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Abstract

We consider scalar semilinear elliptic PDEs, where the nonlinearity is strongly mono-
tone, but only locally Lipschitz continuous. To linearize the arising discrete nonlinear
problem, we employ a damped Zarantonello iteration, which leads to a linear Poisson-
type equation that is symmetric and positive definite. The resulting system is solved
by a contractive algebraic solver such as a multigrid method with local smoothing. We
formulate a fully adaptive algorithm that equibalances the various error components
coming from mesh refinement, iterative linearization, and algebraic solver. We prove
that the proposed adaptive iteratively linearized finite element method (AILFEM)
guarantees convergence with optimal complexity, where the rates are understood with
respect to the overall computational cost (i.e., the computational time). Numerical
experiments investigate the involved adaptivity parameters.

Mathematics Subject Classification 65N30 - 65N50 - 65N15 - 65Y20 - 41A25

1 Introduction
1.1 Problem setting and main results

Undoubtedly, adaptive finite element methods (AFEMs) are in the canon of reliable
numerical methods for the solution of partial differential equations (PDEs). Some of
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the seminal contributions in this still very active area are [ 1-9] for linear problems, [ 10—
14] for nonlinear problems, and [15] for an abstract framework.

By means of conforming finite elements, this paper is concerned with the cost-
optimal computation of the solution u* € HOl (2) to the semilinear elliptic model
problem

—div(AVu*) +b(u*) = F inQ subjectto u*=0 ondQ, )

with a Lipschitz domain @ ¢ R¢ for d € {1, 2, 3}, an elliptic diffusion coefficient
A: Q — ]ng)ff, a monotone nonlinearity b: Q — R, and sufficiently regular data
F. The assumptions are such that the Browder—Minty theorem ensures existence and
uniqueness.

Moreover, the model problem (1) can be recast into the framework of strongly
monotone and locally Lipschitz continuous operators such that the abstract model
problem reads: For X = HO1 (2) with topological dual space X’ = H~'(Q) and
duality bracket (-, -), a nonlinear operator A: X — X’, and given data F € X', we
aim to approximate the solution u* € X to

(Au*, v)=(F,v) forallvelX. 2)

To this end, we employ conforming piecewise polynomial finite element spaces Xy C
& with the corresponding discrete solution u}; € Xy to

(Aut,  vy)=(F,vy) forallvy € Xy, A3)

which, however, can hardly be computed exactly, since (3) is still a discrete nonlinear
system of equations.

The major difficulty of such problems is that the Lipschitz constant of .4 depends
on the considered functions v and w in the sense that for ¢ > 0, it holds that

[Av — Awllxr < L[9]lllv — w|| forall v, w € X with max {[|[v]l, [lw|ll} < ».
(LIP)

Moreover, this dependence also appears in the stability constant of the residual-based
a posteriori error estimator [16, 17].

Hence, for such a problem class, any approximate numerical scheme must ensure
uniform boundedness of all computed approximations u}, ~ uy € Xy throughout
the algorithm. This constitutes the first main result: The developed adaptive iteratively
linearized FEM (AILFEM) algorithm (more detailed in Algorithm 1 below) guaran-
tees a uniform upper bound on all iterates (see Theorem 4 below). In particular, the
algorithm steers the decision whether it is more preferable to refine the mesh adap-
tively or to do an additional step of linearization or a further algebraic solver step
instead.

Once uniform boundedness is established, we prove full R-linear convergence
(Theorem 5 below) as the second main result. Full R-linear convergence establishes
contraction in each step of the algorithm regardless of the algorithmic decision. At the
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Fig. 1 Depiction of the nested loops of the AILFEM algorithm 1 below

expense of a more challenging analysis that links energy arguments with the energy
norm of the algebraic solver, full R-linear convergence is guaranteed for all mesh
levels £ > ¢y = 0 while prior works [17, 18] used compactness arguments which
only guaranteed the existence of the index ¢y € Ny (and not necessarily £9 = 0). As
a consequence of uniform boundedness and full R-linear convergence, the third main
result proves optimal rates both understood with respect to the degrees of freedom
and with respect to the overall computational cost (Corollary 1 and Theorem 6) of the
proposed algorithm.

Compared to existing results in the literature [14, 19-21], all three main results
require a suitable adaptation of the stopping criteria of the linearization loop as well
as sufficiently many iterations in the algebra loop, together with subtle technical chal-
lenges, in particular, for the proof of full R-linear convergence.

1.2 From AFEM to AILFEM

On each mesh level (with mesh index £), the arising discrete nonlinear problems cannot
be solved exactly in practice as supposed in classical AFEM [10-13]. To deal with this
issue, we follow [22—24] and consider the so-called Zarantonello iteration from [25]
as a linearization method (with index k). The Zarantonello iteration is a Richardson-
type iteration where only a Laplace-type problem has to be solved in each iteration.
Since the arising large SPD systems are still expensive to solve exactly, we employ a
contractive algebraic solver as a nested loop to solve the Zarantonello system inexactly
(with iteration index 7). The loops thus come with a natural nestedness (see Fig. 1),
where the overall schematic loop of the algorithm reads

{
[SOLVE & ESTIMATE —— MARK

Since the proposed adaptive loop depends on all previous computations, optimal
convergence rates should be understood with respect to the overall computational
cost. This idea of optimal complexity originates from the wavelet community [26, 27]
was used in the context of AFEM in [5] for the Poisson model problem and [28] for
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the Poisson eigenvalue problem, both under realistic assumptions on generic iterative
solvers.

AILFEMs with iterative and/or inexact solver with a posteriori error estimators are
found in, e.g., [22, 29-33] and references therein. Besides the Zarantonello iteration,
for globally Lipschitz continuous nonlinearities, the works [20, 24, 34] analyze also
other linearizations such as the Kacanov iteration or damped Newton schemes. Optimal
complexity of the Zarantonello loop that is coupled with an algebraic loop is analyzed
in [18] for nonsymmetric second-order linear elliptic PDEs and for strongly monotone
(and globally Lipschitz continuous) model problems in [14, 19-21, 23].

The literature on AILFEMs for locally Lipschitz continuous problems is scarce
and closing this gap is the aim of this work. The semilinear model problem is treated
in, e.g., [33] by a damped Newton iteration and in [35] by an energy-based approach
with experimentally observed optimal rates. We also refer to the own work [36] for an
AILFEM with optimal rates with respect to the overall computational cost, however,
under the assumption that the arising linear systems can be solved at linear cost. More
precisely, compared to the previous work [36], in this paper we also take an opti-
mal algebraic solver for the linearized problem into account and propose an adaptive
algorithm ensuring optimal convergence rates with respect to the computation time.
Moreover, compared to [36] that elaborates the proof of full R-linear convergence
along the lines of [14], we provide a much simpler proof inspired by [21]. However,
the work [21] employs a general quasi-orthogonality from [37] that is not available
for nonlinear problems in general since the proof relies on a stable LU-decomposition
of the linear problem. Therefore, to avoid compactness arguments like in [18], we
employ orthogonality in the underlying energy.

1.3 Outline

This paper is structured as follows: Sect.2 introduces the abstract framework on
locally Lipschitz continuous operators. In Sect. 3, we formulate the (idealized) AIL-
FEM algorithm (Algorithm 1). We prove uniform boundedness for the final iterates
of the algebraic solver (Theorem 4). Section4 presents the second main result: Full
R-linear convergence (Theorem 5). In particular, rates with respect to the degrees of
freedom coincide with rates with respect to the computational cost (Corollary 1). In
Sect.5, we prove the main result on optimal complexity of the proposed AILFEM
algorithm (Theorem 6). In Sect. 6, we present numerical experiments of the proposed
AILFEM strategy and investigate its optimal complexity for various choices of the
adaptivity parameters.

2 Strongly monotone operators
This section introduces an abstract framework of strongly monotone and locally Lip-

schitz continuous operators. This class of operators covers the model problem (1) of
semilinear elliptic PDEs with monotone semilinearity.
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2.1 Abstract model problem

Let X be a Hilbert space over R with scalar product (-, -)) and induced norm [|| - |||. Let
Xy C X be aclosed subspace. Let X’ be the dual space with norm || - || y» and denote
by (-, -) the duality bracket on X’ x X. Let A: X — X’ be a nonlinear operator. We
suppose that A is strongly monotone, i.e., there exists a monotonicity constant o > 0
such that

allv—wl® < (Av— Aw, v —w) forallv,w € X. (SM)

Moreover, we suppose that A is locally Lipschitz continuous, i.e., for all ¥ > 0,
there exists L[¢] > 0 such that

(Av—Aw, ¢) < L[#]llv—wll [llelll forallv, w, ¢ € X with max {[|[v]l, llv — wlll} < .
(LIP)

Remark 1 We remark that local Lipschitz continuity is often defined differently in the
existing literature, cf. [38, p. 565]: For all ©® > 0, there exists L'[®] > 0 such that

(Av— Aw, @) < L'[O]][lv — wl| l¢lll for all v, w, ¢ € X with max {[l|v]l], [lw]|}<©.
(LIP)

We note that the conditions (LIP) and (LIP’) are indeed equivalent in the sense
that (LIP) yields (LIP) with ® = 2%, and, conversely, (LIP') yields (LIP) with ¢ =
2 ®©. However, condition (LIP) is better suited for the inductive proof of Proposition 2
which is the main ingredient to guarantee uniform boundedness in Theorem 4.

Without loss of generality, we may suppose that A0 # F € X’. We consider the
operator equation: Seek u* € X that solves (2). For any closed subspace Xy C X,
we consider the corresponding Galerkin discretization (3). We note existence and
uniqueness of the solutions to (2)—(3) and a Céa-type estimate.

Proposition 1 ([36, Proposition 2]) Suppose that A satisfies (SM) and (LIP). Then,
(2)-(3) admit unique solutions u* € X and u}; € Xy, respectively, and

* * 1
max {[[lu*ll, [lluf; I} < M := 5 |F— AO[lx» >0 4)
as well as

llu* —uylll < Cegq min |llu* —vylll with Ceeq = L2M1/a. O (5)
UHEXH
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Finally, we suppose that .4 has a potential P: There exists a Gateaux differentiable
function P: X — R such that its derivative dP: X — X’ coincides with A, i.e.,

(A, v) = (@Pw), v) = lim PwHtv) =PW) v, wex. (POT)
f—

t
teR

With the energy £(v) := (P — F)v, there holds the following classical equivalence.

Lemma1 (see,e.g., [23,Lemma 5.1]) Let Xy C X be a closed subspace (where also
Xy replaced by X is admissible). Suppose that A satisfies (SM), (LIP), and (POT).
Let} > M. Let vg € Xy with |lvg — uyylll < 0. Then, it holds that

o N N L[v] N
5 lllvw — will? < E(vp) — E@yy) < = lllvw — wi lI1%. (©6)

In particular, the solution u},; of the variational formulation (3) is indeed the unique
minimizer of € in Xy, i.e.,

Euy) < Ewn) forallvy € Xy. @)
In particular, it holds that
Elvy) —EW) = [€(UH) — S(u}'{)] + [E(u}{) — 5(u*)] forallvg € Xy (8)

and all these energy differences are nonnegative. O

2.2 Iterative linearization and algebraic solver

Let Xy C X be a finite-dimensional (and hence closed) subspace of X. In order to
solve the arising nonlinear discrete problems (3), we will incorporate a linearization
method as well as an algebraic solver into the proposed algorithm.

Linearization by Zarantonello iteration. For a detailed discussion of the Zaran-
tonello iteration, we refer to [36, Sect. 2.2-2.4]. For a damping parameter § > 0 and
wy € Xy, let ®y(8; wy) € Xy solve

(@u (8 wy). va) = (wg . va) + 8 [F(vg) — (Awg , vy)] forallvy € Xy.
)

The Lax—Milgram lemma proves existence and uniqueness of @y (8; wy), i.e., the
Zarantonello operator @y (§; -): Xy — Xy is well-defined. In particular, “;1 =
®(8; upy) is the unique fixed point of @y (8; -) for any damping parameter § > 0.
Moreover, for sufficiently small § > 0, the Zarantonello operator is norm-contractive.

Proposition 2 (see, e.g., [36, Proposition 4]) Suppose that A satisfies (SM) and (LIP).
Let & > 0 and vy, wy € Xy with max {[|lvglll, lllvg — wglll} < 0. Then, for all
0 <8 <2a/L[91? and 0 < q3,.[8,91% := 1 — 8 2a — SL[P1?) < 1, it holds that

@ Springer



Cost-optimal adaptive FEM with linearization and algebraic...

1P nH (S vi) — P8 wi)lll < g74[8. M lllve — walll. (10)

We note that qzar[ﬁ, 9] — las § — 0. For known o and L[V], the contraction
constant q;, [, 9P =1-— otz/L[ﬂ]2 = 1 — a8 is minimal and only attained for
8§ =a/L[V aﬁ. ]

Algebraic solver. The Zarantonello system (9) leads to an SPD system of equations to
compute Py (8; upg). Since large SPD problems are still computationally expensive,
we employ an iterative algebraic solver with process function ¥y : X' x Xy — Xy
to solve the arising system (9). More precisely, given a linear functional ¢ € X’ and
an approximation wy € Xy of the exact solutions w;{ e Xy to

(wy, va) = @(vy) forall vy € Xy,

the algebraic solver returns an improved approximation Wy (¢; wy) € Xy in the
sense that there exists a uniform constant 0 < ga; < 1 independent of ¢ and X'y such
that

llwy — Yo (@; wa)lll < qag llwy —walll forallwy € Xu. 1D

To simplify notation when the right-hand side ¢ is complicated or lengthy (as for
the Zarantonello iteration (9)), we shall write Wy (w3;; -) instead of Wy (¢; -), even
though w3, is unknown and will never be computed.

2.3 Mesh refinement

Henceforth, let 7y be an initial triangulation of € into compact triangles. For mesh
refinement, we use newest vertex bisection (NVB); cf. [39] for d > 2 with admissible
7o as well as [40] for d = 2 and [41] for d > 2 with nonadmissible 7. For d = 1,
we refer to [42]. For each triangulation 7y and marked elements My < 7y, let
T, = refine(7y, Mp) be the coarsest refinement of 7y such that at least all
elements T € Mg have been refined, i.e., My C Tg\7,. We write 7, € T(7g)
if 7;, can be obtained from 7y by finitely many steps of NVB, and, for N € Ny, we
write 7, € Ty (7y) if 7, € T(7y) and #7;, — #7Ty < N. To abbreviate notation,
let T := T(Zp). Throughout, any 7y € T is associated with a finite-dimensional
space Xy C X such that nestedness of meshes 7, € T(7y) implies nestedness of the
associated spaces Xy C A}.

2.4 Axioms of adaptivity and a posteriori error estimator

ForTy € T,T € Ty, and vy € Xy, let nu (T, vy) € R>q be the local contributions
of an a posteriori error estimator and abbreviate

N 172
ni@r) = 1 (Ti, ve), where ny U, o) = (3 nu (T v?) " forall Uy < Ty,
TelUy
(12)

@ Springer



M. Brunner et al.

We suppose that the error estimator ng satisfies the following axioms of adaptivity
from [15] with a slightly relaxed variant of stability (A1) in the spirit of [17].

(A1) stability: For all 9 > 0 and all /g C 7, N Ty, there exists Cgpap[P] > 0 such
that for all v, € &), and vy € Xy with max {[|[valll, lvs — valll} < ¥, itholds
that

|mn U, v) — 1 Un, ve)| < Csan[D oy — valll-
(A2) reduction: With 0 < greq < 1, it holds that

(T \Ta, ve) < Gred N"H(Te\Th, vg) forallvy € Xy.

(A3) reliability: There exists Cr] > 0 such that
llu* — uylll < Cret nu (uhy).
(A4) discrete reliability: There exists Cqre] > O such that
lluy — wylll < Caret Nt (T \Ths uYy)-

2.5 Application of abstract framework (2) to semilinear PDEs (1)

In the following, we comment on how the semilinear PDE (1) fits into the abstract
framework in Sect.2.1-2.4. Let 2 c R?,d ¢ {1, 2, 3}, be abounded Lipschitz domain
with polygonal boundary. The weak formulation of the semilinear model problem (1)
reads: Given F € H-YX(Q), find u* € X := HOl (€2) such that

(AVu*, Vg + (b(u*), v)g = (F, v) forallv e H}(Q), (13)

where (-, -)q denotes the L*(£2)-scalar product. Note that (13) coincides with (2),
where Au := (AVu, Vo + (bu), Yo withu € X. As a means of discretization,
we consider Lagrange finite element spaces of piecewise polynomial functions of a
fixed polynomial degree p € N on a conforming triangulation 7z of 2, namely Xy :=
Sg(’TH) = {vy € H(} (2): vy |t is polynomial of degree < p forall T € Ty}. This
discretization leads to nested spaces Xy C A), whenever 7y € T and 7, € T(7g).
The precise assumptions on the model problem are given as follows.

Assumptions on the right-hand side. We suppose the following.

(RHS) Let (F, v) := (f, v)g + (f, Vv)q with given f € L*(Q) and f €
(L)),

Assumptions on the diffusion coefficient. The diffusion coefficient A satisfies the
following standard assumptions:
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(ELL) A € L°°(R; R‘Slyxnf), where A (x) is a symmetric and uniformly positive definite

matrix, i.e., the minimal and maximal eigenvalues satisfy

0 < o :=essinf Apin(A(x)) < esssup Amax(A(X)) =: u1 < oo.
xeQ xeQ

In particular, the A-induced energy scalar product (v, w)) := (AVv, Vw)q induces
an equivalent norm |||v[|] := (v, )72 on H(} ().

Assumptions on the nonlinear reaction coefficient. The nonlinearity b(-) satisfies
the following assumptions from [43, (A1)—(A3)]:

(CAR) b: Q x R — R is a Carathéodory function, i.e., for all n € Ny, the n-th
derivative b := 8g’b of b with respect to the second argument & satisfies that

> for any £ € R, the function x — b(”)(x, &) is measurable on €2,
> for any x € €, the function & - b (x, &) exists and is continuous in &.

(MON) We assume monotonicity in the second argument,i.ﬂe.,b’ (x, &) :=bWD(x, &) >
0 for all x € Q and § € R. By considering b(v) := b(v) — b(0) and
f = f — b(0), we assume without loss of generality that b(x, 0) = 0.

To establish continuity of v > (b(v), w)q, we impose the following growth condi-
tion on b(v); see, e.g., [44, Chapter 111, (12)] or [43, (A4)]:

(GC) There exist R > 0 and N € N with N < 5 for d = 3 such that

M (x, &) < R forae.x € Qandall§ € R.

These assumptions suffice to prove that the operator A := X — X’ = H~!(Q) asso-
ciated with the model problem (13) is strongly monotone (SM) and locally Lipschitz
continuous (LIP) in the sense of Sect.2.1; see [36, Lemma 20].

Energy minimization. Associated with the semilinear model problem (13), we
consider the energy

1 v(x)
g(u)sz 1A12vy|2 dx +/ / b(s)dsdx—/ fudx —/f~Vvdx for v € H(Q).
2 Jg e Jo Q Q

To ensure the well-posedness of integrals, we require the following stronger growth
condition (guaranteeing compactness of the nonlinear reaction term). Indeed, the
same assumption is also required for stability (A1) of the residual error estimator (14)
below.

(CGC) There holds (GC), if d € {1, 2}. If d = 3, there holds (GC) with the stronger
assumption N € {2, 3}.

Residual error estimator. To guarantee well-posedness, we additionally require
that Al € [WH(T)19% and flr € [WLo(T)]? for all T € Tp, where Ty is
the initial triangulation of the adaptive algorithm. Then, for 7y € T and vy € Xy,
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the local contributions of the standard residual error estimator (12) for the semilinear
model problem (13) read

i (T, vm)* = hi || f + div(A Vog — f) = b@mIl}s )

(14)
+hr A Vor = f) - 11325700,

where iy = |T'|'/? and where [ - ]| denotes the jump across edges (for d = 2) resp.
faces (for d = 3) and n denotes the outer unit normal vector. For d = 1, these jumps
vanish, i.e., [ - | = 0. The axioms of adaptivity are established for the present setting
in [17].

Proposition 3 ([17, Proposition 15]) Suppose (RHS), (ELL), (CAR), (MON), and
(CGC). Suppose that NVB is employed as a refinement strategy. Then, the residual
error estimator from (14) satisfies (A1)—(A4) from Sect. 2.4. The constant Cye] depends
only on d, [, and uniform shape regularity of the initial mesh To. The constant Cgye
depends, in addition, on the polynomial degree p, and Cgap[9 ] depends furthermore
on ||, ¥, N, R, and A. O

Algebraic solver. As an algebraic solver, we employ a norm-contractive solver
to solve the Zarantonello system (9). Possible choices are, e.g., an optimally pre-
conditioned conjugate gradient method [45] or an optimal geometric multigrid [46,
47]. More precisely, the numerical experiments below employ the 4p-robust multigrid
method from [47], which is well-defined owing to ellipticity (ELL).

3 Fully adaptive algorithm

In this section, we present the adaptive iterative linearized finite element method (AIL-
FEM). As a first main result, we prove that the iterates from the proposed algorithm
are uniformly bounded.

3.1 Fully adaptive algorithm

In this section, we introduce a fully adaptive algorithm that steers mesh refinement (€),
linearization (k) and the algebraic solver (7). The algorithm utilizes specific stopping
indices denoted by an underline, namely £, k[¢], i[£, k]. However, we may omit the

. . _ k
dependence when it is apparent from the context, such as in the abbreviation u 6’5 =
k,i[e,k]
w,~ .

For the analysis of Algorithm 1, we define the countably infinite index set

Q:={(£, k, i) € N3: u}" is used in Algorithm 1},
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Algorithm 1 adaptive iterative linearized FEM (AILFEM)

Input: Initial mesh 7, marking parameters 0 < 6 < 1, Cpark > 1, solver parameters Afin, Aalg > O,

minimal number of algebraic solver steps imin € N, initial guess ug"o = ug *o= ug’i e AXp with
|Hu8’0\|| < 2M, and Zarantonello damping parameter § > 0.
Adaptive loop: For all £ =0, 1, 2, . .., repeat the following steps (I)—(I1I):
(I) SOLVE & ESTIMATE. Forallk =1,2,3,..., repeat steps (a)—(c):
(a) Define ulz'o = ulz 1L and, for only theoretical reasons, “Z = Py (6 ulz L ')
(b) Foralli =1,2,3,... repeat ﬂteps (1) (11)
(i) Compute ulz =Y, (u R uk ) and error estimator W(”e )
(i) Terminate the i-loop and define i[¢, k] := i if
ki—1 ki k,i k,i k,0 . .
Mk = — a0 < Ratg [gin e @) + Mlal = O] AND igin <. (15)
(c) Terminate the k-loop and define k[¢] := k if
£ WY <02 nplh? ki <om (16)
(u ( )_ (ug ) = ]jnnf("‘g )~ AND ”Iug < .

(I MARK. Find aset M € My[0, ut™] := Uy ST0: 0 o2 < np Uy, w2} such that

#Mp < Crark min L #Uy. (17
UpeMy[6.1y"]

(Il) REFINE. Generate the newmesh 741 := refine(My, 7y) by employing NVB and define ”g-o(—)l =

0,i 0, |
”E-H =uply = ”K (nested iteration).

Output: Sequences of successively refined triangulations 7y, discrete approximations ulz’l and correspond-

ing error estimators 7y (u]z’l ).

where, for any (£, 0, 0) € Q, the final indices are defined as

£ :=sup{f € Ng: (£,0,0) € Q} € NgU {oc},
k[€] := sup{k € N: (£, k,0) € Q} € NU {00},
i[¢, k] :=sup{i e N: (£, k,i) € Q} € NU {oo}.

We note, first, that these definitions are consistent with those of Algorithm 1, second,
that Lemma 2 below proves that i[¢, k] < oo, and, third, that hence either £ =

or £ < oo with k[£] = oo. For all (¢, k,i) € Q, we introduce the total step counter
|, -, -] defined by

1€, ki i=#{(C, K, i") € Q: (€', K',i") < (€, k, )}

—1 k[C]i¢ K] k—1i[¢,k'] i—1
Z )IDIREDDDIEED B
=0k'=1 i'=1 K'=1 i'=1 i'=1

We note that this definition provides a lexicographic ordering on Q.
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In the later application to AILFEM for semilinear elliptic PDEs, every step of
Algorithm 1 can be performed in linear complexity as the following arguments show.

> SOLVE. The employed algebraic solver is an hAp-robust multigrid [47] and hence
each algebraic solver step requires only O (#7;) operations.

> ESTIMATE. The simultaneous computation of the standard error indicators
ne(T, ulz”) for all T € 7; can be done at the cost of O#7y).

> MARK. The employed Dorfler marking (and the involved determination of M) is
indeed a linear complexity problem; see [5] for Cparx = 2 and [48] for Cpyark = 1.

> REFINE. The refinement of 7y is based on NVB and, owing to the mesh-closure
estimate [4, 39], requires only linear cost O#7y).

Thus, the total work until and including the computation of u]lf’i is proportional to

—1 k[e'1i[¢ k'] k—1 i[€,k']
cost(l, k,i) = Z #Ty = Z Z Z #7@+Z Z #72+Z#7z
,k',i"eQ 0k'=1 i'=1 k=1 i'=1 i'=1

1€ K i | <[,k ]
(18)
An important observation is that the algebraic solver loop always terminates.

Lemma 2 Independently of the adaptivity parameters 0, Ajin, and Aag, the i-loop of
Algorithm 1 always terminates, i.e., i[{, k] < oo forall (£,k,0) € Q.

Proof We argue as in [18, Lemma 3.2]. Let (¢, k, 0) € Q. We argue by contradiction
and assume that the i-loop stopping criterion (15) in Algorithm 1(L.b. ii) always fails
and hence i[¢, k] = co. By assumption (1 1) the algebralc solver W, (u ¢ +) iscon-

tractive and hence convergent with limit uk e = dy(6; u ‘ ) from Algorithm 1(L.a).
Moreover, by failure of the stopping criterion (15) in Algorithm 1(I.b.ii), we thus
obtain that

, . (15) ,
k,i k,i k,0 k,i k,i—1 — 00
neQuy) + llluy” —uy Il S Ny —uy == 0.

This yields |||ullf’* - ulz’0||| = 0 and hence ulg’* = ulg” for all i € Ny, since the
algebraic solver is contractive. Consequently, the i-loop stopping criterion (15) in
Algorithm 1(I.b.ii) will be satisfied for i = inin. This contradicts our assumption, and
hence we conclude that i[¢, k] < oo. |

3.2 Energy contraction for the inexact Zarantonello iteration

In this section, we prove uniform boundedness of the iterates u ¢ " from Algo-
rithm 1: Note that the algorithm does not compute the Zarantonello iterate " e =
Dy (5 ulz_l"*) exactly, but relies on an approximation ulz ~ uk ¢ *. We prove that this
inexact Zarantonello iteration is contractive with respect to the energy, which is the
case if at least imin € N steps of the contractive algebraic solver are performed, i.e.,
i[€, k] > imin. In particular, a suitable choice of the damping parameter § > 0 and the
index imjn are derived in the following.
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Theorem 4 Suppose that A satisfies (SM), (LIP), and (POT). With M from (4), define
T =M —|—3M( 3M])l/2 > 4M. Let Ajin, haig > 0 and 0 < 0 < 1 be arbitrary.

Suppose that |||u(Z ||| = |||”£ ||| < 2M with M > 0 from (4). Choose imin € N such
that

diy < 1/3. (19)

Then, for any choice of § > 0 satisfying 0 < § < mm{L 5o L[Zf]z} there exists a
uniform energy contraction constant 0 < gg = qg[d, t] < 1 (see (32b) below) such
that the following holds.

> nested iteration: ||us"|| <2M  if (€, ki) € Q; (20)
> i-uniform bound: |||u]lf’£||| <t if(l, k,i)e Q; 21
> E-contraction: E(uy ") — El) < g (EWSH—EwWD)) if (€ k+1,D)eQ.
(22)
With (20)—(22), we obtain for all iterates the
> uniform bound: |||ulz’i||| <5t if (L, k,i) e Q. (23)

Moreover, there exists an index ko = kol§, T, o, L[3M], M] € N independently of
the mesh refinement index £ such that, for all k' > kg, the nested iteration condition

|||u]gl’£||| < 2 M in the k-loop stopping criterion (16) is always met.

The main observation of the following lemma is that the uniform boundedness is
passed on by the inexact Zarantonello iteration along the k-loop indices.

Lemma 3 Suppose that A satisfies (SM) (LIP), and (POT). Let Ayn, Aaig > 0 be

arbitrary and define T := M+3M( )1/2 >4M. Letk € Nowith0 < k < k[{]
and

Ny
Nl Il < 7. 24)

Then, for imin € N satisfying (19) and for any 0 < § < min{L[l5 —>=1, it holds

that

L[2r

1 L[57] k+1,i k+1,i
5(%_ . )'”e —uHI? = Ewh — gt
HLi ki ,
< (= S i pran k1D < €
( —qa]g)
(25)
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Proof The proof is subdivided into five steps.

Step 1 (choice of i,ip). We note that for any inin € N, the property (19) is indeed
equivalent to

i
é 1 _2q.alg

1
— forall i > ipin. (26)
2 1-— qz’dg

Step 2 (boundedness). Define e’f’l = ulgﬂ L u 1{ . Recall that for 0 < § <

20/ L [21]2, the Zarantonello iteration satisfies contraction (10). Hence, the contraction

of the algebraic solver (11), the triangle inequality, nested iteration ulfl’o = ulz’i,

assumption (24), and 4 M < t show that

k+1 k+1, k+11 k+1, ki
lleg ™ I < [l ™™= I+ ey =yl

an z[ek+1 k1% k+10
< Illee,

k+1,% ki
< 4y, M (Mo, —uy Il

k+1, k+1
< 2||| gt < 2 [l — ug ||| + lllug — all

(10
< 2(1+ g3 16, 20]) llu} — uy* ||| 4(M + 1) <57

With the convexity of the norm and |||u],§’£||| < t < 57, we also obtain that

k+1,i k+1
oy 1N <OmaX Illu@ —tef Il < 5. 27

Step 3. Since the energy £ = P — F from (POT) is Giteaux differentiable, it
follows that ¢(t) := & (ulz’L +t ele‘H) is differentiable with

¢'(1) = ([dE@y  + 1), Yy = (AW 1) — FL AT 28)

The fundamental theorem of calculus and the exact Zarantonello iteration (9) show
that

Euy )—8( L = 0(0) — (1)

_ @28 : k41 k+1
= o't)dt = <A(”e +te, ) —F, e, )dt

/ (A}t +te§+1) AWPh, Yy de — (AW — F L )

2 / (AGE + 1) — Ak ey a4 £ @b - ). 29)
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Step 4 (proof of lower bound in (25)). For any i € N with i < i[¢, k], the

. . . . k.i
contraction (11) of the algebraic solver and nested iteration u, b= u'fl 0 prove that
k+1,% k+l i i[l,k+1] k+1,% ki
My ™ " = M < dag Moeg™ " = ug ™|l
k+1,% k+1 N k+1,i ki
< ghyg Mk = uy T gl Ny T = L
This gives rise to the a posteriori estimate
l. ;
k+1,% k+1 i k+1,i ki k+1
M, ™" = Il < 1— My ™ —uy "Ml = - ——llle; ™Ml (30)
alg qalg

With (30), imin < i < i[£, k+ 1], and (26), we derive

k+1, ki o k+1 k+1,i ki o k+1 k+1, k+1.i k41
(g " —u Y = (u, u TN+ g = et h)

AN AN e
k+1 k+1,% k+1,£ k+l k+1 k+1,% k+l i k+1

= el PP+ G = ) = eI — e — e
GOk k+1 k1 D= 2qug\ g2
= eI et — —=2— e ] = (=% ) ek i

- qa 1- Qalg

@1 10
= 5 llleg ™" = 0. (31)

With the local Lipschitz continuity (LIP) and (27), it follows from (29) that

£yt — £y ™ (f (LisTlar) ek TP + 5 Gl — b ek
Gh 1 LI5STI,, ap1 o
> (55— =5 | mek* k.

Since 0 < § < 1/L[57], the last expression is positive.
Step S (proof of upper bound in (25)). To derive the upper equivalence constant,
we infer from Step 4 that

k+lx ki kel k+1,2 k+1,% k+11 kil
((uy — Uy, €g+ N = Illeg ™ II7 + My - IIIle, ™I

GOkt k+1
<" ek ek 4+ 2

k+1
[Eaalll

1 - qal g

k41,12
JlleEt iR,

(1 - qalg
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Combined with Step 3, we obtain that

1
5(u£ )_ S( ]z"rl l) (2_9) _A (A(ul +t€]z+l) A( Z ) ek+1> t

o ktls ki

(SM) 1 . k.i
g —(/ rerdr) [l 12 + << bl b et
0
1
< (= 3) lle k+‘|||2.
5(1 — gm)

This concludes the proof. O

Lemma4 (Energy contraction) Suppose the assumpttons of Lemma 3. Recall imin € N
from (19). Then, for 0 < § < mln{L el L[2r 2} it holds that

0 < Wy ™ — Ewd) < qeld, TP EWYY) — )] (32a)

with the contraction constant

imin\2 §2 2
g)50l

1 —
0<qeld, 1= 1— (1 — L[5r]> = gD %% (32b)
5 L127]

We note that g8, t] — 1 as § — 0. In particular, it holds that

(1 —gels, TP [EWyh — ] < D — @™ < €Wlhy — Ewd). (33)

Proof First, we observe that

k,i k,i (3) k,i
o |llup —ue ||| (Auz Auy,~ uy —u,”) = (F — -A”z s Uy — )
©) ) 1 k+1, k.i k.i
= g Qg™ —uy™ up —u,) (34)
k+1, ki ki
<= ||| F =y g — gl

The inverse triangle inequality and contraction (11) of the algebraic solver prove that

k+ll

k+1,%
[llet,

k+1,% k+1,£|”

g = e - u[ = M~ ug

an imin k+1, min ki
= (1= gimmy k= S (= gl sa g — ),
(35
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Since 0 < § < min{L[ér ]2} it follows that

* L2t

0°Z @) - eup) = £l — £ — [El — et
j . 1 L[5 N
2 ewh - ewn - (55 - Y it
(33 i 1 L[5 i . i
2 £ — e — (55— T00) (1 - gl 8% 2 lut — w1
©6) ( _ q:lmm)Z az ;
= (1-[1-sLisel] L[‘it] )[S(ulg’*)—é’(uZ)]

= qels, TP [EWyh) — EwD)).

. 2 2 . (l_q;‘gﬂn)z o? .
We may rewrite gg[8, 7]° = 1 — C6+ CL[57]6° with C = —Ipg Since 0 <

8 < min{L[ér] I 2r]2} < L[St], we obtain that 0 < gg[§, t] < 1. This proves (32).
The lower inequality in (33) follows from the triangle 1nequa11ty The upper mequahty

in (33) holds due to 0 <€(u£+ll*) S(uZ)z:mdhencec‘,’(u,Z N—E(u lf ') =E&(u e h—
Ewy) + Euy) — S(MEH l) <& e ) — &(u}). This concludes the proof. O

Proof of Theorem 4 The proof consists of four steps.

Step 1 (proof of (21)-(22) for k = 0 and all £ € Ny). Let £ € Ny with £ < {lbe

arbltrary, but fixed. From the initial guess ug or Algorithm 1(I.c) and u [ = ug 0 _

”271 for any £ € N, we have that |||”1£ ||| < 2 M and a fortiori |||u£ ||| < t. This
proves (21) for k = 0 and all £ € Ny with £ < £ (even with the stronger bound
2M < 7). .

In particular, we may apply Lemma 4 to obtain that & (ui"*) - Ep) <
qels, t1? [E(M(Z’l’) — &(u})], which proves (22) for k = 0 and ¢ € No.

Step 2 (proof of (21)—(22) for k > 0 and all £ € Ny). Let £ € Ng with £ < £. We
argue by induction on k, where Step 1 proves the base case k = 0. Hence, we may
assume that boundedness (21) holds for all 0 < k¥’ < k. Lemma 4 applied separately
for all 0 < k’ < k yields energy contraction (32) for the indices 0 < k’ < k. Overall,
we obtain that

£ — e 'L gets. 1P [Ew) - £wp)]

2 gels. P €0 — wd)]. (36)

where we only used energy contraction (32) for 0 < k’ < k, i.e., for indices that are
covered by the 1nduct10n hypothesis. From (36), |[|u}|l| < M from (4), and |||u ‘ ||| <
2 M and u’ z =u’ ¢ % from Step 1, we obtain that
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Medy N < M I+ Ny — oy T
Sur (2)" [eai™ - )
Lt (2) et - ]
Rl ey R T
gkt! (L[ZM])W 3M <. (37)

Thus, boundedness (21) is satisfied for 0 < k’ < k+ 1. Again, Lemma 8 yields energy
contraction for 0 < k' < k + 1. This completes the induction argument and concludes
that (21)—(22) hold for all £ € Ny and all k¥ € Np.

Step 3 (uniform boundedness). Contraction of the algebraic solver (11), the
straightforward estimate from the exact Zarantonello iteration (9), [||lu*|| < M <t
from (4), |||ullf’0||| < 7 from (21), and the constraint § < min{1/L[57], 2a/L[27]?}
which ensures that §L[2t] < §L[57] < 1, yield that

S X K0y k0 k0., (LIP)
g™ = wy NIl = 11D (8; uy™) —uy l < SN F — Ay Dy < 8 L[27] [lu*
k,0
—u, || < 27.

With [lluf* Il < 1uf O + b — w2l < 37 owing to (20), it follows that

ki Dk, j k, k,0 .
My 'l < |||ug*|||-|rqf,1g lluy™ —u, " |l <57 forall (¢,k,i) € Q.

Step 4 (existence of ky). Let £ € Ny with £ < £. Asin (37) from Step 2, we obtain

ki L[3M]\1/2
Il 1l = M + g ( ) am

Clearly, there exists a minimal integer kg = ko[gs, @, L[3 M]] = ko[$, t, o, L[3 M],
M1 € N such that, for all k > ko, it holds that

L[3M]>1/2 M

M+ gk ( <2M.

In particular, kg is independent of the mesh level £ and |||ulz’£||| < 2 M for all ky <
k < k[£]. This concludes the proof. O

Remark 2 (i) According to uniform boundedness (23), all involved Lipschitz constants

or stability constants are uniformly bounded by L[10t] and Cp[107], respectively.
(i1) Under the assumption that 0 < § < min{ﬁ, %}, energy contraction (22)

and the lower bound in the norm-energy equivalence (25) are even equivalent, i.e.,

22) = (25).
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To see this, recall that the proof of energy contraction (22) in Lemma 4 exploits (25).
The converse implication is obtained as follows: First, energy contraction yields

S(MIZ—H’*) _ S(MZ) < q%[f(ulg*’—) — g(uz)]

. (38)
k,i * * *
= gz {[Ew) — @]+ — Ewp])
which gives rise to the a posteriori estimate
k+1 a3 ki k+1
0= G —Ewp = < ng [E@yD — @y ™). (39)
—dg

In particular, we note that the energy difference on the right-hand side is nonnegative.
Exploiting uniform boundedness (21), the last inequality yields that

k+1, k2 k+1,%,,2 k2
Moy ™" — w75 S My — ™= A Ml — u,

9) N . ki
< (14 (g50l8, 2TD) lluf — (11

(6) i * * *
< [Ewhh — @] + [E@ET) —gwd)]
(3<9) 1

[Eayh — @],

This concludes the argument.

Remark 3 (i) The stopping criteria (15) and (16) read schematically
[accuracycriterion] AND [iterationcriterion].

(i1) The accuracy criterion in (16) is heuristically motivated by the fact that the
discretization error (estimated by 7¢(-)) shall dominate the linearization error

a k+1,i,0 © k+1,i
> g — g P < Sy = Ewd)
) (40)
) gq ki k1,0 110 k+1,i
< 1_5q2 [0 — £y D] S Mg medy™ 5.
£

This allows a posteriori error control over the linearization error by means of com-
putable energy differences.

(iii) The accuracy criterion (15) is satisfied given that the discretization and lin-
earization error dominate the algebraic error in the sense of

k, ki D qal ki ki—1
g™ = ug 'l < qgl ey’ — uf I
~ e
15 qu 41
a k,i k,i k,0
< £ Natg [Min me Gy’ + Iy — uy PN

1- q‘dlg
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. . . . . —1,i
Once the i-loop is stopped, the equivalence (25) and nested iteration u/g,o = ulz *

. ki k.02 ki k=1i,2 k=1, ki
yield Moup™ =y M1 = lllu,™ —u, Il —g(”g )—5(112 ).

4 Full R-linear convergence

We prove full R-linear convergence of Algorithm 1 by adapting the analysis of [19, 21].
The new result extends [36, Theorem 13], where an exact solve for the Zarantonello
iteration (9) is supposed. The new proof is built on a summability argument, but the
stopping criteria (15)—(16) with iteration count criteria require further analysis to prove
full R-linear convergence even (and unlike [19, 21]) for arbitrary adaptivity parameters
0<6 =<1, Ain > 0and Ayg > 0.

Theorem 5 (Full R-linear convergence of Algorithm 1) Suppose the assumptions of
Theorem 4. Suppose the axioms of adaptivity (A1)—(A3). Let Ajin, Aaig > 0,0 <6 < 1,

Cmark > 1, and ug’o e Xy with |||u8’0||| < 2 M. Then, Algorithm 1 guarantees full
R-linear convergence of the quasi-error

ki * ki k, ki ki
Hy' = llag — I+ Dlay™ = w4+ neGuy ™, (42)

i.e., there exist constants 0 < qiin < 1 and Cyin > 0 such that

1€, ki =€k
lin

HY < Cling H Y for all (€, K, i), (€, k, iy Qwith |€, K, i'| <€, k, il.

(43)

The constant qyin depends only on 0, qreq from (A2), g5, 8, 2] from Proposition 2,
qg from Theorem 4, and qqg from (11). The constant Cyi, depends only on M, «,
Ccel2 M], Cliar[& 27], Min, Galg, Malg, Crel, Cstab[107], and imin.

Proof of Theorem 5 The proof is split into seven steps.

Step 1 (equivalences of quasi-error quantities). Throughout the proof, we approach
ng" from (42) after introducing auxiliary quantities such as

HY o= [Eub™) — @IV + ety forall (6,k, i) € Q (44)

and

' (44
He = 8 — EGDI +y meih) = HE forall 0,k € Q. (49)

where 0 < y < 1 is a free parameter to be fixed later in (51) below. In the following,

i (45) . .
we show that H%"* -~ H% =~ H,. First, note that the equivalence of energy and norm
from (6) (with L[27] from boundedness (21) and (4)) yields that

. i (6) . )
HY < HE + [l — a5 2 HYD forall (€,k, i) € Q. (46)
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The a posteriori estimate (41) for the algebraic solver from Remark 3(iii), norm-energy
equivalence (25), and the stopping criterion (16) show that

) qalg

ko ki, 1 ki k.i k0
My —uy "Il < Aalg [Minnz(uf)-irlllu]—uz |||]

qalg

@) ki kiq12 19 k
< melush + [0 — wyH]'? < el < B
With (46), we conclude that Hy ~ H% ~ H%’é.

Step 2 (estimator reduction). The axioms (A1)—(A2) and Dorfler marking (17) prove
the estimator reduction estimate (cf., e.g., [14, Equation (52)])

k,i k,i k,i k,i
o1 (ugyy) < qone(uy™) + Can[4M] [l — uy*|l| forall € € No,  (47)

where 4M stems from nested iteration (20) from Theorem 4. Moreover, the triangle
inequality, the equivalence (6), and energy contraction (22) give that
k,i k,i k,i * k,i
Mgy — wg < Mufpy — wgyy I+ gy — g

©) /2\1/2 ki 172 2\1/2 ki . 172
= (;) [Euyyy) — E@y p]'™ + (;) [Ey™) = €l y)]
22 K[e+1], (2\1/2 ki 2

< A+qdtth (E) [yt — gwp, ]2,

Combined with the estimator reduction estimate (47) and with 1 + g¢ < 2, we obtain
with C; := 2 (2/a)'/? Cyap[4M] that

k,i k,i k,i * 1/2
Ner1 (st < qo ey + Cr [E@yY) — €@l ]'? forall0 < € < €. (48)

Step 3 (tail summability with respect to £). Since 1 < k[¢ + 1], nested iteration

00 _ ki
Uy y = u, proves that

45 k,i . ki
Hept 2 [6@hE) — @i ] + v neni ) (49)

(22) k,i . k,i
= e [€0yh =i ] + v ey

(48) k,i k,i
< (e + Cry)[Eayh — €Wl D] + a0 v ney

<max{qe+C1 v, q0} ([E(M%’i)—é’(uzﬂ)]l/z—i-y ng(u%’i)) forall (¢ +1,k,i) € Q.
(50)

With0 < g9 < 1, we choose 0 < ¥y < (1 —¢gg)/C1 < 1 to guarantee that
0 <7 :=max{ge +C1y, g0} < 1. (51)
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With the triangle inequality, (49) leads us to

e [5(“e+1) g(“ZH)]l/z + ¥ Ne+1 (u%:il)

“49) _ N
< F([Ewsy — €] +ynewih) + @y — Ewp, ] OGP
=: qag+by forall (¢, k,i)e Q.

By exploiting the equivalence (6) and stability (A1) (since all u%i are uniformly
bounded by nested iteration (20)), the Céa lemma (5), and reliability (A3) prove that

N « 1172 ©) (A3)
[E@)) — Ewp)] _|||ue~—ug/|||<|||u —ulll < me))
(A1) . .

* k, k,
S My — w Ml + ey )

6 . .
D lewhh) — £ + nedh) ~ agforall € < ¢ < € < £ with(€., k. ) € Q.
(53)

Hence, we infer that by, y < ag forall0 < £ < £+ N < £ with (£, k,i) € Q,

~

where the hidden stability constant Cg,p[3 M] depends on 3 M due to (4) and nested
iteration (20).

The energy £ from (POT) (and its Pythagorean identity that leads to a telescoping
sum) as well as the minimization property (7) for Xy = X" allow for the estimate

+N—1 -1 16
Yo by S Y [Ewy) — @y, )] < Ew)) — E@)) < E@)) — Ew®)
6 A 53
© @ et — a2 X ez, H2M L[zM] ne@)? S al forall0 < €<+ N <,
(54

where the hidden stability constant Cg,p, depends on 3 M due to (4) and nested itera-
tion (20).

With (52)—(54), the assumptions for the tail summability criterion from [21,
Lemma 6] are met. We thus conclude tail summability of Hpy1 =~ H% >~ ay,ie.,

Z Hg/ < H* forall0 < ¢ < €. (55)
=(+1

Step 4 (quasi-contraction in k). We distinguish three cases.
Case 4.1: Evaluation of (16) yields TRUE A FALSE. This gives rise to

16) ki ki, @ ki
2M < w7 < Maglll+ uy — w7l < M+ lluy — u, ||
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ki
and hence, we conclude that M < |||uj — u, “1||. Thus,

1/2

ki
M wy,—u, | © 1 2
LM Ml = <_(

12 ;
M M =M E) (et — €]

@2) ge [2\1/2 i
= 2 (2) Tlewh - ewp] "

(56)

We recall from (4) that [[lujlll < M and |||uj — uglll < 2 M independently of £.
Moreover, there holds quasi-monotonicity of the estimators in the sense that

00(?) < Crmon 10(168)  With Crnon = [2 + 8 Caap2M2(1 + Ceeal2M1?) €21
(57)

cf. [15, Lemma 3.6] or [36, Equation (42)] for the locally Lipschitz continuous
setting. In particular, estimate (57) holds also for the discrete limit space X; :=

closure( U%:o X;). Additionally, we note that the estimate (57) admits

RG] o (AD *
Ne(uy) < Cmonno(ug) =< Cmon 170(0) + Cmon Cstab[M] ||[ueg]l]

(56) k—1,i

< [Ewy M —ewn]'. (58)

The estimate (58), stability ((A1) )with stability constant Cyp[27] due to (21) and (4),
and energy contraction (22) yield that

ki (A1) N N ki 6) . ki .
eyt = ned) + Csapl2elllu} —uy S neGud) + [E@y — Ewp]?

58)
< [eM

(59)

k—1,i

,. @2)
H-ewp]? w[eayh —ewpn]? S [Ewy M — gwp]'.

For 0 < k' < k < k[£], the definition (44), energy contraction (22), and (59) prove

'S ge e L)—g( 1" ot ’2’5 e — ] (60)
(22) ’ ’
< q(k D—k' [8( u )—6( e)]l/z _k le{

This concludes Case 4.1. o

Case 4.2: Evaluation of (16) yields FALSE A FALSE or FALSE A TRUE. For 0 <
k' < k < k[€], the definition (44), the failure of the accuracy condition in the stopping
criterion for the inexact Zarantonello linearization (16), energy minimization (7), and
energy contraction (22) prove that

(16) : . .
HE ' [yt — @]+ g [5<u’z M — o 5]‘/2

M. 22) . 2) W e

< [5(”6 1: —fw )]1/2 (k -k’ [5( ) S )]1/2 qg_k H’E-

(61)
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This concludes Case 4.2. o
Case 4.3: Evaluation of (16) yields TRUE A TRUE. The equivalence (25), bound-
edness (21), and energy minimization (7) prove that

(A1) , ]
k k, n11/2 )
He S [Sagh — €] + gt — g+ neuy ™) )
(25) 7
< H O 4 [Ew M —ewH]? < 2H ! forall (6,k, i) € Q.
Since k = k[£] — 1 is covered by Case 4.1 or Case 4.2, estimate (62) leads to
©2) - L (60), (61) o
O R Lt 63
q&
This concludes Case 4.3. o
Overall, the estimates (60), (61) and (63) result in
H §q ka forall (¢, k, j) € Qwith0 < k' <k < k[¢], (64)

where the hidden constant depends only on M, Cgap[27], o0, L[2M], Cga[2M], Crel,

Alin, and gg. Furthermore, we recall from (53) that [E(u}_,) — Eu z)]l/ 2 < H%_ .

Together with nested iteration ulz | = ug Sp— e *, this yields that

HY = [0t ) — @] + et S [E@i_ ) — Ewp]? + 1y <Hf|

and thus

H) S Hp | forall (£,0,0) € Qwith £ > 1. (65)

Step 5 (tail summability with respect to £ and k). The estimates (64)—(65) from
Step 4 as well as (55) from Step 3 and the geometric series prove that

40| L k] 64)
K k
> HZ/—ZH+ZZH< ZH
Wk HeQ =k+1 =l+1 k= =0+1
[€ ki >€,k,i]
© 69 ©
< HE 4+ ZHK, < HE +H* < HE forall (¢, k, i) € Q. (66)
v=t
Step 6 (contraction in i). For i = 0 and k = 0, we recall that ug’ = u(zl =u ¢ * by
.. ©)
definition and hence H?‘O ~ HO For k > 1, nested iteration ulg 0 ulz L L contraction
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of the exact Zarantonello iteration (10), and energy equivalence (6) imply that

k, k,0 k, k—1,i
Muy™ =yl < Mg — ™+ M — w7l
(10) k—1.i (6) -1
< (q7yl8: 3MT+ D) lluf —u, 7|l S 2H, .

Therefore, by using the equivalence (6) once more, we obtain that

HYY <HED* forall (¢,k,0) € Q, where (k — 1) := max{0, k — 1}.

(67)
Let (¢, k,i) € Q. It holds that
ki (42) * k,i ko k,i k,i
HYT =l — o b = d N e
AD i . -
< HY'T' 4 2+ Caanl10T]) [l — uf ) (68)
any . . o4y
< HY T 2 4 Coab[10T]) (qaig + D) ™ — b =11 < WY

where Cgp[107] stems from the uniform bound (23) from Theorem 4. Hence, we
obtain

ki kil il ki : . g
H,' SH,' :qglg’ H,' forall (¢,k,i) € Qwith0 <i' <i < impin.

Forall0 < i’ < imin < i < i[£, k], we obtain with an a posteriori estimate based on
the contraction of the Zarantonello iteration (10) (where ¢;,. = g7,.[8, 27] depends
on t from (21)), the a posteriori estimate (41) for the algebraic solver, the failure of
the accuracy criterion of (15), and the contraction of the algebraic solver (11) that

ki (42) ki . ki ki
Hy' = g —uy '+ My ™ = wy I+ ey
.k , ki ki
< g — w4 2 My ™ — w4 me Q™)
q7,.18; 27] s — uk—l,;m
T l—gp [821] ¢ ¢
97,10 271 ke ki ki
(2 B ) et — N+ et
1 —q7,l[8: 27]
1) . . . . .
k, k—1,i k, k,i—1 k,
S oMyt =y TN A ey =y T A eyt
(15) ) . an .
ki kel , ki1
S Myt —uy TS My —u
LI S o i—i gk
~ Yag |||ug — U, =< Qag o > (69)
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Altogether, the combination of (68) and (69) proves that

g P HYT forall (6,k,i) € Q with 0<i' <i<i[6,k],| (70)

N dlg

ki
HZ

where the hidden constant depends only on qzar [3; 271, alg, Aalgs Cstab[107], and imin.
Step 7 (tail summability with respect to £, k, and i). Finally, we observe that

i[e,k] k[€] i[6,k'] £ k[T K

k’,i’ _ kl k/ . k/ :/
Y HS = H 4 Y Y +ZZZ
K .i"eQ i'=i+1 K'=k+1 i'=0 =0+1k'=0 i'=0
1K i[> 1€ k,i|
70) k[¢] L k] )
S Y e Y VT $ o
=k+1 =041 k'= K iHeQ
1K i|> 1€,k i]
(66)

“6) . (70 .
< HY 4HE S HY 4HD S HY forall (ki) € Q.
Since Qs countable and linearly ordered, [15, Lemma4.9] applies and proves R-linear
convergence (43) of le". This concludes the proof. O

Given full R-linear convergence from Theorem 5, then convergence rates with
respect to the degrees of freedom coincide with rates with respect to the overall com-
putational cost, where we recall cost (¥, k, i) from (18). Since all essential arguments
are provided, the proof follows verbatim from [21, Corollary 16].

Corollary 1 (rates = complexity) Suppose full R-linear convergence (43). Recall
cost(l, k, i) from (18). Then, for any s > 0, it holds that

M(s):= sup WT)'H;' < sup cost(t,k,i)' Hy' < Ceox M(s), (71)
£k, i)eQ €.k, i)eQ

where the constant Ccot > 0 depends only on Crin, qiin, and s. Moreover, there exists
so > 0 such that M (s) < oo forall 0 < s < so. O

5 Optimal complexity

A formal approach to optimal complexity relies on the notion of approximation
classes [4-6, 15], which reads as follows: For s > 0, define

le*lla, = sup [N+ 1)° _min nopi(iegyy)].

NeNy opt€ELN

where u} , denotes the exact discrete solution associated with the optimal triangulation
Topt € Tn(T). For s > 0, we note that |u*|ls, < oo means that the sequence of
estimators along optimally chosen meshes decreases at least as fast as (N 4+ 1)7° >~
N5,
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Finally, we are in the position to present the third main result of this paper, namely
optimal complexity of Algorithm 1. Its proof relies, in essence, on perturbation
arguments. More precisely, sufficiently small 8 and Aj;, are required to ensure that
Algorithm 1 guarantees convergence rate s with respect to the overall computational
cost (and time) if the solution u* of (2) can be approximated at rate s in the sense of
lu*a, < oo.

Theorem 6 (Optimal complexity) Deﬁne T:=M+3 M(LBM])I/2 > 4 M with M
from (4). Let 0 < § < min{+== I Sr] L[ZI 2} to ensure validity of Theorem 4. Define

1 —qg2)\12
2C AN ctm). 72)

AL := min {1, (
lin zqg

Suppose the axioms (A1)~(A4). Let0 < 6 < 1,0 < Ayg, and 0 < Ajin < Aj, such

that

02+ )Llin/)‘fm)z
(1 - )"hn/)L

0 < Omark := = (1 + Cyap[2M7? Crel)_ <1. (73)

lm

Then, Algorithm I guarantees, for all s > 0, that

sup cost(l, k, i)’ Hy/ < Cop max{lu*|a,, H)}. (74)
(t.k.j)eQ

The constant Cope > 0 depends only on qg, o, Csap[107], Crel, Cdrel, Cmarks Cmeshs
Clin, q1in, #70, and s. In particular, there holds optimal complexity of Algorithm 1.

To prove the theorem, we require the following results on the estimator, which relies
on sufficiently small adaptivity parameter Ay, > 0.

Lemma 5 (Estimator equivalence) Suppose the assumptions of Theorem 4. Recall \};
from (72). Then, for all (£, k,i) € Q with k[{] < oo, it holds that

lin

* * k; i
ne(uy) < (1+ Min/Aig) 10y, (75a)
and, for 0 < Ain < Ajy,, we furthermore have that(1 — A]in/kﬁn)ng(u%i) < ne(uy).
(75b)

For 0 < AMjin < AT

Dorfler marking for u%’i with parameter 0, i.e., for any Ry C 71y, there holds the
implication

T Dorfler marking for uz with parameter Omark from (73) implies
. ki ki
Omark neW})> < ne(Re; up)® = Oy < me(Resuy™)?. (76)
Proof The proof consists of two steps.
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Step 1. First, we obtain from Remark 3(ii) that

2())‘1111‘15 ne(ut kiy2

o
= luj — g all
2 qg

Exploiting this together with stability (A1), nested iteration (22), and boundedness of
the exact discrete solution (4), we obtain for any U, C 7, that

N (
neUe; uy) ne(Ue, u,@ 5 + Cyan[3M] My — M )
. 242 1/2 .
k, q k,
= e ) + din CoBMI (——5) ety (T
a(l— Qg)

ki N ki
= ne@Up; uy") + Min/ M 101ty ).
The choice Uy = 7 yields (75a). The same arguments prove that
ki . . ki
neUe; uy") < ne@e; u}) + hiin/ Mg ne(uy ™). (78)

For 0 < Ajin < Af;, and Uy = Ty, the rearrangement of (78) proves (75b).
Step 2. Let Ry C Ty satisty 6./2 n¢(u?) < ne(Ry; u}). Then, (77)~(78) prove

172 172
[ = agin/n ] 022 meilty T2 012 0ty < Ryt
(7
< ne(Ry; Mg )+)»1m//\1m 77[(”( )
(73) k, 1/2 k,i
=) e R ubty + [0 (1=Riin/A) — 01/ mes .
This yields pl/2 Ne (u%’i) < ne(Ry; u%i) and concludes the proof. ]

Proof of Theorem 6 By Corollary 1, it is enough to show

sup  (#7;)° Hb < max{||u*||A,,H0’0}. (79)
0~ s 0
(L,k,i)eQ

Without loss of generality, we may suppose that ||u*| 4, < 00. The proof is subdivided
into two steps.

Step 1. Let 0 < Omark := (012 + Min/A5)2 (1 — Min/Af,) 72 < 6% = (1 +
Csuwp[2 M1? C2)~! and fix any 0 < ¢/ < fz — 1. The validity of (A4) and [15,
Lemma 4.14] guarantee the existence of a set Ry» C 7y such that

w1 * N 7—
#Rey < llu ”A: (e (uy)] s,
Omark 1’ (Liz,) <neRe, uZ/)y (30)
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where the hidden constant depends only on (A1)—(A4). By means of (76) in Lemma 5,
we 1nfer that Ry satlsﬁes the Dorfler marking (17) in Algorithm 1 with 6, i.e.,

Gng/(u[/ )2 < ne(Rers ”e’ ) . Hence, since 0 < 0 < Opax < 6%, the optimality
of Dérfler marking proves

(g) * 1/s w\1—1/s
#My < Crak #Re S ™|l [ne )] (81)

Moreover, full R-linear convergence (43) together with a posteriori error estimates
for the final iterates (40) and (41), the norm-energy equivalence (25), and estimator
equivalence (75a) prove

@) ki @2) ki k ki ki
Hyt S H S Ml — a4+ ™ — o+ ne G
@1, 25) ki k0 ki ki
S My =gt € — E@H +neyty B2
(40), (16) ci. 5 .
S neWwy) S ne(uy).

Consequently, a combination of (81) and (82) concludes that

(81)
*p 1 * 1 1 0 —1/.
#Mwsmwghmwﬂ/s nn“[@J/ﬁ (83)

Step 2. For (¢, k,i) € Q, full R-linear convergence (43) and the geometric series
prove

Z (H]Z,/”) l/s (sz) /s Z (ql/s)uikzl |k i’ <(Hk1) 1/s

W K,i"heQ @ k,i"eQ
|k i< |2 k,i| [k i <|€,k,i|
(34)
We recall the mesh-closure estimate [4, 39-41]
-1
#T; —#T) < Cnesh Y # My forall £ > 0, (85)
=0
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where Cpesh > 1 depends only on 7y and hence in particular on the dimension d. For
€, k,i) € Q, the preceding estimates show that

(85) —1
#I,—#T) < Y #My
=0
83 1 .
< el )
=0
*q 1/s k,i'\—1/s @4 . 1/s prkiv—1/s
S 17 R YN0 /AL - 17l < VD I
(€ K,i"eQ
|k i <|,k,i|

Note that 1 < #7, — #7 yields #7, — #7o + 1 < 2 (#7;, — #7y). Hence, we get that
H#T —#To+ ) HY < |, forall (€,k,i) € Qwith € > 1.

Theorem 5 proves that

k,i ki @3 0,0 . .
#T, —#1,+ D'Hy =Hy' < Hy forall (¢,k,i) € Qwith ¢ =0.

For all 7, € T, elementary calculation [49, Lemma 22] shows that
#I —#To+ 1 <#1, <#1y #1, —#To + 1). (87)

For all (¢, k,i) € Q, we thus arrive at

s ki(87) s ki(86) * 0,0
T HY' < T —#T0+ D HED < max I, H .

This concludes the proof of (79). m]

6 Numerical experiments
The experiments are performed with the open-source software package MooAFEM [50].
In the following, Algorithm 1 employs the optimal local hp-robust multigrid

method [47] as algebraic solver. We remark that in our implementation the condi-
tion (19) is slightly relaxed to |€(uf %) — E@b')| < 10712 =: tol.

Experiment 1 (modified sine-Gordon equation [35, Experiment 5.1]) For Q = (0, 12,
we consider

—Au* 4+ W)} +sin@w*) = f inQ subjectto u* =0on I (88)
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1 [ T T N = e e e e e e e e e e
1071 B 107! | -
=
g 8
§ 1073 | b 1070 B
g 10 g R
E 51 e 2 1075 |- < -
E g 10 f\\
7 N = o
o . estimator ~ error ‘>)9\ L} 3 estimator  error RN *o\o
U e | W7 o e \379\‘\»\ |
e = p=2 % —&— —o— p=2 ~e
1079 |- ——p=3 - 1079 |- —0— p=3 Fen]
RIS R T R R TTTT BRI BRI R AR TTTT BRI Ay R AR R B AR R B S R B SR A
102 10% 10* 105 10° 107 10° 1t 100 100 102 103
Dier ke iv| <16, ki) dim Xer computational time [s]

Fig.2 Experiment 1: Convergence plots of the error |||u* — u%ill\ (diamond) and the error estimator 7, (u%i)
(circle) over cost (¥, k, i) (left) and over computational time in seconds (right)

with the monotone semilinearity b(v) = v? + sin(v), which fits into the locally
Lipschitz continuous framework (cf. [36, Experiment 26]). We choose f such that

u*(x) = sin(wrxy) sin(mwx7).
For T € Ty, the refinement indicators g (T; -) read
(T, vi)” = h7 || f + Avir = b7y + hr ITVa - 11724700, (89)

For p = 2, damping parameter § = 0.3, and iy = 1, we stop the computation as
soon as 1y (u%’k) < 107%. Table 1 depicts the values of the weighted cost

neus™) cost(t, k, i)P? (90)

to determine the best parameter choice. For a fair comparison, the weighted cost
from (90) balances the overachievement of the prescribed tolerance with the associated
cumulative computational cost. We observe that the parameters 6 € {0.3,0.4} and
Ain > 0.5 perform comparably well. The parameter A, may be used for fine-tuning,
but for moderate 6 € {0.2,0.3, 0.4, 0.5, 0.6} and as soon as Ay, is set, the influence
is comparably low.

For the following experiments, we set § = 0.3, 0 = 0.3, Ajjip = 0.7, and A5g = 0.3.
Figure?2 depicts the error |||u* — u%’im and the estimator ng(u%L) over cost({, k, i)
(left) and over the cumulative time in seconds (right) for the displayed polynomial
degrees p € {1, 2, 3}.

In both plots, the decay rate is of (expected) optimal order p/2 for p € {1, 2, 3}.

Experiment 2 We consider a globally Lipschitz continuous example from [20, Sec-

tion 5.3] with Lipschitz constant L = 2 and monotonicity constanta = 1 —2exp(— %)
and hence § = a/L? ~ 0.138434919925785 is a viable choice. For d = 2 and the
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Table 1 The weighted cost (90) with p = 2 of the sine-Gordon problem (88) for different adaptivity
parameters Ajin, Aalg, & € {0.1,0.2,...,0.9} and fixed damping parameter § = 0.3, where the mesh

refinement is stopped if ng(u%’i) < 10™4, where the 6-blockwise minimal values are highlighted in green
and the overall minimal value in red (with white font)

5=03 9=01 \ 6=02 9=03
A .
g1 03 05 07 09|01 03 05 07 09|01 03 05 07 09
Aalg

01 1306 650 660 660 660 | 735 630 347 347 347 | 724 659 373 373 373
0.3 928 660 660 660 660 | 545 269 269 269 269 505 333 241 241
05 654 654 654 654 G54 | 534 274 274 273 273 | 462 278 262 262 262
07 640 (617 617 617 617 |203 (262 (262 (962 (962 | 420 208 259 250 250
0.0 676 616 646 616 66 | 268 269 260 269 260 | 422 321 247 247 247

0=04 0=05 0=06
01 807 643 357 357 357 | 816 658 337 350 350 | 882 600 332 361 361
0.3 533 375 252 252 9252 | 532 443|266 266 (266 | 663 466 293 203 203
05 464 346 253 253 253 |572 399 278 278 278 | G43 389 202 202 202
07 487 377 (947 (947 947 |573 427 293 293 293 | 606 402 206 206 296
0.0 502 300 264 264 264 | 520 417 288 288 288 | 563 512 (288 (288 [288

0=07 =08 0=09
01 85 634 361 337 337 | 985 74l 413 375 375 | 1028 710 466 |344 [344
03 663 457 321 321 321 | 673 471 (398 (328 (328 | 735 551 349 349 349
05 705 446 (299 299 1299 | 638 452 340 340 340 | 700 542 374 374 374
0.7 630 541 338 338 338 | 752 518 343 343 343 | 680 586 352 352 352
0.0 630 518 347 347 347 | 770 579 373 373 373 | 722 667 367 367 367

L-shaped domain (—1, 1)2\([0, 1] x [—1,0]) C R?, we seek u* € H; () such that
—div(u(|Vu*P)Vu*) = f inQ,

where f is chosen such that u* reads in polar coordinates (r, ¢) € R~ x [0, 27)

2
u*(r, @) = 23 sin (%) (1 —rcosp)(1+rcose) (1l —rsing) (14 rsing) cose.

This example has a singularity at the origin. We consider p = 1, since stability (A1)
in the quasilinear case remains open for p > 1. Moreover, the parameters are § = 0.3,
Min = 0.7, Agg = 0.3, and imin = 1.

In Fig. 3, we plot a sample solution (right) as well as convergence results of various
error components (left) over the degrees of freedom. We observe that after a preasymp-
totic phase, optimal convergence rate —1/2 is restored for the exact error (diamond),
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Fig. 3 Experiment 2: Convergence plots of various error components over the degrees of freedom (left).
Right: Plot of the approximate solution u}’; on X3 with #X13 = 10209

T T T T T SR B L L B AL B L B
100 b ] estimator Alin 100 %
£ E —0— 0.1 E
r 1 —— 0.2 10tk
I 1 — 0.3 F
g 107 R
g £ E 0.5 2 E
£ F 1 0.6 E L
3 [ 1 —o— 0.7 z 107°F
102 D < —— 0.8 F
£ N E —— 0.9 1074
F BN B 1 pequs s-o01 F
t ~2 1 a o -5 L
103k ?g\\ | =07 0=0s3 107

s ST TV B RRETHY SRR H\H-m\‘ E| 10-6 Lo vl vl vl i 1

1072 107t 10° 10t 102 10° 107t 100 10t 102 10°
computational time [s] computational time [s]

Fig. 4 Convergence plots of the error estimator mg(u%’i) over computational time of Experiment 3. Left:
Convergence plot for p = 1 Right: Convergence plot for p = 3

the quasi-error H%’l*, the linearization error £ (u%o) —-& (u%’l*) (triangle), and the error

estimator 7, (u%"*) (circle).

Experiment 3 (singularly perturbed sine-Gordon equation) This example is a variant
of [35, Experiment 5.2]. For d = 2 and the L-shaped domain (—1, 1)*\([0, 1] x
[—1, O]) C R?, let ¢ = 1075 and consider

—eAu* +u*+ W) +sin(w@) =1 inQ subjectto u*=0onas,

with the monotone semilinearity b(v) = v3 + sin(v). In this case, the exact solution
u* is unknown. We use the energy norm ||| - > =¢e(V-, V)4 (-, -).The experiment
is conducted with damping parameter § = 0.1, Ayy = 0.7, 6 = 0.3, and ipjp = 1.
The refinement indicator (89) is modified along the lines of [16, Remark 4.14] to

(T, vi)” =7 || f +eAvy — vy — b2y + fir e Vou - nll7a 4700

where the scaling factors iy = min{e~1/2

hr, 1} ensure e-robustness of the estimator.
In Fig.4, we plot the error estimator ny (u%’i) for all (¢,k,i) € Q against the

computational time for A, € {0.1,0.2, ..., 0.9} and polynomial degrees p € {1, 3}.
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Fig. 5 Mesh plot of Experiment 3 for p = 3. Left: Adaptivity parameter Ajj, = 0.2. Right: Adaptivity
parameter Ajjp = 0.7

The decay rate is of (expected) optimal order p/2. The choice of Ay, does not play
a major role in Fig.4 (left) for p = 1, but significantly prolongs the preasymptotic
phase for p = 3; see Fig.4 (right). Figure 5 shows meshes with #nDof = 12475 for
Min = 0.2 and #nDof = 12152 for A, = 0.7. We see that the selection of a large
Min = 0.7 results in fewer linearization steps as well as fewer and algebraic solver
steps but is subsequently taken care of by the mesh adaptivity. Hence, we observe
stronger refinement in the interior.

This experiment shows that Algorithm 1 is suitable for a setting with dominating
reaction given that a suitable norm on X" is chosen. A large choice of Aj;, seems
possible, but pays off only after a long preasymptotic phase.
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