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Zusammenfassung

In dieser kumulativen Dissertation untersuchen wir erzeugende Funktionen rotations-
dquivarianter Minkowski-Bewertungen auf ihre analytischen Eigenschaften und Entwick-
lung in Kugelfunktionen.

Erstens zeigen wir, dass erzeugende Funktionen, von welchen nur Integrierbarkeit bekannt
war, stetig bis auf die Pole und fast iiberall differenzierbar sind. Fiir schwach monotone
Minkowski-Bewertungen beschreiben wir das lokale Verhalten um die Pole und folgern,
dass der Raum der konvexen Korper mit C? Stiitzfunktion in sich abgebildet wird. Fiir
den zugehorigen Faltungsoperator weiten wir bekannte Eigenwertungleichungen auf eine
groflere Klasse von Minkowski-Bewertungen aus. Als Anwendung beweisen wir, dass fir
Schnittmittelungsoperatoren und fiir gerade, monotone Minkowski-Bewertungen euklidis-
che Kugeln die einzigen Fixpunkte in einer C? Umgebung der Einheitskugel sind.

Zweitens betrachten wir die Wirkung von Aleskers Lefschetz-Integraloperator auf der
erzeugenden Funktion. Wir zeigen, dass der Faltungskern der auftretenden Transformation
eine strikt positive und bis auf den Nordpol glatte Funktion ist. Daraus schlieffen wir,
dass alle bekannten Beispiele rotations-aquivarianter Minkowski-Bewertungen durch die
Lefschetzoperatoren erhalten werden.

Allgemeiner beschreiben wir die Wirkung der Lefschetz-Operatoren auf der Klain—
Schneider-Funktion skalarwertiger Bewertungen durch eine Radontransformation zwischen
Fahnenmannigfaltigkeiten, womit wir ein Resultat von Schuster und Wannerer verall-
gemeinern. Im Zuge dessen entwickeln wir eine neue Methode, das gemischte Ober-
flichenmaf eines niedrigdimensionalen Kérpers durch sein Oberflichenmafl beziiglich eines
Unterraumes auszudriicken.

Drittens zeigen wir ein Analogon des Satzes von Klain—Schneider fiir Bewertungen, die
invariant unter Rotationen um eine fixe Achse sind, zonal genannt, und somit auch
Minkowski-Bewertungen. Daraus erhalten wir neue Beweise der Darstellungssitze fir
glatte und stetige Minkowski-Bewertungen, die erheblich kiirzer und zugénglicher sind.
Wir ermitteln auch eine neue Integraldarstellung fiir zonale Bewertungen, in der die
Rolle des Oberflichenmafles von einem gemischten Oberflichenmafl mit einer Scheibe
iibernommen wird, und présentieren eine einfache Weise, zwischen diesen Darstellungen
zu wechseln.

Als Anwendung liefern wir einen einfacheren Beweis fiir die Integraldarstellung der
Schnittmittelungsoperatoren von Goodey und Weil mittels Bergs Funktionen. Fiir einen
ursprungssymmetrischen Korper leiten wir eine neue Darstellung durch ein gemischtes
Volumen mit einer Scheibe her. Dariiber hinaus kénnen wir diverse integralgeometrische
Formeln zuriickgewinnen und verallgemeinern.
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Abstract

In this cumulative thesis, we examine the analytic properties and spherical harmonic
decomposition of generating functions of rotationally equivariant Minkowski valuations.

First, we show that generating functions, which were merely known to be integrable, are in
fact continuous up to the poles and differentiable almost everywhere. For weakly monotone
Minkowski valuations, we describe the local behavior around the poles and conclude that
the space of convex bodies with C? support functions gets mapped into itself. Regarding
the corresponding spherical convolution transform, we extend the known spectral gap
inequalities to a larger class of Minkowski valuations. As an application, we prove that
for mean section operators and for even, monotone Minkowski valuations, Euclidean balls
are the only fixed points in some C? neighborhood of the unit ball.

Second, we consider the action of Alesker’s Lefschetz integration operator on the generating
function. We show that the convolution kernel of the arising transform is a strictly positive
function that is smooth up to the north pole. From this, we deduce that all known examples
of rotationally equivariant Minkowski valuations are preserved by the Lefschetz operators.

More generally, we describe the action of the Lefschetz operators on the Klain—Schneider
function of scalar valued valuations by a Radon type transform between flag manifolds,
generalizing a result of Schuster and Wannerer. In the course of this, we introduce a new
way to express the mixed area measure of a lower dimensional body in terms of its surface
area measure relative to a subspace.

Third, we show an analogue of the Klain—Schneider theorem for valuations that are
invariant under rotations around a fixed axis, called zonal, and thus, also Minkowski
valuations. From this, we obtain new proofs of the representation theorems of smooth and
continuous Minkowski valuations that are considerably shorter and more accessible. We
also establish a new integral representation for zonal valuations, where the role of the area
measure is taken by the mixed area measure with a disk, and we introduce an easy way
to move between these two representations.

As applications, we give a simpler proof of the integral representation of mean section
bodies by Goodey and Weil in terms of Berg’s functions. In the case of origin symmetric
bodies, we establish a new representation in terms of a mixed volume involving disks.
Moreover, we recover and extend various integral geometric formulas.

ii
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Introduction

A Minkowski valuation is an operator on the space of convex bodies in Euclidean space
which is finitely additive with respect to Minkowski addition. Minkowski valuations which
are continuous, homogeneous, and compatible with rigid motions occur naturally in various
geometric constructions. For example, the projection body of a convex body encodes
information of the size of its shadows cast in every possible direction. Since its introduction
by Minkowski, it has become central in convex geometry (see, e.g., ,,,).
A more recent instance is provided by the mean section body of Goodey and Weil : it
is formed as an average from sections of a convex body with all possible affine subspaces
of a given dimension.

In recent years, the pursuit of a Hadwiger type theorem for Minkowski valuations (see,
e.g., ,@H) has resulted in a spherical convolution representation by Schuster and
Wannerer [103] and Dorrek . For a homogeneous, rotationally equivariant Minkowski
valuation ® and a convex body K, the support function of the body ®K is given as the
spherical convolution of the area measure of K with a unique zonal function, called the
generating function of ®. When dealing with geometric problems involving Minkowski
valuations, this representation is a very powerful tool. To illustrate this, Goodey and
Weil found the generating functions of the family of mean section operators; by
computing their multipliers (the coefficients in the spherical harmonic decomposition),
they show that every full-dimensional convex body is already determined by its mean
section body.

The main objective of this cumulative thesis is to investigate the analytic properties and
spherical harmonic decomposition of generating functions of Minkowski valuations. From
our findings, we obtain new local uniqueness results on fixed points and lay the foundation
for further progress on isoperimetric type inequalities and a complete classification of
rotationally equivariant Minkowski valuations.

which is joint work with Ortega-Moreno, is devoted to the fixed points of
Minkowski valuations — a problem that is closely connected to Petty’s conjectured inequal-
ity [90]. We show that generating functions, which were merely known to be integrable,
are in fact locally Lipschitz outside the poles; in particular, they are continuous outside
the poles and differentiable almost everywhere. If the corresponding Minkowski valuation
is weakly monotone, we provide additional information on the behavior on small polar
caps, from which we conclude that weakly monotone Minkowski valuations map the space
of convex bodies with a C? support function into itself.

Regarding the spherical convolution transform of a generating function, we extend the
spectral gap estimates that have been established by Ortega-Moreno and Schuster
to a larger class of Minkowski valuations and settle the equality cases for the second
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Introduction

eigenvalue. We apply these findings to show that for every weakly monotone and even
Minkowski valuation, there exists some C? neighborhood of the unit ball where its only
fixed points are Euclidean balls; the same holds for the family of mean section operators.
Our approach unifies and extends previous results by Ivaki , and Ortega-Moreno
and Schuster [88].

In which is joint work with Hofstétter and Ortega-Moreno, we deal with the
Lefschetz operators that were introduced by Alesker . Providing a way to move between
valuations of different degrees, they are a powerful tool in valuation theory that has been
applied to obtain classification results and isoperimetric type inequalities (see, e.g., ,
21/69H711/89,/97]). The Lefschetz integration operator acts on the generating function of a
Minkowski valuation as a convolution transform.

From its spherical harmonic decomposition, we show that the convolution kernel, which
was merely known to be a distribution, is in fact a strictly positive function that is smooth
up to the north pole. We also characterize it as the solution to some strictly elliptic
Legendre type differential equation. As a direct consequence, we obtain that the Lefschetz
integration operator maps the space of Minkowski valuations that are generated by some
body of revolution into itself. Even more, we show that the Lefschetz operators preserve
all examples of rotationally equivariant Minkowski valuations that are currently known,
hinting at what a complete classification could look like.

In the same article, we also consider the Lefschetz operators on real valued valuations.
These are determined by certain restrictions, which are encoded in the Klain—Schneider
function . We describe the action of the Lefschetz operators on the Klain—
Schneider function by a Radon type transform between flag manifolds, generalizing a
result of Schuster and Wannerer from the even case. In order to compute the
restrictions of valuations and more specifically, mixed volume functionals, we introduce
mixed spherical liftings and projections. These allow us to express mixed area measures
of lower dimensional bodies in terms of their surface area measure relative to a subspace,
extending previous results of Goodey and Weil for non-mixed area measures.

We pick up on this in which is joint work with Hofstdtter and Ortega-Moreno.
There, we focus on restrictions of scalar valued valuations that are invariant under rota-
tions around a fixed axis, called zonal, and thus, also Minkowski valuations. We show an
analogue of the Klain—Schneider theorem for zonal valuations, characterizing those that
vanish on hyperplanes containing the axis of revolution. From this, we deduce that every
homogeneous, zonal valuation is determined by a restriction to one particular subspace.
Conversely, we show that every zonal valuation on this subspace, if it is in addition smooth,
extends to a zonal valuation on the ambient space.

Through Klain’s approach, we recover the Hadwiger type theorem for smooth, zonal
valuations by Schuster and Wannerer as well as a recent characterization of con-
tinuous, zonal valuations by Knoerr . As a consequence, the spherical convolution
representation for homogeneous Minkowski valuations can also be written as a principal
value integral. Let us note that our proof is considerably shorter and does not rely on any
deep results from representation theory.
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Introduction

We also apply Klain’s approach to establish a completely new classification of contin-
uous, zonal valuations, where the role of the area measure is taken over by the mixed
area measure with a disk that is orthogonal to the axis of revolution. Using the mixed
spherical liftings and projections, we introduce an easy way to move between the two
integral representations. The newly established integral representation involving the disk
has certain benefits: the integral is always proper, the space of integral kernels is simple,
and convergence is easy to understand. As a further consequence, zonal valuations are
determined by their values on cones, and thus, on bodies of revolution.

We apply this to obtain various integral geometric formulas, recovering a Cauchy—
Kubota type formula and extending an additive kinematic formula, both having recently
been established by Hug, Mussnig, and Ulivelli ,. Moreover, we give a simpler proof
of the integral representation of mean section bodies by Goodey and Weil in terms of
Berg’s functions. In the case of origin symmetric bodies, we establish a new representation
in terms of a mixed volume involving disks.

Articles included in this thesis

Article 1 Fixed points of mean section operators
with Oscar Ortega-Moreno
Trans. Amer. Math. Soc. (electronically published on October 31, 2024)
arxiv.org/abs/2302.11973
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submitted
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submitted
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1 Fixed points of mean section operators

1.1 Introduction

Sections and projections of convex bodies play an essential role in the field of geometric
tomography. By taking measurements in lower dimensions, one seeks to recover informa-
tion about the geometry of the original object. A common procedure to work with these
measurements is to assemble them into a new convex body. For instance, the projection
body of a convex body K is built from the volumes of shadows of K cast from every
possible direction. To give the exact definition, recall that a convex body K (that is, a
convex, compact subset) in R™, where throughout n > 3, can be defined by its support
function h(K,u) = max{(z,u) : € K}, u € S*"L. The projection body IIK of a convex
body K is defined by

WK, u) =V, (Klut), uwesS"

where K |uL denotes the orthogonal projection of K onto the hyperplane u and V,_;
denotes the (n—1)-dimensional volume. The geometric operator Il was already introduced

by Minkowski and has since become central to convex geometry (see, e.g., [11}[72,[75//80
(90} 11T} [112]).

A more recent instance of the procedure described above is the family of mean section
operators introduced by Goodey and Weil . For 0 < j < n, the j-th mean section
body M;K of a convex body K is essentially the average of all j-dimensional sections of
K with respect to Minkowski addition. More precisely,

h(M; K, u) = / h(K N E,u)dE, we s
AG(n,5)

where AG(n, j) denotes the affine Grassmannian (that is, the space of j-dimensional affine
subspaces of R™) and integration is with respect to a suitably normalized, positive, rigid
motion invariant measure.

The projection body and mean section operators belong to a rich class of geometric
operators acting on the space K™ of convex bodies in R™. A Minkowski valuation is a map
d: " — K™ satisfying

OPK+PL=®(KUL)+Pd(KNL)

with respect to Minkowski addition whenever K U L € K". Scalar valued valuations have

a long history in convex geometry (see, e.g., @,,,). Their systematic

study goes back to Hadwiger’s famous characterization of the intrinsic volumes V;,
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1 Fixed points of mean section operators

0 < i < n, (see Section as a basis for the space of continuous, rigid motion invariant
scalar valuations.

The investigation of Minkowski valuations has originated from Schneider’s research
on Minkowski endomorphisms. However, it was the seminal work by Ludwig
which prompted further development. In , Ludwig identifies Minkowski’s projection
body map as the unique (up to a positive constant) continuous, translation invariant,
affine contravariant Minkowski valuation, solving a problem posed by Lutwak. Following
Ludwig’s steps, contributions of several authors (e.g., ,,) show that
the convex cone of Minkowski valuations compatible with affine transformations is in
many instances finitely generated. In contrast, a less restrictive condition such as rotation
equivariance produces a significantly larger class of valuations, making their classification
challenging.

Denote by MVal the space of all continuous, translation invariant Minkowski valuations
intertwining rotations and by MVal; the subspace of Minkowksi valuations homogeneous
of degree i. A map ® : K" — K" is said to have degree i if ®(AK) = M@K for every
K € K" and A > 0. By a classical result of McMullen [85], continuous, translation
invariant, homogeneous valuations can only have integer degree i € {0,...,n}. In recent
years, substantial progress (e.g., ,,) to obtain a Hadwiger-type theorem
for the space MVal has led to the following representation by Dorrek involving the
spherical convolution of an integrable function and the area measures S;(K,-) of a convex
body K (see Section : for every ®; € MVal; of degree 1 < i < n — 1, there exists a
unique centered, SO(n — 1) invariant function f € L'(S"~1) such that for every K € K",

h(DK, ") = Si(K, ) * f. (1.1.1)

A function on S*! is said to be centered if it is orthogonal to all linear functions. We call
the function f in the generating function of ®;. If ®; K = {o} for all K € K", we
call ®; trivial.

For 1 < i < n— 1, the i-th projection body map II; is defined by h(IL; K, u) = V;(K |ut),
u € S"!. Note that II,,_; = II is Minkowski’s projection body map. Each operator
IT; belongs to MVal; and is generated by the support function of a line segment, as can
be easily deduced from Cauchy’s projection formulas (see, e.g., p. 408]). The j-th
mean section operator M;, up to a suitable translation, also belongs to MVal;, where
t = n — j + 1. However, unlike for the projection body map, the determination of their
generating functions is non-trivial and involves the functions employed by Berg in his
solution of the Christoffel problem . For each dimension n > 2, Berg constructed
a function g, € C°°(—1,1) with the property that h(K,:) = S1(K,-) * g, + (s(K),-) for
every convex body K € K", where §, is the SO(n—1) invariant function on S"~! associated
to g, and s(K) denotes the Steiner point of K (see Section|1.2). Goodey and Weil
showed that for 2 < j < n and every K € K",

h(MGK, ) = Sp—jy1(K, ) * Gj + cn Vo (K)(s(K), ), (1.1.2)

where ¢, ; > 0 is some constant.
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1 Fixed points of mean section operators

Fixed points of geometric operators are closely related to a range of open problems
in convex geometry (see, e.g., [28,43,[00]). For instance, Petty’s conjecture can be
expressed in terms of fixed points of II? up to affine transformations. This was first
observed by Schneider and later extended by Lutwak to projection body maps
of all degrees. The global classification of fixed points of HZ2 has only been settled in
the polytopal case by Weil and in the 1-homogeneous case by Schneider . It is
conjectured that the only smooth fixed points of II? are ellipsoids. Locally around the
unit ball, this was recently confirmed independently by Saroglou and Zvavitch and
Ivaki [58], motivated by the work of Fish, Nazarov, Ryabogin, and Zvavitch .

For degree 1 < i < n —1, Ivaki showed that in some C? neighborhood of the unit
ball, the only fixed points of 11 are Euclidean balls. The second author and Schuster
have shown that this phenomenon also holds for the class of even C_% regular
Minkowski valuations, that is, Minkowski valuations generated by the support function
of an origin-symmetric convex body of revolution that has a C? boundary with positive
Gauss curvature. A line segment is clearly not of this kind, so the results by Ivaki and by
the second author and Schuster appear to be disconnected. In this paper, we bridge this
gap with our first main result.

Theorem 1.A. Let1 <i<n—1 and ®; € MVal; be generated by an origin-symmetric
convez body of revolution. Then there exists a C? neighborhood of the unit ball where the
only fired points of ®? are Buclidean balls, unless ®; is a multiple of the projection body
map, in which case ellipsoids are also fixed points.

The case when ¢ = 1 (that is, &; € MVal; is a Minkowski endomorphism) has been
settled globally by Kiderlen . With Theorem we unify the previous results on
C_% regular Minkowski valuations and projection body maps obtained in and ,,
respectively. However, none of them (including Theorem cover any local uniqueness
of fixed points of mean section operators. This is because Berg’s functions are neither
even nor support functions. By further extending the techniques employed in the proof of
Theorem we obtain the following.

Theorem 1.B. For 2 < j < n, there exists a C? neighborhood of the unit ball where the
only fized points of M? are Buclidean balls.

Throughout, this is to be understood as follows: there exists some € > 0 such that if
K € K™ has a C? support function satisfying ||h(aK +z,-) — | c2(gn-1y < € for some a > 0
and x € R", and if M?K is a dilated and translated copy of K, then K is a Euclidean
ball. We want to emphasize that we will obtain both Theorem [I.A] and from a
more general result (Theorem that applies to all weakly monotone, homogeneous
Minkowski valuations in the space MVal. A Minkowski valuation ¢ : ™ — K" is called
weakly monotone if K C ®L whenever K C L and the Steiner points of K and L are at
the origin. The proof of Theorem [I.5.2] requires the convolution transform defined by its
generating function to be a bounded operator from C(S"~!) to C?(S"~!). The following
theorem provides necessary and sufficient conditions for the boundedness of convolution
transforms.
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1 Fixed points of mean section operators

Theorem 1.C. Let f € L' (S"71) be SO(n—1) invariant. Then the convolution transform
¢+ ¢ * f is a bounded linear operator from C(S"~1) to C*(S"~1) if and only if O, f is a
signed measure and

/(0 . 1 (O f)({u € S" 1 (e, u) > cosr})| dr < oo. (1.1.3)
72

Here, € € S*~! denotes the north pole of the unit sphere fixing the axis of revolution of
fand O, f = ﬁASf + f, where Ag is the spherical Laplacian on S"~!. Theorem
tells us that the regularity of the convolution transform defined by f is determined by the
mass distribution of [J,, f on small polar caps. It turns out that generating functions of
weakly monotone Minkowski valuations exhibit precisely this behavior.

Theorem 1.D. Let 1 <i <n—1 and ®; € MVal; with generating function f. Then f
is locally Lipschitz outside the poles and O, f is a signed measure on S"~'. Moreover, if
®; is in addition weakly monotone, then there exists C' > 0 such that for all r > 0,

|O.f1({u € s (e, u)| > cosr}) < ort, (1.1.4)
As an immediate consequence of Theorems [[.C| and [[.D] we obtain the following.

Corollary. Let 1 < i < n—1 and ®; € MVal; be weakly monotone with generating
function f. Then the convolution transform ¢ — ¢ * f is a bounded linear operator from
C(S™1) to C3(S™1). In particular, ®; maps the space of convex bodies with a C? support
function into itself.

To the best of our knowledge, apart from smooth Minkowski valuations, this was
previously only known for the projection body operators: it was shown by Martinez-Maure
that the cosine transform is a bounded linear operator from C(S"~1) to C?(S"~1),
which is an essential tool in the proof of Ivaki’s fixed point results.

We want to remark that the continuity of f proven in Theorem[I.D]confirms a conjecture
by Dorrek. Moreover, note that relates the regularity of f to the degree of
homogeneity. It has been shown by Parapatits and Schuster that if a function generates
a Minkowski valuation of a certain degree, then it also generates Minkowski valuations of
all lower degrees. Using , it can be shown that for each 1 < i < n — 1, the Berg
function g,—;11 generates a weakly monotone Minkowski valuation of degree ¢ but not
higher.

Organization of the article. In Section we collect the required background on
convex geometry and analysis on the unit sphere. In Section [I.3] we investigate regularity
of zonal measures and convolution transforms, proving Theorem In Section [L.4] we
show that weak monotonicity of Minkowski valuations implies additional regularity of the
generating function, proving Theorem Finally, in Section [1.5| we apply our results
from the previous sections to the study of fixed points. There we prove Theorems [I.A] and
1.B] as well as a general result on even Minkowski valuations.
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1 Fixed points of mean section operators

1.2 Background material

In the following, we collect basic facts about convex bodies, mixed volumes and area
measures. We also discuss differential geometry and the theory of distributions on the
unit sphere. In the final part of this section, we gather the required material from
harmonic analysis, including spherical harmonics and the convolution of measures. As
general references for this section, we cite the monographs by Gardner [43], Schneider

[96], Hormander [54], Lee [73[74], and Groemer [49].

Convex geometry. The space K" of convex bodies naturally carries an algebraic and
topological structure. The so-called Minkowski operations, dilation and the Minkowski
addition, are given by AK = {Az:2 € K}, A >0,and K+ L={x+y:z € K,y € L}.
The Hausdorff metric can be defined as

d(K,L)=max{t >0: K CL+tB" and L C K +tB"},

where B™ denotes the unit ball of R".

As was pointed out before, every convex body K € K™ is uniquely determined by its
support function hg(x) = h(K,z) = max{(z,y) : y € K}, x € R", which is homogeneous
of degree one and subadditive. Conversely, every function with these two properties is
the support function of a unique body K € K™. Associating a convex body with its
support function is compatible with the structure of K", that is, hax+r = Ak + hp
and d(K, L) = ||hxg — hp| 0o, Where ||-||co denotes the maximum norm on the unit sphere.
Moreover, K C L if and only if hx < hp. In addition, hyx . (u) = hx (97 u) + (z,u) for
every ¥ € SO(n) and = € R™.

The Steiner formula expresses the volume of the parallel set of a convex body K at
distance t > 0 as a polynomial in ¢. To be precise,

V(K +tB") => " "k, Vi(K), (1.2.1)
=0

where r; denotes the i-dimensional volume of B® and the coefficient V;(K) is called the
i-th intrinsic volume of K for 0 < ¢ < n. The intrinsic volumes are important quantities
carrying geometric information on convex bodies. For instance, V,, is the volume, V,,_
the surface area, and V; the mean width.

The surface area measure S,_1(K,-) of a convex body is the positive measure on S*~1
defined as follows: the measure S,,_1(K, A) of a measurable subset A C S"~!is the (n—1)-
dimensional Hausdorff measure of all boundary points of K with outer unit normal in A.
Analogously to , there is a Steiner-type formula for surface area measures:

n—1

Sn1(K +tB",-) = > " ("N S(K, ),

%
=0

where the measure S;(K, -) is called the i-th area measure of K for 0 <i < n —1. Each of
the area measures is centered, meaning that they integrate all linear functions to zero. By
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1 Fixed points of mean section operators

a theorem of Alexandrov-Fenchel-Jessen (see, e.g., Section 8.1]), if K has non-empty
interior, then each area measure S;(X, -) determines K up to translations.

The Steiner point of a convex body K is defined as s(K) = [qu—1 h(K,u)udu. The
Steiner point map s : K — R" is the unique continuous, vector valued valuation inter-
twining rigid motions (see, e.g., p. 181]).

Differential geometry. As an embedded submanifold of R”, the unit sphere S"~!
naturally inherits the structure of an (n — 1)-dimensional Riemannian manifold. We
identify the tangent space at each point u € S*~! with u~ C R"™, which allows us to
interpret tensor fields as maps from S"~! into some Euclidean space.

Throughout, we will only work with tensor fields up to order two. That is, we define a
vector field on "' as a map X : S""! — R” such that X (u) € u* for every u € "1
and a 2-tensor field on S"! as a map Y : S*~! — R™ " such that Y (u)(u’) C u' and
Y (u)u = 0 for every u € S"~1. For instance, let Y (u) = P,. be the orthogonal projection
onto u for each u € S*~!. Then the 2-tensor field Y acts as the identity on each tangent
space. The inner product of two 2-tensors Y7 and Y3 on ut is given by (Y1, Ys) = tr(Y;Y3).

We denote by Vg the standard covariant derivative and by divs the divergence operator
on S"!. The operators Vg and divg are related via the spherical divergence theorem,
which states that

/ (X (u), Vb (u)du = — / divs X (u)é(u)du
Sn—1 sn—1

and
/ (Y (u), V5 X () du = —/ (divs Y (u), X (u))du
Sn Sn

for every smooth function ¢, smooth vector field X, and smooth 2-tensor field Y on S”~!.

The spherical gradient Vs¢ and spherical Hessian V%d) of a smooth function ¢ can be
expressed in terms of derivatives along smooth curves. If v : I — S""! is a geodesic in
S*~1. then

2
% ch(v(S)) = (Vs¢(7(0)),7'(0))  and % 0¢(7(8)) = (VZ6(7(0)),7'(0) ® 7/ (0)).

For the first identity, v does not actually need to be a geodesic; for the second identity, the
fact that ~ is a geodesic eliminates an additional first order term compared to a general
smooth curve. All geodesics 7 in the unit sphere are of the form

v(s) = cos(cs)u + sin(cs)v (1.2.2)
for some orthogonal vectors u,v € S*~!, where ¢ > 0 is the constant speed of ~.
Distributions. For an open interval (a,b) C R, we denote by D(a,b) the space of test

functions (that is, compactly supported smooth functions) on (a,b), endowed with the
standard Fréchet topology. The elements of the continuous dual space D'(a,b) are called
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distributions on (a,b). Moreover, we denote the pairing of a test function ¢ € D(a,b) and
a distribution g € D'(a,b) by (1, g)p,. The derivative of g and the product of a smooth
function n € C*°(a,b) with g are defined by

W, dyp ==\ g9)p  and (- g)p = (n-V,9)p

The space C~°°(S"~1) of distributions on the unit sphere is defined as the continuous
dual space of the space C*°(S"~!) of smooth functions, endowed with the standard Fréchet
topology. We denote the pairing of a test function ¢ € C°°(S""!) and a distribution
p € C7(S"1) by (¢, 1) - By virtue of the spherical divergence theorem, we define
the spherical gradient and spherical Hessian of a distribution p € C=°°(S"~!) by

(X, Vsp)g—oo = —(divs X, ) c-oe  and (Y, VEp)o—oo = (diV3 Y, ) oo,

respectively, where X is an arbitrary smooth vector field and Y is an arbitrary smooth
2-tensor field on S*1.

The group SO(n) acts on the space C°°(S"71) in a natural way: for ¥ € SO(n) and ¢ €
C>®(S" 1), we define ¥¢ by (9¢)(u) = ¢(9~1u). By duality, the action of SO(n) extends
to distributions: for p € C7°°(S"1), we define Y by (¢, 1) oo = (9710, 1) (o
map T is said to be SO(n) equivariant if it intertwines rotations, that is, T(Ju) = 19T,u
for every p in the domain of T.

We may identify the space M (a, b) of finite signed measures on (a, b) with a subspace of
D'(a,b). By virtue of to the Riesz-Markov-Kakutani representation theorem, a distribution
is defined by a finite signed measure on (a, b) if and only if it is continuous on D(a, b) with
respect to uniform convergence. Similarly, the space M(S"~1) of signed measures on §"
corresponds to the subspace of distributions which are continuous on C*°(S"~1) with
respect to uniform convergence.

Harmonic analysis. Denote by H} the space of spherical harmonics of dimension n
and degree k > 0, that is, the space of harmonic, k-homogeneous polynomials on R”,
restricted to the unit sphere S*~!'. The spherical Laplacian Ag = tr Vé = divg Vg is a
second-order uniformly elliptic self-adjoint operator on S*~! that intertwines rotations. It
turns out that the spaces H}! are precisely the eigenspaces of Ag. Consequently, L3(S™ 1)
decomposes into a direct orthogonal sum of them. Each space HJ is a finite dimensional
and irreducible SO(n) invariant subspace of L*(S" 1) and for every Yy € H}, we have that
AsYr = —k(k + n — 2)Y}. For the box operator J,, = ﬁAs + Id, this implies

(k—1)(k+n—1)

OnYi = — e

Yi, Y, € HL (1.2.3)

Throughout, we use € to denote a fixed but arbitrarily chosen pole of S"~! and write
SO(n — 1) for the subgroup of rotations in SO(n) fixing e. Functions, measures, and
distributions on S"~! that are invariant under the action of SO(n — 1) are called zonal.
Clearly the value of a zonal function at u € S"~! depends only on the value of (e, u),
so there is a natural correspondence between zonal functions on S”~! and functions on

10
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[—1,1]. For a zonal function f € C(S"™1), we define f € C[—1,1] by f(u) = f((é,u)) and
for g € C[—1,1], we define g € C(S™!) by g(u) = g({e,u)).

By identifying the unit sphere S"~! with the homogeneous space SO(n)/SO(n — 1), the
natural convolution structure on C*>°(SO(n)) can be used to define a convolution structure
on C*(S™~1). For an extensive exposition of this construction, we refer the reader to the
excellent article by Grinberg and Zhang . The spherical convolution ¢ * v of a smooth
function ¢ € C*°(S"~!) and a zonal distribution v € C~°°(S"~1) is defined by

(¢ % v)(08) = (¢, IV)g- = (0 p,v) -, ¥ €8O0(n).

Note that this definition does not depend on the special choice of ¥ and that ¢ * v €
C>o(Sn1h.

The convolution transform T, : f +— f * v is a self-adjoint endomorphism of C°°(S"~1)
intertwining rotations and thus extends by duality to an endomorphism of C~>°(S"~1)
which also intertwines rotations. That is, for a distribution u € C~°°(S"~1),

(@, xv)c-00 = (D, Tup)o—oo = (Tu, ) o0 = (& * v, 1) g—co-

This definition includes the convolution of signed measures. Moreover, the convolution
product is Abelian on zonal distributions. In the special case when ¢ € C(S"~!) and
f € L'(S™ 1) is zonal, the convolution product can be expressed as

(¢ f)(u) = - ¢(v) f((u,0))dv,  uweS"

For each k > 0, the space of zonal spherical harmonics in H} is one-dimensional and
spanned by P}, where P]' € C[—1, 1] denotes the Legendre polynomial of dimension n > 3
and degree k > 0. The orthogonal projection 7 : L%(S"~!) — H} onto the space HJ turns
out to be the convolution transform associated with P;', that is,

o = T px PP, pe L(S"TY),

where w, is the surface area of S”~!. By duality, 73 extends to a map from C~>°(S"1)

onto H}. Moreover, the formal Fourier series Y32, mip of a distribution p € C~°(S"™1)
converges to 4 in the weak sense. If v € C~°°(S""1) is zonal, then

where af[v] = (P}, V)¢
Throughout this work, we repeatedly use spherical cylinder coordinates u = te +
V1 —1t2v on "7 1. For ¢ € C(S" 1) and g € C[-1,1],

/7 ¢<u)g(<é,u>)du:/ /7 O(te + VI - Ro)dug(t)(1— 1) T dt. (1.2.4)
Sn—1 (—1,1) Jsn—1re

11



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1 Fixed points of mean section operators

For a signed measure v € M(S""1) that carries no mass at the poles, we denote by
v € M(—1,1) the unique finite signed measure on (—1,1) such that

Jo ) = e | g0~ @), ge Ol
sn— ~1,1

By (1.2.4)), this naturally extends the notation f for f € C(S*!). From the above, the
Fourier coefficient aj}[v] can be computed as

V] = wns /(171) PR (1 — )" 5(dt).

The Funk-Hecke Theorem states that the spherical harmonic expansion of the convolution
product of a signed measure p and a zonal signed measure v is given by

o0
Topu=p*xv= Z ay v mg .
k=0
Hence the convolution transform T, acts as a multiple of the identity on each space H}!
of spherical harmonics. The Fourier coefficients a![v] are called the multipliers of T, .
For the explicit computations of multipliers, the following identity relating Legendre
polynomials of different dimensions and degrees is useful:
d k(k+n—2)

— P (t) =

pr PR, (1.2.5)

n—1

The Legendre polynomials also satisfy the following second-order differential equation,
which also determines them up to a constant factor:

2
(1- tQ)%P,?(t) —(n— l)t%P,?(t) +k(k+n—-2)P(t)=0. (1.2.6)

1.3 Regularity of the spherical convolution

1.3.1 Zonal measures

In this section, we investigate the regularity of zonal signed measures. We provide
necessary and sufficient conditions to decide whether Vgu and VZu are signed measures
and provide explicit formulas for them. As one might expect, this can be expressed in terms
of the corresponding measure g on (—1,1). In the smooth case, we have the following.

Lemma 1.3.1 ([88]). Let f € C>®(S"™ 1) be zonal. Then for all u,v € S"~1,

Vsf(u) =
V3f(u)

((u, v)) Py, (1.3.1)

7
" ((u, v))(Pyrv @ Pyiv) — (u,v) f'({(u,v))P,1. (1.3.2)

12
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Throughout, P, denotes the orthogonal projection onto u', and f* denotes the rotated
copy of f with axis of revolution v € S*~!, that is, f* = 9f where ¥ € SO(n) is such that
¥e = v. Moreover, for every v € S"~1, we define two operators JV : C[-1,1] — C(S"1)
and J, : C(S"1) — C[-1,1] by

P(u) = (o)) and  Jo[(t) = (1 — 2)°F /SHm (v + V1 - Pw)dw.
By a change to spherical cylinder coordinates (see ), we obtain
[ @I mlwdn= [ Lisloe,
sn—1 [~1,1]

which shows that J, and J¥ are adjoint to each other. Hence, by continuity and duality,
both operators naturally extend to signed measures. With these notations in place, we
prove the following dual version of Lemma [1.3.1

Lemma 1.3.2. Let v € S 1, let X be a smooth vector field on S*™1, and Y be a smooth
2-tensor field on S"~1. Then for all t € (—1,1),

Jo[divs X](¢) = %Jv[(X,v)](t), (1.3.3)
2
Jo[div2 Y](t) = %Jvm v @ )](t) + % (t,[tr Y(1)) (1.3.4)

Proof. Let ¢ € D(—1,1) be an arbitrary test function. Due to the spherical divergence

theorem and ,
/Sn—1 divs X (u)y((u, v))du = — - (X (u), v)' ((u,v))du.

We transform both integrals to spherical cylinder coordinates. For the left hand side, we
have

/S divs X () ((u, v))du = / Jo[divs X](£)w(t)dt
n—1 (_1’1)

and for the right hand side,
! . , - d
= fo X0 e = = [ o = [ G

where the final equality is obtained from integration by parts. This yields (1.3.3]).
For the second part of the lemma, let ¢ € D(—1,1) be an arbitrary test function. Due
to the spherical divergence theorem for 2-tensor fields and (1.3.2)),

LAY (o = [ ()00 )i (G 0) = 0 ()0 (G, )

We transform both integrals to spherical cylinder coordinates. For the left hand side, we
have

L a3y @uluode= [ 3 YIoud,
n—1 (_171)

13
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and for the right hand side,

where the final equality is obtained from integration by parts. This yields ([1.3.4]). O]

Throughout Sections [1.3] and [I.4] we repeatedly apply the following two technical
lemmas. Their proofs are given in Appendix [I.A]

Lemma 1.3.3. Let 8 > 0 and g € D'(—1,1) such that (1 — tz)g '(t) € M(—1,1). Then
g is a locally integrable function and (1 — tZ)B g(t) € LY(—1 1) Moreover, whenever

Y € CY(—1,1) is such that both (1 — )~ w (t) and (1 — 2 ) Y(t) are bounded on
(—=1,1), then

| wetgn=- [ g (1.3.5)
(-1,1) (-1,1)

Lemma 1.3.4. Let v € S" 1 w € v, and ¢ € C°(S"\{&v}). Then for all k >0 and
a, 3 >0, there exists a constant Cy, o3 > 0 such that for allt € (—1,1),

d* .
gl w) (1 - (-, 0)?)

B8 n— 3+a+5 k
2

30| < Craplul Dl oxnn (1~ (1.3.6)

For now, we only the need the following instances of Lemma

Lemma 1.3.5. Let v € S*™ 1, X be a smooth vector field, and Y be smooth 2-tensor field
on S"~L. Then for all k > 0, there exists a constant Ch 1k > 0 such that for allt € (—1,1),

k 2
LR 0)] < Curl X erl1 - )7 (13.)

k —1
A0 ©UN0)] < CualVller1 — )7, (138)

Proof. For the proof of 1} note that (X (u),v) = (1 — (u,v)z)%qb(u), where

b(u) = <X( ), Lut > we ST\ {+v).

| Py

Clearly, ¢ € C°°(S" 1\ {%v}), so we may apply ([1.3.6)) for a = 0 and 8 = 1. The proof of
(1.3.8)) is analogous. O

14
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In the following proposition, we characterize the zonal signed measures for which their
spherical gradient is a (vector-valued) signed measure and show that identity ((1.3.1))
extends to this case in the weak sense.

Proposition 1.3.6. Let i € M(S"!) be zonal. Then Vgu € M(S*L,R™) if and only
if i does not carry any mass at the poles and (1 — t2)n772ﬁ'(t) € M(—1,1). In this case,
p(du) = f(u)du for some zonal f € L'(S*1) such that for all v € S*1,

Vsp' (du) = P,io(J 1) (du). (1.3.9)

Proof. First, let X be a smooth vector field on S”~! and note that if  does not carry any
mass on the poles or if supp X C S"~!\{£v}, then

divs X (u)u® (du) = — / Ju[divs X](0)(dt)

X, Vp®) oo = —/
( SH >C (—1.1)

Sn—1

J (1.3.10)
—— [ S,
(_171)

where the second equality is obtained from a change to spherical cylinder coordinates and
the final equality from .

Suppose now that p does not carry any mass on the poles and that (1 — tQ)HTﬂﬂ’ (t) €
M(—=1,1). Then i and thus p is absolutely continuous, that is, u(du) = f(u)du for
some zonal f € L'(S"1). By , we have that (1 — t2)_nT_2Jv[(X,v)](t) and (1 —

*

t2)_nTi4 %Jv[(X, v)](t) are bounded, so for every smooth vector field X on S*~!, ([1.3.10

and yield
K Vsntlome = [ WX @) = [ (X0, e (1)),

where we applied a change to cylinder coordinates in the second equality. This proves
identity and in particular that Vgu € M(S*~ 1 R?).

Conversely, suppose that Vsu € M(S"1 R"). Take an arbitrary test function v €
D(—1,1) and define a smooth vector field X by

P,v n—
X(U):lp(u’l))m, UES 1.

Then supp X C S* N\ {£ov} and J,[(X,v)](t) = wp_1(1 — tQ)HT_Q@/J(t), thus 1} yields

wncr (000), (L= ) TR (1) =~ /( ", SO = [ (X (w), Tou' (du).

dt S§n—1
Therefore, we obtain the estimate

(v, 0 -5 7w),_

- -1
< w g | VspllrvlIX oo = wi 24 [ Vsplltv ¢ lsc,

15
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where [|Vsp|/Tv denotes the total variation of Vsu. Hence, (1 — t2)n772ﬂ’(t) e M(-1,1).
Denoting po = Lgn-1\ (4}, the first part of the proof shows that Vgpug € M(SPH R?),
and thus,

1({€})Vsde 4+ u({—€})Vsd_z = Vsu — Vspog € M(S*™H R").

Since Vgde and Vgd_g are distributions of order one (see, e.g., Section 2.1]), this is
clearly possible only if p carries no mass at the poles. O

Employing the same technique as in Proposition [I.3.6] we can characterize signed
measures for which their spherical Hessian is a (matrix-valued) signed measure. Identities

(1.3.1)) and (|1.3.2)) extend to this case in the weak sense.
Proposition 1.3.7. Let u € M(S"™ 1) be zonal. Then Vip € M(S*™1,R") if and only if 1

carries no mass at the poles and (1—t2)n; g'(t) € M(—1,1). In this case, p(du) = f(u)du
for some zonal f € L*(S*Y) such that Vsu € LY(S"~ I,R”) and for all v € S* 1,

Vsp’ (du) = P uof' ((u,v)), (1.3.11)
V3u(du) = (Pyiv @ Pv)(JUf") (du) — (u,v) f' ((u,v)) P, du. (1.3.12)

Proof. First, take a smooth 2-tensor field Y on S”~! and note that if ;z does not carry any
mass on the poles or if suppY C S"~!\{+v}, then

Y,V = [ divEY (i (du) = /( R IOHTD
’ (1.3.13)

d —/
=~ (FUT 0@ IO + L YI0.70) .

where the second equality is obtained from a change to spherical cylinder coordinates and
the final equality from

Suppose now that p carries no mass at the poles and that (1 — t2)7 pl(t) e M(—1,1).
Then [, and thus, p are absolutely continuous, that is, u(du) = f(u)du for some zonal
f € LY(S"1). Moreover, Lemmalmphes that (1—#2)"7 f’( ) € LY(—1 ) and thus,
Proposition implies Vgpu € L'(S"™!,R") and identity (1.3.11). By (1.3.8)), we have
that (1 — t2) 2 J,[(Y,v®v)](t) and (1 — t2)_7 dJ [(Y,v ®@v)|(t) are bounded, so for

every smooth 2-tensor field Y on S*~1, ((1.3.13)) and - ) yield
¥ Vitlee = [ lveen]@f @)~ [ el YoF

= [, P o)) — [ V), P o) G )
Nig sn

where we applied a change to cylinder coordinates in the second equality. This proves
(1.3.12) and in particular that VZu € M(S" 1, R").

Conversely, suppose now that Viu € M(S""1 R"). Take an arbitrary test function
Y € D(—1,1) and define a smooth 2-tensor field Y on S*~! by

Y (u) = ((u, >)(’Puu) P,v 1 ( L |Puu) P,v ))

we St

Pov| = |Pav] n-2 P,iv|  |P,iv|

16
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Then suppY C S"!\{#v}, and Y satisfies J,[(Y,v ® v)](t) = wnp_1(1 — t2)n741/)(t) and
trY =0, thus

o (00, (1= T 7))

- <§tJv[<y,v ®v)](t) + tJU[trY](t),ﬁ’(t)>Dl = /Sn_1<Y(“)’ Van' (du)).

Therefore, we obtain the estimate:
oo\l oy
(), =5 7'@)
n—1
2

where ||V3u|Tv denotes the total variation of VZu. Hence, (1 —t%)"2 a”(t) € M(—1,1).
Denoting 1o = Tgn-1\ {44, the first part of the proof shows that V3ug € M(SPL R,
and thus,

= w1 (J[Y, 0 ® 0], 1" (t) )

< LlIVELITVIY oo = wi i [IVERlTv ([ lloo,

p({e})Vade + u({—e}) Ve = Viu — Viuo € M(S"~H, R™™).
Since V2d; and V26_z are distributions of order two (see, e.g., Section 2.1]), this is
clearly possible only if p carries no mass at the poles. O
For later purposes, it will be useful to describe the regularity of zonal functions f €
L'(S"1) in terms of their Laplacian.

Lemma 1.3.8. If f € L'(S"') is zonal and Asf € M(S"1), then for almost all t €
(_la 1)7
(Asf){u e S L (e,u) > t}) = —wn1(1 — t2)n771f'(t). (1.3.14)

Proof. Let ¢ € D(—1,1) be an arbitrary test function. Define n(t) = [_; ) ¥(s)ds and
note that 7((,-)) € C>(S"!). Then Lebesgue-Stieltjes integration by parts yields

/(_1 yBshu e S (e u) > thp(t)dt = / Je[As f1((t,1])eb(t)dt

[_171]

= [ @B = [ nen)@ef)dn) = [ Aen((E ) wf (wdu,

[_171}
where the third equality follows from the characteristic property of the pushforward
measure and the final equality, from the definition of the distributional spherical Laplacian.

Taking the trace in ,
Agn((8,-)) () = (1= (&u)*)n" (&, u)) — (n = 1)(&,u)n’ ({&,u)).

By a change to spherical cylinder coordinates, we obtain
J,, BeNtues ™ s o) > e
—1,1
—wnr [ (=0~ (0= D (9) (- )% Fde
(_171)

o [ (0= 00) F0dt =~ (0. 1= A7),

Since 1 was arbitrary, identity ([1.3.14)) holds for almost all t € (—1,1). O
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From now on, we denote by
C3(u) = {v e S" ! (u,v) > cosr} (1.3.15)

the spherical cap around u € S"~! with radius r > 0. The following proposition classifies
zonal functions f for which their spherical Hessian is a signed measure in terms of the
behavior of Agf on small polar caps.

Proposition 1.3.9. For a zonal function f € L'(S*™1), the following are equivalent:
(a) VEf e M(S" 1 R™™),
(b) ASf c M(Sn—l) and f(O%) |(Asf)(g§(ié))|d7. < 00,

(c) Onf € M(S™) and [iq 5 (22D < oo,

r

Proof. Each of the three statements above implies that Agf € M(S""!). Due to
Lemma we have that Vsf € L'(S"~!,R") and for almost all ¢ € (—1,1),

Je[Asf1((8,1]) = —wn1 (1= 12)"7 f/(2). (1.3.16)
Taking the distributional derivative on both sides yields

L1 (el Bs)(d) = wnoy (=122 F/() = (0= 1)1 = )T (1)) (13.07)

in D’'(—1,1). According to Proposition [1.3.7} condition is fulfilled if and only if (1 —
tQ)HT_lf”(t) is a finite signed measure. Due to 1|1.3.16|) and (|1.3.IZ|D, this is the case if and
only if

AR T LD Py Y UL G TED)
(0,1) 11—t (0,1) 1—1t2

dt < oo.

The substitution ¢ = cosr then shows that conditions and @ are equivalent.
For the equivalence of |(b) and!, it suffices to show that (1—¢2)71| [ (sl ) >1y f (W]
is integrable on (0,1). To that end, using spherical cylinder Coordlnates we estimate

= - S T s)|as — )2 — )2 s
/u:l<é,u>>t}’f<u)’du_/(m)<1 DT ($)lds < (1-8%) / (1- %) |f(s)|ds,

(_1’1)

for t € (0,1). Since Vsf € LY(S"~1, R"), Proposition and Lemma imply that
(1-— tQ)RT_4 f(t) is integrable. This completes the proof. O

We want to note that Lemma and Proposition [1.3.9] still hold if the zonal function
f is replaced by a zonal signed measure that carries no mass at the poles.

Example 1.3.10. For Berg’s function g,, we have that g, = gn({e, -)) is an integrable func-
tion on the sphere and [,,g, = (Id — 71)de is a finite signed measure. Hence Lemmam
implies that Vg, is integrable on S”~!. At the same time, the integrability condition in
Proposition is clearly violated, so the distributional spherical Hessian V% Jn, is not
a finite signed measure.
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1 Fixed points of mean section operators

1.3.2 Convolution transforms

Linear operators on functions on the unit sphere intertwining rotations can be identified
with convolution transforms, as the following theorem shows.

Theorem 1.3.11 () If w € M(S™Y) is zonal, then the convolution transform T, is
a bounded linear operator on C(S*1). Conwversely, if T is an SO(n) equivariant bounded
linear operator on C(S"1), then there exists a unique zonal u € M(S") such that
T=T,.

The regularizing properties of a convolution transform correspond to the regularity of its
integral kernel. In this section, we classify rotation equivariant bounded linear operators
from C(S"!) to C%(S"~!) in terms of their integral kernel, proving Theorem We
require the following two lemmas.

Lemma 1.3.12. Let ¢ € C°(S" ') and let v: I CR — S"~ ! be a smooth curve in S*~1L.
Then for all s € I and t € (—1,1),

& 1lBl(e) = 1 A ()l (13.18)
1A DA = ~ S lEA G0 + bt 6. 1319

Proof. Let 1) € D(—1,1) be an arbitrary test function. On the one hand, spherical cylinder
coordinates yield

y d

d d
GO0 = | | hellnvnd = [ Tblouod

On the other hand,
d y d
L@ D)) = 5 [ eI WO = [ o) (VI W),y (5)de.
S S S"*l Snfl
By and a change to spherical cylinder coordinates, we obtain

d T / / / /
SO = [ 0@ 6N (oo = [ o NI

T /(1 1) %JV(S) (60,7 (M) v (t)dt,

where the final equality follows from integration by parts. This implies (|1.3.18)).
For the second part of the lemma, let ¢ € D(—1,1) be an arbitrary test function. On
the one hand, spherical cylinder coordinates yield

d , y d /
25 (G (D)) *0)(v(s)) = /(_1’1) Jy() [ (8)0l() () dt

- /(1 1) %JV(S)K" 7 (8)))(t)y(t)dt.
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On the other hand,

LA (9)) * D((s) = (0)¢v, Y ()7 [W](v(5))dv

dS - dS Sn— 1

= ¢ (v) (0,7 ()N(VsI'[](7(s)), 7 (s))dv + /Sn*1 ¢(0) (v, 7" ()P ((v,7(5)))dv.

S§n—1
By (1.3.1) and a change to cylinder coordinates, we obtain

L (A ()) * ) ()

ds
= d(v) (v, 7 ()9 ((v,7(s)))dv + /Sn_1 P(v){v, 7" (8))¥((v,7(s)))dv

Sn—1

= Jra bl YOOV [ bioler el
B /<_1 D (= o 67 62610 + Sy l7" () 0) ) o,

where the final equality follows from integration by parts. This implies (|1.3.19). 0

Lemma 1.3.13. Let ¢ € C*°(S" 1) and let v: I CR — S"~ ! be a smooth curve in S*~1.
Then for all s € I and t € (—1,1),

iy £)| < Culy” 1— %) 1.3.20
750010 < Gl (s)ll[ller(sn-1) (1 = ¢7) 2, (1.3.20)

2ol 10| < Ca (W) + 1 G)) Iolloren (1 - )

n—3
2 .

(1.3.21)

Proof. For the proof of ([1.3.20]), apply estimate ([1.3.6)) to the right hand side of (1.3.18)
in the instance where (k,a, ) = (1,1,0). To obtain (1.3.21)), apply estimate (1.3.6]) to
the right hand side of (1.3.19) in the instances where (k,a, 8) = (1,2,0) and (k, o, 5) =

(0,0,0). O

Theorem 1.3.14. If f € L*(S* 1) is zonal and Vsf € M(S"~1,R"), then the convolution
transform Ty is a bounded linear operator from C(S"™1) to C1(S"™1). Conversely, if T is
an SO(n) equivariant bounded linear operator from C(S*~1) to C*(S*~1), then there exists
a unique zonal f € LY(S"') satisfying Vsf € M(S""1,R™) such that T = Ty. In this
case, for every ¢ € C(S" 1) and v € S"71,

Vs(é* f)(u) = / (v) P, v(J4f") (dv). (1.3.22)

Sn—1

Proof. Suppose that f € L*(S*™1) is zonal and that Vsf € M(S"~!,R"). Theorem[1.3.11
implies that Ty is a bounded linear operator on C(S™1). First, we will verify identity
(1.3.22) for an arbitrary smooth function ¢ € C*°(S*~!). Take a point u € S*~! and
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1 Fixed points of mean section operators

a tangent vector w € u. Choosing a smooth curve v in S”~! such that v(0) = u and
7 (0) = w yields

(Velo+ (w.u) = 4| @ NOE) = %

0 /(_171) Jys) (@)1 F (t)at.

Note that Proposition and Lemma imply that (1 — t2)nT_2 f'(t) is a finite signed

n—424

measure and (1 — t?) 2 f(t) is an integrable function on (—1,1). Due to the estimate

(1.3.20)), we have that (1 —t2)_n774 %JW(S) [¢](t) is bounded uniformly in s for all sufficiently
small s, so we may interchange differentiation and integration and obtain

d - d _
(Voo N w) = [ ] Sl =— [ Gl welor @

0
= [ Llw)dOF @) = [ o) (Pv.w)(3 ) o),
(~1,1) sn—1

where the second equality follows from , the third from , and the final
equality from a change to spherical cylinder coordinates. This proves identity for
all ¢ € C®(S"1).

As an immediate consequence, ||T ;|1 (gn-1) < Cl|¢[|cgn—1y for some constant C' > 0
and all ¢ € C°°(S"~1). Thus, T; extends to a bounded linear operator T : C'(S"~1) —
C1(S"71). Since Ty : C(S"') — C(S"!) is a bounded operator and the inclusion
Cl(S"1) C C(S™1) is continuous, T agrees with Ty. By density and continuity, (1.3.22)
is valid for all ¢ € C(S"71).

For the second part of the theorem, suppose that T is an SO(n) equivariant bounded

linear operator from C(S"~1) to C1(S"~!). Then Theorem |1.3.11|implies that T = T, for
a unique zonal u € M(S"1). According to Proposition it suffices to show that

carries no mass at the poles and that (1 — t2)n772ﬂ’(t) € M(—1,1). To that end, take an
arbitrary test function ¢ € D(—1,1), a point v € S*~!, a unit tangent vector w € u', and
define

(v, w)
V1= (v,u)?

Then ¢ is a smooth function satisfying J,,[(-, w)¢](t) = Cp(1 — t2)"T_2¢(t), where C), > 0 is
given by Cy, = Jgn-1,. (w,v)?dv. Choosing a smooth curve v in S"~! such that v(0) = u
and 7/(0) = w yields

Co (0(8), (1= 1) 2 7 (8)) = (Jull )] (), ' (£))

o
d B d )
- /<—1,1> Sl wyal() () = /( o B et

where the final equality is due to (1.3.18)). Observe that supp J,()[¢] C [~1 +¢,1 — ¢
and that |d%J'Y(S) [¢]| < C uniformly in s for all sufficiently small s, so we may interchange
differentiation and integration and obtain

Ca(l0). (1= 2T @), = T| [ Ioleslitin) = (V0 # w(u). ),

D ds

¢(U) = ¢((v,u>), ves .
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1 Fixed points of mean section operators

Therefore, we arrive at the following estimate:

(), -7 ®)_ | < T ITlglle-1) = Ca Tl o

This shows that (1 — 2)"2 ,u() € M(-1,1). Denoting pg = Lgn-1\(+e}/, Proposi-
tion @ and the first part of the proof show that T, is a bounded linear operator from
C(S"1) to CY(S™1). Hence also

u({e)1d + p({—e})Refl = T — T,

is a bounded linear operator from C'(S"1) to C1(S"~1), where Refl = Ts__ is the reflection
at the origin. Clearly, this is possible only if p carries no mass at the poles. O

Theorem 1.3.15. If f € LY(S"™1) is zonal and Vif € M(S"™1,R™ "), then the convolu-
tion transform Ty is a bounded linear operator from C(S"™1) to C*(S"~1). Conversely, if
T is an SO(n) equivariant bounded linear operator from C(S*~1) to C?(S"~1), then there
exists a unique zonal f € LY(S") satisfying Vif € M(S*™1, R™"™) such that T = Ty.
In this case, for every ¢ € C(S"!) and u € S*1

Va(x £)w) = [ 0P ((u))de (13.23)
V30 ) = [ 6P Pan)0n ) = [ o) (o) f (. 0)dv P
(1.3.24)

Proof. Suppose that f € L*(S"™1) is zonal and that VZf € M(S"~!,R""). Then Vsf €
LY(S"1,R"™) due to Proposition According to Theorem [1.3.14] the convolution
transform T is a bounded linear operator from C(S"™1) from C!(S"~1) and identity
holds for every ¢ € C(S"~!). Next, we will verify identity for an arbitrary
smooth function ¢ € C>°(S*1). Let v € S*"! be a point and w € u' a tangent vector.
Choosing a geodesic v in S"~! such that v(0) = u and 7/(0) = w yields

2

d2

d2

@+ NOE) = 3|

(VE(¢* f)(u),w @ w) =

/(_1’1) Iy [@)(8) f(t)dt

Note that Proposition and Lemma imply that (1 — t2) f’ '(t) is a finite signed
measure and both (1 — t2) f’( ) and (1 - t2) 4f(t) are integrable functions on (—1,1).

Due to 1) we have that (1 — %)~ T EJV(S) [¢](t) is bounded uniformly in s for all
sufficiently small s, so we may interchange differentiation and integration and obtain

(VE(¢* f)(u),w @ w) = % 0/(_1 , %JV(S)M(t)f(t)dt
d d _ d ) ,
=— = 0/(_171) @A (@) f(B)dt = — 0/(_171) L[ (M) F (2,
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1 Fixed points of mean section operators

where the second equality follows from (1.3.18)) and the final equality from (1.3.5). Due
to 1) we have that (1 —#2)" "2 2 d 2537917 (8)) ] (1) is uniformly bounded in s for
all sufficiently small s, so we may agaln interchange differentiation and integration and
obtain

o Nwwew = [ 2

[ (_dJu[<-,w>¢]<t>— wPtlieln) Fedr

—/M) O Y CO Ry NN A CIGYIOT
= [ GNP ® Puvw o w)Q“F) o) = [ (w0)f () (P w o w)

Sn 1
where the second equality follows from (1.3.19) and (1.2.2), the third from (L.3.5)), and the
final equality from a change to spherical cylinder coordinates. Since the space of 2-tensors
on the tangent space u™ is spanned by pure tensors w ® w, this proves identity
for all ¢ € C>(S"1).

As an immediate consequence, || T¢||c2gn-1) < C||@|¢(sn—1y for some constant C' > 0
and all ¢ € C*°(S""1). Thus, T; extends to a bounded linear operator T : C(S""!) —
C?(S"™71). Since Ty : C(S"™') — CYS™!) is a bounded operator and the inclusion
C2(S"1) € CH(S™ 1) is continuous, T agrees with T ;. By density and continuity, ([1.3.24)
is valid for all ¢ € C(S"71).

For the second part of the theorem, suppose that T is an SO(n) equivariant bounded
linear operator from C(S"7!) to C?(S"~1). Then Theorem implies that T = Ty
for a umque zonal f € LY(S*!). According to Proposition it suffices to show that
(1—12)"7 f” (t) is a finite signed measure. To that end, take an arbitrary test function
1 € D(—1,1), a point u € S*" ! a unit tangent vector w € ut and define

Then ¢ is a smooth function satisfying J,[¢](t) = 0 and J,[(-, w)?¢](t) = Cn(l—tQ)%w(t),
where C,, > 0 is given by Cp, = [gu-1,e Py ((w,v)){w,v)2dv. Choosing a geodesic 7 in
S"~! such that v(0) = v and 4/(0) = w yields

Lyl (O F (8)dt

Co (0(0), (1= )T F'(1))_ = (Jul )] (1), (1)) = (Julel @), tF'(1)),_,

-/ (dt2 ol w610 + % (t m())) Flan = [ ga| selofw

where the final equality is due to ( m Observe that supp J, (4 [¢] C [—1 +¢e,1—¢] and

that |4 p 2J (s)[¢](t)] < C uniformly in s for all sufficiently small s, so we may interchange
dlfferentlatlon and integration and obtain

) 2 —
G (00, (=T F0),, = 55| [ Sollf e = (Vo i) we ),
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Therefore, we arrive at the following estimate:

< CHITIgllosn-1y < Cat T oo

—1 —

(v, =)= F'@))

This shows that (1 — tQ)%f”(t) € M(—1,1), which completes the proof. O

In Theorems [1.3.14] and [1.3.15], we identify convolution transforms with zonal functions
for which the spherical gradient and Hessian are signed measures, respectively. In general,
checking these conditions directly can be difficult. However, Propositions[I.3.6] [1.3.7], and
provide more practical equivalent conditions. In this way, we obtain Theorem

Proof of Theorem[I.C] According to Theorem [I.3.15] the convolution transform Ty is a
bounded linear operator from C(S"~1) to C?(S" 1) if and only if V2f € M(S"~1 R ™).
Due to Lemma this is the case precisely when [, f is a finite signed measure and

satisfies ([1.1.3)). O

For a zonal f € C%(S"1), integration and differentiation can be interchanged, and thus,
V3G D)) = [ oIVEI( o) )y

for every ¢ € C(S"!). In light of (1.3.12), we see that (1.3.24]) naturally extends this
identity to general f € L'(S"™'). Denote by D?¢ the Hessian of the 1-homogeneous

extension of a function ¢ on S"71. Since D?¢(u) = Vsé(u) + ¢(u)P,r, as a direct
consequence of (|1.3.24)), we obtain the following formula for:

D65 f)w) = [ 0()(Pv® Puv)(J“F")(av)
+ [ o) (F(wv) = (o) F'((wv)) dv P

Snfl
As an instance of Theorem [1.3.15, we obtain Martinez-Maure’s result on the cosine
transform, which is discussed in the following example.

(1.3.25)

Example 1.3.16. The cosine transform is the convolution transform Ty generated by
the L'(S"™!) function f(u) = |(e,u)|, that is, f(t) = |t|. Thus f” = 2, in the sense of
distributions, so Proposition and Theorem imply that the cosine transform is
a bounded linear operator from C(S"~1) to C?(S"~1).

Moreover, f(t)—tf'(t) = 0 and J*f" = 2\gn—1p,L, where Agn—1,. denotes the Lebesgue
measure on the (n — 2)-dimensional subsphere S*~! N u*. Hence shows that for
every ¢ € C(S"1),

D?(¢x f)(u) =2 d(v)(P,ov® P,iv)dv =2 ) »(v)(v ® v)dv.

Sr=1nyt Sr=1ny
Example 1.3.17. For Berg’s function g, we have seen in Example that Vgg, is an
integrable function on S"~! while the distributional spherical Hessian Véén is not a finite
signed measure. Thus, Theorems [1.3.14] and [1.3.15] imply that the convolution transform
Ty, is a bounded operator from C(S"!) to C'(S"~!) but not a bounded operator from
C(S™1) to C2(Sm1).

24



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1 Fixed points of mean section operators

1.4 Regularity of Minkowski valuations

In this section, we study the regularity of Minkowski valuations ®; € MVal; of degrees
1 <4 < n—1, proving Theorem[I.D] In the (n—1)-homogeneous case, Schuster showed
that ®,_; is generated by a continuous function. For other degrees of homogeneity, all
that is known about the regularity of a generating function f is that [, f is a signed
measure and f is integrable (due to Dorrek ) Using our study of regularity of zonal
functions in Section [1.3] we are able to refine Dorrek’s results.

Theorem 1.4.1. Let 1 <i<n—1 and ®; € MVal; with generating function f. Then
(i) O,.f is a signed measure on S* 1,
(ii) f s a locally Lipschitz function on S"~1\{+e},

(iii) f ds differentiable almost everywhere on S"~1, and Vsf € L'(S"~1, R"™).

Proof. By [102, Theorem 6.1(i)], the function f also generates a Minkowski valuation of
degree one. It follows from [36, Theorem 1.2] that 00, f, and thus Agf, is a signed measure
d

on S"~1. Therefore, (1.3.14) shows that (1 — tQ)%f’(t) is an L*°(—1,1) function. This
implies that f is locally Lipschitz on (—1,1), and thus, f is locally Lipschitz on S*~1\ {+e¢}.
Moreover, (1 — t2)nTi2fT’(t) is in L'(—1,1), so due to Proposition the distributional
gradient Vsf is in L'(S?~!,R™). Since f is locally Lipschitz on S*~\{+e}, according to
Rademacher’s theorem, the classical gradient of f exists almost everywhere on S*~! and

agrees with the distributional gradient. O

As a consequence of Theorems [1.3.14] and [T.4.1] we obtain the following.

Corollary 1.4.2. For1 <i:<n-—1, every Minkowski valuation ®; € MVal; maps convex
bodies with a C? support function to strictly convex bodies.

Proof. Denote by f the generating function of ®;. Theorem implies that Vgf €
LY(S"~1,R™). According to Theorem the convolution transform T is a bounded
operator from C(S"1) to C*(S*~1). Suppose now that K € K" has a C? support function.
Then S;(K,-) has a continuous density, so h(®;K,-) = S;(K,-) * f is a C1(S"~!) function,
and thus, ®;K is strictly convex (see, e.g., Section 2.5]). O

We now turn to weakly monotone Minkowski valuations, for which we will obtain
additional regularity of their generating functions. Recall that ®; : K" — K" is called
weakly monotone if ;K C ®;L whenever K C L and the Steiner points of K and L are
at the origin.

Theorem 1.4.3. Let 1 <i<n—1 and ®; € MVal; be weakly monotone with generating
function f. Then O, f is a weakly positive measure on S"~' and there exists C > 0 such
that for all r > 0,

IO f|({u € S"71 1 |(€,u)| > cosr}) < Crit. (1.4.1)
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Note that Theorems |1.4.1] and [1.4.3] together yield Theorem Here and in the
following, a distribution on S"~! is called weakly positive if it can be written as the
sum of a positive measure and a linear function. In particular, every weakly positive
distribution is a signed measure. The following characterization of weak positivity is a
simple consequence of the Hahn-Banach separation theorem. For completeness, we provide
a proof in Appendix [[.A]

Lemma 1.4.4. A distribution v € C~>°(S") is weakly positive if and only if (¢, V) - >
0 for every positive centered smooth function ¢ € C>®(S"~1).

The proof of Theorem [[.4.3] relies on the behavior of area measures of convex bodies
on spherical caps. We need the following classical result by Firey (recall the notation

introduced in ([1.3.15)).

Theorem 1.4.5 (J40]). Let 1 <i<n—1 and K € K" be a convezr body. Then for every
ue St ' '
Si(K,CS(u)) < Cyi(diam K)irn=17¢ (1.4.2)

where Cp,; > 0 depends only on n and i and diam K denotes the diameter of K.
The area measures of the (n — 1)-dimensional disk in &', which we denote by D"~!,

exhibit the worst possible asymptotic behavior in ([1.4.2)). This is shown in the example
below.

Example 1.4.6. We seek to compute the area measures of D"~!. For a convex body
K € K" it is well known that S,_1(K, A) is the area of the reverse spherical image of a
measurable subset A C S*~ 1. Thus,

Sp_1(D") = kp_1 (0_z + 02) . (1.4.3)

In order to compute the area measures of lower order, note that if a convex body K € K"
with absolutely continuous area measure of order 1 < i < n — 1 lies in a hyperplane u*
(where u € S"~1), then

—1—3 -i P
sill) = " (1= tw)?) e (K, u;t;) L we s\ {du},
u

where s;( K, -) and s%ﬁ (K, ) denote the densities of the i-th area measure of K with respect
to the ambient space and the hyperplane u", respectively (see Lemma 3.15]). Hence,
for 1 <i<n-—1,

n—1—1 -5

RIS )

By a change to spherical cylinder coordinates, the measure of a polar cap can be estimated
by

. n—1 —
S; (D" dv) —

n—3—1

%4/’ H(1 = 2)" 57 dt = k1 (sinr)" 1 (1.4.4)
[cosT,1]

S;(D"1, C5(e)) > n-1-1

n—1
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1 Fixed points of mean section operators

We require the following simple lemma, which relates the behavior of two positive
measures 1 and v on small polar caps to the behavior of their convolution product.

Lemma 1.4.7. Let p € M (S" 1) and let v € M (S" 1) be zonal. Then for allu € S*~1
andr >0,

H(CE)(CE(@) < (% v)(C5, () (1.4.5)
(CE)(CE(—8)) < (1 1) (GG, (—u),

Proof. First observe that implies by reflecting v at the origin. Moreover,
we may assume that u = e. The general case can be obtained from this by applying a
suitable rotation to the measure p and exploiting the SO(n) equivariance of the convolution
transform T,. Next, note that

S (5 S
(5 (€5 @) = [ w(C () w(du),
as can be easily shown by approximating Ich @) with smooth functions from below and
applying the principle of monotone convergence. Thus

PG5 i) = [ p(CH@wldn) = n(CHEWCE).
5(e)

()@= [

Ci(e)
where the first inequality follows from shrinking the domain of integration and the second
from the fact that C§5,.(u) D CS(e) for all u € C3(e) combined with the monotonicity of
- ]

Now we are in a position to prove Theorem [T.4.3]

Proof of Theorem[1.4.3. Define a functional & on the space of smooth support functions
by &i(hi) = h(®;K,€). For every ¢ € C*°(S™1), the function 1+ t¢ is a support function
whenever ¢t € R is sufficiently small. Therefore, we may compute the first variation of &;
at ¢g = 1. To that end, note that as a consequence of and the polynomiality of
area measures (see, e.g., [96] Section 5.1]),

Ei(1+1t9) = ag[f1+i (Ond, fo-w t + O(t?)  ast—0.

Thus, for the first variation we obtain

361,0) = | §0+19) =1 (06 Homn =106, Dnow

Since ®; is weakly monotone, the functional &; is monotone on the subspace of centered
functions, that is, &(¢1) < &i(p2) whenever ¢ and ¢o are smooth centered support
functions and ¢; < ¢3. Consequently, the first variation d&;(1, ¢) must be non-negative
for every positive and centered ¢ € C*°(S"~!). Lemma implies that OJ,, f is a weakly
positive measure.
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1 Fixed points of mean section operators

Since 0, f is weakly positive, there exists some positive measure v € M (S""1) and
x € R™ such that O, f = v + (x,-). Observe that for every K € K",

Hence, and imply that for all » > 0,
Si(K, Ch(e))v(CR(Ee)) < S1(PiK, Ch,(%e)).

Due to ([1.4.2)), the right hand side is bounded from above by a constant multiple of 2.
If we choose K to be the (n — 1)-dimensional disk D"~!, then S;(K,C3(€)) is bounded

from below by a multiple of r"~*~1 as is shown in (1.4.3)) and (1.4.4)). Thus,

S1(®; D", C5,(+€)) 2

CS(+e)) < <C'—— =L
V( r( 6)) = Si(Dn_l,Cﬁ(é)) — ,,,n—z—l r
Since |0, f| < v+ |(z, )|, we have that
0, f|(C5(+e)) < v(CS(+e)) + ey u)du < Ot 4 |zl kp Tt < O
Ci(xe)
for a suitable constant C' > 0, which proves (1.4.1)). O]

By combining Theorem [I.4.3] with Theorem we immediately obtain the following.

Corollary 1.4.8. Let 1 < i <n—1 and ®; € MVal; be weakly monotone with generating
function f. Then the convolution transform T is a bounded linear operator from c(s )
to C2(S"1).

As was pointed out in Proposition the behavior of zonal measures on small
polar caps determines their regularity. In the following, we show that this behavior also
determines the rate of convergence of their multipliers, which is another way of expressing
regularity. We use the following classical asymptotic estimate for Legendre polynomials.

Theorem 1.4.9 ([106} 7.33]). For alln > 3 and 6 > 0, there exists M > 0 such that for
all k > 0,

_n=2
4

[P (t)] < MkfnTﬂ(l —1?) forte [— cos %,cos %] . (1.4.7)

Theorem 1.4.10. Let yu € M(S"™1) be zonal and suppose that there exist C > 0 and
o > 0 such that
| ({u € ™72 (e, u)| > cosr}) < Cr®

for all r > 0. Then

O(k™), a < an,
aplu] €4 Ok™"F k), a =132,
Ok~"7),  a>nm2
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1 Fixed points of mean section operators

Proof. Since pu can be decomposed into two signed measures that are each supported on
one hemisphere, we may assume that suppy C {u € S"! : (¢,u) > 0}. Denoting by
p = Je[|p|] the pushforward measure of |u| with respect to the map u — (e, u), we have
that

By (e, u))p(du)

|af ]| =
Sn—1

< [ IReCE )l ) = [ PE@]ot)

Our aim now is to find suitable bounds for the integral on the right hand side. To that
end, we fix some arbitrary ¢ > 0 and split it into the two integrals

L(k) = [076036}1P5<t>\p<dt> and  I(k) = /(wsi’urpﬁtnp(dt).

k

Observe that our assumption on g implies that p((t,1]) < C(1 — %)z for all ¢t € [0, 1].
Since |PJ'(t)] <1 for all ¢ € [0,1], we obtain

L(k) <p ((cos%, 1}) <C (sin %)a € O(k™).

For the integral I;(k), estimate ((1.4.7) and Lebesgue-Stieltjes integration by parts yield

_n—=2

n(k) < Mk | (1= )7 pla)

[0,cos ¢

= Mk~ (p({o,cos %D - (sin %)_%2 p((cos%,l}) +f1(l~c)>
< ME™7 (p(0,1) + Li(h))

where we defined
n+2
L(k) = 252 p (8, 1)) H(1 — )7 dt.
[0,cos %]
Employing again our estimate on p((t,1]) and performing a simple computation shows
that

- o O(k*=~), a <32,
Li(k) < C"T—Q/ -2z Nare d onk), =132,
[O)COS & n—2
k 0(1), a > 5.
Combining the estimates for I;(k) and I2(k) completes the proof. O

As an immediate consequence of Theorems [I.4.3] and [T.4.10] we obtain the following.

Corollary 1.4.11. Let1 <i <n—1 and ®; € MVal; be weakly monotone with generating
function f. Then af[O,f] € O(k~Y?) as k — occ.
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1 Fixed points of mean section operators

1.5 Fixed points

In this section, we prove a range of results regarding local uniqueness of fixed points of
Minkowski valuations ®; € MVal; of degree 1 < i < n — 1 (the 1-homogeneous case has
been settled globally by Kiderlen ) This section is divided into three subsections. In
Section [I.5.1} we prove Theorem [I.B| concerning the mean section operators. Section[I.5.2
is dedicated to Minkowski valuations ®; generated by origin-symmetric convex bodies of
revolution. There we prove Theorem unifying previous results by Ivaki , and
the second author and Schuster [8§]. Finally, in Section we consider general even
Minkowski valuations for which we obtain information about the fixed points of ®; (as
opposed to ®?).

The proofs given in this section utilize the following result for general Minkowski
valuations ®; € MVal,. It provides three sufficient conditions on the generating function
of ®; to obtain the desired local uniqueness of fixed points of ®?. It contains however
no information on when these conditions are fulfilled. For instance, in the particular case
when ®; is generated by an origin symmetric C’i convex body of revolution, checking
condition turns out to be rather involved.

Theorem 1.5.1 ([88]). Let 1 < i < n—1 and ®; € MVal; with generating function f
satisfying the following conditions:
(C1) the convolution transform Ty is a bounded linear operator from C(S™~1) to CHS™™1),
(C2) there exists o > 0 such that a}l[0, f] € O(k™) as k — oo,

(C3) forallk > 2,
agCns)l _ 1
ag[Onf] i
Then there exists a C* neighborhood of B™ where the only fived points of ®? are Buclidean
balls.

Now we can apply our results on regularity of weakly monotone Minkowski valuations
®; to these fixed point problems. Corollaries [1.4.8| and |1.4.11| show that conditions
and are fulfilled in the weakly monotone case, which yields the following.

Theorem 1.5.2. Let 1 <i <n—1 and ®; € MVal; be weakly monotone with generating
function f satisfying condition . Then there exists a C? neighborhood of B™ where
the only fived points of ®? are Euclidean balls.

Remark 1.5.3. The way Theorem was stated in [88] additionally required ®; to
be even as the proof employs the following classical result by Strichartz . Denote by
H*(S" 1), s € N, the Sobolev space of functions on S*~! with weak covariant derivatives
up to order s in L?(S"~!). Strichartz showed that

[e.9]

I9ll7s ~ Y (K +1)°|lmel 72 (1.5.1)

k=0
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1 Fixed points of mean section operators

for every even ¢ € H*(S""1), where ||-||gs is the standard norm of H*(S"~!). However,
the classical theory on the Dirichlet problem on compact Riemannian manifolds (see, e.g.,
Section 5.1]) implies that holds for every ¢ € H*(S*!). Therefore, by a
minor modification of the proof of , Theorem 6.1], the assumption on ®; to be even can
be omitted.

1.5.1 Mean section operators

As a first application, we show local uniqueness of fixed points of the mean section
operators M;, which were defined at the beginning of this article. As was pointed out
in the introduction, the mean section operators are not generated by a convex body of
revolution. This is the main reason why they have not been included in previous results.
Due to our extensive study of regularity, we obtain Theorem [I.B]as a simple consequence
of Theorem [L5.2]

Theorem B. For 2 < j < n, there exists a C? neighborhood of B"™ where the only fized
points of M? are Fuclidean balls.

Proof. Define the j-th centered mean section operator by M;K = M;(K — s(K)). Then
Mj € MVal; for i = n+ 1 — j and due to its generating function is given by
(Id—m1)g;. Clearly M; is monotone, and thus, M; is weakly monotone. By Theoremm,
it suffices to check condition for g;.

It was shown in and independently that the multipliers of g; are given by

A U VL G LN G L G )
ak[gj]:_ 4 (k+n ]—}—1) (k+121+1)

for k # 1. A simple computation using 3) and the functional equation I'(z+1) = zI'(x)

yields A
ap[Ongs) _ ITCF)T (BT ()

L 2
agOngs] @ T("3H)T T ()T (5

Since the Gamma function is strictly positive and strictly increasing on [%, 00), it follows

that g; satisfies condition O

1.5.2 Convex bodies of revolution

We now turn to Minkowski valuations that are generated by a convex body of revolution,
that is, their generating function is a support function. This class includes all even
Minkowski valuations in MVal,,_1, as was shown in . Our aim for this section is
to prove Theorem which is restated below.

Theorem A. Let 1 <i <n—1 and ®; € MVal; be generated by an origin-symmetric
convez body of revolution. Then there exists a C? neighborhood of B™ where the only fized
points of (I>Z2 are Buclidean balls, unless ®; is a multiple of the projection body operator, in
which case ellipsoids are also fized points.
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1 Fixed points of mean section operators

Note that if ®; € MVal; is generated by a convex body of revolution L, then for every

Keknr,
h(®;K,u) = V(Ki], L(u),B"[n—i—1]), wueS"

where L(u) denotes a suitably rotated copy of L, and V (K7, ..., K,,) is the mixed volume of
the convex bodies K7,..., K, € K" (see, e.g., Section 5.1]). Due to the monotonicity
of the mixed volume we see that every Minkowski valuation generated by a convex body of
revolution is monotone. In light of Theorem it is natural to ask when condition
is fulfilled. The following result shows that L being origin symmetric is already sufficient
up to the second multiplier.

Theorem 1.5.4 ([88]). Let L be a convex body of revolution. Then for all even k > 4,

|0 [Onhe]] 1
1.5.2
al|O,hr] e (152)
and 1 510nh 1
_ < 980nhL] _ (1.5.3)

n—17" al|0,hr] n-1
where the left hand side inequality in (1.5.3)) is strict if L is of class C’i.

If i <n—1, then condition is fulfilled. If i = n— 1, then Theoremshows that
condition is fulfilled under the additional assumption that L is of class C’i. We will
show that imposing this regularity is not necessary: line segments are the only bodies for
which equality is attained in the left hand side of inequality .

Definition 1.5.5. On (—1,1), we define the two differential operators

Amtd—td ad A -2y L pa el (1.5.4)
L= di . 2= i i 2

These operators come up naturally in the study of zonal functions. For a zonal function
f € C%(S" 1), the Hessian of its 1-homogeneous extension D?f at each point only has
two eigenvalues: A; f is the eigenvalue of multiplicity n — 2, and Asf the eigenvalue of
multiplicity one (see ) The following lemma is a simple consequence of this fact.

Lemma 1.5.6 ([88]). Let g € C[—1,1]. Then g({(e,-)) is the support function of a convex
body of revolution if and only if A1g > 0 and Azg > 0 in the weak sense.

In , this lemma was proven only for C2[—1,1] functions, however it extends to
C[—1,1] by a simple approximation argument. Next, we determine the kernels of 4; and

As.

Lemma 1.5.7. Let g be a locally integrable function on (—1,1).
(i) A1g = 0 in the weak sense if and only if g(t) = c1|t| + cat for some c1,co € R.
(ii) A2g = 0 in the weak sense if and only if g(t) = c1V/'1 — t2 + cot for some c1,co € R.
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Proof. Clearly, g(t) = ci|t| + cat is a weak solution of the differential equation A;9 = 0.
Conversely, suppose that .4;g = 0 in the weak sense. Observe that on the interval (0, 1),
the change of variables t = e® transforms the differential operator A; as follows:
- d
Ay =1d - I

Therefore, there exists ¢y € R such that g(e®) = c4e® in D'(—o0,0). Reversing the change
of variables yields g(t) = ¢4t in D’(0,1). Similarly, there exists c_ € R such that g(t) = c_t
in D'(—1,0). Since g is locally integrable, choosing ¢; = %(C+ +c_)and cg = %(CJF —c_),
we obtain that g(t) = ¢1]t| + cot in D'(—1,1).

For the second part of the lemma, note that g(t) = ¢1v/'1 — t? + ¢t solves the differential
equation Asg = 0. Conversely, suppose that Asg = 0 in the weak sense. Observe that the
change of variables t = sin § transforms the differential operator Ay as follows:

d?

Therefore, there exist c1,co € R such that g(sinf) = cjcosf 4 casinf in D'(-7, 7).
Reversing the change of variables yields g(t) = c1V/1 — t2 + cot in D'(—1,1). O

The following lemma describes the action of A7 and A3 on Legendre polynomials.

Lemma 1.5.8. For every k > 2,

n—1 k k+4n—2
Pn:_7P”+2_7P"+2 1.5.
(k;—1)(k+n—1)“41 P ok tn—2 k2 2ktpn_2 Kk (1.5.5)
—1 k(k+mn—3 k+1)(k+n—2
n agpp = MELEN =) gy (BE DA Z2) pris (g 5

(k—1)(k+n—1) 2k +n—2 2k +n—2

Proof. We need the following two identities:
(2k+n—2)(n—1)PLE) = (k+n—2)(k+n—1)PF2(t) — (k— DEPPE(), (1.5.7)
(k—=1)P o(t) — 2k +n—4)tP ((t)+ (k+n—3)P(t) =0. (1.5.8)

Both follow from ((1.2.5]) by a simple inductive argument (see Section 3.3]). By (1.2.5)
and (T53),

(2k+n—2)(n— 1)%13,?@) =k(k+n—2)((k—1)Pr2(t)+ (k+n—1)PP2(t). (1.5.9)

Combining (1.2.6) with (1.5.7) and (1.5.9) yields

d2
2k +n—2)(n—1)(1—t*)——

T PL(E) = (k= Dk(k+n = 2)(k+n = DEF () - P 2().

(1.5.10)
By (1.5.4) and a combination of identities (1.5.7)), , and ((1.5.10)), we obtain (1.5.5))
and (L5.0)- 0
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We use ([1.5.5)) and ((1.5.6]) to derive the following recurrence relation for multipliers.

Lemma 1.5.9. Let g be a locally integrable function on (—1,1).
(i) If (1 — tQ)HT_Ig’(t) € M(—1,1), then for all k > 0,

k=1 o k+n+tl . 1,
2%k -k l9] + m%m[g] = —gak“[Alg]. (1.5.11)
(i) If (1 - t2)n7+19”(t) € M(—1,1), then for all k > 0,
(k—1(k+1) , (ktn—D(k+n+1) , . 1 ..
Tohgn k- % +n Ahisalg] = =5yl Aagl. (15.12)

Proof. In the following, we use that the family (P}')32,, of Legendre polynomials is an
orthogonal system with respect to the inner product [, g], = f[fl’l} »(t)g(t)(1— t2)an3dt

on [—1,1]. Moreover, [P}, Pl'], = %(’ﬁfg%il (see, e.g., , Section 3.3]).

For the first part of the lemma, note that due to (1.3.5), for every ¢ € C1[—1,1],

[, A1gln+2 = [ATY, gln, (1.5.13)

where A] denotes the differential operator

d
A= (1 —(n+Dt)Id + (1 — t2)t£.
Clearly A7 increases the degree of a polynomial at most by two, so there exist z; € R

such that for every k > 0,
k+2

* pn+2 pn
ATPPt? =" ay, P
=0

Choosing ¢ = P,?H in (|1.5.13]) yields

k+2 1 k+2

——af P [Arg] = [P, Avglnge = [AT P gln = D @i [P) gl = > g ja}lg).

Hence, it only remains to determine the numbers x;, ;. By applying the identity above to
g = P} for 0 <j <k + 2, and employing (1.5.5)), we obtain that

(k—1)(n—1) . __(k:+n+1)(n—1)
2k +n ’ kokt2 = 2k +n

and xy; = 0 for j ¢ {k, k + 2}, which proves (1.5.11).
For the second part of the proof, note that due to (1.3.5)), for every v € C?[—1,1],

[, A2glnt2 = [A50, gln, (1.5.14)

)

Tk = —
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1 Fixed points of mean section operators

where A3 denotes the differential operator
* 202 & 2 2y, d
A5 = (1—1t%) @jt(n— D((n+ 1)t —=1DId—(2n+1)(1 -t )ta
Clearly A3 increases the degree of a polynomial at most by two, so there exist y;; € R

such that for every k > 0,
k+2

AP =3y Py
=0
Choosing ¢ = P,:LJF2 in (|1.5.14)) yields
k+2 1 k2

ap [ Axg) = [PP2, Asglnta = [ASPE 2 gln = D yis[P) gln = > ykjallg).
=0 =0

Wn+1 Wn—1 .

Hence, it only remains to determine the numbers y; ;. By applying the identity above to
g = P} for 0 <j <k + 2, and employing (1.5.6), we obtain that

(k=1 +1)(n-1) _ (k+n-1(+n+1)(n-1)
Yk,k = 2%k + 1 ) Yk k+2 = 2%k + 1 )
and yy ; = 0 for j ¢ {k, k4 2}, which proves ([1.5.12]). O

We arrive at the following geometric inequality for convex bodies of revolution. This
shows that equality is attained in (|1.5.3]) only by line segments, which completes the proof
of Theorem [A]

Theorem 1.5.10. Let L € K™ be a convex body of revolution. Then
1 510,k 1
_ < “i[ nhi] < - (1.5.15)
n—17 af[0uhr] = (n—1)
with equality in the left hand inequality if and only if L is a line segment and equality in
the right hand inequality if and only if L is an (n — 1)-dimensional disk.

Proof. As an instance of ((1.5.11)),
aj[Ophr) +

n I
0[Onhe) = ————ag P [Aihy).
n—laO[ nhi] 27r(n—1)a0 [Arh]

Due to Lemma we have that Ajhp > 0, which proves the first inequality in [1.5.15)).
Moreover, equality holds precisely when A1hy, = 0. According to Lemma @ this is
the case if and only if Ay (t) = c1|t| + cat for some ¢y, c2 € R, which means that L is a line
segment.

As an instance of (|1.5.12]),

1 n
MOphr] — ————a?[Onhy] = —————a? 2[Ashy)].
ay[Oyhi] e 1)2%[ L] Sr(n — 1270 [Ah]
Due to Lemma we have that Ash; > 0, which proves the second inequality in

(1.5.15). Moreover, equality holds precisely when Ashz =0. According to Lemmall.5. (||£EZ|,
this is the case if and only if E(t) = c1V1 — t%2 + cot for some c1,co € R, which means
that L is an (n — 1)-dimensional disk. O
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1.5.3 Even Minkowski valuations

This section is dedicated to even Minkowski valuations ®; € MVal; of degree 1 < i < n—1.
In the previous subsection, we have shown that if ®; is generated by an origin-symmetric
convex body of revolution, then condition is fulfilled, unless ®; is a multiple of the
projection body map (see Theorems [1.5.4 and |1.5.10)).

In general, the generating function of an even Minkowski valuation does not need to be
a support function. In this broader setting, we prove a weaker condition than which
we use to obtain information about the fixed points of the map ®; itself as opposed to ®2.
To that end, we require the following version of Theorem [1.5.1] which can be obtained
from a minor modification of its proof, as was observed in [8§].

Theorem 1.5.11 ([88]). Let 1 < i < n —1 and ®; € MVal; with generating function f

satisfying conditions and
(C3") forallk > 2,

QO.f] 1
a0

Then there exists a C? neighborhood of B™ where the only fized points of ®; are Euclidean
balls.

Again, Corollaries [1.4.8| and [1.4.11| show that conditions and are fulfilled in
the weakly monotone case. Hence we obtain the following.

Theorem 1.5.12. Let1 <t < n—1 and ®; € MVal; be weakly monotone with generating
function f satisfying condition . Then there exists a C? neighborhood of B™ where
the only fized points of ®; are Fuclidean balls.

The main result of this section will be that if ®; € MVal, is even, then its generating
function satisfies condition We require the following lemma, which is a consequence
of a classical result by Firey . We call a convex body of revolution smooth if it has a
C%(S"~1) support function and Ashgx > 0 on [—1,1].

Lemma 1.5.13. Let 1 <i<n—1 and let $ € C(S*!) be zonal and centered. Then ¢ is
the density of the i-th area measure of a smooth convex body of revolution if an only if for
allt € (—1,1),
- n—1—1 —
P(t) > ————A1 (¢ * gn) (t) > 0.
Proof. It was proved in that ¢ is the density of the i-th area measure of a smooth
convex body if and only if for all t € (—1,1),

n—1

o(s)s(1 — 52)%3613 > 0.

o) > (n— 1)1 - )% [
(t.1)
Therefore it only remains to show that for all t € (—1,1),

n—

Hs)a(1 - 2 ds = —1 (1= 2) T Ay (G5 5m) (1), (1.5.16)

(t,l n—1
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We have seen in Example that the convolution transform Ty, is a bounded operator
from C(S"~1) to C1(S"1), so both sides of (1.5.16) depend continuously on ¢ € C(S"~1!)
with respect to uniform convergence. Therefore it suffices to show ([1.5.16|) only for smooth

¢.
To that end, let ( = ¢ * g, € C*°(S"!) and observe that according to ([1.3.2)),

BsC(s) +Cls) = — (1 = )E(s) + () = 5C'(s).

¢(s) = Onl(s) =

n—1

A direct computation yields

I o2 1 i o2yt =
os)s(1 =) = ———— (1= ") "7 A(s)).
Hence, we obtain (|1.5.16)), which completes the proof. O

Next, we prove the following two technical lemmas. For smooth functions ¢ € C*°[—1, 1],
we define 0,1 = 0,¥((€, -)). Note that O,1(t) = - (1 — t2)9" () +1(t) — t¢'(t) due to
(11.3.2)).

Lemma 1.5.14. For every ¢ € C*>[—1,1],

max A1) < max ). (1.5.17)
[—1,1] [—1,1]

Proof. Let tg € [—1,1] be a maximum point of Aj1). We will show that
(1—t3)y" (to) > 0. (1.5.18)
If tg = 1, then clearly we have . If to € (—1,1), then
—toy" (to) = (A1) (to) =0 and — " (to) — top" (to) = (A19)" (to) <0,

which implies that to = 0 or that 1" (t9) = 0. In the latter case, we obtain (1.5.18)) again.
In the case where tg = 0, we obtain that —"(¢y) < 0, which also yields (1.5.18)). Therefore

A (to) = Ontp(to) — 25 (1 — )0 (to) < Outp(to),
which proves (1.5.17)). O

Lemma 1.5.15. For every k > 2,

min AP = A PE(1) = _k=DlEtn=1) (1.5.19)

n—1

Proof. According to (|1.5.5)), the function af[0J,] LA P} is a convex combination of the
two Legendre polynomials P,?f; and P,?H. They both have 1 as their maximum value
on [—1,1] and they both attain it at to = 1. Therefore, this must also be the case for
a?[d,) 1A PP, which proves (1.5.19). O
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1 Fixed points of mean section operators

We now define a family of polynomials that turns out to be instrumental in the following.

Definition 1.5.16. For 1 <i<n—1, k>0 and k # 1, we define
n—1—1
(k—1)(k+n-1)

Observe that for ¢ = n — 1, the polynomial Qz’nfl is the classical Legendre polynomial
Pyl Denote the extrema of Q}; on the interval [—1, 1] by

Qli=Pr+ AL PP (1.5.20)

n : n n n
My = [mllfll] Qk,i and Mlc,i = [mfﬂl(} Qk,i'
- -4

The following lemma about the minima mj;; is why we require k to be even.

Lemma 1.5.17. Let k > 2 be even. Then the sequence (mzﬂ-)?;ll is strictly increasing,
that is,
My < Mg <o < Mgy g (1.5.21)

Proof. For fixed even k > 2, define a family (nt)te[—l,l] of affine functions by
m(s) = By!(t) + s AP (1)
and observe that it suffices to show that the function n defined by

)= iy ) = gty (1 oA

is strictly decreasing on [0, 00).

To that end, note that as the point-wise minimum of a family of affine functions, n
is a concave function. Next, note that since P}’ is an even Legendre polynomial, it is
minimized in the interior of [—1, 1], that is, there exists to € (—1, 1) such that

n(0) = min P = PF(to) <0.

Moreover, %Pﬁ(to) =0, so for every s > 0,
n(s) < e (s) = B (to) + sALP; (to) = (1 + )P (to) < Py (to) = n(0).
Since 7 is concave, this implies that 7 is strictly decreasing on [0, 00), which completes the
proof. O
The following two propositions are an extension of , Proposition 5.4].

Proposition 1.5.18. For 1 <i: <n—1 and k > 2, denote by Jy!; the set of all A € R
for which 1+ AP['((€,-)) is the density of the i-th area measure of a smooth convex body
of revolution. If 1 <i <n—1 and k > 2 is even, then

1 1 1 1
_ - ) cupc |- - . (1522
< (n— 1)Mﬁi (n— 1)mkz,i> & [ (n— 1)Ml~c,i (n— 1)mk,z‘ )

Moreover, if i = n — 1, then the interval on the right hand side of (1.5.22)) is precisely the
set of all A € R for which 14+ AP}((e,-)) is the density of the surface area measure of a
convex body of revolution.
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Proof. To simplify notation, all minima and maxima in this proof refer to the interval
[—1,1]. Lemma (1.5.13|shows that A € J}'; if and only if

n—l—z’_ n—1—1
n—1 (k=1)(k+n—-1)

1+ APt > ALPR(t) > 0 (1.5.23)

for all t € (—1,1). An easy rearrangement of ((1.5.23) implies the right hand set inclusion
in (1.5.22). For the other set inclusion, let A € R and suppose that

7 1
—_—— <A< - 1.5.24
(DM, " (- Dmy, (1.5.24)
Due to (1.5.19)), we have that
(k—1)(k+n—1) i i
: 1= < - <A 1.5.25
(n — 1) min A; P}’ (n —1)QF (1) (n — )M, ( )
Moreover, ([1.5.21]) combined with (1.5.17) applied to P}’ yields
e _ Lt (k=Dktn-1) _(k=lktn-1)
(n—"DLmy, = my, mp, . (n—1)max0, P = (n—1)maxA P

(1.5.26)
Finally, observe that (|1.5.24I), (|1.5.25I), and (]1.5.26[) jointly imply , thus A € Ji/;.
This shows the left hand set inclusion in (1.5.22)).

For the second part of the proposition, observe that A lies in the interval on the right
hand side of precisely when 1 4+ AP'({e,)) > 0. According to Minkowski’s
existence theorem (see, e.g., p. 455]), this is the case if and only if 1 + AP]'((e,-))
is the density of the surface area measure of a convex body. O

Proposition 1.5.19. Let k > 2 be even and I} denote the set of all A\ € R for which
1+ AP} ((€e,-)) is the support function of a convex body of revolution K. Then

1 1
I'= |- — . 1.5.2
K (k=1(k+n—-1mi," (k=1 (k+n—1)Mp, (15.27)

Proof. Denote the interval on the right hand side of by fg. Since the space of
support functions is a closed convex cone of C(S"~1), the set I must be a closed interval.
Recall that S1(K,-) = O,h(K,-) for every convex body K € K". Hence, shows
that
I 2 ap Ot () = 7,

where cl denotes the closure. For the converse set inclusion, let A € I}?. Then D?*h, (u) =
P, + )\D2]5,?(u) is positive semidefinite for all u € S?~!. This implies that for every
£ > 0, the matrix P, + (1 — e)AD?P}(u) is positive definite for all u € S*~1. Therefore,
14+ (1- 5))?,’: is the support function of a convex body of revolution which is of class

C?, and tllus, strictly convex (see, e.g., , Section 2.5]). Hence, (|1.5.22) implies that
(1 —¢e)X € I} for all € > 0, and thus, A € I} O
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1 Fixed points of mean section operators

We are now in a position to prove the main result of this section.

Theorem 1.5.20. Let 1 <t < n—1 and ®; € MVal; be non-trivial. Then its generating
function f satisfies for all even k > 2,

@0uf] _1
ag[Onf] i
Proof. First, observe that for every convex body K € K",
Si(K, ) x Op f = On(Si(K, ) x f) = Oph(® K, -) = S1(Pi K, ),

thus the convolution transform Tp, ; maps i-th order area measures to first order area
measures. Moreover, for every A € R,

(1 + AP (€, ) * Onf = ag[Onf] + Aag [On f1P¢ (e -))-

Hence, we obtain that

ke C IR
ag [0, f]7 " =7k

The descriptions of the intervals Jy.; and I} given in (|1.5.22|) and (|1.5.27|) imply that

GZ[an] < 1 mz,i < 1

allOnf] —imp, i’
where the strict inequality is due to (1.5.21)). O

Combining Theorem [I.5.20] with Theorem [I.5.12] we obtain the following.

Corollary 1.5.21. Let 1 < i < n—1 and ®; € MVal; be weakly monotone and even.
Then there exists a C? neighborhood of B™ where the only fized points of ®; are Euclidean
balls.

Remark 1.5.22. Computational simulations suggest that for every 1 <7 < n —1 and
k > 2, the maximum of Q}; on [—1, 1] is attained in ¢ = 1, that is,

1

My = Qpi(1) = (1.5.28)

As an immediate consequence, the intervals in (1.5.22)) could be simplified.
Computational simulations also suggest that for 1 < i < n—1 and for every even k > 4,

n—1

<mp,. (1.5.29)

If both ([1.5.28]) and (1.5.29) were shown to be true, then the argument in the proof of
Theorem [1.5.20] would immediately imply that whenever 1 < i < n — 1 and ®; € MVal,
is non-trivial with generating function f, then for all even k > 4,

1 ag[Onf]
i agOnf]
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1 Fixed points of mean section operators

1.A Appendix

Proof of Lemma[1.3.3 We may assume that (1 — t2)§g’(t) is a positive measure: all
statements of the lemma follow from this case by the Jordan decomposition theorem
and linearity. Thus ¢’ itself is a locally finite positive measure on (—1,1), so there exists
some constant ¢ € R such that for almost all ¢ € (—1,1),

C{e—g(no), t<o,
9(t) = { e+ (0,1, t>0.

We may assume that ¢ = g(0) = 0. Since g is an increasing function, we have that g <0
on (—1,0] and g > 0 on [0, 1).
For 0 < a < 1, Lebesgue-Stieltjes integration by parts yields

8 B
2 2

g =2 Fga= [ 025 (a1~

(7a’a]

< / (1-12)
(70"’0']

By passing to the limit ¢ — 1~ and applying the monotone convergence theorem, we
B—2
obtain that (1 —t2)"2 g(t) is integrable on (—1,1).

For the second part of the lemma, note that since g is increasing,

@

g'(dt).

g@)1-a)3 =pgla) [ - Fa<s [ g1 )T
(a1) (a1)
and the right hand side tends to zero as a tends to 1. An analogous argument applies to

—a, thus

B B
2 2

lim g(a)(1—a*)? = lim g(—a)(1—a*)2 = 0.

a—1— a—1—

Suppose now that v is as stated above. For 0 < a < 1, Lebesgue-Stieltjes integration by
parts yields

/(_a J b(t)g (dt) + /( o ¢ (gt = (g(a) — g(—a))((a) — ¥(—a)).

Due to our assumptions on 1, the right hand hand side tends to zero as a tends to 1.
Thus, by passing to the limit a« — 1~ and applying the dominated convergence theorem,

we obtain (|1.3.5). O

Proof of Lemma[I.3.]. First, fix v, o and 8 and observe that it suffices to find a family
of bounded linear operators Dy, : C*(S"~1\{£v}) — C(S*!\{4wv}) such that for every
¢ € C®(S" N\ {£v}) and w € vt,

dk

B
dtk i

B[ ) (1= ()2 2l(t) = (1= 2750, [(w) (1 = (-, v)?) 2 Dyg](t).
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We will construct this family Dy, inductively, starting with Dg = Id.
For the induction step, define a first order differential operator Dy by

Dy(u) = (Vso(u), Pyrv) — 2 (=25 — (k= 1)) (u, v)$(u).
A straightforward computation using spherical cylinder coordinates shows that

d

B
_ 2
dt

(1= )~y [ w1 = () 2el(0))
_d ((1 B /SH p(tv+ V1 — t2u)du)

dt
— (1= )53, [ w) (1 = (-, 0)%)2 Dy (1),

thus we see that the operators Dy = DyDjy_1---D; have the desired property. Since
every D; is a bounded linear operator from C7(S"~'\{£v}) to CT~1(S" \{+v}), it
follows by induction that every Dy is a bounded linear operator from CF(S"~1\{+uv})
to C(SP 1\ {%v}). O

Proof of Lemma[I.4.4. Suppose that v € C~>°(S""1) is weakly positive, that is, v = u+y
for some positive measure p and some linear function y. Then for every positive centered
¢ € C=(S"1), we have that (¢, V) -0 = (&, 4+ Y) -0 > 0.

Conversely, suppose that v € C~>°(S"!) is not weakly positive. Observe that the
set of weakly positive distributions is a closed convex cone of C~>°(S"~1). Due to the
Hahn-Banach separation theorem there exists some ¢ € C*°(S"~!) such that

(9 V) cmoo < (D1t +Y) oo

for every positive measure p and linear function y. By fixing p = 0 and varying y € H7Y,
we see that ¢ is centered. By fixing y = 0 and varying u € M (S"~ 1), we see that ¢ > 0.
Finally, by choosing 1 =y = 0, we see that (¢,v) -« < 0. O
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2 Lefschetz operators on convex
valuations

2.1 Introduction

Scalar valued valuations. A wvaluation on the space KC(R™) of convex bodies (convex,
compact subsets) in R" is a functional ¢ : (R"™) — R such that

p(KUL)+o(KNL)=¢(K)+¢(L)

whenever K, L, K UL € IC(R™). Valuations have a long history in convex and integral
geometry (see, e.g., [3H6[18]/38,[511[52,/63][79]). We denote by Val the space of continuous,
translation invariant valuations. By a classical result of McMullen [86], the space Val
is the direct sum of the subspaces Val; of valuations that are homogeneous of degree
i €{0,...,n} (that is, p(AK) = Np(K) for all K € K(R™) and A > 0).

Motivated by the Hard Lefschetz theorem from Kéhler geometry, Alesker [5] introduced
Lefschetz operators on valuations. For ¢ € Val and K € K(R"),

(Ag)(K) PUCHIBY)  and (LK) = [ p(K N H) dH,

dt t=0"+ Grn,nfl

where B™ is the unit ball in R™ and @n,j is the Grassmann manifold of affine
j-dimensional subspaces of R", endowed with a (suitably normalized) rigid motion in-
variant measure. The Lefschetz operators are a powerful tool in valuation theory, since
they allow to transfer results between valuations of different degrees (see, e.g., ,,
,). The derivation operator A decreases the degree of a valuation by one;
the integral operator £ increases it by one.

In this article, we investigate the action of the Lefschetz operators on two well-known
representations of valuations: Klain—Schneider functions for scalar valued valuations and
generating functions for Minkowski valuations. Denoting by Gry, ; the Grassmann manifold
of i-dimensional subspaces of R™, Klain showed that if ¢ € Val; is even and F € Gry, 4,
then |, = cgvolg for some cg € R, where ¢l is the restriction of ¢ to convex bodies
in E. Its Klain function Kl, € C(Grp;), Kl : E'— cg, uniquely determines ¢ € Val;, as
was proved by Klain [62].

Schuster and Wannerer showed that for smooth valuations (see Section, the
Lefschetz operators act on the Klain function by a Radon transform between the different
Grassmannians. In the following, xj; denotes the volume of B* and Grﬁ ; € Gry,; denotes
the submanifold of spaces that are contained in E or that contain F, depending on the
dimension of F. Integration is with respect to the unique probability measure invariant
under rotations fixing F.
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Theorem ([102]). Let 1 <i<n—1 and ¢ € Val; be smooth and even.

(i) Kly, () = = : 1)”"—"“/ 1(F)dF for E € Gro;_1, if i > 1.
G

(ii) Klgy,(E) = (i 4 1)in— 1HZH/ Kl (F)dF for E € Gry i1, if i <n— 1.
NKnKi

In the odd case, Schneider introduced the natural counterpart to the Klain function,
called the Schneider function, and showed that it determines the respective valuation
uniquely. We combine these representations for the even and odd part of a valuation
¢ € Val; into one common continuous function on the flag manifold Fl,, ;11 = {(E,u) :
E € Grpit1,u € SYE)}, where S'(E) denotes the unit sphere in E. This function,
called its Klain—Schneider function and denoted by KS,, has the property that for every
E € Gry g1,

o(K) = /i(E) KS,(B,u) SE(K,du), K € K(E),

where SF(K, -) is the surface area measure of K relative to E (cf. , Section 4.2]).
This determines KS, (£, - ) only up to the addition of linear functions, so for now, we
define it as the corresponding equivalence class. By the results of Klain and Schneider, ¢
is uniquely determined by KS,.

With our first main result, we describe the action of the Lefschetz operators on the
Klain—Schneider function, generalizing the theorem above. Here, - |E denotes the orthog-
onal projection onto a linear subspace £ C R™ and pryu = ||[u|E|| " u|E for u € S*~1\ E*.

Theorem 2.A. Let 1 <i<n-—1 and ¢ € Val;.
(i) Ifi > 1, then for all (E,u) € Fl,, ;,

(TL — i+ I)Hn_i+1

KSALP(E,U) = o )

[ KSelopant U p s
r

(ii) Ifi <n—1, then for all (E,u) € Fly, j12,

(i + 2)kn—1Ki+2

KSsgp(Eyu) = NKnkitl

L. KSo(Fprpw)|ul P

n,i+1

In fact, our results extend to more general Lefschetz operators: we can describe the
Alesker product and the Bernig—Fu convolution with an even valuation of degree and
codegree one, respectively (see Remarks and .

We also want to emphasize that our approach is very different from that in . Our
proof of only uses simple geometric properties of polytopes. For (i) we reduce the
general case to valuations of the form p(K) = V (K, C) defined in terms of a mixed volume
with a family C = (C4,...,C,—;) of fixed reference bodies. Indeed, as a consequence
of his irreducibility theorem , Alesker proved that such valuations are dense in Val;,
confirming a conjecture by McMullen (this was recently refined by Knoerr for

smooth valuations).
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The computation of the Klain—Schneider function of a mixed volume boils down to a
relation between mixed area measures and surface are measures relative to a subspace. In
order to establish the required relation, we generalize the spherical projections and liftings
that were introduced by Goodey, Kiderlen, and Weil .

Theorem 2.B. Let 0 <i<n—1, E € Gryit1, and C = (C1,...,Cph_i—1) be a family of
convex bodies with C? support functions. Then for all K € K(E),

Sk ¢, ) = %WE,CSZE(K, ). (2.1.1)

(i)

Here, S(K i e, - ) denotes the mixed area measure and T e denotes the C-mized
spherical lifting, which we define in Section [2.2] as a linear operator mapping measures
on S(E) to measures on S""!. The special case where the reference bodies are balls was
treated in [44].

Minkowski valuations. We now turn to valuations that are convex body valued: A
Minkowski valuation is a map @ : (R™) — K(R™) such that

SKUL)+®(KNL) =K + L

whenever K, L, KUL € K(R™), where addition on K(R") is the usual Minkowski addition.
In the last two decades, starting with the seminal work of Ludwig ,, considerable
advances in the theory of Minkowski valuations have been made, including classification
results and isoperimetric type inequalities (see, e.g., [12}[27,[50,[53}[77,[8789,/97]). We
denote by MVal the space of continuous, translation invariant Minkowski valuations
that intertwine all rotations and by MVal; the subspace of i-homogeneous Minkowski
valuations.

Through the correspondence between a convex body K € IC(R™) and its support
function hx € C(S"1), hx(u) = max,ex (u, z) with the Euclidean inner product (-, - ),
it is natural to define the Lefschetz operators on the space MVal by

d
hiaeyx) = T t:0+h<D(K+tB") and  heoyx) = /7 he(xnmy dH,

Grn,n—1
where these identities are to be understood pointwise. The integration operator £ clearly
preserves convexity, whereas the non-trivial fact that the derivation operator A is well-
defined on MVal is due to Parapatits and Schuster [89].

Every & € MVal is determined by its associated real valued valuation, which is the
SO(n — 1)-invariant valuation ¢ € Val defined by ¢(K) = heox(en), where e, is the
north pole of S*~!. In this sense, Minkowski valuations present a special case of real
valued valuations and in addition to the Klain—Schneider function, we have a more specific
representation available involving the spherical convolution (see Appendix and the
i-th order area measure S;(K, - ) = S(KU, Brin=i=1l ),
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Theorem ([36,[103]). Let 1 < i < n —1 and ® € MVal;. Then there exists a unique
centered, SO(n — 1)-invariant function fe € L'(S"~) such that

herg = SZ(K, . ) * fo, K e /C(Rn) (2.1.2)

The function fg is called the generating function of ®, and by centered, we mean that
fo is orthogonal to all linear functions. The representation above was first established
by Schuster and Wannerer for a measure fp and then improved by Dorrek to
fo € LY(S"™1). More recently, the first- and third-named author [27] refined this further
by showing that fg is in fact locally Lipschitz continuous outside the poles +e,,.

The action of the Lefschetz derivation operator A on the generating function is a simple
multiplication by a constant, which is a direct consequence of the Steiner formula for
area measures. For the integration operator £ however, things are far more intricate: For
® € MVal,,

fae =ife  and  fee = fo xp (2.1.3)

with some unique SO(n — 1)-invariant, centered distribution p; on S"~!, as was shown
in . Since this is a purely structural statement, describing the action of the Lefschetz
integration operator £ on Minkowski valuations boils down to describing the distribution
pi. This is the content of our second main result.

Theorem 2.C. Let 1 <i < n — 1. Then p; is an L*(S*™') function that is smooth on
S*1N\ {en} and strictly positive up to the addition of a linear function. Moreover, the
function p;, defined by pi(u) = pi({en,u)), satisfies for allt € (—1,1),

(1) 5) e Lpitt) — i — i~ Du(t) =0 (2.1.4)
de2"™ dt™ ! ' o

In particular, we obtain a representation of p; in terms of a hypergeometric function. The
positivity of p; has several notable consequences. Whenever ® is generated by the support
function of a body of revolution, then so is £&. This answers a question of Schuster .
Moreover, the combined Lefschetz operators A o £ and £ o A act on Minkowski valuations
as a composition with some Minkowski endomorphism, that is, a Minkowski valuation in
MVall.

Corollary. Let 1 <i < n—1. There exists ) € MVal; such that
ALD)=0Dod;  and  LAD1) = VD od;y,y
for every ®; € MVal; and ®;,1 € MVal; ;.

Subsequently, the examples of Minkowski valuations that are currently known are pre-
served under the Lefschetz operators (see Sections and. Moreover, we want to
point out that the notion of generating functions and the validity of extends to the
much larger class of spherical valuations (see Section , and thus, so does the scope
of Theorem 2.C]
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2 Lefschetz operators on convex valuations

Organization of the article In Section we introduce mixed spherical projections
and liftings and prove Theorem [2.B] We apply this in Section 2.3] to the Klain—Schneider
function of scalar valued valuations; in there, we show Theorem Then, in Section
we turn to Minkowski valuations, discussing the structure of the space MVal and making
some key preparations. Section [2.5]is devoted to the action of the Lefschetz operators on
generating functions; in there, we prove Theorem [2.C] and its consequences. Finally, in
Section [2.6] we discuss the connection between generating functions and Klain—Schneider
functions.

2.2 Mixed spherical projections and liftings

In this section, we recall weighted spherical projections and lifting and introduce a mixed
version of them with the main goal of proving Theorem [2.B] To that end, we need to fix
some notation: For F € Gr,, 1,

H" (B, u) = {ve S\ Bt : prgv = u}

denote the relatively open (n — k)-dimensional half-sphere generated by E+ and u €
SF=1(E). Note that H**(E,u) = S"*(E+ v u) Nut, where we denote by E' V u =
span(E’'Uu) the subspace generated by E' and u € S*~!, and by u™ = { € R" : (z,u) > 0}
the open half-space in the direction of u € S*~!. Throughout, integration on j-dimensional
spheres or half-spheres, unless indicated otherwise, is with respect to the j-dimensional
Hausdorff measure H7.

Now we want to recall the weighted spherical liftings and projections that were intro-
duced by Goodey, Kiderlen, and Weil . These prove to be helpful when it comes to
relating the geometry of convex bodies in a subspace to their geometry relative to the
ambient space. In the following, M (S"~!) denotes the space of finite signed measures on
sn—1,

Definition 2.2.1 ([44]). Let 1 < k < n, E € Grny, and m > —k. The m-weighted
spherical projection is the bounded linear operator

TEm: C(S" 1) = C(SF1(EB)),

e f)@ = [, S0 e e 87 (E),

The m-weighted spherical lifting is its adjoint operator
Thm " M(SFHE)) = M(s™ ).

If m > 0, then (73, f)(u) = ||u|E||™ f(prgu) for f € C(S¥Y(E)) and u € S"~'. Hence,
Tp.m Testricts to a bounded linear operator C(SF1(E)) — C(S"1), and by duality, 7z,

naturally extends to an operator M(S"~1) — M(SF=1(E)).
Goodey, Kiderlen, and Weil showed the following formula for convex bodies of a

subspace, expressing its i-th order area measure relative to the ambient space in terms
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2 Lefschetz operators on convex valuations
of the one relative to the subspace. As a general reference for mixed area measures and
volumes, we cite Chapters 4 and 5].

Theorem 2.2.2 ([44, Theorem 6.2]). Let 1 < i < k < n and E € Gr,y. Then for all
K e K(E),

k—1
Si(K, )= H T SE(K, ). (2.2.1)

For our purposes, the relevant instance of this is when ¢ = k — 1 and the measure
SE(K, -) is the surface area measure of K relative E. In this instance, we propose a
generalization of Definition [2.2.1] Here and in the following, the notational convention
(Li,...,L;)|E = (L1|E,...,L;|E) where Lq,...,L; € K(R") and £ C R" is a linear
subspace, will be used frequently.

Definition 2.2.3. Let 1 <k <n and FE € Gr, . Also, let C1,...,Cp_; € K(R") and set
C=(Ci,...,Ch_k). The C-mized spherical projection is the bounded linear operator

mec: O™ = C(S*H(E)),

(WE,Cf)(U) = /an(E u) f(U) SEqu(C’(EJ_ \V u)7 d'v)7 u e Skfl(E)

The C-mized spherical lifting is its adjoint operator
The t M(SFHE)) - M(S™).

In the instance where k£ = n and the family C is empty, the above is to be understood as
mec = Id and 7TE7C = Id. Next, as an intermediate step, we prove a polytopal version of
Theorem [2.B] The following reduction theorem for mixed volumes will be a key ingredient.

Theorem 2.2.4 ([96, Theorem 5.3.1]). Let 1 < k < n and E € Gryy. For all convex
bodies K € K(E) and C1,...,Cp_i € K(R"™),

1
ka(K)VEL(CﬂEl, o Coi B, (2.2.2)
k

where VE™ denotes the mized volume relative to the subspace Et.

V(KW ¢y, Colp) =

Theorem 2.2.5. Let 1 <i<n—1, E € Grpq1, and Q = (Q1,...,Qn—i—1) be a family
of polytopes in R™. Then for every polytope P € K(E),

, 1
Lgn-1 e S(PY,Q, ) = ﬁw;;gsf(ﬂ . (2.2.3)

i
Proof. First, observe that both sides of (2.2.3]) are multilinear in the reference polytopes
Q1,...,Qn_i—1. Thus, by polarization, it suffices to consider the case where Q; = --- =

Qn—i—1 = Q for some polytope @ € IC(R™).
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2 Lefschetz operators on convex valuations

The mixed area measure of polytopes Py, ..., P,_1 € K(R") can be written as
S(Pl,... n—1, ° Z Vu Pl, ),...,F(Pn_l,u))éu, (2.2.4)
ueSn—1

where V%" denotes the mixed volume relative to ut and F (Pj,u) denotes the support set
of P; with outer unit normal u € S"~1 (cf. (5.22)]). Note that the sum in fact extends
only over the outer unit normals of the facets of P; +---+ P,_1, and thus, is a finite sum.

By , we have that for every f € C(Sn*1)7
/Sn1\ELf(u)S(P[ﬂ,Q[n—i—ﬂ,du): S fwVFP, ), FQ,u)iY)

uesSr—1\EL

Z% ST F@Vi(F(Pw)Vaeio1 (F(Q,u)|(E Nut) o),

( i )uESn—l\El

where in the second equality, we applied reduction formula (2.2.2)) relative to u, using the
fact that ENut € Grg; for u € S*~1\ B+, and denoting by (EN uL)L("L) the orthogonal
complement of E Nut relative to u™.

Every € R” can be written as the orthogonal sum x = z|(E Nut) + z|(E+ V u); by
choosing € u™, this yields z|(E N uL)J‘(”“ = z|(E+ Vv u). Thus,

Lo S8R QI )

—_

- i ueSn_ZI\EL FRE P ia (F@ BT V) 2:25)

> Vi(F S F0)Vasin (F(Q, )| (B V),

( i ) ueSH(E) UEH" i=1(Eu)

where in the second equality, we used that for every v € S"~1\ E+, there exists a unique
u € S'(E) such that v € H*~*~(E,u); moreover, F(P,v) = F(P,u) and E+ Vv = E+ V.
Next, note that an instance of (2.2.4)),

(reQNW) = > [fO)Varint(FQIET Vu),v)). (2.2.6)

veH—i—1(E u)

Note that F(C,v)|E" = F(C|E’,v) for every convex body C € K(R"™), subspace E' C R,
and direction v € E’. Hence, plugging (2.2.6) into (2.2.5)) yields

[ FSPILQI ) = 2 S (m @) V(PP

i) ueSi(E)

1
= (WE,Qf)(U)SzE(Pa du) = T
(") /S%E) (")
where the second equality is another instance of (2.2.4)). Since f € C(S"~!) was arbitrary,
this yields ],Sn—l\ELS(P[i],Q[n_i_l], ) =1/("; )TI'E’QSiE(P, - ). As was noted at the
beginning of the proof, this shows the theorem. O

1 /S  f() [ oS (P, -)](du),
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2 Lefschetz operators on convex valuations

In the theorem above, we have deliberately avoided the set S*~! N E. This is because
in the polytopal case, S (P[i], Q, - ) assigns positive mass to this set which can not be
captured by the mixed spherical lifting. However, if we replace the polytopes Q; by
smooth bodies C}, then this is no longer the case, as the following lemma shows.

Lemma 2.2.6. Let 0 <i<n—1andC = (Cy,...,Ch_i—1) be a family of convex bodies
with C? support functions. Then for all K € K(R™), the mived area measure S(K[i],C, -)
is absolutely continuous with respect to H" "1,

Proof. First, note that the i-th area measure of K is absolutely continuous with respect
to HP 1 (cf. Theorem 4.5.5]). In order to pass to the mixed area measure, recall
that if Ly,..., L,_1 € K(R") have C? support functions, then

S(Li,...,Ly_1,du) = D(D?*hg, (v),...,D?hr, , (u))du,

where D?hp,(u) denotes the restriction of the Hessian of the support function hy, (as a one-
homogeneous function on R™) to the hyperplane u' and D denotes the mixed discriminant
(cf. (2.68) and (5.48)]). Thus, whenever K also has a C? support function,

S(KW. ¢y, ..., Cp i1, du) = D(D*hg (w1, D?hey (u), . .., D*he,,, (u))du
< HhCl H02 T HhCnﬂ‘fl ||CQD(D2hK(U)M7Id[n_i_l])du = MSZ(K’ du)v

where we used the monotonicity of mixed discriminants and M > 0 is a constant depending
on C1,...,Ch_;—1 but not on K. The obtained inequality

S(EW, ¢y, Coia, ) < MSi(K, ),

by continuity of the mixed area measure, extends to all convex bodies K € IC(R™), which
concludes the proof. O

Now we want to pass from the polytopal to the smooth case. To that end, we need
the following formulation of the classical Portmanteau theorem that characterizes weak
convergence of measures.

Theorem 2.2.7 ([64, Theorem 13.16]). Let jum, i be finite positive measures on a compact
metric space X. Then the following are equivalent:
() pm — 1 weakly.
(b) For every f € C(X), we have limy, o0 [ fdpm = [y fdp.
(c) For every bounded, measurable function f on X such that its discontinuity points
are a set of p-measure zero, limy, o0 [y fdpm = [x fdp.

We are now ready to prove Theorem which we state here again.
Theorem 2.2.8. Let 0 <i<n—1, E € Gryit1, and C = (C1,...,Cph—i—1) be a family
of conver bodies with C? support functions. Then for all K € K(E),

. 1
S(K[ZLC? . ) = WT‘-E‘,CSZE(K7 ' ) (227)

20



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Lefschetz operators on convex valuations

Proof. As in the proof of Theorem [2.2.5 it suffices to consider the case where
Cp=-=0Cy_i1=C for some body C € K(R") with a C? support function. Next, let
K = P € K(E) be a polytope and let @Q,, € KL(R™) be a sequence of polytopes such that
@ — C in the Hausdorff metric. By Theorem for every f € C(S"1),
[ i) f @S, QY du) =~ [ (rg, () SE(Pydu).
gn-1 ("77) Jsi)

Now we want to pass to the limit m — oo on both sides. On the left hand side, we have
weak convergence of the mixed area measures and according to Lemma [2.2.6] the mixed
area measure S (P[i], cln—i-1] . ) vanishes on S*~!' N Et, as it is of Hausdorff dimension
n — i — 2. Thus, by Theorem [2.2.7]

. [i] Aln—i—1] _ [i] ~ln—i—1]
Jim [ e ) f)S(PE, QY du) = /S @SR, ),
For the limit on the right hand side, note that for every fixed u € S(E), the projections

Qm|(E* V u) converge to C|(E+ Vv u). This implies weak convergence of the respective
surface area measures relative to £+ V u. The support function of C|(E+ V u) is just
the restriction to S*~*"1(EL V u) of the support function of C, and thus, is again of
class C2. Consequently, the respective surface area measure relative to E+Vu is absolutely
continuous; in particular, it vanishes on S”_l_l(EL Vou)N E*, so Theorem implies
that

. 1

lim Lggn—i-1(,0) (0) f (V) SR (Qu| (BT V ), dv)

m—r00 S”—i—l(Ei\/u)

1
= _ Lga-i-1(p,) (V) f(0) S 4 (CI(EF V ), dv).
Snfzfl(EJ_\/u)
That is, limy,—eo TE.Q,, f = TE,cf pointwise on S'(E). Since the measure SF(P, -) has
finite support, passing to the limit m — oo yields

i ch=i-1] gy = . 2
[ J@SERLC i = o [ o) SE P du)

i

Observe that both sides of this identity depend continuously on P, and thus, by approx-
imation, we may replace P by any convex body K € K(R"). Since f € C(S"!) was
arbitrary, we obtain for every K € KC(R"),

(il ety = L sF(x .

-1
(")
As was noted at the beginning of the proof, this shows the theorem. O

Remark 2.2.9. Comparing Theorems [2.2.2] and [2.2.8] it might be natural to ask for a
unification that deals with mixed area measures of the form S(K [ prlk—i-1] ¢ -), where
E € Grpi, K € K(E), and C = (C4,...,Cy—}). However, the methods in the proofs of
Theorems [2.2.2] and [2.2.8] seem to be disconnected, and thus, it is not immediately clear
to the authors how such a unification would look like and how it could be obtained.

o1



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Lefschetz operators on convex valuations

2.3 Action on the Klain—Schneider function

This section is devoted to describing the action of the Lefschetz operators on the Klain—
Schneider function, which from now on we require to be centered. First, we introduce the
aforementioned Radon type transforms. Then we consider the operator A, where we apply
our findings from the previous section; afterwards we turn to the operator £.

2.3.1 Two Radon type transforms

Let us now formally introduce the integral transforms that occur in Theorem[2.A] Through-
out, integration on compact Grassmann manifolds, unless indicated otherwise, is with
respect to the unique rotationally invariant probability measure.

Definition 2.3.1. Let 1 < k <n.
(i) If k& > 1, we define Ry j_1 : C(Fl,x) — C(Fl,x_1) by

[Rik—1C)(E, u) :/ n

EN
Grn,kﬂ

C(F Vu,prpiu) dF, (E,u) € Fly 1.

(ii) If k < n, we define Ry, x41 : C(Flox) = C(Fl,xy1) by

RiseCl(E) = [ CFppu) [ulFl| dF,  (B.u) € .

rn,k:

Subsequently, we will need the fact that these transforms map linear functions to linear
functions. To that end, recall that the orthogonal projection 71 from L?(S"~!) onto the
space of linear functions is given by

MmN = [ (o d,  ues

Wn

where wy, = kry, denotes the surface area of S¥=1. For F € Gry, 1, we denote by 7¥ the
(k)

respective orthogonal projection relative to . Moreover, we define an operator ;' on
the space C(Fl, ) by [W§k>q](E, u) = [7FC¢(E, -))(u) for ¢ € C(Fl,y) and (E,u) € Fl, .
The interplay between the Radon type transforms defined above and linear functions is
summarized in the following proposition, which we prove in Appendix

Proposition 2.3.2. Let 1 < k <n.

(i) If k > 1, then ﬁ,kyk_ﬂryﬁ = 7T§k71> ~§€’k_1.

(ii) If k < n, then 7~€k,k+1w§k> = %Tr§k+l>7’ék7k+1.
Here, we also defined an auxiliary transform ﬁﬁc,k—l : C(Fl, ) = C(Fl,, —1) by

5 Wn—k+1Wn—k+3WE—1
(Ricp1C)(B o) = SR [ o (P, )]()dF, (Bvu) € i,
n—k+2 Tk

where 77571 . C(SF1(F)) — C(S¥2(E)) denotes the 1-weighted spherical projection
relative to F.
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2 Lefschetz operators on convex valuations

2.3.2 The Lefschetz derivation operator

Our strategy to prove Theorem is to reduce the general case to certain mixed
volume valuations: For 1 < i < n — 1, consider valuations of the form V(- Woe, f ) € Val;,
defined by

vt = [ fw SEV.cdn, K eK®), (23.1)
Srn—
where C = (C1,...,Cp_;_1) is a family of convex bodies with C? support functions and

feost).
The reduction will require an approximation argument. To that end, recall first that by
a classical result of McMullen [86],

Val = () Val,.
1=0

The space Valy is spanned by the Euler characteristic and, due to a famous characteri-
zation by Hadwiger , the space Val,, is spanned by the volume. We endow the space
Val with the norm [|¢|| = max{|¢(K)|: K C B"}. It is easy to see that this is a complete
norm on each space Val;. By virtue of the homogeneous decomposition, the space Val is
a Banach space.

Moreover, there is a natural representation of the general linear group GL(n) on the
space Val. For g € GL(n) and ¢ € Val, we set

(g-0)(K)=¢(g " (K)), Keck(R".

Clearly, each space of valuations with a given degree and parity is GL(n)-invariant. By
Alesker’s irreducibility theorem [4], these are the building blocks of all closed GL(n)-
invariant subspaces of Val:

Theorem 2.3.3 ([4, Theorem 1.3]). For 0 < i < n, the natural representation of GL(n)
on the spaces Vals¥® and Vald? is irreducible.

This result has far-reaching consequences in valuation theory. Especially relevant for
our purposes, it is not hard to see that for fixed 1 < ¢ < n — 1, the valuations of the
form span a GL(n)-invariant subspace of Val; containing non-trivial even and odd
elements. Therefore, by Theorem [2.3.3] the linear span of such mixed volumes is dense in
Vali.

As a direct consequence of Theorem 2.B] the Klain—Schneider function of a valuation of

the form ([2.3.1)) is given by
1

KSy (i c.p)(Esu) = G [(1d = f)(mpef)] (W),  (B,u)€Fly. (2.3.2)

7

In order to describe the action of the Lefschetz derivation operator A on these Klain—
Schneider functions, we need the following Cauchy—Kubota type formula for mixed area
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2 Lefschetz operators on convex valuations
measures (cf. [96] (4.78)]): For every family C = (C1,...,Ch_2) of convex bodies in R"
and all f € C(S"71),

H
[ FS(C. B du) = /G /S oy S ) (2.3.3)

We are now ready to prove Theorem -.
Theorem 2.3.4. Let 1 <i<n—1 and ¢ € Val;. Then

KSp, = (n = n-int gy _ N Ris1.KS,. (2.3.4)
Wn—i
Proof. As a consequence of Theorem valuations of the form ¢ = V(- i e, f), where
C = (Cy,...,Cp_i_1) is a family of convex bodies with C? support functions and f €
C(S™1), span a dense subspace of Val;. Hence, by linearity and by continuity of the
Klain—Schneider map and the operator A, it suffices to consider these valuations.
Due to the Steiner formula for mixed area measures, Ap =iV ( - i1 ¢, B, f ). Hence,
by (23.2), we have that KS, = (Id — #{"*1)¢, and KSy, = (Id — 7{")Cs,, where we
defined

Co(Fyv) = (mrcef)(v)  and CA@(Eau):il)(ﬂE,(C,B")f)(u)

1
—
(") (i1
for (F,v) € Fly ;11 and (E,u) € Fl,;. By applying the definition of g ¢ pny and an
instance of ([2.3.3) relative to the space E V u, we obtain

Cp(Bru) = (nil) /H(E u)f(v)SELVU(cKEi Vou), B"(E* V), dv)

i—1

_ “" i1 / / F(0)SFYCIFL, dv) dF,
Wn— Gr Em“ Hr==1(FVu,pry. | u)

A

where we used that whenever F' € GrEm“ then (C|(E+ Vv u))|F+ = C|F+ and

H"(E,u) N F+ =H""""YF Vv u,prp.u).

Eﬁu

Moreover, since F- = (FV u) V prpou for almost all F' € Gr,,; , applying again the

definition of the mixed spherical projection yields
7 Wn—i+1
N L oo Frvae D (ot u)dF
i—1 n— I‘n,i
(7’L - Z)wn i+1 [
Wn—g

Finally, the linear components remain to be eliminated. Due to Proposition m

i+1 chp] (E u)

+1) Wn—i
Rz+1 zKSgo = RHI ’LCLP 1+1 z7r§2 Cap = (n_i;—w;_mcmp 1 H—l ZCV’
By applying Id — 7r§i> to both sides of this equation, we obtain 1} O
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2 Lefschetz operators on convex valuations

Remark 2.3.5. For an even measure u € M(S"!), we define a generalized Lefschetz
operator on Val by

(M) = 5| oK +12,)

where Z, is the zonoid generated by the measure p (cf. p. 193]). It is not too difficult
to generalize the Cauchy—Kubota type formula (2.3.3)) to zonoids:

2 " .
n—l/Sn—l /Sn—2(uL)f(v)S (Clu~, dv) p(du).

sn—1 f)S(C, Zy,dv) =

Note also that Z,|E' = Z, ,
transform ﬁﬁl,i : C(Flyi11) — C(Fl, ;) by

. for every subspace E’ C R". We introduce a generalized

R B = [ CFVupren) I (g dF), (B.u) € Flu,

Grf?"
where we defined the map J(F% . S"=H(E+ v u) — Chrf";mL cw— (ENut)Vw. Then,
by carrying out the same argument as in the proof of Theorem 2334 we obtain that
KSh, (B, u) = 2(1d — n{")RE, | KS,.

This has the following application: Every even, smooth valuation ¢ € Val,,_; (see
Section [2.5.1)) admits a representation

) = [ V(K K € KR,

where 1 is a signed measure on S?~! with a smooth density, called Crofton measure of .
Then for every smooth valuation ¢ € Val, its Bernig—Fu convolution (see @") with ) is
given by ¢ x ¢ = (Ay+ — A, )p, where p = pt — p~ is the Jordan decomposition of pu.
In this sense, we obtain a description of the Bernig—Fu convolution of a smooth valuation
with an even, smooth valuation of codegree one.

2.3.3 The Lefschetz integration operator

We now turn to the action of the operator £ on the Klain—Schneider function, proving
Theorem We want to stress that the proof utilizes only basic tools from convex
and integral geometry.

On affine Grassmann manifolds, there exists a positive rigid motion invariant Radon
measure which is unique up to normalization. For 0 < k < n, we fix this normalization by
setting

/; ﬂEmE:/’ F(E +)de dE'
Grn,k Gl‘n!k EL

for f € C.(Grp ). Below, we will need the following change of variables rule for affine
Grassmannians: If 0 < j<k<nand F € @n,k, then

[%?Léwﬂmﬂw (2.3.5)

ﬁf F(ENF)dF =
Gryn—j
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2 Lefschetz operators on convex valuations

for all f e C. (Grn k—j), where @ik_j denotes the Grassmann manifold of affine (k — j)-
dimensional affine subspaces of E and [}] = (}) , the flag coefficient.

Now we prove Theorem
Theorem 2.3.6. Let 1 <i<n—1 and ¢ € Val;. Then

n—1
KSgp = M@‘HHQKSW (2.3.6)
i+2

Proof. First, we fix a subspace E € Gry, ;12. We will show (2.3.6) by evaluating £¢ on
arbitrary polytopes P € K(E). By the definition of the Lefschetz integration operator £

and (Z33)

n—1
(Lo)(P) = /7 (PN (ENH))dH = [“,;1] /7E ©(PNF)dF
G-t lidal Jarin (2.3.7)

= ”1 / / e(PN(H +z))dx dH'.
Gr¥ EnH'L

n,i+1

nkn

Next, denote by F}; the facets of P relative to E with corresponding outer unit normals
u; € S(E), where j € {1,...,N}. Observe that for H' € Gr}/;,; and x € EN H'*, the
outer unit normals and facets of P N (H' 4 x) relative to H' + x are given by the vectors
pryuj and sets Fj N (H' + x) whenever they are i-dimensional. Thus, by the translation
invariance of ¢,

Note that for every u € S™1(E) and convex body L € K(E Nut),
| VAEOH + @)da = ulH Vi (L),
EnH'*

as follows from Fubini’s theorem. By combining these identities, it follows that

N
/EmH/l (PN (H +2z))dx = ZKS@(H',er/uj)||uj|H'||Vi+1(Fj)
j=1

= !
= Jypor g Ko (D[l 'S5 (P, )

Plugging this into ( and changing the order of integration yields

(’2()0 _ z+1 /ShLl . /G H pI'H/U)Hu’HIHdHI Sl+1(P7 du)

n,i+1
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2 Lefschetz operators on convex valuations

By the definition of the Klain—Schneider function, this proves (2.3.6)) up to the addition
of a linear function. By Proposition however, R;1,+2KS, is centered, and thus,

we obtain (2.3.6]). O

Remark 2.3.7. For a translation invariant signed Radon measure p on @n,n,l, define a
generalized Lefschetz operator on Val by

(S (K) = [ QUKNH) pdH), K e KR,

Grn,nfl
We define a generalized transform R/ Yrire  O(Flyi1) = C(Flyiq0) by
mé‘jﬂ,w%](ﬂ“) = /G . S prpw)||ulF|| 1P (dF), (E,u) € Flyito,
Tnitl

where ;¥ is the unique signed measure on Gr,’i ;41 such that for all f € Cc(@ii 1)

/7 f(EﬂH),u(dH):/ ) / F(H' + 2)da B (dH).
Grp,n—1 Gry iy EnH'-

Then the argument in the proof of l) shows that KSg,, = ﬁ,ﬁuﬁKS(p.
This has the following application: Every even, smooth valuation ¢ € Val; (see Sec-
tion [2.5.1]) admits a representation

v(E) = [ (K H)(aH),

where x denotes the Euler characteristic and p is a translation invariant signed Radon
measure with a smooth density on Gry,,—1, called a Crofton measure of 1. Then for every
valuation ¢ € Val, its Alesker product (see [8]) with ¢ is given by ¢ -1 = £,¢. In this
sense, we obtain a description of the Alesker product of a continuous valuation with an
even, smooth valuation of degree one.

2.4 Minkowski valuations

In this section, we turn to Minkowski valuations and more specifically, the mean section
operators. 'This family of geometric operators, which was introduced by Goodey and
Weil , are of particular interest to us as they will play a crucial role in the proof of
Theorem 2.Cl

Definition 2.4.1 ([45]). For 0 < j < n, the j-th mean section body M;K of a convex
body K € K(R™) is defined by

hM]K(u) = /7 thE(u) dFE, uwe S

n,j

o7



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Lefschetz operators on convex valuations

The j-th mean section operator M; is a continuous, rotationally equivariant Minkowski
valuation, but it is not translation invariant. By defining the j-th centered mean section

operator 1\7[]- as 3
MK = M;(K — s(K)),

where s(K) is the Steiner point of K (cf. , p. 50]), it follows that M; € MVal; for
2 < j < n, where i + j = n + 1. Determining their generating functions is highly non-
trivial and requires the family of functions introduced by Berg in his solution to the
Christoffel problem . The Berg functions g; € C*°(—1,1), for j > 2, are defined
recursively as follows:

oo(t) = ;ﬂ (7 — arccos £)(1 — £2)}
g3(t) = ;ﬂ( + tlog(1 —1) ( log2) > (2.4.1)
a(t) = 0,0 + S0 +

where w; = jr; is the (j—1)-dimensional Hausdorff measure of S/~1. Goodey and Weil
showed that essentially, the j-th Berg function generates the j-th mean section operator
— independently of the dimension n > 3 of the ambient space.

Theorem 2.4.2 (|47]). Forn >3 and 2 < j < n,

fai, = mn i (Id = m1)g; ({en, -))- (2.4.2)

Here, m,, ; is a constant which depends only on n and j, and was explicitly determined
in . Moreover, 71 f denotes the linear component of a function f € L'(S"™1) (see

Section [2.3.1)).

2.4.1 The Berg functions

Next, we discuss analytic properties of the Berg functions. Berg showed that they
satisfy the following second order differential equation: For every 7 > 2 and ¢t € (—1,1),

J

1=t gl (t) —tgh(t) + g;(t) = —=t. 2.4.3
]_1( )95 (t) — tg;(t) + g;(t) o (2.4.3)
Moreover, gs extends to a continuous function on [—1,1] and for all j > 3, the function g;
extends to a continuous function on [—1, 1) and lim;_; g;(t) = —oco. Berg showed that for
every € > 0, .
lim (1—2)"2 " g;(t) = 0. 2.4.4
M, (1= )7 g;(1) = 0 (2.4.4)

In the following, we investigate the behavior of the Berg functions at the end points in
more detail. In particular, we determine the precise order of the singularity at ¢ = 1 as
well as the scaling limit.

o8
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Lemma 2.4.3. For every j > 2 and m > 0 where (j,m) ¢ {(2,0),(3,0)},

lim (1 - #3)"7 *mg "™ (1) = 0,

t——1 ( )
- 2.4.5

. NI M)y s m—QF(]T+m)

Jm (1= 5)77 g0 (t) = —(j — 1)2 =

Proof. We show the lemma by induction on j > 2. First, note that for j € {2,3} and
m = 1, one can show by a simple direct computation. In order to apply L’Hopital’s
rule, we need to justify the existence of the limits for the higher order derivatives. To that
end, observe that we can express them as

gém) (t) = pa,m(t)(1 — tQ)%fm + qm(t)(1 — tQ)%*m arccost + 7o (),
0 (1) = Py () 10g(1 — ) + q3m(t)(L — )™ + 13 (L),

with some polynomials p; ,m,, ¢jm and 7, where j € {2,3} and m > 0. This can be shown
by a simple induction on m > 0. Consequently, the limits in exist for j € {2,3}
and m > 1, and by applying L’Hopital’s rule repeatedly, we obtain the desired identities,
which proves the lemma in the instance where j € {2, 3}.

For the inductive step, suppose that holds for some fixed j > 2 and all m > 0.
Next, observe that m-fold differentiation of the recurrence relation in yields the
following recurrence relation for the m-th order derivatives:

2m_ (m)

g Cjtm—1 L (m) L d™t
j+1 7+2

=22y 2 ggmt Dy 24T
() =252 0+ g™ O+

as can be shown by a simple induction on m > 0. Now we multiply both sides with

(1— t2)%+m, pass to the limit ¢ — 41, and employ both the induction hypothesis and
(2.4.4). In this way, we obtain the desired identities for j 4+ 2 and all m > 0, which

concludes the argument. O
As was mentioned before, the functions g; extend continuously to ¢ = —1. In order to
investigate the behavior at t = —1 further, the change of variables t = — cos 8 turns out

to be quite useful. That is, we define a family of functions g;, where j > 2, by

9j(0) = gj(—cosf), 6 (=mm)\{0}.

Transforming the recursion ([2.4.1)) yields the following recursion for the functions g;:

1 1
g2(0) = %0 sin 0 + 7 o 0,

T
N 1 4
g3(0) = Dy (1 — cos @ log(1l + cosf) — <3 — log 2> cos ‘9> ) (2.4.6)
X j+1. i+1 950 j+1
L o(0) =1 —5.(0) — — 0.
95+2(0) 2 9 () 27(j — 1) tanf 27w o
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This recursion shows that the functions §; extend to even analytic functions on (—m, 7).
For g, and g3, this is obvious. If §; extends to an even analytic function on (—m, ), then
its derivative Q} has a simple zero in § = 0 which cancels with the zero of the tangent
function, and thus, §;42 also extends to an even analytic function on (—m,).

This observation allows us to obtain new information about the regularity of the gen-
erating functions of the mean section operators. To that end, denote by dgn-1(u,v) :=
arccos(u, v) the geodesic distance on S"~!. The following lemma is a classical fact from
Riemannian geometry; for the convenience of the reader, we provide an elementary proof.

Lemma 2.4.4. For v € S"™1, the function dgn— (v, -)? is smooth on S*~1\ {—v}.
Proof. Clearly, the function ¢ : S"~! x S"~! — R, defined as
q(u,v) = dgn-1(u,v)? = (arccos(u, v))?,

is smooth on the set of all pairs (u,v) for which |(u,v)| < 1. Next, observe that sin? 6, as
an even analytic function, can be written as a power series of #2. Thus, there is a unique
analytic function f such that sin? = f(6?) for # € R. Since

(6% — lim (sigG

!/ :1
1(0) 913(1) 62 6—0

) ois0

there exists § > 0 such that f is invertible on (—4,d) and its inverse f~! is also smooth.
Consequently, whenever dgn-1(u,v)? <, we can express q(u,v) as

q(u,v) = dsn-1(u,v)? = fH(sin® dgn-1(u, v)) = 11 = (u,0)?).

This shows that g is smooth on the set of all pairs (u, v) for which dgn-1(u,v)? < §. Hence,
we have found two open sets covering the space {(u,v) € S*"! : u # —v} such that ¢ is
smooth on each set, which proves the lemma. O

Remark 2.4.5. Let n > 2 and j > 2 and consider the function g;((e,, - )) on S*~L.
Clearly, this function is smooth on S"~!\ {%e,}. Since §; is even and analytic, there
exists a smooth function g; such that §;(6) = ¢;(6?), and thus,

9i({en, w)) = gj(= cos dgn-1(—en, 1)) = gj(dsn-1(=en, u)*).
Combined with Lemma this shows that g;({ey, -)) is a smooth function on S"~*\{e, }.

Consequently, the generating functions of the mean section operators are smooth outside
the north pole.

Next, we turn to the value that is attained at the south pole. To that end, we apply
the change of variables t = —cos € to the differential equation ([2.4.3)), which yields the
following: For all § € (—m,m) \ {0},

1 N/ .7 -2 g; (0> N

_ J
Tl O+ g T 9(0) = cost (2.4.7)
J

This allows us to deduce a recurrence relation for the value §;(0), which is instrumental
in the proof of the following lemma.
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2 Lefschetz operators on convex valuations

Lemma 2.4.6. Let j > 3. Then lim;—,_1 g;(t) <O0.

Proof. We show that §;(0) < 0 by induction on j > 3. Direct computation shows that
93(0) = —6% and g4(0) = —%. Letting 6 — 0 in (2.4.7) yields

By taking the limit # — 0 in the recurrence relation in (2.4.6)) and combining this with
the identity above, we obtain that

N LS N RS BN LS B R < _2j—1>
95+2(0) = 5=03(0) = 5 =—=1395 (0) orw; | 27m(j — 1) 79;(0) W )’
which shows that if §;(0) < 0, then also §;12(0) < 0. O

2.4.2 The space MVal,

We want to make some remarks about the structure of the space MVal;, which we will
come back to in the subsequent section. Before that, since it is convenient and will also be
needed later on, we want to recall the natural action of SO(n) on (generalized) functions
on the unit sphere.

For a rotation ¥ € SO(n) and a smooth function ¢ € C®(S" 1), we set (9¢)(u) =
p(I~tu) for u € S*71. For a distribution v € C~°(S"1), we set (¢, Vy)gn1 =
(971, v)gn-1, where (-, -)gn—1 denotes the natural pairing of a distribution and a smooth
function. An SO(n — 1)-invariant (generalized) function on S"~! is also called zonal.
This also encompasses continuous functions, Lebesgue integrable functions, and signed
measures, by virtue of the chain of identifications

cesth costh) c LAsv ) e msth c omoosth. (2.4.8)

To date, a complete classification of continuous, translation invariant and rotation-
ally equivariant Minkowski valuations is not known. In view of the integral representa-
tion , this open problem reduces to a characterization of generating functions. It is
not hard to see that the support function hy, of a convex body of revolution L € IC(R™)
generates a Minkowski valuation ® € MVal; in every degree i € {1,...,n — 1}. However,
not all Minkowski valuations in MVal; are of this form, as is exemplified by the mean
section operators.

Since the space MVal;, endowed with the pointwise Minkowski operations, has the
structure of a convex cone, we may consider generating functions of the form

f=hr+cfy,, (2.4.9)

where L is a convex body of revolution, i + j = n + 1, and ¢ > 0. Another family of
operations on MVal; is the composition with Minkowski endomorphisms. These are a
continuous, translation invariant, rotationally equivariant Minkowski additive operators

61



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Lefschetz operators on convex valuations

on K(R™). Note that the space of Minkowski endomorphisms is precisely MVal;. Their
action on the support function can be described in terms of the spherical convolution (see
Appendix . Kiderlen and Dorrek showed that for every W € MValy, there is
a unique centered, zonal signed measure jgy € M(S"71) such that for all K € K(R"),

h\pK = hK * Uy . (2.4.10)

We call pg the generating measure of ¥. Kiderlen showed that whenever a zonal
measure y € M(S" 1) is weakly positive, that is, positive up to the addition of a linear
function, then it generates some Minkowski endomorphism.

Observe that whenever ®; € MVal; and ¥ is a Minkowski endomorphism, then Vo ®,; €
MVal; and its generating function is given by

fwow, = fo, * pw. (2.4.11)

That is, the space of generating functions of Minkowski valuations is closed with respect to
convolution with generating measures of Minkowski endomorphisms, including all weakly
positive zonal measures. Consequently, we may consider generating functions of the form

f=hr+ f1\7[]- * [y, (2412)

where L is a convex body of revolution, :+j = n+1, and ¥ is a Minkowski endomorphism.
In fact, this encompasses all instances of generating functions that are known to date.

The following example demonstrates that generating functions of the form
create a much greater class than those of the form . This indicates the importance
of taking compositions with Minkowski endomorphisms into account.

Example 2.4.7. Let n > 3,1 <i¢<n—1,and ¢+ j = n+ 1. Due to Lemma [2.4.6] and
the fact that lim;_,; g;(t) = —oo, there exists some § > 0 such that g;(t) < 0 whenever
|t| > 1 — 6. Choose some non-trivial, zonal, positive, even measure p € M(S" 1) with a
smooth density that is supported on {u € S : [{(e,,u)| > 1 —6}.

Then p is the generating measure of a Minkowski endomorphism, and thus, f = g;({en, -
)) * p is a generating function of the form . Moreover, f is smooth and f(e,) =
f(—en) <0, as follows from the definition of the convolution. Suppose now that f is of the
form . Since f is smooth, we must have ¢ = 0, but since f is not weakly positive,
we must also have L = {o}; consequently f = 0, which is a contradiction.

2.5 Action on the generating function

In this section, we investigate the action of the Lefschetz integration operator £ on
generating functions of Minkowski valuations, proving Theorem [2.C|and its consequences.
As was already indicated in the introduction, we consider a broader framework, which we
introduce below.
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2.5.1 Spherical valuations

A valuation ¢ € Val is called smooth if the map GL(n) — Val : g — ¢ - ¢ is infinitely
differentiable, where g - ¢ denotes the natural action of GL(n) on Val (see Section [2.3.2)).
Then, for 0 <14 < n, the subspace Val;® C Val; of smooth valuations is dense in Val; and
the map
Val® — C*°(GL(n),Val;) : p— (g — g - ¢)

leads to an identification of Val?® with a closed subspace of C*°(GL(n), Val;), endowed
with the standard Fréchet topology (cf. Section 4.4]). Hence, Val® also becomes a
Fréchet space by endowing it with the induced topology, called the Garding topology. The
space Valfo’sloh of smooth spherical valuations is the closure of the direct sum of SO(n)-
irreducible subspaces of Val;® that contain a non-trivial SO(n — 1)-invariant element.

This representation theoretic and somewhat implicit definition does not provide a clear
idea of what a spherical valuation looks like. However, Schuster and Wannerer showed
that these are precisely the valuations in Val$® that admit an integral representation on
S"~! with respect to the i-th area measure. In the following, we denote by C2°(S*~!) and
C°°(S"1) the spaces of centered smooth functions and distributions, respectively.

Theorem 2.5.1 ([103]). Let 1 < i < n—1. For every valuation ¢ € Val;’o’Sph, there exists
a unique function f, € C(S"1) such that for all K € K(R"),

oK) = - fo(u) Si(K,du). (2.5.1)
The map Valioo’Sp]rl — C2(S™ 1Y) : p = f, is an SO(n)-equivariant isomorphism of
topological vector spaces.

We call the function f, the generating function of p. As was already pointed out in
the introduction, the Lefschetz derivation operator acts on the generating function as a
multiple of the identity. That is, fo, = if, for ¢ € Valfo’Sph, which is a simple consequence
of the Steiner formula for area measures. For this reason, we set the operator A aside and
turn to the Lefschetz integration operator £.

As a direct consequence of Theorem there exists a unique SO(n)-equivariant
endomorphism T; on the topological vector space C°(S™!) such that fe, = T;f, for
@ € Val?o’Sph. By setting p; = T%(Id — 71)de,,, where T} is the continuous transpose map
of T; on C;°°(S""1), one obtains the following.

Corollary 2.5.2. For 1 < 1i < n — 1, there exists a unique centered, zonal distribution
pi € C7°°(S"1) such that for all ¢ € Val;-x”Sph,
f&p = fga * Pi-

Interestingly enough, all the information that is needed to determine and subsequently
describe the distribution p; can be obtained from the action of £ on the mean section
operators. For 1 <i<n —1. ‘

J
L1

—
§

M, =
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where i 4+ j = n + 1, as was shown in [102]. By approximating the associated real valued
valuations of the centered mean section operators with smooth valuations, it follows that

J
fyi, * pi = [[];jfmj_l- (2.5.2)

In the following, we use methods from harmonic analysis on S"~! (see Appendix
to determine the spherical harmonic expansion of p;. To that end, recall that by ,
the centered mean section operators are generated by a constant multiple of the centered
Berg functions. Their multipliers were explicitly computed in [20] and independently:
for2<j<mnandk#1,

alg) = T U= DA
4 F( +n;j+ )F(k+g+1)

These numbers are all non-zero, and thus, by a simple division, for all k # 1,

o = Bl ] DS
YT AT il T (B

where 7 + j = n + 1 and the constant c¢,; > 0 only depends on n and i. The above was
already done by Berg, Parapatits, Schuster, and Weberndorfer . Our contribution will
be to extract the information of Theorem [2.C] from the spherical harmonic expansion of

Pi-

2.5.2 A Legendre type differential equation

Our aim is now to establish the differential equation (2.1.4]). To that end, it is convenient
to renormalize p; and manipulate its linear part: We define an auxiliary distribution
pi € C7°°(S"1) in terms of its multipliers by
R T k+i T k+n—i—1
aylpi] = )= =) k> 0. (2.5.3)

F(k-i—;’-&-l )F(k-i—;z—i) ’

Next, note that we can lift every test function ¢ € D(—1,1) to a smooth function
Y({en, - )) € C®(S*1). In the following, we let

I, ={(n,i) e NxN:n>3, 1 <i<n-—1}

denote the set of admissible index pairs. Then we define a family of distributions p,; €
D'(-1,1), where (n,i) € I, by

(¥, pni) = W(len, ), pi), ¥ eD(=1,1).

This construction on the interval (—1,1) will allow us to relate distributions p; that live
on spheres S~ ! of different dimensions.
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We continue with two simple, yet crucial observations about the family p,; that are
immediate from their definition and the fact that every distribution is uniquely determined
by its sequence of multipliers. Firstly, for (n,i) € I,

Pni = Pnn—i—1- (254)

Secondly, we compare the multipliers of p, ,—o with those of g,—1 and the box operator
0, = ﬁAan + Id (see Appendix . Its action on zonal functions (see, e.g., \
Lemma 5.3]) can be described in terms of the differential operator

— 1 5 d? d
Op = (1= t%) 25—t +1d.

Namely, for all test functions ¢ € D(—1,1), we have that
[Ont((en, - ))(w) = (Ont)((en,u)),  weS™

In this way, for all n > 3, we obtain that the distribution p,, ,—2 is a C°°(—1, 1) function
and that for all t € (—1,1),

n—1 —
pn,n—2(t) = 7['71971—1@) +

=7 (2.5.5)

2wn—1 .

Next, we establish the smoothness of the distributions p,, ; on (—1, 1), their behavior at
the end points, and a remarkably simple recurrence relation.

Lemma 2.5.3. Let (n,i) € I,.
(i) pni€ C®(—1,1) and for all m > 0,

n

lim (1 —2)"2 ™™ (1) = 0,

n,t

t——1 ( )
—2 2.5.6
: 2224y, (m) _ meF(nQ +m)
Jim (1 —t5)72 0, 5 (t) = 2 —
(ii) For allt e (—1,1),
1
Prt2i+1(t) = %P%z(t) (2.5.7)

In order to show the recurrence relation (2.5.7]), we need the following multiplier relation,
which we prove in Appendix [2.B]
Lemma 2.5.4. If n > 3 and g € C1(—1,1) is such that (1 — t2)nT_1g’(t) is integrable on

n—

(—=1,1), then (1 — tz)ng(t) is integrable on (—1,1) and for all k > 0,

ay?lg'] = 2majy4 [g)- (2.5.8)

We want to point out that (2.5.4), (2.5.5)), and (2.5.7) together result in a complete

recursion such that every p,; can be traced back to the Berg functions. In this way, we
will obtain many of the desired properties inductively. The following lemma provides the
necessary induction scheme on I,; the statement is obvious, so we omit the proof.

65



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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Lemma 2.5.5. Let I C I, and suppose that for all (n,i) € I, the following holds:
e (n,n—2)€el,
o (n,i) €I if and only if (n,n —i—1) €I,
o whenever (n,i) € I, then also (n+2,i+1) € 1.

Then I = I,.

Proof of Lemma [2.5.5 First, we show that for some fixed (n,i) € I, the assertion of
Itemimplies the assertion of Item For this purpose, suppose that p,; € C*°(—1,1)
and satisfies (2.5.6). Then the requirements of Lemma are met, and thus, (2.5.8)

shows that for all k£ > 0,

1
27r

LS5 (25

2
a o i = agalong] = F(k+§'+2)r(k+n2—i+1)

n+2 [pn-l—? H—l]

This proves in the sense of distributions. Since we assumed p,; to be smooth, it
follows that pp42;4+1 is also smooth, and thus, identity holds pointwise.

We will now prove Lemma[2.5.3] through the induction scheme from above. To that end,
denote by I C I, the set of admissible index pairs for which Lemma (or equivalently,
Item [(i)]) is true. Due to (2.5.4)), we have that (n,7) € I if and only if (n,n —i—1) € I.
From and by applying the general Leibniz rule, it follows that p, ,—o € C*°(—1,1)
and for all m > 0,

) (1) = 1 2y (m42) .y 2ZmAn =1 (ny)
(m4+n—-1)(m—1) @) n d™t
- H+—
O R AOR e

Now we multiply both 81des with (1 — t2) 7o m , pass to the limit ¢ — +1, and employ
(2.4.5)). This verifies in the instance where i =n — 2 for all m > 0, and thus,
(n,n—2) el

Suppose now that (n,i) € I. Then, as we have established at the beginning of the proof,
Pn+2,i+1 € C*(—1,1) and for all m > 0,

i — 2 el _ 2\ 224 (m1)  (m)
Jim (1= )35l (1) = o tgrfl(l )" otV ()
I R G (m+1) _ ym-2L(5+m)
2 T 2 ﬂ_% ’

where we applied the appropriate instance of recurrence relation (2.5.7). Similarly,

) 1 +1
Jm, (L= 5 (0) = g Jim (L= TG = o

and thus, we obtain that also (n +2,i+ 1) € I. Lemma now yields I = I, which
concludes the argument. O
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2 Lefschetz operators on convex valuations

We now establish the Legendre type differential equation (2.1.4)).

Theorem 2.5.6. Let (n,i) € I.. Then for allt € (—1,1),
(1= 2)pl(1) = bl (8) = i(n — i — Dpa(t) = 0. (2.5.9)
Proof. First, define a second order differential operator

[%i:(1—t%§i—4nﬁ~—un—i—1ﬂd
’ dt? dt
and denote by I the set of all index pairs (n,i) € I, for which D,, ;p,; = 0. Due to (2.5.4])
and the fact that D,,; = Dy, ,,—i—1, we have that (n,i) € I if and only if (n,n—i—1) € I.
Note that
(n — 1)Dn,n725n = (7’L — Z)Dn+17nflﬁn,1,

as can be shown by direct computation. Therefore, by applying (2.5.5)), we obtain

n—1 —
———— Dol gn_1(t
2(7’L — 2) n,n—2 ndn 1( ) + 2wn—1

n

Dn,an,On,nf2(t) = Dn,n72t

1 _
= iDn-l—l,n—an—lgn—l(t) + Dn,n—Qt

2wp—1

= _2 Dn+1,nflt+
Wn—1

—— Dpnot =0,
2w”_1 n,n—2

where the third equality is due to (2.4.3). It follows that (n,n —2) € I.

Suppose now that (n,i) € I. Note that Dy42,11 0 % = % o D, ;, as can again be
shown by direct computation. By employing recurrence relation (2.5.7)), we get that for
all t € (—1,1),

1 1
Dyy2iv1pn+2,i+1(t) = %Dn—i-zi—i-lp;%i(t) = %(Dn,ipn,i),(t) =0,

and thus, (n +2,i+ 1) € I. By Lemma we have that [ = I,. O

The differential equation ([2.5.9)), combined with the behavior at the end points has the
following notable interpretation: If we lift p,; to a zonal function on the unit sphere in
R"™*1 then it is the Green’s function of some strictly elliptic Helmholtz type operator.

Corollary 2.5.7. Let (n,i) € I.. Then ppi({ent1, -)) € LY(S") and
(—Asn +i(n —i — 1)Id)ppi({ent1, - )) = Tepyy (2.5.10)
in the sense of distributions on S™.

Proof. Due to Lemma the function (1 — t2)n772pn7,‘(t) is smooth and bounded,
and thus, integrable on (—1,1). By a change to spherical cylinder coordinates, this implies
that pni({ent1, -)) is integrable on S™.
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2 Lefschetz operators on convex valuations

Next, observe that both sides of (2.5.10)) are zonal distributions on S™. Hence, it suffices
to test the identity on zonal smooth functions ¢ € C°°(S™). Then ¢ is of the form ¢(u) =
Y({ent1,u)) for some ¢ € C*°(—1,1). By a change to spherical cylinder coordinates,

(6, (A = ifn =i = D) pus({ensr, - )
= ((Bgn —i(n =i = YIS, pr({entt, - )sn
=en [ (=250 it =i = DR = )5 pra(t

)

We consider the first part of the integral and perform integration by parts. Then
| (=5 @0) it
(_171)
- /( W00~ )+ [0 ) O 00)
-1,1

t=1
t=—1"

where the marginal terms are to be understood as limits. If 7y is a geodesic in S™ such that

v(0) = —epn41, then

L(607)(0) = T (~ cosb) = (sin By (—cosf) = (1~ ) 3/(1)

where we applied the change of variables ¢ = —cos6 in the final equality. Since ¢ €
C°(S™), the final expression is bounded, so by (2.5.6)), the marginal terms vanish. Inte-
grating by parts a second time yields

/(_1 1)((1 — %) 29/ (1)) pi(t)dt
= [ PO == [0 R0 0)

t=1
t=—1

—1,1)
= [ (- #)E ) - (),
(—1,1) Wn,

where the marginal terms are again to be understood as limits. The final equality is due to
(2.5.6) and the fact that 1 is bounded. By the differential equation (2.5.9)), the remaining
integral terms add up to zero, and thus, we obtain that

(¢, (Agn —i(n —i — DId)pni((ent1, - )))gn = TP(€ns1),
which completes the proof. ]

2.5.3 Description of p;

In the following, we use the Legendre type differential equation (2.5.9) to obtain the
desired description of the distributions p;; we prove what is left to prove of Theorem [2.C]
and discuss its consequences.
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2 Lefschetz operators on convex valuations

First, we want to point out that the differential equation , combined with the
behavior at the end points ¢ = 1 and ¢ = —1, determines each function p,; uniquely.
In particular, we obtain an interesting representation for the family p,, ;. For parameters
A, b € R, the associated Legendre function P/{‘ is defined as

Pl(t) = o <1+t)gF<—/\)\+1 - H)
MO ra g\ =) TR T AT )

where o F} is the hypergeometric function (cf. 8.1.2]). We show that p, ; is a constant
multiple of a reflection of an associated Legendre function.

Proposition 2.5.8. Let (n,i) € I.. Then for allt € (—1,1),

)
pui(t) = SO I L) ez ) gy pl-

e (—1). (2.5.11)

I\J\SM‘S

Proof. For fixed (n,i) € I, we consider the function y(t) = (1 — 37 pm()
A simple transformation of (2.5.9) shows that y is a solution to Legendre’s differential
equation: For all t € (—1,1),

(1 =ty (t) — 2t/ (t) + (A(A T p—— )y(t) =0 (2.5.12)
with parameters A =i — 5 and p=1- 3. . .
Moreover, the associated Legendre function P{'(t), and thus, also its reflection P}'(—t)
solve this differential equation (cf. |2, 8.1.1]). In order to describe their behavior at the
end points, we recall Gauss’ summation theorem (cf. , 15.1.20]), which states that

I'(e)l'(c—a—Db)
I'(c—a)l'(c—b)

tllgEl 2F1(a7 b) ) t) =

whenever ¢ —a — b > 0. As an instance of this identity and due to the simple fact that
oFi(a,b,c,0) =1, we obtain that

i 2"TT(%52)

lim (1 — )" Pl(t) = e ™5 2
Jim ( )T = L(@)(n—i—1) (2.5.13)
Jim (1 12)* T P (1) = 0.

This entails that P (t) and P (—t) are linearly independent and thus, they form a basis
of the two- dlmensmnal space of solutions to Consequently, the function y(t) is a
linear combination of those two functions. By comparlng and ( m, we observe
that y(t) must in fact be a constant multiple of P{'(—t), and we obtain the respective
multiplicative constant from a simple division. ]
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2 Lefschetz operators on convex valuations

In , we have shown that the functions p,; have a singularity at ¢ = 1 and
determined the precise asymptotic behavior. In order to investigate their behavior at
t = —1, we perform the substitution ¢ = — cos 8 (just like we did for the Berg functions in
Section . That is, we define a family of functions py, ;, where (n,i) € I, by

Pra(6) = pug(—cos8), 8 € (—m,m\{0}.

Applying the transformation ¢ = —cosf to the recursion for the family p,; yields the
following recursion for the family py, ;:
Prji = Pnn—i—1; (2.5.14)
1 19,_1(0) n—1
pnn—2(0) = ——3" 1(0) + =2 On—1(0) — —— cos @ 2.5.15
pn,n 2( ) 2(71, — 2)gn71( ) + 2 tanf + 2(n — 2)gn 1( ) 2&]1171 Cos 0o, ( )
. 1 pr,(0)
; =———. 2.5.1
Pr+2,i+1(0) 97 sind (2.5.16)

This recursion shows that the functions py ; extend to even analytic functions on (—m, 7).
To that end, denote by I the set of all index pairs (n,i) € I, for which this is the case.
Due to , we have that (n,i) € I if and only if (n,n —i—1) € I. We have shown in
Sectionthat Jn—1 is an even analytic function on (—m, 7). Consequently, its derivative
g, has a simple zero in § = 0 which cancels with the zero of the tangent function, thus
(n,n—2) € I. Applying a similar argument to the recurrence relation shows that
if (n,4) € I, then also (n+ 2,7+ 1) € I. Lemma [2.5.5 now yields I = I..

We can now complete the proof of Theorem [2.C}

Theorem 2.5.9. Let 1 <i <n—1. Then p; is an L'(S"~1) function which is smooth on
S"1\ {e,} and strictly positive up to the addition of a linear function.

Proof. Due to Lemma the function p,, ;({e,, -)) is integrable on S*~! and smooth
on "'\ {#e,}. In particular, it defines a zonal distribution on S"~! which must coincide
with p;, since zonal distributions are uniquely determined by their multipliers.

Observe that py;(#), as an even analytic function on (—m,7), can be written as a
power series of 2. Thus, there exists a unique analytic smooth function Gn,i such that
pn.i(—cos0) = g, :(6%). Consequently,

pi(u) = pni((en, w)) = pni(—cosdgn-1(~€n, u)) = qn,i(dsn-1(—en, u)?)

for all uw € S*" 1\ {e,}. Together with Lemma this shows that p; is smooth around
the south pole.

We have shown that p,; satisfies the second-order elliptic differential equation (2.5.9)
on (—1,1). Moreover, due to the representation formula ,

LI —i— 1)
2nm 7 T(3)

Jim pni(t) =
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2 Lefschetz operators on convex valuations

Combined with (2.5.6)), we see that

li i(t 0 d li i(t 0
Lm pn,i(t) > an t—l>r-I|-11 pn,i(t) >0,
so the strong maximum principle (cf. Section 6.4.2]) implies that the function py, ;
attains a strictly positive minimum on (—1,1). Since p; is just a renormalization of p; up
to the addition of a linear function, the claim follows. O

As was pointed out in the introduction, this result has some interesting consequences
for Minkowski valuations that we will now touch upon, revisiting our discussion in Sec-
tion [2.4.2] Since p; is weakly positive, it is the density of the generating measure of some
Minkowski endomorphism ¥, Hence, if a Minkowski valuation ®; € MVal; is generated
by some body of revolution L € KC(R™), then, by (2.1.3) and (2.4.11)),

few, = fo, * pi = hr * gy = hgo) g,

and thus, £® is again generated by some body of revolution. More generally, we obtain
that all known examples of generating functions are preserved under the action of the
Lefschetz operators.

Corollary 2.5.10. Generating functions of the form (2.4.12)) are preserved under the
action of the Lefschetz operators.

Proof. Consider a Minkowski valuation ®; € M'Val; with a generating function of the form
(2.4.12), that is, fe, = hr + fy;. * pw, where L is a convex body of revolution, ¥ € MValy,

and 7 + 7 =n+ 1. Due to (2.1.3), (2.4.10)), and (2.5.2)),
fea, = hrx pi+ (fy, * pi) * o = by + anifyy,_, * pw,
faw, = ifo, = hir + fyg, % (pic1 % pw) = hir + bnifyg % Bgowt-0),

with some constants a,; and b, ;. Consequently, both fee, are fre, are again of the form

g1, 0

Lastly, the combined Lefschetz operators A o £ and £ o A act on Minkowski valuations
as a composition with Minkowski endomorphisms.

Corollary 2.5.11. Let 1 < i < n — 1. There exists ) € MVal; such that
ALD) =iV D od;  and  LAD;1) =i0D o b,

for every ®; € MVal; and ®;,1 € MVal,; ;.

Proof. Due to (2.1.3)) and (2.4.11)),

Tae) = ifea;, = ifo, * pi = frpos,:
fe(ad, 1) = fas, * pi = ifo, * pi = frpros,-

Since a Minkowski valuation is uniquely determined by its generating function, this proves
the corollary. O
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2 Lefschetz operators on convex valuations

2.6 Klain—Schneider functions of Minkowski valuations

In this final section, we discuss the connection between Klain—Schneider functions and
generating functions. For a smooth spherical valuation ¢ € Val?o’Sph, where 1 <i<n-—1,
we can express its Klain—Schneider function in terms of its generating function by

KS,(E,u) = (me,—ifo)(u), (E,u) € Fly i41, (2.6.1)

1

-1
(")
as can easily be deduced from ([2.2.1]), and is a special case of ([2.3.2]).

Now we turn to Minkowski valuations. For ® € MVal and v € S* !, we define a
valuation ¢V € Val by ¢”(K) = hex (v), generalizing its associated real valued valuation.
The Klain function of an even Minkowski valuation ® € MVal; can then be defined as a
continuous function on Gry, ; x St by

Klg(F,v) =Klpw(F),  F€Gr,,; wveS" .

For fixed F' € Gr,,;, the function Klg(F, -) is the support function of a convex body that
is invariant under all rotations stabilizing F', called the Klain body of ®. It was introduced
by Schuster and Wannerer and is given by 1/k;®(B" N F). Every even ® € MVal,
is uniquely determined by its Klain body.

In order to also encompass non-even Minkowski valuations, like the mean section op-
erators, we define the Klain—Schneider function of a Minkowski valuation & € MVal,

as
KSo((E,u),v) = KSuv (E,u), (E,u) € Fly iy, ve S

Then KSg is a continuous function on Fl,, ;41 x S"~! that determines ® uniquely. Moreover,
due to the rotationally equivariance of ®, we have that

KSe(V(E,u),9v) = KSe((E, u),v)

for every ¥ € SO(n). Since the group of rotations SO(n) acts transitively on Fl, ;11, this
implies that whenever we fix some (E,u) € Fl,, ;11, the function KS¢((E,u), -) € C(S*1)
already contains all the information of KSg. In this way, it also makes sense to consider
the Klain—Schneider function of ® as this continuous function on the unit sphere that is
invariant under all rotations stabilizing (E, u).

We consider some concrete examples. In , the Klain bodies of the projection body
maps and the even parts of the mean section operators were computed. Below, we compute
the respective Klain—Schneider functions (taking into account the odd part of the mean
section operators) in a very direct way.

Example 2.6.1. For 1 < i < n — 1, the i-th projection body map II; is even, and thus,
for every (FE,u) € Fl,, ;11 and v € S" 1,

1
KSm, ((E,u),v) = iKIHi(E Nut, v)

B 2;”((3" N(ENu) ) = %HUI(EL V).
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2 Lefschetz operators on convex valuations

Example 2.6.2. Let 1 <i<n—1and ¢+ j=n+ 1. For a subspace I/ € Gr,, ;41 and a
convex body K € K(E), an application of (2.3.5) shows that for v € S*~1,

2] K
[i1] [i11]

where MY denotes the centered mean section operator My relative to E. By (2.4.2),

>
~
=
S
=
(4
N—
I

WMy K, v) = [l E|| (M K, prgv),

h(ME K, prgv) = mii19 /Si(E) g2({prgv, w))SE (K, dw).

In conclusion, for every (E,u) € Fl, ;41 and v € S*71,

KSMj ((E7 u), U) = H%mi+1,2
1+

v|Ellg2((prgv, u)).

Next, we show that the Klain—Schneider function of a Minkowski valuation can be
expressed in terms of its generating function via some hemispherical transform. As
an application, we can describe how the Klain—Schneider function is transformed under
composition with Minkowski endomorphisms.

Theorem 2.6.3. Let 1 <i<n—1 and ® € MVal;. Then for (E,u) € Fl;, 41,

1
KS(I)((E7U), ) = (nj)\anifl(Eyu) * fq), (262)

i)
where Agn-i-1(p,) denotes the restriction of H L o HY 1B, u).

Proof. Suppose first that (the associated real valued valuation of) ® is smooth, and thus,

fa is smooth. Then ({2.6.1) yields for all ¥ € SO(n),

1
(m.(08)) (1) = = Lo ) )0

1
("
1 1

= 1 /Sn*l(ﬁfé)(w) AHn*ifl(E,u)(dw) = ﬁ(Aanifl(E,u) * f@)(ﬁen)-

("7 ("3)

To pass from the smooth to the general case, we follow the argument of the proof
of Theorem 6.5]. Let 75 € C*°(S"!) be a spherical approximate identity of zonal
functions. Then fg * 15 converges to fe in L'(S"7!) as § — 0. Moreover, the functions
fo * 15 generate Minkowski valuations ®() € MVal; and ®©) converges to ® uniformly
on compact subsets of C(R™). Thus, by continuity of the Klain—Schneider map, KSgs)
converges uniformly to KSg. 0

KSs((E,u),de,) =

Corollary 2.6.4. Let 1 < ¢ < n—1 and ® € MVal;. Then for every Minkowski
endomorphism ¥ and (E,u) € Fl,, j11,

KS@OQ((E,U), : ) = KS@(E,U), : ) * U . (2.6.3)
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2 Lefschetz operators on convex valuations

Proof. By combining (2.4.11)) and (2.6.2]),

1 1
KS‘IJO‘I)((Euu)v : ) = ﬁ)‘H"*ifl(E,u) * f\Ilofb = Tl))‘H"*ifl(E,u) * (f(b * ,U,\I;)

(") ("3
1

= ﬁO‘H"—i—l(E,u) * fo) * po = KSe((E,u), - ) * pw,

(")
and thus, we obtain ([2.6.3]). O

This corollary shows that composition with Minkowski endomorphisms acts on the
Klain—Schneider function of a Minkowski valuation in the same way as on its generating
function: by convolution with the corresponding generating measure from the right.
Consequently, the discussion of the structure of the space of generating functions in
Section also translates to Klain—Schneider functions of Minkowski valuations.

2.A The spherical convolution

We can identify S"~! with the homogeneous space SO(n)/SO(n — 1), where we denote by
SO(n —1) € SO(n) the the subgroup of rotations that stabilize the north pole e,. Due to
this identification, the convolution structure on the compact Lie group SO(n) naturally
induces a convolution structure on S*~!. For an in-depth exposition, we recommend the
article by Grinberg and Zhang and the book by Takeuchi ﬂ@

The convolution of some ¢ € C*(S"~!) and v € C~°°(S*~1)onal is defined by

((;5 * 7)(19671,) = <¢7197>S"—1 = <§_1¢’7>S"—1’ v e SO(n)

Since SO(n) operates transitively on the unit sphere and v is zonal, this is well-defined
and it turns out that ¢ xy € C°°(S"~!). Thus, we may define the convolution of spherical
distributions by

C—OO(Sn—l) % C—W(Sn—l)zonal N C—OO(STL—l) . (I/,’y) Uy
<¢’ Vo 7>S”_1 = <¢ *7, V>S”—17 ¢ € COO(Snil)

Clearly, the convolution product is linear in each of its arguments. Although its definition

is fundamentally asymmetrical (in that the right factor must always be zonal), it enjoys

the nice properties one might expect. For all distributions v € C°°(S"1) and 7, 1,72 €
C~®(Sn—1)yzenal e have the following:

o (Vxm) kY2 =1 (71 x72). (associativity

o Y1 XY = Yo %Y1 (commutativity

o Uk, =vand b, *xy =". (neutral element

o (Jv)xvy=1(v=*r) for all ¥ € SO(n). (SO(n)-equivariance

Next, note that by virtue of the chain of identifications , the definition above

also encompasses the convolution of continuous functions, Lebesgue integrable functions,

)
)
)
)
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2 Lefschetz operators on convex valuations

and signed measures. We want to note that the spherical convolution of two signed
measures is again a signed measure. Also, the convolution of a signed measure and an
LY(S"71) function is an L1(S"™!) function. In particular, identities such as are to
be understood in a weak sense, as an equality in the space L'(S"~1).

Moreover, the convolution of a signed measure and a continuous function is again a
continuous function that can be expressed by an integral representation. If f € C(S"~1)
and g € M(SP1)7omal then

(Fxm@e) = [ f@0) pldv), 9 €SOMm).

In the case where € M(S"™!) and f € C(S"—1h)7omal there is a unique function f €
C[—1,1] such that f(w) = f((en,w)) for all w € S*"!, and then,

(o f)(u) = F(u,0)) pldv),  weS"h

S§n—1

2.B Spherical Harmonics

As a general reference for this section, we cite the monograph by Groemer . Denote
by H} the space of spherical harmonics of dimension n > 3 and degree k£ > 0, that is,
harmonic, k-homogeneous polynomials, restricted to the unit sphere. These turn out to be
precisely the eigenspaces of the spherical Laplacian, that is, Agn-1Yy = —k(k +n — 2)Yj
for every Y, € Hj. Recall that Agn-1 is a second-order uniformly elliptic self-adjoint
differential operator that has compact resolvent and intertwines rotations. Consequently,
L?(S"1) decomposes into an orthogonal direct sum of the spaces HY, each of which is
finite dimensional and SO(n)-irreducible.

For each k > 0, the subspace of zonal spherical harmonics in H}! is of dimension one and
spanned by P['((en, -)), where P]' denotes the Legendre polynomial of dimension n > 3
and degree k > 0. It can be defined by Rodrigues’ formula, which states that

Pr(t) = (—1)’6%;((711@(1 _ ) (i)k (1= 2)" 4k, (2.B.1)

The orthogonal projection 7y from L?(S"~!) onto the subspace HY is given by

dim Hk

7rk¢— ¢*Pk (<€n’ >)7 ¢€L2(Sn_1)‘

As a convolution transform, 7, extends to a map from C~°°(S"~!) onto H}, and for every
distribution v € C~°°(S"~!), its formal Fourier series > 72, mv, also called its spherical
harmonic expansion, converges to v in the weak sense. Moreover, if v € C~%°(Sn—1)zonal
then

y = Zd‘m”k PAIPE (ens ),
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2 Lefschetz operators on convex valuations

where a}l[y] = (P}'({(én, -)),7)sn-1. The Funk-Hecke Theorem states that the convolution
product of two distributions v € C~°(S"™1) and v € C~>°(S"~1)%nal hag the spherical
harmonic expansion

o0
vk = Z ag [y|mgv.
k=0

That is, the convolution transform v — v+ acts as a multiple of the identity on each space
H} of spherical harmonics. The Fourier coefficients a![y] are thus also called multipliers.

If v is defined by some L'(S"~!) function, then the multipliers can be computed using
cylindrical coordinates on the sphere: If g : (—1,1) — R is measurable and (1 — t2)nT_3g(t)
is integrable on (—1,1), then g({e,, - )) € L*(S"~1)7"al and

arlg({en, )] = wn-1 /(_1 ) Pr(t)(1 — 2)"T g(t)dt. (2.B.2)

For convenience, we use the convention a[g] = a}'[g((en, - ))].
Finally, we prove Lemma m which is a refinement of Lemma 3.6]. To that end,
we need the following technical integration by parts lemma.

Lemma 2.B.1 (|27, Lemma 3.3]). Let o > 0 and let g € D'(—1,1) be such that (1 —
t2)2¢/(t) is a finite signed measure on (—1,1). Then g is a locally integrable function

and (1 — tZ)TQg(t) € LY(—1,1). Moreover, whenever v € C*(—1,1) such that both (1 —
tz)_aT_Qz//(t) and (1 — t2)24)(t) are bounded, then

[ wgan=- [ voga (2..3)
(=1,1)

(71’1)

Proof of Lemma[2.5.4. By Lemma we have that (1 — t2)nTigg(t) € L'(-1,1). Com-
bining (2.B.2) with identity (2.B.3) in the instance where ¢ = P;'*? yields

1 n+21 1 / n-+2 221
S = [ R0 - )

= (=) [ PR )T g0 = Tl

where in the second equality, we also employed Rodrigues’ formula (2.B.1)). Since (n —
1Dwn41 = 2mwy,—1, this yields (2.5.8). O

Wn—1

2.C Proof of Proposition [2.3.2

For the proof of Item we express the Radon type transform ﬁk,k,l in terms of an actual
Radon transform of some weighted spherical projections. To that end, if £ C F C R" are
nested subspaces, we denote by ’R'g,m and Wg*m the m-weighted spherical projection and

lifting relative to F'. Moreover, if F' € Gr,, ; and ' € Grik_l, then for all f € C(SF=1(F))

/ Flu)du = / / F(0)(u, 0)*2dv du, (2.C.1)
Sk—1(F) Sk—2(B) JH(F;E,u)
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2 Lefschetz operators on convex valuations

where H'(F; B, u) = {v € S*"1(F) \ E* : prpv = u} (cf. , (3.3)])

Lemma 2.C.1. Let 1 <k <n. Then for all ( € C(Fl, 1) and (E,u) € Fl,, 1,

Risrdl(E,w) = 2L [ pnC(F D P (202)

Proof. First, we parametrize the Grassmann manifold Gr]rEm“1 through setting F' = (E'N
ut) Vw for F € GrEm“1 and w € S"*Y(EL v u). This yields

~ 1
(Ris1C](E,u) = / C(BV w, pr u)dw
Wn—k+2 JSP—k+1(ELvu)

1
= / / C(EV v, pr,ou)(w,v)" *dv dw
Wn—k4+2 JSP—k(EL) JHY(ELVu; B+ w)

1

= / / C(EVw,pr,ou)(u, prvLU>”_kdv dw,
Wn—k4+2 JSP—k(EL) JS (uvw)nwt

where the second equality is an application of (2.C.1) relative to the space E+ V u and
in the final equality, we simply rewrote the inner integral. Next, observe that for every
vector w € S"F(E1) and function f € C(S'(u vV w)),

/ f(pryiu)dv = / f(v)dv = / f()dv,
St{uvw)Nwt St(uvw)Nut HY(EVw;FE,u)

as follows from applying a change of variables with respect to a rotation by 7/2 in the
plane u V w. Applying this to f(v) = ((E V w,v)(u,v)"* yields

~ 1
(R p—1C](E, u) = / / C(EV w,v){u,v)" *dv dw
Wn—k+2 JS—k(EL) JH (EVw;E,u)

e 22 / / C(F, ) {u,v)"*dy dF,
Wn—k+2 J Gl JHY(F;E,u)

where in the second equality, we applied the parametrization F = E V w with F' € Grfi i
and w € S"F(EL). O

We will need the fact that weighted spherical projections map linear functions to linear
functions, which was shown in [47].

Lemma 2.C.2 (|47, Lemma 2.3]). Let 1 <k <n, E € Gr,, and m > —k. Then for all
u € S" ! and v € SFTHE),

Wn+m+1
Wk+m+1

[TEm(u, )](v) = (u,v). (2.C.3)
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2 Lefschetz operators on convex valuations

Proof of Proposition[2.3.4[0)} Let ¢ € C(Fl,;) and denote by z : Gr,p — R" the
continuous function with the property that «f ((F, -) = (2(F), -) for F € Gr,x. By

combining (2.C.2) and (2.C.3)), we have that for all (E,u) € Fl,, 1,

LRy e (B ) =/Grn I easale(F), )

B 1
= Inki3 / (2(F), u)dF = “n=k+3 / / (u,v)dv dF,
Wn—k+2 JGrl ) Wn—k+2 Wk JGr7 JSk=1(

Note that whenever F' € Grnk, then [7TE1<U W) = (u,v) for all v € S¥72(E) and
v € SF71(F), and thus,

Lo cEowde= [ R )rEs (. )@y
H(F)

Sk—1(F)
= [ EEACE Dl v},
Sk—2(E)

By changing the order of integration, we obtain that

(Rl (B, u) = Zokpinckss - [ / 75 AC(F, )(W)AF (u,v)dv
sk=2(E) JGrE

n k+2
1 / (k— 1)
= [ RipadEo) oo = [RGB,
Wr—1 Jsk—2(g)"
which concludes the argument. O

Similar as for ﬁrk,k—la we can express the Radon type transform 7~€k,k+1 in terms of an
actual Radon transform and the 1-weighted spherical lifting. More precisely, if 1 < k < n,
then for all ¢ € C(Fl,, ) and (E,u) € Fl,, p41,

RSBy = [ wECE () dF. (2.0.4)

n,k

which is immediate from the definition. Now we prove Item of Proposition m
Proof of Proposition[2.3.9[(ii)} Let ¢ € C(Fl,x) and (E,u) € Fl,, j11. Then by (2.C.4)

and a change of order of integration,

! Ex
W1 /G B /Sk(E)[ﬂ-F’lC(F’ . )](v)(u,@dv dF
T Wk /Gr B /Sk " v)[rg (u, )] (v)dv dF

i / C(F,v){u,v)dv dF,
Wk42 WE+1 JGrP | JSk—1(F)

[W§k+1>7~3k,k+1C](E7U) =
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2 Lefschetz operators on convex valuations
where the final equality is due to li Note that for every F' € Grfi s

L[ Ry vdy = (7R ) = WE P OF, ().
Wg JSE=1(F)

Plugging this into the expression above and applying (2.C.4]) again, we obtain

B w w *
(" R o1 G (B ) = %—k/ BN OF, )(u) dF
k+2 Wk+1 JGr)

ko = k
= k—_H[RchHWi >C](E»U)a

which concludes the argument.
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3 The Klain approach to zonal valuations

3.1 Introduction

A waluation on the space K(R™) of convex bodies (that is, convex, compact subsets) of
R™ where n > 3, is a map ¢ : K(R™) — R satisfying

P(K) + (L) = (K UL)+ @K NL)

whenever K, L € K(R") and K U L is convex. We denote by Val(R™) the space of con-
tinuous, translation-invariant valuations on R™. Valuations in Val(R™) play a central role
in convex and integral geometry, appearing naturally in a wide range of applications (see
the monographs ) Notable examples include the intrinsic volumes — fundamental
geometric quantities that encode information about the size and shape of convex bodies,
such as volume, surface area, and mean width — and, more generally, mixed volumes.

Among the most celebrated results in valuation theory is Hadwiger’s characterization of
rigid motion invariant valuations in terms of intrinsic volumes. This foundational theorem
has sparked a long and ongoing line of research (see, e.g., ) Below, we
state it in a homogeneous form: for the subspaces Val;(R") C Val(R") of valuations that
are homogeneous of degree i € {0,...,n} (that is, p(AK) = Np(K) for all A > 0).

Theorem 3.1.1 ([52]). For 0 < i < n, a valuation ¢ € Val;(R™) is rotation invariant if
and only if it is a constant multiple of the i-th intrinsic volume.

Theorem was originally proved without assuming homogeneity. However, by
McMullen’s homogeneous decomposition theorem [86], the space Val(R") is the direct
sum of the spaces Val;(R") for i € {0,...,n}. Since Valy(R™) consists only of constant
valuations and Val, (R™) is spanned by the volume functional V, , the problem reduces
to understanding the intermediate degrees, 1 <i <n — 1.

Classification theorems, such as Theorem [3.1.1] reveal the underlying geometric struc-
ture of valuations, providing conceptual proofs of central integral geometric formulas,
such as the classical Crofton, Cauchy—Kubota, and kinematic formulas (see, e.g., )
Motivated by this, recent efforts have focused on classification theorems for valuations in-
variant under different linear groups (see, e.g., [3[10,[15-19/[22/[23,/42/[79/[104]). One of these
is the subgroup SO(n — 1) of SO(n): the stabilizer of the n-th canonical basis vector e,,.
Valuations invariant under SO(n—1), called zonal, appear naturally in the study of convex-

body valued (Minkowski) valuations (see, e.g., [1}27,[36l/50,/601[75,[7678|/87,[88]/99,[102,[103])

and possess similarities to rigid motion invariant valuations on convex functions (see, e.g.,

(311135165, 67))-
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3 The Klain approach to zonal valuations

Recently in [68], a full characterization of zonal valuations in Val(R") was obtained
using the following function spaces: We set D = C[—1,1] and for a > 0, we define D* as
the class of functions f € C'(—1,1) such that

- e - a—2
li 1-s%)2 = d 1 / t)(1 —¢*)"2 dt exists and is finite.
si}rillf(s)( s7)2 =0 an Jim ; f)( ) 2 dt exists and is finite

Knoerr’s main result in is the following Hadwiger-type theorem for zonal valuations,
which gives an improper integral representation in terms of the i-th order area measure
Si(K, - ) of a convex body K € K(R™) (cf. [96, Ch. 4]). In the following, a function on
S"~1 is called zonal if it is invariant under SO(n — 1).

Theorem 3.1.2 ([68]). For 1 <i<n—1, a valuation ¢ € Val;(R") is zonal if and only
if there exists a function f = f({e,, -)) € C(S" 1\ {%e,}) with f € D"~ such that

¢(K) = lim f(u) dS;(K,u), K € K(R"), (3.1.1)
e—0Tt Sn=1\U,
where Uz = {u € S : |(en,u)| > 1 —¢}. Moreover, f is unique up to the addition of a
zonal linear function.

Here, we denote by (-, -) the standard Euclidean inner product on R". For degrees
1 < i < n—1, Theorem [3.1.2] is obtained by approximation from an earlier result of
Schuster and Wannerer for smooth valuations (see Section . Fori=n-—1,itis
an immediate consequence of a classical result by McMullen and the principal value
is in fact a proper integral.

Inspired by the Hadwiger type theorem for convex functions with Monge-Ampeére mea-
sures , our first main result is an analogue of Theorem where the role of the i-th
area measure is replaced by the mixed area measure

Sy(K,D, ) = S(KH pr—i=1l .y,
see , Sec. 5.1], where D denotes the (n — 1)-dimensional unit disk in e;- and LV) denotes
the tuple consisting of j copies of the body L.

Theorem 3.A. For 1 <i<mn—1, avaluation ¢ € Val;(R") is zonal if and only if there
exists a zonal function g € C(S™™1) such that

oK) = /Sn_lg(u) dSi(K,D,u), K € K(RY). (3.1.2)

Moreover, g is unique up to the addition of a zonal linear function.

This integral representation has certain benefits. In contrast to , the integral is
always proper and the corresponding class of integral kernels is simpler, depending neither
on the dimension nor the degree. Moreover, the values of a zonal valuation ¢ on cones with
axis e, determine the integral kernel g (up to linear maps), and therefore, the valuation
itself. As a further consequence, we can easily express convergence of zonal valuations as
uniform convergence of the integral kernels (see Section .
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3 The Klain approach to zonal valuations

The Klain approach. To establish Theorem we follow the approach of Klain [61],
who provided a significantly simpler proof of Hadwiger’s classical Theorem [3.1.1} At the
core of Klain’s approach lies the following characterization of valuations vanishing on
all hyperplanes, also known as simple valuations. Here and throughout, we say that a
valuation vanishes on a subspace F if it vanishes on all convex bodies K C E.

Theorem 3.1.3 ([61,/95]). A valuation ¢ € Val(R") vanishes on all hyperplanes if and
only if there exist a constant ¢ € R and an odd function f € C(S™™1) such that

oK) = Vi (K) + /Sn_l F)dSp_1(K,u), K € K(RY).

Let us point out that Theorem is due to Klain for even valuations and
due to Schneider for odd valuations. Denoting by Gri(R"™) the Grassmannian of k-
dimensional linear subspaces of R", a simple corollary of Theorem [3.1.3] can be formulated
as follows.

Corollary 3.1.4. Let 0 <i < n—1 and ¢ € Val;(R"). If ¢ vanishes on all subspaces
E € Gri11(R™), then ¢ = 0.

Recently, Klain’s approach was employed by Colesanti, Ludwig, and Mussnig in to
give a new and simpler proof of their previously established Hadwiger-type theorem for
valuations on convex functions . To adapt Klain’s method to our context, we require
an analogue of Theorem for zonal valuations.

Theorem 3.B. A zonal valuation ¢ € Val(R™) vanishes on some hyperplane containing
en if and only if there exist a constant ¢ € R and a zonal function f € C(S*1) vanishing
on S"" 1 Net such that

Q(K) = VoK) + [ f(u)dSua(Kou), K € K(R"). (3.1.3)

Let us note that a zonal valuation that vanishes on one hyperplane containing e,
must already vanish on all such hyperplanes. In a similar way to Theorem Theo-
rem [3.B]implies that every i-homogeneous valuation is already determined by its restriction
to a single (i + 1)-dimensional subspace.

Corollary 3.C. Let 0 <i < n —1 and ¢ € Val;(R") be zonal. If ¢ vanishes on some
subspace E € Gr;11(R™) containing ey, then ¢ = 0.

As will be demonstrated later, Corollary [3.C|proves extremely helpful in showing integral
geometric formulas for SO(n — 1)-invariant quantities.

Another important step in Klain’s approach is the extension of valuations from proper
subspaces. In the setting of rigid motion invariant valuations, where only intrinsic volumes
appear, this is trivial: the restriction of the ¢-th intrinsic volume to an ¢-dimensional
subspace is exactly the volume on that subspace. In general, the problem of extending
valuations is more delicate (see, e.g., ) In fact, for zonal valuations this is not always
possible; a difficulty that also arises in the functional setting . For smooth valuations,
however, we can always extend the integral representations that naturally emerge from
Klain’s approach.
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3 The Klain approach to zonal valuations

Theorem 3.D. Let 1 < i <n—1and E € Gr;11(R") be such that e, € E. Then for
every zonal function fgz € C™(SU(E)), there exists a zonal function f € C*(S"~!) such
that

(u) dSi (K, u) = /S oy B ASEw), K € ()

Here, S/(E) = S"'NE and by SF(K, -) we denote the i-th order area measure of K C E
relative to £ € Gr;11(R™). The Hadwiger-type theorem for smooth, zonal valuations of
[103] is now a direct consequence of Corollary and Theorem [3.D| (see Section .
Let us point out that our proof does not rely on any deep results from representation
theory such as the irreducibility theorem .

S§n—1

Moving between representations. In order to deduce the general Hadwiger-type
theorems (for continuous valuations) from the statement for smooth valuations, it is
crucial to understand how to move between the integral representations ({3.1.1)) and (3.1.2)).
Indeed, in Section we define a map T),_;_1 that transforms the integral kernel from
one representation to the other. In order to show that this is in fact the right transform, by
Corollary it suffices to check that the corresponding integral representations coincide
on some subspace containing e,,.

These restrictions can be made explicit by certain maps m,—;—1 and m,—;—1 p, derived
from the mixed spherical projections, which were recently introduced by the authors in
to describe the relations between (mixed) area measures of lower dimensional bodies
in different ambient spaces (see Section.

pnr—i—1 Tn;‘71 C[—l, 1]
anij?\\y l(//;:1,/—7571,]@
C[-1,1]

Figure 3.1

Once all the elements are in place, it is easy to check that the diagram in Fig. 3.1
commutes. By Corollary we can thus move between the different representations for
zonal valuations via the transform 7;,_;_1.

Furthermore, using the simpler description of convergence of zonal valuations in terms
of the integral representation , and the fact that every continuous zonal function
trivially defines a valuation in this way, we obtain Theorem [3.A] by a simple approximation
argument. Having established Theorem [3:A] we can use the diagram of Fig. [3.1] to recover
Theorem without further difficulty.

Applications Just as their counterparts for rigid motion invariant valuations, Theo-
rems [3.A] and [3.B] have various applications to integral geometry that we will now discuss.
First, we show the following additive kinematic formula for SO(n — 1), extending a recent
result by Hug, Mussnig, and Ulivelli Thm. 1.5] from the even to the general case.
Throughout, we denote by k,, the volume of the m-dimensional unit ball in R™.
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3 The Klain approach to zonal valuations
Theorem 3.E. Let 1 < j<n—1 and g € C(S"!) be zonal. For all K,L € K(R"),

/ / g(w) dS;(K + 0L, D, u) do
SO(n—1) JSn—1

1 j j (3.1.4)
= > / / q(u,v) dS;(K,D,u)dS;_;(L,D,v),

0 VA Snfl Sn—1

where g = g((en, -)) and q(u,v) = max{(en, u), (en, v) tg(min{{en, u), (en, v)}).

In [55], the statement is derived for even g from an additive kinematic formula for
convex functions. As the functional setting is related to the even geometrical setting (see
Remark 3.3.10|h, this leads to an additional symmetry assumption. Here, as the left-hand

side of (3.1.4) is a zonal valuation, Theorem yields (3.1.4)) for an unknown integral
kernel ¢, depending a priori on ¢ and j. The map ¢ can then be easily determined by

plugging in cones with axis e,,.
In a similar way, we can recover the following Kubota-type formula from Thm. 3.2]:
For1<i<n-—1, K€ K[R"), and f € C(S"1),

Ri—1

/ / F(u)dSE (K| E,u) dE = (W) dSi_1 (K, D,u).  (3.L5)
Gri (R™ e JSi—1(E)

Kp—1JSn—1

where integration on Gr;(R",e,) = {E € Gr;(R") : e, € E} is with respect to the unique
rotation invariant probability measure and K|E denotes the orthogonal projection of K
onto F/. From , in turn, we can retrieve the following Crofton-type formula. Here, we
denote by AGr;(R") the affine j-Grassmannian, endowed with the rigid motion invariant
measure, normalized so that the set of j-flats intersecting the unit ball has measure x,,—j,
and by hr(u) = max{(u,z) : x € L} the support function of L € IC(R").

Corollary 3.F. Let 1 < j<n—1. If K € K(R") is origin-symmetric, then
[ halen) dE = an VKI5, DIY), (3.1.6)
AGI‘j(R")

TJKjKn—j
(n—j+1)k 160"

where a, ; = G0

Our primary interest in (3.1.6)) stems from the fact that the expression on the left-hand
side coincides with the support function of the mean section body of K. Indeed, the j-th
mean section operator M; : L(R") — IC(R™) is defined by

hMjK(u):/AG OB () wes L (3.1.7)
rj

These operators were introduced by Goodey and Weil , motivated by the question
whether every convex body can be reconstructed from the mean of random sections. They
gave a positive answer to this question by finding an integral representation of M; using
the Berg functions g; € C*°(—1,1), j > 2. The functions g; were constructed by Berg
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in his solution to the Christoffel problem so that for every dimension n > 2 and
K € K(R"),

hic st (1) = /Sn_lgn«u, v dSi(K,v), uwest (3.1.8)
where s(K) denotes the Steiner point of K (cf. [96, p. 50]). Interestingly enough, the
integral representation of M; of type (3.1.1)) arises by lifting Berg’s functions to the unit
sphere in different dimensions.

Theorem 3.1.5 ([4547]). Let 2 < j < n. Then for every K € K(R™),

g acscp(@) = eny [ gi((w o) dSu (K0, wes™l (319)

S JRjkn—j
where ¢, ; = CESES T

Let us note that the case j = 2 of Theorem was settled in |45], while the cases
2 < j < n were deduced from this more recently in [47]. The proofs in rely on
heavy tools from harmonic analysis. Applying our Corollary [3.C| we can give a new,
shorter proof of the results in using the case j = 2 from .

Corollary 3.G. Theorem[3.1.5 holds for all 2 < j < n.

Organization of the article. In Section we introduce the transform 7,,_;, 1 and
examine restrictions of integral representations; in there, we establish the commuting
diagram above and Theorem [3.D] In Section[3.3] we prove Theorem [3.B]and the subsequent
corollary. Section [3.4]is devoted to the Hadwiger type theorems for zonal valuations; using
our findings from the previous sections, we show Theorem [3.1.2]and Theorem [3.A] Finally,
in Section [3.5, we discuss the applications to integral geometry and the mean section
operators.

3.2 Moving between integral representations

In this section, we investigate how we can move between different integral representations
of zonal valuations in Val;(R™) — in terms of the i-th area measure and the mixed area
measure with the disk — and how to restrict to and extend from an (i + 1)-dimensional
subspace containing e,. For 1 <i < n — 1 and zonal functions f,g € C(S*~!), we define
zonal valuations ¢; r,1; 4 € Val;(R") by

pis(K) = [ f@dSK.w)  and i) = [ g(u)dS(K.D.u)
for K € IC(R™). We want to find a transform T;,_;_; with the property that ¢; f = 14,
whenever T,,_;_1 f = g, where f = f({en, -)) and g = §({en, -)). We will evaluate ¢; ; and
;4 on a certain family of cones to see how T},_;_1 needs to be defined. Then, we show
that this transform ensures that ¢;  and ;4 also coincide on subspaces E € Gri+1(R™)
containing e,.
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3.2.1 Evaluation on cones

For s € [-1,1]\ {0}, we denote by Cj the cone with basis D and apex Y1=5>¢,,, that is,

Cs = conv(]]]) U {men}) .

S

Observe that C_g = —C4; for s > 0, the cone Cjs is pointing “up”, for s < 0, it is pointing
“down”. As s — 0, the height of C; tends to infinity, and C'"_; = C; = ID. Moreover, the
support function of Cj is given by

1 — (en,u)?, sgn(s){en,u) <|s|, 4
h = e S
et {V<u> sen(s)(ea,u) > s,

S

Evaluating ¢; y on the cones Uy boils down to computing their area measures. This has
been done recently in Lemma 2.2].

Lemma 3.2.1 ([68]). Let1 <i <n—1and f = f((en,-)) € C(S*1). Fors € [-1,1]\{0},

01y (C) = ko ( (1= 52)

5]

n—i—1 —

f(s)+(n—i—1) sgns/_ssgns fa - t2)"§3dt>.

Next, we evaluate the valuation 1); ; on the family Cs.

Lemma 3.2.2. Let 1 <i<n—1and g = g({en, -)) € C(S*1). For s e [-1,1]\ {0},

_ 1_
)i g(Cs) = Kp—1 (g(— sgns) + ’S’g(s)) : (3.2.1)
Proof. First, note that C_; = —Cj, and thus, the case when s < 0 can easily be deduced
from the case when s > 0. Therefore, we will now restrict ourselves to the case when
s > 0. For degree i = n—1, we deduce (3.2.1]) from the classical facts that the surface area
measure S, _1(Cs, -) is the area of the reverse spherical image of Cs and that it integrates
all linear functions to zero (cf. Section 4.2].
For degrees 1 < i < n — 1, note that for A\ > 0, the body ACs + D is a truncated cone
with basis (A + 1) which is cut off at a unit disk of radius one. That is,
ACs +D = (A +1)C5 \ (Cs + Y2=22¢,)) U (D + =2y,

s

Hence, by the valuation property and the translation invariance of the surface area mea-
sure, we have that

Sn—l(/\cs +D, - ) = Sn—l(()‘ =+ 1)087 ’ ) - Sn—l(cs: . ) + Sn—l(]D)a : )
Subsequently, applying (3.2.1]) for degree n — 1, we obtain that

Uno1gOCs +B) = oy (A 1D = ) (51 + 29(9)) + (-1 +5(1)):

86



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 The Klain approach to zonal valuations

Moreover, by the multilinearity of the surface area measure (cf. [96] p. 280]),

n—1 o ]
@Z}nfl,g()\cs ‘|‘]D)) - Z <n . 1) )\Zwi,g(C’s).

i=0 v
By a comparison of coefficients, we obtain (3.2.1)) for degrees 1 <i <n — 1. O

Note that (3.2.1) allows us to extract the function g easily from the valuation ;.
To pursue this further, for 1 < ¢ < n — 1 and ¢ € Val;(R"), we define a function
Jo : [—1,1] = R by

1 S(QP(D) - SD(CS))7 s € [_170)7
36(5) i= —— 4 HpD +[0,ea)) — o(D)), 5=0, (3.2.2)
! 890(08)7 s € (O, 1].

It is initially unclear whether g, is continuous at s = 0. This will be ensured by the
following elementary lemma; it was shown in Proposition 4.4], but we also provide a
proof for the convenience of the reader. Here and in the following, we denote by B the
unit ball in R and by ||¢| := sup{|¢(K)|: K C B} the Banach norm on Val(R").

Lemma 3.2.3 ([68]). Let 1 < i < n—1 and ¢ € Val;(R"). Then g, € C[-1,1] and
lGolloo < M;||pll, where M; > 0 is a constant depending only on i.

Proof. Observe that for s € (0, \%2), the cone Cs has height strictly larger than one, so
making a cut at height one splits it into two parts. The upper part is the cone a;Cs + e,
and the lower part is the truncated cone Z; = conv(D U (asD + e,)), where we defined

as =1—s/v/1—s2. That is,
ZsU (asCs + e,) = Cs and Zs N (asCs + ep) = asD + ey,.

Hence, by the valuation property, translation invariance, and homogeneity of ¢,

° °(¢(Z) - p(asD)).

= T (C) — el = T

s¢(Cs)

First, note that if we pass to the limit s — 0T, then as; — 1, and by L’Hoépital’s rule,
s/(1 —al) — 1/i. Moreover Z4 converges to the cylinder Zg = D + [0, e,], so by the
continuity of ¢, the right hand side converges to +(p(Zo)—¢(D)). Repeating this argument
for s € (—%, 0) yields the first claim.

For the second claim, note that for s € (0, %), the term s/(1 — a') is bounded by some
number M/ > 0. Thus,

50(C)| < M{(l(Ze)| + lp(asD) ) < M/(V2' + 1) g,

due to the fact that a;D C B and Zs C Zp C v/2B. If s € [%, 1], then Cy C B, and thus,

|so(Cs)| < ||¢]|- Repeating this argument for s € [—1,0) yields the second claim. O
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3 The Klain approach to zonal valuations

Note that the lemma above does not require the valuation ¢ to be zonal. For the
converse estimate on zonal valuations, let 1 <i <n — 1 and g € C(S" ') be zonal. For
every K € KC(R™) such that K C B,

Vi g(K) = /Sn_1 g(u) dS;(K,D,u) < /

Sn—

= nV (KU, D" B)glloe < Vi (B)llglloos

dSiK,]D),u 00
dSi(K,D,u) |lg| 523)

which shows that ||¢; 4| < nkpl/gleo. From Theorem we will obtain that every
zonal valuation ¢ € Val;(R") is of the form ¢ = ; 4, where we can choose g to be
9 = go({en, -)). From this, we will deduce that zonal valuations are determined on cones,
and that convergence in the Banach norm is equivalent to uniform convergence of the

corresponding integral kernels (see Section [3.4.2)).

3.2.2 Restricting to subspaces

Now we investigate how the integral representations of ¢; y and 1); 4 behave when restricted
to subspaces containing e,. In the following, for E' € Gry(R") and u € S¥71(F), we define
the relatively open (n — k)-dimensional half-sphere generated by E+ and u as

H" (B, u) = {v e S" "\ E*: (v|B)/|[v|E| = u}
= {v e S"*EL vu): (u,v) > 0}.

Here, B+ Vu = span(E+Uu) denotes the subspace generated by E+ and . When dealing
with mixed area measures of lower dimensional bodies, a key tool will be provided by the
mixed spherical projections and liftings that were introduced recently by the authors .

Definition 3.2.4 (25, Definition 2.3]). Let 1 < k < n and E € Gri(R"). Also, let
Ciy...,Chr € K(R") and set C = (C4,...,Cp_). The C-mized spherical projection is
the bounded linear operator 7g¢ : C(S*1) — C(SF1(E)),

(mpchw = [ f@dSTVCIE V), ueST(E),
H»—k(E,u)

We call its adjoint operator 7 ¢ M(SFYE)) — M(S"1) the C-mized spherical lifting.

That is, for u € M(SF=1(E)) and f € C(S"1),

[ ratiem= [ mnerdn

Skfl(E)

Here, we used the abbreviation C|E" = (C1|E’,...,C,_k|E’). Moreover, in the case
when €1 = -+ = C,_, = C, we will write 7pc = g c. In , the authors established
the following theorem, expressing the mixed area measure of a lower dimensional body in
terms of its surface area measure relative to a subspace.
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3 The Klain approach to zonal valuations

Theorem 3.2.5 (|25, Theorem B|). Let 1 < i < n—1 and E € Griy1(R"). Also, let
C=(C1,...,Cn_i_1) be a family of convex bodies with C? support functions. Then for all
K € K(E),

. 1
S(KM,C, . ) = WWE’CSZE(K, . ) (324)
i
In the instance where the reference bodies C4,...,C,_;_1 are Euclidean balls, this

coincides with a particular case of a result by Goodey, Kiderlen, and Weil (see The-
orem 6.2]). In order to compute the B-mixed and D-mixed spherical projection of zonal
functions, we will need spherical cylinder coordinates: For every f € C[—1,1],

fllen,u)) du = w,_y /11 f)( - t2)nT_3 dt,

S§n—1

where wy, denotes the surface area of the unit sphere in R™ (cf. [49} p. 9]). In the following,
we also define w,, := QW%/F(%) for a > 0.

Lemma 3.2.6. Let_l <i<n-—1and E € Gri;1(R™) be such thalf en € E. Then for
every function f = f({en, -)) € C(S" 1), we have mppf = (Tn—i—18f)((en, -)), where we
define for a > 0,

a—2

_ 1 _
(na,ﬂf)(s)zwa/o Fst)(1 = 2)dt,  se(~1,1).

Proof. By definition of the mixed spherical projection,

(e = [ Flewoldo= [ s o),
Hn—z—l(E’u) Hn_’_l(E,u)
where dv denotes the spherical Lebesgue measure on S**~'(E V u') and the second
equality is due to the fact that {e,,v) = {e,|(E+Vu),v) = (e,,u){u,v). Applying spherical
cylinder coordinates in S*~*~1(EL v u) then yields the desired identity. O

Next, we want to do the same for 7 p. However, the disk D does not have a C? support
function, so we can not apply Theorem directly. By an approximation argument, we
can obtain the required formula as a corollary of Theorem [3.2.5] For this, we recall the
classical Portmanteau theorem.

Theorem 3.2.7 (|64, Theorem 13.16]). Let uy, p be finite positive measures on a compact
metric space X. Then the following are equivalent:

(a) pur — p weakly.

(b) For every f € C(X), we have limy_,o [y fdur = [y fdp.

(¢) For every bounded, measurable function f on X such that its discontinuity points

are a set of p-measure zero, limy_o [y fdur = [y fdp.
Corollary 3.2.8. Let 1 <i<n—1 and E € Gri11(R") be such that E € e;-. Then for
al K € K(E),
, . 1
S(EW, DIy = ——org p SP(K, ). (3.2.5)

"7
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3 The Klain approach to zonal valuations

Proof. Take a sequence of convex bodies D, € K(R") with C? support functions, converg-
ing to D in the Hausdorff metric. By Theorem for every f € C(S"1),

; n—i— 1
[ S s D) = o [ ) ) dSE (. w)

7

We want to pass to the limit £ — co on both sides. On the left hand side, as mixed area
measures are weakly continuous,

[ @ asat o=y o [ ) as(,p = w),

Srn— Sn=

Next we want to establish pointwise convergence of 7g p, f to mgpf. To this end, we first
show that for all u € S'(E),

SE-Vu(D|(EL v u), S EL vu)n EY) = 0.

n

We consider the surface area measure SE . | (D|F, -) on the unit sphere S*~*~1(F) of
F = E* Vv u, and distinguish two cases. If e, ¢ F, then D|F is a smooth convex body
in F', so Sff_i_l(]D)\F , - ) is absolutely continuous with respect to the spherical Lebesgue
measure. If e, € F, then D|F is a disk in F, and thus, SI . |(D|F, -) is concentrated on
the two points e, and —e,. In either case, the set S'(F) N E+, which is a great sphere of
S!(F) containing neither e, nor —e,, is a null set of S’ . |(D|F, -).

Consequently, by the definition of the mixed spherical projection, Theorem [3.2.7], and
the fact that the set S *"1(E+ v u) N E+ contains all possible discontinuity points of
lgn—i-1(g,u)f, we obtain that (75 p, f)(u) = (7gpf)(u) for all u € S(E). By dominated
convergence,

| e D@ dsE(E ) = [ (ronf)w) dSE(K, ),
Si(E) SY(E)

which yields the desired identity. O

Remark 3.2.9. Note that the proof of Corollary works verbatim if the disk D is
replaced by any smooth convex body in e:.

We also want to comment on the condition that £ ¢ el. Since we mainly consider
restrictions so subspaces containing e,, this is not an obstacle to our purposes. However,
we want to point out that the condition is necessary. Indeed, if E C et, then for all
K € K(E),

SO, DI, = PV (0 6.
(2
This follows by polarization from the fact that S,_1(C, - ) = V,-1(C) (e, + d—e,) for
every convex body C' € K(e}). This also exemplifies that the regularity condition in
Theorem [3.2.5] can not be dropped completely.

Next, we prove the analogue of Lemma for the disk. For this, we need the following
formula of the surface area measure of smooth convex bodies of revolution. It is an easy
consequence of the proof of Lemma 5.3].
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3 The Klain approach to zonal valuations

Lemma 3.2.10 ([88]). Let L € K(R™) be a convez body of revolution with support function
hr =n({en, -)) € C*(S"1). Then

dSn—1(L,u) = (A1n)((en, u))">(A2n) ({en, u))du, (3.2.6)

where (A1n)(t) = n(t) — tn'(t) and (Azn)(t) = (1 - %)y’ n(t) —tn'(t).

"(t) +
Lemma 3.2.11. Let 0 < i <n—1 and E € Gri11(R") be such that e, € E. Then for
every f = f({en, -)) € C(S" 1), we have that Tppf = (Tn—i—1nf)({en, - )), where we
define for a > 0,

(ran ) =wall =) [ F)(1 =) F0 - 2P, se (-1

Proof. By definition of the mixed spherical projection, for all u € S*(E),

(el = [, Ten ) dSE X4 DIE V) v).

Note that for all v € S*""~1(EL v u), we have that for s = (e,,u),

hp)(ELvu) (V) = hp (v|(E*+ V u)) = hp(v \/1 — (én,v \/1 — s2(u,v)?,
since (e, v) = {(en|(E+Vu),v) = (e, u){u,v). Consequently, the projected disk D|(E+Vu)

is a smooth body of revolution in E V u with axis of revolution u. Its support function is
given by hpjgryyy = 1s((u, ), where 15(t) = v/1 — s*2. Direct computation shows that

Aims(t) = (1— 52272 and  Aans(t) = (1 — s%)(1 — s22) 2.

Therefore, by (3.2.6), we obtain that

n—i+1

(meof)w) = (1= [ sl e))(1 - 5w o)) F o,
n=i=1(Eu)

Applying spherical cylinder coordinates in S*~*~!(E+ Vv u) then yields the desired identity.
O
3.2.3 The commuting diagram

Comparing the expressions for ¢; r(Cs) found in Lemma and for v; 4(Cy) found in
Lemma [3:2.2] motivates the following definition of a family of integral transforms.

Definition 3.2.12. Let o > 0 and f € C(—1,1). We define T f := f and for o > 0,

T f(s) = (1— )% f(s +as/f (1 — )T dt,  se(-1,1).
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3 The Klain approach to zonal valuations

Note that integrating on (0, s) instead of (—1,s) alters the outcome only by a linear
function, however this domain of integration turns out to be convenient in later computa-
tions. We will prove that if ¢; y = 1; 4, then g must be related to f (up to the addition of
linear functions) via the transform 7, _;_;.

Next, as we have defined the transform 7,,_; 1 and computed the B-mixed and D-
mixed spherical projections of zonal functions, we can show that the diagram in Fig. [3.]
commutes. This will ensure that whenever § = T,_;_1 f, then the valuations @i r and
1; g agree on subspaces E € Gr;41(R™) containing e,. We require the following technical
lemma.

Lemma 3.2.13. For all « > 0 and z,t € (—1,1),

t a+2 a—2 (1 — 3:‘2)_%|t2 - Jf2|%
1-s%) "2 |2 =32 ds = . 3.2.7
[ =t 2 - ) s S (3:2.)

Proof. Fix the parameters a@ > 0 and ¢ € (—1,1) and observe that the right hand side

of (3.2.7) defines a continuous function of x € (—1,1) that vanishes at = = ¢ and is

differentiable on (—1, 1)\ {t}. Differentiating the right hand side at = € (—1,1)\ {t} yields
d (1—22)"2|t2 — 2?2

a+2 a—2
@ = —x(1 — 222 |2 — 277
dx a(l —1t2) 2l =7 & |

Hence, by the fundamental theorem of calculus, we obtain (3.2.7]). O
Lemma 3.2.14. Let o > 0 and f € C(—1,1). Then ﬂaJD)Taf: Wa’]}gf.

Proof. Define a function g € C(—1,1) by g := T, f, that is,
— s _ a—
§(5) = (1= )5 f(s) +as [ J@)1-a)*Fde,  se(-L1),
0
By a change of variables, we have that

1 o o—
ma2d(t) =wall = ) [ glst)(1 = $2) " (1= )T ds
0

t [e3 o —
=2 [ gle)(1 - )T - D) s
0

Next, inserting one integral expression into the other and changing the order of integration
yields

/tS/s F@)(1 —2)Tde (1 — %) (12 — s2) " ds
o Jo
t t
:/ f(:v)(l_xZ)aT_Q/ 3(1—82)_%“@2—82)&7_2@ du
0 T
1 t

" a(l-2) /o f(x)l _1x2 (t* = o?) 2 da,
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3 The Klain approach to zonal valuations

where the final equality is due to (3.2.7). Consequently, we obtain that

Tang(t ~ o 1/ f(a 1—x2 (( _$2)%+(1_t2)(t2_$2)“7_2> dx
taal/o F@) (2 = 2?7 do = manf(t),

where the final equality is again due to a change of variables. O

The uniqueness of the respective integral kernels in Theorem and Theorem
will be deduced from the following.

Proposition 3.2.15. For a > 0, the maps mop and mop are injective and map linear
functions to linear functions.

Proof. First observe that the map m,p is an instance of the R, transform defined in
Section which are all injective by Proposition [3.A.4] Similarly, the map 7, p, as a
composmon of an R, transform and two maps of the form f = (1=t2)Pf(t), is injective.

Clearly, 7, g maps linear functions to linear functions. A direct computation shows that

T,, maps the function f (t) :=t to itself, so Lemma |3.2.14| yields that 7, p also maps linear
functions to linear functions. O

Lemma 3.2.16. Let 1 <i<n—1and f,g € C(S* 1) be zonal.
(i) If @i s =0, then f is a zonal linear function.
(i) If i g =0, then g is a zonal linear function.

Proof. Statement |(i)| follows immediately from Theorem [3.2.5] Lemma the unique-
ness result in Theorem and Proposition [3.2.15] Similarly, statement follows
immediately from Corollary [3.2.8, Lemma [3.2.11] the uniqueness result in Theorem [3.3.5

and Proposition [3.2.15] O

3.2.4 Extending from subspaces

Next, for E € Gr;;1(R™) containing e,,, we show that a zonal valuation cpffE on E always
extends to a zonal valuation ¢; r on R", provided that fg is smooth; this is the content of
Theorem For the proof, we need the following basic lemma. We denote by C*°[—1, 1]
the space of C[—1, 1] functions that are infinitely differentiable on (—1, 1) and also posses
all (one-sided) higher order derivatives at +1.

Lemma 3.2.17. Let f = f(len, -)) : 8™ = R be zonal. Then f € C(S" 1) if and only
if feC®[-1,1].

Proof. We can parametrize the unit sphere by u = (cosf)e, + (sin#)v with § € R and
v € S"%(er). Then f(u) = f(cos®), which shows that f € C°°(S"~1) if and only if

n

f(cosf) is a smooth function of . If f € C>°[—1,1], then f(cosf) is a smooth function of
0 by the chain rule.
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3 The Klain approach to zonal valuations

Conversely, suppose that f(cos#) is a smooth function of §. Then clearly f € C*° (—1,1),
and it remains to show the existence of all higher order derivatives at 1. Since f(cos0)
is an even, smooth function, there is a smooth function f such that f(cosf) = f(6?).
Similarly, there is a smooth function § such that cos @ = §(62). By L’Hopital’s rule,

§(6%) — G(0) cosf — 1 1

2001 — 1o € i _ =

7(0) 60 62 s 02 2 70,

so there exists some neighborhood of zero where ¢ is invertible and its inverse is also
smooth. Hence, if ¢ is close to 1, then f(t) = f((arccost)?) = f(G~'(t)), so by the chain
rule f € C*°(—1,1]. The argument for f € C*>°[—1,1) is analogous. O

Theorem [3:D] is now an easy consequence of what we have shown so far and our study
of integral transforms in Section

Proof of Theorem[3.D. Due to Theorem [3.2.5] proving the theorem corresponds to finding
a zonal function f € C*°(S"~!) such that

fe= (,il)?TE,Bf-

(2

Writing f = f({en, -)) and fg = fz({en, -)), by Lemmas [3.2.6/and [3.2.17} this is equivalent
to finding a function f € C*°[—1,1] such that

_ 1 Wi _
Je = Wﬁn—i—l,ﬁf = ﬁRlv%Hf’
; :
where R, is the transform defined in Section [3.A} According to Proposition [3.A.7] such
a function fp € C*°[—1,1] exists, concluding the argument. O

7

3.3 The Klain—Schneider theorem for zonal valuations

In this section we establish Theorem [3.B] the zonal analogue of the classical Klain—
Schneider theorem and centerpiece of the Klain approach. The main step in the proof
is to eliminate the (n — 2)-homogeneous component, which is subsumed in the following
theorem.

Theorem 3.3.1. Let ¢ € Val,,_o(R") be zonal. If ¢ vanishes on some hyperplane H €
Grp—1(R™) such that e, € H, then ¢ = 0.

We will prove this theorem by induction on the dimension n > 3; the three-dimensional
case will be the induction base.
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3 The Klain approach to zonal valuations

3.3.1 The three-dimensional case

First, we consider Theorem [3.3.1] in three dimensions. To this end, we prove the one-
homogeneous instance of Theorem [3.A] using our computation of the area measures of
cones.

Proposition 3.3.2. For every zonal valuation ¢ € Valy(R"), there exists a zonal function
g € C(S™1) such that

oK) = /Sn_l g(w) dSi(K,D,u), K € K(R™). (3.3.1)

Proof. Take g to be g = g,({(en, -)), where g, is defined as in (3.2.2)). Due to Lemma
the function ¢ is continuous on S*~!, and by (3.2.1)), the valuations ¢ and ;.4 coincide

on the family of cones Cs for s € [—1,1] \ {0}.

Next, observe that the valuation property implies that ¢ and 1; ; coincide on truncated
cones and subsequently, on all bodies of revolution with axis e, that have a polytopal
cross-section by two-dimensional planes containing e,. By continuity, ¢ and v; 4 agree on
all bodies of revolution with axis e,.

For a general body K € K(R"), we define a body of revolution K € K(R™) by

hoe() = /SO( » hie (0~ L) di = /SO( | hawla) 40, e R,

where integration is with respect to the unique invariant probability measure on SO(n—1).
Hence, by the invariance, Minkowski additivity, and continuity of the valuations ¢ and

¢z‘,97

P = [ K) a0 = o) =g B) = [

)ﬂ%,g(ﬁK) dd = ;i 4(K).
This shows that ¢ = v; 4, which concludes the argument. O

Lemma 3.3.3. Let ¢ € Val;(R3) be zonal. If ¢ vanishes on some plane E € Gra(R?)
such that ez € E, then ¢ = 0.

Proof. By Proposition ¢ admits an integral representation (3.3.1)) with some zonal
function g = g({es, -)) € C(S?). Suppose now that ¢ vanishes on a plane E € Gra(R?)
containing es. Then Corollary and Lemma [3.2.11) imply that for all K € IC(F),

L (m108) (ea,u) dSF (K, ) = 2(k) =0,
s1(E)

and thus, 71 pg is a linear function. Hence, by Proposition [3.2.15 g is a linear function,
and subsequently ¢ = 0. O
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3 The Klain approach to zonal valuations

3.3.2 The induction step

Now we pass from three dimensions to general dimensions. One of the main ideas is to
show that the valuation in question vanishes on certain orthogonal sums of convex bodies.
First, we need the following easy lemma. Recall that we globally assumed the dimension
to be n > 3.

Lemma 3.3.4. Let £ : R™ — R be such that its restriction to ef; and to each hyperplane
containing e, is a linear function. Then £ is a linear function.

Proof. By assumption, we find ¢ € e;- such that /| el = (x0, -) and for every hyperplane
H containing e,,, we find x5 € H such that | = (zp, ). Asn > 3, we have e;- N H # {0}
and we can consider /|,y to deduce that

Ppaxg = PHﬂe#‘TO = PHﬂe#xH = Pe#xH,

where Pg denotes the orthogonal projection onto a subspace £ C R” and we used the fact
that Pyn.1 = PyP,. = P,1 Py. Next, by plugging e, into ¢, we see that {(e,) = (zn, en)

e
for each hyperplane H containing e,. Consequently,

xg = {(TH,en)en + Pe%@g = {l(en)en + Prxo = Py (L(en)en + xo),

and we conclude that the linear function (¢(ey)e, + g, - ) coincides with ¢ on every
hyperplane H containing e,, and thus, everywhere. ]

For the next lemma, we require the following classical result of McMullen.

Theorem 3.3.5 ([86]). For every valuation ¢ € Val,_1(R™), there exists a function
f € C(S"1) such that

P(K) = /S fdS,a(K,), K € KR,
Moreover, [ is unique up to the addition of a linear function.
Lemma 3.3.6. Let ¢ € Val,,_1(R") and suppose that

o(K+1)=0  foral K € K(H) and I € K(H")

1
n

Proof. By Theorem m there exists a function f € C(S"™1) such that

whenever H = e;; or H is a hyperplane containing e,. Then ¢ = 0.

oK)= | fw)dS,a(K.u), K € KR
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3 The Klain approach to zonal valuations

E

Figure 3.2: We extend the orthogonal sum H = E' @& F’, where
Pye, € E', to an orthogonal sum R" = E @ F'.

Let now H be some hyperplane such that o(K +1) =0 for all K € K(H) and I € K(H™).
Since K +1 is a cylinder over K, its boundary splits naturally, and thus, so does its surface
area measure, yielding

0=p(K+1I)= . (u) dSp—1(K + I,u)
Vot (K)(F(w) + F(-w) + A [ f() St (K ),
n Q(H)

where w € S"7! is such that H = w*. By choosing I = {0}, we see that f(w)+ f(—w) = 0.
By choosing I # {0}, we see that the final integral expression vanishes for all K € KC(H),
and thus, the restriction f’sn72( ) 18 linear.

Finally, let £ : R® — R denote the one-homogeneous extension of f to R™, that is,
((0) = 0 and £(z) = ||| f(x/||z||) for z # 0. Lemma[3.3.4]shows that ¢ is a linear function

on R”, so f is a linear function on S*~!, and thus, ¢ = 0. O

We are now ready to prove Theorem [3.3.1

Proof of Theorem [3.3.11 We prove the theorem by induction on the dimension n > 3. The
three-dimensional case is precisely the content of Lemma [3.3.3]

For the induction step, let n > 3 and take some zonal ¢ € Val,_5(R") that vanishes
on some, and thus, on every hyperplane H € Gr,_1(R") containing e,,. Consider a proper
orthogonal sum R" = E&® F, where e, € E. We claim that o(K+ L) =0 for all K € K(F)
and L € K(F). To show this, observe that for fixed K, the map ¢(K + -) defines
a continuous and rigid motion invariant valuation on F. According to Theorem [3.1.1]
it must be a linear combination of intrinsic volumes. Since ¢(K + - ) is also a simple
valuation on F', it is a multiple of volg, the only simple intrinsic volume on F. That
is, there exists some map g : KL(E) — R such that ¢(K + L) = g(K)volg(L) for all
K € K(FE) and L € K(F). Fixing the body L reveals that ¢ g is a continuous, translation
invariant, and zonal valuation on E. Moreover, ¥g is homogeneous of degree dim £ — 2
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3 The Klain approach to zonal valuations

and vanishes on all hyperplanes of F containing e,. By induction hypothesis, g = 0,
and thus, o(K + L) =0 for all K € K(E) and L € K(F).

Next, we want to show that ¢ vanishes on every hyperplane H € Gr,_1(R"). If e,, € H,
then this is due to our assumption on ; for H = eﬁ, this is due to the previous step.
Otherwise, consider a proper orthogonal sum H = E’ @ F’, where Pge, € E’' and Py
denotes the orthogonal projection onto H. Note that for every x € F’,

<x76n> - <PH$7€n> = <$7 PH6n> =0,

hence F’ C e;-. Consequently, if we define £ = span(E’ U {e,}) and F = F’, we obtain
the proper orthogonal sum R" = E @ F' (see Fig. . Since B’ C E, the previous step
implies that ¢(K + L) = 0 for all K € K(E') and L € IC(F'). Therefore, the restriction
©|mr meets the requirements of Lemma m so ¢|g = 0. This shows that the valuation
¢ is simple, so Theorem implies that ¢ = 0, concluding the proof. O

As we have announced at the beginning of this section, the main part in the proof of
Theorem is to eliminate the (n —2)-homogeneous component. Now that we have dealt
with this case, it remains to handle the other homogeneous cases and reduce the general
case to these.

Lemma 3.3.7. If a valuation ¢ € Val(R"™) vanishes on a subspace E C R", then so do
all of its homogeneous components.

Proof. Suppose that ¢ € Val(R"™) vanishes on the subspace E C R™ and let ¢ = ¢o +
-+ + ¢, denote its homogeneous decomposition. Then for K € K£(FE) and A > 0,

n n

0=0pAK) =) @i(AK) =Y Npi(K).

=0 =0

By comparison of coefficients, we see that the homogeneous components of ¢ vanish on
E. O]

We can now finally prove Theorem

Proof of Theorem [3.B, It is easy to see that every zonal valuation ¢ € Val(R") of the
form vanishes on all hyperplanes containing e,. Conversely, take a zonal valuation
¢ € Val(R") and suppose that it vanishes on some hyperplane H containing e,. Letting
© = o+ -+, denote its homogeneous decomposition, each component ¢; € Val;(R") is
again zonal and vanishes on H. In particular, ¢; vanishes on all subspaces E € Gr,,_2(R"),
so according to Corollary [3.1.4] all homogeneous components but ¢, _2, ¢,—1, and ¢, must
vanish.

By Theorem @n—2 = 0. Due to Theorem and Hadwiger’s classification of n-
homogeneous valuations , the valuation ¢ is thus of the form for some constant
c € R and function g € C(S"~!) which must clearly be zonal. In order to see that g(u) = 0
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3 The Klain approach to zonal valuations

for u € S""! Ne;, we evaluate ¢ on the body K = BNu'’, where B denotes the Euclidean
unit ball, which yields

0= (1) = [ 9(v) dSu-a(K.v) = raca(9(w) + g(~)

As g is zonal, this shows that g vanishes on "1 Ne;b. O

Note that the assumption of ¢ being zonal cannot be dropped in Theorem For
instance, consider the valuation ¢ € Val,_o(R™) defined by

) = /S( T dS,(Kletu), K € K(RY),

for some odd function f € C(S" 2(e;t)). Then ¢ vanishes on all hyperplanes containing e,
but it is not of the form . This raises the question of how to characterize valuations
in Val(R™) that vanish on all hyperplanes containing e,.

In the case of even valuations, however, it turns out that the assumption of SO(n — 1)-
invariance can be dropped and the proof is a simple application of the following corollary
of Theorem

Corollary 3.3.8. Let 0 < i < n—1 and ¢ € Val;(R") be even. If ¢ vanishes on all
subspaces E € Gr;(R™), then ¢ = 0.

Proposition 3.3.9. An even wvaluation ¢ € Val(R™) wvanishes on all hyperplanes con-
taining e, if and only if there exist a constant ¢ € R and an even function f € C(S"71)
vanishing on S*~' N e such that

o(K) = cV,(K) + ) f(u)dSp—1(K,u), K € KL(R"). (3.3.2)

Sn—=
Proof. As every subspace of dimension less or equal n — 2 is contained in a hyperplane
containing e, by Corollary [3.3.8] the proof reduces to considering valuations of degree

n and n — 1. The claim then follows directly from Hadwiger’s characterization of n-
homogeneous valuations and Theoremm O

Remark 3.3.10. In the Klain—Schneider type theorem in the functional setting, The-
orem 1.2], the valuations are merely assumed to be epi-translation invariant. It might seem
that this is somehow more general than Theorem [3.B]since there is no additional rotational
invariance imposed. However, it turns out that from Proposition [3.3.9]and the correspon-
dence between the functional and the even geometrical setting (see Section 3]), one
can deduce Theorem 1.2]. This will be discussed in more detail in future work.

Like the classical Klain—Schneider theorem, Theorem [3.B] entails that zonal valuations
are determined by certain restrictions; this is the content of Corollary
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3 The Klain approach to zonal valuations

Proof of Corollary[3.0, For degree i = n— 1, the statement is trivial. For degrees 1 <i <
n — 1, we prove the claim by induction on the dimension n > 3. For dimension n = 3 and
degree ¢ = 1, this is precisely the content of Lemma [3.3.3

For the induction step, let n > 3 and 1 < i < n—1. Take a zonal valuation ¢ € Val;(R")
that vanishes on some subspace E € Gr;;1(R™) containing e,. Choose a hyperplane
H € Gr,—1(R") such that H O E. Then ¢|g is a zonal valuation on H and by the
induction hypothesis, ¢|g = 0. Consequently, ¢ meets the requirements of Theorem [3.B
so due to its homogeneity, ¢ = 0. O

As a consequence of Corollary [3.C] and the commuting diagram in Fig. we obtain
that the transform T),_;_1 allows us to move between integral representations as expected.

Corollary 3.3.11. Let 1 <i<n—1and f = flens ), 9 = g({en, -)) € C(S™7Y). If
g="Thi1f, then ©; f = ;4.

Proof. Consider a subspace E € Gr;y1(R") containing e,. By Theorem and
Lemma |3.2.6

pur) = oy [ (i en ) dSE o), K € K(B)

i
Similarly, by Corollary and Lemma [3.2.11

a0 = Gy [ (ramic109)(fen ) dSPUS ), K € K(E)

i

Since g = Tn_i_lf, Lemma yields Wn,i,l,]gf = Tp—i—1,0g, SO the valuations ¢; r
and 1; 4 coincide on E. Hence, Corollary implies that ¢; r = 1; 4. O

3.4 Hadwiger type theorems for zonal valuations

In this section, we establish several integral representations for zonal valuations using the
Klain approach. First, we recover a Hadwiger type theorem for smooth, zonal valuations
by Schuster and Wannerer . From this we deduce Theorem and, finally, we also
obtain Theorem [3.1.2

3.4.1 Smooth Valuations

Recall that the space Val(R") is a Banach space, when endowed with the norm ||| =
sup{|¢(K)| : K C B}. Moreover, there is a natural representation of the group GL(n) on
this space: For ¢ € Val(R") and ¢ € GL(n), we set

(0 9)(K) = p(07H(K)), K eK(R".

A valuation ¢ € Val(R") is called smooth if the map GL(n) — Val(R") : § — 9 - ¢ is
infinitely differentiable.

For (n — 1)-homogeneous smooth valuations, we have the following integral representa-
tion. It is a corollary of the classical Theorem by McMullen [86].
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Corollary 3.4.1 ([86]). For every smooth valuation ¢ € Val,_1(R™), there exists a
function f € C®(S"™1) such that

oK)= | fu)dS,a(Ku), K e KR

Moreover, [ is unique up to the addition of a linear function.

The fact that f € C°°(S"!) whenever ¢ is smooth can be easily obtained in a similar
fashion as in the proof of McMullen for the continuity of f. By combining this with
Corollary and Theorem we recover the following Hadwiger type theorem about
smooth, zonal valuations by Schuster and Wannerer [103].

Theorem 3.4.2 (|103]). Let 1 < i < n — 1. Then for every smooth, zonal valuation
¢ € Val;(R"), there exists a zonal function f € C°°(S"™1) such that

e(K)= [ fndSi(K.u), K eKE. (3.4.1)

Moreover, [ is unique up to the addition of a zonal linear function.

Proof. The uniqueness of f follows from Lemma

For i = n — 1, we apply Corollary to obtain integral representation with a
function f € C*°(S"~!). Since ¢ is zonal, so is f.

For i < n — 1, choose some subspace E € Gr;41(R") such that e, € E and consider
the restriction ¢|g € Val;(E). Then ¢|g, as a valuation on F, is smooth (with respect to
the natural representation of GL(E)) and zonal. Therefore, by the first part of the proof,
there exists a zonal function fr € C*°(S'(FE)) such that

P = [ fo(0)dSE(K.), K € K(E).
S(E)
By Theoremm there exists a zonal function f € C*°(S"~!) such that
oK) = /S ) dSi(K.du), K € K(B).

Observe now that the right hand side defines a valuation ¢ € Val;(R™) which agrees with
¢ on E. According to Corollary this already implies that ¢ = @, yielding the desired
integral representation. O

3.4.2 Continuous valuations

We now turn to the Hadwiger type theorems for continuous zonal valuations that we have
presented in the introduction: Theorem [3.A] involving mixed area measures with the disk
and Theorem [3.1.2] involving the classical area measures. First, we obtain Theorem
by an approximation argument from Theorem [3:4.2] This requires the following lemma
which can be proved using a standard convolution argument.
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Lemma 3.4.3. Let 1 <i < n—1. Then for every zonal valuation ¢ € Val;(R™), there
exists a sequence of smooth, zonal valuations in Val;(R™) converging to ¢ in the Banach
norm.

Proof of Theorem [3.A] The uniqueness of g follows from Lemma [3.2.16

For the existence, by Lemma [3.4.3] we may choose a family of smooth, zonal valuations
©* € Val;(R") converging to ¢ in the Banach norm as k& — co. By Theorem m
there exist zonal functions fr = fr((en, - )) € C°°(S"1) such that o* = ;. If we let
Gk := Tp_i_1fr, then gx = gp({en, -)) € C(S™1) and Corollaryyields OF = Yi g, -

Modifying each gi by a linear function, if necessary, by the uniqueness part above and
Lemma the functions g form a Cauchy sequence in C[—1,1], so by completeness,
they converge uniformly to some function g € C[—1, 1] as k — oo. If we set g := g({en, -)),
then

p(K) = lim ¢"(K) = lim ¢4, (K) = ¢iy(K), K€ K(R").
k—o00 k—00

Thus ¢ = 1; 4, which concludes the argument. O

As was already indicated in the introduction, we obtain the following two corollaries as

a direct consequence of Theorem [3.A] Lemma and (3.2.3)).

Corollary 3.4.4. Let 1 < i < n—1 and ¢ € Val;(R") be zonal. If o(Cs) = 0 for all
s € [-1,1]\ {0}, then ¢ = 0.

Corollary 3.4.5. Let 1 < i < n—1 and ¢* ¢ € Val;(R") be zonal for k € N, and let
gk, g € C(S™Y) be as in (3.1.2). Then o — ¢ in the Banch norm if and only if there
exist constants aj, € R such that g + a{en, - ) — g uniformly on S*~1.

Next, we want to recover Theorem One key step of the proof is to extend the
definition of ¢; ; from continuous f € C[-1,1] to f € D"~ and to extend Corol-
lary [3:3.11] about moving between the different integral representations. For this, we need
the following classical result by Firey [40].

Theorem 3.4.6 () Let 1 < i <n—1. Then there exists a constant A,; > 0 such
that for all K € K(R™), v € S, and € > 0,

n—i—1
2.

Si(K,{ue S (u,v) >1—¢}) < A, ;(diam K)'e

Proposition 3.4.7. Let 1 < i <n—1, f € D"\, and f = f({en, -)). Then f €
C(S" 1\ {£en}) and there exists a zonal valuation ¢; 5 € Val;(R™) such that

e—=0t Jsn—1\U,

where Uy = {u € S" 7 : |{en,u)] > 1 —¢}.
Moreover, if § = Tt 1, then g = g({en, -)) € OE"™) and grg = iy,
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Proof. The idea is to obtain the statement by approximation and Corollary [3.3.11] To
this end, take a family of bump functions 7. € C[—1, 1], ¢ > 0, such that

Ne(s) =1 for |s| <1—¢, ne(s) =0 for [s| > 1 -5, and 0<n <1.

For € > 0, we define f. = 7. f € C[—1,1]. We also define g. = T,,_;_1f- and g = T,,_;_1 f,
and observe that g.,g € C[—1,1]. We denote the respective zonal extensions of these
functions to the unit sphere by 7., f-, g-,g € C(S"~1).

According to Corollary we have that ¢; p. = 1) 4 for all € > 0, and due to
Lemma the functions g. converge to ¢ uniformly on S ! as ¢ — 0%. Hence, by

Corollary

lim gy, (K) = lim g, (K) = ig(K), K € KR,
e—0t e—0t

Consequently, it remains to show that for every given K € IC(R™), the principal value

integral in the statement of the proposition exists and agrees with the limit of ¢; . (K) as

e — 07. To this end, observe that

@i 1. (K) — /

FaSiK. ) = [ nef S, )+ [ npdsi ),
Sn=1\Ue U; U;

where UF = {u € S"! : +{e,,u) > 1 — ¢} are spherical caps around the individual
poles. Since U is connected, by the mean value theorem for integrals, there exists some
te(1—-¢,1-5)such that

[ nepdsi, ) = f0) [ nedsi(, ).
Ue Ue
Consequently, using Theorem [3.4.6] we can estimate that

’/U: nef dSi(K, .)‘ = \f(t)!/UE+ 0 dSi(K, - ) < |f ()| Si(K, U

n—i—1 n—

< Ay i(diam K)|f(t)]e 2 <2

n—i—1

Api(diam K)'|f(£)|(1 —3) =,

—1

i
2

where the final inequality uses that § <1—-¢<1— t2. Since f € D"~ the final term
tends to zero as e — 07. The argument on U is completely analogous. As we have
pointed out before, this concludes the argument. ]

For our later applications, we also note the following immediate consequence of Propo-
sition [3.4.7 and the commuting diagram in Fig. 3.1}

Corollary 3.4.8. Let 1 <i<n—1, f € D" and f = f({en, -)). Then for every
subspace E € Gr;41(R™) with e, € F,

puf) = [ (sl (Gen ) AP (), K € K(E).
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We are now ready to prove Theorem (3.1.2

Proof of Theorem[3.1.3 Let ¢ € Val;(R") be zonal. By Theorem [3.A] there exists a zonal
function g = g((en, - )) € C(S"7!) such that p = v; 4. According to Proposition
there exists some f € D" ! such that § = T},_;_1f. Due to Proposition the
function f = f ({én, - )) then provides the desired improper integral representation.

For the uniqueness, suppose that ¢ = 0. Then Theorem implies that g is a linear
function. According to Proposition the transform 7T, ;1 is injective, and direct
computation shows that it maps linear functions to linear functions. Hence, f is a linear
function. O

3.5 Applications

3.5.1 Integral geometric formulas

In the following, we apply the Hadwiger type Theorem [3.A] for zonal valuations, and more
specifically, the determination by their values on cones (see Section , to prove some
integral geometric formulas. First, we establish the additive kinematic formula in
Theorem B.E]

Proof of Theorem[3.F]. For convenience, we define functionals ¢ and ¢; as follows.

oK, L) = — / / g(u) dS;(K + 9L, D, u) do,
Kn—1 JSO(n—1) JSn—1
1

lf.L) = [ [ qu.0)dS,(K, D) dS;i(L. D),
an_l S§n—1 J§n—1

where q(u,v) = q({en, u), (en,v)) and ¢(s,t) = max{s,t}g(min{s,t}). Observe that ¢ is a
translation-invariant, continuous, and zonal valuation in both of its arguments. The same
is true for ¢;, which is also homogeneous in each argument; that is, ¢;( -, L) € Val;(R™)
and ¢;(K, -) € Val;_;(R"). Thus, by Corollaryand the homogeneous decomposition
theorem by McMullen [86], it suffices to show that for all s,¢ € [—-1,1] \ {0} and A\, u > 0,

J

P(ACy.iCr) =Y @ N ~ipi(Cy, C). (3.5.1)
=0

First, we consider the case where both cones are pointing in the same direction. To this
end, let 0 < s < t. Then the Minkowski sum ACs + puCy is the cone (A 4 u)Cy, truncated
and glued together with a translate of uCy (see Fig. . More precisely,

ACs + uCi = (A + p)Cs \ (uCs + A1=e,)) U (uCy + A 1=e,).
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0<s<t t<0<s
Figure 3.3: The Minkowski sum ACy + uCy.

From ({3.2.1)), the valuation property, homogeneity, and translation invariance of 1; , (see
the definition at the beginning of Section [3.2)), the left hand side of (3.5.1]) becomes

P(ACs, uCy) = L(@Z)j,g((A + 1) Cs) = g (uCs) + 1 4 (uCy))

Rn—1
= (A +p) =) <g(_1) + 9(38)) + (g(—l) + g(f))

For the right hand side, applying again (3.2.1)),

(j(—l,t) + (j(l,t)

6(_17_1)+6(17_1)+ t 0 i =0,
i(s,—1)  q(—1,8) als.t
0i(Cs ) = § g(—1,—1)+ L= L ALY a8 gy
S t st
q 7_1 — q 71 . .
a1, 1)+ 0270 gy ©D

Plugging in the definition of ¢ in terms of g, one readily verifies . If0 <t <s, the
argument is analogous.

Next, we consider the case where the two cones have opposite orientations. To this end,
let t <0 < s. Then the Minkowski sum ACs + uCy consists of two truncated cones glued
together (see Fig. [3.3)). More precisely,

ACs 4 Gy = (A4 1)Cs \ (uCs + AA=2e,)) U (uD + AVA=e,)
U (A +p)Ci \ (G + L)) U (AD + p¥1=2e,).

Hence, similarly as before, the left hand side of (3.5.1) amounts to

POCLHC) = (0 = )2 4 4750) + (4 =3 H o+ Nig(-1),
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For the right hand side, applying (3.2.1),
q(—1,1 q(1,t
q( ) a(1,t)

6(_171) +C.7(171) + ) ? Oa
t] 2]
(s, 1) G(—1,t)  q(s,t o
0i(Cs, Cy) = 3 q(—1,1) + as1) | al ) 4t ), 0<i<j,
s ] s|t|
q(s, 1 _ q(s,—1 . .
a1+ 820 g s 2D

Plugging in the definition of ¢ in terms of g, one readily verifies (3.5.1)). If s < 0 < ¢,
the argument is analogous. Thus, we have shown (3.5.1) for all s,¢ € [-1,1] \ {0} and
A, v > 0, which concludes the proof. ]

Note that the choice of the function ¢ in the proof of Theorem is far from unique.
In fact, one can add any function of the form ¢ (s)t+ sga(t) +c- st, where g1, g2 € C[—1,1]
and c € R.

We now turn to the Kubota-type formula (3.1.5). First, we prove a version of this
formula involving intrinsic volumes of projections.

Theorem 3.5.1. Let 1 <i<n—1. Then for all K € K(R"),

NKi—1

/ Vi(K|E)dE = V(K pin=i), (3.5.2)
Gr;(R™,ep)

Z./fn—l

Proof. Observe that both sides define zonal valuations in Val;(R™). Therefore, according
to Corollary [3:4.4] it suffices to show the identity on the family Cy of cones for s €

[—1,1] \ {0}. According to (3.2.1)), for 1 <i <mn,

VDt = L [ b wds(clitp,u) -
Sn—

n

Fn—1 V1 — 52

no s
Clearly, the orthogonal projection of Cs onto E € Gr;(R",e,) is precisely the cone with
base DN E and apex ¥ 1—s” €n, SO

s

Ri—1V 1-— 82

ilsl

/ Vi(Ci|E) dE =

Gr;(R™,en)

Hence, (3.5.2)) holds for all C, which, by Corollary concludes the proof. O]
By a classical polarization argument, we obtain from (3.5.2) that for all functions f €

C(S™ 1) and convex bodies K1, ..., K;_1 € K(R"),

/ / f(u)dSE(K,|E, ..., K; 1|E,u)dE
Gr;(R™,ep) JS—1(E)

_ Bl (w) dS(K1, . .., K1, D= y).

RKp—1 JSn—1
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3 The Klain approach to zonal valuations

This is the formulation of the Kubota-type formula in , Theorem 3.2]. In particular,
by setting K1 = --- = K;_1 = K, we obtain .

Next, we want to deduce the Crofton-type formula . To this end, we recall
the following formula about integration over affine Grassmannians. If 1 < 57 < n and
F € AGri(R™) is some fixed affine subspace, where n — j < k < n, then for every
measurable function £ : AGrjy gy, (F) — [0,00),

/A o oy SEN ) = Withoni1¥nt1 ¢(E)dE. (3.5.3)
rj(R”

Wi+1Wk+1 /AGrj+kn(F)

This follows from the uniqueness of the invariant measure on AGr;,_p(F), where the
multiplicative constant can be computed from the classical Crofton formula (see, e.g.,
p. 481]). We require the following integral identity.

Lemma 3.5.2. Let 1 < j <mn and £ : AGr;_1(R") — [0,00) be measurable. Then

/ /f(Eﬂ(e#then))dtdE:M/ E(E+z)dxdE.
AGrj(R”) R Wj+1wn Grjfl(e#) EL

Proof. As an instance of (3.5.3), with k =n — 1 and F = e + te,,

M/ E(EN (e + ten)) dE = ¢(E)dE
WjiWn+1 JAGr;(R™) AGr;_1 (e +ten)

- E+ten)db = / E+y+te,)dydE,
‘/AGrjl(erJf) g( ) Grjfl(e,%;) El(erjf) 5( Y ) Y

where the final equality is by the uniqueness of the invariant measure on AGr;j_1(e;;) and
EL(en) denotes the orthogonal complement of E relative to e;-. Hence,

/ / E(EN (ef +tey))dtdE
AGrj(R”) R

. ijn+1/ / / E
= +y +te,) dt dy dE
Gl‘jfl(e,,ll) El(e%‘-) Rg( y ) y

Wji+1Wn

:M/ §(E + z)dz dE,
Grj_1(ef) JEL

Wji+1Wn
where we applied Fubini’s theorem. ]

Proof of Corollary[3.F]. First, note that for every convex body C' € K(R"),
he(en) + ho(—en) = Vi(Clspan en) = / Vo(C'N (e + tey)) dt.
R

Consequently, since K is origin symmetric, we have that

1
/ hxne(en) dE = — (hknge(en) + hxne(—e)) dE
AGr;(R") 2 JAGr;(rR7)
! /Vo(KmEﬁ(e#—irten))dtdE.
2 JAGr;(rR™) JR

107



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 The Klain approach to zonal valuations

Applying Lemma to £(E) := Vp(K N E) yields

L 1
Wj+1n / hiom(en) dE = - / Vo(K N (E +2)) dzdE
AGI‘j(Rn) Grjfl(e,,{‘) EL

WjWn4+1 2
1 1
== Voo jt1(K|EY)dE = ~ Vo—j+1(K|E) dE.
2 JGrjoa(ed) 2 JGrn_j11(R™en)
By combining this with the Kubota-type formula (3.5.2)), we obtain (3.1.6]). O

3.5.2 Mean section operators

We now turn to the application of Corollary [3.C] to the mean section operators. Our aim
is to deduce Theorem for j > 2 from the instance where j = 2. In our argument, we
use the fact that for a convex body of some linear subspace E, its Steiner point relative
to E agrees with its Steiner point relative to the ambient space (cf. p. 315]).

We require the following relation between Berg’s functions.

Lemma 3.5.3. For every j > 2, there exists aj € R such that
mi—289i(s) = (j — L)ga(s) + azs, s € (=11). (3.5.4)

Proof. Take E € Gra(R") with e,, € F and K € IC(F). Then, by combining Berg’s identity
(3.1.8) with Lemma [3.2.6/and (3.2.4), we have that

hic-scy(en) = [ gullenu)) dSi(K, u)
1

— E
T a—1 51(E) [Tn—2,89n]({€n, u)) dST (K, u).

On the other hand, applying (3.1.8]) in the subspace E yields
hic-scy(en) = [ gal{en,w) dSF(K w)
SH(E)

Since K € K(E) was arbitrary, m,_2pgn — (n — 1)g2 is a linear function. O
Note that the lemma yields the following integral identity, which might be of independent

interest. For every j > 2, there exists a; € R such that

1 P4
wj/ gj(st)(1 — t2)Tdt = (j — Dga(s) + ajs, se(—1,1).
0

We are now ready to recover , Theorem 4.4]. Let us remark that the existence of the

integrals on the right hand side of (3.1.8) and (3.1.9) was shown in and using a

certain regularization procedure. More recently, Knoerr gave a simpler argument that
these integrals exist and also define continuous valuations.
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3 The Klain approach to zonal valuations

Proof of Corollary[3.Gl Let 2 < j < n and write ¢ = n — j + 1. Due to the rotational
equivariance, it suffices to show the claim only for u = e,. Let £ € Gr;y1(F) with e, € E
and take K € IC(E). As a consequence of (3.5. 3|h M;K = 284l MEK where MY

Wj+1Wn—j+3
denotes the mean section operator relative to £ (see [47, Lemma 3.3]). Consequently, by

an application of Theorem [3.1.5] for j = 2,

W3Wn+1

hMj(K*s(K))(eW = hMg(K_s(K))(en)

Wj+1Wn—j+3

W3Wn+1 / E
= ———Cn—j en,u)) dS;” (K, u).
S i [ ool ) dSE ()

Moreover, by relation (3.5.4]), we have that
1
L ollenu)dsF i w = —— [ m-a5gi)((en,w) dSE (K, w)
i(E) J—1Jsim)
- (“)/ g5 ({ens ) dSi (K u)
j _ 1 Snfl ] ) )

where the final equality is due to Lemma and . Finally, note that
b, (k- (k¢ i))(en) defines a zonal valuation in Val;(R™) and the final integral expression
does too, as was shown in ., 68|, Section 3]. Our argument shows that they coincide on E,
so by Corollary [3.C] they coincide on all convex bodies in R™. O

3.A The transform R,

In this section, we consider the following integral transform that comes up naturally when
dealing with restrictions of zonal valuations to proper subspaces.

Definition 3.A.1. For a,b > 0, we define Ry : C(—1,1) = C(—1,1) by

(Rapf)(t / f(st)s® (1 —s*)"tds,  te(—1,1).

In order to see that the transform R, is well-defined, note that for every compact set
I C (—1,1), there exists C' > 0 such that max,cp 1) |f(st)] < C for all £ € I. Thus, the
integral exists and by dominated convergence, R, f € C(—1,1). We want to show that
the map is injective, for which we require two lemmas.

Lemma 3.A.2. Leta > 0,b>1, and f € C(—1,1). Then for allt € (—1,1)\ {0}, the
function [t|*Rapf(t) is differentiable at t and

(1), b=1, A

d .a —
5 [[t]"(Rapf)(t)] = {Q(b — 1)t 3(Raqop-1f)(t), b>1.
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3 The Klain approach to zonal valuations

Proof. By a change of variables,

1 (Rap ) (¢ /f )]s 1(1—)b s,

For b = 1, the claim follows directly from the fundamental theorem of calculus. For
b > 1, note that at every ¢t € (—1,1) \ {0} and s € [0, ] (or [t, 0], respectively), the partial
derivative of (1—s2/t2)*~1 with respect to t exists. Hence, the Leibniz integral rule implies
that R,y f is differentiable at ¢t and

irasne] - w15 om0 )

=201 [ Tl (1= 5) e =200 - D Rz O

+2
which yields the claim for b > 1. O

Lemma 3.A.3. Let a,bq,a2,bo > 0 and suppose that a1 = as + 2by. Then
1
Ra1,b1 Rag,bz = §B(b17 bQ)Rag,b1+b2-
Proof. For every f € C(—1,1) and t € (—1,1), we have that

(Rfll,bl llz,bz / / f JJSt a2— 1( 2)b2*1d$ 8a1*1(1_52)b1*1d8‘

By applying the change of variables 7 = sx to the inner integral, we obtain

ra2— 1 ba—1 , 1
(Ra1,b1 ag,bQ / / f Tt Sa2 1( 2> dr Salfl(l . 82) 171gd8

_ bo—1
= / f(rt)r“z_l/ gi—az—l <1 — ;) (1—s2)~Yds dr,
0 r

where the second equality is due to a change of the order of integration. It remains to
compute the inner integral. To that end, we rearrange the integrand using the identity
a1 = ag + 2by and then apply the change of variables y = (1 — s2)/(1 — r?), which yields

1 r2 ba—1 1
/ gt1—az—l <1 — ) (1-— 52)b1_1ds = / (82 — r2)b2_1(1 — 52)b1_lsd5
T T

82
1
= 2t [y = B ) (1 2

where B( -, -) denotes the classical beta function. Plugging this into the expression above
yields the desired result. O

Proposition 3.A.4. For each a,b > 0, the map R, is injective.
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3 The Klain approach to zonal valuations

Proof. First note, that by Lemma R, is injective for every a > 0. Next, if
0 <b<1, Lemma applied with (ag,b2) = (a,b) and (a1, b1) = (a+2b,1 —b) implies
that

1
Royop1—pRap = 53(1 —b,b)Ra1-

Consequently, using that the beta function takes always positive values on real arguments,
we deduce that R, is injective for every a > 0 and 0 < b < 1, since Rq 1 is. Lemma
shows that R, is injective whenever R, 21 is. Finally, we complete the proof by
induction. ]

Next, we want to show that the transform R,; maps the space C°°[—1,1] into itself
bijectively.

Lemma 3.A.5. For a,b > 0, the map R, maps the space C*°[—1,1] into itself.

Proof. Take f € C*°[~1,1] and note that for k¥ >0 and t € (-1, 1),

k
L Rauf@) = [ FO(s0)s1(1 = 2P,
dtk™ " 0
This follows by induction on £ > 0 by interchanging integral and derivative, using the
fact that f is infinitely differentiable and all of its derivatives are bounded. Thus, R,y f
is a C*°(—1,1) function. By interchanging the above integral with the limit lim; i,
we see that all higher order derivatives of R f extend continuously to [—1,1], that is,
Rupf € C®[-1,1]. O

We want to show that the transform R, also maps the space C°°[—1, 1] onto itself. We
define the right candidate for the inverse operator recursively.

Definition 3.A.6. For a,b > 0, we define Q,p : C*°[—1,1] — C*°[—1, 1] recursively as
follows. Let g € C*°[—1,1].

(i) If b =1, then Qu19(s) := ag(s) + sg'(s), s € [-1,1].
2

i) IF0 < b< 1, th Gi= —— = OQu1Ruromisd.

(i) If 0 < b < 1, then Qq 9 Bl b)Q ARa+261-07

1
20— 1)

From Lemma and an inductive argument, it is immediate that Q) is well-defined
as a transform mapping the space C*°[—1,1] into itself.

(iii) If b > 1, then Qq 9 := Qap-1Qa+20-219-

Proposition 3.A.7. For each a,b > 0, the map R,p : C*[—1,1] = C®[-1,1] is a
bijection and R;}) = Qup-
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3 The Klain approach to zonal valuations

Proof. We want to show inductively that R, Q.59 = g for all a,b > 0 and g € C*°[-1,1].
If b =1, then

[Ra1Qan9)(t) = /0 1[Qa,1§](8t)sa_1ds = /O 1 (ag(st) + stg'(st)) s° Lds
1
= [ L lglst)s"]ds = g0
o ds

for all t € [—1,1], and thus, R, 1Qq19 = g. For 0 < b < 1, by definition

_ 2 _
Qapg = mQaJRaHb,ka-

Applying the operator R, 91—, on both sides yields

_ 2 _
Royop1-pRapQapbg = mRa—i—%,l—bRa,an,lRa+2b,1—bg

= Ru1Qa,1Rat20,1-09 = Rat2v,1-59,

where the second equality is an instance of Lemma [3.A.3| and the final equality is due to
the previous step. According to Proposition @ the map Rq4251-4 is injective, which
implies that R, Q49 = g-

For the induction step, let b > 1 and note that R, = 2(b — 1)Rq12p—2,1Rap—1 due to
Lemma [3.A.3] Therefore, by the recursive definition of Qq s,

Ry pQapg = Rat2p—21Rap-1Qab-1Qa+20-219 = Ray2v-21Qa+20-2,19 = 9,

where the second equality is due to the induction hypothesis, and the final equality is due
to the case where b = 1. In conclusion, R, Q.59 = g for all a,b > 0.
Finally, for all a,b > 0 and f € C*°[-1,1],

Ra,b(Qa,bRa,bf) = Ra,an,b(Ra,bf) = Ra,bfa

and since R is injective by Proposition we also have that QR4 f = f . ]

3.B The transform 7,

In this section, we investigate the transform 7T, from Definition [3.2.12

Lemma 3.B.1. Let a > 0, f € D%, and let 7. € C[—1,1], € > 0, be a family of bump
functions such that

Ne(s) =1 for |s| <1—¢, n=(s) =0 for[s| > 1 -5, and 0<n<1.

Then To(0-f) — Tof uniformly on [-1,1] as ¢ — 07.
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3 The Klain approach to zonal valuations

Proof. We define (. := 1 — 7). and will show that T,({.f) — 0 uniformly on [—1,1]. For
all s € [—1,1],

Ta(Cf)(s) = (1 - 875 () f(s) + as / COF)(— )t
For the first term, observe that for all s > 0,

(1= sA)3C()f()] < sup [F(@)|(1 =25
r>1—¢
The right hand side is independent of s, and since lim, ,1(1 — s%)2 f(s) = 0, it tends to
zero as € — 07, We now turn to the integral expression. For |s| <1 — ¢, it vanishes. For
1 —¢e<s<1-§, by the mean value theorem, there exists sy € (1 —¢,1 — 5) such that

as [ EOFO0 -#) T it = Flsoas [ G- Far

l1—e l1—¢

For the integral on the right hand side, we find the following estimate.

o cma-Fa<a - Fa< [ a-eyTa

1—¢ 1—¢ — & J1
_Q-(1-ei _281-(1-5F _ 2501}
B 1—-¢ - 1-¢ - 1—¢

By combining these computations, we obtain

as/ EWFH) - 12)% dt‘ os [ BB —12)°F dt‘

o

2 a 22
< = |f(so)|(1—s2)2 <
W0l =) < 7 s

The final expression is again independent of s an converges to zero as ¢ — 0.
For s > 1 — §, we split the integral at 1 — §, which yields

COFHA - )T dt
/L |

/Ol_c 0700 - )T+ sup

;r>177

< £)(1 — 2“7 dt).

For the integral on [0,1 — 5], we can use our estimate from above to show that it tends
to zero as € — 0T. The final term is independent of s and also tends to zero because the
limit limg_, [y f(¢)(1 —tz)%?dt exists. In conclusion, we have shown that T, (. f)(s) — 0
uniformly for s € [0,1]. For s € [—1,0], the argument is completely analogous. O

Proposition 3.B.2. For each a > 0, the map T, : D* — C[—1,1] is a bijection and for
g € C[_lv 1]7

T7lg(t) = (1 —13)"2g(t) — ozt/ot g(s)(1 — s2)~ T ds, te(—1,1).
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3 The Klain approach to zonal valuations

Proof. Clearly, T, maps C'(—1, 1) functions to C(—1, 1) functions and a direct computation

verifies the inverse transform on the space C'(—1, 1). We observe that T,, maps the subspace

D% into the subspace C[—1,1]. Thus, it remains to show that T);! maps C[-1, 1] into D“.
To this end, take some g € C[~1,1] and let f := T7'g. Then for all t € (—1,1),

(1= (1) = g(t) - at(1 - )% [ “a(5)(1 — 7~ ds.
0

Note that whenever 0 < tg < t < 1, by the mean value theorem for integrals, there exists
t1 € (to,t) C (to, 1) such that

t o a t 5 “
at(1 =23 [ gs)(1— ) Fas =ar1 - )% [ I 2 ay
to to
q o t o — 1— 2.2
= g(tl)at(l—tQ)z/ s(1— %) Fds = g(h)t(l_ ( 2)2)'
h to i1 1—1

Let now ¢ > 0 be arbitrary. Then, by the continuity of g at ¢ = 1, we may choose t( € (0, 1)
such that for all ¢, € (to, 1),

t) — t{1— <e.
90 == 1— 2
Consequently, with this choice of ¢y, we obtain that
t
: A T — . g2\ Z _ 2 _at2
tg (1~ £)8 7)< lim g0 — at(1 - )2 [ g1 - ) Far

— lim ‘g(t) —at(1—12)3 /tg(s)(l - 52)—”‘2”dt' <e

t—1 to

where in the second equality, we used that changing the lower integral bound does not
2

affect the limit. Since & > 0 was arbitrary, lim;_,1(1 —t2)2 f(¢) = 0. The argument for the
limit as t — —1 is completely analogous. For the second condition, note that

as [ F(0(1 - )" dt = gls) - (1= )£ (s)

so from what we have shown and the continuity of g at +1, we obtain that the limits
—2

limgy 41 fg F(£)(1 — t2)"2" dt exist and are finite, and thus, f € D°. O
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