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Abstract
This paper introduces an efficient high-order numerical method for solving the 1D
stationary Schrödinger equation in the highly oscillatory regime. Building upon the
ideas from the article (Arnold et al. SIAM J. Numer. Anal. 49, 1436–1460, 2011),
we first analytically transform the given equation into a smoother (i.e., less oscilla-
tory) equation. By developing sufficiently accurate quadratures for several (iterated)
oscillatory integrals occurring in the Picard approximation of the solution, we obtain
a one-step method that is third order w.r.t. the step size. The accuracy and efficiency
of the method are illustrated through several numerical examples.

Keywords Schrödinger equation · Highly oscillatory wave functions · Higher order
WKB approximation · Initial value problem
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1 Introduction

This work is concerned with the numerical treatment of the highly oscillatory 1D
Schrödinger equation

ε2ϕ′′(x) + a(x)ϕ(x) = 0 , x ∈ R , (1.1)

where the parameter 0 < ε � 1 is assumed to be very small. Further, we assume
the real-valued coefficient function a to be sufficiently smooth and bounded away
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from zero, i.e., a(x) ≥ a0 > 0. The Schrödinger equation (1.1) plays an important
role within the context of quantum mechanical problems, e.g., for the simulation
of electron transport in semiconductor devices [22, 23, 27]. In these applications, ϕ

represents the (possibly complex-valued) Schrödinger wave function, and a(x) :=
E − V (x) is associated with a prescribed electrostatic potential V , where E ∈ R

denotes the injection energy of an electron of mass m. The small parameter ε :=
�√
2m

is then proportional to the (reduced) Planck constant �. We note that there are
numerous additional applications of equation (1.1), including plasma physics [13, 19]
and cosmology [21, 28].

Since the (local) wave length of a solution ϕ to (1.1) is given by λ(x) =
(2πε)/

√
a(x), the solution exhibits high oscillations for small values of ε, partic-

ularly in the semi-classical limit ε → 0. Therefore, standard methods for solving
(1.1) are typically constrained by choosing very small grid sizes h = O(ε) (e.g., see
[14]) in order to obtain reasonably accurate numerical solutions. However, this leads
to high inefficiencies for small values of ε. Hence, there is a keen interest in numerical
methods that allow this grid size limitation to be reduced or even eliminated entirely.

In [16, 20], the authors proposed efficient and uniformly accurate (w.r.t. ε) schemes,
which allow to reduce the grid size limitation to h = O(

√
ε) while yielding global

errors of order O(h2). The same grid limitation is achieved with the WKB-based
(named after the physicists Wentzel, Kramers, Brillouin; cf. [18]) second order (w.r.t.
the step size h) one-step scheme from [6]. This method relies on an analytical
pre-processing of the ODE (1.1), utilizing a priori information of the solution by con-
sidering a second order (w.r.t. ε) WKB approximation. We remark that this approach
only uses the first threeWKB terms, but not the whole asymptotic WKB series, which
is typically divergent, see, e.g., [7]. By eliminating the dominant oscillations, this pro-
cedure transforms (1.1) into an equivalent equation that has either a smooth solution
or (at least) oscillations with a rapidly decreasing amplitude as ε → 0. As such, it is
strategically similar to the more recent phase function method of Bremer [10]. Such
analytical pre-processing enables the computation of a numerical solution on a coarse
grid. In fact, the WKB-marching method from [6] is sometimes even asymptotically
correct, meaning the numerical error goes to zero as ε approaches zero. This holds true
under the condition that the integrals

∫ x √
a(τ ) dτ and

∫ x a(τ )−1/4(a(τ )−1/4)′′ dτ for
the phase of the solution can be computed exactly. The method then yields numerical
errors that are O(ε3) as ε → 0.

In [17], an adaptive step size control and a switching mechanism were added on top
of the second order scheme (w.r.t. the step size) from [6]. The switching mechanism
allowed the algorithm to switch to a standard ODEmethod (e.g., Runge–Kutta) during
the computation andwas implemented to avoid technical or efficiency issues in regions
where the coefficient functiona(x) is very small or even equal to zero. [17]was inspired
by and compared to the earlier work [4], which uses in the WKB regime a first order
method w.r.t. h.

The last few years brought about even more refined numerical methods and algo-
rithms for highly oscillatory problems: In [11] and [26], Bremer’s phase function
method was extended to deal with turning points and to inhomogeneous linear ODEs,
respectively. In [3], Agocs and Barnett developed a coupled algorithm with adaptive
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step sizes formixed problems, whichmay include highly oscillatory and slowly chang-
ing regions. In the former regime, the method is based on solving a Riccati equation
for a smooth phase function using a defect correction procedure. The article [3] also
includes a detailed numerical comparison with [17] and [10]. Further approaches for
highly oscillatory ODEs also include a GMRES-based approach [25].

Next, we briefly compare the different focuses in the corresponding literature: The
articles [3, 10] have quite algorithmic motivation, providing many practical hints and
polished open source software packages. By contrast, this work (as well as [6, 16, 20])
takes a rather numerical analysis point of view and provides a rigorous error analysis,
thus giving theoretical guarantees that other methods may not.

The goal of this work is to improve the method from [6] by extending it to a third
order scheme (w.r.t. the step size) and to compare its performance to the second order
WKB-marching method from [6] as well as to the adaptive Riccati defect correc-
tion method from [3]. The higher-order WKB-marching method will maintain the
same analytical pre-processing of the given ODE (1.1) as in [6]. The derivation of
the third order scheme can then be realized mainly by two steps: firstly, by keeping
an additional term of the Picard approximation of the solution, and secondly, by a
special treatment of the (iterated) oscillatory integrals which occur in each term of this
Picard approximation. While the first step is straightforward, the second step is highly
technical and consists of rather extensive computations in order to obtain sufficiently
accurate quadratures for the oscillatory integrals. Here, the main strategies employed
to achieve the desired accuracy are the same as in [6].

This paper is organized as follows: In Section 2, we provide a short review of
the WKB-based transformation from [6], which allows transforming (1.1) into a
less oscillatory problem. Section3 details the construction of sufficiently accurate
approximations for the (iterated) oscillatory integrals that appear in the Picard approx-
imation of the solution. Section4 contains the definition as well as the error analysis
of the numerical scheme, with the main result of this paper stated in Theorem 4.1. In
Section 5, we present numerical simulations and illustrate the theoretical results estab-
lished in this paper. In Section 5.2, we shall attempt an efficiency comparison of our
numerical scheme with the program riccati from [2, 3]—in spite of its conceptual
differences. In two examples, we shall see that the WKB-marching method has slight
advantages w.r.t. accuracy and/or runtime for very small values of ε. We conclude in
Section 6.

2 Review of theWKB-based transformation from [6]

In this section, we shall review the basics of the second order (w.r.t. ε) WKB-based
transformation from [6], which was used there to transform the Schrödinger equa-
tion (1.1) into a smoother (i.e., less oscillatory) equation. Based on this analytical
pre-processing of (1.1), the authors developed a second order (w.r.t. the step size h)
numerical scheme that is uniformly correct in ε and sometimes even asymptotically
correct, i.e., the numerical error goes to zero with ε → 0, while the grid size h remains
constant.
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Our aim here is to solve the following initial value problem (IVP) for the
Schrödinger equation (1.1) on the spatial interval I := [x0, xend ]:

⎧
⎪⎨

⎪⎩

ε2ϕ′′(x) + a(x)ϕ(x) = 0 , x ∈ I = [x0, xend ] ,

ϕ(x0) = ϕ0 ,

εϕ′(x0) = ϕ1 .

(2.1)

Beforewe explain the reformulation of this IVP,we introduce the following assump-
tion:

Hypothesis A. Let a ∈ C7(I ) be a fixed (real-valued) function, which satisfies a(x) ≥
a0 > 0 for all x ∈ I . Further, let 0 < ε ≤ ε0 for some sufficiently small ε0.

The basis of the transformation from [6] relies on the well-knownWKB ansatz (cf.
[18]) for the ODE (1.1):

ϕ(x) ∼ exp

⎛

⎝1

ε

∞∑

p=0

ε pφp(x)

⎞

⎠ , ε → 0 ; φp(x) ∈ C . (2.2)

Here, the series in the exponential function is asymptotic w.r.t. ε and typically
divergent.1 To derive approximate solutions, it is therefore necessary to truncate the
series after some finite order. By substituting the WKB ansatz into equation (1.1), a
comparison of ε-powers leads to the first three functions φp(x) as

φ0(x) = ± i
∫ x

x0

√
a(y) dy , (2.3)

φ1(x) = ln(a(x)−
1
4 ) − ln(a(x0)

− 1
4 ) , (2.4)

φ2(x) = ∓ i
∫ x

x0
b(y) dy , b(x) := − 1

2a(x)
1
4

(
a(x)−

1
4

)′′
. (2.5)

Here, the two different signs ± and ∓ in (2.3) and (2.5) imply that there is always a
pair of approximate solutions to the Schrödinger equation (1.1). This corresponds to
the fact that the second order ODE (1.1) has two fundamental solutions. By truncating
the series in (2.2) after p = 2, one obtains the second order (w.r.t. ε) asymptotic WKB
approximation of ϕ(x) as

ϕWK B
2 (x) = α

exp
( i

ε
φε(x)

)

a(x)
1
4

+ β
exp

(− i
ε
φε(x)

)

a(x)
1
4

, (2.6)

with constants α, β ∈ C. The phase is

φε(x) :=
∫ x

x0

(√
a(y) − ε2b(y)

)
dy . (2.7)

1 See [7] for a class of coefficient functions a, which lead to convergent WKB series.
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Note that Hypothesis A implies that φε is bounded on I . The WKB-based trans-
formation now consists of two steps: First, using the notation

U (x) =
(
u1(x)
u2(x)

)

:=
⎛

⎜
⎝

a(x)
1
4 ϕ(x)

ε

(

a(x)
1
4 ϕ(x)

)′

√
a(x)

⎞

⎟
⎠ , (2.8)

the second order IVP (2.1) can be reformulated as a system of first order differential
equations:

{
U ′(x) = [ 1

ε
A0(x) + εA1(x)

]
U (x) , x ∈ I = [x0, xend ] ,

U (x0) = U0 ,
(2.9)

where the two matrices A0 and A1 are given by

A0(x) := √
a(x)

(
0 1

−1 0

)

; A1(x) :=
(

0 0
2b(x) 0

)

.

Second, the first order system (2.9) is transformed by an additional change of
variables

Z(x) =
(
z1(x)
z2(x)

)

:= exp

(

− i

ε

ε(x)

)

PU (x) , (2.10)

with the two matrices

P := 1√
2

(
i 1
1 i

)

; 
ε(x) :=
(

φε(x) 0
0 −φε(x)

)

.

Here, the function φε is the phase of the second order WKB approximation (2.6)
as defined in (2.7). The resulting system for Z then reads

{
Z ′(x) = εNε(x)Z(x) , x ∈ I = [x0, xend ] ,

Z(x0) = Z0 = PU0 ,
(2.11)

where Nε(x) is a (Hermitian) matrix with only off-diagonal non-zero entries:

N ε
1,2(x) = b(x) e− 2 i

ε
φε(x) , N ε

2,1(x) = b(x) e
2 i
ε

φε(x) . (2.12)

As stated in [6], the IVP (2.11) admits a unique solution with the following estimates:
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Proposition 2.1 [6, Theorem 3.1] Let Hypothesis A be satisfied. Then, the problem
(2.11) has a unique solution Z ∈ C6(I ) with the explicit form

Z(x) = Z0 +
∞∑

p=1

ε pMε
p(x; x0)Z0 , (2.13)

where the matrices Mε
p, p ≥ 1 are given by

Mε
p(η; ξ) =

∫ η

ξ

∫ y1

ξ

· · ·
∫ yp−1

ξ

Nε(y1) · · ·Nε(yp) dyp · · · dy1 ,

Mε
p(η; ξ) =

∫ η

ξ

Nε(y)Mε
p−1(y; ξ) dy , Mε

0 = I . (2.14)

Here, I denotes the 2 × 2 identity matrix. Moreover, we have the estimates

‖Z − Z0‖L∞(I ) ≤ Cε2 , ‖Z ′‖L∞(I ) ≤ Cε , ‖Z ′′‖L∞(I ) ≤ C , (2.15)

with a constant C > 0 independent of ε.

Due to the oscillatory entries in its systemmatrixNε(x), see (2.12), the solution Z of
IVP (2.11) is still oscillatory, and it typically has twice the frequency compared to the
wave function ϕ, see Figure 2.1 in [6]. But according to Proposition 2.1, the solution
Z of IVP (2.11) oscillates around the initial value Z0 with a decreasing amplitude of
at most O(ε2), and this makes the Z -oscillations decreasingly relevant as ε → 0. In
[6], this fact was the motivation and essential justification for the construction of a
uniformly correct scheme in ε, and it shall also be the motivation for the scheme we
develop in Section 3. The idea is that, instead of solving IVP (2.1), we aim to solve the
transformed problem (2.11). Indeed, since the transformation (2.10) eliminated the
dominant oscillations, the IVP (2.11) can be solved numerically on a coarse grid {xn}.
Then, the originally desired solution ϕ can be obtained by the inverse transformation

U (x) = P−1 exp

(
i

ε

ε(x)

)

Z(x) (2.16)

and ϕ(x) = a(x)− 1
4 u1(x).

3 Construction of the numerical method

The aim of this section is to construct a third order (w.r.t. the step size) one-step scheme
for solving the Schrödinger equation-IVP (2.1). To this end, we build upon the WKB-
based transformation from Section 2, in the same way as it was done in [6]. That is,
instead of solving (2.1) directly, we will solve the transformed problem (2.11).
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We now consider a discretization {x0, x1, ..., xN } of the interval I = [x0, xend ] and
set h := max1≤n≤N |xn − xn−1| as the maximum step size. Further, throughout this
whole section, we will use the abbreviations ξ := xn and η := xn+1.

The development of the one-step method relies on deriving specific quadrature
rules for the matrix-valued integrals (2.14), with error estimates depending on the two
small parameters ε and h. This leads us to introduce the following notation, which is
analogous to the usual “big-O” notation for a single parameter:

Definition 3.1 Let V be a vector space (overC) with norm ‖·‖, and let 0 < ε0, h0 < 1.
Consider two functions f : (0, ε0)× (0, h0) → V and g : (0, ε0)× (0, h0) → R. We
say that f (ε, h) = Oε,h(g(ε, h)), if and only if there exists a constant C > 0, such
that ‖ f (ε, h)‖ ≤ Cg(ε, h), for any (ε, h) ∈ (0, ε0) × (0, h0).

Now, in order to derive a numerical scheme of order P (w.r.t. the step size h) for
solving the IVP (2.11), we shall start with the P-th order Picard approximation

Z(η) ≈ Z(ξ) +
P∑

p=1

ε pMε
p(η; ξ)Z(ξ) (3.1)

of (2.13), which corresponds to making a single step within the grid, namely, from ξ

to η. According to [6, Eq. (2.17)], the remainder of this truncated series is of order
Oε,h(ε

P+1hP min(ε, h)), i.e., we have

∥
∥
∥
∥
∥
∥

∞∑

p=P+1

ε pMε
p(η; ξ)

∥
∥
∥
∥
∥
∥∞

≤ CεP+1hP min(ε, h) , (3.2)

where the constantC ≥ 0 is independent of ε and h. Here, ‖·‖∞ denotes the∞-matrix
norm in C

2×2. Since the entries (2.12) of the matrix Nε(y) are highly oscillatory, the
matrices Mε

p(η; ξ) in (3.1) and (3.3) involve (iterated) oscillatory integrals and can
therefore not be computed exactly in general. Todesign suitable quadrature rules for the
oscillatory integralsMε

p(η; ξ), we shall follow the strategy from [6] and use techniques
motivated by the asymptotic method from [15], which mainly relies on integration by
parts. But in contrast to [15], we have to cope here with two small parameters, and
they must appear in the desired error estimates. If we want to keep the error order (3.2)
also when approximating the oscillatory integrals, the desired error order (w.r.t. ε and
h) for the approximation of the integral Mε

p is Oε,h(ε
P+1−phP min(ε, h)).

To derive a third order (w.r.t. h) scheme for (2.11), we only take into account the
first three terms of the sum in (3.1). Indeed, using estimate (3.2), we then have

Z(η) =
[
I + εMε

1(η; ξ) + ε2Mε
2(η; ξ) + ε3Mε

3(η; ξ)
]
Z(ξ)

+ Oε,h(ε
4h3 min(ε, h)) . (3.3)

The goal of the following three subsections is to construct approximations for the
matricesMε

1,M
ε
2, andM

ε
3, respectively.Unfortunately, achieving the above-mentioned
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desired approximation error order for eachmatrix is not always possible, as some terms
involved in the computations constrain the maximum achievable order w.r.t. ε (this
was also the case in the construction of the second order scheme in [6]). However, we
will be able to construct approximations for Mε

p, p = 1, 2, 3, which lead to a third
order scheme with a local discretization error of the order Oε,h(ε

3h4 max(ε, h)).

3.1 Approximation of thematrix M"
1

We start with the approximation of the integral

Mε
1(η; ξ) =

∫ η

ξ

Nε(y) dy .

As we already mentioned above, the desired error order for this approximation is
Oε,h(ε

3h3 min(ε, h)).
For the phase φε, let us suppress the superscript ε and just write φ from now on.

Further, we denote with

sn := φ(η) − φ(ξ) = O(h) , h → 0 ,

the phase increments and introduce the abbreviations

b0(x) := b(x)

2φ′(x)
, bp+1(x) := b′

p(x)

2φ′(x)
, p ∈ N0 . (3.4)

Note that Hypothesis A implies that for 0 < ε ≤ ε0, where ε0 is chosen sufficiently
small, it holds φ′(x) ≥ Cφ > 0 for some constant Cφ and for all x ∈ I , see (2.7).
Hence, both the function b and the functions bp are uniformly bounded (w.r.t. ε) on
the interval I . Moreover, we define the auxiliary function

h p(x) := ei x −
p−1∑

k=0

(i x)k

k! , p ∈ N0

(for p = 0 the sum drops). In the following, we will frequently use that

h p−1( f (x)) = − i( f ′(x))−1 d

dx
h p( f (x))) , p ∈ N ,

for any differentiable function f on I and any x ∈ I with f ′(x) �= 0, and

h p(x) = O(min(x p, x p−1)) , x ≥ 0 , p ∈ N . (3.5)

The following lemma provides an approximation to Mε
1, with an error order

Oε,h(ε
Ph P̃ min(ε, h)), for any P ∈ N0, P̃ ∈ N.
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Lemma 3.2 Let Hypothesis A be satisfied. For any P ∈ N0 and P̃ ∈ N, define

QP,P̃
1 (η, ξ) := −

P∑

p=1

(i ε)p
(
bp−1(η) e

2 i
ε

φ(η) −bp−1(ξ) e
2 i
ε

φ(ξ)
)

− e
2 i
ε

φ(ξ)
P̃∑

p=1

(i ε)p+Pbp+P−1(η)h p

(
2

ε
sn

)

(3.6)

(for P = 0 the first sum drops) and

QP,P̃
1 (η, ξ) :=

(
0 QP,P̃

1 (η, ξ)

QP,P̃
1 (η, ξ) 0

)

. (3.7)

Then, there exists C ≥ 0 independent of ε ∈ (0, ε0], h, and n, such that

‖Mε
1(η, ξ) − QP,P̃

1 (η, ξ)‖∞ ≤ CεPh P̃ min(ε, h) . (3.8)

Proof Recall from (2.12) that Nε(y) is a Hermitian matrix with only off-diagonal

non-zero entries, namely N ε
2,1(y) = b(y) e

2 i
ε

φ(y) = N ε
1,2(y). Hence, it is sufficient

to prove that ‖mε
1(η, ξ) − QP,P̃

1 (η, ξ)‖∞ ≤ CεPh P̃ min(ε, h), where mε
1(η, ξ) :=(

Mε
1(η; ξ)

)
2,1. To this end, we start by expanding the integral mε

1(η, ξ) by making
P steps of the so-called asymptotic method (AM) for oscillatory integrals (cf. [15]),
which relies on repeated integration by parts:

mε
1(η, ξ) =

∫ η

ξ

b(y) e
2 i
ε

φ(y) dy

= −(i ε)
∫ η

ξ

b0(y)
d

dy

[
e
2 i
ε

φ(y)
]
dy

= −(i ε)
[
b0(y) e

2 i
ε

φ(y)
]η

ξ
+ (i ε)

∫ η

ξ

b′
0(y) e

2 i
ε

φ(y) dy

= −
P∑

p=1

(i ε)p
[
bp−1(y) e

2 i
ε

φ(y)
]η

ξ
+ T ε

P (η, ξ) . (3.9)

Here, T ε
P (η, ξ) is the remaining integral after the last integration by parts. It is

evident from (3.9) that each step of integration by parts increases the ε-order of the
remaining integral by one, since the functions bp are uniformly bounded w.r.t. ε.
Next, we approximate T ε

P (η, ξ) by making P̃ steps of the so-called shifted asymptotic
method (SAM) (see [6]), which also relies on repeated integration by parts. However,
in contrast to the AM, the idea of the SAM is to shift the oscillatory factor such that an
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additional zero within the integration interval is created (here, we create it at y = ξ ).
This increases the h-order of the remainder by one in each step:

T ε
P (η, ξ) = (i ε)P

∫ η

ξ

b′
P−1(y) e

2 i
ε

φ(y) dy

= −(i ε)P+1 e
2 i
ε

φ(ξ)

∫ η

ξ

bP (y)
d

dy

[

h1

(
2

ε
(φ(y) − φ(ξ))

)]

dy

= −(i ε)P+1 e
2 i
ε

φ(ξ)

{

bP (η)h1

(
2

ε
sn

)

−
∫ η

ξ

b′
P (y)h1

(
2

ε
(φ(y) − φ(ξ))

)

dy

}

= −(i ε)P+1 e
2 i
ε

φ(ξ)

{

bP (η)h1

(
2

ε
sn

)

+ (i ε)bP+1(η)h2

(
2

ε
sn

)

− (i ε)
∫ η

ξ

b′
P+1(y)h2

(
2

ε
(φ(y) − φ(ξ))

)

dy

}

= −(i ε)P+1 e
2 i
ε

φ(ξ)
P̃∑

p=1

(i ε)p−1bp+P−1(η)h p

(
2

ε
sn

)

+ Oε,h(ε
Ph P̃ min(ε, h)) (3.10)

(for P = 0, we set b′−1 := b). Here, we used for the remainder integral in the

last equation h P̃

( 2
ε
(φ(y) − φ(ξ))

) = Oε,h(min(h P̃ε−P̃ , h P̃−1ε−(P̃−1))), which is a
consequence of (3.5). This concludes the proof. �

Remark 3.3 A drawback of using quadrature (3.6) is that one has to provide explicit
formulas for the functions bp. Indeed, since these functions are defined in a recursive
manner by differentiating a quotient of two functions, the number of terms involved
in the formulas grows fast with p. For an efficient implementation, we recommend
to express the functions bp only through the functions b(k), k = 0, . . . , p, and φ(k),
k = 1, . . . , p+1, as this keeps the formulasmuch shorter compared towhenexpressing
bp through a and its derivatives a(k), k = 1, . . . , p + 2.

In the following, almost all approximations of occurring integrals will be derived
by using the AM or the SAM. Recall that each step of the AM in (3.9) increased the
ε-order of the remainder by one, whereas each step of the SAM in (3.10) increased the
h-order by one. Thus, by combining both methods appropriately, one might hope to be
able to achieve the desiredmixed (w.r.t. ε and h) error order also for the approximations
of the matrices Mε

2 and Mε
3. Unfortunately, this will not be the case as we will see

in the following two subsections. Finally, we note that this strategy of combining the
AM with the SAM was already used in [6] for the construction of their second order
(w.r.t. h) scheme.
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3.2 Approximation of thematrix M"
2

Next, according to (3.3), we would like to approximate the integral

Mε
2(η; ξ) =

∫ η

ξ

Nε(y)Mε
1(y; ξ) dy (3.11)

with the error order Oε,h(ε
2h3 min(ε, h)). But this will not be possible since the

matrix product Nε(y)Mε
1(y; ξ) contains terms that involve non-oscillatory integrals.

Indeed, the basis for the AM to increase the ε-order in each step of (3.9) was the

oscillatory factor e
2 i
ε

φ(y) of the integrand. However, for non-oscillatory integrals, it is
only feasible to derive approximations with arbitrary h-order, but not with arbitrary
ε-order. Nonetheless, in this subsection, we will derive an approximation for Mε

2,
which ultimately leads to a third order scheme (w.r.t. h) that is uniformly correct
w.r.t. ε—in fact with a local discretization error of the order Oε,h(ε

3h4 max(ε, h)).
This will be achieved by employing a sufficiently accurate quadrature formula for the
non-oscillatory integrals. To this end, let us introduce the notation

QS[ f ](η, ξ) := η − ξ

6

(

f (ξ) + 4 f

(
ξ + η

2

)

+ f (η)

)

,

which denotes Simpson’s rule applied to the integral
∫ η

ξ
f (y) dy, admitting an error

of the order O(h5).
Since Nε and Mε

1 are off-diagonal Hermitian matrices, the matrix Mε
2 is diagonal

and the entries are conjugate of one another. Hence, we shall in the following only
study one of these two entries, namely,

mε
2(η, ξ) := (

Mε
2(η; ξ)

)
1,1 =

∫ η

ξ

(
Nε(y)

)
1,2

(
Mε

1(y; ξ)
)
2,1 dy . (3.12)

Here, it seems reasonable to insert for
(
Mε

1(y; ξ)
)
2,1 = mε

1(y, ξ) the approximation

from Lemma 3.2 with P = P̃ = 2, namely Q2,2
1 (y, ξ), as the order of its approx-

imation error increases exactly to Oε,h(ε
2h3 min(ε, h)), when integrating over the

subinterval [ξ, η]. From (3.12), (2.12), and (3.8), we have

mε
2(η, ξ) =

∫ η

ξ

b(y) e− 2 i
ε

φ(y)
{
Q2,2

1 (y, ξ) + Oε,h(ε
2h2 min(ε, h))

}
dy

=
∫ η

ξ

b(y) e− 2 i
ε

φ(y)
{

− (i ε)
(
b0(y) e

2 i
ε

φ(y) −b0(ξ) e
2 i
ε

φ(ξ)
)

− (i ε)2
(
b1(y) e

2 i
ε

φ(y) −b1(ξ) e
2 i
ε

φ(ξ)
)

− (i ε)3 e
2 i
ε

φ(ξ) b2(y)h1

(
2

ε
(φ(y) − φ(ξ))

)
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− (i ε)4 e
2 i
ε

φ(ξ) b3(y)h2

(
2

ε
(φ(y) − φ(ξ))

)

+ Oε,h(ε
2h2 min(ε, h))

}

dy

= J1 + J2 + J3 + J4 + J5 + J6 + Oε,h(ε
2h3 min(ε, h)) , (3.13)

where

J1 := −(i ε)
∫ η

ξ

b(y)b0(y) dy = −(i ε)QS[bb0](η, ξ) + Oε,h(εh
5) , (3.14)

J2 := (i ε)b0(ξ) e
2 i
ε

φ(ξ)

∫ η

ξ

b(y) e− 2 i
ε

φ(y) dy = (i ε)b0(ξ) e
2 i
ε

φ(ξ) mε
1(η, ξ) ,

J3 := −(i ε)2
∫ η

ξ

b(y)b1(y) dy = −(i ε)2QS[bb1](η, ξ) + Oε,h(ε
2h5) , (3.15)

J4 := (i ε)2b1(ξ) e
2 i
ε

φ(ξ)

∫ η

ξ

b(y) e− 2 i
ε

φ(y) dy = (i ε)2b1(ξ) e
2 i
ε

φ(ξ) mε
1(η, ξ) ,

J5 := −(i ε)3 e
2 i
ε

φ(ξ)

∫ η

ξ

b(y)b2(y) e
− 2 i

ε
φ(y) h1

(
2

ε
(φ(y) − φ(ξ))

)

dy ,

J6 := −(i ε)4 e
2 i
ε

φ(ξ)

∫ η

ξ

b(y)b3(y) e
− 2 i

ε
φ(y) h2

(
2

ε
(φ(y) − φ(ξ))

)

dy .

Our next goal is to find suitable approximations for the integrals J2, J4, J5, and J6.
Using Lemma 3.2 with P = 1 and P̃ = 3, we obtain by using h p(x) = h p(−x):

J2 = (i ε)2b0(ξ) e
2 i
ε

φ(ξ)
[
b0(y) e

− 2 i
ε

φ(y)
]η

ξ
− (i ε)3b0(ξ)

{

b1(η)h1

(

−2

ε
sn

)

− (i ε)b2(η)h2

(

−2

ε
sn

)

+ (i ε)2b3(η)h3

(

−2

ε
sn

)}

+ Oε,h(ε
2h3 min(ε, h)). (3.16)

Similarly, applying Lemma 3.2 with P = 0 and P̃ = 3, we find that

J4 = (i ε)3b1(ξ)

{

b0(η)h1

(

−2

ε
sn

)

− (i ε)b1(η)h2

(

−2

ε
sn

)

+ (i ε)2b2(η)h3

(

−2

ε
sn

)}

+ Oε,h(ε
2h3 min(ε, h)) . (3.17)

For the approximation of the integral J5, we begin by using the simple identity

e− 2 i
ε

φ(y) h1

(
2

ε
(φ(y) − φ(ξ))

)

= − e− 2 i
ε

φ(ξ) h1

(
2

ε
(φ(ξ) − φ(y))

)

. (3.18)
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Then, by making two SAM steps, we derive

J5 = (i ε)4
{

b0(η)b2(η)h2

(

−2

ε
sn

)

− (i ε) (b1(η)b2(η) + b0(η)b3(η)) h3

(

−2

ε
sn

)}

+ Oε,h(ε
2h3 min(ε, h)). (3.19)

In order to approximate J6, we use the identity

e
2 i
ε

φ(ξ) e− 2 i
ε

φ(y) h2

(
2

ε
(φ(y) − φ(ξ))

)

= −h2

(
2

ε
(φ(ξ) − φ(y))

)

+ 2 i

ε
(φ(ξ) − φ(y))h1

(
2

ε
(φ(ξ) − φ(y))

)

, (3.20)

which allows us to split the integral into J6 = J̃6 + Ĵ6, with

J̃6 := (i ε)4
∫ η

ξ

b(y)b3(y)h2

(
2

ε
(φ(ξ) − φ(y))

)

dy ,

Ĵ6 := 2(i ε)3
∫ η

ξ

b(y)b3(y) (φ(ξ) − φ(y)) h1

(
2

ε
(φ(ξ) − φ(y))

)

dy .

One SAM step for J̃6 leads to

J̃6 = (i ε)5b0(η)b3(η)h3

(

−2

ε
sn

)

+ Oε,h(ε
2h3 min(ε, h)) . (3.21)

For the approximation of Ĵ6, we start with one SAM step to see that

Ĵ6 = 2(i ε)4
{

b0(η)b3(η)(−sn)h2

(

−2

ε
sn

)

−
∫ η

ξ

[b0(y)b3(y) (φ(ξ) − φ(y))]′ h2
(
2

ε
(φ(ξ) − φ(y))

)

dy

︸ ︷︷ ︸
=:I

}

. (3.22)
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Now, using b3(y)φ′(y) = 1
2b

′
2(y), we split up the integral I as

I =
∫ η

ξ

(
b′
0(y)b3(y) + b0(y)b

′
3(y)

)
(φ(ξ) − φ(y)) h2

(
2

ε
(φ(ξ) − φ(y))

)

dy

− 1

2

∫ η

ξ

b0(y)b
′
2(y)h2

(
2

ε
(φ(ξ) − φ(y))

)

dy

= (i ε) (b1(η)b3(η) + b0(η)b4(η)) (−sn)h3

(

−2

ε
sn

)

− (i ε)
∫ η

ξ

[(b1(y)b3(y) + b0(y)b4(y)) (φ(ξ) − φ(y))]′ h3
(
2

ε
(φ(ξ) − φ(y))

)

dy

− 1

2
(i ε)b0(η)b3(η)h3

(

−2

ε
sn

)

+ Oε,h(ε
2 min(h4ε−4, h3ε−3)) , (3.23)

wherewe used one SAMstep for each integral in the last equation. Note that, combined
with theO(ε4) factor from (3.22), the first term in (3.23) is already of the desired order
Oε,h(ε

2h3 min(ε, h)) and can thus be omitted. Using (3.5), we see that the second term
in (3.23) has the same order and hence can also be neglected. Thus, we have

Ĵ6 = 2(i ε)4
{

b0(η)b3(η)(−sn)h2

(

−2

ε
sn

)

+ 1

2
(i ε)b0(η)b3(η)h3

(

−2

ε
sn

)}

+ Oε,h(ε
2h3 min(ε, h)) , (3.24)

and hence, by combining (3.21) and (3.24),

J6 = 2(i ε)4b0(η)b3(η)(−sn)h2

(

−2

ε
sn

)

+ 2(i ε)5b0(η)b3(η)h3

(

−2

ε
sn

)

+ Oε,h(ε
2h3 min(ε, h)) . (3.25)

Finally, we summarize the approximations (3.13)-(3.17), (3.19), and (3.25) in the
following lemma:

Lemma 3.4 Let Hypothesis A be satisfied and define

Q2(η, ξ) :=
− i εQS[bb0](η, ξ)

− ε2
[

b0(ξ)b0(η)h0

(

−2

ε
sn

)

− b0(ξ)2 − QS[bb1](η, ξ)

]

+ i ε3 [b0(ξ)b1(η) − b1(ξ)b0(η)] h1

(

−2

ε
sn

)

+ ε4 [(b0(ξ) + b0(η)) b2(η) − b1(ξ)b1(η) − 2b0(η)b3(η)sn] h2

(

−2

ε
sn

)

+ i ε5 [(b0(η) − b0(ξ)) b3(η) − (b1(η) − b1(ξ)) b2(η)] h3

(

−2

ε
sn

)

(3.26)
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and

Q2(η, ξ) :=
(
Q2(η, ξ) 0

0 Q2(η, ξ)

)

. (3.27)

Then, there exists a constant C ≥ 0 independent of ε ∈ (0, ε0], h, and n such that

‖Mε
2(η, ξ) − Q2(η, ξ)‖∞ ≤ Cεh4 max(ε, h) . (3.28)

Proof Since Q2 is defined precisely through the approximations (3.13)-(3.17), (3.19),
and (3.25) by neglecting the Oε,h(·) terms, estimate (3.28) follows by noticing that
Oε,h(ε

2h3 min(ε, h)) + Oε,h(εh5) + Oε,h(ε
2h5) = Oε,h(εh4 max(ε, h)). �

3.3 Approximation of thematrix M"
3

Finally, in this subsection, we construct an approximation for the integral

Mε
3(η; ξ) =

∫ η

ξ

Nε(y)Mε
2(y; ξ) dy . (3.29)

While the desired error order for this approximationwould beOε,h(εh3 min(ε, h)) (see
the discussion after (3.2)), this will again not be possible here—like in Subsection 3.2.
Since the matrix Mε

2 is diagonal, M
ε
3 is off-diagonal. We will now study mε

3(η, ξ) :=(
Mε

3(η, ξ)
)
2,1 as the entry

(
Mε

3(η, ξ)
)
1,2 is just its complex conjugate. To approximate

mε
3, we have to insert an approximation forMε

2 in the expression for m
ε
3 and could of

course simply use (3.27). However, we will instead insert a weaker approximation as
this will not result in a reduced error order for the resulting scheme and, at the same
time, it leads to a shorter quadrature formula for mε

3. The weaker approximation for

Mε
2 can be derived by using Q

1,1
1 (see (3.7)) to approximateMε

1, and this was already
used in [6, Eq. (2.29)-(2.30)]:

(
Mε

2(η; ξ)
)
1,1 = mε

2(η, ξ) = −(i ε)
η − ξ

2
[b(η)b0(η) + b(ξ)b0(ξ)]

+ (i ε)2b0(ξ)b0(η)h1

(
2

ε
(φ(ξ) − φ(η))

)

+ (i ε)3b1(η) [b0(η) − b0(ξ)] h2

(
2

ε
(φ(ξ) − φ(η))

)

+ Oε,h(εh
3) (3.30)

Inserting the approximation (3.30) of mε
2(y, ξ) for

(
Mε

2(y; ξ)
)
1,1 thus yields

mε
3(η, ξ) =

∫ η

ξ

(
Nε(y)

)
2,1

(
Mε

2(y; ξ)
)
1,1 dy

= K1 + K2 + K3 + K4 + K5 + Oε,h(εh
4) , (3.31)
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where

K1 := − (i ε)

2

∫ η

ξ

b(y)2b0(y)(y − ξ) e
2 i
ε

φ(y) dy ,

K2 := − (i ε)

2
b(ξ)b0(ξ)

∫ η

ξ

b(y)(y − ξ) e
2 i
ε

φ(y) dy ,

K3 := (i ε)2b0(ξ)

∫ η

ξ

b(y)b0(y) e
2 i
ε

φ(y) h1

(
2

ε
(φ(ξ) − φ(y))

)

dy ,

K4 := −(i ε)3b0(ξ)

∫ η

ξ

b(y)b1(y) e
2 i
ε

φ(y) h2

(
2

ε
(φ(ξ) − φ(y))

)

dy ,

K5 := (i ε)3
∫ η

ξ

b(y)b0(y)b1(y) e
2 i
ε

φ(y) h2

(
2

ε
(φ(ξ) − φ(y))

)

dy .

For the approximation of the integrals Ki , i = 1, . . . , 5, it is convenient to introduce
the abbreviations

c0(y) := b(y)2b0(y)

2φ′(y)
, c1(y) := c′

0(y)

2φ′(y)
, d0(y) := c0(y)

2φ′(y)
, (3.32)

d1(y) := d ′
0(y)

2φ′(y)
, e0(y) := c1(y)

2φ′(y)
, f0(y) := b0(y)

2φ′(y)
, (3.33)

f1(y) := f ′
0(y)

2φ′(y)
, g0(y) := b1(y)

2φ′(y)
, κ(y) := b(y)b1(y) , (3.34)

κ0(y) := κ(y)

2φ′(y)
, l(y) := b(y)b0(y)b1(y) , l0(y) := l(y)

2φ′(y)
. (3.35)

Note that all of these functions are uniformly bounded w.r.t. ε (with 0 < ε ≤ ε0
for some sufficiently small ε0) on the interval I . Indeed, this is again guaranteed by
Hypothesis A.

Now, let us start with the approximation of K1. By making three SAM steps, we
find

K1 = (i ε)2

2
e
2 i
ε

φ(ξ)

{

c0(η)(η − ξ)h1

(
2

ε
sn

)

+ (i ε)
∫ η

ξ

(c1(y)(y − ξ) + d0(y))
d

dy

[

h2

(
2

ε
(φ(y) − φ(ξ))

)]

dy

}

= (i ε)2

2
e
2 i
ε

φ(ξ)

{

c0(η)(η − ξ)h1

(
2

ε
sn

)

+ (i ε) (c1(η)(η − ξ) + d0(η)) h2

(
2

ε
sn

)

+ (i ε)2
∫ η

ξ

(
c′
1(y)

2φ′(y)
(y − ξ) + e0(y) + d1(y)

)
d

dy

[

h3

(
2

ε
(φ(y) − φ(ξ))

)]

dy

}
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= (i ε)2

2
e
2 i
ε

φ(ξ)

{

c0(η)(η − ξ)h1

(
2

ε
sn

)

+ (i ε) (c1(η)(η − ξ) + d0(η)) h2

(
2

ε
sn

)

+ (i ε)2 (e0(η) + d1(η)) h3

(
2

ε
sn

)}

+ Oε,h(εh
3 min(ε, h)) . (3.36)

Next, the integral K2 can be treated in the same way as K1, i.e., by making three
SAM steps:

K2 = (i ε)2

2
b(ξ)b0(ξ) e

2 i
ε

φ(ξ)

{

b0(η)(η − ξ)h1

(
2

ε
sn

)

+ (i ε) (b1(η)(η − ξ) + f0(η)) h2

(
2

ε
sn

)

+ (i ε)2 (g0(η) + f1(η)) h3

(
2

ε
sn

)}

+ Oε,h(εh
3 min(ε, h)) . (3.37)

For the approximation of K3, we first make use of (3.18). Then, we make two SAM
steps, yielding

K3 = −(i ε)2b0(ξ) e
2 i
ε

φ(ξ)

∫ η

ξ

b(y)b0(y)h1

(
2

ε
(φ(y) − φ(ξ))

)

dy

= (i ε)3b0(ξ) e
2 i
ε

φ(ξ)

{

b0(η)2h2

(
2

ε
sn

)

+ 2(i ε)b0(η)b1(η)h3

(
2

ε
sn

)}

+ Oε,h(εh
3 min(ε, h)) . (3.38)

In order to construct an approximation of K4, we use a similar splitting as for J6
in Subsection 3.2. Indeed, applying the identity

e
2 i
ε

φ(y) h2

(
2

ε
(φ(ξ) − φ(y))

)

= − e
2 i
ε

φ(ξ) h2

(
2

ε
(φ(y) − φ(ξ))

)

+ e
2 i
ε

φ(ξ) 2 i

ε
(φ(y) − φ(ξ)) h1

(
2

ε
(φ(y) − φ(ξ))

)

, (3.39)

we can write K4 = K̃4 + K̂4, where

K̃4 := (i ε)3b0(ξ) e
2 i
ε

φ(ξ)

∫ η

ξ

κ(y)h2

(
2

ε
(φ(y) − φ(ξ))

)

dy

= −(i ε)4b0(ξ) e
2 i
ε

φ(ξ) κ0(η)h3

(
2

ε
sn

)

+ Oε,h

(
εh3 min(ε, h)

)
, (3.40)
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and

K̂4 := 2(i ε)2b0(ξ) e
2 i
ε

φ(ξ)

∫ η

ξ

κ(y) (φ(y) − φ(ξ)) h1

(
2

ε
(φ(y) − φ(ξ))

)

dy

= −2(i ε)3b0(ξ) e
2 i
ε

φ(ξ)

{

κ0(η)snh2

(
2

ε
sn

)

+ (i ε)
1

2
κ0(η)h3

(
2

ε
sn

)}

+ Oε,h

(
εh3 min(ε, h)

)
. (3.41)

Here, we made one SAM step for K̃4 and treated K̂4 in the same way as Ĵ6 in the
previous subsection. Thus, by combining (3.40) and (3.41), we obtain

K4 = −2(i ε)3b0(ξ) e
2 i
ε

φ(ξ)

{

κ0(η)snh2

(
2

ε
sn

)

+ (i ε)κ0(η)h3

(
2

ε
sn

)}

+ Oε,h

(
εh3 min(ε, h)

)
. (3.42)

Finally, the approximation of K5 can be derived in the same way as the one of K4,
by noticing that l and l0 now play the roles of κ and κ0, respectively. Therefore, it
holds that

K5 = 2(i ε)3 e
2 i
ε

φ(ξ)

{

l0(η)snh2

(
2

ε
sn

)

+ (i ε)l0(η)h3

(
2

ε
sn

)}

+ Oε,h

(
εh3 min(ε, h)

)
. (3.43)

We close this subsection with the following lemma, which summarizes the approx-
imations (3.36)-(3.38), (3.42), and (3.43).

Lemma 3.5 Let Hypothesis A be satisfied and define

Q3(η, ξ) := −ε2 e
2 i
ε

φ(ξ) η − ξ

2
(c0(η) + b(ξ)b0(ξ)b0(η)) h1

(
2

ε
sn

)

− i ε3 e
2 i
ε

φ(ξ)

[
1

2
[c1(η)(η − ξ) + d0(η) + b(ξ)b0(ξ) (b1(η)(η − ξ) + f0(η))]

+ b0(ξ)b0(η)2 + 2sn (l0(η) − b0(ξ)κ0(η))

]

h2

(
2

ε
sn

)

+ ε4 e
2 i
ε

φ(ξ)

[
1

2
[e0(η) + d1(η) + b(ξ)b0(ξ) (g0(η) + f1(η))]

+ 2 [b0(ξ)b0(η)b1(η) + (l0(η) − b0(ξ)κ0(η))]

]

h3

(
2

ε
sn

)

(3.44)
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and

Q3(η, ξ) :=
(

0 Q3(η, ξ)

Q3(η, ξ) 0

)

. (3.45)

Then, there exists a constant C ≥ 0 independent of ε ∈ (0, ε0], h, and n such that

‖Mε
3(η, ξ) − Q3(η, ξ)‖∞ ≤ Cεh4 . (3.46)

4 Numerical scheme and error analysis

Based on the Picard approximation (3.3) as well as the quadratures (3.7), (3.27), and
(3.45), we can now define the numerical scheme: Let

A1
n := εQ3,3

1 (xn+1, xn) , A2
n := ε2Q2(xn+1, xn) , A3

n := ε3Q3(xn+1, xn) . (4.1)

Given the initial value Z0, we define

Zn+1 :=
(
I + A1

n + A2
n + A3

n

)
Zn , n = 0, . . . , N − 1 . (4.2)

Due to the detailed expressions of the three above matrices, as given in Section 3, we
shall assume for this scheme that the function a and its derivatives up to order 7 are
explicitly available.

The numerical solution of (2.9) can then be obtained through the inverse transform
(2.16):

Un := P−1 exp

(
i

ε

ε(xn)

)

Zn , n = 0, . . . , N . (4.3)

The method (4.2)-(4.3) satisfies the following global error estimates:

Theorem 4.1 Let Hypothesis A be satisfied, and let the phase (2.7) be computable ana-
lytically. Let Z and U be the exact solutions of the IVPs (2.11) and (2.9), respectively.
Then, for Zn and Un being computed through the scheme (4.2)-(4.3), there exists a
generic constant C ≥ 0 independent of ε ∈ (0, ε0], h, and n such that

‖Z(xn) − Zn‖∞ ≤ Cε3h3 max(ε, h) , n = 0, . . . , N , (4.4)

‖U (xn) −Un‖∞ ≤ Cε3h3 max(ε, h) , n = 0, . . . , N . (4.5)
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Proof From the definitions (3.6), (3.26), and (3.44), it is evident that

‖A1
n‖∞ = ‖εQ3,3

1 (xn+1, xn)‖∞ = Oε,h(εmin(ε, h)) ,

‖A2
n‖∞ = ‖ε2Q2(xn+1, xn)‖∞ = Oε,h(ε

3h) ,

‖A3
n‖∞ = ‖ε3Q3(xn+1, xn)‖∞ = Oε,h(ε

4hmin(ε, h)) , (4.6)

which implies that the one-step method (4.2) is stable, with an ε-independent stability
constant. Further, due to (3.3), the consistency error for n = 0, . . . , N − 1 reads

en := Z(xn+1) − (
I + A1

n + A2
n + A3

n

)
Z(xn)

= Z(xn) + [
εMε

1(xn+1; xn) + ε2Mε
2(xn+1; xn) + ε3Mε

3(xn+1; xn)
]
Z(xn)

− (
I + A1

n + A2
n + A3

n

)
Z(xn) + Oε,h(ε

4h3 min(ε, h))

= [
εMε

1(xn+1; xn) − A1
n + ε2Mε

2(xn+1; xn) − A2
n + ε3Mε

3(xn+1; xn) − A3
n

]
Z(xn)

+ Oε,h(ε
4h3 min(ε, h)) , (4.7)

Now, Lemmas 3.2, 3.4, and 3.5 imply

εMε
1(xn+1; xn) − A1

n = Oε,h(ε
4h3 min(ε, h)) ,

ε2Mε
2(xn+1; xn) − A2

n = Oε,h(ε
3h4 max(ε, h)) ,

ε3Mε
3(xn+1; xn) − A3

n = Oε,h(ε
4h4) , (4.8)

which, together with (4.7), yields

en = Oε,h(ε
3h4 max(ε, h)) . (4.9)

Hence, the one-step method (4.2) is consistent and therefore convergent with the
global error estimate (4.4). Estimate (4.5) now follows from (4.4) and the inverse
transformation (2.16), using the unitarity of the matrices P−1 and exp

( i
ε

ε

)
. This

proves the claim. �

Remark 4.2 Weemphasize that, in practical applications, when solving IVP (2.1) using
a WKB-based method like the one presented above, one may want to use a grid
size h � ε. In such scenarios, the global error of the third order scheme (4.2) is
even proportional to h4, according to the estimates (4.4) and (4.5). This property is
observable in Fig. 3 of the next section.

4.1 Refined error estimate incorporating phase errors

In Theorem 4.1, we assumed that the phase (2.7) is exactly available. Indeed, this
is the case in several relevant applications, e.g., for so-called RTD models (e.g., see
[22, 27]), where the coefficient function a is typically piecewise linear. Thus, in such
scenarios, the method (4.2)-(4.3) is asymptotically correct w.r.t. ε.

In general, however, the integral within the definition of the phase (2.7) cannot be
expected to be exactly computable. In [8], the authors extended the error analysis of
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the numerical methods from [6] to the case of a numerically computed phase. We
emphasize that, with the exact same strategy, the estimates (4.4) and (4.5) can be
generalized. To this end, let us first collect the basic assumptions from [8].

Firstly, for an approximate phase φ̃ ≈ φ, we write φ̃(x) = φ̃1(x) − ε2φ̃2(x), with
φ̃1(x) and φ̃2(x) being numerical approximations to

∫ x
x0

√
a(y) dy and

∫ x
x0
b(y) dy,

respectively. Then, we impose the following assumption:

Hypothesis B. Let φ̃1, φ̃2 ∈ C6 (I ) and φ̃′
1 ≥ C̃ > 0.

In particular, Hypothesis B implies that there are positive constants E , E ′, and
E ′′ such that the approximate phase φ̃ satisfies the following L∞(I )-error bounds
uniformly in ε ∈ (0, ε̃0]:

‖φ − φ̃‖L∞(I ) ≤ E , ‖φ′ − φ̃′‖L∞(I ) ≤ E ′ , ‖φ′′ − φ̃′′‖L∞(I ) ≤ E ′′ , (4.10)

where ε̃0 ≤ ε0 is sufficiently small. Note that the functions a, b, and bp, p = 0, . . . , 5,
as well as all functions defined in (3.32)-(3.35) can be computed exactly, since φ′
is explicitly known. However, since we assume here an approximate phase φ̃, it
appears more consistent to use instead the numerical approximations ã, b̃, b̃p (for
p = 0, . . . , 5), c̃0, c̃1, d̃0, d̃1, ẽ0, f̃0, f̃1, g̃0, κ̃0, and l̃0, which can be obtained using
exact derivatives of φ̃ (e.g., when using the spectral integration from [8, §4] to obtain
φ̃, the exact derivatives are readily available). Together with the approximate phase
increments s̃n := φ̃(xn+1) − φ̃(xn), this leads to the approximate matrices Ã1

n ≈ A1
n ,

Ã2
n ≈ A2

n , and Ã
3
n ≈ A3

n which are defined in analogy to (4.1). The third order method
involving the approximate phase then reads

Z̃n+1 :=
(
I + Ã1

n + Ã2
n + Ã3

n

)
Z̃n , n = 0, . . . , N − 1 , (4.11)

with Z̃0 := Z0 being the initial value. The corresponding (perturbed) inverse transform
to the U variable is then given by (see (2.16))

Ũn = P−1 exp

(
i

ε

̃ε(xn)

)

Z̃n , n = 0, . . . , N , (4.12)

with 
̃ε := diag(φ̃,−φ̃) being the perturbed phase matrix.
Now, given the above considerations, we stress that, by using the exact same argu-

ments as in the proof of [8, Theorem 3.2], we can extend the estimates (4.4)-(4.5) to
incorporate also the phase errors:

Theorem 4.3 (Adaption of Thm. 3.2 from [8]) Let Hypothesis A be satisfied, and let
the approximate phase φ̃ satisfyHypothesis B. Let Z andU be the exact solutions of the
IVPs (2.11) and (2.9), respectively. Then, for Z̃n and Ũn being computed through the
scheme (4.11)-(4.12), there exists a generic constant C ≥ 0 independent of ε ∈ (0, ε̃0],
h, and n such that

‖Z(xn) − Z̃n‖ ≤ Cε3h3 max(ε, h)

+ Cε
[
min(ε, E) + ε(E ′ + E ′′)

]
, n = 0, . . . , N , (4.13)
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‖U (xn) − Ũn‖ ≤ C
E

ε
+ Cε3h3 max(ε, h)

+ Cε
[
min(ε, E) + ε(E ′ + E ′′)

]
, n = 0, . . . , N . (4.14)

Here, the constants E, E ′, and E ′′ are from (4.10).

Let us compare this result with the estimates (4.4) and (4.5): The new (additional)
second term in (4.13) is caused by the impact of the approximate phase during the
computation of the step update (4.11), whereas the new first term in (4.14) is due to the
inverse transform (4.12) involving the perturbed phase matrix 
̃ε(xn). Obviously, the
O(E/ε) term is rather unfavorable. In order to reduce its impact as much as possible,
one should hence aim for a highly accurate approximation φ̃, e.g., by employing a
spectral method. Indeed, such an approach has already proven useful in [8], where the
O(E/ε) term in their estimate was numerically invisible, since it was reduced below
relative machine precision (compared to the other terms).

4.2 Simplified third order scheme

In this subsection, we present a simplified third order method for solving the IVP
(2.11). The basis for this method is the observation that the inability to achieve the
originally desired error order for the approximations of Mε

2 and Mε
3 in Section 3 was

due to the presenceof non-oscillatory integrals in the computations. Indeed, it is evident
from Subsection 3.2 that the approximation of the non-oscillatory integral J1 in (3.14)
constrains the maximum achievable error order (w.r.t. ε) for the approximation ofMε

2
to O(ε). Consequently, this implies that the maximum achievable error order (w.r.t.
ε) for any numerical scheme resulting from this approximation is O(ε3). Given this
unavoidable constraint, it seems unnecessary and superfluous to approximate the other
termswith higher accuracy.Thus,wemaywant toweaken several approximations from
Section 3 in order to derive a simplified scheme, which remains third order w.r.t. h,
while still yielding the same asymptotic accuracy as the third order scheme (4.2)-(4.3),
i.e., O(ε3) as ε → 0. This can be achieved as follows:

Step 1 (approximation of Mε
1 in (3.3)): Instead of Q3,3

1 , we shall use Q2,3
1 to

approximate Mε
1. This incurs an error of order Oε,h(ε

2h3 min(ε, h)) (instead of
Oε,h(ε

3h3 min(ε, h))), see Lemma 3.2.
Step 2 (approximation of Mε

2 in (3.3)): To approximate Mε
2, we shall use a sim-

plified quadrature Q2,simp (instead of Q2), which can be derived by inserting Q1,2
1

(instead of Q2,2
1 ) as an approximation for Mε

1 in (3.11). The non-oscillatory integrals
that then occur are again approximated applying Simpson’s rule, and the oscillatory
integrals are all approximated with an error order Oε,h(εh3 min(ε, h)) (instead of
Oε,h(ε

2h3 min(ε, h))), using only SAM steps.
Step 3 (approximation of Mε

3 in (3.3)): To approximateMε
3, we shall use a simpli-

fied quadrature Q3,simp (instead of Q3), which can be derived as follows: First, by
inserting Q0,1

1 (instead of Q1,1
1 ) as an approximation for Mε

1 in (3.11), we derive
with only one SAM step an approximation Q̃2,simp of Mε

2, with an error order
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Oε,h(h2 min(ε, h)). Then, by inserting Q̃2,simp in (3.29), one obtains an oscilla-
tory integral that can be approximated using only SAM steps with an error order
Oε,h(h3 min(ε, h)). This yields the quadrature Q3,simp .

We stress that the implementation and analysis of Steps 2 and 3 is fully straightfor-
ward and very similar to the computations in Subsections 3.2 and 3.3, while Step 1 is
trivial. The resulting quadraturesQ2,simp andQ3,simp , along with their corresponding
error estimates, are provided by the following lemma:

Lemma 4.4 Let Hypothesis A be satisfied and define

Q2,simp(η, ξ) := − i εQS[bb0](η, ξ) − ε2b0(ξ)b0(η)h1

(

−2

ε
sn

)

− i ε3 [b0(η) (b1(η) − 2b2(η)sn) − b0(ξ)b1(η)] h2

(

−2

ε
sn

)

+ ε4
[
b2(η) (b0(ξ) + b0(η)) − b1(η)2

]
h3

(

−2

ε
sn

)

, (4.15)

Q3,simp(η, ξ) := −2 e
2 i
ε

φ(ξ) b0(η)3
(

ε2snh2

(
2

ε
sn

)

+ i ε3h3

(
2

ε
sn

))

(4.16)

and

Q2,simp(η, ξ) :=
(
Q2,simp(η, ξ) 0

0 Q2,simp(η, ξ)

)

, (4.17)

Q3,simp(η, ξ) :=
(

0 Q3,simp(η, ξ)

Q3,simp(η, ξ) 0

)

. (4.18)

Then, there exists a generic constant C ≥ 0 independent of ε ∈ (0, ε0], h, and n such
that

‖Mε
2(η, ξ) − Q2,simp(η, ξ)‖∞ ≤ Cεh4 , (4.19)

‖Mε
3(η, ξ) − Q3,simp(η, ξ)‖∞ ≤ Ch3 min(ε, h) . (4.20)

The resulting simplified third order scheme then reads:LetA1,simp
n := εQ2,3

1 (xn+1, xn),

A2,simp
n := ε2Q2,simp(xn+1, xn), and A3,simpl

n := ε3Q3,simp(xn+1, xn). Given the initial
value Z0, we define

Zn+1 :=
(
I + A1,simp

n + A2,simp
n + A3,simp

n

)
Zn , n = 0, . . . , N − 1 . (4.21)

The simplified method (4.21) and (4.3) satisfies the following global error estimate,
which can be proven analogously to Theorem 4.1:

Theorem 4.5 Let Hypothesis A be satisfied. Let Z and U be the exact solutions of
the IVPs (2.11) and (2.9), respectively. Then, for Zn and Un being computed through
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the scheme (4.21) and (4.3), there exists a generic constant C ≥ 0 independent of
ε ∈ (0, ε0], h, and n such that

‖Z(xn) − Zn‖∞ ≤ Cε3h3 , n = 0, . . . , N , (4.22)

‖U (xn) −Un‖∞ ≤ Cε3h3 , n = 0, . . . , N . (4.23)

When comparing estimates (4.22)-(4.23) with estimates (4.4)-(4.5) for the scheme
(4.2)-(4.3), we observe that the downside of using the simplified scheme (4.21) and
(4.3) is the loss of theO(max(ε, h)) factor. Indeed, while both methods have the same
asymptotical (w.r.t. ε) as well as numerical (w.r.t. h) order, this factor might still be
beneficial, recalling that both parameters ε and h are small. Further, we note that, in
case of a numerically computed phase, Theorem 4.5 can be generalized analogously
to Theorem 4.3. That is, by using the same strategy as in Subsection 4.1, we have the
following error estimates for the simplified scheme including an approximated phase:

‖Z(xn) − Z̃n‖∞ ≤ Cε3h3

+ Cε
[
min(ε, E) + ε(E ′ + E ′′)

]
, n = 0, . . . , N , (4.24)

‖U (xn) − Ũn‖∞ ≤ C
E

ε
+ Cε3h3

+ Cε
[
min(ε, E) + ε(E ′ + E ′′)

]
, n = 0, . . . , N . (4.25)

5 Numerical results

In this section, we present and compare numerical results by applying the novel
schemes from Section 4 to exemplary IVPs. Since a large part of the development
of the two presented third order schemes (4.2)-(4.3) and (4.21), (4.3) was based on the
strategies from [6], we shall also include their second order method into our compar-
ison. This will also illustrate the efficiency gain of the new third order methods over
the second order method from [6].

For clarity of the presentation, we shall in the following denote with WKB3 the
third order scheme (4.2)-(4.3), and with WKB3s the simplified third order scheme
(4.21) and (4.3). Further, we denote with WKB2 the second order method from [6],
which yields global errors (w.r.t. the U -variable) of order Oε,h(ε

3h2), provided that
the phase (2.7) is explicitly available. We note that a single step of each of these three
methods involves a different number of computational operations as well as function
evaluations. Hence, it is not clear a priori which of the three methods is the most
efficient. We shall thus assess the overall efficiency of each method by comparing
respective work-precision diagrams.

All computations here are carried out using Matlab version 23.2.0.2459199
(R2023b). Moreover, for the results of Figs. 3 and 4, which involve very small
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approximation errors, we used the Advanpix Multiprecision Computing Toolbox for
Matlab [1] with quadruple-precision to avoid rounding errors. We note that this
increases the computational times when compared to using the standard double-
precision arithmetic of Matlab.

5.1 First example: airy equation

For the Airy equation, i.e., with a(x) = x , we consider the following IVP:

⎧
⎪⎪⎨

⎪⎪⎩

ε2ϕ′′(x) + xϕ(x) = 0 , x ∈ [1, 2] ,

ϕ(1) = Ai(− 1
ε2/3

) + i Bi(− 1
ε2/3

) ,

εϕ′(1) = −ε1/3
(
Ai′(− 1

ε2/3
) + i Bi′(− 1

ε2/3
)
)

.

(5.1)

Here, the exact solution is given by

ϕexact (x) = Ai(− x

ε2/3
) + i Bi(− x

ε2/3
) ,

where Ai and Bi denote the Airy functions of first and second kind, respectively (e.g.,
see [24, Chap. 9], [17, Sec. 5.1]). Here, the phase (2.7) is exactly computable.

Let us first investigate the convergence results from Theorems 4.1 and 4.5. In
Fig. 1, we plot the global error maxn≤N‖U (xn) − Un‖∞ as a function of the step
size h, for several values of ε. The left plot shows the error for WKB3 (solid lines
with asterisks) and WKB3s (dashed lines with circles), and the right plot shows the
error for WKB2. As indicated by the dashed black line in the left plot, the error for
WKB3 and WKB3s clearly decays like O(h3), in accordance with the third order
estimates (4.5) and (4.23). For small step sizes h and ε = 2−5, 2−6, the error saturates
at approximately 10−14 due to rounding errors. Further, for a fixed step size h, the error
for all three methods decreases with ε, demonstrating the ε-asymptotical correctness

Fig. 1 Global errors maxn≤N ‖U (xn) − Un‖∞ for the Airy equation (5.1) as functions of the step size h,
for several ε-values. Left: WKB3 (solid lines with asterisks) andWKB3s (dashed lines with circles). Right:
WKB2
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of each method. According to estimate (4.5), we expect the error for WKB3 to behave
here like O(ε4), since no shown error curve decays like O(h4), suggesting that the
Oε,h(max(ε, h)) factor in (4.5) is equal to O(ε) for the shown ε values. Further,
estimate (4.23) suggests that the error for WKB3s decreases like O(ε3), which is
also the expected error behavior of WKB2, according to [6]. However, Fig. 1 reveals
that the error for each method shows an ε order that is 0.3 -0.9 higher than expected
theoretically. This is due to the oscillatory behavior of the consistency error of each
method, which leads to cancellation effects in successive integration steps. Indeed,
this phenomenon was already observed and analyzed in [6, §3.3] and appears in all
figures of the present paper.

Figure 2 contains work-precision diagrams, which correspond to the computations
from Fig. 1. That is, CPU times (measured in seconds) are plotted against the global
errors, resulting from using the different step sizes h. Clearly, in the same amount
of time, WKB3 and WKB3s both reach much smaller global errors, when compared
to WKB2. For instance, with a CPU time of approximately 10−3 s, the global errors
usingWKB3 orWKB3s lie between 10−14 - 10−13 and 10−8 for the different ε-values,
whereas the errors lie between 10−11 and 10−7 - 10−6 when using WKB2. Vice versa,
to reach a fixed accuracy, WKB3 and WKB3s need significantly less CPU time than
WKB2. For example, to produce a global error of approximately 10−8 for ε = 2−2,
WKB3 andWKB3s need approximately 10−3 s, whereasWKB2 needs around 5·10−3

s. The time difference is even larger when considering smaller values of ε: e.g., to reach
an accuracy of approximately 10−13 for ε = 2−6, WKB3 and WKB3s need around
6 · 10−4 and 10−3 s, respectively. By contrast, the computational time to reach the
same accuracy with WKB2 is around 10−2 s. Hence, we conclude from Fig. 2 that
WKB3 and WKB3s are both more efficient than WKB2 (for this example), with CPU
times being smaller up to a factor of ten. The difference between WKB3 and WKB3s
is not so obvious: Indeed, for ε = 2−2 and 2−3, we conclude from the left plot of
Fig. 2 that WKB3s needs less time to reach the same accuracy as WKB3. However,
for the smaller values ε = 2−6 and ε = 2−5, WKB3 becomes more efficient.

Fig. 2 CPU times vs. global errors maxn≤N ‖U (xn) − Un‖∞ for the Airy equation (5.1) on the spatial
interval [1, 2], for several ε-values. Left: WKB3 (solid lines with asterisks) and WKB3s (dashed lines with
circles). Right: WKB2
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Fig. 3 Global errors maxn≤N ‖U (xn) − Un‖∞ for the Airy equation (5.1) on the spatial interval [1, 2]
as a function of the step size h, for several ε-values. Left: WKB3 (solid lines with asterisks) and WKB3s
(dashed lines with circles). Right: WKB2

In Figs. 3 and 4, analogous plots are shown for much smaller values of ε. According
to the convergence plot on the left of Fig. 3, when ε � h, the error for WKB3 even
decreases like O(h4), e.g., for ε = 10−4, 10−5, 10−6, as indicated by the bottom
dashed black line. This behavior agrees well with estimate (4.5), see also Remark 4.2.
Indeed, theOε,h(max(ε, h)) factor from estimate (4.5) is equal toO(h) in these cases.
Hence, for large step sizes h, we cannot expect an O(ε4) error behavior for WKB3
anymore (as in Fig. 1). Instead, we observe that (e.g., for h = 1) the error for WKB3,
WKB3s, and WKB2 (see the right plot) roughly decreases likeO(ε3). This is in good
agreement with estimates (4.5) and (4.23).

In the work-precision diagrams of Fig. 4, one can clearly observe that WKB3
and WKB3s are again more efficient than WKB2. For example, with a CPU time of

Fig. 4 CPU times vs. global errors maxn≤N ‖U (xn) − Un‖∞ for the Airy equation (5.1) on the spatial
interval [1, 2] as a function of the step size h, for several ε-values. Left: WKB3 (solid lines with asterisks)
and WKB3s (dashed lines with circles). Right: WKB2
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approximately 3 s, the global errors for the different ε values lie between 10−29 and
10−13 - 10−12 when using WKB3 and WKB3s, whereas they lie between 10−25 and
10−11 when usingWKB2.Moreover, we observe also a big difference betweenWKB3
and WKB3s for ε = 10−2, 10−3, 10−4, 10−5: Indeed, for each of these ε values, and
rather small global errors (incurred by small step sizes h), WKB3 needs significantly
less CPU time than WKB3s. This is due to theO(h4) behavior of the error for WKB3
in these cases. Vice versa, for a fixed accuracy, the difference between the needed CPU
times for WKB3, WKB3s, and WKB2 is very large. For instance, for ε = 10−4 and a
global error of approximately 10−21, the CPU times for WKB3, WKB3s, and WKB2
are approximately 1.5 s, 8 s, and 60 s, respectively. Hence, for the same accuracy,
WKB3 is faster up to a factor of 40, when compared to WKB2.

Next, let us investigate numerically the estimates (4.14) and (4.25). To this end,
we compute in the following the phase (2.7) numerically (even though it is exactly
computable for this example) and investigate results obtainedwithWKB3andWKB3s.
In Fig. 5, we show on the left the global error of WKB3 and WKB3s when using the
composite Simpson rule to compute the approximate phase φ̃. Note that this implies
‖φ − φ̃‖L∞(I ) = O(h4). Indeed, for ε = 2−4, 2−5, 2−6 and h ≥ 10−2, the error
curves for WKB3 and WKB3s behave like the first error term in (4.14) and (4.25),
respectively, i.e., like Oε,h(h4/ε) due to Simpson’s rule, as indicated by the lower
dashed black line. For h = 1 and ε ≤ 2−3, we even observe an inversion of all error
curves forWKB3 andWKB3s, i.e., the error increases with ε. However, for small step
sizes and large ε (e.g., h ≤ 10−1 and ε = 2−3), the second error term in the estimates
(4.14) and (4.25) becomes dominant. Indeed, as indicated by the upper dashed black
line, the error curves for both methods are clearly third order. Further, in this case,
the inversion of the error curves w.r.t. ε disappears. Moreover, for small values of
ε and h (e.g., ε ≤ 2−4 and h = 10−3), the error curves reach a saturation level at
approximately 10−14 - 10−13, due to rounding errors.

Fig. 5 Global errors maxn≤N ‖U (xn) − Ũn‖∞ for the Airy equation (5.1) on the spatial interval [1, 2]
as a function of the step size h, for several ε-values. The solid lines with asterisks correspond to WKB3,
and the dashed lines with circles correspond to WKB3s. Here, we used an approximate phase φ̃ computed
with two different methods: Left: composite Simpson’s rule. Right: Clenshaw-Curtis algorithm based on
Ncheb = 17 Chebyshev grid points, with barycentric interpolation
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For the right plot of Fig. 5, we computed the approximate phase φ̃ with a spectral
method, as already used in [8]. That is, we use the well-known Clenshaw-Curtis
algorithm [12] to approximate the phase (2.7) on a Chebyshev grid for the whole
interval [1, 2] with Ncheb = 17 points and then use barycentric interpolation (e.g.,
see [9]) to obtain the approximate phase φ̃ at the uniform grid which is used for
the WKB schemes. We note that, using this method, the phase is approximated to
machine precision. Indeed, we observe in the right plot of Fig. 5 that the first error
term in the estimates (4.14) and (4.25) is numerically invisible, as the entire plot is
almost indistinguishable from the left plot of Fig. 1, where the exact phase was used.

5.2 Comparison with results from program riccati

Next, we shall compare the performance of our two schemes from Section 4 with the
program riccati, which is based on the Riccati defect correction method from [3].
We used its Python implementation, version 1.1.3 [2].2 While the WKB schemes
from Section 4 solve (2.1) on a user-defined grid,riccati is a sophisticated adaptive
solver that couples a Riccati phase function solution in oscillatory regions with a
spectral method for smooth regions. riccati first solves the ODE on a course
grid that is adaptively chosen, depending on a user-defined error tolerance eps. In a
second phase called dense output [5], the numerical solution can then be evaluated by
interpolation on a desired grid. Given these conceptual differences between the two
schemes, an “objective” efficiency comparison is delicate. For our tests, we made the
following set up choices: To be able to compare the errors on the same grid, we used
the dense output option of riccati to evaluate its solution a posteriori on the same
grid as used in the WKBmethod. Moreover, we use three different tolerances eps for
riccati in the following tests. In contrast to Section 5.1, here we present the error
of the wave function ϕ, as this is the output of riccati 1.1.3.

As a first test, we consider again the IVP (5.1) on the interval [1, 2]. Thus, the
work-precision diagram for WKB3 and WKB3s in Fig. 6 is an extension of the left
plot in Fig. 2, but now we include four additional (small) values of ε. Like for Fig. 2,
the results for WKB3 and WKB3s are produced by prescribing different step sizes
h ∈ [10−3, 1]. As the two methods considered here are structurally very different,
their efficiency results in Fig. 6 look very different. While riccati always needed a
CPU time of at least 10−3 s, even for a low tolerance of 10−6 (not shown here), coarse
discretizations within WKB3 often led to times between 10−4 s and 10−3 s. For
riccati, the CPU times appear to be quite independent of the output density in this
example. For theWKB3method, the error decays with ε → 0 initially, i.e., for (fixed)
coarse meshes and hence small execution times. However, for (fixed) fine meshes (and
hence small errors), this ordering is reversed in both WKB3 and riccati: The error
grows with ε → 0. This is apparently due to saturation in the roundoff errors and the
bad conditioning of evaluating highly oscillatory functions, see the discussion in §4

2 Downloaded from https://github.com/fruzsinaagocs/riccati
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Fig. 6 CPU times vs. global errors maxn≤N ‖ϕ(xn) − ϕn‖∞ for the Airy equation (5.1) on the spatial
interval [1, 2], for several ε-values. Top left: WKB3 (solid lines with asterisks) and WKB3s (dashed lines
with circles). Top right, bottom left and right: riccatiwith eps = 10−11, eps = 10−12, eps = 10−13

of [3].3 To sum up, let us compare the results of WKB3 with those of riccati with
tolerance eps set to 10−13: For ε small, i.e., ε = 2−10, 2−9, 2−8,WKB3 can reach the
same (and sometimes even higher) accuracy as riccati, but a bit faster. Moreover,
WKB3s tends to be slightly faster than WKB3. For ε larger, riccati is faster.

As a second test, we consider the IVP from (5.1) on the interval [1, 100]. While
the work-precision diagram for WKB3 and WKB3s behaves qualitatively as for the
interval [1, 2], see Fig. 7, the dense output of riccati now dominates the CPU time
for fine grids. This explains the vertical lines in the second to forth panel of Fig. 7. As
before, let us compare the results of WKB3 with those of riccati with tolerance
eps set to 10−13: For the smallest value of ε, i.e., 2−8, the accuracy obtained with
WKB3 on a course grid is slightly better and the CPU time is slightly shorter than
with riccati. For ε = 2−7, the results of both methods are almost the same when
using the second coarsest grid for WKB3. Again, WKB3s tends to be a bit faster than
WKB3, but often is a bit less accurate. For larger values of ε, riccati is clearly
faster than WKB3, while also yielding smaller errors.

3 Since the Matlab implementation of the Airy function, appearing here as the exact reference solution,
is quite inaccurate for large arguments, we replace it there by its series representation, see Remark 5.2 in
[17] for details.
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Fig. 7 CPU times vs. global errors maxn≤N ‖ϕ(xn) − ϕn‖∞ for the Airy equation (5.1) on the spatial
interval [1, 100], for several ε values. Top left: WKB3 (solid lines with asterisks) andWKB3s (dashed lines
with circles). Top right, bottom left and right: riccatiwith eps = 10−11, eps = 10−12, eps = 10−13

To conclude, the efficiency advantages of the two compared methods depend very
much on the concrete situation, but for larger values of ε, riccati is clearly more
efficient.

5.3 Second example

As a second example, let us consider the following IVP:

⎧
⎪⎨

⎪⎩

ε2ϕ′′(x) + ex ϕ(x) = 0 , x ∈ [0, 1] ,

ϕ(0) = 1 ,

εϕ′(0) = 0 .

(5.2)

Here, the exact solution is given by4

ϕexact (x) =
J0
( 2

ε
ex/2

)
Y1

(
2
√
e

ε

)
− Y0

( 2
ε
ex/2

)
J1
(
2
√
e

ε

)

Y1
(
2
√
e

ε

)
J0
( 2

ε

) − J1
(
2
√
e

ε

)
Y0

( 2
ε

) , (5.3)

4 We computed the exact solution by using the Symbolic Math Toolbox of Matlab.
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Fig. 8 Global errors maxn≤N ‖U (xn) −Un‖∞ for the IVP (5.2) as functions of the step size h, for several
ε values. Left: WKB3 (solid lines with asterisks) and WKB3s (dashed lines with circles). Right: WKB2

where Jν and Yν denote the Bessel functions of first and second kind of order ν,
respectively (e.g., see [24, Chap. 10]). Again the phase (2.7) is exactly computable
here.

In Fig. 8, we plot again the global error maxn≤N‖U (xn) − Un‖∞ as a function of
the step size h, for several ε values. The left plot shows the results for WKB3 and
WKB3s, and the right plot shows the results for WKB2. The dashed black line in the
left plot confirms the third order estimates (4.5) and (4.23), as the error for WKB3
and WKB3s clearly decays like O(h3). For small values of h and small values of ε

(e.g., h ≤ 10−2 and ε = 2−5), the error curves include rounding errors, due to the
used double precision arithmetic. Moreover, when using the step size h = 1, the error
for WKB3 is O(ε4), whereas the error for WKB3s is O(ε3). This is again due to the
Oε,h(max(ε, h)) factor in estimate (4.5), which, for the shown ε values, yields anO(ε)

factor.
Figure 9 shows work-precision diagrams, which correspond to the computations

from Fig. 8. We observe that, in the same amount of time, WKB3 and WKB3s both

Fig. 9 CPU times vs. global errors maxn≤N ‖U (xn) −Un‖∞ for the IVP (5.2), for several ε values. Left:
WKB3 (solid lines with asterisks) and WKB3s (dashed lines with circles). Right: WKB2
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yield much smaller global errors than WKB2. For example, with a CPU time of
approximately 10−3 - 1.5·10−3 s, the global errors forWKB3 andWKB3s are between
10−14 and 5 · 10−11 for the different ε-values. In contrast, the errors for WKB2 lie
between 10−13 and 5 · 10−9. Vice versa, in order to attain a fixed accuracy, WKB3
andWKB3s need significantly less CPU time, when compared to WKB2. This can be
observed, e.g., for ε = 2−2 and an accuracy of approximately 10−10: Then,WKB3 and
WKB3s both need less than 10−3 s, whereas WKB2 needs approximately 5 · 10−2 s.
This time difference is even larger for smaller values of ε.We conclude from Fig. 9 that
WKB3 and WKB3s are more efficient than WKB2 (in the present example). Similar
to the previous example, the difference betweenWKB3 andWKB3s is not so obvious
here. Indeed, we observe on the left of Fig. 9 that the blue curves for ε = 2−2 are
almost identical. But for ε = 2−4 and a global error of approximately 3 · 10−12, the
CPU time for WKB3 is 4 · 10−4 s, whereas the CPU time for WKB3s is 6 · 10−4 s.
Overall, we conclude that the efficiency difference between WKB3 and WKB3s is
small for this example. However, for a given accuracy and small ε values, WKB3
tends to be faster than WKB3s.

Next, we compute for the schemes WKB3 and WKB3s the phase (2.7) numeri-
cally in two ways and investigate the estimates (4.14) and (4.25). For this, we shall
again apply the composite Simpson rule as well as the Clenshaw-Curtis algorithm
along with barycentric interpolation. In Fig. 10, we show on the left the global error
maxn≤N‖U (xn) − Ũn‖∞ for WKB3 and WKB3s as a function of the step size when
using Simpson’s rule. We observe that for both methods, the first error term in (4.14)
and (4.25), i.e., theOε,h(h4/ε) term, dominates for ε ≤ 2−3 and all used step sizes h.
Indeed, this is indicated by the dashed black line that decays likeO(h4). For ε = 2−2,
however, this error term merely dominates for step sizes h ≥ 10−1. Indeed, when
using smaller step sizes, i.e., h ≤ 10−1, the error for ε = 2−2 behaves like O(h3)
for both methods. Note also that for h = 1, we can observe again an inversion of the
shown error curves w.r.t. ε, when compared to the left plot of Fig. 8.

Fig. 10 Global errors maxn≤N ‖U (xn) − Ũn‖∞ for the IVP (5.2) as a function of the step size h, for
several ε values. The solid lines with asterisks correspond to WKB3, and the dashed lines with circles
correspond to WKB3s. Here, we used an approximate phase φ̃ computed with two different methods: Left:
composite Simpson’s rule. Right: Clenshaw-Curtis algorithm based on Ncheb = 17 Chebyshev grid points,
with barycentric interpolation
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On the right of Fig. 10, we show the errors for WKB3 and WKB3s when the phase
is obtained with the spectral method. As indicated by the dashed black line, the first
error term in (4.14) and (4.25) is essentially eliminated. The error curves for both
methods are clearly third order, and the entire plot is very similar to the left plot of
Fig. 8.

6 Conclusion

In this paper, we developed a third order one-step method to efficiently compute
solutions to the highly oscillatory 1D Schrödinger equation (1.1), and we derived
theoretically sound error estimates for it. The method is based on the WKB trans-
formation from [6], which was already used there for the development of a first and
second order scheme. Like those two previous methods, the presented method has the
property of asymptotical correctness w.r.t. the small parameter ε in case of an explic-
itly computable phase. Additionally, in scenarios where ε � h (with h being the grid
size), the error decays even like O(h4).

In efficiency comparisons with the program riccati [2, 3], we found that the
WKB3-marchingmethod has slight advantages w.r.t. accuracy and/or runtime for very
small values of ε, while riccati is clearly more efficient for larger ε.

In this paper, the step size h in WKB3 was treated as an input parameter. The
extension to an adaptive step size control, as in [4, 17], and dense output (e.g., based
on linear interpolation of the Z -function from (2.11) or interpolation/extrapolation of
the ϕ(xn) with the WKB-function ϕWK B

2 from (2.6)) will be left for future work.

Acknowledgements Both authors acknowledge support from the Austrian Science Fund (FWF) project
https://doi.org/10.55776/F65, and the author A. Arnold also by the bi-national FWF-project I3538-N32.We
are grateful to the numerous suggestions by the anonymous referees that helped to improve this manuscript.

Funding Open access funding provided by TU Wien (TUW).

Declarations

Conflict of interest The authors declare no competing interests.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Advanpix LLC.Multiprecision Computing Toolbox forMatlab version 5.1.0.15432. Advanpix LLC,
(2023)

123

https://doi.org/10.55776/F65
http://creativecommons.org/licenses/by/4.0/


WKB-based third order method for highly oscillatory ODEs Page 35 of 35    23 

2. Agocs, F.J., Barnett, A.H.: riccati: an adaptive, spectral solver for oscillatory ODEs. J. Open Source
Softw. 5, 5430 (2023)

3. Agocs, F.J., Barnett, A.H.: An adaptive spectral method for oscillatory second-order linear ODEs with
frequency-independent cost. SIAM J. Numer. Anal. 62(1), 295–321 (2024)

4. Agocs, F. J., Handley, W. J., Lasenby, A. N., Hobson, M. P.: Efficient method for solving highly
oscillatory ordinary differential equations with applications to physical systems. Phys. Rev. Res., 2,
(2020). Article number 013030

5. Agocs, F. J., Hobson, M. P., Handley, W. J., Lasenby, A. N.: Dense output for highly oscillatory
numerical solutions. (2020). arXiv:2007.05013,

6. Arnold, A., Abdallah, N.B., Negulescu, C.: WKB-based schemes for the oscillatory 1D Schrödinger
equation in the semiclassical limit. SIAM J. Numer. Anal. 49, 1436–1460 (2011)

7. Arnold, A., Klein, C., Körner, J., Melenk, J. M.: Optimally truncated WKB approximation for the 1D
stationary Schrödinger equation in the highly oscillatory regime. J. Comput. Appl. Math., 457, (2025).
Article Number 116240

8. Arnold, A., Klein, C., Ujvari, B.: WKB-method for the 1D Schrödinger equation in the semi-classical
limit: enhanced phase treatment. BIT Numer. Math. 62, 1–22 (2022)

9. Berrut, J.-P., Trefethen, L.N.: Barycentric Lagrange interpolation. SIAM Rev. 46, 501–517 (2004)
10. Bremer, J.: On the numerical solution of second order ordinary differential equations in the high-

frequency regime. Appl. Comput. Harmon. Anal. 44, 312–349 (2018)
11. Bremer, J.: Phase function methods for second order linear ordinary differential equations with turning

points. Appl. Comput. Harmon. Anal. 54, 137–169 (2023)
12. Clenshaw, C.W., Curtis, A.R.: A method for numerical integration on an automatic computer. Numer.

Math. 2, 197–205 (1960)
13. Courant, E.D., Snyder, H.S.: Theory of the alternating-gradient synchrotron. Annal. Phys. 281, 360–

408 (1958)
14. Ihlenburg, F., Babuška, I.: Finite element solution of the Helmholtz equation with high wave number

Part I: the h-version of the FEM. Comput. Math. Appl. 30(9), 9–37 (1995)
15. Iserles, A., Nørsett, S. P., Olver, S.: Highly oscillatory quadrature: the story so far. Proceedings of

ENUMATH 2005, Santiago de Compostela, pp. 97–118. (2006)
16. Jahnke, T., Lubich, C.: Numerical integrators for quantumdynamics close to the adiabatic limit. Numer.

Math. 94, 289–314 (2003)
17. Körner, J., Arnold, A., Döpfner, K.: WKB-based scheme with adaptive step size control for the

Schrödinger equation in the highly oscillatory regime. J. Comput. Appl. Math. 404, 113905 (2021)
18. Landau, L. D., Lifschitz, E. M.: Quantenmechanik. Akademie-Verlag, (1985)
19. Lewis, H.R.: Motion of a time-dependent harmonic oscillator, and of a charged particle in a class of

time-dependent, axially symmetric electromagnetic fields. Phys. Rev. 172, 1313–1315 (1968)
20. Lorenz, K., Jahnke, T., Lubich, C.: Adiabatic integrators for highly oscillatory second-order linear

differential equations with time-varying eigendecomposition. BIT Numer. Math. 45, 91–115 (2005)
21. Martin, J., Schwarz, D.J.: WKB approximation for inflationary cosmological perturbations. Phys. Rev.

D. 67, 083512 (2003)
22. Mennemann, J.-F., Jüngel, A., Kosina, H.: Transient Schrödinger-Poisson simulations of a high-

frequency resonant tunneling diode oscillator. J. Comput. Phys. 239, 187–205 (2013)
23. Negulescu, C.: Numerical analysis of a multiscale finite element scheme for the resolution of the

stationary Schrödinger equation. Numer. Math. 108(4), 625–652 (2008)
24. Olver, F.W. J., Lozier, D.W., Boisvert, R. F., Clark, C.W.: NISTHandbook ofMathematical Functions.

Cambridge University Press, (2010)
25. Olver, S.: GMRES for oscillatory matrix-valued differential equations. Lect. Note. Comput. Sci. Eng.

76, 267–274 (2011)
26. Serkh, K., Bremer, J.: Phase function methods for second order inhomogeneous linear ordinary differ-

ential equations. J. Sci. Comput. 98, (2024). Article Number 14
27. Sun, J.,Haddad,G.I.,Mazumder, P., Schulman, J.N.: Resonant tunneling diodes:models and properties.

Proc. IEEE 86, 641–660 (1998)
28. Winitzki, S.: Cosmological particle production and the precision of the WKB approximation. Phys.

Rev. D. 72, 104011 (2005)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://arxiv.org/abs/2007.05013

	WKB-based third order method for the highly oscillatory 1D stationary Schrödinger equation
	Abstract
	1 Introduction
	2 Review of the WKB-based transformation from Arnold2011WKBBasedSF
	3 Construction of the numerical method
	3.1 Approximation of the matrix M1ε
	3.2 Approximation of the matrix M2ε
	3.3 Approximation of the matrix M3ε

	4 Numerical scheme and error analysis
	4.1 Refined error estimate incorporating phase errors
	4.2 Simplified third order scheme

	5 Numerical results
	5.1 First example: airy equation
	5.2 Comparison with results from program riccati
	5.3 Second example

	6 Conclusion
	Acknowledgements
	References


