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Abstract It is well-known that the momentum spectra of
particles confined to finite spatial volumes deviate from the
continuous spectra used for unconfined particles. In this arti-
cle, we consider real scalar particles confined to finite vol-
umes with periodic boundary conditions, such that the par-
ticles’ spectra are discrete. We directly compute the den-
sity matrices describing the decay processes ¢ — ¢ and
¢ — @xv,and subsequently derive expressions for the decay
probabilities both for confined and unconfined particles. The
latter decay process is used as a rough toy model for a neu-
tron decaying into a proton, an electron, and an anti-electron
neutrino. We propose that finite volume effects can have an
impact on the outcomes of experiments measuring the neu-
tron lifetime. In addition, our findings at the toy model level
suggest that taking into account possible initial correlations
between neutrons and their daughter particles might be rele-
vant as well.

1 Introduction

In many computations, it is assumed that the energy and
momentum spectra of particles are continuous. However, par-
ticles are often confined within finite volumes, for example,
within a finite time interval from a particle’s creation to its
annihilation or within a region of space. Depending on the
boundary conditions, a restriction to finite volumes renders
particles’ spectra different from those in the infinite volume
case. For instance, a particle spatially confined to a cube with
periodic boundary conditions will have a discrete spectrum
depending on the dimensions of the cube. Such differences
between finite and infinite volume cases can have physi-
cal consequences, for example, the Casimir effect [1], the
dynamical Casimir effect [2] or the Purcell effect [3]. Impor-
tant theoretical work on particles and fields in finite volumes
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has been done by Liischer in Refs. [4-8], while more recent
discussions considering finite volume effects in a variety of
research areas can be found, for example, in Refs. [9-28].

An important open problem in physics is the correct exper-
imental determination of the mean lifetime t of free neutrons.
The neutron lifetime is not only connected to fundamental
parameters of the Standard Model [29], but also has implica-
tions for cosmology [30,31]; see also Ref. [32]. Therefore, it
is problematic that, to date, no concordance on the value of t
has been reached; see Ref. [33] for a good historic overview.
More precisely, there is an about 10 s discrepancy between
the two established main methods of determining the neu-
tron lifetime: the beam method [34-36] and the ultra-cold
neutron (UCN) storage method [37-47]. The former finds
on average T = 888.1 & 2.0 s, while the results of the latter
average to T = 878.36 0.45 s [32]. Note that there are also
indirect ways of determining the neutron lifetime experimen-
tally; see, for example, Refs. [48—50]. Furthermore, a recent
alternative beam measurement found a result closer to those
of the UCN storage method experiments [51]. Nevertheless,
the neutron lifetime problem remains unresolved. While it
is widely assumed that yet unknown systematic errors in the
experimental methods are responsible for the discrepancy
[32], there have also been suggestions of new exotic physics
as possible explanations [52—64]. Furthermore, it has been
proposed that the neutron lifetime discrepancy is caused by
an increase in the decay probability due to multiple elastic
collisions between neutrons and between neutrons and trap
walls [65].

In this article, we make a new suggestion that might con-
tribute to the resolution of the neutron lifetime problem. We
propose that finite volume effects can actually be of experi-
mental relevance when measuring the neutron lifetime. Since
the neutron lifetime experiments typically have different con-
finement structures, e.g., for the beam method the neutron is
essentially unconfined in at least one direction [32], while
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for the UCN storage method used in the upcoming tSPECT
experiment [29,66] the neutron is confined in all spatial direc-
tions, it is possible that there naturally are noticeable differ-
ences in the decays of free neutrons depending on the experi-
mental setup. Note that this does not require the introduction
of any new physics, but rather a more careful theoretical
analysis taking into account the computational differences
between finite and infinite volume cases as well as the differ-
ent boundary conditions of each experiment resulting from
properties of the confining boundaries, e.g., how likely it is
that an interaction with them leads to losses of neutron ener-
gies or even single neutrons. Similar ideas considering a pos-
sible dependence of the neutron lifetime on the experimental
environment were recently discussed in Ref. [67], where a
measurable neutron Purcell effect has been proposed, and in
Ref. [68], where it was suggested that invoking the Casimir
effect for trapped ultra-cold neutrons can resolve the neutron
lifetime problem. The latter computes the neutron lifetime
from the usual transition amplitude approach and only con-
siders the vacuum energy density shift, that arises in finite
volumes due to the Casimir effect, as an additional contribu-
tion to the Fermi phase-space factor. In the present article,
we derive the neutron lifetime from the directly computed
density matrix describing the decay process and we take into
account that the discrete spectrum arising in finite volumes
requires us to work with sums over 3-momenta instead of
integrals. In this way, our approach should be capable of
capturing all possible finite volume corrections also beyond
the one described in Ref. [68]. Though, we will neglect finite
volume corrections to masses since they can only appear at
orders in perturbation theory higher than what we will con-
sider here.

The article is structured as follows. In Sect. 2, we will
introduce a few mathematical prerequisites for the computa-
tions in finite and infinite volumes. Subsequently, in Sect. 3,
we will discuss the decay of a single scalar particle ¢ into two
copies of another scalar ¢, both in infinite and finite volumes.
More precisely, we will derive the density matrices describ-
ing this decay for both types of volumes and then compare the
resulting expressions for the decay probabilities. This com-
putation will allow us to get an idea of how to approximate
certain integrals that we will later also encounter when dis-
cussing neutrons. For this computation and also for all later
ones, we will employ methods that were developed in Refs.
[69-72], which are in turn based on the Schwinger—Keldysh
formalism [73,74] and thermo field dynamics (TFD) [75-
78], and have already found phenomenological applications
in Refs. [79-82]; see also Ref. [83] for an alternative intro-
duction and discussion of these methods. Next, in Sect. 4, we
will introduce a rudimentary toy model for decaying neu-
trons. More specifically, we again consider a real scalar ¢
(a ‘neutron’) that decays into three other scalar particles ¢
(a ‘proton’), x (an ‘electron’) and v (an ‘anti-electron neu-
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trino’). We will consider the neutron and its decay prod-
ucts to be confined to a finite spatial volume with perfectly
reflecting boundaries like the magnetic trap in the upcoming
TSPECT experiment [29,66], and again compute the decay
probability in this finite volume. From this naive compu-
tation, we will derive an extremely large predicted neutron
lifetime. As a consequence, we will improve the toy model
by taking into account that the anti-neutrino is essentially
not confined, which requires us to treat it as having a contin-
uous spectrum, and by considering that the neutron and its
decay products will likely be correlated in Fock space. With
those two improvements we will manage to predict a neutron
lifetime that, for a simple toy model, is impressively close to
results of real neutron lifetime experiments. We will interpret
this as a hint that finite volume effects are indeed of relevance
to the neutron lifetime problem. Finally, in Sect. 5, we will
draw our conclusions and give an outlook on further possi-
ble improvements required for evolving the toy model into a
more realistic model that can actually confirm our proposal.

2 Scalar fields in finite and infinite volumes

In this section, we will shortly introduce the mathematical
prerequisites for our computations for particles and fields in
finite and infinite volumes. We base our introduction on Refs.
[84,85].

In case of an infinite volume, a scalar field operator on
either the + or — branch of a Schwinger—Keldysh closed
time path [73,74] can be expanded in terms of creation and
annihilation operators as

ot = /dl'[i I:&l:(te:ti(kx—El‘ft) +&]:(tfe:pi(kx—El‘fz)] ’ (1
where
d*k
amg .= —, 2)
Qn)32E]

and El‘f = +/k% + M? is the on-shell energy of a ¢-particle
with 3-momentum k and mass M. If we instead consider a
finite volume V = L, Ly L, with periodic boundary condi-
tions, Eq. (1) becomes

1

=Y

1 I:a:l:eii(kxfEl‘ft) _i_&litTe:Fi(kxfEl‘ft):I,

9 | %
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3
where we now have a discrete momentum spectrum with vec-
tor components k; = 2L—”n ;. The integers n; are components
1

of a vector n € Z3. In the limit V — oo, we recover Eq. (1)
from Eq. (3) since we make the replacement
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Furthermore, for V — oo, we have

Vo — Q)2 8@ &k -k, (3)
such that
[&f, &;T] = 2E$V(Sk7k, (6)

in finite volumes. Finally, another important relation for us
is

L;i/2 ) ,
/ dPxETOX — vy 0 @)
—Li/2

3 Two scalar fields

Before moving on to the neutron decay toy model, we will
discuss a simpler example in order to illustrate differences
between computations in finite and infinite volumes and to
learn more about the approximations that we will be applying
throughout this article. We consider a real scalar field ¢ with
mass M that interacts via

Suldio) = [ [~aros?] ®)

XEQ,’V

with another real scalar field ¢ that has a mass m,,. Apart from
this interaction, the two scalars are free and have actions

_ _l 2_1 2,2
S"’”’]_/x[ S8~ oM ¢] ,
1 1
Sele] =/[—§(3¢)2—§mé¢2} : ©)

such that the total action is given by S[¢; ¢] = Spl¢] +
Sele] + Sincl@; ¢]. Here, we have introduced the notation

/::/d4x. (10

The mass scale M is left undetermined for our discus-
sion, « < 1 is a dimensionless coupling constant, and
we define the set ;v = [0,¢] x [—-L,/2,L,/2] X
[-Ly/2,Ly/2] x [-L;/2, L;/2], which includes the case
Li —> OQ.

We will use Ref. [72] and lend tools from TFD [75-78]
in order to find the density matrix elements describing the
decay of a single ¢-particle into two g-particles at second
order in ¢ first in an infinite volume and then for a finite
volume V. Subsequently, we will derive expressions for the
decay probabilities in both cases. Comparing the two results
with each other, we will notice differences between them.
Finally, relating our results to those in Ref. [8] will tell us
more about the approximations that we will have employed.

Fig. 1 Taken from Ref. [72]; the crossed box represents the single
¢-particle density matrix elements at the initial time 0, a solid line
is a ¢-propagator, and a dotted line stands for a g-propagator. To the
left and to the right of the crossed box, time evolves from O to the
final time #. More precisely, the left-hand side of this diagram shows
the evolution (p + k; ; 0| — (; p, Kk; #| and the right-hand side depicts
Ip'+K;5;0)— |;p.K;1)

3.1 Density matrix elements

Ref. [72] has also dealt with the example considered here
and already provides a result for the infinite volume density
matrix elements describing the decay of a single ¢ into two
copies of ¢:

2042

o
P0%:0.2G D Kl P/ K |1) ~
P10 + K |/ + K5 10)

- ¢ ¢ @ o\ p? @ @
By (Epx = Ep — EXO(Ey o — Efy — Ey)

o |:e—i(El‘f+El‘f)t B e—iEld)’+kti| [ei(E§,+E,f,)t 3 eiE$’+k’ti| ;
(11)

see Appendix A for more details on how to obtain this result.
Note that we have only considered the connected diagram in
Fig. 1, but have dropped all disconnected diagrams. We have
used & in order to illustrate that this result is only valid at
O(a?). The infinite volume density matrix elements '08,02;0,2
and ,of’oO; 1.0 Tepresent the two @-particle states and the single
¢-particle states, respectively, and are obtained by projecting
the total density operator into the respective subspaces in the
Fock basis:

(12)

oro:0@+ K [p'+K;0) = (p+k;; 0[50)|p +K'; 5 0).
(13)

Since there is no result for the finite volume computation

of these density matrix elements in the literature, we need to

derive it ourself. For this, we follow Ref. [72] and lend tools
from TFD, such that we can start from

P 202G Kl P K1) = Trl; p/, K p, kIA)
= (11(: p. K): p. K| @ DT (0)[1))
~ (1P k) p. k| ®T)

x Z ab8¢ ()82, (1) pT(0)]1))
a,b==+
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a,b=+ @

@02 et (0)[1)) (14)

where we are now working in the usual TFD doubled Hilbert
space H := H™ ® H~ with operators

Ot =0gl, O =107, (15)

for which 7 indicates time-reversal. The operator .§im(t) cor-
responds to the interaction action in Eq. (8). For the ¢- and
¢-fields we introduce creation and annihilation operators a",
aand b’ s l; respectively. The creators act on the TFD vacuum
State

0) :==1)®1;) (16)
as

amioy = k) @ 1) = k3 ),

a0y = 1 @Ik = ko),

by = k) @) = 11 ky)

b tl0) = 1) ®Lk) = k), (17)

while the annihilators give

atlpy,p—:) = 2EXVépxlp: )
bifl: 1 P-) = 2E{ VSpkl; p)) - (18)

In addition, we define a state

1 1
+ — ki, ko5 ) + — I 1
) ;ZEf|+ ) ;215?' )
+Z

4EQE]
1
Z Topge Ke Kk K 4 (19)
'k ExEy

|k+s -3 l+7 l—»

which is picture-independent [71] and allows us to take traces
over operators within TFD; see, for example, Ref. [83] for
more details on this formalism.

Using Eqs. (6) and (7), Eq. (14) leads us to

2
o
£0.2:0.2G P, kI P/, K'|1) ~ 7M2<<; p+ ki, pl K]

1 1
X\/ZZ/W Z

28ES E¢ EEL ES ESEVES,

qq’lrsuvw
><a +,i(lz— E z )A— —1(rz E,‘?ZO')bJrTb+t —i((s+wz—(EL +E$)Z0)
—(EC+E®)Y
xby byt VEWE BB Yzl 10) g q0)
N 0{2M pl,o;l’o(p“l‘k \P +k/, |O)
4B ES (Bl — Y — ED(ES o — EY — E)

. ") @ 4
« |:e—l(E$+El(f)r _ e—lEp+kti| |: i(E /+Ek’)t elEp/+k/ti|- (20)
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A comparison with Eq. (11) shows us that the density matrix
elements are essentially the same for the infinite and finite
volume cases, apart from the initial density matrix elements
used. Why this happens can easily be understood. For this,
we have to remember that the relevant difference between
the computation in Appendix A, which leads to the result
in Eq. (11), and the computation, which gives us Eq. (20),
is the fact that for the former we have to integrate over 3-
momenta, but for the latter we sum over them. All other
aspects of the two computations are essentially the same. In
Appendix A, we have seen that, for our tree-level calculation,
all 3-momentum integrals are over Dirac delta functions that
result from integrations over the spatial coordinates. For the
computation in a finite volume, the sums over 3-momenta
are evaluated in the same way by using Kronecker deltas
obtained from expressions like the one in Eq. (7). Effectively,
this leads in both cases to the same results. Though, if we go
beyond the tree-level and consider mass correcting diagrams
with internal loops, then there are not sufficiently many inte-
grals over spatial coordinates that can give us delta functions
or Kronecker deltas in order to evaluate all 3-momentum inte-
grals or sums, respectively. In such a case, we would actually
find a real difference in the results for computations in infi-
nite and finite volumes. However, in the model considered
here, such diagrams could only appear from fourth order in
a on, which is why we do not work with them in this arti-
cle. In addition, and as we would expect, it is already known
that there is an exponentially suppressed difference between
scalar field masses in infinite and finite volumes; see, for
example, Ref. [4].

3.2 Probabilities
Having derived the density matrix elements, we can now

compute the probability of a single ¢-particle decaying into
two g-particles. For the infinite volume case, we can use [82]

1
Poa®) = E/dngdnﬁpo,z;o,z(; p. k| p. k|1)

. . 2

M2 /dn"’dn“’ PT0:1.0(P + ki [p+k: [0)t
¢ 2
(Eg )

1
)
xsinc [E(Eg + El(f p+k)t] 21

where sinc(x) = sin(x)/x. As an example, we choose to
work in the rest frame of the single ¢-particle, such that we
canuse p{q.; o(P+k; [p+k; [0) = (271)32Eg’+k8(3) (p+k)
for the initial density matrix element. Consequently, we are
left with

o’ M? dp 1
16M | (2m)3 (Ef)?

1
PR3 (1) ~ sinc? [z(zEg - M)t] )

(22)
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Similarly, we find for the resting ¢-particle confined to a
volume V = L3:

v o?M? 1 1 ) .10®+ K p+k; [0)¢
PO;Z(I) ~ 32 W Z ECE? = ¢ 2
pk Pk (Eptx)
xsinc? l(E(/7 +EY — E¢ )t
2P k p+k
2M2 2 1
Qﬁﬁ6M - ¢2sm&[iaE$fAm@
V4 (Ep)
2042 2
1 Nt 1
N~ ML N sinc? | S QEY — M| (23)
16M Vv (E¥)2 2
neZt p

where we have used ,OIVO‘1 o@+k;|p+Kk;|0) = 2E$+k

V8p4k,0, and |p| =: 27 \/n/L with 8, being the number of
integer vectors z that fulfill 72 =n[8].

Actually computing the remaining integral in Eq. (22)
and the sum in Eq. (23) is rather challenging. Therefore,
we instead extract the respective terms corresponding to

energy conservation, i.e., for which |p| = ,/M?/4 — mé and

sinc [3(2E} — M)t] — 1. While there are no complications
for Eq. (23) when extracting this term since each summand is
already dimensionless, we must introduce an unknown fac-
tor C with [C] = 3 as a replacement for the differentials in
Eq. (22). Consequently, we obtain

M2 C P

Fea PED > S Gy (ED?” -
o> M? 1 R,1?

Py (Ipl; 1) ~ ” (25)

16M V (ED)?
Note that these two expressions are only valid for times that

comply with the permitted range of probabilities. If we com-
pare both results, we find

Pea(pliy v
Py, (pls)  Qm)3N,

(26)

Since it essentially stems from the same type of decay pro-
cess, the ratio in Eq. (26) must actually be the Lellouch-
Liischer factor that was derived in Ref. [8] for a resting scalar
decaying into two copies of another scalar, while neglecting
self-interactions of the second scalar, and which relates the
decay amplitudes in the infinite and finite volume cases [86].
From this, we conclude that C = 4(27)>M 3 such that we
finally arrive at

Pos (Il 1) aM3v
Py, (pliy R

27)

Now we can clearly see that, depending on the values of M, V
and n (the last of which is determined through m, ), there can
be massive differences between probabilities in the infinite
and finite volume cases. To fully assess these differences,
however, we would be required to evaluate the full integral

and sum in Eqgs. (22) and (23), which is beyond the scope of
the current article.

4 Neutron decay toy model

Next, we will discuss a simple toy model of neutron decay.
More precisely, we consider a scalar field ¢ with mass M
as a ‘neutron’ that decays into three other scalar fields ¢ (a
‘proton’), x (an ‘electron’) and v (an ‘anti-electron neutrino’)
with masses m, m, and m,, respectively, via a contact inter-
action

Sint[P; @; x5 vl = f

XEQ,,\/

[—adpxv] , (28)

where, again, @ < 1 is a dimensionless coupling constant.
Apart from this interaction, all fields are free with ¢ and
¢ having the same free actions as in Eq. (9), and the other
scalars have

1 1
SX[x]=/[—5(ax)2—§m§x2} ,

Sy[v] = / [—%(81})2— %m‘z)uz] , (29)

such that the total action is given by S[¢; ¢; x; v] = Sp[d]+
Splel+Sy [x1+Su[v]+Sinl@; ¢; x; v]. We take the neutron
and the produced proton to both be at rest, and, in order to
properly describe the contact interaction, we choose o =
GFr(M — my)*v,q, where Gr = 1.16637 x 1075 GeV 2
is the Fermi coupling constant and v,; = 0.97367 [87] is
the first entry of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [88,89]. Since G ~ m;VZ, this choice of coupling
constant takes into account the ratio of the energy transferred
by the off-shell W boson to its on-shell rest mass my that
appears in the W boson propagator. For the masses, we use
the values M = 939.5654205 MeV, m, = 938.2720881
MeV, m, = 0.5109980 MeV [87], and m, ~ 0.7 eV.

Since neutrons, protons and electrons are usually at least
partially confined in neutron lifetime experiments, we pro-
pose that such confinement can render the measured neu-
tron lifetimes to be sensitive to confining volumes and, gen-
erally, dependent on the boundary conditions given by the
experimental environment the neutron decay is studied in.
Using the neutron decay toy model introduced above, we
will investigate our proposal of a volume dependence. For
this, we will consider a neutron to be confined in a magnetic
trap of the same form as in the upcoming tSPECT experi-
ment [29,66], i.e., a cylinder with an approximate volume of
V = (50mm/2)? - 7 - 1 m. What makes this setup partic-
ularly appealing for us are the circumstances that neutrons
(and most of their decay products) are confined in all three
spatial directions and get perfectly reflected on the bound-
aries, which allows us to work with a discrete momentum
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basis and use the formulas introduced in Sect. 2. A deviation
from almost perfect reflectivity or a change in the confine-
ment structure of the trap, for example, if it was half open in
one direction or if there was a certain amount of leakage of
the neutron and its daughter particles, would lead to a drastic
modification of our computation. Consequently, we suggest
that such differences can potentially explain the variance of
neutron lifetimes determined by experiments and contribute
to the resolution of the neutron lifetime problem.

For our investigation, we will, at first, follow the same pro-
cedure as in Sect. 3, i.e, we will compute the density matrices
describing the decay for the infinite and finite volume cases
and then obtain the probabilities. For the finite volume case,
we will make the naive assumption that all considered parti-
cles are confined within the trap. From this we will find an
unreasonably huge value for . Therefore, we will refine the
computation by considering that the anti-electron neutrino
v is essentially unconfined and should be treated as having
a continuous spectrum. In this way, the resulting neutron
lifetime will be improved by multiple orders of magnitude.
Though, this will still not be close enough to experimental
results, but point us to the necessity of considering corre-
lations between the neutron and its decay products. Taking
this into account, we will be able to get impressively close to
experimentally determined neutron lifetimes. Since we will
have used the volume of the magnetic trap in the tSPECT
experiment as a parameter in our computation, we interpret
this as supporting evidence for our proposal of a volume
dependence for the neutron lifetime.

4.1 Density matrix elements

aaaaaaa

vvvvvvv

Using the method presented in Ref. [72], we have to com-
pute:

~a? m,)lim dl'lﬁdl'lﬁ/p?fo,o_o:1,0_0,0((1; i ld5 510
Yo, x.v

yOl') -0

X f
’ ’ oy
Xy X(, X X Xy X[, Yy

X 0.0 00" 9.0 pxd* 9.0 grd* * d "
- Ep O B, OB OB Oy 0 g O Y,

—tT

o1 PXg HRXy Xy —p K X 1 X)) il y—qy)

» / DDt Dy E Dy SIS, 1S L +i5, 0]

+ oyt =yt +o-oto- vty vtv- bt o
X P, Py Xy Ko, Vi, Vi, [/(ﬁz [RIARRY Sl SRAR N AN
p44

(30)

where axg,Eﬁ = Oy — iEy, D¢t = Dp*Dp~, and
§¢[¢] = Spl¢pT1— Spl¢~1; see Appendix A for an example
that explains how to arrive at such an equation. Note that the
path integrals in Eq. (30) can only lead to contractions of
two + or two — labeled fields [71], such that we have Feyn-
man (F) or Dyson (D) propagators DF-P, A¢E.D AX-ED and
AVED for ¢, @, x and v, respectively. After evaluating the
path integrals, we are left with

~a®  lim dnﬁdnﬁ/pﬁmo,l 0005 1q5::10)

% / o1 PXg KXy Xy —p ), —K X 1 X))+l y—qy)
xwx(’axx x;( Xy X, yy'

X d TN 0.0 zx0* a 9" 9* d .
X'(P"EP xg/,E::, Xg’bk xg('/,Elf, XS’EIV x.(,'/‘E]'; yO.E"f ,‘.Olvhr/

€1V

’
X2

@.FA90.D A x,F A X.D \v,F \v.D nF D
X[,/ Axszx;,z’Axsz AquAx",z/Dz)'Dz’y/ .
2z

Finally, after substituting explicit expressions for the prop-
agators, we can evaluate the momentum integrals by using
Eq. (A14) and Cauchy’s integral formula, such that we arrive
at

Po11:01.1.1G P K Pk ) ————————— p

,,,,,,, ¢ ¢
4E o E

. ) i(E? +EX ig?
% [e_l(El(f_,’_El)((_,’_Elv)t _ e]E]H'k‘Ht] [el(Ep/"l‘Ek/‘FEllj)t _ elEp/+k/+|/[] )

¢
prri+r (Epikit

14 X 3 X
— B — Ef — E)EY popy — B — EY — B}

(32)

tron. We ignore all disconnected diagrams and only consider
the one shown in Fig. 2.
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Using the same formalism as in Sect. 3.1, we find that also for
this example, the density matrices for the infinite and finite
volume cases are essentially the same (when ignoring mass
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%o,
e,
Soa.,
v,
.

Fig. 2 Diagram for neutron decay; the crossed box represents the sin-
gle ¢-particle density matrix elements at the initial time 0, a solid line
is a ¢-propagator, a double dotted line stands for a ¢-propagator, a
dotted line represents a x-propagator, and a small dotted line depicts
a v-propagator. To the left and to the right of the crossed box, time
evolves from O to the final time ¢. More precisely, the left-hand side of
this diagram shows the evolution (p+k +1;;; ;0] — (; p; k; I; ¢] and
the right-hand side depicts [p’ + kK +1;;;;0) — |; p; K 15 1)

corrections), apart from the differing initial density matrix
elements, i.e.,

As a further simplification, we consider the case in which
the proton is also almost at rest, such that E,(f ~ mg,. Con-
sequently, we must approximate the integral over the pro-
ton momentum. For this, we do the same replacement as
in Sect. 3, i.e., fd3p —C = 4(271)3M3. Certainly, we can
only speculate that this replacement is applicable here as well
since the neutron toy model decay process is different from
the one discussed in Sect. 3. Therefore, we incorporate this
assumption into our toy model and will see whether we will
obtain a sensible result. After this approximation, we are left
with

2 2.2

o M-t
P(iol;l;l(t)% 2 /dl'lrm EX
(2 |

1
x sinc? [E(mq) + Ef + E} - M)t] . (36)

azplvy()’(),();l’o’()’()(p +k+L:p +K +1::;510)

vvvvvvv ¢ ¢ ¢ ¥ X v ¢ ¥ X v
4Ep+k+lEp/+k/+l/(Ep+k+l - Ep - Ek - El )(Ep/+k/+l/ - Ep/ - Ek/ - El/)
. P o X v ¢
% [el(E$+EI§+El“)z _ e—nENkHz] [el(Ep,+Ek,+El,)t _ elEp,+k,+l,t] ' (33)

The reasons for the similarity of both results are the same as
those that we have explained below Eq. (20). In particular,
also for the considered neutron decay toy model, mass cor-
recting loop diagrams, which would lead to different results
in infinite and finite volumes, can at earliest appear at O (a*).

4.2 Probabilities

We can now compute the probabilities for finding a proton, an
electron, and an anti-electron neutrino at time ¢ after having
had a single neutron at the initial time 0. For the infinite
volume case, we find

— % X e ke ne k-
P(()ﬁ;];l([) = /dnpdnkdnrpgol 1.1:0.1.1 16 e K15 ps K 1)

»»»»»»»

R

a2 % X v
£ / dngdrnan;
L PL0.00:1.000@FK+L PR+ 10)22

¢
(Eppic)?

T
xsinc? [E(Eg +Ef + B — E$+k+l)tj| - (34

sssssss

(271)32E$ 8 (p + k +1) for a neutron in its rest frame,

+K+1
and we obtain

012 t2
Peg () ~ —/dngdnl“—x
+ ME],,

. 1
x sinc? [E(E[“,’ +Ef, +E — M)t] . (3%

Finally, we restrict us to the case of energy conservation and
replace [ d*l — C = 4(27)*M? for

1
N = =) ]‘[ (M —my +amy +bm,), (37)
a,b=%
such that
a?M3t?
PG (M)~ — (38)
Next, we consider the case of a finite volume:
2
o 1
Py (1)~ >
0;1;1;1 3 X
32V3 Lo B EEY
pl‘foyo,o;l,oyo’o(p +k+L:;p+k+1;;0)2
X
¢
(Ep+k+l)2
. 1
x sinc2 [E(Eg +Ef + B — ED H)t] . (39)

sssss

ZEg’ k417 Op+k+1,0 and considering a resting proton, we
arrive at

v o? 1?
Py, ~
o110~ gy 21: MmyE['E}

1
x sinc? |:§(m(p + Ef + E} - M)t]

~ (12 Z Rntz
- 2 X
16V2 & Mm, E] B}
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s 2 1 X v
X sinc §(m</’+El +E — M)t|. 40)

After extracting the term corresponding to energy conserva-
tion, we find

o? Rntz

PY (1) ~ .
o U0 16V2 Mmy,E[E)

(41)

Note that the sinc?>-function in Eq. (40) has its maximum at
the value of || given in Eq. (37) and then falls off rapidly,
which makes Eq. (41) a sensible approximation. Akin to
Eq. (27), the comparison between the probabilities in both
cases gives us

Poiaa (W0 16M6V2
P0Y1;1;1(|l|§ t) N"

(42)

Next, we will check whether a reasonable neutron lifetime
can be derived from Eq. (41). For this, we consider that the
survival probability of a neutron at time ¢ is, at the con-
sidered order in the coupling constant, essentially equal to
1 - P0Y1;1;1(|1|; t). Since the mean lifetime of a particle is
defined as the time t at which the particle’s survival proba-
bility has dropped to 1/e, we obtain

4v \/(1 — Y)Y Mm,E]EY
- Gr(M — mg&)zvud Ry,
1.68-10%
BV

Since 8, is difficult to calculate for large numbers, we make
a rough overestimation in order to demonstrate that it can
not be sufficiently large to get the result in Eq. (43) close
to experimental values of the neutron lifetime. For large n,
we can comfortably say that X, < n. Therefore, for our
overestimation, we set X, = n. For simplicity and only for
this overestimation, we consider the confining volume to be
a cube with L = 1 m rather than a cylinder. Within such a
cube, we would find

T

(43)

_ L 1
V= x40 (44)
2

with || taken from Eq. (37). Substituting this largely over-
estimated result into Eq. (43), the value of 7 is still more
than twelve orders of magnitude larger than the experimen-
tally found values for the neutron lifetime. Consequently, we
will have to improve the toy model in order to get closer to
realistic results.

4.3 More realistic model: unconfined neutrino
A first step for improving our model is taking into account

that we should not treat the neutrino as being confined within
the finite volume. This means that the neutrino actually has a

@ Springer

continuous momentum spectrum. In this case, the probability
of finding the decay products of a neutron is

3

2

o d
Py1-1-1(1) =

0:1:1:1 () ¥ =3 pzk/ s

» £1,0,0,0:1,000 +k+L;;p+k+15; |02

Xy
PEkEl

¢
(Ep i)’
. 1
xsinc? [E(Eg + Eé + Elv - E$+k+l)ti| . (45)

We expect this improvement to lead to a neutron lifetime
closer to the measured values for two reasons. First of all,
with this improvement, the model is much more realistic,
which should naturally lead to a better prediction. Secondly,
in Eq. (42), we have already seen that computing the prob-
ability at time 7 in an infinite volume will give a signifi-
cantly larger result than in a finite volume. It seems natu-
ral that this statement also holds if only one of the degrees
of freedom, i.e., here the anti-neutrino, is considered in an
infinite volume instead of a finite one. For the improved
model, this would mean that the predicted decay probabil-
ity at time ¢ will be larger than for the model in Sect. 4.2.
Consequently, this would imply a shorter predicted neu-
tron lifetime. Since the neutron itself is still confined, we
2E$ 1k +1V8p+k+1,0. Furthermore, we assume a resting pro-
ton, such that

Pot11(6) oﬂf d311
O:L:1:1 16V ) Qr)Mm,ElE}

s 2 1 X v
sinc §(m<ﬂ+El +Ef —M)t| . (46)

For considering the energy conserving case, we replace
[d?l — C =4@2n)>M? and find

o M??

Po11-1(1; ) . ———. 47
0:1;1;1 (1[5 7) 4V m, BT E} 7
Therefore, we obtain for the neutron lifetime:
2 1
T = 1— =) VmyEl'E}
Gr(M —mgy)*vaM e
~~ 580097.21s. (48)

While this result is still about three orders of magnitude away
from the experimentally found values of the neutron lifetime,
it is a very strong improvement over what we have found in
Eq. (43). In addition, this result points us to another pos-
sible upgrade of the toy model since Eq. (48) can actually
be restated as (277)3v/2at ~ 886.93 s, which is within an
interval of a few seconds around the values for the neutron
lifetime found in experiments [32]. Therefore, it seems that
we essentially need to remove one factor of « from the result
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in Eq. (47) in order to reach this value. In the next subsection,
we will discuss how this can be achieved.

4.4 More realistic model: initial correlations

In the previous subsection, we have seen that a neutron
lifetime close to measured values can be predicted if we
could work at first order in « instead of at second order.
From the diagram in Fig. 3, we observe that this can be
achieved by working with an initial correlation between a
neutron and its daughter particles instead of the density
matrices for an initially single neutron. Quantum mechan-
ically, an unstable particle decaying into its daughter par-
ticles can be interpreted as having a superposition of the
particle state |particle) and a state of its decay products
|products), such that, at the initial time O, there is a state
|W(0)) = A(0)|particle) + B(0)|products) with |A(0)|? ~ 1
and |B(0)|> ~ 0, but at a later time ¢, the probability of
finding the unstable particle has decreased, i.e., |A(t)|> <
|A(0)|?, while the probability of finding the daughter par-
ticles has increased, i.e., |B(t)|*> > |B(0)|%. Consequently,
it is reasonable for us to assume that there can be a small
correlation between a neutron and its decay products even
at the initial time, i.e., after the neutron has entered the trap.
Computing the decay probability from the initial corre]ation
advantageous because they actually descnbe a process at first
order in o, which appears to fulfill the requirement we found
in Sect. 4.3 for obtaining a neutron lifetime very close to
experimentally derived values. Following the procedure that
was exemplified in Appendix A, for the density matrix ele-
ments we find

£0,1,1,1:0,1,1,1G p: K 11; p's K5 1[1)
010000111(p+k+l,,,| 0 4 4[0)

4 X ¢
2B, jn(Ep + Eg + B — Ej )

p+k+
4 @ X X
o [e—u(Ep —Ep+Ef —Ef+E ~E})

3 1t(E +E)+E) EHHI)]
+Hp. kD «— @ K. 1T, (49)

where we have again only considered the non-divergent dia-
gram in Fig. 3 and its conjugated counterpart. Consequently,
we obtain the decay probability

o d3
PO;l;l;l(l) ~ jZ/W
av2 Le ) Qm)PEyELE
sin[(Eg +Ef +E) - E§+k+l)t/2]
W(Ef + Ef + B} —

X

Ep i Ep i)

e D

Fig. 3 Diagram for a neutron correlated with its daughter particles;
the crossed box represents the density matrix elements for a cor-
relation between a single ¢-particle and its decay products at the
initial time 0. The left-hand side of this diagram shows the evolu-
tion (p+k+1;;;;0] = (;p;k; L; 7] and the right-hand side depicts
l; p’; K;1;0) — |; p/; K'; 1'; 1). Note that the conjugated diagram, i.e.,
the one mirrored along a vertical line through the box, also contributes
to Eq. (49)

[Re[moooou1(p+k+l,,,| p; k; 110)]

;;;;;;;

: 4 X ¢
xsin[(Ep + Ep + El‘) — Ep+k+l)[/2]

+Im[p1,0,0,0;0,1,1,1(P + K+ 15 [; p; k; 1]0)]

IEEE )

x cos[(Ep + Ef + E} — Eg’+k+l)z/2]]. (50)

If we computed p1,0,0,0;0,1,1,1(P + Kk + L5 [; p: k; 10)
from a p1,0,0,0:1,000@ +k+L::[p+k+1L;; ') with
t’ < 0, then we would find it to be real and propor-
tional to 1/(Ef + E{ + E}' — EJ, ). Hence, we assume
initial correlation density matrix elements of the form
010,000,110+ K+ 55 [ p; k; 110) = NV 8pikino0/(Ep
+Ef+E — El(f k) With some real number AV After also
considering a resting proton, we are left with

o dPINT?
16V ] Q2r)3MmyE{E}
xsincz[(m(p + Elx +E) —

Po.1:1;1(1) =

Mye/21. (5D

Finally, after extracting only the energy-conserving term, we
arrive at

Pt (s 1) ~ -2 MM (52)
0:1:1;1 4V m EfE}
and find
2 1
= <1 - -) Vmg,E{'E}
VNG (M —my)?v,aM e
2.53
~ T, (53)
VN
If we choose N = 1/2(27)°, then we obtain 7 ~ 887.51 s

as was suggested in Sect. 4.3.

5 Conclusions and outlook
The neutron lifetime problem remains a great open problem

in physics and its resolution would not only impact funda-
mental parameters of the Standard model but also have impli-
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cations for cosmology. In this article, we have proposed that
the measured neutron lifetime can be dependent on the spatial
dimensions of experimental setups, in particular, on volumes
within which a neutron is confined. Without the need to intro-
duce any kind of exotic new physics, this proposal might con-
tribute to an explanation of the neutron lifetime discrepancy
since individual experiments usually differ in their neutron
confinement structures. In order to discuss this proposal, we
have considered a rudimentary toy model of decaying neu-
trons, in which the neutron and its daughter particles are all
represented by real scalar particles. As a preparation for com-
putations within this model in infinite and finite volumes, we
have introduced some mathematical prerequisites in Sect. 2
and, subsequently, in Sect. 3, studied differences between
infinite and finite volume probabilities for a model of a scalar
field ¢ decaying into two copies of another scalar field .
For this, we have employed the method developed in Ref.
[72], based on the Schwinger—Keldysh formalism [73,74],
and tools from thermo field dynamics [75-78]. Using what
we have learned in Sect. 3, we have computed decay prob-
abilities for neutrons in an infinite volume and in a finite
volume akin to the magnetic trap in the upcoming tSPECT
experiment [29,66]. Initially, we have treated a neutron and
all its daughter particles as being confined. However, from
this naive calculation we have derived a mean neutron life-
time that was multiple orders of magnitude larger than those
measured in experiments. Consequently, we have improved
the toy model by taking into account that an anti-electron
neutrino would realistically not be confined in such a trap,
which means that its momentum spectrum has to be continu-
ous. This change in the model led to a great improvement of
the predicted neutron lifetime. Though, our result was still
about three orders of magnitude away from actual experi-
mental results. Finally, after also using that the neutron and
its daughter particles can already be correlated at the initial
time, we were able to predict T ~ 887.51 s, which, for a
toy model, is impressively close to the values found by real
experiments.

Since the confining volume V in the calculations was
essentially a free parameter that, together with the bound-
ary conditions provided by the tSPECT trap walls, was set
by a real experiment, we interpret our results as supporting
evidence for the validity of our proposal. In addition, there
are also hints from the existing literature to aid our proposal.
Ref. [67] has recently suggested that there is a neutron Purcell
effect, i.e, an effect that is also volume dependent, that could
be measured in modern experiments. Furthermore, Ref. [90]
has used a neutron trap with a variable length and found a
lifetime that increases with the mean free path of the neu-
tron. Our result in Eq. (53) also indicates that T grows with
the spatial dimensions of a trap.

In order to transform the toy model used in this article
into a viable tool for making predictions for experiments and
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to accurately verify our proposal of a volume dependence
of neutron lifetime measurements, there are some improve-
ments required, which can be done in a future more extensive
work. Obviously, for a more realistic model, a neutron and
its decay products should be described as fermions, i.e., by
spinors. Consequently, the formalism from Ref. [72] must
be made applicable to fermions. Neutrons and protons can
then either be treated as single particles or as composite par-
ticles at the quark level. Extending the formalism from Ref.
[72] to gauge bosons, this will allow us to move away from
the fermion contact interaction and to instead also consider
the W bosons emitted by the neutrons during decay. Fur-
thermore, in many places throughout our computations, we
have made rough approximations of sums and integrals by
using resting neutrons and protons, and by only extracting
the terms corresponding to energy conservation. For accu-
rate predictions, we will have to properly evaluate these sums
and integrals, such that we will take into account the full
permitted momentum spectrum. In addition, we will need
to have knowledge of the initial states of the neutrons enter-
ing the experiment, including correlations between a neutron
and its decay products as we have used in Sect. 4.4. When
discussing experiments other than tSPECT, i.e., those with
different confinement structures, we must take into account
that there will often be no perfect neutron reflections at the
confinement walls. This changes the boundary conditions
or must be incorporated by computing density matrices at
intermediate times after reflections with Ref. [72]. Besides,
as we have stated before in Sect. 3.1, there are established
finite volume effects like a volume dependence of masses.
Taking these into account, would lead to additional differ-
ences between the density matrix elements and probabilities
in infinite and finite volumes. In this context, we can also con-
sider that we are actually working within finite time intervals
when doing our computations. While this is usually ignored,
see, for example, Ref. [85], such confinements to finite times
might not be negligible in future discussions and should, in
any case, be studied. Finally, future computations should also
predict the neutron lifetime to higher orders in the coupling
constant and take into account loop corrections. Though, this
will likely require using the time dependent renormalization
formalism that was initially discussed in Ref. [69].
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Appendix A Directly computing density matrices in
infinite volumes

Here, we will provide a more detailed explanation on how
Ref. [72] has obtained the result in Eq. (11). In the same man-
ner as described in what follows, the expressions in Egs. (30)—
(32) and Eq. (49) have also been derived.

Starting from the quantum Liouville equation for a density
operator,

' e
- h(0) = —ilA®). H0)] (A1)
with solution

p(1) = (Te o 4B 50y (Tl o 4/ AWy (A2)

Ref. [72] finds the following expression by using the TFD
formalism that we have briefly described in Sect. 3.1:

AT (@)1) = Texp —i/ﬁ(/)dl’ AT, (A3)

where ﬁ(t) = I:I(t) RI-1I® I:I(t) describes all interac-
tions within the closed system. If we want to compute partic-
ular density matrix elements, we can simply use Eq. (A3)
in order to project the density operator into the basis of
interest. For example, in Eq. (11) we need the element
pg,oz;o,z(; p. k|; p’, K’|7), which means that we have to com-
pute

002.02G P K p' K1) = Trl; p', K's 1) (s p, ks 115 (0).
(A4)
In TFD, we can rewrite this trace as
£62:0.2G P, Kl P’ K'[1)
= (U p K:nGp k| @ DT . (AS)

Next, we can substitute Eq. (A3) into Eq. (AS), replace
the Hamiltonian by an action operator corresponding to the
action given in Eq. (8), and expand the resulting expression
up to second order in «. In this way, we find

062:02G P, kI; p' K'[1)
a2
~ ——M2<<; P+ ki, plL KL 1]

« ¥ abf PIBLGP@TOI) .

a,b=+ i

(A6)

Note that that the right-hand sides of Eqs. (A6) and (14)
coincide, which means that, at this point, there is no obvious
difference in the computations for finite or infinite volumes.
Since we are interested in describing the decay of a single
particle ¢ into two copies of ¢, we say that, at the initial
time 0O, the only non-vanishing density matrix element was

07%0:1.0(: 1q’; |0), such that

2
[07
002:02G P, kl; p' K'[1) & —§M2((: 0 S N N

xZab/«M( O (@h)?

a,b=+ i

x f n2n? o5 o(: a0l q::0)) . (A7)

Note that now there is a clear difference to the finite volume
case since, here, we are working with a continuous momen-
tum spectrum. Next, we pull out all creation and annihilation
operators, such that we are left with a transition amplitude
between two TFD vacuum states, i.e., an expression of the
form

002:02G P, kI; p' K'[1)

2
~ X & M (01BS (OB (b (Db ()

x Y ab f PP (9D (92’

a,b=+ i

f 2T, 075, 1 o(a: 10': 10)ag T (0)ay (0)[0)),
(A8)

where the vacuum state is defined as |0)) := |; ; 0)), and the
operators a' and b are associated to ¢ and ¢, respectively.
The creators and annihilators can be rewritten in terms of
field operators, i.e., for ¢ we have

ag (1) = +i fx e—iP'Xat’ E$</3+(t,x),
ayt (6 =— / et ¢3+(t,x),
X

“(r)——lf +“”‘8* é‘(r,x>,
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ay (1) =+ / TN, Lo dT(1.%) (A9)
X

—

where al g = d; — iEg’ , and the same for the creation and
»Ep

annihilation operators of ¢. Subsequently, the resulting N-
point function can then be translated into path integrals over
both branches of the Schwinger—Keldysh closed time path
since TFD represents an algebraic version of the Schwinger—
Keldysh formalism, such that we obtain

Pg’%;oyz(; p. ki p', K'|)

2
o 2 .
%—?M O()hm +/dnqdnq/plo?0;1’0(q; Iq: 10)
<1><2>”’
'0()%0_

. — ! o . Y
o / o Ti@x()FRex) =P x()) —K X)) Hi(@y—q"y)
/ !
X(1)X(1)X@)X() ¥Y'

0 9.0

xd 0 (/1() 9* d
Xy Ek X(Z) E(p, )0 E¢ o EZ/

()*
E¥
*ay-Ep x(l) Ep,

/ DDyt Ssl91+iS, 1]

xZab

a,b=+ %z

Px <1>‘px’ (p"(Z)(px( )

R AR AR (A10)
where we have introduced the limits for the time coordingtes
in order to preserve the correct time-ordering, i.e., x?l())(z)

approach ¢ from above and yO(,) approach 0 from below.
Next, we can use Wick’s theorem [91] in order to evaluate
the path integrals. While doing so, as we have already stated
below Eq. (30), we are only allowed to contract fields with
each other that belong to the same branch of the Schwinger—
Keldysh closed time path. Consequently, we will only obtain
Feynman propagators or their complex conjugates, which are
called Dyson propagators. All terms but the one correspond-
ing to the diagram in Fig. 1 will give nonphysical discon-
nected diagrams, which is why we will not consider them in
what follows. Keeping only the physical term, we arrive at

062:0.2G Pkl P/ K'I1)

~ M2

(
.07
0O 0=

/dnqdn /pl()]o(q lq; 10)

. / a s ! . / /

y / o~ IPx) HRex) =P X( )~k X))@y —q"Y)
/ ’

X()X(HX@)X() VY’

%0 O fﬂa*o/ @ a0 Ewa*o/ 0 8*0 (453 o ¢

*y (1)'E ;Y@ Tk Xy By ¥ Eg Y ,Eq/

F nD AF F
X/;Z D, D, /AX(l)ZAX(z)ZAX

AP All
m7 X2 ( )
where D is a ¢-propagator, A is a ¢-propagator, and F
and D label Feynman and Dyson propagators, respectively.
After substituting explicit expressions for the propagators
into Eq. (Al1), i.e.,

d4 k eik-(x—y)

Q)4 k2 + M? —

F _
ny——l
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po 4 [ Ak S0 (A12)

= Qu)* k2 + M? +ie

F ) d4k eik~(x—y)
Ay =i 17202 i

Qm)*k +my — i€

D ) d4k eik~(x—y)

Ay, = +i (A13)

Q)4 k2 + m(% +ie’

all 3-momentum integrals in this equation can be evaluated
by exploiting that the integrals over spatial coordinates give

/ JPRx — (27)3%0) (p 1), (Al4)
X

while the remaining integrals over the zeroth components of
the 4-momenta can be dealt with by using Cauchy’s integral
formula; see App. D in Ref. [92] for a step-by-step manual
for doing such computations. As a result, we obtain Eq. (11).
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