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Certifying entanglement is an important step in the development of many quantum technologies,
especially for higher-dimensional systems, where entanglement promises increased capabilities for
quantum communication and computation. A key feature distinguishing entanglement from classical
correlations is the occurrence of correlations for complementary measurement bases. In particular,
mutually unbiased bases (MUBSs) are a paradigmatic example that is well-understood and routinely
employed for entanglement certification. However, implementing unbiased measurements exactly is
challenging and not generically possible for all physical platforms. Here, we extend the entanglement-
certification toolbox from correlations in MUBSs to arbitrary bases. This practically significant
simplification paves the way for efficient characterizations of high-dimensional entanglement in a wide
range of physical systems. Furthermore, we introduce a simple three-MUBs construction for all
dimensions without using the Wootters—Fields construction, potentially simplifying experimental
requirements when measurements in more than two MUBs are needed, especially in high-dimensional

settings.

Entanglement is an important signature of “quantumness” and a central
resource in quantum information processing. In particular, it is a crucial
ingredient to achieving quantum advantages in many communication'™,
metrological®’, and computational tasks®. Consequently, continuous efforts
are being made to develop mathematical tools for the detection and
quantification of entanglement in experiments’.

The certification of high-dimensional entanglement is of particular
relevance to setups that use multilevel quantum systems to store and process
information'®"". Entanglement in higher dimensions can be more robust to
noise and can allow for higher data throughput when used for teleportation,
such that the performance of many quantum information-processing tasks
improves with the dimension of the accessible entanglement resources. For
example, using higher-dimensional entanglement can improve secure key
rates in quantum key distribution'* and benefit a wide range of quantum
technologies such as entanglement-enhanced imaging'*™"°.

Moreover, entanglement certification can serve as a benchmark for
quantum computers and simulators: If a device is supposed to output
states with high-dimensional entanglement, then certifying the latter in
the actual outputs can indicate how well the device is functioning'"'®. At
the same time, entanglement certification can increase one’s confidence
that a quantum advantage can be achieved since the hardness of

classically simulating a many-body system increases with the amount of
entanglement'’ ™"

A central intuition behind entanglement detection is that entangle-
ment leads to correlations between outcomes of local measurements in two
or more complementary bases. In this context, complementarity is typically
approached via the extremal case of mutually unbiased bases (MUBs). For a
quantum system prepared in any basis state of any one of these bases, all
measurement outcomes for any of the other MUBs are equally likely, i.e,,
knowing the measurement outcome in one basis tells us nothing about the
outcomes in the complementary bases. Consequently, MUBs have been at
the centre of many existing entanglement-detection methods'***. Corre-
lations measured in MUBs can in turn be used to bound well-defined figures
of merit that quantify how strongly entangled the underlying state is. An
example of such a quantity is the Schmidt number**—a generalization of the
Schmidt rank for mixed states—that is used here to quantify entanglement
dimensionality.

However, while some systems allow one to freely select the measure-
ment bases (e.g., via spatial light modulators and single-mode fibres for
spatial degrees-of-freedom of photons'***), this is generically not the case for
all setups. The inability to measure in the desired MUBs often goes hand in
hand with (but does not mathematically imply) the impossibility of carrying
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out tomographically complete sets of measurements. For previous
approaches to certifying high-dimensional entanglement, such limited
control has been prohibitively restrictive.

Nevertheless, classical correlations cannot simultaneously be arbi-
trarily strong for any set of bases that are complementary in the sense of
corresponding to non-commuting observables. Indeed, the detection of
bipartite entanglement from measurements in arbitrary bases can, in
principle, be achieved via entropic uncertainty relations™*’, which provide a
lower bound on the entanglement cost”, but not on the Schmidt number.

In this work, we fill this gap by proposing a family of Schmidt-number
witnesses based on correlations in at least two coordinated local ortho-
normal bases which can be chosen arbitrarily. We provide analytic upper
bounds of the corresponding witness operators evaluated on any bipartite
state with Schmidt number at most k (Theorem 1 & Lemma 1). The main
advantage of our method is that the upper bounds depend only on the
absolute values of the basis-vector overlaps and are independent of the
relative phases between the measurement bases, which are often not directly
measurable in experiments. Therefore, our witness significantly simplifies
the requirements for certifying high-dimensional entanglement in experi-
ments across a wider range of platforms. We also show that the bounds are
the tightest when the underlying measurement bases are mutually unbiased
(Corollary 1), confirming the intuition that MUBs are optimal for entan-
glement detection within this framework.

In addition, we analytically lower bound the entanglement fidelity
(or the singlet fraction”*")—the maximum fidelity of a bipartite state
with any two-qudit maximally entangled state—using our witness
(Theorem 1 & Lemma 1). This provides an alternative way to quantify
high-dimensional entanglement. Next, we demonstrate the effectiveness
of our Schmidt-number witnesses with two examples: the two-qudit
isotropic state and the noisy two-qudit purified thermal states, and
evaluate the difference between the actual entanglement fidelity and our
bound for these examples (see also the Supplementary Information
which includes the detailed analyses of the examples of isotropic states
and noisy purified thermal states, discussions regarding the applications
of random measurement bases and AMUBs, the proofs of egs. (12) and
(13) and Lemma 2, and refs. 30-47). To complete our analysis, we
compare the white-noise tolerances of our witnesses with those proposed
in ref. 10. We also discuss the possibility of using random measurement
bases in high dimensions or approximately MUBs (AMUBs) (see the
Supplementary Information) to witness Schmidt numbers and propose a
simple (and, to the best of our knowledge, new) construction of three
MUBs for all dimensions without using the Wootters-Fields
construction. Finally, we compare various existing methods for certi-
fying high-dimensional entanglement with our method in Table 1.

Results

Background and notation

To detect bipartite entanglement, parties A and B measure their shared state
PAB 1n m local bases with global projectors |eZ)(eZ| ® |€Z*) (2| where
{|e } is the z-th orthonormal basis of the m bases, |¢*) denotes the
complex conjugate of the state |¢) with respect to the computational basis
{|i)}§i ,and [eZ*) := UleZ*) with U € U(d) fixed for all a and z. Note that
we do not require the m measurement bases to be MUBs as in ref. 23. The
entanglement witness is then defined to be the sum of the probabilities of all
matching outcomes in all matching pairs of bases, ie.,

m d—1

S(m)(PAB :ZZ €€, ‘PABlea’ a > (1)

z=1 a=0

In Theorem 1, we show how the upper bound of eq. (1) depends on the
Schmidt number k(p, 5)** of the state p4 g, which is defined as

k(pap) = D(p,w){ | (Prlry\l‘?;,)?)), rank(Trg|y;) <W1|)}7 ()

where D(p) is the set of all pure-state decompositions, {(p;, [y;))},» of p =
> iilw){w;] and {p,}, is a probability distribution. In addition, we show
that the maximum fidelity of p, 5 with any maximally entangled state,

Flpap) = n?]j‘x((DdJrKUA ® lppap(Us ® HB)”‘D;% 3)

where the maximization is over all unitaries Uy acting on subsystem A and
|oF) = ﬁ Zflz_ol |ii), can be lower bounded using the quantity Sfim) (p4p)-
From now on, we call F(p ;) the entanglement fidelity (also known as the
singlet fraction in the case of qubits™”’) of p .

Let us define the maximum and minimum overlaps between two bases
o ezleid | and i, PRICATATS
respectively. WethendeﬁneC’ ={|{ ezlez )2 | (C= {(cmax mm)}#z)

to be the set that contains all (pairs of maximum and minimum) overlaps
between any two different measurement bases.

z and z' as &7 = max, = min,_

Schmidt-number witness & entanglement-fidelity bound

We now present our main results that use the expectation value S g") to infer
lower bounds on the Schmidt number and entanglement fidelity of the
state PAB-

Theorem 1. For any bipartite state p, g of equal local dimension d and
Schmidt number at most k, it holds that

—. B, )

S (pap) <

k(m —dT(C)) 7O

where the upper bound B, depends on the integers d and k, the number
of measurement bases m, and a quantity 7(C) which depends on the
set of Dbases overlaps. More specifically, 7(C):= min{A(C), m}

MC) ~—l(1+,/1+2dZmG”)>1 and G*% :=1—(d + l)cmm I

AL '}|*. Furthermore, the entanglement fidelity of psp can be lower
bounded as follows:

)

S pa) —T©O\ _
m-1C) [T

Fpap) 2 max{O7

The proof of Theorem 1 is given in full in the Methods. Theorem 1
implies that if the measured quantity Sfim) (pyp) exceeds B for1 <k<d—1,
then the Schmidt number of p, 5 must be at least k + 1. For a given set of
local measurement bases {{|eZ )}d (l)}z—l’ parties A and B can maximize the
certified Schmidt number by choosing U (their relative reference frame) that
maximizes ng) (p4p) since the upper bound in eq. (4) is independent of U.
Notice that if all the measurement bases are MUBs, ie,
KCAL =1 3Va,a,z#z, then 7(C) = 1 and the bound in eq. (4) coin-
cides with the one in ref. 23. Since 7 (C) 2 1 for any m > 2, we immediately
arrive at Corollary 1.

Corollary 1. The bound By in eq. (4) is the tightest for all k < d when the m
measurement bases are MUBs.

In case we only have access to the set of maximum and minimum
overlaps C instead of all the overlaps C, we can still bound the Schmidt
number and the entanglement fidelity by loosening the bounds in Theorem
1. By maximizing the term }__ | (e§|e§;) |* in eq. (4) such that the overlaps
are compatible with C, we obtain the following lemma which is proven in the
Methods.
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Table 1 | A comparison of different methods for the verification of high-dimensional entanglement

Methods Features and experimental/computational requirements
Our witness * Measure in at least two coordinated local (arbitrary) orthonormal bases

¢ Only need to know the (minimum and maximum) absolute values of the overlaps between the local measurement bases
Reference '”’s witness ¢ Precise control over the absolute values & the complex phases of the overlaps between different local measurement bases

and within each basis
* Measure in the computational basis + at least one coordinated “tilted” basis

SDP witness®

¢ Treat bases bias as imperfect implementations of measurements in MUBs
* Memory issue/long computational runtime for large dimensions
e Efficient only for small dimensions in which case it is possible to obtain tighter bounds compared to our witness

Entropic uncertainty relationship®*?’

[eq. (17.135) in ref. 56]

¢ Need to know the absolute values of the bases overlaps of only one party and the classical entropies corresponding to the
two parties’ measurements
* Can lower bound the distillable entanglement instead of the Schmidt number

Generalized Bell
inequalities®"*®

® To witness Schmidt number without any measurement assumptions, require non-trivial optimization over all possible local
measurements and all states with Schmidt number < k for every local dimension, which is computationally costly

e Certify lower Schmidt numbers than other methods can in general

¢ Standard approaches involve finding the largest eigenvalue corresponding to eigenvectors with Schmidt rank < k of the Bell
operator®® associated with restricted measurement settings®*® to keep optimization problems numerically tractable (more
specifically, ref. 58 uses physical arguments to restrict the maximization of the Bell operator’s expectation value to restricted
sets of states with different maximum Schmidt numbers —referred to therein as entanglement dimensions —of which the
union is believed to contain the experimental states) — also require measurement assumptions and are computationally

feasible only for small dimensions

Correlation-matrix norms from
randomized measurements®’

¢ Independent of the relative reference frame between the two parties as the matrix p-norms for all even p € N of the
correlation matrix remain unchanged under any local unitary transformation of a bipartite state®'.
* Require sampling local unitaries randomly from (Haar measure or) t-designs, where exact sampling is highly inefficien

o,

* While approximate sampling from t-designs can be efficient®, it is unclear how approximate sampling can affect the Schmidt

-number witness in ref. 61.

¢ Analytic bounds of the 2- and 4-norms of the correlation matrices corresponding to states with Schmidt number <k are

known only for k =2

e For certifying Schmidt number > 3, require numerical optimizations which can be computationally costly for large
dimensions and the bounds can be loose since there are no tighter known constraints on the singular values of the
correlation matrix other than the purity bound Tr(p?)<1 (see Appendix C of ref. 61.)

Lemma 1. For any bipartite state p, g of equal local dimension d and
Schmidt number at most k, it holds that

k(m —T(C))

470 =B, ©)

Sfim) (pap) <

where the upper bound Ek “depends on d, k, the number of measurement
bases m, and a quantity 7 (C) which depends on the set of minimum and
maximum bases overlaps. More specifically, 7 (C) := min{A(C), m},

10 ——(1+\/1+2d2m GG, mm)> 21, G(EZ, D) = 1-

(d+1)CZZ +sz) Qz,z . Lzz(

min

YV (d- I - 1))+

2 712
—L[# & —(d — [# — 1) 1 and
l—C;f;d 7z _z7
17 {—WJ i G @)

d if &2 =c
Furthermore, the entanglement fidelity of p4  can be lower bounded as
follows:

in*

S -TO\ _ —
F(p,p) = max 07%7@() =T, (8)

Similar to Theorem 1, if Sfim)(p AB)>Ek, the Schmidt number of p, p
must be at least k + 1. Furthermore, if all the measurement bases are MUBs,
ie., c”' = cz‘ 1 Yz,7, then 7(C) =1 and B, coincides with the
bound in ref. 23 Slnce T(C)>1, MUBs give the tightest bounds B;.

Examples of witness violation
To illustrate that our method can verify Schmidt numbers and lower bound
the entanglement fidelity, we first apply our witness and the fidelity bound to

a standard benchmark for entanglement witnesses, i.e., isotropic states
P = (1 = p)|®;) (@] + £ 1,2, whose Schmidt number is k + 1 if and

dd—k) k) p(k % We

only if the white-noise ratlo p satisfies % <p<; s

compare this with the noise that our witness can tolerate untll we can no
longer witness the actual Schmidt number of pi53. Since

S iy —p + (1~ p)m, ©)

for S(m) (P53 to exceed the bound B; in Theorem 1, the white-noise ratio
must satlsfy

(m—TEO)d=k) _
md—1) = Py (10)

In the case when d + 1 MUBs exist and m = d + 1, we see that p¥), = p(k)
for all k.
Suppose that we have the worst possible choice of measurement bases

. . z,7 _ oz Z 1 _
= min, , ¢ such that ¢, = ¢ and &f =1

for a given ¢,
(d — 1)Cpin =: Cmax for all z, 2" (As it is harder to witness a state to have
Schmidt number k + 1 with a larger bound B, this is the worst-case bases
choice fora given c;, = min, ,, ¢* because (i) it gives the maximal value
allowed for ¢, = max, such that 3" (€Z|e2)|* = 1 holds for all
a, and (ii) 7 (C) (and therefore B k) increases with ¢ for a fixed c,;;,, due
to the enlargement of the feasible set of the optimization problem in Pro-

position 3). We can use the upper bound in Lemma 1 by replacing 7(C) in
eq. (10) with 7 (C), where A(C) = %(1 —+ \/1 + 2dm(m — 1)G(Cpaxs Cmin)
in eq. (6). To verify that our state has Schmidt number at least k + 1, the
bound B, must be violated. In Fig, 1, the white-noise thresholds pgk,)n for

mm

witnessing the Schmidt number of p&% in d'=5 to be at least k + 1 with m

measurement bases are plotted against the parameter €, =% — ¢
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Fig. 1 | White-noise tolerance of our Schmidt-number witness. The upper bounds
of the white-noise ratio, p(ck,)n in eq. (10), for witnessing Schmidt number k + 1 versus
€min := 1/d — ¢y in local dimension d = 5, where we set ¢, = 1 — (d — 1)
When ¢, = 0 (i.e,, ¢y, = 1/d for MUBs), p® reaches its maximum, (m — 1)
(d—k)/[m(d—1)]. Whenm =d + 1 =6, it coincides withp(i’;), , the maximum white-
noise ratio for pi{ having Schmidt number k + 1. The noise tolerance of the witness
is higher for larger m or smaller k but reduces as €, increases, and eventually, when
1/5 — (7 — +/17)/20 ~ 0.0562, we cannot witness non-trivial Schmidt

iso

numbers of p33.

€min 2

25, . ' , :

' (4 ' (@3 (2! "

i) ') ') 'l
2.0} : ; 3 :
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Fig. 2 | Comparing other standard measures of bipartite entanglement with the
Schmidt number. The entanglement of formation (EoF), the entanglement fidelity/
singlet fraction (EF/SF), the negativity (Neg), and the exact Schmidt number (SN) of

iso

the isotropic state p;% of d =5 are plotted for different white-noise ratios p.

which quantifies the deviation of the measurement bases from MUBs. Note
that the maximum value that ¢;, can take isé inorderfor_ (€| efl =1
to hold for all 4, zand 2/, s0 €, € [0,3]. When €, = 0, corresponding to
measurements in MUBs, pikr)n attains its maximum. In general, the witness
can be violated under more white noise for smaller k. In addition, as p), goes

to zero when A(C) = m, we see that whenever

<3d—1—\/d2+10d—7

Emin = 2d(d — 1) ’

(11)

we cannot witness any Schmidt number 2 <k + 1 <d of the state pi% as
p® = 0 for all m >2. To see how the Schmidt number is related to other
standard measures of bipartite entanglement, we also compare the entan-
glement of formation (EoF) (see eq. (4.2) of ref. 49), the entanglement
fidelity/singlet fraction (EF/SF), and the negativity (see eq. (26) of ref. 50)
with the exact Schmidt number (SN) of the isotropic state of d=5 for
different white-noise ratios p in Fig. 2.

In the Supplementary Information, we provide more elaborate ana-
lyses of our witness when applied to isotropic states. First, we show that the

entanglement fidelity of pi5% satisfies eq. (5) in Theorem 1. Then, we provide
an example suggesting that our Schmidt-number witness can tolerate less
bases bias in larger local dimensions. Finally, we compare the white-noise
tolerance of our witness and our lower bound on the entanglement fidelity
with the counterparts from ref. 10.

To give a more comprehensive picture, we provide another example,
i.e, the purified thermal states with white noise, in the Supplementary
Information, to demonstrate that our method also works in cases where the
eigenvalues of the single-party reduced states are not degenerate and to
compare the white-noise tolerance of our witness with that of ref. 10 in such
cases. We also show that adding a third basis that is slightly biased with
respect to two mutually unbiased measurement bases can increase our
witness’ tolerance to white noise in this example. On the other hand, adding
a basis that is too biased with respect to the other bases could worsen our
witnesses’ performance due to an increased upper bound B, (B,) in The-
orem 1 (Lemma 1). We summarize this observation in the following remark.

Remark 1. There exist scenarios where an additional measurement basis
improves the noise tolerance of our Schmidt-number witness. However, the
opposite can also occur for certain choices of bases. Therefore, in order to
witness the highest Schmidt number of a state, one should apply the witness
inequality in Theorem 1 or Lemma 1 to all subsets of the total set of m’
available measurement bases and find the largest k such that S f;")(p)>[>’ \ Or
B, when evaluated over all subsets of m chosen bases forallm € {2,...,m'}.

The intuition behind Remark 1 is that one can potentially certify a higher
Schmidt number by post-selecting a subset of the total measurement data that
achieves the optimal balance between showing the strongest measurement
correlations and minimizing bias in the measurement bases. In practice, this
can be realized easily by using as many local orthogonal measurement bases
as possible for both parties and then calculating both the sum of expectation
values S f;") (p) and the bounds B, or B, for each subset of measurement
bases, using the corresponding subset of the full measurement data.

As a further remark, we observe that in d = 6, adding a fourth basis to a
set with three MUBs decreases the noise tolerance for witnessing Schmidt
numbers in isotropic states for a wide range of choices for the additional
basis. Since it is widely believed that the maximum number of MUBsind = 6
is 3%, this observation could indicate that our witness performs best when
the local measurement bases consist only of the maximal set of MUBs in the
given local dimension and no other bases.

Implication of concentration of measure

We have seen from Corollary 1 that measuring in MUBs will give the best
Schmidt-number witness. However, requiring all local measurement bases
to be MUBs is experimentally demanding as it requires precise control over
the relative phases among all measurement bases. In light of this practical
difficulty, it is natural to ask, how likely will a set of measurement bases
chosen uniformly at random in C? be close to being mutually unbiased?
Using Lévy’s lemma®™, a result from concentration of measure, we show
that the likelihood of any two randomly chosen orthonormal bases to be
biased decreases exponentially with the dimension 4, i.e., for € >0,

Pr 1> <2 dié‘z
471 =P\ T 18P 2 )

for all a,a’ and z#z'. Therefore, in large dimensions d, random measure-
ment bases are likely to be sufficient for our method to witness high-
dimensional entanglement. The proof of eq. (12) can be found in Sec. S.IIT of
the Supplementary Information.

K (12)

|(eZleZ)

Maximal number of orthonormal bases

Intuitively, one cannot construct arbitrarily many orthonormal bases when
the maximal and minimal bases overlaps are specified. For example, it was
known that there cannot be more than d-+1 MUBs in C? (where

&7 = ¢5 = 1) By making a connection to the Welch bounds”, we can

min
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upper bound the number of orthonormal bases using the function A(C)
defined in Theorem 1 such that

1
<1—|— 1+

which is proven in Sec. S.IV of the Supplementary Information. For MUBs,
we have A(C) = 1, so eq. (13) becomes m < d + 1, which agrees with the
known upper bound*. In general, the bound does not imply the existence of
m, orthonormal bases. For instance, the existence of d + 1 MUBs for non-
prime-power dimensions d is still an open problem™. In Sec. SI1 of
the Supplementary Information, we use this bound to show that eq. (5) is
satisfied for our example.

m<

A —

Simple construction of three MUBSs in any dimension
As a by-product of investigating the use of AMUBs for witnessing high-
dimensional entanglement (see Sec. S.VI of the Supplementary Information),
we discover a construction of three MUBs that has a simple analytic form and
works for any dimension d € IN. The nice feature about this is that it does not
rely on (the tensor products of) the Wootters-Fields bases*, which inevitably
requires knowing the prime factorization of the dimension. Since factorizing a
large integer is assumed to be hard (at least before any quantum device can
properly implement Shor’s algorithm)” and the description of the
Wootters-Fields bases can be non-trivial for large prime powers®, con-
structing MUBs with the tensor products of the Wootters—Fields bases will
require a certain amount of computational overhead, whereas our construc-
tion does not suffer from these problems despite having only three MUBs.
The explicit form of our three-MUBs construction is stated in the
following lemma and its proof can be found in Sec. S.V of the Supplementary
Information.

Lemma 2. For any d € I, the three orthonormal bases {|el) = Ia)}Z;é,
(1€2))og» and (Ie)}—;, with

d—1
1 R[S f )]y 5
i =2 B0, (142)
j=0
3 1 i2n [ p)]
|ea):732e a0, (14b)
=0

where f is any real-valued function, r € N U {0}, and p is any odd prime
such that ged(d, p) =1 and d>p’, are mutually unbiased. The simplest
example would be having p"=1.

Since the function f (and to some degree, p") can be chosen freely, it can
be optimized such that the relative phases in eqs. (14a) and (14b) are more
easily realizable for different experimental setups. This flexibility is parti-
cularly useful in cases where the dimension of the Hilbert space in which the
experiment operates can change over time (e.g., in scenarios where one has a
dynamical encoding protocol that encodes information in different sub-
spaces of the physical system at different times to protect against some time-
dependent noise which affects various parts of the system in distinct ways)
or the experiment has to measure different subsystems with distinct sub-
space dimensions at different times, as recalibration of the relative phases of
our bases may require less drastic changes to the setup than using (the tensor
product of) the Wootters-Fields bases. For the simplest example, if one
needs to encode information or measure in 3 MUBs and the corresponding
Hilbert space switches from dimension 7 to 6, then our simple construction
only requires a slight change in the phases (especially with the free choices of
f(j) and p” for compensation), whereas using the Wootters-Fields bases will
need to switch from the prime-dimension Wootters-Fields basis for d = 7 to
the tensor products of the Wootters-Fields bases of dimensions 2 and 3,
which introduce more drastic changes to the relative phases. For large d, the
change to the relative phases can be even more drastic.

Discussion

Our results provide a fresh perspective on the longstanding problem of
detecting entanglement using only a few, potentially restricted, measure-
ment settings. Specifically, we introduced a family of Schmidt-number
witnesses based on correlations in at least two coordinated local orthonormal
bases that can be chosen arbitrarily. We established analytic upper bounds
for the corresponding witness operators when evaluated on any bipartite
state with a Schmidt number of at most k. The main advantage of our
method is that the bounds depend solely on the absolute values of the
overlaps between different measurement bases, but not on their relative
phases, which are often inaccessible in experiments. These features of our
witness simplify experimental requirements for certifying high-dimensional
entanglement across many platforms. We demonstrated the effectiveness of
our witness with two-qudit isotropic states and noisy purified thermal states.
We also discussed the use of random measurement bases to witness Schmidt
numbers. Finally, we compare our method with various existing approaches
for certifying high-dimensional entanglement in Table 1.

As Corollary 1 suggests, one should aim at locally measuring in as
many MUBs as possible to get the best performance of our witness. Sadly,
the total number of MUBs is unknown for dimensions that are not prime
powers™". In fact, given the prime factorization of the dimension d = ij;"
with p;l’ <p;lff Vj, (tensor products of) the Wootters—Fields construction
only guarantees p;' + 1 MUBs to exist™’. Alternatively, if one can measure
in bases that are nearly mutually unbiased, then one can construct d + 1
AMUBEs for any dimension d"’. We constructed Schmidt-number witnesses
based on the AMUBs proposed in ref. 40, but we did not observe any
advantage of measuringin 4 <m <d + 1 AMUBs compared to measuring
in three MUBs in the non-prime-powered dimensions d = 6, 10, 14, 22 (see
Sec. S.VI of the Supplementary Information). The discovery of the simple
three-MUBs construction in any dimension (Lemma 2) by modifying the
AMUBs construction in ref. 40 suggests that there could be other con-
structions of AMUBs that are more suitable for witnessing Schmidt num-
bers and we leave finding such bases as an open problem. Furthermore,
given the flexibility of our three-MUBs construction, it may even contribute
to answering a longstanding mathematical problem: Are there more than
three MUBs in even, non-prime-power dimensions such as d = 62

Methods

Proof of Theorem 1

To prove Theorem 1, we start by stating the following propositions that we
will need in the main proof.

Proposition 1. It holds that A® 1,®)) =1,® AT|®}) for
all A € M(CY).

Proof. Let A = "¢\ A;i) (jl. Then,

ij=0
d-1
A® 1400) =1 57 Ayli)(ilk) @ IK)
ij k=0 152)
d-1 (152
=75 X Ayl @ 1),
ij=0
; d-1
1, @ ATI®)) = 5 30 Aulk) ® [ (jlk)
0 15b)
. (
= ﬁ,,_ Aji|j> ® i),
i,j=0

so we indeed have A ® 1,|®F) = 1, ® AT|®}). O

Proposition 2. Let |y/) and |¢) be normalized states. Then, the eigenvalues
of |y)(¢| + |§) (y| are upper bounded by [(y|¢)| + 1 and lower bounded

by —({yl¢)| + 1).
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Proof. Let |¢) = alw) + bly*) such that |a]* + |b]* = 1, (y|yt) = 0, and
(yly) = 1 = (y*|y"). Then, [y)(¢] + [$)(y] = (a+ a")ly)(y| + b"[y)
(wt] + blyt) (|, which has eigenvalues A, = Re(a)+ /1 — Im (a)>.
Since Re(a)<|a| and /1 — Im(a)®<1, we have |A,|<|a|+1=]
(vig)| + 1.0

We are now ready to state the formal proof of Theorem 1 which follows
similar arguments for proving Result 1 in ref. 23 except here, the reference

frame of party B relative to party A’s is fixed by an arbitrary unitary and we
cannot assume that |<eZ|e;’,)|2 = % for all z=z'.

Proof of Theorem 1. Let us define the witness operator

Y

—1

lez) (ex] ® lez") (e (16)

W=y

z=1 a

Il
o

so that Tr(Wp,p) = S(m (pap)> where [€2¥) = UleZ*) and U is a fixed
unitary that is the same for all a and z. Via the definition of |eZ*), we have
Yol (el ® &) @ (1, ® DIOF) = Sa_s(le) (€2 @ Ules)
_ ~+

(DY) = Yasy leENeEle2) (€] ® Uldy) = (1, ® U)|0f) =: |D,),
where we have used Proposition 1 in the second step. Hence, we have
W|&>d+) = m|&>;) Since W is positive semi-definite, it has a spectral
decomposition: W = m|<Dd) (Dd |+ zl , AilA;) (A;] where all normalized

eigenvectors |A;) are orthogonal to |(D Q)
Next, we will derive an upper bound for all the eigenvalues A; with
i=2,...,d% To do this, we consider the operator

/ ~. S o
=W+ 3 Y Ieled) P leze ) (e e
z#Z a,a'

=W+ Cfl”lfl;Tf,Z, +7,,

z#z

(17)

with T“ = | EENEE | = d|Dy ) (D | since V® V' with V =
ZJ o 1€)(jlisa symmetry of |d)+) by Proposition 1, and

T, = 5 S (11 - cin) ez eres |
z#Z a,a
L (18)
=X Z(I(eﬂez )§(|ez &) eS e + He),
z#7' a,a

where we use the fact that |(ez|ezy)| = \(elle V|Va,d,z,z and “H.c”
stands for the Hermitian conjugate of the previous term. Then, we use (i)
(el P — ciiy 20, (i) 16285 )D& | + Hco S Ay (16585°) (€587 1+
H.c.)1 ., where A, (A) denotes the largest elgenvalue of A, (iii)
A QAN S, )Lmax(A Yforall A; € Herm (C%)*, and (iv) Proposition 2

to obtain

T, 3 S (1) P = o) M (€587 (€557 1 + He.) Lp

z#Z a,a

(19)
P> Z(I(ﬂez W= “)(\<e 2 )2 + 1) 1.
Finally, we use the equality Z o 1(€2lez)? = 1 to get
T,<; [2(1 - Cfn?n - Cfﬂi;d) +> |(e§|e§’,)|4] 1p
z#Z | a ad
(20)

#7

=4 {1—(d+1)mm 52 lele) |1
=Z§2Gz’fﬂdz.

After combining egs. (17) and (20), we obtain

WZSW+dZ(mln|®d)(®d|+ GZZﬂdZ) (21)

z#z'

Since W? = m |®d) d)d |+ Z,_z ; |/\ Y{A;] and due to eq. (21), we
have that A? <), + 22Z¢Z,GZZ for i=2, ..., d’, which implies that

A<l ( +4/14+ ZdZ#Z,GZ’Z') =:MC). Since G** 20Vz=z [see

eq. (19)], MC)=1. On the other hand, we know that A (W)=
max(Zz— Za =0 |e <e | ® |~Z* ~Z*|)<X: Amax(z |8 ) (ez| ® INZ*)
€ N=m, so A,<T(C):=min{MC),m}.  Therefore,  with
W|<T>d+) = ml&ﬂ), we have that
W<(m—TC)|D,) (D) |+ Tl (22)
Finally, we arrive at our bound in eq. (4) in Theorem 1:
ST Pas) = Te (W) S(m = TOWF(pu) +TO) 0

< k(m*dT(C)) +7(0),

where we have used the fact that @3 P4zl &):) <F(pyp) < 5 for all bipartite
state p, p of equal local dimension d and Schmidt number at most k**. The
fidelity lower bound in eq. (5) can also be obtained by rearranging the first
line of eq. (23) and is non-trivial only if ’T(C)<S(m) (p4p)- Otherwise, we set
F,. = 0as F(p,p) 20 always holds. []

Proof of Lemma 1
To prove Lemma 1, we need the following proposition which is proven in

“Proof of Proposition 3.

Proposition 3. The optlmal solution to the optimization problem: max

Z?le subject to Z]dd+1 x}=1 for j=0,., d — 1, and 0<
[Conin SXi S SCmax <1V i s d{Lc2 +(d— L—l)c 4 [1 — Ly
—(d - L—l)cmin]z},where
1=, d .
L= { L%;TWJ if Cmax>cmin7 (24)
d if Chax = Conin-

Proof of Lemma 1. We will prove that 7 (C) 2 7 (C) for all bases overlaps
C so that

S pap) < Bi=(1=HTC) +%

_ (25)
< (1 - HT(C) +

for all k<d as in eq. (6). This boils down to showing that
> o€l |* < Q7% d which implies G*¥ < E( < FZ)Yz 7

For every pair of distinct bases z,Z, we want to maximize
Yoaa (ezl.ez)|4 given that > [(e? |e |2 = l‘v’a and 0<,./c ;<
(ezle ) < /o S 1V a, ' By setting x; = [(€5]el, Y and i = da+a +1,
we can apply Proposition 3 to obtain the maximum value, Q> d. Hence,
T (C) 2 7(C) and eq. (6) holds. Finally, the fidelity lower bound in eq. (8) can
be obtained in a similar fashion as in the proof of Theorem 1. The bound is
non-trivial only if ’T(C)<S(m)(p ,5)- Otherwise, we set F,, =0 since
F(pp) 20 always holds. []

Proof of Proposition 3. A general constrained optimization problem can
be written in the following form™.
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Problem 1. LetX € R?. A constrained optimization problem can be written
as

minimize f(¥)
subjectto  hy(X) =0,...
g,(¥<o0,...

s hy (%) =0,
7gr(56) < 07

(26)

wheref, h;, g;are functions map})ing from R to R. The feasible set X ¢ R?
is composed of all the X € R” that satisfy all the equality and inequality
constraints. The associated Lagrangian of the problem is given by

LE L) =@+ Ah@+ > ug ), 27)
i=1 j=1

where A;, 4; € R are Lagrange multipliers.
It is useful to give the following definitions which we quote directly
from ref. 54 before stating Lemma 3.

Definition 1. (Local minimum). A vector X* € X is alocal minimum of the
objective function f over the feasible set X if there exists an € > 0 such that
f(E) <f(X) for all ¥ € X where ||X — X*||<e.

Definition 2. (Active constraints). The set of active inequality constraints
A(X) at a point X¥ € X is the set of indices of the inequality constraints that
are satisfied as equalities at %, i.e., A(¥) = {j| gj(k') =0}.

Definition 3. (Regularity). A feasible vector ¥ is regular if the gradients of all
the equality constraints Vh,(X),i = 1, ..., m, and the gradients of all the
active inequality constraints Vg;(x), j € A(X), are linearly independent.

Lemma 3. (Proposition 3.3.1 in ref. 54). Let X¥* be a local minimum of
Problem 1 where f, h;, g; are continuously differentiable functions from R?
to R, and assume that ¥* is regular. Then, there exist unique Lagrange

multiplier vectors 1= @7, ,)Lfn)T eR™ and F* = (ut,...,u")"
€ R, such that

VLE X E) =0

y}"ZO, j=1,...,1, (28)

W=0, VigAR),

where A(X") is the set of active constraints at X*.

Proof of Proposition 3. We will first translate our optimization problem

into the forgldin Problem 1, where we have f(X)= —E?:I xt,
2) — SVt 2 %) —

i (X) = Zj:jdﬂ x =1 gzjd+k+1(’f) = Xjd4k+1 — +/Cmax> and

80 nd+kr1®) = /in — Xjagkn for j k=0, .., d — 1, where

0= Copin < Cmax < 1. This is in fact a sum of d independent optimization
problems of identical form, which simplifies our whole optimization pro-

blem to:

where we redefine the objective function f(x). The associated Lagrangian is
given by

d
LG M) = 3 [—dx? + Axf + (- #i+d)xi}

i=1

) (0)
—A— ;(\/ Cmax i A CminnuH»d)a

where A, 4; € R. Let us determine which X is regular by evaluating the
following gradients:

Vh@ = Y 2xli), Vg,® = Ii), VB =—1). (3

If g,(¥) < 0 is active (i.e., X; = \/Crpy)> then g, ;(X) <0 for the same i must

be inactive unless ¢, = ¢, and vice versa. Note that the only feasible

solution of the case when c;, = ¢,,., are non-regular since both g,(X)<0

and g;, ;(X) <0 are active for all i, so VA(X), Vg,(X), and Vg, ,(X) for

i=1, ..., d are linearly dependent. Also, if /¢ ;,<X;<./Cra then both

g(X) <0 and g, ,(X)<0 are inactive. Hence, for X* to be regular, the

following must hold:

(i) Atleast one component x; must satisfy ./, <X} <,/Crax 50 that both

g(*¥*)<0and g, ,(¥*) <0 are inactive.

(i) Incasecy;, = 0,ifatleast one componentx} = ,/c ;, = 0sothatthe
i-th component of Vh(xX") is 0 while Vg, ,(¥*) = —i), then condition
(i) is not necessary. If x} >0V i, condition (i) must hold.

Since the functions f, h, g, g4 for all i=1, ..., d are continuously
differentiable, all regular local minima of Problem (29) must satisfy Lemma
3. Let us evaluate

V.L = (—4dx? +2Ax; +u; — P‘i+d) li), (32)

-

i=1

and consider the case where the i-th component of a regular local minimum
X" satisfies /¢, <x¥ <, /G- By Lemma 3, uf =y, , = 0, implying that
—4d(x¥)* 4+ 21*x} = 0. Hence,
A =2d(x}). (33)

Since A" is a parameter independent of the index i, we can constrain all
components of X¥* that lie within the interval, (\/Cin, \/Cmae)> With this
common parameter. According to eq. (33), x7 = x}' = 1*/(2d) for all i, j
such that | /€., <X}, X7 < /Cinex. Hence, for any regular local minimum X" of
the optimization problem (29), each component x can only take one of the
three possible values: /¢, /X v/Cmax> Where ¥ € (Cins Cmax)-

Therefore, we can translate our optimization problem of (29) into a
much simplified form:

maximize d[Lc2_ + Ly* +(d — L —L)c2,.]

subject to L, + Ly +(d — L —D)c, = 1, (34)
0<L+L<d, L,LeN,
0 < Cin<X<Cmax < 1,

d
minimize f(¥) = —d Y x}
i=1 where we converted our problem back to a maximization problem. Clearly,
' d the optimal solution can be obtained by maximizing L while satisfying all
subjectto  h(X) = 21 x—1=0, (29) constraints, including eq. (34) which can be rearranged into:
i=
gk(z)z'xk_\/cmaxgov 1 - d _ _
@) = Jemm— %<0, k=1,....d L= o (35)
8tk ) = o/ Cmin T e =T K= L0 6y Cmax ~ Cmin Cmax ~ Cmin
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Since the last fraction lies within the interval (0, 1), the maximum value
allowed for L is [1=Cmn? |, leaving either L = 0 if% eNorL=1

1—c¢
Crmax —Cmin
with y = 1 — L, — (d — L — 1)c,, otherwise.

Next, we consider the remaining cases: (1) regular local minima X* with
no components satisfying ,/Coi, <X} <,/Cmax When ¢, = 0, and (2) non-
regular points X with each component x; € {,/C;;,>0, \/Cray} [S€€ condi-
tions (i) and (ii)]. Note that the case where c_;,, = ¢, is included here.
Similar to the previous regular cases, we can simplify our optimization
problem to:

maximize d[LcZ, + (d — L)

min

subjectto Ley, + (d — L)cyi, =1, (36)

0<L<d, Le N, 0<cy, S <1
If ¢ <Cpmax> the problem has a feasible optimum only if L = % e N.
If ¢, i) = Cpaxo the problem has a feasible solution only if ¢, ;= .. = L

Finally, since the global optimum to our initial Problem (29) is the
minimum over the set composed of all feasible points fulfilling Lemma 3 (a
set containing all regular local minima) together with all irregular feasible
solutions, we can conclude that the global optimum X* satisfies: X} = /¢ 0

for i=1, .., L x{= Gy, for j=L+1, .., d — 1, and
x5 = /1 — Ly — (d — L — 1)cy,, where
1—c.. d .
L= { \‘ﬁJ if Cmax~Cmin> (37)
d if Cpax = Comin-
O
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