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Abstract: The Busenberg—Travis cross-diffusion system for segregating populations
is approximated by the compressible Navier—Stokes—Korteweg equations on the torus,
including a density-dependent viscosity and drag forces. The Korteweg term can be
associated to the quantum Bohm potential. The singular asymptotic limit is proved rig-
orously using compactness and relative entropy methods. The novelty is the derivation of
energy and entropy inequalities, which reduce in the asymptotic limit to the Boltzmann—
Shannon and Rao entropy inequalities, thus revealing the double entropy structure of
the limiting Busenberg—Travis system.

1. Introduction

The aim of this paper is to analyze a fluiddynamical approximation of the Busenberg—
Travis population cross-diffusion system [7]

dipi — div (kipiV(p1 +2)) =0 inT¢ 1 >0, i =12, ()

where p; is the density of the ith population species, k; > 0 is a diffusion coefficient, T¢
is the multidimensional torus, and we impose the initial conditions p; (0) = ,019 in T for
i = 1, 2. The equations have been suggested by Busenberg and Travis [7] to describe
the segregation of populations, see also [4,21]. They have also been proposed, based
on interacting particle systems, to introduce short-range repulsion in cell-cell adhesion
models [12,33].
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1.1. Motivation and model setting. Our motivation for an approximation of (1) is to
recover the entropy structure of (1) from the energy and entropy of the approximating
fluid system. Indeed, it has been shown in [28,29] that system (1) possesses fwo entropies,
the Boltzmann—Shannon entropy Hj and the Rao entropy Ha,

2
_ 1
H =Y | k'pillogpi—dx, Hy== [ (p1+p2)’dx.
iz Td 2 Td

This means that formally, along solutions to (1),

dH
== +/ IV (o1 + p2)2dx =0,
dt Td
dH>
ah / (k11 + kap2) V(1 + p2)Pdx = 0.
dt Td

However, the origin of this double entropy structure remained unclear. We propose a
fluiddynamical approximation that possesses the thermodynamical entropy H; and an
energy containing H». Thus, the entropy structure of (1) originates from the energy and
entropy of the associated fluiddynamical system.

Before we make this statement precise, we comment on the cross-diffusion system
(1). The diffusion matrix associated to (1) has rank one, such that this system is of mixed
hyperbolic—parabolic type. Indeed, we can reformulate (1) as a diffusion equation for
the total density p; + p2 and a transport equation for one of the densities:

3 (p1 + p2) = div ((k1p1 +kap2)V(p1 + p2)), (2
dpi +div(pjitj)) =0 inT t>0,i=1,2, (3)

where u; = —k;V(p1 + p2) is the velocity associated to the ith species. Observe that
the equations decouple if k := k| = kp; then p; + p; solves a porous-medium equation,
and the densities p; are transported with the common velocity u = —kV(p; + p2). We
refer to [18, 19] for details on the hyperbolic—parabolic structure.

A fluiddynamical approximation of (1) takes the form

o pi +div(pju;) =0, i=1,2, @
80, (piui) + & div(piu; ® ui) = e div S — k' pin; — piV(p1 + p2),

where u; is the partial velocity of the ith species, ¢ > 0 is a small number, S is the stress
tensor, —k; ! piu; is the relaxation term, and —p; V(p1 + p2) is a force term. The formal
limit e — 01in (4) leads to (2)—(3). As this limit is singular, its rigorous proof is delicate.

The main difficulty comes from the force term —p; V(p1 + p2), since the energy of
the fluiddynamical equations does not provide any gradient estimate. This issue does not
occur in the relaxation-time limit of the Euler—Poisson equations, since the force reads
as —p; VP, and the electric potential ® solves the Poisson equation, thus providing
sufficient regularity to apply the div—curl lemma [27]. The lack of a gradient bound
can be overcome by allowing for a Korteweg term in (4), leading to Euler—Korteweg
equations [32] or Navier—Stokes—Korteweg equations [8]. More precisely, we add to the
right-hand side of (4) the expression

1
K= epN(x(m)Ap,- + EK’(p»WpiF),
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where k (p;) is the capillarity coefficient. In this paper, we choose «(p;) = 1/(2p;),
which leads to

K = e,o,V(

The expression A,/p;/\/pi is known in quantum mechanics as the Bohm potential,
and equations (4) become the quantum Navier—Stokes equations studied in, e.g., [3,24,
31,35]. Other choices for «(p;) are discussed in Remark 4. As in [24,35], we use the
density-dependent stress tensor S = p; Vu;. This dependence is needed in the derivation
of the entropy inequality.

A second difficulty is due to the fact that we control the kinetic energy p;|u;|? in
L'(T¢) only. This is not sufficient to prevent concentration phenomena in the convective
term p;u; ® u;. A way out is the introduction of additional drag forces like in [6, Sec. 9]
and used in the context of the quantum Navier—Stokes equations in [35].

Summarizing, we perform the asymptotic limit ¢ — 0 in the compressible Navier—
Stokes equations with Korteweg regularization and drag forces:

dpi +div(piu;) =0 inT? +>0,i=1,2, (5)
AP
N

i

e (piju;) +ediv(pju; @ u;i) =8,0,-V< ) + e div(p; Vu;)
— eu; — epjuilui|* — k' piui — piV(p1 + p2), (6)
subject to the initial conditions
pi(0) = p,  piOu;(0) = pluf inT¢, i=1,2. (7

1

In the following, we set p = (p1, p2) and u = (uq, uz).

1.2. Key ideas. A priori estimates are derived by estimating the energy

2 2
1 &
E(p,u) = fT (5(;)1 + )% + 3 i_ZlmuiF +e ; |vm|2)dx, (8)

which is the sum of the potential, kinetic, and Korteweg energies. A formal computation,
made rigorous on the approximate level in Section 2.2, shows that

dE

2
T ;/T (k" pilui 1> + epi | Vui > + elui > + epilui|*)dx = 0.

Unfortunately, this equality does not provide any gradient bound for the densities inde-
pendent of . Our main idea is to obtain such a bound from the entropy

2
Hip) =Y k! fT pi(log pi — 1)dx. ©)
i=1
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A formal computation (made rigorous for the approximate solutions in Section 2.3)
shows that

dH €

— +/ IV (p1 + p2)|dx + —f pi|D*log pi[*dx < R,

dt Td 2 Jra

where the remainder R depends on the unknowns p;, u; and their derivatives (like
+/PiVu;), but it is independent of e. The last integral on the left-hand side gives (e-

dependent) estimates in H 2(T?y and W'4(T9) from the inequality

/w pilD* log pi*dx = c(d) fT (1AVoiIP +1VYpil*)dx (10)

for some c(d) > 0, which holds for sufficiently smooth functions p;; see [26, Lemma
2.2] and [24, Appendix] (or [35, Lemma 2.1]) for a proof. Then the remainder R can be
controlled by the bounds coming from the energy and (10). Since the limiting system
(1) may possess discontinuous solutions [5], we cannot expect gradient bounds for the
individual densities p; but only for the sum p; + py. Thus, we cannot expect better
estimates.

Denoting by (p?, u®) a weak solution to (5)—(7), the energy and entropy estimates
together with the Aubin-Lions lemma yield strong convergence of the sum p° := p{+p3,
but we have only weak convergence for p; and V o°. Thus, the limit in the product p; V p*
cannot be easily identified.

We show two results. First, we prove that the strong limit p of p® solves (2) with a
“defect”,

05 — div ((k1p1 + k2p2) V) = (ka = k) (ky ' T2 + p2V )

where p; is the weak limit of p{ and J; is the weak limit of p5u5 (see Theorem 2). The
right-hand side vanishesif k; = kj orif we canidentify J, with —k2 0,V p. Unfortunately,
we have not been able to prove this identification for general values of ki, k>. Indeed,
neither the div—curl lemma nor Feireisl’s viscous flux approach can be applied because
of the lack of suitable gradient bounds uniform in €.

Second, we consider the case ki = ko = 1. Then p solves the quadratic porous-
medium equation (see (2)), but we still have no information about the evolution of p;.
To derive the dynamics, we apply the relative entropy method. The idea is to compare
a solution (p?, u®) to (5)—(6) with a solution (p, i) to the limit system (2)—(3) with
k1 = ko = 1 and u = —Vp. The relative entropy (more precisely: relative energy) is
defined by

2
- 1o p; ) 1722
ER(pg,uglp,u)=/1;d{5(p€—p) +8§<7'qu—ul +IV(p) 2 ) pdx.

A computation, made rigorous in Section 4, shows that

2

dEg . a

— (P lp )+ > /Td pf |uf — it|*dx < C/e.
i=1

Here, we need the assumption k; = k. We infer that (,0;?)1/2(14;.8 — u) — 0 strongly in
L?(0, T; L*(T9)), which implies that pfué — p;it weakly in L2(0, T; L*3(T¢)). This

1

allows us to identify J; with p;u = —p; V p, and p; solves the transport equation (3).
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1.3. State of the art. There are many results in the literature on the relaxation limit in
hyperbolic systems. General results can be found, for instance, in [17]. The relaxation
limit in Euler—Poisson systems, leading to the drift-diffusion equations, was proved in
[27], exploiting the regularizing effect of the Poisson equation. Relaxation-time lim-
its were also performed in Euler—Maxwell [34] and quantum hydrodynamic equations
[25]. Using compactness methods, relaxation limits in the compressible Navier—Stokes—
Poisson equations [30] and in the quantum Navier—Stokes equations [3] were proved.
Note that our limit is more delicate since the regularizing terms vanish in the limit.

The relative entropy method was first used by Dafermos [15] and Di Perna [16]. It was
extended later by Lattanzio and Tzavaras [32] to compare the solution to the frictional
Euler equations with the solution to the porous-medium equation. This technique was
also applied in the analysis of the high-friction regime of Euler—Korteweg equations [23],
for more general aggregation-diffusion equations [13], compressible Navier—Stokes—
Korteweg systems [8], and Euler—Riesz models [1,2].

The Busenberg—Travis system (1) can be derived from interacting particle systems
in the mean-field limit, even for an arbitrary number of species [14] and for nonlinear
pressures [10]. In the general case, the limiting system reads as

n
dui = div(u; V p; (u)), p,-(u)=za,-juj inT¢, i=1,...,n, (11)
j=1

where a;; > 0 are some numbers. If the matrix (a;;) is positive definite, a global
existence analysis can be found in [28]. If the matrix (a;;) is of rank one, i.e. a;; =
k; like in our situation, the existence of global classical solutions to (1) (under the
positivity assumption ) 7_, ,o? > ¢ > 0) was proved in [19]. The positivity ensures the
regularity of the total density. If the positivity assumption is relaxed to nonnegativity,
the existence of global measure-valued solutions can be shown [22]. Steady states may
be discontinuous [11], and there is some numerical evidence [5] that this may be also
true for transient solutions. The lack of regularity motivated the authors of [9] to work
in the one-dimensional setting with solutions of bounded variation.

The limit in (5)—(6) seems to be new, and we believe that it contributes to the under-
standing of the entropy structure of the Busenberg—Travis cross-diffusion system and
possibly of related models.

1.4. Main results. We first define our notion of weak solution. This is necessary since
the Korteweg term in (6) needs special care.

Definition 1. We call (p, u) with p = (p1, p2) and u = (uy, up) a weak solution to
(5)—=(7)on (0, T) if, fori = 1,2, p; > 0in T¢ x (0, T),

pi € L0, T: LX(T%), /piui € L0, T: L*(T%)),
Voi € L*0,T; H*(TY), p1+p2 € L*0,T; H'(TY)),
VAilVuil € L0, T; L*(T%),  ¢piluil € L*(0, T: L*(T%)),

forall ¢ € C§°(T¢ x [0, T)) and y € C3°(T? x [0, T); RY),

T T
0=— / / i drpdxdr — f pYp(0)dx — / f pij - Vodxdt, (12)
0 Td Td 0 Td
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T T
0= —g/ / pill ~3,1//dxdt—s/ p?u?.w(O)dx—e/ / oi(u; @ u;j) : Virdxdt
0 JT¢ Td 0 Jrd
T T
+s/ /dinui : ledxdt+e/ /d AP (2V/pi - ¥ + /pi div ) dxdt
0 T 0 T

T T
ve / / Wi + pilu; Pup) - wdxds + / / (k7 pis + 0V oy + p2) - W,
0 Td 0 Td (13)

and the initial conditions (7) hold in the sense of distributions.

We impose the following assumptions:
(A1) Parameter:d = 1,2,3,T > 0,and k; > 0, ko > 0.

o .0 20mdy /01,0 20mdy /0 1 md 0 1 md
(A2) Initial data: p; € L=(T%), \/p;'|u;| € L*(T%), \/p; € H'(T%), log p;/ € L' (T%)
fori =1, 2.

The assumption of at most d = 3 space dimensions is due to Sobolev embeddings (we
need H2(T¢) < L°(T%) in Lemma 10). Our analysis strongly depends on inequality
(10). To avoid boundary integrals, we consider equations (5)—(6) on the torus. The
regularity of the initial data is needed to obtain a finite initial energy and entropy. We
may allow for reaction terms in (5) if the reactions depend nonlinearly on the total density
p1 + p2 only (since we have strong convergence only for the sum). We discuss further
generalizations of the nonlinearities in Remark 4.
Our first main result reads as follows.

Theorem 1 (Existence of solutions). Let Assumptions (Al)—(A2) hold. Then there exists
a weak solution (p, u) to (5)—(7) with p = (p1, p2) and u = (uy, us) such that

2
E(p(t),u<t)>+2/0 /Tdk,.—lp,-m,-ﬁdxds (14)
i=1
2t
+SZ// (pi|Vui |* + |ui)* + pj|u;|*)dxds < E(p°, u®),
i1 /0 JT¢

t
H(p<z>>+cl<d>e/0 /T (IAVRi 1> +1V.¥pilY)dxds < C2(p% 1%, (15)

where C1(d) > 0isa constant only depending on the space dimensiond, C2(p°, u®) > 0
depends on the initial data (but not on ¢), and we recall definitions (8) and (9) of E and
H. Moreover, we have the regularity

dpi € L*(0,T; LA2(TY), 8(piu;) € L¥3(0, T; H*(T9Y), s >d/2+1.

Therefore, the initial condition for p; holds a.e. in T¢, and the initial condition for p;u;
holds in H* (T4,

The proof of the existence of solutions is based on an approximate scheme. We add
the parabolic regularization § Ap; to the mass balance equation (5) and the regularization
de div(u; ®V p;) to the momentum balance equation (similarly as in the existence analysis
for the compressible Navier—Stokes equations; see [20, Sec. 7.2]). The latter term is
needed to compensate some contributions coming from the parabolic regularization
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when deriving the energy inequality. The local existence of solutions is shown by the
Faedo—Galerkin method. The solution can be extended to a global one thanks to the
energy estimate. The entropy production in (15) is obtained by applying inequality (10).

If k1 = k», a computation similar to the proof of Lemma 8 shows that the entropy
inequality (15) can be improved by replacing C>(0°, u") by H (0°)+C ¢/€, where C > 0
is independent of €.

Theorem 2 (Limit ¢ — 0). Let (0%, u®) be a weak solution to (5)—(7) as constructed in
Theorem 1. Then there exists a subsequence (not relabeled) such that fori =1, 2,

pf — p;i weakly*in L0, T; L*(T%)),
P+ p5 — p1+p2 strongly in L%, T; L*(T%)),
pfut — J; weakly in L*(0, T; L*3(T?)),

and p := py + py solves
3 — div ((kip1 +kap2) V) = —(ka — k) diviky ' Ja + p2V ) inT?, 1> 0,

with the initial condition p(0) = p? + pg in the sense of Wh*(T4Y'.

The proof is based on the energy and entropy estimates proved in Theorem 1 and on
compactness arguments. If k1 = k, we can prove a stronger result, using the relative
entropy method. Indeed, as explained in Section 1.2, we are able to prove that not only
piui — J; weakly in L2(0, T; L*3(T9)) (which follows from the energy inequality)
but also ,of uf — p;ju weakly in L'(0, T; L'(T¢)) (which follows from the relative
entropy inequality). This allows us to identify J; = pju = —p; Vp.

Theorem 3 (Limit ¢ — 0, k; = k»). Let k1 = kp = 1, let (p%, u®) be a weak solution
to (5)—(7) as constructed in Theorem 1, and let (p, ut) be the unique smooth solution to

3p+div(ipa) =0, i=-Vp inT t>0,

with initial conditions p(0) = ,0? + ,0(2) (this requires smooth positive initial data). Then,
ase — 0,

pi +p5 — p strongly in L%, T; L*(T9)),
pfus — piii weakly in L*(0, T; L*3(T9)).

and the L*(T%)-weak limit p; of (p?) solves the transport equation
api —div(piV(pi+p2) =0 inT¢, 1 >0, i=1,2.

Remark 4 (Generalizations). Our results can be extended in various directions. First,
all results are valid for more than two species, and it is sufficient to replace the sum
overi = 1,2byi = 1,...,n, where n € N is arbitrary. Second, one may try more
general Korteweg functions «(p;). A simple choice is k(p;) = 1, giving the higher-
order regularization K = &p; VAp;, which equals the flux of the thin-film equation.
The Korteweg energy density becomes |V p; |> and the entropy production simplifies to
£ de (A,oi)zdx, thus providing H 2('11“") bounds for p;. Since we do not need inequalities
like (10) in this case, we may allow for bounded domains instead of the torus. However,
one needs to check whether this regularization is sufficient to pass to the limit ¢ — 0
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in the regularizing terms, as such a choice does not provide gradient bounds for ,/p;
or ¢/p;. We leave this question to future works. Third, we can derive the generalized
Busenberg—Travis system (11) if the matrix (a;;) is symmetric and positive definite.
This system is fully parabolic, which simplifies the asymptotic analysis &€ — 0. Indeed,
we set in (6) k; = 1 and replace the term —p; V(o1 + p2) by p; V p; (), where p; (u) is
defined in (11). Then, using the test function V log p; in the weak formulation of (6)
and summing over i = 1, ..., n to derive the entropy inequality, we find that

n n n
—;‘fw PiV pi(u) - ¥ log prdx = — ‘Zl /w aij Vi - Vpjdx < —o{;/w, 191 2,
i= i,j= i=

where a > 0 is the smallest eigenvalue of (g;;). This provides uniform gradient bounds
for each p;, and the Aubin—Lions compactness lemma implies the strong convergence
of the approximating sequence of p;, thus allowing us to perform the limite — 0. O

The paper is organized as follows. We prove the existence of global weak solutions
(Theorem 1) in Section 2. The limit ¢ — O for general k1, k2 > 0 (Theorem 2) is shown
in Section 3, while Section 4 is devoted to the proof of Theorem 3 in the special case
ki = ka.

2. Proof of Theorem 1: existence of solutions

We show first the existence of solutions locally in time and then derive uniform estimates
from the energy (8) and entropy (9), which allows us to extend the local solutions globally.

2.1. Local existence of solutions. The local-in-time existence of solutions can be proven
by the Faedo—Galerkin method; see [20, Chap. 7] for the compressible Navier—Stokes
equations and [24] for the quantum Navier—Stokes equations. Since the proof is very
similar to these works, we only sketch it.

We regularize the initial data by taking (,00, u% e C°°(T9; R such that ,o? >c>0
forsome c > 0 (i = 1, 2). This is possible by using some mollifier with parameter § > 0,
proving the result for this initial datum and then passing to the limit § — 0. Let T > 0,
let (ex) be an orthonormal basis of LZ(T%) which is also an orthogonal basis of H 1(T9),
and set Xy = span{eq, ..., en}. Let the velocity u = (u1,up) € Cco(o, T1: X12v) be
given and solve the approximate equations

o +divipNu) =8ApYN, pN(©) = p? inT! x(0,T), i=1,2. (16)

The maximum principle provides the lower and upper bounds 0 < r; < ,o[.N < R; in
Td x (0,7),i = 1,2, where r; and R; depend on § and the LOO(Td) norm of div u;, and
r; additionally depends on the lower bound ¢ > 0 of the initial data. We introduce the
operator S : C°([0, T1; X3,) — C°([0, TT; C3(T; R?)) by Sw) = pV = (o', pd").
This operator is Lipschitz continuous.

Next, we solve the momentum equation on the space X 12\] We are looking for a
solution u™ = (u¥, ull) € €°([0, T1; X%) such that for any ¥ € C!([0, T1; X3,) with
Y(T)=0andi =1,2,
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T
—e/ p?u?-l//(O)dx:a‘/ / {p{vufv-atg[/+pilv(ufv®ufv):vw
Td 0 Jrd

N
’ (p)'/?

T 1 T
f/ / (—piNulN +pNv (ol +p2N)> Ydxdt — as/ [ @Y @ Vo) : Vyrdxdr. (17)
o Jre¢ \ki o Jra

)-w—p{Vw{V : vl//—u{".l/f—pl.’vm{ﬁzuﬁ-w}dxdz

As already mentioned in the introduction, the additional term §e div(ufv ® V,oiN ) is

introduced to deal with the term 3ApiN in (16) when deriving the energy estimates; see
the proof of Lemma 6. To solve problem (17), we introduce the operator family

Mnl: Xy = Xy, Mnlu, w) = /d nu - wdx,
T

where n € Ll(']I‘d) satisfies n > r := min{ry, r2} > 0 and u, w € X . The operator M
is invertible and M1 is Lipschitz continuous as a function from LY(T?) to the space
of bounded linear mappings X, — Xy.

We can rephrase the integral equation (17) as an ordinary differential equation on
Xy,

%(M[p,?V 1Y) = N, ™), MU0 (0) = MEo0 1, (18)

where p"V = S(u) and
A(pN)1/2
Nlu, uN] = — div(pl-Nu ® ulN) + div(pl-NVul]»V) + pﬁV(%)
b

— ulN — piNluilzulN — e_l(ki_lpl-NulN + ,ol-NV(p{V + ,oév)) +6div(uf.v ® V,oiN).

By standard theory for systems of ordinary differential equations, for givenu € C°([0, T';
Xizv), there exists a unique solution ulV e ! (10, T1; X12v)' We are looking for a fixed

point u = u™ of (18), and the fixed-point equation can be written in integrated form as
t
ul (1) = M7S@™), (t)](/\/t[p?]u? + / NV, uN]ds) in Xy
0

and using the Lipschitz continuity of S, M~!, and NV, we can apply Banach’s fixed-
point theorem on a short time interval [0, T*] for some 0 < T7* < T in the space
CO([0, T*; X3

Before, we proceed with the uniform estimates, we recall the following classical
lemma, which is used several times in this work.

Lemma 5. Let v be a weak solution to ;v +div F = g inT%, t > 0, for some integrable
functions F and g in the sense of

T T
0= —/ / vo; xdxdt — / v(0)x (0)dx — / / (F -Vyx+gyx)dxdt
0o Jrd Td 0o Jrd
for functions x € Cgo(Td x [0, T)). Then, foranyt € [0, T]and ¢ € C®(T9 x [0, T)),

t
Oz—f / v85¢dxds+/ o)
o Jmd Td

s=t 4
dx — / / (F-V¢ +gp)dxds.
5s=0 0 JTd
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2.2. Approximate energy inequality. To prove the global existence of solutions, it is
sufficient to show that the sequence (u™ (1)) is bounded in X %, fort € [0, T*] uniformly
in T*.

Lemma 6 (Energy inequality). Let (o™, u"™) be the local solution to (16)—(17) con-
structed in Section 2.1. Then

2 2

dE _

E(pN,uN)+§ k; lfw p{"|uf"|2dx+e§ /Td (a2 + pN 1Vl 1> + pN [uN*)dx
i=1 i=1

2
de
+8/W |V(pfv+pév)|2dx+?Z/poiN|D2logplN|2dx =0,
i=1

recalling Definition (8) ofE(,oN, uM).

Since the lower bound piN > r; > 0 yields a uniform estimate for (ulN ) in L2(T9)
uniformly in time, thanks to the definition of the energy (8), we obtain the desired
estimate for u® .

Proof. We use the test function ¢ = elulN|2/2—eA(pM)'/2 /(0N )1/2+(p +pd) in the
weak formulation of (16) and the test function ¥ = u lN in the time-differentiated form
of (17) (see Lemma 5) and add both equations. Then, using the identity 0; (,oiN ulN ) +
div(,ol.NufV ® ufv) = piN(afulN + ulN . VulN) + SA,oiNulN and proceeding as in the proof
of [24, Lemma 3.1], some terms cancel, and we end up with

e | (0w P+ IV ()2 di + / ap) (o1 + p3 )dx
t Jmd Td

-1
=- fT (k" oV 1 P+ el P+ o Vi 17+ o] ) 1)) dx

A Ny1/2
—88/ ApiNde—(S/ Vol Vol +p)dx.
Td Td

()12
Adding these equations for i = 1, 2 and using
A2 1
ApN ——dx = - N1D%1og pN |?d 19
fw p; TE x 2/Wp,l ogp; |“dx (19)

(see [24, (3.7)]), we find that

d &
dt Jpa £

2
i=

1
(7 1" P+ 19 (o) 212) + S (o1 + ,02)2>dx
1

2
-1
2 fT (k7 oM e 2+ e (u 2 pN (VU 2+ o el ) dx
i=1

2
de
+8Ad |V(,O{v+pév)|2dx+?ZAdpy|D210gpy|2dx =0.
i=1

This finishes the proof. O
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The energy inequality and inequality (10) imply the following bounds.

Corollary 7 (Uniform estimates I). Let (p", u™) be the local solution to (16)~(17)
constructed in Section 2.1. Then there exists C > 0 independent of (8, ¢, N) such that
fori=1,2,

1™ Wl oo 0,00 L2 Ty + 102N 1 120,00 21y + VENV O Y2 oo 0.00: 12Ty < C-
Vel o) U oo 0,00; 12y + VEI DI 2V 1120 o0: 1207y < €

Vel 120,00 12¢0dy) + VEION) Y uN 1 140 00: 14Ty < C.

Vel (o)) 2D 10g oM Il 120, 00: L2¢Ty) + V3NV (01 40.00: L4 Ty < C-

2.3. Approximate entropy inequality. Further uniform estimates are derived from the
entropy inequality. Here, we work directly with the weak formulation of (16) and with
the weak formulation (17).

Lemma 8 (Entropy inequality). Let (p", u™) be the local solution to (16)—(17) con-
structed in Section 2.1. Then

t 2 t
&
H(pN(t))+// |V(p{v+p§v)|2dxds+-2/ / o 1D*1og p |2dxds
0 Jrd 8= Jo Jrd
2 45 (1 2
— V(M2 2dxds + 8 / Vlog pN|?dxds < C,
+;kif0/w| (o) xs+s; )1V logpi"Pdxds <

and the constant C > 0 only depends on the initial data.

Proof. Recalling that piN is smooth and positive, we compute

2
1 t
HV @) - HEY o) =3 /0 /T 3,0 log pNdxds
i=1""
2
:Z—// (pNul —5Vp)) - Viogp)dxds
k Td
1 45 1
Z—/ / -VoNdxds — Z—/ / V(o) V2 2dxds.  (20)
=k ™ — ki Jo Jrd

To estimate the first term on the right-hand side, we use the test function V log pl.N in
(17):

t
—// Vdexds—f/ / (piNulN)'VlogpiNdxds=11+~-~+I7,
Td ki 0 JTd

I 2_8/ / (350N ul) +div(oNul @ ul)) - Viog o dxds,

N)I/Z N
L = - VI
H = 8/ fqrd 0 N)1/2 og p; dxds,
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t
I3 = 8/ / div(pN Vul) - Viog pNdxds,

/ / Vlogpl dxds,

Is = —8/ / piNlulN|2uN Vlog,ol dxds,
I = — / / V(,o1 +,o2) Vlogdexds

17_58/ / div(ul @ Vo) - Viog p)¥ dxds. (1)

Step 1: Estimation of 11, I, and I7: We start with . We infer from identity (19) that

t A(oN)1/2
= —8/ / (([])\;)1/2 A,olNdxds = ——/ / |D2 log,oiN|2dxds,
0 Jrd (p;

and this expression will be used to absorb some integrals coming from the other terms.
It follows from (16) that

11=—g// o @sul +ul - Vuly +88pNul) - Vlog p dxds

=—8/f 8s V,ol +u Vu Vpl +8A,o Vlogpl )dxds
= 111+112+113. (22)

The term [ is rewritten according to

t
I = —8/ / (Bs(ufv . Vpl-N) — ulN . Vas,oiN)dxds

= —s/ / -VpNdxds —sf / divul (= div(pN ul) +8Ap" )dxds
ds Td Td

_—e/ ul (1) - Vp| (t)dx+8/ ul (0) - VN (0)dx

+8/ / (u - Vp; )leMNdde+8/f (leMN)zdde

—88// A,oiNdivulNdxds=:1111+---+1115~
0 JTd

Corollary 7 shows that, for 0 < < T,

I+ L= —g/ ul (1) - vp{"(z)dx+g/ u (0) - Vo (0)dx
Td Td

< 2(vel (M) 2u NHLOO(OTLZ(SZ)))(\/_”V(:O 12 Il oo 0.7 L2(Ty))
+2e )1 (o)) 2ud Il 21 IV (0 V2 2 pay < C,

1114 = 8”(p1 )1/2VMN”L2(0 T:L2(Td)) = <C.
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Furthermore, using Holder’s inequality, Corollary 7, and inequality (10),

Iz < 4(\/_”(,0, )4 N||L4(0 T;L4 Td)))(\/_”(PN)I/ZV“N||L2(0 T; LZ(Td)))
x (VellVo) Il ao.7:14(1ay)

e t
<C Vo) dxd
<Copor [ v tasas

<C+ —/ / ,oiNlD2 log ,oiN|2dxds,

where in the last but one step we applied Young’s inequality. For the remaining term
1115, we first reformulate it, and then use similar arguments as for /113:

t
Iiis = —88/ / le(pl V log p; )dlqudxds
0
t
= —88/ / (o) Alogp + V) - Viog pl) divul dxds
0 JTd

t
= _58/0 /T (M2 Alog p¥ + 16|V (o)A 12) (M2 divul dxds

< 5\/E(||(plN)l/2AlogpiN“Lz(O,T;Lz(’]I‘d))+16||V(/)1'N)1/4”%4(0,T;L4('JI‘4’)))
x Vel (o' 2Vul | 20,7 12 ray)

<C+— / / N|D*log p]N |Pdxds.
In a similar way, the bounds in Corollary 7 yield

Lo < 4(VN M) 4l ago.7: 14y ) (VEN M) 2V | 20,1 2 mayy)
< (VeI Nl ao. 714 ray))

<C+—/ / o; |D210gpl |2dxds
We conclude from (22) that
3 [ N2 N2 !
I <C+— p; |ID"log p;" |“dxds — de Api l Vlog,ol dxds,
16 0 J1d 0 J1d
and the last term cancels with a part of /7, since
I7_8£/ / Vlogpl Vu V,ol +A,o Vlogpl )dxds
Td
< V3(aV3elV (oM a0 1o cny) (JE||<pr)1/2Vu£V Iz20.7:22T4y))

1
+58/ / ApiNuf\"Vlogpidxds
Td

< C+85f / A,o Vlog,o,dxds



151 Page 14 of 29 J. A. Carrillo, X. Chen, B. Du, A. Jiingel

This shows that
/ 2 N2
1+12+I7<C——// pl |D"log p;" |“dxds. (23)

Step 2: Estimation of I, . . ., Is: We continue with the estimate of I3:

t
—8/ / oNVul : D*log pNdxds
0 J1¢

t t
i/ / pl.N|D210g,0iN|2dxds+48// oV \Vul Pdxds
6 Jo Jra 0 Jrd
t
i// ,oiN|D210g,ol [*dxds + C.
16 0 Td

By the approximative mass balance equation (16), we have

1
_—3// ’dxds—e// —N 3,01 +pl dlvu — 8Ap; )dxds
Td [. 'ﬂ‘d i
t
=£/f 8S10gpiNdxds+8//divufvdxds—Ss/f |V log p |*dxds
0 JTd 0 JTd 0 JTd

t
= 8/ log ,oiN(t)dx — 8/ log piN(O)dx — 88/ / |V log piN|2dxds
d 0 Td

I3

IA

< 5/ (oM (1) — Ddx — e/ log pdx — asf |V log p [*dxds.
d Td
Because of the L2(T%) bound for piN in Corollary 7, the first term on the right-hand

side is bounded uniformly in (N, 8, ). The same holds true for the second term on the
right-hand side, since log ,o? is assumed to be integrable. We infer that

I <C —6¢ /Td |V log p}Y |*dxds.
Furthermore, using Holder’s inequality, Young’s inequality, and then inequality (10),
Is 54(§4/_||(va)1/4 N||L4(0<>o L4(Td)))3(\4/—||v(p[N)l/4||L4(0,oo;L4(Td)))
<c+—/ f pN|D*log p [*dxds.

Finally, the term I¢ is rewritten as

t
—/f Vo -Vl + plydxds,
0 JTd

and it becomes nonpositive when added for i = 1, 2. We conclude that
t
+--+ g <CH+ E/ / ,o,.N|D2 logpiN|2dxds - 58/ |V10g,0iN|2dxds
8 0 Td Td

t
- f / Vo -V(pl + pl)dxds. (24)
0 JTd

Step 3: End of the proof: We insert (23) and (24) into (21) and sum overi = 1, 2 to
conclude from (20) the desired entropy inequality. O
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The entropy inequality allows us to improve some bounds from Corollary 7.

Corollary 9 (Uniform estimates II). Let (o™, u™) be the local solution to (16)—(17)
constructed in Section 2.1. Then there exists C > 0 independent of (5, €, N) such that

IV (o + 031 120,00:22 10y < C
Vel 1 120,00 52070y + VENV O 1 140,00: L4 ry) < C-

2.4. Further uniform estimates. We derive some spatial and time regularity bounds for
p and pNul uniform in N, which are needed for the limit N — oc.

Lemma 10 (Spatial regularity). For any T > 0, there exists a constant C(¢) > 0
independent of N and § such that

”piN||L°°(0,T;L3(’]1“1)) + ”(p,'N)l/z||L4(()’T;W1,3(Td)) < C(e),

||p,'N||L2(0,T;W2<3/2(Td)) + ||P,'N'4,N||L2((),T;W1,3/2(11‘d)) < C(e).

Proof. The first bound for piN is an immediate consequence of Corollary 7 and the
Sobolev embedding H L(mdy — LO(TY), yielding a uniform bound for (piN )72 in
L0, T; LO(T%)) (uniform in N and §). It follows from the embedding H?(T¢) <
L°°(T%) (here we use the condition d < 3) and Corollary 9 that (piN Y2 s uniformly
bounded in L2(0, T; L°(T<)). Then, together with the uniform bound for (,ol.N YW zulN
in L2, T; L3(T4)) from Corollary 7, we obtain a uniform estimate for ,oiN ulN
(M2 (pM)12ul in L2(0, T; L*(T?)). Furthermore, by Corollary 9, (V(p)!/?) is
bounded in L2(0, T; L°(T?)). Then

Vipuh) =2V (o) 2 - (o) Pl + 2012 - (o) 2V
is uniformly bounded in L2(0, T; L3/2(T9)). This yields a uniform bound for piN ulN in

L2(0, T; W13/2(Ty).
Next, we apply the Gagliardo—Nirenberg inequality with 6 = 1/2:

T
4(1—6
IV 21380, 0ayy < € /0 (A R YN (A R A
T
< ClIOM 13 e 0,72 16¢00y) / 1) 2 12 paydt < C,
o 0

showing that (,ol.N Y2 s uniformly bounded in L*0, T: W13 (T9)). Because of inequal-
ity (10), the uniform bound for (piN) 112 p2 log piN in L2(0, T; L?(T9)) implies a uniform
bound for D*(p}¥)!/? in L?(0, T; L*(T9)). Thus,

D*pl = 200N 2D (o)1 +2V (o) @ V(p]")!/2

is uniformly bounded in L2(0, 7'; L3/2(T%)). Finally, the bound for (,ol.N)l/4 inL*°(0, T;
L'2(T?)) and for V(p¥)!/* in L*(0, T; L*(T?)) yield an estimate for V(p/)!/? =
2(pMV4 v (pN)/*in L*(0, T; L3(T)), finishing the proof. O
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Lemma 11 (Time regularity). For any T > 0, there exists a constant C(g) > 0 inde-
pendent of N and 8§ such that for s > d/2 + 1,

N N N Ny1/2
119; o; ||L2(0,T;L3/2(11‘d)) + 10 (o; " u; )||L4/3(0,T;Hs(11‘d)/) +110:(p;") / ||L2(0,T;L2(Td)) <C.

Proof. We deduce from Lemma 10 that
B,pl-N =— diV(,oiNulN) + SApI-N

is uniformly bounded in L2(O, T: L3? (Td)). The estimate on 0o, (piN ulN ) follows from
the following bounds, which are consequences of Corollaries 7 and 9, as well as from
the spatial regularity of Lemma 10:
e The sequence (,oiNulN ® ufv) is bounded in L*°(0, T'; Ll(Td)). Hence, diV(,ol.NufV ®
ul)is bounded in L(0, T; H*(T?)), since H (T?) — W1°(T?) fors > d/2+1.
o Weknow that p¥ Vu = (oM)1/2. (pN)/2Vu is bounded in L?(0, T; L*/(T9)).
Thus, div(pY Vu¥) is bounded in L2(0, T; W'3(T9)’) < L%(0, T; H*(T9)").
e Letyr € L*(0, T; WI-3(T?; R?)). Then, by integration by parts,

A(pH)'?
/ /Td ( T )'st
- f [, 8GN PTG 2y 4 (o) div p)ards
0 T

<208 20,7020 IV O 1 120,73 0y 1 30,7 5 cny)
+ 1AM 1 20,7 120may 10 P oo 0,718 many 1V 220, 7 w13 ray
= CliYllao,7; w3 (rdy) -

This proves that p{VV(A(piN)l/z/(piN)l/z) is uniformly bounded in L3, T;
W1,3(Td)/) s L4/3(0, T: H‘Y(Td)/).

e The sequence piN|u£V|2ulN = (piN)l/zulN . (,oiN)l/2|u£V|2 is bounded in LZ(O, T;
L'(T?)) < L*(0, T; H*(T)'), since (p}¥)"/?ul is bounded in L>(0, T; L*(T%))
and (pM)!/? [u |? is bounded in L*(0, T; L?(T%)) by Corollary 7.

e By Lemma 10, plNulN is uniformly bounded in L2(0, T; Wh3/2(T?)) < L2(0, T;
L3/2(Td)).

e In view of the L>(0, T'; L*>(T%)) bound of ,oiN from Lemma 10 and the L%(0, T';
Lz(Td)) bound of V(,o{v + ,oév) from Corollary 9, ,oiN V(,o1 + 0, N is bounded in
L2(0, T; L%5(T9)) — L%(0, T: H*(T?)).

o We deduce from the L2(O, T; Lz(Td)) bound of (,ol.N )1/ zulN (Corollary 7) and the
L*0, T; L*(T9)) bound of V(p")/2 thatu @ V¥ = 2(pM)2ulN @ V(p¥)1/? is
bounded in L*/3(0, T'; L%/5(T%)). Hence, the sequence diV(uf-v ® VpiN ) is bounded
in LY3(0, T; W-(T?)) — L*3(0, T; H*(T?)).

We conclude that
(o)

d(pNuMy = —div(pMNul @ ul) + NV<W>+dlv(pNVuN)—uN

— oM u) ) P — ek Nl — e p)YV (o1 + py)) + 8 divw) @ V')
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is uniformly bounded in L*/3(0, T; H*(T%)’). Finally, the sequence

i

1 .
002 = =2 (o) diva =29 (o) (o) M)
+8A (o) + 48V (o)A

is bounded in L2(0, T'; L%(T¢)). O

2.5. Limit N — oco. The spatial and time regularity for (,ol.N )12, piN ,and ,oiN ulN allow us

to apply the Aubin—Lions compactness lemma to conclude the existence of a subsequence
(not relabeled) such that, as N — oo,
(,oiN)l/2 — /pi strongly in L*0, T; H'(T%)),
pl.N — p; strongly in L2(O, T; L2(']I‘d)),
plNulN — J; strongly in LZ(O, T; L2(']I‘d)).
Furthermore, we have the weak convergences (up to subsequences)
(p)'* — /pi weakly in L*(0, T; H*(T?)),
ul — u; weakly in L2(0, T; L*(T?)).
It follows that plNulN — p;ju; weakly in L', T; Ll(’]I‘d)), showing that J; = p;u;.
Moreover, by Lemma 10, 8V,oiN = 28(p{v)1/2V(plN)l/2 — 0 strongly in L4(0, T;
L%(T%)).
With these convergences, we can pass to the limit N — oo and § — 0 in (16),
formulated for ¢ € C3° (T x [0, T)) as

T T
0=— f f oN 8 pdxdr — / 029 (0)dx — / / oNul . Vedxdt
0 Td Td 0 Td

T
+5/ / Vol - Vedxdt,
0 Td

leading to

T T
0= —/ / i 0;pdxdt —/ piod)(O)dx —/ / pittj - Vodxdt.
0 JTd Td 0 JT¢

The limit in the momentum balance equation (17) is more involved. The strong
convergence of ,oiN ulN and the weak convergence of ulN in L2(0, T; L?(T%)) lead to

o ul @ ul — pju; ® u; weakly in L'(0, T; L'(T?)).
Similarly, (,ol.N)l/zufV — /piu; weakly in L0, T; Lz(Td)),taking into account Corol-

lary 7. Then, together with the strong convergences of V(,oiN )!/2 and ,oiN u lN in L?(0, T;
L?(T%)), we find that for ¥ € C{°(T? x (0, T); R?*9)), integrating by parts,
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T T
— / f pNVul : ydxdt = / / u - div(pN y)dxdt
o J1d 0 J1d

T
= /0 [H‘d (2(,0{\/)1/2”?/ - V(,oiN)l/2 + ,ol-NufV - div w)dxdt
T
— / /d (2\/,0_,'141' ~1ﬁ~V\/,O_i+ Pilli -diVI//)dxdt
0 T
T T
= —‘/O (Vu;, ,()i\”)Hl('ﬂ‘d)/’Hl(Td)df = —/(; (piVu;, l/f)D/(Td)"D(Td)dl‘. 25)

Thus, div(,oiN Vufv ) — div(p; Vu;) in the sense of distributions. In fact, because of
the uniform bounds of (p}¥)!/? in L>(0, T; H'(T9)) — L*(0, T; L°(T%)) and of
(pM)2vul in L*(0, T; L*(T%)), this convergence also holds in the weak topology of
L2(O, T: L3 2(?1“1 )). The same bounds imply that

ul @ VpN =2(0M)"2ul @ V(o) —~ 2 /piui @ V/pi = u; ® Vp;
weakly in L'(0, 75 L1(T?)) and hence div(u’ ® Vp}¥) — div(u; ® Vp;) weakly in
LY(0, T; H*(T?)).

Next, since A(pM)1/? —~ A /p; weakly in L2(0, T; L*(T¢)) and V(p")!/? —
V./pi strongly in L2(0, T; L*(T%)), for y € C3°(T¢ x (0, T); RY),

A(pM)'?
/ /T ( P17 )'Wm
—/ / A2V (pM)'2 - ¢+ (o) div ) dxdi
0 Td
T
—>—f / AP (2V/pi - ¥ + /pi div §r)dxdt.
0 Td

The convergence p [ul [2ul — p;|u;|?u; strongly in L'(0, T; L'(T9)) has been
proved in [35, Lemma 2.3]. For completeness, we recall the proof. The strong conver-
gences of (piN ) and (,oiN ulN ) imply, up to subsequence, that ,0 — p; and ,0 u — pil;
a.e. Hence, for a.e. (x, 1), ui = (p; uN)/p — u; whenever ,oN(x t) # 0 For a.e.
(x, t) for which piN (x,t) =0, we have

gV = pN NPl L j<m) < I Nymd =0

for any M > 0. Consequently, g — pilui? uilu;1<my a.e. As the sequence (,o )
is bounded in L*°(0, T; L2(T%)), gl is bounded in the same space. Then dominated

convergence implies that

¢y — piluiPuilyy, <my strongly in L1(0, T; L1 (T%)). (26)

Now, for any M > 0,
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T
Ny, N2 N 2
[ [ 1o P = ptus s v
0 Jrd

T
S/O / | [ul ul L i<my — pi|ui|zui1{|u,-\§M}|dth

T
+f0 /Td (o 1 PP Ly, agy + il P L 20y ) dxdt

T
S/ / & — piluil*ui L <py | dxdt
// (o 11 + pilui|*)dxdt,

observing that p;|u; |4 is an element of L1(0, T; L' (T9)). The convergence (26) shows
that

C
. 2
Nh—I>noo/ / }P, u; _P|ui| Mi|dXdl =< W

for some C > 0 and for all M > 0. The limit M — oo finishes the proof of the strong
convergence of ,oN |uN |2 N,

The weak convergence of V(,o1 +0, V') and the strong convergence of p in L2(0, T;
L?(T%)) imply that

,oiNV(pl +,02 ) = piV(p1 + p2) weakly in L' O, T; L (Td))

We treat the §-regularized terms:

T
‘3/ f Vol - Vodxt

Se / f W @Vpl): Vodxdr

< 5||P,'N||LI(0,T;L1(W))||A¢||L°°(0,T;L°°(T")) — 0,

N\1/2. N
< 28e)/(o) % ul I 22(0,7: 12 (1)

< IV M) 21 20.7: 120 IVl oo o.7: Loo(mdyy — O

as N — oo and § — 0. These convergences are sufficient to pass to the limit N — oo
and § — O1in (17).

It remains to perform the limit in the approximate energy inequality (see Lemma 6).
This follows from the weak lower semicontinuity of the norms if we show that

(EMV2vul — /piVu; weakly in L*(0, T; L*(T%)),
(o] Ny1/4y, N — Ypiu; weakly in L0, T; L*(T%)).

In fact, we deduce from the bound on (piN U/ 4us that (piN )/ 4us — y; weakly in
L*0, T; L*(T%)) for some vi. The strong convergence of (,ol.N)l/4 in L*0, T: L*(T9))
and the weak convergence of u in L?(0, T; L*>(T¢)) imply that (o) /4ul — ¥/pju;
weakly in L*/3(0, T; L*/3(T%)) and consequently y; = &/piu;. The remaining limit has
been shown in (25).
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3. Proof of Theorem 2

We want to pass to the limite — 01in (5)—(6). Let (,of, uf)i:1 2 be aweak solution to (5)—
(6) constructed in Theorem 1. We set p® = (pf, p5), u® = (uj, u5), and p° = p{ + p5.
The energy and entropy estimates from Corollaries 7 and 9 yield in the limit N — oo
and § — 0 the existence of a constant C > 0 independent of ¢ such that fori = 1, 2,

— 1/2
||Pi€||L0<>(0,T;L2(Td)) + ||/08||L2(0,T;1-11(11‘d)) + ||(/Of) / Mf”LZ(o,T;LZ(Td)) <C,
1/2 1/4
Vel Pl 2.7 w2 nay + VeI Nl s rowraemay < €. @7
Vellui 20,722y + %l|(pf)l/4uf||L4(0,T;L4(Td)) =C.

This shows that pf u? = (p;) 172, (07) l/zuf is uniformly bounded in L2(0, T'; L*/3(T9)).
Therefore, there exist subsequences (not relabeled) such that, as ¢ — 0,

pf — p; weakly* in L>(0, T; L*(T9)),
pfut — J; weakly in L*(0, T; LY3(T%)), i =1, 2.

In particular, 9;0° = — div(pju{ + p5u5) is uniformly bounded in L0, T; Wh4(T9y).
Thanks to the L>(0, T'; H'(T%)) bound for p°, we can apply the Aubin-Lions compact-
ness lemma to conclude that, up to a subsequence,

p° — p strongly in L?(0, T; LP(T%)), p < 6.

Then the limit in the sum of (5) over i = 1,2, namely 9,0° + div(p{u§ + pju3) =0,
shows that p solves

3p +div(Jy + J2) = 0. (28)

The limit in (6) is more involved, and we perform the limit only in the sum over
i =1, 2. We treat the various expressions term by term. First, the sequence

piu; @ ui = ((0)'?uf) @ ((0])'?u)
is bounded in L' (0, T; L' (T¢)), which implies that
ediv(piui ® ui) — 0 weakly in LY, T; H*(T%)).
Furthermore, again by (27),
VepfVuf = VEV(pfuf) — 24/e((p)7uf) @ V(o)
is uniformly bounded in L2(0, T; WH#(T)") + L' (0, T; L'(T%)), and thus
ediv(pf Vus) — 0 weakly in L'(0, T; W>*(T9)").

The Korteweg regularization in its weak formulation is estimated as follows:

T
e [ ], R YD o) 2 div y)dr
0 Td

< Ve - Vel AWD Pl 20,72 0may) (AVENV () A Ml 10,7515 may

1/4
< 1 oo o, L8 ray 1V 20,7 18 (my
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+ el (021l oo 0.7 o cran N iV ¥ 120, 7. 14 (pay)) < /EC — 0,
where ¢ € L4(0, T; W1*4(']I“d; Rd)). The drag forces also vanish in the limit since
eu; — 0 strongly in L2(0, T: L3(T9)) and
2
e} |uf uf = Ve (o) (Ve () M luf )" (Ve (o) uf) = 0(Je) > 0
strongly in L¥3(0, T; L¥7(T?)). Finally,

2
prv,s8 = p°Vp® — pVp weakly in L'(0, T; L' (T9)).

i=1
Hence, passing to the limit ¢ — 0 in sum of the weak formulation (13) overi = 1, 2,
we find that
kit + kst = —pVp,
or J1 = —k1pVp — (k1/k2)J>. Together with (28), p solves
- oo ki\ .. . N ki
0:p = k1 div(pVp) — | 1 — o divJ, =div| kipVp—(1— o J ).
2 2

Remark 12. If we can identify J, = —k2 02V p, we obtain

e ki _ _
kipVp+ <1 - E)’szv:o = (k1p1 +k2p2)Vp,
such that the limit equation becomes

3 p +div ((k1p1 +k2p2)Vp) = 0.

4. Proof of Theorem 3: Relative Entropy Inequality

The solution (p, i) with u = —V p is shown to solve fluid-type equations for which we
derive an associated energy equality. Then we derive an inequality for the difference of
the mass and momentum balance equations for (p?, u®) and (p, u). These results allow
us to prove the relative entropy inequality and to finish the proof of Theorem 3.

4.1. Energy equality for the limit system. We analyze the limit system for p = p1 + p>
and u = —Vp. The mass balance equation reads as

3 p +div(pu) = 0, (29)

with initial copdition ,53(0) =p0:= ,0(1) + pg. Inserting (29), the analog of the momentum
balance equation for u becomes

0 (pu) +div(pu @ u) = p(du + (u - Vyu) = pe, (30)
where e := 0,uu + (u - V)u is the material derivative of u. The initial condition is
2(0)it(0) = —p°V 5. According to Lemma 5, the weak formulations of (29)—(30) can

be written as

t
0= —/ / ,58S¢dxds+/ )
0 JTd Td

s=t !
dx+// FV5 - Vedxds,  (31)
s=0 0 JTd
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t
0:—8// ﬁﬁ-aswdxds+s/ pii - W
0 J1d Td

t t
- sf / p(ii ® i) : Virdxds — e/ / pé - ydxds (32)
0 JTd 0 J1d

for test functions ¢ € C§° (T x [0, ¢]) and ¢ € Ccs° (T4 x [0, 1]; RY).
We derive the energy equality associated to (29)—(30). For this, we use the test function
¢ = p — eli|>/2 in (31) and recall that V5 = —ii:

! (. e _ _ _ & _
0=—/ / pos( p — =il dxds+/ p)| p(t) — < li()|* )dx
0 Td 2 Td 2
t t
—/ 5°<5°—5|ﬁ0|2>dx+/ / ,6|12|2dxds+8/ / pii - Vit - udxds.
Td 2 o Jrd 0 Jrd
Furthermore, with the test function ¥ = u in (32), we find that
t
0= —sf / ﬁﬁ-f)sﬁdxds+s/ ,5(t)|12(t)|2dx—s/ 2°1a°2dx
0 JTd Td Td
t t
—8// /3&~Vﬁ~ﬁdxds—8/[ pe - udxds.
0 J1d 0 J1d

Adding the last two equations, some terms cancel, and observing that

t 1
/ / pds pdxds = — / 02
0 Td 2 Td

leads to the energy equality

dx

s=t
s=

0

s=t

dx
s=0

t t
Eo(p(t), a(t)) — Eo(ﬁo,ﬁ°)+/ / pla|*dxds =s/ / pé - udxds,  (33)
0 'H‘d Td

0

where the energy associated to (29)—(30) is defined by
=2
_ 0 £ _ _
Eo(p,u) = — 4= dx.
0(p. 1) /Td<2+2p|u|)x

4.2. Difference of mass balance equations. We subtract the energy equality (33) from
the energy inequality (14) (recall that k1 = kr = 1):

+ 2
E(p° (1), u® (1) — Eo(p(1), (1)) +/0 /T (prmfﬁ = ﬁ|ﬁ|2>dxds
i=1

2 t t

+g§ :f /d(pf|W§|2+|u§|2+pf|uf|4)dxds+s/ /dﬁé-ﬁdxds
. 0 JT 0 JT
i=1

< E(p° u®) — Eo(p°, i%). (34)
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We use the test function ¢ = p — elit|>/2 in the sum of the mass balance equations (12)
overi = 1,2 (recalling that p° = p{ + p5) and subtract the weak formulation (31) with
the same test function (observing that the terms at r = 0 cancel):

t
0=—f f (ﬁe—ﬁ)8s</3—ilﬁ|2>dde+/ (ﬁf—ﬁ)(t)(p‘(t)—f|ﬁ<r)|2)dx
0 Td 2 Td 2

) 2
_ / / (pruf — ,512) : v<p‘ _ §|ﬁ|2>dxds. 35)
0 JTE NS

4.3. Difference of momentum balance equations. We add the weak formulation (13)
with test function ¥ = i; for i = 1, 2 and subtract the weak formulation (32) for the
limit system with the same test function (recalling that (p, &) is assumed to be smooth):

. 2
O:—e//( p?u"?—ﬁﬁ>~8‘ﬁdxds+8/<
0 Jrd ; o 3 N2
1t
< L
0o Jrd \ 4

L

2 =t

S
dx
s

pius — ,512) il
1 =0

2
,ofuf@uf—ﬁﬁ@ﬁ):Vﬁdxds
=1
' 2
+g/ /d Z {fVus : Vit + A2 (2V ()% - it + (pf)'/* div it) }dxds
0 JTe "
i=1
t 2 t 2
+e ul i+ pflulPul - i dxds+/f< p€u€—5ﬁ>.ﬁdxds
[y [ e s myavas+ [ (3

t t
+f / (5°V5° — V) -ﬁdxds+e/ / pé - iidxds. (36)
0 JTd 0 J1d

4.4. Relative energy inequality. We recall the definition of the relative energy:

2

_ 1. Joxd _

Er(0°, uf|p, it) = /Td {Ews —p)i+e §_ ]j (jluf — il + |V<pf>”2|2)}dx,
1=

where p° := p{ + p5. The main task is to derive the relative entropy inequality.

Lemma 13. (Relative energy inequality) There exists a constant C > 0 independent of
& such that

¢ 2
Er(p® (0), u* (1) (1), (1)) +/0 /T S ot luf — aldxds
i=1

e (! 2 ) i )
+§/0 /'ﬂ‘d § (pflv(uf_u)|2+|uf—u|2+pf|ul§|2|ul§_u|2)dxds
i=1

t
<Cc¥e+ C/ Er(o°. u° |5, @) (s)ds.
0
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In particular, fori = 1,2, as e — 0,
1/2 — . 2 Ly 2md
(p7) / (ui — i) = 0 strongly in L=(0, T; L*(T)).
Proof. We subtract (35) and (36) from (34). An elementary computation shows that

2 2
Lot —p+t il2 122\
/W(E(pa_,o) +§21:,0i8|uf—u| +82|V(pf)/| L:odx:JIJr'“Jr]“’
i= =
(37)

where

. 2
11:—// of|ué — a|*dxds,
t 2
Jzz—//< pﬁsu‘?—ﬁgﬁ)-ﬁdxds,

! —s - AT Y
J3=— (0" — P)os| p — = lul” |dxds,
0 Jrd 2
t 2
- Fuf — i | - dsiidxds,
Ja 8/0 fﬂrd(;plul pu) sudxds
t 2 e
Js = — ‘ut —pi |- V([ p — =i|* |dxds,
5 /0 de(;p,ul pu) (p 2Iul) xds
t 2
J6:—8/ / (pruf@uf—ﬁﬁ@ﬁ):Vﬁdxds,
0 ST\
t
n=[ [ @5 - 595 dxds.
0 JTd
¢ 2
ng—e// > pfvul V@l — idxds,
0 JT55
t 2
Jo = —8/ / ut - (ué —i)dxds,
0 Td; l l
t 2
Jlo=—8/ / prluflzuf~(uf—ﬁ)dxds,
0 JTd 7
i=1

t
Jii=¢ f / APV (Y2 i+ (o) divit)dxds.
0 JTd
The expression on the left-hand side of (37) at# = 0 is of order ¢, because of Assumption

(A2) on the initial data and (p° — 0)(0) = 0. We wish to estimate Ji, ..., Ji.
We split the sum J3 + - - - + Jg into two parts, J3 + - - - + Jo = K| + K7, where

t ' 2
K| = f/ / (p° — '5)83|12|2dxds — {;‘/ / (pruf — ,512) - dsudxds
2 Jo Jra 0 Jrd \—
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2
e t
+= fué — pi | Vli)*dxd
Z/O/Td<§p’u’ ,ou) |u|“dxds
; 2
_g// (pruf@uf—ﬁﬁ@ﬁ):Vﬁdxds
0 JTd .
i=1

=: K1 +---Kia,

t t 2
K, = _/ / (p% — p)ospdxds — / / (pruf - ,51,2) - Vpdxds.
0 Jrd 0 Jre \'

Some terms cancel in K11 + K12, and we end up with

t 2
Ki+Kpp = —s/ / < E piu — ,5812> - Osutdxds.
0 JTd .
i=1

Also in the sum K3 + K14, some terms cancel:

t 2
Kiz+Kia= —g/ / (pruf - 5%2) - Vi - idxds
0 JTd .
i=1

¢ 2
—e// > pf @ — i) ® (uf — i) : Viidxds.
0 JTd
i=1

Recalling that e = d;u + u - Vu, we obtain

: 2
K1:—8//< p§u§—,6€ﬁ)-édxds

2
_ g/t/ Zpl_e(uf — i) ® (uj —u): Vudxds.
0 J1d i—1
Since e and u are assumed to be smooth, we can estimate K according to
K1 < eC(e)llpjui + p5u5 — ﬁeﬁ”LZ(o,T;Ll(Td))
+eC (Vi) /Ot /Td of lué — it|*dxds < Ce,

where the last step follows from estimates (27).
For K>, we insert 9, p = — div(pu), use Vp = —u, and integrate by parts:

t ! 2
K> = _[ / V(¢ — p) - (pi)dxds +/ / (pruf - ﬁﬁ> ~udxds.
0 Td 0 Td i=1

We add to this expression

151

t 2 t
Jr+J = —/ / (pruf — ,552) -idxds +/ / (p°Vp® — pVp) - idxds,
0 Jre \ o 0 Jre
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which yields, using again # = —V p and integration by parts,
t
Kot dyes== [ [ (695" Vo) + i = 5 = V5~ 5VP) - idnds
0 JT
t 1 t
= / f (5% — PIV(pE — p) - iidxds = —7/ / (5° — p)* diviidxds
0 JTd 2Jo Jre

t
< C@) / / (5° — p)2dxds.
0 JT1d

This shows that
t
ht-t+ =K +Kat+ o+ J7 < C8+C[ / (p° — p)*dxds.
0 J1d
Next, we estimate Jg, using the Young and Cauchy—Schwarz inequalities:
p 2
Jg = _g/ /d D (OF IV — i)* + pf Vit : V(uf — i))dxds
0 JTd
i=1
e [t 2 2
€ e _ =2 e =12
< —5/0 /w X;pf IV — ) Pdxds + & 3 10§ oo, 110 IV 0 1. pow iy
i=

i=1

2
€ ! & —\12
- E vVt — dxds + Ce,
/(; /di 1'Oz| (Mz u)|“dxds 3

IA

since the total mass of pf is uniformly bounded. We estimate Jy and Jjq in a similar
way, leading to

2
e t
Jo+ Jio < —5/ / D (1§ — i + pf luf Puf — it|*)dxds + Ce.
0 JTd
i=1

By the uniform estimates (27),

2
Ji < (‘/EZ \/g”A(pf)l/2||L2(O’T;L2(Td))(4%“V(pf)1/4”L4(O,T;L4(Td))
i—1

1/4 —
x 1609l a0, ;4 x| o 0,7 Low ey

12 . .
+1(eHY | Lo, 7: 22¢ny) 1 iV @l 20, 7. oo (ay)) < C@) Ve,

Thus, we obtain

Jg+---+ J11
s (! 2
SC(‘/E—E/ /dZ(pfw(u;?—ﬁ)|2+|u§—ﬁ|2+pf|uf|2|uf—ﬁ|2)dxds.
0 JT¢ "
i=1

We summarize the previous estimates to infer from (37) that
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2
/((p —0’+ Zp, Juf — |2+sZ|V<pf)‘/2|2)<t)dx

1—1 i=1

. 2
+/ / Zpﬂuf — i|*dxds
0 JTd i=1

; 2
. / / D (PFIV @ = )+ (uf — il + pf |uf 1P |uf — it)*)dxds
2 Jo Jri i
t
< cé/E+c/ / (p° — p)’dxds.
0 JTd

Gronwall’s lemma concludes the proof of the lemma. O

4.5. Proof of Theorem 3. Tt follows from Lemma 13 that

172

HP,S(M,S - IZ)HLI(() T:L1(Td)) = ||(,0,) 12 ||L2(0 T; LZ(TJ))”(P,) (u,g - 12)||L2(0,T;L2(']1‘d)) -0

as ¢ — 0. Together with the convergence p{ — p; weakly* in L>°(0, T'; L?(T%)), this
shows that

pfut = pf (uf — i) + pfit — piii weakly in L1(0, T; L' (T)).

By definition, # = —Vp. Since pfu; — J; weakly in L2(0, T; L*3(T%)), we infer
that J; = —p; Vp. In particular, p; solves the transport equation 9;0; = —divJ; =
div(p; Vp), while p is the solution to the porous-medium equation 9;p = div(pVp)
with 5(0) = pf + p in T?.
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