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Abstract—Program synthesis is the task of automatically con-
structing a program conforming to a given specification. In this
paper we focus on synthesis of single-invocation recursion-free
functions conforming to a specification given as a logical formula
in the presence of uncomputable symbols (i.e., symbols used in
the specification but not allowed in the resulting function). We
approach the problem via SMT-solving methods: we present a
quantifier elimination algorithm using model-based projections
for both total and partial function synthesis, working with
theories of uninterpreted functions and linear arithmetic and
their combination. For this purpose we also extend model-based
projection to produce witnesses for these theories. Further, we
present procedures tailored for the case of uniquely determined
solutions. We implemented a prototype of the algorithms using
the SMT-solver Z3, demonstrating their practical efficiency
compared to the state of the art.

I. INTRODUCTION

Program synthesis is the task of finding a function satisfying
the given specification. In this paper we focus on synthesis
of recursion-free functions and require the solution to be
guaranteed to be correct. To this end we lean on automated
reasoning methods and do not consider machine learning.
As synthesis subsumes verification, it is an inherently hard
problem. Yet, recent developments in this area showed that
fragments of the problem are tractable [15], [41], [39], [21].

There are many flavors of synthesis specifications. We con-
sider specifications expressed as logical formulas capturing re-
lational constraints on symbolically represented inputs/outputs,
recently addressed by an SMT-based approach [39] and de-
ductive synthesis in saturation [21]. Such specifications can
use additional syntactic constraints: in [39] (and in the SyGuS
paradigm in general [2]), the resulting function must syntacti-
cally conform to the provided grammar, while [21] introduces
so-called uncomputable symbols which are not allowed to
occur in the solution. However, while [21] uses uncomputable
symbols, it does not formally characterize them. That moti-
vated this work: we explore the semantics of specifications
with uncomputable symbols, and we present an algorithm
solving such specifications modulo (combinations of) theories.

Uncomputable symbols are a powerful tool allowing to
make the specification more expressive, e.g. by (i) requir-
ing the solution to be maximal, (ii) assuming the necessary
condition for the existence of a total solution, or (iii) forcing
the solution to discover properties of functions or predicates

used in the specification, but not allowed in the output.
While [21] introduces specialized inference rules to handle
the uncomputable symbols, we integrate them directly into the
specification, expressed as a logical formula, by using second-
order quantification. The challenges we then solve are how to
project away these symbols from the formulas, and how to find
witnesses capturing the solutions. To solve these challenges,
we take an SMT-based route: we present an algorithm based
on quantifier elimination games [7], [13], using and extending
model-based projections [27], [6].

Contributions: In this work we synthesize recursion-free
functions for first-order specifications using uncomputables
and theories. Our main contributions are:
1) An algorithm for function synthesis in the presence of

uncomputable symbols (Section III). In contrast to prior
work [21], we use quantifiers to handle the scope of un-
computables. We present tailored model-based projection
procedures (Section IV) used for quantifier elimination.

2) Our approach works directly for partial function synthesis
(see Section III-C). That is, for specifications that are not
realizable on all inputs, our approach identifies necessary
and sufficient pre-conditions when solutions exist.

3) We introduce directed inferences exploiting the case when
specifications have unique solutions (Section V).

4) We implemented a prototype of our method using the
SMT-solver Z3 and compared it to the state of the art
(Section VI).

II. PRELIMINARIES

We assume multi-sorted first-order and second-order logics
and use standard definitions of their syntax and semantics.
When discussing validity, we consider all formulas implicitly
universally quantified. We work with theories as defined in
SMT-LIB [5], in particular with the theories of equality and
uninterpreted functions (EUF), and of linear integer and real
arithmetic (LIA and LRA).

By E[t] we signify that the term or formula E contains
the term t, and by E[t/y] we denote the term or formula we
obtain from E by replacing every occurrence of the variable
y by the term t. By ≃ we denote the equality predicate, by
:= assignment, by t the tuple of terms (or variables/symbols)
t1, . . . , tn, and by TΣ the set of terms over the set of symbols
Σ. We recall known notions we use in the paper: negation
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normal form (NNF) of a formula F , denoted NNF (F ),
is any formula equivalent to F , consisting only of literals,
conjunctions, and disjunctions; disjunction normal form (DNF)
is an NNF which is a disjunction of conjunctions of literals. We
use the abbreviations sat/unsat for satisfiable/unsatisfiable. We
abuse the notation and by ⊤, ⊥ we denote the logical constants
for true and false, as well as their values, and in our algorithms
we also denote the undefined value by ⊥. We reduce predicates
into functions by replacing each atom p(t) by fp(t) ≃ ⊤,
where fp is a fresh function symbol with the domain {⊥, ⊤}.

¯We write ℓ for the complement of the literal ℓ. When C is⋀ 
a conjunction of literals ℓ, we interchangeably refer toℓ∈L 
it as a set of its literals L. Given a set of literals L and a
formula F , where L ∧ F is unsat, we write Core(L, F ) for
C ⊆ L such that C ∧ F is unsat.

We use “program” and “function” in the context of objects
we synthesize as synonyms. By ϵ we denote the empty list
and we use | to denote list construction. We write C → r for
the pair of a condition C and a term r used as one case of
a program, and we represent the (possibly partial) program in
the synthesis process as a list C1 → r1 | . . . | Cn → rn.
We construct the whole program from the list using the case
constructor,

case C1 : r1; . . . case Cn−1 : rn−1; default : rn, ⋀i−1which evaluates to the value ri for 1 ≤ i < n if Ci ∧ j=1 ¬Cj 
is true, and to the value rn otherwise. Since a list of pairs
of conditions and terms uniquely defines a program, we
sometimes abuse the notation and use the list in place of its
corresponding program. Finally, we use _ to denote any value
in the function – i.e., the case when any value of the correct
sort satisfies the specification, and we use _ when there exists
at least one computable term of that sort.

III. SYNTHESIS OF TOTAL AND PARTIAL FUNCTIONS

A. Specifications and Realizers

We focus on the class of synthesis specifications given as
closed second-order logical formulas of the form

∃f.∀c, u. ϕ[f(c), c, u], (1)

where f is the recursion-free function we want to synthesize,
c are all symbols the function can depend on, and u are the
symbols f should be independent of. Following the termi-
nology of [21], we call c computable and u uncomputable
symbols. The computable symbols include all symbols which
are allowed in the solution for f : f ’s inputs, as well as
constants, functions, and predicates. We call the terms and for-
mulas over c computable terms/formulas, the terms/formulas
containing symbols from u uncomputable terms/formulas, and
the uncomputable symbols themselves also uncomputables.

Note that (1) specifies a single single-invocation function:
f always occurs in ϕ with the same arguments c. Thus, spec-
ification (1) can be equivalently expressed in “unskolemized”
(yet still possibly second-order) form as

∀c.∃y.∀u. ϕ[y, c, u], (2)

where the task is to find a witness for the first-order variable
y. We can also allow y to be a tuple of variables, effectively
specifying multiple functions, all depending on the same
computable symbols/inputs.

In the rest of the paper, we use specifications like (2),
formalized as follows:
Definition 1 (Total Function Synthesis). Let Σ be a signature,
let u ⊆ Σ be the set of uncomputable symbols, let y ∈ Σ \ u,
and let c = Σ \ ({y} ∪ u). A synthesis problem is a tuple

⟨Φ[y], u, y⟩, 
where Φ[y] = ϕ[y, c, u] is a quantifier-free formula called
a synthesis specification, containing the variable y, which
represents the function to be synthesized. A solution for the
problem is a term R ∈ Tc, such that Φ[R/y] holds, called
a realizer for y. As R defines a total function, we call this
problem total function synthesis.

We consider theory-defined functions computable. In the
following we always use y to represent the function to be
synthesized, and sometimes write Φ for Φ[y], and when t does
not contain y, we write Φ[t] for Φ[t/y].
Example 1 (2-knapsack). We encode the well-known problem:
Given 2 items of weights w1, w2 and a capacity c, which of the
items should we choose so that the total weight of the chosen
items is maximal but at most c? First, we define a formula
specifying that y1, y2 form a valid pick from the two items,
i.e., that the value of yi is either 0 or wi (for i = 1, 2), and
that y1 + y2 is at most c:

ϕ[y1, y2] := (y1 ≃ 0 ∨ y1 ≃ w1) ∧ (y2 ≃ 0 ∨ y2 ≃ w2) 
∧ y1 + y2 ≤ c 

Then the following synthesis problem specifies, assuming that
c, w1, w2 are non-negative, that y is a valid pick from the
two items, such that all valid picks u have lesser or equal
combined weight than y:( ) ⟨ c≥0 ∧ w1 ≥ 0 ∧ w2 ≥0( ) 

=⇒ ϕ[y] ∧ (ϕ[u] =⇒ u1 +u2 ≤y1 +y2) , {u}, y⟩ 
(3)

A realizer for (y1, y2) of (3) is:

case w1 + w2 ≤ c : (w1, w2); 
case w1 ≤ c ∧ (w1 ≥ w2 ∨ w2 > c) : (w1, 0); 
case w2 ≤ c ∧ (w2 > w1 ∨ w1 > c) : (0, w2); 
default : (0, 0) 

B. The Expressivity of the Uncomputable Symbols

We define the scope of uncomputable symbols directly in
the specification, by using explicit (and possibly second-order)
quantification. This is in contrast with [21], which introduced
uncomputable symbols, but forbade their use in the sought
solution as an additional syntactic constraint, thus allowing
the specifications to stay within first-order logic. These two
methods of restricting the uncomputable symbols are, however,
equivalent in what they allow to express.
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The use of uncomputable symbols allows for more expres-
sive specifications, which in turn leads to more interesting
synthesis tasks. As in Example 1, with uncomputables we can
require that the solution is optimal by changing the specifica-
tion ϕ[y, c] into ϕ[y, c]∧(ϕ[u, c] =⇒ is_better(y, u)), using
a fresh uncomputable symbol u and some suitable definition
of the predicate is_better . We can also use uncomputable
symbols to ensure that a specification ϕ[y, c] has a solution by
adding an assumption ϕ[u, c], allowing to turn partial function
specifications into total ones. For example, there is no total
solution for the specification ⟨2y ≃ x, ∅, y⟩ over integers, but

1there is one for ⟨2u ≃ x =⇒ 2y ≃ x, {u}, y⟩.
Further, u can include also function and predicate symbols.

With those, synthesis can require discovering properties of
uninterpreted functions or predicates:
Example 2 (Workshop [37], [19]). Consider the synthesis
problem ⟨Φ, {w}, y⟩, where:

Φ := (Mon ∨Sun) ∧ (Mon =⇒ w(V )) ∧ (Sun =⇒ w(A)) 
=⇒ w(y) 

The example models a situation at a conference: given that it
is Monday or Sunday today, and given that the workshop A is
taking place on Sunday and the workshop V on Monday, the
task is to synthesize a function that tells us which workshop
is taking place. Additionally, the solution is not allowed to
use the workshop predicate w – if we were able to evaluate
w(·) ourselves, we arguably would not need to use any tools
to synthesize the solution.

C. Partial Function Synthesis

We further consider partial function synthesis: a variation on
the synthesis problem where the specification is not required to
be satisfiable on all evaluations of computable symbols. Thus,
the sought function is not required to be total.
Definition 2 (Partial Function Synthesis). Let Φ[y] be a
specification, where ∀c.∃y.∀u.Φ[y] is not necessarily valid.
Then ⟨Φ[y], u, y⟩ is a partial (function) synthesis problem.
A solution for the problem is a pair ⟨C, R⟩, where C is a
quantifier-free formula and R is a realizer for y, both over c,
such that:

C =⇒ Φ[R] (4)
(∃y.∀u.Φ) =⇒ C (5)

The first condition ensures that Φ[R] holds under C, and the
second condition ensures that ⟨C, R⟩ is a maximal solution for
partial function synthesis.

While solutions ⟨C, R⟩ are recursively enumerable for first-
order specifications, we note that they are in the undecidable
∀∃∀-fragment [24]. The process of finding C that satisfies
condition (5) relates to synthesizing uniform quantifier-free
interpolants [42].

1This trick does not work if ϕ already uses some uncomputable symbols.
However, our synthesis algorithm (Section III-D) works for partial functions,
as defined in Section III-C.

Example 3. Let Φ := q(y) ∨ a ≃ b ≃ y with u = {q}, c = 
{a, b}. Then the weakest quantifier-free formula that implies
∀u.Φ is a ≃ b ≃ y, producing the partial solution ⟨a ≃ b, a⟩.
On the other hand, for Φ := p(u) ∨ a ≃ b ≃ y, with u = 
{u}, c = {p, a, b}, the strongest C ∈ Tc implied by ∀u.Φ is
⊤, so while ⟨a ≃ b, a⟩ satisfies (4), it does not satisfy (5).

Finite quantifier-free uniform interpolants do not always
exist for combinations of theories:
Example 4. Let Φ := a ≃ y ∧ Ψ, where Ψ does not have
a uniform quantifier-free interpolant. For example, let Ψ be
¬(p(u)∧a < u < b) for integers u, a, b, where u = {u}. Then
there is no finite maximal solution to the synthesis problem,⋁ ⋀ 
only an infinite one: ⟨ (a+k ≃ b∧k>1 0<i<k ¬p(i+a)), a⟩.

Thus, we cannot develop complete algorithms in general.
Yet, for theories admittig uniform interpolation, or even quan-
tifier elimination, computing the strongest C satisfying (5) is
possible. Our synthesis algorithm, presented next, finds partial
solutions to (4) and uses (5) as a criterion for termination.

D. A Synthesis Algorithm

We present an algorithm for partial function synthesis. It
iteratively builds a list of pairs R := C1 → r1 | . . . | Cn →⋀ 
rn, stopping when ∀u.Φ ∧ ¬Ci becomes unsatisfiable1≤i≤n 
(step 2) – i.e., when the conditions C1, . . . , Cn cover all pos-⋁ 
sible cases. Then the solution is ⟨ Ci, R⟩. To compute1≤i≤n 
one pair Cj → rj , we first find a formula π∀[y] not contain-⋀ 
ing symbols from u, which implies ∀u.Φ ∧ 1≤i≤j−1 ¬Ci 
(step 3). This π∀[y] corresponds to a condition under which the
specification holds, yet none of the other conditions found so
far apply. Next we look for a witness r and a formula π∃ , both
only containing symbols from c, such that π∃ implies π∀[r] 
(step 4). If we find such r and π∃ , we set Cj := π∃, rj := r 
and add Cj → rj to the list of pairs R (step 6). Otherwise
we find a formula π∃ which implies ∃y.π∀[y], and refine the
specification by adding ¬π∃ to it (step 5). Then we continue⋀ 
with the next iteration: if ∀u.Φ ∧ ¬Ci is satisfiable,1≤i≤j 
we look for Cj+1 → rj+1. Computation of π∀ and π∃ (steps
3 and 4) is addressed in Section IV.

The algorithm can also be used for total function synthesis
by checking that the returned condition C is equivalent to ⊤.

Correctness of Algorithm 1 is straightforward:
Proposition 3. Assume Algorithm 1 terminates with ⟨C, R⟩. If
it never produced r = ⊥ in step 4, then ⟨C, R⟩ is a maximal
solution for the given partial synthesis problem. Otherwise
⟨C, R⟩ is a program satisfying condition (4) but there is no
solution to (5).
Proof. Each step preserves (4) C =⇒ Φ[R]. The termination
condition ensures (5) ∃y.∀u.Φ =⇒ C ∨ C⊥ , where C⊥ is
the disjunction of projections for r = ⊥.
Remark 4. Algorithm 1 is complete for theories that admit
quantifier elimination for computing π∀, π∃ in steps 3 and 4.
Example 5. Our algorithm solves the workshop problem from
Example 2. In the first iteration, ∀w.Φ is sat. We find
π∀[y] = ¬Mon ∧ ¬Sun (see Example 9 for details). Then
a corresponding ⟨π∃, r⟩ is ⟨¬Mon ∧¬Sun, _⟩, where _ is the
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Algorithm 1 Partial Function Synthesis
Given a partial function synthesis task ⟨Φ, u, y⟩, return a
solution ⟨C, R⟩.
1) Initialize C := ⊥ and R := ϵ.
2) If ∀u . Φ ∧ ¬C is unsat then return ⟨C, R⟩.
3) Find a satisfiable π∀[y] over c∪{y}, such that π∀[y] =⇒ 

∀u . Φ ∧ ¬C. (See Algorithm 3 in Section IV-B.)
4) Find ⟨π∃, r⟩ such that π∃ is satisfiable and over c and

either π∃ =⇒ π∀[r] with r ∈ Tc, or r = ⊥ and there is
no realizer over c for π∀[y] and π∃ =⇒ ∃y.π∀[y].
(See Algorithm 2 in Section IV-A.)

5) If r = ⊥, update Φ := Φ ∧ ¬π∃ and go to step 2.
6) Otherwise, update C := C ∨ π∃ , R := R | (π∃ → r) and

go to step 2.

“any” realizer. We add ¬Mon ∧ ¬Sun to C. As ∀w.Φ ∧ ¬C 
is satisfiable, we continue. We find π∀[y] = A ≃ y ∧ Sun , and
then a corresponding ⟨π∃, r⟩ = ⟨Sun, A⟩ (see Example 7). We
add ¬Sun to C. The formula ∀w.Φ ∧ ¬C is still satisfiable,
so we continue. In the next iteration, π∀ = V ≃ y ∧ Mon and
⟨π∃, r⟩ = ⟨Mon, V ⟩. Then finally ∀w.Φ ∧¬C is unsat, and in
fact, C ≡ ⊤. We thus return

⟨⊤, (¬Mon ∧ ¬Sun → _) | (Sun → A) | (Mon → V )⟩. 
Since the first case in the realizer list uses _, we can choose
to return V in that case. Further, since its condition ¬Mon ∧ 
¬Sun is the complement of the disjunction of the other two
conditions (Sun or Mon), we can move it to the end of the list
and then unite into a default case with the condition Mon ,
which also returns V , obtaining the final program:

⟨⊤, case Sun : A; default : V ⟩ 
E. Unique Realizers

A useful special case in step 4 of Algorithm 1 is when
a solution to the variable y is uniquely determined. For
example, for a simplified 1-item version of knapsack, given
by c < 0 ∨ w1 < 0 ∨ ((y1 = 0 ∨ y1 = w1) ∧ y1 ≤ 
c ∧ ((u1 ≠ 0 ∧ u1 ̸= w1) ∨ u1 > c ∨ u ≤ y)), and under
the case c ≥ 0, w1 ≥ 0, u1 = w1, u1 > c, there is a unique
solution to y given by 0. In Section V, we show how to read
out unique solutions from a combination of the E-graph (a
data structure capturing congruences, see Definitions 6 and 7)
and arithmetical constraints. Our approach can be considered
a generalization of E-graph saturation, where we consider also
the theory of linear real arithmetic.

IV. QUANTIFIER PROJECTION

Our synthesis algorithm (Algorithm 1) uses two flavors
of quantifier projection methods, one for existential and one
for universal quantifiers. Prior work [6] explores projection
operators for EUFLIA, but side-steps some requirements we
have for the resulting formulas and realizers. We therefore
introduce heuristics suitable for our setting. We describe

methods for existential projection in Section IV-A, and Sec-
tion IV-B presents an approach for universal projection. We
then plug these methods into Algorithm 1. For step 3 of
Algorithm 1, we use universal projection (Algorithm 3), which
takes Φ ∧¬C and returns a set of literals L, which we assign
to π∀ . For step 4 of Algorithm 1, we use existential projection
with witness extraction for the appropriate theory (for EUF,
see Algorithm 2), which takes π∀ and an arbitrary model of
it, and returns a suitable pair ⟨π∃, r⟩.

A. Existential Projection

To compute realizers, we use existential model-based pro-
jection.
Definition 5 (∃MBP and ∃MBPR [27]). Let Φ be a quantifier-
free formula and assume M |= Φ. Then existential model-
based projection ∃MBP(M, x, Φ) is a quantifier-free formula
π∃ π∃over symbols not in x, such that M |= and π∃ =⇒ 
∃x.Φ.
Further, when y is a symbol in Φ, a model-based projection
with realizer ∃MBPR(M, y, Φ) is a pair ⟨π∃, r⟩ such that π∃ 

is quantifier-free and satisfiable, π∃ =⇒ Φ[r/y], and y ̸∈ 
π∃, r.

Various algorithms for model-based projection have been
integrated into Z3. We will use ∃MBP to project uncomputable
symbols in Section IV-B. We also introduce an algorithm for
computing ∃MBPR(M, y, L) for EUF given a set of literals
L. Prior works [6], [26] develop projection algorithms that
apply to combinations with arrays [25], integer arithmetic, and
algebraic data-types [7]. However, they do not cover extract-
ing computable realizers from projections. For example, [6]
defines projections of first-order functions that can be defined
without getting into notions of computable realizers. On the
other hand, we can rely on witness extraction algorithms for
LIA [31] for a combination with EUF.
Definition 6 (Congruence Preserving Partition). Let T be a
set of terms closed under sub-terms. A congruence preserving
partition of T is a set P that partitions T , such that for every
f(s), f(t) ∈ T , whenever ∀i ∈ {1, . . . , n}.∃P ∈ P .si, ti ∈ 

′ ′ P , then ∃P ∈ P .f(s), f(t) ∈ P .
Definition 7 (E-graph, E). An E-graph, E, is a data structure
that provides access to a congruence preserving partition. It
maps each term t ∈ T to its partition by root(t).

Every interpretation M induces a congruence preserving
partition. Conversely, for a set of equalities over EUF, there
is a unique congruence preserving partition P such that for
each equality s ≃ t, s, t belong to the same class in P , and
every other partition with that property is obtained by taking
unions of classes in P . When a solver constructs an E-graph
E, then every equality that is added to E is justified by a
set of literals. Justification extends to every implied equality
and can be represented as a proof tree that uses axioms for
EUF. Thus, when root(t) = root(t ′ ), then the function J (t, t ′ ) 
returns the set of equality literals used to establish the equality
between t, t ′ in E. We use the partition to find a computable
term t ′ ∈ Tc equal to a given term t. To this end, we define a
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so-called representative function rep , returning a suitable t ′ c 
for the given t, as well as for the class t belongs to in P .
Definition 8 (rep (P ) [6], [14]). Given a congruence preserv-c 
ing partition P , a representative, overloaded as: rep : 2T →c 
Tc ∪ {⊥}, rep : T → Tc ∪ {⊥}, is a function satisfying:c 
1) rep (t) = rep (P ) for each P ∈ P , t ∈ P .c c 
2) rep (P ) = ⊥ or rep (P ) = f(rep (t1), . . . , rep (tn)) ∈c c c c 

Tc such that f(t) ∈ P, rep (ti) ≠ ⊥ for each ti.c 
3) Maximality: for every P ∈ P , rep (P ) = ⊥ implies thatc 

every term f(t) in P either has f ̸∈ c, or rep (ti) = ⊥c 
for some i.

Searching for a realizer of y for L[y] can be performed by
Algorithm 2.2

Algorithm 2 ∃MBPR(M, y, L) for EUF
Given L[y] over c ∪ {y}, and M such that M |= L[y], return
⟨π∃, r⟩ over c such that either π∃ =⇒ L[r], or r = ⊥ and
π∃ =⇒ ∃y.L[y].
1) Let P be a congruence preserving partition, based on M,

satisfying L.
2) Let C := {rep (P ) | P ∈ P , rep (P ) ≠ ⊥}c c 

∪ {f(t) | f ∈ c, ti = rep (Pi) ≠ ⊥}.c 
3) If there is r ∈ C such that L[y] ∧ y ≃ r is satisfiable,

return ⟨L[r], r⟩.
4) Otherwise, there is no computable r such that L[r] 

does not contradict equalities following from M. Return
⟨∃MBP(M, y, L), ⊥⟩.

Proposition 9 (Correctness and Completeness of Algo-
rithm 2). Algorithm 2 produces ∃MBPR(M, y, L) iff one
exists, and returns ⟨∃MBP(M, y, L), ⊥⟩ otherwise.
Proof. The goal is to establish if there exists a term r ∈ Tc 
such that L[r] ≡ L[y] ∧ y ≃ r is satisfiable. For this purpose
we enumerate a subset of Tc that is necessary and sufficient.
In particular, it is sufficient to check the set of terms in P 
that are already represented by computable terms, and terms
immediately obtained from these terms by using the signature
c. Suppose there is a term r ∈ Tc such that L[r] is satisfiable.
Then either it is congruent to a term in rep (P ), P ∈ P , orc 
we can trim it down to a term with immediate children in
rep (P ). Suppose r = f(t) is a solution, but ti for some ic 
is not congruent within P . Then we could use ti in place of
r because we can produce a model of L[ti] by setting the
interpretation of ti the same as f(t). Note that it is possible
that M enforces congruences not in P so it is not necessarily
the case that M |= L[r].
Remark 10. Single invocations of ∃MBPR do not necessarily
produce formulas that are equivalent to ∃y.L[y]. Thus, L[y] ∧ 
¬L[r] is not necessarily unsatisfiable. However, ∃MBPR for
EUF+LIA finitely eliminates all models of L.
Example 6. In the following constraints, there are no solutions
for y using Tc. (1) Let c = {a} and L = y ̸≃ a. (2) Let
c = {f, a} and L = f(a) ≃ a ∧ y ̸≃ a.

2We describe the practical optimizations for Algorithm 2, including finding
the “any” realizer _, in Section VI.

Example 7. We compute ⟨π∃, r⟩ for L[y] = {A ≃ y, Sun},
requested in Example 5. A partition P based on L is
{{A, y}, {Sun, ⊤}}. Then C = {A, Sun}. Since A is of the
suitable sort and L[A] ∧ y ≃ A is satisfiable, the result is
⟨Sun ∧ A ≃ A, A⟩, equivalent to ⟨Sun, A⟩.

Extending MBP from LIA to EUFLIA requires enforcing
Ackermann axioms. We derive a recipe from [6].
Definition 11 (∃MBPR for LIA + EUF). Let M |= L 
over LIA + EUF, and assume L is closed under Ackermann
reductions with respect to y. That is, for every occurrence f(s) 
and f(t), where f is uninterpreted, s, t are arithmetic terms
that contain y: either (s ̸≃ t) ∈ L or (f(s) ≃ f(t)) ∈ L.
Then ∃MBPR(M, y, L) is defined by LIA projection where
only occurrences of y within arithmetic terms are considered.
Remark 12. We established complete ∃MBP and ∃MBPR
methods for EUF and EUFLIA. ∃MBP for combinations
of theories that include arrays and algebraic datatypes are
implemented in Z3.

B. Universal Projection

Universal projection for EUFLRA was addressed in dif-
ferent guises. Covering algorithms by [16] can be used to
compute projections for EUFLRA. They provide a strongest Ψ 
such that (∃u.¬Φ) =⇒ Ψ. Equivalently, ¬Ψ =⇒ ∀u.Φ. We
would like to unfold ¬Φ incrementally as a DNF so that we
can compute implicants of ∀u.Φ incrementally and terminate
once we find a suitable projection.

We here outline a method that produces a DNF of im-
plicants. It can be used for ground formulas and combina-
tions of theories where ∃MBP applies. It derives from the
MARCO algorithm [32] for core enumeration, where our
twist is to apply projection to cores during enumeration and
to terminate early when a suitable satisfying assignment is
found. Let Φ be a ground formula and L be all the literals
that occur in the negation normal form of ¬Φ. The set of
cores over L with respect to Φ can be enumerated using
core enumeration techniques. Each core C is such that C ∧ Φ 
is unsatisfiable, which means Φ =⇒ ¬C. We can filter
out cores that are unsatisfiable by themselves. It remains to
eliminate u from each core, or in other words, find C ′ , such
that (∀u.¬C) =⇒ ¬C ′ . This question is equivalent to finding
C ′ , such that C ′ =⇒ ∃u.C. We can use ∃MBP to establish
C ′ based on a model for C. Thus, ⋀ ∀u.Φ ≡ ∀u.(Φ ∧ ¬Ci)⋀i ≡ (∀u.Φ) ∧ ∀u.¬Ci⋀i 

≡ (∀u.Φ) ∧ ¬C ′ i i 

We have found a sufficient set of cores when (if) the formula⋀ 
( ¬Ci ′ ) ∧ ¬∀u.Φ 

i 

is unsat. But we do not need to compute the full set of cores
before we can extract candidates for π∀ . We can return a
propositional model π∀ of the current partial set of projections⋀ ¬Ci ′ , whenever π∀ ∧ ¬∀u.Φ is unsat. In other words, iti 
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⋀ 
suffices to extract a DNF of ¬Ci ′ on demand without having⋀ i 
the full i ¬Ci ′ =⇒ ∀u.Φ.

This discussion motivates Algorithm 3. It enumerates propo-
sitional models of literals in Φ, using additional constraints O 
(blocking implicants of ¬Φ) and S (blocking implicants of
Φ which use uncomputable symbols), both initialized to ⊤.
The models are constructed by first finding a subset U of
uncomputable literals in ¬Φ consistent with O ∧ S , and then
finding a model for U ∧ Φ. If this model satisfies a set of
literals L⊤ not using uncomputables, and L⊤ =⇒ Φ, we arec c 
done (step 7). If U ∧ Φ is unsat, we block this model in future
enumeration: we project u from the unsat core Core(U, Φ),⋁ 
negate the projection obtaining ℓ (corresponding to ¬C ′ ℓ∈C̄  i 
from the discussion above), add this clause to O, and add

¯the new literals from C to all clauses in S (step 4). The last
case is when the propositional model implies Φ, but using an
implicant which includes uncomputable literals. To block this
model in future enumeration iterations, we add a clause over
literals that are false in this model to S (step 8). In contrast
to MARCO, the set of literals that is used to enumerate cores
grows (in step 4). To allow models using the new literals, the

¯algorithm weakens S by including new literals from C. The
algorithm is resumable after returning in step 7 by supplying⋁ 
a clause ℓ implied by ¬π∀ to step 4(a).ℓ∈C̄  

Algorithm 3 Universal projection using cores, correction sets
and ∃MBP
Given Φ and u, return π∀ such that either π∀ =⇒ ∀u.Φ, or
π∀ = ⊥.
1) Let O := ⊤, S := ⊤, let Lu be literals in NNF (¬Φ) 

that contain symbols from u, and let Lc be the literals
in NNF (Φ) that do not contain symbols from u.

2) If O ∧ S is unsat, then return ⊥.
3) Find a subset U ⊆ Lu ∪Lc that is satisfiable with model

M and implies O ∧ S .
¯4) If U ∧ Φ is unsat, let C := Core(U, Φ), let C := {ℓ̄  | ℓ ∈ 

∃MBP(M, u, C)}, and⋁ ⋁ 
a) add ℓ∈ ̄  ℓ to O, update S := {S ∨ ℓ∈(C\L¯ 

c 
ℓ | S ∈C ) 

S}, Lc := Lc ∪ C̄  , and
b) go to step 2.

5) Otherwise, let M ′ be such that M ′ |= U ∧ Φ.
6) Let L⊤ := {ℓ ∈ Lc | M′ (ℓ) = ⊤}c 
7) If L⊤ ∧¬Φ is unsat, then L⊤ is an implicant of Φ. Returnc c 

π∀ := Core(L⊤ , ¬Φ).c ⋁ 
8) Let L⊥ := {ℓ ∈ Lc ∪Lu | M′ (ℓ) = ⊥}, add ℓ∈L⊥ ℓ to

S , and go to step 2.

Proposition 13 (Correctness of Algorithm 3). If Algorithm 3
returns π∀ ≠ ⊥, then π∀ =⇒ ∀u.Φ.
Proof. Since the algorithm can only return π∀ from step 7,
it means π∀ = Core(L⊤ , ¬Φ) where L⊤ does not containc c 
symbols from u, and π∀ =⇒ Φ, which then entails π∀ =⇒ 
∀u.Φ.

Remark 14. The algorithm provides a way to incrementally
compute cases of a partial function. It is complete for theories
that admit quantifier elimination.
Proof. Claim: the sets Lc obtained from the NNF of Φ and Lu 
obtained form the NNF of ¬Φ are sufficient for enumerating
conflicts with Φ, and ¬Φ, respectively. If L is a propositional
model such that L ∧ Φ is unsat then L ′ := L \ {ℓ ∈ L | ℓ ̸∈ 
Lu, ℓ ∈ Lu} also satisfies L ′ ∧ Φ is unsat. The symmetric
claim is: If L is a propositional model such that L ∧ ¬Φ is
unsat, then L ′ := L \ {ℓ ∈ L | ℓ ̸∈ Lc, ℓ ∈ Lc} also satisfies
L ∧ ¬Φ is unsat. Justification (for the last claim): If ℓ occurs
positive in Φ, but ℓ does not occur in Φ at all, then ℓ does
not occur negatively in ¬Φ and therefore doesn’t contribute to
L ∧ ¬Φ being unsat. ⋀ 

Claim: All propositional models of ¬C ′ are covered byi i 
step 7. Here, C ′ is a projection of Ci and Ci is a propositionali 
model of Φ. It follows as step 4 prunes literal combinations
that are propositional models of ¬Φ, while step 7 identifies the⋀ 
models for ¬Ci ′ , and step 8 forces enumeration of propo-i 
sitional models to contain literals that belong to a correction
set of non-models of Φ.

Put together, if the underlying theory allows to finitely
eliminate the propositional models (in step 4 by quantifier
elimination), we eventually reach the model corresponding to
the implicant of ∀u.Φ.
Example 8. Let Φ := f(u) ≃ a =⇒ f(u) ≃ y where
c = {f, a}, u = {u}. Let U := {f(u) ≃ a, f(u) ̸≃ y}. Then
U ∧ Φ is unsat and the core C := f(u) ≃ a ∧ f(u) ̸≃ y with
respect to Φ has the projection a ̸≃ y. We add a ≃ y to O,
and now O ∧ ¬Φ is unsatisfiable and we can return a ≃ y in
step 7. Existential projection computes the pair ⟨⊤, a⟩, which
is a solution to the synthesis problem.
Example 9. We compute π∀ requested by Algorithm 1 in( 
Example 5. We have Φ := (Mon ∨ Sun) ∧ (Mon =⇒) 
w(V )) ∧ (Sun =⇒ w(A)) =⇒ w(y) and u = {w}.
First let U := {¬Mon, Sun, w(A), w(V ), ¬w(y)}. Then U∧Φ 
is unsat, with C = Core(U, Φ) = {Sun, w(A), ¬w(y)},
projected to {Sun, A ̸≃ y}. We let O := ¬Sun ∨ A ≃ y 
and find a new U := {¬Mon, ¬Sun, w(A), w(V ), ¬w(y)}.
Then U ∧ Φ is sat, and we find its model M ′ = {Sun ↦→ 
⊥, Mon ↦→ ⊥, A ↦→ v0, V ↦→ v1, y ↦→ v2, w ↦→ λv.v ̸= v2}.
We get L⊤ = {¬Mon, ¬Sun}, which implies Φ, and we thusc 
return π∀ = Core(L⊤ , ¬Φ) = {¬Mon, ¬Sun}.c 

V. SYNTHESIZING UNIQUE FUNCTIONS

When specifications have unique realizers, we can take
important shortcuts. For synthesis tasks based on Definition 2,
there may be unique solutions to y based on implicants π∀ of
Φ. In that case, we can bypass invoking ∃MBPR. It is well-
recognized in QBF solving [36] that there can be a substantial
advantage to detecting when a formula entails that there is a
unique solution for an existential variable. Heuristics based on
unique solutions are also used to significantly aid synthesis
of Boolean functions [1]. We here outline how we leverage
unique function specifications in the case of EUF and LRA.
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The setting we will be discussing is the following: given a
variable y, we introduce inferences that can establish when
a set of constraints Φ entails that y is equal to a term t 
that does not contain any of the symbols from {y} ∪ u. For
LRA in isolation, there is a canonical method for inferring
equalities from conjunctons of equalities and inequalities:
Gaussian elimination. For EUF in isolation, we can consult
rep from Definition 8 if the congruence closure induced byc 
a conjunction of equalities implies that y is congruent to a
term without symbols from {y} ∪ u. We summarize these
methods in a bit more detail next. Our main observation is
that the combinination of EUF and LRA is also amenable to
synthesizing unique solutions. In Section V-C we show how to
extract unique solutions for y (if they exist) in a combination of
the two theories. The main claim is that Gaussian elimination
can be interleaved with congruence closure rules to establish
all equalities modulo LRA + EUF under a set of asserted
literals. It builds on an idea of using Gaussian elimination
to solve for symbols that should be eliminated and use the
resulting equations to augment the congruence closure for
equalities that may have not been surfaced by the LRA solver.
Recall, that it is enough for theory combinations to agree
on equalities with respect to a candidate model [12] and
not all implied equalities. So our method extracts implied
equalities on the fly from LRA and takes them into account
by augmenting the congruence closure. Beyond experimenting
with this method on our benchmarks, this approach also lets
Z3 expose equality saturation modulo EUF and LRA.

A. EUF
The heart of CDCL(T) solvers is a congruence graph E 

for the set of terms in Φ. In a satisfiable state, E maintains
a set of currently implied congruences. If in a satisfiable
state rep (y) ∈ and J (y, rep (y)) has no terms fromc Tc c 
u, then we have a justification that y is equal to a com-
putable term using assumptions that are computable or use
y. Assuming the state is consistent for EUF, the justification
J (y, rep (y)) is also EUF-consistent. We then produce thec 
condition J (y, rep (y))[rep (y)/y] and the realizer rep (y).c c c 
By construction, this approach extracts realizers that are forced
by E, but it may fail to detect that a set of constraints have
only one possible realizer:
Example 10. Let Σ = {a, b}, L := y ̸≃ b ∧ a ̸≃ b. Then a is
a unique realizer for y, but for the congruence class over L,
rep (y) = ⊥.c 

B. LRA
It is also possible to solve for variables over LRA. We recall

the dual tableau normal form used by the arithmetic solver.
A tableau T maintains a set of basic, B, and non-basic, N ,
variables such that each basic variable is in a solved form from
the non-basic variables. The sets B and N are disjoint.⋀ ( ∑ ) 

T : xb = abixi 
b∈B i∈N 

Furthermore, it maintains bounds B on all variables⋀ 
lo(xi) ≤ xi ≤ hi(xi), where lower lo(xi) ∈ {−∞} ∪ R,i 

hi(xi) ∈ {∞} ∪ R. Every lower and upper bound that is
not infinite is justified by a set of literals Jlo(x), Jhi(x). A
feasible tableau comes with an evaluation function val(xi) that
maps every variable into a value from R, such that:∑ 

val(xb) = i∈N abival(xi) for every b ∈ B 

Let x be an arithmetic variable. It can be reduced to
a solution in terms of other variables or constants in the
following ways:
1) x = lo(x), when x is fixed by existing bounds lo(x) = 

hi(x).
2) x = val(x), when the current value for x cannot be

changed, i.e., when (x > val(x) ∨ x < val(x)) ∧ T ∧ B 
is infeasible.∑ ∑ ′3) x = i aixi, when x ∈ T and T , x = i aixi is
obtained from T by pivoting x to a base variable.

C. EUF + LRA

Suppose there is a term t ∈ Tc such that L entails y ≃ t.
Based on the ingredients for EUF and LRA we establish a
proof search for t. Represent L as E + T + B, then the search
succeeds by deriving the sequent E, T, B ⊢ y ⇝ t with t ∈ Tc,
using the following rules:

E, T, B ⊢ ti ⇝ si for each i∑ ∑ 
E, T, B ⊢ i aiti ⇝ i aisi 

rep (t) ̸= ⊥ t is fixed by T,B c 

E, T, B ⊢ t ⇝ rep (t) E, T, B ⊢ t ⇝ val(t)c 

E ⊢ t = f(t), f ∈ c 
E, T, B ⊢ ti ⇝ t ′ for each iiCongruence

E, T, B ⊢ t ⇝ f(t ′ ) ∑ ′ T ≡ t = i aiti, T 
E, T ′ , B ⊢ t ⇝ t ′ 

Gauss ∑ 
E, T, B ⊢ i aiti ⇝ t ′ 

Proposition 15. For a real-valued variable y, the search for
t ∈ Tc with E, T, B ⊢ y ⇝ t saturates finitely and finds a
solution in Tc if and only if it exists.
Proof (Outline). The proof search is finite because every time
it solves using T it removes the row for the solved variable
through a Gauss elimination step, and the number of terms
in E to check is finite. Assuming arithmetic operations are
computable, the rule that decomposes summations is a special
case of the congruence rule. The proof search is also complete
for arithmetical LRA since if it is invoked with y and finitely
saturates without producing a term for y, we can establish a
model where y is distinct from every term in Tc: Set val(y) := 
val(y)±ϵ for an infinitesimal ϵ, and inductively, for extensions
t = Σiaiti there is at least one term ti that cannot be solved
for, so set val(ti) := val(ti) ± ϵ/ai. The sign ±ϵ is chosen to
make sure the new value of y is within the bounds for y in B.
Whenever ti is congruent to f(t), f ∈ c, there is inductively
an argument ti which is non-solvable, so the interpretation of f 
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can be adjusted to take into account the new value for ti. This
produces a non-standard model where the interpretation of all
terms in Tc are over the rational numbers while y evaluates
to a non-standard real. Functions are interpreted over rationals
if all arguments are rationals, and can otherwise evaluate to a
non-standard real if some argument is not a real number.

We note that it is straightforward to extend the inference
system to also extract justifications by tracking inequalities
used for fixed bounds and equalities used for congruences.

VI. IMPLEMENTATION AND EVALUATION

We implemented our method as a proof of concept, and
compared it with state-of-the-art methods supporting uncom-
putables: the synthesis mode of Vampire [21] and the leading
SyGuS solver cvc5 [39], obtaining encouraging early results.

A. Implementation

We implemented Algorithms 1, 2, and 3, as well as the
unique solution finding of Section V, as a stand-alone Python
prototype (available online at [20]) using the Z3 API, which
we also extended by new features. We use variables of array
sort for higher-order quantification. The theory of arrays in
Z3 coincides with SMT-LIB 2 [5] for ground formulas, but
not quantified formulas. E.g., the first-order theory of array
select function admits models where select does not include
bijections, but with Z3 one can instantiate quantified array
variables by λx.x and select is just a function application.

The API already provided functions for computing ∃MBP,
an incomplete method for ∃MBPR, and accessing the E-graph.
We extended Z3 by exposing E-graph justifications, and by
a new heuristic for finding witnesses from Tc for EUF in
∃MBPR. It searches for an E-match for y that does not lead
to equating shared sub-terms, and specifically avoids merging
sub-terms used in disequalities. We also added a method for
solving variables that is complete for LRA and extends to LIA
(incompletely, not to deal with non-convexity of LIA).

We optimize all our algorithms as follows. In Algorithm 1,
step 6, if u = ∅, we use Φ[r/y] as the condition for realizer
r instead of π∃ . Further, to compute ∃MBPR(M, y, L) of
Algorithm 2, we first check if L contains y, and if it does not,
we return the “any” realizer (as in Example 5). Otherwise, we
try calling ∃MBPR of the API, and if that does not return a
realizer, we iterate over the candidates provided by rep , onlyc 
producing a new one if the last did not work out. Finally, in
Algorithm 3, step 7, we check the unsatisfiability with respect
to ¬Φ ′ , where Φ ′ is (i) initialized to the original specification
Φ, and (ii) only if Algorithm 3 returns the same π∀ twice,
updated to Φ ′ := Φ ∧¬C using the current C of Algorithm 1.

B. Evaluation

To the best of our knowledge, there was no standard
benchmark set for synthesis with uncomputable symbols as of
writing this paper. However, a dataset based on the benchmarks
from [21] was under development in parallel with this paper,

Id Benchmark subset description Count Has u Partial Unique

I simple if-then-else benchmarks from 3 ✗ ✗ ✓ 
SyGuS competition [3]

II k-knapsack (see Example 1) 5 ✓ ✗ ✓ 
III maximum function for n given integers 10 ✗ ✗ ✓ 
IV lower bound function for n integers 10 ✗ ✗ ✗ 
V function finding an integer lower than 10 ✗ ✗ ✗ 

all n given integers
VI function finding an integer between the 4 ✓ ✗ ✗ 

given bounds, assuming some exists
VII function finding an integer between the 4 ✓ ✓ ✗ 

given bounds, if some exists
VIII fuction finding a solution for y in the 3 ✓ ✗ ✓ 

given equation, assuming it exists
IX function finding a solution for y in the 3 ✗ ✓ ✓ 

given equation, if it exists
X Examples 2 (and a computable variant 4 ✗+✓ ✗ ✓ 

thereof) and 8 (and a variant thereof)
XI the first specification or Example 3 1 ✓ ✓ ✓ 

TABLE I: Summary of the 57 benchmarks used: set id,
description, how many benchmarks are in the subset, and
whether they use uncomputables, specify a partial function,
and a unique function. Benchmark sets I-IX use LIA, X and
XI use UF. In set II we have k ∈ {1, 2, 3, 4, 5}, and in sets
III-V we have n ∈ {2, 5, 10, 15, 20, 25, 30, 50, 100, 150}.

I II III IV V VI VII VIII IX X XI sum total & partial
Synthesiz3 3 3 9 4 3 4 4 3 3 4 1 33 & 8
Vampire 3 0 5 2 0 4 – 0 – 2 – 16 & –
cvc5 3 1 5 5 5 4 – 0 – 4 – 27 & –

TABLE II: Experimental results: numbers of problems solved
by each solver in benchmark sets I-XI. Benchmark sets VII,
IX, and XI specify partial synthesis problems not supported
by Vampire nor cvc5, which we denote by “–”.

and in the meantime it was accepted for publication [18].3

We took the subset of this dataset supported by our method,4

and extended it with the solvable examples from this paper,
as well as additional partial function synthesis problems.
Table I shows a summary of the benchmarks, organized into
11 subsets denoted I-XI. The set contains 57 benchmarks:
18 small, conceptually distinct problems (all 3 problems of
subset I, 2 per both VI and VII, 4 in X, and one per all the other
subsets), and 39 scaled-up versions of the small instances.

We evaluated the performance of our prototype on this
dataset and for the total synthesis problems also compared

3The dataset was co-developed by one of the authors of this paper.
It is available at https://github.com/vprover/vampire_benchmarks/tree/master/
synthesis. The version that was available shortly before this paper was
submitted, and which we used for evaluation, is at https://github.com/vprover/
vampire_benchmarks/tree/6356e52/synthesis.

4We excluded problems using (i) theories beyond EUFLIRA, or (ii) more
complex quantification, or (iii) interpreted uncomputables, or (iv) which were
too similar to others in the dataset – e.g. we used maximum but not minimum.
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it to Vampire and cvc5.5 We ran each benchmark on a single
core of a 1.60GHz CPU with 16 GB RAM, with the time
limit of 1 minute. We chose 1 minute as it is enough time
to solve the solvable small problems, and show the trend for
the scaled-up problem instances, but not solve all the scaled-
up instances. Table II shows the numbers of solved problems.
Successful solving of the small instances took all solvers less
than 1 second. For the larger instances, the runtimes increased
up to the time limit. We note that what makes many scaled-
up instances hard is that they encode problems with many
symmetries: e.g., each case of the maximum-of-n-integers
function has the same structure, but with different variables.

Overall, our approach solves the most total function synthe-
sis problems, and also partial synthesis problems which cvc5
and Vampire do not support. Our approach scales as well as or
better than both Vampire and cvc5 for all benchmarks with a
unique solution, and slightly worse than cvc5 on problems with
infinitely many possible solutions (sets IV and V). Notably,
within 1 minute, only our approach solves 2- and 3-knapsack,
and it also finds the maximum-of-n-integers function for
n up to 100, while cvc5 and Vampire can go only up to
n ≤ 20. Interestingly, both cvc5 and Vampire fail to solve
all benchmarks of set VIII, including the smallest instance
⟨2u ≃ x =⇒ 2y ≃ x, {u}, y⟩, “find the half of an even x”.

VII. RELATED WORK

Synthesis: The field of synthesis encompasses very dif-
ferent approaches. We only overview methods similar to ours:
synthesizing functions from scratch based on specifications
given as logical formulas with some syntactic restrictions.
The general restriction setting in [40] is to integrate a black-
box function within a solver that determines whether a term
is computable. We base our specification format on [21].
In contrast with [21], we distinguish uncomputable symbols
directly in the specification formula by using quantification.
The deductive synthesis methods of [21], [40] are based on
theorem proving, and [21] is implemented in Vampire [29].
While these methods introduce specialized inference rules to
filter terms using uncomputable symbols, our approach uses
quantifier elimination games to remove uncomputables, and
thus requires no changes in the underlying search procedures.

Another related paradigm is SyGuS [2], which supports
specifying multiple functions with different inputs, and con-
straining the space of solutions to functions generated by a
given grammar. SyGuS solvers include cvc5 [4], [39] and
DryadSynth [22]. Compared to the specification setting we
consider, SyGuS allows a more fine-grained syntactic control
over the synthesized function. We note that to solve such
specifications, we could generate candidate terms using the
provided grammar instead of using ∃MBPR, or that we

5We used Vampire v4.9, commit dde88d57f, in the configuration
--decode dis+32_1:1_tgt=off:qa=synthesis:ep=off:alasc 
a=off:drc=ordering:bd=off:nm=0:sos=on:ss=included:si 
=on:rawr=on:rtra=on:proof=off:msp=off_600, and cvc5 v1.1.2
in the default configuration. For cvc5, we used SyGuS translations of the
problems, encoding uncomputables as non-input variables.

could use grammar-based reconstruction as in [39] on top of
∃MBPR. On the other hand, our specifications support the use
of uninterpreted symbols, in particular uninterpreted functions
and predicates. This allows us to express e.g. the workshop
problem (see Example 2), which is not directly supported
by SyGuS. However, using higher-order logic, uninterpreted
functions can be encoded as higher-order variables, and with
this encoding cvc5 solves the workshop problem (and some
other problems, see Section VI). Finally, neither SyGuS nor the
deductive synthesis methods support partial function synthesis.

We provide some examples where the partial function
synthesis problem has no solutions. The study of unrealiz-
ability [34] dually establishes methods to show that there are
no solutions to synthesis problems.

Projections: The literature on interpolation, includ-
ing [17], develops algorithms based on proof objects. Symbol
elimination in saturation [28] works by deriving clauses that
are consequences of ∃u.¬Φ. Negations of these clauses can
be used as projections. The approach of [28] relies on symbol
orderings to eliminate symbols through rewriting, but does not
offer guarantees of complete symbol elimination. Deductive
synthesis with uncomputables [21] blocks inferences which
would lead to uncomputable realizers, but also is not complete.
As an example, inferences such as f(y) ̸≃ f(a) ⊢ y ̸≃ a with
u = {f} are not part of this methodology.6

Notably, MCSAT [23] relies on a dual to ∃MBP, called
∀MBP, in a setting where it is used for satisfiability checking
of quantifier-free formulas. The starting point for ∀MBP is a
partial model of a subset of symbols that cannot be completed
to a full model of all symbols. A combination of ∀MBP
and ∃MBP for quantifier solving for polynomial arithmetic
is developed in [35], while ∃MBP with cores and strategies
are used in [7], [9], [33]

We note that stand-alone projection is not necessarily the
most efficient method for solving quantifiers. Templates have
recently been used successfully for non-linear arithmetic [11],
and Z3’s Horn clause solver uses information from several pro-
jection invocations to compute more general projections [30].

Implied equalities: Bromberger and Weidenbach [10]
present a method for extracting all implied equalities from
a set of linear inequalities over the reals. It is used when
solving over LIA. Z3 [8] uses an incomplete heuristic to detect
implied equalities during search. The QEL algorithm [14]
uses equalities that are consistent with an interpretation, but
not necessarily implied by a current assignment to literals, to
simplify quantifier elimination problems.

VIII. CONCLUSIONS

This paper formally defines and studies the problem of
synthesis of total and partial functions in the presence of
uncomputable symbols. To solve these problems, we intro-
duced a modular algorithm for synthesis, relying on quantifier
projections. We summarized requirements on the projections

6We note that such an inference could be supported by a suitable variation
of unification with abstraction [38].
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and presented algorithms computing existential projection with
witnesses for EUFLIA, and universal projection internally
relying on existential projection. Further, we described a
method to circumvent quantifier solving for uniquely defined
functions in EUFLRA. Finally, we implemented a prototype
demonstrating that the proposed methods work in practice.

Our results prompt future work in multiple directions, such
as extending synthesis to functions with different inputs, or
extending the specification with quantified background axioms
to support reasoning with user-defined theories. Moreover,
developing projections for other theories would allow synthesis
in those theories by plugging them into our algorithm. Last but
not least, our unique solution approach could be extended to
infer all implied equalities.
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