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Abstract

This article is concerned with the development of a theoretical framework of global
measure-valued solutions for a class of hyperbolic—parabolic cross-diffusion systems,
and its application to the convergence analysis of a fully discrete finite-volume scheme.
After introducing an appropriate notion of dissipative measure-valued solutions to the
PDE system, a numerical scheme is proposed which is shown to generate, in the
continuum limit, a dissipative measure-valued solution. The “parabolic density part”
of the limiting measure-valued solution is atomic and converges to its constant state
for long times. Furthermore, it is proved that whenever the PDE system possesses a
strong solution, the convergence of the approximation scheme holds in the strong sense.
The results are based on Young measure theory and a weak—strong stability estimate
combining Shannon and Rao entropies. The convergence of the numerical scheme
is achieved by means of discrete entropy dissipation inequalities and an artificial
diffusion, which vanishes in the continuum limit.
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1 Introduction

The segregation of multi-species populations can be modeled at a macroscopic level
by cross-diffusion equations. Segregation typically requires the associated diffusion
matrix to have a nontrivial kernel. In this situation, solutions may have spatial discon-
tinuities; see, e.g., [3] for a two-species model. Diffusively regularized segregation
models have been derived, for an arbitrary number of species, from interacting par-
ticle systems in a mean-field-type limit [11]. The class considered here has recently
been found to possess a symmetric hyperbolic—parabolic structure [19]. In this paper,
we establish the global existence of dissipative measure-valued solutions as a limit of
finite-volume approximations, the uniqueness of strong solutions among dissipative
measure-valued solutions, and a result on the long-time asymptotic behavior.

1.1 Equations

The segregation cross-diffusion equations for the vector u = (uy, ..., u,) of the
population densities u; are systems of continuity equations,

oruj +div(u;v;) =0, vi=—-Vpiuw), mQ,t>0,i=1,...,n, (D)

where p;(u) = Z?:l ajjuj and Q C R? (d > 1) is a bounded Lipschitz domain,
supplemented with the no-flux boundary and initial conditions

wiVpiu)-v=0 ondQ, t>0, w;0)=u" inQ, i=1,....n, (2)

where v denotes the exterior unit normal vector to d€2. The variables (u;) represent,
for instance, densities of animal populations [3], healthy and tumor cell densities [41],
or heights of thin fluid layers [16, 39].

The parameters a;; > 0 are assumed to satisfy the following two conditions: The
matrix A = (a;;) € R" X7 jg semistable, i.e., the real parts of all its eigenvalues are non-
negative, and it satisfies the detailed-balance condition, i.e., there exist 7y, ..., 7, > 0
such that

Tidjj = TTjdjj foralli,j:l,...,n, l;ﬁ] (3)

These equations can be recognized as the detailed-balance condition for the Markov
chain associated to A, and the vector (sr;) is an invariant measure. Under condi-
tion (3), the change of variables u; +— m;u; =: u; brings the equation in the form
o;u; = div(u; V(BuU);), where the matrix B = (a; jnj_l)i ; is symmetric and positive
semidefinite. Thus, from now on we consider, without loss of generality, the equations

n
orui = div(y; Vpi(n)), pi(u) = Zbijuj n, r>0,i=1,...,n, 4)
j=1

where B = (b;;) € R™" is symmetric positive semidefinite and b;; > 0 for all
i,j=1,...,n. Wenotethatif b;; = Oforsomei,thenbj; = b;; =0forj=1,...,n
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due to the positive semidefiniteness of B. Thus, in this case, the dynamics of u; become
trivial and the ith species can be removed from the system. We may therefore further
assume that b;; > Oforalli =1, ...,n.Ifrank B =nandu; > Oforalli =1,...,n,
equation (4) is parabolic in the sense of Petrovskii, which at the linear level is a minimal
condition for the generation of an analytic semigroup on L?(£2) [1]. The existence of
global weak solutions in the case rank B = n was investigated in [34, Theorem 17].
If B has a nontrivial kernel, it is positive definite only on the subspace (ker B)~*, and
we lose the parabolic structure. This is the situation we are primarily concerned with
in this paper.

1.2 State of the art

Equations (1) with nontrivial kernel of A have been studied in the literature in special
cases. The first work is [3], where the global existence of segregated solutions for two
species in one space dimension with aj; = ajp = 1 and az; = azx» = k > 0 was
shown. This result relies on a change to mass variables. The analysis was generalized
in [4] to several space dimensions if k = 1. The idea is to introduce new variables
wi = uy +up and wr = uy/(u1 + uz). It turns out that w; solves a porous-medium
equation with quadratic nonlinearity and w, solves a transport equation, demonstrating
the hyperbolic—parabolic nature of the system. The same idea was used in [9] for a
related system with general pressures p; and, employing different techniques, in [29]
with p;(u) = (u; + up)? for y > 1. Notice that the choice k = 1 means that the
corresponding velocity fields v; in (1) are independent of i, so that the motion of the
two species is governed by a single velocity field.

The existence of an infinite family of minimizers of the entropy (or free energy)
functional for different local and nonlocal variants was proved in [7], showing that
both segregation and mixing of species is possible. If the pressure is the variational
derivative of a certain functional, one may formulate (1) for » = 2 as a formal gra-
dient flow. This property has been exploited in [7, 17] to prove the convergence of a
minimizing scheme.

The one-velocity two-species case was generalized to an arbitrary number of species
in [20], proving the global existence of classical and weak solutions by decomposing
the system into one decoupled porous-medium equation and n — 1 transport equations.
This approach was generalized in [19] to the case of multiple velocity fields and
with associated diffusion matrices of arbitrary rank r € {1, ..., n} to show the local
existence of classical solutions. Segregating solutions for one-velocity multi-species
reactive systems were constructed in [32].

There exist related cross-diffusion models with rank-deficient diffusion matrices in
the literature, for instance the Maxwell-Stefan equations for fluid mixtures [5], where
the diffusion matrix has a one-dimensional kernel. In contrast to the present prob-
lem, the kernel can be removed by taking into account the volume-filling assumption
Zf': 1 u; = 1, which allows one to reduce the system for the densities uy, ..., u, toa
parabolic one for the variables uy, ..., u,—1 viau, =1 — Z?;ll u; [35].

The analysis and the convergence of approximation schemes to equations (1) for
general rank-deficient matrices A is challenging, since the decomposition of the
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parabolic and hyperbolic parts is involved. Moreover, in view of the results of [3],
we cannot expect weak solutions in H'(2), and the hyperbolic part makes it diffi-
cult to obtain (entropy) solutions in the distributional sense. In the present paper, we
choose to enlarge the solution space by considering dissipative measure-valued solu-
tions, which allow us to encode information about the oscillation properties of the
approximate solutions.

DiPerna introduced the concept of (entropy) measure-valued solutions to conser-
vation laws [18]. In this framework, solutions are no longer integrable functions but
Young measures (parametrized probability measures), which are able to capture the
limiting behavior of sequences of oscillating functions. This concept is based on an
earlier work by Tartar [46], who characterized weak limits of sequences of bounded
functions. Due to the lack of uniqueness results, the framework of measure-valued
solutions does not allow one to identify the physically relevant solutions, and further
structural conditions on the solutions are necessary.

One idea toresolve this issue is to require an integrated form of the entropy or energy
inequality, which leads to the concept of dissipative solutions. It has been introduced
by P.-L. Lions [40, Sec. 4.4] in the context of the incompressible Euler equations. In
[6] it is shown that dissipative measure-valued solutions to the incompressible Euler
equations enjoy the weak—strong uniqueness property, i.e., the dissipative measure-
valued solution is atomic and coincides with the strong or classical solution of the
same initial-value problem if the latter exists. This idea was further applied to models
from polyconvex elastodynamics [13], to the compressible Euler and Navier—Stokes
equations [23, 30], to hyperbolic—parabolic systems in thermoviscoelasticity [12], and
to various other, mainly fluid mechanical models.

In the present paper, we obtain dissipative measure-valued solutions to (4), (2) by
passing to the limit from discrete finite-volume solutions. We further show that they
enjoy the weak—strong uniqueness property (in the sense of measure-valued—strong
uniqueness), which entails important consequences for the numerical approxima-
tion. Indeed, one may expect that reasonable structure-preserving approximation
schemes generate a dissipative measure-valued solution. If such a measure-valued
solution turns out to be atomic, i.e. taking the form of a Dirac measure at each
point in space-time, Young measure theory implies that the underlying approx-
imate solutions converge in the strong sense. This idea has, for instance, been
exploited in the proof of the convergence of finite-volume-type schemes for the
compressible Navier—Stokes and Euler equations [24, 25]. For a further discus-
sion on the use of measure-valued solutions in the numerical context, we refer to
[26].

The novelty of this paper is the analysis of equations (4) with general rank-deficient
matrices B by combining the measure-valued framework, entropy methods, and finite-
volume schemes.
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1.3 Key tools, definitions, and overview

The analysis of (4) is based on the observation that the system possesses two Lyapunov
functionals, respectively, the Shannon and Rao entropies

n

Hs() = [ hsuds, s = Y7 (utogu — 1)+ 1), )
i=1
1 n
Hr () :/QhR(wdx, ) = 5 3 biuiu. ©)
Q=1

The Shannon (—Boltzmann) entropy is related to the thermodynamic entropy of the
system, while the Rao entropy measures the functional diversity of the species [45].

The functionals have two important properties. First, a computation shows that,
along smooth solutions to (4), (2),

dHS()-Fi/b"v' AV .d _() (7)
ar u 2 o ij Vi ujdx =0,
i,j=1

dH "

- (u>+§ /Q ui |V pi () 2dx = 0. ®)

Since the matrix B is positive semidefinite, the Shannon entropy dissipation term (the
integral term in (7)) is nonnegative and consequently, # — Hg(u(t)) is nonincreasing.
The expression p; (1) can be interpreted as the ith partial pressure and —V p; (u) as
the ith partial velocity (by Darcy’s law). Thus, we may interpret the Rao entropy
dissipation integral as the total kinetic energy of the system, and ¢ — Hpg(u(¢)) is also
nonincreasing.

Second, the Shannon and Rao entropy densities g and hr are convex, and their
sum hg + hp is strictly convex and has quadratic growth as |u| — oo, u € (0, 0c0)",
as soon as b;; > O and b;; > O foralli,j = 1,...,n. These properties allow us
to derive a weak—strong stability estimate based on the Bregman distance A (u|v) :=
h(u) — h(v) — h'(v) - (u—v) associated with h = hg + hp.

Identities (7)—(8) provide estimates for u; in L°°(0, T'; L?()) and for (Bu); in
L2(0, T: H l(Q)), T > 0. If B is rank-deficient, these bounds do not ensure gradi-
ent estimates for the whole vector u. Notice that the weak convergence for u,, and
Vpi(uy,) = V(Buy); in L2(92 % (0, T)), which may be expected for suitable approx-
imating sequences u,,, does not allow us to identify the weak limit of u,, ; V(Bu,,);.
This issue is overcome by a suitable concept of dissipative measure-valued solutions.
Let us mention that the estimates coming from (8) lead to a control of u,, ; V(Bum)i
in L2(0, T; L*3(2)), thus ruling out potential concentrations in this term.

Before giving the definition of the measure-valued solutions, we introduce some
notation. We rewrite equation (4) as

oru; = div(u; V(Bu)i), i=1,...,n,
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and set L := ker B C R". Then L = ran B. Let P, . be the projection onto L* and
sets := P;isfors € R". Any vector-valued function u is writtenasu = (uy, ..., uy).
We define R~ = [0, oo) and let P(W) be the space of probability measures on

W=RL x (LD

The space L$P(2 x [0, 00); P(W)) is the set of weakly” measurable, essentially
bounded functions of Q2 x [0, co) taking values in P(W). We henceforth use the
notation

(v, f(s, p)) = /W f(s, p)dv(s, p) forveP(W), feCo(W),

where Cy denotes the space of continuous functions vanishing at infinity. Whenever
the right-hand side is well defined, this notation will also be used for more general
continuous functions f. Finally, we let Q7 := Q x (0, T) for T > 0.

Definition 1 (Dissipative measure-valued solution) Suppose that u'™ € L?(; R2).
We call a parametrized measure

p € Ly (2 x [0, 00); P(W))

with barycenters u := (u, s), y := (u, p) a dissipative measure-valued solution to
(4), (2) if the following is satisfied for all T > 0:

e Regularity: It holds that

u € L0, 00; L*(Q2: R™Y)), du € L*(0, co; WHH(Q; RM)*),
y € L*(Qr; (LYY, y = Va.

Moreover, u acts trivially on the s-component,

(i, f(s, p)) =, f+ Prs, p)) 9

forall f € Co(RZ x (LH)9).
e Shannon and Rao entropy inequalities: It holds for a.e. # > 0 that

t .
HI (u(t) + f f (e, [BY2pP)dxdr < Hs@™,  (10)
0 Q

n t )
Hr(u(®) + Y fo fQ (ix.ro5il(Bp)iP) dude < Hr@™., (1)
i=1

where Hg and Hp are defined in (5)—(6) and Hg“v(u(t)) = fQ(,ux,t, hs(s))dx.
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e Evolution equation: It holds foralli = 1,...,nand ¢ € CC1 (€ x [0, T)) that

T T
| [ wagaxar+ [ o= [ [ Guessiopr - voaxar. a2
0 Q Q 0 Q

It is easy to see that, under the hypotheses of Definition 1, the term (i, s; (Bp);) €
LY (Q27) is well defined for all T > 0 (cf. Section 4.5). Moreover, u; = (i, s;) > 0.
Property (9) can be extended to a larger class of continuous functions f. In particular,
it holds for all f € C(W) with f > 0. If rank B = n, property (9) implies that u
fulfills (4), (2) in the usual weak sense, since then P, = 0. We further observe in
the following remark the consistency of Definition 1 with the standard weak solution
concept.

Remark 1 (Consistency of the definition) The definition of dissipative measure-valued
solutions is consistent with the definition of weak solutions. Indeed, any weak solution
u to (4), (2) satisfying the regularity statements of Definition 1 and the Shannon and
Rao entropy inequalities gives rise to a dissipative measure-valued solution p via
Hx.t = Su(x,r) ® Ovii(x,r)- On the other hand, if a dissipative measure-valued solution
s trivial in the sense that fty ; = 8y(x,r) ® 8(x,s) for certain functions v and z, then
v={u,s)=uand z = (u, p) = y = V. We infer that

(i, si(Bp)i) = uij(BVi);.

In this case, equation (12) reduces to the standard weak formulation of (4) for
the density u and the entropy inequalities (10) and (11) take the usual form of
entropy inequalities for weak solutions. More generally, the conclusion (i, s; (Bp);) =
u; (BVu); already holds if, for instance,  is only atomic in the density component,
i€ fy; = Oyx,r) ® Vx,;» Where v denotes the parametrized measure generated by
(Vi) m with (u,,),, denoting the approximate sequence.

Our main results can be sketched as follows; we refer to Section 2.5 for the precise
statements.

e Existence of finite-volume approximations: There exists a sequence of approxi-
mate solutions (u,,), where m € N indicates the fineness of the mesh, to an implicit
Euler finite-volume scheme. The numerical scheme preserves the structure of the
equations, namely nonnegativity, conservation of mass, and entropy dissipation;
see Theorem 4.

e Existence of global dissipative measure-valued solutions: Any Young measure ©
generated by (u,,) is a dissipative measure-valued solution to (4), (2) in the sense
of Definition 1; see Theorem 5. For this result, we need to include some artificial
diffusion in the scheme, which vanishes in the limit m — oo.

o Weak—strong uniqueness: If v is a positive classical solution to (4), (2) with initial
datum v(0) = u'™™ and W is a dissipative measure-valued solution to (4), (2), then
x,r = Oy(x.r) ® Ovi(x.r) forae. (x, 1) € Qr; see Theorem 7.

e Long-time behavior: The density %(¢) := (u.;,S) converges strongly in the L%()
normass — oo toafunctioni* € L2(2; [0, 00)") satisfying [o uw*dx = [, u'™dx
and V(Bu*) = 0 in Q; see Theorem 9.
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958 K. Hopf, A. Jiingel

If equations (4), (2) admit a classical solution, the weak—strong uniqueness property
implies that the sequence of finite-volume solutions converges, in the strong L'-sense,
to this classical solution on the lifespan of the latter; see Corollary 8.

We stress the fact that, while the existence of solutions is proved via a finite-volume
scheme, the weak—strong uniqueness and long-time behavior results are independent of
the numerical scheme. In this regard, the discrete numerical approximation serves as a
tool for the existence analysis, even though the mere existence of dissipative measure-
valued solutions may more readily be obtained via approximation by a regularized
continuous system.

The paper is organized as follows. We introduce the numerical scheme and the
precise statements of the theorems in Sect. 2. The four theorems are proved in Sects.
3,4, 5, 6 and we conclude in Appendix A with some auxiliary lemmas.

2 Numerical scheme and main results

First, we introduce the notation necessary to formulate our numerical method. Then
we state the numerical scheme and the main results.

2.1 Spatial domain and mesh

Letd > 2andlet @ C R? be abounded polygonal domain (or polyhedral if d > 3). We
associate to this domain an admissible mesh, given by (i) a family 7 of open polygonal
(or polyhedral) control volumes, which are also called cells, (ii) a family £ of edges
(or faces if d > 3), and (iii) a family of points (xx)x <7 associated to the control
volumes and satisfying [22, Definition 9.1]. This definition implies that the straight
line Xxx x7 between two centers of neighboring cells is orthogonal to the edge (or face)
o = K|L between two cells. For instance, Voronoi meshes satisfy this condition [22,
Example 9.2]. The size of the mesh is given by Ax = maxg 7 diam(K). The family
of edges & is assumed to consist of interior edges &y satisfying o C Q2 and boundary
edges o € &y satistying o C Q. For a given K € T, Eg denotes the set of edges
of K, splitting into Ex = Ein k U Eext k- For any o € &, there exists at least one cell
K € T suchthato € £g.

We need a regularity assumption on the families of meshes we admit. For given
o € &, we define the distance

o =

dxg,xr) ifo=K|L € &Enk,
d(xg, o) ifo e gext,l(,

where d is the Euclidean distance in R¢, and the transmissibility coefficient

m(o)
T, =
o do’

) 13)
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where M (o) denotes the (d—1)-dimensional Hausdorff measure of o. We suppose the
following mesh regularity condition for any admissible family of meshes {7 }: There
exists a fixed ¢ > 0, independent of 7, such that for all K € 7 and o € &k,

d(xk,0) = {ds. (14)

This condition means that the family of meshes {7} is (locally) quasi-uniform. We
also use the geometric property

Z m(o)d(xg,0) <dm(K) forany K € 7, (15)

Uegim,l(

where m denotes the d-dimensional Lebesgue measure. Inequalities (14) and (15) are
needed, for instance, to derive a uniform bound for the discrete time derivative of the
approximate solution; see Lemma 13.

2.2 Function spaces

Let T > 0, N € N and introduce the time step size At = T /N and the time
steps ty = kAt fork = 0, ..., N. We denote by D the space-time discretization of
Qr = Q x (0, T) determined by the mesh 7 and by the values (Af, N).

The space of piecewise constant functions is defined by

Vr = {v Q= R:3(vg)ker CR, v(x) = Z UKIK(X)},
KeT
where 1 is the characteristic function on K. To define a norm on this space, we define

forve Vr,K € T,and o € &k,

VL ifto = K|L € &k,
VKo = { Dk oV :i=vk o —Vk, Dgv:=|Dg vl

VK ifo € Exi.k,

Let 1 <g < ooand v € V7. The discrete W !4 () norm on V7 is given by

1/q
1llig.z = (101G, 7+ 01, 7). where
q p q - Dyv |4
1l .7 = D2 wCONk |, ol 7= 3 Be)do| =,
KeT oe v
where v € V. If v = (vy,...,v,) € V7”— is a vector-valued function, we write for

notational convenience

n
lg.7 =Y llvillig.7

i=1
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We associate to the discrete W14 norm a dual norm with respect to the L? inner
product:

Ivll-1,4,7 = sup {/ vwdx :w € V7, [lwllg7 = 1}-
Q

Then the following property holds:
‘f vwdx' < lvll-rg7llwlig 7 forallv,we Vy, 1 <p < oo.
Q

Finally, we introduce the space V7 ; of piecewise constant functions with values
in Vr,

N
VI ar = {v 1@ x[0.T]1 > R:30 )=y, v C V7 v ) =) vk<x)1(tk,l,zk]<r>},
k=1

equipped with the discrete L>(0, T; H'()) norm

172

N
(Z At||vk||i2y7> forall v € V7 a;.
k=1

2.3 Discrete gradient

The discrete gradient is defined on a dual mesh. For this, we define the cell Tk , of
the dual mesh for K € 7 and o € Ek:

e Diamond: Let 0 = K|L € &ine k- Then Tk  is that cell whose vertices are given
by xk, xr, and the end points of the edge o.

e Triangle: Let 0 € &exi k- Then Tk » is that cell whose vertices are given by xg
and the end points of the edge o.

The union of all diamonds and triangles Tk , equals the domain €2 (up to a set of
measure zero). The property that the straight line Xxx7 between two neighboring
centers of cells is orthogonal to the edge o = K|L implies that

m(o)d(xg,x) =dm(Tk ,) forallo = K|L € &y
The approximate gradient of v € V7, is then defined by

m(o)

D _
Ve = e )

Di.o (W), forx € Txo, t € (-1, ],

where vk , is the unit vector that is normal to o and points outwards of K.
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2.4 Numerical scheme

The initial functions are approximated by u° e V1 defined via

1 .
0 in .
U; p = —— u'(x)dx foral K €7, i=1,...,n. 16
l,K m(K)‘/I; 1 ( ) ( )
Letuf—! = (u]f*], e, u’,‘l_l) € VY”— be given. Then the values ”f,K forall K € 7 and
i =1,...,n are determined by the implicit Euler finite-volume scheme
uj g = ”1'{}]
i, i, k
mK)== =+ Y Fig, =0, (17)
UESK
Frk o = —Toul Dk o pi") — "Dk ouf, (18)

where n = max{Ax, At},0 < a < 2, and 1, is given by (13). The mobility uf’g is
defined for o € £ by the upwind scheme

_ uf g o ifDggpi(ut) =0, 19)
1o ut if Dg o pi (u¥) < 0.

The upwind approximation allows us to derive the discrete Shannon entropy inequality;
see Remark 2. We may also use a logarithmic mean function; see Remark 3.

We have added some artificial diffusion in the numerical flux .7-'11‘ K.o which van-
ishes in the limit  — 0. The term is needed to show the convergence of the scheme.
In particular, it provides an n-dependent bound for the full gradient, compensating the
incomplete gradient estimate. Note that the artificial diffusion is not needed to prove
the existence of discrete solutions, and we may set n = 0 in this case. Artificial diffu-
sion/viscosity is used in numerical approximations of the Euler equations to stabilize
the scheme; see, e.g., [25, (3.8)].

The numerical fluxes .7-'," k.o are consistent approximations of the exact fluxes
through the edges, since F; ks + Firo = 0 for all edges 0 = K|L and
Fi.k.o = 0for all &, k. The following discrete integration-by-parts formula holds
forv = (vg) € V7:

> ) Fikovk=— ) FikoDxov. (20)

KeT oelk 0€€int

Notice that the terms F; x Dk o v on the right-hand side only depend on o, but not
on the specific control volume K satisfying o € £g. Hence, to evaluate the sum on
the right, we may pick for each o any K with o € £k as long as we keep K fixed.

Remark 2 (Discrete gradient-flow property for upwind scheme) The upwind approx-
imation implies a discrete gradient-flow property. Indeed, we first observe that the
concavity of the logarithm gives
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962 K. Hopf, A. Jiingel

b(loga —logh) <a —b <a(loga —logb) foralla,b > 0.

Combined with definition (19) of uk . this leads for uf‘ x > 0and uf . >0to

1,0°
ut o (pi(uh) — pi o)) Qoguf | —logul ) > (piu}) — pi i) wf | —uf 1) (21)
and therefore, by discrete integration by parts (20),

n
22 D Fikologuix

i=1 KeT oe€g

n
=->_ 2 tufDropi)Dg.ologuy

i=1 oe&in

n
—n“ Z Z 7Dk oDk » log uf

i=1 O’Egim

Z Z TobijDK,ou];‘DK,auf‘(» (22)

i=1 oefint

where we used the monotonicity of the logarithm implying that Dg uf‘ Dk - log uf >
0. The right-hand side of (22) is nonpositive due to the positive semidefiniteness of
B = (b;;). We deduce from this inequality the discrete entropy inequality (25).

Remark 3 (Discrete gradient flow property for logarithmic mean) We may alternatively
define uf’g via the logarithmic mean

”?L - “?K
A — ifuny #* ”f,L and uf-"K > 0, uf’L > 0,
Sk - logu; ; —logu; g 23)
i,o k ook k
up g 1fui’K=ui’L > 0,
0 else.

We remark that the artificial diffusion in the numerical ﬂux (18) allows us to show that

uk i K is positive for all K € 7 (see Sect. 3.5) such that u , (for o = K|L) is always
deﬁned by one of the first two cases. Deﬁmtlon (23) also leads to a discrete gradient-
flow property Indeed, observing that u +DPk .o log u = D, Uu and multiplying (18)

by log u _k and summing over all i = 1 ,n,K € T,and o € £, we see that (22)
holds too Notice that (21) becomes an equahty in this case.

Finally, we observe that the mobility satisfies in both cases the following properties:

k

ko k k k k k
up o < maxfu; g,u; Y, u; up gl <luj g —u; | foro=KI[L. (24)

i,o
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2.5 Main results

We impose the following hypotheses.

(H1) Data: @ C R is a bounded polygonal (or polyhedral if d > 3) domain, T > 0,
and u™ € L2(Q; R2) such that [[u™| 11 g, > 0. We set Q7 = Q x (0, T).

(H2) Discretization: D is an admissible discretization of Q7 satisfying (14).

(H3) Diffusion coefficients: B = (b;;) € RL*" is symmetric positive semidefinite
withrank B € {1,...,n}and b;; > Ofori =1,...,n.

Note that since B is positive semidefinite, its square root B'/? exists and z/ Bz =
|B1/27|? for z € R™. Moreover, with > 0 being the smallest positive eigenvalue of
B2 we have |B'/2z| > A[Z] (cf. Lemma 16).

Theorem 4 Let Hypotheses (HI)—(H3) hold, k € N, n > 0, and let uk—1 ¢ Vg be
given. Then there exists a solution u* = (u]f, e u’,‘l) € VQ"-‘ to scheme (16)—(18)
satisfying ”{'C,K >0fori=1,...,n, K € 7. Inductively, let u’ € V;, j=1,...,k
be the solution to scheme (16)—(18) with u*~1 replaced by w/ =L Then {uj} obey the
discrete entropy inequalities

k k n
Hs ")+ ) AtIB2ul |3, +4n* Y Ay @) P17, 7 < Hs@®), (29
j=1 j=1 =1

k n
HR@) + ) Aty Y tou] Do (Bu)yi* < Hr(u). (26)

j=1  i=loge
Moreover, Hg u*) < Hpu*~1).

The existence of finite-volume solutions to (16)—(18) was shown in [36] by using
the Rao entropy only, but the proof needs matrices B with full rank. We can avoid this
condition since we exploit the estimates coming from the Shannon entropy. Theorem
4 is proved by adding a discrete version of the regularizing term & (—Aw; +w;), where
w; = logu; are the entropic variables [27, 33, 38], and a topological degree argument,
similar as in [36]. Uniform estimates from the Shannon entropy inequality (25) allow
us to perform the de-regularizing limit ¢ — 0. Observe that the theorem is valid for
n = 0, i.e., no artificial diffusion is needed here.

Theorem 4 and the subsequent results also hold for domains 2 ¢ R? with curved
(Lipschitz) boundary. Indeed, one may triangulate €2 in such a way that the control
volumes have a curved boundary [42], or one may cover 2 by additional cells and
estimate the integral error; we refer to Remark 14 for details.

For the convergence result, we introduce a family (D,;,),en of admissible space-
time discretizations of Q27 indexed by the size 1,, = max{Ax,,, At,,} of the mesh,
where Ax, = maxgc7, diam(K) and At is the time step size of the mesh D,,,
satisfying n,, — 0 as m — oo. We denote by 7,, the corresponding meshes of 2 and
set V" := VDn,
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Theorem 5 (Convergence of the scheme) Let Hypotheses (HI1)-(H3) hold, and let
(Dyy) be a family of admissible meshes satisfying (14) uniformly in m € N. Let (u,,)
be a sequence of finite-volume solutions to (16)—(18) with n = n,, > 0, constructed
in Theorem 4. Then, up to a subsequence, (u,,, V" U,,) generates a Young measure i
which is a dissipative measure-valued solution to (4), (2) in the sense of Definition 1.
Moreover, the function t — Hpg(u(t)) is nonincreasing.

The strategy of the proof of Theorem 5 is as follows. The estimates from the discrete
entropy inequalities and a uniform bound for the discrete time derivative of u,, allow
us to apply the compactness result of [28] to conclude the strong convergence of (a
subsequence of) i;, in L2(Q7) asm — oo. Moreover, (u,,) and V"™ (B1i,,) are weakly
converging in L?(Q27). Clearly, these convergences are too weak to conclude the
convergence of the nonlinear flux (18). However, the sequence (u,,, V",,) generates
a parametrized measure p [44, Chap. 6] such that (u, s;(Bp);) is the distributional
limit of u,, ; o V" (Bu,,)i. Moreover, because of the strong convergence of (i), we
can separate this part, leading to (9).

Remark 6 (Full-rank approximation) Let @ C R be a bounded Lipschitz domain. An
alternative to the finite-volume approach is to consider a suitable full-rank symmetric
positive definite regularization (B,) € R"*" of B with lim,_.0 B, = B, and to
approximate (4) by

Ouj =div(u; V(Bou);), i=1,...,n. 27

After an appropriate additional regularization, it is possible to apply the entropy method
of [33, Sec. 4.4] (using the Rao entropy structure) and to establish the existence of a
nonnegative weak solution to (27), (2) that satisfies both the Rao and Shannon entropy
inequalities with B replaced by B,. The dissipative measure-valued solution to (4),
(2) is then obtained in the limit p — 0.

The statement of Theorem 5 is rather weak, since the Young measure may not
be unique. However, we can prove a weak—strong uniqueness result. According to
Remark 14, we can assume in the following that €2 is a general bounded domain with
Lipschitz boundary.

Theorem 7 (Weak—strong uniqueness) Let 2 C R? be a bounded Lipschitz domain.
Letve CY(Q2x[0,T]: RZL) be a positive solution to (4), (2) (in the weak sense) with

initial datum v(0) = u'™ > 0, and let p be a dissipative measure-valued solution to
@), (2). Then

Hxr = Oy(x,r) ® Ovix,r) forae (x,1) € Q x(0,T).
The assertion is deduced from a stability estimate based on the Bregman distance
h(u|v) = h(u) — h(v) — h'(v) - (u—v) associated with the convex function & :=

hs+hpg, which has to be adapted to the measure-valued framework. Loosely speaking,
we consider the sum Hg(u|v) + Hg(u|v), where
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Hiulo) = 3 [ () = he) = ) - = 0)dv, k=5, R
i=1

and compute its time derivative along solutions to (4). Certain error terms arising in
this computation need to be estimated above by C |, o A(ulv)dx. For this step and in
the absence of L°°(£2)-bounds on the densities u;, we take advantage of the better
coercivity properties at infinity of the Rao entropy.

As a consequence of Theorem 7, the finite-volume solution converges strongly to
the classical solution if the latter exists.

Corollary8 Letru € C'(Q x [0, T; RZY) be a positive solution to (4), (2). Let (up)
be a sequence of finite-volume solutions to (16), (18) with n = n,, > 0. Then, as
m — 00,

(U, V"™"Uy) — (u, Vir) strongly in L (Qr)

forall p e [1,2)and all T > 0.

Indeed, the weak—strong uniqueness implies that the Young measure generated by
(um, V™U,,) coincides at each point (x, z) with the Dirac measure concentrated at
the smooth solution. Since |(um, V"in)|P C LY (Qr) is equi-integrable for every
p € [1,2), the assertion in Corollary 8 thus follows from classical Young measure
theory (cf. e.g. [44, Theorem 6.12]).

It is shown in [19, Theorem 2.6] for Q2 = T (with periodic boundary conditions)
that problem (4), (2) possesses a positive classical solution on a short time interval if
the initial data are positive and smooth. The main results in the present paper should
equally be valid in the periodic setting.

If B has a non-trivial kernel, steady states to (4), (2) are not necessarily constant in
space and for any fixed mass vector m € (0, 00)", there exist infinitely many steady
states. Given such m, we define the space of steady states as

Gm = {v e L*(Q;RY) :/ vdx = m and V(Bv) =Oin§2}.
- Q

Theorem 9 (Long-time behavior) Let pu be a dissipative measure-valued solution to
@), 2). Let u = {u, s) and set m := fQ udx. Then &y C L™ (2 RL) and there
exists u* € Sy, such that, ast — 00,

() — u* strongly in L*(; R2),

where W* = Py u*. We recall that P; 1 is the projection onto L = ran B.

For the proof of Theorem 9, we argue as follows. The fact that f0°°|| V(B'20))| %2 ( SZ)dt

is finite implies the existence of a sequence #;y — oo such that k (Bl/ 2u) (1) con-
verges strongly in L2(R2) to B!/?u* as k — oo, where u* € Gp,. The monotonicity
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of t > Hg(u(t)|u*) then shows that BY/2%(r) converges and consequently, #(¢) con-
verges to u* for all sequences ¢t — oo. Such reasoning is classical in degenerate cases,
where entropy—entropy dissipation estimates are not available; see for instance [8, 31].

3 Discrete problem

In this section, we prove Theorem 4. The existence proof uses a discrete analog of
the entropy method for cross-diffusion systems [33]. We first introduce a regularized
numerical scheme involving an approximation parameter ¢ > 0, prove the existence
of a solution to this scheme and suitable estimates coming from the Shannon entropy

inequality, and apply a topological degree argument. The uniform estimates allow us
to perform the limit & — 0.

3.1 Definition and continuity of the fixed-point operator
Letu*—1 ¢ V7”- be given and let R > 0, § > 0. We set
Zr={w=(wi,...,wp) € V} :|wllip7 < Rfori=1,...,n}

and define the mapping F : Zr — R?" by F(w) = w®, where # = #7 and w® =

(wff, ..., w}) is the solution to the linear regularized problem
m(K) k—1
8(— > Dk owf +m(K)wf,,<> = —( Ak — )+ Y Fike ),
oefg oefk

(28)
where u; g := exp(w; k) and F; k o is defined as in (18) with uf’K replaced by u; k.
To show that F is well defined, we write (28) as

&
Mw® =v, where v = (v; x)i=1,..n, KeT>

m(K) k=1
At (ui x — u; g )+ Z Fi Ko
065K

(29)

Vi, K =

and M = diag(M’, ..., M) € R%"*9" i5 a block diagonal matrix with M’ € R*¢,
which has the entries

My x = —em(K) — ¢ Z o, My =

GESK

Ty ifKNL#W, o =K]|L,
0 ifKNL=4¢.

Therefore, the system Mw® = v can be decomposed into the independent subsystems
M'w? = v; fori =1, ..., n. Since M’ is strictly diagonally dominant, these subsys-
tems possess a unique solution w?. Then w® = (wf{, ..., wy,) is the unique solution
to (29). Thus, the mapping F is well defined.
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Next, we prove that F' is continuous. We multiply (28) for some fixedi € {1, ..., n}
bwa’K andsumoveralli =1,...,nand K € 7:

—eY Y Y @i owHw g+ Y m(K)wfg)?

i=1 KeT ce& i=1 KeT
7K (30)
m(K) R .
= —Z Do a ik — Wi e =Y D Y Fikowk
i=1 KeT i=1 KeT o€k

Using discrete integration by parts analogous to (20), we can rewrite the left-hand side
as

—eY Y Y to@row)Hwl g +ey Yy mK)w )’

i=1 KeT oe€g i=1 KeT
n n n
2 2 2
=&Y Y teDgow)+ed Y mEK)wf)P=eY [wili,
i=1 oe&in i=1 KeT i=1

We turn to the terms on the right-hand side of (30). By definition, we have
lwilli2,7 < R and consequently [|w;llo.co,7 < C(R,T) and |lu;ll12,7 < C(R,T)
(since the problem is finite-dimensional). This shows that

n
m(K) k-1
=22 —a ik — Ol i Znu,—u lo.2.7lwfllo.2.7

i=1 KeT z—l

I /\

n
C(R.T.AD Y |[wili27-
i=1

IA

Finally, using definition (18) of the flux and discrete integration by parts,

_Z Z Z -7:LKO‘le —Z Z Z To(szjuzo(DK au1)+naDK o’h)

i=1 KeT o€k i=1 KeT oe€g

=— Z Z T(r(zbijui,(r(DK.auj)(DK,(r wy) + T)a(DK,nui)(DKﬁwf))

i=1 0E€En =1
n n

< max [|uiq llo.00,7 > bijlujhoriwihor +0* Y luihoriwihor
ij=1 i=1

< CR, Dlwilh2T-

For the last inequality, we used the fact that u; , dependsonu; x andu; j foro = K|L,
and their discrete L°°(£2) norms can be bounded by the discrete L°°(£2) norm of wj,
which in turn can be estimated by C(7)||w; llo.co.7 < C(R, T).

Inserting these estimates into (30) and dividing by ||w; [|1 2,7 if [[w{[l1 2,7 > 0, it
follows that e||w? [|1 2,7 < C(R, T, At). This bound allows us to verify the continuity
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of F. Indeed, let w® — w as £ — oo and set w®¢ = F(w?). Then (w®%)pey is
uniformly bounded in the discrete H 1(€2) norm. Therefore, there exists a subsequence,
which is not relabeled, such that w® ¢ — w® as £ — oo. Passing to the limit £ — oo
in scheme (28), we see that w? is a solution to the scheme and w® = F(w). Since the
solution to the linear scheme (28) is unique, the entire sequence (w® %)y converges
to w®, which shows the continuity of F.

3.2 Existence of a fixed point

We will now show that the map F' admits a fixed point by using a topological degree
argument. We prove thatdeg(/ — F, Zg, 0) = 1, where deg is the Brouwer topological
degree [14, Chap. 1]. Since deg is invariant by homotopy, it is sufficient to verify that
any solution (w?, p) € Zg x [0, 1] to the fixed-point equation w® = p F(w®) satisfies
(w?, p) ¢ 0Zg x [0, 1] for sufficiently large values of R > 0. Let (w?, p) be a fixed
point. The case p = 0 being clear, we assume that p # 0. Then w{ solves

m(K) _
e(— > Dk ous +m(K)wf,K> = —p( Wk O+ ) ff,K,g)
oefk oelxk
€29)
fori =1,...,nand K € 7, where uf,K = exp(wf’K) and ]—'f’K’U is defined as in
(18) with uf x replaced by uf k- The following inequality is the key argument.

Lemma 10 (Discrete Shannon entropy inequality) Let w® be a solution to (31) and

u? = exp(wy;). Then

n n
oHg(u®) + e At Z ||wf ||%12’7- + pAt Z Z To'bijDK!o'ufDK’o'u‘j‘
i=1 i, j=1 in
:l i,j=1o€e&y (32)
+4on* At Y W) P, 7 < pHs@ ).

i=1

Proof We multiply (31) by Atwf’K, sumoveri = 1,...,n and K € 7, and use
discrete integration by parts (cf. (20)). Then A7 Y/, ||wf||% »r =h+ L+
where

n
-1
Il = —IOZ Z m(K)(LtiK —_ uf’i[{)wik’
i=1 KeT

n
L=—pAtY " > touf Dk o pi)Dk owf g,

i=1 ae&m

n
Iy=—pn"At) ) Dk ou;Dx.ow -

i=1 oe&iy
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The definition uf K = exp(wf, x) and the convexity of the Shannon entropy imply
that

n
Li==p) > mK)uf ¢ —ul ) loguf ¢ < —p(Hs(u) — Hs* ™).
i=1 KeT
For I, we rely on inequality (21):

n
L=—pAtY > teul ,(pi(uy) — piu))(loguf | —loguf )
i=1 o=K|Le&nc

n
—pAt Z Z Tobij(uf p —uf )i —uf )

i,j=1 0=K|LEEm

IA

n
= —pAt Z Z ‘L'Ub,'jD[(,quDK_’Uu;.
i.j=10=K|LEEm

Finally, using the elementary inequality (a — b)(loga — logb) > 4(\/a — v/b)?,

n
Iz = —pnaAtZ Z tg(uf’L — uf’K)(loguf’L - loguf’K)

i=lo=K|LeEn
n 2 n
e D DD S (C e U e B S D M (TR PP
i=1 o=K|LeEn i=1
Combining these estimates finishes the proof of Lemma 10. O

We now complete the topological degree argument. Lemma 10 implies that
n
AL Z ”wiE”%,z,T < pHs"™") < Hs* ™).
i=1

With the choice R := (e A1) ~"/2Hg(uF~1)'/2 41 we find that w® ¢ dZg and deg(I —
F, Zg,0) = 1. We conclude that F possesses a fixed point.

3.3 Limite - 0

By Lemma 10, there exists C > 0, independent of ¢, such that

CY ) m(K)wf x — 1) < Hsw®) < Hs(u* ™).

i=l KeT

This gives a uniform discrete L! (2) bound for uf There exists a subsequence (not
relabeled) such that uf’K — u; gase — Oforalli =1,...,nand K € 7.Moreover,
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the discrete HI(Q) bound for Jwa implies that swf’K — Ofori =1,...,n and

K € 7. Then the limit ¢ — 0 in (31) yields the existence of a solution uk =
(Ui K)i=1...n. keT to (17). Observing that

n
Y Y wbijDk oDk o = Y 15Dk ou’) BDg ou)

i,j=loe& oe

> Y 1, |B'*Dg ouf P =B uf} , 1,

oef

the same limit in the regularized entropy inequality (32) directly leads to the discrete
entropy inequality (25).

3.4 Discrete Rao entropy inequality

To verify (26), we multiply (17) by Atpl-(u’;(), sumoveri = 1,...,nand K € 7,
and use discrete integration by parts:

Z D mK)@f g — i pi )

i=1 KeT
n
=AY Y Y To(uf Do piu) +1*Di ouf) pi(uy)
i=1 KeT oe&g
n n
=—AtY > touf (Do pi @) —n*At Y " tobiDi gt Dk ot
i=1 oebin i,j=lo€e&n
n n
=—AtY > touf ;Do pi ) — At Y (B 2ub)il}, 1
i=1 g €En i=1

By the definition of p; (%) and the symmetry and positive semidefiniteness of B, the
left-hand side becomes

Z D mK) Wl — i i)

i=1 KeT
n
k k—1\ k
= > > m(K)bijuf g —uf k¢
i,j=1KeT
k=1 k—1 k S
Z‘Z Zm(K)le lKuJK uzKu]K+(ui,K_uzK)(u1K j,K))
i,j=1KeT

v

Hg(w®) — Hr@*™ ).
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We infer the monotonicity of k — Hg (uk). After summation over k =1, ..., j and
a renaming of the indices k and j, this shows (26) and thus completes the proof of
Theorem 4.

3.5 Positivity

Thanks to the artificial diffusion, the discrete solution uf‘ g ispositivefori =1,...,n
and K € 7.1Indeed, leti € {1, ..., n} be fixed and assume that there exists K € T
such that uf x = 0. We infer from /3 in Section 3.2 that

N, —uf g)(oguf , —loguf ) < C(At,u"),

where L € K is a neighboring cell of K. If uf 1 > 0, the limit ¢ — 0 in the previous
estimate leads to a contradiction since logu; , diverges. Therefore, uf‘ . = 0. Let

L’ € T be a neighboring cell of L. Arguing in a similar way as before, it follows
that uk 1 = 0. Repeating this argument for all cells in T, we find that u’.‘ k=0

for all K € 7. This implies that ), .7 m(K )ul x = 0 and, by mass conservatlon

Yo ker M(K )ui, x = 0, which contradicts the positivity of the L'(£2) norm of «¥ in
Hypothesis (H1).

4 Convergence

In this section, we prove Theorem 5, that is, we show the asserted convergence of the
numerical scheme. Uniform estimates are derived from the entropy inequalities (25)
and (26). Lemma 16 in the appendix shows that |2%| < 1~1|B!/2u*|, where we recall
that 7% = Pry u¥. Thus, we obtain a uniform estimate for #* in the seminorm | - 127
Moreover, since b;; > 0 and b;; > 0 for all i, j (cf. Hypothesis (H3)), estimate (26)
provides a uniform bound for u¥ in the discrete L2(2) norm. Hence, there exists a

constant C > 0 which is independent of = max{Ax, At} such that

T Nt
Z A3 . + 1BYV2ub 5 ) + 0% Y Al P, <€ (33)
k=1
i ||027+Zm2 3 woul IDs(Bul)i* <C.  (34)
i=1 oe&in

4.1 Compactness properties

We first prove a full gradient bound with a negative power of 7 on the right-hand side.
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Lemma 11 There exists C = C(¢) > 0 independent of n such that

N

N
k2 —a k2 —a
E :At|“i|l,4/3,7’ =Cn", § :A””i'l,l,’f =Cn 7.
k=1 k=1

Proof By the mesh regularity (14) and property (15),

3 m(o)dy 3 m(o)d(xg, o)

-4 (35)
m(K) {m(K) ¢

0'651( UGSK

This yields, using Holder’s inequality and the L?(£2) bound (34) for uf,
k k

uip —ui g |Y?

dy

4/3 ~
|”f‘<|1,/4/3,7 = Z m(0)ds

UGSim

~ — 4/3 4/3
> fo)d, P Y =l "k )V 4 k)Y

Uegint

> ;! (k' - k) )

o €€int

1/3
* ( > o)y (G )2 + (uf,K)‘/2)4>

o Egim

~ d(7 1/3
< ctuy i (5wt 3 o)
KeT UESK m( )

4/3 2/3
< COIH S k153 7

2/3

IA

Taking the exponent 3/2, multiplying by Az, and summing over k = 1, ..., N proves
the first inequality. The second inequality follows along the same lines (or by Holder’s
inequality). O

Lemma 12 There exists C = C(¢) > 0 independent of n such that
N
> Atluf  (BYP@) 115 457 < C.
k=1

Proof We infer from the definition of the discrete gradient and Holder’s inequality
that

4/3
ek o BYP@NN3 7
~ 473
m(o)
=2 X mTko) W) Do (BT,
KeT 0€€mx Ko
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4/3
=Y Y w@x o Pk )2/3&]( k 2Dk o (Baby[*?

2/3
KeT o€&int k m(Tk o) /
1/3 o 2/3
< < oy m(TK,g)(uf{UF) ( >y m(; i 5 uk Dk o (Bb);| )
KeT oebinx KeT o€k

(36)

Because of m(Tk ) = M(0)dy /d for o € Ene, g, mesh regularity (14), and property
(15), we find for the first factor that

oy m(TK,a)(ui-ic,fsC(c)Z( > ﬁ(o)d(xm))(uﬁk)z

KeT o€€in .k KeT “oe€nk
<C@) Y. mEK)wf ) = COlluill§ 7. BT
KeT

where we also used (24). The second factor on the right-hand side of (36) becomes
m(o) ~k
> T s uf oDk o (B[P =d > Y woul Dk o (BE |
KeT o€k KeT oe&nt .k

We take (36) to the power 3/2, multiply by At, and sumoverk =1,..., N
Z Atlluf o (BVPT)IG 457

<C max ||0272At > touf ,IDs (Bi')|* < C,
..... k=1 O’Egm[

where the uniform bound follows from (34). O

For the compactness argument, we need an estimate for the discrete time derivative,
which is defined by

k k—1
Mk =Y "% v eVyra.k=1.....N
t - At T,Atv — Ly ey .

Lemma 13 (Discrete time derivative) There exists a constant C = C(¢) > 0 indepen-
dent of n such that

N
At k)2
> ArfaputE < C.
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Proof Let ¢ € V7 be such that ||¢]l; 47 = 1. We multiply (17) by ¢x, sum over
K € T, apply discrete integration by parts, and use Holder’s inequality:

§ ( ) (ll l,l )¢K
ﬁ i, l K
KeT !

= ‘ — > touf ;D o pi)Dk o — 1% Y TeDg oufDg o

O'Ggim O'Egim

k Dk k
< Cllu; o (BVTu)illo.asz,7|bl1 a7 +nui 1,43 7|¢l14,7-

Then we infer from Lemmas 11 and 12 that
N

Z At

k=1

which concludes the proof. O

k—1

k 2
uy —u;

< C()+C@m°,
14T

The solution u¥ € Vr to (17) refers to a fixed mesh. For each m € N let 7,
be a spatial mesh of size Ax,, such that the family {7,,},,en satisfies the regularity
property (14) for a fixed ¢ > 0 that is independent of m. For a time step size At,,,
denote by D,, the space-time mesh determined by (7, At,). Let Ax,, and At,, be
chosen in such a way that the mesh size 1,, = max{Ax,,, At} of D,, converges to
zero as m — oo, and set Ny, = T /Aty,. Let u,, = (U1, ..., um,n) be defined as
the piecewise constant function u,,(x, ) = u];( for (x,t) € K X [ty—1, tx), Where
uk is a solution to (17) on the mesh D,,, K € 7,,,and k = 1,..., N, and set

ud = (”21 D, where u?nﬁi(x) = u?’K(x) for x € K. Notice that 9 — u™ in
LZ(Q) as m — oo. Furthermore, we introduce the function u,, , := (um,,',(,)?:1
defined by u,, i 5 (x, 1) = uf.‘ﬁg for (x, 1) € Tk .o X [tk—1, tx), Wwhere K € T, 0 € &y,
and k =1, ..., Ny,. This function is piecewise constant on the dual mesh.

Let ¢ € Vz, be such that ||| 47, = 1 and let u,, = Py 1u,,. We write (P;;) for
the matrix associated to P; 1. Then

K
3 g o

KeT, j=1
Atk
<Cllo; "upll—1,4, 70l 8,7, < C.

> m(K) i kb | =

KeT,

Together with estimate (33), this implies that

N
Aty
mena W2 ag, <C0 Y Atwllis T, g, < C.
k=1
It is shown in [37, Sec. 6.1] that the discrete norms || - [|12,7, and || - | -1 4,7;, satisfy

the assumptions of the compactness result in [28, Theorem 3.4], which we recall
in Appendix B for convenience. More precisely, by Proposition 18, there exists a
subsequence, which is not relabeled, such that z,, — v strongly in LZ(QT) asm — oo

@ Springer



Convergence of a finite-volume scheme and dissipative... 975

for some v € L*(Q7). Moreover, up to a subsequence, we have u,,—u weakly in
L*(Q7) and consequently i, = P, 1u,,— P, 1u = i weakly in L(Q27). This shows
that w = v.

Estimate (33) implies that y,, := V™, is uniformly bounded in L%(Q7). Hence,
there exists a subsequence (not relabeled) such that y,,—y weakly in LZ(QT). We
conclude as in [10, Lemma 4.4] that y = Vu. We summarize:

Um—u, ym—y=Va weaklyin L>(Qr). (38)
These convergence results are not sufficient to pass to the limit in the term
Um.io V" (Buy);. The idea is to embed the problem in the larger space of Young mea-
sures. Let P(W) be the space of probability measures on W := RZ x (L4, Since
the sequences (u;,) and (y;;) are bounded in L%(Q7), there exists a subsequence (not
relabeled) and a parametrized probability measure u = (uy ) € L3 (Q27; P(W))
such that the following holds (cf. [2], [44, Theorem 6.2]): If f € C(W) and if the

sequence (f (u,, ym)) is equi-integrable, then its weak limit, which we denote by
f(Um, ym), exists and satisfies

f(umv ym)(xs t) = <lu’x,[9 f(sv P)) for a.c. (xs t) € QT-
In the above reasoning 7' € (0, 0o) was arbitrary. Hence, a diagonal argument allows
us to choose p independent of T € (0, oo) such that u € L3> (2 x (0, 00); P(W))
and the weak convergences (38) hold for all T > 0. As a consequence,

u=(u,s), w={(u75), y={(u p) ae inQ x(0,0c0),

where’s = Py 1s.
4.2 Convergence of the scheme
We show that p is a dissipative measure-valued solution in the sense of Definition 1
satisfying (9). The proof adapts the strategy of [10] to the present situation, where only
a weaker form of convergence is known to hold. Let T € (0, 00), leti € {1, ..., n},

Ve CSO(Q x [0, T)), and let n,, = max{Ax,,, At,} be small enough such that
supp(¥) C {x € Q2 :d(x, 902) > ny} x [0, T). We introduce

T
F{'g)z—/ fum,ia,wdxdt—/ u® () (x, 0)dx,
0 Jo Q
T
FZT) = / / um,i,avm(Bﬁm)i - Vipdxdr.
0 Jo
The convergence results established above imply that, as m — oo,
T .
Fiy — —/ /uiattﬁdxdt—/ ui" (x) ¥ (x, 0)dx.
0o Ja Q
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The limit in Fz”é is more involved. First, Lemma 12 implies that the term
Um.i.o (BV™y); is weakly relatively compact in LY(Q7) and thus weakly convergent
in L' (Q7) along a subsequence. Second, we assert that

Upo — Uy — 0 in LI(QT) asm — oo. 39)

We proceed as in [43, Section 4.2], but since we cannot control the full gradient, we
need to rely on the artificial diffusion. It follows from m(Tkx ») = d%, T, /d that

k k k k
”um,i,o Uy ||05177-I—n =C § : § : m(TKqUNum,i,a - Mm,i,K'
KeT, O'ESim,K

k k
<C Z Z m(TK,a)WinYL - um,i,K|

KE'Z:H 0'egint,l(

k k
<C Y wm(Tko)luy,; p —ub, gl
O’=K|LE(€im

2 k k k
=C 2 dy ol i — Uy i k| = Cimlug, ;1117
o=K|LEEim

where the constant C > 0 may change from line to line. We take the square, multiply
by At,,sumoverk =1,..., Ny, and use Lemma 11:

N

k k 2 2—«
Z Az‘m”um,i,ﬁ - um,i”O,l,'Z,, = Cnm .
k=1

As m — +oo, the right-hand side goes to zero provided that « < 2. Hence,
Upm — Um.s — 0O strongly in L>(0, T; L'(R)), which implies (39). We note that,
by interpolation, the strong convergence (39) together with the fact that the sequence
(Um — Um,o)m 1s uniformly bounded in LZ(QT) implies that

Um — Um.o — 0 strongly in LP(Qr) for every p < 2.

We now assert that, as a consequence of (39), the sequence (4o, V") gen-
erates the same Young measure u as (u,,, V") (after possibly passing to another
subsequence). Indeed, since p is uniquely determined by its action on Cp-functions,
to verify the assertion, it suffices to show that

lim (f mos V") — f Wy V")) pdxdt = 0

m—00 QT

for all f € Co(W) and ¢ € LY(Q7). This follows from (39) and the dominated
convergence theorem, because functions f € Co(W) are uniformly continuous. Since
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Um.i.o (BV™Uy); is weakly convergent in LI(QT), we thus infer that

i1 o (BT (x, 1) = f 5:(Bp)idie.s (s, p) = (tr.s. 5i (Bp)y).
w

We conclude that

T
Fyp — f / (lx.s, 5i(Bp);)dxdt.
0 Q

Let w,"( = Y (xk, tx) and multiply (17) by Atmwf{l and sum over K € 7,
k=1,..., Ny. This gives F" + F}" + F3" =0, where

ﬂ—ZZm(K)(u,K—u gk,

k=1 KeT,
NITI
ZAtm Z Z Taul Dk, H(B’/‘k) 1/’ )
KeT, o€tk
N
Fi' ==Y Atw Y Y woDgouiyy
k=1 KEZ)I Uegint,l(
We infer from the Cauchy—Schwarz inequality and Lemma 11 that
Ny 1/2 ; Nu 1/2
|Fj'| < nf‘,,(Z Aty |uf |%,4/3,Tm> (Z Atmwk—lﬁ,%)
k=1 k=1
<Cnl®> >0

as m — oo. We claim that Fj”(') — F]’." — Oforj=1,2.
For the limit of Fl”(’) — F 1’”, we use as in the proof of [10, Theorem 5.2] discrete
integration by parts in time:

N
Fr==3" 3 muk ck — vk = 3 mEud (vl

k=1 KeT, KeT,
— _Z Z / / uf 30 (e, Hdxdr — Z f uf ¥ (xg, 0)dx,
k=1 KeT, KeT,
Fib = — Z > / / uf g0y (x, Hdxde — Y / ul ¥ (x, 0)dx.
k=1 KeT, KeT,
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It follows from the regularity of ¢ that
|Fio — Fi"l < C(QT)””{'{”LOO(O,T;LZ(Q))||W||C2(§T)Atm — 0 asm — oo.
We deduce from the definition of the discrete gradient that

m(o) -
Fy = Z/ Z m(TU z,gDK,a(Bum)i f Vi - vk odxde,

o €€int Tk.o

Fén = Z/ Z m(U) ngK a(Bum) Dg owk 1dt-

o€€int
This gives
Nin
I~ k ~k
|Fo— F§'| < ) fio)ul ,IDk o (Biy,);]
k=1 oe&in

tx D k—1 1
x ‘/ ( KoV~ _ Vw.vK,adx)dt.
th—1 da m(TK,O) Tk .o

By the proof of Theorem 5.1 in [10], there exists C > 0, independent of 7,,, such that

t D k—1 1
‘/ ( K’Gw - Vl/f ' VK,adx)dt = CAtmnmy
- do Tk o) J1¢ o
which shows, using the Cauchy—Schwarz inequality, that
N
|F3g— F5'| < Ciim Y Aty Y (o)} o IDy (Bil)i

k=1 O’Egim
Ny 1/2

<Cim Y Arm|(Bu’:n)i|1,z,Tm( > fio)ds (u{?,(,)z) :
k=1 KeT, o€€int.x

We conclude from the Cauchy—Schwarz inequality, estimate (37), and the uniform
bounds (33)—(34) that

N 1/2 ; Nm 1/2
|Fyg — F3'| < C(onm(z Aty |(Bub)i1T 5 1. ) (Z Atmnuﬂ%,m)
k=1 k=1

<C)nm =0 asm — oo.
We deduce that Fl”é + Fz"(’) — 0as m — oo. Then, because of F{" + F}" + F3m =0,
Fl§ + Fy) = (Fjty — F") + (F3 — F)') — F{' - 0 asm — oo,

@ Springer



Convergence of a finite-volume scheme and dissipative... 979

which proves that u; satisfies

T T
/ / u;0;yrdxde +/ u%nlﬂ(O)dx = / / (tx.t,8i(Bp)i) - Vipdxdt.
0 Q Q 0 Q

Hence, in the sense of distributions,

dui = diviw, si(Bp)i), wi(0)=ul, i=1,.. n. (40)

4.3 Entropy inequalities

We verity the entropy inequalities (10) and (11). The definition of “31 and the regularity

u™ € L2(S2) imply the strong convergence u), — u™ in L?(2) as m — oo.

Re Shannon: Since (i), is bounded in L%(Q7), the sequence (hs(Um))m C
L'(Q7) is equi-integrable. After passing to a subsequence, we can therefore assume
that (hs(u;,))m 1s weakly convergent in LY(Q7), which implies that for a.e. (x,t) €
Qr,

(x,ts hs(8)) = hs(um)(x, 7).

The dual mesh allows us to rewrite the Shannon entropy dissipation in (25) as

k . Tk

> At|Bul o 7, = / f V" (B"?u,)Pdxdr.
; 0 Q

j=1

Given 0 < § < 1, let m be large enough such that Az,, < §. Then (25) entails for all
t € [8, T] that

=48
H (u (1)) + / / V" (B 2u) Pdxdr < Hs(ul). @1)
0 Q

Next,leté € C Cl ([0, T); R>) with&(0) = 1and§" < 0. We multiply the last inequality
by the nonnegative function —&’(¢) and integrate over 7 € [§, T] :

T T t—6
/ / (=& () (um (1) dxdr + / (—£'(1) f V" (B, Pdxdrdr
F) Q ) 0 Q

< £(8) Hs(uD).

We take the lim inf,,,_, » in the above inequality, where we invoke [44, Theorem 6.11]
for the second term on the left-hand side. This yields

T T t—§8
f (=& (1)) / (s his(s))dedr + / (=& (1)) / f (x.es |B' pPydrdrds
) Q E) 0 Q

< £(8)Hs(u™).
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As § | 0, we infer

T T t
/ (—€'(1)) / (xrs hs(s))dxdr + / (—&'(1)) / / (x,zs IBY?p|?)dxdedr
0 Q 0 0 Q

< Hs(u™).

This is true for all £ € Ccl, ([0, T); R>) with £(0) = 1 and &’ < 0. We then choose
& =&, with (&), a suitable approximation of the Heaviside-type function 1o 4 and
let £ — oo to deduce (10) at time r = 1y for a.e. fp € (0, T'].

Re Rao: Next, we verify (11) and the time monotonicity of Hg(u). Since (i)
converges strongly to i in L?(Q7), we find that

1 . | Py
Hr(u(t)) = 5/ |B20(1)*dx = 5 Jim > m(K)|B i, (1))
Q m—)OOKET

= lim Hp(un(t)).
m— 00
Together with the non-increase of [0, 00) > t +— Hg(u, (1)) (cf. Theorem 4), this
implies that the mapping ¢ — Hg (u(¢)) is nonincreasing. It remains to show (11). To

this end, we let 0 < § < 1 and take m large enough so that At,, < §. Then it follows
from the discrete Rao entropy inequality (26) that

n t—38
Heln @) + Y /O /Q 0 BV Pdxde < Hy ().
i=1

To estimate below the lim inf,,,_, o, of the second term on the left-hand side, we recall
that u is also the Young measure associated with (i, », V",,). We therefore infer
from [44, Theorem 6.11] for every i € {1, ..., n}

t—6 t—6
/ / (i, 511 (Bp)i 2)dxdr < Tim inf f / i | (BY" T ); P dxdr.
0 Q 0 Q

m—00

Thus, in the limit m — oo we deduce

n t—8 )
Hp(u®) + Y /0 /Q (tx,7, 51 (Bp)iPYdxdr < Hg(u™),
i=1

and sending § | O we obtain (11).

4.4 Separation of the’s-component

For simplicity, we only prove identity (9) in the case where f = f(s) € Co(RL). Let
g(s1,52) = f(s1 + s2), defined on the convex set

Q={G1,2) € LT x L:si+s2 € RL).
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Since the sequence (ii,,,) converges strongly in L2(27), the Young measure [i, gen-
erated by (Pp 1y, Pruy,), has the form iy ; = 85 @ vxr, Where v = (vy ) is
the Young measure generated by the sequence (Pru,,) [44, Prop. 6.13]. Hence, by
construction of u and [z,

/H;n F($)dpy ;(s) =/Qg(S1,sz)dﬁx,t(S1,sz)=/Qg(ﬁ(x,t),sz)dﬁx,t(smz)
= ,/‘Q f(ﬁ(-x’ t) + 52)dl~ix,t(sl ) 52)-

It follows that (fty ¢, f(5)) = (Hx.r, f@(x, 1) +52)) forall f = f(s) € Co(R%) and
a.a. (x,1).

4.5 Time regularity

The time regularity for the density part u = (u, s) of the barycenter of u follows from
the continuity equation (40). To see this, we first note that due to b;; > 0, b;; > 0,
and property (9),

n

Q%thﬂscwwﬁBmﬂﬂ=aBmenF=cmwu¢» (42)

i=1
for a.e. (x,1) € Q x (0,00). Then we use Jensen’s inequality to estimate for i =

1,...,n,

00 3/2
WW&@WM@@MWMMSA (/umhmwm#ﬁw> dt
T Q
3/2

) /

S/(; </ (:u/x,tv Si2)1/3</1/x,11si|(Bp)i|2)2/3dx> dt
Q

) 12
S/ (/ Wx,z,siz)dx) /(“x,tvsﬂ(Bp)ilz)dxdt

0 Q o

1/2 0

S <ess Sup0<t<oo‘/9(ﬂx,t, slz)dx> (/O ‘/S;(/,Lx’t,s”(Bp)i'z)dxdt)’

where Holder’s inequality was applied several times. It therefore follows from (40)
that

||3t’4i||L2(o,oo;Wl.4(Q)*) < {u, Si(BP)i>||L2(0,00;L4/3(Q)) = CHR(uin),
where the last step also uses (11) and (42). This finishes the proof of Theorem 5.

Remark 14 (Curved domains) We claim that Theorems 4 and 5 also hold for curved
Lipschitz domains € C RY. The triangulation then contains control volumes with
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Fig.1 Triangulation of a curved __
domain

curved segments that are part of 2. The analysis of this section is still possible, since
we consider no-flux boundary conditions and no boundary values need to be defined.
The analysis has to be adapted in two points. First, the convergence of the scheme is
typically proved on polygonal meshes and the error between the curved cell and the
polygonal cell (which is of order (Ax)?*!) needs to be taken into account. Second,
as the compactness of the approximate sequence has been established for polygonal
domains [28], the error between the approximate sequence and its extension by zero
to the polygonal domain has to be estimated. In two space dimensions, it is of order
Ax; see [42, Prop. 4.14] for details. The drawback of this approach is that one has to
perform numerical integrations over the curved elements, which may be cumbersome
in particular in three space dimensions.

Here we report on the simple approach of [21]. The idea is to cover 2 by additional
control volumes and to estimate the integral error. To simplify the presentation, let
Q c R? and let 7 be a sufficiently fine triangulation of £ into triangles. To each cell
with two vertices on 9€2, we add the reflected triangle to the triangulation such that
Q C Uger+K, where 7* consists of all cells K € 7 and the associated reflected
cells K, with nonempty intersection with 2; see Figure 1. Denoting by o, = K, N Q2
if K, NQ # @ and w, = K \ Qif K, N Q = @, the domain splits into

Q=QUQ \ Q= (KLEJTK) U <E}Ja)r) \ <ywc>'

We can perform the numerical analysis on V7= as in Sections 3 and 4. For the conver-
gence of the scheme, we need to show that the difference of the integrals over €2;, and
2 vanishes when 1, — 0. The difference consists of two contributions: the integral
over €2, and the integral over 2.. We illustrate the convergence for the integral

‘/ um,i,avm(Bit\m)i . Vlﬁdx
Q

< CY m@) ltm.i.o 0,000, V" (Bitm)ill0.00.0, -

wr

@ Springer



Convergence of a finite-volume scheme and dissipative... 983

where ¢ is a smooth test function. By the inverse inequality [15, Section 21.1]

—d/2
1vll0.00.0, < [0ll0.00.%, < C(AX)™?|vll02.x, -

the bound m(w,) < C(Ax)4t! (which is valid under certain regularity conditions on
the mesh), and the Cauchy—Schwarz inequality, we have

‘/ um,i,avm(Bii\m)[ - Virdx
Q

1/2
< CAx(Z ||um,l-,a||%,2,,<,) (Z ||vm<Bﬁm)i||%,2,K,>
K,

K

1/2

<CAx - 0 asn— 0,

taking into account the uniform bounds from (25) and (26). In a similar way, the
integral over €2, tends to zero as n — 0.

5 Stability

In this section, we prove Theorem 7. Let u be a dissipative measure-valued solution
andletv € C1(Qr)bea positive solution of (4), (2). We introduce the relative Shannon
and Rao entropies by, respectively,

HI™ (o)) = Z/Q (.- D)) — B (1) — B3 e, 1) - (g — v (x, D)dx,
i=1

= / Z ((ptx,zs si logsi) — ujlogv; — (uj — v;))dx >0,
25
1
HR@®(®) = 5 fQ 1BY2(u — v)(x, 1)?dx > 0,

where h(z) = z(logz — 1) 4 1 for z > 0. We further define the usual relative Shannon
entropy Hs(ulv) = [o Y1 (ujlogu; — uilogv; — (u; — v;))dx. Furthermore, we
set

HY (ulv) = HYY (ulv) + Hg (u|v),
Hyel(u|v) = Hs(ulv) + Hg(u|v).

We first compute the relative entropy inequalities.
Lemma 15 (Relative entropy inequalities) Suppose that 2 has a Lipschitz boundary.

Let . be a dissipative measure-valued solution, u = (i, s), and letv € C'(Qr) be a
positive solution to (4), (2) fort € (0, T) (in the weak sense). Then, fora.e.t € (0, T),
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t
HE™ u(@®)v(0) + f / (s, 1B (p = Vo) P)dxdr
0 JQ

t n
+ / / <u Y (i —s)Vlogu; - (B(p — Vv>)i>dxdr < Hs(u™[v(0)),
0 JQ i—1
43)

t n
Heu(Hlv(0) + /0 /Q > tares sil(B(p — Vo)), P
i=1

t n .
+ / f <u > si — v)V(Bu); - (B(p — Vv>),~>dxdr < Hr(u™|0(0)).
0 JQ i1

(44)

Proof 1t follows from (12) that foralli = 1, ...,n and ¢ € L*(0, T; Wh*())

T T
/0 (Brttis P)w14(q)-dt = —/O /Q(/‘Lx,t’si(Bp)i) - Vodxdr, (45)

where (-, Dwia@) denotes the duality pairing between wh4(Q)* and W1’4(Q).
Re Shannon: The solution property and positivity of v imply that for every ¢ €
cl(Qr; RY),

—;/g(atlogvi)widx=/Q§viv(8v)i-V<f—:)dx
= [ ve:v@Ehi - Y [ Vo (Tiogupia
Q i=1 7%

Let t € (0,T) be arbitrary. An integration over € (0, ¢) and an approximation
argument imply that for all ¢ € L%(Qr; R") with VBY € L2(Q7),

n t t
—Zf /(Btlogvi)widxdr =/ /Vv . VBydxdr
= Jo Ja 0 Ja

n t
—Zf f V(Bv); - (Vlog v;) y;dxdr.
i—=1 0 JQ

The choice ¥ = u = (, s) and the property VBu = B{u, p) = (i1, Bp) lead to
n t
—Z/ /(8tlogvi)uidxdt
—J0 JQ
i=1
t n t
=/ / Vo : VBiidxdr — Z/ / V(Bv); - (Vlog v;)u;dxdr
0Je oo Ja
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t n t
= /0 /wa’r’ B/2vy Bl/zp)dxdr — Z./O /Q(;Lx)r,siVlog v; - V(Bv);)dxdr.
i=1

Next, we use ¢; = 1j0,,] log v; as a test function in the weak formulation (45), multiply
by —1,and sumoveri =1,...,n:

n t n t
—Z/ (Bu;, 1og vi) y14(qy-dt = Z/ /(ux,,,si(Bpm-V1ogv,~dxdr.
i=170 i=1 70 JQ
We add the previous two equations:
rd n t
—/ —/ Z(logvi)uidxdr:/ /(,ux,t,Bl/ZVv:Bl/zp)dxdr
0 dt Jo i 0 Je
t n
+/0 /Q(ux,r,zs,»w()gui-(B(p—Vv)),-)dxdz.
i=l
Combined with the identity
t t
[ [ e 8250 B pjavae — [ 18290 Prarer
0 Ja 0 Ja

t n
— / / <Mm, Z viViogv; - (B(p — Vv))l->dxdr =0,
0 JQ im1

the Shannon entropy inequality (10), and mass conservation (d/dr) |, o Vi dx = 0, this
gives (43).

Re Rao: Since v; V(Bv); € L2(Q7), we can test the equation for v with 1jg ;) B(v—
u) € L2(0, T; H'()). This yields

t t n
/ / vl B(v — u)dxdr = —/ / Z v; V(BY); - V(B(v — u));dxdr.
0 Ja 0o Jeig

Next, we choose ¢ = 1(0,,1(Bv); in equation (45) for # and sumoveri =1, ..., n:

t t n
—/ (Osu, Bu)yy1.4(qy=dt =/ f Z(Mx,r,Si(BP)ﬁ - (BVv);dxdr.
0 0 Jaig

Adding to these identities the Rao entropy inequality (11) and rearranging terms gives

L ( TB( dxd
2/0 dt/;zu—v) uU—"0) T

t n
<- fo /Q S (e, 511(B(p — Vo P)dade
i=1
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t n
- f / D Attxes (i — vi)(BV); - (B(p — Vv));dxdr,
0 JQ i—1

which implies (44), concluding the proof. O

We proceed with the proof of Theorem 7. To this end, we estimate the last integrals
on the left-hand sides of (43) and (44). We infer from Young’s inequality that

Y i —si)Vlogv; - (B(p — Vo))
i=1

1
=418 - Vv>|2+CZ|Vlogvl| (i — vi)?
i=1

1
< Z|B‘/2<p—Vv>|2+C|s—v|2, (46)

> (si —v)V(Bv); - (B(p — Vv));

i=1

l|31/2(p V)2 +CZ|V(Bv) 2(si — vi)?

i=1

o~

IB2(p — V)| + Cls — v/?, (47)

IA
PN

where C > 0 depends on the L°°(27) norms of |V log v;| and V(Bv);. Thus, adding
the relative entropy inequalities (43) and (44), the first terms on the right-hand sides
of (46) and (47) can be absorbed by the left-hand side of (43) such that

el (u(r)|v(r>)+/f<u“,—|B‘/2<p V)| >dxdr
(48)

= C/ / (Mx,zs s — )dde + Hrel(um|v(0))

By property (9), we have |B'/2(u — v)|> = |BY2@ — v)|* = (u, |B?(s — v)|?).
Thus, the coercivity estimate from Lemma 17 in Appendix A implies that

/Q(ﬂx,h s — v(x, )*)dx < CHY u(®)|v(t)).
We insert this bound into (48) and invoke Gronwall’s inequality to deduce that

t
H™ (Do) + / / <um,%|B‘/2(p—vm,r)>|2>dxdr
0 JQ

< e%! Hyey (u™0(0)) = 0,
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where the last equality follows from v(0) = u™™. Hence, Mx.r = Su(x,r) ® 8vix,r) for
a.e. (x,t) € Q x (0, T), which finishes the proof of Theorem 7.

6 Long-time asymptotics

In this section, we prove Theorem 9. First, we verify that &, C L°°(€2). Indeed, if
v € G, the vector Bv is constant and fQ Bvdx = Bm, which implies that Bv =
(Bm)/|€2]. Since the entries of B and the components of v are nonnegative, v; <
(Bm); /(b;;|2]) foralli =1, ..., n. This proves the claim.

The entropy inequalities (10)—(11) and the bound |{u, BY2p) 2 < (u, |BV?p|?),
which follows from Jensen’s inequality, show that

o0
/0 IV(B' 1) 72g,dt <00,  sup [u(t)]l 2 < oo

O<t<oo

Thus, there exists a sequence () C (0, 00) with #y — oo such that u(f;)—u*
weakly in L2(2) and B'2u(ty) — B'/?u* strongly in L?>(Q2) as k — oo. Since
fQ u(ty)dx = m and the sequence (V(BY2u (1)) converges to zero in the L2(Q)
norm, we find that [, u*dx = m and V(B'/24*) = 0. This implies that u* € G,
Moreover, we deduce from the strong convergence that

H [ 1/2 2
Jim Heu(olu®) = 2 lim (B2 @) = )7 g, = 0.

We assert that t — Hpg(u(t)|u™*) is nonincreasing for a.e. r > 0. Indeed, we know
from Section4.3 thatt — Hpg (u(t)) is nonincreasing. Furthermore, since f qu(t)dx =
Jqu*dx and Bu* is a constant vector, we have [o, u(t)" Bu*dx = [qu(s)” Bu*dx
for all s, ¢ > 0. Hence, for ¢t > s,

He(u(t)|u™) = Hr(u(t)) + Hr(u™) — / u(t)" Bu*dx
Q

< Hg(u(s)) + Hr(u™) —/ u(s)" Bu*dx = Hg(u(s)|u®),
Q

proving the claim.
We conclude that Hg (u(t)|u*) < Hg(u(ty)|u™) — 0 fort > 1, — oo. It follows
from the positive definiteness of B'/? on L' that

() — @l 2y < CIBY2@() — @) 120y < 2HR(D)|u*) — 0

as t — oo. This finishes the proof of Theorem 9.
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Appendix A: Auxiliary results

Let the matrix B = (b;;) € R"*" be symmetric positive semidefinite. Then the square
root of B exists and z! Bz = |B'/?z|? for z € R". Let P, and P, 1 be the projection
matrices onto L = ker B = ker B'/? # {0} and L = ran B, respectively.

Lemma 16 Let & > 0 be the smallest positive eigenvalue of BY/*. Then

|Pp izl < 271 BY?z| forz e R".

Proof Let z € R"” and Z = P;.z. By definition of A, [B'/?Z] > A[Z]. Then the
conclusion follows from B'/2Z = B1/2; — /2 p, ; = B1/2;. O

We introduce the relative entropy densities

n

hs@ulv) =" (b(ui) = hvi) — b’ (i) ;i — v7)

i=1
n
uj
=> (Mi log — — (u; — Ui)>,
: i
i=1
1 T 1 1/2 2 n
hr(lv) = 5w —=v)" Blu —v) = 5[B“(u —v)I", u,v €0, 00)7,

where h(z) = z(logz — 1) + 1. We denote by ||A||> the norm of A induced by the
Euclidean norm | - | in R”.

.....

Then there exists a constant ¢, > 0, only depending on ay, ai/ag, and M, such that
forallu, v e R: with0 < |v| < M,

hs(u|v) + hgulv) > cilu — v|*.

Proof By assumption, we have 1u” Bu > 1 31| bjju? > aglu|? for all u € RY. If
(ap/2)|u| = ay|v| then

1 1
hR(u|v)=zuTBv—vTBu+§vTBvZa0|u|2—a1|u|lv|+ao|v|2

2 4o, 2 2_ 40, 2 2 9 2

> aolu| —Elul + aolv| =3|u| + aolv| Z;Iu—vl.

Next let (ap/2)|u| < ay|v]. We find for f(z) = zlog z that

u; log ”;— — i — ) = f) — ) — F @) — v

1

1
= (u;i — Ui)/o (f"(sQui —vi) + i) — f/(vi))|f:0d9
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1 0
= (u; — v,->2/0 /O f/(s(ui — v;) + v;)dsdd.

Then we infer from |u; /v;| < 2a;/ag that

1 1
v/ — D+ 1) M(sQarja— 1) + 1)

f (i —vi) +vp) =
and consequently,

u; (i —vp)* [ r? dsdo
uilog — — (uj — v;) = ———— ,
v; M o Jo sQai/ap—1)+1

which shows that hg(u|v) > ¢{|u — v|?, where

f / dsde
c1 .
M: 1 o sQai/ag—1)+1

Putting these estimates together and observing that hg(u|v) > 0, hr(ulv) > 0, we
conclude the proof with ¢, = min{ag/3, c1}. O

Appendix B: A discrete Aubin-Lions compactness result

We here summarize the compactness result [28, Theorem 3.4], which is a basic ingre-

dient in the proof of the convergence of our numerical approximation scheme (cf.

Section 4). We focus on the specific functional setting that is needed for our purpose.

In this setting, the proof of [28, Theorem 3.4] relies on the following two key prop-

erties, whose validity has been verified in the proof of Proposition 9 of [36, Section

6.1]:

(P1) Let (vy), be a sequence of functions with v, € V7, for all m and such that
sup,, llvmll1,2,7, < oo. Then there exists a function v € L?(2) such that, along
a subsequence, v, — v in L*(Q).

(P2) If v, — vin L2(Q) and vy ll_1.4.7, — 0, then v = 0.

Recall that, for a given spatial mesh 7 and a time step size Az, the discrete function
spaces V7 and V1 o, were defined in Section 2.2. Thanks to (P1) and (P2), the specific
version of Theorem 3.4 in [28], which we rely upon, can be stated as follows.

Proposition 18 (Corollary of Theorem 3.4 in [28]) Let (it;;)m be a sequence of func-
tions such that Wy, € V7, ay, for allm € N. Suppose that there exists a finite constant
C > 0 such that for allm € N,

N N,

=~k 12 At~k 12
D Aty 170, + D At T2 47, < C.
k=1 k=1

Then there exists v € L*>(0, T; L>()) such that, after passing to a subsequence,
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U — vin L*(0, T: L*(R)) asm — 0.

The key point which this result addresses, as compared to more classical versions of
the Aubin—Lions lemma, is its ability to handle a dependency of the spatial norms on
the parameter m itself.
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