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Abstract

The present paper deals with complemented lattices where, however, a unary operation of complementation is not explicitly
assumed. This means that an element can have several complements. The mapping T assigning to each element a the seta™ of
all its complements is investigated as an operator on the given lattice. We can extend the definition of ™ in a natural way from
elements to arbitrary subsets. In particular we study the set ™ for complemented modular lattices, and we characterize when
the set a™™ is a singleton. By means of the operator ™ we introduce two other operators — and ® which can be considered
as implication and conjunction in a certain propositional calculus, respectively. These two logical connectives are “unsharp”
which means that they assign to each pair of elements a non-empty subset. However, also these two derived operators share
a lot of properties with the corresponding logical connectives in intuitionistic logic or in the logic of quantum mechanics.
In particular, they form an adjoint pair. Finally, we define so-called deductive systems and we show their relationship to the
mentioned operators as well as to lattice filters.

Keywords Complemented lattice - Modular lattice - Operator of complementation - Sasaki projection - Filter - Deductive
system

1 Introduction

LetL = (L, Vv, A,0, 1) be a bounded lattice and @ € L. An
element b of L is called a complement of a if a v b = 1 and
a Ab = 0. The lattice L is called complemented if any of its
elements has a complement.

Often lattices with an additional unary operation, usually
denoted by ’, are studied where for eacha € L the element a’
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denotes its complement. In such a case this unary operation
is called a complementation. However, in complemented lat-
tices we do not assume the complement being unique. This
is the case with our present paper.

It is worth noticing that in a distributive complemented lat-
tice the complement is unique. However, this need not be the
case in modular complemented lattices. For example, con-
sider the lattice M,, = (M,,, V, A, 0, 1) (for n > 1) depicted
in Fig. 1:

Then for every i, j € {1,...,n} withi # j, the element
aj is a complement of ;.

Sometimes, for lattices with complementation, we ask
if this complementation is antitone, i.e. if x < y implies
vy < x/, orif it is an involution, i.e. x”" = x. In distributive
complemented lattices the complementation turns out to be
unique, antitone and an involution. In such a case the lattice
is a Boolean algebra.

Within modular lattices the situation may be differ-
ent. Consider the complemented modular lattice L. =
(L, Vv, A,0,1) visualized in Fig.2:
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Fig.1 The lattice M,,

Fig.2 Complemented modular lattice

Evidently; L is a complemented lattice. We have several
choices for defining a complementation . If we define ’ by

x|0abcde fghijl
x’|1hijgfebcda0

then it is not an involution. If we define " by

x|0abcdefghij1
x/|1hijgfedabc0

thenitis an antitone involution and hence L= (L,V,A,’, 0, 1)
is a so-called orthomodular lattice (see e.g. Beran (1985) for
the definition).

Hence, not every modular lattice endowed with a com-
plementation must be orthomodular. Of course, not every
orthomodular lattice is modular (see Beran (1985)).

IfL = (L, Vv, A,Q0,1)is acomplemented lattice in which
the complementation is not introduced in form of a unary
operation then we need not distinguish between the comple-
ments of a given element a of L. Hence we will work with
the whole set of complements of a. Within this paper we will
use this approach.

We start by introducing some lattice-theoretical concepts.

All complemented lattices considered within this paper
are assumed to be non-trivial, i.e. to have a bottom element
0 and a top element 1 with 0 # 1.

@ Springer

Let (L, v, A, 0, 1) be acomplemented lattice and A, B C
L. We define:

AVB:={xVvy|xeAandy € B},
AAB:={xAy|xe€Aandy € B},
A<Bifx <yforallx € Aandall y € B,
A < B if for every x € A there exists some y € B
with x <y,
A <, B if for every y € B there exists some x € A

with x < y.

2 The operator +

LetL = (L, Vv, A,0, 1) be a complemented lattice. For a €
L we define

at:={xeL|avx=1landanx =0},

i.e. a™ is the set of all complements of a. Since L is comple-
mented, we have at # @ for all a € L. For every subset A
of L we put

At :={xeL|avx=1andarx=0foralla € A}.

Observe that AT may me empty, e.g. L™ = (and ¥+ = L).
In the following we often identify singletons with their unique
element.

Example 2.1 For the lattice N5 depicted in Fig. 3:
we have

X 0| a| b| c|1
xt {1 blac| b|0
xT+|0lac| blac|l

Fig.3 Non-modular lattice N 1
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Fig.4 Modular lattice M3

Here and in the following within tables we sometimes write
abc instead of {a, b, c}. For the lattice M3 visualized in Fig. 4
we have

x|0| al| b| c|1
xT|1|bclaclab|0
xTH0] al b| |1

Let us note that M3 satisfies the identity x*+ ~ x.

Example 2.2 For the example from Fig.2 we have

x |0 a| b| c| dle|lf| g| Rl il Jjll
xT hij|gij|ghj|ghi|f| e|bcd|acd|abd|abc|0
xTT0| a| b| c| d|elf| g| h| i jl1

—_

Recall the concept of a Galois connection which is often
used in lattices. The pair (T, ) is the Galois connection
between (2, ©) and (2%, ©) induced by the relation

{(x’)’) €L2|x\/y=1andx/\y=0},
From this we conclude

AgA++,
ACB=BtcCAT,
A+++:A+

ACBT o BCAt

forall A, B C L. Since A € A™" we have that AT+ #£ ¢
whenever A # (). A subset A of L is called closed if AT+ =
A. Let CI(L) denote the set of all closed subsets of L. Then
clearly CI(L) = {AT | A € L}. Because of ATNATT =0
for all A € L we have that (CI(L), S, *,, L) forms a
complete ortholattice with

ya-(a)

iel iel
A=A
iel iel

for all families (A;; i € I) of closed subsets of L.
Next we describe the basic properties of the operator .

Proposition2.3 Let L = (L, Vv, A, 0, 1) be a complemented
lattice and a € L. Then the following holds:

() acat™anda™ =a™,

(ii) (x*, <) is an antichain for every x € L if and only
if L does not contain a sublattice isomorphic to Ns
containing 0 and 1,

(iii) (a™, <) is convex,

(iv) if the mapping x — x*+ from L to 2L is not injective
then L does not satisfy the identity xt+ ~ x.

Proof (i) follows directly from above.

(ii) Firstassume thereexistssomeb € L suchthat (bT, <)
is not an antichain. Then b ¢ {0, 1}. Now there exist
c,d € bT withc < d. Since b ¢ {0,1} and b €
ct Nd* wehave c,d ¢ {0, 1}. Because of |L| > 1
wehave b ¢ {c, d}. Hence the elements 0, b, c,d and 1
are pairwise distinct and form an Ns containing 0 and
1. If, conversely, L contains a sublattice (L1, V, A)
isomorphic to N5 and containing O and 1, say L =
{0,e, f,g,1} withe < f thene, f € g™ and hence
(g™, <) is not an antichain.

(iii) If b,ceat,de Landb<d <cthenl=aVvb <
avdandaAnd <aAc=0showingd € a™.

(iv) If the mapping x — x™ is not injective then there
exista,b € L witha # b and a™ = b*" which
implies b € b+ = a™ and b # a and hence a*t #
a showing that L does not satisfy the identity x ™+ =~
X.

O

In the lattice N5 from Example 2.1 the mapping x +> x*+
is not injective since a # ¢ and a™™ = ¢*T. According to
Proposition 2.3 (iv), this lattice does not satisfy the identity
xttax,egat ={a,c} #a.

Corollary 2.4 Let (L, V, A, 0, 1) be a complemented modu-
lar lattice, a € L and A a non-empty subset of L. According
to Proposition 2.3 (iii), (a*, <) is an antichain. Let b € A.
Then AT C b* and hence also (AT, <) is an antichain.
Since a™ is a non-empty subset of L we finally conclude that
(a™™, <) is an antichain, too.

In case of finite L we can even prove the following.

Proposition 2.5 Let (L, Vv, A, 0, 1) be a finite complemented
lattice such that x — x T isinjective and a € L and assume
att # a. Then there exists some b € a™™ with b*+ = b.

Proof Leta; € a*t \ {a}. Thena/ " C a™. Since a; #a
and x — x " is injective we conclude a;* S a™". Now

either af“+ = a; or there exists some a; € afrJ“ \ {a1}. Then

@ Springer



3118

I. Chajda, H. Langer

ayt Caft. Since ay # aj and x > x T is injective we

conclude a ™ € a . Now either ai ™ = ay or there exists
2 =9 2

some a3 € ay * \ {az}. Since L is finite and a; " 2 a; " 2

-+ - there exists some n > 1 with |[¢f | = 1,ie. af T = a,

andwehavea,,ea;,”ga:ﬁ§-~-§af'+§a++. O

The relationship between the operator ™ and the partial
order relation of L is illuminated in the following result.

Proposition 2.6 Ler (L, V, A, 0, 1) be a complemented lat-
tice and consider the following statements:

() xTvyt <t xAyYT forallx,y e L,
(ii) forallx,y € L, x < y implies y* < x™,
{ii) x vyt <1 xT Ayt forallx,y e L.

Then (i) = (ii) < (iii).

Proof Leta,b € L.

(i) => (ii):

a < bimplies bt = (aVvb)t <jat AbT <1 a™.

(i) = (iii):

Because of @, b < a Vb we have (a vV b)T <q a™, bt which
implies (a v b)T <y at ADT.

() = (i):

a < bimplies b™ <;atVvbT <(aAb)T =a™T. O

Our next task is to characterize the property that a com-
plemented lattice L satisfies the identity x** =~ x. From
Example 2.1 we know that if L is not modular then this
identity need not hold. Hence we restrict ourselves to com-
plemented modular lattices.

Theorem 2.7 Let L = (L, Vv, A,0,1) be a complemented
modular lattice. Then the following are equivalent:

(i) L satisfies the identity xT ~ x,
(ii) for every x € L and each y € xT there exists some
z € yT satisfying either (xVy) Az = 0or (xAy)Vz = 1.

Proof (i) = (ii):
IfaeLbea™andcebTthenb=aand (aVvb)Ac=
bAc=0.

(i) = (i):

Assume (ii). Suppose L not to satisfy the identity x T+ ~ x.
Then there exists some a € L withat™ £ a.Letb € a™ \
{a}. According to (ii) there exists some ¢ € b™ satisfying
either (a vb) Ac =0or (a Ab) VvV c = 1. Since a and b
are different elements of a™ and (a*, <) is an antichain
according to Corollary 2.4, we conclude a || b. Now (a Vv
b) A ¢ = 0 would imply

a<avb=1A(aVvb)y=((bVvVc)A(aVb)
=bV(cA(aVvb)=bvO0=b,

@ Springer

contradicting a || . On the other hand, (a Ab) Vc = 1 would
imply

b=1Ab=((anb)Vvc)A
b=@Ab)V(cAb)=(@@Ab)vVO=aAb<a,

again contradicting a | b. This shows that L satisfies the
identity x T+ & x. ]

3 The operator —

LetL = (L, V, A,’,0, 1) be an orthomodular lattice. Recall
that the operation ¢, defined by ¢, (y) := x A (x" v y) for
all x, y € L was introduced by Sasaki in Sasaki (1950) and
Sasaki (1952) and is called the Sasaki projection (see e.g.
Beran (1985)) or Sasaki hook alias Sasaki operation, see
Chajda and Linger (2017); its dual, i.e. the operation v,
defined by ¥, (y) := x’ VvV (x A y) forall x,y € L is then
called the dual Sasaki projection. It was shown by the authors
in Chajda and Langer (2017) that if we use these Sasaki
operations in order to define

x—y:=xVEAYy),
x-y=@Vy)ay

for all x, y belonging to the base set of the orthomodular
lattice LL then the operations — and - form an adjoint pair,
ie.

x-y<zifandonlyifx <y — z

for all x, y, z € L. This motivated us to introduce our next
operators in a similar way where, however, instead of the
element x’ we use the set x*. Hence, for a complemented
lattice (L, vV, A,0,1),a,b € Land A, B C L we define

a—b:=a"Vv(anb),
A— B:=A" Vv (AAB).

Observe that A — B = (J whenever AT = ¢.

Example 3.1 For the lattice from Fig.2 we have e.g.

a—b=1{hi,jiv(@rby={h,i, j}vO0={h,i, j}=a™,
a— f={hi j}V@nf)=1{hij}va=1,
a—g={hi,jivang) ={hi,jiva=1,
a—h={hi,j}v@nhy={hi, jivO={h,i, j}=at,
f—oe=ev(fre)=evO=e,
g—>h=1{bc,d}v(gAh)={b,c,d}Vve={h,i, jl=a".
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In the following we study the relationship between — and
A.

Theorem 3.2 Let (L, Vv, A, 0, 1) be a complemented modu-
lar lattice and a, b, ¢ € L. Then the following holds:

(1) Ifa <1b— cthenanb <c,
(i) a ANb <cifandonlyifa Nb <1 b — c.

Proof (i) Froma <; b — ¢ we conclude that there exists

somed € bt satisfyinga < d Vv (b A c), and we obtain

anb<(dVv®dr))Ab=(bAc)Vd)A
b=bBAc)yv(dAb)y=bArc)vO=bAc<c.

(ii) Firstassumea A b < c.Lete € b™. Then

anb<ev(@nb)=eV(bA(anb)<eV(bAc).

This shows a A b <1 b — c. Conversely, assume
a Ab <1 b — c. Then there exists some f € b* with
anb < fv(bAnc).Soweget

aANb=@Ab)Ab<(fVbA))Ab=(bACV f)A
b=0bAc)V(fAD)=bBAc)VO=bAc<c.

m}

For complemented lattices, the operator — satisfies a lot
of properties common in residuated structures.

Theorem 3.3 Let (L, V, A, 0, 1) be a complemented lattice
and a, b, c € L. Then the following holds:

(i)a—0=atand1 - a =a,

(i) ifa <bthena — b =1,

(iii) a - b= 1lifandonlyifa ANb € a™™,

(iv) ifbecat thena — b=a™,

(v) ifb<cthena — b <ja— cfori=1,2,

(vi) ifa — b =a — ¢ = 1and a*™ is closed with

respectto A thena — (b A c) =1,

(vii) ifat™r C bt anda — b= 1thenb — a = 1.

(i) Wehavea - 0 =atVv(@aAn0) =atv0=a"
andl a=1"v(lAa)=0Va=a.
(ii) Ifa <bthena - b=aTVv(@Arb)=atva=1.
(iii) The following are equivalent:

Proof

a—b=1,
atVvanb) =1,
atVv@anb)=1landa™ A(@nb)=0,

anbeatt.

(iv) Ifbeat thena - b=atVv(@arb)=atv0=at.

(v) Ifb < cthena - b=atVv(aAb) <;atVv(anrc) =
a— cfori =1,2.

(vi) Using (iii) and the assumptions we obtaina Ab, a Ac €
at™andhencea A (bAc) =(@Ab)A(anc) ea™™
showinga — (b Ac¢) = 1.

(vii) Using (iii) and the assumptions we have a — b = 1
andhence b Aa =aAb € att C b+ which implies
b—a=1.

O

Let us note that the converse of Theorem 3.3 (ii) does not
hold in general. For example, consider the lattice N5 from
Example 2.1. Thenc — a = ct vV (cAa) =bVva =1
contrary to the fact that ¢ > a. However, if x is a minimal
element of x** then we can prove the following.

Proposition3.4 Let (L, V, A, 0, 1) be a complemented lat-
tice and a € L. Then the following are equivalent:

(1) Forallx € L, a — x = 1 is equivalent to a < x,
(ii) a is a minimal element of a™.

Proof According to (iii) of Theorem 3.3 the following are
equivalent:

Forallx € L,a — x = l is equivalent to a < x,
forallx e L,anx eattis equivalenttoa A x = a,
forally <a,y € a™ isequivalentto y = a,

a is a minimal element of a .

O

We are going to show how the operator — is related to
the connective implication in a propositional calculus.

Theorem3.5 Let L = (L, V, A,0,1) be a complemented
modular lattice and a, b € L. Then the following holds:

(i) a A (a — b) =a N b < b (Modus Ponens),

(i) ifa™ < bt then (a — b) AbT = a™ (Modus Tollens),
(i) ifcea — bthena — c =a — b,

(iv) a > (a - b) =a — b,

(v) ifat <bthena — b=b,
Proof (i) Using modularity of L. we compute

an(a—by=an(a*Vv@nb)=(anrb)vat)a
a=(@Ab)Vv@ ra)=
=@Ab)vO=aAnb<=<b.

(ii) Under the assumptions

(a—>b)/\b+=(a+\/(a/\b))/\
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b+=a+\/((a/\b)/\b+)=a+\/0=a+.

(iii) If c € a — b then there exists some d € a with
d V (a A b) = ¢ and hence

a_>C:a+V<a/\(d\/(aAb)))

a+\/<((a/\b)vd)Aa>=
at v (@anrb)vdna)=atv(anb)vo)

=atVv@nrb)=a—b.

(iv) Using (iii) we obtain

a—>(a—>b)=a+\/(a/\(a—>b))

= U (a+v(a/\c))

cea—b

= U (a—c)=

cea—b

= U (a—>b)=a— b.

cea—b

(v) Ifa™ <bthena - b=a"Vv(anb) = (atVva)rb =
1ADb=0b.
O

Proposition 3.6 Letn > 1 anda, b, c € M,,. Then
anb<cifandonlyifa <; b — c.
Proof 1t is easy to see that

1 a<b,

b a=1,
atal|borb=0

a— b=

Ifa=0thenaAb=0Ab=0<canda=0<;b — c.
Ifb <cthenaAb <b<canda <11 =b — c.If
b= 1thenbotha Ab <canda <; b — c are equivalent
toa < c. Hence we can assume a # 0, b £ cand b # 1.
In case n > 2 let a, b and ¢ be pairwise different elements
of M, \ {0, 1} and in case n = 2 let M,, = {0, a, b, 1}. Then
the following cases remain:

X[(VIZIXANY SZIXx <1y —> 2
alal|0 no no
alalb no no
a|b|0 yes yes
albla yes yes
alb|c yes yes
1{a|0 no no
1|a|b no no

@ Springer

4 The operator ©

Similarly as it was done in Sect.3 concerning the operator
—, also here we define the new operator ® by means of the
generalized Sasaki projection.

For a complemented lattice (L, v, A, 0, 1),a,b € L and
A, B C L we define

a®b:=bA(aVvbh),
AOB:=BA(AV B,

Itis evident that O need neither be commutative nor associa-
tive, butitis idempotent, i.e. it satisfies the identity x O x ~ x
(cf. Proposition 4.1 (iii)).

We list some basic properties of the operator ©.

Proposition4.1 Let L = (L,V,A,0,1) a complemented
lattice and a, b, ¢ € L. Then the following holds:

) 00a=a00=0,

i) 1©0a=a0®1l=a,

(i) anb<aOb<bandifb<athena®b=b,

(v) ifa<bthena®c <;bOcfori=1,2,

(v) if L is modular then a < b if and only ifa © b = a
and, moreover, (a ©b) ©b =a © b.

(i) Wehave 0 0a=aAnOva)=araT =0
anda®0=0A(@Vv0r)=0.
(i) Wehave l ©a = a A (1vat) =aAnl =aand
a®l=1A@v1t)=av0=a.
(iii) This follows from the definition of a ® b.
(iv) Ifa < bthena®c = cA(avet) <; en(bvet) = boc
fori =1, 2.
(v) If a < b then using modularity of L. we obtain

Proof

aOb=bA@vb)=@vbH A
b=av®d " Ab)=aVv0=a.

Thata © b = a implies a < b follows from (iii). Using
(iii) and modularity of L. we obtain

@Ob)Ob=bA(@Ob)Vb")=((a®@b)vbT)A
b=@Ob VBT Ab)=@Ob)VO=a0Ob.
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Example 4.2 The “operation tables” for © for the lattices N5
and M3 (see Example 2.1) are as follows:

©l0abcl ©I0 a b cl

000000 00 0 0 00

al0aOca al0 a0bOca

b|I00bLOD b|00a bOcbh

cl0a0lcc cl00a 0b ¢ c

110abcl 110 a b c1
Ns M;

Contrary to the relatively weak relationship between —
and A, for © and — we can prove here a kind of adjointness.

Theorem 4.3 Let (L, V, A, 0, 1) be a complemented modu-
lar lattice and a, b, ¢ € L. Then

a®Ob<cifandonlyifa <b — c.

Proof If a ©b < cthenb A (a Vv x) < cforall x € b and
hence

a<avx=1A(aVvx)=xVDb) A(aVx)
=x\/(b/\(an))

:x\/(b/\(b/\(a\/x))>§)cv(b/\c)

forallx € b™ showing a < b — c. If, conversely,a < b —
cthena <x Vv (b Ac) forall x € b+ and hence

b/\(an)fb/\((xV(b/\c))\/x)

=bA(xVBA))=(bBA)VX)AD=
=bArc)vVixAb)=(bAc)vO=bAc<c

for all x € b+ showinga © b < c. |

5 Deductive systems

Deductive systems are often introduced in algebras forming
an algebraic formalization of a non-classical propositional
calculus. These are subsets of the algebra in question con-
taining the logical constant 1 and representing the derivation
rule Modus Ponens. Since our operator — shares a num-
ber of properties with the non-classical logical connective
implication, we define this concept also for complemented
lattices.

Definition 5.1 A deductive system of a complemented lat-
tice L = (L, Vv, A,0,1) is a subset D of L satisfying the
following conditions:

e leD,

e ifae D,be Landa — b C Dthenb € D.

Since the intersection of deductive systems of L is again
a deductive system of L, the set of all deductive systems of
L forms a complete lattice Ded L. with respect to inclusion
with bottom element {1} and top element L.

Example 5.2 The deductive systems of the lattice M,, forn >
1 (see Fig.1) are given by M, and A U {1} where A is a
proper subset of {ay, ..., a,}. This can be seen as follows.
Leti, j e {1,...,n} withi # j. Then we have

Now let D be a deductive system of M,,. Then the following
hold:

l1eD,

if 0 € D then D = M,,,

if{ar,...,a,} € Dthena; € Danda; - 0=a; € D
and hence 0 € D which implies D = M,,,

ifaj € Dand{ay,...,a,} ¢ Dthena ¢ D.

The rest follows from the table above. Moreover, Ded M,,
is a 2"-element Boolean algebra since

M, if A={ay,..
Ar {A U {1} otherwise

. 7an}7

is an isomorphism from (2{‘” st} Q) to Ded M,,.

The relationship between deductive systems and filters is
described in the following results.

Lemma5.3 LetL = (L, Vv, A, 0, 1) be a complemented lat-
tice and D a deductive system of L. Then the following holds:

(1) D is an order filter of L,
(ii) ifx > y € D forall x,y € D then D is a filter of L.

Proof Leta,b € L.
(i) Ifae Danda < bthena — b =1 € D and hence
beD.
(i1) According to (i), D is an order filter of L. If a, b € D

then

a—(@nby=atv(an(anb))
=atVv@Ab)=a—->bCD

showinga A b € D.
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If L is, moreover, modular then we can prove also the
following.

Proposition5.4 Let L = (L, Vv, A, 0, 1) be a complemented
modular lattice and F a filter of L. Then F is a deductive
system of L.

Proof If a € F,b € L and a — b C F then according to
Theorem 3.5 (i) we have

aANb=aAN(a—b)CF

and due to a A b < b we finally obtain b € F. O

In the remaining part of this section we investigate when a
given deductive system D may induce an equivalence relation
® such that D = [1]®, i.e. D being its kernel. We start with
the following definition.

Definition 5.5 Forevery complemented lattice . = (L, Vv, A,
0, 1) and every deductive system D of L put

O(D) :={(x,y) € L’ | x > y,y = x € D}.
From Theorem 3.3 (ii) we get that ® (D) is reflexive and,
by definition, it is symmetric.

Itis easy to see that every congruence on a complemented
modular lattice induces a deductive system.

Proposition5.6 Let L = (L, Vv, A, 0, 1) be a complemented
modular lattice and ® € Con(L, A). Then the following
holds:

(1) [1]1D is a deductive system of L,
(i) O(1]®) < .

Proof Leta,b € L.

(i) Wehavel € [1]®,andifa € [1]®anda — b C [1]D
then according to Theorem 3.5 (i) we conclude

b=1Ab®arb=anA(a—sb)C[lAld=[1]d.

@ii) If (a,b) € O([1]P) thena — b, b — a < [1]P and
hence again according to Theorem 3.5 (i) we obtain

a=aANlParn(a—b)=anb=>bA
a=bAb—->a)dPbAl=0b

showing (a, b) € .

]
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That not all deductive systems arise in the way shown
in Proposition 5.6 (i) can be seen as follows: According
to Example 5.2, {aj, az, 1} is a deductive system of Ms3,
but there does not exist some ® € Con(M3, A) satisfying
[1]® = {ai, az, 1} since this would imply 0 = a; A ay €
[ay A a]® = [a;]® = {ay, a», 1}, a contradiction.

The previous proposition shows that we need a certain
compatibility of the induced relation ® (D) with the lattice
operations in order to show D to be the kernel of ® (D). For
this sake, we define the following properties.

Definition 5.7 Let (L, Vv, A, 0, 1) be a complemented lattice
and @ an equivalence relation on L. We say that ® has the
Substitution Property with respect to + if

(a,b) € ® implies at x bt C @,
and the Substitution Property with respect to — if
(a,b) € ® implies (a - ¢) x (b - ¢) C P forallc € L.

Such an equivalence relation @ can be related with the
equivalence relation induced by its kernel [1]® and, more-
over, this kernel is a deductive system.

Theorem5.8 Let L = (L, V, A,0,1) be a complemented
lattice and ® an equivalence relation on L having the Substi-
tution Property with respect to —. Then the following holds:

(i) @ has the Substitution Property with respect to T,
@i1) [1]® is a deductive system of L,
(iii)) ® € O([1]D).

Proof Leta,b € L.

(i) According to Theorem 3.3 (i), (a, b) € ® implies a™ x
bt =(@—0)x (b —0) C o.
(i) Ifa € [1]®anda — b C [1]d thenforeveryx € a —
b we have (1, x) € ® and according to Theorem 3.3
(i) also (x,b) € (@ — b) x (1 — b) C P showing
b e [1]D.
(iii) According to Theorem 3.3 (i), (a, b) € ® implies

(a—> b) x {1} =(a— b) x (b— b) C P,
b—>a)x{l}=0B—a)x(a—>a) C.

]

Now we are able to relate deductive systems with equiv-
alence relations induced by them provided these deductive
systems satisfy a certain compatibility condition defined as
follows.
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Definition5.9 Let L = (L, Vv, A, 0, 1) be a complemented
lattice and D a deductive system of L. We call D a compat-
ible deductive system of L if it satisfies the following two
additional conditions for all a, b, c,d € L:

e Ifu >bC Dandx — (¢ — d) C Dforallx ea — b
thenc — d C D,

e ifa > b,b—aC Dthenx — (b — ¢) C D for all
X €a—c.

Since the intersection of compatible deductive systems of
L is again a compatible deductive system of L, the set of all
compatible deductive systems of L. forms a complete lattice
with respect to inclusion with top element L.

Now we show that also conversely as in Theorem 5.8, a
compatible deductive system induces an equivalence relation
having the Substitution Property with respect to —.

Theorem 5.10 Let L = (L, Vv, A, 0, 1) be a complemented
lattice and D a compatible deductive system of L. Then the
following holds:

(1) ®©(D) is an equivalence relation on L having the Substi-
tution Property with respect to —,
(i) [11(©(D)) = D.

Proof Leta,b,c,d,e, f,g € L.

(i) Asremarked after Definition 5.5, ® (D) is reflexive and
symmetric. Now assume (a, b), (b, c) € ©(D). Then
b— a,a— b C Dandhencex - (@ > ¢) C D
for all x € b — c. Because of (b,c) € O(D) we
have b — ¢ € D and therefore a — ¢ € D. On
the other hand b — ¢,¢ — b < D which implies
x — (¢ > a) € D forall x € b — a which together
with b — a € D yields ¢ — a € D. This shows
(a,c) € ©(D), i.e. ®(D) is transitive. Now assume
(d,e) € ®©(D). Thend — e,e — d C D and hence
x — (e — f) < Dforallx € d — f.Because of
e >d,d >eC Dwehavey - (d - f) € D
forally e e > f.Sinceg - A = |J(g — x)

xeA
forall A C L, we have x — y,y — x C D for all

(x,y) € (d = f) x (¢ = f) and hence (x,y) €
®(D) for all (x,y) € (d — f) x (e — f) proving
(d — f) x (e > f) € O(D). Therefore (D) has
the Substitution Property with respect to —.

(i) According to Theorem 3.3 (i) and (ii) the following are
equivalent: a € [1](®(D));a — 1,1 — a C D;
l,ae D;a e D.
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