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ABSTRACT
In this study, a theoretical investigation of the steady-state power-
slide motion, or drift, is conducted to gain insight into the influence
of the total drive torque and front/rear axle drive torque distribution
on the powerslide dynamics of an all-wheel drive vehicle, including
the case of a rear-wheel drive vehicle. The steady-state conditions
and stability properties are derived, and different actuator inputs, i.e.
steering angle, total drive torque and drive torque distribution, to
stabilise the unstable powerslidemotion are analysed and discussed
with respect to different control strategies. The results indicate that
the drive torque distribution is an effective control input for sta-
bilisation and can be superior to the total drive torque input. The
powerslide cannot be stabilised for particular conditions with the
total drive torque input at fixed drive torque distribution. Based on
these findings, a driver assistance system is presented that allows
the human driver to track a desired circular path only by steering
commands. The powerslide motion is stabilised automatically by a
controller acting on the total drive torque and on the drive torque
distribution if favourable. The characteristics, limitations in dynamics
and reactions of a human driver are considered by introducing a vir-
tual test driver model in a simulation environment. The successfully
performed powerslide is shown in simulation with a basic vehicle
model and in an experimental setup with a test vehicle.
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1. Introduction

The powerslide is an unstable driving condition and is defined in [1] for rear-wheel drive
(RWD) vehicles as a steady-state cornering motion with a large vehicle sideslip angle and
large steering angle, where the front wheels point to the outside of the turn, combined
with large traction forces at the rear axle. Due to the large sideslip angle of the vehicle and
large longitudinal slips at the rear tyres, there is a strong coupling between the longitudinal
and lateral tyre forces. Increasing the longitudinal tyre slip by increasing the drive torque
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reduces the lateral tyre forces. Human drivers of RWD vehicles are able to use this char-
acteristic property of the tyre to stabilise the unstable powerslide motion with the drive
torque input only [2].

Even though the powerslide is an unstable steady-state driving condition, it is frequently
utilised by rally drivers, particularly on loose gravel surfaces. Techniques from rally drivers,
i.e. the pendulum manoeuvre and trail braking, are analysed by Velenis et al. [3]. With
optimisation methods, it is shown that high sideslip manoeuvres can be advantageous in
particular cases. It is demonstrated in [4–7] that for specific road conditions, theminimum
time manoeuvre for a hairpin curve is characterised by large sideslip angles of the vehicle
and, dependent on the drivetrain architecture of the vehicle, even countersteering may
be beneficial. In [8], Acosta et al. found that large vehicle sideslip angle manoeuvres can
increasemanoeuvrability, and in [9], it is shown that for off-road conditions, themaximum
lateral acceleration at negotiating a curve with an overactuated vehicle is achieved with
large vehicle sideslip angle.

The improvement in agility can help enhance vehicle safety and improve the capabil-
ity of driver assistance systems or autonomous driving applications. Autonomous vehicles
typically feature a conservative driving style, and stabilisation systems usually restrict the
vehicle’s operation to the linear handling regime. This is typically achieved by applying
differential braking. The linear regime may be extended with enhanced drivetrain archi-
tectures, particularly with electric motors and independently driven wheels. Utilising the
nonlinear handling regime, including large vehicle sideslip angles, may help gain more
agility in specific scenarios, e.g. to avoid obstacles. Sorniotti et al. show that obstacles could
be avoided more efficiently with a large sideslip manoeuvre than by regular driving apply-
ing a nonlinear MPC approach, [10]. Zhao et al. propose in [11] a controller to improve
vehicle safety by allowing large vehicle sideslips in critical situations and show in [12] that
corresponding manoeuvres may prevent collisions.

Several researchers investigated the powerslide condition and the stabilisation of this
unstable vehicle state. Ono et al. [13] show for a basic two degrees of freedomvehiclemodel
that vehicle loss of stability due to oversteering at high lateral acceleration is caused by a
saddle-node bifurcation. A steering control strategy is proposed to stabilise the unstable
motion of the vehicle. In [14], Della Rossa et al. published an extended analysis of pos-
sible equilibria for different vehicle handling and tyre characteristics and configurations
with a similar two degrees of freedom vehicle model. In [14,15], it is noted that the pow-
erslide is an unstable saddle node. Steindl et al. found in [16] periodic limit cycles after
the non-oscillatory loss of stability of the powerslide, and Edelmann et al. reveal in [17]
the influence of different constant inputs on these periodic motions and present respective
vehicle measurements on packed snow.

A controllability analysis of the powerslide is carried out in [2]. The authors outline that
the powerslide can either be stabilised with the drive torque, the steering angle, or with
both inputs for a RWD vehicle. Velenis et al. propose a sliding-mode controller with only
drive and braking inputs at the front and rear axle with fixed steering to stabilise the pow-
erslide equilibrium, [18]. In [19], an LQR-controller for a FWD vehicle with handbrake
actuation is suggested with steering and drive torque as input. Controllers for stabilisation
of RWD vehicles with steering and drive torque input are proposed in [20–24]. Goh et al.
simultaneously stabilise the powerslide and track a given path autonomously in [25], and
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a model-inversion technique with wheel slip control is applied to improve the control per-
formance in [26]. In [27], Goh et al. use a nonlinear model predictive control (NMPC)
approach to perform dynamic, non-equilibrium drifting with a RWD vehicle while stay-
ing within the track limits. Front-wheel braking may be used to increase the set of possible
vehicle trajectories, [28], and different controllers for overactuated vehicles with individual
wheel drive are addressed in [9,29,30].

Themain contribution of this paper is the analysis of the powerslidemotion for anAWD
vehicle with different drive torque distributions between the front and the rear axle, which
has not been addressed in the literature before. An electric car with individual motors at
the front and rear axle is considered, and various levels of friction potentials are included.
Stability properties and possibilities to stabilise the powerslide motion are addressed by
evaluating a controllability measure for different actuators which include steering angle,
total drive torque and drive torque distribution. The need for a qualitative change of the
control strategy for rear-wheel drive (RWD) and all-wheel drive (AWD) vehicles with fixed
drive torque distribution to stabilise the powerslide is revealed and discussed. The stabili-
sation is shown both in simulation utilising a human driver model and in an experimental
setup with the human driver in the loop. The driver’s task is to track a circular trajectory
with steering input only, while the powerslide motion is stabilised with a basic controller
of the drive torque distribution, acting as a driver assistance system.

The remainder of this paper is organised as follows: Section 2 introduces the applied
vehicle and tyremodel. The systemdynamics are studied in Section 3. The possible equilib-
ria for the steady-state cornering condition are derived, and the stability and controllability
properties of the powerslide conditions are discussed. Consequences on possible control
strategies are addressed. Section 4 presents simulation and measurement results for a pos-
sible application in a driver assistance system. Finally, the essential outcome of the paper
is briefly summarised, and conclusions are drawn.

2. Vehicle and tyre model

To investigate the impact of the drive torque distribution on the powerslide motion, in
addition to the basic two-wheel vehicle model, Figure 1, the dynamics of the front and rear
(substitutive) wheels are considered. Thus, the vehicle model has five degrees of freedom:
vehicle velocity v, sideslip angle of the vehicle β , yaw rate ψ̇ , and angular velocities of the
front and rear wheels ωF and ωR, respectively. The equations of motion of the basic two-
wheel vehicle model read

mv̇ cosβ − mv(β̇ + ψ̇) sinβ = FxF cos δ − FyF sin δ + FxR (1)

mv̇ sinβ + mv(β̇ + ψ̇) cosβ = FxF sin δ + FyF cos δ + FyR (2)

ψ̈Iz = (FxF sin δ + FyF cos δ)lF − FyRlR (3)

with the vehicle mass m, the steering angle δ, the distances lF and lR from the centre of
gravity CG to the front and rear axle, the yaw moment of inertia of the vehicle Iz, the lon-
gitudinal axle/tyre forces FxF and FxR, and the lateral axle/tyre forces FyF and FyR. The
axle/wheel dynamics at the front and rear axles are described by

IFω̇F = TF − rFxF and IRω̇R = TR − rFxR (4)
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Figure 1. Two-wheel vehicle model at regular cornering.

with the angular velocities ωF and ωR, the effective moments of inertia IF and IR, the drive
torques TF and TR, and the loaded radius r, which is considered constant and equal to the
effective rolling radius.

To map the powerslide handling regime, not only the complete set of nonlinear system
Equations (1)–(4) has to be considered, but also the mutual influence of longitudinal and
lateral tyre forces. TheMagic Formula tyre model [31] is applied here.

The respective sideslip angles αi and longitudinal slips sxi of the tyres read

αF = δ − arctan
(
ψ̇ lF

v cosβ
+ tanβ

)
and αR = − arctan

(
− ψ̇ lR
v cosβ

+ tanβ
)
, (5)

sxF = −vwF − ωFr
vwF

and sxR = −v cosβ − ωRr
v cosβ

(6)

with the longitudinal velocity of the front tyre

vwF = v cosβ cos δ + (v sinβ + ψ̇ lF) sin δ. (7)

As different front and rear tyres are considered, Figure 2 depicts the normalised combined
longitudinal and lateral tyre forces for varied tyre sideslip angles αi for the front and rear
tyres at the constant nominal tyre loads FzF = 6000N and FzR = 6250N. The tyre param-
eters are fitted to measurement data to achieve the desired handling characteristics of a
reference vehicle, also taking the steering system compliance into account. Vehicle model
parameters are listed in Table 1.

3. System dynamics analysis

To gain insight into the system dynamics of the powerslide, the steady-state solution
branches of the system model are derived first. The influence of the tyre–road friction
potential and the drive torque distribution on the steady-state solution branches are exam-
ined, and the corresponding stability properties and the effectiveness of different control
inputs to stabilise the unstable powerslide solution branch are studied.
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Figure 2. Combined tyre forces in the longitudinal and lateral direction for different sideslip angles α
and tyre–road friction potentialμ = 1.

Table 1. Parameters of the two-wheel vehicle model.

Parameter Abbr. Value Unit

Vehicle mass m 2500 kg
Yawmoment of inertia Iz 3600 kgm2

Front axle inertia IF 6.5 kgm2

Rear axle inertia IR 40 kgm2

Front axle distance CG F lF 1.48 m
Rear axle distance CG R lR 1.42 m
Eff. rolling/loaded radius r 0.36 m

3.1. Steady-state solution branches

The nonlinear equations of motion in (1)–(4) are written in state-space notation

ẋ = f(x,u) (8)

with the state vector x = [β , ψ̇ , v,ωF ,ωR]T and input vector u = [δ,Ttot, γ ]T with total
drive torque Ttot = TF + TR and drive torque distribution γ = TR/Ttot, defined as the
portion of the total drive torque at the rear axle. The steady-state solution branches of the
system (8) are numerically calculated by setting ẋ = 0 and ψ̇ = v/R with constant radius
of curvature R.

For the handling diagram in Figure 3, the vehicle sideslip angle β , the steering angle δ
and the total drive torque Ttot are plotted over the normal acceleration an = v2/R. There-
fore, a radius of curvature with R = 60m, a tyre–road friction potential with μ = 1, and
a drive torque distribution with γ = 0.8 have been assumed. Similar to [1], up to four
different steady-state solutions are found for a particular vehicle velocity v and radius of
curvature R.

Besides regular cornering 1©, with small positive steering angle δ, small vehicle sideslip
angle β , and small total drive torque Ttot, there are two additional branches, 2© and 4©,
denoted overdraw steering,with larger positive steering angle δ and therefore larger sideslip
angle αF at the front axle w.r.t. regular cornering.

The first overdraw steering branch 2© appears when, due to the friction limit of the
front tyre, the maximum lateral acceleration an is reached, and the steering angle is further
increased. The sideslip angle αF at the front axle increases while the vehicle sideslip angle
β remains almost the same w.r.t. regular cornering.
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Figure 3. Steady-state solutions of the two-wheel vehicle model ( 1©: regular cornering, 2©: overdraw
steering 1, 3©: powerslide, 4©: overdraw steering 2) for radius R = 60m, tyre–road friction potentialμ =
1, and drive torque distribution γ = 0.8.

For the second overdraw steering branch 4©, the vehicle sideslip angle β shows a
decreased but rather constant negative value of about β ≈ −8◦, while the sideslip angle of
the front axle αF increases with decreasing normal acceleration. The required total drive
torque for both overdraw steering solutions increases with the steering angle δ due to the
higher cornering resistance.

The powerslide branch 3© shows large negative vehicle sideslip angles β , large negative
steering angles δ, and large total drive torques Ttot. It becomes evident from Figure 3 that
the powerslide branch joins the second overdraw steering branch 4©. In contrast to 4©, the
lateral tyre forces of the front axle are not saturated. Since Figure 3 corresponds to a left
turnwith a positive yaw rate ψ̇ according to Figure 1, the negative steering angle δ indicates
that the front wheels point to the outside of the curve, called countersteering.

Due to large sideslip angles αR and large longitudinal forces FxR at the rear axle, the cor-
responding tyre forces are saturated at the powerslide branch 3©. As a result of the mutual
influence of longitudinal and lateral tyre forces, a strong coupling between the longitudinal
and lateral dynamics of the vehicle can be expected, see subsequent Section 3.3. Moreover,
this mutual influence may be helpful in the control and stabilisation task of the powerslide
motion, see Sections 3.4 and 3.5.

3.2. Variation of friction potential and drive torque distribution

For a decreasing friction potential μ of the tyre–road contact, the steady-state powerslide
branch is shifted to lower normal accelerations an, as depicted in Figure 4(a), while its
general shape remains similar.

By examining the required total drive torque Ttot for a steady-state powerslide at dif-
ferent vehicle sideslip angles β and tyre–road friction potentials μ, an almost linear
relationship between the resulting normal acceleration an = an(β ,μ) and the total drive
torque Ttot appears, just as between the vehicle sideslip angle β and the total drive torque
Ttot, Figure 4(b).
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Figure 4. Steady-state solutions of the powerslide branch for different tyre–road friction potentials and
required total drive torque (R = 60m, γ = 0.8). (a) Powerslide branches for different tyre–road friction
potentials μ and (b) Total drive torque Ttot depending on normal acceleration an and vehicle sideslip
angle β .

Figure 5. Steady-state solutions of the powerslide branch for different drive torque distributions γ at
the constant vehicle sideslip angle β = −35◦. (a) Steering angle δ and sideslip angle at the front axle αF
and (b) Total drive torque Ttot and velocity v.

To learn about the existence and characteristic properties of the powerslide for different
drive torque distributions γ , all steady-state solutions for constant vehicle sideslip angles
β are calculated for γ reduced from γ = 1 towards 0 until no powerslide solution exists.

For the chosen constant vehicle sideslip angle β = −35◦, steady-state solutions for the
considered vehicle parameters are found in the range from γ = 1 (rear-wheel drive) to
the most ‘front-oriented’ drive torque distribution of γ ≈ 0.27, see Figure 5. From γ = 1
until γ ≈ 0.43 slightly increasing, large negative steering angles δ result, typical for the
powerslide motion with a rear-wheel drive vehicle, [1]. Also, the sideslip angle of the front
axle αF , the total drive torque Ttot, and the vehicle velocity v slightly increase in this range
until the maximum velocity is reached at γ ≈ 0.43. In contrast, at drive torque distribu-
tions γ < 0.43, considerably less countersteering is required until regular steering (positive
steering angle) is necessary for γ < 0.39. The need for considerably smaller negative or
even positive steering angles δ when drifting all-wheel drive vehicles compared with rear-
wheel drive vehicles is well known from anecdotal evidence and observations. Moreover,
a strong increase of the total drive torque Ttot is observed for γ < 0.43. This increase may
be attributed to the degraded lateral tyre force potential at the front axle from the mutual
influence of lateral and longitudinal tyre forces, resulting in very large sideslip angles αF
and increased steering angles δ, and corresponding energy dissipation.
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Figure 6. Vehicle sideslip angle β and steering angle δ of the powerslide branch for different drive
torque distributions γ (R = 60m,μ = 1).

The handling diagrams for different constant drive torque distributions γ are shown in
Figure 6. For larger values of γ , the characteristics of the powerslide branches for vehicle
sideslip angle and steering angle are similar as for rear-wheel drive vehicles. Decreasing
values of γ further, results in a change of the characteristics, as front tyre forces become
saturated as well. For certain vehicle velocities v and drive torque distributions γ , up to
four powerslide equilibria can be identified for a given radius of curvature ρ and normal
acceleration an, see, for example, γ = 0.6 in Figure 6(right). Moreover, at more front-
orientated drive torque distributions, e.g. γ = 0.45, where vehicle sideslip angles β are still
large and negative, steering angles δ may be positive, indicating regular steering, similar
to Figure 5(a). Consequently, in contrast to RWD vehicles, counter-steering may not be
required to maintain a steady-state powerslide for AWD vehicles, depending on the drive
torque distribution γ . Considering a given vehicle sideslip angle β , up to three powerslide
equilibria can be identified for a constant drive torque distribution γ , each associated with
a different normal acceleration an and steering angle δ, see e.g. γ = 0.3 in Figure 6(left).
Obviously, smaller values of γ result in higher normal accelerations an.

3.3. Stability of first order andmodal analysis

Linearisation of the nonlinear systemequations at the steady-state solution branches results
in	ẋ = A	x + B	u with systemmatrixA and input matrix B.	x = x − x0 is the devi-
ation of the state vector and 	u = u − u0 the deviation of the input vector from the
steady-state solution, indicated by index 0. For the sake of simplicity, 	-symbols and 0-
indices have been omitted below. By solving the eigenvalue problem (A − Iλi)pi = 0 for
eigenvalues λi and right eigenvectors pi corresponding to mode i (i = 1−5), the local
dynamic behaviour and stability of the steady-state solutions can be analysed.

The vehicle shows understeering characteristics at the regular cornering branch 1© in
Figure 3, the eigenvalues are all negative, and steady-state solutions are stable. The eigen-
values of the connecting first overdraw steering branch 2© have only negative real parts as
well, and also these steady-state solutions are stable. For the regular cornering branch, the
largest eigenvalue always remains real but still negative and very close to zero; see also [1].
The main entries in the corresponding right eigenvector are related to velocity v and angu-
lar velocities of the front and rear wheels, ωF and ωR, and therefore can be associated with
a ‘velocity mode’. The next two eigenvalues change from real to a conjugate-complex pair
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Figure 7. Dominant eigenvectors and eigenvalues corresponding to the powerslide branch 3© in
Figure 3.

of eigenvalues with increasing velocity v. The oscillation mode remains for the first over-
draw steering branch 2©, with main contributions to yaw rate ψ̇ and vehicle sideslip angle
β , affecting the lateral motion of the vehicle. The two remaining eigenvalues are largely
negative, and the largest entries of the corresponding eigenvectors are mainly related to
the angular velocities of the front and rear wheels, ωF and ωR.

For the powerslide branch 3© in Figure 3, the eigenvalues λi (i = 1−4) and the entries in
the corresponding (normalised) eigenvectors pi are plotted over the vehicle sideslip angle
β in Figure 7. Index 1 refers to the largest and positive eigenvalue, index 4 to the smallest,
negative eigenvalue. Less interesting λ5 and p5 are not shown, the eigenvalue is largely
negative, and its eigenvector has a main component in the angular velocity of the front
wheel ωF .

In contrast to regular cornering, the eigenvalues of powerslide branch are always real.
The real eigenvalues λ1 and λ2 are positive over the full range of vehicle sideslip angles
β . Hence, the corresponding steady-state solutions are unstable, and the loss of stability is
monotonic and governed by mode 1, see also [1], since λ2 is very close to zero, quite sim-
ilar to the ‘velocity mode’ at the regular cornering branch. The entries in the eigenvectors
corresponding to λ1 remain almost constant over the full range of vehicle sideslip angles
β and affect all states, see Figure 7 on the left, with the largest contributions to the angular
velocity of the front wheel ωF and the yaw rate ψ̇ .

The non-oscillatory and similar behaviour over the full vehicle sideslip range could be
beneficial for the control and stabilisation task of the driver, considering the limitations of a
human driver [32]. Since the contribution to the yaw rate ψ̇ remains quite large compared
to the other ‘modes’, this unstable mode may be denoted ‘yaw mode’.

A qualitative change in the course of entries in the eigenvectors of mode 3 and 4 can
be observed at β ≈ −20◦, Figure 7, where the magnitudes of the real eigenvalues λ3 and
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λ4 come quite close. For vehicle sideslip angles β < −20◦, the angular velocity of the rear
wheel ωR is dominant in the eigenvector of mode 3, and for β > −20◦ in the eigenvector
of mode 4. The eigenvalue λ4 for β > −20◦ and λ3 for β < −20◦ (in the areas where the
angular velocity of the rear wheelωR is dominant) strongly depends on the rear axle inertia
IR. A lower rear axle inertia would shift these eigenvalues to lower values and therefore the
location of the qualitative change of the mode shapes to lower vehicle sideslip angles. A
large decrease in the rear axle inertia IR would even prevent the change of mode shape.

Following the powerslide branch, the second overdraw steering branch 4© in Figure 3
appears with increasing steering angles δ after passing the maximum normal acceleration
an. The second overdraw steering branch also corresponds to unstable steady-state solu-
tions. Themodes are qualitatively similar to the powerslidemodes for small vehicle sideslip
angles β , where again the real eigenvalue λ1 related to the ‘yaw mode’ is positive and the
real eigenvalue λ2 related to the ‘velocity mode’ is negative. In contrast to the powerslide
solutions, the lateral tyre force at the front axle is saturated.

Variation of the tyre–road friction potential in the range μ = 0.2 − 1 reveals for the
powerslide branch that the friction potential has no qualitative impact on the dynamic
behaviour. The eigenvalue of the unstable mode 1 decreases slightly with reduced friction
potential. A similar result is found by varying the drive torque distribution between γ =
0.6 − 1. The largest (positive) eigenvalue decreases slightly with decreasing γ .

3.4. Controllability analysis of the powerslidemotion

As shown in [2], the powerslide of a RWD vehicle can either be stabilised with the drive
torque at the rear axle, with the steering angle, or with a combination of both commands.
The effectiveness of the different inputs to control the steady-state regular cornering and
powerslide motion with respect to sensed vehicle states has been evaluated by a gross mea-
sure of joint modal controllability and observability. It provides an idea of how a mode
is affected by a specific input and how visible it is from a specific output of the locally
linearised system model. The measure was introduced by Hamdan et al. [33]. Choi et al.
applied a modified version in [34] by taking the length of the input vector |bj| of input j
from input matrix B into account. In this work, the measure is further extended by consid-
ering the range of operation of each actuator by scaling the modal controllability measure
with the maximum input of the actuator.

The subsequent measure of modal controllability of mode i with input j is the cosine
of the angle between the left eigenvector qi (from ATqi = λiqi) and input vector bj scaled
with the norm of the input vector |bj| and the maximum input uj,max of actuator j. This
measure can be interpreted as the projection of the input vector bj on the left eigenvector
qi normalised to length 1, scaled with uj,max and yields

Mc,ij = cos θij|bj|uj,max with cos θij = qTi bj
|qi||bj| . (9)

Here, the maximum input uj,max is set to uδ,max = π/4 for the steering angle δ, uTtot,max =
5000 for the total drive torque Ttot, and uγ ,max = 1 for the drive torque distribution γ . As
a measure for the modal observability of mode i from output k, the projection of the right
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Figure 8. Joint modal controllability and observability measure Mco,jβ for inputs j = {δ, Ttot, γ } and
observed vehicle sideslip angle β for the powerslide branch 3© in Figure 3.

eigenvector pi on the output vector ck from output matrix C is applied,

Mo,ki = cos θki|ck| with cos θki = ckpi
|pi||ck| . (10)

The product of these two measures

Mco,jk = Mo,kiMc,ij (11)

provides insight into the effectiveness of specific actuator input–measured output combi-
nations to control a specific mode and thus stabilise the unstable powerslide equilibrium.

The measure in (11) is now evaluated for the steady-state powerslide branch 3© in
Figure 3 (R = 60m,μ = 1, and γ = 0.8) for the inputs δ,Ttot and γ , and outputβ . Figure 8
shows the measure Mco,jβ for the first four modes, plotted over the steady-state vehicle
sideslip angle β (actually β0 for clearness). Since the linear analysis is only valid in the
vicinity of the steady-state solutions of the nonlinear powerslide branch, the results have
to be interpreted with care.

The left plot of Figure 8 shows that the unstablemode 1 can be controlled very effectively
with the steering angle δ for the full range of considered vehicle sideslip angles β . In the
range of vehicle sideslip angles whereωR is the dominant entry in the eigenvector of modes
3 and 4, see Figure 7, the possibility to influence these modes with the steering angle δ
almost vanishes, whereas controllability is given in the range of vehicle sideslip angles β
where the yaw rate ψ̇ is the dominant entry. Mode 2, which represents the ‘velocity mode’,
can hardly be controlled by the steering angle.

For the total drive torque input Ttot an interesting observation can be made, middle
plot of Figure 8. The joint modal measure for the unstable mode 1 is about zero for vehicle
sideslip angles β ≈ −40◦ and also changes its sign for further decreasing β . Thus, in this
specific condition, the unstable mode cannot be controlled. This observation and the con-
sequences of the change of the sign of the measure will be discussed in more detail below.
Modes 3 and 4 that are basically dominated by the yaw and rear axle motion, ψ̇ and ωR,
respectively, can be influenced well with input Ttot, whereas the measure remains again
small for the ‘velocity mode’ 2 for the full range of vehicle sideslip angles β .

In the right plot of Figure 8, the modal measure is presented for the drive torque dis-
tribution γ . The possibility to influence the unstable mode 1 rises with decreasing vehicle
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Figure 9. Modal controllability measure Mc,1Ttot for input Ttot and mode 1 (μ = 1). (a) Mc,1Ttot for dif-
ferent vehicle sideslip angles β and drive torque distributions γ and (b) Projection to the β–γ plane:
qualitative change of the control strategy atMc,1Ttot = 0 (red line).

sideslip angles β . The influence of γ on mode 3 is high and almost zero on the ‘velocity
mode’, similar to the influence of the steering input δ. Formode 4, themeasure also exhibits
zero-crossing. However, this is not relevant since the real eigenvalue related to mode 4 is
negative.

Similar results as shown in Figure 8 are found for different tyre–road friction poten-
tials μ.

To gain more insight into the change of the sign of the joint modal controllability and
observability measureMco,Ttotβ for the input total drive torque Ttot of the unstable mode 1,
Figure 8, the associated modal controllability measureMc,1Ttot in (9), is shown for different
vehicles sideslip angles β and drive torque distributions γ in Figure 9(a).

It can be noticed that there are combinations of drive torque distributions γ and vehicle
sideslip angles β whereMc,1Ttot crosses zero and changes its sign. The term cos θ1Ttot in (9)
becomes zero, when the angle between the input vector bTtot and the left eigenvector q1
related to mode 1 are orthogonal to each other. After transition through Mc,1Ttot = 0 for
e.g. varied β and fixed γ , the control command (w.r.t. the steady-state input) changes sign
for a similar yaw response considering the unstable, dominant ‘yaw mode’ of the pow-
erslide equilibrium, which is associated with a change of control strategy. Therefore, the
required (strategy for the) control of the total drive torque Ttot to stabilise the powerslide
mode at large negative vehicle sideslip angles β , will strongly depend on the drive torque
distribution γ , see Figure 9(b).

Consequently, the control strategies may be distinguished by the drive train configura-
tion between ‘RWD-strategy’ and ‘AWD-strategy’. The assumed distinction coincides with
anecdotal knowledge from expert drivers, who report that a RWD vehicle can be con-
trolled easily by drive torque commands (corresponding to Ttot), since increased drive
torque results in increased longitudinal slip sxR and reduced lateral tyre forces FyR at the
rear axle, and therefore increased yaw rate ψ̇ , and vice versa. In contrast, at AWD vehicles,
the increased drive torque Ttot results also in additional longitudinal tyre forces FxF at the
front axle that overcompensate the effects from the reduced lateral tyre forces FyR at the
rear axle, hence the yaw rate ψ̇ decreases. The areas of different control strategies in the
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γ –β plane are illustrated in Figure 9(b) in dark grey colour for ‘RWD-strategy’ and light
grey colour for ‘AWD-strategy’.

3.5. Control strategy

The loss of controllability with the total drive torque Ttot in particular situations in con-
trast to the drive torque distribution γ suggests that γ or individual axle torques are proper
inputs to stabilise the powerslide, or might even be superior to the total drive torque Ttot
with fixed torque distribution γ . Therefore, a control strategy that stabilises the power-
slide motion just with the drive train, in particular of an AWD vehicle, is addressed in this
section. The steering angle shall be left for the control of the circular path.

The analysis with the joint modal controllability and observability measure, Figure 8,
has revealed that the vehicle sideslip angle β and the yaw rate ψ̇ are proper measurement
variables for a controller, with the last being evenmore effective for influencing the unstable
powerslide or ‘yawmode’. However, as there is only amarginal effect on the unstable ‘veloc-
ity mode’, further measurement variables related to the longitudinal motion are required,
such as velocities v, ωF , ωR, which show a strong effect on the ‘velocity mode’. In agree-
ment with the evaluation of the controllability criteria from Kalman and Hautus [35], the
unstable eigenvalues can be stabilised, and the dynamics chosen favourably by placing the
eigenvalues of the closed-loop, respectively, using the full state vector as a measurement
vector.

However, tomimic a human driver, only the observed vehicle sideslip angle and yaw rate
will now be considered as measurement variables. The idea is motivated by Goh et al. [26],
who state that the vehicle velocity v does not need to be explicitly regulated even though the
variable v̇ is uncontrolled as the coupling between the lateral and the longitudinal dynam-
ics that occurs at high sideslip stabilises the velocity when operating under their imposed
control law. It is interesting to note that these findings hold for their vehicle with RWD, but
not necessarily for an AWD vehicle.

For illustration, the system model is linearised w.r.t. β = −35◦ and a constant output
feedback controller is considered to stabilise the steady-state powerslide equilibrium with
input Ttot and outputs ψ̇ and β . The controller gains are denoted Kψ̇ and Kβ , respectively.
The real parts of the largest eigenvalue of the controlled system are calculated for a wide
range of control gainsKβ andKψ̇ and plotted for configurations γ = 1 (RWD) and γ = 0.6
(AWD) in Figure 10.

For γ = 1 (RWD) the largest eigenvalue can be moved into the negative half-plane for
specific control gains. In contrast, for γ = 0.6 (AWD), the largest eigenvalue remains posi-
tive and the equilibriumunstable for all combinations of gainsKψ̇ andKβ . Both systems are
controllable, except for drive torque distributions γ on the red line in Figure 9(b). However,
the limited number of two controller design parameters only does not allow the five poles
to be placed freely. Nevertheless, the RWD vehicle can still be stabilised, but not the AWD
vehicle at γ = 0.6. For small enough γ , close to the limit of existing powerslide motions,
stabilisation with this reduced control design space will be possible again.

When aiming to reduce the real part of the largest eigenvalue by a proper choice of Kβ ,
signs of Kβ are opposite for the two drive train configurations, Figure 10, confirming the
above-mentioned different control strategies to stabilise the powerslide motion at RWD or
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Figure 10. Maximum real part of the largest eigenvalue of the controlled systemwith gains Kψ̇ and Kβ .

AWD vehicles. For RWD vehicles, the total drive torque Ttot needs to be reduced to dimin-
ish the vehicle sideslip angle β , and also the vehicle velocity v will be reduced accordingly
(‘RWD-strategy’). For γ in the light grey area of Figure 9(b), the total drive torqueTtot needs
to be increased to diminish the vehicle sideslip angle β , and therefore the vehicle velocity
v will also increase (‘AWD-strategy’).

In conclusion, for AWD vehicles with specific constant drive torque distributions γ , the
unstable eigenvalue related to the ‘yaw mode’ can be stabilised with the above controller.
Still, one eigenvalue related to the ‘velocity mode’ remains unstable. Although the ‘veloc-
ity mode’ is also (slightly) unstable at RWD vehicles, the vehicle velocity converges to its
equilibrium state when the vehicle sideslip angle is stabilised by the total drive torque due
to the velocity zero-dynamics, [26]. But for AWD vehicles, the total drive torque to sta-
bilise the unstable ‘yaw mode’ and thus the vehicle sideslip angle does not automatically
stabilise the unstable ‘velocity mode’, indicating possibly unstable zero-dynamics. This
result coincides with findings from [36], based on a phase-plane analysis of the powerslide
motion.

As a consequence, it is assumed, when utilising a constant output controller with the
vehicle sideslip angle as a measurement variable, having the right graph of Figure 8 in
mind, that the powerslidemotion could be stabilised forAWDvehicleswith a variable drive
torque distribution. In this way, with large γ , the benefit from a stable ‘velocity mode’ and
with small γ , the benefit from a direct yaw moment due to the longitudinal tyre forces at
the front axle can be combined. The feasibility of this approach is now tested in a particular
application case.

4. Application: driver assistance system

Based on the above analysis of the powerslide branch 3© in Figure 3 and the effectiveness
of the investigated control inputs, a basic driver assistance system to perform a steady-state
powerslide is proposed in this section. The task of this driver assistance system is to stabilise
the powerslide motion by shifting the total drive torque between the front and rear axle,
where the human driver has to track the circular path only by utilising steering commands.
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In contrast to previous work, e.g. [9,24,26], which focuses on autonomous drifting, the
human driver is included in the control loop.

Considering the conclusions from Sections 3.4 and 3.5, a variable drive torque distri-
bution γ is used to stabilise the steady-state powerslide motion. The nominal drive torque
distribution γ0 is selected in the range γ0 = 0.5 − 0.9 for powerslide steering behaviour
with a negative steering angle and small sideslip angle at the front axle αF according to
Figure 5. The total drive torque Ttot,0(βdes,μ, γ0) is pre-selected to adjust to a desired vehi-
cle sideslip angle βdes for a given tyre–road friction potential μ and nominal drive torque
distribution γ0, see Figures 4(b) and 5 in Section 3.2.

A simple PD-controller is chosen to move the eigenvalue of the unstable mode 1,
Figure 7 in Section 3.3, to the negative half-plane by controlling the drive torque of the
front and rear axle, TF and TR,

TF = Ttot,0(1 − γ0)+ a1eβ + a2ėβ (12a)

TR = Ttot,0γ0 − a1eβ − a2ėβ (12b)

with the vehicle sideslip angle error eβ = β − βdes and its derivative ėβ , and the con-
trol gains a1 and a2. Since (regenerative) braking is not considered, the lower boundary
for the axle drive torques is zero. If this boundary is reached, the total drive torque Ttot
can be increased by the driver assistance system (limited by the maximum motor torque)
for better tracking performance of the controller at large disturbances. The availability of
regenerative braking would be favourable in this respect.

4.1. Human drivermodel – virtual test driver

To investigate the driver assistance system in the simulation environment, first, its interac-
tion with a human driver is considered by adapting the virtual two-layer test driver model
described in [37]. The steering angle δ = δff + δc + δcs is composed of the steering angle
δff from anticipation, the steering angle δc from disturbance compensation, and the steer-
ing angle δcs from countersteering. Since the anticipated curvature κ of the track remains
constant for the circular path, the anticipatory feed-forward layer results in the constant
steering angle δff = δff ,0 corresponding to the regular cornering manoeuvre before the
powerslide is initiated.

The predictive compensatory closed-loop layer Gc(s) compensates the predicted (with
preview time Tp) path deviation	y with the steering input δc,

Gc(s) = δc(s)
	y(s)

= Kc
1 + Tvs
1 + Tns

e−sτ , (13)

with driver gainKc and time constants Tv and Tn. The human reaction time is chosen con-
stant τ = 0.2 s, [38]. Tn = 0.14 s, Tv = 3.6 s, Tp = 0.3 s, and Kc = 0.013 rad/m are found
by applying the ‘cross-over’ assumption, [38], for the considered vehicle and tyre model,
Table 1 and Figure 2, at regular cornering for a normal acceleration of an = 8m/s2.

As the vehicle increases in sideslip, after the powerslide manoeuvre has been initi-
ated, the driver applies countersteer, which effectively reduces the tyre sideslip angle at
the front wheels and the yaw moment, until no net yaw moment is produced, [39]. Then,
the vehicle is stabilised at the desired vehicle sideslip angle, and there results a small offset
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between steering angle and vehicle sideslip angle. The countersteer task after the initiation
of the powerslide manoeuvre is represented by an additional countersteer layer imposing a
(human) lag steering behaviour	δcs

Gcs(s) = δcs(s)
	β(s)

= Kcs
1

1 + T1s
e−sτ (14)

with time constant T1 ≈ Tn and Kcs to finally match the steering angle of the demanded
powerslide equilibrium.	β is the developing deviation of the current vehicle sideslip angle
from the vehicle sideslip angle at initial regular cornering.

4.2. Simulation

A simulated powerslide manoeuvre of the closed-loop ‘vehicle–driver–driver assistance
system’, utilising the vehicle model described in Section 2 and the driver model and the
driver assistance system described in Section 4, is shown in Figure 11. The virtual test
driver tracks a circular path with radius R = 60m on a surface with tyre–road friction
potential μ = 1. Starting in regular driving condition, the powerslide is initiated at time
t = 5 s by setting up a demanded vehicle sideslip angle ramp to βdes = −35◦ with a rate
of 10◦/s. The left top plot in Figure 11 shows this ramp. The controller is able to track the
demanded vehicle sideslip angle very well. During the initialisation phase, the controller
shifts all drive torque to the rear until the maximum total drive torque is reached, left bot-
tom plot, resulting in large traction forces at the rear axle, and the vehicle starts to turn
into the corner, right bottom plot. At the end of this period, the total drive torque has set-
tled down to its equilibrium value related to the final steady-state powerslide motion. The
virtual test driver countersteers and compensates path deviation, right top plot, with addi-
tional steering input. Obviously, the states converge to the powerslide equilibrium, which
has been successfully stabilised, left middle plot.

A step-like external disturbance, represented as a reduction of the friction potential to
μ = 0.8, is applied at time t = 20 s for a duration of 0.2 s, which is equivalent to a length
of 4.6m at the current velocity. Only small yaw oscillations appear, and only small steer-
ing corrections are required from the virtual test driver while the driver assistance system
robustly compensates the friction potential disturbance by vigorously adapting the drive
torque distribution γ , left bottom plot in Figure 11.

4.3. Experiment

The driver assistance system was also tested in real application at different tyre–road sur-
face conditions, on dry asphalt, wet asphalt, and packed ice (μ ≈ 1 − 0.6 − 0.25). The
experiments were conducted with an AWD vehicle with individual electric motors at the
front and the rear axles, with vehicle parameters similar to Table 1. While the vehicle
sideslip angle β was measured with an external GNSS/INS system, other signals were
recorded from the internal bus system of the vehicle.

To initiate the powerslide with the driver assistance system, the driver applies and keeps
full throttle, starting at regular cornering conditions. The driver assistance system increases
the drive torque at the rear axle to linearly ramp-up the vehicle side slip angle β to the
desired vehicle side slip angle βdes, while the driver has to countersteer to keep the desired
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Figure 11. Simulation of powerslide initiation, stabilisation and disturbance compensation for radius
R = 60m, desired vehicle sideslip angleβdes = −35◦, tyre–road friction potentialμ = 1; nominal drive
torque distribution γ0 = 0.8; control gains a1 = 40,000 Nm/rad, a2 = 17,000 Nms/rad.

reference trajectory. During the sustained powerslide, the driver assistance system controls
the torque of each axle by changing parameters on the drive control unit of the vehicle to
maintain the desired vehicle sideslip angle βdes, while the human driver tracks the refer-
ence trajectory by controlling the steering angle δ. The driver terminates the powerslide by
releasing the accelerator pedal. Recovery from the powerslide to normal driving is not yet
implemented and has to be accomplished by the driver, as the focus of the experiments is
put on the general powerslide stabilisation task and the interaction of the proposed driver
assistance system with the human driver.

In Figure 12, measurement data are presented for a powerslide manoeuvre conducted
on dry asphalt. The desired vehicle sideslip angle is set toβdes = −30◦. One can see that the
controller of the driver assistance system very closely adjusts both the initial ramp and the
desired constant vehicle sideslip angle. The steering angle of the human driver for tracking
the circular path is quite smooth, top plot. Both the yaw rate ψ̇ and the vehicle velocity v,
centre plot, converge to their steady-state values. The yaw rate is oscillating, probably due
to time delays in the vehicle bus system and inertial effects of the drive train, which are not
considered in the simple controller.

The bottom plot of Figure 12 shows the front and rear axle torques, TF and TR, and
the drive torque distribution γ . The drive torque distribution oscillates w.r.t. the nominal
drive torque distribution γ0 ≈ 0.7. Due to the high friction potential on dry asphalt and
the limitedmaximummotor torques of the test vehicle, the radius R ≈ 20m of the circular
path was small at this test manoeuvre.
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Figure 12. Measurement results from powerslide initiation and stabilisation with human driver/driver
assistance system when tracking a circular path of radius R ≈ 20m on dry asphalt (tyre–road friction
potentialμ ≈ 1).

Figure 13. Measured trajectory of the CG of the vehicle and vehicle centre line corr. to Figure 12.

The resulting trajectory of the vehicle’s centre of gravity CG and the vehicle position are
illustrated in Figure 13. It was easy for the driver to track the circular path or eventually
increase/decrease the radius, as the driver was relieved from the stabilisation task of the
unstable powerslide motion.
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5. Conclusions

The characteristic properties of the powerslide motion for an all-wheel drive (electric)
vehicle with individual motors at the front and rear axles have been investigated. Besides
the steering angle input, the effectiveness of the drive train in stabilising the unstable
steady-state powerslide motion has been analysed. In addition to the steering angle and
the total drive torque input, the distribution of the total drive torque between the front and
rear axles is an effective ‘actuator’ for the stabilisation task.

The controllability analysis reveals that the control strategy for stabilising the powerslide
motion with the total drive torque depends on the (nominal) drive torque distribution.
With decreasing drive torque distribution front:rear (here at about 25:75), the strategy has
to be changed from an ‘RWD-strategy’ to an ‘AWD-strategy’, where the total drive torque
has to be increased to reduce or stabilise the yaw rate and vehicle sideslip angle, in opposite
to the ‘RWD-strategy’. The loss of controllability of the unstable powerslide mode with
the total drive torque input indicates the (constant) drive torque distribution, where the
strategy has to be changed.

Another interesting observation is that the total drive torque that stabilises the unstable
‘yaw mode’ and thus the vehicle sideslip angle at an AWD vehicle in powerslide motion,
does not automatically stabilise the unstable ‘velocity mode’, in contrast to the stable
velocity zero-dynamics of a RWD vehicle.

Both simulation and experimental results show that a basic (linear) PD-controller is
sufficient to stabilise andmaintain a powerslidemotion by drive torque distribution control
while the (human) driver just tracks the circular path.

To improve robustness concerning changes in the tyre–road friction potential or dif-
ferences in human driver behaviour, first results from applying a machine learning-based
control approach appear to be very promising, [40].
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