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Kurzfassung

Kollektive Entscheidungsprozesse sind oft kein isoliertes einmaliges Ereignis, sondern
wiederholen sich häufig, wobei sich die Wählerschaft, die Präferenzen und die Alternativen
ständig ändern. In dieser Diplomarbeit untersuchen wir eine bestimmte Variante des
Problems der Rank Aggregation. Wir stellen ein Modell vor, das die zeitlichen Aspekte
eines Präferenzaggregationsszenarios berücksichtigt. Um Fairness zu gewährleisten, enthält
unser Modell Mechanismen zur Aufrechterhaltung einer proportionalen Vertretung im
Laufe der Zeit.

Wir erweitern diese Konstellation, indem wir einen besonderen Wähler einführen, der eine
besondere Bedeutung und daher einen größeren Einfluss auf das Ergebnis hat. Wir passen
unser Modell an die Situation an, in der der besondere Wähler andere Anforderungen als
die anderen hat, sodass die Proportionalität unter Wählerinnen und Wählern weiterhin
gewahrt bleibt.

Zu diesem Zweck erweitern wir den Formalismus des Perpetual Votings auf die Rank
Aggregation. Wir führen neue Aktualisierungsregeln (AR) ein und analysieren deren Ver-
halten in Kombination mit drei bekannten Social-Preference-Funktionen (SPFs): Borda,
Kemeny und Squared Kemeny. Um die Fairness zu bewerten, entwickeln wir axiomatische
Eigenschaften. Unsere theoretische Analyse zeigt, dass verschiedene Konfigurationen
unterschiedliche Stärken und Einschränkungen haben.

Darüber hinaus untersucht unser Modell mehrere Strategien zur Initialisierung der
Gewichte, einschließlich Szenarien, in denen der besondere Wähler priorisiert wird. Durch
Simulationen bewerten wir, wie sich verschiedene Kombinationen von AR und SPFs
in Bezug auf langfristige Proportionalität auswirken. Unsere Ergebnisse zeigen, dass
die Wahl der SPF in Bezug auf Fairness wichtiger ist als die der AR, aber einige AR
sind dennoch vielversprechender als andere. In einigen Fällen beobachten wir, dass
axiomatische Ergebnisse das reale Durchschnittsverhalten nicht vollständig widerspiegeln.

Abschließend demonstrieren wir die praktische Relevanz unseres Modells, indem wir einen
Entwurf für fairnessorientierte Empfehlungssysteme mit mehreren Interessengruppen
vorstellen. Diese Arbeit liefert einen theoretischen Beitrag zum Verständnis von Fairness
bei sich ständig ändernden kollektiven Entscheidungsprozessen und unterstützt die
Entwicklung gerechter algorithmischer Systeme in der Praxis.
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Abstract

In collective decision making, the process is often not an isolated one-time event. It is
often repeated, with evolving voters, voter preferences, and alternatives. We study a
particular variant of the rank aggregation problem, focusing on decision-making over time.
We introduce a model that considers the temporal aspects of a preference aggregation
scenario that produces a ranking in each round while taking the evolving voter preferences
into account. In order to ensure fairness, our model incorporates mechanisms to maintain
proportional representation over time.
We further extend this setting by introducing a special voter who has special importance
and, consequently, greater influence over the outcome. We adapt our model to the setting
where the special voter has different representation requirements compared to others,
while still maintaining the proportionality among voters.
To this end, we extend the formalism of perpetual voting to rank aggregation. Our
formalism adapts update rules from perpetual voting, which is based on approval ballots,
and also introduces novel update rules for ranking-based outcomes. We analyze the
behavior of the update rules in combination with three prominent social preference
mechanisms: Borda, Kemeny, and Squared Kemeny. To evaluate fairness, we develop
axiomatic properties that capture proportionality and equitable influence across time. Our
theoretical analysis shows that different settings have different strengths and limitations.
Furthermore, our framework explores multiple weight initialization strategies, including
scenarios where the special voter is prioritized. Through simulations, we assess how
various combinations of update rules and social preference mechanisms perform with
respect to long-term fairness and proportionality. Our results indicate that the choice
of the social preference mechanism is more important than the update rule in terms of
fairness but some update rules are still more promising than others. In some cases, we
observe that axiomatic results do not always capture the real average behavior in its full
complexity.
Finally, we demonstrate the practical relevance of our model by proposing a design
for fairness-aware multi-stakeholder recommender systems. Our approach serves as a
design concept for recommendation algorithms that aim to balance fairness and different
stakeholders’ objectives with user-centric accuracy. This thesis thus contributes both to
the theoretical understanding of fairness in evolving collective decisions over time and to
the practical development of equitable algorithmic systems.
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CHAPTER 1
Introduction

In numerous real-world scenarios, collective decisions must be made based on the prefer-
ences of a group. Examples include elections, committee selections, university rankings,
or identifying the most livable cities. These decision-making processes are rarely isolated
or one-time events; instead, they are often repeated over time, with evolving preferences,
voters, and alternatives.

In some cases, it is advantageous to take past decisions into account. This often helps
to increase the diversity and proportionality [34, 42, 23, 39] in order to satisfy as many
voters as possible instead of letting a majority group to dominate the outcome in every
round. This ensures a more balanced representation of voter preferences in the final
rankings observed over time.

Consider, for example, a music streaming service that publishes a monthly ranking of
songs based on users’ ranked preferences. Each week, listeners submit a ranking of new
songs, and the platform aggregates these into a single chart. However, the platform also
wants to ensure that different listener groups — defined, for example, by region, musical
taste (e.g., rock, hip-hop, classical), or engagement level — are represented fairly over
time.

In many cases, the goal is not merely to identify a single winner but to produce a
ranking of alternatives based on aggregated preferences. This is particularly relevant
in applications such as city rankings, hotel recommendations, or university evaluations,
where not only one winner or a set of winners is to be determined but the ranking of the
alternatives is important. The problem of how to combine individual preferences into a
collective ranking is known as rank aggregation, a fundamental topic in computational
social choice [8, 9, 40], which aims to develop accurate and efficient algorithms for
collective decision-making.

In many settings, it is preferable to model each voter as having equal weight. This
simplifies the model and satisfies further desirable properties such as anonymity, where
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1. Introduction

replacing one voter by another does not cause any change in the outcome. Moreover,
equal representation of each voter is considered to be a core principle in democratic
elections. Nevertheless, there are use cases where a special voter with a greater influence
exists. In this case, it may be desirable to assign a higher weight to this special voter.

Consider a scenario where one voter has a higher influence than the others but the
opinions of all voters are still considered. One might ask why this voter has to be
treated differently in a formal model, given that it is only a normal voter with higher
weight. However, over time, voter weights can be adjusted by a weight update mechanism
from round to round in order to maximize the degree of proportionality. By explicitly
distinguishing the special voter, the update mechanism can also treat it differently. A
concrete example is a city that allows residents to vote on some local projects by ranking
them, where the mayor of the city — acting as a special agent — has a higher influence
on the outcome. This scenario is related to participatory budgeting [12] but differs in that
it does not necessarily require a fixed budget constraint.

This thesis investigates a specific variant of rank aggregation that operates over time.
We consider a setting where the votes, which are linearly ordered ranked alternatives,
can be updated in each round, and one special voter is treated differently by receiving
a stronger influence in the aggregation process. We assign an enhanced initial weight
to the special voter, update agent weights dynamically based on a satisfaction measure,
and aggregate rankings using one of the following methods: (i) Borda, (ii) Kemeny, (iii)
Squared Kemeny [46]. We refer to this problem as perpetual rank aggregation, inspired
by perpetual voting introduced by Lackner [42].

Although we primarily study scenarios where voters and alternatives remain constant
across rounds, most of the results are also applicable to settings with changing voters
and alternatives, as the model can easily be generalized to cases, where these parameters
change over time.

The study of such a voting setting not only provides theoretical insights into weighted
perpetual rank aggregation problems but also models many real-world use cases. In
this chapter, we begin with motivating examples that introduce the problem of rank
aggregation and demonstrate its practical relevance (in Section 1.1). We then present
the key research questions and contributions of the thesis in Section 1.2, followed by an
overview of the thesis structure in Section 1.3. The chapter concludes with a discussion
of related work in Section 1.4.

1.1 Motivation: Potential Real-World Applications
Consider again the music streaming service that publishes a monthly ranking of songs
based on users’ ranked preferences, introduced at the beginning of the chapter.

This example can be modeled in a way that users are voters and songs are alternatives.
Voting is repeated weekly so there is also a temporal aspect because the former decisions
are decisive in determining the next rankings and listener preferences evolve: new songs
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1.1. Motivation: Potential Real-World Applications

arrive, tastes shift, and communities grow or shrink. As rankings, and not a set of winners,
are selected, we are dealing here with the problem of rank aggregation. Moreover, since
we model the scenario as a rank aggregation problem, we do not require predefined groups
but can infer them from (evolving) preferences and respond to changes accordingly.

Furthermore, listeners have different interests based on factors such as age, region, and
musical taste. These differences must be considered in terms of proportionality over time.
For example, the rankings should not always reflect only the preferences of the largest
listener group such that they always have the most songs in the top 10. Instead, less
preferred rankings (e.g., classical music listeners) should also be represented more than
larger groups in some rounds.

Therefore, ensuring proportionality within a single round is sometimes insufficient. If
all users (e.g., both pop listeners and classical music listeners) must share the charts
every week, neither group may be fully satisfied. On the one hand, pop listeners might
feel underserved in the long run if non-pop music consistently appears in the charts,
despite their majority status. Classical music listeners, on the other hand, may never see
a chart dominated by their preferences, leading to dissatisfaction. This may drive those
users away. Instead, the service seeks an over-time proportionality guarantee: across
any sequence of, say, 15 weeks, each listener group should dominate roughly the same
number of weeks in the top 10 as their share of the total vote.

In addition, we can also have premium listeners, who pay more for the platform and they
can be represented by a special voter, with a higher initial weight and special weight
update mechanisms.

This scenario illustrates why proportionality over time — not just fairness per round —
is essential whenever repeated rankings determine users’ experiences. Without such a
mechanism, minority or niche listener communities would lose visibility, undermining
both user satisfaction and the platform’s long-term engagement goals.

We conclude this section with the sketch of a second motivating example, this time from
the domain of recommender systems.

A recommender system is a tool that suggests items to a user. In the age of big data and
information overload, recommender systems support users in making decisions across
many areas such as which news to read, which products to buy, and which films to watch
[53].

Fairness and achievement of objectives in recommender systems are complex and chal-
lenging problems [27], as there are diverse goals and fairness concerns, each relevant to
different stakeholders, and these interests sometimes cannot be aligned [2, 1]. Moreover,
fairness should be addressed over time in dynamic settings, where the preferences of
stakeholders or their interactions with the system and items may evolve over time [3, 36].
In addition, recommender systems emphasize individualized recommendations for each
user. Therefore, the problem of multi-stakeholder fair recommendation can be modeled
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1. Introduction

by our framework of Perpetual Individualized Fair Rank Aggregation that we introduce
in this thesis. Details of the concept are provided in Chapter 5.

1.2 Contributions
The goal of this thesis is to answer the following questions:

1. How should the rank aggregation process be configured to achieve an outcome that
maximizes and even guarantees a satisfactory representation for every voter over
time?

2. What are the axiomatic properties that define a fair outcome and how can fairness
be measured experimentally?

3. How does the special voter interact with the overall rank aggregation process?

4. How do the diffrent rank aggregation configurations behave on average and in
comparison to each other in empirical evaluations?

To answer these questions, this thesis makes the following three main contributions:

First, it advances the state of the art in perpetual voting by extending the existing
formalism, which is based on approval ballots, to the more complex setting of rank
aggregation. An axiomatic analysis gives deeper insights into the properties of perpetual
rank aggregation mechanisms. In particular, it investigates notions of proportionality
and a specific form of manipulability, laying a solid theoretical foundation for future
work in this area. Additionally, the model is extended by a special voter, having distinct
representation requirements. To meet this requirements but still be able to maintain
the proportional representation for other voters, new update rules that satisfy the
corresponding properties are introduced.

Second, the thesis conducts simulations to investigate the empirical behavior of the
framework under various parameter configurations. A range of evaluation metrics is
used to assess aspects such as equality of voter influence and proportional representation.
The experimental results reveal important interactions between update mechanisms and
aggregation rules, providing practical evidence to complement the theoretical analysis.

Finally, the thesis introduces a novel system design for potential applications of multi-
stakeholder recommender systems. We propose a design concept based on our social
choice model in which a special agent ensures individualized outcomes. We also provide
an overview of current approaches to make use of computational social choice as a tool
to improve recommender systems and compare them to our proposed system.
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1.3. Structure of the Thesis

1.3 Structure of the Thesis
This thesis is structured as follows:

This chapter provides a general introduction, including the problem motivation (Section
1.1), main contributions (Section 1.2), and related work (Section 1.4).

Chapter 2 offers a brief introduction to computational social choice in Section 2.1,
including its historical development and a brief introduction to voting theory. Readers
familiar with the basics of computational social choice may skip directly to Section 2.2,
where the relevant background information and notation used throughout the thesis
are introduced, followed by perpetual rank aggregation (2.3) and a brief discussion of
complexity theory (Section 2.4).

Chapter 3 presents the perpetual individualized fair rank aggregation framework and
studies several social preference rules and weight update mechanisms, including the ones
that prioritze the representation of the special voter. Section 3.1 introduces the temporal
social preference functions and Section 3.2 provides the axiomatic analysis.

Chapter 4 presents the simulations and experimental evaluation of different configurations.
Section 4.2 introduces the evaluation metrics, Section 4.3 formulates hypotheses, Section
4.4 presents the results and Section 4.5 interprets the results in consideration of the
hypotheses.

Chapter 5 showcases a potential application for our model in recommender systems.

Finally, Chapter 6 concludes with a discussion of results and outlines directions for future
research.

1.4 Related Work
Rank aggregation is one of the classical problems of computational social choice and
has been widely studied for over half a century [8, 9]. Recently, proportional rank
aggregation has attracted considerable attention in the literature [55, 46], where each
voter is represented proportionally in the final ranking. Skowron et al. [55] study
proportionality for rankings, where rank aggregation rules are based on approval ballots.
Lederer et al. [46] demonstrate the proportionality perspective of the Squared Kemeny
rule, which has been introduced by John Kemeny in [40] together with the Kemeny rule,
which is less suitable for proportional rank aggregation.

Proportional rank aggregation has also been studied in [54] and [11]. Although it is not
the main focus of [54], Schulze discusses proportionality for linearly ordered preference
ballots, particularly in context of single transferable vote (STV) but does not compare
different rules and definitions of proportionality measurement. Aziz et al. [11] show
some proportionality results for multi-winner voting and rank aggregation in context of
committee monotonicity.

5



1. Introduction

In addition, proportionality is also studied in multi-winner voting, where a subset
of candidates has to be selected. In [31], many techniques and challenges including
proportionality requirements are summarized (surveyed). Axiomatization of proportional
representation requirements for multi-winner voting with approval ballots are formulated
in [10, 32].

Participatory budgeting is an extension of multi-winner voting where each alternative
has a cost and the total cost of the selected alternatives should not exceed the given
budget. Therefore, it is possible to study proportionality in participatory budgeting, as
it has been done by Peters et al. [51].

On the other hand, many real-world voting scenarios involve several different rounds of
elections, making it increasingly interesting to study social choice in dynamic settings,
where voters’ opinions may change and proportional representation should be maintained
over time.

In [49], the voter preferences evolve over time based on past decisions and the dynamic
social choice setting is modeled by a Markov decision process.

Tennenholtz [56] introduces dynamic voting and studies three axioms but ignores propor-
tionality. Moreover, voter preferences do not change but new voters are added in each
iteration. Tennenholtz defines continuity and monotonicity in terms of newly joining
voters.

Freeman et al. [34] allow evolving preferences. However, they model the problem without
any ballots but with valuations for every alternative (allocation problem). Then, the goal
is to maximize Nash welfare.

Lackner [42] introduces perpetual voting, where voters submit approval ballots iteratively
and preferences evolve over time. The axioms and some weight update mechanisms
studied in our work are also adapted from [42] to our rank aggregation settings. In
addition, we extend our framework by a special voter. In [43, 44], the framework of
perpetual voting is studied in more detail, particularly in the context of proportionality.

Chandak et al. [23] use also approval ballots. However, they also study offline rules —
rules where all rounds and preference rankings are known beforehand — and consider
axioms that consider proportionality of voter groups instead of individual voters.

Isreal and Brill [39] produce in contrast to the model of perpetual voting a ranking out of
approval ballots. In their model, alternatives are removed once they have been selected.
They also introduce a new axiom called satisfaction monotonicity.

Although recommender systems have been seen as a potential application domain for
Computational Social Choice for years [28], the work in the intersection of both fields is
limited and focuses mainly on group recommendation [59, 47, 14]. However, there are
also some papers proposing the application of social choice theory to evaluate or achieve
fairness in recommender systems [50, 3, 5, 4].
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1.4. Related Work

Pennock et al. [50] provide a formal study of collaborative filtering in terms of social
choice axioms. The system introduced by Aird et al. in [3, 5, 4] is similar to our
idea. They also view the different fairness concerns from a multi-stakeholder perspective
and propose a system that uses first an allocation problem and applies a social choice
mechanism afterwards.
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CHAPTER 2
Background

In this chapter, we introduce the foundational concepts, terminology, and notation
required to understand the material presented in the rest of the thesis. In Section 2.1,
we begin with a general overview of the field of computational social choice, including
its historical development and a brief introduction to voting theory. Readers already
familiar with these topics may skip directly to Section 2.2, where we define the problem
of rank aggregation and present the notation used throughout the thesis. We conclude
the chapter with a brief overview of concepts from computational complexity theory in
Section 2.4. While this thesis relies only on basic notions from that field, references are
provided for readers interested in exploring the topic further.

2.1 Computational Social Choice
Preferences are a fundamental concept studied in many disciplines including economics,
philosophy, psychology, operational research, and computer science. In computer science,
fields such as artificial intelligence, databases, or recommender systems frequently deal
with preference-related questions, as they often involve analyzing decision-making and
choice behavior [52].

Computational social choice is an interdisciplinary field at the intersection of computer
science and economics. It studies the algorithmic and computational aspects of aggregating
of individual preferences into a collective decision. Typically, it involves formalizing
preference aggregation problems, designing efficient solution procedures, and analyzing
whether these methods satisfy desirable properties specified axiomatically. The field
encompasses several branches such as voting theory, fair allocation, matching under
preferences, or judgement aggregation [21].

One of the core areas of computational social choice is voting theory, which is concerned
with selecting one or more options — called alternatives — based on the preferences of a
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2. Background

group of voters. A wide variety of voting rules have been proposed and studied in the
literature, each with different axiomatic properties [20].

Fair allocation addresses the problem of distributing goods among agents who have
preferences over those goods. The goal is to achieve allocations that satisfy criteria such
as Pareto optimality — no allocation possible such that an agent ends up in a better
situation without worsening another agent’s situation — and envy-freeness — no agent
wants to get the allocation of another agent instead of their own — [24]. Numerous
algorithms and mechanisms have been developed for different variants of the fair allocation
problem, such as allocating indivisible goods or cake cutting algorithms [57, 58].

Matching under preferences deals with problems where sets of agents or entities on two
sides (e.g., students and universities, workers and companies) are paired in a stable and
efficient way based on the preferences of agents [41]. The field originates from the seminal
paper by Gale and Shapley [35], in which the stable marriage algorithm was introduced.
This algorithm efficiently solves two-sided matching problems (matching problems that
take both sides’ preferences into account).

Judgment aggregation, on the other hand, focuses on aggregating logically interrelated
individual judgments (e.g., yes/no decisions of propositional nature) from multiple agents
into a consistent collective judgment [25]. It is relevant in domains such as legal reason-
ing, political philosophy, and also in artificial intelligence, mainly in systems involving
autonomous software agents [30]. It is closely related to abstract argumentation [26],
another tool from the field of artificial intelligence concerned with modeling of arguments
and attack relations between them. There is already ongoing research exploring the
potential combination of both concepts, particularly in aggregating conflicting arguments
from multiple agents [22, 17].

2.1.1 History of Computational Social Choice
Computational social choice is a relatively new field. However, the study of voting rules
and preference aggregation has a long history, dating back several centuries. Early voting
rules have been proposed centuries ago, with notable contributions from thinkers like
Borda and Condorcet from the end of 18th century [33].

The modern theory of social choice starts in the middle of the 20th century, when Arrow
[7, 8, 9], Black [16], and Guilbaud [37] published foundational work on social-choice-
related problems. Unlike earlier approaches, they introduced a normative mathematical
framework for social choice theory [33]. However, these early formal models focused
mainly on axiomatic properties and desirable criteria, often ignoring the computational
resources required to compute the results [21].

With the rise of complexity theory and increasing computational power, social choice
theory has also become interesting for computer scientists. This led to the emergence
of computational social choice, a field that applies algorithmic and complexity-theoretic
methods to social choice problems. In the age of the internet — starting from the late
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1990s and early 2000s — many new application scenarios emerged, both within computer
science and directly through novel computational social choice problems and techniques
[21].
Nowadays, computational social has two main goals: to use methods from algorithmics,
complexity theory, and computer science in general in order to develop efficient algorithms
for typical social choice problems, and to understand the computational complexity of
these problems. At the same time, methods developed for social choice theory are
increasingly aimed to be applied to solve problems in computer science and artificial
intelligence [24, 21]. Some examples include problems in multi-agent systems [29], group
recommendation [47], real-world matching mechanisms such as college admissions [15],
or several preference aggregation scenarios on the internet [19].

2.1.2 Voting Theory
In voting theory, different types of elections are studied depending on the application
scenario. The most basic setting is when only one candidate is to be selected from a
set of candidates. These elections are referred to as single-winner voting. A presidential
election is a common example. In contrast, in multi-winner voting, also known as
committee election, the goal is to select a subset of candidates rather than a single winner.
Parliamentary elections typically follow this model, where a committee or a parliament
consisting of multiple representatives is elected [31].
Rank aggregation, however, involves selecting an entire ranking of the alternatives, not
just one or several winners. This setting is particularly relevant in applications where the
overall ordering of candidates matters — for example, ranking sports teams or athletes,
where we are not only interested in who comes first but also in the relative positions of
all participants.
There are also various ways for voters to express their preferences. A common method
involves preference rankings, where each voter provides an ordering of the candidates
[20]. Another method is approval voting, where voters submit a ballot indicating which
candidates they approve of, without providing a ranking [45]. In majority judgment,
voters assign a grade to each candidate (e.g., "excellent", "good", "acceptable", etc.), and
the final outcome is the highest median grade [13].
Each election requires voting rules that fit the type of the concrete election. For example,
in parliamentary elections, it may be desirable to achieve proportional representation,
ensuring that groups of voters with different preferences are represented in the outcome
proportionally to their size. In contrast, in excellence-based selection [31] — such as
when choosing a set of job candidates for interviews — the focus is on selecting the
most promising individuals, possibly without regard for proportionality. Both of these
examples are instances of multi-winner voting, but they illustrate how different contexts
can require divergent features properties for the voting rule.
In this thesis, we focus on voting theory, and in particular on the specific problem of
rank aggregation.

11



2. Background

2.2 Rank Aggregation
Rank aggregation is one of the oldest problems in computational social choice [8, 9].
It combines the preference rankings of the voters to one single ranking and is used in
scenarios, where not only the winner(s) but also the entire ranking is important.

We are interested in rank aggregation in this thesis so we define the problem of rank
aggregation in the following: Let N = {v1, . . . , vn} be a finite set of voters (agents),
vn ∈ N is the special voter. The set A = {a1, . . . , am} is the set of alternatives (candidates).
Each voter v has a ranking ≻v of alternatives from A, which is a total order. A preference
profile P = (≻1, . . . , ≻n) contains preference rankings of voters in N . L(A)n is the set of
all such profiles.

A social preference function (SPF) is a map f : L(A)n → L(A) that returns a preference
ranking ≻out for each given profile P ∈ L(A)n. The returned preference ranking ≻out is
called the output ranking.

An SPF f satisfies continuity if for every pair of preference profiles P ∈ L(A)ℓ, P ′ ∈ L(A)m

and for every output ranking ≻out∈ L(A) with f(P ′) =≻out, there exists a k ∈ N such
that f(P ∪ P ′∪j) =≻out for all j ≥ k, where P ′∪j denotes the profile P ′ repeated j times.
This repetition can be interpreted as either a proportionally larger group of voters or a
group with higher total weight. Intuitively, continuity means that a group of voters with
sufficiently large total weight or size can dominate the outcome.

The Kendall tau metric dK (KT distance) measures the number of disagreements between
two preference lists ≻ and ≻′:

dK(≻, ≻′) = |{(a, b) ∈ A2 | a ≻ b ∧ b ≻′ a}|.
We use this metric to compare the similarity between any two preference rankings ≻, ≻′.

The rank of an alternative a ∈ A in the preference ranking ≻v of voter v ∈ N is denoted
by rv(a).

For the experiments, we also use another metric, the Spearman footrule distance, to
compare it with the Kendall-tau metric. Spearman footrule distance measures the
difference between two preference lists ≻v of voter v and ≻u of voter u as the sum of
displacements of each alternative in one list compared to the other:

dS(≻v, ≻u) = ∑︁
a∈A

|rv(a) − ru(a)|.

2.3 Perpetual Rank Aggregation
The perpetual rank aggregation problem extends conventional rank aggregation by adding
time as a parameter.

Let T = {1, . . . , o} be a set of time steps (rounds). ≻t
v denotes the preference ranking of

voter v in round t, ≻t
out denotes the output ranking in round t.

12
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In temporal setting, we introduce weights to make sure that the satisfaction is propotion-
ally distributed among different rounds. Let a weight function take as input a sequence
of preference profiles, the history of past output rankings, a voter v ∈ N , and the current
round t ∈ T , and return a real number. This can be interpreted as the weight of voter v
in round t. Throughout the thesis, ω(t, v) denotes the weight of voter v at time step t.

A temporal social preference function (TSPF) is an extension of an SPF that takes as
input a sequence of preference profiles, the history of past output rankings, a weight
function, and the current round t ∈ T , and returns a pereference ranking. This is the
output ranking ≻t

out at time step t.

Accordingly, a TSPF satisfies continuity if its corresponding SPF satisfies continuity.

2.3.1 Social Preference Functions
We define the SPFs used throughout this thesis. We introduce them in this section
and not in the previous one, as we extend the definitions by incorporating a temporal
component.

The rules that we introduce — with the exception of Random Serial Dictatorship —
are not resolute, i.e., the ranking does not have to be a total order. In order to obtain
resolute rules, the following tie-breaking mechanism is applied throughout the thesis,
consistent with the notion that the special voter has stronger influence: The special voter’s
preference ranking decides the tie-break. Specifically, if there are two tied alternatives
a1, a2 ∈ A, then a1 ≻out a2 if a1 ≻n a2 and a2 ≻out a1 otherwise, where ≻out denotes the
output ranking and ≻n the preference ranking of the special voter. Even if there is no
special voter in a particular setting, we still assume that voter n’s preference determines
the tie-break — at least in our experiments in Chapter 4 — as we want to observe whether
this tie-breaking mechanism affects the average results. However, other mechanisms such
as random tie-breaking are also possible.

Borda Rule

For a set of voters N , a corresponding preference profile P , the Borda score for an
alternative a ∈ A is defined as follows:

Borda(a) =
∑︂
v∈N

m − rv(a)

The definition can be extended with a temporal component as follows. For a set of voters
N , a corresponding preference profile P , and a set of rounds T , the Borda score for an
alternative a ∈ A and time step t ∈ T is defined as:

Borda(a, t) =
∑︂
v∈N

m − rt
v(a)

13



2. Background

The Borda rule is an SPF that ranks the alternatives according to their Borda score
decreasingly.

Kemeny Rule

Let ≻t
out be an arbitrary output ranking in round t.

The Kemeny rule returns the set of output rankings with the minimal ∑︁
v∈N

dK(≻t
v, ≻t

out):

arg min
≻t

out∈L(A)

∑︂
v∈N

dK(≻t
v, ≻t

out)

Squared Kemeny Rule

Let ≻t
out be an arbitrary output ranking in round t.

The Squared Kemeny rule [40, 46] returns the set of output rankings with the minimal∑︁
v∈N

dK(≻tk
v , ≻t

out)2:

arg min
≻t

out∈L(A)

∑︂
v∈N

dK(≻t
v, ≻t

out)2

Random Serial Dictatorship Rule

The Random Serial Dictatorship rule chooses the ranking of a randomly selected voter
v ∈ N as output ranking s. t. ≻t

v=≻t
out for an arbitrary round t ∈ T .

2.4 Complexity Theory
Computational complexity theory classifies problems according to required computational
resources to solve them [6].

Throughout this thesis, we rely on standard complexity classes to classify the compu-
tational difficulty our model. Complexity-theoretic considerations are discussed only
in Section 3.3, where we evalute the complexity of our model. However, this is not
the main focus of this thesis, as the complexity of the components that build up our
model is already known, and combining these results to derive the overall complexity is
straightforward. Therefore, the discussion of complexity is kept at an informal level.

The only complexity classes that we need in this thesis are P and ΘP
2 . We expect that

the reader is familiar with the basics of complexity theory. Otherwise, the main takeaway
is that problems in class P — problems solvable in polynomial time — are considered
tractable, whereas problems in ΘP

2 are generally regarded as intractable.

For a detailed introduction to these concepts, we refer the reader to comprehensive
textbooks on complexity theory, such as [48, 6].
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CHAPTER 3
The Perpetual Individualized Fair

Rank Aggregation Model

This is the chapter where we introduce our model. First, we define the temporal social
preference functions (TSPFs) in Section 3.1. We then present four axiomatic properties
(perpetual lower quota, simple proportionality, independence of uncontroversial decisions,
and bounded dry spells) and related theorems in Section 3.2. The axiomatic properties
are adapted from Lackner [42].

3.1 Temporal Social Preference Functions
We have already defined what a temporal social preference function (TSPF) is (see
Section 2.3). Now, we delve into the details and introduce some concrete TSPFs. When
selecting a TSPF, three parameters are important:

• Weight initialization strategy

• Social preference function

• Weight update mechanism

3.1.1 Weight Initialization Strategy
The weight of each voter should be initialized with a specific value in round 1 ∈ T . In
other words, we should assign a weight to each voter v ∈ N in round 1 such that there
exists a w ∈ Q with ω(1, v) = w for each v. Of course, each voter may be assigned
the same weight but differences between voter weights are also possible. This initial
weight assignment is referred to as weight initialization strategy, which can significantly
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3. The Perpetual Individualized Fair Rank Aggregation Model

influence output rankings in each round, particularly in the early rounds and if it is used
in combination with a suitable social preference function and a weight update mechanism.

For the initialization of weights, we study the following configurations:

• Equal weights: ω(1, v) = 1 for each v ∈ N

• Special voter n’s weight about 25% of the total weight: ω(1, n) =
⌈︃∑︁n−1

v=0 ω(1,v)
3

⌉︃

If not specified otherwise, we assume equal weights, as this represents a simpler and more
natural setting, particularly when there is no special voter. Note that other configurations
are also possible and could be interesting for further study. However, our focus is on
examining the difference between scenarios in which the special voter receives significantly
greater weight and those in which all voters are weighted equally.

3.1.2 Social Preference Function
The selection of an SPF is crucial in determining the properties and behavior of a TSPF.
Since a TSPF operates in a temporal setting, SPFs are applied in their weighted versions
in order to ensure adaptability through weight updates after each round.

In this thesis, we study four social preference functions: weighted Borda, weighted Kemeny,
weighted Squared Kemeny, and weighted Random Serial Dictatorship (weighted RSD).

Weighted RSD serves as a baseline for experimental comparison with the other rules, but
is not analyzed theoretically in this thesis. Weighted Borda is a positional scoring rule
and is easy to compute, distinguishing it from weighted Kemeny and weighted Squared
Kemeny. However, Kemeny and Squared Kemeny are good at minimizing the Kendall-
tau distance, which is used to measure similarity between rankings. While Kemeny
primarily selects alternatives preferred by the majority, it can adapt to proportionality
over time. Squared Kemeny is more sensitive to underrepresented opinions [46] and
generates rankings that better account for them.

The weighted Borda score for an alternative a ∈ A and a time step t ∈ T is defined as
follows:

BordaW (a, t) =
∑︂
v∈N

ω(t, v) · (m − rt
v(a)) (3.1)

The weighted Borda rule is an SPF that ranks the alternatives according to their weighted
Borda score decreasingly.

The weighted Kemeny rule returns the set of output rankings with the minimal∑︁
v∈N ω(t, v) · dK(≻t

v, ≻t
out):
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3.1. Temporal Social Preference Functions

arg min
≻t

out∈L(A)

∑︂
v∈N

ω(t, v) · dK(≻t
v, ≻t

out) (3.2)

The weighted Squared Kemeny rule returns the set of output rankings with the minimal∑︁
v∈N ω(t, v) · dK(≻t

v≻t
out)2:

arg min
≻t

out∈L(A)

∑︂
v∈N

ω(t, v) · dK(≻t
v, ≻t

out)2 (3.3)

The weighted random serial dictatorship rule chooses the ranking of a randomly selected
voter v ∈ N as output ranking s. t. ≻t

v=≻t
out for an arbitrary round t ∈ T , where the

probability of selecting ≻t
v in round t is v’s relative weight in round t:

ω(t, v)∑︁
u∈N

ω(t, u)

3.1.3 Weight Update Mechanism
To maintain fairness and proportionality over time, a TSPF must not only make good
decisions in each round but also adapt to past outcomes. This is achieved through a
weight update mechanism, which adjusts the weight of each voter after every round
based on their satisfaction. The central idea is that voters who have been less satisfied in
earlier rounds should gain more influence in future ones, ensuring a balanced, long-term
representation.

The voter weights are updated after each round. It is possible to define several weight
update functions but we introduce here some of them that we study in this thesis and
demonstrate diverse approaches:

Constant Weight Update Function

The most straightforward approach is to keep the weights fixed over time. In this setting,
past decisions have no influence on future rounds, and every voter v ∈ N maintains the
same weight throughout the entire process:

ω(t + 1, v) = ω(t, v) (3.4)

This update rule effectively reduces the TSPF to a repetition of the original SPF, as
weights do not change from round to round. Since it does not seem to be designed to
achieve long-term proportionality, this method primarily serves as a baseline to evaluate
the performance and fairness of more dynamic approaches.
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3. The Perpetual Individualized Fair Rank Aggregation Model

Myopic KT-Distance-Based Weight Update Functions

Another intuitive method updates all weights based on the Kendall tau distance between
the corresponding voter’s ranking and the output ranking, as this distance measures the
similarity between two rankings:

ω(t + 1, v) = dK(≻t
v, ≻t

out) (3.5)

The larger the distance, the more disagreement between a voter’s preferences and the
outcome, leading to a higher weight in the next round. This reflects the principle that
unsatisfied voters should gain more power in the next rounds.

Of course, we can also use the squared Kendall tau distance like in Squared Kemeny,
which results in a faster increase in the weights of less satisfied voters:

ω(t + 1, v) = dK(≻t
v, ≻t

out)2 (3.6)

Both of these methods ignore the past decisions from round 1 to t − 1 and do not
accumulate dissatisfaction over time. Therefore, they are called myopic weight update
functions.

KT-Distance-Based Weight Update Functions

If the update function is not myopic, past weights can still play a role with the idea of
capturing long-term fairness better than myopic weight update functions. In this case,
we consider cumulative update rules that take into account not only the current round’s
outcome but also past satisfaction. The new weight is calculated as the sum of the
previous weight and the distance between the voter’s ranking and the current outcome:

ω(t + 1, v) = ω(t, v) + dK(≻t
v, ≻t

out) (3.7)

Similarly, a squared version emphasizes recurring dissatisfaction more aggressively, and
large disagreements are penalized heavier:

ω(t + 1, v) = ω(t, v) + dK(≻t
v, ≻t

out)2 (3.8)

These functions preserve a memory of past disagreements, allowing voters who have
consistently been underrepresented to accumulate more weight and thus gain greater
influence in future rounds. This makes the KT-distance-based update functions par-
ticularly suitable for enforcing long-term proportionality across the entire timeline of
decisions.
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Reset-Based Weight Update Functions

Reset-based update functions introduce a mechanism to reset the weight of satisfied voters
while increasing it for others. Specifically, if a voter’s ranking is sufficiently different from
the outcome (as measured by the Kendall tau distance exceeding a fixed threshold α),
they are considered to be unsatisfied and their weight increases. Otherwise, their weight
is reset to a baseline value, often 1:

ω(t + 1, v) =
{︄

ω(t, v) + dK(≻t
v, ≻t

out), if dK(≻t
v, ≻t

out) > α,

1, if dK(≻t
v, ≻t

out) ≤ α.
(3.9)

This version is sensitive to the number of disagreements, using the Kendall tau distance
as an update increment.

A more coarse-grained version updates weights uniformly for unsatisfied voters, regardless
of the distance, which simplifies influence adjustments:

ω(t + 1, v) =
{︄

ω(t, v) + 1, if dK(≻t
v, ≻t

out) > α,

1, if dK(≻t
v, ≻t

out) ≤ α.
(3.10)

Both variants share the idea of resetting the weight of satisfied voters, thereby giving
them equal opportunity in future rounds and reducing their influence temporarily. This
approach promotes fairness over time, preventing any voter from dominating the outcome
if their preferences are regularly satisfied.

AV-Inspired Weight Update Functions

These weight update functions are inspired by analogous mechanisms from perpetual
approval voting and were introduced by Lackner [42]. We adapted them to our ranking-
based settings. The central idea is again to adjust weights based on whether a voter is
satisfied according to a predefined satisfaction threshold α.

The unit cost weight update function inspired by perpetual unit-cost in [42] increases
the weight of unsatisfied voters by a fixed amount (1 in our case), while leaving satisfied
voters’ weights unchanged:

ω(t + 1, v) =
{︄

ω(t, v) + 1, if dK(≻t
v, ≻t

out) > α,

ω(t, v), if dK(≻t
v, ≻t

out) ≤ α.
(3.11)

Unlike the reset-based variant, this approach does not penalize satisfied voters but rather
freezes their influence, allowing underrepresented voters to gradually catch up without
reducing others such that a comeback is easier than in reset-based approaches.
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The perpetual Kendall-tau weight update function (inspired by Perpetual PAV [42])
reduces the weights of satisfied voters:

ω(t + 1, v) =

ω(t, v), if dK(≻t
v, ≻t

out) > α,
ω(t,v)

ω(t,v)+1 , if dK(≻t
v, ≻t

out) ≤ α.
(3.12)

Special-Voter-Sensitive Weight Update Functions

There are some use cases where the behavior of a powerful actor, central planner, etc.,
can be simulated via a special voter. Special-voter-sensitive weight update functions
distinguishes the special voter from other voters, and update the special voter’s weight
according to a separate rule, which mostly favors the special voter.

For instance, the myopic KT maximum value weight update function uses the maximum
KT distance across all voters to update the special voter’s weight:

ω(t + 1, v) =
{︄

dK(≻t
v, ≻t

out), if v ∈ N \ {n},

max(dK(≻t
1, ≻t

out), dK(≻t
2, ≻t

out), . . . , dK(≻t
n, ≻t

out)), if v = n.

(3.13)

This update function corresponds to the myopic KT-distance-based weight update function
3.5. The only difference is the treatment of the special voter.

The KT sum weight update function emphasizes the representation of the special voter
even more, and adds up all the weight gains of the voters in one round and assigns them
to the special voter:

ω(t + 1, v) =

ω(t, v) + dK(≻t
v, ≻t

out), if v ∈ N \ {n},∑︁
u∈N

ω(t, u), if v = n.
(3.14)

This update function is an extension of the KT-based function 3.7 with a special treatment
of the special voter.

3.2 Axiomatic Analysis
In this section, we introduce axiomatic properties to understand whether the proposed
TSPFs are suitable for perpetual proportional voting scenarios and how they differ from
each other.

The properties are mainly adapted by Lackner’s work on perpetual voting [42] to our
settings. As we can easily observe, the concept of winning an approval voting election
facilitates the definition of concepts such as satisfaction of a voter, support of a voter
by other voters, and all related properties. In our context, there is no one clearly
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distinguished winner and many losers. This oversimplifies our model and disregards the
rank aggregation setting if we consider only the first k alternatives as winners.

On the other hand, if we evaluate the entire lists and require them to be exactly the
same in order to "win" or satisfy a voter’s preference, this assumption would be too
restrictive. Therefore, although other metrics could also be applied, we propose minimizing
dK(≻v, ≻out) (Kendall tau distance) to "win" or at least approximate a win. However,
we also use other distance measures dK(≻v, ≻out)2 (squared Kendall tau distance) and
dS(≻v, ≻out) (Spearman footrule distance) in the empirical part and show that our TSPFs
do not only optimize for KT distance.

We define the satisfaction of a voter v as follows:

Let satisfaction of a voter v in round t be the number of disagreements under a treshold
for previous rankings:

satt(v) = |{ℓ ≤ t : dK(≻ℓ
v, ≻ℓ

out) ≤ α}| (3.15)

The support of a voter v ∈ N in round t is defined as:

suppt(v) = 1
|N | · |{u ∈ N | dK(≻t

u, ≻t
v) ≤ α}| (3.16)

The support indicates the ratio of voters that have similar preferences to voter v in round
t.

This definition forces us to determine a threshold value α, which represents the boundary
between satisfaction and dissatisfaction (analogous to the perpetual voting case, where
there is a clear distinction between winning and losing). Of course, the challenge lies in
the fact that there is no universally correct value for α. This suggests to have a more
gradual definition of satisfaction of a voter v in round t. For this purpose, we define the
maximal possible dK in one round:

dmax = m · (m − 1)
2 (3.17)

Now, we can provide an alternative definition of satisfaction as the sum of differences
between the worst case distance and the real distance between voter V ’s preference list
and output list until the current round:

sato(v) =
o∑︂

t=1
dmax − dK(≻t

v, ≻t
out) = o · dmax −

o∑︂
t=1

dK(≻t
v, ≻t

out) (3.18)

The support of a voter v ∈ N in round t is defined as:

suppt(v) = 1
|N | ·

∑︂
u∈N

dmax − dK(≻t
u, ≻t

v) = dmax − 1
|N | ·

∑︂
u∈N

dK(≻t
u, ≻t

v) (3.19)
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These alternative definitions enable a more fine-grained measurement of similarity between
preference rankings. However, the first definition with a threshold value α is still
interesting, as it is simpler, closer to the approval voting setting, and α might give some
interesting bounds for theoretical analysis.

In the following, we formulate axioms for both approaches, where we call the former
definition the threshold-based definition (TBD) and the latter definition the continuous
definition (CD). However, for the theoretical and empirical analysis, we focus on the
TBD for the rest of this thesis. Therefore, our theorems are applicable only to the TBD.
Moreover, when we introduce the theoretical results, we assume the satisfaction threshold
α < dmax, as the problem becomes trivial when all voters are satisfied in every round
such that α = dmax.

Quota of voter v ∈ N in round t is defined as the sum of the supports of v until now:

qut(v) =
o∑︂

t=1
suppt(i) (3.20)

For the theoretical part, we assume equal initial weights to keep the model simple.
Different weight initialization strategies are compared only in the empirical part.

3.2.1 Perpetual Lower Quota
A TSPF satisfies perpetual lower quota if, for each voter v ∈ N , it holds

sato(v) ≥ ⌊quo(v)⌋

in the final round o ∈ T , where o = |T |. The property requires that a voter whose
preferences are supported by x% of the voters should be satisfied in at least x% of the
rounds. Clearly, this is a very strong proportionality requirement and is generally too
difficult to be satisfied. We do not further analyze this axiom directly but instead introduce
later in Section 4.2 an empirical relaxation called perpetual lower quota compliance, which
serves as a metric for the experimental evaluation. Nevertheless, in some cases, the
results are strong enough that even the strict perpetual lower quota condition is met,
despite not being explicitly intended.

3.2.2 Simple Proportionality
Assume that, for each round t ∈ T , the ranking ≻t

v is always the same for any voter
v ∈ N , where |T | = |N | = n. A TSPF satisfies simple proportionality if satn(v) = qun(v)
for every voter v ∈ N .

Simple proportionality requires that, for every voter, the overall satisfaction after a
certain number of rounds —equal to the number of voters— matches the number of
voters with similar preferences up to that round.
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This property relies on the following simplifying assumptions: The number of rounds
equals the number of voters, the set of alternatives and voters remain unchanged, and
voter preferences do not vary over time. However, just as many perpetual voting rules
in [42] do not satisfy simple proportionality, numerous TSPFs also fail to satisfy it. In
fact, TSPFs struggle more than approval-voting-based perpetual voting, as it is actually
a relatively strict property, particularly for the complexity of preference rankings. We
introduce therefore additional restrictions such that simple proportionality holds.

Theorem 1. If an SPF satisfies continuity, the corresponding TSPF with the constant
weight update function does not satisfy simple proportionality.

Proof. Consider the following counterexample: Voter v ∈ N submits the preference
ranking ≻v and all the other voters u ∈ N \ {v} with |N \ {v}| = n − 1 submit ≻u, the
completely reversed ranking of ≻v. Let f be an SPF that satisfies continuity. By the
definition of continuity, there is a k such that if n−1 ≥ k, f outputs f(P t

1 ∪P t
2) =≻t

out=≻u

for any t ∈ T , where P t
1 = (≻v) is a preference profile in round t and P t

2 = (≻u1

, ≻u2 , . . . , ≻un−1) is another preference profile in round t with f(P t
2) =≻t

out=≻u and
≻u1=≻u2= . . . =≻un−1 . As ≻t

out=≻u ̸=≻v for any round t, satt(v) = 0 and qut(v) = 1
follows (if α < dmax). Therefore, satt(v) ̸= qut(v), i.e., simple proportionality is not
satisfied.

In other words, by the definition of continuity, if there are sufficiently many voters, then
for any round t, the output ranking is ≻v ̸=≻u=≻t

out. This implies that satt(v) = 0 and
qut(v) = 1 (for α < dmax), as in simple proportionality the ranking ≻t

x is always the
same for any voter x ∈ N for each round t ∈ T . Therefore, satn(v) ̸= qun(v), i.e., simple
proportionality is not satisfied.

Corollary 1.1. Borda, Kemeny and Squared Kemeny with the constant weight update
function do not satisfy simple proportionality (if α < dmax).

Proof. This result follows directly by Theorem 1, as Borda, Kemeny and Squared Kemeny
satisfy continuity [46].

Theorem 2. If an SPF satisfies continuity, the corresponding TSPF with a myopic
weight update function does not satisfy simple proportionality (if |N | > 2).

Proof. Consider the following counterexample: Voter v ∈ N submits the preference
ranking ≻v and all the other voters u ∈ N \ {v} with |N \ {v}| = n − 1 submit ≻u,
the completely reversed ranking of ≻v in every round. Let f be an SPF that satisfies
continuity. By the definition of continuity, there is a k such that if n − 1 ≥ k, f outputs
f(P 1

1 ∪ P 1
2 ) =≻1

out=≻u for round 1, where P 1
1 = (≻v) is a preference profile in round

1 and P 1
2 = (≻u1 , ≻u2 , . . . , ≻un−1) is another preference profile in round 1. Then, the

weights are updated such that ω(2, v) = dmax and ω(2, u) = 0 for all u ∈ N \{v}, as ≻v is
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the completely reversed and maximally different ranking from the outcome of the current
round. Now consider how a myopic weight update function works: it updates each voter’s
weight based only on the disagreement between their ranking and the outcome of the
current round, without considering the past rounds.

Consequently, in the next round, only v′s weight is non-zero so ≻2
v=≻2

out. However,
the weights are updated again such that ω(3, v) = 0 and ω(3, u) = dmax, reversing the
situation. This process continues until the last round n and thus the output ranking
alternates between ≻v and ≻u in each round. As a result, in round n, every voter is
satisfied in roughly half of the rounds such that satn(v) ≈ n

2 and satn(u) ≈ n
2 . However,

since voter v is just a single individual, the quota is qut(v) = 1
n · n = 1, which is much less

than n
2 as long as n > 2. Conversely, for each u, the quota is qut(v) = n−1

n · n = n − 1,
which is much greater than n

2 . Thus, satn(v) > qun(v) and satn(u) < qun(u) for any
other voter u ∈ N \ {v}, which violates simple proportionality.

Corollary 2.1. Weighted Borda, weighted Kemeny, and weighted squared Kemeny with
myopic weight update functions do not satisfy simple proportionality.

Proof. This property is implied by Theorem 2, as Borda, Kemeny and Squared Kemeny
satisfy continuity.

Theorem 3. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1∩G2 = ∅
and all voters in G1 submit the ranking ≻t

G1 and all voters in G2 submit ≻t
G2 for any

round t. Then, the Squared Kemeny rule with the constant weight update function satisfies
both simple proportionality and perpetual lower quota if the following holds for some
round t ∈ T (WLOG, assume dK(≻t

G1 , ≻t
out) ≤ dK(≻t

G2 , ≻t
out)):

dK(≻t
G1 , ≻t

G2) − dK(≻t
G1 , ≻t

out) =
⌊︃
( |G1|

|N | · dK(≻t
G1 , ≻t

G2)) + 1
2

⌋︃
≤ α

Proof. The property called 2-Rankings-Proportionality of the Squared Kemeny rule,
introduced by Lederer et al. [46], guarantees that the output ranking satisfies the
following:

dK(≻G1 , ≻G2) − dK(≻G1 , ≻t
out) =

⌊︃
( |G1|

|N | · dK(≻G1 , ≻G2)) + 1
2

⌋︃
≤ α

Analogously it also satisfies the following:

dK(≻G1 , ≻G2) − dK(≻G2 , ≻t
out) =

⌊︃
( |G2|

|N | · dK(≻G1 , ≻G2)) + 1
2

⌋︃
≤ α

Since there are only two groups, at most one group can have a smaller KT distance to
the output ranking, i.e., it has to agree with more pairs. WLOG, we assume that this
group is G1. If α ≥ dK(≻G1 , ≻G2) − dK(≻G1 , ≻t

out) ≥ dK(≻t
G1 , ≻t

G2) − dK(≻t
G2 , ≻t

out) for
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3.2. Axiomatic Analysis

any round t, it follows that both groups’ voters are satisfied in all rounds, as the constant
update function does not update the weights such that ω(t, v) = 1 for each round t ∈ T
and voter v ∈ N . Therefore, sato(v) = quo(v) = |T | for every voter v ∈ N , where o = |T |
is the final round, i.e., squared Kemeny satisfies not only simple proportionality but also
perpetual lower quota (see 3.2.1) under the given condition.

Proposition 3.1. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with
G1 ∩ G2 = ∅ and all voters in G1 submit the ranking ≻t

G1 and all voters in G2 submit
≻t

G2 for any round t. Then, the Squared Kemeny rule with any weight update function
satisfies both simple proportionality and perpetual lower quota if the following holds for
every round t ∈ T (WLOG, assume dK(≻t

G1 , ≻t
out) ≤ dK(≻t

G2 , ≻t
out)):

dK(≻t
G1 , ≻t

G2) − dK(≻t
G1 , ≻t

out) =
⌊︃
( |G1|

|N | · dK(≻t
G1 , ≻t

G2)) + 1
2

⌋︃
≤ α

Proof. The statement is a generalization of Theorem 3 by allowing any weight update
function. Because the weight update rule is no longer constant, weights may vary
over time, and the condition must hold for each round t ∈ T separately. Therefore, it
has to be shown that the following condition holds for each t ∈ T separately (WLOG
dK(≻t

G1 , ≻t
out) ≤ dK(≻t

G2 , ≻t
out)):

α ≥ dK(≻G1 , ≻G2) − dK(≻G1 , ≻t
out) ≥ dK(≻t

G1 , ≻t
G2) − dK(≻t

G2 , ≻t
out)

This implies that voters in both groups are satisfied at threshold α in each round t. As a
result, every voter v ∈ N is satisfied in all |T | rounds, regardless of how their weights
evolve.

Thus, it follows that sato(v) = quo(v) = |N | for every voter v ∈ N , where o = |T | is
the last round, i.e., squared Kemeny satisfies not only simple proportionality but also
perpetual lower quota (see 3.2.1).

Lemma 3.1. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1∩G2 = ∅
and all voters in G1 submit the ranking ≻G1 and all voters in G2 submit ≻G2 . Then, the
output ranking of the Kemeny rule, which is the ranking with the minimal KT-distance,
is:

• ≻out=≻G1 if |G1| > |G2|,

• ≻out=≻G2 if |G1| < |G2|,

• decided by tie-breaking if |G1| = |G2|.
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3. The Perpetual Individualized Fair Rank Aggregation Model

Proof. We prove the first case where |G1| > |G2|. The other two follow symmetrically or
via tie-breaking.

Let ≻′ be an arbitrary ranking that is not equal to ≻G1 , and let:

x = dK(≻G1 , ≻′), y = dK(≻G2 , ≻′).

The total distance of ≻′ to all voters is:

D(≻′) =
∑︂

v∈G1

dK(≻G1 , ≻′) +
∑︂

u∈G2

dK(≻G2 , ≻′) = |G1| · x + |G2| · y.

We will construct a new ranking ≻′′ that reduces the total distance by applying pairwise
swaps in ≻′ that move it closer to ≻G1 such that dK(≻′, ≻′′) = 1 in each step. Consider
for instance any pair of alternatives (a, b) for which a ≻′ b but b ≻′′ a, i.e., the pairwise
order in ≻′ disagrees with ≻′′. The Kemeny rule selects the ranking with the minimal
total distance, so if we can show that this construction leads to ≻G1 , we are done. After
each such step, there are three cases:

1. Both groups agree with the swap: dK(≻G1 , ≻′′) = dK(≻G1 , ≻′) − 1 = x − 1
and dK(≻G2 , ≻′′) = dK(≻G2 , ≻′) − 1 = y − 1. This reduces the total distance as
follows:

D(≻′′) =
∑︂

v∈G1

dK(≻G1 , ≻′′) +
∑︂

u∈G2

dK(≻G2 , ≻′′)

=
∑︂

v∈G1

(dK(≻G1 , ≻′) − 1) +
∑︂

u∈G2

(dK(≻G2 , ≻′) − 1)

=
∑︂

v∈G1

dK(≻G1 , ≻′) − |G1| +
∑︂

u∈G2

dK(≻G2 , ≻′) − |G2|

= |G1| · (x − 1) + |G2| · (y − 1) < |G1| · x + |G2| · y = D(≻′).

As D(≻′′) < D(≻′), the ranking ≻′′ is better than ≻′.

2. Only G1 benefits: dK(≻G1 , ≻′′) = dK(≻G1 , ≻′) − 1 = x − 1 and dK(≻G2 , ≻′′) =
dK(≻G2 , ≻′) + 1 = y + 1. This reduces the total distance as follows:

D(≻′′) =
∑︂

v∈G1

dK(≻G1 , ≻′′) +
∑︂

u∈G2

dK(≻G2 , ≻′′)

=
∑︂

v∈G1

dK(≻G1 , ≻′) − |G1| +
∑︂

u∈G2

dK(≻G2 , ≻′) + |G2|

= |G1| · x − |G1| + |G2| · y + |G2| < |G1| · x + |G2| · y = D(≻′).

This inequality holds as |G1| > |G2| so ≻′′ is better than ≻′.
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3.2. Axiomatic Analysis

3. Only G2 benefits: dK(≻G1 , ≻′′) = dK(≻G1 , ≻′) + 1 = x + 1 and dK(≻G2 , ≻′′) =
dK(≻G2 , ≻′) − 1 = y − 1. This increases the total distance:

D(≻′′) =
∑︂

v∈G1

dK(≻G1 , ≻′′) +
∑︂

u∈G2

dK(≻G2 , ≻′′)

=
∑︂

v∈G1

dK(≻G1 , ≻′) + |G1| +
∑︂

u∈G2

dK(≻G2 , ≻′) − |G2|

= |G1| · x + |G1| + |G2| · y − |G2| > |G1| · x + |G2| · y = D(≻′).

Since D(≻′′) > D(≻′), the ranking ≻′′ is worse than ≻′, moving us further from
the goal.

If we repeatedly apply Step 1 until it is not applicable, we obtain the following total
distance for a ranking ≻′′′ constant c ≥ 0 indicating the total number of iterations of
Step 1:

D(≻′′′) = |G1| · (x − c) + |G2| · (y − c)
Then we apply Step 2 until it is not applicable (x − c times) and we end up in an output
ranking ≻out. Then, we have D(≻out) = |G1| · ((x − c) − (x − c)) + |G2| · (y − c) −
(x − c) = |G1| · 0 + |G2| · (y − x), i.e., the output ranking corresponds to ≻G1 such that
dK(≻out, ≻G1) = 0.

The case |G2| > |G1| is symmetric and leads to ≻G2 being the minimizer ranking.

If |G1| = |G2|, then any ranking has the same total distance, and a tie-breaking rule
determines the output.

Lemma 3.2. Assume there are two groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅
and all voters in the group G1 submits ≻G1 and all voters in the group G2 submits the
completely reversed ranking ≻G2 of ≻G1 . Then, the output ranking of Borda rule, which
is the ranking with the highest Borda score, is:

• ≻out=≻G1 if |G1| > |G2|,
• ≻out=≻G2 if |G1| < |G2|,
• decided by tie-breaking if |G1| = |G2|.

Proof. We prove the first case where |G1| > |G2|. The other two follow symmetrically or
via tie-breaking.

Let |A| = m be the number of alternatives. Assume that all voters in G1 submit
a1 ≻G1 a2 ≻G1 . . . ≻G1 am. Then, voters in G2 submit am ≻G2 am−1 ≻G2 . . . ≻G2 a1.
The Borda score for the alternatives are as follows:

Borda(a1) = (m − 1) · |G1| + 0 · |G2|
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3. The Perpetual Individualized Fair Rank Aggregation Model

Borda(a2) = (m − 2) · |G1| + 1 · |G2|
. . .

Borda(am) = 0 · |G1| + (m − 1) · |G2|

As |G1| > |G2|, the Borda scores are ranked as follows:

Borda(a1) > Borda(a2) > . . . > Borda(am)

The order of the alternatives in the output ranking ≻out corresponds to ≻G1 such that
≻G1=≻out.

The case |G2| > |G1| is symmetric and leads to ≻G2 being the output ranking.

If |G1| = |G2|, then any ranking has the same Borda score, and a tie-breaking rule
determines the output.

Theorem 4. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1∩G2 = ∅
such that all voters in the group G1 submit the ranking ≻t

G1 and all voters in G2 submit
the completely reversed ranking ≻t

G2 of ≻t
G1 in every round t. Then, Borda and Kemeny

with the unit cost weight update function satisfy simple proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 and
Lemma 3.2 that ≻t

out=≻t
G1 , since the majority group determines the outcome. Assume

that we have a tie-breaking mechanism such that ≻t
out=≻t

G1 if x = y.

Voters in G1 are satisfied in the first round, since 1 · x ≥ 1 · y. The voters in G2 are not
satisfied so the weights of each voter in G2 increases by 1 such that the new total weight
of the voters in G2 becomes y + y = 2 · y. There are x + y rounds in total and the weights
of the unsatisfied voters continue to increase. In the worst case, in the last round, we
have (x + y) · y > x so G2 members will certainly be eventually satisfied in one of the
rounds.

As already mentioned, G1 remains satisfied until there is a z such that z · y > u · x in
round z + u − 1. After that, G2 is satisfied until u · x ≥ z · y in round z + u − 1.

In round x + y − 1 (one round before the last one), we have z + u = x + y and z = x
and u = y. Therefore, z · y = u · x. As the total weight of voters in G1 equals the total
weight of voters in G2, voters in G1 win by tie-breaking. Now, the number of satisfied
rounds of voters in G1 is x and number of satisfied rounds of G2 is y − 1. Then, we have
(z + 1) · y > u · x in the last round so ≻x+y

out =≻x+y
G2

, i.e., each voter in G2 is satisfied in
the last round. Therefore, the number of satisfied rounds of G2 is y.

In total, voters in G1 are satisfied x times and voters in G2 are satisfied y times. Hence,
each group is satisfied in proportion to its size, which proves simple proportionality.
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3.2. Axiomatic Analysis

Proposition 4.1. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with
G1 ∩ G2 = ∅ such that all voters in the group G1 submit the ranking ≻t

G1 and all voters
in G2 submit the ranking ≻t

G2 in every round t. Then, Kemeny with the unit cost weight
update function satisfies simple proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 that
≻t

out=≻t
G1 . Assume that we have a tie-breaking mechanism such that ≻t

out=≻t
G1 if x = y.

The rest is analogous to the proof of Theorem 4. Since G2 accumulates weight across
rounds, there will be rounds in which G2 becomes the majority in weighted terms, and
thus gets satisfied. Over x + y rounds, each group will be satisfied exactly in proportion
to its size. Therefore, simple proportionality holds.

Theorem 5. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1∩G2 = ∅
and all voters in the group G1 submit the ranking ≻t

G1 and all voters in the group G2
submit the completely reversed ranking ≻t

G2 of ≻t
G1 in every round t. Then, Borda and

Kemeny with the perpetual KT weight update function satisfy simple proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 and
Lemma 3.2 that ≻t

out=≻t
G1 , since the majority group determines the outcome. Assume

that we have a tie-breaking mechanism such that ≻t
out=≻t

G1 if x = y.
Voters in G1 are satisfied in the first round, since 1 · x ≥ 1 · y, and the weights of each
v ∈ G1 decreases by 1

2 such that the new total weight of G1 becomes x · 1
2 = x

2 . There
are x + y rounds in total and the weights of the satisfied voters continue to decrease.
In the worst case, in the last round, we have y > x

x+y so G2 members will certainly be
eventually satisfied in one of the rounds.
As already mentioned G1 remains satisfied until there is a u such that y

z > x
u in round

z + u − 1. After that, G2 is satisfied until y
z ≤ x

u in round z + u − 1.
In round x + y − 1 (one round before the last one), we have z + u = x + y and z = x and
u = y. Therefore, y

z = x
u . As the total weight of voters in G1 equals the total weight of

voters in G2, voters in G1 win by tie-breaking. Now, the number of satisfied rounds of
G1 is x and number of satisfied rounds of G2 is y − 1. Then, we have y

z > x
u+1 in the last

round so ≻x+y
out =≻x+y

G2
, i.e., each voter v ∈ G2 are satisfied in the last round. Therefore,

the number of satisfied rounds of G2 is y.
In total, voters in G1 are satisfied x times and voters in G2 are satisfied y times. Hence,
each group is satisfied in proportion to its size, which proves simple proportionality.

Proposition 5.1. Assume there are two groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅
and all voters in the group G1 submits ≻t

G1 and all voters in the group G2 submits
the ranking ≻t

G2 for any round t. Then, Kemeny with the perpetual KT weight update
function satisfy simple proportionality if satisfaction threshold α < dK(≻G1 , ≻G2).
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3. The Perpetual Individualized Fair Rank Aggregation Model

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 that
≻t

out=≻t
G1 . Assume that we have a tie-breaking mechanism such that ≻t

out=≻t
G1 if x = y.

The rest is analogous to the proof of Theorem 5. Since G1 loses weight across rounds,
there will be rounds in which G2 becomes the majority in weighted terms, and thus gets
satisfied. Over x + y rounds, each group will be satisfied exactly in proportion to its size.
Therefore, simple proportionality holds.

Theorem 6. Assume there are two groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅
and all voters in the group G1 submits ≻t

G1 and all voters in the group G2 submits the
completely reversed ranking ≻t

G2 of ≻t
G1 for any round t. Then, Borda and Kemeny with

a KT-distance-based update function satisfy simple proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 and
Lemma 3.2 that ≻t

out=≻t
G1 , since the majority group determines the outcome. Assume

that we have a tie-breaking mechanism such that ≻t
out=≻t

G1 if x = y.

The outcome of the first round is ≻t
out=≻G1 , since 1 · x ≥ 1 · y. The voters in G2 are not

satisfied in the first round, since dK(≻out, ≻G2) = dmax. The weights of each voter in G2
increases by dmax such that the new total weight of the voters in G2 becomes y + dmax.
There are x + y rounds in total and the weights of the voters in G2 continue to increase
by dmax. In the worst case, in the last round, we have dmax · x + y > x so G2 members
will certainly be eventually satisfied in one of the rounds.

As already mentioned, ≻1
out=≻G1 until there is a z such that dmax · z + y > u · x in round

z + u − 1. After that, G2 is satisfied until dmax · u + x ≥ z · y in round z + u − 1.

In round x + y − 1 (one round before the last one), we have z + u = x + y and z = x and
u = y. Therefore, dmax · z + y = dmax · u + x. As the total weight of voters in G1 equals
the total weight of voters in G2, voters in G1 win by tie-breaking. Now, the number of
satisfied rounds of voters in G1 is x and number of satisfied rounds of G2 is y − 1. Then,
we have dmax · (z + 1) + y > dmax · u + x in the last round so ≻x+y

out =≻x+y
G2

, i.e., each voter
in G2 is satisfied in the last round. Therefore, the number of satisfied rounds of G2 is y.

In total, voters in G1 are satisfied x times and voters in G2 are satisfied y times. Hence,
each group is satisfied in proportion to its size, which proves simple proportionality.

Proposition 6.1. Assume there are two groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅
and all voters in the group G1 submits ≻t

G1 and all voters in the group G2 submits the
ranking ≻t

G2 for any round t. Then, Kemeny with a KT-distance-based update function
satisfy simple proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 that
≻t

out=≻t
G1 . Assume that we have a tie-breaking mechanism such that ≻t

out=≻t
G1 if x = y.
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The rest is analogous to the proof of Theorem 6. Since G2 increases its total weight across
rounds, there will be rounds in which G2 becomes the majority in weighted terms, and
thus gets satisfied. Over x + y rounds, each group will be satisfied exactly in proportion
to its size. Therefore, simple proportionality holds.

Theorem 7. Even if there are two groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅ and
|N | > 2, and all voters in the group G1 submits ≻t

G1 and all voters in the group G2
submits the completely reversed ranking ≻t

G2 of ≻t
G1 for any round t, Borda and Kemeny

with reset-based update functions or myopic weight update functions do not satisfy simple
proportionality.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 and
Lemma 3.2 that ≻t

out=≻t
G1 , since the majority group determines the outcome. Assume

that we have a tie-breaking mechanism such that ≻t
out=≻t

G1 if x = y.

As x > y, the output ranking of the first round is ≻1
out=≻G1 . Since dK(≻1

out, ≻G1) = 0,
the weights of the voters in G1 is reset to 0 (for the myopic weight update functions)
or 1 (for the reset-based weight update functions). However, dK(≻1

out, ≻G2) = dmax.
Therefore, the weights of the voters in G2 increase by at least 1 such that G2 has a higher
total weight in round 2: ∑︂

v∈G1

ω(v, 2) <
∑︂

u∈G2

ω(u, 2)

Therefore, ≻2
out=≻G2 . However, weights are updated again: Since dK(≻2

out, ≻G2) = 0, the
weights of the voters in G2 is reset to 0 or 1. However, dK(≻2

out, ≻G1) = dmax. Therefore,
the weights of the voters in G1 increase by at least 1 such that G1 has a higher total
weight in round 3.

This process continues until the last round n and thus the output ranking alternates
between ≻G1 and ≻G2 in each round. As a result, in the final round x + y, every voter
is satisfied in roughly half of the rounds. However, as x > y, voters in G1 should be
satisfied more in order to satisfy simple proportionallity. This does not happen so simple
proportionality does not hold.

3.2.3 Independence of Uncontroversial Decisions
A TSPF’s outcome in every round should ideally not change due to the uncontroversial
rounds where all voters unanimously agree on the same ranking. Otherwise, such rounds
could be strategically used to manipulate the output rankings in future rounds — for
example by embedding additional uncontroversial rounds.

This property requires a formal definition of uncontroversial preferences. This suggests
determining a threshold-value, since a round must be classified as controversial or
uncontroversial. To this end, we can use the threshold value α that introduced at the
beginning of this section to define satisfaction (Equation 3.15) as a situation in which
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3. The Perpetual Individualized Fair Rank Aggregation Model

all voters are satisfied with each other’s preferences may indicate that the rankings are
uncontroversial. However, it is also possible to define a more gradual transition from fully
uncontroversial to fully controversial. For this reason, we propose different definitions for
TBD and CD:

TBD: A preference profile P is uncontroversial if dK(≻v, ≻u) ≤ α for any v, u ∈ N . A
TSPF f satisfies independence of uncontroversial decisions if the output ranking ≻t′

out

remains the same for each round t′ ∈ T except the uncontroversial round t, where P is
uncontroversial, if we ignore the round t such that T ′ = T \ {t} is the new set of rounds.

CD: A preference profile P is φ-controversial if φ =
∑︁n

v=1
∑︁n

u=v
dK(≻v ,≻u)

|N | for any v, u ∈ N .
A TSPF f satisfies independence of uncontroversial decisions if the output ranking ≻t′

out

remains the same for each round t′ ∈ T except the minimal φ-controversial (least
controversial) round t if we ignore the round t such that T ′ = T \ {t} is the new set of
rounds.

Theorem 8. Independence of uncontroversial decisions does not hold for any TSPF
satisfying continuity if every voter is satisfied in the uncontroversial round and for each
satisfied voter v in round t the weight is multiplied by a constant c > 0 s.t. ω(t + 1, v) =
c · ω(t, v), where this constant might change from round to round.

Proof. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅,
G1 ∪ G2 = N , |G1| = g1 and |G2| = g2.

In an arbitrary round t, all voters in the group G1 submit ≻t
G1 and all voters in the group

G2 submit ≻t
G2 . Let ω be the following weight update function with a constant d ≥ 0:

ω(t + 1, v) =
{︄

ω(t, v) + d, if dK(≻t
v, ≻t

out) > α,

ct · ω(t, v), if dK(≻t
v, ≻t

out) ≤ α.

After the uncontroversial round t where all voters x ∈ N are satisfied, the weight of any
voter x ∈ N is updated as follows:

ω(t + 1, x) = ct · ω(t, x)

Assume that in round t + 1, the groups have divergent opinions such that the output
ranking satisfies only one of the groups. WLOG we assume that G1 is satisfied. Therefore,
after round t + 1, the weight of any voter v ∈ G1 is updated as follows:

ω(t + 2, v) = ct+1 · ω(t + 1, v) = ct+1 · ct · ω(t, v)

As voters u ∈ G2 are not satisfied, their weight is updated as follows:

ω(t + 2, u) = ω(t + 1, u) + d = ct · ω(t, u) + d

Since |G1| = g1 and |G2| = g2, the sum of weights of voters in group G1 is∑︁
v∈G1

ω(t + 2, v) = ct+1 · ct · ∑︁
v∈G1

ω(t, v)
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and the sum of weights of voters in group G2 is∑︁
u∈G2

ω(t + 2, u) = ct · ∑︁
u∈G2

(ω(t, u) + d) = ct · ∑︁
u∈G2

ω(t, u) + g2 · d.

Now, we remove the uncontroversial round t from T such that such that T ′ = T \ {t} =
{1, 2 . . . , t − 1, t + 1, . . . , o} is the new set of time steps. Observe that the sums of weights
of voters differ if t is removed:

If v ∈ G1:∑︁
v∈G1

ω(t + 2, v) = g1 · ct+1 · ∑︁
v∈G1

ω(t, v)

and if u ∈ G2:∑︁
u∈G2

ω(t + 2, u) = ∑︁
u∈G2

(ω(t, u) + d) = ∑︁
u∈G2

ω(t, u) + g2 · d.

It is obvious that the proportion of total weight of G1 to the total weight of G2 is not
preserved:

ct+1 · ct · ∑︁
v∈G1

ω(t, v)

ct · ∑︁
u∈G2

ω(t, u) + g2 · d
̸=

ct+1 · ∑︁
v∈G1

ω(t, v)∑︁
u∈G2

ω(t, u) + g2 · d

For any TSPF that satisfies continuity, there always exist values ct and d such that the
output ranking in round t+1 changes depending on whether round t is taken into account
or ignored. This happens because the constants ct and d influence the weights, thereby
altering the proportions among voter groups. Specifically, one can choose a sufficiently
large ct and an appropriate d such that either group G1 or group G2 dominates the
outcome in round t + 1. Therefore, independence of uncontroversial decisions is not
satisfied.

Note that this result seems in contrast with a similar result (Proposition 3) for the
approval setting in an unpublished manuscript by Lackner and Maly [43]. Indeed, we
believe that the following counterexample refutes their Proposition 3. It should be noted
however that this claim has never appeared in a formal publication; we report it merely
for the sake of completeness.

Proposition 3 from [43] is stated as follows:

Proposition 3 (from Lackner and Maly [43]): Let R be a basic WAM. Then,
R satisfies independence of uncontroversial decisions if and only if for every
k there is a constant ck such that for every x that can occur as a weight after
k rounds we have g(x) = ckx for ck > 0.
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3. The Perpetual Individualized Fair Rank Aggregation Model

In other words, an approval voting based perpetual voting method with an update
function — can be compared to a TSPF in our settings — satisfies independence of
uncontroversial decisions if and only if the weight of a winning voter can only be changed
by multiplying it with a constant. We do not introduce the notation used in this paper.
Instead, we try to stick with our notation and use natural language if it is not possible
to express it with our notation. The main goal is to discuss the correctness of this result
by giving a concrete counterexample.

Although it is claimed that independence of uncontroversial decisions still holds if the
weight of a winning voter can only be changed by multiplying it with a constant, we can
construct a counterexample that violates independence of uncontroversial decisions even
in approval voting settings. In approval voting, the voters do not submit a ranking but
an approval set in which the alternatives they support are contained. Assume there are
two disjoint groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅, G1 ∪ G2 = N and |G1| = 4,
|G2| = 12. Let A = {a1, a2} be the set of alternatives and ω be the following weight
update function:

ω(t + 1, v) =
{︄

ω(t, v) + 1
2 , if the approval set of v is not represented in the outcome,

1
2 · ω(t, v), if the approval set of v is represented in the outcome.

These two possible scenarios, one with and one without the uncontroversial round 1,
show that independence of uncontroversial decisions is violated:

1. In round 1, all x ∈ N approve {a1, a2} so the first round is uncontroversial. After
round 1, the weight of any voter x ∈ N is updated as follows:
ω(2, x) = 1

2 · ω(1, x) = 1
2 · 1 = 1

2 .
In round 2, all v ∈ G1 approve {a1} whereas u ∈ G2 approve {a2}. As |G1| = 4,
|G2| = 12 and ω(2, x) = 1

2 for any voter x, the total weight of voters of G1 is∑︁
v∈G1

ω(2, v) = 1
2 · 4 = 2

and of G2 is∑︁
u∈G2

ω(2, u) = 1
2 · 12 = 6.

Since ∑︁
u∈G2

ω(2, u) >
∑︁

v∈G1
ω(2, v), a2 wins round 2. After round 2, the weight of

any voter u ∈ G2 is updated as follows:
ω(3, u) = 1

2 · ω(2, u) = 1
2 · 1

2 = 1
4 .

And the weight of any voter v ∈ G1 is updated as follows:
ω(3, u) = ω(2, u) + 1

2 = 1
2 + 1

2 = 1.
In round 3, all v ∈ G1 approve {a1} whereas u ∈ G2 approve {a2}. As |G1| = 4,
|G2| = 12, the total weight of voters of G1 is
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∑︁
v∈G1

ω(3, v) = 1 · 4 = 4

and of G2 is∑︁
u∈G2

ω(3, u) = 1
4 · 12 = 3.

Since ∑︁
u∈G2

ω(2, u) <
∑︁

v∈G1
ω(2, v), a1 wins round 3.

2. In round 1, all v ∈ G1 approve {a1} whereas u ∈ G2 approve {a2}. As |G2| > |G1|
and ω(1, x) = 1 for any x, a2 is the winner. After round 1, the weight of any voter
u ∈ G2 is updated as follows:
ω(2, u) = 1

2 · ω(1, u) = 1
2 · 1 = 1

2 .
And the weight of any voter v ∈ G1 is updated as follows:
ω(2, u) = ω(1, u) + 1

2 = 1 + 1
2 = 3

2 .
In round 2, all v ∈ G1 approve {a1} whereas u ∈ G2 approve {a2}. As |G1| = 4,
|G2| = 12, the total weight of voters of G1 is∑︁
v∈G1

ω(2, v) = 3
2 · 4 = 6

and of G2 is∑︁
u∈G2

ω(2, u) = 1
2 · 12 = 6.

Since ∑︁
u∈G2

ω(2, u) = ∑︁
v∈G1

ω(2, v), by using an appropriate tie-breaking rule, a2

wins round 2, which differs from the result of round 3 in Case 1, violating the
independence of uncontroversial decisions.

Theorem 9. Assume that a TSPF satisfies the property that if voter preferences and
weights remain unchanged across rounds — that is, for all t ∈ T , ≻t+1

v =≻t
v and ω(t +

1, v) = ω(t, v) for every voter v ∈ N — then the output rankings also remain unchanged
across rounds, i.e., ≻t

out=≻t+1
out for all t. Independence of uncontroversial decisions holds

for any such TSPF, where every voter is satisfied in every uncontroversial round and for
each satisfied voter v in round t the weight remains unchanged such that ω(t + 1, v) =
ω(t, v).

Proof. Assume that round t is an uncontroversial round for a preference profile P , i.e.,
dK(≻t

v, ≻t
u) ≤ α for any v, u ∈ N , where N is the set of voters. As every voter is satisfied

in every uncontroversial round, each voter v ∈ N is satisfied in uncontroversial round
t such that dK(≻t

v, ≻t
out) ≤ α. After this round, the weight remains the same for each

voter v:
ω(t + 1, v) = ω(t, v)

Since we assume that every voter is satisfied with the output ranking in an uncontroversial
round, the weight remains the same for each voter in round t + 1 after an uncontroversial
round t. If we ignore the round t, the preferences and weights for other rounds t′ ∈ T ′ \{t}
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3. The Perpetual Individualized Fair Rank Aggregation Model

do not change, as round t does not change the weights. Since the given TSPF satisfies
the property that if voter preferences and weights remain unchanged across rounds, the
output rankings also remain unchanged across rounds, the output rankings do not change
either. Therefore, independence of uncontroversial decisions is satisfied.

Corollary 9.1. Assume that a TSPF satisfies the property that if voter preferences
and weights remain unchanged across rounds — that is, for all t ∈ T , ≻t+1

v =≻t
v and

ω(t + 1, v) = ω(t, v) for every voter v ∈ N — then the output rankings also remain
unchanged across rounds, i.e., ≻t

out=≻t+1
out for all t. Independence of uncontroversial

decisions holds for any such TSPF with the unit cost weight update function, where every
voter is satisfied in every uncontroversial round.

Proof. If a voter v ∈ N with a preference ranking ≻t
v in round t ∈ T is satisfied with the

output ranking ≻t
out such that dK(≻t

v, ≻out) ≤ α, the unit cost weight update function
leaves the weight of v the same:

ω(t + 1, v) = ω(t, v)

Since we assume that every voter is satisfied with the output ranking, Theorem 9 implies
that any TSPF satisfying the given property above with the unit cost weight update
function is independent of uncontroversial decisions.

Proposition 9.1. Assume that a TSPF satisfies the property that if voter preferences
and weights remain unchanged across rounds — that is, for all t ∈ T , ≻t+1

v =≻t
v and

ω(t + 1, v) = ω(t, v) for every voter v ∈ N — then the output rankings also remain
unchanged across rounds, i.e., ≻t

out=≻t+1
out for all t. Independence of uncontroversial

decisions holds for any such TSPF with the constant weight update function.

Proof. Assume that round t is an uncontroversial round for a preference profile P , i.e.,
dK(≻t

v, ≻t
u) ≤ α for any v, u ∈ N , where N is the set of voters. After this round, the

weight remains the same for each voter v, as the constant weight update function keeps
the weights fixed over time:

ω(t + 1, v) = ω(t, v)

If we ignore the round t, the preferences and weights for other rounds t′ ∈ T ′{t} do
not change, as round t does not change the weights. Since the given TSPF satisfies
the property that if voter preferences and weights remain unchanged across rounds, the
output rankings also remain unchanged across rounds, the output rankings do not change
either. Therefore, independence of uncontroversial decisions is satisfied.

Theorem 10. Independence of uncontroversial decisions does not hold for any TSPF
satisfying continuity for each satisfied voter v in round t a constant c > 0 is added to
the weight s.t. ω(t + 1, v) = ω(t, v) + c, where this constant might change from round to
round.
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Proof. Assume there are two disjoint groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅,
G1 ∪ G2 = N , |G1| = g1 and |G2| = g2.

In an arbitrary round t, all voters in the group G1 submit ≻t
G1 and all voters in the group

G2 submit ≻t
G2 . Let ω be the following weight update function with a constant d ≥ 0:

ω(t + 1, v) =
{︄

ω(t, v) + d, if dK(≻t
v, ≻t

out) > α,

ct + ω(t, v), if dK(≻t
v, ≻t

out) ≤ α.

After the uncontroversial round t where all voters x ∈ N are satisfied, the weight of any
voter x ∈ N is updated as follows:

ω(t + 1, x) = ct + ω(t, x)

Assume that in round t + 1, the groups have divergent opinions such that the output
ranking satisfies only one of the groups. WLOG we assume that G1 is satisfied. Therefore,
after round t + 1, the weight of any voter v ∈ G1 is updated as follows:

ω(t + 2, v) = ct+1 + ω(t + 1, v) = ct+1 + ct + ω(t, v)

As voters u ∈ G2 are not satisfied, their weight is updated as follows:

ω(t + 2, u) = ω(t + 1, u) + d = ct + d + ω(t, u)

Since |G1| = g1 and |G2| = g2, the sum of weights of voters in group G1 is∑︁
v∈G1

ω(t + 2, v) = g1 · (ct+1 + ct) + ∑︁
v∈G1

ω(t, v)

and the sum of weights of voters in group G2 is∑︁
u∈G2

ω(t + 2, u) = g2 · (ct + d) + ∑︁
u∈G2

ω(t, u).

Now, we remove the uncontroversial round t from T such that such that T ′ = T \ {t} =
{1, 2 . . . , t − 1, t + 1, . . . , o} is the new set of time steps. Observe that the sums of weights
of voters differ if t is removed:

If v ∈ G1:∑︁
v∈G1

ω(t + 2, v) = g1 · ct+1 + ∑︁
v∈G1

ω(t, v)

and if u ∈ G2:∑︁
u∈G2

ω(t + 2, u) = g2 · d + ∑︁
u∈G2

ω(t, u).

It is obvious that the proportion of total weight of G1 to the total weight of G2 is not
preserved:

g1 · (ct+1 + ct) + ∑︁
v∈G1

ω(t, v)

g2 · (ct + d) + ∑︁
u∈G2

ω(t, u) ̸=
g2 · ct+1 + ∑︁

v∈G1
ω(t, v)

g2 · d + ∑︁
u∈G2

ω(t, u)
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For any TSPF that satisfies continuity, there always exist values ct and d such that the
output ranking in round t+1 changes depending on whether round t is taken into account
or ignored. This happens because the constants ct and d influence the weights, thereby
altering the proportions among voter groups. Specifically, one can choose sufficiently
large ct and d such that either group G1 or group G2 dominates the outcome in round
t + 1. Therefore, independence of uncontroversial decisions is not satisfied.

Theorem 11. Independence of uncontroversial decisions does not hold for any TSPF
satisfying continuity with the KT-based or myopic weight update functions.

Proof. Let t be an uncontroversial round such that

∀ u, v ∈ N : dK(≻t
u, ≻t

v) ≤ α,

but not all every preference lists are identical — so some voters disagree slightly (but
still within α).

Let v, u ∈ N be two voters whose preferences in round t differ (so that dK(≻t
v, ≻t

u) > 0).
WLOG, assume that we use KT and myopic KT weight update functions. After round t,
the weights are updated as follows for each w ∈ N for KT weight update function:

ω(t + 1, w) = ω(t, w) + dK(≻t
w, ≻t

out)

and updated as follows for any v ∈ N for myopic KT weight update function:

ω(t + 1, w) = dK(≻t
w, ≻t

out)

The crucial point is that because ≻t
v ̸=≻t

u, the increments dK(≻t
v, ≻t

out) and dK(≻t
u, ≻t

out)
differ by at least one. If we ignore round t, this weight updates do not happen and the
weight of each voter stays the same for each voter w ∈ N such that

ω(t + 1, w) = ω(t, w)

Hence,

(ω(t, v) + dK(≻t
v, ≻t

out)) − (ω(t, u) + dK(≻t
u, ≻t

out)) ̸= ω(t, v) − ω(t, u)

In particular, the weight gap between v and u at the start of round t + 1 is strictly
different if we ignore round t than the case in which we do not ignore round t.

Because the underlying SPF is continuous, a sufficiently large weight advantage for one
voter can force their individual ranking to become the group outcome. If we ignore t,
this does not happen and another output ranking is produced in round t + 1.

This shows that inserting or removing an uncontroversial round t can change the outcome
in round t + 1. Therefore, independence of uncontroversial decisions fails for every
KT-distance-based or myopic update rule.
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Proposition 11.1. Independence of uncontroversial decisions does not hold for any
TSPF satisfying continuity with the perpetual KT weight update function.

Proof. Let t be an uncontroversial round such that

∀ u, v ∈ N : dK(≻t
u, ≻t

v) ≤ α,

Let v, u ∈ N be two voters whose weights in round t differ (so that ω(t, v) ̸= ω(t, u)).
WLOG, assume that we use the unit cost reset weight update function. After round t,
the weights are updated as follows for each satisfied w ∈ N with dK(≻t

out, ≻t
w) ≤ α:

ω(t + 1, w) = ω(t + 1, w)
ω(t + 1, w) + 1

and updated as follows for each unsatisfied w ∈ N with dK(≻t
out, ≻t

w) ≤ α:

ω(t + 1, w) = ω(t, w)

Now, in round t+1, there are voter with a decreased weight but also voters whose weights
remain unchanged, since not all voters have to be satisfied with the output ranking
≻t

out. Because the underlying SPF is continuous, a sufficiently large weight advantage for
one voter forces their individual ranking to become the group outcome. If we remove
round t, we cancel this weight update such that this does not happen. This shows that
inserting or removing an uncontroversial round t can change the outcome in round t + 1.
Therefore, independence of uncontroversial decisions fails for the perpetual KT weight
update function.

Proposition 11.2. Independence of uncontroversial decisions does not hold for any
TSPF satisfying continuity with a reset-based weight update function.

Proof. Let t be an uncontroversial round such that

∀ u, v ∈ N : dK(≻t
u, ≻t

v) ≤ α,

Let v, u ∈ N be two voters whose weights in round t differ (so that ω(t, v) ̸= ω(t, u)).
WLOG, assume that we use the unit cost reset weight update function. After round t,
the weights are updated as follows for each satisfied w ∈ N with dK(≻t

out, ≻t
w) ≤ α:

ω(t + 1, w) = 1

and updated as follows for each unsatisfied w ∈ N with dK(≻t
out, ≻t

w) ≤ α:

ω(t + 1, w) = ω(t, w) + 1

Now, in round t+1, there are voter with an increased weight but also voters whose weights
remain unchanged, since not all voters have to be satisfied with the output ranking ≻t

out.
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Because the underlying SPF is continuous, a sufficiently large weight advantage for
one voter forces their individual ranking to become the group outcome. If we remove
round t, we cancel this weight update such that this does not happen. This shows that
inserting or removing an uncontroversial round t can change the outcome in round t + 1.
Therefore, independence of uncontroversial decisions fails for every reset-based weight
update function.

3.2.4 Bounded Dry Spells
Now, we continue with the final axiomatic property examined in this thesis: bounded dry spells.
This property formalizes the intuitive idea that every voter should experience satisfaction
within a limited number of rounds. In other words, no voter should be excluded from
receiving satisfactory outcomes for too long. It captures temporal fairness by placing an
upper bound on how long a voter can go without being satisfied.

For this property, we provide two definitions, tailored to the two satisfaction models
introduced earlier (TBD and CD):

TBD: A voter v ∈ N has a dry spell of length ℓ if there exists t ≤ |T | − ℓ such that
satt(v) = satt+ℓ(v), i.e., voter v’s satisfaction does not increase in the last ℓ rounds.

CD: A voter v ∈ N has a dry spell of length ℓ if there exists t ≤ |T | − ℓ such that
satt(v) + min

k∈T
satk(v) ≤ satt+ℓ(v), i.e., voter v’s satisfaction does not increase more than

its round with the least satisfaction level in the last ℓ rounds.

Let d : N → N be a function. A TSPF has bounded dry spells of d if there is no voter
with a dry spell of length d(|N |) for any preference profile.

Theorem 12. Assume that a TSPF satisfies the property that if voter preferences remain
unchanged across rounds — that is, for all t ∈ T , ≻t+1

v =≻t
v for every voter v ∈ N —

then the output rankings also remain unchanged across rounds, i.e., ≻t
out=≻t+1

out for all t.
No such TSPF with the constant weight update function has bounded dry spells.

Proof. Since the weight update function is constant, ω(t, v) = ω(t + ℓ, v) for all t ∈ T ,
ℓ ≥ 0, and v ∈ N . Moreover, due to the TSPF’s property, the output ranking remains
fixed across all rounds if preferences do not change, i.e., ≻t

out=≻t+ℓ
out for all ℓ. Now,

suppose there exists a round t ∈ T with an unsatisfied voter v ∈ N . Additionally, assume
that preferences do not change in the following rounds. Since the output ranking does
not change in any of the rounds, voter v stays unsatisfied in any upcoming round t + ℓ,
i.e., the dry spell is unbounded.

Corollary 12.1. Weighted Borda, weighted Kemeny and weighted squared Kemeny with
the constant weight update function has no bounded dry spell guarantee.

Proof. For these rules, the property holds that if voter preferences remain unchanged
across rounds, then the output rankings also remain unchanged across rounds. Accordingly,
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a TSPF based on one of these SPFs also satisfies this property. It follows from 12 that
such a TSPF with the constant weight update function cannot have bounded dry spells.
Therefore, if there is a round t ∈ T with an unsatisfied voter v ∈ N , this voter remains
unsatisfied throughout the following rounds, i.e., the dry spell is unbounded.

Theorem 13. No TSPF satisfying continuity with a myopic weight update function has
a bounded dry spell guarantee.

Proof. Let v ∈ N be a voter with preference ranking ≻t
v in round t ∈ T , C1, C2 ⊆ N

coalitions such that C1 ∩ C2 = ∅ and C1 ∪ C2 ∪ {v} = N . In addition, let A be the set of
alternatives. We show that v has unbounded dry spells.

Assume that PC1 ∈ L(A)|C1| is a preference profile, where every voter x ∈ C1 submit
the same ranking ≻t

C1 in round t ∈ T . Likewise, assume a profile PC2 ∈ L(A)|C2|,
where every u ∈ C2 submit the same ranking ≻t

C2 in round t ∈ T . Assume further that
|C1| = |C2| + 1 + ℓ, where ℓ is large enough such that the output ranking is ≻t

out=≻C1

for any round t, which holds by the continuity of the TSPF.

In round 1, ≻1
out=≻1

C1 and suppose that dK(≻1
C2 , ≻1

out) = dmax and dK(≻1
v, ≻1

out) = dmax,
i.e., ≻1

C1 is the completely reversed ranking of ≻1
C2=≻1

v. After round 1, the weights are
updated according to a myopic weight update function. WLOG, assume that we use
myopic KT weight update function such that ω(2, u) = dmax for any u ∈ C2 ∪ {v} and
ω(2, x) = 0 for any x ∈ C1. Assume that C2 = 1 + k, where k is large enough such that
the output ranking is ≻t

out=≻t
C2 if ∑︁

x∈C1
ω(t, x) = 0 for any round t, which holds by the

continuity of the TSPF.

In round 2, ≻2
out=≻2

C2 and suppose that dK(≻2
C1 , ≻2

out) = dmax and dK(≻2
v, ≻2

out) = dmax,
i.e., ≻2

C2 is the completely reversed ranking of ≻2
C1=≻2

v. After round 2, the weights are
updated again such that ω(3, x) = dmax for any x ∈ C1 ∪ {v} and ω(3, u) = 0 for any
u ∈ C2.

This pattern continues until the final round o = |T |. At each round, the output ranking
is dominated by the coalition whose members currently have weight dmax, and that
coalition’s ranking is the reverse of v’s current preferences. Thus, in every round t,
v’s satisfaction is zero, i.e., satt(v) = 0. Therefore, the dry spell of v can be extended
indefinitely, implying that no bounded dry spell guarantee exists under a TSPF satisfying
continuity with a myopic weight update function.

Theorem 14. No TSPF satisfying continuity with a KT-distance-based weight update
function has bounded dry spells.

Proof. Let v ∈ N be a voter with preference ranking ≻t
v in round t ∈ T , C1, C2 ⊆ N

coalitions such that C1 ∩ C2 = ∅ and C1 ∪ C2 ∪ {v} = N . In addition, let A be the set of
alternatives. We show that v has unbounded dry spells.
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Assume that PC1 ∈ L(A)|C1| is a preference profile, where every voter x ∈ C1 submit
the same ranking ≻t

C1 in round t ∈ T . Likewise, assume a profile PC2 ∈ L(A)|C2|,
where every u ∈ C2 submit the same ranking ≻t

C2 in round t ∈ T . Assume further that
|C1| = |C2| + 1 + ℓ, where ℓ is large enough such that the output ranking is ≻t

out=≻C1

for any round t, which holds by the continuity of the TSPF.
In round 1, ≻1

out=≻1
C1 and suppose that dK(≻1

C2 , ≻1
out) = dmax and dK(≻1

v, ≻1
out) = dmax,

i.e., ≻1
C1 is the completely reversed ranking of ≻1

C2=≻1
v. After round 1, the weights are

updated according to a KT-distance-based weight update function. WLOG, assume that
we use KT weight update function such that ω(2, u) = 1 + dmax for any u ∈ C2 ∪ {v} and
ω(2, x) = 1 for any x ∈ C1. Now, assume that ∑︁

u∈C2
ω(2, u) = 1 + dmax + ∑︁

x∈C1
ω(2, x) + k,

where k is large enough such that the output ranking is ≻t
out=≻C2 for round 2, which

holds by the continuity of the TSPF.
In round 2, ≻2

out=≻2
C2 and suppose that dK(≻2

C1 , ≻2
out) = dmax and dK(≻2

v, ≻2
out) = dmax,

i.e., ≻2
C2 is the completely reversed ranking of ≻2

C1=≻2
v. After round 2, the weights are

updated again such that ω(3, x) = 1 + dmax for any x ∈ C1, ω(3, v) = 1 + 2 · dmax and
ω(3, u) = 1 + dmax for any u ∈ C2.
This pattern continues until the final round o = |T |, with the following total weights,
where, WLOG, we assume number of rounds |T | to be even for simplicity:

ω(o, v) = 1 + (o − 1) · dmax

<
∑︂

u∈C2

ω(o, u) +
∑︂

x∈C1

ω(o, x)

< |C2| ·
(︃

1 + dmax ·
(︃

o

2 − 1
)︃)︃

+ |C1| ·
(︃

1 + dmax · o

2

)︃
= (|C1| + |C2|) ·

(︃(︃
o

2 +
(︃

o

2 − 1
)︃)︃

· dmax

)︃
+ 2

= (|C1| + |C2|) · (o − 1) · dmax + 2

v’s weight is never large enough to dominate in any round so, at each round, the output
ranking is dominated by one of the coalitions, having a ranking that is the reverse of
v’s current preferences. Thus, in every round t, v’s satisfaction is zero, i.e., satt(v) = 0.
Therefore, the dry spell of v can be extended indefinitely, implying that no bounded
dry spell guarantee exists under a TSPF satisfying continuity with a KT-distance-based
weight update function.

Theorem 15. No TSPF satisfying continuity with the unit cost weight update function
has bounded dry spells.

Proof. The proof builds on the same idea as the proof of Theorem 14.
Let v ∈ N be a voter with preference ranking ≻t

v in round t ∈ T , C1, C2 ⊆ N coalitions
such that C1 ∩C2 = ∅ and C1 ∪C2 ∪{v} = N . In addition, let A be the set of alternatives.
We show that v has unbounded dry spells.
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Assume that PC1 ∈ L(A)|C1| is a preference profile, where every voter x ∈ C1 submit
the same ranking ≻t

C1 in round t ∈ T . Likewise, assume a profile PC2 ∈ L(A)|C2|,
where every u ∈ C2 submit the same ranking ≻t

C2 in round t ∈ T . Assume further that
|C1| = |C2| + 1 + ℓ, where ℓ is large enough such that the output ranking is ≻t

out=≻C1

for any round t, which holds by the continuity of the TSPF.

In round 1, ≻1
out=≻1

C1 and suppose that dK(≻1
C2 , ≻1

out) = dmax and dK(≻1
v, ≻1

out) = dmax,
i.e., ≻1

C1 is the completely reversed ranking of ≻1
C2=≻1

v. After round 1, the weights are
updated according to the unit cost weight update function such that ω(2, u) = 2 for
any u ∈ C2 ∪ {v} and ω(2, x) = 1 for any x ∈ C1. Now, assume that ∑︁

u∈C2
ω(2, u) =

2 + ∑︁
x∈C1

ω(2, x) + k, where k is large enough such that the output ranking is ≻t
out=≻C2

for round 2, which holds by the continuity of the TSPF.

In round 2, ≻2
out=≻2

C2 and suppose that dK(≻2
C1 , ≻2

out) = dmax and dK(≻2
v, ≻2

out) = dmax,
i.e., ≻2

C2 is the completely reversed ranking of ≻2
C1=≻2

v. After round 2, the weights are
updated again such that ω(3, x) = 2 for any x ∈ C1, ω(3, v) = 3 and ω(3, u) = 2 for any
u ∈ C2.

This pattern continues until the final round o = |T |, with the following total weights,
where, WLOG, we assume number of rounds |T | to be even for simplicity:

ω(o, v) = o <
∑︂

u∈C2

ω(o, u) +
∑︂

x∈C1

ω(o, x)

< |C2| ·
(︃

1 +
(︃

o

2 − 1
)︃)︃

+ |C1| ·
(︃

1 + o

2

)︃
= (|C1| + |C2|) ·

(︃
o

2 + o

2

)︃
= (|C1| + |C2|) · o

v’s weight is never large enough to dominate in any round so, at each round, the output
ranking is dominated by one of the coalitions, having a ranking that is the reverse of
v’s current preferences. Thus, in every round t, v’s satisfaction is zero, i.e., satt(v) = 0.
Therefore, the dry spell of v can be extended indefinitely, implying that no bounded
dry spell guarantee exists under a TSPF satisfying continuity with a KT-distance-based
weight update function.

Theorem 16. Borda and Kemeny with a myopic weight update function or a reset-based
weight update function has a bounded dry spell guarantee of length 2 if there are two
disjoint groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅ and G1 ∪ G2 = N , where all
voters in G1 submit ≻G1 and all voters in G2 submit ≻G2 in every round t.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 and
Lemma 3.2 that ≻t

out=≻G1 , since the majority group determines the outcome. Assume
that we have a tie-breaking mechanism such that ≻t

out=≻G1 if x = y.
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As x > y, the output ranking of the first round is ≻1
out=≻G1 . Since dK(≻1

out, ≻G1) = 0,
the weights of the voters in G1 is reset to 0 (for the myopic weight update functions)
or 1 (for the reset-based weight update functions). However, dK(≻1

out, ≻G2) = dmax.
Therefore, the weights of the voters in G2 increase by at least 1 such that G2 has a higher
total weight in round 2: ∑︂

v∈G1

ω(v, 2) <
∑︂

u∈G2

ω(u, 2)

Therefore, ≻2
out=≻G2 . However, weights are updated again: Since dK(≻2

out, ≻G2) = 0, the
weights of the voters in G2 is reset to 0 or 1. However, dK(≻2

out, ≻G1) = dmax. Therefore,
the weights of the voters in G1 increase by at least 1 such that G1 has a higher total
weight in round 3.

This process continues until the last round n and thus the output ranking alternates
between ≻G1 and ≻G2 in each round. Therefore, for each voter, the satisfaction increases
every second round, i.e., there is a dry spell guarantee of length 2.

Proposition 16.1. Kemeny with a myopic weight update function or a reset-based weight
update function has a bounded dry spell guarantee of length 2 if there are two disjoint
groups G1 ⊆ N and G2 ⊆ N with G1 ∩ G2 = ∅ and G1 ∪ G2 = N , where all voters in G1
submit ≻G1 and all voters in G2 submit ≻G2 in an arbitrary round t.

Proof. Let |G1| = x, |G2| = y. WLOG, assume x > y. We know from Lemma 3.1 that
≻t

out=≻G1 . Assume that we have a tie-breaking mechanism such that ≻t
out=≻G1 if x = y.

The rest is analogous to the proof of Theorem 16. The output ranking alternates between
≻G1 and ≻G2 in each round. Therefore, for each voter, the satisfaction increases every
second round, i.e., there is a dry spell guarantee of length 2.

3.3 Complexity-Theoretic Considerations
In real-world scenarios, it is likely that we deal with large sets of voters, agents, and time
steps. For example, the music streaming service introduced in Section 1.1 could have
millions of users submitting their preferences over thousands of songs. Therefore, we
cannot ignore the scalability aspect of our model. In particular, our TSPFs have mainly
three sources of complexity: SPF, weight update function, and the number of rounds in
total.

The chosen SPF has the greatest impact on the computational complexity of a TSPF.
Determining a Kemeny winner is known to be ΘP

2 -complete [38] and — since Squared
Kemeny is a similar rule based on squared KT distance — it is also likely to be ΘP

2 -
complete, making both rules computationally intractable for large instances. In contrast,
Borda has a much lower complexity. It runs in time quadratic in the number of voters
and alternatives, since each voter’s preference list must be gone through, and scores are
assigned accordingly. The RSD rule, on the other hand, selects a random voter’s ranking
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as the output and thus operates in constant time in the worst case. Hence, both Borda
and RSD are in P.

The weight update function is another potential bottleneck, although it is less severe.
Updating weights requires either computing the set of satisfied voters (e.g., in the unit
cost, unit cost reset, or perpetual KT update functions), or directly calculating values
(e.g., in KT-based or myopic update functions). In both cases, computing the KT distance
is necessary. A naive implementation of KT distance computation requires time quadratic
in the number of alternatives. Since we must compute this for each voter, the overall
complexity of a weight update step is O(|N | · |A|2), where |N | is the number of voters
and |A| is the number of alternatives.

The third source of complexity, the number of rounds |T |, is relatively manageable. A
TSPF proceeds iteratively: in each round, the SPF is applied and then the corresponding
weight update function is executed. This is repeated for all |T | rounds. While a large
number of rounds may impact runtime, we cannot reduce it without altering the input
data. Therefore, the more promising approach to scalability is to develop or use more
efficient SPFs and weight update functions.

Overall, the complexity of a TSPF (given the update functions we consider) is O(|T | ·
|N | · |A|2 · CSP F ), where CSP F denotes the complexity of the selected SPF. The temporal
component increases complexity only linearly in the number of rounds, and weight updates

— at least with the update functions that we use — are computationally manageable.
While it is still important to study rules like Kemeny and Squared Kemeny for their
desirable properties that we have mentioned above in the beginning of the chapter,
simpler rules such as Borda rule are much more tractable and thus more suitable for
real-world applications of our model.
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CHAPTER 4
Simulations

In this chapter, we evaluate the practical behavior of the temporal social preference
functions (TSPFs) introduced in Chapters 3. For this purpose, we implemented all
proposed SPFs, weight update functions, and initialization strategies.
Our goal is to assess how different TSPFs — each consisting of a unique combination of
an SPF, a weight update function, and an initialization strategy — perform on average in
simulations, and to measure proportionality metrics that are difficult to capture through
axiomatic analysis due to the complexity of the problem.
The code used for these experiments is publicly available at https://github.com/
kaanunalan/pifra-experiments. Although the instances are generated at runtime,
they are reproducible due to fixed random seeds. Nevertheless, the exact instances used
in our simulations are also uploaded. In addition, the results are provided as a CSV file,
while plots are available separately.

4.1 Setup
We implemented our system in Python3 and tested it with version Python 3.10.12. For
data generation, we used the library PrefSampling [18].
We use Euclidean model for data generation. Voters and alternatives are represented as
points placed randomly in a two-dimensional Euclidean space. The data is generated
as a uniformly distributed cube (actually a square, since we work in a two-dimensional
Euclidean space) with center point at the origin in the coordinate space and width of
1 in both dimensions. Rankings are based on Euclidean distances: A voter prefers the
alternative the most to which their least Euclidean distance is the least. After each round,
all voters and candidates are resampled.
Arguably, a Euclidean space serves as a good approximation of our intended application
scenario of recommender systems (see Chapter 5). Even though recommendations and
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4. Simulations

stakeholder interests may evolve from round to round —allowing voters (e.g., representing
fairness concerns) to be regenerated every round— it is reasonable to assume a certain
structure. For example, two related fairness concerns —such as location fairness (e.g.,
avoiding recommendations biased toward the US) and nationality fairness (e.g., diversify-
ing beyond US citizens)— are expected to be located near each other and to have similar
rankings. In case of the music streaming platform example in the introduction (1.1), two
voters with similar attributes (e.g., classical music listeners from Europe) are expected
to be located near each other and to have similar rankings.

In our experiment, randomness is required for data generation and execution of the
weighted RSD rule. To ensure reproducibility, we use fixed random seeds at both levels.
As each data set has a unique seed, the results are reproducible. We simulate 30 different
instances, each consisting of 50 voters, 5 candidates, and 30 rounds. Since we generate
30 rounds of data for each of the 30 instances, we create 900 sets of 50 voters and 5
candidates.

The workflow of the experiment is as follows: First we generate the data. Then, we
process each instance — i.e., each preference profile — through all possible combinations
of SPFs, weight update functions, and initialization strategies, which together form
TSPFs. This procedure is repeated for 3 different satisfaction threshold values. Each
TSPF returns a result: a list of 30 output rankings corresponding to the total number of
rounds, which is then analyzed by a result processor using the predefined metrics. After
the analysis, we visualize the values obtained.

Due to the large number of instances, we compute average values and generate scatter plots
for each combination of metric, initialization strategy, and satisfaction threshold. In each
plot, the x-axis represents the update functions and the y-axis shows the corresponding
values. Different point colors indicate different SPFs.

We continue with the TSPFs that we studied. Each TSPF consists of an SPF, a weight
update function, and an initialization strategy (see Chapter 3 for details). Additionally,
some weight update functions’ behavior depends on the threshold value determining
whether a voter is satisfied. We list thus each of these that we used in our simulations.

First, we list the SPFs (given with the corresponding string names in the code):

• Weighted Borda ("borda") (3.1)

• Weighted Kemeny ("kemeny") (3.2)

• Weighted Squared Kemeny ("sq-kemeny") (3.3)

• Weighted Random Serial Dictatorship ("weighted-rsd")

We continue with the weight update functions (given with the corresponding string names
in the code):
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• Constant weight update function ("constant") (3.4)

• Myopic KT weight update function ("myopic-kt") (3.5)

• Myopic squared KT weight update function ("myopic-sq-kt") (3.6)

• KT weight update function ("kt") (3.7)

• Squared KT weight update function ("sq-kt") (3.8)

• Unit cost weight update function ("unit-cost") (3.11)

• KT reset weight update function ("kt-reset") (3.9)

• Unit cost reset weight update function ("unit-cost-reset") (3.10)

• Perpetual KT weight update function ("perpetual-kt") (3.12)

• Myopic KT maximum value weight update function ("myopic-kt-special-voter")
(3.13)

• KT sum weight update function ("kt-special-voter") (3.14)

Next, we list the studied weight initialization strategies (see 3.1.1). Again, provided with
their corresponding string names in the code:

• equal weights ("equal")

• special voter’s weight is about 25% of the total weight ("special-voter-25-percent")

Finally, we studied the following satisfaction threshold values, denoted by α (note that
for 5 alternatives — as used in our instances — the maximum KT distance is 10):

• α = 0

• α = 3

• α = 7

In total, there are 4 social preference functions, 11 weight update functions, 2 weight
initialization strategies, and 3 satisfaction threshold values. The total number of TSPFs
are 88 and each of them are tested with 3 satisfaction values, i.e., we test 30 instances
with 264 different configurations.
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4.2 Metrics
In this section, we introduce the metrics used to assess the various proportionality
properties of the TSPFs that we study. In total, we define 8 metrics. Two of them,
perpetual lower quota compliance and Gini influence coefficient, are adapted from Lackner
[42]. We evaluate them for all combinations of TSPFs, satisfaction threshold values,
and instances. Subsequently, we compute the average value for each metric across the
instances. Given the large number of configurations, this averaging allows for a good
visualization with scatter plots. Note that median values are less suitable in this context,
as they ignore the influence of outliers, which might be informative in our setting because
we are also interested in edge cases.

4.2.1 Perpetual Lower Quota Compliance
Perpetual lower quota compliance measures the proportion of voters whose satisfaction
up to a given round is at least as high as the cumulative support their preferences have
received from other voters. In other words, a voter is considered not underrepresented if
they have been satisfied in more rounds than the total number of times other voters have
supported similar preferences in the current round.

The value is normalized by the total number of voters. Values close to 0 indicate that
even if a voter’s preference ranking receives support from other voters, the satisfaction of
the voter is low, i.e., the voter is underrepresented. In contrast, values closer to 1 imply
that the voter is satisfied more often than their preferences are supported by others, i.e.,
the voter has proportional representation or even more.

compl = 1
o · |N |

o∑︂
t=1

|{v ∈ N | satt(v) ≥ ⌊qut(v)⌋}|

4.2.2 Gini Influence Coefficient
Gini influence coefficient measures how voter influence is distributed and whether dis-
crepancies between individual levels of influences are large. If the value is closer to 1,
there is a higher level of inequality, i.e., a few voters have much larger influence on the
outcome compared to other voters. Conversely, if it is closer to 0, the influence of each
voter on the outcome is more balanced. This indicates a lower level of inequality.

To calculate the Gini influence coefficient, we first define the influence of voter v ∈ N up
to round o and provide two different definitions.

We begin with the threshold-based definition (TBD), which we have already agreed to use
throughout the thesis. In this definition, ✶dK(≻t

v ,≻t
out)≤α denotes the indicator function

that is 1 if dK(≻t
v, ≻t

out) ≤ α, and 0 otherwise:

inflo(v) =
o∑︂

t=1

✶dK(≻t
v ,≻t

out)≤α

|{u ∈ N | dK(≻t
u, ≻t

out) ≤ α}|
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For the sake of completeness, it is worth noting that the continuous definition (CD) may
also be considered —at least for simulation purposes — despite our decision to adopt the
threshold-based definition (TBD) throughout this thesis. In future work, results obtained
using the CD could be compared to those derived from the TBD to evaluate potential
differences in influence measurement. Below, we present the continuous definition:

inflo(v) =
o∑︂

t=1

dmax − dK(≻t
v, ≻t

out)∑︁
u∈N dmax − dK(≻t

u, ≻∗
t )

Next, we introduce average influence, which we need to normalize the Gini influence
coefficient. Let a be the average influence:

a =
∑︁

v∈N inflo(v)
|N |

Now, we define the Gini influence coefficient for round o:

ginio = 1
2a · |N |2

∑︂
u∈N

∑︂
v∈N

|inflo(u) − inflo(v)|

4.2.3 Average KT Distance
Average KT distance per voter measures the average Kendall-tau distance for a voter
v ∈ N in the entire voting process after the final round o = |T |. A value closer to the
maximum KT distance dmax (introduced as Formula 3.17) indicates that the voter’s
preferences significantly deviate from the output rankings. Conversely, a lower value
indicates less deviation between the voter’s rankings and the outcomes. The definition is
as follows:

avgdK
(v) =

∑︁o
t=1 dK(≻t

v, ≻t
out)

|T |

Overall average KT distance computes the average of the individual average KT distances
of all voters up to round o = |T |. Higher values suggest higher disagreement between
voters’ preferences and the outcomes of the TSPF. Lower values indicate general alignment
of preference rankings and output rankings. The definition is as follows:

avgdK
(N) = 1

|N |
∑︂
v∈N

avgdK
(v)

4.2.4 Average Squared KT Distance
Average squared KT distance per voter measures the average squared Kendall-tau distance
for a voter v ∈ V in the entire voting process after the final round o = |T |. Squaring
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the distances penalizes larger deviations more heavily, making this metric more sensitive
to extreme mismatches between preferences and outcomes. Again, a value closer to the
maximum squared KT distance d2

max indicates that the voter’s preferences significantly
deviate from the output rankings, probably also with more extreme deviations than in
average KT distance case. Conversely, a lower value indicates less deviation between the
voter’s rankings and the outcomes. The definition is as follows:

avgdK

2(v) =
∑︁o

t=1 dK(≻t
v, ≻t

out)2

|T |

Overall average squared KT distance computes the average of the individual average
squared KT distances of all voters up to round o = |T |. Higher values suggest higher
disagreement between voters’ preferences and the outcomes of the TSPF, probably also
more extreme than in average KT distance case. Lower values indicate general alignment
of preference rankings and output rankings. The definition is as follows:

avgdK

2(N) = 1
|N |

∑︂
v∈N

avgdK

2(v)

4.2.5 Average Spearman Footrule Distance

Average Spearman footrule distance per voter measures the average Spearman footrule
distance for a voter v ∈ N in the entire voting process after the final round o = |T |. A
higher value indicates that the voter’s preferences significantly deviate from the output
rankings and contain a high number of far displacements between the rankings. Conversely,
a lower value indicates less deviation between the voter’s rankings and the outcomes.
The definition is as follows:

avgdS
(v) =

∑︁o
t=1 dS(≻t

v, ≻t
out)

|T |

Overall Average Spearman’s Footrule Distance computes the average of the individual
average Spearman’s footrule distances of all voters up to round o = |T |. Higher values
suggest higher number of displacements of alternatives between voters’ preferences and
the outcomes of the TSPF. Lower values indicate general alignment of preference rankings
and output rankings. Average Spearman’s footrule distance is in general higher than the
average KT distance, as not only the number of swaps but also the distance between
displaced alternatives play a role. The definition is as follows:

avgdS
(N) = 1

|N |
∑︂
v∈N

avgdS
(v)
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4.2.6 Egalitarian KT Distance
Egalitarian KT Distance finds the voter with the highest average KT distance after
the final round o = |T |, which is the least satisfied voter according to KT distance. A
lower value suggests that even the voter who agrees the least with the output rankings is
relatively well represented. Conversely, a higher value indicates greater dissatisfaction for
at least one voter in the system. The definition is as follows:

mindK
(N) = min

v∈N
avgdK

(v)

4.2.7 Standard Deviation of KT Distance
Standard Deviation of KT Distance measures how much the average KT distances vary
across voters. This provides insights how equal or unequal voters are represented. The
definition is as follows:

SDavgdK
=

⌜⃓⃓⎷ 1
|N |

∑︂
v∈N

(︂
avgdK

(v) − avgdK
(N)

)︂2

4.2.8 Total Number of Satisfaction for Special Voter
Total Number of Satisfaction for Special Voter measures the satisfaction of the special
voter vn ∈ N in the final round o = |T |, reflecting in how many rounds the special voter
is satisfied.

Values close to 0 indicate more than dissatisfaction: they signal a lack of proportionality.
For proportional representation, at least a level as high as the cumulative support the
special voter’s preferences have received from other voters should be guaranteed (see
perpetual lower quota compliance in 4.2.1). On the other hand, a value closer to o suggests
that the special voter is overrepresented. Whether this is desirable depends on the specific
application scenario. If a special voter is intended to receive more representation than
others, then a total number of satisfaction closer to o may be considered positive. The
definition corresponds to the TBD of satisfaction in Chapter 3.2:

sato(v) = |{ℓ ≤ o : dK(≻ℓ
v, ≻ℓ

out) ≤ α}|

4.3 Hypotheses
In the experiment, we study the following hypotheses:

H1 Weighted RSD does not perform well in any of the results.

H2 Weighted Squared Kemeny has a better Gini influence coefficient and worse perpet-
ual lower quota compliance than others.
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H3 Constant update function is worse than the others.

H4 Myopic KT-distance-based weight update functions are worse in every metric than
KT-distance-based weight update functions.

H5 Unit cost is worse in Gini influence coefficient than unit reset.

H6 Initial weight does not have a big influence (except for constant weight update
function), as round after round everything is updated.

H7 Spearman Footrule and KT distances behave similarly and consistently favor
weighted Kemeny, followed by weighted Borda, weighted Squared Kemeny, and
weighted RSD.

H8 Weighted Squared Kemeny has a better average squared KT-distance than weighted
Borda and weighted Kemeny.

H9 KT sum weight update function performs better than myopic KT maximum value
weight update function in satisfying the special voter.

H10 Both special-voter-sensitive functions are worse than all other update functions in
every metric except the total number of satisfaction for special voter.

4.4 Results
In this section, we present the results of our experiments and evaluate them with respect
to the hypotheses defined earlier. First, we interpret the outcomes. Then, we examine
each hypothesis individually and assess whether the experimental data supports or
contradicts it.

In Figure 4.1, the scatter plots show the average KT distances over time with different
threshold levels and weight initialization strategies. Most update functions (except the
constant and kt-special-voter) yield consistently low KT distances (approximately 3.5-3.6)
for the first three SPFs (borda, kemeny, sq-kemeny). These functions (e.g., myopic-kt, kt,
unit-cost, etc.) appear to be effective in preserving ranking accuracy according to the KT
distance. We observe high KT distances for weighted-rsd consistently (above 4.2).

In addition, the update functions constant (only with the initialization strategy special-
voter-25-percent) and kt-special-voter increase the KT distance of borda, kemeny, sq-
kemeny significantly, where kemeny is affected the most, followed by borda. sq-kemeny is
relatively stable for all update functions. Surprisingly, the combination of Perpetual KT
and weighted Borda delivers outliers with a much higher KT distance for threshold values
3 and 7. As a general trend, myopic weight update functions myopic-kt and myopic-sq-kt
have slightly higher KT distances than their non-myopic counterparts kt and sq-kt.

In Figure 4.2, the scatter plots show the average Spearman footrule distances over time
with different threshold levels and weight initialization strategies. The general trends
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correspond to the average KT distance case. Most update functions (except the constant
and kt-special-voter) yield consistently low footrule distances (approximately 6.0-6.2)
for the first three SPFs (borda, kemeny, sq-kemeny). These functions (e.g., myopic-kt,
kt, unit-cost, etc.) appear to be effective in preserving ranking accuracy according to
the Spearman footrule distance. We observe high footrule distances for weighted-rsd
consistently (above 4.2).

In addition, the update functions constant (only with the initialization strategy special-
voter-25-percent) and kt-special-voter increase the footrule distance of borda, kemeny,
sq-kemeny significantly, where kemeny is affected the most. sq-kemeny is relatively stable
for all update functions. Surprisingly, the combination of Perpetual KT and weighted
Borda delivers outliers with a much higher footrule distance for threshold values 3 and 7.
As a general trend, myopic weight update functions myopic-kt and myopic-sq-kt have
slightly higher footrule distances than their non-myopic counterparts kt and sq-kt.

In Figure 4.3, the scatter plots show the average squared KT distances over time with
different threshold levels and weight initialization strategies. Although the general trends
corresponds to the average KT distance or average Spearman footrule distance, the
biggest difference is that sq-kemeny is always at least slightly better than the other SPFs.
Most update functions (except the constant and kt-special-voter) yield consistently low
squared KT distances (approximately 15-17) for the first three SPFs (borda, kemeny,
sq-kemeny). These functions (e.g., myopic-kt, kt, unit-cost, etc.) appear to be effective in
preserving ranking accuracy according to the squared KT distance. We observe higher
squared KT distances for weighted-rsd consistently (above 4.2).

In addition, the update functions constant (only with the initialization strategy special-
voter-25-percent) and kt-special-voter increase the KT distance of borda, kemeny, sq-
kemeny significantly, where kemeny is affected the most, followed by borda. sq-kemeny
is relatively stable for all update functions. Like in average KT distance and average
Spearman footrule distance, the combination of Perpetual KT and weighted Borda
delivers outliers with a much higher squared KT distance for threshold values 3 and 7.
As a general trend, myopic weight update functions myopic-kt and myopic-sq-kt have
slightly higher squared KT distances than their non-myopic counterparts kt and sq-kt.

In Figure 4.4, the scatter plots show the egalitarian KT distance over time with different
threshold levels and weight initialization strategies. The general trends corresponds to
the squared KT distance. The SPF sq-kemeny outperforms others consistently. Most
update functions (except the constant and kt-special-voter) yield consistently low squared
KT distances (approximately 4.3-4.7) for the first three SPFs (borda, kemeny, sq-kemeny).
These functions (e.g., myopic-kt, kt, unit-cost, etc.) appear to be effective in having a
relatively well represented least satisfied voter according to the KT distance. We observe
higher egalitarian KT distances for weighted-rsd consistently (above 5.3).

In addition, the update functions constant (only with the initialization strategy special-
voter-25-percent) and kt-special-voter increase the KT distance of borda, kemeny, sq-
kemeny significantly, where kemeny is affected the most, followed by borda. sq-kemeny
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is relatively stable for all update functions. Like in other cases, the combination of
Perpetual KT and weighted Borda delivers outliers with a much higher squared KT
distance for threshold values 3 and 7. As a general trend, myopic weight update functions
myopic-kt and myopic-sq-kt have slightly higher egalitarian KT distances than their
non-myopic counterparts kt and sq-kt.

In Figure 4.5, the scatter plots show the standard deviation of KT distance over time
with different threshold levels and weight initialization strategies. The general trends
corresponds to the squared KT distance. The SPF sq-kemeny has always a lower standard
deviation than others (mostly lower than 0.3). Most update functions (except the constant
and kt-special-voter) yield consistently low squared KT distances (approximately 0.2-0.4)
for the first three SPFs (borda, kemeny, sq-kemeny). These functions (e.g., myopic-kt, kt,
unit-cost, etc.) appear to be effective in having a relatively low standard deviation of
KT distance. We observe — except a few exceptions — higher standard deviations for
weighted-rsd consistently (above 5.3).

In addition, the update functions constant (only with the initialization strategy special-
voter-25-percent) and kt-special-voter increase the standard deviation of borda, kemeny,
sq-kemeny significantly, where kemeny is affected the most, followed by borda. sq-
kemeny is relatively stable for all update functions. Like in other cases, the combination
of Perpetual KT and weighted Borda delivers outliers with a much higher standard
deviation for threshold values 3 and 7. As a general trend, myopic weight update
functions myopic-kt and myopic-sq-kt have slightly higher standard deviation than their
non-myopic counterparts kt and sq-kt.

In Figure 4.6, the scatter plots show the Gini influence coefficient with different threshold
levels and weight initialization strategies. For threshold 0, weighted-rsd surprisingly
performs best at the same level with kemeny, as satisfying any voter is difficult at this
threshold. However, sq-kemeny is the most unequal SPF. The SPF borda shows moderate
equality.

As the threshold increases to 3, kemeny clearly becomes the most fair, followed closely
by borda. weighted-rsd now becomes the worst as the increased threshold allows more
consistent satisfaction of preferences. For threshold 7, sq-kemeny outperforms all others,
since it naturally aims to satisfy a broader range of voters, which aligns with the more
inclusive threshold (maximal KT distance dmax = 10 for 5 alternatives). We also note that
kt-special-voter and constant update functions lead to increased inequality, particularly
when paired with borda or kemeny. Finally, Gini influence coefficient decreases as the
threshold value increases, since it becomes easier to satisfy more voters, leading to a
more equal distribution of influence.

In Figure 4.7, the scatter plots show the perpetual lower quota compliance with differ-
ent threshold levels and weight initialization strategies. For threshold 0, weighted-rsd
surprisingly performs best, even though its average satisfaction is poor in other metrics.
For constant and kt-special-voter, which are weight update functions that usually do not
adapt well for a proportional outcome, kemeny follows weighted-rsd closely. This happens,
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as satisfying any voter is difficult at this threshold if a rule prioritizes proportionality but
weighted-rsd satisfy at least one voter per round. In contrast, sq-kemeny performs poorly
at threshold 0 since it emphasizes proportionality and almost never satisfies a voter fully,
having exactly the same preference ranking.

As the threshold increases to 3, kemeny, borda, sq-kemeny increasingly fulfill the lower
quota requirement and take the lead from weighted-rsd. sq-kemeny still trails compared to
kemeny and borda but improves slowly as the satisfaction threshold allows for more voter
groups to be satisfied together. At threshold 7, sq-kemeny becomes the most consistent
at satisfying lower quota and satisfies almost every voter. Conversely, weighted-rsd fails
the most, as its random selection of a voter does not align with the maximization of the
number of satisfied voters. Update functions kt-special-voter or constant behave slightly
worse for kemeny and borda. The combination of borda with perpetual-kt leads again to
worse results. However, in general, perpetual lower quota compliance increases as the
threshold value increases, since it becomes easier to satisfy more voters, leading to better
voter representation.

In Figure 4.8, the scatter plots show the total number of satisfaction for the special
voter with different threshold levels and weight initialization strategies. Apparently,
kt-special-voter satisfies the special voter in almost every round. Only with sq-kemeny
at threshold value 0, the special voter’s satisfaction is less than 5. Among the other
update functions, constant stands out when used with the weight initialization strategy
special-voter-25-percent, since the unchanged initial weight favors the special voter. All
other update functions perform more or less the same, showing fewer satisfied rounds with
weighted-rsd, but satisfaction increases with the rising threshold, peaking at threshold
7, where borda and sq-kemeny are the maximum value of 30 with any weight update
function. Interestingly, although myopic-kt-special-voter is designed as special-voter-
sensitive weight update function, the differences between it and, for example, myopic-kt
are not noticeable. Note that some points which seem to be missing are tied exactly
with another rule (point) such that they are visually covered by the other point. In these
cases, when not all rules are tied, borda is usually tied with sq-kemeny, and kemeny with
weighted-rsd.

H1

Weighted RSD is by far the worst performer in average KT distance, average Spearman’s
footrule distance, average squared KT distance, egalitarian KT distance, and standard
deviation of KT distance. It also has the highest Gini influence coefficient and lowest
perpetual lower quota compliance at threshold values 3 and 7. Only at threshold value 0,
Gini influence coefficient is the lowest and perpetual lower quota is the highest. This
distortion is caused by the low threshold value, which can satisfy a voter only if the
output ranking exactly matches the preference ranking of the voter. While other SPFs
aim to aggregate diverse voter preferences into a single output ranking that is reasonably
acceptable for as many voters as possible, output rankings do not often correspond
exactly to (at least) one of the preference rankings of voters. However, weighted RSD
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always selects one of the preference rankings as output ranking, creating a misleading
exception. Consequently, weighted RSD does not perform well in any of the results, and
we confirm H1.

H2

Weighted Squared Kemeny is expected to produce more proportional rankings than
other SPFs, as it penalizes the extreme deviations heavier. This should enhance equality,
lowering the Gini influence coefficient, probably at the cost of perpetual lower quota
compliance, since fewer voters are satisfied. However, the results tell a different story.
The Gini influence coefficient is the lowest only for threshold value 7 (nearly 0, meaning
full equality), as it can be seen from the perpetual lower quota compliance values that
are mostly 1.00 or close to 1.00.

For threshold value 0, the Gini influence coefficient is the highest and perpetual lower
quota compliance is the lowest, as it is very rare that a voter’s preference ranking is fully
represented in the output ranking, due to the proportional nature of Squared Kemeny.
Threshold value 3 yields better results than weighted RSD but is still worse than weighted
Kemeny and weighted Borda in most cases.

Therefore, we conclude that Hypothesis H2 stating that weighted Squared Kemeny has a
better Gini influence coefficient and worse perpetual lower quota compliance than others
is only partially supported by our results.

H3

Constant weight update function is a more or less average weight update function in
average KT distance, average Spearman footrule distance, average squared KT distance,
egalitarian KT distance, standard deviation of KT distance, or Gini influence coefficient
when the initialization strategy is equal weights. However, the resulting values become
significantly less favorable, if the special voter’s weight is about 25% of the total weight.
Performance notably gets worse for weighted Borda, weighted Kemeny, and weighted
Squared Kemeny. This can be explained by the fact that the weights are never adapted
so the output ranking remains unchanged for each round. For perpetual lower quota
compliance, there is no consistent drop in value but in one of the most representative
case — threshold 3 – weighted Borda and weighted Kemeny both yield one of the worst
values with constant weight update function compared to other weight update functions,
and this happens for both initialization strategies, although it is more obvious when
special voter is initialized with 25% of the total weight. Since all metrics except one show
noticeable differences, we conclude that Hypothesis H3 is true: Constant weight update
function is worse than the others.

H4

Myopic KT-distance-based weight update functions, such as the myopic KT and myopic
squared KT weight update function, are worse in every metric except Gini influence
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coefficient and perpetual lower quota than KT-distance-based weight update functions
like the KT and squared KT weight update function. This holds if we leave out the
weighted RSD rule, as this rule chooses a preference ranking randomly and is therefore
not representative. In particular, the myopic KT weight update function generally has
worse results than the KT weight update function and the myopic squared KT weight
update function performs worse than its squared KT counterpart, although the differences
are mostly minimal.

Regarding Gini influence coefficient, the differences are quite small and sometimes the
myopic KT-distance-based weight update functions are even slightly better than the KT-
distance-based weight update functions. Thus, it is not easy to identify a clear trend. It
is an exceptable result, as the influence is still distributed with myopic KT-distance-based
functions due to the weight updates.

For perpetual lower quota compliance, it is still the case that KT-distance-based weight
update functions consistently have higher values than their myopic counterparts in general.
The squared KT weight update function in particular has a significant advantage over
the myopic squared KT weight update function. The only case, where the myopic KT
update function performs better than the KT update function is with threshold 3 and
when the special voter gets about 25% of the total weight under Kemeny rule. This is
the case due to two factors:

1. Threshold 3 is generally a suitable value for perpetual lower quota compliance to
identify real tendencies, as threshold 0 is overly restrictive and threshold 7 is too
easy to satisfy.

2. The myopic function only considers weights from the previous round, thereby
forgetting the initial weight advantage of the special voter and contributing to
improved overall representability.

Squared KT distance does not capture this detail because its much larger values lead to
stronger weight updates. In conclusion, Hypothesis H4 is confirmed with the exception
of the Gini influence coefficient.

H5

Unit cost weight update function increases the weight of each unsatisfied voter by 1
after each round. Unit cost reset weight update functions additionally reset the weight
of satisfied voters to 1, introducing a redistribution effect. Again, we ignore weighted
RSD. As the satisfied voters lose all their weight and are reset to 1, it is expected to
distribute the influences better and therefore yield a lower Gini influence coefficient,
which is confirmed in our results with two exceptions: For equally initialized Kemeny with
threshold 3 and Squared Kemeny with threshold 0, where the special voter is initialized
with about 25% of the total weight. The latter can be ignored, as the difference is very
low and it is not easy to satisfy any voter with Squared Kemeny and threshold 0, and
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resetting the weights of the satisfied voters does not make it better. This might lead to
misleading results. The former is however more important but the real cause is an open
question. Therefore, further simulations with new instances and different distributions
are required to find the real cause. However, we can still partially confirm H5.

H6

Initial weights play the biggest role when used with the constant weight update function.
As the constant weight update function does not adapt weights over time, output ranking
stays the same for all rounds, tending to favor the voter that has a disproportionately
large weight, namely the special voter. In particular, the weighted Kemeny rule tends
to satisfy the voter group with the highest weight, which often includes the special
voter. Weighted Borda occasionally exhibits similar behavior, whereas Squared Kemeny
maintains some degree of proportionality, making it less sensitive to such initialization
strategies.

Myopic KT-distance-based functions, including the myopic KT maximum value weight
update function, forget the rounds before the last round so they are not affected at all
after the second round. Other update functions are influenced in the beginning but the
effect of the initial weights disappear as time progresses. For this reason, there might
be some small differences between the myopic weight update functions and others in
favor the myopic weight update functions, which are neglectable in comparison to the big
difference with the constant weight update function. Therefore, we conclude that initial
weight does not have a significant impact (except for constant weight update function),
as weights are continuously updated each round. This confirms Hypothesis H6.

H7

The plots in Figure 4.1 and Figure 4.2 demonstrate that all the rules behave similarly
with respect to both average KT distance and average Spearman footrule distance. This
suggests that the results do not seem to depend on the specific distance measure we use.
However, further research is warranted to substantiate this observation. Even though
many rules aim to optimize for KT distance, weighted Kemeny is the best in both distance
measures, followed by weighted Borda, weighted squared Kemeny, and weighted RSD.
Therefore, both distance measures behave similarly, confirming H7.

H8

The plots in Figure 4.1 and Figure 4.3 indicate that the weighted Squared Kemeny
rule is has the lowest average squared KT distance, followed by weighted Borda and
weighted Kemeny for all TSPFs and threshold levels. It is expected to have such a
result confirming that Squared Kemeny is designed to minimize the squared KT distance.
This distance measure penalizes larger disagreements more heavily. Compared to Borda,
Kemeny usually tends to reflect the preferences of majority voters more strongly (see 3.1)
compared to Borda so weighted Kemeny has a higher average squared KT distance than
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weighted Borda. To sum up, weighted Squared Kemeny has a better average squared KT
distance than weighted Borda and weighted Kemeny, confirming H8.

H9

The KT sum weight update function satisfies the special voter almost in every configura-
tion across all rounds, whereas myopic KT maximum value weight update function does
not have a significant advantage over non-special-voter-sensitive weight update functions.
This shows that it does not suffice to receive the maximum weight in a each round, as in
myopic functions, weights from the past rounds except the last round are ignored. The
maximum weight alone cannot guarantee a total number of satisfaction above average,
as other voters may have weights close to or equal to that of the special voter. Therefore,
KT sum weight update function performs better than myopic KT maximum value weight
update function in satisfying the special voter. In conclusion, we confirm H9.

H10

The myopic KT maximum value weight update function is not the best in perpetual lower
quota compliance, especially at threshold value 3, as shown in Figure 4.7. In contrast,
the KT sum weight update function performs worse than others in every metric except
for the Gini influence coefficient — only for weighted Squared Kemeny — perpetual
lower quota compliance —except Squared Kemeny — and at threshold 0. As previously
discussed in other hypotheses, threshold 0 often produces misleading results; thus, this
case is not a reliable exception. In summary, the myopic KT maximum value update
function is not worse than all other update functions but the KT sum weight update
function is. This partially confirms H10.

4.5 Discussion
We find that the TSPFs mostly behave in accordance with our hypotheses. Accordingly,
we could confirm H1, H2, H3, H6, H7, H8, and H9. However, some unexpected outcomes
prevented full confirmation of H4, H5, and H10.

If we compare the experimental results with the axiomatic results, axiomatic results
have limited power to reflect practical behavior, as many complex scenarios are not
covered. Still, there is no contradiction between theoretical and empirical results: The
theoretical insights apply to restricted settings, while the simulations represent more
complex scenarios.

Due to limited resources, simulations were conducted on 30 instances with 30 rounds each,
generated using uniform distributions. If we extend these simulations by new instances,
more rounds, and different distributions, we can further confirm our results or identify
new patterns. Additionally, it might also be an interesting approach to test the results
with the continous definition of the Gini influence coefficient and compare them with the
results of the threshold-based version.
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Moreover, we resampled the voters and candidates after each round. It might be
interesting and could change the behavior of certain update functions if updates on
preferences were restricted. This might increase the discrepancy between some update
functions, as the randomness of resampling in our setting might hide the insufficient
weight adjustments of some rules. For example, the constant weight update function
initialized with equal weights shows average performance, as voter preferences change a
lot even though the weights do not change. If this effect disappears, the comparability of
weight update functions might become much easier.

Two open questions regarding the results remain: The TSPF resulting from the combina-
tion of weighted Borda and the perpetual KT weight update function produces outlier
results, especially at threshold levels 3 and 7. The second question is, identifying the
degree of weight dominance at which a special-voter-sensitive function starts to favor
the special voter more without worsening the other metrics too much. As we showed
with our two example special-voter-sensitive update functions, balancing these effects is
a non-trivial challenge.
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Figure 4.1: Average KT distances over time with different threshold levels and weight
initialization strategies.
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Figure 4.2: Average Spearman footrule distances over time with different threshold levels
and weight initialization strategies.
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Figure 4.3: Average squared KT distances over time with different threshold levels and
weight initialization strategies.
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Figure 4.4: Average egalitarian KT distances over time with different threshold levels
and weight initialization strategies.
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Figure 4.5: Average standard deviations of KT distances over time with different threshold
levels and weight initialization strategies.
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Figure 4.6: Average Gini influence coefficients with different threshold levels and weight
initialization strategies.
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Figure 4.7: Average perpetual lower quota compliance values with different threshold
levels and weight initialization strategies.

69



4. Simulations

Figure 4.8: Average total number of satisfied rounds for the special voter with different
threshold levels and weight initialization strategies.
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CHAPTER 5
Potential Application:

Recommender Systems

A recommender system is a tool that suggests items to a user. In the age of big data and
information overload, recommender systems support users in making decisions across
many areas such as which news to read, which products to buy, and which films to watch
[53]. This chapter is concerned with a possible way of using our model of perpetual
individualized fair rank aggregation to design a recommender system.

Fairness and achievement of objectives in recommender systems are complex and chal-
lenging problems [27], as there are diverse goals and fairness concerns, each relevant to
different stakeholders, and these interests sometimes cannot be aligned [2, 1]. Moreover,
fairness should be addressed over time in dynamic settings, where the preferences of
stakeholders or their interactions with the system and items may evolve over time [3, 36].
In addition, recommender systems emphasize individualized recommendations for each
user. Therefore, the problem of multi-stakeholder fair recommendation can be modeled
by our framework.

In Figure 5.1, we illustrate how our framework can be applied to the domain of recom-
mender systems. In this scenario, the special voter represents the initial recommendation
list generated by a recommender system algorithm. In addition to this base recommen-
dation, the system considers multiple voters, each modeling a different fairness concern
or stakeholder objective, which we refer to as fairness agents in the following. These
agents submit their own preference rankings over items, aiming to influence the final
recommendation in ways that reflect their specific goals.

For instance, one agent may represent a popularity bias correction mechanism, promoting
underrepresented items that are typically ranked low due to lack of popularity. Another
agent might focus on provider fairness, ensuring that items from different producers (e.g.,
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Figure 5.1: Perpetual individualized fair rank aggregation in the context of multi-
stakeholder fair recommendation.

small vendors or minority creators) are fairly represented in the recommendation. Yet
another agent might represent content diversity, favoring a wider variety of item types.

A TSPF produces a recommendation list based on the input preferences. After generating
a final recommendation list (i.e., the aggregated ranking in our model) in a specific round,
the preferences and weights of agents are updated. Agents that are more satisfied in one
round — meaning their preference rankings resemble the recommendation list the most
and accordingly their preferred items were ranked near the top — may see their influence
reduced in the next round. Conversely, unsatisfied agents may be given more weight to
correct for underrepresentation over time. User preferences can also evolve: new users
may arrive, or a user’s recent interaction behavior may shift their inferred preference
profile.

The special voter’s weight (representing the base recommender’s influence) can be
controlled to ensure a balance between fairness and accuracy. For example, we may
enforce a lower bound on the user’s weight to prevent fairness agents from fully overriding
individualization. This is especially important in most cases, at least where relevance to
the user is a primary business goal, such as e-commerce platforms aiming to optimize
for user engagement or conversions. However, in contexts like public-service media or
educational content delivery, it may be desirable that fairness concerns occasionally
dominate — e.g., by pushing informative but less-clicked content — even at the cost of
short-term accuracy. This is aligned with the proportionality principles introduced in
Chapters 3 and 4 such as simple proportionality, bounded dry spells, and perpetual lower
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quota (compliance).

Moreover, the special voter might attempt to manipulate outcomes by submitting rankings
that align with those of fairness agents, in order to shift weight distributions in future
rounds. This is especially relevant when fairness agents agree on similar rankings — e.g.,
when multiple fairness goals point to the same items, or when the fairness agents — just
like the special voter — try to find opportunities to manipulate strategically over several
rounds. In such cases, the property of independence of uncontroversial items becomes
particularly important, as it helps to prevent coordinated manipulation of the system by
exploiting consensus.

This setup reflects a dynamic, long-term balancing process over multiple interests. Depend-
ing on the application and concrete implementation of the TSPF, different fairness agents
may need to have stronger or weaker influence in different rounds. Our model enables
this kind of adaptive trade-off, where fairness objectives are considered proportionally
over time rather than enforced in each separate recommendation.

A promising future direction would be to allow fairness agents to take the user’s current
preferences into account before generating their own rankings. This would make it possible
to design agents that respond more contextually. For instance, they can adapt their goals
based on the user’s behavioral patterns derived by the user’s current preferences, which
enables more nuanced and effective fairness interventions.
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CHAPTER 6
Conclusion & Future Work

We conclude the thesis with a brief summary of the main contributions and a discussion
of future work. In this thesis, we extended the formalism of perpetual voting to settings
where both the input and output are preference rankings. For this purpose, we introduced
the concept of temporal social preference functions (TSPFs), each consisting of a social
preference function (SPF), a weight update function, and a weight initialization strategy.
Accordingly, we introduced various SPFs, weight update functions, and two weight
initialization strategies.

We analyzed axiomatically the properties of the TSPFs in Chapter 3, in particular the
simple proportionality, independence of uncontroversial decisions, and bounded dry spells.
These properties serve different purposes: simple proportionality gives proportionality
guarantees, independence of uncontroversial decisions is important to avoid manipulative
behavior, and bounded dry spells ensures that each voter is guaranteed to be represented
in some round.

Our model is more expressive compared to the approaches based on approval ballots, as it
allows rankings instead of approvals. However, this comes at a price: Complexity of the
model increases and it becomes more difficult to yield formal results. We still managed
to obtain some interesting results. We showed that independence of uncontroversial
decisions cannot be satisfied in the general case, even when the weights of satisfied voters
are multiplied by constants other than one. Only if the weights of satisfied voters remain
unchanged — for example, under the unit cost weight update function — and every voter
is satisfied with the outcome, the property is satisfied. Furthermore, we proved that
simple proportionality holds in some restricted settings, such as for weighted Kemeny
with certain weight update functions, when voters are partitioned into two groups where
all group members have the same preference ranking. Additionally, we demonstrated
that many weight update functions do not guarantee bounded dry spells.
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We also evaluated the model experimentally, simulating all TSPFs under various parameter
settings (see Chapter 4). Our results show that the choice of parameters — not only
the SPF, weight update function, and initialization strategy but also the satisfaction
threshold α —plays a significant role. While the effect of the weight initialization strategy
diminishes over time, this happens fastest for myopic weight update functions, which
ignore information from earlier rounds. However, an SPF or a weight update function
has more permanent long-term effects.

In our experiments, we observed that the differences between weight update functions are
only slightly reflected in the results. For instance, in almost all configurations and metrics,
it is the case that myopic weight update functions perform worse than their non-myopic
KT-distance-based counterparts in general but the difference is not substantial. This
may be due to the fact that evolving preferences introduce some randomness, which
reduces the importance of weights — an interesting observation to be examined for
future research. It is, however, evident that the constant weight update function and the
KT sum weight update function do not deliver good results. Thus, the choice of weight
update function remains a decisive factor in designing a TSPF that ensures fairness and
proportionality, although the differences are not always as noticeable as they typically
are in the choice of SPFs.

Among the studied SPFs, weighted Borda, weighted Kemeny, and weighted Squared Kemeny
performed significantly better than weighted Random Serial Dictatorship. Additionally,
there are some small differences: Weighted Kemeny provided a good overall representation
for voters but weighted Squared Kemeny favored more equal satisfaction across voters. For
a compromise, weighted Borda seems to be a good choice that offers competitive results
with lower computational complexity. This makes it attractive for potential real-world
application scenarios.

In Chapter 5, we sketched a concept of how to apply our model in multi-stakeholder fair
recommender systems. The task of developing such systems and adapting theoretical
models to practical implementations is both crucial and challenging, and requires various
research efforts from different disciplines.

Several theoretical and practical questions remain open. Future research could explore
new TSPFs by defining alternative SPFs, weight update mechanisms, and initialization
strategies that we did not study in this thesis. These TSPFs can be examined both
axiomatically and experimentally.

Additional axioms from the social choice literature —such as justified representation [10]
— can be adapted to our setting. Simpler and more flexible notions of proportionality
may also be defined to capture more general or complex voter profiles.

However, even within our settings, there are many open questions. For example, it
remains unclear whether weighted Squared Kemeny combined with reset-based weight
update functions has a bounded dry spell guarantee.

Finally, the experimental results also suggest several directions of further investigations.
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First, this experiment can be repeated with different numbers of rounds or different
preference distributions to check which effects these factors have on the outcome and
to confirm our own results. Moreover, we observed unexpected behavior from the
combination of weighted Borda with perpetual KT update function, producing outliers. The
reason for this unexpected behavior could be studied. Understanding these interactions
more deeply may lead to better design of perpetual rank aggregation systems. Lastly,
one could study new special-voter-sensitive functions to identify the threshold at which
increasing the special voter’s weight starts to favor the special voter more without
worsening the other metrics too much. The special-voter-sensitive update functions we
implemented demonstrate that balancing these effects is a non-trivial challenge.
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Overview of Generative AI Tools
Used

Generative AI tools were used to obtain high-level feedback regarding the written text.
Specifically, Chat-GPT variant 4o and Copilot with Microsoft Edge (no specific model
variant provided) were asked to "correct and refine the text if necessary" on existing text
only. Their output was not directly used to change the text but served as feedback. The
tools were accessed only in July 2025.
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