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Kurzfassung

Graphenlernen ist ein Teilgebiet des machinellen Lernens, das sich auf das Lernen
und Extrahieren von Informationen aus Graphdaten konzentriert. In unserer Arbeit
konzentrieren wir uns auf Graphen von Molekiilen und untersuchen, wie die Struktur dieser
Graphen kodiert werden kann. Die Kodierungen unterstiitzen dann verschiedene Aufgaben
in Machine Learning, wie beispielsweise die Klassifizierung von Molekiilfunktionen oder
die Vorhersage ihrer Wasserloslichkeit.

In den letzten Jahren hat die Transformer-Architektur im Bereich der Verarbeitung
natiirlicher Sprache grofie Erfolge erzielt und wurde auch fiir das Graphenlernen ange-
passt, wo sie auch eine sehr hohe Leistung erreicht hat. Graphen erfassen Informationen
jedoch ganz anders als Textdaten. Das bringt die Herausforderung, wie der Graph kodiert
werden muss, damit die Transformer-Architektur ihn lernen kann. Ein besonders wichtiges
Konzept des Graphenlernens mit Transformer-basierten Architekturen ist die Positions-
kodierung von Graphen. Die Positionskodierung eines Graphen ist eine Matrixdarstellung
der Graphenstruktur, die in den Transformer integriert wird. Es hat sich gezeigt, dass die
Qualitat dieser Kodierung einen direkten Einfluss auf die Leistung der Modelle hat. Daher
eroffnet die Untersuchung und Verbesserung der Graphenkodierungen die Mo6glichkeit,
das Lernen auf Graphen mit Transformer-Architekturen insgesamt zu verbessern.

In unserer Arbeit untersuchen wir zwei Methoden zur Kodierung von Graphstrukturen
und integrieren diese Graphkodierungen in den Transformer, um das Lernen zu verbes-
sern. Im Vergleich zu den derzeit verwendeten Methoden untersucht diese Arbeit einen
neuen Weg zur Kodierung von Graphstrukturen auf der Grundlage der Faktorisierung
der Graph-Adjazenzmatrixen. Die neuartige Kodierung bietet eine Verbesserung gegen-
iiber dem Lernen ohne Positionskodierung und erreicht vergleichbare Ergebnisse zu den
besten Methoden auf einem von den drei untersuchten Datensétzen. Damit zeigt sie
einen vielversprechenden neuen Weg fiir die Berechnung von Graphkodierungen fiir das
Graphenlernen mit Transformer-basierten Architekturen auf.
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Abstract

Graph learning is a subfield of machine learning that focuses on learning and extracting
information from graph data. In our work, we focus on graphs that represent molecules
and study how the structure of these graphs can be encoded to aid in machine learning
tasks such as classifying molecules based on their function or predicting their water
solubility coefficients.

In recent years, the Transformer architecture has seen great success in the natural
language processing domain and has also been adapted for graph learning, reaching state-
of-the-art performance. However, graphs capture information very differently compared
to textual data, which poses the challenge of how to encode the graph so that the
transformer architecture can learn it. One particular key concept of graph learning with
transformer-based architectures is the graph positional encoding. The positional encoding
of a graph is a matrix representation of the graph structure, which is then a part of the
input for training the transformers. It is shown that the quality of this encoding directly
impacts the performance of the models, and hence studying and improving the graph
encodings opens the possibility for improving the learning overall.

In our work, we study two methods for encoding graph structure and integrate these
graph encodings into the transformers, aiming to improve learning. Compared to the
currently used methods, this work explores a new path of encoding graph structure based
on factorizing the graph adjacency matrix. The novel encoding provides improvement
over baselines and matches the state-of-the-art method on one of the studied datasets,
showing a promising new path for the computation of graph encodings for graph learning
with transformer-based architectures.
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CHAPTER

Introduction

1.1 Motivation and Problem Statement

Transformers [VSP117] have recently demonstrated great performance not only in natural
language processing tasks but also in other areas like recommender systems or even graph
learning. In the field of graph learning, we perform standard machine learning tasks such
as regression or classification, given that the input to these tasks is a collection of nodes
and edges.

A common framework that is used to perform such tasks is Graph Neural Networks
(GNNs) [GSRT17]. However, particularly for graphs of molecules, Transformers are
shown to outperform the Graph Neural Networks [DRG*22], [RGD*22], [DB20], since
in contrast to the message passing mechanism used in GNNs, the attention mechanism
of Transformers allows the nodes to attend to each other globally throughout the whole
graph instead of just passing information locally [RGD*22].

Transformers are inherently unaware of any structure in the data [DLLT22]. Therefore,
just like in text processing, where the position of each word in the sentence is passed to
the encoder/decoder in the form of positional encoding, the same is done when learning
the graph structure using Graph Transformers. Moreover, the structure of the graph
holds a lot of information and hence makes the positional encoding even more challenging
as the expressivity of the encoding impacts the generalizability of the models [RGD*22].
Thus, the need arises to provide the Transformer with such an encoding of the graph
that is best able to capture the structure and aid in the learning process to improve the
performance of the downstream machine-learning task.
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1.

INTRODUCTION

1.2 Aim of the Work

This thesis aims to explore a new approach to the structural encoding of graphs that can
be integrated into the Graph Transformer to improve the performance of machine-learning
tasks, with a focus on molecular datasets. The main goal is to address the lack of methods
currently available in the positional encoding module of the Graph Transformer.

The biggest contrast between existing methods and the proposed one is the focus on
reconstructing the adjacency matrix of the input graph network from the computed
encoding. This approach stems from the belief that the adjacency matrix captures the
structure of the graph and hence is directly tied to the structural encoding. The methods
proposed are based on the factorization of the binary graph adjacency matrix and allow
for its reconstruction from the resulting encoding. This approach hopes to bridge the
gap between the encoding method’s interpretability and theoretical soundness and the
performance of the graph learning done by the Transformer.

Since the proposed approach of creating the node encodings builds on applying the
mathematical observations made on binary matrices to the adjacency matrices of the
graphs, it brings a theoretically well-motivated method.

1.3 Overview and Methodological Approach

Throughout the experiments, three benchmark datasets will be used to study the effect of
the different encoding methods as well as to perform the machine-learning tasks. Table 1.1
provides an overview of the relevant dataset characteristics of the chosen datasets.

dataset H number of graphs ‘ nodes per graph ‘ task ‘ metric
ZINC 12.000 9-37 regression | mean absolute error (MAE)
Peptides-func 15.535 8-444 classification average precision (AP)
CIFAR10 60.000 85-150 classification accuracy (ACC)

Table 1.1: Characteristics of the datasets used in the experiments.

The chosen datasets are the following:

e ZINC [SI15, GDHT16] - dataset with molecular compounds and their solubility; we
use the benchmarking subset of the dataset [DJL™20];

o Peptides-func [DRG'22] - a molecular dataset of peptides which displays long-range
interactions between the nodes in the graphs, and each peptide is labeled based on
its function;

o CIFARI10 [DJL*20] - dataset from the image classification domain, which offers
different graph structures compared to molecular data, and each graph is constructed
by aggregating and labeling areas of the image into hyperpixels.
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1.3. Overview and Methodological Approach

The work is split into two main parts. In the first part, two methods for factorizing the
adjacency matrices of the graphs are studied with the aim of understanding how the
methods capture the structure of the graphs. The outcomes of the analysis from this part
are then applied to compute the graph encodings for each dataset. The encodings are
then integrated as part of the input for the Transformer graph learning. The second part
is then the training of the Transformer itself to perform the machine-learning task at
hand. In the second part, the performance of the model with different types of positional
encodings is evaluated. The following two sections outline the methodology of each part
in more detail.

1.3.1 Factorizing Graph Adjacency Matrices

Two methods for factorizing graph adjacency matrices are studied. The first method is
the truncated singular value decomposition (tSVD) combined with applying the rounding
at the matrices’ rounding rank [NGM16]. In this method, for a rank k, the input matrix is
factorized into two matrices L and R; then the original adjacency matrix is reconstructed
after rounding is applied. The second method is the Logistic Principal Component
Analysis (LPCA), which solves an optimization problem by minimizing the Frobenius
error between the adjacency matrix and its low-dimensional representation of rank k.

Afterwards, an analysis of the results of tSVD and LPCA is carried out to gain insights
into how the methods differ in terms of relative reconstruction error, runtime, and the
size of the k required to achieve perfect reconstruction. The choice of an appropriate k
per dataset is also studied based on the quality of the produced results, namely their
relative reconstruction error, which shows that the factorization captures enough of the
structure of the graph. On the other hand, since the k& determines the dimension of
the computed node embedding, other factors have to be considered, such as k being
sufficiently small for effective integration in the Graph Transformer.

1.3.2 Transformer Graph Learning

Once the node encodings are computed, the Graph Transformer is trained in multiple
experiment runs. The first experiment will be run without any positional encoding
to obtain a baseline performance metric for each dataset. Then, additional runs with
the new encodings integrated into the Graph Transformer will be done. In this step,
multiple configurations will be tried, including tuning the hyperparameters of the graph
transformer or recomputing the encoding with a different choice of parameter k£ and
different seeds for initialization of the matrices, where relevant (LPCA), to obtain the
best results.

Finally, the performance of the new encoding is evaluated based on the relevant perfor-
mance metrics against the benchmarks of the current state-of-the-art positional encodings
used in the Graph Transformers. The performed machine-learning tasks and evaluation
metrics per dataset are summarized in Table 1.1.
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INTRODUCTION

1.4 Research Questions

To guide the research process, we define the following three research questions:

1. Which of the two methods, tSVD or LPCA, produces a lower relative reconstruction
error for a dimension k per dataset?

2. What dimension k is needed to achieve perfect reconstruction of the adjacency
matrices for all of the graphs in each dataset?

3. How does the new encoding method compare to using no encoding and other
encodings (RWSE, LapPE, MoSE) in terms of:

a) accuracy for classification on CIFAR10,
b) average precision for classification on Peptides-func,

¢) mean absolute error for regression on ZINC?

1.5 Structure of the Thesis

Chapter 2 gives the necessary background knowledge, explains key concepts related to
the experiments, and lays the ground for understanding the work in a broader context.
The key concepts explained here are factorization methods for binary matrices, graph
learning, and Graph Transformers.

In Chapter 3, the first part of the thesis is described. Here, the main topic is the
factorization of binary adjacency matrices. The chapter details the experiment setup,
implementation, and summarizes key findings, results, and challenges encountered along
the way. It contains the answers to the first two research questions.

Following that, Chapter 4 takes the insights and outputs achieved in the previous chapter
and focuses on integrating them into the Graph Transformer architecture. The experiment
runs and the various approaches taken are described here, including the final results and
answer to the third research question.

Finally, the key findings, contributions, and insights gained from this work are summarized
in Chapter 5.
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CHAPTER

Background and Key Concepts

This chapter gives an introduction to the key concepts used in this work. In the first part
of the chapter, the basic concepts of graphs, their representation, and the factorization of
binary matrices are laid out. Then, the Graph Neural Network and Graph Transformer
architectures are introduced. Finally, the two parts are brought together in the form of
positional graph encodings used in Transformer-based graph learning. In this last part,
we also give an overview of state-of-the-art graph encodings.

2.1 Factorizing a Binary Matrix

The matrix factorization methods explored in this work take as input binary matrices.
To understand how these relate to the graph representation, we first define the graph
structure and particularly its representation in the form of an adjacency matrix.

A graph is formally defined as a pair G = (V, E), where V' is the set of nodes or vertices,
and F is the set of all edges or links between nodes £ C V x V. Given the formal
definition, there are various ways to represent the graph as a data structure. The option
relevant for this work is representing the graph with the so-called adjacency matriz A.
Then A has the size |V| x |V and for each pair of nodes u,v € V' the matrix entry is:

1, if (u,v) € E.
Auv — .
0, otherwise.

Immediately, we observe that the adjacency matrix of a graph is inherently a binary
square matrix. For completeness, if the edges in the graph were weighted, then the
adjacency matrix no longer remains binary, and the range of its values is defined by the
range of the weight function. In our work, we studied only unweighted graphs and hence
adhere to the definition given above in the rest of this chapter.
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2.

BACKGROUND AND KEY CONCEPTS

Another observation that can be made is that the properties of the adjacency matrix
reflect the properties of the graph. In our case, A is always symmetric since all graphs G
are undirected graphs. Furthermore, A contains only zeros on the main diagonal because
we assume that G contains no self-loops.

Finally, it is important to note that representing graphs as adjacency matrices does not
provide a single unique valid representation. For example, given a list of edges between
the nodes in the graph, which is how the graphs are defined in our dataset, we can
construct multiple valid binary matrices that represent the same graph. The process
to construct these matrices is as follows: given a list of nodes and edges, construct an
adjacency matrix A, so that each row and column corresponds to a node’s neighbourhood
in the graph. However, by definition, V and F are unordered sets. Thus, there is no
defined order of the rows or columns in the matrix. With that, it is possible to construct
various binary matrices that all represent the structure of one graph.

2.1.1 Low-rank Approximation

Now that we have established the representation of the graph structure in the form
of a binary adjacency matrix, we explore factorization methods that take as input a
binary matrix and approximate it by a matrix of lower rank. Low-rank approximation is
formally defined as: given the input matrix A € {0,1}*", find such a matrix A that is
of lower rank than A and minimizes the Frobenius norm between the two matrices:

m n

1A= Allp = |33 s — agl>

i=1j=1

2.1.2 Matrix Rounding Rank

Before we introduce the two matrix factorization methods, the last key concept is the
matrix rounding, which plays a role in the reconstruction of the original adjacency matrix
once the encodings are computed. First, we define the rounding function [NGM16]:

romnd-(2) =10 iy < r

{1, if > T,

where 7 € R is the rounding threshold. This function is applied element-wise to a matrix
to compute the rounded matrix. For a matrix A, its rounding rank is the smallest rank k
for which any real-valued matrix rounds to A with respect to the given threshold .

In our case, our goal is to find matrices L € R™**¥ and R € R"**, such that after we apply
rounding to the low-rank matrix LR, we obtain the reconstructed adjacency matrix A.
In other words we want that round,(LR") = A. The exact application of the rounding
function with respect to the used method is explained in more detail in the following two
sections, where each of the two decomposition methods is introduced.
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2.1. Factorizing a Binary Matrix

2.1.3 Truncated Singular Value Decomposition

Singular value decomposition (SVD) is a method used in decomposing matrices that, for
an arbitrary adjacency matrix A € {0,1}"*" results in the following decomposition:

A=UxV",

where the U € R™** and V € R™** matrices are made up of the singular vectors of X
and ¥ € RF¥** contains the singular values on the main diagonal, organized from largest
to smallest. It is possible to compute the SVD in polynomial time [HMT11].

We set L = U and R = XV, which gives us the two low-rank matrices L, R € R™ ¥,
In addition, the method we are using is the truncated SVD, meaning only submatrices
of the resulting L, R matrices are considered instead of the full decomposition, which
allows for the desired dimensionality reduction. In truncated SVD, for a matrix of size
n X n and a dimension k where k < n, we leave out (or set to zero) n — k of the smallest
singular values to obtain the lower-dimension decomposition of the input adjacency
matrix [Han87].

Naturally, the dimension k can be thought of as a hyperparameter, as it is a subject of
choice how much of a reduction we aim for. When combined with the rounding function,
we can reconstruct the original adjacency matrix at some threshold 7 used in the rounding.
If the reconstructed matrix matches the adjacency matrix A, then k is an upper bound
on the rounding rank of the matrix A.

On a final note, the SVD suffers from sign ambiguity, meaning the signs of the singular
values can be flipped and still remain a valid SVD decomposition. In Section 2.4, we
discuss what implications this has on the encoding once integrated into the Transformer,
which has been illustrated on the Laplacian eigenvector encodings. These face the same
issue. However, in that case, it is the ambiguous signs of the eigenvectors.

2.1.4 Logistic Principal Component Analysis

Principal Component Analysis (PCA) is another common technique for dimensionality
reduction of data [CDS01, SSU03]. The generalized version of PCA suitable for binary
input matrices is the logistic PCA (LPCA), which is based on maximizing the log-
likelihood between the input matrix and the low-rank approximation [SSU03].

The goal is to minimize the error between the lower-dimensionality representation and
the adjacency matrix, which can be achieved by iteratively minimizing the following loss
function [CMST20]:

n n

L= Z Z — logf (d@j [LRT],L'J) .

i=1j=1
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2.

BACKGROUND AND KEY CONCEPTS

Here A is the shifted adjacency matrix A=24-— 1, where the 0’s are replaced with
-1’s. After applying the rounding [NGM16], we want that roundy(LR") = A. We round
with the threshold 7 = 0, because all negative entries in the reconstructed matrix LR
indicate that there is no edge between corresponding nodes, and non-negative entries
indicate that there is an edge between them in the lower-dimensional representation.

2.2 Graph Neural Networks

Before introducing the Graph Transformer (GT) architecture, we briefly introduce Graph
Neural Networks (GNNs) to contrast and compare the two frameworks and give a better
intuition for the working of GTs. As we will see, the GNNs preceded the GTs, which
then took the concepts already established in GNNs to build the new architecture on top
of. Therefore, by first understanding the GNNs and their application in graph learning
we build the foundations for the transformer architecture for graph learning, which is
introduced later in the upcoming section.

Graph Neural Networks are a framework for learning graph representations. They are a
diffusion model [SGTT09]. The intuition behind this framework is that the individual
nodes in the graph carry some information and are able to share it with their neighbors
based on the graph connectivity, then the neighbors of the neighbors do the same,
and so on until it converges [SGTT09, HYL17], given that the node representations
are initialized arbitrarily [LTBZ16]. This base framework has been adapted by many,
introducing multiple variations of GNNs.

Gilmer et al. [GSR™17] define the Message Passing Neural Networks (MPNNs). Partic-
ularly in this work, the authors focused on the application in the quantum chemistry
domain, predicting properties of organic molecules, aiming to make this architecture the
standard in machine learning on molecules. They define the message-passing mechanism
as follows [GSR*17]:

m{ = 3" M (R, 8D, ev)
weN (v)

hs}t-‘rl) — Ut (hl(]t), mg}t-}—l))
j=R({h{" |veG})

M; is the message function and U; is the update function. Then each message m,, for
node v € V at time ¢t + 1 is computed as the sum of the message from time ¢ from all
neighbours w € N(v), where the message function is applied to the hidden node features
of node v and the neighbour w, and the hidden state of the edge between them e,,,. The
hidden state of the node is also updated in each iteration by applying the function to

the state h, from time ¢t and the message m£t+1) computed in the current iteration. The

readout function R is then used to compute the feature vector of the graph, where hq()T)

is the final hidden state of node v.
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2.2.  Graph Neural Networks

Li et al. [LTBZ16] modified the architecture proposed by Scarselli et al. [SGTT09] and
introduced Gated Graph Neural Networks (GG-NNs) which employ the Gated Recurrent
Unit [CvMG™14] in the update function. Using the message passing notation from
Gilmer et al. [GSR™T17], in this case, the message and update functions are the following:

Cow hg)
U; = GRU (KD, m{I+Y)

M (R, 1Y) ey) = A

v

Here, A is a learned matrix representation of the edge labels, and GRU is the Gated
Recurrent Unit.

Kipf and Welling [KW16] define the Graph Convolutional Networks (GCNs), which
consist of multiple layers where the propagation rule is applied. The basis for this
rule is in the spectral convolutions on graphs [HVGO09]. This propagation rule can be
reformulated into the message and update function as follows [GSR™17]:

My hMY = A, (deg(v) deg(w)) /2D
(D, m{ 1) = o (WO) Tmfi+1)

where A € RIVIXIVl is the adjacency matrix with an added self-loop, which is done by
adding 1 along the main diagonal. The W € R/*/ matrix is the trainable weight matrix
for the given layer, where f is the dimension of the node states, and ¢ is a non-linear
function.

Finally, Velickovi¢ et al. [VCC17] base their architecture on the self-attention mechanism,
allowing for node representation learning based on the attention given to its neighbours.
The backbone of this approach is the Graph Attention Layer (GAT). This architecture
already employs an attention mechanism where they express how important the features
of node j are for node i as [VCCT17]:

61']' = a(Wﬁi, Wﬁj)

Here W e R/"*f is a weight matrix that is used to project the node feature vectors
hi,h; € R’ into a higher-dimensional space RY", then a : Rf' x R is the self-attention
mechanism.

The performance of the different networks for various datasets and tasks has been
explored by Dwidendi et al.[DJL*20] resulting in a comprehensive overview of GNNs
and benchmarking. You et al. [YYL20] designed the GraphGym framework to allow for
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the comparison between the GNNs based on the design and task space. Given the large
number of frameworks and architectures that have been proposed, they saw the need not
only to benchmark them, but also to approach their evaluation from another perspective.
This evaluation framework allows us to study the GNNs from a different perspective, not
just based on the data domain or task, as previously done with the benchmarking.

To summarize, we briefly introduced the concept of GNNs and gave an overview of
some of the variations and derived frameworks. The aim of this overview was to give
the necessary content to the Graph transformer architecture, which is what we use in
our work, since GNNs or variations thereof are still part of the Graph Transformer as
described in the next section.

2.3 The Graph Transformer

Transformers [VSPT17] have seen great success in the NLP domain. Originally designed
for machine translation, they leverage the encoder-decoder architecture to predict the
next token in a sequence based only on the previous sequence. They do this by computing
the attention weights, which say which parts of the sequence before are most important
for the prediction of the next token in the sequence. This approach works well on textual
data. In this section, we indeed show that the architecture is also applicable to relational
data represented as graphs, in our case.

2.3.1 From the Transformer to the Graph Transformer

In the previous section, where we introduced GNNs, we already came across architectures
that very closely resemble the core component of Transformers - the attention mechanism.
Particularly, GATs already employ the attention mechanism, since the message-passing
here is done using a local attention mechanism between the node and its local neigh-
bourhood. Since GATs calculate the aggregated message from all the nodes’ neighbors,
resulting in one aggregated attention score, this can be interpreted as looking at the
relationships between the nodes from different angles [Jos25].

Dwivedi and Besson [DB20] take the attention mechanism of the Transformer and adapt
it specifically for the graph learning domain, introducing the Graph Transformer. The
attention mechanism for a layer [ in the Graph Transformer is defined as follows [DB20]:

0 | (3 whiven)
k=1 jeN(i)

Qk7£hf . Kkjh?

i)

k0
w.’

i = softmax;
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2.3. The Graph Transformer

where we have the query, key and value matrices Qf’k, Kf’k, Vf’k € R%*4 and the weight

matrix of the projection Oﬁ € R4, The result is then concatenated over the k attention
heads.

The authors make two key observations that allow them to define this novel framework
and outperform the GAT and GCN architectures. First, they leverage graph sparsity,
arguing that although a graph is a globally interconnected structure with various sizes
of nodes, the local connections are more desirable as the inductive bias and the global
information can be incorporated differently in order to benefit from the feasibility of the
local computations. This brings them to the second key concept: positional encodings.
Just like the Transformer uses the sinusoidal positional embedding for each token of the
input text, the graph structure always requires the positional information to be encoded.
By now, this concept should be familiar, as it is exactly the part of the whole Transformer
architecture that our work is focused on.

In the Graph Transformer, the authors opted for the Laplacian positional encoding
stemming from the original Transformer positional encodings. They develop the frame-
work for both the case when all the learning is based solely on the node embeddings,
as well as allow for leveraging edge features to modify the attention scores between the
corresponding node pair.

Finally, comparing the attention mechanism from the Graph Transformer and the GATS,
the equivalence between the multi-head attention in Transformers and the message-
passing layer in GATSs is established, as Joshi [Jos25] puts it, “transformers are GNNs
over fully connected graph.”

2.3.2 Graph Transformer Architectures

The Graph Transformer introduced in the previous section is just one of many Transformer-
based architectures for graph learning that have recently emerged.

Kreuzer et al. [KBH21] defined the Spectral Attention Network (SAN) architecture
and addressed the shortcomings of the Graph Transformer proposed by Dwivedi and
Besson [DB20]. They use observations from spectral graph theory to define the main key
points when using the Laplacian eigenvalues and eigenvectors as positional encodings
used in these architectures. The main points stemming from this work include the
normalization of the chosen eigenvectors, the choice and ambiguity of the eigenvalues
implemented into the model using linear combinations, and the sign ambiguity amended
by flipping the signs of the pre-computed eigenvectors at random during training. Given
that SAN is a fully connected Transformer architecture, it does not suffer from some
common issues present in the message-passing GNNs. These include over-smoothing,
which is an effect when the message computed in the current iteration overweighs what
representation has been learned so far [Ham20]. Eventually, as more layers are processed,
it becomes hard to distinguish between the representations [AY21]. Another phenomenon
is over-squashing, which happens when the communication paths become constrained
and the information does not reach between nodes with a long-range connection, which

11
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naturally does not occur in a fully connected transformer layer. Lastly, the authors show
that SAN is able to learn physical representations such as molecular data thanks to a
more efficient use of the Laplacian spectrum.

Ying et al. [YCL*21] proposed the Graphformer, which brings the novel spatial encoding
integrated into the architecture. In their architecture, they include three different types
of encodings to capture the graph structure: centrality, edge, and spatial encoding. The
centrality encoding leverages the node degree centrality to capture the importance of
the node, which is a common feature explored in graph modelling social networks, for
example. The spatial encoding addresses the fact that although Transformers are fully
connected and global attention is available to every node, graphs are not sequential
as we discussed previously, and hence they introduce a function that, for each pair of
nodes, computes their spatial relation, to be specific, the shortest path is used. Lastly,
to leverage edge features, a learnable embedding is used, which averages over the dot
products of the edge features on the shortest path between each node pair. Graphformer
outperforms both the GT and SAN. The limitation remains in the quadratic complexity
of the attention mechanism, which poses a challenge mainly for large graphs.

Wu et al. [WJW21] focused on addressing the lack of well-performing GNNs on graph
data with long-range interactions. In their GraphTrans architecture, they simply combine
a block of GNN, followed by combining the outputs with node encodings and passing
them to the Transformer block, which can compute interactions between all node pairs.
In this approach, the limitations of the GNNs, such as over-smoothing and over-squashing,
remain a concern, since the GNN layer might fail to capture the needed relationship, which
is then input into the Transformer that will not be able to recover the lost information
missing from this received input [RGD*22].

Finally, Ramp4sek et al. [RGD"22| design the GraphGPS modular framework, which
allows for the customization of a more generic Graph Transformer architecture, including
the choice of layers, encoding, networks, and the configurations of all these components.
The architecture has three pillars: the positional /structural encoding, local message-
passing algorithm (MPNN layer), and global attention mechanism (GlobalAttn layer).
This way, each of these modules can be chosen and customized to build the version that
best suits the needs. Moreover, the complexity is linear in the nodes and edges, making it
suitable for larger graphs that the other transformers struggle to deliver. In the message-
passing component, the authors define an MPNN-Transformer combined architecture,
which makes up the GPS layer. This approach aims to alleviate the problems with
over-smoothing, which we discussed in relation to the limitations of other architectures,
such as GraphTrans, where the Transformer follows the GNN. In GraphGPS, each layer
aggregates the outputs of the MPNN and GlobalAttn layers, combining the local and
global information. Again, each component can be chosen independently, given that the
MPNN layer is based on local message-passing algorithms and the GlobalAttn layer is
a fully connected attention mechanism capable of capturing global interactions. The
first component we left out of the description here, the positional /structural encoding, is
described more in depth in the next section.
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2.4. Overview of Positional/Structural Graph Encodings

To summarize, inspired by the message-passing algorithm’s success in GNNs in the
graph learning field and the potential that the Transformer architecture offers for global
connections, the Graph Transformer architecture was created. Across the different
proposed architectures, the main idea remains the same: leverage the message-passing
algorithm for aggregating information from node neighbourhoods and apply the attention
mechanism of the Transformer to allow nodes to attend to all other nodes of the graph,
regardless of their connectivity. We saw architectures that successfully dealt with the
over-smoothing and over-squashing problems that the GNNs commonly faced. However,
with the introduction of the Transformer, new challenges arose, given the quadratic
complexity of this approach. On a final note, we discuss the positional /structural encoding
of a graph separately in the upcoming section, as this is often the key component to
learning graph representations [DB20, YCL*21, WJW*21, RGD*22], and is the main
focus of our work.

2.4 Overview of Positional /Structural Graph Encodings

To give an overview of the different approaches to graph encodings, specifically in
the context of integrating them in GTs, we use the classification proposed by Ram-
pasek et al. [RGD"22]. The authors distinguish between two categories of graph en-
codings: positional and structural, which furthermore can be classified as local, global,
and relative, resulting in six categories in total. The positional encodings are those that
capture the distance between nodes, whereas the structural encodings focus on structure
similarity. On the second level of the classification, the distinction is made based on
which feature the encoding draws from. For node features, we have the local category,
encoding based on edge features would be in the relative category, and graph features
are grouped in the global encodings. In the next sections, we introduce only the relevant
encodings that we will be using for the experiments in this thesis.

2.4.1 Random-Walk Positional Encoding (RWSE)

The Random-Walk Structural Encoding (RWSE) is a method used for extracting features
from the graph based on a random-walk computation. It consists of a random-walk
operator, defined as RW = AD~! [DLL*22], where A € {0,1}"*" is the adjacency
matrix and D € N™*" is the degree matrix of A, which is a diagonal matrix containing
the degrees of each node along the main diagonal. Then, for a given k, which represents
the resulting dimension of the encoding, and a node 1%, its encoding is defined as RWZ’f In
each application of the random-walk operator, the move from node ¢ to its neighbor j is
done with the probability of deg(i). After the k-th application, we look at the probability
of the random walk ending in the source node after k steps. This gives us the idea of
the position of this node with respect to the other nodes based on the graph traversal,
choosing a random edge to traverse at each step.

We see that this encoding operates on the edge features, which are represented by the
degree matrix D. Hence, it is an example from the relative class of encodings. It performs

13
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well on the molecular datasets [RGD122] and achieves state-of-the-art performance on
the Peptides dataset.

2.4.2 Laplacian Eigenvectors Positional Encoding (LapPE)

Laplacian Eigenvectors Positional Encoding (LapPE) is the encoding used by Dwivedi
and Besson [DB20] in the Graph Transformer they introduced. They reason that the
LapPE for graphs is what the sinusoidal encoding used in the Transformer is for text. It
is defined as the factorization of the Laplacian [DLL"22]:

A=1,—D12AD 12 = UTAU

where I,, € {0,1}™*" is an identity matrix, A € {0,1}"*" is the adjacency matrix,
D € N™™" is the degree matrix, A € R¥** is the eingenvalues matrix and U € R¥*" is
the matrix made of the eigenvectors.

As discussed previously, the major limitation of this encoding is the sign invariance,
which stems from the eigenvalues being sign-ambiguous. This results in the architecture
having to learn this additional invariance at the cost of the performance [DJL*20]. This
encoding is more suitable for the image pixel data according to [RGD'22] and is the
current best-performing encoding for the CIFAR10 dataset.

2.4.3 Motif Structural Encoding (MoSE)

The Motif Structural Encoding (MoSE) [BJB*25] is based on homomorphism counts
in graphs. The homomorphisms are counted on the node level and bring a strong
improvement over the RWSE encoding, as the expressivity is no longer bounded in the
WL hierarchy.

MoSE is the state-of-the-art encoding method on the ZINC molecular dataset.
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CHAPTER

Factorization of Graph Adjacency
Matrices

In the first part of the thesis, we apply the methods for low-rank matrix approximation to
the binary adjacency matrices of the graphs and analyze how the factorization methods
capture the graph structure. We measure the relative reconstruction error between
the original adjacency matrix and its lower-dimensional encoding. Then, we study the
differences in the resulting encodings between the datasets and gain insights into how the
choice of the encoding dimensionality relates to the reconstruction error, as well as how
the choice of the factorization influences the encoding. Finally, we propose a novel method,
based on the LPCA called LPCA-sim, and define an additional metric for evaluating the
low-dimensional encoding compared to the input adjacency matrix. Based on the analysis
of the results, we compose a collection of pre-computed encodings to be integrated into
the Graph Transformer, which is described in the following chapter. The code for all the
experiments described in this chapter is available in github.com/teriolx/binary-matrix-
factorization.

3.1 Datasets

Throughout our experiments, we work with the three datasets ZINC, Peptides-func, and
CIFARI10 from the PyTorch Geometric library [FL19]. The datasets contain predefined
train, validation, and test splits, allowing for straightforward integration into the training
of the graph transformer models and for benchmarking performance metrics.

The ZINC dataset contains graphs of molecular data and has 10,000 graphs in the training
set and 1,000 graphs in the validation and test set, which is the smaller collection also
called ZINC-12k. Peptides-func is another molecular dataset, which contains a total of
15,535 graphs of peptides, split 70/15/15. Finally, CIFAR10 is an image classification

15
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dataset where pixels from images are aggregated into superpixels. It has 45,000 graphs
in the train subset, 5,000 graphs in the validation subset, and 10,000 graphs in the test
subset.

Each graph has the following attributes:

e x is the node feature matrix.
e edge_attr is the edge feature matrix.
e v is the target value, either

— a floating point number for the regression task on ZINC,

— an integer value representing the class label for multi-class classification on
CIFARI10,

— a vector indicating the labels for the multi-class classification on Peptides-func.

e edge_index represents the edges between nodes by storing the node pairs that
have an edge between them in two arrays. The length of the arrays corresponds to
the number of edges in the graph. In a graph with n nodes, the nodes are numbered
0 to n — 1, which is then the index used to retrieve the features of each of the nodes
from zx.

In this part, we use the datasets to construct the adjacency matrix of each graph, which
is then used as our input into the matrix factorization methods. For that, we only
utilize the edge_index attribute and construct the adjacency matrix defined by it. The
other graph attributes are not relevant in this section and are used only later in the
transformers.

The adjacency matrix is constructed by creating an n X n matrix, where n is the number
of nodes, and using the two arrays given by edge_index to determine which cells are
set to 1, indicating there is an edge between the node pair defined by the corresponding
row and column. As discussed in the introduction, this resulting adjacency matrix is
not the sole representation of the graph, as there is no defined ordering of the nodes.
However, for the sake of our experiments, we only construct this one representation and
keep it fixed throughout the experiments.

To gain better insights into the structure of the graphs in the datasets, we explore
the distribution of the number of nodes per graph per dataset. Figure 3.1 shows the
corresponding histogram. We observe that ZINC is the dataset with the smallest graphs,
averaging around 22 nodes per graph, and Peptides has the largest graph with up to 400
nodes per graph. Moreover, we note that the distribution in ZINC and CIFARI10 follows
a rather normal distribution, whereas the distribution for Peptides is right-skewed.
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3.2. Sign-Rank Approximation
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Figure 3.1: Histograms for number of nodes per graph in the datasets - ZINC, Peptides,
CIFARI10.

3.2 Sign-Rank Approximation

Truncated Singular Value Decomposition (tSVD)

For the tSVD, we utilize the implementation provided in the Scikit-learn library [PVG*11].
Particularly, we use the tSVD class that allows us to specify the number of components,
which is the dimensionality of the resulting matrices. Given that we decompose the
input matrix into & components, we build the encoding as follows: the L € R™*¥ matrix
is directly the result of the transformation, meaning the results of fit_transform,
and the R € RF*™ matrix is a matrix made up of the right singular vectors, accessible
under the component__ attribute of the fitted tSVD object. Finally, the encoding is the
concatenation of the two matrices along their columns [L ‘ RT} € R*x2k,

Logistic Principal Component Analysis (LPCA)

The code for LPCA is adapted from the Exact Embeddings project! based on [CMST20).
In their approach, the authors formulate the matrix factorization as an optimization
problem by implementing the LPCA loss functions and factorizing the matrix using the
minimizer from the SciPy library [VGO™20].

As input, the method requires the desired dimension k for the resulting matrices. Based on
that, the factors are initialized uniformly at random with values from the interval [—1, 1]
given that the input adjacency matrix A is shifted to contain only the values —1 or 1,
i.e., A=2A— 1. Then the initial factors are passed to the minimizer together with the
loss function, and the optimization is run for a maximum of 2000 iterations with the
L-BFGS—-B optimization method [ZBLN97].

We also set the bounds for the values of the factors to [—4,4]. The restriction on the
values in the factorized matrices was necessary because, without specifying these intervals,
the factorization sometimes resulted in very large ranges of values in the matrices. Then,

Thttps://github.com /schariya/exact-embeddings/blob/master/ExactEmbeddings.ipynb
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once this encoding was integrated into the respective transformer model, the large values
of the encoding compared to the node features in the input matrix led to much larger
attention scores for the encoding, and the node features were not attended to due to their
smaller scores compared to the encoding scores. Therefore, the bounds for the LPCA
act as a type of input normalization, and the chosen bounds interval corresponds to the
range of values of the encoded node features of the graphs.

Each iteration follows multiple steps. First, the factors are arranged in a way that they
represent the two matrices, L € R™* and R € R™** which is done by splitting the
factors array into two array of the same size and reshaping each half into the two matrices.
With these matrices, the logits are computed as W = LR".

Then the logarithmic probabilities are calculated for each element of the matrix:

pij = o(—wij - @ij)

_1
l14+e—=

i-th row and j-th column in the W and A matrices respectively.

where o(x) = is the logistic function, w;; and a;; represent the elements in the

With that, the loss which relaxes the non-convex property of w;; # a;; is calculated using

the following formula:

n n < - )
log (1 + e~ W%

=1j=1

2

1y

Based on this, the two gradients for each of the matrices are defined as follows:

(VL)ij = —(pij - Gaj) - i
(VR)ij = —lji - (i - @ij)

Here a;j, l;; and r;; are the elements in the i-th row and the j-th column of the ﬁ, LR
matrices respectively.

Finally, the calculated loss and the flattened gradients are passed to the next iteration.
The iterations are repeated until convergence or until the maximum number of iterations
is reached. We then construct our encoding by concatenating each row of the L matrix
with each corresponding column of the R matrix and reconstruct the adjacency matrix
A = roundo(LRT).

Lastly, the Frobenius error norm is calculated as ||A — A||p. The loss minimizes the
Frobenius error norm between the adjacency matrix and its lower-dimensional represen-
tation [CMST20]. Therefore, when the error after the matrix factorization remains larger
than zero, we conclude that the loss minimization failed to converge.
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3.2. Sign-Rank Approximation

RQ1: Which of the two methods, tSVD or LPCA, produces a lower relative

reconstruction error for a dimension k per dataset?

LPCA achieves significantly lower reconstruction error for the same k compared to tSVD
for all datasets. Figure 3.2 shows the comparison between tSVD and LPCA errors on
the ZINC dataset for various sizes of the encoding k. The results from LPCA at k =4
already achieve very low error even for larger graphs, whereas tSVD for the same k is
significantly worse with error much closer to the k = 2 case, whereas LPCA at k =4 is
already very close to the perfect reconstruction achieved with k = 8 using LPCA.

tSVD Errors at k on ZINC Dataset
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Figure 3.2: Relative reconstruction error vs. graph size for various encoding sizes k using
tSVD (top) and LPCA (bottom).

RQ2: What dimension k is needed to achieve perfect reconstruction of the
adjacency matrices for all of the graphs in each dataset?

By perfect reconstruction, we mean that the relative reconstruction error is zero, and we

are looking for such k£ that provides such a reconstruction for each graph in the dataset.

With tSVD, the encoding size k needed to achieve perfect reconstruction is linear in the
size of the graph, which is depicted in Figure 3.3. For LPCA, this is not the case, and
this method is able to achieve perfect reconstruction with & much smaller than the graph
size. This results in the k& being much higher on all datasets when using tSVD compared
to LPCA, as Table 3.1 shows.
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3. FACTORIZATION OF GRAPH ADJACENCY MATRICES
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Figure 3.3: Comparison between tSVD and LPCA encoding dimensionality for matrices
with zero relative reconstruction error.
method || ZINC | Peptides | CIFAR10
LPCA 8 8 12
tSVD 24 250 80
Table 3.1: Encoding dimension k needed to achieve perfect reconstruction per method
and dataset.
Based on these findings, we set k = 8 for the remainder of the experiments on ZINC and
Peptides-func, and k& = 12 for the CIFAR10 dataset.
3.3 Node Encoding and Neighbourhood Distance
To analyze how well the graph encodings reflect the structural differences of the nodes
in the graph, we propose the neighbourhood distance metric. Neighbourhood distance
measures the difference in the neighbourhoods of two nodes in a graph. Consider the
graph shown in Figure 3.4 and the two nodes colored in gray. These two nodes have
identical neighbourhoods, meaning we are not able to distinguish between them from a
structural perspective. On the other hand, the neighbourhoods of the grey node and the
green node differ significantly. The neighbourhood distance metric allows us to measure
this property for a graph G = (V, E) and for each node pair v,w € V like so:
d(v,w) = [N (v) AN (w)],
20
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3.3. Node Encoding and Neighbourhood Distance

where N(z) C V is the neighbourhood of a node x € V and A is the symmetric set
difference operator.

Figure 3.4: Ilustration of structural differences between two nodes in a graph. The grey
nodes have identical neighbourhood structures, whereas the green node and a grey node
have very different neighbourhoods.

It is desired that the more similar two nodes in a graph are based on d, the more similar
their encoding should be, because we aim to compute such an encoding that is able
to distinguish between two node structures as best as possible. Essentially, the goal is
that when looking at the encodings for a pair of nodes, we can tell whether they are
structurally similar in the graph or not at all.

Let ey, e € RY2F be the encodings for nodes v, w € V. The encoding is the concatenation
of the corresponding row of the L matrix and column from the R matrix, i.e., e, = l,|ry,
where 1,,, r,, are the v-th row of the L, RT matrices, respectively. To measure the distance
between a pair of node encodings, we take the norm of their difference:

5(61)7 ew) = ”ev - 6111”2

By combining the encoding distance and the neighbourhood distance metrics, we define
the graph encoding distance, which is computed using Algorithm 3.1. The algorithm
computes the encoding distances of all node pairs in the graph and groups them by the
node pair neighbourhood distances of the corresponding nodes.

21
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Algorithm 3.1: Graph encoding distance
Input: Graph G = (V, E), embeddings {e, |v € V}
Output: Map distances with arrays of the encoding distances with each
distance d
1 foreach v € V(G) do
2 foreach w € V(G) do
3 d « d(v,w);
4 if distances/d] is undefined then
5 ‘ distances|d] + empty list;
6
7
8
9

end
Append s(ey, e,y) to distancesld];

end
end

We apply the algorithm to each graph in each dataset and average the encoding distances
after aggregating over d. This allows us to analyze the relationship between the neigh-
bourhood distance and the average encoding distance. We refer to this relationship as
the graph encoding similarity. In the following section, we compare the graph encoding
similarity of encoding methods commonly used in the graph transformer models.

ZINC First, we inspect the distribution of the distances between each node pair across
the dataset. Figure 3.5 shows that the distances follow a normal distribution.

ZINC neighbourhood distances histogram (train subset)

800000

Irs

600000

400000 +

number of node pa

200000 4

2 4 6
neighbourhood symmetric difference

Figure 3.5: Neighbourhood distances distribution on the ZINC dataset.

Figure 3.6 shows the aggregated results of the calculated graph encoding similarity using
RWSE and LPCA encodings. LPCA, compared to RWSE, has a much larger absolute
value of the average distance between node encoding pairs, which indicates that the
sizes of the encodings from LPCA are not normalized compared to RWSE, where the
difference between two encodings is at most 1. Furthermore, the LPCA cannot effectively
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3.3. Node Encoding and Neighbourhood Distance

distinguish between nodes that have a neighbourhood symmetric difference larger than 4.
On the other hand, RWSE has much more variance in the average distances at each point
compared to LPCA. It is also important to note that the encodings here are of different
sizes. LPCA has the size of 16, which is the result of stacking the two factorized matrices
resulting from LPCA with k£ = 8, and RWSE is computed using 20 features.

ZINC RWSE dim 20 encoding similarity ZINC LPCA dim 16 encoding similarity
1] [
c-= cE
[T o ®©
v Lo
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B 23
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Figure 3.6: Graph encoding similarity of RWSE and LPCA on the ZINC dataset.
Peptides-func The distribution of the distances between each node pair in Peptides-
func is very similar to the one in ZINC, as Figure 3.7 shows.

Peptides neighbourhood distances histogram (train subset)
1e7

number of node pairs
w £
L

[N]
L

[} 2 4 6 8
neighbourhood symmetric difference

Figure 3.7: Neighbourhood similarity distances distribution on the Peptides-func dataset.

Figure 3.8 shows the aggregated results of the calculated graph encoding similarity using
RWSE with 9 features, and LPCA with the encoding size of 16. The same observations
as in the case of the ZINC dataset can be made. The RWSE has much smaller average
distances, since the encodings from LPCA are not normalized, resulting in larger distances
between them. Moreover, the LPCA struggles to distinguish between encodings with the
neighborhood symmetric difference larger than 1, as the distances seem almost constant
after this point and have a high variance as well.
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Figure 3.8: Graph encoding similarity of RWSE and LPCA on the Peptides-func dataset

CIFAR10 The distribution of the distances on the CIFAR10 dataset differs drastically
from the molecular datasets due to the grid-like structure of the graphs in this dataset,
resulting in a heavily left-skewed distribution of the distances shown in Figure 3.9.

CIFAR neighbourhood distances histogram (train subset)
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Figure 3.9: Neighbourhood similarity distances distribution on the CIFAR10 dataset.

Figure 3.10 shows the aggregated results of the calculated graph encoding similarity using
RWSE with 17 features and LPCA with the encoding size of 24. The LPCA encoding is
able to reflect the node neighbourhood similarity properly, where the closer the two node
neighbourhoods are, the smaller the distance between the node encodings. RWSE on this
dataset has a very low average distance between the encodings, but the node encoding
pairs are hardly distinguishable due to the large variance, leading to all of the pairs
looking alike based on the encoding distance despite their big neighbourhood symmetric
difference. However, this is again likely due to the difference in the graph structure in
this dataset rather than the factorization method itself.

When using the basic LPCA as the encoding, we obtain the graph encoding similarities
that fail to distinguish well between the node encoding pair on the ZINC and Peptides-
func datasets, as mentioned earlier. What we are looking for in these relationships
is almost a linear curve, since the larger the neighborhood symmetric difference, the
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3.4. LPCA with Graph Encoding Similarity (LPCA-sim)

CIFAR10 RWSE dim 17 encoding similarity CIFAR10 LPCA dim 24 encoding similarity
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Figure 3.10: Graph encoding similarity of RWSE and LPCA on the CIFAR10 dataset.

larger the node encoding distance of that node pair should be to allow for distinguishing
between node structures based on their encodings. However, the LPCA only shows the
desired curve for CIFAR10. On the molecular datasets, it is hard to distinguish the
nodes that have a symmetric difference greater than four from each other based only
on their encoding. Ideally, we want the encoding to capture these vastly different node
structures by encoding them significantly differently, which would be reflected in the
encoding similarity decreasing.

3.4 LPCA with Graph Encoding Similarity (LPCA-sim)

We observe that the basic LPCA does not result in encodings that would capture the
graph encoding similarity well. Therefore, we adjust the LPCA loss function by adding
another loss term that optimizes the encoding similarity by using the neighbourhood
and encoding distance metrics. We define the LPCA-sim method with the following loss
function:

n n n n

—w;a , s(wi, w;)
ZZlog(1+e )—i—’y Zzi(d(i,j)—kl)?

i=1j=1 i=1j=1

The first summand is the original LPCA loss, and the second summand represents the
encoding similarity loss, where w;,w; are the i-th and j-th row of W corresponding
to the encoding of nodes 7,5 € V at the given iteration, s is the encoding distance,
and d is the neighbourhood distance. Since this loss introduces a trade-off between the
reconstruction error loss from the basic LPCA and the encoding similarity, we introduce
the v hyperparameter to regulate the influence of the added loss term.

Additionally, the gradients are modified in the following way:

25



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

3.

FACTORIZATION OF GRAPH ADJACENCY MATRICES

26

(VL) = =(pij - 045) 73 7 (i 5192

2-(r; —rj
(VR)ij = —lj; - (pij - aiz) + v - M

Here we take the i-th and j-th rows of the L and R matrices, which represent the node
encodings.

One final modification that is introduced in the LPCA-sim method is the encoding
normalization. It is desired that the encoding of each node has the same size, as the size
of the encoding should not contribute to the structural representation of the node in
the graph. Hence, we normalize the encoding obtained from the LPCA factorization by
dividing the encoding vector e; for a node ¢ € V' by the size of the vector:

_ €i
€= ——.
Y leillz e

Here, the encoding vector e; is the concatenation of the corresponding rows from L
and RT, i.e., e; = l;Jr;. We add a small regularization parameter ¢ = 10~° to prevent
instability.

Finally, we compute the encodings with LPCA-sim and optimize for the similarity loss as
well as low reconstruction error by tuning the v hyperparameter. The gamma parameters
were tuned so that the graph encoding similarity was captured better, while keeping the
relative reconstruction error as low as possible.

CIFAR10 For the CIFAR10 dataset, we tune the hyperparameter on the whole training
subset and obtain the reconstruction errors shown in Table 3.2. The corresponding
encoding similarities are shown in Figure 3.11. We choose v = 2 because the average
distance in the node pairs is smaller in this case compared to v = 1, and the encoding
similarity curve is identical, so we are still capturing the same relationship.

relative reconstruction error
v 85 100 115 130 145

1 013 0.13 0.18 0.24 0.31
2 041 054 066 0.76 0.85

Table 3.2: Relative reconstruction error per graph size with different v parameters for
the LPCA-sim encoding on the CIFAR10 dataset.
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3.4. LPCA with Graph Encoding Similarity (LPCA-sim)

CIFAR10 LPCA-sim dim 24 encoding similarity
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Figure 3.11: Graph encoding similarity on CIFAR10 using the LPCA-sim method with
different + values.

ZINC Table 3.3 shows the average relative reconstruction error for select graph sizes
based on the different v values tried. The evaluation was done on a subset of the training
set using the first 1,000 graphs. The encoding similarity results are shown in Figure 3.12
for the different v values. Based on the results, we chose v = 0.4 for this dataset, as
it provides an improvement in the captured encoding similarity and does not increase
the error as much compared to the other values tried. It also has lower variance in the
encoding similarity than the different values.

relative reconstruction error
0% 15 20 25 30 35

0.2 0 0 006 021 047
0.4 0.15 043 062 0.66 0.84
0.6 048 0.69 087 09 097
0.8 068 09 093 099 0.99

Table 3.3: Relative reconstruction error per graph size with different v parameters for
the LPCA-sim encoding on the ZINC dataset.

ZINC LPCA-sim dim 16 encoding similarity

1501 —+— y=0.2 |
y=0.4

| - v=0.6

{ —+— y=0.8

Irs

=
N]
u

=
o
<]

average distance between
distinct node encoding pa
o o
w ~
o w

0 2 a 6 8
neighbourhood symmetric difference

Figure 3.12: Graph encoding similarity on ZINC using the LPCA-sim method with
different ~ values.
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Peptides-func For Peptides-func, the v parameter increases the relative reconstruction
error quite drastically, as shown in Table 3.4. The results were obtained from the first 50
graphs of the train set. Based on the calculated relative reconstruction error and the
resulting encoding similarity shown in Figure 3.13, we opt for v = 0.1 for this dataset.
We make this choice because the larger v values cannot capture the difference between
the node pairs at all as the neighborhood symmetric difference increases.

relative reconstruction error
0 33 70 100 155 225 365

0.1 0 06 08 092 1 1
0.2 0.36 0.94 1 1 1 1
0.3 0.85 1 1 1 1 1

Table 3.4: Relative reconstruction error per graph size with different v parameters for
the LPCA-sim encoding on the Peptides-func dataset.

Peptides-func LPCA-sim dim 16 encoding similarity
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Figure 3.13: Graph encoding similarity on Peptides-func using the LPCA-sim method
with different v values.

We obtain the regularized encodings shown in Figure 3.14 for each of the datasets by
computing the encodings with the chosen . We conclude that the structure given by
the node neighbourhoods is now captured better than in the basic LPCA when using the
neighbourhood similarity and encoding similarity as metrics.

3.5 Summary

In this chapter, we have explored two methods for factorizing binary matrices to obtain
graph encodings from adjacency matrices. We saw that the LPCA achieves low error with
very small dimensions relative to the graph size. We proposed an extension of the LPCA
called LPCA-sim, together with a custom metric that reflects the relationship between
the graph structure and its low-dimensional matrix representation. The proposed method
focuses on incorporating the neighbourhood similarity information into the encoding and
optimizes for both relative reconstruction error and encoding similarity. With LPCA-sim,
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Summary
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Figure 3.14: Graph encoding similarity for the LPCA-sim method (right) in comparison
to LPCA (left) on the ZINC, Peptides-func, and CIFAR10 datasets.

we achieve a better relationship between the neighbourhood similarity distance and the
encoding distance, but increase the relative reconstruction error.
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CHAPTER

Graph Learning with Graph
Transformers

In this chapter, we integrate the encoding obtained by applying the LPCA and LPCA-sim
factorization methods into standard transformer models. We evaluate the performance
and compare it with the performance of other commonly used encodings for the given task
and dataset. The transformer models used in these experiments are built on top of the
MoSE [BJB™*25] project!, which uses the GraphGPS [RGD*22] code base?. The code used
in our experiments is available in the repository github.com/teriolx/graph-encoding-GT.

4.1 Integrating the Encoding into the Transformer

The way to integrate the encodings into the transformer is typically by concatenating
them with the input feature matrix [DB20, RGD%22]. The input matrix is a R™*™
matrix, where n corresponds to the number of nodes, and m = j + 2k where j is the
dimension of the node features encoding and 2k is the dimension of the LPCA positional
encoding. Recall that the LPCA positional encoding is constructed as the concatenation
of the factorized matrices L, R € R™ ¥, hence the width of the positional encoding is 2k.

Formally, the input matrix is defined as follows:

fll f12 cet f1j liy lLig o Ly 1 T2 o TR
for foo -0 foj lor loo - lop To1 oo - Ty
fnl fn2 te fnj lnl ln2 te lnk Thl Tn2 “°° Tnk

"https://https:/ /github.com/linusbao/MoSE
https://github.com/rampasek /GraphGPS
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Where each row 7 represents the node i € V, the columns f;1, fi2, ..., fij represent the
encoded node features, l;1,l;o, ..., l;; are the rows of the L matrix and r;1, 70, ..., 7, are
the columns of the R matrix, or equivalently the rows of R". The node feature encoding
depends on the dataset and is described in more detail in the following section.

4.2 Experiments

We choose a different transformer model depending on the dataset, as different archi-
tectures are more suitable for different tasks and data. The aim is to observe how the
new LPCA and LPCA-sim encodings perform in comparison to other commonly used
encodings. We start from the same model configuration for all the encodings and then
tune the hyperparameters as described only for the LPCA-sim method. All the results
presented are averaged over multiple runs, and the standard deviation between the runs
is also reported to allow for a more robust comparison.

4.2.1 CIFAR10

For the CIFAR10 dataset, we use the GPS model [RGD"22], and fix the following
hyperparameters:

optimizer: adamW batch size: 16 GNN activation: relu
weight decay: 0.0001 GT layers: 3 GNN dropout: 0.0

base learning rate (LR): 0.001 GT heads: 4 GNN aggregation: mean
max epochs: 100 GT inner dimension: 52

LR scheduler: cosine GT dropout: 0.2

num warmup epochs: 5 GT attention dropout: 0.5

We do not perform any hyperparameter tuning in this case, and all the encodings
evaluated use the same model configuration. This only applies to the results computed in
our experiments and not the MoSE and no encoding (none) performance metrics, which
are taken from [BJB125].

For each encoding, we average the results over four runs with varying seeds. LPCA-sim
reaches comparable accuracy to LapPE and slightly worse accuracy than RWSE, as
shown in Table 4.1.

4.2.2 Peptides-func

For the Peptides-func we also use the GPSModel. In this case, we take an approach using
purely the transformer architecture with no local network. Therefore, the attention scores
are only calculated based on the global attention in this case. All the hyperparameters
can be found in the configs in the code repository.

The results in Table 4.2 are averaged over four runs with varying seeds. All of the
encodings share the same initial configuration, whereas the hyperparameters for LPCA-
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4.2. Experiments

Encoding || Accuracy
RWSE 73.73 £ 0.32
LapPE 73.58 +0.14

LPCA-sim || 73.57 £0.14
MoSE 73.50 +0.44
LPCA 71.58 £ 0.51

none 71.49£0.19

Table 4.1: Classification accuracy on CIFAR10 using different encodings.

sim have been further tuned, and the results of the best hyperparameter configuration
are presented in this case.

Encoding H Average Precision

RWSE 73.73 £ 0.32
LPCA-sim 52.27 £ 1.26
none 44.31 £1.07
LPCA 37.33 £ 1.42

Table 4.2: Average precision of the classification on Peptides-func using different encodings.

We start by fixing the following hyperparameters of the model:

optimizer: adamW batch size: 128

weight decay: 0.0 GT dropout: 0.0

base learning rate (LR): 0.0003 GT attention dropout: 0.5
max epochs: 200

LR scheduler: cosine

num warmup epochs: 10

In Table 4.3 we present the results of the hyperparameter tuning on the LPCA-sim
encoding. We followed a local search approach to the hyperparameter tuning, starting
from the initial configuration and focusing on trying different configurations for one
hyperparameter at a time. In this process, we used three runs per hyperparameter

configuration. We tuned the number of layers, heads, and inner dimension of the model.

As the results show, increasing the number of heads improved the performance, but
increasing the inner dimension or the number of heads led to improvement only on the
training set, but not on the test set. Increasing these parameters also leads to more model
parameters to be learned, and since it brought no improvement, it is not necessary in this
case to use the larger settings. Therefore, the configuration chosen as the best was the
one with doubled layers compared to the initial configuration, but all other parameters
were kept as the original ones.
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4. GRAPH LEARNING WITH GRAPH TRANSFORMERS
Hyperparameter configuration H Train AP | Test AP
4 layers, 4 heads, 96 inner dimension 0.69 0.51
8 layers, 4 heads, 96 inner dimension 0.75 0.54
8 layers, 8 heads, 96 inner dimension 0.77 0.54
8 layers, 8 heads, 160 inner dimension 0.78 0.54
Table 4.3: Comparison of hyperparameter settings for the transformer model used in
training on Peptides-func. The average precision is reported for each configuration on
both the test and train sets.
4.2.3 ZINC
For ZINC, we use a custom implementation of a transformer model with edge features
from [BJB*25]. This model uses layers that are purely based on the transformer attention
mechanism without local attention. Omne unique feature introduced here is the full
connectivity of all nodes through introducing the edge index as part of the attention
calculation mask, where the edge features are also accounted for.
The node features here are encoded using an encoder that assigns a unique encoding to
each type of node, which in this case corresponds to the atom type in the molecule graph.
Table 4.4 contains the errors averaged over three runs for each encoding, with the
exception of MoSE, for which the results are taken directly from [BJBT25]. The runs
across encodings share the same hyperparameter configuration, which is available in each
corresponding configuration file in the code repository.
Encoding || Mean Absolute Error
MoSE 0.089 + 0.018
RWSE 0.112 + 0.019
LPCA-sim 0.196 + 0.029
none 0.207 £ 0.025
LPCA 0.303 £ 0.039
Table 4.4: Mean absolute error of the regression on ZINC using different encodings.
The parameters that are fixed for this model are the following:
optimizer: adamW batch size: 32
weight decay: 0.00001 GT layers: 10
base learning rate (LR): 0.001 GT heads: 4
max epochs: 2000 GT inner dimension: 64
LR scheduler: cosine GNN activation: relu
num warmup epochs: 50 GNN aggregation: mean
We tune the dropout to try and combat the overfitting to the training set. Table 77
shows the results averaged over two runs. As the results show, the dropout does not aid
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4.3. Discussion

in decreasing the MAE as it increases, hence we keep it at 0.

Dropout || Train MAE | Test MAE
0 0.076 0.196
0.05 0.162 0.207
0.1 0.111 0.228
0.15 0.118 0.296
0.2 0.132 0.297
0.25 0.191 0.298
0.3 0.446 0.446

Table 4.5: Comparison of dropout settings for the transformer model used in training on
ZINC. The mean absolute error is reported for both the test and train sets.

Another configuration we have tried was adding extra normalization layers after the
normalization layers that are already part of the model, but this did not bring an
improvement to the MAE, which remained at 0.27 on the test set, averaged over two
runs.

4.3 Discussion

First, we answer the third research question and its subquestions, based on the results
from each dataset. Then we address additional research questions that emerged during
the experiment process and discuss the obtained results.

RQ3a: How does the new encoding method compare to other encodings
(RWSE, LapPE) in terms of accuracy for classification on CIFAR107?

On the CIFAR10 dataset, LPCA-sim matches the accuracy of LapPE, but does not
outperform the RWSE.

RQ3b: How does the new encoding method compare to no encoding and
RWSE in terms of average precision for classification on Peptides-func?

On the Peptides-func dataset, LPCA-sim performs significantly worse than the RWSE,
but slightly better than having no positional encoding.

RQ3c: How does the new encoding method compare to no encoding and other
encodings (RWSE, MoSE) in terms of mean absolute error for regression on
ZINC?

On ZINC, the LPCA-sim encoding slightly improves the MAE over the no-encoding
baseline, but does not match the performance of RWSE or MoSE.

How does LPCA-sim compare to LPCA?

We conclude that LPCA-sim outperforms LPCA on all the datasets which as depicted
in Figure 4.1. This can be attributed to the added optimization for the graph encoding
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similarity that we introduced in LPCA-sim. The improvement of the results indicates that
the intuition we had, that representing more similar nodes with more similar encodings
and dissimilar nodes with encodings that are more distinguishable, yields better results.

However, the poor results we obtained when using the LPCA might be due to the lack of
normalization in the LPCA encodings, which might lead to undesirably large attention
scores at some nodes. These scores then signal that the nodes are more important, and
their information gets amplified. However, since the node encoding size can vary based
on the factorization result, the attention score might reflect the encoding size rather
than the node importance. Such an effect is not desired because we aim to capture
graph structure, and the size of the encodings is not reflective of that. Therefore, we also
introduce encoding normalization in LPCA-sim to avoid such issues. In that sense, the
improvement in the performance might also be attributed to this change in LPCA-sim
compared to LPCA.

CIFAR10 Accuracy - Test Set Peptides-func Average Precision - Test Set ZINC Mean Absolute Error - Test Set
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Figure 4.1: Comparison between LPCA and LPCA-sim encodings performance on the
test sets. From left to right, accuracy of the classification on CIFAR10, average precision
of the classification on Peptides-func, and mean absolute error of the regression on ZINC.

How does the performance of LPCA-sim on the training set compare to other
encoding methods?

When training on the CIFAR10 dataset, the LPCA-sim encoding achieves 81.7 % accuracy
on average, which is higher than both LapPE and RWSE, with a maximum of 77.6 %
accuracy reached as depicted in Figure 4.2. As we have discussed previously, this increase
in the performance on the training dataset does not translate well to the test set, meaning
the model is learning the information from the training set well. Still, it is unable to
generalize it to the test set.

However, this is not the case on the ZINC or Peptides-func datasets. Here, the performance
on the training sets is still worse than the best-performing encoding methods. Particularly,
on Peptides-func, LPCA-sim reaches the accuracy of 71.35% on average compared to the
average accuracy of 79.52 % reached by RWSE. On the ZINC dataset, the difference is
smaller, but still the LPCA-sim has the mean absolute error of 0.074 on average compared
to 0.065 when using RWSE.
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4.4. Summary

To conclude, we see that LPCA-sim is able to provide information to the transformer
models, so that they learn better than when using no encoding. However, the performance
on the molecular datasets does not match the state-of-the-art results obtained from other
encoding methods.

best/train_accuracy best/test_accuracy
= RWSE = LapPE = LPCA-sim = RWSE = LapPE = LPCA
0.8 07
0.6
0.6
0.5
0.4
0.4 !
0.3 }
02 | 0.2
Step 0.1 Step
0 20 40 60 80 0 20 40 60 80

Figure 4.2: Accuracy of the classification on CIFAR10 for the train set (left) and test set
(right) using RWSE, LapPE, and LPCA-sim encodings.

4.4 Summary

In conclusion, we showed that the LPCA-sim performs significantly better compared
to the basic LPCA. This is mainly due to the normalization of the encodings that we
added in LPCA-sim, as well as the additional information that we encoded based on the
neighbourhood distance metrics.

We achieve competitive performance only on the CIFAR10 dataset, which leads to the
conclusion that the LPCA-sim is able to capture the grid-like structure of the graphs in
this dataset well. However, on the molecular datasets, the novel methods do not match
the performance of the state-of-the-art methods and improve only slightly compared to
the baseline of using no positional encoding at all. Based on that, we conclude that the
LPCA-sim does capture the graph structure in the molecular datasets to some extent,
which is useful for learning with transformers, but encoding the graph structure in a way
that would significantly improve the graph learning still remains a challenge when using
the factorization methods for encoding.
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CHAPTER

Conclusion and Future Work

5.1 Contribution

In this thesis, we explored a novel approach to encoding graph structure using binary
matrix factorization methods. We evaluated the encodings resulting from the tSVD and
LPCA methods and achieved significant dimensionality reduction with the LPCA method.
Based on that, we further modified the basic LPCA and proposed a novel method for
factorizing adjacency matrices, LPCA-sim. With this method, we also introduce novel
metrics for measuring the distance between two node encodings and the neighbourhood
distance metric for measuring the distance between two nodes in the graph structure.
Finally, by combining the two metrics, we define the graph encoding similarity as the
relationship between them and evaluate our new encodings as well as other commonly
used encodings using this metric.

With the computed encodings, we modified the graph transformer models to make use
of the node positional encoding as part of the input and evaluated the performance
compared to other encoding methods. The performance matches state-of-the-art methods
only on the CIFARI10 dataset.

Based on our experiments, we conclude that the LPCA can factorize the adjacency
matrices with much lower relative reconstruction error than the tSVD for the same
encoding size. Moreover, LPCA requires a very small dimensionality compared to the
tSVD to capture the adjacency matrix with no error. However, optimizing for the lowest
reconstruction error has proven not to be the most performant encoding once integrated
into the graph transformer. Therefore, with the introduction of the LPCA-sim method,
we leverage the neighbourhood distance metric to optimize for node neighbourhood and
encoding similarity, significantly improving the performance of the basic LPCA encodings.
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5.2 Limitations

Although the encodings showed promising performance on the molecular datasets for the
training splits, this performance was not reflected in the test set evaluation. Therefore,
the challenge remains in the overfitting of the transformer to the training data, which
then fails to generalize. A possible improvement in this case would be further tuning of
the model and the encodings themselves to see whether a different configuration could
provide better performance even on the test set.

Furthermore, since the encoding is comprised of the concatenation of the rows of the
L and the columns of the R matrices resulting from the factorization, it is required to
multiply the row by the column to reconstruct the adjacency. Such multiplication has
proven to be a challenge for the attention mechanism of the graph transformer. One
approach that could address this limitation is to factorize the adjacency matrix in such a
way that results in one matrix only, for example, by fixing the L matrix at the start for
all graphs in the dataset and only optimizing R. Such encoding would then correspond to
the features represented as columns, which is how RWSE is also constructed and shows
better results.

Another possible path to explore would be the attention mechanism itself, which was
briefly explored in the work by adding a bias term to the attention, which was the value
from the reconstructed adjacency matrix, but was left unexplored in the end. Such
modifications to the attention mechanism might contribute to the

Lastly, the GraphGPS framework for the transformer models offers a solid base for
training the transformer models, but it is rather complex in its modular approach, which
also made the debugging process slightly more challenging. Defining own components to
integrate into the architecture was necessary but not always completely straightforward,
as it was a challenge to trace all the different components that are used at once. Another
challenge when using this framework is the lack of transparency of all the hyperparameters
that can be set for all the different modules that the model consists of. The majority of
the parameters are set implicitly with default values. The values can be overwritten by
passing new values in a configuration file for each run. However, listing all the model
hyperparameters would be very tedious. Hence, the configuration files contain only those
parameters for which the values will be overwritten. Therefore, the configuration file
does not reflect the entire setup for any given run.

Also, the larger number of configurable parameters that go into this architecture was
becoming hard to manage with a lot of parameters set implicitly and then additionally
modified through config files for each run.

5.3 Future Work

The approach explored in this thesis opens the possibility of using other binary factor-
ization methods as a new approach to encoding graph structure. We have shown that
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5.3. Future Work

these methods can capture graph structure, although they do not achieve state-of-the-art
results thus far. But this approach demonstrates that the direction is promising and
worth exploring, perhaps with other methods of the same family or by addressing some
of the limitations of the LPCA-sim method.

One main factor to address in future work is the lack of systematic analysis of how the
different settings of the LPCA-sim impact the performance of the models. In this work,
we focused first on choosing the encoding dimension based on the relative reconstruction
error and later the graph encoding similarity, and then used the best encodings based
on these metrics. It would be valuable to evaluate the different encoding dimensions
by training the models on them to see whether our metrics of evaluating the encodings
actually reflect how the model performs with these encodings. The same principle could
be applied to the other variables in the process, such as the comparison between LPCA
and LPCA-sim, but without the encoding normalization to further isolate the impact
each change has on the encoding’s performance.
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Overview of Generative Al Tools
Used

The following prompts were sent to ChatGPT [Ope25], the GPT-40 model, to aid in
writing markdown in LaTeX. The results were never used without first checking for
correctness. They were also further augmented to match the desired format exactly.

Prompt: Please write the LaTeX code for this mathematical formula, [picture with
formula].

Prompt: Please give me the LaTeX code for a table with the following data, [table data].
Prompt: Can you rewrite this using matrix notation as LaTeX code, [expression].

Example: (np.logaddexp (0, -logits*adj_s)) .sum()

Additionally, DeepL: [Dee25] was used to aid in translating the abstract from English to
German.
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