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Introduction

2011 Nobel Prize in Physics: "The discovery of the accelerating expansion of
the Universe through observations of distant supernovae”

Also, according to inflation theory, the early universe underwent an
exponential expansion

Accelerated expansion of universe ⇒ de-Sitter spacetime

But linearly realised SUSY w/o scalar fields does not allow positive
cosmological constant



No-go Results for Linear Superalgebra in dS4

Linearly realisedN=1 SUSY does not allow for dS4 solutions.
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Majorana Killing spinors, needed for linear realisation ofN=1 SUSY in
curved Lorentzian spacetimes, do not exist in dS4.



No-go Results for Linear Superalgebra in dS4

Linearly realisedN=1 SUSY does not allow for dS4 solutions.

NoMajorana Killing Spinor

Majorana Killing spinors, needed for linear realisation ofN=1 SUSY in
curved Lorentzian spacetimes, do not exist in dS4.

No Unitary Representation

Linear dS4 super-algebra in which the {Q, Q̄} anti-commutator closes on
the generators of the SO(4, 1) dS isometry group, does not have unitary
representations.
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No-go Results for Linear Superalgebra in dS4

In dS/AdS algebras translations have a non-zero commutator:

[Pµ,Pν ] = s
1

4L2 Mµν where s =

{
−1 for dS
+1 for AdS

The Lie algebras are SO(4, 1) for dS and SO(3, 2) for AdS.

Linear SUSY algebra:

[Pµ,Qα] =
1
4L

(γµQ)α [Mµν ,Qα] = − (γµν)α
βQβ

{Qα,Qβ} = − 1
2
(γµ)αβPµ − 1

8L
(γµν)αβMµν [Pµ,Pν ] = 0

Jacobi Identity Forbids Linear Superalgebra in dS4

On embedding the dS/AdS algebra in the above linear SUSY algebra, the Jacobi
identity

[Pµ,Pν ,Q] = 0

fixes s = 1. Therefore, linearN=1 super-dS algebra does not exist in 4D .



Move to non-linear SUSY

Pure dS SUGRA was constructed by realisingN=1 SUSY non-linearly

Different methods to realise SUSY non-linearly:
Nilpotent superfields
Goldstino brane action
Stückelberging unimodular supergravity



Motivation

Different methods for realisingN=1 SUSY non-linearly

Do different constructions give the same action?

How to compare the actions?



Brief Historical Review

In 2015 Bergshoeff, Freedman, Kallosh & Proeyen presented dS SUGRA
for the first time using superconformal methods.

Later in 2015 Bandos, Martucci, Sorokin & Tonin presented dS SUGRA
by coupling a goldstino 3-brane to minimal supergravity.

A lot of work has been done on dS SUGRA in recent years [Antoniadis,
Dudas, Farakos, Ferrara, Hasegawa, Kehagias, Kuzenko, Porrati, Sagnotti,
Scalisi, Wrase, Yamada, ...’15-’21]

Cosmological and inflationary models in dS SUGRA [Andriot,
Antoniadis, Dudas, Ferrara, Sagnotti, Buchmuller, Heurtier, Wieck, Ferrara,
Kallosh, Linde, Thaler, Zavala, Zwirner, ...’15-’21]

Brane models [Angelantonj, Antoniadis, Dudas, Mourad, Parameswaran,
Pradisi, Riccioni, Sagnotti, Uranga, Vercnocke, Zavala, ...’99-’21]
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Nilpotent Superfield Construction

In superconformal model we use 3 multiplets:

1) chiral compensating multiplet {X 0, χ0,F 0},
2) nilpotent chiral multiplet S = {X 1,G,F 1},
3) Lagrange multiplier multiplet {Λ, χΛ,FΛ}.

The Lagrangian is [E Bergshoeff, D Freedman, R Kallosh & A Proeyen ’15]

L = [12ηIJX
I F̄ J ]F + [W(X I )]F + [Λ(X 1)2]F

where I , J = 0, 1; ηIJ = diag(−1, 1) and the superpotentialW is

W = a (X 0)3 + b (X 0)2X 1

where a and b are arbitrary constants.



Nilpotent Superfield

S = X 1 +
√

2 θ G + θ2F 1

Nilpotency constraint: S2 = 0

⇒ (X 1)2 + 2
√

2 θ GX 1 + θ2 (2F 1X 1 − G2) = 0

⇒ X 1 =
G2

2F 1



Nilpotent Superfield

S = X 1 +
√

2 θ G + θ2F 1

Nilpotency constraint: S2 = 0

⇒ (X 1)2 + 2
√

2 θ GX 1 + θ2 (2F 1X 1 − G2) = 0

⇒ X 1 =
G2

2F 1

This eliminates the fundamental scalar partner of the goldstino G and
hence SUSY is realised non-linearly.

It gives solutions with the cosmological constant

Λ = |b|2 − |a|2



Goldstino Brane Action in Supergravity

SB = SSG + SVA [I Bandos, L Martucci, D Sorokin, M Tonin ’15]

= − 3
2κ2

∫
d8z BerE︸ ︷︷ ︸

Standard pure SUGRA

− 2m(B)

κ2

(∫
d6ζLE + h.c.

)
︸ ︷︷ ︸
AdS cosmological constant term

−f 2
∫

d4ξ detE (z(ξ))︸ ︷︷ ︸
Goldstino brane coupled to SUGRA

ξi are the 3-brane worldvolume coordinates with i = 0, 1, 2, 3. Coupling to
supergravity is given via the embedding in the bulk superspace as

ξi → zM(ξ) = (xµ(ξ), θα(ξ), θ̄β̇(ξ))



Goldstino Brane Action in Supergravity

The solutions to the equations of motion of the auxilliary fields show that
they belong to nilpotent superfields.

SB perturbed up to the 3rd order in fluctuations, is:

S =
1

2κ2

∫
d4x

[{√
−g R − εµνρλ

(
ψµσνDρψ̄λ + h.c.

) }(3) −
{

2
√
−g

(
Λ2 −

m2

3

)}(3)

+
{ 2

3mψµσ
µνψν + 2iΛ2Ğσµψ̄µ − 2iΛ2ĞσµDµ

¯̆G + 4
3mΛ2Ğ2

+ 1
3hmψµσ

µνψν + 2
3mψµhρ

[µσν]ρψν +Λ2(ihĞσµψ̄µ − i Ğhµ
νσ

ν ψ̄µ

− ihĞσµDµ
¯̆G + i Ğhµ

νσ
νDµ

¯̆G + 2i Ğσµω̄(1)
µ

¯̆G + 2
3hmĞ2) + h.c.

}]
Ğ is the goldstino.



Volkov-Akulov Lagrangian

In 1972Dmitrij Vasilievich
Volkov and Vladimir P. Akulov
developed the Volkov-Akulov
Lagrangian formalism. It
realizes supersymmetry entirely
with a fermion.

Akulov

Volkov

Spontaneous breaking of SUSY
produces a Goldstone field.
Volkov-Akulov formalism enables the
construction of the Lagrangian of the
Goldstone field. SUSY is realised
non-linearly with just one fermion and
no boson.



Constructing Volkov-Akulov Action

N = 1 inD = 4

SUSY transformations:

δxa = i (ϵ σa θ̄ − ϵ̄ σa θ) , δθα = ϵα

Replace the Grassman coordinate θ with the field χ(x).

θα → κχα(x)

δxa = i κ2 (ϵ σa χ̄− χσa ϵ̄) , δχα = ϵα + i κ2 (ϵ σa χ̄− χσa ϵ̄
)
∂aχ

α

It is easy to check that the above transformation realises SUSY algebra.

(δϵδη − δηδϵ)χ = 2iκ2 (ϵ σa η̄ − η σa ϵ̄
)
∂aχ

α

{Qα , Q̄β̇} = 2σαβ̇
a Pa

Qα (α = 1, 2) are Weyl spinor generators
Pa are translation generators.



Constructing Volkov-Akulov Action

Find a SUSY-invariant Cartan one-form:

g = e i x
aPa e i θQ e−i θ̄Q̄

Ω = −ig−1dg = E aPa + EαQα + Eα̇Q
α̇

E a = dxa + iκ2 (χσa d χ̄− dχσa χ̄)

Construct Volkov-Akulov Action

InD dimensions:

S =
1

κ2D!

∫
εa1,...aD E a1 ∧ E a2 ... ∧ E aD = − 1

κ2

∫
dDx detE a

m



Unimodular Gravity



Why Unimodular Gravity?

Einstein-Hilbert action: S =
1

16πGN

∫
d4x

√
−g (R − 2Λ)

Λ is a constant to begin with, so can have only one value throughout.

Unimodular gravity action:

S =
1

16πGN

∫
d4x

√
−gR − 2Λ(x) (

√
−g − ϵ0)

δS

δΛ(x)
= 0 ⇒

√
−g = ϵ0
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Why Unimodular Gravity?

Einstein-Hilbert action: S =
1

16πGN

∫
d4x

√
−g (R − 2Λ)

Λ is a constant to begin with, so can have only one value throughout.

Unimodular gravity action:

S =
1

16πGN

∫
d4x

√
−gR − 2Λ(x) (

√
−g − ϵ0)

δS

δgµν
= 0 ⇒ Rµν − 1

2R gµν + Λ(x) = 0

Taking the divergence of the above equation gives

∇µΛ(x) = 0 .

Λ has emerged as a constant of integration from within the theory itself.

Unimodular gravity has the advantage of allowing at once for both positive and
negative Λ.



Unimodular Gravity

Unimodular Gravity Action:

S =
1

16πGN

∫
d4x

[√
−gR − 2Λ(x)

(√
−g − ϵ0

)]
where Λ(x) is a Lagrange multiplier field imposing the unimodularity condition:

√
−g = ϵ0

ϵ0 is a constant, traditionally set to unity. But it breaks diffeomorphism
invariance because of the term ∫

d4x Λ ϵ0 .



Unimodular Gravity

Unimodular Gravity Action:

S =
1

16πGN

∫
d4x

[√
−gR − 2Λ(x)

(√
−g − ϵ0

)]
where Λ(x) is a Lagrange multiplier field imposing the unimodularity condition:

√
−g = ϵ0

ϵ0 is a constant, traditionally set to unity. But it breaks diffeomorphism
invariance because of the term ∫

d4x Λ ϵ0 .

How to restore the broken diffeomorphism invariance?



Symmetry Breaking

Free Maxwell Lagrangian:

LM = − 1
4
FµνF

µν where Fµν = ∂µAν − ∂νAµ

It is gauge invariant under the transformation Aµ → Aµ + ∂µα.
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Symmetry Breaking

Free Maxwell Lagrangian:

LM = − 1
4
FµνF

µν where Fµν = ∂µAν − ∂νAµ

It is gauge invariant under the transformation Aµ → Aµ + ∂µα.

But on adding a mass term, such that L′
M = − 1

4
FµνF

µν − m2

2
AµA

µ,
gauge invariance is lost. :-/

LM = − 1
4
FµνF

µν − m2

2
AµA

µ

Aµ→Aµ+∂µα−−−−−−−−→ − 1
4
FµνF

µν − m2

2
(Aµ − ∂µα)(A

µ − ∂µα)



Restoration of Broken Symmetry via the Stückelberg
Procedure

Promote the parameter α to a field f .

L̃M = − 1
4
FµνF

µν − m2

2
(Aµ − ∂µf )(A

µ − ∂µf )



Restoration of Broken Symmetry via the Stückelberg
Procedure

Promote the parameter α to a field f .

L̃M = − 1
4
FµνF

µν − m2

2
(Aµ − ∂µf )(A

µ − ∂µf )

L̃M is invariant under

δAµ = ∂µα , δf = −α .

So now we have a gauge-invariant Lagrangian L̃M with a mass term.



Perturbative Approach



Unimodular Gravity and the Stückelberg Procedure

Under active diffeomorphism tranformation, Λ transforms as

Λ → Λ′ = Λ− ξµ∂µΛ + 1
2ξ
ν∂ν (ξ

µ∂µΛ) + ...

We promote the diffeo parameter ξµ to the field ϕµ. Then the action
becomes

Sϕ = 1
16πGN

∫
d4x

[√
−gR − 2Λ

√
−g + 2Λ ϵ0

[
1 + ∂µϕ

µ

+ 1
2ϕ

ν∂ν∂µϕ
µ + 1

2 (∂µϕ
µ) (∂νϕ

ν) + ... ]]

It is invariant up to the relevant order, when ϕµ transforms as

δϕµ = − ξµ − 1
2ξ
ν∂νϕ

µ + 1
2ϕ

ν∂νξ
µ + ...



Unimodular Gravity and the Stückelberg Procedure

We can also do passive diffeomorphism transformation.

xµ → x̂µ(x)
Stückelberg−−−−−−→ sµ(x)

Then the Stückelberged action is

Ss =
1

16πGN

∫
d4x

[√
−gR− 2Λ

(√
−g −

∣∣∣∣Det(∂s∂x
)∣∣∣∣ ϵ0)] ,

Using sµ = xµ + ϕµ + ... the two Stückelberged actions are identical order
by order in ϕµ.



Stückelberged Unimodular Supergravity

Perturbative Approach



N = 1 Supergravity Action

Now we supersymmetrise the theory and see what solutions we get.

N = 1 supergravity action

S = − 6
8πGN

∫
d4x d2Θ ER+ h.c.

Volume element factor E is

E = F0 +
√

2ΘF1 + ΘΘF2, with

F0 = 1
2e ,

F1 = i
√

2
4 eσµψ̄µ ,

F2 = −1
2eM

∗ − 1
8eψ̄µ (σ̄

µσν − σ̄νσµ) ψ̄ν .



N=1 Supergravity Action

N=1 supergravity action

S = − 6
8πGN

∫
d4x d2Θ ER+ h.c .

SuperfieldR is

R = −1
6
(R0 + ΘR1 + ΘΘR2), with

R0 = M ,

R1 = σµσ̄νψµν − iσµψ̄µM + iψµb
µ ,

R2 =
1
2
R + iψ̄µσ̄νψµν +

2
3
MM∗ +

1
3
bµb

µ − ieµa Dµb
a +

1
2
ψ̄ψ̄M

− 1
2
ψµσ

µψ̄νb
ν +

1
8
εµνρσ(ψ̄µσ̄νψρσ + ψµσνψ̄ρσ) .

Supergravity multiplet : φsg = (eaµ, ψ
α
µ , bµ,M).



N = 1Unimodular Supergravity Action
N = 1 unimodular supergravity action [S. Nagy, A. Padilla, I. Zavala ’19]

S = − 6
8πGN

∫
d4x d2Θ

[
E R+ 1

6Λ (E − E0)
]
+ h.c .

where

E0 = ϵ0 − 1
2mΘ2 .



N = 1Unimodular Supergravity Action
N = 1 unimodular supergravity action [S. Nagy, A. Padilla, I. Zavala ’19]

S = − 6
8πGN

∫
d4x d2Θ

[
E R+ 1

6Λ (E − E0)
]
+ h.c .

where

E0 = ϵ0 − 1
2mΘ2 .

The Lagrange multiplier field Λ is

Λ = Λ0 +
√

2ΘΛ1 + Λ2Θ
2

Λ0
∣∣
∞ = K0 , Λ1

∣∣
∞ = 0 , Λ2

∣∣
∞ = K2 .



N = 1Unimodular Supergravity Action

N = 1 unimodular supergravity action [S. Nagy, A. Padilla, I. Zavala ’19]

S = − 6
8πGN

∫
d4x d2Θ

[
E R+ 1

6Λ (E − E0)
]
+ h.c .

where

E0 = ϵ0 − 1
2mΘ2 .

The Lagrange multiplier field Λ is

Λ = Λ0 +
√

2ΘΛ1 + Λ2Θ
2

Λ0
∣∣
∞ = K0 , Λ1

∣∣
∞ = 0 , Λ2

∣∣
∞ = K2 .

Varying over Λ, we get

E = E0 .



Super-Stückelberg Procedure

Stückelberg trick is performed up to the 2nd order in Stückelberg fields, so the
diffeo and SUSY transformations of the superfield components are derived up to
the 2nd order in ξµ and ϵ.

Then we promote the diffeo and SUSY transformation parameters to fields:

ξµ → ϕµ and ϵ → ζ



Super-Stückelberg Procedure

Stückelberg trick is performed up to the 2nd order in Stückelberg fields, so the
diffeo and SUSY transformations of the superfield components are derived up to
the 2nd order in ξµ and ϵ.

Then we promote the diffeo and SUSY transformation parameters to fields:

ξµ → ϕµ and ϵ → ζ

Symmetry breaking part: 1
16πGN

∫
d4x (2Λ2ϵ0 −mΛ0 + h.c .)

The action can then be constructed perturbatively as:

16πGNL =
√
−g
[
R − 2

3M
∗M + 2

3b
µbµ + εµνρσ

(
ψ̄µσ̄νD̃ρψσ − ψµσνD̃ρψ̄σ

)]
+ 1

2

√
−g
[
− 2Λ2 +

√
2iΛ1σ

µψ̄µ + 2Λ0
(
ψ̄µσ̄

µνψ̄ν +M∗) + h.c .
]

+ 2
[
Λ2 + δ(ϵ→ζ, ξµ→ϕµ)Λ2

]
ϵ0 −m

[
Λ0 + δ(ϵ→ζ, ξµ→ϕµ)Λ0

]
+ h.c .



de Sitter Solutions



Stückelberged Unimodular Supergravity Action

We finally arrive at the following action: [S. Bansal, S. Nagy, A. Padilla, I. Zavala ’20]

S =
1

2κ2

∫
d4x

[{√
−g R − εµνρλ(ψµσνDρψ̄λ + h.c.)

}(3) −
{

2
√
−g

(
Λ2 −

m2

3

)}(3)

+
{ 2

3mψµσ
µνψν + 2iΛ2Ğσµψ̄µ − 2iΛ2ĞσµDµ

¯̆G + 4
3mΛ2Ğ2

+ 1
3hmψµσ

µνψν + 2
3mψµhρ

[µσν]ρψν +Λ2(ihĞσµψ̄µ − i Ğhµ
νσ

ν ψ̄µ

− ihĞσµDµ
¯̆G + i Ğhµ

νσ
νDµ

¯̆G + 2i Ğσµω̄(1)
µ

¯̆G + 2
3hmĞ2) + h.c.

}]
.

Same as the Goldstino brane action! [I Bandos, L Martucci, D Sorokin, M Tonin ’15]



Complete Action



Stückelberged Unimodular Gravity Action

to All Orders



Unimodular Gravity

Unimodular Gravity Action:

S =
1

16πGN

∫
d4x

[√
−gR − 2Λ(x)

(√
−g − ϵ0

)]
where Λ(x) is a Lagrange multiplier field imposing the unimodularity condition:

√
−g = ϵ0.

Under a finite diffeomorphism Λ(x) transforms as

Λ(x) → Λ′(x) = eξ
µ(x)∂µΛ(x) ,

where ξµ(x), a 4-vector, is the diffeomorphism parameter.



Diffeomorphism Transformation of the Action

S =
1

16πGN

∫
d4x

[√
−g R(x)− 2

√
−g Λ(x) + 2 ϵ0 Λ(x)

]
yDiffeomorphism

S =
1

16πGN

∫
d4x

[√
−g R(x)− 2

√
−g Λ(x) + 2 ϵ0 eξ

ν(x)∂νΛ(x)
]

How to restore the broken diffeomorphism invariance?



Applying Stückelberg Procedure to Unimodular Gravity
Action

Coming back to our unimodular gravity action, we apply the Stückelberg
procedure by promoting the diffeomorphism parameter ξµ(x) to Stückelberg
fields ϕµ(x):

eξ
µ(x)∂µΛ(x) → eϕ

µ(x)∂µΛ(x)

where unlike ξµ(x)which is a 4-vector, ϕµ(x) is a set of four fields − ϕ0(x),
ϕ1(x), ϕ2(x) and ϕ3(x).



Applying Stückelberg Procedure to Unimodular Gravity
Action

Coming back to our unimodular gravity action, we apply the Stückelberg
procedure by promoting the diffeomorphism parameter ξµ(x) to Stückelberg
fields ϕµ(x):

eξ
µ(x)∂µΛ(x) → eϕ

µ(x)∂µΛ(x)

where unlike ξµ(x)which is a 4-vector, ϕµ(x) is a set of four fields − ϕ0(x),
ϕ1(x), ϕ2(x) and ϕ3(x).

On applying the Stückelberg procedure on the transformed unimodular gravity
action, we get,

S =
1

16πGN

∫
d4x

[√
−gR − 2

√
−gΛ(x) + 2 ϵ0 eϕ

ν(x)∂νΛ(x)
]
.



Diffeomorphism Transformation of the Stückelberg Fields

Diffeomorphism invariance of the Stückelberged action requires that

e−ϕ′ν(x)∂νΛ′(x) = e−ϕν(x)∂νΛ(x).

Using the fact that Λ(x) = eξ
ν(x)∂νΛ′(x), we immediately infer that

e−ϕ′ν(x)∂ν = e−ϕν(x)∂ν eξ
ν(x)∂ν .



Diffeomorphism Transformation of the Stückelberg Fields

Diffeomorphism invariance of the Stückelberged action requires that

e−ϕ′ν(x) ∂νΛ′(x) = e−ϕν(x)∂νΛ(x).

Using the fact that Λ(x) = eξ
ν(x)∂νΛ′(x), we immediately infer that

e−ϕ′ν(x) ∂ν = e−ϕν(x)∂ν eξ
ν(x)∂ν .

Using the integral form of the Baker-Campbell-Hausdorff formula, and working
to linear order in ξ, we get,

ϕ′ν(x)∂ν = ϕν(x)∂ν −
ad(ϕν(x)∂ν)

1 − ead(ϕν (x)∂ν )
ξν(x)∂ν

where adX (Y ) = [X ,Y ]



Diffeomorphism Transformation of the Stückelberg Fields

Diffeomorphism invariance of the Stückelberged action requires that

(e−ϕν(x) ∂ν )′Λ′(x) = e−ϕν(x)∂νΛ(x).

Using the fact that Λ(x) = eξ
ν(x)∂νΛ′(x), we immediately infer that

e−ϕ′ν(x) ∂ν = e−ϕν(x)∂ν eξ
ν(x)∂ν .

Using the integral form of the Baker-Campbell-Hausdorff formula, and working
to linear order in ξ, we get,

ϕ′ν(x)∂ν = ϕν(x)∂ν −
ad(ϕν(x)∂ν)

1 − ead(ϕν (x)∂ν )
ξν(x)∂ν

= ϕν(x)∂ν +
∞∑
k=0

B+
k (−1)kadk(ϕν(x)∂ν)

k!
ξν(x)∂ν ,

where adX (Y ) = [X ,Y ] and B+
k are the Bernoulli numbers,

B+
0 = 1, B+

1 =
1
2
, B+

2 =
1
6
, B+

3 = 0, B+
4 = − 1

30
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Stückelberged Unimodular Supergravity Action

to All Orders



N=1 Supergravity Action

N=1 supergravity action

S = − 6
8πGN

∫
d4x d2Θ ER+ h.c .

Infinitesimal (diffeomorphism + SUSY) = Infinitesimal SUGRA:

δE = −∂M
[
(−1)M ΞME

]
, where (−1)M =

{
1, M = µ ,
−1, M = α .



N=1 Supergravity Action
Infinitesimal (diffeomorphism + SUSY) = Infinitesimal SUGRA:

δE = −∂M
[
(−1)M ΞME

]
, where (−1)M =

{
1, M = µ ,
−1, M = α .

The superfield ΞM , expressed in terms of a novel matrixON̄
M introduced by us:

ΞM ≡ ξN̄ON̄
M , where ξN̄ ≡

ξµϵα
ϵ̄α̇

 .

ξµ: diffeomorphism parameter , ϵα, ϵ̄α̇: local SUSY parameters



N=1 Supergravity Action
Infinitesimal (diffeomorphism + SUSY) = Infinitesimal SUGRA:

δE = −∂M
[
(−1)M ΞME

]
, where (−1)M =

{
1, M = µ ,
−1, M = α .

The superfield ΞM , expressed in terms of a novel matrixON̄
M introduced by us:

ΞM ≡ ξN̄ON̄
M , where ξN̄ ≡

ξµϵα
ϵ̄α̇

 .

ξµ: diffeomorphism parameter , ϵα, ϵ̄α̇: local SUSY parameters
Components of matrixON̄

M :

Oν
M =

{
δµν , M=µ

0 , M=α
, Oβ

M =

{ 0 , M=µ

δαβ+
1
3Θ

2M∗δαβ , M=α

and

Oβ̇
M =

{
2 i Θβσµ

ββ̇
+Θ2(ψ̄ν σ̄µσν)β̇ , M=µ

i Θβψα
µσ

µ

ββ̇
−i Θ2ωµ

αβσµ

ββ̇
−1

2Θ
2ψα

ν (ψ̄µσ̄νσµ)β̇+
1
6Θ

2bµεαγσµ

γβ̇
, M=α .



N=1Unimodular Supergravity Action

N=1 unimodular supergravity action [S. Nagy, A. Padilla, I. Zavala ’19]

S = − 6
8πGN

∫
d4x d2Θ

[
E R+ 1

6Λ (E − E0)
]
+ h.c .

Varying over Λ, we get

E = E0 .



N=1Unimodular Supergravity Action

Unimodularity condition: E = E0

In components it reads:

1
2e =ϵ0 ,

i
√

2
4 eσµψ̄µ =0 ,

− 1
2e M

∗ − 1
8eψ̄µ (σ̄

µσν − σ̄νσµ) ψ̄ν = i
2m .

The unimodular supergravity action is invariant under a restricted set of SUSY
and diffeo transformations,

δE = 0 where δE = −∂M
[
(−1)M ΞME

]
.

This invariance preserves the conditions listed above.



Supergravity Transformation of Supergravity Multiplet

Supergravity multiplet : φsg = (eaµ, ψ
α
µ , bµ,M).

Infinitesimal supergravity transformation of φsg : δξφsg = δξφsg + δ(ϵ,ϵ̄)φsg

δξe
a
µ = −ξν∂νeaµ − (∂µξ

ν)eaν ,

δξψ
α
µ = −ξν∂νψα

µ − (∂µξ
ν)ψα

ν ,

δξbµ = −ξν∂νbµ − (∂µξ
ν)bµ ,

δξM = −ξµ∂µM ,

δ(ϵ,ϵ̄)e
a
µ = i

(
ψµσ

aϵ̄− ϵσaψ̄µ

)
,

δ(ϵ,ϵ̄)ψ
α
µ = −2 Dµϵ

α + i
3M(εσµϵ̄)

α + ibµϵ
α + i

3b
ν (ϵ σν σ̄µ)

α ,

δ(ϵ,ϵ̄)M = −ϵ
(
σµσ̄νψµν + ibµψµ − iσµψ̄µM

)
,

δ(ϵ,ϵ̄)bαα̇ = ϵδ
[

3
4 ψ̄

γ̇
α δγ̇α̇+

1
4εδαψ̄

γγ̇
γα̇γ̇−

i
2M

∗ψαα̇δ+
i
4

(
ψ̄ ρ̇

αρ̇ bδα̇+ψ̄
ρ̇

δρ̇ bαα̇−ψ̄ ρ̇
δ α̇bαρ̇

)]
− ϵ̄δ̇

[
3
4ψ

γ

δ̇γα̇α
+ 1

4εδ̇α̇ψ
γ̇γ

α γ̇γ+
i
2Mψ̄αα̇δ̇−

i
4

(
ψ ρ

ρα̇ bαδ̇+ψ
ρ

ρδ̇
bαα̇−ψρ

δ̇α
bρα̇

)]
.



Supergravity Transformation of Chiral Superfield

SUGRA transformation of chiral superfield

Infinitesimal: Λ(Z ) → Λ̃(Z ) = Λ(Z ) + δξΛ(Z ) = Λ(Z )− ΞM∂MΛ(Z ) ,

with ZM = (xµ,Θα).
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SUGRA transformation of chiral superfield

Infinitesimal: Λ(Z ) → Λ̃(Z ) = Λ(Z ) + δξΛ(Z ) = Λ(Z )− ΞM∂MΛ(Z ) ,

with ZM = (xµ,Θα).

The infinitesimal passive transformation corresponding to the above active
transformation, i.e.

ZM → Z̃M = ZM − δξZ
M = ZM + ΞM ,

is contractible.



Supergravity Transformation of Chiral Superfield

SUGRA transformation of chiral superfield
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The infinitesimal passive transformation corresponding to the above active
transformation, i.e.

ZM → Z̃M = ZM − δξZ
M = ZM + ΞM ,

is contractible. Therefore its finite version can be obtained via exponentiation:

ZM → Z
′M = e−δξZM .



Supergravity Transformation of Chiral Superfield

SUGRA transformation of chiral superfield

Infinitesimal: Λ(Z ) → Λ̃(Z ) = Λ(Z ) + δξΛ(Z ) = Λ(Z )− ΞM∂MΛ(Z ) ,

with ZM = (xµ,Θα).

The infinitesimal passive transformation corresponding to the above active
transformation, i.e.

ZM → Z̃M = ZM − δξZ
M = ZM + ΞM ,

is contractible. Therefore its finite version can be obtained via exponentiation:

ZM → Z
′M = e−δξZM .

This finite passive transformation induces the following finite active
transformation.

Finite: Λ(Z ) → Λ′(Z ) = eδξΛ(Z ) .



Supergravity Transformation of Chiral Superfield

SUGRA transformation of chiral superfield

Infinitesimal: Λ(Z ) → Λ(Z ) + δξΛ(Z ) = Λ(Z )− ΞM∂MΛ(Z ) ,

Finite: Λ(Z ) → Λ′(Z ) = eδξΛ(Z )

with ZM = (xµ,Θα).



Supergravity Transformation of Chiral Superfield

SUGRA transformation of chiral superfield

Infinitesimal: Λ(Z ) → Λ(Z ) + δξΛ(Z ) = Λ(Z )− ΞM∂MΛ(Z ) ,

Finite: Λ(Z ) → Λ′(Z ) = eδξΛ(Z )

with ZM = (xµ,Θα).

The composition of two finite transformations follows the
Baker-Campbell-Hausdorff formula:

eδξ1 eδξ2 = eδξ1+δξ2+
1
2 [δξ1 ,δξ2 ]+

1
12 [δξ1 [δξ1 ,δξ2 ]]−

1
12 [δξ2 [δξ1 ,δξ2 ]]+...

where the ... denote higher order commutators.



Supergravity Transformation of Chiral Superfield

Finite SUGRA transformation: Λ′(Z ) = eδξΛ(Z )

[δξ1 , δξ2 ] = δξ3(ξ1,ξ2) = −ΞM
3 ∂M .



Supergravity Transformation of Chiral Superfield

Finite SUGRA transformation: Λ′(Z ) = eδξΛ(Z )

[δξ1 , δξ2 ] = δξ3(ξ1,ξ2) = −ΞM
3 ∂M .

ΞM
3 = [Ξ1,Ξ2]SL + δξ1Ξ

M
2 − δξ2Ξ

M
1 ,

[ , ]SL: superspace generalisation of the standard Lie bracket for vector fields.



Supergravity Transformation of Chiral Superfield

Finite SUGRA transformation: Λ′(Z ) = eδξΛ(Z )

[δξ1 , δξ2 ] = δξ3(ξ1,ξ2) = −ΞM
3 ∂M .

ΞM
3 = [Ξ1,Ξ2]SL + δξ1Ξ

M
2 − δξ2Ξ

M
1 ,

[ , ]SL: superspace generalisation of the standard Lie bracket for vector fields.

The additional terms are a consequence of the fact that, unlike in General
Relativity, our transformation parameters now depend on supergravity fields.

The above commutator brackets are just the supergravity version of deformed
brackets for field dependent parameters, which have appeared in [S. Nagy, J.
Peraza & G. Pizzolo ’24, M. Campiglia & J. Peraza ’21, G. Barnich and C. Troessaert ’10, etc.]



SUGRA Transformation of the Action

S = − 6
8πGN

∫
d6Z

(
ER+

1
6
Λ E − 1

6
E0 Λ

)
+ h.c .ySUGRA transformation

S = − 6
8πGN

∫
d6Z

(
ER+

1
6
Λ E − 1

6
E0 e

δξΛ

)
+ h.c .

How to restore the broken supergravity invariance?



Restoring Broken Supergravity Invariance

Super-Stückelberg procedure comes to the rescue!



Applying the Stückleberg Procedure

Promote the SUGRA transformation parameters to Stückelberg fields:

Ernst Stückelberg

ξN̄ =

ξµϵα
ϵ̄α̇

 −→ ϕN̄ =

ϕµζα
ζ̄α̇


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∣∣
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Applying the Stückleberg Procedure

Promote the SUGRA transformation parameters to Stückelberg fields:

Ernst Stückelberg

ξN̄ =

ξµϵα
ϵ̄α̇

 −→ ϕN̄ =

ϕµζα
ζ̄α̇



ΞM ≡ ξN̄ON̄
M −→ ΦM ≡ OM

N̄ ϕN̄

ϕM = ΦM
∣∣
Θ=0 = OM

N̄

∣∣
Θ=0 ϕ

N̄ =

(
ϕµ

ζα

)
In the end, we arrive at the final form of the Stückelberged action:

S = − 6
8πGN

∫
d6Z

(
ER+

1
6
E Λ− 1

6
E0e

δϕΛ

)
+ h.c .



SUGRA Transformation of the Stückelberg Fields?

New fields−New SUGRA transformations!

What are the SUGRA transformations of the Stückelberg fields?

δξϕ
M =?



Deriving δξϕ
M

Supergravity invariance of the Stückelberged action requires that

eδ
′
ϕΛ′(Z ) = eδϕΛ(Z ).

Since Λ′(Z ) = eδξΛ(Z ), we get,

eδ
′
ϕ = eδϕe−δξ .



Deriving δξϕ
M

Supergravity invariance of the Stückelberged action requires that

eδ
′
ϕΛ′(Z ) = eδϕΛ(Z ).

Since Λ′(Z ) = eδξΛ(Z ), we get,

eδ
′
ϕ = eδϕe−δξ .

Using the integral Baker–Campbell–Hausdorff formula, i.e., given eZ = eX eY ,

Z = X +

(∫ 1

0
B(eadX etadY ) dt

)
Y , where B(x) = x log(x)

x − 1
,

we get,

δ′ϕ = δϕ −
[∫ 1

0
B
(
eadδϕ e−t adδξ

)
dt

]
δξ .



Deriving δξϕ
M

Supergravity invariance of the Stückelberged action requires that

eδ
′
ϕΛ′(Z ) = eδϕΛ(Z ).

Since Λ′(Z ) = eδξΛ(Z ), we get,

eδ
′
ϕ = eδϕe−δξ .

Using the integral Baker–Campbell–Hausdorff formula, i.e., given eZ = eX eY ,

Z = X +

(∫ 1

0
B(eadX etadY ) dt

)
Y , where B(x) = x log(x)

x − 1
,

we get,

δ′ϕ = δϕ −
[∫ 1

0
B
(
eadδϕ e−t adδξ

)
dt

]
δξ .

Linearizing in ξ, we get,

δ′ϕ = δϕ − B
(
eadδϕ

)
δξ.



Deriving δξϕ
M

We have δ′ϕ = δϕ − B
(
eadδϕ

)
δξ .Using the fact that

B (ey ) =
y

1 − e−y
=

∞∑
k=0

B+
k y

k

k!
,

where B+
k are the Bernoulli numbers

B+
0 = 1, B+

1 =
1
2
, B+

2 =
1
6
, B+

3 = 0, B+
4 = − 1

30
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we arrive at the following expression:

δ′ϕ = δϕ −
∞∑
k=0

B+
k

k!
adkδϕδξ ,

where

adkδϕδξ = [δϕ, . . . [δϕ, [δϕ, δξ ]] . . .]︸ ︷︷ ︸
k times

.



Deriving δξϕ
M

Derived expression: δ′ϕ = δϕ −
∞∑
k=0

B+
k

k!
adkδϕδξ.

We know,

δϕ
SUGRA−−−−→ δ′ϕ = δϕ + δξ(δϕ)

= δϕ − adδϕδξ − OM
N̄ δξϕ

N̄ ∂M .



Deriving δξϕ
M

Derived expression: δ′ϕ = δϕ −
∞∑
k=0

B+
k

k!
adkδϕδξ.

We know,

δϕ
SUGRA−−−−→ δ′ϕ = δϕ + δξ(δϕ)

= δϕ − adδϕδξ − OM
N̄ δξϕ

N̄ ∂M .

⇒ δξϕ
M :

δξϕ
M∂M = (OM

N̄ δξϕ
N̄ ∂M)|Θ=0 =

∞∑
k=0

B−
k

k!
adkδϕδξ

∣∣
Θ=0

where B−
k differ from B+

k only for k = 1 : B−
k = −1/2 and B+

k = 1/2.



SUGRA Transformation of the Stückelberg Fields

δξϕ
M =

∞∑
k=0

δ
(k)
ξ ϕM = −

∞∑
k=0

B−
k

k!
Ξ(k)M

∣∣
Θ=0

where

Ξ(k)M = Ξ(k−1)N∂NΦ
M − ΦN∂NΞ

(k−1)M − ∂Ξ(k−1)M

∂φsg
δξφsg .



SUGRA Transformation of the Stückelberg Fields

δξϕ
M =

∞∑
k=0

δ
(k)
ξ ϕM = −

∞∑
k=0

B−
k

k!
Ξ(k)M

∣∣
Θ=0

where

Ξ(k)M = Ξ(k−1)N∂NΦ
M − ΦN∂NΞ

(k−1)M − ∂Ξ(k−1)M

∂φsg
δξφsg .

Using the recursive formula we get explicit expressions for the supergravity
transformations of the Stückelberg fields, to all orders. For e.g.,

k = 0 :

(
δ(0)ϕµ

δ(0)ζα

)
=

(
−ξµ
−ϵα

)
and

k = 1 :

(
δ(1)ϕν

δ(1)ζα

)
=

( 1
2 (ϕ

µ∂µξ
ν − ξµ∂µϕ

ν) + i
(
ζσµϵ̄− ϵσµζ̄

)
1
2 (ϕ

µ∂µϵ
α − ξµ∂µζ

α) +
i

2
(
ϵσµζ̄ − ζσµϵ̄

)
ψα
µ

)
.



Summary

To summarise, we have the full expression for invariantN = 1 SUGRA action:

S = − 6
8πGN

∫
d6Z

(
ER+

1
6
E Λ− 1

6
E0e

δϕΛ

)
+ h.c .

It admits a maximally symmetric solution, with the cosmological constant given
by

Λeff = Λ2 −
1
3
m2 .
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The value of Λeff can have either sign. Λeff>0 corresponds to a dS solution that
spontaneously breaks the underlying supersymmetry.



Summary

To summarise, we have the full expression for invariantN = 1 SUGRA action:

S = − 6
8πGN

∫
d6Z

(
ER+

1
6
E Λ− 1

6
E0e

δϕΛ

)
+ h.c .

It admits a maximally symmetric solution, with the cosmological constant given
by

Λeff = Λ2 −
1
3
m2 .

The value of Λeff can have either sign. Λeff>0 corresponds to a dS solution that
spontaneously breaks the underlying supersymmetry.

We have taken a significant step forward by constructing the super-Stückelberg
action to all orders, providing the completeN = 1 supergravity action.

This represents a substantial advance in the development of a complete and
consistent framework for de Sitter vacua in supergravity.



Absence of Pathological Terms

Possible extra term [Volkov, Soroka ’73, ’74] that didn’t show up:
√
ẽ g̃µνψ̃µψ̃ν ,

where the invariant vielbein and gravitino combinations are

ẽaµ = eaµ + D̃µX
a + 2iθσaψ̄µ − 2iψµσ

aθ̄ + iθσaD̃µθ̄ − iD̃µθσ
aθ̄ ,

ψ̃µ = ψµ + D̃µθ .

Ghost field?



Discussion

If the full pure de Sitter actions obtained via different methods match up to
all orders, it indicates the existence of an underlying comprehensive theory
at higher energies, such as a string-theory model.

The existence of such a string-theory model was corroborated in [I Bandos,
M Heller, S Kuzenko, L Martucci, D Sorokin ’16] where special cases of the
pure dS SUGRA coupled to matter, were shown to match certain parts of the
4D effective action for an anti-D3-brane coming from the flux
compactifications of 10D type IIB SUGRA.

Find the 10D supergravity and string theory counterparts of this 4D pure dS
supergravity, in search of dS vacua.

It would also be worthwhile to use the pure dS SUGRA action for
constructing phenomenological actions in inflationary cosmology.



Thank you!


