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Abstract

A switch graph is a graph with a variable edge set controlled by a collection of switches.
Each switch has several positions, each corresponding to a subset of edges. A configuration
selects one position per switch, which results in a simple graph where the edges are
the union of the selected edge sets. This framework gives rise to a variety of switching
problems, where the objective is to find a configuration such that the resulting graph
satisfies a specified property. Several variants of these problems with different structural
constraints on the switch graph have been studied in the literature.

This thesis focuses on connectivity-related switching problems, such as finding a
configuration that yields a connected graph (global connectivity) or one that connects
a specific pair of vertices (s-t-connectivity). We combine existing results with new
complexity-theoretic insights and investigate how structural restrictions on switches
affect computational hardness. Our results include a strong complexity dichotomy
for s-t-connectivity and a polynomial-time algorithm for global connectivity based on
matroid theory. Additionally, we introduce a weighted variant of the problem and analyze
its complexity, particularly from a parameterized complexity perspective. For several
restricted classes of switches, we establish W[1]-hardness parameterized by the maximum
allowed weight of the solution. On the other hand, we present a fixed-parameter tractable
algorithm using dynamic programming over tree decompositions.
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CHAPTER

Introduction

The concept of switch graphs, along with related combinatorial structures, has been
extensively explored in several papers published over the past few decades [11], [17, [7,
8, 9, 19]. While the definitions vary depending on the specific application, the core
idea remains consistent: a switch graph is an ordinary graph augmented by a set of
switches. Each switch can assume multiple states, with each state introducing different
modifications to the graph. The literature suggests a range of practical applications
of switch graphs, including solving Boolean equation systems [7], managing valves in a
system of pipes [8, 9], and SNP genotyping [19]. The general objective is to determine a
configuration of these switches such that the resulting graph satisfies a desired graph
property, for instance, connectivity, planarity, etc.

In this thesis, we introduce a general definition of switch graphs capable of encom-
passing the majority of variants discussed in the literature, with the aim of providing
a comprehensive complexity analysis of the associated decision problems under various
structural constraints. Furthermore, we extend the model to include weights on switch
positions, a concept not previously examined in the literature but with significant practi-
cal applications. In this chapter, in addition to briefly introducing these two concepts,
we review the existing literature on switch graphs, outline our contributions, and provide
an overview of the thesis structure.

1.1 The Switching Problem

A switch graph consists of a set of vertices together with a set of switches, where each
switch is a finite sequence of positions, and each position specifies a set of edges between
the vertices. A configuration of the switch graph selects exactly one position for every
switch, thereby inducing a simple graph on the same vertex set with edges taken from the
chosen positions. The central question we study is whether there exists a configuration of
switches such that the resulting graph belongs to a given graph family (or equivalently,

1
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1.

INTRODUCTION

satisfies a certain graph property). For example, if switches represent valves in a system
of pipes, one might be interested in finding a configuration that allows water to flow from
one point to another, corresponding to the family of graphs that contain a path between
two distinguished vertices [8, 9]. We refer to this general problem as II-SWITCHING,
where II denotes the target graph family.

By picking an appropriate family of graphs Il and additionally imposing specific
constraints on the structure of each switch in the input, most of the switch graph
variants discussed in the literature can be expressed using II-SWITCHING. For instance,
the model of Katz et al. [11] restricts switches to one edge per position, all sharing a
common endpoint. This unified perspective allows us to study the complexity of these
problems under a single framework and identify common algorithmic techniques that
can be applied to solve them. Furthermore, it enables us to investigate under which
conditions the problem becomes tractable or remains intractable in a more general setting,
thus providing a deeper understanding of the underlying combinatorial structure. This
distinction is important when implementing solutions in practice: tractable problems
can often be solved efficiently without the need for heuristics or approximations, whereas
intractable problems may require more sophisticated techniques or may not be solvable
at all within a reasonable amount of time.

Since much of the existing literature has focused on connectivity-related problems
in switch graphs, this thesis concentrates on three specific target graph families: (i)
connected graphs (global connectivity), (ii) graphs containing an s-t path between
two distinguished vertices s and ¢ (s-t-connectivity), and (iii) graphs where s and ¢
are disconnected (s-t-disconnectivity). These correspond to the switching problems
GCON-SWITCHING, STCON-SWITCHING, and STDISCON-SWITCHING, respectively.

In our complexity analysis, we investigate structural properties of switches that may
render these problems tractable, or otherwise establish their NP-hardness. Specifically,
we examine restrictions on the number of positions per switch, the number of edges per
position, and the graph structure induced by the union of all edges belonging to a single
switch, as these constraints are common in the literature and frequently arise in practical
applications (e.g., railway switches that choose between two edges sharing a common
endpoint). Beyond individual switches, we also study global restrictions on the switch
graph itself, in particular the union graph, formed by the union of all edges across all
switch positions. We will resort to matroid theory and dynamic programming for our
algorithmic results, while our hardness proofs primarily utilize reductions from NP-hard
problems, in particular from restricted variants of SAT.

1.2 Adding Weights

While our proposed model has been studied (to some extend) under various restrictions,
a weighted variant of the problem has not yet been explored in the literature. A natural
extension, which we refer to as WEIGHTED-II-SWITCHING, assigns a weight to each switch
position. The goal is to find a configuration that not only satisfies the desired graph



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verflgbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

1.2.  Adding Weights

property but also minimizes the total accumulative weight of the selected switch positions.
This has vast practical applications; for instance, in railway systems, one may wish to
minimize the number of switches that need to be flipped to achieve a configuration that
allows a train to travel between two points. In this context, each switch is assigned a
weight of zero for its current position and a weight of one for the alternative position, so
minimizing the total weight corresponds to minimizing the number of switches that must
be flipped. We call this restricted variant, where each switch has two positions — an
off-position of weight zero and an on-position of weight one — ONOFF-II-SWITCHING,
which we frequently consider when studying intractability.

Further motivating the study of WEIGHTED-II-SWITCHING as well as ONOFF-II-
SWITCHING is that many familiar optimization problems can naturally be reduced to
them. As an example, consider CLUSTER EDITING, where the task is to transform
a given simple graph into a disjoint union of cliques using the minimum number of
edge modifications (insertions or deletions) [2]. This problem can be easily reduced to
ONOFF-II-SwITCHING with II being the family of disjoint unions of cliques. For each
pair of vertices in the original graph, we introduce an on-off switch with one position
containing no edge and the other containing the edge between the two vertices. If the
edge already exists in the input graph, it is placed in the off-position, so switching it on
corresponds to deleting the edge. Conversely, if the edge is absent in the input graph, it
is placed in the on-position, and switching it on corresponds to inserting the edge.

Another problem that also served as a key motivation for studying the weighted
variant is ROBOT CONFIGURATION [I], where the task is to determine the shortest
sequence of moves that transforms one configuration of a robot into another. To solve
this problem, one can reduce it to a temporal variant of ONOFF-GCON-SWITCHING.

Note that WEIGHTED-II-SWITCHING and ONOFF-II-SWITCHING are technically not
formulated as optimization problems but rather as decision problems, where the input
additionally includes a maximum allowed weight and we ask whether there exists a
configuration whose total weight does not exceed this bound while also satisfying the
desired graph property. We do this because it is often more convenient to work with a
decision problem for complexity analysis.

Building on the insights from the unweighted setting, we investigate the complexity
of WEIGHTED-II-SWITCHING and ONOFF-II-SWITCHING for global connectivity, s-t-
connectivity, and s-t-disconnectivity under various structural restrictions on the switches
and the union graph, analogous to those considered in the unweighted case. It is evident
that the weighted problem is at least as hard as its unweighted counterpart, if not harder.
Nevertheless, many algorithmic techniques developed for the unweighted setting can be
adapted to the weighted case. Since intractability in the unweighted problem implies
intractability for the weighted variant, our focus shifts toward parameterized complexity.
Specifically, we examine whether the problem becomes tractable when certain parameters,
such as the maximum total weight or the maximum number of allowed switch positions,
are bounded in size.
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INTRODUCTION

1.3 Related Work

The switch graph model proposed by Katz et al. [11] served as a foundation for the
ideas explored in this thesis. While their model is similar to ours, their switches are
more constrained: each switch has exactly one edge for every position, and all positions
share a common endpoint. In their model, they presented polynomial-time algorithms for
both global connectivity and s-t-connectivity, leveraging matroid and matching theory,
respectively. In Chapter 3, we will show how their matroid-based approach can be adapted
to handle more general switches and extended to work with weights. Conversely, they
demonstrated that finding a planar, triangle-free, or bipartite configuration is NP-hard.
Meinel [I7] also used this model, focusing on a variant of s-t-connectivity where all
reachable edges must be part of a path from s to t. They proved that, in its most general
form, this problem is NP-complete.

The model described by Groote and Ploeger [7] closely resembles that of Katz et al.
[11], with the additional constraint that each switch must have exactly two positions.
They illustrated how this model can represent Boolean equation systems and analyze
several target graph families, including s-t-connectivity and s-t-disconnection. Moreover,
they introduced integer labels for vertices and defined a collection of labeled target graph
families involving loops.

Reinhardt [19] investigated s-t-connectivity using a switch graph model inspired by
train tracks. In this model, each vertex in an ordinary graph represents a switch, with
exactly one adjacent edge that must be traversed on any path passing through it. This
design reflects the idea that trains can only make smooth turns when crossing a switch.
Reinhardt showed that, for the undirected case, the problem is solvable in polynomial
time, while in the directed case, it becomes NP-hard. This variant also has practical
applications in computational biology, specifically in SNP genotyping, by linking the
switch graph model to certain matching problems.

Huckenbeck [8, O] developed a switch graph model inspired by valve systems in
breweries. Here, each vertex in a directed graph represents a valve, and each adjustment
of the valve connects one incoming arc to a set of outgoing arcs. Instead of calling this
structure a switch graph, they coined the term wvalve graph. Huckenbeck showed that the
complexity of finding an s-t-path in a valve graph depends on the structure of the valves.
They identified a class of valves for which the problem can be solved in polynomial time,
whereas in the general case, it is NP-hard [§]. They also performed a similar analysis for
s-t-disconnection [9].

Finally, Szeider [20] proposed another model focused on s-t-connectivity. In this
model, each vertex of an ordinary graph is associated with a transition graph, where the
vertices of the transition graph correspond to the edges incident to the original vertex.
An edge in the transition graph indicates that the corresponding edges are allowed to
appear consecutively in the desired s-t-path. Szeider identified a family of transition
graphs for which the problem is solvable in polynomial time, whereas in the general case,
the problem is NP-hard. Notably, many of these transition graphs can be effectively
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1.4. Our Results

Symbol Meaning

Number of vertices

Total number of edges across all switches

Maximum number of switches set to the on-position
Time complexity of circuit-finding oracle

Maximum number of switches incident to a vertex
tw Treewidth of the union graph

Maximum number of positions of a switch

>N >3 S

w

Table 1.1: Variables and parameters used in the complexity results

represented using regular switches in our switch graph model, which we will explore
in more detail in Chapter |4, as this connection leads to strong complexity results for
STCON-SWITCHING.

1.4 Our Results

In this thesis, we study the tractability of II-SWITCHING, WEIGHTED-II-SWITCHING, and
ONOFF-II-SWITCHING for global connectivity, s-t-connectivity, and s-t-disconnectivity
under various structural restrictions on the switches and the union graph. To describe
switch sizes, we use the notation {a,b,c,...} to indicate that a switch has at most a
edges in one position, at most b in another, and so on. If switches may have an arbitrary
number of positions but at most one edge per position, we write {1}*. We also impose
restrictions on the switch-induced graph of each switch, that is, the graph obtained from
the union of all edges across the positions of that switch, requiring it, for instance, to be
connected, complete multipartite (c.m.p.), or a star. Likewise, we restrict the structure
of the union graph — the graph formed by all edges across all switches and positions
— considering cases such as paths, series-parallel graphs (SP), planar graphs, or star
graphs. The main results are summarized in Tables 1.2 to|1.4, with Fig. |1.1 providing
a visual overview of the complexity landscape based on the switch structure. A formal
definition of the switching problems, the structural restrictions on switch graphs, and
other concepts needed for the proofs are provided in Chapter 2.

In Chapter 3, we revisit the results of Katz et al. [II], who showed that GCON-
SWITCHING is solvable in polynomial time when restricted to {1}*-star switches. Their
result relies on matroid theory — matroids being set systems satisfying specific axioms,
extensively studied and equipped with powerful algorithmic techniques (more details on
matroids in Chapter 2). We show that the restriction to star-switches is unnecessary
and, at the same time, extend the result to the weighted variant WEIGHTED-GCON-
SWITCHING. Moreover, for the unweighted variant, we relax the switch constraints
even further, demonstrating that it suffices for the positions of each switch to form a
matroid-like structure.
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Switches Union Graph Variant Runtime/Complexity Reference
Matroid - Unweighted O(mn - (n+ T +1logm)) Theorem |1
. Unweighted Corollary (1
{1} ) Weighted Ol (@2 legn) Theorem 2
Connected - Weighted FPT (tw, A, s) Theorem 30
Unweighted NP-hard Theorem 20
{21} Path OnOft WI[1]-hard (k) Theorem 21
Unweighted NP-hard Theorem 22
{2,1} N Star  Star OnOft WI[1]-hard (k) Theorem 23
{2,1} nStar Planar Unweighted para-NP-hard (A) Theorem 24

Table 1.2: Complexity results for GCON-SWITCHING, WEIGHTED-GCON-SWITCHING,
and ONOFF-GCON-SWITCHING under various restrictions on switches and the union
graph (see Table 1.1 for the meaning of variables and parameters).

In Chapter |4, we turn to STCON-SWITCHING. Specifically, we investigate the connec-
tion between our switch graph model restricted to {1}*-switches and the transition graph
model introduced by Szeider [20]. This connection leads to a sharp complexity dichotomy
for STCON-SWITCHING under {1}*-switches: if the set of admissible switch-induced
graphs is limited to complete multipartite graphs, then the problem is solvable in linear
time; otherwise, it is NP-hard.

To better understand under which conditions II-SWITCHING becomes NP-hard across
the three target graph families, we employ reductions from SAT, where restrictions
on the propositional formula, such as bounding variable occurrences or formula depth,
naturally translate into structural restrictions on the switches and the union graph.
Consequently, in Chapter 5 we study several NP-hard variants of SAT as starting points
for our reductions. For the weighted setting, WSAT (a weighted variant of SAT) reduces
to ONOFF-II-SWITCHING in a similar way, so we also examine the hardness of several
WSAT variants. We focus on those unlikely to be fixed-parameter tractable when
parameterized by the number of variables set to true, since this directly implies the
same for ONOFF-II-SWITCHING when parameterized by the number of switches set to
the on-position. To this end, we show that several restricted variants of WSAT are
W/[1]-hard via a parameterized reduction from PARTITIONED SUBGRAPH ISOMORPHISM,
a well-known W[1]-hard problem. Along the way, we also resolve an open question posed
by Kanj and Szeider [10] regarding the complexity of a particular constrained variant of
WSAT.

In Chapters 6 to 8, we build on the insights from Chapter 5 to analyze the complexity
of II-SWITCHING and ONOFF-II-SWITCHING for global-connectivity, s-t-connectivity,
and s-t-disconnectivity. In each case, we present a reduction from SAT, which can
be adapted directly to the weighted setting. Most notably, we show that for all three
target graph families, II-SWITCHING and ONOFF-II-SWITCHING are NP-hard and W[1]-
hard, respectively, even when restricted to {2, 1}-star switches. In the case of GCON-
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1.4. Our Results

Switches Union Graph Variant Runtime/Complexity Reference
{1}*Ncm.p. - Unweighted O(n + m) Theorem 5
{1}*nA - Unweighted NP-hard Theorem 6
Connected - Weighted FPT (tw, A, s) Theorem 31
(11} Sp Unweighted NP-hard Theorem (15
’ OnOff WI[1]-hard (k) Theorem (18
Unweighted NP-hard Theorem 14
2.1} Path OnOff W([1]-hard (k) Theorem [L7
Unweighted NP-hard Theorem 4
{21} nStar - OnOff W([1]-hard (k) Theorem [19
Any SP OnOff WISAT]-hard (k) Theorem (16

Table 1.3: Complexity results for STCON-SWITCHING, WEIGHTED-STCON-SWITCHING,
and ONOFF-STCON-SWITCHING under various restrictions on switches and the union
graph (see Table 1.1 for the meaning of variables and parameters).

SWITCHING, we further strengthen this by proving NP-hardness even when the union
graph is planar and the number of switches incident to each vertex is bounded by a
constant.

In Chapter |9, we complement the hardness results with fixed-parameter algorithms for
WEIGHTED-II-SWITCHING across all three target graph families, restricted to connected
switches and parameterized by the treewidth of the union graph (a measure of tree-
likeness), the maximum number of switches incident to a vertex, and the maximum
number of positions per switch. These algorithms rely on dynamic programming over
a tree decomposition of the union graph. We also discuss potential applications of this
result for designing a fixed-parameter algorithm on planar union graphs without assuming
bounded treewidth, using a win-win approach motivated by the ROBOT CONFIGURATION
problem introduced earlier.

Finally, in Chapter 10, we summarize the main findings and outline directions for
future research.

As previously mentioned, the results established in Chapters [3 to |9 are summarized
in Tables [1.2 to |1.4 for the three target graph families studied in this thesis. In addi-
tion, Fig. 1.1 gives a visual overview of the complexity landscape under various switch
restrictions. The figure depicts a Hasse diagram, with the most general case of arbitrary
switches at the top and the most restricted cases at the bottom. Edges between two
switch restrictions represent containment, meaning the lower restriction is a special case
of the upper one. Consequently, hardness results propagate upwards, while tractability
results propagate downwards.
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1. INTRODUCTION
Switches Union Graph Variant Runtime/Complexity Reference
Connected - Weighted FPT (tw, A, s) Theorem 32
(1,1} Sp Unweighted NP-hard Theorem 25
’ OnOft WI[1]-hard (k) Theorem 27
Unweighted NP-hard Theorem 28
2,1 -

5 Ty DiSHes OnOff WI[1]-hard (k) Theorem 29
Any Sp OnOft WISAT]-hard (k) Theorem 26
Table 1.4: Complexity results for STCON-SWITCHING, WEIGHTED-STCON-SWITCHING,
and ONOFF-STCON-SWITCHING under various restrictions on switches and the union

graph (see Table 1.1 for the meaning of parameters).
& Weicnrsp 2 GCON & W[SAT]-hard (k)|
5 ONOFF 7 sTOON Arbitrar
© o stDisConN Y
{*,*} Mat@ Connected
P
| & FPT(tw, A, s)|
{2a mb
NP-hard
|& W[1]-hard (k)|
INP-hard|  |& W[1]-hard ()|
Figure 1.1: An overview of the complexity results for II-SWITCHING, WEIGHTED-II-
SWITCHING, and ONOFF-II-SWITCHING for global connectivity, s-t-connectivity, and
s-t-disconnectivity under various restrictions on switches (see Table 1.1 for the meaning
of parameters). Edges between two switch restrictions represent containment, meaning
the lower restriction is a special case of the upper one. Consequently, hardness results
propagate upwards, while tractability results propagate downwards.
8



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verflgbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

CHAPTER

Preliminaries

We begin with some basic definitions. For any n € Z, let [n] denote the set {i | 1 <i < n}.
Observe that [n] =0 if n < 1.

Let X be a sequence over some universe /. We denote the i-th element of X by XTi]
and the length (or size) of X by |X|. For some u € U, the number of occurrences of u in
X is denoted by |X|,. The notation for size and number of occurrences of an element
extends naturally to multisets. The latter can also be applied on discrete functions f to
indicate how often an element in the codomain is mapped from elements of the domain,

ie., ’f’u = ‘f_l(u)’

Given a binary relation R C U? over some universe U, we denote RT as the transitive
closure of R. Suppose R is reflexive, symmetric and transitive, then it is an equivalence
relation. In that case, for some u € U, R[u] = {v € U | (u,v) € R} denotes the equivalence
class of w under R. Furthermore, let &/ R be the set of equivalence classes of U by R,
that is, U/R = {R[u| | u € U}.

2.1 Common Graphs

An edge e over a vertex set V is a set of two distinct vertices in V, formally defined as
e = {u,v} for u,v € V with u # v. For better readability, we often represent an edge
{u,v} as uv. A simple graph G consists of a vertex set V(G) and an edge set E(G)
over V(G). For several definitions, we additionally require that the graph possess a
distinguished source vertex s(G) and target vertex t(G), often referred to as terminals.

For a vertex v € V(G), let Ng(v) denote the set of neighbors of v in G, that is,
Ng(v) = {u € V(G) | wv € E(G)}. The degree of a vertex v in G is defined as
degq(v) = |Ng(v)|. Moreover, let Eg(v) denote the set of incident edges of v, that is,
Eg(v) = {uv | u € Ng(v)}. For a vertex set U C V(G), let G[U] be the subgraph of G
induced by U, i.e., V(G[U]) = U and E(G[U]) = E(G)n ().
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A path of length ¢ > 0 between two vertices u,v € V(G) is a sequence of £+ 1 distinct
vertices u = wq, w1, ..., wy = v of V(@) such that w;_qw; € E(G) for all i € [¢]. The
reachability relation R(G) of graph G contains every pair (u,v) € V(G)? of vertices where
there is a path between u and v. Observe that R(G) is an equivalence relation and that
V(G)/R(G) forms a partition where each set is a maximal connected component of G.
Graph G is called (globally) connected if there is a path between every pair of vertices,
or equivalently, if R(G) = V(G)2.

The union of two graphs G1 and G4 is the union of their vertex and edge sets. Unless
stated otherwise, we assume that V(G1) and V(G2), as well as E(G1) and E(G3) are
disjoint. However, if a vertex u € V(G1) is identified with a vertex v € V(G2), meaning
that u = v, then v and v are merged into a single vertex in the resulting graph.

A multigraph G is a graph that allows multiple edges between the same pair of vertices.
Consequently, the edge set E(G) is a multiset of edges over V(G). With additional
distinguished terminals, G is called series-parallel if it is a single-edge graph, consisting
of a source vertex s(G) connected to a target vertex ¢(G) by a single edge, or if is the
composition of two series-parallel graphs G and G5 in one of the following ways:

e Series composition: Formed by taking the union of G; and Gy by identifying
s(G) = s(Gh), t(G1) = s(G2), and t(Ge) = t(G).

o Parallel composition: Formed by taking union of G; and G2 by identifying s(G) =
S(Gl) = S(GQ) and t(G) = t(G1> = t(Gg).

A tree T is a connected graph without cycles. A rooted tree is a tree with a distinguished
vertex r(7T) called the root. This introduces a natural parent-child and ancestor-descendent
relationship between vertices, with the root being the ancestor of all other vertices.

2.2 Propositional Logic

Let V be a countably infinite set of propositional variables. For the purpose of this thesis,
the set ® of propositional formulas is defined inductively as follows:

1. Any propositional variable z € V is in .

2. If p € @, then —p € .

3. If p,9p € @, then (p A1) € ® and (p V) € .
We omit other connectives such as implication (=), equivalence (<), as they can be
rewritten using the basic connectives above. However, they may still be used as syntactic

sugar to enhance readability. For example, the implication ¢ = 1 is simply another way
of writing —¢ V .
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2.3. Switch Graphs

For a formula ¢ € ®, let V(¢) denote the set of variables in ¢. A truth assignment or
interpretation of ¢ is a function I: V() — {0, 1} that assigns each variable x € V() a
truth value, where 1 represents true and 0 represents false. We extend the definition of
to evaluate formulas inductively as follows:

I(=) =1 1(3).
I(Y Ay) = min{I(¥), I(7)}
I(Y v y) = max{I(¢y), ()}

Let Z(p) denote the set of all possible interpretations of ¢. Formula ¢ is satisfiable if
there exists a truth assignment I € Z(y) such that I(¢) = 1. For a class of propositional
formulas F' C ®, we define SAT(F') as the problem of determining whether a given
formula ¢ € F is satisfiable. In the weighted variant, WSAT(F'), the input includes an
additional integer k. The problem asks whether there exists a truth assignment I € Z(y)
such that I(p) = 1 and the weight of I, defined as the number of variables set to true or
simply |I|1, is at most k.

2.3 Switch Graphs

A switch S is a finite, non-empty sequence of switch positions, where each position is a set
of edges over an underlying vertex set V. It must contain at least one position that is not
empty. A graph with switches instead of edges is what we call a switch gmph Formally,
a switch graph G consists of a vertex set V(G) and a set of switches S(G) over V(G).
As with simple graphs, certain definitions require additional distinguished terminals S(G)
and t(G). Fig. 2.1/ (left side) shows an example of a switch graph @, demonstrating the
visualization conventions for switch graphs used throughout this thesis.

A configuration of G is a function ¢ : S(G) — Nsg that maps each switch S € S(G)
to a natural number ¢ € [|S|] representing one of its switch positions. In other words, the
configuration ¢ chooses the edges of exactly one position for each switch, resulting in the
so called configured switch graph. Notated by the expression Gocand read as G configured
by ¢, it is a simple graph where V(G oc¢) = V(@) and E(Goc) = USES(@ S[e(S)]. Fig. 2.1
(right side) shows a possible configuration ¢ of the illustrated switch graph G. If terminals
were defined for the switch graph, they are inherited by the configured switch graph, i.e.,
s(Goc) == s(G) and (G o ¢) := t(G). Furthermore, we denote C(G) to be the set of all
configurations of G.

Frequently, it is desirable to have edges in the switch graph that are present in any
configuration. This can be accomplished by including static edges. A static edge is simply
a switch S, containing exactly a single position of a single edge e, that is, Se = ({e}).

11
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Figure 2.1: The left shows a switch graph G with four switches (including one static
edge): S1 = ({vavs, vavs}, {viva}), S2 = ({v2vs}, {vave}), S5 = ({vsve}, {vave}, {viva}),
Svsve = ({vsvs}). Each color represents a different switch, while the different dash

styles represent the different switch positions. The right shows G configured by ¢ where
c(S1) = ¢(S2) = ¢(Spsvs) = 1 and ¢(S3) = 3.

2.3.1 Structural Properties

For several proofs in this thesis, we need better tools to study the structure of switch
graphs. Moreover, tools that allow us to constrain the structure of switch graphs are used
to obtain more nuanced results. To achieve all this, we introduce additional notation
and definitions to better characterize different structural properties of switch graphs.

First of all, consider some switch S. Let E(S) be the combined set of edges occurring
in S, that is, E(S) == U;eg Slil. Additionally, let V(S) be the set of vertices that
are incident to an edge in E(S). Together, these form the vertex and edge set of the
switch-induced graph G(S), where V(G(S)) := V(S) and E(G(S)) = E(S). Note that
G(S) never contains isolated vertices.

Switch-induced graphs enable us to restrict the type of switches used in the switch
graph via classical graph properties. Specifically, given a family of graphs II closed under
isomorphisms and containing no isolated vertices, we say that a switch S is a Il-switch if
G(S) € I1. For example, a common family of graphs used throughout this thesis is the set
of star graphs, denoted by K, = {K1; | i € N5o}. We refer to a switch as a star switch
if it is a K ,-switch. For example, in Fig. 2.1, switches S7 and S, are star switches.
Similarly, we denote by Ilconn the family of all connected graphs without isolated vertices,
and refer to a switch as a connected switch if it is a Ilggnn-switch. Except for switch S3,
every switch in G illustrated in Fig. 2.1 is a connected switch.

Apart from classifications based on the switch-induced graph, we can also classify
switches based on their size. The size structure ¥(S) := {|S[i]| | i € [|S|]} of switch S is
a multiset containing the number of edges for each position of the switch. For a multiset
o of natural numbers, let S be a o-switch if ¥(S) C 0. In a nutshell, o restricts the
number of edges in each position of the switch while also limiting the number of positions
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2.3. Switch Graphs

in total. We say that o bounds the size structure of the switch S. To illustrate this way
of classifying switches, consider the example switch graph in Fig. 2.1. Here, we have
X(S1) = {2,1}, ¥(S2) = {1,1}, ¥(S3) = {1,1,1}, and X(Sys) = {1}. Thus, we can
say, for instance, that every switch apart from Ss in CA}, as illustrated in Fig. 2.1, is a
{2, 1}-switch.

If we simply want to express that each switch position of S contains at most ¢ edges,
then we can say that S is a {i}*-switch, where {i}* is the multiset {i,4,...} with an
arbitrary number of occurrences of ¢. For example, in switch graph G illustrated in
Fig. 2.1, every switch apart from S; is a {1}*-switch. We frequently also include the
wildcard symbol * in o to indicate that a certain position may have an arbitrary number
of edges. Thus, * can simply be seen as a very large number.

Note that we can combine the two switch classifications above. For example, a switch
is a {1}*-star switch if it is a star switch with size structure bounded by {1}*. In switch
graph G illustrated in Fig. 2.1, only switches Sy and Sy, are {1}*-star switches.

Secondly, we aim to establish tools that pertain to the entire switch graph G rather
than just the individual switches. Let E(G) be the combined set of edges from all
switches S(G), that is, E(G) = USeS(@) E(S). These edges together with V(G) form

the union graph G(G), where V(G(G)) := VA((AJ) and E(G(G)) := E(G). This allows us
to restrict the structure of the switch graph G using classical graph properties similar to
the switch-induced graph.

A switch graph H is a subswitch graph of G if V(H) C V(G) and S(H) C S(G).
Moreover, each switch S € § (ﬁ ) retains its identity and number of positions, but each
position may contain a restricted subset of the edges from @ at least restricted to only
contain edges with both endpoints in V(H ) Since the identity of switches is retained,
we can apply any configuration cof G on H. Observe that H oc is a subgraph of Goc.

Given a vertex set U C V(G), we denote G[U ] as the vertez-induced subswitch graph,
which is the mazimal subgraph of G such that V(G[U]) C U. Here, maximal means that
every subswitch graph H of G with V(H) C U is a subswitch graph of G[U]. Intuitively,
this construction removes all edges from switches that have at least one endpoint outside
of U. If, as a result, a switch no longer contains any edges, it is removed from the graph
entirely (as empty switches are not allowed).

The union of two switch graphs G and H , denoted by GUH , is the switch graph with
vertex set V(G) UV (H) and switch set S(G) US(H). A switch with the same identity
in both switch graphs must have the same number of positions and is merged into a
single switch, with each position being the union of the corresponding positions from
both switch graphs.

Lastly, given a switch graph CAT’, we say that a vertex v € V(C:’) is incident to a switch
S e S(G) it ve V(S). The switch neighborhood S5(v) of vertex v is the set of incident

switches, that is, S5(v) = {S € S(G 3) | v e V(S)}. The switch degree degs(v) of vertex
v is defined as the number of incident switches, i.e., degs(v) = [Sz(v)|-

13
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2.3.2 Switching Problems

Let IT be a family of graphs closed under isomorphisms. The first problem definition we
explore is the simplest variant of the switching problem, closely related to the concepts
seen in the literature. In particular, many of these problem variants can be viewed as
special case of the following problem, with certain restrictions on the input.

II-SWITCHING
Input: A switch graph G.
Question: Does there exist a configuration ¢ € C(G) such that G o ¢ € II?

The next problem variant that is explored in this thesis involves an additional weight

~ ~

function w : S(G) x N>g — R defined on the positions of the switches S(G). The total

weight of a configuration ¢ € C(G) is defined as w(c) = ZSGS@) w(S,c(S)). This leads
to the following problem definition:

WEIGHTED-II-SWITCHING

Input: A switch graph G, a weight function w : S(@) X Nsg = R, and a
constant A € R.

Question: Does there exist a configuration ¢ € C (@) such that Goc e II
and w(c) < A?

A restricted variant of WEIGHTED-II-SWITCHING which is often focused on when studying
the complexity of the weighted variant of the switching problem concerns itself with
{*, * }-switches, so-called on-off switches. Here, the first position of any switch represents
the off-position and the second position of any switch (if one exists) represents the
on-position. A on-off-switch graph is simply a switch graph where every switch is an
on-off-switch. For this variant of switch graphs, we define the following problem:

ONOFF-II-SWITCHING
Input: An on-off-switch graph G and a constant k € N>.
Question: Does there exist a configuration ¢ € C(G) such that Goc € II

~

and at most k switches of S(G) are turned on, i.e., |c|z < k7

Observe that we can simulate the behavior of ONOFF-II-SWITCHING using WEIGHTED-
II-SWITCHING by defining the weight function w such that w(S,1) = 0 and w(S,2) =1
for each switch S € S(G), and setting X := k. Note that k is commonly referred to as
the activation budget in the context of ONOFF-II-SWITCHING.

In the remainder of the paper, we explore the complexity of these problems for various
graph families IT and various restrictions on the input of these three problems. Considered
graph families include globally connected graphs (GCON), where between every pair of
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2.4. Parameterized Complexity

vertices there is a path, and s-t-connected graphs (STCON), where each graph has a path
between two distinguished terminals.

Since we often apply transformations to instances in order to prove complexity results
for different structural properties of the switch graph, we say that two instances of the
same problem are equivalent when one is a yes-instance if and only if the other is also a
yes-instance.

2.4 Parameterized Complexity

Parameterized complexity is a framework for studying the computational complexity of
problems with respect to one or more parameters in addition to the overall input size.
This approach is particularly useful for analyzing problems that are intractable in general,
but may be efficiently solvable when certain parameters are small. In this section, we
present the fundamental concepts relevant to this thesis. For a more comprehensive
overview, see Cygan et al. [4], Niedermeier [1§], Flum and Grohe [6].

In a parameterized problem, aside from the input X, we are also given a parameter
k € N> which captures some underlying structural property of the instance. For example,
in the vertex cover problem, a possible parameter might be the size of the resulting vertex
cover itself.

A parameterized problem is said to be fized-parameter tractable (FPT) if there exists
an algorithm that runs in f(k)-|X|°™") time, where f is a computable function depending
only on k.

A parameterized reduction from a parameterized problem A to another parameterized
problem B is a mapping that transforms an instance (X, k) of A into an instance (X', k)
of B such that:

o the reduction is correct, that is, (X, k) is a yes-instance of A if and only if (X', k)
is a yes-instance of B

o the transformation runs in time f(k) - |z|°() for some computable function £,

o k' < g(k) for some computable function g.

Using parameterized reductions, we can demonstrate that certain problems are not
fixed-parameter tractable. To formalize this notion, the W-hierarchy is introduced, which
captures various levels of parameterized intractability. The classes W[1], W[2],... form
a hierarchy of parameterized complexity classes, satisfying FPT C W[1] C W[2] C ---.
A problem is W[t]-hard if there exists a parameterized reduction from a known W[t]-
complete problem to it. Problems that are W(t]-hard for some ¢t > 1 are widely believed
not to be fixed-parameter tractable.

15
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2. PRELIMINARIES
Additionally, the class W[SAT] cousists of all problems that admit a parameterized
reduction to WSAT(®) parameterized by the maximum weight of the truth assignment.
Within the W-hierarchy, it is believed that W[t] C W[SAT] for all ¢ > 1.
2.5 Matroid Theory
An independence system is a pair (E,Z), where E is a finite set called the ground set, and
T C 2F is a collection of subsets of E called independent sets. The defining properties
are:
o Non-emptiness: () € Z.
e Heredity: If A€ Z and B C A, then B € .
In this context, a set A C E is called independent if A € T; otherwise, A is called
dependent.
A matroid is an independence system (F,Z) that also satisfies the exchange property:
o Exchange: If A,B € 7 and |A| < |B|, then there exists e € B\ A such that
AU{e} eT.
The rank of a matroid is defined as the size of the largest independent set. A base is
a maximal independent set, and all bases of a matroid have the same size. A circuit is a
minimal dependent set, meaning it is a dependent set such that every proper subset is
independent.
Given two matroids My = (E1,Zy) and My = (E2,Zs) with disjoint ground sets, their
direct sum is a matroid (E) U Ey,T), where Z={AUB | A €I, B € Iy}.
We now present several important examples of matroids:
e Uniform matroid: The independent sets are all subsets of F of size at most r.
e Partition matroid: The partition matroid is defined as the direct sum of uniform
matroids with disjoint ground sets.
o Graphic matroid: For a graph G = (V, E), the independent sets are edge sets that
contain no cycles (i.e., forests).
For a more comprehensive overview on matroid theory, see Korte et al. [13].
16
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CHAPTER

Global Connectivity Switching
and Matroids

Many combinatorial problems can be naturally modeled using matroids — set systems of
independent sets that satisfy the heredity and exchange properties (see Chapter 2 for a
formal definition). What constitutes an “independent” set depends on the underlying
structure of the matroid. For instance, for a set of edges in a graph, independence may
mean that the set contains no cycles. The main advantage of modeling problems with
matroids is that it enables the application of powerful algorithmic tools, often leading to
efficient solutions.

Katz et al. [I1], Section 4] utilize matroid theory to solve problems in their switching
model, which closely resembles ours when restricted to {1}*-star switches. They show that,
under this restriction, a configuration ensuring global connectivity of the configuration
graph, if one exists, can be found in polynomial time. This is achieved via a reduction
to the matroid intersection problem, which itself can be solved in polynomial time [5].
This problem involves two matroids defined over the same ground set, and the goal is
to find the largest set that is independent in both. In their reduction, they define two
matroids over the edges of all switches: one matroid enforces connectivity, while the other
ensures that the selected edges correspond to a valid configuration of the switch graph.
A solution of the matroid intersection problem thus yields a connected configuration of
the switch graph.

We begin by revisiting this result in more detail and tailoring it to the setting of
GCON-SWITCHING. In doing so, we explore how the approach can be extended to a
broader class of switches. Specifically, we identify a matroid-like structure for switches
that still permits a polynomial-time algorithm for GCON-SWITCHING (Theorem 1).
Moreover, we demonstrate that the result naturally generalizes to the weighted variant
of the problem when restricted to {1}*-switches (Theorem 2).

17
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3.1 The Matroid Intersection Problem

As previously mentioned, Katz et al. [I1] proposed a reduction to the matroid intersection
problem. We adopt a similar approach but work with a slightly modified formulation of
that problem, where the goal is to decide whether an independent set of a prescribed
cardinality exists rather than finding one of maximum size:

MATROID INTERSECTION

Input: Two matroids (F,Z;) and (F,Zz), and an integer k.

Question: Does there exist an independent set A C E such that |[A] = k
and A € 7y N Z1y7

To later extend the result to the weighted variant of the switching problem, we also
require a corresponding weighted formulation of the matroid intersection problem:*

WEIGHTED MATROID INTERSECTION

Input: Two matroids (E,Z;) and (E,Zs), a weight function w : E — R, an
integer k, and a real number A.

Question: Does there exist an independent set A C F such that |A| = k,
AeTinTy, and Y cqw(e) < A?

Both of these problems are solvable in polynomial time — in particular, in time
O(mk(k + Ty + T + logm)), where m = |E| and for i € [2], T; denotes the complexity
of the circuit finding oracle of matroid (E,Z;) [3]. Given an independent set A C E
and an additional element e € E '\ A, this oracle either confirms that A U {e} remains
independent in matroid (F,Z;), or finds a circuit contained in AU {e}, thereby witnessing
dependence. Importantly, this oracle-based formulation allows us to avoid storing the
independent sets explicitly. Instead, the underlying algorithm for solving the matroid
intersection problem calls the oracle to verify independence.

In both the unweighted and weighted settings, a witnessing independent set (if one
exists) is produced as part of the matroid intersection algorithm [3]. In the case of the
weighted variant, the algorithm even outputs one of minimum weight. This set can
then be used to construct a corresponding (minimum-weight) connected configuration
of G. However, since our focus lies on the complexity of the decision problem, we do not
elaborate on this construction in this chapter.

'In the literature, this problem is typically framed as finding a maximum-weight independent set.
However, by negating the weights, it equivalently reduces to a minimum-weight version, allowing us to
compare the total weight against a given threshold A.
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3.2. Defining the Matroids

3.2 Defining the Matroids

Given a switch graph CAT’, the two matroids are defined over the multiset E, which is
formed by the disjoint union of the edges over all switches:
E= [ EB(S).
SeS(G)
Note that elements in E are tagged with their originating switch. As a result, two edges
with identical endpoints are treated as distinct elements in F if they come from different
switches.

The first matroid, (E ,Z1), responsible for guaranteeing connectedness, is simply the
graphic matroid over E. Tts independent sets correspond to the cycle-free subsets of E.
Thus, the independent sets of size |V (G)| — 1 correspond precisely to spanning trees in
the union graph G(@) If no such independent set exists, then G(CA?) is disconnected,
and thus no configuration of G can yield global connectivity. However, the existence of a
spanning tree alone does not guarantee a connected configuration, since the edges may

originate from conflicting switch positions.

To address this, we define the second matroid (E’ ,I), where every independent set
includes edges from at most one position per switch, or equivalently, consists of a subset
of edges taken from a valid configuration of G. When restricted to {1}*-star switches,
this means selecting at most one edge per switch. Note, however, that (E,Ig) forms a
matroid only under certain structural assumptions about the switches, which we discuss
later.

Independent sets in Z; N Zy of size |V (G)| — 1 then correspond precisely to spanning
trees that can be realized by a valid configuration of G. Thus, a globally connected
configuration exists if and only if such an independent set exists.

To determine when (E,Ig) forms a matroid, observe that it corresponds to the direct
sum of the independence systems (E(S), Zg) defined for each switch S € S(G), where Zg
consists of all subsets of edges contained within a single position of S. If each individual
system (E(S),Zs) is a matroid, then their direct sum (E,Z;) is a matroid as well. We
refer to such switches as matroid switches, and (E(S),Zg) as the corresponding switch

matroid for S.

In the setting of Katz et al. [11], the switches are restricted to {1}*-star switches,
which form a special case of matroid switches. Specifically, for each switch § € S (CA}), the
independent sets in (F(S),Zg) consist of all subsets of E(S) of size at most one, forming
a uniform matroid of rank one. As a result, (E, 75) becomes a partition matroid — the
direct sum of uniform matroids, one for each switch. Notably, the star property of the
switches plays no role in this argument and is therefore irrelevant for the correctness of

the reduction.

The following theorem summarizes the result for global connectivity switching and
determines the concrete complexity for the problem:
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Theorem 1. GCON-SWITCHING restricted to matroid switches can be decided in time
O(mn - (n+T +logm)), where:

e m =3 gcs|E(S)| is the total number of edges across all switches, i.e., the size of

~

the multiset E.
e n= \V(C:‘)] is the number of vertices in the switch graph, and

o T = maxg s Ts is the maximum time complexity of the circuit-finding oracle

among all switch matroids (E(S),Zs).

Proof. Given an instance G of GCON-SWITCHING, we define the two matroids (E,Z;) and
(E ,Z2) as previously described. We have established that G admits a globally connected
configuration if and only if there exists an independent set A C E with |A| =n—1 and
AcTinNi.

Recall that MATROID INTERSECTION can be solved in time O(m/k(k+T1+T>+logm’)),
where m/ is the size of the ground set, k is the target cardinality of the independent set,
and T, T are the complexities of the circuit finding oracles for the two matroids. In our
case, we have k =n — 1 and m = m/.

The circuit finding oracle, given an independent set A C E and an additional edge
e € E\ A, must determine whether AU {e} remains independent or else return a circuit
contained in AU {e}. For the graphic matroid, this requires finding a cycle. Since A
forms a forest, this amounts to finding a path between the endpoints of e in A, which
can be done in O(n) time using depth first search. Thus, 71 = O(n).

Suppose edge e is contained in switch S. Then, for the second matroid (E' ,Io), the
circuit-finding oracle needs to find a circuit in (AN E(S))U{e} within the switch matroid
(E(S),Zs). This takes time T, so in the worst case, we have Th = T.

Since the matroids are defined implicitly, the reduction does not incur additional
overhead. The overall complexity of solving the matroid intersection instance becomes:

O(mn—-1)((n—1)+n+T+1logm)) =0 (mn(n+T +logm)). O

One question remains: what is the complexity of the circuit-finding oracle for a switch
matroid (E(S),Zs)? In the case where (E(S5),Zs) is a uniform matroid, which is the
case for {1}*-switches, the oracle can be implemented in constant time. This is because,
in a uniform matroid, a set is independent if and only if its size does not exceed the rank.
Therefore, if adding the new edge would exceed the rank, we have immediately identified
a circuit; otherwise, the set remains independent. Denoting such switches as uniform
matroid switches, we obtain the following overall running time for this variant of the
switching problem:
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3.3. Adaption to the Weighted Variant

Corollary 1. GCON-SWITCHING restricted to uniform matroid switches (which includes
{1}*-switches) can be decided in time O(mn - (n +logm)), where m =3 gcq |[E(S)| and
n=|V(G).

However, for more general switches, this guarantee no longer holds. Nevertheless, as
long as we can determine in polynomial time whether a given set of edges is independent
in (E(S),Zs), for instance via a polynomial-time independence oracle or because the
number of switch positions is polynomially bounded, we can still decide in polynomial
time whether G admits a globally connected configuration.

3.3 Adaption to the Weighted Variant

As hinted at previously, the above result can be extended to the weighted variant
of the switching problem. Here, we are given a switch graph C:’, a weight function
w:S (é) X Nsg — R that assigns a weight to each switch position, and a real number A.
The goal is to determine whether there exists a globally connected configuration of G

with total weight at most .

In the weighted variant of the WEIGHTED MATROID INTERSECTION, recall that we
are additionally given a weight function f : F — R over the ground set E and a real
number . The goal is to find an independent set contained in both matroids of a given
cardinality k£ such that the cumulative weight of the independent set does not exceed ~.

When restricted to {1}*-switches, each switch position contains at most one edge.
In this case, assigning weights directly to edges in E — the disjoint union of edges
over all switches — is essentially equivalent to assigning weights to the switch positions
themselves. This allows us to adapt the previous reduction to the weighted setting by
defining a suitable weight function f over the ground set E, derived from the weight
function w on switch positions. However, this correspondence breaks down for more
general switches, where a single switch position may contain multiple edges. For this
reason, we restrict our attention to {1}*-switches for the time being.

For each switch S € S(G) and edge e € E(S), the weight function f : E — R is
defined as follows:

f(e) == w(S,i) where i := arg min {w(S,j) | e € S[j]}.
J€llS]]

That is, the weight of an edge e € E is mapped to the weight of the corresponding switch
position that contains that edge. If e appears in multiple positions within a switch, the
position with the smallest weight is selected.

As in the unweighted variant, an independent set A € Zy NZ; of cardinality |V (G)| -1
represents a spanning tree of a configuration of G. The total weight of A corresponds to
the accumulative weight of the switches that provide the edges in A. However, this does
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3. GLOBAL CONNECTIVITY SWITCHING AND MATROIDS
not yet capture the total weight of a complete configuration, as some switches may not
contribute any edges to A and are thus unaccounted for.

To resolve this, we restrict the instance such that, for each switch § € S (é), the
minimum weight among all its positions is zero. This guarantees that each switch not
contributing to the independent set A can be configured using its zero-weight position,
thereby incurring no additional cost. As a result, the total weight of A matches the
minimum weight of a configuration of G that includes the spanning tree represented by A.
Consequently, independent sets in Z; N Zy of size |V (G)| — 1 and total weight at most A
correspond precisely to the connected configurations of G whose total weight does not
exceed A.

Since we aim to work with unrestricted weight functions, we introduce a general
transformation that modifies both the weight function w and the maximum allowed
weight A to adhere to the constraints above:

Construction 1. Let (G, w,\) be an instance of WEIGHTED-GCON-SWITCHING. We
construct an equivalent instance (G, w’, \') of WEIGHTED-GCON-SWITCHING by altering
the weight function and maximum allowed weight of a configuration as follows:

w'(S,4) = w(S,1) — thgl {w(S,7)} forall S € S(G),ic]S]], and
Ni=\— min {w(S,17)}.
. €[lS]]
SeS(G)

Consequently, for each switch S € S(G), we have min, e gp{w’(S,i)} = 0.

To see the correctness of this transformation, let ¢ be an arbitrary configuration of G.
Then the total weight of ¢ according to w’ can be expressed as follows:

w'e)= Y w'(Sc9))
Ses(G)
= Z w(S,c(S)) — min {w(S,7)}
PN i€[lS])
SeS(G)
= > w(S,c5)) - min (w(S,9)}
SeS(@) Ses(G) ©
HllIl {w(S,4)}
Z ellsi
Consequently, the following equivalence holds:
w(e) <X ew'(c) + Z m‘ln‘]{w (S,0)} <A
< w'(c) <)\— m‘lglu{w(S i)} e w'(c) <A
€]
22
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3.3. Adaption to the Weighted Variant

Thus, the transformation ensures that each configuration of G which has a total
weight at most A\ according to w also has a total weight at most A" according to w’, and
vice versa, yielding the following lemma:

Lemma 1. Let (G,w,)\) be an instance of WEIGHTED-GCON-SWITCHING. Then
(G,w', ') obtained from Construction |1 is an equivalent instance of WEIGHTED-GCON-
SWITCHING.

After employing this transformation on any given instance of WEIGHTED-GCON-
SWITCHING restricted to {1}*-switches, we can apply the reduction to WEIGHTED
MATROID INTERSECTION as described above, yielding the following result:

Theorem 2. WEIGHTED-GCON-SWITCHING restricted to {1}*-switches can be decided
in time O(mn - (n +logm)), where m =Y gcs |E(S)| and n = |V(G)|.

Proof. We have already shown that the reduction from WEIGHTED-GCON-SWITCHING to
WEIGHTED MATROID INTERSECTION is correct. Since the running time of the weighted
matroid intersection problem is identical to that of the unweighted variant, we can apply
the same analysis as in Theorem |1 and Corollary |1, obtaining the desired result. O

Discussion Extending this result for WEIGHTED-GCON-SWITCHING to more general
matroid switches is non-trivial. The core challenge lies in the fact that the weight function
w is defined on switch positions rather than on individual edges. While this poses no
issue for {1}*-switches where each position contains at most one edge, it complicates
matters for more general switches since we cannot naively spread the weight of a switch
position across its edges. Consequently, the complexity of WEIGHTED-GCON-SWITCHING
restricted to matroid switches remains an open problem.

For switches that do not necessarily satisfy the matroid property, we will later show
in Chapter |7/ that both the unweighted and weighted variants of GCON-SWITCHING
become intractable.
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CHAPTER

Connection to
Transition-Compatible Paths

Szeider [20] introduced a switching model that, at first glance, appears only loosely
related to the switching model studied in this thesis. Their approach focuses solely on
the existence of an s-t-path and employs a set of structures known as transition graphs,
defined on top of a simple graph. Unlike switching models that define switches to enable
or disable certain edges, these transition graphs specify, for each vertex, which pairs of
incident edges are allowed to appear consecutively in a path. The associated decision
problem, TRANSITION-COMPATIBLE-s-t- PATH, then asks whether there exists an s-t-path
that respects these local transition constraints.

In this chapter, we explore the connection between TRANSITION-COMPATIBLE-s-t-
PATH and sTCON-SWITCHING, presenting reductions in both directions. As a result, we
prove that STCON-SWITCHING is NP-complete even when restricted to {1, 1}-switches
and to {2, 1}-star switches (Theorems |3 and 4, respectively). Additionally, we show that
STCON-SWITCHING restricted to {1}*-switches is solvable in linear time if the set of
admissible switch-induced graphs are all complete multipartite; otherwise, the problem
remains NP-complete (see Theorem 6).

Before delving into the reductions, we first introduce the necessary preliminaries and
formally define TRANSITION-COMPATIBLE-s-t-PATH. Given a graph G, let T'(v) be a
transition graph for a vertex v € V(G), whose vertices are the edges of G incident to
v, that is, V(T'(v)) = Eg(v). Each edge ef € E(T(v)) represents an allowed transition
between e and f via vertex v. A transition system T is the collection of all transition
graphs T'(v) for every vertex v € V(G). A path P = vg,v1,...,v; in G is called T-
compatible if it consists only of allowed transitions; that is, {v;—1v;, viviy1} € E(T(v;))
for every i € [k — 1]. This leads to the following problem definition:
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TRANSITION-COMPATIBLE-s-t-PATH

Input: A graph G with a designated source s(G) and target t(G) vertex,
and a transition system 7.

Question: Is there a T-compatible path between s(G) and ¢(G) in G?

4.1 From Transition Graphs to Switches

Given a graph G with transition system 7', observe that for every transition-compatible
path P and vertex v € V(G), at most one allowed transition of T'(v) is used in P. This
is because P is a path, so v is visited at most once and may only participate in at most
one transition. This observation enables us to model each transition graph in T using a
{1}*-switch, where each position corresponds to a single allowed transition. Formally,
the construction proceeds as follows and is illustrated in Fig. |4.1 by a simple example:

Construction 2. Let G be a graph with transition system 7. We construct a corre-
sponding switch graph Gt as follows:

« The vertex set is defined as V(Gr) = {s(G),t(G)} U E(GQ), i.e., the original
terminals and one edge vertex for each edge in G.

 For each non-terminal vertex v € V(G)\ {s(G), t(G)}, where the allowed transitions
in T'(v) are given by E(T'(v)) = {e1,...,ex}, we create a {1}*-switch S, = ({€i})ic[-
That is, each allowed transition e; € E(T'(v)) becomes a position in the switch.

o For each edge e € Eg(v) incident to a terminal v € {s(G),t(G)}, we introduce a
static edge Se = ({ve}), connecting the terminal to the corresponding edge vertex.

« We define the source and target of the switch graph as s(Gr) == s(G) and ¢(Gr) ==
t(G), respectively.

Figure 4.1: Example of a graph G with transition system 7" (left) and the corresponding
switch graph Gr (right), constructed according to Construction 2. Each transition graph
with its vertex and its corresponding switch are shown in the same color. Static edges in
Gr are shown in black. The yellow-highlighted edges indicate a possible T-compatible
s-t-path in G and the corresponding s-t-path in CAT’T under a valid configuration.
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4.1. From Transition Graphs to Switches

Observe that for each vertex v € V(G), the transition graph 7T'(v) is isomorphic to
the switch-induced graph of the corresponding switch .S,,.

Intuitively, a T-compatible s-t-path in G can be viewed as a sequence of allowed
transitions, which directly corresponds to a valid path in the switch graph Gr under a
suitable configuration. Conversely, any s-t-path in Gr under some configuration can be
interpreted as a sequence of allowed transitions in G, thereby yielding a T-compatible
s-t-path. The following lemma formalizes this equivalence:

Lemma 2. Let G be a graph with transition system T. Then, there exists a T-compatible
s-t-path in G if and only if the switch graph G constructed in Construction 2 admits an
s-t-path under some configuration.

Proof. (=) Let P := (vg,v1,...,0k_1,0%) be a T-compatible s-t-path in G. For each
inner vertex v; with i € [k — 1], the pair {v;_1v;, v;v;41} forms an allowed transition in
T'(v;). We define a configuration ¢ of Gr by setting each corresponding switch S,, to
the position that includes edge {v;_1v;, v;v;4+1}. All other switches are set to position 0.
Then, the sequence P’ := (vg, vgv1, V102, . . ., Vk_1Vk, V) forms an s-t-path in Gr under
configuration c¢, since P is a path and therefore no edge is repeated, which implies that
no edge vertex is revisited in P’.

(<) Let ¢ be a configuration of Gr that admits an s-t-path P’ = (s,e1,€2,...,€k,t).
For each pair of consecutive edge vertices {e;,e;+1} in P, we know by construction that
this pair shares a common endpoint v € V(G), and that it forms a valid transition in
T(v) since {e;,e;+1} € Sy[c(Sy)]. This implies that a path may transition from edge
e; to e;4+1 via v in a transition compatible path in G. As {e;,e;+1} is the only edge
contributed by switch S, in configuration ¢, it is also the only transition via v of any
pair of consecutive edge vertices in P’. Therefore, the sequence (eq, e, ..., ex) of edges
forms a T-compatible path, as this prevents a single vertex to be visited multiple times.
Finally, since e is incident to s and ey to ¢ by the definition of the static edges {s,e1}
and {ex,t}, we conclude that G admits an T-compatible s-t-path. O

Let A be a family of graphs closed under isomorphism, and let A™4 denote the closure
of A under taking vertex-induced subgraphs. Szeider [20, Theorem 1] established that
TRANSITION-COMPATIBLE-s-t-PATH is NP-complete if the transition graphs are drawn
from A and A™¢ contains one of the sets:

{K2+K2aK3}7 {K2+K27P3}7 {P4}7 or {L4}7
where Ko + Ko denotes the disjoint union of two Ky graphs, P, denotes a path on i

vertices, and Ly is a triangle (K3) with an additional edge attached to one of its vertices.

A key consequence of this theorem is that the problem remains NP-complete even when
the transition graphs are restricted to graphs isomorphic to Ps and K9 + Ka. Notably,
both of these graphs consist of exactly two edges, which translate to {1, 1}-switches via
the reduction in Construction 2. Hence, by applying Lemma 2, we obtain the following
hardness result for STCON-SWITCHING:
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Figure 4.2: Example of Construction 3 applied to a {1}*-switch S. The left side shows
the original switch S, along with a partition of V'(S) into two parts and an edge clique
cover for each part. On the right, the corresponding two star switches centered at a fresh
vertex w are depicted. Small numbers indicate the switch position of each edge.

Theorem 3. STCON-SWITCHING is NP-hard, even when restricted to {1,1}-switches.

Although {1, 1}-switches are already highly constrained, they do not necessarily result
in a connected switch-induced graph. To address this, we present a transformation
that converts a single {1}*-switch into set of star switches, all centered around a fresh
vertex. We use this transformation to prove Theorem |4, which establishes that STCON-
SWITCHING is NP-hard, even when restricted to {2, 1}-star switches. The construction
required for this transformation is detailed in the following, and is illustrated in Fig. 4.2
by a simple example:

Construction 3. Let G be a switch graph and S € S(G) a {1}*-switch. We construct
an equivalent switch graph G’ by introducing a fresh vertex w and replacing S by a set
of new switches whose edges are all incident to w.

Let {V1,...,Vi} be a partition of V(S) such that for every pair of indices i # j, all
possible edges between vertices in V; and vertices in V; are contained in E(S). For each
set @ € [k], we introduce a new switch S; to locally model the structure of G(S)[V;].

Let {Vi1,...,Vis} be an edge clique cover of G(S)[V;], that is, a collection of subsets
of V; such that, for each j € [¢], the induced subgraph G(S)[V; ;] is a clique, and every
vertex and edge in G(S)[V;] is contained in at least one of the V; ;. For each subset V; ;,
we define a switch position S;[j] = {wv | v € Vj;}.

Intuitively, the construction ensures that for any pair of vertices u,v € V(S), the
original switch S can be configured to connect u and v if and only if the new switches
can be configured to connect them via the fresh vertex w. Since w can be traversed at
most once in any path, only one such connection can be used, thereby replicating the
behavior of the original {1}*-switch S. The correctness of Construction 3 is established
by the following lemma:
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4.1. From Transition Graphs to Switches

Lemma 3. Let G be a switch graph and let S € S(@) be a {1}*-switch. Then, G admits
an s-t-path under some configuration if and only if the transformed switch graph G’,
obtained via Construction |3, also admits an s-t-path under some configuration.

Proof. Let {V1,...,Vi} be a partition of V(S) used in the construction of G'. We prove
both directions of the equivalence separately.

(=) Let ¢ be a configuration of G that admits an s-t-path P. We extend it to a
configuration ¢’ of G’ as follows:

o If P does not use any edge from S, then ¢’ can assign arbitrary positions to the
new switches in G’, and P remains a valid s-t-path in G’ o ¢/.

o Otherwise, let uv € S[e(S)] be the edge used by P.

— If u € V; and v € V; for some i # j, then we configure S; such that uw €
Si[c'(Si)] and S; such that wv € S;[¢/(S;)]. The remaining new switches can
be configured arbitrarily. Replacing uv in P with the subpath v = w — v
yields a valid s-t-path in G’ o ¢/.

— If instead u,v € V; for some ¢ € [k], then by the edge clique cover Vj1,..., Vi,
used in the construction, there exists a V;; such that u,v C V;;. We set
d(S;) = j so that uw,wv € S;[j]. Again, replacing uv in P by u — w — v
yields an s-t-path in G o ¢'.

(<) Let ¢ be a configuration of G’ that admits an s-t-path P. We extend ¢ to a
configuration ¢ of G as follows:

o If P does not traverse the fresh vertex w, then it avoids all edges added in place of
S, and S can be configured arbitrarily. Hence, P is also an s-t-path in G o c.

e Otherwise, let u and v be the neighbors of w in P.

— If uw € S;[d(S;)] and wv € S;[/(S;)] for some ¢ # j, then v € V; and
v € Vj. By construction, uv € E(S), so we configure S such that uv € S[c(5)].
Replacing the subpath v — w — v in P by the edge uv yields an s-t-path in
Goe.

— If instead both ww and wv belong to S;[¢/(S;)] for some i € [k], then both
v and v lie in V;; with j = ¢(S;). Since G(S)[Vi;] is a clique, we have
uv € E(S), so we set ¢(S) such that uv € S[c(S)]. Replacing u — w — v with
uv in P again yields an s-t-path in Goe. O

Now, the result of Szeider [20, Theorem 1] entails that TRANSITION-COMPATIBLE-
s-t-PATH remains NP-complete even when each transition graph is isomorphic to the
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G

Figure 4.3: Example of a switch graph G (left) and the corresponding graph G with
transition system 7' (right), constructed according to Construction 4. Each switch and its
corresponding vertex and transition graph are shown in the same color. The transition
graphs of original vertices are shown in gray. The yellow-highlighted edges indicate a
possible s-t-path in G under a valid configuration and the corresponding T-compatible
s-t-path in G.

lollipop graph L4. Applying Construction 2| to such an instance yields a switch graph
where each switch-induced graph is also isomorphic to L.

Fig. 4.2/ illustrates the application of Construction 3 to a {1}*-switch S where G(S)
is isomorphic to Ly. Let V(S) = {a,b,¢,d} and E(S) = {{a,b}, {a,c},{a,d},{b,c}}. We
partition V(S) into two sets: Vi = {b,¢c,d} and Vi = {a}, such that all edges between
the sets are contained in E(S). The edge clique cover of G(S)[V1] consists of the subsets
{b, ¢} and {d}, and that of G(S)[Vz] consists of {a}. This results in two star switches:
S1 = {{bw, cw, },{dw}} and Sy = {{aw}}, both of which are {2, 1}-star switches.

Hence, by applying Construction |3 to each switch, we obtain a switch graph where ev-
ery switch is a {2, 1}-star switch. Since the original instance of TRANSITION-COMPATIBLE-
s-t-PATH is NP-complete and we have established the correctness of both the reduction to
STCON-SWITCHING (Lemma 2) and the switch transformation (Lemma 3), we conclude
the following result:

Theorem 4. STCON-SWITCHING is NP-hard, even when restricted to {2,1}-star switches.

4.2 From Switches to Transition Graphs

We have now seen how to reduce an instance of TRANSITION-COMPATIBLE-s-t-PATH to
an instance of STCON-SWITCHING restricted to {1}*-switches, along with the implications
this has for the complexity of STCON-SWITCHING. As previously hinted at, the reduction
also works in the reverse direction via the following construction, which is illustrated in
Fig. 4.3/ by a simple example:
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4.2. From Switches to Transition Graphs

Construction 4. Let G be a switch graph restricted to {1}*-switches. We construct a
corresponding graph G with transition system 1" as follows:

 The vertex set of G is defined as V(G) = V(G) U {vs | S € S(G)}, that is, it
consists of all original vertices of G along with a fresh switch vertex vg for each

~

switch S € S(G).

~

o For each switch S € S(G), we add the edges {uvg | u € V(S)} to E(G), making vg
adjacent to every vertex involved in S.

o For each switch vertex vg € V(G), we define the transition graph T'(vg) such that
E(T(vs)) == {{uvs,wvg} | uw € E(S)}. Observe that the transition graph T'(vs)
is isomorphic to the switch-induced graph G(S5).

o For each original vertex v € V(G), the transition graph 7'(v) is the complete graph
on its incident edges, that is, E(T'(v)) = (EGQ(”)). This ensures that the transitions
of the original vertices are unrestricted.

o Furthermore, we designate the source and target vertices of G as s(G) = s(G) and

~

t(G) = t(G), respectively.

Observe that every edge uw in a switch S corresponds to an allowed transition in
T(vg), enabling a connection between u and w through the switch vertex vg. Intuitively,
this allows any path in a configured version of G to be transformed into a T' -compatible
path in G. The converse direction follows by an analogous reasoning. This leads to the
following lemma;:

Lemma 4. Let G be a switch graph restricted to {1}*-switches. Then, there exists
an s-t-path in G under some configuration if and only if the graph G constructed in
Construction |4 admits a T'-compatible s-t-path.

Proof. (=) Let ¢ be a configuration of G that admits an s-t-path P := (v, vg,...,v3).
Since every switch adds at most one edge to Go ¢, each consecutive pair of vertices
v;,v;41 in P can be mapped to a distinct switch S; € S(é) where vivi1 € E(S5).
By construction, the pair {v;vs,,vit1vg,} is an allowed transition in T'(vg,). Thus,

P = (v1,v08,,02,V8,, ..., Vk—1, US,_,, V) is a T-compatible s-t-path in G.

(<) Let P’ be a T-compatible s-t-path in G. Since every switch vertex is only adjacent
to original vertices and vice versa, the path P’ = (v1,vg,,v2,08,, ..., Vk—1,VS,_1sVk),
alternates between original vertices and switch vertices. Therefore, for each switch vertex
vg, within the path, the pair {v;vs,, viy1vg, } must be an allowed transition in T'(vg,). By
the construction of G, this implies that v;v;11 € E(S;). We create a configuration ¢ of G
such that vv;41 € S;[c(S;)] for each ¢ € [k — 1]. Then, path P := (vq,v2,...,v) is an
s-t-path in Goc. O
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Szeider [20], Proposition 9] established that TRANSITION-COMPATIBLE-s-t-PATH can
be solved in linear time if each transition graph is a complete multipartite graph. In
Construction 4, the transition graph of each original vertex is a complete graph, which
is a special case of a complete multipartite graph. Meanwhile, the transition graph of
each switch vertex is isomorphic to the switch-induced graph of the corresponding switch.
Hence, as long as all switch-induced graphs are complete multipartite, we can reduce to
an instance of TRANSITION-COMPATIBLE-s-t-PATH with complete multipartite transition
graphs, for which the correctness of the reduction is ensured by Lemma 4. Denoting such
switches as complete multipartite, we obtain the following result:

Theorem 5. STCON-SWITCHING restricted to complete multipartite {1}*-switches can
be decided in time O(n+m), where n .= |V(G)| and m =Y gc5|E(S5)].

Proof. Given a switch graph G with complete multipartite {1}*-switches, we construct
the corresponding graph G with transition system T according to Construction |4. As
discussed previously, the correctness of this reduction is guaranteed by Lemma 4.

We begin by analyzing the running time of Construction 4. Creating a vertex in G for
cach vertex and each switch in G takes O(n + |S(G)|) time. For each switch S € S(G),
we add |V (S)| edges to G and construct a transition graph for its corresponding switch
vertex. This transition graph contains |V (S)| vertices and |E(S)| edges. Per switch,
this amounts to O(V(S) + (V(S) + E(S))) time. Since G(S) does not contain isolated
vertices, we have V(S) < 2E(S), and thus the total per-switch running time simplifies to
O(E(S)). Note that the transition graphs for the original vertices need not be stored
explicitly and therefore do not affect the overall complexity. Thus, the total running
time of the construction becomes

O n+|S(@Q)| + ZA |E(S)| | = O(n+|S(G)| +m).

Ses(G)

Graph G itself consists of n + |S(G)| vertices and [V (S)| edges for each switch
S € 8(G). Since V(S) < 2E(S), this amounts to a maximum of 2568(6) 2|E(S)| edges
in G. Deciding whether there exists a T-compatible s-t-path in G can then be done in
time O(|V(G)| + | E(G)|) using the algorithm of Szeider [20), Proposition 9]. This then

yields a total running time of

O(V(G)| + |E@G)]) =0 | n+|S(G)| + > 20E9)| | =0(n+ IS(G)| + m).

-~

SeS(G)

Consequently, both the reduction and the algorithm for TRANSITION-COMPATIBLE-s-
¢-PATH run in the same time, so the total running time amounts to O(n+|S(G)|+m). We
can safely assume that each switch contains at least one edge, so |S(G)| < m (Switches
with no edges are not useful for solving the problem and can be configured arbitrarily).
Thus, we can simplify the running time to O(n + m), which concludes the proof. O
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4.3 Dichotomy for {1}*-Switches

As a consequence of Theorem 5, if a graph family A (closed under isomorphism and
containing no isolated vertices!) consists solely of complete multipartite graphs, then
STCON-SWITCHING restricted to {1}*-A-switches can be solved in linear time. What
remains is the complementary case: what if A contains at least one graph that is not
complete multipartite? We show that in this case STCON-SWITCHING becomes NP-hard,
thus yielding a strict dichotomy for {1}*-switches.

To establish this, we prove a stronger statement: let H be a graph without isolated
vertices that is not complete multipartite. Then STCON-SWITCHING restricted to {1}*-
switches is NP-hard if every switch-induced graph is isomorphic to H. The general
hardness result follows immediately.

We first characterize such graphs H in a manner similar to the approach taken by
Szeider [20]. Since H is not complete multipartite, it must contain vertices u, v, w € V(H)
such that uv € E(H) but uw,vw ¢ E(H). Because H has no isolated vertices, w must
be adjacent to some other vertex = € V(H). Depending on the adjacency between = and
{u, v}, the vertex-induced subgraph H[{u,v,w,z}] is isomorphic to one of the following:

o K5+ K> if x is not adjacent to u or v,

o Py if x is adjacent to exactly one of {u,v},

e L4 (K3 with an additional pendant edge) if = is adjacent to both u and v.

This yields the following characterization:

Lemma 5. A graph H without isolated vertices is not complete multipartite if and only
if H contains Py, L4, or Ko 4+ Ko as a vertex-induced subgraph.

We now analyze these three cases separately.

Py or L4 as a vertex-induced subgraph of H: A consequence of Szeider [20, The-
orem 1] is that TRANSITION-COMPATIBLE-s-t-PATH is NP-complete even if every
transition graph is isomorphic to H. Given such an instance (G,T), we construct
a switch graph Gr restricted to {1}*-switches using Construction [2, which is a
correct reduction to STCON-SWITCHING by Lemma 2. The resulting switch-induced
graphs are either isomorphic to H or to Ky (from static edges).

To eliminate these Ky-switches, we replace each static edge Se with a {1}*-switch S,

whose switch-induced graph is isomorphic to H, containing e in one of its positions.

Except for the two endpoints of e, the vertex set consists of fresh vertices unique
to S.. Since only the position containing e can help towards s-t-connectivity, S,

!By definition, the switch-induced subgraph of any switch has no isolated vertices, since its vertex set
consists of the endpoints of its edges.
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behaves exactly like the original static edge. Thus, all switch-induced graphs are
isomorphic to H, and STCON-SWITCHING is NP-hard in this setting.

Ky + K> as a vertex-induced subgraph of H: Despite the fact that TRANSITION-
COMPATIBLE-s-t-PATH is not NP-complete when all transition graphs are isomorphic
to H, it is NP-complete when the transition graphs are restricted to {H, K3}
[20, Theorem 1]. Reducing such an instance (G,T) to a switch graph Gr via
Construction 2 (as in the previous case) yields switch-induced graphs isomorphic
to H, Kg, or KQ.

Applying Construction 3| to each Kj3-switch transforms it into three static edges
(since K3 is complete tripartite), which is correct reduction by Lemma 3. We
then replace all static edges as in the previous case, thus obtaining a switch graph
where every switch-induced graph is isomorphic to H. Hence, STCON-SWITCHING
is NP-hard in this setting as well.

This proves the following dichotomy theorem:

Theorem 6. Let A be a family of graphs closed under isomorphism and containing no
isolated vertices. Then STCON-SWITCHING restricted to {1}*-A-switches is solvable in
linear time if A consists only of complete multipartite graphs; otherwise it is NP-hard.

Discussion In summary, this chapter has established a tight correspondence between
TRANSITION-COMPATIBLE-s-t- PATH and STCON-SWITCHING, providing reductions in
both directions. These reductions not only clarify the structural relationship between
the two models but also yield a strict complexity dichotomy for STCON-SWITCHING
restricted to {1}*-switches (Theorem 6).

Notably, Katz et al. [T, Theorem 7] showed that STCON-SWITCHING can be decided
in the same running time as in Theorem 6 for {1}*-star switches, which form a special
case of complete multipartite {1}*-switches (since star graphs are complete bipartite
graphs). Interestingly, their algorithm follows the same core idea as that of Szeider [20]
for TRANSITION-COMPATIBLE-s-t-PATH: Both approaches construct an auxiliary graph
along with a matching and determine the existence of an s-t-path by checking for an
augmenting path in the auxiliary graph.

In this chapter, we also established the NP-hardness of STCON-SWITCHING for switches
with more than one edge per position, specifically for {2, 1}-star switches (Theorem 4).
This shows that it is not sufficient for switches to be complete multipartite to guarantee
tractability once switches contain multiple edges per position. It would therefore be
interesting to explore whether a dichotomy result can still be obtained for such more
general switches. Moreover, our discussion so far has been limited to the unweighted
setting. Therefore, in Chapter 6, we continue the investigation of STCON-SWITCHING,
focusing on additional restrictions of the union graph and extending the analysis to the
weighted variant.
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CHAPTER

The Complexity of (Weighted)
Satisfiability

To show hardness for switching problems of various graph families — both in the
weighted and unweighted variant — we will reduce from known hard problems. A natural
candidate for such reductions is the (weighted) satisfiability problem, which is known to
be intractable even for various restrictions on the formula (for instance satisfiability for
3-CNF formulas is NP-hard).

In Chapters 6 to 8, we transform propositional formulas into switch graphs whose
structure depends on the target graph family, such as globally connected graphs or graphs
that do (or do not) contain an s-t-path, thereby establishing hardness results for the
corresponding switching problems. Interestingly, structural restrictions on the formula
translate into structural constraints on the resulting switch graph. For instance, bounding
the number of variable occurrences leads to smaller switches, while the formula’s depth
often results in a structurally simpler union graph.

In this chapter, we examine various such restrictions on formulas that preserve the
hardness of the satisfiability problem. In doing so, we resolve an open question posed by
Kanj and Szeider [10] concerning the parameterized complexity of weighted satisfiability
for a particular class of formulas. These restricted satisfiability problems will later serve
as the foundation for proving hardness in Chapters 6| to |8, even for highly constrained
switch graphs.

We begin by defining some well-known classes of propositional formulas explored in
this chapter. Recall that ® denotes the set of all propositional formulas and V denotes
the set of propositional variables.

A propositional formula ¢ € ® is in negation normal form (NNF) if negations are only
applied directly to variables. For the reductions to switching problems, we will always
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reduce from formulas in this form. Every propositional formula in ® can be brought into
negation normal form in linear time using De Morgan’s laws to push the negation inward,
and eliminating double negation.

Let £ denote the set of literals, that is, each variable in V and its negation:
L={-zz]|zeV}

Fort > 1and d > 1, let A;4 and V; 4 be the sets of formulas built from alternating
conjunctions and disjunctions over ¢ layers, ending with literals. Formulas in A, 4 start
with a conjunction at the outermost level, while those in V; 4 start with a disjunction.
Parameter ¢ bounds the depth of the formula. Parameter d limits the number of literals
that can appear in each disjunction or conjunction at the innermost layer. Formally, the
sets are inductively defined as follows:

« Base case (t = 1): The sets Ay 4 and V4 are conjunctions and disjunctions of at
most d literals, respectively:

Ag={/\C|LCLI|L| <d} Via={V (| LCLI|L| <d}
leL leL

o Inductive step (t > 2): A;4 consists of conjunctions of formulas from V,_; 4
while V; 4 consists of disjunctions of formulas from A;_q 4:

Apa={ N\ ¢|FCVi14} Via={\ ¢ | FCA_14}
el el

If we do not want to bound the number of literals at the innermost level, we simply
write Ay = Ay oo and Vy = Vi .

The set A; denotes the set of t-normalized formulas. For example, the formula
(.%2 V —x3 V —|$4) A (.%'1 V xo V —|.le4) A (1‘1 V —\.CCQ). (5.1)

is 2-normalized. Observe that every formula in A; for t > 1 is certainly in negation normal
form. Moreover, Ay represents the set of formulas in conjunctive normal form (CNF).
For the reductions to switching problems, the choice of ¢ imposes specific constraints on
the structure of the union graph. In the case of (WEIGHTED)-GCON-SWITCHING, the
described reduction requires that ¢ < 2. Note that the formula in Eq. (9.1) also belongs
to Ag 3, the subset of CNF formulas in which each clause contains at most three literals,
denoted 3-CNF.

For d > 2, let By denote the set of d-bounded formulas, consisting of all formulas in
which each variable appears in at most d literals. Moreover, for ¢ > 0 and d > 0, let
B, q denote the class of c-d-bounded formulas, where each variable appears in at most ¢
literals in one polarity (negated or unnegated) and at most d literals in the other polarity.
For example, the formula in Eq. (5.1) is in Bs as well as in By 1. For the reductions to
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switching problems, we model each variable by an on-off-switch, and these bounds on
variable occurrences correlate with the number of edges in the positions, thus limiting
the size of switches.

Finally, for any formula ¢ € Ay in CNF, let G(p) denote the associated graph of . In
this graph, the variables and clauses of ¢ are represented as vertices, with edges modeling
their relationships. Additionally, G(y) contains a simple cycle connecting all variable
vertices. We are particularly interested in 3-CNF formulas whose associated graph is
planar, denoted by Ag}gnar. The planarity of G(y) plays a key role in our reduction to
GCON-SWITCHING, as it ensures that the resulting switch graph is planar, while ensuring
that each switch forms a star and each vertex participates in only a bounded number of
switches. Formally, let V(¢) :== {z1,...,z,} be the set of variables, and let C(¢) denote
the set of clauses in ¢, where each clause is a set of literals. Then, G(¢) is defined as

follows:

V(G(p)) =V(p) UC(p)
E(G(p)) ={x1x2, z23, ..., TpT1}
U{zC |z € Cor —xeC, forxeV(p) and C € C(p)}

In this chapter, we first study the complexity of the unweighted satisfiability problem
in Section 5.1, showing that it remains NP-hard for 3-CNF formulas that have planar
associated graphs and in which each variable appears at most three times. We then show
a related hardness result for satisfiability when restricted to 2-bounded 3-normalized
formulas, trading conjunctive normal form for a stronger bound on variable occurrences.
In Section 5.2, we turn to the weighted satisfiability problem and recapitulate that, for
t-normalized formulas, it is W[t]-complete. Through a series of closely related reductions
from PARTITIONED SUBGRAPH ISOMORPHISM to weighted satisfiability, we show that,
for various combinations of formula depth and bounds on variable occurrences, the
weighted satisfiability problem is W[1]-hard, and, unless the ETH fails, cannot be solved
in subexponential time. In particular, we prove this for 3-normalized 1-1-bounded formulas
and 2-normalized 2-1-bounded formulas. This also resolves an open question posed by
Kanj and Szeider [10] concerning the parameterized complexity of WSAT (A3 N By).

5.1 Unweighted Satisfiability

For our reductions to unweighted switching problems, we start from the unweighted
satisfiability problem. It is well known that satisfiability remains NP-complete even
when restricted to 3-CNF formulas. Lichtenstein [I4] further showed that this hardness
persists when the associated graphs of the formulas are planar. By reducing such formulas

to switch graphs, we already obtain certain structural properties of the union graph.

However, the size of the switches can still be unbounded. To ensure smaller switches,
we have to restrict the number of variable occurrences. Tovey [22][Theorem 2.1] proved
that satisfiability for 3-CNF formulas remains NP-hard even when each variable appears
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at most three times. Manuch and Gaur [15] extended this result to the case where the
associated graph is planar. We summarize these results in the following theorem:

Theorem 7 ([15]). SAT (A" N By 1) s NP-hard.

Proof Sketch. We reduce from an instance of SAT (AJ'3™N**). Given a formula ¢ € Ag}gnar,
the transformation to an equisatisfiable formula with bounded variable occurrences is
done as follows: First, for each variable € V(y), every occurrence of x in ¢ is replaced
by a unique new variable x; with i € [k], where k is the number of occurrences of z in .
To ensure that the new variables x1, ...,z all have the same truth value in a satisfying
interpretation, we add the following chain of implications to the formula:

(1’1 = .732) A (1’2 = .7:3) FANRERWAY («Tk—l = xk) A (xk = xl).

We can rewrite each such implication as a simple disjunction, resulting in additional
clauses with two literals per clause. Every new variable appears in both polarities exactly
once in these additional clauses, ensuring that the formula is 2-1-bounded. Furthermore,
Tippenhauer and Muzler |21, Figure 8.1] demonstrate that the the associated graph
remains planar after the transformation and show how we can add the new variables to
the variable cycle. O

When attempting to further reduce the number of variable occurrences, we must
give up the requirement that the formula is in conjunctive normal form. Indeed, Tovey
[22, Lemma 3.2] showed that that SAT (A N By) can be solved in polynomial time.
Nevertheless, it is possible to transform a 3-CNF formula in which each variable appears
at most three times into an equisatisfiable 3-normalized formula where each variable
occurs exactly once in both polarities. This leads to the following theorem:

Theorem 8. SAT(A3N By1) is NP-hard.

Proof. We reduce from an instance of SAT (A9 3N By ). Suppose we are given a formula
¢ € Ag 3N By 1. Without loss of generality, we assume that each variable occurring three
times appears twice negated and once unnegated; otherwise, we can invert its polarities
without affecting satisfiability. Similarly, for each variable with exactly two occurrences,
we can assume that it does not appear exclusively in one polarity; otherwise, it can be
removed from the formula without affecting satisfiability. For each variable z € V()
with three occurrences, we replace the two negated occurrences of variable z by x’ and
2" (keeping the sign), and add the following conjunct to the formula:

= (' AN2").

Observe that after rewriting the implications as disjunctions, that resulting formula ¢’ is
clearly in A3 N By ;. It remains to show that ¢ is satisfiable if and only if ¢’ is satisfiable.

(=) Suppose that ¢ is satisfiable. Then, there exists a truth assignment I such that
I(¢) = 1. We can extend I to a truth assignment I’ for ¢ by setting I'(z') = I'(2") = I(z)
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for every variable z € V(y) with three occurrences in ¢. Since the new implications are
satisfied by this assignment, we have I'(¢’) = 1.

(<) Suppose that ¢’ is satisfiable. Then, there exists a truth assignment I’ such that
I'(¢') = 1. Define I := I'|y,, as the restriction of I’ to the variables in V(). Consider
some arbitrary clause of ¢. The corresponding conjunct in ¢’ must contain a literal ¢
that is satisfied by I’. If £ is identical to a literal in the original clause, then the clause
is clearly satisfied by I. Otherwise, £ must be the negation of a new variable 2’ or z”
introduced for some variable x € V(). Suppose ¢ := —a’. Then I'(z') = 0, and since
I'(x = (/' N2")) =1, it follows that I'(x) = 0. Thus, the original clause in ¢, which
contains —z, is satisfied by I. The case for £ := —2” is analogous. Consequently, we have
I(p) =1. O

5.2 Weighted Satisfiability

Unsurprisingly, for our reductions to weighted switching problems, we reduce from the
weighted satisfiability problem. In this context, we are particularly interested in the
parameterized complexity of the problem. A natural parameterization is the maximum
weight of a satisfying truth assignment. In the reductions described in Chapters 6] to (8,
this parameter translates to the maximum weight of a witnessing configuration. In
general, it is well known that for every ¢t > 2, WSAT(A;) is W[t]-complete [6, Theorem
7.1].

Since this does not impose a bound on the number of variable occurrences, the
size of switches in the corresponding switch graphs remains unrestricted. To address
this, we proceed by analyzing the parameterized complexity of weighted satisfiability of
t-normalized formulas with additional constraints on variable occurrences.

To this end, we consider a variant of SUBGRAPH ISOMORPHISM, which serves as the
base for a reduction to weighted satisfiability. In the general problem, we are given two
graphs G and H and ask whether there exists a subgraph of G that is isomorphic to
H. Specifically, we seek an injective mapping ¢ : V(H) — V(G) such that for every
edge xy € E(H), the edge ¢(z)p(y) exists in G. The specific version of the problem
used in the parameterized reduction is known to be WJ[1]-hard and cannot be solved
in subexponential time unless the ETH fails. These hardness results carry over to the
weighted satisfiability problem via the reduction. Moreover, the provided reductions
ensure that the resulting formulas are ¢t-normalized for a fixed constant ¢, and that the
number of variable occurrences is bounded by a constant.

The variant relevant to us is called PARTITIONED SUBGRAPH ISOMORPHISM. In this
version of the problem, we are additionally given a partition P of V(G) such that there
is a non-empty set P, € P for each vertex x € V(H). The subgraph isomorphism has to
respect this partition, that is, for every x € V(H), we must have that ¢(x) € P,. Marx
[16] has proven the following theorem:
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Theorem 9. [16, Corollary 6.3] If PARTITIONED SUBGRAPH ISOMORPHISM can be

k
decided in time f(k)no<@), where f is some computable function, n the number of
vertices in the host graph G, and k is the number of edges in the pattern graph H, then
the ETH fails.

A problem that is closely related to PARTITIONED SUBGRAPH ISOMORPHISM is
MUuLTICOLORED CLIQUE. Here, the input consists of a graph (G, an integer x, and a
vertex coloring function x : V(G) — [k], and the aim is to decide whether there exists a
subgraph of G isomorphic to K,; with each vertex of a different color. It is known that
MuLTICOLORED CLIQUE is W[1]-hard parameterized by x [4, Theorem 13.25].

Observe that MULTICOLORED CLIQUE is a special case of PARTITIONED SUBGRAPH
ISOMORPHISM — any instance of MULTICOLORED CLIQUE can be reduced to an instance
of PARTITIONED SUBGRAPH ISOMORPHISM by setting H = K, with V(H) := [k], keeping
G unchanged, and defining the partition P of V(G) based on the vertex coloring, that is,
for each color i € [k] we have a set P; == x~'(i) in P. Since H has k := (5) edges, we
obtain a correct parameterized reduction, from which Theorem |10/ follows.

Theorem 10. PARTITIONED SUBGRAPH ISOMORPHISM is W[I]-hard parameterized by k,
where k is the number of edges in the pattern graph H.

We now describe how to reduce an instance of the problem to an instance of weighted
satisfiability. Starting with a construction of a 2-normalized formula — initially without
a bound on the number of variable occurrences — we will later refine the construction to
ensure that each variable appears only a constant number of times.

Construction 5. Given an instance (G, H, P) of PARTITIONED SUBGRAPH ISOMOR-
PHISM, we construct a propositional formula ¢ whose variable set is defined as V(p) =
V(G) U E(G). In the context of the formula, each vertex v € V(G) is referred to as a
vertex variable, and each edge uv € E(G) as an edge variable. The formula ¢ is then
defined as follows:

Y= /\ \/ v A /\ v = \/ uv
z€V(H) \veEP, z€V(H) uENG(v)NPy

yENH(x)
UEPE

Intuitively, setting a variable in V(¢) to true indicates that the corresponding vertex
or edge is selected as part of subgraph. The first part of the conjunction ensures that for
every vertex x € V(H), at least one vertex v is selected from the set P,. The second part
of the conjunction guarantees that for every vertex x € V(H) and each incident edge
xy € E(H), the subgraph includes a corresponding edge from the selected vertex in P,
to some vertex in P,. These conditions are necessary for the subgraph to be isomorphic
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to H, but they are not sufficient on their own. This is where the weight constraint comes
into play. The maximum weight of a satisfying truth assignment is bounded by:

k= |V(H)| +|E(H)|.

This bound effectively restricts the selection to at most |V (H)| vertices and |E(H)| edges
and thus guarantees that the selected subgraph is isomorphic to H.

Observe that ¢ is in conjunctive normal form, as each implication can be rewritten
as a disjunction with the left side negated. This yields the following lemma:

Lemma 6. (G, H,P) is a yes-instance of PARTITIONED SUBGRAPH ISOMORPHISM if
and only if (¢, k) is a yes-instance of WSAT(Ay).

Proof. We aim to show that there exists a subgraph of G isomorphic to H while respecting
the partition P if and only if there exists a truth assignment I such that I(¢) =1 and
|I|; < k. We will prove both directions separately.

(=) Suppose there exists an injective mapping ¢ : V(H) — V(G) such that for every
edge zy € E(H), ¢(x)¢(y) € E(G), and for every vertex x € V(H), we have ¢(x) € P,.
We construct a truth assignment I where for every vertex x € V(H), I(¢(z)) =1 and
for every edge xy € E(H), I(¢(x)p(y)) = 1. All other variables are set to false. By this
construction, we have |I|; = |V(H)|+ |E(H)| < k. It remains to be shown that I(p) = 1.

For the first part of the conjunction, consider an arbitrary vertex x € V(H). For
¢(r) € Py, we have I(¢(x)) = 1 and, hence, I(V ep, v) = 1.

For the second part of the conjunction, consider an arbitrary vertex z € V(H), one of
its neighbors y in H, and an arbitrary vertex v € Py. If v # ¢(x), then I(v) = 0 and the
implication v = Ve ng (v)np, W is vacuously true. If v = ¢(z), observe that for edge zy,
we must have ¢(z)¢(y) € E(G) and ¢(y) € P,. By construction, we have I(¢(x)p(y)) =1,
and, consequently, I(\/ueNg(v)ﬂPy wv) = 1. Thus, the implication v = VueNg(w)np, W0
evaluates to true under /.

Therefore, all conjuncts of ¢ are satisfied, and we conclude that I(y) = 1.

(<) Suppose there exists a truth assignment I such that I(¢) =1 and |I]|; < k. We
begin by analyzing the structure of I.

Formula ¢ is satisfied if every conjunct is true. The first part of the conjunction
contains a conjunct for every x € V(H), which is a disjunction of all vertex variables
in P,. Hence, this conjunct is satisfied if P, contains at least one vertex variable that

evaluates to true. Therefore, at least |V (H)| vertex variables from V(G) are set to true.

The second part of the conjunction contains a conjunct for each triple (z,y,v) with
zxe€V(H),y € Nyg(x), and v € P,. Each conjunct is an implication which is vacuously
true if v is false. Otherwise, the disjunction on the right side must be satisfied, which
is the case if at least one edge variable uv € E(G) with u € P, evaluates to true. We
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know that at least one vertex variable in P, evaluates to true, resulting in a minimum
of > ev(m) degy(z) = 2|E(H)| implications where the right side must be satisfied. As
each edge variable uwv € E(G) appears in exactly two implications, at least |E(H)| edge
variables from E(G) must be set to true.

This amounts to a minimum of |V (H)| + |E(H)| variables set to true in I. However,
we know that |I|; < k= |V(H)|+ |E(H)|. Thus, precisely |V (H)| vertex variables and
|E(H)| edge variables are set to true. This implies that for each vertex x € V(H), exactly
one vertex variable v € Py is set to true. Furthermore, for every vertex variable v € V(G)
where I(v) = 0, the edge variables in each corresponding implication must all be false.
Thus, for each edge variable uwv € E(G) where I(uv) = 1, we have that I(v) = 1 and
I(u) = 1.

We now define a mapping ¢ : V(H) — V(G) such that for each x € V(H), we have
¢(x) mapped to the unique vertex v € P, where I(v) = 1. To prove that ¢ constitutes a
subgraph isomorphism, we must verify two conditions: (1) for every edge xy € E(H), the
edge ¢(x)p(y) exists in E(G), and (2) for every vertex x € V(H), we have ¢(z) € P,.

The second condition holds by construction. To show the first condition, consider an
arbitrary edge xy € E(G). The second part of the conjunction contains an implication
where v = ¢(x) forms the left side and the right side is a disjunction of all edge variables
wv € E(G) with u € P,. Since I(v) = 1, one such edge variable uv € E(G) must be true
because the right side of the implication has to be satisfied. By the previous argument, we
know that I(u) = 1. According to the definition of ¢, it must be the case that u = ¢(y).
Thus, ¢(z)p(y) € E(G), proving the first condition as well. We conclude that ¢ indeed
constitutes a subgraph isomorphism. O

5.2.1 2-Bounded 3-Normalized Formulas

As previously mentioned, the definition of ¢ in Construction |5/does not impose a bound on
the number of variable occurrences. To achieve this, we will present several modifications
of Construction 5| which constrains the occurrences of each variable in a certain way.
Recall that in our reductions in Chapters |6 to |8, the number of variable occurrences
corresponds to the size of the switches. Therefore, limiting the number of variable
occurrences results in smaller switches. The modifications are inspired by the techniques
used in Section [5.1 to show NP-hardness of unweighted satisfiability under bounded
variable occurrences. However, in the weighted setting, we need to carefully adapt these
techniques to account for the weight constraints.

Construction 6. In this first modified version of Construction |5, we split each vertex
variable v € V(@) into multiple variables. Specifically, we define a propositional formula
o4 with variable set:

V(e*) ={v, |z € V(H),v € Py, y € Ny(z)} U E(G).

Observe that for every x € V(H) and each v € P,, we create exactly degy(x) copies of v.
These variables will again be referred to as vertex variables. Then, the propositional
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formula 4 is defined as follows:

o* = /\ (\/( /\ vy)) A /\ (vy:> \/ uv)
2€V(H) \veP: \yeNg(z) 2€V (H) wENG(v)NP,

YyENH ()
'UGPIE

Intuitively, in the first part of the conjunction, each vertex variable v € P, for
x € V(H) is replaced with a conjunction of all its copies. Consequently, in order for
vertex v to be selected from the set P, all degy () corresponding vertex variables must
be set to true. In the second part of the conjunction, each vertex variable v is simply
replaced by the specific copy v, corresponding to the neighbor y of x handled in that
conjunct. Since all copies of v € V(G) must evaluate to true in order for v to be selected,
a total of 3-,cy () degy (x) = 2| E(H)| vertex variables must be set to true to ensure that
one vertex is chosen from each partition set in P. Accordingly, we update the maximum
allowed weight of a satisfying truth assignment to:

kA = 3| B(H)|.

Observe that after replacing the implication by its disjunctive form, the formula @* is
3-normalized and each variable appears in at most two literals. This leads us to following
lemma;:

Lemma 7. (G, H,P) is a yes-instance of PARTITIONED SUBGRAPH ISOMORPHISM if
and only if (p*, k*) is a yes-instance of WSAT (Ag N By).

Proof. To prove this lemma, we show that (¢, k) admits a satisfying truth assignment
with weight |I|; < k if and only if (p*, k*) from Construction 5 admits a satisfying truth
assignment [4 with [I*]; < k*. Since Lemma 6 establishes that (¢, k) is a yes-instance
of WSAT(Ay) if and only if (G, H,P) is a yes-instance of PARTITIONED SUBGRAPH
IsoMoORPHISM, the desired result then follows. We prove both directions separately.

(=) Suppose there exists a truth assignment I of ¢ such that I(¢) =1 and |[I|; < k.
We construct a corresponding truth assignment I'* of p* as follows: for every x € V(H),
every v € P, and every neighbor y € Ng(z), we set I*(v,) := I(v). For every edge
w € E(G), we set I*(uv) == I(uv). It is easy to see that I4(p4) = I(¢) = 1. To
determine the number of variables set to true in I, recall from the proof of Lemma 6 that
precisely one vertex variable v € Py for each z € V(H) and precisely |E(H )| edge variables
are set to truein I. If v € P, is set true, then the corresponding deg () vertex variables of
v are set to true in I*. Thus, we have |14y = 30 v () degy (v)+|E(H)| = 3|E(H)| < k*.
It follows that I* is a yes-instance of WSAT (A3 N By).

(<) Suppose there exists a truth assignment I'* such that I*(p4) = 1 and |I4]; < k*.
We begin by analyzing the structure of I4.
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For each conjunct in the first part of p* to be satisfied, it must hold that for each
x € V(H), there exists at least one vertex v € P, where all degy (x) corresponding vertex
variables are set to true. This amounts to a minimum of - ¢y (y) degy () = 2|E(H)
vertex variables set to true in I'*. Since each vertex variable forms the left side of a
unique implication in the second part of the conjunction, there are at least 2|E(H)|
implications where the right side must evaluate to true in order for the implication to
be satisfied. As the right side is a disjunction of edge variables and each edge variable
uv € E(G) appears in exactly two implications, at least |E(H)| edge variables from E(G)
must be set to true for all implications to be satisfied.

This amounts to a minimum of 3| E(H )| variables set to true in 4. However, we know
that [I4]; < k* = 3|E(H)|, therefore, precisely 2|E(H)| vertex variables and |E(H)|
edge variables are set to true.

We now construct a truth assignment I for ¢ as follows: for every x € V(H), choose
one vertex v € P, where all the corresponding vertex variables in p* are set to true in
I* and set I(v) := 1. All other vertex variables are set to false. For every edge variable
w € E(G), we set I(uv) := I*(uv). Observe that I* is a satisfying truth assignment
of 4. Moreover, this amounts to exactly |V (H)| vertex variables and |E(H)| edge
variables set to true in I, thus |I|; = |V(H)| + |E(H)| < k. Thus, I is a yes-instance of
WSAT (Ay). O

From Lemma |7, we obtain the following Theorem 11, thereby resolving an open
problem posed by Kanj and Szeider [10] regarding the W-hardness of WSAT (A3 N By).
Note that the authors work with normalized circuits of bounded depth, rather than
t-normalized formulas. Nevertheless, our result on formulas translates directly to their
circuit setting.

Theorem 11. WSAT (A3 N By) is W[1]-hard parameterized by k, and, assuming the
k

ETH, cannot be solved in time f(k:)no(m), where f is some computable function, k is
the mazimum weight of a satisfying truth assignment, and n is the number of variables
in the formula.

Proof. Given an instance (G, H, P) of PARTITIONED SUBGRAPH ISOMORPHISM, Construc-
tion 6 defines a corresponding instance (o4, k%) of WSAT (A3 N Bs). Let m = |V (G)|,
0= |E(H)|, n = |V(p*)| and k := k4.

We start by showing that this construction yields a parameterized reduction from
PARTITIONED SUBGRAPH ISOMORPHISM, parameterized by ¢, to WSAT (A3 N By),
parameterized by k. The correctness of the reduction follows from Lemma [7. We can
bound the parameter k£ by some computable function of ¢ since k = 3¢. To analyze the
running time of the reduction, let us first analyze the number of variables in ¢*: Observe
that we have exactly > cy () 2Zpep, degp () vertex variables and |E(G)| edge variables.
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Therefore, we can bound n in terms of m and ¢ as follows:

n=|BG)|+ Y Y degy(x)

z€V(H) vEPy
<m’+ Y >
IGV(H) vEP,
=m?+Im

< 20m?

It is easy to see that the construction of ¢4 is achievable in time O(n). Consequently,
©* can be computed in time f(¥) -mPM) for some computable function f. Hence, all
conditions for a parameterized reduction are satisfied. Since PARTITIONED SUBGRAPH
IsoMorpHISM is W([1]-hard parameterized by ¢ according to Theorem 10, we conclude
that WSAT (A3 N By) is W[1]-hard parameterized by k.

k
To show that WSAT (A3 N By) cannot be solved in time f (k:)no(@), we will assume
the contrary and derive a contradiction. Suppose there exists an algorithm that solves

k
WSAT (A3 N By) in time f(k)no(@), where f is some computable function. Thus, we
can solve an instance of PARTITIONED SUBGRAPH [ISOMORPHISM by first reducing it to

an instance of WSAT (A3 N By) and then using this algorithm to solve the latter. From

the previous analysis, we conclude that the reduction can be performed in time f’(¢)-m?,

where f’ is some computable function. Thus, the overall running time of this routine is:
k
70 m + (k) - n?(es).

We can upper bound the running time in terms of £, m, and a new computable function
f" as follows:

7O -+ ) - n () < fe) - m? 4 f30) - (2em?)(w)
< (f’(é) + f(30) - (%)0(@%@)) - m2o(k)
< f"(¢) -m° ()

This implies that PARTITIONED SUBGRAPH ISOMORPHISM can be decided in time f”(¢) -

£
mo(@), where f” is some computable function. However, assuming the ETH, this
contradicts Theorem |9, which states that PARTITIONED SUBGRAPH ISOMORPHISM cannot
be solved in this time unless the ETH fails. Hence, WSAT (A3 N By) cannot be decided

in time f(k:)no(%) O

5.2.2 1-1-Bounded 3-Normalized Formulas

In Construction 6, each vertex variable in the formula ¢* occurs once in negated form

and once in unnegated form, whereas each edge variable appears twice in unnegated form.
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We can further refine the structure of ¢* to ensure that every variable appears at most
once with each polarity (negated or unnegated). This further reduces the size of switches
in the reductions presented in Chapters |6/ and |8.

Construction 7. Given an instance (G, H, P) of PARTITIONED SUBGRAPH ISOMOR-
PHISM, we define a propositional formula ¢* based on Construction 6, where for each
edge uv € E(G), we introduce two additional arc variables u; and v_>u, alongside the
existing edge variable uv. These are called arc variables because, unlike edges, the order
of the vertices matters, in a way analogous to arcs. Formally, we define the variable set
of ¢©* as follows:

V(e®) = {v, | * € V(H), v € Py, y € Ng(2)} U {up, v, uv | wv € B(G)}.

Then, the propositional formula ¢*® is defined as follows:

0= /\ \/ /\ Uy (5.2)

z€V(H) \vEP; \yeNpg(x)

N O VAR (5.3)

z€V(H) uENG(v)NPy

Observe that, compared to the formula ¢* from Construction 6, each edge variable
in the second part of ¢©*® is replaced by a corresponding arc variable. As a result, every
arc variable appears exactly once in unnegated form. The new third part of ©* ensures
that, for each edge uv € E(G), if one of the arc variables w, or vy is set to true, then the
corresponding edge variable uv must also be set to true. Intuitively, these modifications
guarantee the same edge selection behavior as before, however, it increases the weight of
a satisfying truth assignment. Specifically, for each selected edge, we additionally have
the two corresponding arc variables set to true. Accordingly, we update the maximum

allowed weight of a satisfying truth assignment to:

k* = 5|B(H)|.

For each edge uv € E(G), the implication in the third part of ¢® can be rewritten as
follows:

(eVug) = uw < =W Vu)Vuw < () A-g) VY uw

Thus, each arc variable appears once in negated form, and each edge variable appears
once in unnegated form in the third part of ¢®. Moreover, the formula ¢® remains
3-normalized. This leads us to the following lemma:
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Lemma 8. (G, H,P) is a yes-instance of PARTITIONED SUBGRAPH ISOMORPHISM if
and only if (¢*, k*) is a yes-instance of WSAT (A3 N By 7).

Proof. To prove this lemma, we show that (¢4, k%) from Construction 6 admits a
satisfying truth assignment I'* with weight |I4|; < k4 if and only if (¢°, k®) admits a
satisfying truth assignment I* with |I°|; < k®. Due to Lemma |7, the desired result then
follows. We prove both directions separately.

(=) Suppose there exists a truth assignment I* of * such that I4(p4*) = 1 and
|I4]; < k*. We define a truth assignment I* for ¢*® that agrees with ©* on all common
variables. Additionally, for each edge uv € E(Q), we set I*(uy) = I*(v;) = I*(uv) for
the arc variables. It is easy to see that I® satisfies ¢®. Furthermore, since we have
established in Lemma |7 that exactly |E(H)| edge variables are set to true in T4, it
follows that 2|E(H)| arc variables must be set to true in I°®. Consequently, we have
[I°|, = [I*|1 +2|E(H)| < k*+2|E(H)| =5|E(H)| < k*. As aresult, I*® is a yes-instance
of WSAT(A:), N Bl,1)~

(<) Suppose there exists a truth assignment I® such that I*(¢®) = 1 and |[I°®]; < k°.
We begin by analyzing the structure of I°.

Just as established in Lemma 7 for p*, at least 2|E(H)| vertex variables must be
set to true in I®. Therefore, for 2| F(H)| implications in the second part of ¢°*, the left
side evaluates to true. In order for these implications to be satisfied, the right side must
evaluate to true as well, and since the right side is a disjunction of arc variables, and each
arc variable appears in exactly one of those implications, at least 2|E(H)| arc variables
must be set to true. It follows that the left sides of at least |E(H)| implications in the
third part of ¢® are satisfied. To satisfy these implications, the right side must evaluate
to true, entailing that a minimum of |E(H )| edge variables must be set to true in I°.

This amounts to a minimum of 5| E(H)| variables set to true in /°. However, we know
that |I®|; < k®* = 5|E(H)|, therefore, precisely 2|E(H)| vertex variables, 2|E(H)| arc
variables, and |E(H)| edge variables are set to true. Consequently, for each edge variable
uv € E(G) set to true, both corresponding arc variables u;, and v, must also be set to
true.

We now define a truth assignment I4 for oA that is equivalent to I® restricted to
the variables in @*. It is easy to see that I* satisfies 4. Furthermore, exactly 3|E(G)|
variables are set to true in I'*, which is less than or equal to k4. Thus, I4 is a yes-instance

of WSAT(A:), N Bg) ]

From Lemma 8, we obtain a parameterized reduction from PARTITIONED SUBGRAPH
IsomorpHISM to WSAT (A3 N By 1), analogously to Theorem 11, resulting in W([1]-
hardness of WSAT (A3 N By,1). Moreover, since the size of the parameter, the number
of variables, and consequently the time needed to construct formula ¢® only increases
by a constant factor, we can use the same arguments as in Theorem |11 to show that
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WSAT (A3 N By1) cannot be decided in subexponential time unless the ETH fails. Thus,
we directly obtain the following theorem:

Theorem 12. WSAT (A3 N By 1) is W[1]-hard parameterized by k, and, assuming the

k
ETH, cannot be solved in time f(k:)no(@), where f is some computable function, k is
the mazimum weight of a satisfying truth assignment, and n is the number of variables
in the formula.

5.2.3 2-1-Bounded 2-Normalized Formulas

As previously hinted, to reduce from weighted satisfiability to WEIGHTED-GCON-
SWITCHING, we require that the formulas are 2-normalized. Observe that the original
formula ¢ in Construction |5|is 2-normalized, but the two refinements presented in Con-
struction 6 and Construction |7 are not. In the following, we will construct a propositional
formula ¢* that is 2-normalized and ensures that each variable occurs at most three
times.

Construction 8. Given an instance (G, H, P) of PARTITIONED SUBGRAPH ISOMOR-
PHISM, we split each vertex variable v € V(G) into multiple variables similarly to the
modifications presented in Construction 6. Specifically, we define a propositional formula
@* with variable set:

V(p*) ={vi |z € V(H),ve P, iecl0,degy(z)]} U{uv | uv € E(G)}.

These new variables will again be referred to as vertex variables. For each x € V(H), let
9z : Np(z) — [degy(z)] be a bijection that maps each neighbor y of  to a unique index
i € [degy(x)]. We can now define the propositional formula ¢* as follows:

= AN |V w (5.5)

2€V(H) \vEP:

A /\ Vgu(y) = \/ uv (5.6)
z€V(H) uENG(v)NPy
yGNH(x)
’UePz

VAN /\ (Uifl = UZ’) (57)
z€V (H)
'UEPQJ
i€[degy (z)]

The first and second part of ¢* are identical to ¢ from Construction |5, except that
each occurrence of vertex variable v is replaced by one of its unique copies. As a result,
each vertex variable appears exactly once in the first and second part of ¢*. In the third
part, the chain of implications for each vertex v € V(G) ensure that, if v is selected from
its partition set in the first part, then all its degy(x) 4+ 1 corresponding vertex variables
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must be set to true. Intuitively, this guarantees the same behavior as the original formula,
but it increases the weight of a satisfying truth assignment. To select one vertex from
each partition set in P, we obtain a total of 3-,cy (g (degy(z) + 1) = [V(H)| + 2|E(H)|
vertex variables set to true. The number of edge variables set to true remains unchanged.
Accordingly, we update the maximum allowed weight of a satisfying truth assignment to:

K = |V (H)| + 3| E(H)|.

Each disjunction in the third part of ¢* translates to a disjunction where the variable
on the left side is negated while the variable on the right side is not. Consequently,
each vertex variable appears in each polarity exactly once in this part. In conclusion,
the formula remains 2-normalized and each variable appears at most two times in one
polarity, and at most once in the other polarity. This leads us to the following lemma:

Lemma 9. (G, H,P) is a yes-instance of PARTITIONED SUBGRAPH ISOMORPHISM if
and only if (¢*, k*) is a yes-instance of WSAT (A2 N By ).

Proof. To prove this lemma, we show that (¢, k) from Construction 5 admits a satisfying
truth assignment I with weight |I|; < k if and only if (¢*, k*) admits a satisfying truth
assignment I* with |I*|; < k*. Due to Lemma 6, the desired result then follows. We
prove both directions separately.

(=) Suppose there exists a truth assignment I of ¢ such that I(¢) =1 and |I|; < k.
We construct a corresponding truth assignment I* of ¢* as follows: for each x € V(H),
every v € Py, and every i € [0,degy(z)], we set [*(v;) = I(v). For every edge variable
wv € E(G), we set I*(uv) = I(uv). It is easy to see that the conjuncts in the first and
second part of ¢* are satisfied as they are identical to ¢ with only the vertex variables
replaced by their copies. Furthermore, since for each x € V(H), every v € Py, and every
i € [degy ()], we have that I(v;) = 1 if I(v;—1) = 1, every conjunct in the third part of
©* is satisfied as well. Thus, I*(¢*) = 1.

To determine the number of variables set to true in I*, recall from the proof of
Lemma 6 that for each vertex x € P,, exactly one vertex variable v € P, is set to true in
I. For each such vertex variables v of ¢, we have degy () + 1 vertex variables set to true
in I*. This amounts to an additional >°,cy (g degy (v) = 2|E(H )| variables set to true
in I, resulting in a total of |[I*|; = |I|1 + 2|E(H)| = |V(G)| + 3|E(H)| variables set to
true, which is less than or equal to k*. Thus, I* is a yes-instance of WSAT (A2 N By 1).

(<) Suppose there exists a truth assignment I* such that I*(¢*) =1 and |I*]; < k*.
We begin by analyzing the structure of I*.

For each conjunct in the first part of ¢* to be satisfied, it must hold that for each
x € V(H), there exists at least one vertex v € P, where vy is set to true. Furthermore,
for each vertex v € V(G), we have a chain of implications vg = v1, v1 = va, ...,
Vdegy(x)—1 = Vdeg,;(z) i1 the third part of ¢*, including all degy () + 1 vertex variables
corresponding to v. Given that vg is set to true, all these variables must evaluate to true
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for all these implications to be satisfied. This amounts to a minimum of |V (H)| vertex
variables with index 0 set to true and a minimum of 3°,cy () degy () = 2|E(H)| vertex
variables with an index greater than 0 set to true. Each variable in the latter forms the
left side of an implication in the second part of ¢*. To satisfy these implications, the
right side must evaluate to true as well, and since the right side is a disjunction of edge
variables, and each edge variable appears in exactly two implications of the second part,
at least |E(H)| edge variables must be set to true.

This amounts to a minimum of |V (H)|+ 3|E(H )| variables set to true in I*. However,
we know that [I*|; < k* = |V(H)|+ 3|E(H)|, therefore, precisely |V (E)| vertex variables
with index 0, and exactly |E(H)| edge variables to true.

We now construct a truth assignment I for ¢ such that I(v) := I*(vg) for every
v € V(G), and I(uv) = I*(uv) for every edge variable uv € E(G). It is easy to see that
I satisfies . Furthermore, exactly |V (H)| + |E(H)| variables are set to true in I, which
is less than or equal to k. Thus, I is a yes-instance of WSAT (A2 N By 7). O

Lemma 9 demonstrates how to reduce an instance of PARTITIONED SUBGRAPH
ISOMORPHISM to an instance of WSAT (Ap N By 1). However, to obtain a parameterized
reduction like in Theorem |11, we encounter a small problem: k* is not strictly bounded by
a function of |E(H)| due to its additional dependence on |V (H)|. To resolve this, we can
utilize a kernelization procedure that removes every vertex x € V(H) with degy(z) =0
from H, as well as all vertices in P, from G. This is possible, since P, # () by definition,
hence x can be mapped to some arbitrary vertex in P,. Applying this kernelization
procedure to an arbitrary instance, we can ensure that each vertex x € V(H) has at least
one incident edge, thus [V(H)| =3 ,cv )1 < Xyevm) degn(v) = 2|E(H)|. It follows
that k* is indeed bounded by a function of |E(H)|, and analogously to Theorem |11,
W/[1]-hardness of WSAT (A3 N By ) follows. Moreover, since the size of the parameter,
the number of variables, and consequently the time needed to construct formula ¢* only
increases by a constant factor, we can use the same arguments as in Theorem |11] to show
that WSAT (A N By 1) cannot be decided in subexponential time unless the ETH fails.
Consequently, we obtain the following theorem:

Theorem 13. WSAT (Ay N By 1) is W[1]-hard parameterized by k, and, assuming the

k
ETH, cannot be solved in time f(k:)no(@), where f is some computable function, k is
the mazimum weight of a satisfying truth assignment, and n is the number of variables
in the formula.

Discussion In summary, this chapter has established the computational hardness of
both unweighted and weighted satisfiability problems under various structural restrictions
on propositional formulas. We showed that unweighted satisfiability remains NP-hard
even for planar 3-CNF formulas with at most three occurrences per variable, and extended
this to 3-normalized formulas with only two occurrences per variable. For the weighted
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5.2. Weighted Satisfiability

case, we demonstrated W[1]-hardness for several classes of normalized formulas with
bounded variable occurrences, including 3-normalized 1-1-bounded and 2-normalized
2-1-bounded formulas, with the former resolving an open question posed by Kanj and
Szeider [10]. These results provide a solid foundation for reductions to switching problems
on constrained graph families in subsequent chapters.

o1
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CHAPTER

s-t-Connectivity Switching and
Satisfiability

In Chapter 4, we established that for every class A of graphs closed under isomorphism
and excluding isolated vertices, STCON-SWITCHING restricted to {1}*-A-switches can
be decided in linear time if A contains only complete multipartite graphs; otherwise,
the problem is NP-hard. This immediately implies that STCON-SWITCHING is NP-hard
for {1, 1}-switches but becomes tractable for {1}*-star switches. We also showed that
STCON-SWITCHING remains NP-hard for {2, 1}-star switches (Theorem 4).

In this chapter, we extend these results through reductions from various restricted
variants of the satisfiability problem introduced in Chapter 5. These restrictions impose
additional structural constraints on the switch graph, particularly concerning the structure
of the union graph. Moreover, by reducing from the weighted satisfiability problem, we
derive intractability results for WEIGHTED-STCON-SWITCHING under similar constraints.

The reductions involve constructing a special type of switch graph, which we call
series-parallel switch graph. Series-parallel graphs are well-studied in standard graph
theory, and their definition naturally extends to switch graphs. A switch graph G is
called series-parallel if it has distinguished terminals s(G) and (@), and satisfies one of
the following conditions:

o Single-edge switch graph: G consists of exactly two vertices, a distinct source
(&) and a distinct target t(G), and one switch whose edge set includes an edge
connecting s(G) and t(G).

. Sieries—copposition: G is obtained by taking the union of two series-parallel graphs
G1 and Gy identifying s(G) = s(G1), t(G1) = s(G2), and t(G2) = t(G).

* Parallel-composition: G is obtained by taking the union of two series-parallel graphs
Gy and Gy identifying s(G) = s(G1) = s(G2) and t(G) = t(G1) = t(Gs).
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Observe that the union graph of a series-parallel switch graph is a series-parallel graph
without multiedges!. As a result, the union graph of the constructed switch graph is
inherently constrained. In particular, series-parallel graphs are naturally planar and have
a treewidth of at most two.

In Section 6.1, we describe the construction that transforms an arbitrary propositional
formula ¢ into a series-parallel switch graph CAJSO. Using this construction, we establish in
Sections 6.2/ and [6.3| that STCON-SWITCHING and ONOFF-STCON-SWITCHING, parame-
terized by the activation budget, are intractable for {2, 1}-switches even when the union
graph is a path, and for {1, 1}-switches even when the union graph is series-parallel. For
ONOFF-sTCON-SWITCHING, we further present a method to transform {1, 1}-switches
into {2, 1}-star switches, thereby extending the intractability results to this class of
switches as well.

6.1 Reduction from Satisfiability

Given a propositional formula ¢ in negation normal form, we aim to construct a series-
parallel on-off switch graph G such that there exists an s-t-path in G@ if and only if ¢
is satisfiable. The series- parallel composition of Gw is defined by an inductive process
based on the structure of ¢. In this composition, each literal is modeled by a single-edge
switch graph, with the corresponding edge part of an on-off-switch representing the
respective variable. The edge appears in the off-position if the variable is negated and
in the on-position otherwise. If we define a configuration such that this switch is in the
on-position precisely when the corresponding variable is set to true, then the edge is
present in the configured switch graph if and only if the literal evaluates to true.

Intuitively, a series-composition within C:*g, can model a conjunction, as any s-t-path
in a series-composition of two switch graphs must traverse both of them. Conversely, a
parallel-composition within CALF, can model a disjunction, since any s-t-path in a parallel-
composition of two switch graphs must traverse only one of them. Thus, the series-parallel
structure of the switch graph C:’@ is a direct representation of the logical structure of
the formula ¢. Fig. 6.1 illustrates the construction on a simple example. Formally, the
inductive construction process is defined as follows:

Construction 9. For every formula ¢ in negation normal form, we construct a corre-
sponding series-parallel on-off switch graph G, as follows:

e If ¢ := —x for some variable z, then C:’@ is a single-edge switch graph with a single
switch S, where the edge is contained in the off-position Sg[1].

e If ¢ = x for some variable z, then CA{D is a single-edge switch graph with a single
switch Sy, where the edge is contained in the on-position S;[2].

o If ¢ =19 Aw, then C:Yw is formed by the series-composition of @w and G,

In the union graph, only one copy of an parallel edge is used.
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6.1. Reduction from Satisfiability

o= ((x1 Awo)V oz V(21 Axg A DA (21 V—xs V(mao Axg)) A(—zy V—as Vo)

Q)
€

Figure 6.1: Example switch graph C:’@ for a propositional formula ¢ in negation normal
form, constructed as described in Construction 9. Each color corresponds to a variable
and its associated switch; solid edges represent edges of the on-position, while dashed
edges represent edges of the off-position.

e If p =1 Vw, then C:ﬂp is formed by the parallel-composition of CA¥¢ and Gl,.

Throughout this process, switches corresponding to the same variable retain their identity
and are merged accordingly. As a result, G, contains exactly one switch S, for each
variable x € V().

As mentioned previously, we can map each interpretation I of ¢ to a configuration c of
G, by setting each switch S, € S(G,) to the on-position if and only if the corresponding
variable x is set to true in I. This correspondence is captured by the bijection f, :

I(p) — C(Gy), formally defined for each interpretation I € Z(y) and switch S, € S(G,,)
as follows:

The following lemma proves the correctness of this mapping;:

Lemma 10. Let ¢ be a propositional formula in negation normal form and I an inter-
pretation of ¢. Then, G, configured by f,(I) admits an s-t-path if and only if I(p) = 1.
Proof. Let ¢ := f,(I). The proof is by induction on the structure of the formula ¢.

Base case: If ¢ is a literal, then either ¢ = x or ¢ := -z for some variable x € V().
This entails that G, is a single-edge switch graph with a single on-off switch S, where an

edge e connecting the source s(G) and the target ¢(G) is either in the off- or on-position.

We now distinguish between the two shapes of the literal:

o = —z: By construction, edge e € S;[1]. Consequently, CA¥¢, o ¢ admits an s-t-path
if and only if ¢(Sz) = 1. As ¢(Sz) = f(I)(Sz) =I(x) +1=(1—-I(—x))+ 1= I(y),
¢(Sz) =1 if and only if I(p) = 1.
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e ¢ = x: By construction, edge e € S;[2]. Consequently, @p o ¢ admits an s-t-path
if and only if ¢(S;) = 2. As ¢(Sz) = f(I)(Sy) =I(x) + 1 =1(p) + 1, ¢(S,) = 2 if
and only if I(p) =

Inductive step: Assume that the statement holds for all subformulas of (. Since ¢ is
not a literal, it must be either be a conjunction or a disjunction of two subformulas v and w.
This entails that G@ is formed by either a series-composition or parallel-composition
of Gw and G,,. We now distinguish between the two possible shapes of ¢:

e =1 Aw: By construction, CA?SO is formed by a series-composition of C:H/, and G
Observe that C:‘@ o ¢ admits an s-t-path if and only if both C:‘w ocand G, o c admit
an s-t-path. By the inductive hypothesis, this is precisely the case when I(¢)) =1
and I(w) = 1. Finally, I(¢)) =1 and I(w) = 1 if and only if I(¢) = I( Aw) = 1.

e =1 Vw: By construction, Gw is formed by a parallel- composmon of Gw and G,
Observe that G o ¢ admits an s-t-path if and only if G¢ ocor G, oc admit an
s-t-path. By the inductive hypothesis, this is precisely the case when I(¢) =1 or
I(w) = 1. Finally, I(¢)) =1 or I(w) =1 if and only if I(¢) = I(¢) Vw) = 1. O

As a result of Lemma |10, we derive following corollary, from which the correctness
of the above-described reduction from the satisfiability problem to STCON-SWITCHING
follows:

Corollary 2. Let ¢ be a propositional formula in negation normal form. Then ¢ is
satisfiable if and only if there exists a configuration of G, such that the configured switch
graph admits an s-t-path.

Concerning the weighted variant of the switching problem, consider an arbitrary
propositional formula ¢ in negation normal form and an interpretation I € Z(¢). Observe
that the number of variables assigned to true in I match the number of switches in the
on-position in configuration f,(I), i.e., [I|1 = |f,(I)|2. With this in mind, we derive the
following corollary, from which the correctness of the above described reduction from the
weighted satisfiability problem to ONOFF-STCON-SWITCHING follows:

Corollary 3. Let ¢ be a propositional formula in negation normal form and k some
integer. Then there exists an interpretation I € Z(p) such that I(p) =1 and |I|; < k if
and only if there exists a configuration c of Gso such that G o ¢ admits an s-t-path and
lcl2 < k.

6.2 Unweighted Switching

By selecting appropriate variants of the satisfiability problem from Chapter 5 and applying
the reduction described in Section 6.1, we obtain a variety of intractability results for
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6.3. Weighted Switching

STCON-SWITCHING under different structural restrictions on the switch graph. Given
a propositional formula ¢ in negation normal form, along with additional syntactical
constraints, we now analyze how these conditions translate into structural properties of
the resulting switch graph CAJSO.

Firstly, as previously discussed, the union graph of CA}W is a series-parallel graph,
which is inherently planar and has a treewidth of at most two. In the special case
where ¢ is 2-normalized, the switch graph G, is constructed as a series-composition of

~

parallel-compositions of single-edge switch graphs. As the union graph G(G,) contains

no multiedges, it follows that G (CAJHD) forms a simple path.

Secondly, consider an arbitrary variable x that appears a times negated and b times
unnegated in . By the construction of G, the switch S, contains a edges in the off-
position and b edges in the on-position. Hence, if ¢ is a-b-bounded for some a,b € N>,
then each switch in G, is an {a, b}-switch.

As established in Theorem |7, the satisfiability problem remains NP-hard even for
2-1-bounded 2-normalized formulas. By reducing from this restricted variant of the
satisfiability problem to STCON-SWITCHING using Corollary 2, and applying the structural
observations above, we derive the following intractability result under the corresponding
switch graph constraints:

Theorem 14. STCON-SWITCHING is NP-hard, even if all switches are {2,1}-switches
and the union graph is a path.

On the other hand, Theorem |8 shows that the satisfiability problem remains NP-hard
even if the formula is 3-normalized and 1-1-bounded. By using Corollary |2 to obtain a
reduction to STCON-SWITCHING, we derive the following intractability result, extending
Theorem |3 by adding additional restrictions to the union graph:

Theorem 15. STCON-SWITCHING is NP-hard, even if all switches are {1,1}-switches
and the union graph is a series-parallel graph.

6.3 Weighted Switching

We now turn to the weighted switching problem. In particular, we analyze the complexity
of ONOFF-STCON-SWITCHING, parameterized by the activation budget, by employing the
same reduction as for the unweighted variant in Section 6.1. Notice that the restrictions
imposed on the propositional formulas in the previous section result in identical structural
constraints on the switch graph C:’@ as before.

As established in Chapter 2, WSAT(®) is W[SAT]-hard when parameterized by
the maximum weight of the truth assignment. Since any propositional formula can be
converted into an equisatisfiable formula in negation normal form in linear time, we can
reduce WSAT(®) to ONOFF-STCON-SWITCHING via Corollary 3, yielding the following
intractability result:

o7
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Theorem 16. ONOFF-STCON-SWITCHING is W[SAT]-hard parameterized by the activa-
tion budget, even if the union graph is a series-parallel graph.

To limit the size of switches, we turn to Theorem |13, which establishes that weighted
satisfiability is W[1]-hard parameterized by the maximum weight & of a truth assignment,
even for 2-1-bounded 2-normalized formulas. Moreover, the theorem shows that, unless

k
the ETH fails, this problem cannot be solved in time g(k:)no(@), where ¢ is some
computable function and n is the number of variables in the formula.

In the parameterized reduction to WEIGHTED-STCON-SWITCHING described in Corol-
lary 3, the parameter k is preserved, and n corresponds to the number of switches in CA}@.
Since the size of the formula is in O(n), the construction of (A}@ can be carried out
in O(n) time. Therefore, if WEIGHTED-STCON-SWITCHING could be decided in time

f (k)no(@) for some computable function f, it would imply that WSAT (A N By 1)
admits an algorithm that contradicts the ETH.

Furthermore, observe that for each formula ¢ € Ay N By 1, the union graph of éeo is
a path and each switch is a {2, 1}-switch. Hence, we obtain the following intractability
result for ONOFF-STCON-SWITCHING:

Theorem 17. ONOFF-STCON-SWITCHING is W[1]-hard parameterized by the activation
budget k, even if all switches are {2,1}-switches and the union graph is a path. Further-

k
more, assuming the ETH, the problem cannot be solved in time f(k)no(@), where f is
an arbitrary computable function and n is the number of switches in the switch graph.

Similarly, applying the reduction from Corollary 3/to the instances used in Theorem (12
— which establishes the W[1]-hardness parameterized by the maximum weight of a truth
assignment and rules out subexponential-time algorithms (under the ETH) for weighted
satisfiability of 1-1-bounded 3-normalized formulas — yields the following intractability
result for ONOFF-STCON-SWITCHING:

Theorem 18. ONOFF-STCON-SWITCHING is W[1]-hard parameterized by the activation
budget k, even if all switches are {1,1}-switches and the union graph is a series-parallel

ke
graph. Furthermore, assuming the ETH, the problem cannot be solved in time f(k)no(logk>,
where f is an arbitrary computable function and n is the number of switches in the switch
graph.

6.3.1 Intractability for Star Switches

In Chapter 4, we established that STCON-SWITCHING is NP-hard even when restricted
to {2, 1}-star switches (Theorem 4) via a reduction from TRANSITION-COMPATIBLE-s-t-
PATH. In this section, we aim to extend this result to the weighted variant. Specifically,
we show that ONOFF-STCON-SWITCHING is W[1]-hard even when all switches are {2, 1}-
star-switches. To achieve this, we present a transformation from {1, 1}-switches to
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V2 U1

- —-———-——-——-=—-0

V4 V3

Figure 6.2: Example of the transformation from a {1, 1}-switch to four {2, 1}-star switches
according to Construction 10. Each switch is represented by a different color, with solid
edges indicating the on-position and dashed edges indicating the off-position.

{2, 1}-star-switches, without affecting the existence of a configuration that admits an
s-t-path. Since STCON-SWITCHING is already W[1]-hard parameterized by the activation
budget when restricted to {1, 1}-switches (Theorem |15), this transformation yields the
same W([1]-hardness when restricted to {2, 1}-star-switches.

The transformation builds on a construction introduced by Szeider [20] used in proofs
for TRANSITION-COMPATIBLE-s-t-PATH. In particular, they show how to transform a
vertex with a transition graph isomorphic to Ko + K5 into one with a transition graph
isomorphic to Ly, without effect to the existence of a compatible s-t-path.

Due to the connection between STCON-SWITCHING and TRANSITION-COMPATIBLE-S-
t-PATH illustrated in Chapter 4, we can adopt a similar strategy to convert {1, 1}-switches
into {1}*-star switches with switch-induced graphs isomorphic to Ls. Then, as already
exploited in Theorem 4, we apply Construction 3 to convert these into {2, 1}-star switches.

However, to make this transformation work in the weighted setting, we must carefully
choose the on- and off-positions of the switches, a distinction that was irrelevant in the
unweighted case. Specifically, the transformation must ensure that if a {1, 1}-switch S is
set to the off-position and uv € S[1], then the new switches enable a path between u and
v only when set to the off-position. Likewise, if uv € S[2] and S is set to the on-position,
then the path between v and v should exist only when the new switches are set to the
on-position.

The resulting construction transforming a {1, 1}-switch to a set of {2, 1}-star switches,
illustrated in Fig. 6.2, is defined as follows:

Construction 10. Let G be a switch graph and S € S(G)Aa {1, 1}-switch with S[1] =
{v1v3} and S[2] = {vovs}. We construct a new switch graph G’ from G by introducing six
fresh vertices {u1, ug, us, uq, w1, ws} and replacing S with four new {2, 1}-star-switches
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{S1, S2, S3, 54}, such that for each i € [2] and j € {0, 2}, we have:
Sitjli] = {vigjuirsy  and  Sig[3 —i] = {uryjuoyg, uipjwit.

With the help of Fig. 6.2, it is easy to see that v; and wvs are connected if all new
switches are set to the off-position, while vo and v4 are connected if all new switches
are set to the on-position. Crucially, all other configurations of the new switches do not
enable any new paths between pairs of vertices in {v1,v2,vs,v4}. Consequently, the new
switches mirror the behavior of the original {1, 1}-switch S in terms of connectivity.

After applying this transformation to every {1, 1}-switch in a switch graph G, we
obtain a new switch graph G’ consisting exclusively of {2, 1}-star switches. Based on
the arguments above, every configuration of G can then be mapped to a configuration
of G' with four times as many switches set to the on-position while preserving the
connectivity of the original vertices. Conversely, every configuration of G’ can be mapped
to a configuration of G with at most one switch set to the on-position for every four
switches in G/ , again preserving the connectivity of the original vertices.

By quadrupling the activation budget, we thus obtain a valid parameterized reduction
from ONOFF-STCON-SWITCHING restricted to {1, 1}-switches. It is important to note,
however, that this transformation does not preserve the structure of the union graph.
In particular, the resulting union graph is not necessarily series-parallel, and we lose
any guarantees regarding planarity or bounded treewidth. Nevertheless, we obtain the
following intractability result for ONOFF-STCON-SWITCHING:

Theorem 19. ONOFF-STCON-SWITCHING is W[1]-hard parameterized by the activation
budget k, even if all switches are {2,1}-star switches. Furthermore, assuming the ETH,

k
the problem cannot be solved in time f(k)no(@), where f is an arbitrary computable
function and n is the number of switches in the switch graph.

Proof. Let G be a switch graph consisting of {1, 1}-switches and k an integer representing
the activation budget. Without loss of generality, we may assume that G contains no
static edges, as these can be contracted without affecting connectivity. Moreover, we
may assume that each switch position contains one edge. Otherwise, we introduce two
fresh vertices v and v, and insert the edge uv into all empty positions. Since u and v
are isolated from the rest of the graph, this modification does not affect the connectivity
between the original vertices.

To obtain a valid parameterized reduction from STCON-SWITCHING, parameterized
by the activation budget k and restricted to {1, 1}-switches, to the same parameterized
problem restricted to {2,1}-star switches, we apply Construction 10 to every switch
in CA;, resulting in a new switch graph G , and setting the new activation budget to
k' .= 4k. Clearly, the reduction can be achieved in polynomial time, and &’ is bounded
by a computable function of k.



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

6.3. Weighted Switching

To show correctness of the reduction, we aim to show that there exists a configuration
¢ € C(G) such that G o ¢ admits an s-t-path and |c|; < k if and only if there exists a
configuration ¢’ € C(G’) such that G’ o ¢ admits an s-t-path and |c/|s < k.

(=):

Let ¢ be a configuration of G such that G o ¢ admits an s-t-path and lela < k. We
now construct a configuration ¢ € C(G') such that, for each switch S € S(G) and
i € [4], we have ¢/(S;) == ¢(S). Clearly, |c'|2 = 4|c|e < 4k = k’. What remains to be
shown is that G’ o ¢ admits an s-t-path.

Let e be an arbitrary edge in G o ¢, and let S € S(G) be the switch such that
e € S[i] for i .= ¢(5). Denote the endpoints of e as v; and v;42. For each j € {0, 2},
we have viyjuiv; € Siyjli] and uiyjuayj, uE—s4;ws—i € S3_i)4;i], resulting in a
path from v;4; to w3_; in G'od , where ws3_; and all other inner vertices of the path
are auxiliary vertices introduced by the transformation of switch S. Combining
these paths for j = 0 and j = 2 yields a path from v; and v;;o.

Consequently, each edge uv in the s-t-path in Goc can be replaced by a corresponding
path between v and v in G’ o ¢, thus resulting in an s-t-path in G’ o ¢.

. Let ¢ be a configuration of G such that G’ o ¢’ admits an s-t-path P’ and ||, < k.

~ ~

We construct a configuration ¢ € C(G) such that, for each switch S € S(G),
we have ¢(S) = min;c(q{c'(S;)}. Thus, c(5) < %Ziem] d(S;), and consequently
lcla < 3|¢'|> < $k" = k. It remains to show that G o ¢ admits an s-t-path.

To do so, we process the vertices in P’ sequentially and construct an s-t-path P in
Goc in parallel. The path P’ starts and ends with original vertices of G (specifically,

~

s(G) and t(G)), so any auxiliary vertices introduced by the transformation must
be internal and followed by further vertices.

Initially, let v be the first vertex in P’, and initialize P := (v).

Assume v is not the last vertex in P’. Then, by construction, it must be followed by

an auxiliary vertex introduced by the transformation of some {1, 1}-switch S in G.

In particular, there exists a switch S;4; with ¢ = ¢(S;4;) and j € {0,2} such that
Sitjli] = {vitjuiy;}, where v = viy; and u;; is the next vertex following v in P’.
The only other switch incident to u;y; is S3_;)4; via an edge uj4juz+; contained
in position 4. Thus, we have c¢(S(3_;1;) = 7 and u;y; is followed by the auxiliary
vertex u(z_g4; in P'.

Next, since u(3_;4; is not incident to any switches other than Sz_;;, and
S(3—i)+;11] contains exactly one additional edge u(3_;)4jws—;, it follows that u(z_;);
is followed by the auxiliary vertex ws_; in P’.

The vertex ws—; has only one additional incident switch, namely S(3_)4(2—j) via the
edge w3—;u(3—j)4(2—j) contained in position i. Hence, we have c(S(3_j4(2—j)) =@
and ws—; is followed by the auxiliary vertex uz_s(2—j) in P

Although wu(3_j)4(2—j) is incident to switch S(;)4.(2—j), it is through the same edge
U4 (2—j) U4 (2—j) already contained in Si3_;) 1 (2—j) [i]. As there are no other switches
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or edges in S(3_;)4(2—j)[i] incident to u(z_;1(2—j), this vertex must be followed by
the auxiliary vertex u;  (o_j; in P

At this point, the only other switch incident to u;y(2_j) is iy (2—j). Suppose this
switch is configured to position i — 3, consisting of edges wi(o_j)usy(2—j) and
Uit (2—j)Wi- Since P’ is a path, we cannot return to the previously visited vertex
U(3—i)+(2—j)> SO the only possible successor of u; (o_ ;) would be the auxiliary vertex
w;. However, w; is only incident to switch S;,; via an edge in position ¢ — 3, while
Si+j is already configured to position i. This creates a contradiction, as the path
cannot continue through w;. Therefore, switch S; (>_;) must be configured to
position 4, which contains a single edge u;(2—j)v;4(2—j;)- Hence, u;y(o_j) is followed
by the original vertex v (o_j) in P’

In summary, for all ¢ € [4], we have ¢/(Sy) = 4, resulting in ¢(S) = . By construction,
edge v;;v;1(2—j) is contained in position ¢ of switch .S, and thus part of Goc. Since
the last vertex added to P was v;yj, we extend P by appending v;{(a_j).

We repeat the procedure for v = v; (5_j). Eventually, this constructs a full s-t-path
PinGoec.

In Theorem 15, we established that STCON-SWITCHING is W[1]-hard parametrized
by the activation budget k, even if all switches are {1, 1}-switches. The parameterized
reduction described above thus shows that the same problem remains W[1]-hard when
restricted to {2, 1}-star-switches.

Moreover, Theorem |15 shows that, unless the ETH fails, STCON-SWITCHING for

{1, 1}-switches cannot be decided in time f (l{:)no(@), where f is a computable function
and n is the number of switches in the switch graph. In the reduced instance, the number
of switches m as well as the activation budget k' is a factor of four larger than in the
original instance, i.e., m’ = 4n and k' = 4k.

For the sake of contradiction, suppose STCON-SWITCHING restricted to {2, 1}-star

k:l
switches admits an algorithm running in time g(k’ )mO(Ing/) for some computable
function g. Then we can transform an instance restricted to {1,1}-switches into an

instance restricted to {2, 1}-star switches in time O(n) and solving the instance using

4k k
the suggested algorithm in time g(4k‘)(4n)o(1°g(4k>), which is equivalent to f(k:)no(logk)
for some computable function f, contradicting the ETH. O

Discussion In summary, this chapter extends the results of Chapter 4 by demonstrating
the intractability of STCON-SWITCHING for general {1}*-switches, even when the union
graph is series-parallel. We further address switches with multiple edges per position,
establishing intractability for {2, 1}-switches, even when all switch-induced graphs are
star graphs or the union graph is a path. Future research may further investigate the



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

6.3. Weighted Switching

complexity dichotomy for these more general switches, analogous to the one established
for {1}*-switches in Theorem 6.

Additionally, we analyze the weighted variant, proving W[1]-hardness for ONOFF-
STCON-SWITCHING under the same structural restrictions as for the unweighted variant.
Notably, tractable cases for WEIGHTED-STCON-SWITCHING, particularly when restricted
to complete multipartite switches, remain open and present an interesting direction for
future work.
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CHAPTER

Global Connectivity Switching
and Satisfiability

In Chapter 3| we presented a polynomial-time procedure for solving GCON-SWITCHING
when restricted to matroid switches (Theorem 1), and extended this approach to the
weighted variant for {1}*-matroid switches (Theorem 2). However, the intractability of
GCON-SWITCHING and ONOFF-GCON-SWITCHING remains unresolved.

In this chapter, we address this gap by providing reductions from (weighted) satisfia-
bility problems, using techniques similar to those in Chapter 6. Unlike the reductions
for STCON-SWITCHING, these reductions do not work on arbitrary formulas. Instead, it
requires the input formula to be 2-normalized. Despite this restriction, we are still able
to establish intractability results for GCON-SWITCHING and ONOFF-GCON-SWITCHING
under quite constrained settings — particularly with respect to switch size and the
structure of the union graph.

In Section 7.1, we reuse the reduction from Chapter 6] to establish the intractability
of GCON-SWITCHING and ONOFF-GCON-SWITCHING, parameterized by the activation
budget, even when restricted to {2,1}-switches and the union graph is a path. In
Section 7.2 we slightly adapt this reduction to show that the problem remains intractable
for {2, 1}-star switches, even when the union graph forms a star. In the unweighted case,
we further refine the construction to bound the switch degree of each vertex. Specifically,
in Section 7.3, we prove that GCON-SWITCHING is NP-hard for {2, 1}-star switches, even
when the union graph is planar and the switch degree of every vertex is at most three.

7.1 Initial Intractability Results

Consider an arbitrary 2-normalized formula . For every configuration of the corre-
sponding switch graph G, constructed as in Construction 9 that admits an s-t-path,
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all vertices of CA{p are included in the path. Consequently, the configured switch graph
is globally connected. Conversely, every configuration of CA{P that does not admit an
s-t-path is trivially not globally connected. Hence, analogous to Theorem |14, we obtain
the following intractability result for 2-1-bounded 2-normalized formulas:

Theorem 20. GCON-SWITCHING is NP-hard, even if all switches are {2,1}-switches
and the union graph is a path.

The above observations immediately extend to the weighted variant of the problem
as well. Thus, analogous to Theorem [17, we obtain the following intractability result for
2-1-bounded 2-normalized formulas:

Theorem 21. ONOFF-GCON-SWITCHING is W[I]-hard, even if all switches are {2,1}-
switches and the union graph is a path. Furthermore, assuming the ETH, the problem

k
cannot be solved in time f(k)no(m), where f is an arbitrary computable function and n
is the number of switches in the switch graph.

7.2 Intractability for Star Switches

If we restrict ourselves to {1, 1}-switches, Theorem 1 and Theorem |2 show that both
GCON-SWITCHING and ONOFF-GCON-SWITCHING are decidable in polynomial time.
This rules out the use of the construction similar to Construction |10 to demonstrate
intractability for star switches. However, a slight modification of Construction |9 allows
us to enforce connectivity of the switch-induced subgraph for each switch.

Instead of modeling conjunction using a series-composition of switch graphs in the
construction of éso as presented in Construction 9, we introduce a new operation called
star-composition in which only the source vertices are merged into a single vertex. Fig.|7.1
illustrates the updated construction process on a simple example. Observe that in
any configuration where the resulting graph is connected, both component graphs of a
star-composed switch graph must themselves be connected. Intuitively, this models a
conjunction for global connectivity.

To formally define this new construction, we begin by introducing a new type of switch
graph. A switch graph G is a series-parallel-star switch graph if it has a distinguished
source s(G) and satisfies the following conditions:

o Series-parallel switch graph: Gisa series-parallel switch graph.

. Star—compositign: G is obtained by taking the union oAf two series-parallel-star
switch graphs G and G2 identifying s(G) = s(G1) = s(G2).

Unlike series-parallel switch graphs, series-parallel-star switch graphs have no distinct
target vertex. Hence, a series-composition of star-composed switch graphs is not possi-
ble. Consequently, by replacing the series-composition with a star-composition in the
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7.2. Intractability for Star Switches
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Figure 7.1: Example switch graph é; for a 2-normalized formula ¢, constructed as
described in Construction [11. Each color corresponds to a variable and its associated
switch; solid edges represent edges of the on-position, while dashed edges represent edges
of the off-position.

construction of CA{P, we are limited to 2-normalized formulas. Formally, we update the
inductive construction process as follows:

Construction 11. For every 2-normalized formula ¢, we construct a corresponding
series-parallel-star switch graph G7, as follows:

o If p =19 Aw, then CA}; is formed by the star-composition of CA}; and CA?:J

e Otherwise, @; is equal to CA}SO as described in Construction (9.

Throughout this process, switches corresponding to the same variable retain their identity
and are merged accordingly. As a result, G, contains exactly one switch .S, for each
variable x € V().

Since ¢ is in conjunctive normal form, the series-parallel switch graph corresponding
to each clause in ¢ is constructed by a sequence of parallel-compositions of single-edge
switch graphs. Each such construction yields a switch graph consisting of two vertices,
with each involved switch containing a single edge between them. Applying the star-
composition to these clause-specific switch graphs produces a series-parallel-star switch
graph with the structure of a star (see Fig. 7.1 for an illustration). Specifically, the union
graph of (A;Z; forms a star graph, implying that every switch S, € & (G;) is a star switch.
Furthermore, as in Construction |9, each a-b-bounded variable in ¢ corresponds to an
{a, b}-switch in (A;Z;
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Analogous to Lemma [10, we map each interpretation I of ¢ to a configuration ¢ of
G, by setting each switch S, € S(GY) to the on-position if and only if the corresponding
variable  is set to true in /. This correspondence is captured by the bijection f, :
I(p) — C(GY), formally defined for each interpretation I € Z(y) and switch S, € S(G7)
as follows:

The following lemma proves the correctness of this mapping:

Lemma 11. Let ¢ be a 2-normalized propositional formula and I an interpretation of p.
Then, G7, configured by f,(I) is globally connected if and only if I(p) = 1.

Proof. Let ¢ := f,(I). The proof is by induction on the structure of the formula ¢.

Base case: If ¢ is not a conjunction of two subformulas, then CA}Z; is equal to CA}@ as
defined in Construction 9. Since ¢ is 2-normalized, it must be composed solely of literals
and disjunctions. Consequently, C:’(p is constructed from single-edge switch graphs and
parallel-compositions. It follows that CA}; is composed of precisely two distinct vertices —
a source vertex s(@;) and a target vertex t(@;) As a consequence, c o CAJ; is globally

connected exactly when co CAJSD admits an s-t-path. In Lemma |10, we have shown that
coG, admits an s-t-path if and only if I(¢) = 1. Thus, we obtain the desired equivalence.

Inductive step: Assume that the statement holds for all subformulas of ¢. Since
the base case already covers all formulas that are not conjunctions, we can conclude that
© must be a conjunction of two subformulas ¥ and w. By construction, CA?; is formed
by the star-composition of éfp and CAJU*J Observe that c o CA?; is globally connected if and

only if both co éfp and co CA{: are globally connected. By the inductive hypothesis, this
is precisely the case when I(¢) =1 and I(w) = 1. Finally, I(¢) = 1 and I(w) = 1 if and
only if I(¢) =I(y ANw) = 1. O

Analogous to Corollary [2/ and Corollary [3| obtained from Lemma 10 showing the
correctness of the reduction to STCON-SWITCHING and WEIGHTED-STCON-SWITCHING,
respectively, we can equivalently derive the following two corollaries from Lemma 11:

Corollary 4. Let ¢ be a 2-normalized propositional formula. Then o is satisfiable if and
only if there exists a configuration of G, such that the configured switch graph is globally
connected.

Corollary 5. Let @ be a 2-normalized propositional formula and k some integer. Then
there exists an interpretation I € Z(p) such that I(p) =1 and |I|y <k if and only if
there exists a configuration ¢ of Gy, such that G, o c is globally connected and cla < k.

In Chapter |5, we have established that the satisfiability problem remains NP-hard
even for 2-1-bounded 2-normalized formulas (Theorem 7). By reducing this variant



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verflgbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

] 3ibliothek,
Your knowledge hub

7.3. Intractability for Vertices of Bounded Switch Degree

of the satisfiability problem to GCON-SWITCHING using Corollary |4 and applying the
structural observations from Construction (11, we derive the following intractability result
for GCON-SWITCHING:

Theorem 22. GCON-SWITCHING is NP-hard, even if all switches are {2, 1}-star switches
and the union graph is a star graph.

Moving on to the weighted variant, recall that Theorem |13 established that weighted
satisfiability is W[1]-hard even for 2-1-bounded 2-normalized formulas. Moreover, the the-

orem shows that, unless the ETH fails, this problem cannot be solved in time g(k:)no(ﬁ) ,
where ¢ is some computable function, k is the maximum weight of a satisfying truth
assignment, and n is the number of variables in the formula. Similar to Theorem 17, we
reduce this restricted variant of weighted satisfiability to ONOFF-GCON-SWITCHING via
Corollary |5, yielding the following intractability result:

Theorem 23. ONOFF-GCON-SWITCHING s W[I]-hard, even if all switches are {2,1}-
star switches and the union graph is a star graph. Furthermore, assuming the ETH,

k
the problem cannot be solved in time f(k:)no(@), where f is an arbitrary computable
function and n is the number of switches in the switch graph.

7.3 Intractability for Vertices of Bounded Switch Degree

Although the theorems above establish the intractability of GCON-SWITCHING and
ONOFF-GCON-SWITCHING restricted to {2, 1}-star switches with a planar union graph,
they do not impose any constraints on the switch degree of the vertices. In fact, in
Construction |11, the source vertex of the series-parallel-star switch graph is incident to
all switches.

To address this, we replace the source vertex with multiple new vertices — one for
each switch — and update the endpoint of the affected edges accordingly. We then add
static edges connecting these new vertices to form a single connected component. Notice
that, after contracting these static edges, we recover the original switch graph. Since
edge contractions preserve the existence of a globally connected configuration, this yields
a valid transformation.

In the transformed switch graph, each new vertex has a switch degree equal to one
plus the number of incident static edges. Importantly, while the union graph of the
resulting switch graph may no longer be a star graph, each individual switch remains a
{2, 1}-star switch.

Building on this transformation, we show in Theorem 24 that GCON-SWITCHING
remains intractable even when the switch degree of every vertex is bounded by three and
the union graph remains planar. To formally prove this result, we begin by presenting
a modified construction of the switch graph, based on the above transformation, for a
given 2-normalized formula:
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Figure 7.2: Example switch graph CAJ; for a propositional formula ¢ € Ag}gnar, constructed

as described in Construction [12. Each color corresponds to a variable and its associated
vertex and switch; solid edges represent edges of the on-position, while dashed edges
represent edges of the off-position. The grey edges represent static edges that connect
the variable vertices in a cycle.

Construction 12. Given a formula ¢ € As, we construct a corresponding switch
graph C:’; The vertex set V(CA?;,) consists of variable vertex v, for each variable x € V()
and a clause verter vo for each clause C € C(p). The switch set S (CA?;,) consists of a
switch S, for each variable x € V() such that S;[1] = {vyve | C € C(p), ~x € C'} and
Sz[2] = {vzve | C € C(p),z € C}. Furthermore, it contains a static edge S, = ({e}) for
each edge e part of the variable cycle in the associated graph G(¢). Fig. 7.2 illustrates
the construction of CAT’;, for a simple example.

By connecting the variable vertices using static edges according to the variable cycle
in the associated graph G(¢p), we ensure that the union graph of CAT‘; is isomorphic to G(¢p).
This construction guarantees that the union graph of CA?; is planar whenever G(y) is
planar. Moreover, each clause vertex vo has switch degree equal to the number of literals
in clause C', while each variable vertex v, has switch degree three — two from the static
edges and one from the corresponding switch S,. As a result, the constructed switch
graph CAJ; derived from a formula ¢ € Ag}gnar fulfills both desired properties: the union
graph is planar, and every vertex has switch degree at most three.

For our purposes, we identify switches in both C:’:, (from Construction 11) and CAJ:D if
they correspond to the same variable = € V(). This allows us to extend any configuration
c of G, to a configuration c of G¢, by additionally setting all static edges in G¢, to the

off-position. This defines a bijection f, : C(C:‘:,) — C(CA};) such that for each S € S((A}';),
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7.3. Intractability for Vertices of Bounded Switch Degree

we have:

1)) = {C(S) if 5 € S(G;)

1 otherwise

Note that for every configuration ¢ € C(@;), CA}; o ¢ is isomorphic to CA}:D o fo(c) after
contracting the static edges. Since edge contractions preserve the existence of a globally
connected configuration, we derive the following lemma:

Lemma 12. Let ¢ € Ag be some formula and ¢ be a configuration of @@ constructed as

described in Construction|11. Then CA?; o ¢ s globally connected if and only if CAJ; o fo(c)
is globally connected.

Since Theorem |7 establishes that satisfiability remains NP-hard even for 2-1-bounded
formulas in 3-CNF and a planar associated graph, we can combine this result with
Lemma |11 and Lemma 12 to obtain a reduction demonstrating the intractability of
GCON-SWITCHING. Like in Construction |11, the 2-1-boundedness of the formula ensures
that each switch is a {2, 1}-star switch. Combined with the above observations that the
union graph is planar and each vertex has switch degree at most three, we obtain the
following intractability result for GCON-SWITCHING:

Theorem 24. GCON-SWITCHING is NP-hard, even if all switches are {2, 1}-star switches,
the union graph is planar, and the switch degree of each vertex is at most three.

Unfortunately, for the weighted variant of the problem, we do not know whether
WSAT(Az 3N By 1) is W[1]-hard, regardless of whether the associated graph is planar or
not. Thus, we cannot conclude that ONOFF-GCON-SWITCHING is W[1]-hard for small
star switches whilst keeping the switch degree of each vertex bounded by a constant. We
leave this as an open question.

Discussion Generally, for the unweighted variant of GCON-SWITCHING, we have
shown that the problem is polynomial-time solvable when restricted to matroid switches
(Theorem |1). However, the problem becomes intractable for {2, 1}-switches, which are
the simplest non-matroid switches. Despite this, it is not straightforward to establish a
dichotomy result analogous to Theorem |[6. Specifically, given a class of switches 4 without
isolated vertices, can we assert that GCON-SWITCHING is polynomial-time solvable for
all switches from A if and only if A consists exclusively of matroid switches?

Many of the intractability results in this chapter also carry over to the weighted variant,
except in the case where the union graph is planar and each vertex has switch degree
at most three. This leaves open the question of whether ONOFF-GCON-SWITCHING is
W/[1]-hard under these constraints.
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CHAPTER

s-t-Disconnectivity Switching and
Satisfiability

In this chapter, we investigate the complexity of STDISCON-SWITCHING and WEIGHTED-
STDISCON-SWITCHING — two variants of the switching problem not addressed by our
previous results. In both cases, the goal is to find a configuration of a given switch graph
such that the resulting graph does not admit an s-t-path. In other words, we seek a
configuration that disconnects the source from the target vertex.

Due to their similarity to STCON-SWITCHING, we can leverage many of the tools
developed in Chapter 6] to analyze the complexity of these two variants. In Section 8.1, we
explore this relationship in detail, establishing hardness for both STDISCON-SWITCHING
and ONOFF-STDISCON-SWITCHING, parameterized by the activation budget, even for
{1, 1}-switches when the union graph is series-parallel. Building on these results, we
present in Section 8.2 a transformation that reduces {1, 1}-switches to {2, 1}-star switches,
thereby proving the intractability of both STDISCON-SWITCHING and ONOFF-STDI1SCON-
SWITCHING under this restriction as well.

8.1 Connection to s-t-Connectivity Switching

Given a propositional formula ¢ in negation normal form, Construction |9 demonstrates
how we can construct a corresponding series-parallel switch graph CA{P. As already
described in Section 6.1, we can map an interpretation I € Z(y) to a configuration ¢ of
the corresponding switch graph CAT’@ by setting each switch S, € S (égo) to the on-position
if and only if the corresponding Vgriable x is set to true in I. This mapping is captured

by the bijection f, : Z(¢) — C(Gy), defined as f,(I)(Sy) == I(z) + 1 for each switch
Sy € S(Gy).
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Figure 8.1: Example switch graph C:’g of the negated formula @ in NNF, constructed as
described in Construction |9, derived from a propositional formula ¢ in NNF. Each color
corresponds to a variable and its associated switch; solid edges represent edges of the
on-position, while dashed edges represent edges of the off-position.

Given an interpretation I € Z(¢), Lemma 10 established that the configured switch
graph CA{p o fo(I) admits an s-t-path if and only if I(¢) = 1. Conversely, G, o f,(I)
does not admit an s-t-path if and only if I(¢) = 0. This yields a reduction from the
falsifiability problem for propositional formulas to STDISCON-SWITCHING.

Moreover, since I(¢) = 1 if and only if I(-¢) = 0, we can equivalently reduce from
the satisfiability problem by negating the formula before constructing the corresponding
switch graph. Although —¢ may not be in negation normal form (NNF), as required by
Construction |9, we can transform it into an equisatisfiable formula % in NNF in linear
time without altering the set of variables. This transformation inverts the polarity of
each literal and switches conjunctions and disjunctions. Combined with the equivalences
established above, we obtain that

Ip)=1 <= I(~p)=1(p) =0 <= G o fz(I) does not admit an s-t-path.

This chain of equivalences, illustrated in Fig. 8.1, establishes the necessary reduction to
prove the following corollary:

Corollary 6. Let ¢ be a propositional formula in negation normal form. Then ¢ is
satisfiable if and only if there exists a configuration of Gz such that the configured switch
graph does not admit an s-t-path.

Concerning the weighted variant of the problem, note that the weight of an interpre-
tation I € Z(p) corresponds to the number of switches set to the on-position in f,(I),
that is |I|1 = | f,(I)|2. This directly yields the correctness of the parameterized reduction
from weighted satisfiability to ONOFF-STDI1SCON-SWITCHING:
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8.1. Connection to s-t-Connectivity Switching

Corollary 7. Let ¢ be a propositional formula in negation normal form and k an integer.
Then there exists an interpretation I € Z(p) such that I(¢) =1 and |I|1 < k if and only
if there exists a configuration ¢ of C:’g such that the configured switch graph does not
admit an s-t-path and |c|2 < k.

To establish intractability, we apply the above reductions to constrained variants of
the satisfiability problem discussed in Chapter 5, thereby obtaining hardness results for
restricted classes of switch graphs. Asin Section 6.1, we rely on structural correspondences
between formulas and switch graphs. For instance, we observed that an a-b-bounded
formula translates into a switch graph in which each switch is an a, b-switch, which
does not change when negating the formula. Furthermore, since the reduction involves
constructing a series-parallel switch graph, the union graph must be series-parallel as
well.

Analogous to Theorem |15, we obtain intractability for STDISCON-SWITCHING even
when restricted to {1, 1}-switches, by reducing from the satisfiability problem constrained
to 1-1-bounded formulas, which is NP-hard by Theorem 8| via Corollary |6:

Theorem 25. STDISCON-SWITCHING is NP-hard, even if all switches are {1,1}-switches
and the union graph is series-parallel.

Contrary to Theorem |15, where an analogous reduction for STCON-SWITCHING
ensured that the union graph is a path, we must account for the fact that if ¢ € Ay,
then @ € Vy C Ayy1. As a result, the necessary structural properties of the propositional
formula may no longer hold, and we cannot guarantee that the union graph remains a
path.

Turning to the weighted variant of the problem, we obtain a result analogous to
Theorem |16 by applying a parameterized reduction via Corollary |7/ from the weighted
satisfiability problem, which is W[SAT]-hard when parameterized by the maximum weight
of the truth assignment:

Theorem 26. ONOFF-STDISCON-SWITCHING is W[SAT]-hard parameterized by k, even
if the union graph is series-parallel.

Furthermore, we can establish an analogous result to Theorem |18, which shows that
ONOFF-STCON-SWITCHING is W[1]-hard and can not be solved in subexponential time
unless the ETH fails, even if all switches are {1, 1}-switches. Since the negation of ¢
can be achieved in linear time, we derive a similar reduction from weighted satisfiability
restricted to 1-1-bounded formulas, which is W[1]-hard by Theorem |12, via Corollary |7:

Theorem 27. ONOFF-STDISCON-SWITCHING is W[1]-hard, even if all switches are
{1, 1}-switches and the union graph is a series-parallel graph. Furthermore, assuming

k
the ETH, the problem cannot be solved in time f(k:)no(@), where f is an arbitrary
computable function and n is the number of switches in the switch graph.
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Figure 8.2: Example of the transformation from a {1, 1}-switch to two {2, 1}-star switches
according to Construction [13. Each switch is represented by a different color, with solid
edges indicating the on-position and dashed edges indicating the off-position.

8.2 Intractability for Star Switches

Similar to the approach in Section 6.3.1, where we transformed {1, 1}-switches into
{2, 1}-star switches without effect to the existence of a compatible configuration with an
s-t-path, we can apply a comparable transformation in the context of s-t-disconnectivity.
However, in this case, the transformation is significantly simpler.

The following construction shows how a {1, 1}-switch can be replaced with two {2,1}-
star switches through the addition of a fresh vertex. We then establish the correctness of
the transformation with respect to s-t-disconnectivity in Lemma 13 and use it to derive
intractability results for STDISCON-SWITCHING and ONOFF-STDISCON-SWITCHING
restricted to {2, 1}-star switches in Theorem 28 and Theorem [29.

Construction 13. Let G be a switch graph and S € S(G) a {1, 1}-switch with S[1] :==
{vive} and S[2] := {ujus}. We construct a new switch graph G’ by introducing a fresh
vertex w and replacing S with two new {2, 1}-switches, S; and Ss. For each i € [2], the
positions of S; are:

Si[1] == {vnw,vew} and S;[2] = {ww}.

An illustration of this transformation is shown in Fig. 8.2.

Intuitively, if both new switches are set to the off-position, then v; and vy are
connected via w, while u; and us remain disconnected. Conversely, if both switches
are set to the on position, then uy and us are connected via w, while v; and vy remain
disconnected. This replicates the behavior of the original switch S.

However, we must also consider the intermediate cases where one switch is set to
the on-position and the other to the off-position. In such cases, v1, v, and either u; or
uo become connected through w. If such a configuration does not admit an s-t-path,
we can always replace it with the configuration in which both switches are set to the
off-position, which still blocks the s-t-path while not increasing the number of switches
in the on-position. Thus, in the context of s-t-disconnectivity, these intermediate states
are never more favorable.
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8.2. Intractability for Star Switches

Lemma 13. Let G be a switch graph and S S(G ) a {1, 1}-switch with two edges.
Furthermore, let G’ be the switch graph obtained from the transformation described in
Construction |13. Then, there exists a configuration c of@ such that G o ¢ does not admit
an s-t-path if and only if there exists a configuration ¢ of G' such that G' o ¢’ does not
admit an s-t-path.

Proof. (=): Let ¢ be a configuration of G such that G o ¢ does not admit an s-t-path.
We define ¢’ to be an extension of ¢ to G', where for each i € [2], we set ¢/(S;) := ¢(95).

To obtain a contradiction, suppose that G’ o ¢ admits an s-t- path. Observe that
every path in G’ o ¢ which does not include the new vertex w must also exist in G o c.
Hence, any s-t-path in G’ o ¢ must pass through vertex w.

If ¢(S) = 1, then both ¢/(S7) and ¢/(S2) are in the off-position, so the subpath v1-w-vy
must be part of the s-t-path in G od. However, since ¢(S) = 1, the edge v1vq is present
in Go ¢, allowing us to replace the subpath vi-w-v9 with the edge vivo, resulting in an
s-t-path in Go ¢, a contradiction.

The case for ¢(S) = 2 is analogous: we obtain an s-t-path in Goc by replacing the
subpath wui-w-us with the edge uqus, again contradicting the assumption. Hence, G’ o ¢/
does not admit an s-t path.

(«<): Let ¢ be a configuration of G’ such that G’ o ¢’ does not admit an s-t-path. We
define ¢ to be an extension of ¢’ to G, where switch S evaluates to c(S) := min;ejg{c'(5;)}

Suppose for contradiction that G o ¢ admits an s-t-path. Observe that any path not
using an edge contributed by switch S must also exist in G’ o ¢. Hence, any s-t-path in
GG o ¢ must pass through an edge provided by switch S.

If ¢(S) = 1, then the s-t-path in G o ¢ must include the edge vivy. However, since
c(S) = 1, either ¢/(S7) or /(S2) are in the off-position, adding edges viw and vow to
G'od. Hence, edge viv2 can be replaced by the subpath vi-w-ve, resulting in an s-t-path
in G o ¢, a contradiction.

If ¢(S) = 2, then the s-t-path in Goc includes edge ujusy. In that case, both ¢/(S1) and
(S2) are in the on-position, adding edges ujw and ugw to G’ o ¢’. Therefore, replacing
edge ujug by the subpath ui-w-us results in an s-t-path in G'od , again contradicting
the assumption. Hence, G o ¢ does not admit an s-t-path. 0

In Theorem 25, we established that STDISCON-SWITCHING is NP-hard even when
all switches are {1, 1}-switches. By applying the transformation from Construction 13
to each switch in the switch graph consisting of two edges, and invoking Lemma [13], we
obtain a correct reduction to STDISCON-SWITCHING restricted to {2, 1}-star switches.

It is important to note, however, that this transformation no longer preserves the
structure of the union graph: in particular, the resulting union graph is not necessarily

series-parallel, and we lose any guarantees regarding planarity or bounded treewidth.

Nevertheless, we obtain the following intractability result for STDISCON-SWITCHING:

7
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Theorem 28. STDISCON-SWITCHING is NP-hard, even if all switches are {2,1}-star
switches.

For the weighted variant of the problem, we need to carefully analyze the impact of
the transformation described in Construction [13 on the number of switches set to the
on-position. When the {1,1}-switch S in G is set to the on-position, it contributes a
weight of one. As previously discussed, this corresponds in G’ to setting both S7 and Ss
to the on-position, which collectively contribute a weight of two. Consequently, when
applying the transformation, the activation budget must be increased by 1 in the attempt
to preserve correctness.

However, if S' is set to the off-position in CAJ, then in G’ one could potentially activate
more switches elsewhere due to the increased budget, invalidating the reduction. To
circumvent this issue, we need to ensure that the transformation is applied to every
single switch. This ensures that each switch set to the on-position in G corresponds
to two switches set to the on-position in G By doubling the activation budget, we
obtain a correct parameterized reduction to ONOFF-STDISCON-SWITCHING restricted to
{2, 1}-star switches.

Note, however, that Construction 13 applies only to {1, 1}-switches that contain two
edges. Nonetheless, static edges can safely be contracted without affecting the existence
of an s-t-path, and empty switch positions can be filled with an edge between two fresh
vertices that remain disconnected from the rest of the switch graph. Thus, we obtain the
following hardness result:

Theorem 29. ONOFF-STDISCON-SWITCHING s W[I]-hard parameterized by k, even if
all switches are {2, 1}-star switches. Furthermore, assuming the ETH, the problem cannot

k
be solved in time f(k)no(@), where f is an arbitrary computable function and n is the
number of switches in the switch graph.

Proof. We begin the proof by providing a parameterized reduction, with the activation
budget as the parameter, from an instance (H,¢) of ONOFF-STD1SCON-SWITCHING
restricted to {1, 1}-switches to an instance (G, k) restricted to {2, 1}-star switches.

Similar to the proof of Theorem (19, we may assume that H contains no static edges,
as these can be contracted without affecting connectivity. Moreover, we may assume that
each switch position contains one edge. Otherwise, we introduce two fresh vertices v and
v, and insert the edge uv into all empty positions. Since v and v are isolated from the
rest of the graph, this modification does not affect the connectivity between the original
vertices.

The reduction itself is as follows: (G is constructed by applying the transformation
described in Construction (13|to each switch in H. Furthermore, we set the new activation
budget k to 2¢.
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Observe that the reduction is computable in polynomial time and the parameter k
can be bounded by some computable function of £. To prove that the reduction is correct,
we need to show that there exists a configuration ¢’ of H such that H o ¢’ does not admit
an s-t-path and |¢/|s < £ if and only if there exists a configuration ¢ of G such that G o ¢
does not admit an s-t-path and |c|a < k. We show both directions independently:

(=):

Let ¢ be a configuration of H such that fIAo ¢ does not admit an s-t-path and
|['|2 < €. We construct a configuration ¢ of G such that for each switch S € S(H)
and i € [2], we have ¢(S;) == (95).

By construction, we have |¢|a = 2|¢/|2 and thus |c|y < 2¢ = k. We show that G o ¢
does not admit an s-t-path. Suppose, for contradiction, that such a path exists in
Goc.

Since original vertices of H in G are exclusively adjacent to the auxiliary vertices
introduced in the transformations and vice versa, any s-t-path in Goc must alternate
between original vertices of H and fresh vertices. Additionally, the path must start
and finish with an original vertex of H (the source and target vertex, respectively).

Now, take some fresh vertex w — introduced by the transformation in Construc-
tion (13 of some switch S € S (ﬁ ) — which the s-t-path passes through. By the
argument in Lemma 13 (=), w is preceded and followed by two original vertices u
and v where S[¢/(S)] = {uv}. Since the edge uv is present in H o ¢/, we can replace
the subpath u-w-v in the s-t-path with the edge uv. We repeat this procedure
for all fresh vertices in the path to obtain an s-t-path in Hod , resulting in a
contradiction.

Thus, G o ¢ does not admit an s-t path.

: Let ¢ be a configuration of G such that G o ¢ does not admit an s-t-path and

lc|]2 < k. We construct a configuration ¢ of H such that for each switch S € S (ﬁ ),
we have ¢/(S) = min;c[5{c(5)}-

By construction, we have || < 1|c|s < $k = ¢. We show that H o ¢ does not
admit an s-t-path. Suppose, for contradiction, that such a path exists in Hocd.
Now, let uv be some arbitrary edge on this s-t-path activated by a switch S € S(H).

By the argument in Lemma 13| (<=), we know that the subpath u-w-v must exist in
Go ¢, where w is the fresh vertex introduced in the transformation of S. Hence, we
can replace uv with the subpath u-w-v in the s-t-path. If we repeat this procedure
for all edges in the s-t-path, we obtain an s-t-path in Go ¢, contradicting the
assumption that G o ¢ does not admit an s-t-path.

Thus, H o ¢ does not admit an s-t-path.

Since Theorem 27| establishes W[1]-hardness parameterized by ¢ restricted to {1,1}-

switches, we obtain W[1]-hardness parameterized by k restricted to {2, 1}-star switches
as well.
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Furthermore, let (H, /) be an arbitrary instance of ONOFF-STDISCON-SWITCHING
restricted to {1,1}-switches, and let (G,k) be the instance restricted to {2,1}-star
switches produced by the reduction described above. Suppose that ONOFF-STDISCON-

SWITCHING can be solved in time f(k)no(@) restricted to {2, 1}-star switches, where f
is an arbitrary computable function and n is the number of switches in the switch graph.
Thus, to decide whether (ﬁ ,0) is a yes-instance, we can first reduce it to the instance
(G, k) and solve it in the aforementioned time.

Let m be the number of switches in H. By construction, we have that n = 2m
and k = 2¢. Furthermore, the reduction can be computed in linear time, that is, in
time O(m). In combination, we can therefore decide whether (H,¢) is a yes-instance in

20 e
time O(m) + f(2¢) - (2m)0(1°g<2‘f)), which is less than or equal to g(ﬁ)mo(log‘v’) for some
computable function g.

According to Theorem [27, it is impossible to solve ONOFF-STDISCON-SWITCHING

4
restricted to {1, 1}-switches in time g(é)mo(@) unless the ETH fails. Hence, we conclude
that ONOFF-STDISCON-SWITCHING restricted to {2, 1}-star switches cannot be solved

in time f(k)no(@) unless the ETH fails. O

Discussion In this chapter, we have established the intractability of sTDiSCON-
SWITCHING and its weighted variant, even under strong structural restrictions such as
{1,1}- or {2, 1}-star switches. Our reductions highlight the close relationship between
the complexity of s-t-connectivity and disconnectivity switching.

A central open question is whether STDISCON-SWITCHING admits a dichotomy result
analogous to Theorem |6 for STCON-SWITCHING. In particular: Is STDISCON-SWITCHING
solvable in polynomial time for {1}*-switches whose switch-induced graphs are complete
multipartite? Does the problem become NP-hard as soon as the admissible class of
switch-induced graphs contains a non-complete multipartite graph? And can such a
dichotomy be extended beyond switches with at most one edge per position?
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CHAPTER

FPT Algorithms via Dynamic
Programming

So far, we have established that the switching problem is computationally hard in many
cases, even under strong structural restrictions on the switches and the union graph.
For GCON-SWITCHING, in particular, we showed that the problem remains NP-hard
for {2, 1}-star switches on a planar union graph of maximum switch degree three (i.e.,
every vertex participates in at most three switches; see Theorem 24). This shows that
parameterizing by switch size and switch degree alone does not yield a FPT algorithm,
even when restricting to planar union graphs with connected switches.

A more promising direction is to move from planarity to tree-likeness, measured by
the treewidth of the union graph. Treewidth has proven to be a powerful parameter in
graph algorithms, often turning otherwise intractable problems into tractable ones via
dynamic programming over tree decompositions. We provide the necessary preliminaries
in Section [9.1. In Section 9.2, we develop a FPT algorithm for WEIGHTED-GCON-
SWITCHING, parameterized jointly by the treewidth of the union graph, the maximum
switch degree, and the maximum number of switch positions. In Section 9.3, we show how
the same approach can be adapted to WEIGHTED-STCON-SWITCHING and WEIGHTED-
STDI1SCON-SWITCHING.

Although we shifted our focus from planarity to treewidth, planarity of the union
graph might still be leveraged in a win-win approach to drop the treewidth parameter.
The idea is that if the treewidth is large, we can immediately conclude that the instance
is a no-instance, while if the treewidth is small, we can apply a dynamic programming
algorithm as above. Inspired by the potential applications for ROBOT CONFIGURATION
[18], we explore in Section 9.4 a potential application of this idea for a version of
WEIGHTED-GCON-SWITCHING with an additional parameter bounding the radius of the
configuration graph.
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9.1 Preliminaries

A tree decomposition of a simple graph G is a pair 7 = (T,X) where T is a tree
and X : V(T) — 2V(@) is a function assigning each node t € V(T') a subset X (t) C V(G),
called a bag, such that the following three conditions hold:

1. Vertex coverage: Every vertex v € V(G) is contained in at least one bag, i.e.,
Utev(r) X (1) = V(G).

2. Edge coverage: For every edge uwv € E(G), there exists a node t € V(T') such
that both {u,v} C X(¢)

3. Coherence: For every vertex v € V(G), the set of nodes {t € V(T) | v € X(t)}
induces a connected subtree of T'.

The width of the tree decomposition is max,cy () {|X ()| — 1}, and the treewidth of
G is the minimum width over all tree decompositions of G, denoted tw(G). Given an
integer k, there exists an algorithm with running time 2°*)|V(G)| that either constructs
a tree decomposition of G of width at most 2k+ 1 and at most |V (G)| nodes, or concludes
that tw(G) > k [12]. As a consequence, by running this algorithm for increasing values
of k, we can obtain a tree decomposition of width at most 2 - tw(G) + 1 in FPT time.

A tree decomposition T = (T, X) is nice if T is a rooted binary tree and each node
t € V(T) is one of the following types:

o Leaf node: t is a leaf, meaning deg(t) < 1, and X (t) = (.

o Introduce node: t has exactly one child ¢ such that X (¢) = X (¢') U {v} for some
vertex v € V(G) \ X (t'). In other words, t introduces a new vertex v into the bag.

o Forget node: t has exactly one child ¢ such that X (¢) = X (¢') \ {v} for some
vertex v € X (t'). In other words, ¢ forgets a vertex v from the bag.

« Join node: t has two children ¢; and ¢2 such that X (t) = X(t1) = X (¢2).

Furthermore, for node t € V(T'), let V(t) be the union of all bags present in the
subtree of 1" rooted at t.

Given an arbitrary tree decomposition 7 = (T, X) of some graph G with a width of
at most k, we can construct a nice tree decomposition of G with a width of at most & in
time O(k? - max{|V(T)|, |V (G)|}) containing at most O(k|V (G)|) nodes [4, Lemma 7.4].
Consequently, since a tree decomposition of G of width O(tw(G)) can be computed in
FPT time, we can also compute a nice tree decomposition within the same time bounds.

Dynamic programming is a method for solving optimization or decision problems
by recursively breaking them down into simpler subproblems. It exploits the fact that
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9.1. Preliminaries

many subproblems arise multiple times during the computation. Instead of recomputing
their solutions, dynamic programming stores the results of solved subproblems in a table
and reuses them when needed. This technique can significantly reduce the overall time
complexity of the algorithm.

Applying dynamic programming on a nice tree decomposition is a widely used
technique to design FPT algorithms for graph problems parameterized by treewidth. It
takes advantage of the fact that bags act as separators of the input graph. In particular,
given a nice tree decomposition 7 = (7', X) of width k of a graph G, and anode t € V (T,
there are no edges between the vertices in V(¢) \ X (¢) and those in V(G) \ V(¢). This
means that the vertices in V(¢) are connected to the rest of the graph only through the
vertices in X (t).

This separator property allows us to compute partial solutions for the subgraph
G[V (t)] at each node t € V(T). Because the interaction between G[V(¢)] and the
remainder of the graph exclusively occurs via the bag X (t), it is sufficient to retain the
behavior of the partial solution on X (¢) and discarding all internal details. Therefore,
each partial solution can be stored in a dynamic programming table indexed by t and
the state of the partial solution restricted to vertices from bag X (¢). For example, in the
context of our problem, this state includes the set of vertex pairs in X (¢) reachable from
one another in subgraph G[V (t)], as well as the configuration of the switches incident to
vertices in X (t).

The algorithm processes the tree decomposition in a bottom-up fashion. At each
node t € V(T'), it computes the partial solutions based on the node type and the table
entries of its child(ren). Each entry must be computable in time g(k) - [V (G)|°™ for
some computable function g. Since the number of possible states per bag depends only
on k, and the total number of nodes in the decomposition is O(k - |V (G)]), the overall
runtime becomes f(k) - |[V(G)|°M), where f is a computable function.

The solution to the original problem can be derived from the partial solutions
computed at the root r(7T") of the tree decomposition, as V(r(T)) = V(G). By first
computing a nice tree decomposition of width O(tw(G)) in FPT time and then solving
the problem via dynamic programming, we obtain an FPT algorithm for the problem
parameterized by treewidth.

In our dynamic-programming algorithm for switching problems, we will be working a
lot with reachability relations, or in more general, equivalence relations. The following
lemma states an important property of equivalence relations which we will use in the
analysis of our algorithm.

Lemma 14. Let X| and X9 be sets, and let Ry C X12 and Ry C X22 be equivalence
relations. Then for any Y O X1 N Xa, the following equality holds:

(RIURy)TNY? = (R{URy)NY?)T
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Proof. Let (z,y) € (R1 U Re)™ NY2. This implies that 2,y € Y and that there exists a
shortest sequence of vertices z = x1,x9,...,xr = y such that (x;, z;41) € Ry U Ry for all
ielk—1].

We claim that x; € Y for all ¢ € [k]. Suppose, for contradiction, that there exists
some x; € Y for i € [2,k — 1]. Then z; must belong to either X; \ Y or X5\ Y. Without
loss of generality, assume z; € X; \ Y. Since z; € Xo, it follows that both (x;_1, ;)
and (z;, x;+1) must be in Rj, as they cannot be in Rs. Because R; is transitive, we
have (x;—1,xi+1) € Ry. Thus, we can remove z; from the sequence while preserving
all required conditions, contradicting the assumption that the sequence was shortest.
Therefore, z; € Y for all i € [k].

Consequently, for all 4 € [k — 1], we have (z;, 2;11) € (R1 U Ry) NY?2. By transitivity,
this implies that (z,y) € ((R{UR2)NY2)T. Since this holds for all (x,y) € (RiURs)TNY?2
we conclude that

(RIURy)TNY?2 C (RIURy)NY?)T, (9.1)

Conversely, since ((R; U R2) NY?2)T is a subset of both (R; U Ry)T and (Y?2)T = Y?2,
it follows that

(RIUR)NYHT C(RIURy) T NY?2 (9.2)
Together, Eq. (9.1) and Eq. (9.2) establish the desired equality. O

In Chapter 2, we have already defined S@(v) as the neighborhood of switches of

vertex v in switch graph G. For the analysis of the algorithm, we omit the subscript for
better readability and always assume that the switch graph in question is the one from
the input. Moreover, we extend the definition to vertex sets, allowing us to obtain all
incident switches of a given set of vertices.

9.2 Algorithm for Global Connectivity

In this section, we show that WEIGHTED-GCON-SWITCHING is in FPT for switch graphs
where each switch induced graph is connected. Our algorithm is parameterized by the
treewidth of the union graph, allowing us to define a dynamic programming routine on a
nice tree decomposition of this graph. Additionally, it can also be parameterized by the
maximum switch degree over all vertices and the maximum number of positions over all
switches.

To illustrate the core idea of the algorithm, consider a switch graph G where for each
switch S € §(G), the switch induced graph G(S) is connected, along with a nice tree
decomposition 7 = (T, X) of the union graph G(G). For some node t € V(T'), recall

that the bag X (t) separates V(t) \ X (¢) from the rest of the graph. Since each switch
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induces a connected subgraph, every switch incident to vertices in V(¢) but not in X (#)
cannot be incident to vertices outside of V(). This property is crucial for our dynamic
programming algorithm, enabling us to compute partial solutions for subgraph G[V (¢)]
at each node t € V(7).

The intuition behind this becomes clearer when we consider the following: let ¢; and
c2 be two configurations of G that are identical on all switches incident to vertices in X (1),
ie., c1ls(x(t) = c2ls(x(t)), and assume that both Gocy and G o ¢y are globally connected.
Furthermore, suppose that the pairs of reachable vertices within X (¢) are the same in
both G[V (t)] o ¢1 and G[V ()] o ¢y, that is, R(G[Vi] o e1) N X (t)2 = R(G[V;] 0 ca) N X ()%

~

Let w: S(G) x Nsg — R be a weight function over switch positions. Suppose that
the restricted weight of ¢ is strictly smaller than that of co on the switches incident to
vertices in V/(¢), that is, w(ci|sv))) < w(czlsw ). We claim that c is suboptimal.

If this claim holds, then every optimal configuration of G must also be optimal for the
subgraph G [V (t)], when restricted to configurations that agree on the switches incident
to X(t), and induce the same reachability relation on X (¢). This observation is crucial
for our dynamic programming algorithm: it ensures that we can compute optimal partial
solutions for G[V (¢)] at node ¢ independently of the rest of the graph.

To prove the above claim, we construct a new configuration ¢, from ¢y by modifying
the positions of switches incident to vertices in V' (¢) to match those in ¢;. Formally, we
define ¢} as follows:

¢ = el sy @i Y elsv):

This means that G[V (t)] o ¢ is identical to @[Vg)] o c1, and, by assumption, the
reachability relations on X (¢) coincide with those of G[V(t)] o ca.

Observe that within G[V (t)] o ¢1, every vertex in V/(£) \ X () must be reachable from
some vertex in X (¢). Any unreachable vertex would be disconnected from the rest of
the graph, as there are no edges between V' (¢) \ X (¢) and vertices outside of V' (¢) in any
configuration of CAJ, contradicting the assumption that Goc is globally connected. By
construction of ¢, the same can be said about G[V (t)] o c.

Let us now consider the connectivity of G o co. Since G o ¢ is globally connected
and X (t) separates V(¢) from the rest of the graph, every vertex in V() \ X (¢) must
be be reachable by some vertex in X (¢) within G[V (£)] o ¢;. The same must hold for
G[V (t)] o ¢, as it is identical.

Since G o ¢y is globally connected, the edges outside G [V(t)] o c2 must provide the
missing connections among the pairs in X (¢) and also link the vertices outside V (t) to
those in X (£). These edges remain unchanged in G[V ()] o ¢, implying that G o ¢ is also
globally connected. Moreover, w(ci|sv))) < w(calsq(y)) implies that w(cy) < w(ca),
proving that ¢y is not optimal.

What this shows is that, given a partial configuration ¢; € C(G[X (t)]) of switches
incident to vertices in X (¢), and an equivalence relation R, C X (t)2, every globally
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connected configuration ¢ of G satisfying cls(x(t)) = ¢t and R(GIV(#)]oc)NX(t)? = R,
must also ensure that every vertex in V(t) \ X (¢) is reachable from some vertex in
X(t) in G[V(t)] o c. Among such configurations, we can safely replace the settings of
switches incident to vertices in V(¢) with those from another configuration satisfying the
same ¢; and Ry, without affecting global connectivity. Moreover, every minimum-weight
configuration under these constraints must also minimize the weight over the switches
in V(¢) among all such valid configurations.

9.2.1 Formal Description of the Algorithm

The above observations are the key to our dynamic programming algorithm. Given a
switch graph G and a nice tree decomposition 7 = (7', X) of the union graph G(G), we
define a dynamic programming table W with following entries:

~

Definition 1. For each node ¢t € V(T'), partial configuration ¢; € C(G[X (t)]) of switches
incident to X (t), and equivalence relation R; C X ()2, let Wt, ¢;, Ry] be the minimum

~

weight over all configurations ¢ € C(G[V/(¢)]) such that:

(1) configuration c restricted to switches in X () is equal to ¢, that is, c|s(x 1)) =

(2) the reachability relation of G[V (t)] o ¢ restricted to vertices in X (t) is equal to Ry,
that is, R(G[V(t)] o ¢) N X (t)? = Ry, and

(3) every vertex in V(t) is reachable from some vertex in X () in G[V ()] o ¢, that is,
Yo e V(t): R(GV(t)] oc)fv] N X (t) # 0.

If no such configuration exists, we assign the value co to W|t, ¢, Ry], following the
standard convention of taking the minimum over an empty set. As a consequence, for
any non-empty switch graph G, we have W(r(T),0,0] = oo at the root node of the nice
tree decomposition, since condition (3) cannot be satisfied.

Thus, to determine the minimum weight over all connected configurations of C:’, we
cannot use the entries of the root node r(T') directly. Instead, we consider the child
node 7. Since r(T') must be a forget node, we have V(') = V(G) and X (r') = {v} for
some vertex v € V(G). For every configuration ¢, € C(G[{v}]) of the switches incident
to v, the value W{r’, ¢, {(v,v)}] corresponds to the minimum weight of configuration
c € C(@) such that c|g(,) = ¢, and every vertex in G o c is reachable from v, thereby
ensuring global connectivity. By iterating over all configurations of the switches incident
to v, we can find the minimum weight over all globally connected configurations of @,
formally stated in the following lemma:

Lemma 15. The minimum weight over all connected configurations ofGA»' is given by

min W[, ¢y, {(v,v)}],
CvEC(G[{U}D
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where 1’ is the child of the root node r(T) in the nice tree decomposition such that

X(') = {v}.

We now describe how to compute the entries of the dynamic programming table W
for each node t € V(T'), depending on its type. For all node types except leaf nodes, the
values are defined recursively based on the entries at the children of ¢. In each case, we
prove that the resulting value satisfies the invariant defined in Definition [1.

Leaf node. Ift is a leaf node, then its bag X (¢) is empty. Consequently, the vertex-
induced subswitch graph C:'[X (t)] is the empty switch graph, which only admits the
empty configuration (). Furthermore, the only equivalence relation on X (¢) is the empty
relation. Since G[V/(t)] is also the empty switch graph, all three conditions of Definition 1
are trivially satisfied.

Lemma 16. Ift is a leaf node, then the only entry in the dynamic programming table
fort is
Wit,0,0] =0,

which satisfies the invariant specified in Definition 1.

Introduce node. If ¢ is an introduce node with child ¢, then a new vertex v is added
to the bag. This may introduce new switches and add new edges to existing switches,
all of which are incident to v. Crucially, all such edges lie between v and vertices in
bag X (t').

Intuitively, to compute the value of W{t, ¢, R], we consider entries at child node ¢’
whose configuration on switches incident to X (¢') matches ¢;. Among these, we select
those whose reachability relation on X (¢'), when extended by the new active edges
incident to v in ¢, results in R;. Taking the minimum of the corresponding values and
adding the weight of all new switches incident to v, configured by ¢, yields the value of
W[t, Ct, Rt] .

Lemma 17. Ift is an introduce node with child t', where X (t) = X (t') U {v} for some
vertez v & X ('), then for every configuration ¢, € C(G[X (t)]) of switches incident to X (t)
and equivalence relation Ry C X (t)?, the following recursive definition of Wt, ct, Ry
satisfies the invariant in Definition |1:

Wit,cs, Ry] = {W[tlv Ct|S(X(t’))7Rt’]} +w(cdsw)),

min
R, CX(¢)2 valid for c¢,Ry

where Ry is an equivalence relation such that adding the active edges incident to v in
G[X(t)] o ¢t to Ry, and taking the transitive closure, yields Ry, or equivalently,

R, = (Ry NR(G[X ()] o ¢,)) "
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Proof. Let ¢ be a configuration of G [V ()] for which the minimum weight is attained in
Definition 1 for W[t, ¢;, Ry]. Then ¢ = ¢&|g(y(xy) is a configuration of G[V'(t')]. For ¢y =
cls(xy) and Ry = R(GIV (] o) N X ()2, conﬁguration ¢ clearly fulfills condition (1)
and (2) of Definition 1 on Wt', ¢y, Ry]. Condition (3) is also fulfilled since v is only
adjacent to vertices of X (') in G[V(t)] o0&, thus for any vertex u € V(') there still remains
a path to a vertex of X (t') in G[V(¥')] o ¢. Consequently, ¢ is one of the configurations
considered in the recursive definition of W[t', ¢/, Ry] and we have that:
WIt',cp, Ryl < w(c) = w(elsw @) = w(e) — w@lswmnswe))) )
= Wlt, ct, Be] — w(etlsnsx)))
Moreover, condition (1) of & in the definition of W[t, ¢t, Ry] proves that:
cv = clsxwy = lseylsxan = elsxaplscxwy = clsxwy
Utilizing Lemma (14, condition (2) has the following implication:
Ry = RGV(H)] 0 &) N X()* = (R(GIV ()] o ¢) UR(GIX(1)] 0 )" N X (2)?
= (RGV ()] 0 ) UR(GIX(1)] 0 c) N X (1))
= (R UR(GX(t)] 0 cr))”
Hence, ¢y together with Ry is considered in the recursive definition of Wt, ¢, Ry]. In
combination with Eq. (1), we then have that:
Wlt,ci, Ry] > i Wit "y, Ry v , 2
[t,ct, Re] > P %Rt{ [t ctls(x @y, Be] +w(esensxay)t  (2)
On the other hand, consider an arbitrary equivalence relation Ry C X (t)? such that
(Ry UR(G[X (t)]oct))™ = Ry. Let ¢ be a configuration of G[V (¢')] for which the minimum
weight is attained in Definition 1 for W[t', ¢ S(x())s Be]. We construct a configuration
¢ of G[V (t)] such that for each switch S € S(V(t)):
a(S) ifSeS(X(t))
c(S) =
¢(S)  otherwise
Observe that, due to the properties of ¢ in Definition 1 for W[t', ¢;|s(x sy, Re], ¢ must
also fulfill conditions (1) and (3) in the definition of W{t, ¢, R¢]. By utilizing Lemma |14,
we can also confirm property (2):
Ry = (Ry UR(GIX ()] o))" = (R(G[V ()] 0 &) UR(G[X (t)] 0 c1)) T N X (t)?
= R(G[V(t)] oc) N X(t)?
Hence, ¢ is one of the configurations considered in the recursive definition of Wt, ¢y, Ry].
This implies that:
Wt ce, Re) < W, el s(x ), Rl + w(cl spnsxwy)) (3)
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Since Eq. (3) holds for every equivalence relation Ry such that (Ry U R(G[X (t)] o
¢t))T = Ry, we conclude:

Wit e BIS | B e WV atlsen), Bl +wlalsopsxan)t - (4)

Concluding, Eq. (2) and Eq. (4) together prove the recursive definition in the lemma
statement. ]

Forget node. Ift is a forget node with child #, then some vertex v is removed from
the bag. Since this vertex has no edges to vertices outside of V; in the union graph, we
must ensure that v is reachable from at least one vertex in X (¢) before it is removed.
Otherwise, the vertex, and possibly other vertices in V'(t) \ X () connected to v but not
to any other vertices in X (¢), become disconnected from the rest of the configured graph,
preventing global connectivity.

Intuitively, to compute the value of W{t, ¢;, Ry], we consider entries at child node ¢/
whose configuration on switches incident to X (¢) matches ¢, and whose equivalence
relation restricted to pairs within X (¢) is equal to R;. Among these, we select those where
v is in relation to at least one vertex in X (¢). The minimum of these values corresponds
to the value of W{t, ct, Ry].

Lemma 18. Ift is a forget node with child t', where X (t)U{v} = X (t') for some vertex
v & X(t), then for every configuration ¢, € C(G[X (t)]) of switches incident to X (t) and
equivalence relation Ry C X (t)?, the following recursive definition of Wt c;, Ry] satisfies

the invariant in Definition |1

Wt,ci, Ry] = min {WI[t',cvr, Re]},

ey €C(GIXIE) .
Rt/ng/ valid for ct,Rt

where

(1) cy is an extension of ¢y, that is, cyls(x ) = ct,
(2) Ry is identical to Ry on X (t), that is, Ry N X (t)? = Ry, and

(3) v is in relation to at least one vertex in X (t) in the equivalence relation Ry, that is,
Ry[v] N X (t) # 0.

~

Proof. Let ¢ € C(G[V (t)]) be a configuration for which the minimum weight is attained
in Definition I for Wt, ct, Be]. Since V(t) = V(¢), ¢ is also a valid configuration in
C(GIV()]). Define ¢y = &|g(x () and Ry := R(G[V ()] o &) N X(¢')?. By construction,
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¢ satisfies all three conditions of Definition 1 for W[t', ¢y, Ry], and hence is among the
considered configurations. Therefore:
W, cy, Ryl < w(e) = WIt, ¢, Ryl. (1)
Moreover, the definition of ¢ implies the following:
cvlsx () = Clsxaylsxw) = Elsxw) =
RyNX(t)?=RGV()] &) N X{#)?NX(t)? =R(G[V ()] o2)NX(t)? = Ry,
Ryl N X(t) = R(G[V ()] o &)[v] N X (t) # 0.
Thus, (¢y, Ry) is considered in the minimum of the right-hand side of:
W(t,ct, Re] > _ min Wt cy, Ry (2)
ey €C(GIX[E]) .
t RtIQXf/ valid for c¢, R
Now, consider an arbitrary pair (cy, Ry) such that cy|s(x()) = ¢t, Ry N X (t)?> = Ry, and
Ry[v] N X (t) # 0. Let & € C(G[V(¥')]) be a configuration for which the minimum weight
is attained in Definition 1 for W[t', ¢y, Ryr]. Since V(t') = V(t), we have ¢ € C(G[V (t))]).
It then follows:
et = colsx )y = Clsxwylsx ) = Clsx s
Ry =RynNX(t)?=RGVEoe)NnX({H)2NX(t)? = R(G[V(t)] o) N X(t)2,
R(G[V(t)]ee)[v] N X (t) = Ry[v] N X () #
Hence, ¢ satisfies all three conditions in Definition 1 for W[t, ¢, Ry], and is considered in
the minimization, resulting in:
Wt ct, Ry) < w(e) = Wt ey, Ryl (3)
Since this holds for all valid (¢y, Ry), we obtain:
Wilt, ct, Re] < _ min Wt cy, Ry (4)
ey €C(GIXH]]) .
Rt/QXf/ valid for c¢,Re
Combining inequalities (2) and (4), we conclude that the entry W[t, ¢;, R;] in the dynamic
programming table is defined as stated in the lemma. O
Join node. Finally, we consider the case where t is a join node, with children ¢; and
to. Intuitively, to compute the value of W[t, ¢, R;], we consider pairs of entries from t;
and ¢ whose configuration on switches incident to X () matches ¢;. This allows for their
respective configuration graphs of G[V (¢1)] and G[V (t2)] to be merged. In the process, it
can occur that vertices in X (¢) that were not connected before, may be reachable now.
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Hence, we restrict ourselves to pairs of entries where the resulting reachability relation
on vertices of X (¢) is equal to R;. Taking the minimum of the added values for each
pair, and subtracting the weight of the common switches (which are exactly the switches
incident to X (¢)) yields the value of Wt, ¢y, Ry].

Lemma 19. Ift is a join node with children t1 and to, then for every configuration

¢t € C(G[X(t)]) of switches incident to X (t) and equivalence relation Ry C X (t)?, the

following recursive definition of W{t,c,, Ry] satisfies the invariant in Definition 1:
Wlt,c, Re] = min {Wt1, ct, Ri] + Wta, ct, Ro]} — w(cy)

R1,R2CX (t)2
s.t. (R1 UR2)+:Rt

Proof. Let ¢ be a configuration of G[V (¢)] that attains the minimum in the definition
of W(t, ct, Ry] as specified in Definition [1. Then c1 = ¢[s(v (1)) and ca = ¢|s(y,)) are
configurations of G[V (t1)] and G[V ()], respectively. For ¢; and Ry == R(G[V(t1)] o
c1) N X (t)?, configuration ¢; clearly fulfills conditions (1) and (2) of Definition 1 for
W {t1, ¢t, R1]. Condition (3) is also fulfilled since for every u € V(¢1), there exists a path
to a vertex of X (t) without passing through any vertices of V (t5) \ X(¢) in G[V ()] o ¢,
hence the same path exists in G[V (¢1)] o ¢1. Therefore, ¢; is a configuration considered
in Definition 1 for W{t1, ¢, R1]. Analogously, for ¢; and Ry := R(G[V (t2)] o c2) N X (£)2,
configuration ¢y is considered in Definition |1 for Wta, ¢, R2]. In combination with the
fact that V(¢t1) NV (t2) = X (t), this implies that:

Wty ¢, Ri] + Wlta, ¢, Ro] < w(q) + w(es)
w(@lsvn)) + w(@|5(V(t2)))
w(e) + w(els(x )
= W[t, Ct, Rt] + w(ct)
Employing Lemma 14, condition (2) of ¢ in Definition |1 for W[t, ¢;, R;] proves that:

(R(GIV(t)] o e1) N X (1)) U (R(GIV (2)] 0 e2) N X(1)*))*
(R(G[V(t1)] o e1) UR(GIV (t2)] 0 c2)) N X ()*)
]Ocl)UR(A[ V(t2)] o c2))™ N X (1)?

(R1 U Rg)+ =

G
Thus, R; together with Ry are considered in the recursive definition of the lemma. In
(1),

combination with Eq. we then have that:

Wit, cr, Ry] > i Wity e, Ry] + Wlta, ¢, Ro] — 2
[t, ct, Ry Rl,Rr;lg)l((t)Q{ [t1, ce, B [ta, ct, Ro] — w(cr)} (2)
(R1UR2)+:Rt

On the other hand, consider arbitrary equivalenceArelations Ry, Ry € X (t)? where
(R1 U R2)t = Ry. Let & and & be configurations of G[V (t1)] and G[V (t2)] for which
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the minimum weights are attained in Wty,ct, Ri] and Wta, ¢i, Ro], respectively. We
construct a configuration ¢ of G[V/(¢)] such that for each switch S € S(V (t)):
a(S) if S eS(X(t))
() = qea(S) if § € S(V(t)) \ S(X(1)) -
e2(5) if S e S(V(t2)) \ S(X(1))
Since ¢ and & fulfill the conditions of Definition 1 for W{t1, ¢, R1] and Wta, ¢, Ra],
respectively, configuration ¢ satisfies conditions (1) and (3) in Definition |1 for Wt, ¢y, Ry]
as well. By utilizing Lemma 14, we can also confirm that condition (2) is fulfilled:
= (R1URy)" = (R(G[V(h)] 0 &1) N X (1)*) U (R(G[V (t2)] 0 &) N X (8)*))*
= (R(G[V(11)] 0 &1) U R(G[V (t2)] 0 2)) N X (1)*)"
= (R(GV(t1)] o 21) UR(G[V (t2)] 0 &2)) " N X (1)?
= R(GIV()] o ¢) N X(t)?
Hence, ¢ is one of the configurations considered in Definition |1 for Wt,¢;, Ry]. In
combination with the fact that V(t1) NV (t2) = X (t), this implies that:
Wt, i, Ry] < w(c)
= w(clswv(n))) T wlclswt))) — wlclsx@))
=w(e1) +w(e2) —w(er)
- W[t17 Ct, Rl] + W[t27 Ct, RQ] - U)(Ct)

As this holds for all valid Ry, Re, we obtain:

Wt, e, Ry] < min _ {W][t1, ¢, Ri] + Wlta, cr, Ra] — w(ct)} (3)

R1,R2CX(t)?
(R1UR2)+=Rt

Combining (2) and (3), we conclude that the entry Wt, ¢;, Ry] in the dynamic program-
ming table is defined as stated in the lemma. O

We implement these recursive definitions in Algorithm 9.1, a dynamic programming
algorithm that computes the minimum weight over all configurations ¢ € C(G) such
that G o ¢ is globally connected. The entries of the dynamic programming table W are
computed in a bottom-up fashion by traversing 7" in post-order. For each non-leaf node ¢,
the values Wt, -, -] are calculated gradually by iterating over the values of its child nodes.

The correctness of the algorithm follows directly from Lemmas 15 to [19. For the
running time analysis, consider an arbitrary node ¢ € T of the tree decomposition.

The computational bottleneck lies in the nested loops of the main routine, which
enumerate all possible configurations of switches incident to X (¢) and all possible equiva-
lence relations on X (¢). Both quantities grow exponentially with the relevant parameters,
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Algorithm 9.1: Dynamic programming algorithm computing the minimum
weight over all connected configurations ¢ € C(G)

Input :A switch graph G restreited to connected switches, a weight function

w: S(?) x Nsp — R, and a nice tree decomposition 7 = (T, X)
of G(G) R
Output : Minimum weight over all connected configurations ¢ € C(G)
1 WIt, e, Ry] < oo for each t € V(T), ¢, € C(G[Xy]), and equivalence relation

Ry C X (t)?
2 for t € V(T) in post-order do

3 if t is a leaf node then

4 | WIt,0,0] <0

5 else if ¢ is an introduce node with child t' with X (t) = X (¢') U {v} then
6 for configuration ¢, of switches S(v) \ S(X(t)) do

7 Wy — w(cey)

8 for configuration cy € C(G[X(t)]) do

9 for equivalence relation Ry C X (')? do

10 ¢t —cp Ucey

11 Ry + (Ry UR(G[X (t)] 0 ¢,))*

12 W t, e, Re] < min{W|t, c;, Ry], W[t, cr, Ryr] + wy }
13 else if ¢ is a forget node with child t' with X (t) U{v} = X(¢') then
14 for configuration cy € C(G[X(t)]) do

15 for equivalence relation Ry C X2 where Ry[v]N X (t) # 0 do
16 Ct < Ct’|S(X(t))

17 Ry + Ry N X(t)?

18 W[t, Ct, Rt] — Il'lll’l{W[t, Ct, Rt}, W[t,, Cy/ Rt/]}
19 else if ¢ is a join node with children t; and t3 then
20 for configuration ¢, € C(G[X(t)]) do

21 wy < w(ct)

22 for equivalence relations Ry, Ry C X (1) do

23 Ry + (R1 U RQ)+

24 W[t, Ct, Rt] — mlD{W[t, Ct, R], W[tl, Ct, Rt1] + W[tg, Ct, RtQ] — wt}

25 1/ < child of »(T") with X (') = {v}
26 Wy < OO

27 for configuration c. € C(C:*[X(ﬂ)]) do
28 | wy « min{w., W[r', ¢, {(v,v)}]}
29 return w,-
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namely the bag size, the switch degree of each vertex, and the number of switch positions
per switch. All other operations within these loops can be performed in time that depends
only on these parameters.

As a result, the entire algorithm runs in FPT time when parameterized by the
treewidth of G(G), the maximum switch degree over all vertices, and the maximum
number of switch positions over all switches. The following lemma presents this result in

detail:

Lemma 20. Given a switch graph G restricted to connected switches, a weight function
w: S(G) x Nsg = R, and a nice tree decomposition T = (T, X), we can compute the
minimum weight over all connected configurations of G in FPT-time parameterized by k,

A, and s, or more specifically in O(sFH)A . EF2 (A 4 k) -n) time, where

o n is the number of vertices in the in T, that is m = |V (T)|,
e k is the width of the tree decomposition T,

e A is the mazimum switch degree, that is A = max _,, @ degs(v),

e s is the maximum number of switch positions, that is s == maxg s [S].

Proof. The correctness of Algorithm (9.1 follows from Lemmas [15/to [19. We proceed by
analyzing the running time.

For each node t € V(T'), we know that the size of bag X (¢) is at most k + 1. Hence,
the number of configurations of switches incident to X (¢) can be upper bounded by
sk+1)'A while the the number of equivalence relations on X (t) can be upper bounded by
(k + 1)k+L,

Each equivalence relation is represented by assigning to every element a reference
to a representative of its equivalence class. By imposing a total order on the vertices
of C:‘, we ensure that the representative is always chosen as the smallest element in its
equivalence class.

Given two equivalence relations R; and Ry over a totally ordered set X, the transitive
closure (R; U Ry)™ can be computed in O(]X|?) time. This is accomplished by iterating
over all elements of X and comparing their representative elements. If two elements have
different representatives, we select the smaller representative and update all elements
previously associated with the larger representative to point to the smaller one.

The main loop executes a total of m iterations, with each iteration corresponding to
one of the conditional branches. We now analyze the running time associated with each
branch:

o If t is a leaf node, then the entry W[t, (), 0] is set to zero in constant time.
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o If t is an introduce node, then the algorithm essentially iterates over all possible
configurations of switches incident to X (¢) and all possible equivalence relations on
bag X (t') of child node . Since the introduced vertex v has at most A incident
switches, computing the weight in Line 7 can be done in O(A) time. Combining the
configurations in Line 10 is done implicitly when iterating over the configurations
of switches incident to X (¢).

~

In Line 7, rather than computing R(G[X (t)] o ¢;) in its entirety, we can improve
efficiency by determining only the vertices in X (¢) that are adjacent to v under the
configuration ¢;. This suffices, as all other edges are already accounted for in Ry,
resulting in a reachability relation focused on v. Since there are at most A switches
incident to v and at most k edges between v and vertices in X (¢), this computation
requires O(A - k) time. As previously noted, the transitive closure of the combined
reachability relation and Ry can be computed in O(k?) time. Therefore, Line 7
can be executed in O(A - k + k?) time.

Finally, in Line 17, two entries of the dynamic programming table must be accessed.
Since each configuration of switches incident to X (¢) can be encoded in A - (k + 1)
space and each equivalence relation on X (¢) in k + 1 space, such access can be
performed in O(A -k + k) time. Therefore, this line can be executed in O(A -k + k)
time.

Overall, the total running time of this branch is QO(s*+1DA . gF+2 (A + k).

o Iftis a forget node with child node #, then the algorithm again iterates over all
possible configurations of switches incident to X (') and all possible equivalence
relations on X (¢'). Removing the forgotten vertex from the configuration and
equivalence relation in Lines 16 and 17 is handled implicitly. In Line 18, accessing
two entries of the dynamic programming table can be performed in O(A - k + k)
time. Consequently, the total running time for this branch is O(s*+1)-A . gh+2 . A),

e If ¢ is a join node, then the algorithm iterates over all possible configurations of
switches incident to X (¢) and all possible pairs of equivalence relations on X (¢).
As we have at most § - (k 4 1) switches, computing the weight of the configuration
in Line 21 can be achieved in O(¢ - k) time.

In Line 23, computing the transitive closure of the two combined equivalence
relations on X (t) is possible in time O(k?). Finally, in Line 24, accessing three
entries of the dynamic programming table can be performed in O(A - k + k) time.

All in all, the total running time of this branch amounts to O(s D2 kF+2. (A4 k))
time.

Hence, each iteration of the main loop takes O(s 1A . kE+2 . (A 4 k)) time. Since
the running time of Line 1 and Lines 25 to 29 is negligible in contrast, the running time
of the entire algorithm is given by the main loop. As we have n iterations of the main
loop, we obtain the running time as stated in the lemma. ]
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Note that the algorithm can be slightly modified to also produce a witnessing connected
configuration of minimum weight by employing backtracking.

Based on the preliminaries from Section (9.1, a nice tree decomposition of the union
graph G(G), with width 2 - tw(G(G)) + 1 and at most O(tw(G(G)) - |[V(G)|) nodes, can
be computed in FPT time, parameterized by the treewidth of G(é) Thus, WEIGHTED-
GCON-SWITCHING restricted to connected switches can be decided in FPT time when
parameterized by the treewidth of G(CA?), the maximum switch degree over all vertices,
and the maximum number of switch positions over all switches. This results in the
following theorem:

Theorem 30. WEIGHTED-GCON-SWITCHING restricted to connected switches can be
solved in FPT time parameterized by k, A, and s, or more specifically in 20(k) . O(k-A) .
kKO®) .0 time, where

e n is the number of vertices in G, that is n = |V (G)|
e k is the treewidth of the union graph G(G), that is k = tw(G(G)),
o A is the mazimum switch degree, that is A := max_ degG( v),

& |51

e s is the mazimum number of switch positions, that is s == max 5e5(@)

9.3 Adaption for s-t-(Dis)Connectivity

In this section, we adapt the dynamic programming algorithm from Algorithm 9.1 to
solve WEIGHTED-STCON-SWITCHING and WEIGHTED-STDISCON-SWITCHING as well.
Let G be a switch graph restricted to connected switches, w: S (@) x Nsg — R a weight
function on the switch positions, and 7 = (7', X) a nice tree decomposition of the union
graph G(G).

First, we modify 7 so that the source vertex s(G) and the target vertex (@) are
never forgotten. More precisely, for each forget node of s(@) or t(G), we remove the
node, add an edge between its parent and child, and include the corresponding terminal
in the bags of all its ancestors. The modified tree decomposition is still nice, except that
the root node now contains both terminals, s(G) and t(G). Moreover, the width of the
tree decomposition is increased by at most two.

Next, we adjust the dynamic programming table W by removing condition (3) from
Definition 1, since it is no longer necessary for all vertices to be reachable from one
another. This change does not affect the (recursive) definitions for leaf, introduce, or
join nodes, but the definition for forget nodes must be updated. In particular, we drop
condition (3) of Lemma |18 which required that the forgotten vertex must be reachable
from the bag.

At the root node r(T), the bag contains exactly the terminals, that is X (r(T)) =
{s(G),t(G)}. To compute the minimum weight of a configuration admitting an s-¢ path,
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we consider entries W[r(T), ¢, R,] where R, is an equivalence relation on {s(G),t(G)}
such that s(G) and t(G) are in the same equivalence class. These entries correspond to
the weights of configurations of G that admit an s-t-path. To determine the minimum
weight of such configurations, we need to evaluate the following expression:
_min W), e, {s(@), 4G}
cr€C(G{s(G),t(G)}])

For s-t-disconnectivity, we instead consider entries where s(G) and ¢(G) are in separate
equivalence classes. To determine the minimum weight of configurations which do not
admit an s-t-path, we thus have to evaluate the following expression:

_min W[ (T), ¢, {(s(G),s(@)), (H(G), H(G)}]-
ereC(@l{s(@)HEN)

These modifications yield the following results:

Theorem 31. WEIGHTED-STCON-SWITCHING restricted to connected switches can be
solved in FPT time parameterized by k, A\, and s, where

e k is the treewidth of the union graph G(G), that is k = tw(G(G)),
e A is the mazimum switch degree, that is A = max, . & degs(v),

e s is the maximum number of switch positions, that is s == maXge s(a) |S].

Theorem 32. WEIGHTED-STDISCON-SWITCHING restricted to connected switches can
be solved in FPT time parameterized by k, A, and s, where

e k is the treewidth of the union graph G(G), that is k = tw(G(G)),

e A is the maximum switch degree, that is A = max, . é degs(v),

e s is the mazimum number of switch positions, that is s := maxg s |S].

9.4 Global Connectivity with Bounded Radius

Returning to the result in Theorem 30| for WEIGHTED-GCON-SWITCHING, if treewidth is
not included as a parameter, the problem becomes NP-hard even when the union graph
is planar, since the unweighted version is already NP-hard for a constant switch degree,
a constant switch size, connected switches, and a planar union graph (Theorem 24).

In an attempt to overcome this limitation, we consider an adapted version of
WEIGHTED-GCON-SWITCHING with an additional restriction on the radius of the result-
ing configuration graph. In general, the radius of a graph G, denoted rad(G), is defined
as

rad(G) = vg1vi(nG) ug%/aé) distg(v, u),
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where distg (v, u) is the length of the shortest path between vertices v and v in G.

To formally express this problem in our switching model, we define a family of graphs
r-GCON containing all connected graphs with a radius of at most r. Thus, this adapted
version of WEIGHTED-GCON-SWITCHING is simply WEIGHTED-r-GCON-SWITCHING.

By restricting the union graph to be planar, we conjecture that WEIGHTED-r-GCON-
SWITCHING can be solved in FPT time when parameterized by A, s, and r, where A
denotes the maximum switch degree and s the maximum number of switch positions.

The approach follows a win/win strategy: either the union graph admits a tree
decomposition of sufficiently small width, enabling the use of a dynamic programming
algorithm similar to Algorithm [9.1/to solve the problem in FPT time, or the union graph
contains a grid minor of such large size that no connected configuration of radius r can
exist.

A graph H is a minor of a graph G if H can be formed from G by deleting edges,
vertices, and by contracting edges. Graph H is a t x t grid if there exists a bijection
f: V(H) — [t]? from the vertices of H to two-dimensional integer coordinates such
that two vertices u,v € V(H) with coordinates f(u) = (2, y,) and f(v) = (zy,yy) are
adjacent if and only if |z, — xy| + |yu — vu| = 1.

When given a planar graph G and an integer ¢, there exists an O(|V(G)|?) algorithm
that either outputs a tree decomposition of G of width at most 5¢, or provides a minor
H of G that is a t x t grid [4, Theorem 7.23|.

Now, let G be a switch graph with connected switches and a planar union graph
G(G), and w: S(G) x Nug — R a weight function. If G(G) contains a 5r x 5r grid
minor H, then for each vertex v € V(H) with coordinates f(v) = (x4, ys), there exists a
vertex u € V(H) with coordinates f(u) = (x4, yy) such that |z, — x| > 7, |yu — yo| > T,
and r < Ty, Yy, < 4r, implying that v lies in the interior of the grid. It follows that the
radius of H exceeds r. Moreover, we conjecture that reversing contractions and deletions
in H preserves this property, as edges between interior vertices cannot span grid cells in
a planar graph. Consequently, G(C:’) also has radius greater than r, and therefore, every
connected configuration of G must have radius larger than r as well. In this case, we can

conclude that (G, w) is a no-instance of WEIGHTED-7-GCON-SWITCHING.

~

Otherwise, G(G) admits a tree decomposition of width at most 25r. In this case,
we can apply a dynamic programming algorithm similar to Algorithm 9.1. To ensure
that we compute the minimum weight over all connected configurations with radius at
most r, the algorithm must be modified accordingly. Specifically, we propose running
the algorithm |V(G)| times, once for each vertex v € V(G), treating v as the center of
the configuration graph. We conjecture that the dynamic programming routine can be
adapted to enforce the radius constraint by maintaining distance information between
vertices within the dynamic programming table. Specifically, for each node in the tree
decomposition, it seems fruitful to extend the table beyond entries for equivalence relations
on the corresponding bag, which capture the reachability between vertices in the bag
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within the subgraph induced by the subtree rooted at that node, to also include distances
between vertices in the bag. For each pair, one value records the current distance within
the subgraph induced by the subtree rooted at the node, while another value tracks
the additional distance required to connect these vertices using the remainder of the
graph outside the bag and its subtree. This clearly increases the size of the dynamic
programming table, but since the radius is bounded by r, we only need to consider
distances up to r, ensuring that the number of entries for each bag depends only on r, A,
and s. This approach should enable us to decide WEIGHTED-r-GCON-SWITCHING in
FPT time, parameterized by A, s, and r.

In summary, this leads to the following conjecture:

Conjecture 1. WEIGHTED-7-GCON-SWITCHING, when restricted to connected switches
and a planar union graph, can be solved in FPT time parameterized by A, s, and r,
where

e A is the maximum switch degree, i.e., A := max, . deg(v),

e s is the maximum number of switch positions, i.e., s := maXge sa) |S],

Discussion. In this chapter, we have shown that WEIGHTED-II-SWITCHING can be
solved in FPT time for the three graph families studied in this thesis, when parameterized
by the treewidth of the union graph, the maximum switch degree, and the maximum
number of switch positions. To move beyond treewidth and instead restrict the union
graph to be planar, we explored a win-win approach for a variant of global connectivity
switching with a bounded radius on the configuration graph. Although a formal proof of
Conjecture |1 is still pending, we believe this approach is promising and could lead to an
FPT algorithm for WEIGHTED-7r-GCON-SWITCHING.

More broadly, several open questions remain regarding the parameterized complexity
of WEIGHTED—SWITCHING. For example, is it possible to design a parameterized
algorithm when switches are not necessarily connected? This appears unlikely with the
current set of parameters. For unconnected switches, even when each switch has constant
size, the problem is intractable for all considered II (Theorems 15, 20 and 25), despite the
union graph having treewidth of at most two. Although the switch degree is often high in
these hardness results, it is easily possible to reduce instances to bounded switch degree
by introducing static edges and possibly new vertices. Exploring alternative parameters
not considered here may also be a fruitful direction for future research.
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CHAPTER

Conclusion

In this thesis, we took the first steps toward formulating a unified switching framework
capable of encompassing various variants of the switching problem studied in the literature,
called II-SWITCHING. In our analysis, we focused on three specific problem variants, all
with the objective to find a configuration of switches such that the resulting graph admits
a certain connectivity property. The analysis revolved around identifying restrictions on
the instances, especially on the structure of the switches, that either allow for efficient
algorithms or lead to computational hardness results. Additionally, we introduced two
weighted variants of the switching problem, WEIGHTED-II-SWITCHING and ONOFF-II-
SWITCHING, where we also analyzed the parameterized complexity. Fig. 10.1] gives an
overview of the tractability results obtained in this thesis.

II-SWITCHING is in P@\VEIGHTED—H—SVVI’T‘CHING is in P
TI-SWITCHING is NP-hard @ONOFF»H»S\K’ITCHING is W[1]-hard

sTD1sCON

Figure 10.1: Overview of tractability for unweighted and weighted variants of the switching
problem across graph families, depending on the allowed switch structure.
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For the global connectivity variant, we extended the polynomial-time result of Katz
et al. [I1] to the weighted setting and showed that tractability depends less on the graph
structure of the switches and more on whether their positions form a matroid-like system.

By contrast, for the s-t connectivity and disconnection variants, the graph structure
of switches becomes decisive: both remain NP-hard (and W[1]-hard in the weighted case)
even for very simple {1, 1}-switches, which always satisfy the matroid property. However,
for STCON-SWITCHING, restricting to {1}*-switches where the switch-induced graphs are
complete multipartite (including stars) makes the problem polynomial-time solvable. In
fact, this yields a strict dichotomy: as soon as the set of admissible switch-induced graphs
contains even a single graph that is not complete multipartite, the problem becomes
NP-hard.

When moving beyond switches with at most one edge per position, the studied
switching problems quickly become intractable. Already with simple {2, 1}-switches, all
three variants are NP-hard (and W[1]-hard in the weighted case). This hardness persists
even under strong additional restrictions, such as requiring all switch induced graphs to
be stars; and for GCON-SWITCHING, it holds even when the union graph is planar with
maximum switch degree three.

To tackle this intractability, we investigated parameterized complexity for WEIGHTED-
II-SWITCHING to identify fixed-parameter tractable cases. We developed a dynamic
programming algorithm that only requires switches to be connected and achieves an FPT
running time when parameterized by the maximum switch degree, the maximum number
of switch positions, and, most importantly, the treewidth of the union graph.

Looking ahead, there remain numerous directions for future research in the study of
switching problems. Many open questions arise naturally from the overview in Fig. [10.1,
where several combinations of graph families and switch restrictions are yet to be resolved
for both II-SWITCHING and WEIGHTED-II-SWITCHING. For instance:

e Is WEIGHTED-GCON-SWITCHING solvable in polynomial time for matroid-switches,
as is the case for GCON-SWITCHING?

e Is WEIGHTED-STCON-SWITCHING solvable in polynomial time for complete multi-
partite {1}*-switches, as is the case for STCON-SWITCHING?

e Are sTDISCON-SWITCHING and WEIGHTED-STDISCON-SWITCHING polynomial-
time solvable for complete multipartite {1}*-switches, similar to STCON-SWITCHING?

For GCON-SWITCHING with matroid-switches, it is conceivable that a dichotomy
result analogous to that for STCON-SWITCHING with {1}*-switches could be established.
Specifically, if the set of admissible switches includes even a single non-matroid switch,
does the problem become NP-hard? Likewise, it would be interesting to investigate
whether STDISCON-SWITCHING admits a similar dichotomy for switches allowing more
than one edge per position. Notably, restricting switch-induced graphs to be complete
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multipartite is not sufficient for tractability, as STDISCON-SWITCHING is already NP-hard
for {2, 1}-star switches.

Furthermore, although we have established that GCON-SWITCHING is NP-hard for
{2, 1}-star switches, even when the union graph is planar with a maximum switch degree of
three, it remains an open question whether we can show that ONOFF-GCON-SWITCHING
is W[1]-hard under similar constraints, as our current reduction does not guarantee a
planar union graph. Similarly, it is also worth exploring whether STCON-SWITCHING
and STDISCON-SWITCHING remain NP-hard under these same constraints.

With respect to the FPT results, we have already begun to explore a win-win
approach that builds on our dynamic programming algorithm, solving WEIGHTED-GCON-
SWITCHING with connected switches in FPT time when parameterized by the maximum
switch degree and the maximum number of switch positions, while dropping the treewidth
parameter at the cost of requiring the union graph to be planar. Future work could aim
to validate and fully develop this approach, or show that such an approach is not feasible.
However, if successful, it would be interesting to explore whether the approach can be
generalized to WEIGHTED-STCON-SWITCHING and WEIGHTED-STDI1SCON-SWITCHING.
It would also be valuable to investigate alternative parameterizations and restrictions
to identify further FPT cases, for example, when restricting to star switches or when
parameterizing by the vertex cover number of the union graph.

Beyond the restrictions studied in this thesis, there are many other natural ones to
consider. For instance, one could consider switches whose induced graphs are paths,
cycles, or trees, or impose new structural constraints on the union graph. Entirely
different types of restrictions, not yet explored, may also prove fruitful.

Another promising direction is to study graph families beyond the three considered
here. For example, one could seek configurations that yield planar graphs, Eulerian
graphs, or disjoint unions of cliques. An adaptation to directed edges also appears natural,
as directed versions have been explored in earlier work [19, 8] 9] and could have practical
applications, for example, in modeling traffic networks.

Overall, this thesis has laid the groundwork for a unified framework for switching
problems, with several open questions and directions remaining for future research. Its
flexibility allows many problems to be modeled as switching instances subject to simple

structural constraints, and several existing problems easily reduce to such restricted cases.

Thus, we hope that this work provides not only a foundation for understanding switching
problems in a unified way but also a practical tool for deriving complexity results for
other graph-related problems.
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Overview of Generative Al Tools
Used

In the course of writing this thesis, I have made use of the following two Al-tools:
ChatGPT by OpenAl and Github Copilot.

Both tools were used throughout the thesis to refine sentence structure, improve
clarity, and correct grammar or spelling. The prompts were adjusted to ensure that the
adaptations were kept to a minimum and that the original meaning was preserved. None
of the adapted passages were inserted verbatim without modification. All Al-suggested
edits were reviewed and further modified as needed.

Another use case of Al tools was to generate summaries of certain sections of the
thesis where such a summary was needed. However, these summaries were used merely
as a starting point and were usually heavily modified to fit the context of the thesis.

In conclusion, no Al tools were used to generate original content, proofs, or research
ideas. Their role was strictly supportive, with the main intent of ensuring higher clarity
and readability of my own text.
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connected configurations ¢ € C(Q)
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