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A fluidized bed with a large, continuous horizontal flow of particles (cross-flow) can lead to a sloped bed level,
leaving a heat exchanger immersed in the fluidized bed covered by different amounts of particles. This facilitates
particles bypassing the heat exchanger, thereby reducing its efficiency. Pressurized zones can be utilized to
control the bed level along the particles’ horizontal path, achieving a more even distribution of particles across
the heat exchanger. Designing this level control system requires a physical model of the particle flow that ac-
counts for the impact of pressurized zones, for which a new particle dispersion model was developed in this
study. Dynamic simulations and experiments on a test rig were used to calibrate and validate the new particle
dispersion model. The model was able to correctly predict the dynamic behavior of bed levels influenced by
pressurized zones within a few millimeters. This model can be used to design and analyze a fluidized bed level
control system. Further research on additional influencing factors of particle dispersion, in particular the heat
exchanger’s configuration, is still required to achieve general applicability of the new particle dispersion model.

fluidization (Salatino et al., 2016; p. 98). At such low fluidization ve-
locities, adding large amounts of particles to a long bed can result in a
visible slope of the bed level along the particles’ horizontal path
(Schwaiger, 2016; p. 86). However, a sloped bed level means that the
heat exchanger in the fluidized bed is covered by different amounts of

1. Introduction

1.1. Background

When particles are continuously added to one side of a fluidized bed
with a rectangular cross-section, they slowly travel to the other side.
This horizontal movement of particles super-positioned with their reg-
ular vertical movement within fluidized beds is called a cross-ﬂow3 (Sette
et al., 2015; p. 245) and has many applications, such as drying (Daud,
2008; p. 407), indirect gasification (Sette et al., 2015; p. 245), and
particle receivers in both concentrating solar power (CSP)
(Gomez-Hernandez et al., 2018) and solar calcination (Esence et al.,
2020) systems.

The present study focused on thermal energy storage (TES) appli-
cations, in which a heat exchanger immersed in the fluidized bed is used
to add and extract thermal energy to and from the particles, which act as
the storage material (Steiner et al., 2016; p. 3). Such fluidized bed heat
exchangers (FBHEs) employ fluidization velocities that are only slightly
above incipient fluidization to maximize the surface-to-bed heat transfer
coefficient while minimizing heat losses and the energy required for

* Corresponding author.

particles, as pictured in Fig. 1.

Since the heat exchanger poses an impediment to the particle cross-
flow (Eder et al., 2021; p. 7426), a large portion of the particles flow
over the heat exchanger instead of passing through it. This bypass limits
the heat exchanger’s ability to add and extract thermal energy to and
from the particles. Schwaiger (2016; pp. 89-91) proposed pressurized
zones, called air cushions, to even out the bed levels along the particles’
path and limit the number of particles bypassing the heat exchanger, as
depicted in Fig. 1b. Each air cushion creates a pressurized chamber by
collecting the fluidization gas and continuously releasing it again
through valves. Each valve controls the pressure in its respective
chamber in such a way that the fluidized bed is pushed down and the bed
level is closer to the heat exchanger.

E-mail addresses: stefan.thanheiser@tuwien.ac.at (S. Thanheiser), markus.haider@tuwien.ac.at (M. Haider).

! https://orcid.org/0000-0003-2765-1156
2 https://orcid.org/0000-0002-0054-4206
3 Other authors write crossflow (Kunii and Levenspiel, 1991a; p. 338)

https://doi.org/10.1016/j.cherd.2025.02.038

Received 31 December 2024; Received in revised form 12 February 2025; Accepted 27 February 2025

Available online 13 March 2025

0263-8762/© 2025 The Author(s). Published by Elsevier Ltd on behalf of Institution of Chemical Engineers. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


https://orcid.org/0000-0003-2765-1156
https://orcid.org/0000-0003-2765-1156
mailto:stefan.thanheiser@tuwien.ac.at
mailto:markus.haider@tuwien.ac.at
https://orcid.org/0000-0003-2765-1156
https://orcid.org/0000-0002-0054-4206
www.sciencedirect.com/science/journal/02638762
https://www.elsevier.com/locate/cherd
https://doi.org/10.1016/j.cherd.2025.02.038
https://doi.org/10.1016/j.cherd.2025.02.038
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cherd.2025.02.038&domain=pdf
http://creativecommons.org/licenses/by/4.0/

Chemical Engineering Research and Design 216 (2025) 427-440

S. Thanheiser and M. Haider
Nomenclatures
Abbreviation
CCBM  Counter-current backmixing model
CSP Concentrating solar power
DoE Design of experiments
FBHE Fluidized bed heat exchanger
HTF Heat transfer fluid
PDF Probability distribution function
PDM Particle dispersion model
PI Proportional-Integral
PLC Programmable logic controller
TES Thermal energy storage
Symbol
A Cross-section area, m?
Ar Archimedes number, -
B,a,b,c Constants or exponents, -
C Controller transfer function, -
D Dispersion or diffusion coefficient, m?/s
d Diameter, m
e Control error, m
g Gravitational acceleration, m/s?
h Bed height, m
K Proportional gain, 1/m
L Bed width, m
m Particle mass, kg
m (Particle) mass flow, kg/s
p Plant transfer function, -
p Pressure, Pa
Dy Chi-square level of significance, -
S Source or sink, kg/(m?s)

T Temperature, K

T; Integration time, s

t Time, s

w Velocity, m/s

X Measured bed level, m

X Length (horizontal), m

Y Valve actuating value, -
A Difference operator, -

€ Mean bed voidage or exponent, -
A Distance, m

u Dynamic viscosity (Pa s) or expected value (m)
T Dimensionless variable, -
P Density, kg/m?

o} Fictional density, kg/m?
s Particle sphericity, -
Subscripts

A Fluidization air

AC Air cushion

Ar Archimedes

bed Fluidized bed

e Excess

g Fluidization gas

left, center, right Positions in the bed

mf Minimum fluidization
p Particle

ref Reference

S Specific

tubes Covered by tubes
weir Outlet weir

0 Free or empty

1.2. Research problem and gap

However, thus far, the air cushion concept has only been described
empirically, such as by Schwaiger (2016; pp. 89-91) and Steiner et al.
(2016; pp. 4-5), but no actual control system has been designed, tested,
or published. Any proper design of a control system requires a mathe-
matical model of the physical processes involved (Keviczky et al., 2019a;
p. 24), meaning a model able to describe the relationship between the

a)

cross-flow of particles and the resulting bed level and how the bed level
is affected by the air cushions. Although previous research has studied
horizontal mixing and dispersion of particles in fluidized beds in great
detail, the influence of sloped bed levels or pressurized zones on a
cross-flow of particles has largely been neglected.

b)

Fig. 1. Sloped bed level along a fluidized bed heat exchanger a) without, b) with the use of pressurized zones to control the bed level. The orange area represents the
fluidized bed. Orange arrows represent particle flow. Blue arrows show flow of fluidization gas. The heat exchanger is represented by a crossed-out box.
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1.3. Research objectives

This study aims to bridge the research gap identified above and
develop a new particle dispersion model (PDM) that can accurately
describe the processes involved in an air cushion control system.
Furthermore, the new PDM is tested (validated) to ascertain if it is fit for
purpose.

1.4. Outline

Section 2 includes the literature review. The development of the new
PDM is described in detail in Section 3. Section 4 then describes the
methods used to calibrate and test (validate) the new PDM and the re-
sults are reported in Section 5.

Collected data for this work is available in the data repository
(Thanheiser and Haider, 2025); software can be found in the software
repository (Thanheiser, 2025).

2. Literature review

The literature review presented here served to inform the develop-
ment of the new PDM. This section therefore discusses previous work on
particle dispersion related to the conditions investigated in this study:
fluidized beds operated at low fluidization velocities with particle cross-
flow that include a heat exchanger and sections separated by baffles.

The horizontal movement of particles in fluidized beds is generally
described as horizontal (Kunii and Levenspiel, 1991a; p. 211) or lateral
mixing (Sette et al., 2014; p. 74). The mechanisms of horizontal mixing
are closely related to bubbles (Kunii and Levenspiel, 1991a; pp.
219-223), which affect mixing on two different scales: a smaller scale of
individual bubbles and a larger scale of gross particle circulation
induced by preferential bubble paths (Kunii and Levenspiel, 1991a; p.
211).

2.1. Horizontal mixing — small scale

Individual bubbles rising through the fluidized bed affect horizontal
mixing in the following ways:

e Bubbles bursting at the surface throw particles into the open space
above (the freeboard) (Kunii and Levenspiel, 1991b; p. 167). Parti-
cles that are not elutriated out of the freeboard by the fluidization gas
fall back down to the bed, scattering across an area around the
bubble and contributing to their horizontal displacement (Santana
et al., 2005; p. 4).

Bubbles collect particles close to them in their wake on their way up
the bed. Particles mix in the wake and randomly leave it again at a
different horizontal position than before (Kunii and Levenspiel,
1969).

Downward drifting particles replacing those that were transported
upwards in a bubble’s wake must also move laterally under the
bubble’s path. This mechanism is also described by the countercur-
rent backmixing model (CCBM) (Abanades and Grasa, 2001; p.
5658).

2.2. Horizontal mixing — large scale

On a larger scale, bubbles tend to flow in preferential paths
depending on the bed’s dimensions (deep or shallow) and its gas
distributor, leading to different particle circulation patterns (Kunii and
Levenspiel, 1991c; p. 140). Toroidal circulation structures may form in
long shallow beds (Pallares et al., 2007; p. 934) called mixing cells (Sette
etal., 2014; p. 75). If tuyeres are used in the gas distributor, mixing cells
form around the chain of bubbles created by the nozzles; thus, the
number of nozzles defines the number and size of mixing cells (Olsson
et al., 2012; p. 152). Without nozzles, mixing cells are about as large as
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the smallest dimension of the fluidized bed, which is its height in the
case of shallow beds and its width or diameter in the case of deep beds
(Subbarao et al., 1985; p. 1988). Particles changing mixing cells, either
by being thrown by a bursting bubble into a different cell or by switching
to an adjacent downward drift, account for the net horizontal transport
of particles across the entire bed (Olsson et al., 2012; pp. 150-151).

2.3. Impact of immersed heat exchangers

Adding a densely packed tube bank to a fluidized bed does not
substantially change the gross circulation pattern of the particles, but it
slows down the average axial particle velocity by approximately 90 %
(Chen et al., 1983; pp. 206-210). Tube banks also promote splitting and
coalescence of bubbles (Asegehegn et al., 2011a; p. 5425), resulting in a
smaller average bubble size and a more uniform distribution of fluid-
ization gas (Li et al., 2011; p. 6224). Bubble size inside the tube bank is
largely independent of the fluidization gas flow and the distance from
the distributor floor, and it is mostly controlled by the tube bank’s ge-
ometry (Asegehegn et al., 2011b; p. 258). Recent numerical simulations
support these findings (Li et al., 2011; pp. 6224-6226; Kuipers et al.,
1992; p. 199).

2.4. Impact of particle cross-flow and baffles

Particle cross-flow can suppress the formation of clearly defined
mixing cells by blurring preferential bubble paths (Sette et al., 2016; pp.
308-309). Martinez Castilla et al. (2020; pp. 98, 100-101) found that
introducing a baffle slightly above the level of a shallow (0.11 m) bed to
block the particle splash reduced horizontal mixing in the baffle’s vi-
cinity by about 90 %.

2.5. Modeling horizontal mixing

Horizontal mixing is usually modeled as dispersion with a diffusion
equation describing the flow of particles (Olsson et al., 2012; p. 149):

aC 0 aC
(D&>

o ox

C is the concentration of a tracer or fuel particle, t is time, x is the
direction in which the concentration C changes, and D is the dispersion
coefficient. This transport equation is a non-stationary, one-dimensional
diffusion equation for a closed system. Using a diffusion equation to
model particle dispersion typically implies a homogeneous fluidized bed
or a fluidized bed that is much larger than the characteristic mixing
length scale, which is identical to the size of a mixing cell (Olsson et al.,
2012; p. 150).

To include particle cross-flow in the transport equation above, one
approach is to use an “average” particle dispersion coefficient D that
combines both regular particle dispersion and the impact of the
convective cross-flow (Olsson et al., 2012; p. 149). Some authors, such
as Sette et al. (2015; p. 247) and Shi and Fan (1985; p. 24), have chosen
to add a convective term to the transport equation to describe the par-
ticle cross-flow and have the dispersive term only describe regular
particle dispersion without a cross-flow.

Differential equations describing a continuous flow of particles in
and out of a fluidized bed have fundamentally different boundary con-
ditions than those describing batch processes or Brownian motion in a
closed system (Shi and Fan, 1985; p. 24). Dispersion models for batch
processes include, for example, Bellgardt and Werther (1986; p. 174),
Kunii and Levenspiel (1991a; pp. 220-222), and Shi and Fan (1984; p.
338).

@

2.6. Driving force of particle dispersion

As in Eq. 1, the gradient of a concentration of sparsely distributed
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tracer or fuel particles dC/ox is typically the driving force of particle
dispersion, as seen in the models by Pallares et al. (2007; pp. 932-933)
and Olsson et al. (2012; p. 152). Alternatively, Sette et al. (2015; p. 247)
introduced a dispersion model where the gradient of a fictional bed
material density 0®/0x is the driving force of dispersion:

0 0P
(p5) +s

" ox
where S is a sink or source term for bed material. Sette et al. did not
make it entirely clear how the fictional bed density @ was defined. They
used Eq. 2 and potential flow theory to derive the stationary velocity
field of a bed material cross-flow to describe how the cross-flow of bulk
solids influenced the dispersion of sparsely distributed fuel particles
(Sette et al., 2015; pp. 247, 251).

Schwaiger (2016; p. 86) suggested that different bed levels create a
horizontal pressure gradient and that this pressure gradient pushes the
particles from the side with a higher bed level to the one with a lower
bed level, thus creating a horizontal movement of particles. He did not
include this theory in any sort of dispersion model.

0 (2

2.7. Particle dispersion coefficients

One common way to quantify the particle dispersion coefficient D is
the random walk theory for Brownian motion developed by Einstein
(1905; p. 559):

].2

AL 3

where At is the mean time it takes a suspended molecule to travel the
distance 4. The random walk theory forms the basis of many PDMs, such
as Kohler et al. (2021; p. 6) and Liu and Chen (2010; pp. 2117-2119). In
these models, the gradient of a concentration of tracer or fuel particles d
C/ox is the driving force of dispersion.

Alternatively, Shi and Fan (1984; pp. 339-340) identified three main
modes of horizontal mixing, namely bubble movement, bursting bub-
bles, and gross circulations, and derived their influencing factors: excess
fluidization velocity we, which is the difference between the superficial
velocity and the minimum fluidization velocity w —wp,s Kunii and Lev-
enspiel (1991c; p. 137); bed height at minimum fluidization conditions
hy¢; particle diameter dp; fluidization gas density Pgs the difference be-
tween particle and fluidization gas density p, — p,; and fluidization gas
dynamic viscosity .. They then used dimensional analysis to obtain an
equation of dimensionless factors that describes the particle dispersion

coefficient D:
a
b\ " (P = 15
dP dp
Experiments were performed to identify the remaining coefficients as
B =0.46,a = —0.21,b =0.24,and c = — 0.43.

D

(W — Wt ) hmf

@

((W ~ Wnt)dopy

Hg

2.8. Influencing factors of particle dispersion

Identifying the influencing factors of particle dispersion is a pre-
requisite for using dimensional analysis to find an equation for the
particle dispersion coefficient (Szirtes, 2007). Most of the factors iden-
tified by Shi and Fan (1984; p. 339) listed above are included in either
the Reynolds or Archimedes number that together describe the state of
fluidization (Kunii and Levenspiel, 1991d; pp. 80, 89).

Bed height h;, ¢ determines the size to which bubbles can grow, which
impacts the horizontal mixing caused by bursting bubbles: deeper beds
produce larger bubbles (Mori and Wen, 1975; pp. 109-110), which in
turn create greater entrainment (Kunii and Levenspiel, 1991b; p. 168).
This factor may also be used to account for the intensity of particle
circulation (Oke et al., 2014; p. 122) or for the influence of a grid zone
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near the distributor floor (Shi and Fan, 1985; p. 25).

In an extension of their original model including a continuous flow of
particles, Shi and Fan identified the mean horizontal particle velocity w,
as an additional influencing factor of particle dispersion (Shi and Fan,
1985; p. 25).

Oke et al. (2014; pp. 119, 123-124) adapted Shi and Fan’s approach
and added the bed’s width as an additional influencing factor, but it only
had a significant impact on the dispersion coefficient in very narrow
beds.

2.9. Conclusions

Much of the previous work on particle mixing in fluidized beds has
focused on fuel particles in fluidized bed boilers (Sette et al., 2015, 2014;
Pallares et al., 2007; Olsson et al., 2012; Sette et al., 2016; Kohler et al.,
2021; Liu and Chen, 2010; Farzaneh et al., 2013; Guio-Pérez et al., 2023;
Salatino and Solimene, 2017; Lundberg et al., 2017). Compared to flu-
idized bed heat exchangers, fluidized bed boilers are typically shallow
(Pallares et al., 2007; p. 929), and they often do not contain tube banks.
The flow of fluidization gas is determined by the stoichiometry of the
incineration, whereas fluidized bed heat exchangers aim to optimize the
surface-to-bed heat transfer coefficient at rather low fluidization gas
flows (Salatino et al., 2016; p. 98).

Most PDMs use the gradient of a concentration of sparsely distributed
fuel particles as the driving force of dispersion, which does not account
for the impact of the bed level. Sette et al. (2015; p. 247) introduced a
fictional density that may include the bed level but did not describe it in
detail and used it for a purpose where bed levels were not of concern.
Schwaiger (2016; p. 86) made several empirical observations on how the
bed level impacts horizontal mixing but did not include it in a dispersion
model. No dispersion model includes the impact of pressurized zones.

This leaves a research gap with respect to dispersion models suitable
for the conditions investigated in this study that use the bed level
gradient created by a large particle cross-flow as the driving force of
dispersion and that include the impact of pressurized zones on the bed
level. This gap is filled by developing a new PDM using several of the
works discussed in this review:

e The inclusion of a densely packed tube bank severely slows down
gross circulations (Chen et al., 1983; pp. 206-210) and distributes
fluidization gas more evenly (Li et al., 2011; p. 6224). A particle
cross-flow can further suppress the formation of mixing cells (Sette
et al., 2016; pp. 308-309). Furthermore, models that include mixing
cells, such as Olsson et al. (2012), are considered impractical for the
purpose of describing a continuous control system for the bed level. It
is therefore reasonable to assume a homogeneous fluidized bed
without gross circulation structures such as mixing cells in the new
PDM.

The new PDM combines Schwaiger’s empirical observation that the
pressure gradient created by the bed level gradient is the driving
force of dispersion (Schwaiger, 2016; p. 86) with the fictional density
concept from Sette et al. (2015; p. 247) in Eq. 2. This results in a
transport equation that (indirectly) uses a pressure gradient, created
either by different bed levels or by pressurized zones, as the driving
force of dispersion.

The new PDM uses an average particle dispersion coefficient for both
regular particle dispersion and the particle cross-flow, which is
reasonable according to Olsson et al. (2012; p. 149). A convective
term is therefore not included in the new PDM, simplifying it.

The new PDM’s omission of a convective term, its driving force of
dispersion (a pressure gradient) as well as its boundary conditions
(including particle cross-flow) make it unlikely that its dispersion
coefficients are easily comparable to other sources in literature.
Thus, following the approach by Shi and Fan (1984; pp. 339-340),
dimensional analysis is used to develop an equation for the particle
dispersion coefficient. The influencing factors of particle dispersion
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identified by Shi and Fan (1984; p. 339), (Shi and Fan, 1985; p. 25)
are reused. Very narrow beds are not considered relevant for fluid-
ized bed heat exchangers; hence, the bed’s width does not have a
significant impact on particle dispersion (Oke et al., 2014; pp.
123-124) and is therefore not included as an influencing factor in the
dimensional analysis.

Baffles can severely reduce particle dispersion in their vicinity by
blocking the particle splash (Martinez Castilla et al., 2020; p. 101).
However, an air cushion control system only aims to control the bed
level within individual chambers (between baffles), not across
several chambers (across baffles). Hence, identifying the exact mode
by which baffles influence the horizontal flow of particles is
considered outside the scope of this study and not included in the
new PDM.

Particle dispersion model

This section presents the new (proposed) PDM. Section 3.1 derives
the transport equation (the actual PDM) and Section 3.2 conducts the
dimensional analysis of the PDM’s dispersion coefficient.

3.1. Transport equation

When modeling horizontal particle dispersion as diffusion, the mass
flow of particles is governed by Fick’s law (Ferziger et al., 2020; pp.
9-10):

0P

g = D%

ox ®)

where i is the mass flux per flow area in kg/(m?s), D is the diffusivity in
m?/s, and 0®/dx is the gradient of a concentration @ by the horizontal
coordinate x. The concentration term @, which has the unit kg/m?, can
be interpreted as the concentration of particle mass per an arbitrary
control volume, that is, a density. This control volume has a fixed size
and is not identical to the suspension’s volume. Therefore, @ will be
called a fictional density from this point on.

A greater bed level in one section of the fluidized bed is equal to a
greater concentration of particle mass there and, hence, a greater
fictional density @. Different bed levels create different quasi-
hydrostatic pressures in the bed, and this pressure gradient pushes the
particles from the side with a greater bed level to the side where the bed
level is lower (Steiner et al., 2016; p. 4). The connection between

A
Paci Pacz
A
A
href
h, ity lith)
€ €
1 2 h,
v P Py \ B

Ax ‘
Fig. 2. Sketch to illustrate the connection between fictional density, bed level,
and bed pressure. The two control volumes (indices i = 1 and 2) each contain a
mass of particles m; (orange area) with a voidage ¢; at a bed level h; with an air

cushion pressure paci above the bed level, creating a pressure p; at the bed’s
floor. Each control volume has a reference height h,s and a length of Ax.
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fictional density, bed level, and bed pressure is demonstrated with the
help of Fig. 2.

Fig. 2 shows two control volumes in a fluidized bed at different bed
levels. The bed’s fictional density ®peq; is defined as the fraction of
particle mass within the entire control volume 1 with height hy:

m

hrefL Ax (6)

Dpeaq1 =

The term L describes the bed’s width, which is assumed to be con-
stant. The mass of particles m; in the control volume 1 follows from
Fig. 2 as

m; :ﬂp(l 781)h1LAX (7)
where p,, is the (raw) particle density and ¢; is the bed’s mean voidage
(volume fraction of gas). The bed voidage is not entirely uniform inside
the fluidized bed:

e In the vertical direction, bed voidage is primarily a function of the
fraction of the bed in bubbles (Kunii and Levenspiel, 1991c; p. 155),
which is a function of the rise velocity of bubbles (Kunii and Lev-
enspiel, 1991c¢; pp. 156-157), which in turn is a function of the
bubble size (Kunii and Levenspiel, 1991c; p. 147). As mentioned in
Section 2, bubble size inside an immersed heat exchanger is near
constant, thereby limiting variations in bed voidage in the vertical
direction.

e In the horizontal direction, bed voidage can change due to different
fluidization velocities. Different bed heights cause different back
pressures on the fluidization gas distributor, which may result in
greater fluidization and, therefore (Kunii and Levenspiel, 1991c; pp.
156-157), bed voidage where the bed height is lower. However,
since the fictional density is defined by the mass of particles alone
(Eq. 6), variations in the bed voidage in the horizontal direction are
implicitly accounted for in this model.

For the kind of fluidized bed investigated in this study, which in-
cludes an immersed heat exchanger that is covered by only moderate
amounts of particles (in particular when the bed level control system is
active) and is only moderately fluidized, the bed voidage in the entire
bed changes very little in either direction. Observations by the authors
have shown that the bed voidage only increases by a few percentage
points above the bed voidage at minimum fluidization conditions. For
the purpose of this study, the bed voidage was therefore considered near
constant.

Substituting m; in Eq. 6 with Eq. 7 yields the fictional bed density
Dpeq1 as a function of the (actual) bed level h;:

h

P (®

Drea1 = pp(1 —€1)

Hence, the fictional bed density @.q; may be measured by measuring
the bed level h;.

The fictional bed density ®p,eq; can be transformed into an equivalent
bed pressure. For now, the air cushion pressures psc are omitted. The
pressure p; at the bottom of control volume 1 is then defined as (Kunii
and Levenspiel, 1991d; p. 69)

pl:(l)p_pg)(l_el)hlg (9)

where p, is the fluidization gas density and g is the gravitational accel-
eration. The particle density is typically far larger than the gas density
pp>pg-This was also the case in the test rig used in this work, which used
quartz sand (SiO3) with a density Pp of about 2650 kg/m3 (Greenwood
and Earnshaw, 1997; p. 344) as the bed material and dry air with a
density p, of less than 1.1 kg/m? at operating conditions (bed temper-

ature greater than 50°C) (Wagner et al., 2010; p. 173-174) as the
fluidization gas. Hence, Eq. 9 can be simplified to
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J 4! %Pp(l —e)hig a0
Combining Egs. 8 and 10 yields
D1 = Dhedr hrefg (1 1)

Hence, the fictional density ®n.q1 effectively condenses the bed’s
influencing factors on the pressure p;, namely bed level, particle density,
and voidage, into a single variable in conjunction with an (arbitrary)
reference height h,s. Using Eq. 11, the additional air cushion pressure
above the bed level pac; can be turned into an additional fictional
density ®ac;:

_ Paa

hrefg

Dpc1 12)
The sum of the fictional densities of the bed ®.q; and the air cushion
®pc1 constitutes the (total) fictional density &;:

D1 = Dpeda1 + Pact (13)

Thus, a change in the air cushion pressure pac; leads to an equivalent
change in the total fictional density @;. Changing the air cushion pres-
sure pac1 also changes the pressure gradient between the two control
volumes in Fig. 2, resulting in a movement of particles between them.
Since the air cushion pressure and the fictional density are coupled via
Eq. 12, this pressure gradient can be expressed as an equivalent gradient
of the fictional density (see also Eq. 11):

P _ lim (;}h) = Al)i(% (Mhrefg) = %hrefg

X _ 1
0x ax~0\ Ax Ax as

This equation demonstrates how bed pressure, particle mass, and
fictional density are coupled across control volumes, making the
fictional density @ a conserved quantity, for which a conservation
equation can be written in Cartesian coordinates as (Ferziger et al.,
2020; p. 11)

0 (52) s

ot ax \ ox

where t denotes the time and S a source or sink of particles (adding or
extracting particles to or from the bed). This transport equation is the
mathematical form of the new (proposed) PDM and is identical to Eq. 2
by Sette et al. (2015; p. 247) but in a nonstationary form. This equation
does not include any form of convection. The entire particle transport in
the horizontal direction is modeled as dispersion.

Although the choice of reference height h,¢ is arbitrary and can even
be smaller than the actual bed levels occurring in the fluidized bed, it is
recommended to set hf = 1 m and interpret the fictional bed density
®ypeq as the particle mass per floor area and unit bed height according to
Eq. 6; this also makes the specific mass flow riig in Eq. 5 a more stan-
dardized measure, which is based on the reference height h, rather
than the actual bed level:

(15)

m

hrefL (1 6)

Ti'ls:

This definition is a direct consequence of defining the fictional bed
density @y.q as the particle mass per control volume with constant height
h.s (see Eq. 6).

3.2. Dispersion coefficient

As mentioned in Section 2, based on Shi and Fan (1984; pp.
339-340), dimensional analysis in conjunction with experiments were
used to determine an equation for the particle dispersion coefficient D
contained in the proposed PDM in Eq. 15. The variables considered
relevant influencing factors of particle dispersion are listed in Table 1.

This list is identical to the influencing factors suggested by Shi and
Fan (1984; p. 339), (Shi and Fan, 1985; p. 25) with the following
changes: the gravitational acceleration g is added to the list of variables,
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Table 1
Relevant variables (influencing factors) for the dimensional analysis of particle
dispersion.

Symbol Description Dimension
D Particle dispersion coefficient m?/s
We Excess fluidization velocity m/s

wp Mean horizontal particle velocity m/s

(pp —pg) Difference between particle and gas density kg/m?3
Py Fluidization gas density kg/m3
Hg Fluidization gas dynamic viscosity kg/(ms)
d, Mean particle diameter m

g Gravitational acceleration m/s?

and the bed’s height at minimum fluidization conditions h,,¢ is removed.
The omission of the gravitational acceleration g appears to be a mishap
in Shi and Fan’s dimensional analysis since they clearly account for it in
their model for bubble rise velocity and they attribute other influencing
factors of particle dispersion to bubble rise velocity (Shi and Fan, 1984;
p- 339). The bed height at minimum fluidization conditions h; is
omitted for several reasons:

e As mentioned in Section 2, bed height does have an influence on
particle dispersion by impacting the size to which bubbles can grow,
particle circulation, and a possible grid-zone effect. However, neither
the bed’s height nor the configuration of the immersed tube bundle,
which has similar effects as bed height (see Section 2), could be
altered in a meaningful way in the test rig used in this work. Since
their influence could not be measured, these factors are omitted from
the proposed model.

e The only way to change the bed height in the test rig is by changing
the flow of particles going through it. This, however, makes the bed
height a function of the mean horizontal particle velocity wy, and
thus the influence of the particle flow on the bed height is already
implicitly included in the use of w;, as an influencing factor.

Besides the mean particle diameter dp, the particle sphericity ¢g as
well as the bed voidage at minimum fluidization conditions ey are
implicitly included as influencing factors since they are influencing
factors of the minimum fluidization velocity wy,¢ Kunii and Levenspiel
(1991d; p. 69) and, thereby, the excess fluidization velocity we.

The chosen dimensional set (Szirtes, 2007; p. 164) is shown in Table 2.

The dimensionless variables (pi-factors) derived from Table 2 are
listed in Eq. 17.

Table 2

Dimensional set. The table should be read as a matrix separated into sub-
matrices: submatrix A (rows 1-3, columns 6-8), submatrix B (rows 1-3, columns
1-5), submatrix D = I (rows 4-8, columns 1-5), and submatrix C = —D(A*lB)T
(rows 4-8, columns 6-8) (Szirtes, 2007; p. 175). The first 3 rows make up the
dimensional matrix and include the exponents for each dimension (m, s, kg) of
every influencing factor (see Table 1). The bottom rows include the exponents of
each influencing factor that make up the individual dimensionless variables,
denoted by 7;...75.

D We Wwp Py Hg d, Pp — Pg g

m 2 1 1 -3 -1 1 -3 1

s —1 -1 -1 0 -1 0 0 -2
kg 0 0 0 1 1 0 1 0
m 1 0 0 0 0 —1.5 0 -0.5
2 0 1 0 0 0 —0.5 0 -0.5
3 0 0 1 0 0 —0.5 0 -0.5
74 0 0 0 1 0 0 -1 0
s 0 0 0 0 1 —1.5 -1 —0.5
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D
1 = 3
dy'g
P2 We
, =
Vg
x o ar
3 =
dpg
Ty = pg
Pp —Pg
s = ”g

(Po —Pe)\/do’g

Assuming a monomial form of the function 7, = f (72, 73, 74, 75) ap-
pears reasonable and was also done by Shi and Fan (1984; p. 339):

(18)

where the constant ¢ and the exponents ¢,...e5 are determined through
experiments (calibration). Basic heuristics yield the following conclu-
sions:

e When w, = 0 (i.e., when the fluidization stops), the particle disper-
sion coefficient D becomes 0 as well as long as the exponent €5 > 0.
This means that fluidization is a necessary condition for any particle
movement, which is physically consistent with the proposed model.

e On the other hand, when w, =0 (i.e., when there is no flow of
particles), then the particle dispersion coefficient would either
become 0 in the case of €3 > 0 or approach infinity in the case of
€3 < 0. Neither result would be physically consistent. A better
approach is to assume that 73 appears in the form of (1 + z3)® in Eq.
18, meaning the particle velocity w, modifies the “basic” particle
dispersion coefficient D without a cross-flow of particles.

Therefore, the equation for the particle dispersion coefficient is

71 = e (1 + m3) 2wy ms™s (19)

4. Methods

This section describes the methods used to test whether the proposed
PDM can accurately describe the cross-flow of particles and the impact
of pressurized zones (air cushions) on the bed level. The following steps
were taken to test (validate) the PDM:

e First, the PDM needed to be calibrated, meaning appropriate values
for the constant and exponents of Eq. 19 for the particle dispersion
coefficient needed to be found. This is a prerequisite for any practical
use of the PDM. A test rig was therefore used to measure particle
dispersion coefficients at various operating points and calculate the
dimensionless variables listed in Eq. 17. Then, a non-linear least
squares method was used to determine values for the constant and
exponents in Eq. 19 that best fit the measurements.

o After calibrating the PDM, the PDM was used to predict the outcome
of experiments on a fluidized bed with particle cross-flow and an air
cushion control system. However, any such experiment had to be
dynamic in nature, and an analytical solution of the differential
equation describing the PDM (Eq. 15) was therefore not feasible. As
such, dynamic simulations were used to predict the outcome of
experiments.

e A test rig with an air cushion control system was used to conduct step
response tests. In such a test, a control system’s setpoint (the
controlled bed level in this case) is changed suddenly. This is a
common test to investigate and characterize a control system’s
behavior (Keviczky et al., 2019b; pp. 45-46).
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The PDM was validated by comparing the outcome of the step
response tests with the simulation model’s predictions using both
quantitative and qualitative methods.

e For a quantitative comparison, the differences (residuals) between
the experimental and simulated (predicted) bed levels during a step
response test were investigated. The predictions are considered to
match the measurements if the residuals are normally distributed
and centered around 0 (Fahrmeir et al., 2021; p. 25), thus validating
the PDM. Pearson’s chi-square test with a significance level of 5 %
(Rolke and Gongora, 2021; p. 1886) was used to evaluate whether
the residuals were normally distributed.

e For a qualitative comparison, the reciprocal influence between bed
levels at different locations inside the fluidized bed was investigated.
If the simulated bed levels (predictions) behave physically consis-
tently and match the experimental results, the PDM is validated.

The two main tools used for validating the PDM are described in
detail in the following sections. The test rig, which was used both for
calibrating the PDM and the step response tests, is described in Section
4.1, and the dynamic simulation model is described in Section 4.2.

4.1. Testrig

4.1.1. Design

To calibrate and validate the proposed PDM, a test rig was used
whose original purpose was to be a pilot plant of a thermal energy
storage system. It contained a fluidized bed heat exchanger (FBHE) used
to transfer thermal energy to and from particles, which acted as the
storage material. Only this FBHE is of interest in this study since the
exact modes by which particles and fluidization gas were supplied to the
FBHE are immaterial to the proposed PDM. A description of the rest of
the test rig, including process flow diagrams, is included in the data
repository (Thanheiser and Haider, 2025).

The FBHE’s layout and measurement scheme is shown in Fig. 3.

The FBHE consisted of four chambers in total: one inlet chamber
(Fig. 3, left), one outlet chamber (Fig. 3, right), and two chambers with
an air cushion control valve (Fig. 3, center). A screw conveyor fed par-
ticles at a specified flow rate into the inlet chamber on the left. Particles
left the system again by flowing over a weir in the outlet chamber on the
right, which was located at a distance hy.j; of 461.5 mm to the distrib-
utor floor.

The FBHE contained two tube banks in series, one in each chamber
with an air cushion control valve. Each tube bank consisted of a stag-
gered array of tubes with helical fins. The first tube bank and its chamber
(Fig. 3, center left) were slightly larger than the second one (center
right), resulting in about 1 m and 0.8 m long chambers. The inlet and
outlet chambers were about 0.2 m long each and did not contain any
heat exchanger tubes. Detailed properties of the tube banks, which were
the result of the original design process of the thermal energy storage
system, are available in the data repository (Thanheiser and Haider,
2025). During experiments in this study, the tube banks were used to
heat the fluidized bed to a specified temperature. The tube banks used
supercritical CO, as the heat transfer fluid (HTF).

The fluidized bed had a width and height of about 0.5 m each and
contained SiO; particles (quartz sand) with a mean diameter of about
175 um, a sphericity of 0.8, a bed voidage at minimum fluidization
conditions of 0.45 and a density of 2650 kg/m? (Greenwood and Earn-
shaw, 1997; p. 344). Each of the chambers had its own air box to provide
fluidization air, whose mass flows ma;...mp4 were measured using
orifice plates (not pictured in Fig. 3). A porous plate in each chamber
distributed the fluidization air across its respective chamber.

Design drawings and photographs of the test rig as well as detailed
particle properties, such as particle size distribution, are available in the
data repository (Thanheiser and Haider, 2025).
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Fig. 3. Sketch of the FBHE and main variables. The orange area represents the fluidized bed, the checkered area the porous plate. Orange arrows represent particle
flow. Blue arrows show flow of fluidization gas. Dotted lines indicate the position of pressure taps for bed level and voidage measurements. The circles in the center
depict the heat exchanger tubes, whose axes are perpendicular to the particle flow direction. Measurements: h;...hs bed levels, T bed temperatures, ¢;...€3 bed
voidages, ma; ...Ma4 fluidization gas mass flows, hy.ir distance of outlet weir to distributor floor.

4.1.2. Measurements

The bed level measurements h; ...hg shown in Fig. 3 were determined
by measuring the quasi-hydrostatic pressures Ap close to the baffles that
separated the chambers (see Eq. 10):

Ap

h=— 2P 20
Pp8(1 —¢) 20)

The lower pressure taps were immersed in the fluidized bed while the
upper pressure taps were located in the freeboard; see Fig. 3. The bed
voidage ¢ was again measured via the pressure difference within the bed:

_bp

_ @n
Pp8AR

e=1

In this case, the upper and lower pressure taps of Ap were both inside
the fluidized bed at a vertical distance of Ah. Voidage was measured
below each baffle separating the chambers, €;...€;5 in Fig. 3, hence each
bed level measurement had a voidage assigned.

The fictional bed density ®},.q was calculated from the measured bed
level h and voidage ¢ using Eq. 8. The particle dispersion coefficient D
was calculated from a fictional density difference A® according to Eq. 5

Ax

D= 7?}157

AD (22)

where Ax is the distance between the points where the difference in
fictional densities A® was measured and rig is the specific particle mass
flow set as a boundary condition. All measurements of the particle
dispersion coefficient D (which were only required for the calibration of
the PDM) were conducted within the first chamber of the FBHE that had
an air cushion valve (Fig. 3, center left). Hence, Ax was the horizontal
distance between the measurements of hy and hs in Fig. 3, which was
slightly smaller than the chamber’s length of 1 m. Since all fictional
densities within the same chamber experience identical air cushion
pressures, the air cushion pressure was ignored in the calculation of the
fictional density difference A® within the chamber:

AD = A(Dpeq + Pac) = ADped (23)
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Therefore, only the bed’s fictional densities ®,.q were measured to
determine the particle dispersion coefficient D.

The temperature distribution in the bed was measured at three
points: on the left in the inlet chamber T, in the center between the
two tube banks Tcenter, and on the right in the outlet chamber Tygp,.

Data sheets of the measurement equipment used in the test rig and a
detailed description of the calculations are available in the data re-
pository (Thanheiser and Haider, 2025).

4.1.3. Air cushion control system

A detailed or optimized design of the air cushion control system was
not necessary to test the PDM and was therefore considered outside the
scope of this work. Instead, a simple proportional-integral (PI) controller
was chosen as the air cushion valves’ controller. The control structure is
shown in Fig. 4.

The FBHE had two air cushion valves controlling the bed levels in
their respective chambers (Fig. 3), making the control system a multiple-
input/multiple-output (MIMO) system. Each of the variables in Fig. 4 is
therefore a 1x2 array. The “plant” P in Fig. 4 is the mathematical rep-
resentation of the FBHE and describes how changes in the air cushion
control valves’ actuating values (Y) affect the controlled bed levels (X).
This is where the simulation model implemented the PDM. The PI-
controller (C) controlled the air cushion valves (Y) to minimize the
difference between the bed levels’ setpoint (W) and their current values
(X). The PI-controller had the following mathematical form:

%/e(t)dt)

With K|, being the proportional gain and T; the integration time. As

Wl . Y X
Fig. 4. Simplified control structure, consisting of the controller C and the plant
P in a negative feedback loop. Variables: W bed level setpoints, X measured bed

levels, e =W - X control error, Y air cushion valve actuating values
(0 %-100 %).

Y=K, (e(t) + (24)
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mentioned above, determining these parameters for an optimal
controller behavior was outside the scope of this work, so a proportional
gain of K, = 1%/mm and an integration time of T; = 10 s were instead
chosen based on practical experience. The simulation model was,
however, used to investigate the control system’s stability with the
chosen controller parameters, as described in the data repository
(Thanheiser and Haider, 2025).

A programmable logic controller (PLC) was used to control the entire
test rig and to measure and record all system variables (measurements).
It operated at a frequency of 10 Hz, which ensured the suppression of
high-frequency disturbances in the measurements above the Nyquist
frequency of 5 Hz while maintaining sufficiently fast reaction times.

4.2. Dynamic simulations

A dynamic simulation model of the FBHE used the PDM to predict
the outcome of experiments conducted with the test rig, thereby vali-
dating the PDM. The dynamic simulation tool Simulink was used to
build the simulation model.

As shown in Fig. 3 and described in Section 4.1.1, a porous plate in
each air box distributed fluidization air within its respective chamber.
The simulation model took this distribution of fluidization air along the
fluidized bed into account, which has been shown to have great influ-
ence on the quality of predictions (Farzaneh et al., 2013; p. 5803). Since
the particle dispersion coefficient increases with increasing excess gas
velocity (Sette et al., 2014; p. 77), a non-linear bed level gradient
emerges when the fluidization is slightly uneven. The simulation model
was able to predict the distribution of fluidization air across the porous
plate distributor to accurately predict the bed levels at different specific
particle flows.

As explained in Section 2, the baffles separating the individual
chambers of the FBHE (see Fig. 3) restricted the movement of particles
between them by blocking the particle splash created by bursting bub-
bles. Additionally, engineering and construction constraints led to a gap
in the fluidization grid between the two chambers in the middle (60 mm
wide), which is also pictured in Fig. 3. Both this gap and the baffles
themselves resulted in a significantly larger resistance to particle flow in
the baffles’ vicinity. Additional resistance factors were added to the
particle dispersion coefficient in the simulation model to account for this
during simulations. Identifying the exact mode by which the baffles
influenced the horizontal flow of particles was outside the scope of this
work.

The simulation model used the same particles as in the test rig; see
Section 4.1.1. Since the equation for the particle dispersion coefficient
only considers the mean particle diameter an influencing factor (see
Table 1), the simulation model effectively assumes particles of uniform
size identical to the mean particle diameter in the test rig. By using the
same minimum fluidization velocity in the simulation model as in the
test rig, the simulation model also implicitly takes the particles’ sphe-
ricity and bed voidage at minimum fluidization into account (Kunii and
Levenspiel, 1991d; p. 69).

A detailed description of the simulation model, including dis-
cretization schemes of the differential equations and relevant boundary
conditions, can be found in the data repository (Thanheiser and Haider,
2025); the simulation model itself is available in the software repository
(Thanheiser, 2025).

4.3. Experimental design

Measurements of the particle dispersion coefficient D to calibrate the
PDM were conducted at various operating points of the test rig. The
operating point parameters were chosen based on their expected influ-
ence on the particle dispersion coefficient D (see the dimensionless
variables in Eq. 17) and are listed in Table 3.

Thus, by varying the parameters in Table 3, the impact of all
dimensionless variables 75...75 on the particle dispersion coefficient D
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Table 3

Operating point parameters for calibrating the PDM. Parameters: We /W, €xcess
fluidization velocity relative to minimum fluidization velocity, ms specific
particle mass flow, Tpeq mean bed temperature.

Parameter Values Impact

1.5
2.1
2.7
4 kg/m?s
5 kg/m’s
6 kg/m?s
55°C
100°C
155°C

We /Wt F.23

Titg 3

4
Thed
75

(included in 7;) were investigated. The design of experiments (DoE)
included all possible combinations of these parameters (27).

The results of the calibration procedure largely informed the choice
of operating points for the step response tests to validate the PDM
(Table 4).

The parameter variations in Table 4 enabled clear observations of the
air cushion system’s dynamics and whether the PDM’s predictions
(simulations) were able to reproduce them.

All step response tests were conducted on the first chamber with an
air cushion, with the controlled bed level on the downstream side of the
chamber (hy, see Fig. 3). After achieving a stationary state at a specified
operating point, the control system’s setpoint was changed instanta-
neously from hy = 515 mm to hy = 485 mm. Since the initial setpoint of
h4 = 515 mm was too large to be attainable for the control system, the
air cushion valve was fully open and the controller’s output was satu-
rated at 100 %, effectively disabling it. The valve only started to close
after the step in the setpoint to hy = 485 mm.

5. Results
5.1. Calibration

To calibrate the proposed PDM, measurements of the particle
dispersion coefficient D were conducted on the test rig using the pro-
cedures described in Sections 4.1.2 and 4.3. In conjunction with other
operating parameters (pressure and temperature), all dimensionless
variables defined in Eq. 17 were then calculated.

A look at the responses of the dimensionless variables 74 and the
inverse of r5 revealed that they were qualitatively very similar, as shown
in Fig. 5.

It was therefore reasonable to assume that 74 and z5 only appear in
combination with each other in Eq. 19, meaning that the exponents ¢4
and &5 are coupled. The Archimedes number Ar was chosen as such a
combination (Kunii and Levenspiel, 1991d; p. 69):

d,’ —
ar= pg(pp2 Pe)8 25)
7s Hg
Eq. 19 then reduces to
71 = e (1 + m3) P Ar™ (26)

The practically identical responses of Ar, 74, and 1/75 shown in Fig. 5

Table 4
Operating point parameters for validating the PDM. See Table 3 for parameter
descriptions.

Parameter Values Effect
we/w 1.5 Slow bed level changes

e/ ¥mf 2.8 Fast bed level changes
g 6 kg/m?s Largest possible bed levels
Thed 155°C Largest possible bed levels
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Fig. 5. Impact of 74, 1/75, and the Archimedes number Ar on the dependent variable 7;. The dash-dotted lines describe mean values across different bed tem-
peratures (see Table 3).

justify this approach. A non-linear least squares method was used to find Fig. 6 demonstrates how the measured bed level followed the one
the values of the constant ¢ and the exponents ¢,, €3, and e,,, which are predicted by the proposed PDM very closely after suddenly decreasing
listed in Table 5. the controller’s setpoint from about 515 mm to 485 mm. The histogram

The fit’s adjusted R? value, which describes how well the fit explains of the probability distribution function (PDF) of the residuals (differ-
variations in the measurements adjusted for the number of regressors ences between measured and predicted values) is also shown in Fig. 6.
(Miles, 2005; pp. 1656-1657), is 0.966, indicating a good fit. Eq. 26 now The PDF was used for the quantitative method of validating the PDM as
reads with the included constant and exponents as described in Section 4. The residuals’ expected value y is very close to 0,

and the p-value of Pearson’s chi-square test p, is greater than the 5 %
level of significance. This indicates that the measurements followed the
PDM'’s predictions and that all residuals were small random measure-
ment errors normally distributed around the predictions. This confirms
the PDM’s ability to predict the bed level, thus validating the proposed

7 = 1.9318e4 1,10V (1 + 75) 20 Ar0-1086 27)

or directly as a function of the influencing factors for the particle
dispersion coefficient D as

1.1017 —2.0494 d 3p (p P )g 0.1086
D =1.9318e4 \/d,? We 14+ % G Pg\Pp —Pg)8 08
P8 < Vv dPg) < Vg e (28)

PDM.
As mentioned in Section 4, an additional qualitative method of
A variation of the excess fluidization velocity w, has the greatest comparison between the measurements and the PDM’s predictions was
effect on the particle dispersion coefficient D, while variations of the used to validate the proposed PDM: whether the predicted reciprocal
particle flow w, and the operating conditions represented by the influence of bed levels during a step response test is physically consistent
Archimedes number Ar only slightly modify the particle dispersion co- and compares well with the measurements. This comparison is demon-
efficient D. strated in Fig. 7.

As mentioned in Section 2 and 4.2, the baffles separating the
chambers introduced an additional resistance to the flow of particles in

5.2. Validation their vicinity, which led to major discontinuities in the bed level be-
tween the zones (chambers); see the difference between hs and hg in
To validate the proposed PDM’s ability to accurately represent the Fig. 7. Therefore, the downstream bed levels h;...hs could not be
physical processes involved in an air cushion control system and predict reasonably measured and only the upstream values hs, he, and the
its behavior, step response tests were conducted on the test rig as controlled level hy4 (Fig. 7, small sketch) are shown in Fig. 7. The bed
described in Section 4.3. The result of one of the tests is shown in Fig. 6. level hs, which was upstream of h,4 but in the same chamber, decreased
by approximately the same amount as h4. This is physically consistent as
Table 5 the air cushion pressure that pushed h4 down to a lower level acted on hg
Fitted constant and exponents of Eq. 26. in the same way.
Variable Fitted value Standard error Rel. standard error However, the air cushion also impacted bed levels outside of its own
chamber: the bed level hg started to increase at the beginning of the step.
¢ 1:9318e4 394523 0-204 Particles were still continuously carried into the first chamber, but the
& 1.1017 0.0476 0.043
£ _2.0494 0.4853 _0.237 increase in air cushion pressure in the second chamber decreased the
er 0.1086 0.0371 0.342 particle flow from the first into the second chamber. The particle flow
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Fig. 6. Step response test, at we /wys = 2.8. Predicted (simulated) and measured bed level hy4 after a step in the controller’s setpoint from 515 mm to 485 mm.
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Fig. 7. Step response test. Upstream bed levels after a step from 515 mm to 485 mm at hy4. The black vertical line denotes the start of the step.

out of the first chamber was not reversed, only reduced, but since par-
ticles continued to be carried into the first chamber, the bed level there
rose. After about one minute, when the bed levels hs and h4 in the
second chamber started to reach a stationary state again (when their
second derivative with respect to time was zero), the bed level hg started
to decrease again. Once the system had reached a stationary state, the
bed level hg returned to its original value before the step response test.

Both results — the decrease in bed levels in the entire chamber where
the air cushion increased its pressure and the temporarily increased bed
level in the inlet chamber — are in line with a physically consistent
behavior of the system, and the PDM was able to reproduce the mea-
surements. This conclusively validates the proposed PDM.

Versions of Figs. 6 and 7 for all the other step response tests con-
ducted are available in the data repository (Thanheiser and Haider,
2025). They all show largely the same results.

6. Discussion

Describing the processes involved in a fluidized bed with particle
cross-flow whose bed levels are controlled by pressurized zones requires
a new PDM. The results of the validation tests indicated that the pro-
posed PDM is able to predict how different bed levels emerge due to the
particle cross-flow and how the pressurized zones (air cushions) influ-
ence the bed levels.

The proposed PDM can be used to design and analyze air cushion
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control systems, which are able to bring the bed levels of a fluidized bed
as close to an immersed heat exchanger as possible to limit the number
of particles bypassing it, thereby improving its efficiency. Although the
air cushion control system used in the test rig in this study did not
involve any sophisticated design, it proved effective during the step
response tests. The bed levels reached a stationary state again in less
than 2 minutes after the step, and the controller was able to hold the bed
level within a few millimeters of the setpoint despite the oscillations in
the measurements (Fig. 6).

The proposed PDM is still limited in terms of its general applicability.

e Not all influencing factors of particle dispersion could be investi-
gated in this study. In particular, the fluidized bed’s height and the
configuration of the tube bank immersed in the fluidized bed were
omitted since these factors could not be altered in the test rig used in
this study. Future research should investigate these factors sepa-
rately in dedicated test rigs, which will lead to additional dimen-
sionless factors that will require the dimensional analysis to be
repeated to obtain a more generalized equation for the particle
dispersion coefficient.

Although the particle diameter and particle density are already
included in the model, their direct influence on particle dispersion
could not be investigated since changing the particles in the test rig
was not feasible. Future research should therefore include tests with
different particle sizes and materials.
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o Baffles that were used to separate individual pressurized zones in the
fluidized bed introduced a greater resistance to particle flow than in
the rest of the bed. As described in Section 2, this behavior was ex-
pected, but any detailed investigation was beyond the scope of this
work. Accounting for the baffles’ impact in the proposed PDM would
enable the model to make global predictions of the bed level gradient
along the entire fluidized bed and should therefore be a focus of
future research.

Despite these limitations, the proposed PDM still provides a sound
understanding of the physical processes involved in an air cushion
control system, and its equation for the particle dispersion coefficient
covers many important influencing factors. It therefore provides a solid
basis for further improvements to the proposed PDM’s general appli-
cability, which can be achieved by investigating the impact of different
bed heights, tube bank configurations, and particles, and modeling the
impact of baffles on particle dispersion.

6.1. Comparison to other particle dispersion models

The novelty of the PDM developed in this work makes it difficult to
compare to previously published models. The best source for a quanti-
tative comparison of particle dispersion coefficients is the experimental
results of Sette et al. (2014; p. 77), which Sette et al. recommended for
use in their later fictional density model (Sette et al., 2015; p. 247). Their
dispersion coefficients are about an order of magnitude lower than the
dispersion coefficients observed in this work.

A qualitative comparison with other models reveals the following:

e In the proposed model, the particle dispersion coefficient increases
with increasing excess fluidization velocity. This coincides with the
results of other authors, such as Sette et al. (2014; p. 77), Shi and Fan
(1984; p. 340), or Bellgardt and Werther (1986; p. 179).

The particle dispersion coefficient slightly decreases with increasing
particle flow in the proposed model. While Bellgardt and Werther
found the dispersion coefficient to be independent of the particle
flow rate (Bellgardt and Werther, 1986; p. 178), Shi and Fan’s model
predicts an increase in the dispersion coefficient with increasing
lateral particle velocity (Shi and Fan, 1985; p. 27). Both models use
tracer concentration gradients as the driving force of dispersion,
which makes them difficult to compare to the model developed here.
Since greater flows of particles lead to greater fictional density gra-
dients, an increase in lateral mixing with increasing particle flow
rates is already included in the fictional density gradient. The slight
decrease in the dispersion coefficient with increasing flow rates
suggests a greater flow resistance with increasing lateral particle
velocity, which is comparable to a regular liquid experiencing a
greater pressure loss at greater velocities when flowing through a
pipe. Complete independence of the dispersion coefficient from the
particle flow rate seems unlikely: the p-value (i.e., the probability
that the measurements’ pattern could have been obtained under the
conditions of complete independence) (Greenland et al., 2016; p.
340) of e3 in Table 5 is about 4.6e-4.

The proposed model predicts a slight increase in the particle
dispersion coefficient with increasing Archimedes numbers (see Eq.
28). An increase in the Archimedes number increases the minimum
fluidization velocity (Kunii and Levenspiel, 1991d; pp. 68-70), and
Kunii and Levenspiel agreed that an increase in the minimum
fluidization velocity increases particle dispersion (Kunii and Leven-
spiel, 1991a; p. 222).

Thus, the results of the testing of the proposed PDM align well with
past models.
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6.2. Particle dispersion influencing factors

As mentioned in Section 3.2, the list of influencing factors of particle
dispersion given in Table 1 is likely incomplete. Firstly, bed height at
minimum fluidization conditions h,,¢ plays a role (Sette et al., 2014; p.
77), (Shi and Fan, 1984; p. 339), and thus the factor hy,¢/d, may be used
as an additional dimensionless factor (Shi and Fan, 1984; p. 339) in the
dimensional analysis.

Furthermore, as described in Section 2, an immersed tube bank im-
pacts gross particle circulation and bubble dynamics, and its configu-
ration therefore likely has a strong influence on particle dispersion. It
also reduces the effective flow area for the horizontal particle flow,
adding additional resistance to the horizontal dispersion of particles.
The effective (vertical) cross-sections during the experiments presented
in this work were between

A
0.64 <10 067 29
Ay

with Agpes being the total cross-section of heat exchanger tubes
(including fins) and A, the flow area without any immersed bodies.
Detailed geometric properties of the tube bank can be found in the data
repository (Thanheiser and Haider, 2025). Since 1 —Aupes/Ao i a
dimensionless number, it could be used directly as a pi-factor in the
equation for the particle dispersion coefficient. However, the helical fins
are likely to introduce an additional resistance beyond their obstruction
of the flow area since the particles have to flow through the narrow gap
between the fins, and a smaller fin pitch is known to obstruct particle
flow (Jia, 2020; p. 312; Thanheiser et al., 2022; pp. 13-14). The tube’s
orientation may also play a role, with tubes parallel to the horizontal
flow of particles leading to a different resistance than perpendicular
tubes, even if the effective cross-section is identical. An in-line tube bank
may also result in different resistances than a staggered array of tubes.

Since it was not possible to change the tube bank’s configuration in
the test rig nor the fluidized bed’s height in a meaningful way, their
influence could not be investigated in this work. The direct impact of the
particle diameter, although included as an influencing factor, was not
investigated either since all tests were conducted with the same parti-
cles. Any future development of the PDM should focus on these factors’
influence on particle dispersion.

7. Conclusion

Detailed design and analysis of a control system that utilizes pres-
surized zones to control the bed level in a fluidized bed with particle
cross-flow requires a mathematical model of the physical processes
involved. In this study, a new dispersion model was developed that uses
the concept of fictional densities to describe the flow of particles through
the fluidized bed and its interaction with the pressurized zones, called
air cushions. Dynamic simulations and experiments showed that the new
dispersion model is able to accurately predict the outcome of step
response tests of the air cushion control system, thereby validating the
dispersion model.

The new particle dispersion model can be used to design sophisti-
cated control structures of an air cushion control system, optimize its
behavior, and analyze certain aspects of it such as control stability and
robustness. Further research is required to achieve general applicability
of the model, especially regarding the impacts of bed height, tube bank
configuration, and baffles on particle dispersion.
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