has been assumed to be of the order of 1. Furthermore, the
thermal energy Eq. (8) shows that U/X ~ (1/Pe;)/B? Finally, the
over-all thermal energy balance, i.e. the second Eq. (18), shows that
O UB ~ 1. These relations can easily be solved for the flow quantities of
interest. With B = CzX one obtains the following estimates: U ~ 1,
P~1,0~1/CsX, 1/Re; ~ (1/Pe;) ~ C2X. In addition, the dimension-
less stream function, as defined in Eq. (46), has to be of the order
¥ ~ UB ~ CpX.

In accord with these estimates, the following similarity trans-
formation is applied:

E=X: (=Y/X, (47
¥ = (), (48)
0 =&£19(0), (49)
P=3(¢), (50)
1/Re; = v /ugL = &), (51)
1/Pe; = a/u,L = &a(¢). (52)

Representing the dimensionless width of the wake as B = CpX is
achieved by writing ¢ = ¢} and ¢ = ¢, for the upper and lower wake
edges, respectively, and imposing the condition

(=G5 =Cs (53)
on the constants {3, ¢z and Cg. Thus, the equations for the upper and
lower edges of the wake, i.e. Y =B*(X), can be writtenas Y = {;7Xand Y
= {3 X, respectively. The constants ¢, {5 and Cp have to be found in
course of the numerical solutions, cf. below.

Note that the estimates that lead to the similarity transformation
stem solely from the basic equations, without involving any turbulence
modelling. This approach is certainly preferable to, say, estimating the
eddy viscosity v; as the product of the shear-layer width and the aver-
aged velocity difference across the shear layer, cf. [34], pp. 115-117, or
applying the turbulence-model equations given below in Section 6.2.

4 The non-buoyant turbulent wake contains the length of the plate as a
parameter, which enters the basic equations via the drag force per unit depth, i.
e. cDprufc /2, with ¢p as the drag coefficient.
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According to the definitions of Re;, Pe; and Pr; in Eq. (10), the
dimensionless turbulent kinematic viscosity, 71, and the dimensionless
turbulent thermal diffusivity, @, are related to each other as

@=1/Pr,. (54)

For non-buoyant mixing layers and non-buoyant wakes, see [6], pp.
668 and 670, respectively, the value Pr, = 0.5 is recommended for the
turbulent Prandtl number. However, buoyancy in horizontal, or nearly
horizontal, turbulent shear layers may affect the turbulent Prandtl
number, as discussed in [35], p. 378. According to an empirical rela-
tionship given in [36], p. 19, the effect is small for sufficiently small
Richardson numbers. It will turn out that the magnitude of the
Richardson number is rather limited if the solutions are required to
satisfy the condition of slenderness of the wake. Thus, the effect of
buoyancy on the turbulent Prandtl number is neglected and the constant
value Pr; = 0.5 will be taken for the numerical solutions.

Of particular interest are the velocity components in the self-similar
flow field, which become:

(55)

V= %= —fO). (56)

According to Eq. (49) the temperature perturbation decays more
rapidly with increasing distance from the plate as compared to the
classical solution for the wake without buoyancy. The opposite is true
for the perturbation of the longitudinal velocity component, which is
constant in the present case, whereas it decays in the buoyancy-free
wake; cf. [6], pp. 669-671.

Applying the similarity transformation, Eqs. (47)-(52), (55) and
(56), to the momentum Egs. (6) and (7) and the thermal energy Eq. (8)
gives a set of ordinary differential equations. As in the case of laminar
flow, cf. Egs. (30) and (31), a normalized temperature disturbance 9is
introduced by the relation

9 =Co9, 57)
together with the boundary condition
8(0) = 1. (58)

Ce is again a free constant that will be determined from the over-all
thermal energy balance considered below. The following set of ordinary
differential equations is then obtained:

Ff+&=-@f), (59)
g =Rid, (60)
FO+Fo=—@y). 61)

The parameter Ri is an effective Richardson number defined as Ri
CoRi.

Of course, g can be eliminated from the set of differential equations
by inserting Eq. (60) into Eq. (59). To eliminate g also from the boundary
conditions, Eq. (60) is formally integrated with the result
280 =3(¢) +Ri /: 3z, (62)

The boundary conditions have been formulated in Section 3. They
have to be expressed in terms of the variables of the self-similar flow as
defined in Egs. (47)-(50), (55) and (56). In addition to Eq. (58), one
obtains

flo)=0 63)

from Eq. (12) as a further boundary condition at the x-axis. At the edges
of the wake the following boundary conditions are obtained from Egs.



W. Schneider and L. Babor

(13), (14) and (16), with ¢; standing for {j} or {5:

9(¢k) =0, (64)
22(6) =1-[F(&)]") (65)
) —1] =~[f(&) —1]. (66)

Owing to the non-linearity of the Bernoulli equation, Eq. (65) is non-
linear. This would be a disadvantage for the numerical solutions.
However, by some algebraic manipulations of Eqs. (65) and (66), and
with the help of Eq. (62), the following linear boundary conditions can
be obtained:

(&) = 67)

1F(1/2)Ri /5" Jde,

5

where the upper and lower signs, respectively, on the right-hand side
correspond to those on the left-hand side. How the integral relationships
Egs. (62) and (67) can be of advantage for the numerical solutions will
be described in Section 6.3.

A smooth transition from the turbulent wake to the potential flow, as
required by matching, is obtained if the gradients of the turbulent mean
values vanish at the wake edges, i.e.

(&) =0 (68)
and
9(¢g) =0. (69)

It is now convenient to integrate Eq. (61) once and eliminate the
constant of integration by applying the boundary conditions (64) and
(69) to obtain:

av+f9 =0. (70)

Eq. (70) replaces Eq. (61) in the set of differential equations. Besides,
it follows from Eq. (70) that a solution that satisfies the boundary con-
dition Eq. (64) also satisfies the smoothness condition Eq. (69).

Finally, the lower Eq. (18), which expresses the over-all thermal
energy balance, is written in terms of the similarity variables to obtain
the following relation for the constant Ce:

Col = / T 71)
.

The value of Cg is required to determine the real temperature distur-

bance from the normalized one with Eq. (57).

As in case of laminar flow, further insight into the qualitative prop-
erties of the solution can be gained by formally integrating the differ-
ential Eq. (70). Observing the normalizing condition, Eq. (58), one
obtains:

9= exp( - /j(f/ﬁ)d{).

Furthermore, the integral in Eq. (71) is integrated by parts, & is

(72)

replaced by d according to Eq. (70), and the boundary conditions for 9, i.
e. Eq. (64), are used. The result is the following:

Col = [ " B/ 73)

According to Eq. (72) the temperature perturbation § is positive in
the whole cross section of the wake. Thus the integral in Eq. (73) is al-
ways positive. A further consequence of Eq. (72) will be discussed in the
following section.
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6.2. Equation for the turbulent kinetic energy and turbulence model
equations

Closure of the system of equations requires turbulence modelling.
Guided by previous experience [25,37], it appears promising to inves-
tigate the balance for the turbulent kinetic energy, k. For slender shear
layers, the modelled balance equation for the turbulent kinetic energy
can be written as follows, cf. [36], p. 22:

ey () () oy o
with

vy = ¢, k"2 (75)
as the apparent turbulent viscosity,

e=cpl 1k (76)
as the turbulent dissipation rate,” and

I=c¢cb (77)

as a turbulence length, which may be interpreted as an integral length
scale. The last term on the right-hand side of Eq. (74) is a modelled
version of the buoyancy term in the k-equation, see [36], p. 22, with
—a,0T /dy representing the lateral heat flux. Note that this term may be
positive or negative, depending on the sign of dT/dy. According to Eq.
(77) the turbulence length is a fraction of the total width b = b(x) of the
free shear layer, with the edges of the free shear layer described by y =
b*(x),i.e.b =b*(x) — b~ (x). This implies the common assumption that
the turbulence length is constant in a cross section of the slender free
shear layer. Various sets of the empirical parameters o, c,, cp and ¢; can
be found in the literature, cf. [6], pp. 560-561. In the present notation
the empirical constant ¢; combines two of the empirical parameters that
are commonly used in the one-equation model. The following set, which
is in accord with the conditions imposed by the asymptotic theory of
slender free shear layers [25,38,39], has been chosen for the present
work:

6,=07, ¢,=055 cp=1 ¢=0.3. (78)

For future comparisons with experiments it may be of interest to note
that the modelling of the diffusion term, i.e. the third term on the right-
hand side of Eq. (74), has been subject to criticism. Improvements have
been proposed, see [6], p. 561, and the references given there.

In accord with the definitions of the dimensionless variables given in
Eq. (3), the dimensionless turbulent kinetic energy, h, is defined as

h¢) =k JuZ.
This relation, together with the similarity transformation according

to Egs. (47)-(52), (55) and (56) is introduced into Eq. (74), and the

derivative & appearing in the buoyancy term is eliminated with the help
of Eq. (70). This gives the following balance equation for the turbulent
kinetic energy:

(79)

oy e 3 _,
FH+0(F ) +Rif9 — cpe; 1% + 6 () = 0, (80)

(81)

5 According to [6], p. 509, it would be appropriate, in contrast to common
practice, to address ¢ as a “pseudo-dissipation” rate.
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In the order of appearance, the physical meaning of the terms in Eq.
(80) is the following: convection, production by turbulent shear stresses,
production (positive or negative) by buoyancy forces, dissipation and
diffusion. Eq. (59) with (60) and Eq. (80) show that the buoyancy effects
are of the order of 1 both in the momentum equations and in the tur-
bulent kinetic energy balance if the effective Richardson number is of
the order of 1.

The various terms in Eq. (80) may not always be of equal importance.
A balance equation reduced to the second, the third and the fourth terms
in Eq. (80) was already discussed in [35], p. 372. It is remarkable that a

similar problem arises also in the absence of buoyancy, i.e. for Ri =0.It
was already discussed in [40], pp. 215-217, and [34], pp. 104-145, that,
under certain conditions, diffusion and convection of turbulent kinetic
energy can be neglected, and the k-equation reduces to a balance of
dissipation and production by turbulent shear stresses. It was shown in
[37] and [25] that this reduced balance of the turbulent kinetic energy
ceases to be valid near the edges of the turbulent shear layer. In terms of
a slenderness parameter, those sublayers are very thin in comparison to
the main layer. In the sublayers near the edges all four contributions to
the turbulent kinetic energy balance, i.e. production by turbulent shear
stresses, dissipation, diffusion and convection, are essential. The method
of matched asymptotic expansions was applied in [38] to obtain solu-
tions for plane, non-buoyant flows of mixing layers, jets and wakes,
respectively. The same method could certainly be applied also to the
present case of the buoyancy-controlled horizontal wake, but this is
beyond the scope of the present work.

With regard to boundary conditions it is required that the turbulent
kinetic energy vanishes at the wake edges, i.e.

h(¢y) =o0.

The vanishing of the turbulent kinetic energy at the wake edges has
severe consequences with regard to the existence of the solutions. An
inspection of the balance equation, Eq. (80) with (81), shows that the
dimensionless turbulent kinetic energy vanishes proportional to
(¢—¢5)? as {—{5. This leads to a non-integrable singularity in the in-
tegral of Eq. (72) at the upper and lower bounds, i.e. { = ¢} and ¢ = {5,
respectively. Obviously, it is a matter of modelling the apparent vis-
cosity and, associated with it, the apparent thermal diffusivity according
to Egs. (81) and (54), respectively. Since those models are standard ones,
we shall deal with the problem by replacing 0 on the right-hand side of
Eq. (82) by a very small, positive constant; for details see the description
of the numerical method in Section 6.3.

With Egs. (80) and (81) closure of the system of dimensionless basic
equations, i.e. Egs. (59), (60) and (70) forj_‘, gand 5, is accomplished. The
system of differential equations is of 7th order. It describes a boundary-
value problem with two free boundaries, i.e. { = ¢} and ¢ = 5. To be
satisfied are the boundary conditions Egs. (58), (63)-(66), (68), (69) and
(82), where all equations except Egs. (58), (63) and (66) count for 2
boundary conditions each. But not all boundary conditions are inde-
pendent conditions. First we note that the two smoothness conditions of
Eq. (69) are satisfied if the transformed thermal energy equation, Eq.
(70), with the boundary conditions of Eq. (64) are satisfied. Second,
writing the right-hand side of the transformed momentum equation, Eq.

(59), as — (ﬁ/f ' +ﬁfm), and inserting Eq. (81) for n shows that the two
smoothness conditions of Eq. (68) are also satisfied if, in addition to the
momentum equation, the boundary conditions for the turbulent kinetic
energy, i.e. Eq. (82), are satisfied. In conclusion, the number of boundary
conditions is in accord with the order of the system of differential
equations supplemented by two independent free parameters.

(82)

6.3. Numerical solutions for the turbulent wake

For the purpose of obtaining numerical solutions it has turned out to
be advantageous not to follow the straightforward procedure on the
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basis of the system of differential equations of 7th order as described in
the last paragraph of the previous section. Instead, g is eliminated from
the system by inserting Eq. (60) into Eq. (59) and replacing the three
boundary conditions, Eqs. (65) and (66), by the two conditions of Eq.
(67). Thus, Eq. (60) is eliminated, and the order of the system is reduced
to 6. The computation is then split into two steps. In the first step, the 6th
order system of equations is solved for f, 9, h and the two independent
free parameters ¢ and (5. The right-hand side of Eq. (82) is replaced by
10~* of the maximum value of h to ensure the existence of the solution.
In the second step, g({5) is determined from Eq. (65) applied at (5. The
pressure profile g(¢) is then given by Eq. (62). As suggested by the
formulation of the equations, the numerical solutions are performed
with Ri as a parameter. For the presentation of the results, however, the
use of Ri appears preferable, as it is defined in terms of basic parameters
only.

The shooting method implemented in Wolfram Mathematica, which
was employed for the computation of the laminar wake, did not lead to
suitable solutions of the equations for the turbulent wake. Therefore, the
system of equations was solved with the fourth-order adaptive colloca-
tion solver “bvp4c” of MATLAB R2022a. The absolute and relative tol-
erances were set to 10~° and 1072, respectively. The typical number of
grid points was around 60. Near the edges of the wake, the grid spacing
was as small as A ~ 1074,

The solver requires fixed prescribed positions of the boundaries. It
was, however, observed that the same solution is obtained whenever the
numerical boundaries are located outside of the actual wake. In such a
case, the quantities f/ and h become constant outside the wake. There-
fore, the numerical boundaries were fixed at sufficient distance from the
axis ¢ = 0. Placing the bottom and top boundaries at { =—0.3 and { =
1.7, respectively, was sufficient for all values of Ri. The locations of the
wake edges ¢ and {5 were identified a posteriori as the positions where
the temperature perturbation drops below 107>,

As an initial guess for 9 we have selected a cubic spline defined by the
boundary conditions, Egs. (58), (64) and (69). The initial guess forf’ was
obtained as a stretched and shifted half-period of a sinus function,
satisfying the boundary conditions, Eqs. (67) and (68). The initial guess
for f was then obtained by integration of f’, using the boundary condi-

tion, Eq. (63). Finally, the initial guess for the turbulent kinetic energy
was obtained by a mixing-length model as h ~ c,c? (f ’)2 /cp . The latter

initial guess is only suitable for Ri O(1), as it implies the importance
of the turbulent shear stress, which, however, turns out to be negligibly

small for Ri<1. To cope with that problem, solutions for Ri<1 were
obtained by numerical continuation.
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Fig. 4. Profiles of time-averaged flow quantities. Ri = 0.25, Cy =2.3,{; = —
0.17, ¢ = 0.59.
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A solution for Ri = 0.25 is shown in Fig. 4. The horizontal velocity
component varies monotonously between the edge values. The vertical
velocity component is negative on both sides of the wake, with the net
entrainment into the wake being positive. Note that the vertical velocity
component is very small, which a posteriori justifies the boundary-layer
equations. Similar to the solution of the first kind for laminar flow, the
temperature perturbation profile is wider at the upper side than at the
lower side. However, in the turbulent case the asymmetry of the
9-profile is much more pronounced. The reason for the asymmetry is the
distribution of the turbulent kinetic energy h and, as a consequence, of
the turbulent thermal diffusivity. The turbulent kinetic energy is larger
at the upper side of the wake, reaching a maximum at { = 0.197, due to

the buoyancy term Rifd in the turbulent kinetic energy balance, Eq.
(80). The buoyancy term acts as a source of turbulence for ¢ > 0 (un-
stable thermal stratification) and as a sink for { < 0 (stable thermal
stratification), as shown in Fig. 5. In the lower part of the wake, where
the turbulent diffusivities are smaller, the profiles of the time-averaged
flow quantities exhibit larger slopes and curvatures as compared to the
upper part. Although Ri is by far not large in the case shown in Fig. 5, the
production of turbulent kinetic energy is dominated by buoyancy in the
upper part of the wake, while the contribution of the shear stress is
comparatively small. The positive production by buoyancy in the upper
part is compensated mainly by diffusion and dissipation. Diffusion
transports turbulent kinetic energy towards the upper edge and into the
lower part of the wake, where the contribution of buoyancy is negative.
The lower part of the wake is dominated by the balance between the
negative contribution of buoyancy and positive contribution of diffu-
sion. The convection term is important near the upper edge, where its
negative contribution compensates the positive diffusion and buoyancy
terms.

For values of Ri larger than about 2.1 solutions with reversed flow
near the upper edge of the wake have been found. Furthermore, the
numerical solutions lead to Ri = 4.33 as an upper bound for the exis-
tence of solutions. The latter result is in qualitative accord with the
discussion of an upper bound for buoyancy as given in [35], p. 373.
However, the dimensionless lateral velocity component V, which is a
measure of the slenderness of the shear layer, increases with increasing
Richardson number. For Ri =1 the magnitude of V is about 0.1. For
substantially larger Richardson numbers the assumption of a slender
shear layer is violated.

6.4. Weak buoyancy effects

A parameter study with the numerical solutions revealed an inter-
esting behavior of the turbulent wake properties for small values of Ri.
Guided by the numerical results, the following power laws in terms of

()

005 0 0.05

Fig. 5. Contributions to the balance of turbulent kinetic energy, Eq. (80). Ri
=0.25C) =23,{5 = — 0.17, {§ = 0.59. f I....convection; A(f )2...produc-
tion by shear stress; Rifd...production by buoyancy; cpe; 1E3/2...dissipation;
o ! (k) ... diffusion.
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the effective Richardson number were found to be a proper description
of the limit Ri—0:

c=Ri"z, (83)
F=rRi"z+R"F) (84)
h=Ri"H(), (85)
=R N(z), (86)

with z, F, H and N being quantities of the order 1. According to Eq. (83),
the width of the wake vanishes proportional to ﬁil/s. As a normalized
quantity, the temperature perturbation 9(¢) = 5<§i1/32> remains a
quantity of the order 1, but the coefficient in Eq. (57) becomes

Co. Co=0(1),

Co=Ri Co, 87)
indicating that the temperature perturbation grows beyond bounds as
Ri—0. This is in accord with the over-all thermal energy balance, cf.
Section 4, as the width of the wake vanishes. With Egs. (83) and (84), Eq.
(71) gives in leading order
(ﬁil/sz)dz

Z

-1 5
@) - [

~ 1/3
with z5 = Ri / {3 representing the z-values of the edges. Since the

(88)

effective Richardson number is defined as Ri = CoRi, it follows from Eq.
(87) that

Ri = (Co)

in the limit Ri—0.
There is an interesting relationship between the velocity difference
across the wake, i.e. AU :f(gg) - fl(éjg), and the Richardson number.

Takingf’(g“g) 71?((1;) from Eq. (67), transforming the variables from ¢

-1 ~4/3

Ri (89)

~ \-1
to z by Eq. (83), and replacing the integral by (C@> according to Eq.
(88) shows that

AU = —Ri for Ri—0. (90)

This relationship is in accord with the analysis of the potential flow
induced by both laminar and turbulent wake flows in the limit of weak
buoyancy effects [12].

Introducing the asymptotic expansions Eqs. (83)-(86) into Eq. (59)
gives the following momentum equation in leading order:

z(ﬁ+5) - fd(NF)/dz,

where dots refer to derivatives with respect to z. Similarly, the other
basic equations and boundary conditions transform to equations that are

(oD

free of Ri. Of particular interest is the balance equation for the turbulent
kinetic energy. An inspection of Eq. (80) shows that the three terms
representing convection, production due to buoyancy forces and diffu-

~ 4/3
sion of turbulent kinetic energy are all of the order of Ri / , whereas the
terms representing dissipation and the work done by the shear stress are
~ 2 ~8/3
of the order of Ri and Ri / , respectively, i.e. much smaller than the

three first-mentioned terms. Thus, for ﬁi—>0, Eq. (80) reduces to the
following balance equation:

2(f+35) +0.d(NF) [z <o, (92)
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02 04 06 08

-02 0

Fig. 6. Limiting profiles of longitudinal velocity perturbation, F, turbulent ki-
netic energy, H, and normalized temperature perturbation, 9.

with

N = c,qH'?. (93)

Eq. (92) represents a balance of convection, production due to
buoyancy forces and diffusion of turbulent kinetic energy. Dissipation is
not required, as the production due to buoyancy forces is positive in a
certain part of the wake, while it is negative in another part, with
diffusion taking care of the necessary distribution.

The equations for the limit Ri—0 have been solved numerically by
the same method as the full equations for Ri = 0O(1), cf. Sections 6.2 and
6.3. The solution of the full equations for Ri = 0.003 is employed as an
initial guess. Selected results are given in Figs. 6-8.

To check the accuracy, the limiting profiles shown in Fig. 6 were
compared with numerical solutions of the full equations for the self-
similar flow with the very small value Ri = 0.003 of the effective
buoyancy parameter, and excellent agreement was found. Very good
agreement is also found for the dependence of the flow quantities on the
effective Richardson number, see Fig. 8. For the constants that appear in

the limiting equations, the following values have been obtained: Cg
1.67,2, =0.78,2; = — 0.33.

The asymptotic behavior for Ri—0 according to Egs. (83)-(89) on the
basis of Egs. (47)-(52) is in contrast to the classical solution for the

turbulent wake in the absence of buoyancy, i.e. for Ri = 0, cf. [6], pp.
655-659, 669-671. Written in terms of the present variables it is of the
following form:

T=1+&"fy(n), 99
0=¢"281), (95)
with the similarity transformation

E=X; n=Y/VX (96)

It is remarkable that this solution for the buoyancy-free wake, by
contrast to the first-order solution for the buoyant wake with Ri—0, is
associated with the drag coefficient of the body (plate) via an integral of
fo'(n) over the wake cross-section, cf. [6], p. 669.°

For Ri = 0, Egs. (94) and (95) show that the perturbation of the
longitudinal velocity component as well as the temperature perturbation

decay as X~1/2

ﬁi—>0, however, it can be seen from Egs. (55), (83) and (84) that the

with increasing distance X from the plate. In case of

S The differential equations and, consequently, the expressions given in [6]
for the functions fy(17) and 9o (1), respectively, are not applicable to the present
analysis, as a different turbulence model is used.
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Fig. 7. Contributions to the balance of turbulent kinetic energy in the limit
Ri»0, Eq. (92).
o td (NH) /dz...diffusion.

zH...convection;  z9...production by  buoyancy;

10°

—AU, Ri
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10!
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107
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Fig. 8. Comparison of the asymptotic analysis with numerical solutions of the
full equations for the self-similar turbulent wake flow: Ri, max(fl), AU =
f({;) 7f(§g) vs. Ri. Analysis: solid lines. Numerical results: + .

perturbation of the longitudinal velocity component, i.e. f —1, is as
=~.4/3 . o
small as Ri / , but remains constant for X—oo. The opposite is true for

~ 1/3
the temperature perturbation, which is as large as Ri / , but decays as
X1, 1i.e. more rapidly than in the case Ri = 0. Finally, the dimensionless

width of the wake is proportional to ﬁil/SX for Ri—0, whereas it is
proportional to v/X for Ri = 0, as can be seen from Egs. (83) and (96),
respectively. The obvious reason for those differences is the following. In
the present analysis the basic equations are derived for X—oo and then
the limit Ri—0 is considered, whereas the case Ri=0 corresponds to the
opposite order of limits. To describe the transition from the solution for

Ri—0 to the solution for Ri = 0 it is required to consider the double limit

Ri—0 and X—co. That analysis is beyond the scope of the present work.
7. Summary and conclusions

The analysis presented above represents the leading order in an
expansion for large distances from a horizontal plate, i.e. X— oo, where X
is referred to the plate length. In this order the horizontal wake flow is
affected only by the total heat flow from the plate, not by the drag force.
The latter would only enter a second-order expansion.

Dimensionless variables have been introduced, using the total heat
flow from, or towards, the plate as a parameter. It turned out that the
buoyancy effects in the momentum equations and in the turbulent ki-
netic energy balance, respectively, are of the same order of magnitude
and characterized by a suitably defined Richardson number, Ri. The
equations of motion together with the thermal energy equation reduce
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Table 1
Powers of distance from plate, X™.
m
laminar turbulent
Ri #0 Ri =0 Ri#0 Ri =0
width of wake 172 1/2 1 172
longitudinal velocity perturbation 0 -1/2 0 -1/2
temperature perturbation -1/2 -1/2 -1 -1/2

to boundary-layer equations, provided the shear layer is slender. This is
the case if the Reynolds and Péclet numbers are very large and the
Richardson number is of the order of 1 or smaller. Similarity trans-
formations of the basic equations of both laminar and turbulent flows
lead to sets of ordinary differential equations describing self-similar
flows. The far-wake flow and the outer, potential flow are coupled,
which has been taken into account by matching conditions. In addition
to the basic differential equations, the over-all thermal energy balance is
of importance, as it governs the magnitude of the temperature pertur-
bation. Remarkably, the power laws of the present self-similar flows
differ from the classical ones, which apply to non-buoyant flows. A
survey is given in Table 1.

Numerical solutions of the set of ordinary differential equations have
revealed that there are two types of laminar far-wake flows, one of them
featuring a region of reversed flow. However, according to the analysis,
reversed flow cannot occur at the boundaries of the laminar far wake.
The existence of two types of far-wake flow, together with the possibility
of reversed flow, indicates the usefulness of the far-wake solutions for
the proper formulation of downstream boundary conditions in CFD
applications, e.g. when the full Navier-Stokes equations are to be solved
for the flow around a horizontal plate of finite length [4].

For turbulent flow, the balance of turbulent kinetic energy plays an
important role. If the Richardson number is of the order of 1, the con-
tributions of convection, production by the Reynolds shear stress,
dissipation, diffusion and production by gravity forces are all essential.
Since the self-similarity of the flow has been derived without applying
any turbulence model, the structure of the turbulent horizontal far wake
is universal. Only the profiles of the flow quantities, such as velocity and
temperature, depend on turbulence modelling. This is, however, of little
relevance for CFD applications, as the profiles will only serve as initial
guesses for the computations.

For very small Richardson numbers it turned out that production of
turbulent kinetic energy by gravity forces, though proportional to the
Richardson number, outweighs dissipation and production by the Rey-
nolds shear stress.

The numerical solutions are limited by upper bounds of the
Richardson number. For laminar flow, the upper bound of the
Richardson number is attained when the longitudinal velocity compo-
nent vanishes at one of the wake boundaries, whereas in case of tur-
bulent flow the upper bound of the Richardson number is attained when
the stream function vanishes at one of the wake edges.

Since the wake width increases with increasing distance from the
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plate, the boundary-layer equations cease to be valid when the wake
boundaries approach side walls of a horizontal channel. For details of
this restriction see [12], Appendix D, and [13], Appendix B.

There is a possibility that buoyancy affects the boundary layer at a
horizontal plate and induces an outer (potential) flow even if the over-all
heat flow at the plate is zero. This can happen when one side of the plate
is heated, whereas the other side is equally cooled. This case has been
investigated for natural convection in [9,10], with buoyancy leading to
horizontal jets, as already mentioned in the Introduction. Another pos-
sibility occurs if one part of the plate is heated, while another part at the
same side is cooled, leading to regions of positive and negative tem-
perature perturbations in the wake. Numerical solutions of the full
Navier-Stokes equations (to be published) revealed that in the latter case
the temperature perturbations decay faster than according to the
self-similar flow solution for Q # 0.

Naturally, the present work reveals unsolved problems that deserve
further investigations on horizontal wake flows with buoyancy. To be
mentioned are, among others, the double limit of vanishing buoyancy
and very large distance from the plate, or the stability of the horizontal
laminar wake flow, associated with the transition to turbulent flow.
Concerning desirable comparisons with measurements, it can be noted
that unsteady buoyant horizontal wakes behind cylinders and other bluff
bodies have been studied extensively [41-43]. Experimental in-
vestigations of buoyant horizontal wakes far behind horizontal plates or
other streamlined objects that prevent vortex shedding are not known to
the authors. The lack of experimental data is regrettable, but under-
standable. It is certainly quite difficult to measure flow variables at
sufficiently large distances to allow comparison with the asymptotic
solutions and application as a downstream boundary condition. How-
ever, the importance of buoyant production of turbulence in a horizontal
turbulent boundary layer behind a heated wall-mounted obstacle has
been demonstrated in [44].
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Appendix A. Dissipation and work by pressure

a) Laminar flow
The thermal energy equation is supplemented by terms due to dissipation and work done by pressure, respectively. For laminar flow, the extended
version of the energy equation in dimensionless form, i.e. Eq. (8), can then be written as

00 00 P oP 1 0%0 U\ 2

where the dimensionless parameter Ny, defined as

_ WPl
Q
characterizes the effect of dissipation in the present problem. Since the energy equation is not homogeneous anymore, we refrain here from

normalizing the temperature perturbation as it is done in the main part of the paper. Introducing, again, the boundary-layer stretching according to
Egs. (19) and (20), Eq. (A.1) becomes:

Ny , (A.2)

¥y 0x — ¥xOy + T f,NRe(¥yPx — WxPy) = Pr '@y + NgRe(¥yy )2 (A.3)

This is the extended version of Eq. (23). In accord with the Boussinesq approximation, the isobaric expansivity, f3,, has been assumed constant. We
take the free-stream absolute temperature, T, as the reference temperature for f,. It is then consistent that T has been replaced by T, in the coefficient
of the pressure-work term in Eq. (A.1).

Next, the similarity transformation according to Eqs. (24)-(27) is applied. We obtain

29" + Pr(f9) = —NgPe /& {20”’)2 + Tmﬂpfg'] . (A.4)

Eq. (A.4) is an extended version of Eq. (34). The extension consists of the two terms on the right-hand side of Eq. (A.4), with the first term rep-
resenting dissipation, while the second term is due to the work done by the pressure. Obviously, Eq. (A.4) is not in accord with the assumed self-
similarity, but it may serve to provide conditions for neglecting dissipation and pressure work. If T,,f,<1, as it is the case for common liquids, the
effect of the pressure work is much smaller than the effect of dissipation. For common gases, however, T..3, = O(1), with T8, = 1 for the special case
of perfect gases. The work done by the pressure is then of the same order of magnitude as dissipation. With regard to the latter, Eq. (A.4) shows that it
increases with increasing distance from the plate. However, Ny is, in general, very small. In order to estimate the order of magnitude, it is convenient to
relate Q to a characteristic temperature difference between the plate surface and the free-stream temperature, i.e. (T,, — T, ). Introducing the Stanton
number

St=Q / Pollelcy(Ty — Ty), (A.5)
we obtain
Ny = Ec/StRe, (A.6)

where Ec is the Eckert number, i.e.
Ec =12 /c,(Ty — Two). (A.7)

According to the present definitions both N, and Ec are positive for a heated plate, whereas they are negative in case of a cooled plate. From the

theory of mixed convection flow over horizontal plates, cf. [27], it is known that Stv/Re = O(1), depending somewhat on the Prandtl number. Thus,
discarding the influence of the Prandtl number, the coefficient on the right-hand side of Eq. (A.4) is of the following order of magnitude:

[N4|Pe+/€ = O(|Ec|\/Re; ), (A.8)

where Re; = Re¢ is the Reynolds number in terms of the distance from the plate. It follows from Eq. (A.4) that dissipation is negligible in the energy
equation if |Ec|,/Re;<1. For water, for instance, withu,, = 1 m/sand |T,, —T.| = 25K, |Ec| is about 10-°. This value is so small that dissipation would
become of importance at values of Re; that are so extremely large that transition from laminar to turbulent flow has certainly already taken place.

b) Turbulent flow

If the thermal energy equation (A.1) is written in terms of ensemble-averaged variables, the last term on the right-hand side is due to direct
dissipation. In addition, there is a contribution of the turbulent dissipation to the thermal energy equation, see [6], p. 510. By suitably combining the
contributions of viscous diffusion and turbulent dissipation, cf. [6], pp. 508 and 509, the turbulent dissipation rate is equal to the quantity ¢ that
appears in the balance of turbulent kinetic energy, Eq. (74). Using Egs. (76), (77) and (79) to express ¢ in terms of the dimensionless turbulent kinetic

energy h, the thermal energy equation for the turbulent wake becomes

_00 _06 0P _oP (1 d6 dU\*  cpNRess/2
U—=+V—=+T.fNRe| U=+ V—= ) =—|—— Nyl — h A.9
ax T Vay T T=PpNa e( x 6Y) oY (Pe[ aY>+ d(ay) toex (A.9)

where the dissipation parameter N; has been introduced according to Eq. (A.2). Normalizing the temperature perturbation according to Eq. (57) and

262



W. Schneider and L. Babor European Journal of Mechanics / B Fluids 111 (2025) 250-265
applying then the similarity transformation according to Sections 6.1 and 6.2, we obtain:

—

i - _ 3
f9 +@y) = (Nd/C(.)) (f )* +Re | Toffg +cnCyle; B2 | & 5. (A.10)

The terms due to direct dissipation, pressure work and turbulent dissipation, in this order, are given on the right-hand side of Eq. (A.10).

The orders of magnitude are now estimated for substantial buoyancy effects, i.e. Ri = O(1), as follows. First we note that the empirical constant cp
is of the order of 1, (1/Cp) is of the order of the slenderness parameter Cg, which is of the order of 1 for Ri = O(1). Secondly, we repeat that T, By is Of
the order 1 or even much smaller. Thus the term due to the work done by the pressure is, at most, of the same order of magnitude as the turbulent
dissipation term. It remains to estimate the magnitude of Ny. Since it is just a matter of definitions, Eq. (A.6) can be applied. Assuming that the flow is
laminar at the plate and the transition to turbulent flow takes place in the wake, which will be rather the rule than the exception, cf. [45], the estimate
Stv/Re = O(1) remains valid. It follows that

INg| = o(|Ec|/¢R‘e ) (A.11)

Since the Eckert number is characteristically extremely small, as discussed above, and, furthermore, the Reynolds number is assumed to be very
large for the present analysis, the term due to direct dissipation, i.e. (N3/Co)(f”)? is certainly negligible in Eq. (A.10). The term due to turbulent
dissipation, however, is seen to be proportional to &, i.e. the dimensionless distance from the plate. Thus, it grows beyond bounds as é— . However,
the distance where the turbulent-dissipation term becomes of the same order of magnitude as the leading terms in Eq. (A.10) is so large that it will
hardly be of relevance to applications. Besides, there are also other reasons for a possible break-down of the boundary-layer equations, as briefly
discussed in the Summary and conclusions.

It remains to be noted that in the limit of very weak buoyancy effects, i.e. ﬁi—>0, the slenderness parameter Cp is as small as ﬁil/g, cf. Eq. (83). The
4/ ~ ~1/3 - ~7/3
slope of the velocity profile is even smaller, i.e. f = O(Ri). Since 1/Cy = O(Ri / ) according to Eq. (87), (N4/Ce)(f”)? is as small as NgRi / , and

neglecting that term in the thermal energy equation is even more justified in the limiting case than in the general case of Ri = O(1). Estimates of the
other terms on the right-hand side of Eq. (A.10) lead to similar conclusions.

Appendix B. Asymptotic behavior of the solutions for laminar flow as n— + «

It may be of general interest and, furthermore, be useful for the numerical solution, to know the asymptotic behavior of the dependent variables
near the boundaries of the wake. For that purpose we insert the following relationships into the system of equations given in Section 5.3 and consider
the limit y— =+ co:

f=Fin+F; +o (), (B.1)
g=G"+r (), (B.2)
5800, ®

with <F1i_2 ) Gi) = const = O(1) and (¢*,7*, 9%)—0 as y— + co. From Eq. (41) one obtains
P
o = exp( - %anz) . ®.4)
This result shows that the boundary condition Eq. (37) requires positive values of F;, i.e.

Fy > 0. (B.5)

Since U = f” according to Eq. (28), Eq. (B.5) indicates that there is no reversed flow at the wake boundaries.
The matching condition Eq. (38) shows that the constants have to satisfy the relation

Ff = (1-2G%)"* (B.6)
This equation requires that
G*<1/2. (B.7)

In view of Eq. (B.2), Eq. (B.7) expresses a bound for the pressure perturbation that has to be obeyed by the solution of the differential equations.
The result for the temperature disturbance, Eq. (B.4), can be inserted into Eqgs. (33) and (32) to obtain the following relations for the pressure and
velocity disturbances, respectively:

P Pr
") :Kexp(f 4an2), (B.8)

" P Pr
2(¢")" +Fin(e*) +Ky exp(*;ﬂ*nz) =0. (B.9)

Eq. (B.8) can be integrated to obtain
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yE=— (2I~(/PrF1i11>exp( —?Flinz) (B.10)

Eq. (B.9) is a linear, inhomogeneous differential equation of first order for (¢*)". The general solution of the homogeneous part is discarded, as it
represents a solution of the problem of vanishing buoyancy, which is of no interest here. What remains is the following particular solution of the
inhomogeneous Eq. (B.9):

(%) = [I?/(Pr—l)Fli] exp( —%Flinz) for Pr#1, (B.11)

(b)) 7%I~O12exp( - %Fli;f) for Pr=1. (B.12)

The coefficient on the right-hand-side of Eq. (B.11) grows beyond bounds as Pr—1. Thus the case Pr = 1 has resonance properties.

The decay of the velocity component U to its limiting value at the boundary of the wake is represented by (¢*)’, which can be obtained by
integrating Eqs. (B.11) and (B.12). The first integral can be expressed in terms of the complimentary error function, whereas integrating Eq. (B.12)
would have to be done numerically.

The results indicate a very strong exponential decay of all perturbations as 7— + o, as it is also the case for classical boundary layers, cf. [46], p.
226.

A quantity of particular interest is the lateral velocity for 7— + o, as it represents the entrainment of mass into the wake. From Eqs. (29) and (B.1)
one obtains

V=—(1/2)&VF;, (B.13)

i.e., the constant F;E, as introduced in Eq. (B.1), gives the entrainment.
As is natural for asymptotic expansions, the constants G* (or Fli) and F§ remain free and are to be determined in course of numerical solutions of
the differential equations.
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