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Multi-copy activation of genuine mul-
tipartite entanglement (GME) is a phe-
nomenon whereby multiple copies of bisep-
arable but fully inseparable states can
exhibit GME. This was shown to be
generically possible in finite dimensions.
Here, we extend this analysis to infi-
nite dimensions. @We provide examples
of GME-activatable non-Gaussian states.
For Gaussian states, we apply a neces-
sary biseparability criterion for the covari-
ance matrix and show that it cannot de-
tect GME activation. We further identify
fully inseparable Gaussian states that sat-
isfy the criterion but show that multiple
and, in some cases, even single copies are
GME. Thus, we show that the covariance-
matrix biseparability criterion is not suffi-
cient even for Gaussian states.

1 Introduction

Entanglement stands as a key phenomenon in
quantum physics, playing an essential role in the
advancement of contemporary quantum technolo-
gies. Initially, attention was largely centered on
two-party cases, but multipartite entanglement
has become highly significant, both practically
and fundamentally [1, 2]. In experiments dis-
tributing quantum states among various parties,
often multiple identical copies of these states are
shared. Understanding entanglement properties
in multi-copy situations is, therefore, essential.
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A known feature of the two-party case is that
bipartite separability is tensor stable: bipar-
tite entanglement cannot be established between
two parties by sharing multiple copies of sepa-
rable states. This trivially extends to partition-
separable states of more than two parties, i.e.,
states separable with respect to a fixed parti-
tioning of the parties into two groups. However,
the same is not true for more complex states
of multiple parties. States that are mixtures of
partition-separable states for different partitions
are called biseparable, and they form a convex set.
All quantum states that lie outside of this con-
vex set are called genuinely multipartite entan-
gled (GME) [3]. Multi-copy activation of GME is
an initially perhaps counterintuitive phenomenon
that occurs for states that are biseparable but not
partition-separable: Even though a single copy
of a state might be biseparable, several identical
copies of such a state can feature GME with re-
spect to the parties sharing these copies.

First remarked upon in Ref. [4], for two copies
of a specific four-qubit state, GME activation was
investigated more comprehensively in Ref. [5].
There, upper bounds were provided for the num-
ber of copies maximally needed to activate GME
for a family of N-qubit states, and it was
shown that GME activation could even occur
for biseparable states with positive partial trans-
pose across all cuts, i.e., states with no distil-
lable entanglement. These results were general-
ized in Ref. [6] for all finite-dimensional multipar-
tite states, showing that all biseparable but not
partition separable states are GME-activatable,
but an unbounded number of copies may be re-
quired.

Here, we investigate GME activation in infinite
dimensions, specifically in continuous-variable
(CV) systems |7, 8], and we focus on two cate-
gories: non-Gaussian [9] and Gaussian states [10,
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11]. For non-Gaussian states, there are multipar-
tite states that have non-zero overlap with only
finitely many Fock states. These states, as well
as all their marginals, can be fully represented
on finite-dimensional Hilbert spaces, and the re-
sults for GME activatability from Ref. [6] apply
directly. However, not all non-Gaussian states
are of this form.

As a first main result, we show that GME acti-
vation occurs also in infinite-dimensional systems.
To do so, we extend arguments from Refs. [6, 12]
to show that all biseparable but not partition-
separable states in infinite dimensions are GME
activatable.

We then provide a specific example of GME ac-
tivation for a family of biseparable non-Gaussian
states with non-zero overlap with infinitely many
Fock states. These are convex combinations of
product states of two-mode squeezed vacua with
a Fock state and are thus biseparable. To detect
GME, we use the k-separability criterion from
Ref. [13], which reveals that two copies of the
considered state are GME for a continuous range
of squeezing parameters.

The third and main focus of this work is GME
activation for Gaussian states. Here, the chal-
lenge lies in determining if a given state is bisepa-
rable but not partition separable. Since Gaussian
states are fully described by their first and second
moments, and because the former can be freely
adjusted by local unitaries (displacements), en-
tanglement properties of Gaussian states are fully
captured by their second moments, organized into
a covariance matrix (CM). A Gaussian state with
CM 7 is fully separable with respect to a partition
into N parties if and only if there exist CMs v,

-+, 7™ corresponding to the N subsystems sat-
isfying v > vy @ - - - @y [14, 15]. A generaliza-
tion can be found in Ref. [16]: for all biseparable
states (BS) with CM g there exist CMs vy
that are block-diagonal with respect to the par-
tition M (i) and probabilities p; with Y, p; = 1
and 0 < p; <1 such that ygs — >, Pivary > 0.

In the context of this inequality, which we dub
the CM biseparability criterion, we present three
main results: First, we show that the CM bisep-
arability criterion is insufficient for detecting the
potential activation of GME for any number of
copies. That is, we prove that if the CM of the
single copy satisfies the criterion, then so do the
CMs of any number of identical copies. If, like its

counterparts for bipartite or full separability, the
CM biseparability criterion was indeed necessary
and sufficient for the biseparability of Gaussian
states, our first result would imply that GME ac-
tivation is impossible for Gaussian states. How-
ever, as a second main result, we show that there
exist Gaussian states that satisfy the CM bisep-
arability criterion but which are, in fact, GME.
As a corollary, we then show that this leads to
the perhaps surprising conclusion that there ex-
ist Gaussian states that are GME even though
the first and second moments that fully define
them exactly match those of a biseparable but
non-Gaussian state. To present these results, we
first continue with brief expositions on multipar-
tite entanglement and CV systems before return-
ing to the CM biseparability criterion, along with
the proofs and discussion of our main results.

2  Framework

2.1 Bipartite entanglement

For two quantum systems with Hilbert spaces %
and J¢g, respectively, a global pure state |¥) , . €
R is called separable if and only if it can be
written as a tensor product |¥), . = [¢) , ®|¢) 5.
For mixed states represented by density operators
p = > ;pjlejNp;jl, where the p; are probability
weights fulfilling >°;p; = 1 and |p;) € #4 ®
JB, a global state p,p is separable if and only
if it can be written as a convex combination of
tensor products of density operators of the two
subsystems,

pap =Y Dipf ®p}. (1)
i
States that are not separable are called entangled.

2.2 Mutlipartite entanglement

In multipartite scenarios with N parties and
a Hilbert space s = QN , .7 one may in-
vestigate separability with respect to different
partitions M as a grouping of the set [N] :=
{1,---, N}. Specifically, dividing [N] into two or
more disjoint subsets m(i) C [N] whose union is
[N], i.e., U;m(i) = [N] and m(i)nm(j)= 0Vi #
J, gives partition M (i) = {m(i)}. We then use
the following terminology: A partition into k sub-
sets is called a k-partition, and a pure state in
J is called k-separable if it can be written as
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a tensor product of k pure states for at least one
k-partition M (i), i.e.,

k

25 = @ D) s D)) € Hny,  (2)
=1

where J7,;) is the Hilbert space of subsystems
from the set m(7).

A mixed state is called k-separable if it can be
decomposed as a convex mixture of pure states
that are (at least) k-separable, i.e.,

o™ =3 pil2) (@] (3)

Note that the different terms of the decomposi-
tion may be k-separable with respect to different
k-partitions. Further, a k-separable state of IV
parties is called fully separable for k = N, and
it is called biseparable for k = 2. Any state that
is separable with respect to any fixed partition is
called partition separable, whereas a state that is
not separable with respect to any fixed partition
is called fully inseparable.

The sets Sy formed by all states that are (at
least) k-separable form a hierarchy of nested con-
vex sets, Sy € ... C &5, C...853 C S,. Here it
is crucial to note that the set Sy of biseparable
states is the convex hull of all partition-separable
states. As such, Sy contains some states that
are fully inseparable and thus multipartite en-
tangled. Yet, only states that are not (at least)
biseparable, and which are hence outside of the
set So, are genuinely N-partite entangled or gen-
winely multipartite entangled. For reviews, see,
e.g., Refs. [17, 18] or [19, Chapter 18].

In this paper, we will pay special attention to
the states that belong to the set Sy but which
do not belong to any set of partition-separable
states; we will call these fully inseparable bisep-
arable (FIB) states. These are the states that
are potentially GME activatable, and, indeed,
it was shown in Ref. [6] that all such states in
finite-dimensional Hilbert spaces are GME ac-
tivatable. That is, for any FIB state ppc. ..
in a finite-dimensional Hilbert space there ex-
ists a k > 2 such that p%5, = pupc.. ®
- ®pa, B0, ... 15 GME with respect to the parti-
tion Aq... Ak|Bl ... Bk|C1 ... Ck| .... A graphi-
cal representation of the state space of three par-
ties, along with an illustration of the partition for
two-copy (k = 2) three-partite GME activation,
is shown in Fig. 1.

Pacis

-
-
Sourcaof " Bob
___________ >
PaBc
~a

Figure 1: Multi-copy GME activation.  (a) Sepa-
rability structure for tripartite systems: Fully separable
states p4|p|c (dark blue) form a (convex) subset Sz of
the intersection of the three (convex) sets of partition-
separable states, pap|c, pac|B. and ppc|a (three light-
blue regions). The convex hull of all partition-separable
states forms the set Sy of biseparable states (all blue
and red regions). The FIB states lie in the red re-
gion. All other fully inseparable states lie in the grey
area outside of Sy and are GME. (b) Multi-copy GME
activation—two-copy case in a tripartite scenario: two
copies of a biseparable state may be GME with respect
to the partition AlAQ‘BlBQ|ClC2.

2.3 Continuous-variable systems

In the following, we consider infinite-dimensional
quantum systems comprising N modes (e.g., of
the electromagnetic field). To each mode la-

belled 5 = 1,...,N, one associates operators

aj = J5(x; +ip;) and o} = Js(x; — ipy),

where z; and p; are quadrature operators sat-
isfying [z, px] = 0k, |7, 2] = [pj,px) = 0.
The latter can be arranged into a vector r =
(x1,p1,--- ,:L'N,pN)T. The properties of CV sys-
tems can be described by the Wigner function,

/

W(X, p) [p] = (273)1\7/de/ eix/.P <X— x%| p |X—{—>§ > :
(4)
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with |X:|:x7/> = Y, |z, & 5), where |z;) are
eigenstates of z;. An important family of
CV states are so-called Gaussian states, whose
Wigner function is Gaussian and reduces to

e~ (=) (r=d)
N y/det(v)

Any Gaussian state thus is fully determined by
its vector of first moments d with elements d; =
(ri) = Tr(pr;) and its CM ~ with components
vij = (rirj +rjri) — 2(r;) (rj). Since the first
moments d; can be set to zero via local dis-
placements, correlations in Gaussian states are
fully described by their CM . States whose
Wigner function is not of the form of Eq. (5)
are called non-Gaussian states. This is the weak-
est condition for non-Gaussianity and serves as
the definition we adopt in this work. In con-
trast, some tasks require stronger conditions, for
example, so-called quantum non-Gaussianity re-
quires a Wigner function that cannot even be
expressed as a convex combination of Gaussian
Wigner functions [20]. In some cases, a nega-
tive Wigner function is required [21]. Both cases
thus refer to subsets of states that we call non-
Gaussian here. For a review of non-Gaussian
states we refer to Ref. [9]. For reviews of CV
systems for quantum-information processing, see,
e.g., Refs. [10, 11].

W(r) = (5)

3 GME activation in infinite dimen-
sions

In this section, we extend the result of GME
activatability of all FIB states in finite di-
mensions from Ref. [6] to all FIB states in
infinite-dimensional systems. To this end, we
leverage results from Ref. [12], which guarantee
the existence of local projections that map states
with bipartite entanglement in continuous vari-
ables (CVs) to states with bipartite entanglement
in finite dimensions. Let us begin by phrasing
the pertinent results (Theorem 2 and Lemma 1)
of Ref. [12] in the following way suitable to our
discussion here:

For every N-partite CV state p with the N
parties divided into two groups A and B such that
p is entangled with respect to a bipartition A|B of
the total Hilbert space H = H 4 Q H p there exists
a local projection P; = P;* ® P, where Pg =

i lejr){ejkl, 5 = A, B, where {|e; ) bren, is
an orthonormal basis in the state space H; of
subsystem j, projecting into a subspace Hq of H
with finite dimension d, with local projectors P,
and P/ into (finite-dimensional) subspaces of H 4
and Hp, respectively, such that:

1. The state pg = PypPy/Tr(Pyp Py) is en-
tangled with respect to the same bipartition
as p.

2. For all d’ > d one may define local projectors
Py such that pgr = Py p Py /Tr(Pyr p Pyr)
is entangled with respect to the same bipar-
tition as p, and py — p (in trace norm) as
d — oo [12, Lemma 1].

Based on these statements, we now formulate
the following corollary:

Corollary 1 For every CV FIB state p there ex-
ists a local projection Py into a finite-dimensional
Hilbert Hy with dimension d = dim(Hy) < oo,
such that p is projected onto a finite-dimensional
FIB state

pq = Pdde (6)
TI‘(Pd,OPd)

The two points above, 1 and 2, guarantee that
the local projections can be chosen so that en-
tanglement with respect to any fixed bipartition
is preserved. However, a priori it is not clear that
one may choose a projection that simultaneously
preserves entanglement with respect to all per-
tinent bipartitions, which is necessary to ensure
that all CV FIB states are projected onto FIB
states in finite dimensions.

To claim this subtle point, we argue that prop-
erties of the local projection P; directly imply
that among the projections preserving bipartite
entanglement with respect to particular bipar-
titions of a given state, the one projecting into
the subspace with the largest dimension preserves
bipartite entanglement in all other bipartitions
while it also cannot create GME, which proves
Corollary 1 (see Appendix D for more details).

Finally, all that is left to note is that, according
to Ref. 6], all FIB states in finite dimensions are
GME activatable. And since

" = PP oo PEr, (7)

then GME activitability of pgy together with local-
ity of P imply that also the original FIB state p
in infinite dimensions must be GME activatable.
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4 GME activation for non-Gaussian
states

Now we turn to the demonstration of GME ac-
tivation for non-Gaussian states. Since non-
Gaussian states that have an overlap with only
finitely many Fock states can be represented
completely on a finite-dimensional Hilbert space,
their GME activatability follows trivially from
the results of Ref. [6]. Thus, we will present
an example of GME activation for states that
have non-zero overlap with infinitely many Fock
states. To this end, we construct a one-
parameter family of three-mode non-Gaussian
states with this property by considering convex
combinations of the tensor product of two-mode
squeezed vacuum (TMSV) states p™V = (1 —
A2) S o NPT [mm) (m/m’| with A = tanhr,
and n-excitation Fock states |n) in the third
mode. In this way, we obtain fully symmetric
(FS) states

Panc =3(Pas™ ® In)nle + pAg™ @ n)nl,
+ [n)nl,® ppe™ ).

These states are biseparable by construction but
entangled with respect to all three bipartitions,
and hence fully inseparable for all non-zero val-
ues of the squeezing parameter r # 0 and all ex-
citation numbers n. This can be seen by noting
that the two-qubit states are obtained by trac-
ing out any single mode, e.g., C, and locally pro-
jecting the remaining two modes into the sub-
space spanned by any two local Fock-state pairs
1K) k), and {[k), . [K),} for kK # n and
k # k' are entangled, cf. Appendix A.1.

For investigating multipartite entanglement in
CV systems several methods are available (see,
e.g., [22-29]). Here, we use a special case of a k-
separability criterion [13]: Every k-separable N-
partite state p satisfies

k

Vil P 10} < 3 (T 61 Phrayp®Parcy 19) ™

{M} i=1
(9)

for every fully separable 2N-partite state |¢) =
Q2 |¢:), where Py are permutation operators
exchanging the two copies of all subsystems con-
tained in the i-th subset of the partition M, Py
exchanges the two copies entirely, and the sum
runs over all possible partitions M of the con-
sidered system into k subsystems. Violating the
Ineq. (9) for k = 2 thus detects genuine N-partite
entanglement.

b

We now employ this criterion for k = 2, i.e.,
to check if the state given by two copies of p&3,.
is GME. Thus, the state p in Ineq. (9) is p =
P B ® P g, and we pick |¢) to be the fully
separable state

|p) = ‘nOO>A1B101 ® ‘OnO>A23202

(10)
® ‘n11>A;B;c; ® |1n1>A’23;c; .

For this choice, the left-hand side of Ineq. (9) eval-
uates to

| (n00] e [n11) | x| (0n0] piic [1n1) |

= $(1=N%)2\%, )

whereas each term on the right-hand side is
proportional to |(Onl|p5%.|0nl)| = 0 or
| (n01] p55, [n01) | = 0 (see Appendix A.2 for
more details). The inequality is violated for
all non-zero values of r. The two-copy state
is GME, even though a single copy is bisepara-
ble, which explicitly illustrates that GME acti-
vation is possible in infinite-dimensional systems
for non-Gaussian states.

5 GME activation for Gaussian states

We now turn to the characterization of the mul-
tipartite entanglement structure for Gaussian
states. Since the correlations of the latter are
fully captured by their second moments, the CM
offers itself for this task. Indeed, it has been
shown [14, 15] that a Gaussian state p with CM
v is fully separable with respect to a partition
into N subsystems (of one or more modes each)
if and only if there exist CMs v® fori=1,..., N
corresponding to these N subsystems such that
y—yP @ ®y™ > 0. For arbitrary (not nec-
essarily Gaussian) states that are fully separable,
such a decomposition also exists, but the exis-
tence of such a decomposition generally does not
imply full separability. A generalization that we
call the CM biseparability criterion was given in
Ref. [16]: For any biseparable state with CM g
there exist block-diagonal CMs 7, correspond-
ing to the partition M (i) along with a probability
distribution {p;} such that

TBs — Z PiYua = 0. (12)
i

If no such convex decomposition into CMs 7, ;)

exists, one can hence conclude that the state un-

der consideration must be GME.
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However, as we shall show now, this criterion
cannot be used to detect GME activation for
identical copies: If a CM ~gg corresponding to
a state p satisfies the condition (12), then so does
the CM @2:1 s corresponding to the k-copy
state p®*. To prove this, we note that if for a
given CM g the ensemble {(pi, Ya))}i is such
that Ay 1= s — > PiYme = 0, then the en-
semble {(pi, Bhh—1 Viitn) }i With 97l = Yuw Vn
satisfies

P~

k
vos = Y pi D ity =
7 n=1

1
k
= @(’YBS - Z Di 7M(i)) >0,
n=1

3
Il

(13)

(2

since the left-hand side is block-diagonal and each
block is identical to a positive semi-definite ma-
trix Ay > 0. While this result means that
the CM biseparability criterion cannot be used
to detect potential GME activation for identi-
cal copies of a given state, it may still suc-
ceed in detecting GME for pairs of two (or
more) different FIB Gaussian states with CMs
v and 4, respectively, as long as the states
do not admit ‘biseparable’ CM decompositions
{(Pi, Ym) bi and {(qi, Yarciy) b with p; = ¢; Vi.
In Appendix B, we present examples of such a
GME activation from pairs of different Gaussian
states.

The perhaps more pressing question concern-
ing the result in Ineq. (13) is whether it permits
GME activation for identical copies of Gaussian
states at all. That is, if the CM biseparability
criterion Ineq. (12) was necessary and sufficient
for biseparability of Gaussian states in analogy to
the criterion for (full) separability [14, 15|, then
no Gaussian GME activation would be possible.
However, we will show next that satisfying the
CM biseparability criterion (12) is not sufficient
for the biseparability of Gaussian states. For this
purpose, we focus on an example of a three-mode
Gaussian state with CM

Yapo = s(VENV @ Lo+ @ 14+ @ 1,),
(14)
where

rvsy [ cosh(2r)1 sinh(2r)Z
" N < sinh(2r)Z cosh(2r)1 ) (15)

is the CM of a TMSV state, Z = diag{1, —1} is
the usual third Pauli matrix, and 1 is the CM of

the single-mode vacuum state. One observes that
this is the same CM as that of the non-Gaussian
state pi5. in Eq. (8) for |n) = |0), but here we use
it to define a Gaussian state p$ . with zero first
moments. Moreover, we note that v,zc satisfies
the CM biseparability criterion by construction.

Nevertheless, we find that the state is cer-
tainly GME for the parameter range 0 < r < rg
with rg =~ 0.575584. Between ry and r4 =
% arcosh([7+2v/31]/3) & 1.24275 the three-mode
state is fully inseparable and GME activatable
(or potentially already GME at the single-copy
level). For r > ri, the state is partition separable
and thus certainly not GME activatable. Let us
now discuss how to obtain these values. For full
inseparability, the threshold value 71 is obtained
directly from the CM, where the PPT criterion
provides a necessary and sufficient criterion for
separability of 1 vs. N-mode Gaussian states [14],
as we discuss in more detail in Appendix C.1.

For the detection of GME we employ different
methods. Up to the value r{, = 0.284839, we de-
tect GME by employing another witness inequal-
ity satisfied by all biseparable states p53,,. This
witness stated fully and proven in Appendix C.2,
is a generalization of a witness that first appeared
in Ref. [30], constructed using techniques similar
to those in Refs. [13, 31]. Taking into account
the symmetry of the state p%,., the inequality
reduces to

V/3[(000] pS 5 [011) |

=< \/<000\ Pinc 1000) (011 pGpe |011)

+ V3 (001] pS .. |001) .

(16)

We calculate the relevant density-matrix elements
of the Gaussian state p$,. from its CM in
Eq. (14). As explained in detail in Appendix C.3,
this leads to a violation of the Ineq. (16) in the
parameter range 0 < r < 7r(. Thus, we con-
clude that the CM biseparability criterion cannot
be sufficient for biseparability even for Gaussian
states.

What we can further conclude from the cal-
culated density-matrix elements is that the state
is GME (at least) up to the larger value ry =~
0.575584, and GME activatable for all values of
r between rg and r;. But we do not know if it
is GME on the single-copy level between rg and
r1. We conclude this via a local filtering opera-
tion A that maps the three-mode state pS,. to
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a three-qubit state pipc = A[pS o] by projecting
the former into the subspace spanned by the Fock
states with at most one excitation in each mode.
This operation cannot create entanglement. For
0 < r < rg, the three-qubit state is detected as
GME by a fully decomposable witness [32]. For
0 < r < 1 we find that p35. is detected as bipar-
tite entangled by the PPT criterion [33-35|. From
the symmetry of the state, we can thus infer that
p3ac, and hence p§ . must be fully inseparable
for 0 < r < r1. Moreover, from Refs. [6, 12], it fol-
lows that there is some k > 2 such that (p3pe)®*
is GME (if p§5¢ is not already GME) in the same
region, and since (p35c)®F = A®F[(p5,.)®*], also
pS Bc®k must be at least GME activatable.

A corollary of our results is that a Gaussian
state may have the same first and second mo-
ments as a biseparable non-Gaussian state [see
Eq. (14) in Appendix B|, yet itself be GME. Thus,
no GME criterion valid for all states that is based
solely on first and second moments of a state can
detect such Gaussian-state GME. Any detection
of GME must hence rely on higher statistical mo-
ments, even if those are themselves functions only
of the first and second moments if the state is
Gaussian.

6 Conclusion and outlook

We showed that the activation of GME from mul-
tiple identical copies of the state is also possible in
infinite dimensions. We demonstrated this specif-
ically for a family of non-Gaussian states with
non-zero overlap with infinitely many Fock states.
We then investigated the GME activatability of
Gaussian states. However, as we showed, this
matter is complicated by the fact that the CM
biseparability criterion is not sufficient for bisep-
arability, even for Gaussian states. In particu-
lar, we demonstrated that Gaussian states sat-
isfying the CM biseparability criterion could be
GME. Interestingly, this is the case even though
satisfying the CM biseparability criterion implies
that the corresponding Gaussian states have the
same first and second moments as biseparable
non-Gaussian states.

At the same time, our results leave us with-
out an easily verifiable sufficient criterion for the
biseparability of Gaussian states if no explicit
decomposition into a convex sum of partition-
separable states is given. We thus lack a tool to

conclusively determine if GME-activatable Gaus-
sian states are not already GME on the single-
copy level to begin with. In other words, we
are not aware of any example of a fully insepara-
ble yet provably biseparable (red area in Fig. 1)
Gaussian state. We leave the development of suit-
able techniques to address this question for future
research.
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In the appendix, we present additional details and explicit calculations supporting our results. The
appendix is structured as follows: In Sec. A we present additional details on the GME activation for
non-Gaussian states. In Sec. B we provide a detailed description of GME activation for non-identical
Gaussian states. Section C shows that Gaussian states satisfying the CM biseparability criterion can
be GME. Finally, Sec. D provides a proof that all FIB states are GME activatable. To provide a
better overview, Table 1 summarizes the terminology related to multipartite entanglement that we use

throughout.

Table 1: Terminology: Separability structure in multipartite scenarios [5].

Term

Meaning

k-separable

fully separable

biseparable

partition-separable

fully inseparable

genuine multipartite entangled

k projectors

separable for a specific fixed partition of the multipartite Hilbert space,
i.e., a convex combination of projectors, each of which is a product

convex combination of pure states, each of which is a product of at least

synonymous with N-separable for N parties

synonymous with 2-separable

with respect to the same partition into subsystems

non-biseparable

entangled across all bipartitions
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A Additional details on the GME activation for non-Gaussian states

A.1 Full inseparability of biseparable non-Gaussian states

We begin by showing in more detail that the members of the one-parameter family of fully symmetric
(FS) non-Gaussian states

P = 5 (P57 [n)nl o+ PRV @ [n)nl,+ [n)n| ,© ppesY), (17)
where
i !
pTMSV — (1 _)\2) Z )\m+m |mm><m/m/| (18)
m,m’=0

is two-mode squeezed vacuum (TMSV) state with A = tanhr, and |n) is n-excitation Fock state, are
FIB states. Biseparability is ensured by construction since the states are (equally weighted) mixtures
of product states.

For r = 0, the state is a convex mixture of products of the vacuum and Fock states and is thus
separable. For all non-zero values of r we will now show that the states p'3,, are entangled across all
bipartitions. To do this, we note that the symmetry of the state with respect to the exchange of the
modes means that it is sufficient to show that the state is entangled for any fixed bipartition, e.g.,
A|BC. We then trace out the third mode, C, an operation that cannot create entanglement between
A and B where none was present before, and we are left with the reduced state

Pan = Tra(pihe) = 5(pa5""+ 1" @ [n)nl,+ [n)n] ,® p5"),

where p™ = (1 — \2)32°°_  A?™ |m)(m]| is a single-mode thermal state. Now we can choose any pair
of excitation numbers different from n, let us label them %k and k', and project into the subspace
spanned by the product states |i, j),, for i, j = k, k' # n. This is a local map that also cannot create
entanglement. After normalization, one obtains the two-qubit density operator

/
PE= smoeer DL AT [mm)m/n] (19)
m,m’=k,k’

This is a pure two-qubit state pGs = | N | With |tew) = (AF [kE) + N [E'E)) /v/ A2k + X2K that
is not a product state, and hence entangled, for all r = 0.

Although investigating inseparability of non-Gaussian mixed states in an infinite-dimensional Hilbert
space through the negativity of their partial transpose is in general challenging, in the case of p&3,.
from Eq. (17) with n = 0, one can easily obtain the eigenvalues of the partial tranpose analytically.

For this purpose, let us write the partially transposed state (p5%.)"* as a sum of four matrices

(PS)™™ =A+B+C+D, (20)
where
_)2 =2
A= (1-22)[000)000] + LA 2 (j000)w| + [¢)000]) + LALAL x|, (21)
B— @ Z A2 (lmmOXmmO| + [mOm)mOm)|), (22)
m=1
C = U222 5™ A" (|0m0)(m00| + [00m)(m00]| + [m00)0mo0| + [m00)00m|), (23)
m=1
D =929 5™ A (lnm0)mn0| + [nOm)(m0n]), (24)
m#n=1
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with |¢p) = YA A

> | A" |0nn) being a normalized vector. One can observe that (p5%.)"* is block-
diagonal with a corresponding splitting of the entire Hilbert space into the direct sum

A =Y B @ e P g0 (25)

where, #W B #(C©)  and #P) are orthogonal invariant subspaces of the matrix
(p55,.)" spanned by the vectors A = {|0mm), m > 0}, B = {|mm0), [mOm), m > 0},
C = {|00m), |0m0), |m00), m > 0}, and D = {|nm0), |mn0), [n0Om), /mOn), m # n, m,n > 0},
while () is the null space spanned by all remaining three-mode Fock states including, e.g., the
states {|{mmmy),m > 0}. This allows us to reduce our investigation to the analysis of the eigenvalues
of the matrices corresponding to the individual blocks, A, B, C, and D.

The matrix A has only one non-zero two-dimensional block, which corresponds to the orthonormal
vectors {]000), [¢)}, and which has two non-negative eigenvalues. Similarly, the matrix B is already
diagonal and the matrix D splits into four-dimensional blocks each corresponding to the basis vectors
{Inm0) , |/mn0) , [n0Om) , |mOn)} with fixed m and n.

Finally, for the task considered here the most important matrix is C'. We see that this matrix consists
of 3 x 3 blocks, where each block corresponds to the set of vectors {|00m) ,|0m0) ,|m00)},where m > 0
is fixed, and is of the form

) 0o 0 ™

1-)

X0 0 o0 am . (26)
AT 0

The latter matrix possesses two eigenvalues p = :I:g(l — AN\ and one zero eigenvalue. A normal-

ized eigenvector corresponding to the eigenvalue p., reads
1) = 3 (100m) + [0m0) — V2[m00) ), m > 0. (27)

Since p,, = —%( — A)A™ < 0 for all 1 > X\ > 0, the density matrix p&5,. is entangled across the
partition A|BC for all r > 0, and due to its symmetry with respect to the exchange of the mode labels
the state is entangled with respect to all three bipartite splits. Consequently, the density matrix p%5,,
is fully inseparable for all r» > 0, as we set out to prove.

A.2 GME activatability of biseparable non-Gaussian states

For detecting GME activatability we turn to the k-separability criterion proposed in Ref. [13]: Every
k-separable N-partite state p satisfies

k .
V(01022 Pt 18) < 37 (H Pliyp™ Pay 1)) (28)
{My =1
for every fully separable 2N-partite state |¢) = @] |¢;), where Py are permutation operators

that exchange the two copies of all subsystems contained in the i-th subset of the partition M, P
is an operator exchanging the two copies entirely, and the sum runs over all possible partitions M of
the considered system into k subsystems.

We now employ this criterion for k& = 2 to check if two copies of pi},. from Eq. (17) are GME. In
this case the state p in Ineq. (28) is

p= pi?Blcl ® piiBZCQa (29)
and we choose |¢) to be the fully separable state

¢) = ’nOO>AlBlcl |OnO>A23202 |n11>,4/13;c{ |1n1>A;B§c§ : (30)
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For this choice, the left-hand side of Ineq. (28) takes the form

V(6] p22Pioy [6) = 1/ (n000n0n111n1] p¥2 [n111n1n000n0) = | (n000n0| p[nillnl)| = (31)
= [ (n00] pihe [n11) | X | (0n0] pise [1n1) | = §(1 = A%)2A%,
where Py exchanges the primed and unprimed subsystems with each other, and in going from the
second to the third line, we have used Eq. (29).

The right-hand side of Ineq. (28) is a sum of three terms corresponding to the three bipartitions
A1A2|B1BoC1Ca, A1 Aa B Bo|C1Ca, and A1 A3C1Co| By By. Each of these terms is a square root, and
the arguments of these square roots are products of diagonal density-matrix elements. Specifically,
for the bipartition A Ag|B;B2C1Cy there are two factors, one obtained by exchanging the subsystem
Ay Ay with A} Al the other by exchanging By BoC1Cy with B] B,C|C), such that we have

(n00 1n0n110n1| p®? |n00 10111 0nl) (n11 071 n00 1n0| p°? |n11 0nl n00 170)
= [ (n001n0| p |n00 1n0) |? x | (n110n1| p|n1l0nl) |* (32)
= | (n00] piiyc [n00) 2 x | (1n0] p%c [110) || (n11] i, In11) 2 x | (Onl]| pisc [0n1) |2 = 0,
which vanishes because the matrix elements | (1n0| p55 |1n0) | = 0 and | (Onl| p55 |On1) | = 0. Simi-
larly, the arguments of the square roots for the other two bipartitions evaluate to
(n10 1n0 01 0n1| p®? |n10 10 n01 0n1) (n01 071 n10 1n0| p°? |n01 0Nl n10 110)
= [ (n010n1|p|n010n1)|? x | (n10 110 p |n10 1n0) |* (33)
= | (n01] piihc [n01) 2 x | (0n1] pi%c [0n1) || (n10] 55, [n10) 2 x | (1n0] pic. [1n0) 2 = 0.

and

(n100n0n01 1n1| p®? |n10 0n0 101 1n1) (n01 171 n10 0n0| p*2 |n01 1n1 n10 0n0)
= [ (n100n0| p |n100n0) |* x | (01 1n1| p|n01 1nl1) |? (34)
= [ (n10] pi%c n10) ‘2 x | (0n0] p7i5c [0n0) ‘ | (n01] pipe [n01) ‘ x | (In1] pli5e [1n1) ’2 = 0.

Since the right-hand side of Ineq. (28) vanishes, and the left-hand side is larger than zero for all r # 0,
we see that all FIB states in this family are GME activatable.

B GME activation for non-identical Gaussian states

The CM biseparability criterion [16] states that for any biseparable state with CM ~gg there exist
block-diagonal CMs v, corresponding to the partition M (i) along with a probability distribution
{pi} such that

- Z Pivme = 0. (35)
7

In the main text, we have shown that the CM biseparability criterion (35) cannot detect GME
activation for k identical copies since the CM of p®* automatically satisfies the criterion if the criterion
is satisfied by the CM of p. This is the case independently of the Gaussian or non-Gaussian character
of the state.

However, as we will demonstrate here, the CM biseparability criterion can be used to detect GME
activation for (certain) non-identical pairs of states. In the case of the proof for k identical copies
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in the main text, we considered that if for a given CM ~gs the ensemble {(p;, Yar(i))}i is such that
AY 1= Ygs — 32 iV = 0, then the ensemble {(p;, ®F_; i1l i with Y[l = Yase) Vn satisfies

k k
D s — Z pi EB%?E = D (s — Z Pivum) = 0, (36)
n=1 n=1

since the left-hand side is block-diagonal and each block is identical to a positive semi-definite matrix
A~ > 0. Here, the equality holds under the condition that the two CMs in question admit decompo-
sitions into convex sums (with each term in the sum a CM that is block-diagonal with respect to one
of the bipartitions) with the same probability distribution {p;};. That is, for two CMs ~ and ¥ that
admit decompositions {(pi, Yare))}i and {(ps, Yary) }i such that

Y- Z Di Yy = 0, (37&)
7

v = Z PiYme = 0, (37b)
i
the CM v @ 4 of the joint state still satisfies

7O - Z PiYme ®© ey = (v — Z Pi V) ® (Y — Z Pi Yary) = 0. (38)

This line of reasoning generally no longer goes through if the two CMs do not admit decompositions
with the same probability distributions {p;};. In the next part, we will show a simple example of two
different CMs satisfying Ineq. (35) that together create a CM of tripartite GME state, where each
party is composed of two modes.

Let us take the CM of the biseparable state, Eq. (17), for n =0,

Yasc(r) = §(AF™ 1o +750™ @ 1+ 950 @ 1) (39)

and the CM of the biseparable state ps = 2 (pIMV @ pst 4 pIMSV ® p21) 4, given by

Yare(r) = 3 (7Y D2+ 1Y @29, (40)
Here
rasyv [ cosh(2r)1 sinh(2r)Z (41)
" ~ \ sinh(2r)Z cosh(2r)1

is the CM of a TMSV state, Z = diag{1, —1} is the usual third Pauli matrix, 1 is the CM of the single-
mode vacuum state, and v*¢ = diag(e?",e~?") is CM of single-mode squeezed vacuum state p*¢. The
CM Yaapbee(T1,72) = Yape(r1) @Yase(r2) is no longer of the form of the decomposition > PiYmey DV
with the same probabilities {p;};. To test the GME of the product state pi3, ® pl, we applied a
semi-definite program [16] to find an optimal GME witness matrix W for CM va.gpc.(71,72). This
is a real symmetric positive semi-definite matrix for which Tr(W~gs) — 1 > 0 for all biseparable
CMs and Tr(W+y) — 1 < 0 for at least one CM [16]. We searched through ranges r; € (0,1.24) and
ro € (0,2), where the CMs, Eq. (39) and Eq. (40), exhibit full inseparability, and we detected GME of
the compounded state for almost all values of 71 and 7o (see Fig. 2 for more details).

Thus, although the criterion (35) cannot be used to detect GME activation in the case of multiple
identical copies of a biseparable state, it can, in principle, detect GME of the product of different FIB
states.
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Figure 2: The quantity TrOW7aussce(r1,72)) — 1 for ranges of parameters r1 and ry such that original states are

fully inseparable and biseparable. Negative values indicate a violation of Ineq. (35) and thus GME of the compounded

state pi%c @ plS.

C GME detection for Gaussian states satisfying the CM biseparability criterion

In this section, we focus on a specific one-parameter family of Gaussian states pS ;. (r) with a vanishing
vector of first moments and CM by Eq. (39). In Sec. C.1, we study the range of the parameter r
for which the state is fully inseparable. In Sec. C.2, we then present a GME witness that is able
to detect a range of r for which the states p$,.(r) are certainly GME. We describe the calculation
of the required density-matrix elements of p$,,(r) in Sec. C.3. Finally, in Sec. C.4, we use these
density-matrix elements to construct a three-qubit state and analyze its entanglement structure.

Before we proceed, let us make a brief remark regarding the parameter r. The CM 7,5¢ in Eq. (39)
is a convex combination of CMs corresponding to product states of TMSV states and vacuum states
for the third mode, with each term in the convex combination corresponding to a different labeling of
the modes. For each individual term, the parameter r represents a (two-mode) squeezing parameter
that directly relates to the bipartite entanglement between the corresponding pair of modes. However,
as we see here, the convex combination of CMs is not equivalent to a convex combination of the
corresponding density matrices. As such, the parameter r can no longer be interpreted as a squeezing
parameter in the usual sense of parameterizing a unitary (two-mode squeezing) transformation that
monotonously increases the entanglement between two modes that are initially in a pure product state
(the vacuum). Indeed, here the purity P(pS,.) = 1/v/det(vasc) of the three-mode state we consider

decreases with increasing r. Specifically, the determinant of the CM is given by

2
det(yape) = (5 + 4cosh(2r)) (7+8 COSh@?:B COSh(M)) .

(42)

At the same time, we note that for r = 0 the CM reduces to Yapc(r = 0) = 1, ® 15 ® 1, and
P4 sc(r = 0) is hence the fully separable vacuum state, |0), [0) , [0).. Already from these observations,
it is thus expected that any non-trivial bipartite and multipartite entanglement will appear for r > 0
but only up to a certain value of r, at which the increasing mixedness of the three-mode state and of
the single-mode reduced states suppresses any quantum correlations between the modes. In the next
section, we will quantify this intuition.

C.1 Range of full inseparbility

Here we determine the range of the parameter r for which the Gaussian state pS,.(r) described by
the CM 7,p¢ from Eq. (39) is fully inseparable (i.e., FIB or GME). Generally, a tripartite state is

Accepted in {Yuantum 2025-04-01, click title to verify. Published under CC-BY 4.0. 14



fully separable if it is separable with respect to all bipartitions. Here, given the symmetry of the state
concerning the exchange of the mode labels, this means we just have to check for separability with
respect to any fixed bipartition. Without loss of generality, we consider the bipartition AB|C and
apply the PPT criterion, which provides a necessary and sufficient criterion for separability of 1 vs.
N-mode Gaussian states [14].

On the level of the CM, the partial transposition can be represented as a flip of the momentum
quadrature of the respective single mode (here, mode C), Yapc = Fapc = TovVapcTe, where Ty =
1. ® Zo and Z = diag{l, —1} is the usual third Pauli matrix. Then, the corresponding Gaussian
state is entangled with respect to the bipartition AB|C if the smallest symplectic eigenvalue _ of
Aasc is smaller than 1. The quantity 7_ can be calculated as the smallest eigenvalue of |i 2 5,p¢| with
the symplectic form

3
Q- 6_91 (_01 é) . (43)

As a function of r, we find that the smallest symplectic eigenvalue of the ‘partially transposed’” CM is
given by

1/2
v_ = (9 + 16 cosh(2r) + 11 cosh(4r) \/2 sinh?(2r) [199 + 256 cosh(2r) + 121 cosh(47)] ) .

The condition 7_(r = r;) = 1 then determines the value r = r; at which the state becomes separable
with respect to the chosen bipartition, and hence separable with respect to all bipartitions. This
condition can then be seen to be equivalent to the condition 47 + 28 cosh(2r) — 3 cosh(4r) = 0, which
is solved by

r= %arcosh(%‘/‘ﬁ) ~ 1.24275. (44)

C.2 GME Witness inequality

We now present a (non-linear) GME witness inequality that is a generalization of a witness that
appeared as Eq. (A4) in Ref. [30], using techniques similar to the witnesses derived in Ref. [13]| and
Ref. [31]. All tripartite biseparable states satisfy

’ <000’ IOABC |011) ‘ + ‘ <000‘ pABC ’101> ’ + 1 (000| pABC ‘110> ‘

< /(000] 55, [000)1/(011] B3, [011) + (101] B3, [101) + (110] 25, [110)

(45)

+ /{001 pB5,., [001) (010] B3, [010) + /(001 pB5,., [001) (100] pE5,. |100)

+1/(010] p25,., [010) (100] &3, [100)

Proof. To show that this inequality holds for all biseparable states, we first show that it holds for a
product state p for a fixed bipartition; without loss of generality, we choose the bipartition A|BC.
From the symmetry of the inequality with respect to the exchange of the subsystems, it then follows
that the inequality holds for product states for any bipartition. Finally, the validity for arbitrary
convex mixtures of such states follows from the convexity of the absolute values on the left-hand side
and from the concavity of the square roots on the right-hand side. More specifically, the left-hand
side of Ineq. (45) is a sum of convex functions, and is hence itself a convex function f(p) of the
density operator p, while the right-hand side is a sum of concave functions, and hence itself a concave
function g(p): When replacing the (product) state p with a convex mixture of (product) states p;,
that is, for p — >, pipi, we can upper bound the function f evaluated on the mixture of states p;
by the convex mixture of the function evaluated on the different p;, f(3-; pipi) < Y;pif(pi). We
then apply the original inequality for product states, f(p;) < gj(p;), and use the concavity of g, i.e.,
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>ipig(pi) < g(>; pipi), to show that Ineq. (45) holds for all biseparable states.

To see that the inequality holds for a product state for the bipartition A|BC, we set pB%,. = pa®psc,
such that the left-hand side of Ineq. (45) becomes

[ (000] p3%c [011) [ + [ 000] p5c [101) | 4 [ (000] 35 [110) |

(46)
= (0] pa[0) x [{00] pc [11) [ + [ (O] pa 1) | X [(00] ppc [01) | + [(O] pa [1) | X [(00] pc [10) |

We then use the spectral decomposition of any state p = >, p; |1;X1;| along with the Cauchy-Schwarz
inequality |Z- ¢ | < |Z] - |¥]| to write

[(mlpln] = |3 vBi {ml| i) Vi (diln)]

(47)
< \/Zpﬂ(m!wnlz\/ijl<n|1/1j>!2= Vmlplm) (nl pln).
i J
With this, the terms on the right-hand side of Eq. (46) can be bounded according to
[ (000] p5c [011) | + [ {000] pi3%c [101) | + | (000] p3js [110) |
< {01 pa [0) % /(00| pc [00) (11] pc [11)
(48)

+ /{01 4 10) (1] pc [1)1/(00] 4 100) (01] psc: [O1)

+ /(0194 10) (1] pic [1)1/(00] .4 [00) (10] pic [10).

Now, a simple comparison with the right-hand side of Ineq. (45) for p55,., = pa ® ppc shows that
each of the terms on the right-hand side of Ineq. (48) is matched by an equal or larger term on the
right-hand side of Ineq. (45), thus showing that the inequality holds.

Since the Gaussian three-mode state p$ ;. that we consider is fully symmetric with respect to the
exchange of any two modes, the witness inequality from Ineq. (45) takes the more compact form

V3] 000] pS 5 011) | < 1/(000] pS 5 [000) (O11] pS 5, [011) + V3 (001] 5. [001) . (49)

C.3 Reconstruction of density-matrix elements from the Wigner function

To use the witness from Ineq. (49), we need to calculate density-matrix elements of the Gaussian state
pS s from its CM and vector of first moments, with the latter trivially being zero. This calculation
can be done via the Wigner function since the Wigner function of a Gaussian state is given as
—(r=d)Ty " (r—d)

dety

W(r) = (50)

where d is the vector of first moments with elements d; = (r;) = Tr(pr;) and +y is the CM corresponding
to the given Gaussian state with components

Yij = (rarj + i) — 2(ri) (rj) - (51)

The Wigner function W (x, p)[pSsc] can be obtained directly by substituting the CM from Eq. (39)
into Eq. (50) with d = 0. With the Wigner function at hand, we can use a relation

Te( (2r) /d bW (x,p)lp W(x, p)[C] (52)
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and thus, we can obtain the density-matrix elements (isjpkc| pSpe |74 J5ke) by calculating

(iafokel pPipe liaiske) = Tr (pSpe [iaXih] ® |ie)is] @ |ke)XkE)

53
= (27r)3/d3x dp W (x, p)[p5pclW (%, P)[liaXis| @ 78X | @ [keXke ] o

where W (x, p)[M] is the Wigner function for the matrix element in the argument in square brackets.
Here, the states |), |j), |k) and |i), |7'), |k) are single-mode Fock states. Below, we provide expressions
for the density-matrix elements in the subspace where each of the modes has at most one excitation,
Le., for i,4, 4, j', k, k' = {0,1}. For the evaluation of the Wigner function, W (x, p)[|ia)}¢,| ® | )ik ®
|k )(kL|] we further require the relation

(nlz) = CLE L (L ) (54)

\/nl2ny/T da"

for the Fock-state wave functions. The calculation of the density-matrix elements then amounts to the
evaluation of Gaussian integrals (nine for each matrix element, three each for the variables x, y, and
p) and algebraic simplification of the results. We start by defining the shorthand functions

flr) = \/ﬁm, and (55a)
g(r) = 37+32005h(2?")+3cosh(47°) : (55b)
We can then compactly write the matrix elements as
(000] - 1000) =273 f(r) g(r) , (56a)
(001 5 5 1001) = (010] p - 1010) = (100 5 5 [100) =273 £ (1) g (1) et seomianlantiin
(56b)
(011 05 s 1011) = (101] p . 1101) = {110] 5 5 [110) (56¢)

= % [20558 + 38274 cosh(2r) + 24384 cosh (47) 4 8539 cosh (61) 4 1458 cosh(8r) + 99 cosh(10r)] sinh?(r),

(111] pS e [111) = LD (0916316 + 15789701 cosh(2r) + 9730682 cosh(4r) + 4155731 cosh (67) (56d)
+ 1182212 cosh(8r) + 213057 cosh(107) + 22086 cosh(12r) + 999 cosh(14r)] sinh*(r),
(000] p5i g [011) = (000] p3 5 [101) = (000] 5 5 [110) = (011] p3 s [000) = (101 p% 5 [000) = (110] p - [000)
= f(r)® g(r)* [19 + 16 cosh(2r) + cosh(4r)] sinh(2r), (56e)
(001] p - 1010) = (001] p 5 [100) = (010] PG g [100) = (010] pf g [001) = (100] p - [010) = (100] p - [001)
= — f(r)® g(r)? 2]2 + cosh(2r)] sinh?(2r), (561)

(001] pG . [111) = (010 p5 - |111) = (100] pS s [111) = (111] pG . [001) = (111 p5 5 [010) = (111] pS - [100)

= M [54 cosh(r) + 17 cosh(3r) + cosh(5r)] sinh®(r), (56g)
(011] e [101) = (011 S - [110) = (101 p5 s [011) = (101] pGc [110) = (110] S [101) = (110] S . [011)

= M [33 ++ 22 cosh(2r) — cosh(4r)] sinh?(2r), (56h)
while all other (off-diagonal) density-matrix elements vanish in the subspace with at most one exci-

tation in each mode. Inserting these values into the witness Ineq. (49) and numerically evaluating it,
we find that the inequality is violated for all values of 7 in the range 0 < r < r( with rj &~ 0.284839.
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C.4 Entanglement in the three-qubit subspace

Using the density-matrix elements in Eqs. (56a)-(56h) of the three-mode state pG,, we can further
project the state into the subspace spanned by the Fock states with at most one excitation in each
mode. This procedure results in a three-qubit state p$pc = A[pS 5] whose density-matrix elements
are obtained by dividing all matrix elements in Eqgs. (56) by the sum of the eight diagonal elements in
Egs. (56a)-(56d),

(ijk| pGpc '3’k
> (Imn| pG e |lmn)
l,m,n
01

(ijk| pi5c 1'3'K) = (57)

Such a local filtering A can increase the entanglement of the state, but it cannot create (genuine
multipartite) entanglement for any state that is (bi)separable to begin with.

With this in mind, we can check the PPT criterion 33, 34| for this state. We find that the operator
obtained by transposing any single qubit has a negative eigenvalue when 0 < r < r; with r; as in
Eq. (44). From the symmetry of the state and the fact that A cannot create entanglement, we can
thus infer that p35., and hence p$,. must be fully inseparable for 0 < 7 < r1. It then follows from
Ref. [6] that there is some k > 2 such that (p35c)%F is GME (if p35¢ is not already GME) in the
same region, and since (p35.)®F = A®F[(pS,.)®¥], also pS,.°F must be at least GME activatable for
all values of r between ry and 71, but we do not (yet) know if it is GME on the single-copy level in
this parameter range.

The three-qubit state p35¢ gives us more opportunities to detect GME in the Gaussian state p$ ..
A straightforward method to use is an entanglement witness known as a fully decomposable witness
W [32], which generalizes the PPT criterion for the detection of GME. For every subset M of parties,
we can define an operator

W = Py + Q1Y (58)

where Pjy; and @Qjs are positive semi-definite operators and Ths signifies partial transposition with
respect to the subsystem M.

The fully decomposable witness is non-negative on all states that are convex combinations of states
with positive partial transposition for all possible bipartitions. The set of these states contains all
biseparable states and some GME states because the PPT criterion is not sufficient for separability
in dimensions of the joint Hilbert space higher than 2 x 3 [35]. An advantage of fully decomposable
witnesses is the possibility of evaluating them using the convex optimization technique of semi-definite
programming, which allows us to optimize the result over the whole set of fully decomposable witnesses.

Applying this technique for our three-qubit state using publicly available Python code [36], we detect
GME in the three-qubit state for all values of r in the range 0 < r < rg with rg = 0.575584. This
result indicates that the original Gaussian state is GME at least in the range 0 < r < 7.

D Projection of CV FIB states to finite dimensions

In this section, we will argue that results in [12] guaranteeing points 1 and 2 can be extended so that
for every CV FIB state one can always find a local projection such that it projects it to a FIB state
in finite dimension, as stated in Corollary 1 in Sec. 3.

Following the proof of Theorem 2 in Ref. [12], we first note that each projector Py = j»vzl PC{ belongs
to a sequence of local projectors indexed by the dimension d of the subspace that they project into,
which converges pointwise to the identity operator on the original infinite-dimensional Hilbert space
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as d — oo. In particular, this convergence of the projectors to the identity ensures that every (FIB)
state p satisfies

p = lim PypP,. (59)
d—o0

Since p is FIB, it must be entangled with respect to any bipartition M (i), and so for any M (i), there
must exist an entanglement witness, i.e., a bounded Hermitian operator W; such that

Te(pW;) < 0, (60)
while for all states o; that are separable with respect to the bipartition M (i) we have

If we then assume that the finite-dimensional projections pg for all d are separable with respect to
any of the bipartitions M (i) and that Tr(p W;) are all continuous linear functions of p, then for all
entanglement witnessses W; we have

Tr(pW;) = Tr(dlig)loPdde W;) = dli_)rglo Te(Pyip PaW;) > 0, (62)
~—_— ———
>0

and hence a contradiction with the premise that p is entangled with respect to all bipartitions. Conse-
quently, for every bipartition M (i) there must be a finite dimension d; for which Tr(pg, W;) < 0, i.e.,
for which pg, is entangled with respect to M(i). Since all of the states are within the same sequence
and the entanglement of p,4, implies entanglement of py with d; > d; by point 2, there must be some
finite dimension dyax = max; d; such that pg . is fully linseparable. Since the projections are all local
and p was biseparable to begin with, also pg4, .. must be biseparable, and thus FIB, which concludes
the proof of Corollary 1 in Sec. 3.
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