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A B S T R A C T

State-of-the-art monitoring equipment has been a key element of the New Austrian Tunneling Method (NATM)
ever since its establishment and description in the 1960s. In particular so-called hybrid methods combining
geodetic displacement measurements with material and structural mechanics modeling have provided access
to the ground pressure distributions acting on the shotcrete tunnel shell and its utilization degree. Herein,
we explore the effect of refined observation by five (instead of the classical three) geodetic laser reflectors
positioned at so-called measurement points, as installed with the top heading of the tunnel Stein realized
by the Austrian federal railways (ÖBB) in the south of Austria: An analytical model for the equilibrium
and the deformations of aging viscoelastic cylindrical shells is specified for the displacements recorded at
the measurement points, and utilization is assessed in terms of (plastic) moment-force interactions. The
corresponding results widen the perception of the fundamental load-carrying characteristics of the NATM:
Rather than monolithically, the tunnel shell, due to the formation of plastic hinges, may act as a literally
flexible mechanical system, well adapting to the heterogeneous behavior of the surrounding ground.
1. Introduction

The New Austrian Tunneling Method (NATM), as introduced to the
engineering community in the 1960s by L. v. Rabcewicz (Rabcewicz,
1964a,b, 1965), is characterized by carefully monitoring the shotcrete
tunnel shell, originally by convergence measurements (Fenner, 1938;
Pacher, 1964), and since the 1990s, by 3D geodetic, laser-optical
displacement measurements (Schubert et al., 2002; Steindorfer et al.,
1995). The latter are customarily used to foresee changes in the rock
mass lying ahead of the tunnel face (Schubert and Steindorfer, 1996);
and they can also be used for validation of large scale Finite Ele-
ment simulations of the demanding sequence of construction steps
encountered with the NATM (Gamnitzer et al., 2023). Such numerical
simulations are also useful to guide, together with artificial intelli-
gence approaches such as reinforced learning, the NATM tunnel design
stage (Soranzo et al., 2022).

At the same time, it has turned out as particularly useful to com-
bine the aforementioned laser-optical displacement measurements with
structural and material mechanics representations of the hydrating tun-
nel shell, so as to examine the latter in terms of load carrying behavior
and safety. This strategy has been coined as ‘‘hybrid method’’ (Hellmich
et al., 1999a, 2001, 2020), and it has been refined over the last quarter
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of a century. At first, this concerned the choice of the mathematical
functions used for the interpolation of displacements between the
measurement points (Brandtner et al., 2007; Ullah et al., 2010), so as to
arrive at displacement fields entering a subsequent mechanical analysis.
The latter comprises the following steps: The displacement fields are
first transformed into strain fields, which then enter an appropriate
material model for shotcrete. The latter considers hydration-dependent,
i.e. aging elastic, creep, and strength properties (Ullah et al., 2012;
Hellmich and Mang, 2005), and delivers corresponding stress fields,
which give access to the safety level of the shell, in terms of utilization
degrees. Recently, the mathematical structure of the displacement fields
between the measurement points has been directly inferred from the
equilibrium conditions for cylindrical tunnel shells (Scharf et al., 2022,
2024), whereby the latter were derived from the principle of virtual
power (Germain, 1973a,b; Touratier, 1992; Höller et al., 2019). The
latter approach has also provided access to the ground pressure acting
from the surrounding ground onto the shotcrete tunnel shell. This has
led to an improvement of earlier ground pressure estimates (Ullah
et al., 2013), which had been based on postprocessing stresses arising
from ad hoc interpolation of displacement data stemming from geodetic
measurements. Over the same 25 years, also the geodetic monitoring
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Nomenclature

List of Symbols
𝐴𝑖 piecewisely linear shape functions (with 𝑖 =

1,… , 8)
𝑎𝑠,𝑖, 𝑎𝑠,𝑜 Cross-sectional area of the inner and the outer,

circumferentially oriented reinforcement per
unit length in tunnel driving direction

𝐞𝑟, 𝐞𝜑, 𝐞𝑧 unit base vectors of (cylindrical) coordinate
system, moving along an arc

𝐞𝑥, 𝐞𝑦, 𝐞𝑧 unit base vectors of Cartesian coordinate
system, fixed in space

𝐸 elastic modulus (Young’s modulus) of
shotcrete

𝐸28d 28-day value of 𝐸
𝐸𝑐 creep modulus of shotcrete
𝐸𝑐 ,28d 28-day value of 𝐸𝑐
𝐸𝑠 elastic modulus of steel reinforcement
𝑓𝑏 biaxial compressive strength of shotcrete
𝑓𝑐 uniaxial compressive strength of shotcrete
𝑓 ∗
𝑐 reference strength level

𝑓𝑐 ,28d 28-day value of 𝑓𝑐
𝐆𝑝 ground pressure vector field
𝐺𝑝 ground pressure
𝐺𝑝,𝑖 ground pressure at position 𝑖 (with 𝑖 = 1,… , 8)

𝐻 Heaviside function
ℎ thickness of tunnel shell segment
𝐽 creep function
𝐽𝑑 creep rate function
𝑘 index numbering plastic hinges
𝑚 index numbering time steps
𝑚𝑧 bending moment around an axis in 𝐞𝑧-direction

and positioned on the midsurface of the tunnel
shell segment (per length measured in tunnel
driving direction 𝒆𝑧)

𝑚𝑝
𝑧 plastic bending moment

𝐍𝑝 external circumferential force vector
𝑁𝑝 impost force (per length measured in tunnel

driving direction 𝒆𝑧)
𝑁𝑡 number of time steps
𝑁𝑘 number of plastic hinges
𝑛 index numbering time steps
𝐧 outward normal onto a surface element
𝑛𝜑 circumferential normal force (per length mea-

sured in tunnel driving direction 𝒆𝑧)
𝑛∗𝑅, 𝑚∗

𝑅 circumferential normal force and bending re-
sistances of an 𝐞𝑟(𝜑)-oriented shell segment
generator

𝑛𝑅,𝑖, 𝑚𝑅,𝑖 circumferential normal force and bending re-
sistances of the vertices of the polygonal fail-
ure surface in the force-over-bending-moment
plane (with 𝑖 running from 𝐴 to 𝑃 )

𝑝𝑖, 𝑞𝑖 fitting parameter for the fitting function of the
displacement measurements

𝑅 radius of the undeformed midsurface of a
tunnel shell segment
2 
𝑅𝑖 radius of the inner surface of the tunnel shell
segment

𝑟 radial coordinate
𝑟𝑐 distance of the gravitational center of the

concrete compression zone from the shell
midsurface

𝑟𝑠,𝑖, 𝑟𝑠,𝑜 distance of the inner and the outer reinforce-
ment from the shell midsurface

𝑠𝐸 dimensionless parameter quantifying strength
and elastic modulus evolution

𝑠𝐸𝑐
dimensionless parameter quantifying creep
modulus evolution

𝑡 time variable associated with recording of
strain or displacement values

𝑡∗0 reference time
𝑢𝑓 𝑖𝑡 fitting function for the corresponding displace-

ment trends
𝑢𝑀𝑟 , 𝑢𝑀𝜑 radial and circumferential displacements at

the midsurface of the cylindrical tunnel shell
segments

𝑢MP𝑖
𝑟 , 𝑢MP𝑖

𝜑 polar displacements recorded at measurement
point 𝑖 (with 𝑖 = 1, 2, 3, 4, 5)

𝑢MP𝑖
𝑟,𝑓 𝑖𝑡, 𝑢MP𝑖

𝜑,𝑓 𝑖𝑡 polar displacements fitted at measurement
point 𝑖 (with 𝑖 = 1, 2, 3, 4, 5)

𝑢𝑀𝑟,𝑅𝐼 , 𝑢𝑀𝜑,𝑅𝐼 radial and circumferential displacements of the
midsurface at the right impost of the arch-like
tunnel cross section

𝐱 position vector
𝑥𝐵 height of the concrete compression zone
𝑧 axial coordinate, associated with tunnel driv-

ing direction
𝛼 dimensionless parameter related to the

shotcrete aggregates
𝛽 creep-related power-law exponent
𝛿 Dirac function
𝛥𝜑 central angle of circular tunnel shell arc
𝛥𝑡𝑛 time increment
𝜀 small positive number
𝜀𝑐 𝑢2 maximum compressive strain of shotcrete
𝜀𝑐2 compressive strain of shotcrete at the (com-

pressive) strength limit
𝜀𝑠𝑦 yield strain of the reinforcement
𝜂 affine creep magnification factor
𝜃𝑀𝑧 rotational angle of the shell generator line,

around an axis oriented in 𝐞𝑧-direction and po-
sitioned on the midsurface of the tunnel shell
segment

𝜃𝑀𝑧,𝐿𝐼 , 𝜃𝑀𝑧,𝑅𝐼 rotational angle of the shell generator line,
around an axis oriented in 𝐞𝑧-direction and
positioned on the midsurface at the left and
the right impost of the arch-like tunnel cross
section, respectively

[[𝜃𝑀𝑧 ]]𝑘 jump in generator rotation at the 𝑘th plastic
hinge

𝜅 ratio of biaxial to uniaxial compressive
strength of shotcrete
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𝜈 Poisson’s ratio
𝜉 hydration degree of shotcrete
𝜎𝑠,𝑖, 𝜎𝑠,𝑜 stress of the inner and the outer reinforcement

𝜏 time instant of load application
𝜑 azimuthal coordinate
𝜑MP𝑖 azimuthal coordinate of the measurement

points MP𝑖, with 𝑖 = 1, 2, 3, 4, 5
𝜑𝐿𝐼 , 𝜑𝑅𝐼 azimuth of the left and the right impost of the

arch-like tunnel cross section, respectively
�̄� inclined azimuthal coordinate, measured from

the right impost of the arch-like tunnel cross
section

�̄�𝑘 inclined azimuthal coordinate of the 𝑘th
plastic hinge

�̄�𝑖 inclined azimuthal coordinate of the ground
pressure intensity 𝐺𝑝,𝑖, with 𝑖 = 1,… , 8

𝑖→𝑟 azimuth-dependent influence function related
to the effect of (external) ground pressure at
position 𝑖, on radial displacement distribution
(with 𝑖 = 1,… , 8)

𝑖→𝜑 azimuth-dependent influence function related
to the effect of (external) ground pressure
at position 𝑖, on circumferential displacement
distribution (with 𝑖 = 1,… , 8)

𝑖→𝑧 azimuth-dependent influence function related
to the effect of (external) ground pressure
at position 𝑖, on rotational angle distribution
(with 𝑖 = 1,… , 8)

𝑖→𝑓 azimuth-dependent influence function related
to the effect of (external) ground pressure at
position 𝑖, on (internal) circumferential force
distributions (with 𝑖 = 1,… , 8)

𝑁→𝑟 azimuth-dependent influence function related
to the effect of right and left (external) impost
forces, on radial displacement distribution

𝑁→𝜑 azimuth-dependent influence function related
to the effect of right and left (external) im-
post forces, on circumferential displacement
distribution

𝑁→𝑧 azimuth-dependent influence function related
to the effect of right and left (external) impost
forces, on rotational angle distribution

𝑁→𝑓 azimuth-dependent influence function related
to the effect of right and left (external) im-
post forces, on (internal) circumferential force
distributions

𝑧,𝑘→𝑟 azimuth-dependent influence function related
to the effect of plastic rotational angle, on
radial displacement distribution

𝑧,𝑘→𝜑 azimuth-dependent influence function related
to the effect of plastic rotational angle, on
circumferential displacement distribution

 generator-specific utilization degree
𝑔 𝑙 𝑜𝑏 degree of utilization at structure level, i.e. at

the level of the entire measuring cross-section

arrangements themselves have been refined: Early benchmark examples
ike the Sieberg tunnel (Ramspacher and Druckfeuchter, 1999), on
hich several of the aforementioned variants of the hybrid method
ave been developed, were equipped with three measurement points
3 
in the top heading of the tunnel shell, while more recent structures,
such as the newly built tunnels in the network of the Austrian federal
railways (Schubert and Moritz, 2011), or the Laliki tunnel in the
south of Poland (Niedbalski et al., 2018), were equipped with five
measurement points.

This motivates an obvious, but still fundamental, research question:
oes the availability of additional measurement data enrich, or even
lter, the mechanical understanding of the monitored tunnel structure?

The present paper wishes to provide a first answer to this ques-
ion, along the following lines: The scene is set, in Section 2, by

describing the NATM-driven portion of tunnel Stein realized by the
Austrian federal railways (ÖBB) in the south of Austria (Benedikt
et al., 2016). This tunnel crosses Miocene sediments alternating with
cemented conglomerate and consolidated soils. Thereby, our focus
is on the geometrical and material properties of the top heading of
cross section KMA5.3.000201, together with its geodetic equipment,
including five reflectors functioning as laser-optical 3D displacement
measurement points, and with corresponding data collected over a time
span of about 300 days. This top heading is represented by means of
an analytical structural mechanics model of the tunnel shell with aging
viscoelastic properties of the shotcrete, described in Section 3. In this
context, particular emphasis is put on the extension of the analytical
expressions which have been presented by Scharf et al. (2022, 2024),
o the situation where plastic hinges may form in the shotcrete tunnel.
uch hinges lead to a further enhancement of the ‘‘flexibility’’ of
he tunnel shell — one of the hallmarks of the NATM (Karakuş and

Fowell, 2004). The conditions under which such hinges may form are
described thereafter, in Section 4. All these model ingredients finally
allow for conversion of displacement measurement data into spatial
and temporal distributions of ground pressures, axial forces, bending
moments, stresses, and degrees of utilization, as reported in Section 5.
Corresponding results are reported thereafter, in Section 6, before the
aper is concluded in Section 7.

2. Characteristics of tunnel Stein: construction methods, geome-
ry, material, geology, monitoring equipment and data

2.1. Construction methods, geometrical and material properties

Tunnel Stein is part of the new Koralmbahn railway connecting the
Austrian cities Graz and Klagenfurt, along the Baltic-Adriatic corridor.
This tunnel has a total length of 2100m, a maximum overburden of
31m, and it was built according to two different construction methods:
Starting from the east portal, cut-and-cover construction was used for
565m, while the majority of the tunnel length, the remaining 1535m,
were driven according to the NATM, see Fig. 1. The geometrical prop-
erties of a typical cross section of the NATM-driven portion of tunnel
Stein, namely cross section KMA5.3.000201, are illustrated in Fig. 3.
Furthermore, we consider a (mean) shell thickness of ℎ = 0.30m, and
a typical shotcrete mixture, based on cement type CEM II/A-S 42.5R
and with strength class SpC 20/25. Moreover, we consider periph-
erally placed AQ60 reinforcement meshes and a centrally positioned
95/20/30 lattice girder, with all these reinforcing elements being
ade from steel BSt 550.

As concerns the NATM-portion of tunnel Stein, the driving process
took place from both portals, in the following way: The top heading
with a temporary invert was advanced first, at a rate of 3.25m/d,
followed by a coupled bench/invert advance with about 6.00m/d, see
Fig. 2. In more detail, the following construction steps were realized
(see also Fig. 4 for construction photos):

• Step #1: Excavation and installation of the top heading including
its feet

• Step #2: Installation of the temporary invert arch and of the first
rock bolts

• Step #3: Demolition of the temporary top heading invert arch and
excavation of the benches

• Step #4: Installation of the shell portions at the benches, and of
additional rock bolts
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Fig. 1. Geological longitudinal section of tunnel Stein, with indication of the different construction methods used, and of measurement cross-section KMA5.3.000201, investigated
herein; drawn after (Benedikt et al., 2016).
.

𝜑

a

a

Fig. 2. Construction progress of tunnel Stein: (a) top heading and temporary invert,
(b) bench (the invert is installed one day later).

• Step #5: Excavation and installation of the invert arch

According to Fig. 2, Step #3 was realized some 80 to 90 days after
tep #2.

2.2. Geological conditions

Tunnel Stein is located in the eastern part of the inter-alpine basin
called Klagenfurter Becken, which consists of the Palaeozoic basement
of the Magdalensberg series (quartz phyllite) and overlying moraines.
From a geological point of view, essentially two layers are found in the
NATM-driven portion of tunnel Stein (Benedikt et al., 2016): (i) the
Sattnitz conglomerate layers, consisting of densely consolidated soils
r cemented conglomerate, and (ii) the Rosenbacher layers, made of
ine-grained Miocene sediments with local coal seams, see Fig. 1.

2.3. Displacement data at five measurement points, and temporal fitting

We here focus on cross section KMA5.3.000201, located 201m west
of the eastern end of the NATM-driven portion of tunnel Stein, and
4 
Table 1
Initial geodetic positions of the measurement points attached to the top heading of
measurement cross section KMA5.3.000201, recorded at November 30, 2016 at 9 a.m

Measurement point 𝐻 𝑉 𝐿

KMA5.3.000201.1 +1.151m +8.566m +201.497m
KMA5.3.000201.2 −2.598m +6.333m +200.626m
KMA5.3.000201.3 +7.135m +6.472m +200.519m
KMA5.3.000201.4 −3.676m +4.378m +200.644m
KMA5.3.000201.5 +8.389m +4.466m +200.612m

equipped with five reflectors, which are positioned at measurement
points MP1 to MP5, see Figs. 3 and 4 for blueprint and photo illus-
trations, respectively. Displacements of these measurement points are
defined with respect to their geodetic positions recorded on November
30, 2016, at 9 a.m., see Table 1.

These positions also allow for reconstruction of the actual shell
geometry in terms of the following quantities: the inner radius of the
arc amounts to 𝑅𝑖= 6.40m, the opening angle of the top heading of the
considered cross section spans 𝛥𝜑= 174.40◦ from one foot to the other,
as also seen in Fig. 7; and the positions of the five measurement points,
in terms of the polar angle given in Fig. 7, amount to 𝜑MP5 = 19.95◦,

MP3 = 41.33◦, 𝜑MP1 = 101◦, 𝜑MP2 = 140.77◦, and 𝜑MP4 = 160.89◦.
The positions of the right and left impost, respectively, are quantified
through 𝜑𝑅𝐼 = 2.8◦ and 𝜑𝐿𝐼 = 177.2◦; 𝜑𝐿𝐼 − 𝜑𝑅𝐼 = 𝛥𝜑.

After the initial recording, positions are measured on a daily basis,
nd subtracting the initial position from the current position yields the

displacement vectors at the measurement points, see Fig. 5 as well as
Tables 7 and 8. The corresponding displacement trends are represented
by two types of fitting functions that allow for suitable representation
of the data, see also Table 2: The first type is used from the first
measurement up to immediately before the excavation of the bench,
nd it reads as

𝑢𝑓 𝑖𝑡(𝑡) =
𝑝1 𝑡2 + 𝑝2 𝑡

𝑡 + 𝑝3
, for 0 ≤ 𝑡 ≤ 84.96d , (1)

with the fitting parameters 𝑝1, 𝑝2, and 𝑝3 according to Table 3. The
second type of fitting function is used for displacements recorded from
the bench excavation onwards, and it reads as

𝑢𝑓 𝑖𝑡(𝑡) =
𝑞1 (𝑡 − 𝑞5)2 + 𝑞2 (𝑡 − 𝑞5)
(𝑡 − 𝑞5)2 + 𝑞3 (𝑡 − 𝑞5) + 𝑞4

, for 𝑡 > 84.96d , (2)

with the fitting parameters 𝑞1, 𝑞2, 𝑞3, 𝑞4, and 𝑞5 according to Table 3.

3. Analytical structural mechanics model of shotcrete tunnel shell

A recently developed analytical structural mechanics model for top
headings of aging viscoelastic cylindrical tunnel shells under plane
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Fig. 3. Measurement cross-section KMA5.3.000201, after completed construction: illustration of the components of the shotcrete shell and of the rock bolts; indication of arc
centers, of arc radii, of arc angles, and of measurement points MP1 to MP7.

Fig. 4. Construction and monitoring photos of tunnel Stein: (a) top heading and temporary invert installed, (b) installation of top heading only, and (c) excavation of the
benches; with labeling of tunnel shell portions, rock bolts, reinforcement elements, and measurement point locations, photographs (a) and (b) by courtesy of ÖBB-Infrastruktur AG;
photograph (c) reproduced from Figure 6 of (Herzeg and Moraus, 2017), with permission of John Wiley and Sons.
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Fig. 5. Illustration of the displacement measurements at MP1 to MP5 of cross section KMA5.3.000201, in terms of the evolutions of the radial components (a-e) and of the
circumferential components (f-j); together with fitting functions according to Eqs. (1) and (2).
o
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𝜑

Table 2
Goodness-of-Fit Statistics for the fitting functions to describe the radial and tangential
displacement measurements at MP1 to MP5: R-Square and Root Mean Square Error.

𝑢MP1
𝑟,𝑓 𝑖𝑡 𝑢MP2

𝑟,𝑓 𝑖𝑡 𝑢MP3
𝑟,𝑓 𝑖𝑡 𝑢MP4

𝑟,𝑓 𝑖𝑡 𝑢MP5
𝑟,𝑓 𝑖𝑡

R-Square [-] 0.9642 0.9568 0.9639 0.9502 0.9273
RMSE [m] 9.7 × 10−4 7.3 × 10−4 9.4 × 10−4 6.5 × 10−4 1.1 × 10−3

𝑢MP1
𝜑,𝑓 𝑖𝑡 𝑢MP2

𝜑,𝑓 𝑖𝑡 𝑢MP3
𝜑,𝑓 𝑖𝑡 𝑢MP4

𝜑,𝑓 𝑖𝑡 𝑢MP5
𝜑,𝑓 𝑖𝑡

R-Square [-] 0.9260 0.9547 0.8960 0.9542 0.9583
RMSE [m] 8.2 × 10−4 7.2 × 10−4 9.1 × 10−4 8.5 × 10−4 9.9 × 10−4

Table 3
Fitting parameters 𝑝𝑖 and 𝑞𝑖 for the functional description of the radial and tangential
isplacement evolution.
Parameters 𝑢MP1

𝑟,𝑓 𝑖𝑡 𝑢MP2
𝑟,𝑓 𝑖𝑡 𝑢MP3

𝑟,𝑓 𝑖𝑡 𝑢MP4
𝑟,𝑓 𝑖𝑡 𝑢MP5

𝑟,𝑓 𝑖𝑡
𝑝1 [m/d] −1.06e-5 +5.53e-6 −8.35e-6 +9.02e-6 +1.12e-6
𝑝2 [m] −0.0232 −0.0158 −0.0226 −0.0122 −0.0141
𝑝3 [d] +1.8300 +1.8200 +0.6433 +0.5330 +0.4033

𝑞1 [m] −0.0283 −0.0201 −0.0278 −0.0224 −0.0246
𝑞2 [md] −1.3000 −0.9652 −0.7708 +0.0089 −0.0441
𝑞3 [d] +40.980 +37.930 +21.460 −0.3635 +0.8286
𝑞4 [d2] +17.480 +30.130 +17.850 +0.5578 +5.2010
𝑞5 [d] +84.000 +84.000 +84.000 +84.000 +84.000

parameters 𝑢MP1
𝜑,𝑓 𝑖𝑡 𝑢MP2

𝜑,𝑓 𝑖𝑡 𝑢MP3
𝜑,𝑓 𝑖𝑡 𝑢MP4

𝜑,𝑓 𝑖𝑡 𝑢MP5
𝜑,𝑓 𝑖𝑡

𝑝1 [m/d] −1.86e-7 +1.43e-5 +2.93e-5 −2.71e-6 +1.64e-5
𝑝2 [m] +0.0042 +0.0153 −0.0131 +0.0184 −0.0217
𝑝3 [d] +0.6977 +1.2830 +3.1730 +1.3840 +1.4950

𝑞1 [m] – +0.0197 −0.0158 +0.0241 −0.0270
𝑞2 [md] – +4.88e-05 −0.0971 −0.0029 −0.5385
𝑞3 [d] – −0.4356 +5.0250 −0.8723 +14.030
𝑞4 [d2] – +1.1210 +3.3150 +1.9330 +16.790
𝑞5 [d] – +84.000 +84.000 +84.000 +84.000

strain conditions (Scharf et al., 2022, 2024) provides closed-form solu-
ions for circumferential normal forces per unit length, 𝑛𝜑, for bending

moments per unit length around the tunnel axis direction, 𝑚𝑧, and for
kinematic descriptors of the shell midsurface, namely circumferential
displacements 𝑢𝑀𝜑 , radial displacements 𝑢𝑀𝑟 , and generator rotations 𝜃𝑀𝑧
around the tunnel axis direction; always as functions of the ground
pressure distributions 𝐺𝑝(𝜑) and the impost forces 𝑁𝑝. When (ficti-

tiously) cutting free the interfaces between top heading and ground,

6 
which, at the imposts, become interfaces between top heading and
bench after installation of the latter, the corresponding ‘‘new’’ surfaces
with unit normal vectors 𝐧 = 𝐞𝑟(𝜑), 𝜑𝑅𝐼 ≤ 𝜑 ≤ 𝜑𝐿𝐼 , 𝐧 = −𝐞𝜑(𝜑𝑅𝐼 ), and
𝐧 = 𝐞𝜑(𝜑𝐿𝐼 ) are subjected to (external) traction forces, see Fig. 6. The
uter surface of the shell, with normal 𝐧 = 𝐞𝑟(𝜑), is subjected to the

ground pressure vector field, which mathematically reads as

𝐆𝑝
(

𝐱 = (𝑅 + ℎ∕2) 𝐞𝑟(𝜑),𝐧 = 𝐞𝑟(𝜑)
)

= −𝐺𝑝(𝜑) 𝐞𝑟(𝜑) , (3)

with 𝐺𝑝 being positive for a pressure acting onto the tunnel shell seg-
ment. External traction forces also act on the surfaces at the beginning
and the end of circular shell segment, with normal vectors 𝐧= −𝐞𝜑(𝜑𝑅𝐼 )
nd 𝐧 = 𝐞𝜑(𝜑𝐿𝐼 ). Integrating the latter over the shell thickness yields
xternal circumferential force vectors, the orientations of which depend
n the orientation of the surface on which they act; mathematically,
his reads as

𝐍𝑝
(

𝐱 = 𝑅 𝐞𝑟(𝜑𝑅𝐼 ),𝐧 = −𝐞𝜑(𝜑𝑅𝐼 )
)

= 𝑁𝑝 𝐞𝜑(𝜑𝑅𝐼 ) , (4)

𝐍𝑝
(

𝐱 = 𝑅 𝐞𝑟(𝜑𝐿𝐼 ),𝐧 = 𝐞𝜑(𝜑𝐿𝐼 )
)

= −𝑁𝑝 𝐞𝜑(𝜑𝐿𝐼 ) . (5)

For the present application, we consider a piecewisely linear distribu-
tion of the ground pressure, according to

𝐺𝑝(�̄�) =
8
∑

𝑖=1
𝐴𝑖(�̄�)𝐺𝑝,𝑖 , (6)

where 𝐺𝑝,𝑖 is the ground pressure at position �̄� = �̄�𝑖, with the variable
̄ being measured from the right impost, �̄� = 𝜑 − 𝜑𝑅𝐼 , see Fig. 7.
This piecewisely linear distribution is defined through values associated
with the positions �̄�1 = 0◦, �̄�2 = 24.91◦, �̄�3 = 49.83◦, �̄�4 = 74.74◦,
̄ 5 = 99.66◦, �̄�6 = 124.57◦, �̄�7 = 149.49◦, and �̄�8 = 174.40◦, with kinks at
positions �̄�2 through �̄�7. The corresponding piecewisely linear shape
functions 𝐴𝑖, with 𝑖 = 1, 2,… , 8 read as

𝐴1(�̄�) = 1 − �̄� − �̄�1
�̄�2 − �̄�1

𝐻(�̄� − �̄�1) +
�̄� − �̄�2
�̄�2 − �̄�1

𝐻(�̄� − �̄�2) , (7)

𝐴𝑖(�̄�) =
�̄� − �̄�𝑖−1
�̄�𝑖 − �̄�𝑖−1

𝐻(�̄� − �̄�𝑖−1) −
�̄� − �̄�𝑖

�̄�𝑖 − �̄�𝑖−1
𝐻(�̄� − �̄�𝑖)

−
�̄� − �̄�𝑖

�̄�𝑖+1 − �̄�𝑖
𝐻(�̄� − �̄�𝑖) +

�̄� − �̄�𝑖+1
�̄�𝑖+1 − �̄�𝑖

𝐻(�̄� − �̄�𝑖+1) ,
(8)

with 𝑖 = 2,… , 7, and as

𝐴 (�̄�) = �̄� − �̄�7 𝐻(�̄� − �̄� ) , (9)
8 �̄�8 − �̄�7
7
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Fig. 6. External forces resulting from (fictitiously) cutting free a portion of the tunnel
shell: traction forces associated with ground pressure, circumferential forces, and
ending moments.

Fig. 7. Structural model of the measurement cross-section KMA5.3.000201: Illustration
f a Cartesian coordinate system with the origin in the circle center and an orthonormal
ase frame 𝐞𝑥-𝐞𝑦, of global and local azimuthal coordinate 𝜑 and �̄�, of location-

dependent polar base frames 𝐞𝑟(�̄�)-𝐞𝜑(�̄�), of position vector 𝐱, of thickness ℎ, of the
ositions of the measurement points MP𝑖, with 𝑖 = 1,… , 5, of unknown ground pressure
ntensities 𝐺𝑝,𝑖, with 𝑖 = 1,… , 8, and of unknown impost force 𝑁𝑝.

whereby 𝐻 denotes the Heaviside-function, see also Fig. 8. The corre-
ponding distribution of circumferential normal forces along the shell
egment reads as

𝑛𝜑(�̄�) = 𝑁𝑝 𝑁→𝑓 (�̄�) +
8
∑

𝑖=1
𝑅 𝐺𝑝,𝑖 𝑖→𝑓 (�̄�) , (10)

with 𝑅 as the radius of the cylindrical shell segment, see Fig. 7,
and with the (external)-traction-to-(internal)-force influence functions
𝑁→𝑓 , and 𝐼𝑖→𝑓 , concerning the influence of the right and left (ex-
ernal) impost forces, and of the (external) ground pressure values at
he positions �̄�1 through �̄�8, on the (internal) circumferential forces.
he corresponding mathematical relations are given in the Appendix,
s Eqs. (57) and (58). These influence functions also allow for the

quantification of the bending moments arising from impost force and
ground pressure values, namely in the format

𝑚𝑧(�̄�) = 𝑅 𝑁𝑝
[

1 − 𝑁→𝑓 (�̄�)
]

+
8
∑

𝑖=1
𝑅2 𝐺𝑝,𝑖 𝑖→𝑓 (�̄�) , (11)

and we note in passing that these bending moments need to fulfill the
following natural boundary conditions (Scharf et al., 2022),

for �̄� = 0 and �̄� = 𝛥𝜑 , 1
𝑅

d𝑚𝑧(�̄�)
d𝜑 = 0 . (12)

As regards radial and circumferential displacements at the midsur-
face of the tunnel shell segment, 𝑢𝑀𝑟 and 𝑢𝑀𝜑 , as well as the rotational
angle of the shell generator lying perpendicular to the midsurface
of the tunnel shell segment, denoted as 𝜃𝑀𝑧 , the expressions given
in (Scharf et al., 2024) are now complemented by discontinuities in the
7 
generator rotations arising from plastic bending moments developing
at azimuthal positions �̄�𝑘. These discontinuities, indicating so-called
‘‘plastic hinges’’, are denoted as [[𝜃𝑀𝑧 ]]𝑘. Accordingly, the kinematic
evolution of the tunnel shell, when given as function of the rates of
impost forces and ground pressure values, reads as
+�̇�𝑀𝑟 (�̄�, 𝑡) − �̇�𝑀𝜑,𝑅𝐼 (𝑡) sin(�̄�) − �̇�𝑀𝑟,𝑅𝐼 (𝑡) cos(�̄�)

+𝑅 �̇�𝑀𝑧,𝑅𝐼 (𝑡) sin(�̄�) =
𝑁𝑘
∑

𝑘=1
𝑅 [[�̇�𝑀𝑧 ]]𝑘(𝑡)𝑧,𝑘→𝑟(�̄�)

+𝑁→𝑟(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝(𝜏)d𝜏

+
8
∑

𝑖=1
𝑖→𝑟(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝,𝑖(𝜏)d𝜏 ,

(13)

+�̇�𝑀𝜑 (�̄�, 𝑡) − �̇�𝑀𝜑,𝑅𝐼 (𝑡) cos(�̄�) + �̇�𝑀𝑟,𝑅𝐼 (𝑡) sin(�̄�)

+𝑅 �̇�𝑀𝑧,𝑅𝐼 (𝑡)
(

cos(�̄�) − 1) =
𝑁𝑘
∑

𝑘=1
𝑅 [[�̇�𝑀𝑧 ]]𝑘(𝑡)𝑧,𝑘→𝜑(�̄�)

+𝑁→𝜑(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝(𝜏)d𝜏

+
8
∑

𝑖=1
𝑖→𝜑(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝,𝑖(𝜏)d𝜏 ,

(14)

+�̇�𝑀𝑧 (�̄�, 𝑡) − �̇�𝑀𝑧,𝑅𝐼 (𝑡) =
𝑁𝑘
∑

𝑘=1
[[�̇�𝑀𝑧 ]]𝑘(𝑡)𝐻(�̄� − �̄�𝑘)

+𝑁→𝑧(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝(𝜏)d𝜏

+
8
∑

𝑖=1
𝑖→𝑧(�̄�)∫

𝑡

0
𝐽𝑑

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

�̇�𝑝,𝑖(𝜏)d𝜏 ,

(15)

where 𝑢𝑀𝑟,𝑅𝐼 , 𝑢𝑀𝜑,𝑅𝐼 , and 𝜃𝑀𝑧,𝑅𝐼 stand for displacements and shell gen-
erators at the right impost of the shell. In Eqs. (13)–(15), spatial
dependencies are quantified in terms of force-to-displacement influence
unctions , reading mathematically as,

𝑁→𝑟(�̄�) =
{

1 − 𝜈2
}{

12𝑅3

ℎ3

[

cos(�̄�) − 1
]

+
[

𝑅
2ℎ

+ 6𝑅3

ℎ3

][

�̄� cos(�̄�)
t an(𝛥𝜑) + �̄� sin(�̄�)

−
sin(�̄�)
t an(𝛥𝜑) +

sin(�̄�)
sin(𝛥𝜑)

−
�̄� cos(�̄�)
sin(𝛥𝜑)

]}

,

(16)

𝑁→𝜑(�̄�) =
{

1 − 𝜈2
}{[

𝑅
2ℎ

+ 6𝑅3

ℎ3

][

+ �̄� cos(�̄�)

−3 sin(�̄�) − �̄� sin(�̄�)
t an(𝛥𝜑) +

�̄� sin(�̄�)
sin(𝛥𝜑)

]

+𝑅
ℎ

[

+2 sin(�̄�)
]

+ 12𝑅3

ℎ3

[

+ �̄�

−
cos(�̄�) − 1
t an(𝛥𝜑) +

cos(�̄�) − 1
sin(𝛥𝜑)

]}

,

(17)

𝑁→𝑧(�̄�) =
{

1 − 𝜈2
}{

12𝑅2

ℎ3

[

cos(�̄�) − 1
t an(𝛥𝜑)

+
1 − cos(�̄�)
sin(𝛥𝜑)

+ sin(�̄�) − �̄�
]}

,
(18)

in terms of traction-to-displacement influence functions , reading
athematically as,

𝑖→𝑟(�̄�) =
{

1 − 𝜈2
}{[

𝑅2

ℎ
+ 12𝑅4

ℎ3

][

+ cos(�̄�)

+
�̄� cos(�̄�)
2 t an(𝛥𝜑) −

�̄� cos(�̄�)
2 sin(𝛥𝜑) +

�̄� sin(�̄�)
2

sin(�̄�) sin(�̄�)
]}

(19)
−
2 t an(𝛥𝜑) + 2 sin(𝛥𝜑) − 1 𝐴𝑖(�̄�) ,



R. Scharf et al.

𝑟
t



𝐽
l

s

Tunnelling and Underground Space Technology incorporating Trenchless Technology Research 157 (2025) 106328 
Fig. 8. Illustration of the shape functions 𝐴𝑖, 𝑖 = 1,… , 8, employed for the definition of the piecewisely linear ground pressure distribution according to Eq. (6).
Fig. 9. Interaction diagram for normal forces and bending moments characterized by points 𝐴 to 𝑃 , for 𝑓𝑐 = 25MPa, 𝑎𝑠,𝑖 = 7.55 cm2/m, 𝑎𝑠,𝑜 = 4.01 cm2/m, ℎ = 0.30m, and
= 𝑟 = 0.105m (a); and shell portion from the top heading, with forces associated with normal onto generator line (b): representation of the stress resultants 𝑛 (�̄�) and 𝑚 (�̄�),
𝑠,𝑖 𝑠,𝑜 𝜑 𝑧

he inner and outer reinforcement, and the distances to the shell midsurface 𝑟𝑠,𝑖, 𝑟𝑠,𝑜.
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r
c

c

o
a
a

𝑖→𝜑(�̄�) =
{

1 − 𝜈2
}{[

𝑅2

2ℎ
+ 6𝑅4

ℎ3

][

�̄� cos(�̄�)

− sin(�̄�) − �̄� sin(�̄�)
t an(𝛥𝜑) +

�̄� sin(�̄�)
sin(𝛥𝜑)

]

+12𝑅4

ℎ3

[

�̄� +
1 − cos(�̄�)
t an(𝛥𝜑)

−
1 − cos(�̄�)
sin(𝛥𝜑)

+ sin(�̄�)
]}

𝐴𝑖(�̄�) ,

(20)

𝑖→𝑧(�̄�) =
{

1 − 𝜈2
}{

12𝑅3

ℎ3

[

− �̄� + sin(�̄�)

+
cos(�̄�) − 1
t an(𝛥𝜑) +

1 − cos(�̄�)
sin(𝛥𝜑)

]}

𝐴𝑖(�̄�) ,
(21)

and in terms of plastic hinge-to-displacement influence functions ,
reading mathematically as,

𝑧,𝑘→𝑟(�̄�) =
[

sin(�̄� − �̄�𝑘)
]

𝐻(�̄� − �̄�𝑘) , (22)

𝑧,𝑘→𝜑(�̄�) =
[

cos(�̄� − �̄�𝑘) − 1]𝐻(�̄� − �̄�𝑘) . (23)

whereby �̄�𝑘 is the azimuthal position of the 𝑘th plastic hinge. Such
plastic hinges occur as a result of plastic moments associated with a
utilization degree of one, as described in the next section. Moreover,
Eqs. (13)–(15) comprise the creep rate function of aging shotcrete,
𝑑 (Scharf et al., 2024), which depends on the current maturity and
oading state of the material, quantified by degree of hydration 𝜉 and

(internal) force-driven affinity parameter 𝜂, both evolving over time
𝑡, and on the time span (𝑡 − 𝜏) elapsed since the time instant of load
application, denoted as 𝜏. Corresponding details are given in the next
section.

4. Creep and plasticity modeling at material, generator, and cross
ectional scales

Following the strategy outlined in (Scheiner and Hellmich, 2009),
the creep rate function for a particular hydration and loading state of
 e

8 
the material can be approximated by the partial derivative of a load-
nd hydration-dependent creep function 𝐽 . When employing a power-
aw-type creep function, we correspondingly arrive at (Scharf et al.,

2024)

𝐽𝑑 (𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏) ≈ 𝜕 𝐽
𝜕 𝑡

(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

=

= 𝛿(𝑡 − 𝜏)
{

1
𝐸
(

𝜉(𝑡)
) +

𝜂(𝑡)
𝐸𝑐

(

𝜉(𝑡)
)

[

𝑡 − 𝜏
𝑡∗0

]𝛽}

+𝐻(𝑡 − 𝜏)
{

𝜂(𝑡)
𝐸𝑐

(

𝜉(𝑡)
)

𝛽
𝑡∗0

[

𝑡 − 𝜏
𝑡∗0

]𝛽−1}

,

(24)

whereby 𝛿 denotes the Dirac function, and 𝜏 stands for the time in-
stant of load application. The power-law exponent 𝛽 typically amounts
o 0.25 (Ausweger et al., 2019; Königsberger et al., 2016), and the
eference time 𝑡∗0 is set to 1d, while the elastic modulus 𝐸 and the
reep modulus 𝐸𝑐 can be approximated by further auxiliary functions,

as described in the following.
Under isothermal conditions at 20 centigrades, the temporal evolu-

tion of the elastic modulus of shotcrete can be approximated through
(Ausweger et al., 2019; CEB-FIB, 2010; Scharf et al., 2022)

𝐸(𝑡) = 𝐸28𝑑

{

exp
[

𝑠𝐸

(

1 −
√

28days
𝑡

)]}0.5

, (25)

whereby the elastic modulus reached after 28 days amounts to

𝐸28𝑑 = 21.5GPa × 𝛼
(𝑓𝑐 ,28𝑑

𝑓 ∗
𝑐

)0.3̇
, (26)

with the dimensionless evolution parameter 𝑠𝐸 according to Table 4,
with 𝑓 ∗

𝑐 = 10MPa as a reference strength level, with the uniaxial
ompressive strength of concrete reached 28 days after production,
𝑓𝑐 ,28𝑑 , see Table 5, with the dimensionless parameter for the stiffness
f the aggregates, namely 𝛼 = 1 for quartz or limestone aggregates,
nd with the time 𝑡 being given in the unit of measurement ‘‘days’’
nd being resolved down to tens of minutes. As for corresponding
volutions of the degree of hydration, we refer to (Scharf et al., 2022).
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Table 4
Dimensionless parameters 𝑠𝐸 , 𝑠𝐸𝑐

for three typical cement types (Ausweger et al., 2019)

Cement type 𝑠𝐸 𝑠𝐸𝑐

CEM II/A-M(S-L) 42.5N 0.22 0.62
CEM II/A-S 42.5R 0.18 0.61
CEM I 52.5R 0.09 0.50

Under isothermal conditions at 20 centigrades, the temporal evolu-
tion of the creep modulus of shotcrete can be approximated through
(Ausweger et al., 2019; Scharf et al., 2022)

𝐸𝑐 (𝑡) = 𝐸𝑐 ,28𝑑
{

exp
[

𝑠𝐸𝑐

(

1 −
√

28days
𝑡

)]}0.5

, (27)

whereby the creep modulus reached after 28 days amounts to

𝐸𝑐 ,28𝑑 = 51.9GPa × 𝛼2
(𝑓𝑐 ,28𝑑

𝑓 ∗
𝑐

)2∕3
, (28)

with the creep modulus evolution parameter 𝑠𝐸𝑐
according to Table 4.

The affinity parameter 𝜂 appearing in Eq. (24) is a fourth-order power-
aw function of the utilization degree  (Ruiz et al., 2007; Ullah et al.,

2010)

𝜂 = 1 + 2 4
𝑔 𝑙 𝑜𝑏 . (29)

In the present case,  reflects the overall (internal) force state in the
ntire tunnel shell cross section, according to
𝑔 𝑙 𝑜𝑏(𝑡) = 1

𝛥𝜑 ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

 (�̄�, 𝑡)d𝜑 , (30)

with the generator-specific utilization degree 𝜑. Following key stan-
dards in the field (ÖGG-Guideline, 2023; ÖNORM EN 1992-1-1, 2015),
the latter depends on the generator-specific pair of circumferential
ormal force and bending moment around the tunnel axis, and on the
ltimate load carrying capacity quantified in terms of the same two
uantities. Mathematically, this reads as

 (�̄�, 𝑡) =

{

[

𝑛𝜑(�̄�, 𝑡)
]2 +

[

𝑚𝑧(�̄�, 𝑡)
]2
}0.5

{

[

𝑛∗𝑅(𝑡)
]2 +

[

𝑚∗
𝑅(𝑡)

]2
}0.5

, (31)

with 𝑛∗𝑅 and 𝑚∗
𝑅 as the resistance values for the circumferential normal

force and the bending moment around the tunnel axis. The latter
are determined from a force-moment interaction diagram, and more
precisely, this pair of resistance values corresponds to the intersection
of the extension of the

(

0, 0
)

-
(

𝑚𝑧(�̄�), 𝑛𝜑(�̄�)
)

-line with the interaction
diagram, see Fig. 9. The corresponding coordinates of the intersection
point follow as

𝑚∗
𝑅 =

(𝑚𝑅,𝑗𝑛𝑅,𝑖 − 𝑚𝑅,𝑖𝑛𝑅,𝑗 )𝑚𝑧(�̄�)
(𝑛𝑅,𝑖 − 𝑛𝑅,𝑗 )𝑚𝜑(�̄�) + (𝑚𝑅,𝑗 − 𝑚𝑅,𝑖) 𝑛𝜑(�̄�)

,

𝑛∗𝑅 =
(𝑚𝑅,𝑗𝑛𝑅,𝑖 − 𝑚𝑅,𝑖𝑛𝑅,𝑗 ) 𝑛𝜑(�̄�)

(𝑛𝑅,𝑖 − 𝑛𝑅,𝑗 )𝑚𝜑(�̄�) + (𝑚𝑅,𝑗 − 𝑚𝑅,𝑖) 𝑛𝜑(�̄�)
,

(32)

where 𝑛𝑅,𝑖, 𝑚𝑅,𝑖, and 𝑛𝑅,𝑗 , 𝑚𝑅,𝑗 , with 𝑖 and 𝑗 running from 𝐴 to 𝑃 , are
critical pairs of normal force and bending moment lying on the failure
urface associated with the shell segment generator. The remaining
ailure surface is defined by a polygon set up by the aforementioned
oints, e.g. 𝑖 = 𝐵 and 𝑗 = 𝐶 define the starting point and the end
oint of one line segment of the aforementioned polygon, as indicated
n Fig. 9.

The location of the individual polygonal vertices in the force-
moment plane is governed by characteristic deformation states, see
Figs. 10 and 11, such as: (i) the entire cross-section is compressed
associated with point 𝐴 in Fig. 9), or (ii) the neutral line passes through
 d
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Table 5
Uniaxial compressive strength reached 28 days after
production, 𝑓𝑐 ,28𝑑 , for three typical shotcrete strength
classes.

Strength Class 𝑓𝑐 ,28𝑑
SpC 20/25 20 MPa
SpC 25/30 25 MPa
SpC 30/37 30 MPa

the center of gravity of the internal reinforcement (associated with
point 𝐵 in Fig. 9). This is cast in a mathematical form, as given in
Table 6 for all points 𝐴 to 𝑃 . In this context, the compressive strain of
hotcrete at the (compressive) strength limit amounts to 𝜀𝑐2 = 2.0h, the
aximum compressive strain of shotcrete amounts to 𝜀𝑐 𝑢2 = 3.5h, and

he yield strain of the reinforcement amounts to 𝜀𝑠𝑦 = 2.3915h. The
atter results from 𝑓𝑦𝑑∕𝐸𝑠, with the yield strength of the reinforcement
𝑦𝑑 = 478.3MPa, and with the elastic modulus of the reinforcement
𝑠 = 200 000MPa. The corresponding generator-specific load-bearing
apacity is determined according to Eurocode 2 (ÖNORM EN 1992-1-1,

2015). Accordingly, the resistance of the normal forces (per unit length)
is given as

𝑛𝑅(𝑡) = 𝑎𝑠,𝑜 𝜎𝑠,𝑜 − 𝑥𝐵 𝑓𝑏(𝑡) + 𝑎𝑠,𝑖 𝜎𝑠,𝑖 , (33)

and the resistance of the bending moments (per unit length) is given as

𝑚𝑅(𝑡) = 𝑎𝑠,𝑜 𝜎𝑠,𝑜 𝑟𝑠,𝑜 ± 𝑥𝐵 𝑓𝑏(𝑡) 𝑟𝑐 − 𝑎𝑠,𝑖 𝜎𝑠,𝑖 𝑟𝑠,𝑖 , (34)

with the cross-sectional area of the inner and the outer, circumferen-
tially oriented reinforcement per unit length in tunnel driving direction,
𝑎𝑠,𝑖, 𝑎𝑠,𝑜, the steel stresses 𝜎𝑠,𝑖, 𝜎𝑠,𝑜 (which are specific to the points 𝐴 to
𝑃 in Fig. 9), and the distances to the shell midsurface 𝑟𝑠,𝑖, 𝑟𝑠,𝑜; the height
of the concrete compression zone 𝑥𝐵 (which is also specific to the points

to 𝑃 in Fig. 9), its distance from the shell midsurface 𝑟𝑐 =
(

ℎ − 𝑥𝐵
)

∕2,
nd with the biaxial compressive strength of the shotcrete 𝑓𝑏 considered
s a positive value, i.e. 𝑓𝑏(𝑡) > 0. The latter is given by

𝑓𝑏(𝑡) = 𝜅 𝑓𝑐 (𝑡) , (35)

with 𝑓𝑐 as the uniaxial compressive strength of shotcrete, and with 𝜅
as the ratio of biaxial to uniaxial compressive strength of shotcrete, 𝜅 =
1.15 following from standard tests (Kupfer, 1973). Under isothermal
conditions at 20 centigrades, the temporal evolution of the uniaxial
trength of concrete can be approximated through (CEB-FIB, 2010;

Scharf et al., 2022)

𝑓𝑐 (𝑡) = 𝑓𝑐 ,28𝑑 exp
[

𝑠𝐸

(

1 −
√

28days
𝑡

)]

. (36)

Typical values relevant for shotcrete are given in Tables 4 and 5.
 (�̄�, 𝑡) may well reach values of one at specific locations of the mea-

urement cross-section. Then, a plastic hinge may start to be formed.
he latter has the following characteristics: (i) the bending moment
ssociated with reaching  (�̄�, 𝑡) = 1 + 𝜀, 0 < 𝜀 ≪ 1, is considered
s a plastic bending moment 𝑚𝑝

𝑧, (ii) (compressive) normal forces can
till be transmitted and evolve independently, affecting the magnitude
f the current plastic bending moment, and (iii) a jump (discontinuity)
n the rotational angle of the shell generators, denoted as [[𝜃𝑀𝑧 ]]𝑘, is
llowed, see Fig. 12. This jump at location �̄�𝑘 implies the following

mathematical format of the distribution of rotational angles along the
hell segment,

𝜃𝑀𝑧,𝑘(�̄�, 𝑡) = [[𝜃𝑀𝑧 ]]𝑘(𝑡)𝐻(�̄� − �̄�𝑘) , (37)

and these jumps appear in the rate Eqs. (13)–(15). In addition, the
evelopment of the plastic hinge-induced jump in generator rotation
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Fig. 10. Deformation states associated with the points 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 , 𝐺, 𝐻 , and 𝐼 of the interaction diagram of Fig. 9; characterized by negative bending moment around the
𝐞𝑧-axis, and defined through two strain values marked in red, together with corresponding stress profiles.. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 11. Deformation states associated with the points 𝐼 , 𝐽 , 𝐾, 𝐿, 𝑀 , 𝑁 , 𝑂, 𝑃 , and 𝐴 of the interaction diagram of Fig. 9; characterized by positive bending moment around the
𝐞𝑧-axis, and defined through two strain values marked in red, together with corresponding stress profiles. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 12. Interaction diagrams for normal forces and bending moments, associated with a plastic hinge formed at 𝑡 = 0.92d, as well as at a subsequent time instant, 𝑡 = 3.04d (a);
nd structural model with plastic hinge: Discontinuity in angle of rotation, [[𝜃𝑀𝑧 ]]𝑘, together with radial and circumferential displacements, 𝑢𝑀𝑟 and 𝑢𝑀𝜑 (b).
(

Table 6
Characteristics of the individual points of the interaction diagram, denoted by 𝐴 to 𝑃 :

eight of the concrete compression zone 𝑥𝐵 , and steel stresses of the inner and the
outer, circumferentially oriented reinforcement, 𝜎𝑠,𝑖, 𝜎𝑠,𝑜.

Points Height 𝑥𝐵 Steel stress 𝜎𝑠,𝑖 Steel stress 𝜎𝑠,𝑜
𝐴 ℎ −𝜀𝑐2 𝐸𝑠∕103 −𝜀𝑐2 𝐸𝑠∕103

𝐵 0.8ℎ −𝑟5 𝜀𝑐 𝑢2 𝐸𝑠∕103 −𝜀𝑠𝑦 𝐸𝑠∕103

𝐶 0.8 𝑟1 0 −𝜀𝑠𝑦 𝐸𝑠∕103

𝐷 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2+𝜀𝑠𝑦∕2 𝑟1 +

(

𝜀𝑠𝑦∕2
)

𝐸𝑠∕103 −𝜀𝑠𝑦 𝐸𝑠∕103

𝐸 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2+𝜀𝑠𝑦 𝑟1 +𝜀𝑠𝑦 𝐸𝑠∕103 −𝜀𝑠𝑦 𝐸𝑠∕103

𝐹 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2−𝜀𝑠𝑦 𝑟2 +𝜀𝑠𝑦 𝐸𝑠∕103 −𝜀𝑠𝑦 𝐸𝑠∕103

𝐺 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2−𝜀𝑠𝑦∕2 𝑟2 +𝜀𝑠𝑦 𝐸𝑠∕103 −

(

𝜀𝑠𝑦∕2
)

𝐸𝑠∕103

𝐻 0.8 𝑟2 +𝜀𝑠𝑦 𝐸𝑠∕103 0

𝐼 0 +𝜀𝑠𝑦 𝐸𝑠∕103 +𝜀𝑠𝑦 𝐸𝑠∕103

𝐽 0.8 𝑟3 0 +𝜀𝑠𝑦 𝐸𝑠∕103

𝐾 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2−𝜀𝑠𝑦∕2 𝑟3 −

(

𝜀𝑠𝑦∕2
)

𝐸𝑠∕103 +𝜀𝑠𝑦 𝐸𝑠∕103

𝐿 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2−𝜀𝑠𝑦 𝑟3 −𝜀𝑠𝑦 𝐸𝑠∕103 +𝜀𝑠𝑦 𝐸𝑠∕103

𝑀 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2+𝜀𝑠𝑦 𝑟4 −𝜀𝑠𝑦 𝐸𝑠∕103 +𝜀𝑠𝑦 𝐸𝑠∕103

𝑁 0.8 𝜀𝑐 𝑢2
𝜀𝑐 𝑢2+𝜀𝑠𝑦∕2 𝑟4 −𝜀𝑠𝑦 𝐸𝑠∕103 +

(

𝜀𝑠𝑦∕2
)

𝐸𝑠∕103

𝑂 0.8 𝑟4 −𝜀𝑠𝑦 𝐸𝑠∕103 0

𝑃 0.8ℎ −𝜀𝑠𝑦 𝐸𝑠∕103 −𝑟6 𝜀𝑐 𝑢2 𝐸𝑠∕103

with 𝑟1 = 𝑟𝑠,𝑖 + ℎ∕2, 𝑟2 = ℎ∕2 − 𝑟𝑠,𝑜, 𝑟3 = ℎ∕2 − 𝑟𝑠,𝑖,

𝑟4 = 𝑟𝑠,𝑜 + ℎ∕2, 𝑟5 = (ℎ∕2 − 𝑟𝑠,𝑖)∕ℎ, 𝑟6 = (ℎ∕2 − 𝑟𝑠,𝑜)∕ℎ

[[𝜃𝑀𝑧 ]]𝑘(�̄�𝑘, 𝑡), i.e. the description of the underlying plastic process, is
ased on an evolution law that can be linked to the following loading
tages,

•  (�̄�, 𝑡) = 1 + 𝜀 ; [[�̇�𝑀𝑧 ]]𝑘 > 0 → plastic loading,
•  (�̄�, 𝑡) = 1 + 𝜀 ; [[�̇�𝑀𝑧 ]]𝑘 = 0 → neutral load,

•  (�̄�, 𝑡) < 1 ; [[�̇�𝑀𝑧 ]]𝑘 = 0 →
elastic loading,
or unloading.
11 
Fig. 13. Flow chart summarizing systems of equations for ground pressure as well as
impost force and moments.

In detail, loading and unloading paths are shown and discussed in a
[[𝜃𝑀𝑧 ]]𝑘-𝑚𝑧 coordinate system in the application example tunnel Stein,
see Figs. 15 and 19.

5. Displacement-to-force conversion

In order to convert, by means of the kinematic evolution Eqs. (13)–
15), measured displacement values into a temporal sequence of impost

force and ground pressure values, we adopt the discretization scheme
of Scharf et al. (2022, 2024): All rates, i.e. temporal derivatives, oc-
curring in the aforementioned equations are estimated from a linear
evolution of the displacement and force variables between two points
in time, namely between 𝑡 and 𝑡 , so that the displacement–force
𝑛−1 𝑛
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relations associated with each time instant 𝑡𝑛, 𝑛 = 1,… , 𝑁𝑡, take the
following format:

+
𝑢𝑀𝑟 (�̄�, 𝑡𝑛) − 𝑢𝑀𝑟 (�̄�, 𝑡𝑛−1)

𝛥𝑡𝑛
−

𝑢𝑀𝑟,𝑅𝐼 (𝑡𝑛) − 𝑢𝑀𝑟,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛 cos(�̄�)−1

−
𝑢𝑀𝜑,𝑅𝐼 (𝑡𝑛) − 𝑢𝑀𝜑,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛 sin(�̄�)−1
+

𝑅 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝑅 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)
𝛥𝑡𝑛 sin(�̄�)−1

−
𝑁𝑘
∑

𝑘=1
𝑧,𝑘→𝑟(�̄�) ×𝐻[ (�̄�, 𝑡) − 1]

×

{

𝑅 [[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛) − 𝑅 [[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛−1)
𝛥𝑡𝑛

}

−𝑁→𝑟(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑝(𝑡𝑚) −𝑁𝑝(𝑡𝑚−1)
]

+
𝑁𝑝(𝑡𝑛) −𝑁𝑝(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
8
∑

𝑗=1
𝑗→𝑟(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑝,𝑗 (𝑡𝑚) − 𝐺𝑝,𝑗 (𝑡𝑚−1)
]

+
𝐺𝑝,𝑗 (𝑡𝑛) − 𝐺𝑝,𝑗 (𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

= 𝑟

[

𝑢𝑀𝑟 (�̄�, 𝑡𝑛), �̄�
]

= 0,

(38)

+
𝑢𝑀𝜑 (�̄�, 𝑡𝑛) − 𝑢𝑀𝜑 (�̄�, 𝑡𝑛−1)

𝛥𝑡𝑛
+

𝑢𝑀𝑟,𝑅𝐼 (𝑡𝑛) − 𝑢𝑀𝑟,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛 sin(�̄�)−1

−
𝑢𝑀𝜑,𝑅𝐼 (𝑡𝑛) − 𝑢𝑀𝜑,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛 cos(�̄�)−1
+

𝑅 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝑅 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)
𝛥𝑡𝑛

(

cos(�̄�) − 1)−1

−
𝑁𝑘
∑

𝑘=1
𝑧,𝑘→𝜑(�̄�) ×𝐻[ (�̄�, 𝑡) − 1]

×

{

𝑅 [[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛) − 𝑅 [[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛−1)
𝛥𝑡𝑛

}

−𝑁→𝜑(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑝(𝑡𝑚) −𝑁𝑝(𝑡𝑚−1)
]

+
𝑁𝑝(𝑡𝑛) −𝑁𝑝(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
8
∑

𝑗=1
𝑗→𝜑(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑝,𝑗 (𝑡𝑚) − 𝐺𝑝,𝑗 (𝑡𝑚−1)
]

+
𝐺𝑝,𝑗 (𝑡𝑛) − 𝐺𝑝,𝑗 (𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

= 𝜑

[

𝑢𝑀𝜑 (�̄�, 𝑡𝑛), �̄�
]

= 0,

(39)

+
𝜃𝑀𝑧 (�̄�, 𝑡𝑛) − 𝜃𝑀𝑧 (�̄�, 𝑡𝑛−1)

𝛥𝑡𝑛
−

𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛

−
𝑁𝑘
∑

𝑘=1
𝐻(�̄� − �̄�𝑘) ×𝐻[ (�̄�, 𝑡) − 1]

×

{

[[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛) − [[𝜃𝑀𝑧 ]]𝑘(𝑡𝑛−1)
𝛥𝑡𝑛

}

−𝑁→𝑧(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑝(𝑡𝑚) −𝑁𝑝(𝑡𝑚−1)
]

+
𝑁𝑝(𝑡𝑛) −𝑁𝑝(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
8
∑

𝑗=1
𝑗→𝑧(�̄�)

{ 𝑁𝑡
∑

𝑚=1

𝜂
(

𝑛𝜑(𝑡𝑛−1), 𝑚𝑧(𝑡𝑛−1)
)

𝐸𝑐
(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑝,𝑗 (𝑡𝑚) − 𝐺𝑝,𝑗 (𝑡𝑚−1)
]

+
𝐺𝑝,𝑗 (𝑡𝑛) − 𝐺𝑝,𝑗 (𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

[ ]

(40)
= 𝑧 𝜃𝑀𝑧 (�̄�, 𝑡𝑛), �̄� = 0,

12 
with the time intervals 𝛥𝑡𝑛 = 𝑡𝑛 − 𝑡𝑛−1, and with the affinity factor 𝜂
being evaluated for the normal force and the bending moment of the
previous time instant 𝑡𝑛−1, because the corresponding force quantities
for the current time instant 𝑡𝑛 are not yet known. Rather, these force
quantities will result from the Eqs. (38)–(40), as described next.

In the cases of non-existent or non-growing plastic hinges, the
qs. (38)–(40) contain thirteen unknowns:
𝐺𝑝,1(𝑡𝑛), 𝐺𝑝,2(𝑡𝑛), 𝐺𝑝,3(𝑡𝑛), 𝐺𝑝,4(𝑡𝑛),

𝐺𝑝,5(𝑡𝑛), 𝐺𝑝,6(𝑡𝑛), 𝐺𝑝,7(𝑡𝑛), 𝐺𝑝,8(𝑡𝑛),

𝑁𝑝(𝑡𝑛),

𝑢𝑀𝑟,𝑅𝐼 (𝑡𝑛), 𝑢𝑀𝜑,𝑅𝐼 (𝑡𝑛), 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛), 𝜃𝑀𝑧,𝐿𝐼 (𝑡𝑛).

(41)

For the determination of these unknowns, thirteen equations are nec-
ssary, see also the flow chart of Fig. 13. They are obtained as

follows

• Two equations result from insertion of the moment distribution
according to Eq. (11), into the natural boundary conditions (12).
They read as

−𝑁𝑝
d𝑁→𝑓 (�̄� = 0)

d�̄�
+

8
∑

𝑖=1
𝑅 𝐺𝑝,𝑖

d𝑖→𝑓 (�̄� = 0)
d�̄�

= 0 , (42)

−𝑁𝑝
d𝑁→𝑓 (�̄� = 𝛥𝜑)

d�̄�
+

8
∑

𝑖=1
𝑅𝐺𝑝,𝑖

d𝑖→𝑓 (�̄� = 𝛥𝜑)
d�̄�

= 0 , (43)

with the (external)-traction-to-(internal)-force influence functions
derived with respect to the circumferential direction and speci-
fied for the right and left impost, respectively; the correspond-
ing mathematical expressions are given as Eqs. (59)–(66) in the
Appendix B.

• Five equations result from specification of the temporally evolv-
ing fields of radial displacements according to Eq. (38), for the
corresponding measurements conducted at MP1 to MP5; they
read as

𝑟

[

𝑢𝑀𝑟 (�̄�1, 𝑡𝑛) = 𝑢MP1
𝑟 (𝑡𝑛), �̄�1

]

= 0 , (44)

𝑟

[

𝑢𝑀𝑟 (�̄�2, 𝑡𝑛) = 𝑢MP2
𝑟 (𝑡𝑛), �̄�2

]

= 0 , (45)

𝑟

[

𝑢𝑀𝑟 (�̄�3, 𝑡𝑛) = 𝑢MP3
𝑟 (𝑡𝑛), �̄�3

]

= 0 , (46)

𝑟

[

𝑢𝑀𝑟 (�̄�4, 𝑡𝑛) = 𝑢MP4
𝑟 (𝑡𝑛), �̄�4

]

= 0 , (47)

𝑟

[

𝑢𝑀𝑟 (�̄�5, 𝑡𝑛) = 𝑢MP5
𝑟 (𝑡𝑛), �̄�5

]

= 0 , (48)

whereby the histories of the radial displacements of the measure-
ment points MP1 to MP5, i.e. 𝑢MP1

𝑟 (𝑡), 𝑢MP2
𝑟 (𝑡), 𝑢MP3

𝑟 (𝑡), 𝑢MP4
𝑟 (𝑡),

𝑢MP5
𝑟 (𝑡), are expressed in terms of the fitting functions given by

Eqs. (1) and (2) and depicted in Fig. 5(a-e).
• Five equations result from specification of the temporally evolv-

ing fields of tangential displacements according to Eq. (39) for
the corresponding measurements conducted at MP1 to MP5; they
read as

𝜑

[

𝑢𝑀𝜑 (�̄�1, 𝑡𝑛) = 𝑢MP1
𝜑 (𝑡𝑛), �̄�1

]

= 0 , (49)

𝜑

[

𝑢𝑀𝜑 (�̄�2, 𝑡𝑛) = 𝑢MP2
𝜑 (𝑡𝑛), �̄�2

]

= 0 , (50)

𝜑

[

𝑢𝑀𝜑 (�̄�3, 𝑡𝑛) = 𝑢MP3
𝜑 (𝑡𝑛), �̄�3

]

= 0 , (51)

𝜑

[

𝑢𝑀𝜑 (�̄�4, 𝑡𝑛) = 𝑢MP4
𝜑 (𝑡𝑛), �̄�4

]

= 0 , (52)

𝜑

[

𝑢𝑀𝜑 (�̄�5, 𝑡𝑛) = 𝑢MP5
𝜑 (𝑡𝑛), �̄�5

]

= 0 , (53)

whereby the histories of the tangential displacements of the mea-
surement points MP1 to MP5, i.e. 𝑢MP1

𝜑 (𝑡), 𝑢MP2
𝜑 (𝑡), 𝑢MP3

𝜑 (𝑡), 𝑢MP4
𝜑 (𝑡),

𝑢MP5
𝜑 (𝑡), are expressed in terms of the fitting functions given by

Eqs. (1) and (2) and depicted in Fig. 5(a-e).
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Fig. 14. Flow chart for a plastic hinge.

• And one equation results from specification of the temporally
evolving field of rotation angles according to Eq. (40), for the
unknown 𝜃𝑀𝑧,𝐿𝐼 (𝑡𝑛); it reads as

𝑧

[

𝜃𝑀𝑧 (�̄� = 𝛥𝜑, 𝑡𝑛) = 𝜃𝑀𝑧,𝐿𝐼 (𝑡𝑛), �̄� = 𝛥𝜑
]

= 0 . (54)

Initiation of a plastic hinge is indicated by reaching  = 1 at
one shell generator position. The corresponding bending moment is
recorded as plastic moment 𝑚𝑝

𝑧 associated with the respective time
instant, say 𝑡𝑛−1. For the next time step, a system of equations with
fourteen unknowns needs to be solved, the thirteen force quantities
given before, and the jump in generator rotation arising from the
developing plastic hinge, denoted as [[𝜃𝑀𝑧 ]]1. As additional equation,
the bending moment according to Eq. (11) is set equal to the plastic
bending moment, i.e. 𝑚𝑧(�̄� = �̄�𝑘, 𝑡𝑛) = 𝑚𝑝

𝑧(𝑡𝑛−1), so that
𝑚𝑝
𝑧(�̄�𝑘, 𝑡𝑛−1) = +𝑅 𝑁𝑝(𝑡𝑛)

[

1 − 𝑁→𝑓 (�̄�𝑘)
]

+
8
∑

𝑖=1
𝑅2 𝐺𝑝,𝑖(𝑡𝑛)𝑖→𝑓 (�̄�𝑘) ,

(55)

The aforementioned fourteen equations then allow for determination
of fourteen unknowns, including the jump in generator rotation arising
from the developing plastic hinge, denoted as [[𝜃𝑀𝑧 ]]1(𝑡𝑛).

If the norm of the latter is larger than its norm in the preceding
time step, the plastic hinge has grown, and the solutions of the fourteen
equations have been physically reasonable, see also the flow chart of
Fig. 14. In this case, we are left with updating the value of the plastic
moment, based on the latest value of axial force at the position of
the plastic hinge, by means of the force-moment interaction diagram.
Mathematically speaking, this reads as

𝑚𝑝
𝑧(𝑡𝑛) =

𝑚𝑅,𝑗 𝑛𝑅,𝑖 − 𝑚𝑅,𝑖 𝑛𝑅,𝑗 + [𝑚𝑅,𝑖 − 𝑚𝑅,𝑗 ] 𝑛𝜑(𝑡𝑛−1)
𝑛 − 𝑛

, (56)

𝑅,𝑖 𝑅,𝑗

13 
Fig. 15. Color-defined temporal evolution of the bending moment at plastic hinge
#1, as a function of the plastic angle of rotation (a1,b1,c1) and over time (a2,b2,c2):
(a) construction phase CP1, lasting from 𝑡 = 0d to 𝑡 = 84.96d, (b) construction phase
CP2, lasting from 𝑡 = 84.96d to 𝑡 = 86.96d, and (c) construction phase CP3, lasting
from 𝑡 = 86.96d to 𝑡 = 300d. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

where 𝑛𝑅,𝑖, 𝑚𝑅,𝑖, and 𝑛𝑅,𝑗 , 𝑚𝑅,𝑗 , as well as the normal force, are the
critical resistance pairs for the time instant 𝑡𝑛.

However, if the norm of the jump in generator rotation associated
with the plastic hinge is smaller than its norm in the preceding time
step, the current time was characterized by elastic unloading. Hence,
the determination of the unknown force values has to be repeated on
the basis of the thirteen equations without the generator rotation jump,
with [[𝜃𝑀𝑧 ]]1(𝑡𝑛−1) being fixed, see the flow chart of Fig. 14.

If several plastic hinges are indicated by several shell generators
associated with  = 1, Eq. (55) is evaluated for all the positions of
these plastic hinges, �̄�𝑘, 𝑘 = 1, 2,… , 𝑁𝑘, with 𝑁𝑘 being the number
of plastic hinges. This results in (13 + 𝑁𝑘) equations, see also the
flow chart of Fig. 13, needed for the determination of the thirteen
unknowns given below Eq. (40) and the 𝑁𝑘 rotational jumps [[𝜃𝑀𝑧 ]]𝑘,
𝑘 = 1, 2,… , 𝑁𝑘. Thereafter, the check of plastic hinge growth is made
for all positions �̄�𝑘, 𝑘 = 1, 2,… , 𝑁𝑘, followed by either plastic moment
updating according to Eq. (56), or by solving a smaller system of
equations in case elastic unloading events have been detected.

6. Results

Realization of the displacement-to-force conversion scheme of Sec-
tion 5, together with the viscoelastic–plastic constitutive framework
of Section 4, reveals the following load-carrying and deformational
characteristics of cross section KMA5.3.000201 of tunnel Stein:
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Fig. 16. Distribution of circumferential normal forces (a), bending moments (b), ground pressure (c), and degree of utilization (d) along the circumference of the top heading and
associated with construction phases CP1, CP2, and CP3 (index 1-3) of tunnel Stein at measurement cross section KMA5.3.000201, and the temporal evolution of maximum and
minimum values (e-h); computed from displacement measurements at MP1 through MP5.
During construction phase CP1, including construction steps #1 and
#2, i.e. the installation of the top heading, the top heading feet, and
the temporal top heading invert arch, and lasting from 𝑡 = 0d to
𝑡 = 84.96d, the circumferential normal forces, while being pseudo-
uniformly distributed along the tunnel shell segment, are continuously
increasing with time, see Fig. 16(a1) and (e). This evolution is linked
to an increase of the ground pressure acting on the tunnel shell, see
14 
Fig. 16(g). This increase, however, comes with an increasingly non-
uniform distribution of the ground pressure, showing several maxima
and minima, see Fig. 16(c1). Such a distribution, in turn, is consistent
with wave-type bending moment distributions, see Fig. 16(b1), exhibit-
ing alternately positive and negative signs, being associated with a
decrease and an increase in shell curvature, respectively. The magni-
tude of these bending moments also increases over time. Thereby, the



R. Scharf et al.

Fig. 17. Midsurface displacement distribution with corresponding shell generator lines of length ℎ = 0.30m, at two different time instants 𝑡, at the measurement cross-section
KMA5.3.000201 of tunnel Stein, on the basis of measurement data from MP1-MP5 (magnification factor of the displacements: 15).

Fig. 18. Distribution of radial and circumferential displacements (a-b), and generator rotations (c) along the circumference of the top heading and associated with construction
phases CP1, CP2, and CP3 (index 1-3) of tunnel Stein at measurement cross section KMA5.3.000201, and the temporal evolution of maximum and minimum values (d-f); computed
from displacement measurements at MP1 through MP5.
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Fig. 19. Color-defined temporal evolution of the bending moment at plastic hinge #2,
as a function of the plastic angle of rotation (a1,b1,c1) and over time (a2,b2,c2): (a)
construction phase CP1, lasting from 𝑡 = 0d to 𝑡 = 84.96d, (b) construction phase CP2,
lasting from 𝑡 = 84.96d to 𝑡 = 86.96d, and (c) construction phase CP3, lasting from
𝑡 = 86.96d to 𝑡 = 300d. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

bending moment with the largest absolute value, occurring close to the
right impost, becomes plastic very soon, namely already at 𝑡 = 0.6d, see
Fig. 16(d1) and (h), as well as the right and left black dots, respectively,
in Fig. 15(a1) and (a2), respectively. The plastic loading lasts from
𝑡 = 0.60d to 𝑡 = 7.92d, when the first load re-distribution around
the freshly excavated top heading has been virtually completed, as
indicated by a sharp decline in the growth of the ground pressure acting
on the tunnel shell, see Fig. 16(g), being associated with virtually time-
invariant ground pressure values close to the position of the formerly
plastic hinge, as seen in Fig. 16(c1). At the same time, the ongoing
hydration process, with correspondingly increasing shotcrete strength
values (Pichler et al., 2008), results in an enlargement of the elastic
domain within the normal force-bending moment interaction diagram
of Fig. 9. The respective enlargement kinetics is so pronounced that
the force-moment data pair prevailing at day eight actually leaves the
boundary indicating plastic limit states, and re-locates in the (growing)
elastic domain, while the formerly plastic hinge remains ‘‘frozen’’ at
the jump in generator rotation attained at 𝑡 = 7.92d. At the same time,
the bending moments decrease slightly in magnitude, see Fig. 16(f). At
about 𝑡 = 20d, the ground pressure starts to increase again; however,
the simultaneous chemical hardening of the shotcrete, i.e. its hydration-
driven strength increase (Hellmich et al., 1999b), allows for elastic
accommodation of the correspondingly increasing internal forces acting
within the tunnel shell. It is only at 𝑡 = 43.6d, with a bending moment
16 
amounting to 𝑚𝑧(𝑡= 43.6d) = −0.27MNm/m, that the plastic hinge re-
develops, see the left and right blacks dots, respectively, in Fig. 15(a1)
and (a2), respectively. Thereafter, the rotational jump keeps growing
throughout the rest of construction phase CP1. The two growth phases
of the plastic hinge are indicated by non-vertical lines in the bending-
moment-over-jump-in-generator-rotation diagram of Fig. 15(a1) and by
a pronounced kink in the midsurface displacement profile of Fig. 17(a).
The latter comes with positive, i.e. outward, radial displacements of the
right foot of the top heading, while generally, the tunnel shell under-
goes inwards and downwards movements, see Fig. 17(a) and Fig. 18(a1)
and (b1). At the same time, the non-uniform ground pressure and
bending moment distributions are reflected by alternating, positive as
well as negative, values of the rotational angle of the shell generators,
along the circumference of the tunnel shell, see Fig. 18(c1).

Construction phase CP2, including construction steps #3, #4, and
#5, i.e. the demolition of the temporal invert arch of the top heading,
excavation of the bench and invert portion of the tunnel cross section as
well as installation of corresponding shell components, and lasting from
𝑡 = 84.96d to 𝑡 = 86.96d, is characterized by a sudden and significant
unloading of the tunnel shell of cross section KMA5.3.000201: Circum-
ferential normal forces and ground pressures are dropping by a factor of
up to five, see Fig. 16(a2), (c2), (e), (g), while essentially all quantities
describing the loading and deformational states of the tunnel shell, such
as bending moments, degree of utilization, radial displacement and
rotational angle, undergo a remarkable reduction, see Fig. 16(b2), (d2),
(f), (h) and Fig. 18(a2), (c2), (d), (f). In this context, the plastic hinge
close to the right impost ‘‘freezes’’ again, and the associated bending
moment not only reduces to zero, but even changes sign thereafter,
see Fig. 16(b2). The dramatic unloading during construction phase CP2
stems from the sudden loss of load carrying capacity below the feet
of the top heading, due to the excavation of the benches, so that the
tunnel portions ahead of KMA5.3.000201, where the feet of the top
heading still carry load, and behind KMA5.3.000201, where the invert
arch has already been installed, take the loads which are imposed, as
ground pressure, onto KMA5.3.000201. Loss of the supporting action of
the top heading feet also leads to a quick settlement of the investigated
cross section, as indicated by enlarged negative and positive values of
circumferential displacements, respectively, at the right and the left
impost, respectively, see Fig. 18(b2), (e).

Construction phase CP3, starting directly after ring closure, and
hence completion, of cross section KMA5.3.000201 at 𝑡 = 86.96d, is
characterized by a rapid increase of loads carried by the tunnel shell,
reflected in circumferential normal forces, see Fig. 16(a3), (e), arising
from quickly growing ground pressure values, see Fig. 16(c3), (g). This
comes together with inward movement of the tunnel shell, indicated by
growing radial displacement values, see Fig. 18(a3), (d). At the same
time, the bending moments at the former plastic hinge first decrease
to zero, before changing signs again, and then relatively quickly re-
plasticize, namely at 𝑡 = 88.10d, see Fig. 16(d3), (h) and Fig. 15(c1),
(c2). Slightly before, namely at 𝑡 = 87.79d, second plastic hinge, this
time with positive jump in generator rotation, has formed between
MP1 and MP3, see Fig. 16(d3), (h), Fig. 17(b), and Fig. 19(c1), (c2).
Later in construction phase CP3, our displacement-to-force conversion
scheme indicates slowly decreasing ground pressure and circumferen-
tial normal force values. Thus is associated with ‘‘freezing’’ of both
plastic hinges, whereby the bending moment associated to the first
one of these eventually changes signs again, before the first plastic
hinge re-plasticizes, due to the unfavorable moment-force combination
arising from increasing moments and decreasing forces, at 𝑡 = 200d,
see Fig. 15(c1), (c2).

7. Discussion

Evaluation of geodetic displacement measurements at five points on
the inner surface of typical cross section of the top heading of the NATM
tunnel Stein in the south of Austria, through an analytical viscoelastic
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Fig. 20. Representation of the radial and tangential displacement fields over time (a,c), computed from displacement measurements at MP1, MP4, and MP5 only (a1,c1) and
computed from displacement measurements at MP1 through MP5 (a2,c2); and (b,d) comparison of 3-MP-based computations (b1,d1) and of 5-MP-based computations (b2,d2),
respectively, with measured field monitoring data at the measurement points MP1 to MP5 [represented in terms of a fitting function-enabled smooth evolution over time, according
to Eq. (1) and (2)]..
structural mechanics model, together with plastic moment detection
in line of Eurocode 2, evidenced the repeated occurrence of plastic
hinges in the first 300 days of the lifetime of the investigated cross
section. This greatly widens the view on NATM tunnel shells, replacing
the picture of a rather monolithic solid, by the perception of a highly
flexible component, which shows kind of a ‘‘segmentation’’ even in
tunnels which do not fall into the traditional category of ‘‘segmental
tunnel’’, i.e. those driven by tunnel boring machines (TBM) (Zhang
et al., 2017; Jiang et al., 2024). Development of corresponding plas-
tic hinges can be followed in terms of load cycles being limited by
zero bending moments, see Figs. 15 and 19. Interestingly, obviously
heterogeneous ground conditions around the investigated cross section
KMA5.3.000201 leads to plastic bending moments and rotational jumps
quantifying plastic hinges, which are not restricted to a particular
direction or sign.

The non-uniform distribution of ground pressure which was re-
constructed for the end of the recording period, i.e. for 𝑡 = 300d,
characterized by two pronounced minima as seen in Fig. 16(c3), is
consistent with the action of the rock bolts seen in Fig. 3: They carry
tensile forces, which are not explicitly introduced into the structural
mechanics model, and hence, as a somewhat ‘‘smeared’’ portion of the
ground pressure, reduce the latter in magnitude.

It is also very interesting to note that the detection of plastic bending
moments necessitates the consideration of the data collected from all
five measurements points. When restricting the analysis to the classical
selection of three measurement points as widely discussed in earlier
contributions (Hellmich et al., 1999a, 2001, 2020; Brandtner et al.,
2007; Ullah et al., 2010; Scharf et al., 2022, 2024), namely to MP1,
MP4, and MP5, the aforementioned heterogeneous ground pressure
distribution is not detected, see Figs. 21–23. This is consistent with
the correspondingly predicted displacements at MP2 and MP3 deviating
significantly from the actual measurements, see Fig. 20. Conclusively,
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the number of installed measurement points is key to the realistic as-
sessment of the load carrying behavior of NATM tunnel shells. In other
words, the increased number of measurement points does not merely
increase the precision of the hybrid analysis, but reveals fundamentally
new features of the load carrying behavior of NATM tunnel shells.
While the analysis based on three measurement points proposes the
tunnel shell to act as a monolithic solid block, it is the analysis based on
five measurement points, which reveals the existence of plastic hinges,
i.e. that of a much more flexible structural configuration.

Further increase of the realism of the used mechanical model may
concern the long-term creep behavior, which may be overestimated
by the power-law creep function employed in the present context.
Adoption of a logarithmic formulation for the long-term creep period
may propose a less pronounced decrease in ground pressure as reported
herein, or even rather constant quasi-asymptotic ground pressure states
long after tunnel installation, as recently shown for segmental tunnel
linings (Razgordanisharahi et al., 2024). However, this topic goes
clearly beyond the scope of the present paper, which was about elu-
cidating the pronounced bending flexibility of an NATM tunnel shell.
From a more general perspective, the present paper has widened the
repertoire of analytical approaches providing deep and efficient insight
into the functioning of different tunneling methods (Ieronymaki et al.,
2018). Thereby, we note that the current study with the refined hybrid
structural analysis is restricted to the top heading sections of an NATM
tunnel; it is also restricted to tunnel shells with constant radius and
constant thickness. However, the presented ideas concerning plastic
hinges and analytical structural modeling can be naturally extended
towards shells with varying thickness and radii. This, however, is
beyond the scope of the present article.



R. Scharf et al.

Fig. 21. Distribution of circumferential normal forces (a), bending moments (b), ground pressure (c), and degree of utilization (d) along the circumference of the top heading and
associated with construction phases CP1, CP2, and CP3 (index 1-3) of tunnel Stein at measurement cross section KMA5.3.000201, and the temporal evolution of maximum and
minimum values (e-h); computed from displacement measurements at MP1, MP4, and MP5 only.
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Fig. 22. Midsurface displacement distribution with corresponding shell generator lines of length ℎ = 0.30m at two different time instants 𝑡, at the measurement cross-section
KMA5.3.000201 of tunnel Stein, on the basis of measurement data collected from MP1, MP4, and MP5 only (magnification factor of the displacements: 15).
Fig. 23. Distribution of radial and circumferential displacements (a-b), and generator rotations (c) along the circumference of the top heading and associated with construction
phases CP1, CP2, and CP3 (index 1-3) of tunnel Stein at measurement cross section KMA5.3.000201, and the temporal evolution of maximum and minimum values (d-f); computed
from displacement measurements at MP1, MP4, and MP5 only.
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Table 7
Displacement measurements from geodetic reflectors, in terms of polar displacement components 𝑢MP𝑖

𝑟 , 𝑢MP𝑖
𝜑 (in meters) associated with measurement points MP1 to MP5, installed

t cross section KMA5.3.000201 of tunnel Stein (part 1/2); as seen in Fig. 3.
Viewing time 𝑢MP1

𝑟 𝑢MP1
𝜑 𝑢MP2

𝑟 𝑢MP2
𝜑 𝑢MP3

𝑟 𝑢MP3
𝜑 𝑢MP4

𝑟 𝑢MP4
𝜑 𝑢MP5

𝑟 𝑢MP5
𝜑

0.00d ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000
0.92d −0.00744 +0.00206 −0.00555 +0.00554 −0.01229 −0.00171 −0.00760 +0.00636 −0.00907 −0.00682
1.96d −0.01147 +0.00335 −0.00915 +0.00931 −0.01745 −0.00517 −0.00892 +0.01078 −0.01233 −0.01202
3.04d −0.01518 +0.00417 −0.01037 +0.01128 −0.01968 −0.00680 −0.01094 +0.01357 −0.01310 −0.01589
5.04d −0.01673 +0.00406 −0.01089 +0.01254 −0.01993 −0.00844 −0.01089 +0.01496 −0.01288 −0.01735
5.92d −0.01802 +0.00370 −0.01187 +0.01264 −0.02098 −0.00872 −0.01130 +0.01461 −0.01348 −0.01724
6.96d −0.01953 +0.00277 −0.01132 +0.01244 −0.02151 −0.00918 −0.01274 +0.01633 −0.01422 −0.01899
7.92d −0.01818 +0.00394 −0.01193 +0.01350 −0.02075 −0.00892 −0.01128 +0.01546 −0.01303 −0.01804
8.96d −0.01963 +0.00381 −0.01233 +0.01304 −0.02111 −0.00887 −0.01157 +0.01568 −0.01327 −0.01870
9.92d −0.02089 +0.00416 −0.01414 +0.01479 −0.02198 −0.01077 −0.01253 +0.01662 −0.01372 −0.02024
10.92d −0.01895 +0.00470 −0.01360 +0.01381 −0.02099 −0.00965 −0.01184 +0.01495 −0.01417 −0.01826
12.21d −0.02003 +0.00440 −0.01371 +0.01347 −0.02106 −0.00958 −0.01038 +0.01471 −0.01266 −0.01615
13.00d −0.01991 +0.00499 −0.01250 +0.01484 −0.02204 −0.00872 −0.01091 +0.01622 −0.01405 −0.01735
13.92d −0.02087 +0.00425 −0.01317 +0.01455 −0.02132 −0.01002 −0.01173 +0.01647 −0.01294 −0.01839
14.88d −0.02097 +0.00376 −0.01381 +0.01454 −0.02150 −0.00947 −0.01195 +0.01862 −0.01416 −0.02146
16.08d −0.02067 +0.00371 −0.01399 +0.01414 −0.02142 −0.01060 −0.01161 +0.01704 −0.01350 −0.01936
16.92d −0.02054 +0.00388 −0.01420 +0.01423 −0.02141 −0.01074 −0.01159 +0.01758 −0.01387 −0.02008
18.00d −0.02079 +0.00363 −0.01454 +0.01433 −0.02148 −0.01081 −0.01136 +0.01723 −0.01408 −0.01947
19.04d −0.02173 +0.00299 −0.01585 +0.01404 −0.02171 −0.01168 −0.01184 +0.01738 −0.01340 −0.02025
19.96d −0.02160 +0.00419 −0.01478 +0.01478 −0.02252 −0.01123 −0.01143 +0.01774 −0.01359 −0.02018
21.04d −0.02190 +0.00313 −0.01548 +0.01421 −0.02275 −0.01302 −0.01190 +0.01757 −0.01215 −0.01942
22.00d −0.02242 +0.00415 −0.01513 +0.01489 −0.02226 −0.01079 −0.01108 +0.01733 −0.01413 −0.02020
22.96d −0.02271 +0.00370 −0.01538 +0.01520 −0.02290 −0.01182 −0.01140 +0.01764 −0.01392 −0.02080
38.96d −0.02226 +0.00391 −0.01522 +0.01469 −0.02271 −0.01040 −0.01127 +0.01726 −0.01373 −0.01970
40.08d −0.02199 +0.00376 −0.01408 +0.01471 −0.02223 −0.01015 −0.01109 +0.01796 −0.01504 −0.02008
41.00d −0.02202 +0.00305 −0.01456 +0.01483 −0.02137 −0.01038 −0.01219 +0.01779 −0.01400 −0.02014
41.96d −0.02159 +0.00368 −0.01522 +0.01533 −0.02271 −0.01040 −0.01229 +0.01776
42.92d −0.02227 +0.00442 −0.01447 +0.01440 −0.01144 +0.01805 −0.01384 −0.02030
44.00d −0.02386 +0.00514 −0.01583 +0.01702 −0.01137 +0.01543
45.04d −0.02222 +0.00411 −0.01363 +0.01495 −0.02313 −0.01056 −0.01190 +0.01726 −0.01390 −0.02017
45.96d −0.02252 +0.00366 −0.01472 +0.01535 −0.02188 −0.01126 −0.01168 +0.01754 −0.01407 −0.02032
47.96d −0.02389 +0.00392 −0.01617 +0.01585 −0.02279 −0.01139 −0.01464 −0.02043
54.96d −0.02281 +0.00371 −0.01496 +0.01516 −0.02253 −0.01109 −0.01187 +0.01779 −0.01343 −0.02034
66.04d −0.02271 +0.00420 −0.01527 +0.01554 −0.02275 −0.01089 −0.01150 +0.01793 −0.01368 −0.02014
72.96d −0.02460 +0.00549 −0.01552 +0.01663 −0.02385 −0.01033 −0.01140 +0.01733 −0.01374 −0.02002
76.96d −0.01479 +0.01606 −0.02156 −0.00954 −0.01172 +0.01827 −0.01290 −0.02064
79.00d −0.02315 +0.00459 −0.01506 +0.01623 −0.02333 −0.01065 −0.01130 +0.01767 −0.01361 −0.01996
81.08d −0.02356 +0.00508 −0.01461 +0.01647 −0.02383 −0.01061 −0.01093 +0.01812 −0.01465 −0.01958
81.96d −0.02470 +0.00551 −0.01564 +0.01679 −0.02270 −0.01054
82.96d −0.02246 +0.00497 −0.01473 +0.01599 −0.02303 −0.01091 −0.01134 +0.01840 −0.01431 −0.02013
83.96d −0.02265 +0.00348 −0.01593 +0.01604 −0.02428 −0.01021 −0.01194 +0.01798 −0.01349 −0.01990
84.96d −0.02477 +0.00308 −0.01740 +0.01626 −0.02433 −0.01284 −0.01229 +0.01839 −0.01483 −0.02154
85.96d −0.02630 +0.00409 −0.01818 +0.01847 −0.02556 −0.01455 −0.01536 +0.02145 −0.01698 −0.02426
86.96d −0.02825 +0.00508 −0.02016 +0.01995 −0.02803 −0.01478 −0.01970 +0.02482 −0.02100 −0.02653
88.00d −0.02943 +0.00530 −0.02127 +0.02020 −0.02956 −0.01622 −0.02164 +0.02521 −0.02394 −0.02908
89.04d −0.02905 +0.00513 −0.02228 +0.02080 −0.03065 −0.01580 −0.02061 +0.02620 −0.02439 −0.02945
89.96d −0.02815 +0.00455 −0.02142 +0.02086 −0.03038 −0.01670 −0.02295 +0.02624 −0.02571 −0.03014
91.04d −0.03010 +0.00554 −0.02214 +0.02079 −0.03027 −0.01733 −0.02193 +0.02574 −0.02513 −0.03206
91.96d −0.02950 +0.00338 −0.02205 +0.02021 −0.02995 −0.01788 −0.02182 +0.02695 −0.02409 −0.03126
93.08d −0.03081 +0.00343 −0.02284 +0.02086 −0.03138 −0.01875 −0.02236 +0.02760 −0.02409 −0.03126
93.96d −0.02899 +0.00389 −0.03132 −0.01747 −0.02317 +0.02658 −0.02490 −0.03320
f

c
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Appendix A. Displacement measurements performed at
MA5.3.000201 of tunnel Stein

Displacements obtained from geodetic reflectors installed at five
easurement points were recorded in Cartesian components, 𝑢MP𝑖

𝑥 and
MP𝑖
𝑦 , and transformed to polar components, 𝑢MP𝑖

𝑟 and 𝑢MP𝑖
𝜑 , with 𝑖 =

, 2, 3, 4, 5, as given in Tables 7 and 8. These polar displacements
entered the fitting functions defined through Eqs. (1)–(2).
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Appendix B. Force-to-force influence functions

The mathematical expressions for the (external)-traction-to-internal-
orce influence functions 𝑁→𝑓 and 𝑖→𝑓 , occurring in Eqs. (10) and

(11), read as

𝑁→𝑓 (�̄�) = cos(�̄�) − sin(�̄�)
t an(𝛥𝜑) +

sin(�̄�)
sin(𝛥𝜑)

, (57)

𝑖→𝑓 (�̄�) =
[

cos(�̄�) − 1 − sin(�̄�)
t an(𝛥𝜑) +

sin(�̄�)
sin(𝛥𝜑)

]

𝐴𝑖(�̄�) . (58)

The derivatives of these functions occur in Eqs. (42) and (43), and the
orresponding mathematical expressions read as
d𝑁→𝑓 (�̄� = 0) [

1 1
]

d�̄�
= −

t an(𝛥𝜑) + sin(𝛥𝜑)
, (59)
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Table 8
Polar displacement components 𝑢MP𝑖

𝑟 , 𝑢MP𝑖
𝜑 (in meters) measured at geodetic reflectors, the so-called measurement points MP1 to MP5, installed within cross section KMA5.3.000201

of tunnel Stein (part 2/2); as seen in Fig. 3.
Viewing time 𝑢MP1

𝑟 𝑢MP1
𝜑 𝑢MP2

𝑟 𝑢MP2
𝜑 𝑢MP3

𝑟 𝑢MP3
𝜑 𝑢MP4

𝑟 𝑢MP4
𝜑 𝑢MP5

𝑟 𝑢MP5
𝜑

94.96d −0.03024 +0.00373 −0.03248 −0.01712 −0.02562 −0.03166
96.00d −0.02862 +0.00107 −0.02242 +0.01797 −0.02919 −0.01655 −0.02224 +0.02511
97.13d −0.02920 +0.00281 −0.02442 +0.01995 −0.02235 +0.02390 −0.02591 −0.03188
98.00d −0.02893 +0.00470 −0.02484 +0.01935 −0.02172 +0.02391
98.96d −0.03003 +0.00379 −0.03172 −0.01353 −0.02055 +0.02389
99.92d −0.03264 +0.00399 −0.02356 +0.02143 −0.03434 −0.01575 −0.02285 +0.02627
100.96d −0.03303 +0.00458 −0.02370 +0.02080 −0.03201 −0.01780 −0.02299 +0.02484
101.96d −0.03039 +0.00610 −0.02154 +0.02179 −0.03344 −0.01548 −0.02135 +0.02499 −0.02814 −0.02980
102.96d −0.03002 +0.00593 −0.02199 +0.02013 −0.03319 −0.01490 −0.02140 +0.02423 −0.02863 −0.03174
103.96d −0.02982 +0.00436 −0.02248 +0.01947 −0.03002 −0.01689 −0.02320 +0.02329
127.96d −0.02758 +0.00433 −0.02292 +0.01937 −0.02869 −0.01659 −0.02094 +0.02503 −0.02433 −0.02809
128.96d −0.02907 +0.00401 −0.02268 +0.01892 −0.02868 −0.01567 −0.02269 +0.02336 −0.02489 −0.02789
129.96d −0.02817 +0.00547 −0.02157 +0.01931 −0.03152 −0.01451 −0.02216 +0.02397 −0.02711 −0.02815
130.96d −0.02846 +0.00400 −0.02327 +0.01870 −0.02887 −0.01483 −0.02172 +0.02391 −0.02583 −0.02872
132.00d −0.03171 +0.00351 −0.02225 +0.01966 −0.03049 −0.01727 −0.02316 +0.02532 −0.02359 −0.02783
132.96d −0.03128 +0.00414 −0.02312 +0.01882 −0.03018 −0.01541 −0.02320 +0.02329 −0.02808 −0.03024
134.00d −0.02942 +0.00377 −0.02267 +0.01970 −0.03045 −0.01571 −0.02207 +0.02400 −0.02471 −0.02944
138.96d −0.02913 +0.00423 −0.02202 +0.02049 −0.02242 +0.02472 −0.02480 −0.03058
140.13d −0.03088 +0.00518 −0.02228 +0.02144 −0.03113 −0.01724 −0.02231 +0.02624
140.96d −0.03076 +0.00424 −0.02207 +0.02071 −0.03001 −0.01703 −0.02170 +0.02540 −0.02591 −0.03039
142.04d −0.02968 +0.00454 −0.02131 +0.01914 −0.02808 −0.01620 −0.02409 +0.02404 −0.02853 −0.03029
143.04d −0.02977 +0.00354 −0.02179 +0.01926 −0.02943 −0.01607 −0.02236 +0.02485 −0.02417 −0.02794
143.96d −0.02834 +0.00407 −0.02139 +0.01972 −0.02962 −0.01644 −0.02214 +0.02451 −0.02423 −0.02813
237.33d −0.02928 +0.00293 −0.02140 +0.02100 −0.03009 −0.01682 −0.02284 +0.02532 −0.02479 −0.02878
d1→𝑓 (�̄� = 0)
d�̄�

=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

�̄�1
(

1 −𝐻(−�̄�1)
)

�̄�1 − �̄�2
+

�̄�2
(

𝐻(−�̄�2) − 1)

�̄�1 − �̄�2

]

,
(60)

d𝑖→𝑓 (�̄� = 0)
d�̄�

=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

�̄�𝑖 (�̄�𝑖+1 − �̄�𝑖−1)𝐻(−�̄�𝑖)
(�̄�𝑖−1 − �̄�𝑖)(�̄�𝑖 − �̄�𝑖+1)

+
�̄�𝑖−1 𝐻(−�̄�𝑖−1)

�̄�𝑖−1 − �̄�𝑖
+

�̄�𝑖+1 𝐻(−�̄�𝑖+1)
�̄�𝑖 − �̄�𝑖+1

]

,

(61)

with 𝑖 = 2,… , 7,
d8→𝑓 (�̄� = 0)

d�̄�
=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

�̄�7 𝐻(−�̄�7)
�̄�7 − �̄�8

]

,
(62)

d𝑁→𝑓 (�̄� = 𝛥𝜑)
d�̄�

=
[

1
t an(𝛥𝜑) −

1
sin(𝛥𝜑)

]

, (63)

d1→𝑓 (�̄� = 𝛥𝜑)
d�̄�

=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

(�̄�1 − 𝛥𝜑)𝐻(𝛥𝜑 − �̄�1) − �̄�1
�̄�1 − �̄�2

+
�̄�2 + (𝛥𝜑 − �̄�2)𝐻(𝛥𝜑 − �̄�2)

�̄�1 − �̄�2

]

,

(64)

d𝑖→𝑓 (�̄� = 𝛥𝜑)
d�̄�

=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

(�̄�𝑖 − 𝛥𝜑)(�̄�𝑖−1 − �̄�𝑖+1)𝐻(𝛥𝜑 − �̄�𝑖)
(�̄�𝑖−1 − �̄�𝑖)(�̄�𝑖 − �̄�𝑖+1)

+
(𝛥𝜑 − �̄�𝑖−1)𝐻(𝛥𝜑 − �̄�𝑖−1)

�̄�𝑖−1 − �̄�𝑖

+
(𝛥𝜑 − �̄�𝑖+1)𝐻(𝛥𝜑 − �̄�𝑖+1)

]

,

(65)
�̄�𝑖 − �̄�𝑖+1

21 
with 𝑖 = 2,… , 7,
d8→𝑓 (�̄� = 𝛥𝜑)

d�̄�
=
[

− 1
t an(𝛥𝜑) +

1
sin(𝛥𝜑)

]

×

[

(𝛥𝜑 − �̄�7)𝐻(𝛥𝜑 − �̄�7)
�̄�7 − �̄�8

]

.
(66)

Data availability

Measurement data given in Tables 7 and 8; analytical formulae
given in text.
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