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S-embeddings were introduced by Chelkak as a tool to study the conformal invariance 
of the thermodynamic limit of the Ising model. Moreover, Chelkak, Laslier and Russkikh 
introduced a lift of s-embeddings to Lorentz space, and showed that in the limit the lift 
converges to a maximal surface. They posed the question whether there are s-embeddings 
that lift to maximal surfaces already at the discrete level, before taking the limit. This 
paper is the first in a two paper series, in which we answer that question in the positive. 
In this paper we introduce a correspondence between s-embeddings (incircular nets) and 
congruences of touching Lorentz spheres. This geometric interpretation of s-embeddings 
enables us to apply the tools of discrete differential geometry. We identify a subclass of s
embeddings -- isothermic s-embeddings -- that lift to (discrete) S-isothermic surfaces, which 
were introduced by Bobenko and Pinkall. S-isothermic surfaces are the key component that 
will allow us to obtain discrete maximal surfaces in the follow-up paper. Moreover, we 
show here that the Ising weights of an isothermic s-embedding are in a subvariety.

© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).
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1. Introduction

The goal of this paper is to relate developments in discrete differential geometry to recent developments in statistical 
mechanics. We will therefore quickly introduce both fields and start with discrete differential geometry.

The aim of discrete differential geometry is to develop discrete versions of results of differential geometry, such that the 
results are not just approximating (in a numerical sense) but also structure preserving. Ideally, the discretized objects should 
satisfy discretized equations, exhibit discretized invariant quantities, have the same symmetry groups and should also have 
a discretized integrable transformation theory. For a general reference we refer to the book [18], or for a quick introduction 
to [16].

A particularly successful area of discrete differential geometry is the study of isothermic surfaces, which are surfaces 
for which a conformal curvature line parametrization exists. A curvature line parametrization is a parametrization that is 
conjugate and orthogonal. It turns out one can discretize these notions consistently. In particular, there is a theory of discrete 
conjugate nets [61,39], which are quad meshes with planar faces. A special case of discrete conjugate nets are the so-called 
circular nets [37,11], which are discrete curvature line parametrizations, and are defined as quad meshes with circular faces. 
Furthermore, the special case of discrete conformal curvature line parametrizations known as discrete isothermic nets was 
developed in [14,15], where the cross-ratio of the four vertices of each face is −1.

Furthermore, a slightly more rigid special case of isothermic nets called S-isothermic nets (short for Schramm isothermic 
nets) was introduced in [15]. S-isothermic nets have proven very practical for the study of discrete minimal surfaces [21]. 
S-isothermic nets may be defined as quad meshes with touching incircles. Moreover, every S-isothermic net comes with a 
sphere per vertex such that adjacent spheres are touching, and can be subdivided into a discrete isothermic net.

The theory of discrete isothermic nets was translated to various space forms [27], and to Lorentz space [49,28,67]. We 
study discrete S-isothermic nets in R2,1, which are defined completely analogously in terms of incidence geometry to 
discrete S-isothermic nets in R3, and are also considered in detail in [25]. Note that spacelike maximal surfaces in R2,1 are 
the analogue of minimal surfaces in R3, and are also a special case of isothermic surfaces in R2,1.

After this brief introduction into the topics of discrete differential geometry that are relevant for our paper, we will now 
continue with the related recent developments in statistical mechanics.

We start with the so-called isoradial graphs [47]. They were used to prove conformal invariance of the Ising model 
[62,33]. They were also used to study the dimer and spanning tree model and the theory of discrete harmonic and discrete 
holomorphic functions [45]. The latter is considered to be the linear discrete analytic function theory from the perspective of 
discrete differential geometry [20]. There is a whole avalanche of research using isoradial graphs, and we refer the reader to 
the survey paper [26]. More recently, a generalization of isoradial graphs, to so-called s-embeddings [29,30], was introduced 
specifically to investigate the Ising model. These s-embeddings are maps from quad graphs to the plane such that the image 
of each quad has an incircle. As such, they are also generalizations of incircular nets [7,23], which were studied in the 
discrete differential geometry community. Subsequently, a more general type of maps was used to study the dimer model, 
the so-called t-embeddings [1,48,36]. These t-embeddings are also known in the discrete differential geometry community 
as (planar) conical nets [55].

It was also shown in [2], that s- and t-embeddings are closely related to discrete conjugate nets and discrete line 
congruences, at least from an algebraic and discrete integrable point of view. However, it was unclear whether and how 
these embeddings relate to the discrete theory of isothermic or minimal surfaces. This question got even more intriguing 
with recent progress showing that s-embeddings can be lifted to certain discrete surfaces in R2,1 that converge to maximal 
surfaces in the thermodynamic limit [30,35,36]. These lifts have recently also been used in a number of other papers 
[34,52,53,9,10,32]. In fact, in [35] the authors posed the question whether there are some s-embeddings such that their lifts 
can be interpreted as discrete maximal surfaces, before taking limits.

This paper is part of a two-paper series (with [5]), the main result of the two papers is to show that the answer is yes: 
there are s-embeddings that are related to discrete isothermic and discrete maximal surfaces. In this paper we pave the 
way by introducing a special class of s-embeddings which we call isothermic s-embeddings. An isothermic s-embedding is 
characterized by the fact that there is a second s-embedding with the same incircles. We show that isothermic s-embeddings 
are exactly those s-embeddings that lift to S-isothermic nets in R2,1. As a consequence, each isothermic s-embedding comes 
with a Christoffel dual partner which is also an isothermic s-embedding (but does not have the same incircles).

Moreover, we show that the X-variables that define the corresponding Ising model are in a subvariety that we call 
the isothermic subvariety. Thereby, we also show that not every (planar) Ising model can be realized as an isothermic s
embedding.

We also discuss the symmetries (beyond O(2,1)) of the discrete surfaces we consider. While contact congruences are Lie 
invariant, null congruences are Möbius invariant, the X-variables are instead Laguerre invariant. We discuss these symmetries 
and questions they provoke in more detail in Section 12.
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In the follow-up paper [5] we will specialize our results from discrete isothermic to discrete maximal surfaces and s
embeddings. Using the technique of [21], we explain how discrete maximal surfaces are obtained from hyperbolic orthogonal 
circle patterns. We will also investigate the 1-parameter associated family of a discrete maximal surface, which also provides 
an associated family of s-embeddings, and show that the X-variables are constant in this family.

Let us briefly discuss possible directions of future investigations. In fact, an S-conical net (a notion similar to an S
isothermic net, see [13,22]), also defined by two families of touching spheres with certain additional constraints. Thereby, 
it is immediately clear from our results that each S-conical net corresponds to a pair of s-embeddings, but we did not 
(yet) investigate this direction further. Additionally, there are also definitions for discrete constant mean curvature surfaces 
both in the S-isothermic and in the S-conical setup. Both these classes of surfaces will also correspond to special classes of 
s-embeddings, another direction of research that appears to be promising.

1.1. Plan of the paper

In Section 2 we lay out the main results including the main definitions and theorems (see Fig. 1 for an overview). In 
Section 3 we briefly recall the necessary preliminaries of Lorentz geometry and the associated sphere geometries: Möbius, 
Laguerre and Lie geometry. In Section 4 we explain the key relation between certain sphere congruences -- called contact 
congruences -- in three-dimensional Lorentz space and circle patterns (and t-embeddings) in two-dimensional Euclidean 
space. In Section 5 we explain how contact congruences are understood as a direct geometric interpretation of the origami 
lift introduced by Chelkak, Laslier and Russkikh -- without the need to consider R2,2 . In Section 6 we provide a Laguerre 
geometric version of circle patterns that we call cycle patterns. In Section 7 we introduce null congruences, a special case of 
contact congruences that correspond to incircular nets (s-embeddings) as a special case of circle patterns (t-embeddings). In 
Section 8 we explain Miquel dynamics, which enable us to characterize isothermic congruences in Section 9. In Section 10
we show that isothermic congruences correspond to S-isothermic nets. In Section 11 we show that for isothermic incircular 
nets the X-variables, the variables that define the associated Ising model, are in a subvariety. In Section 12 we discuss the 
transformation behaviour of the objects we introduced.
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2. Main results

In this paper we consider discrete surfaces in Lorentz space L3 =R2,1. Due to the Minkowski metric two different points 
P , P ′ ∈ L3 may have positive, zero or negative squared distance. A quick introduction to Lorentz geometry is given in Sec
tion 3. We denote the space of lines by L(L3), of planes by P(L3), of circles by C(L3) and of spheres by S(L3). A subscript 
+, 0 or − refers to spacelike, isotropic, or timelike objects, for example S+ is the space of spacelike spheres. An arrow de
notes a space of oriented objects, so �S is the space of oriented spheres. Note that we call the spheres in S0(L3) null-spheres. 
Null-spheres are not oriented, but a null-sphere S is considered to be in oriented contact with an oriented sphere S ′ if the 
center of S is in S ′ .

Definition 2.1. A contact congruence is a pair of maps

c :Z2 → �S−(L3) ∪ S0(L3), c : F (Z2) → �L0(L3),

such that the oriented sphere c(v) is in oriented contact with the oriented isotropic line c ( f ) whenever v and f are 
incident, see also Fig. 2 and Fig. 3. The center net (of a contact congruence c) is a map �c :Z2 → L3 , such that �c(v) is the 
center of the sphere c(v). ■

Note that this definition implies that c(v) contains c ( f ) whenever v and f are incident, see Section 3.3 for details on 
oriented contact. Moreover, the definition implies that around each face the four spheres are in pairwise oriented contact 
(so there are six pairwise contacts).

Let us define another basic type of map that will be useful throughout.
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Fig. 1. An overview of the relations between our main geometric objects (see Section 2). 

Definition 2.2. A map x : Z2 → Rn is a conjugate net [61,39,18] if the image of the vertices of each face f ∈ F (Z2) are 
contained in a plane. We denote this plane by x( f ). ■

A conjugate net x :Z2 → L3 is called spacelike, isotropic or timelike if all its planes are of that type. In particular, a map 
�c : Z2 → L3 is a center net of a contact congruence c if and only if �c is an isotropic conjugate net (see Lemma 4.5). 
Thus, we may think of the center net �c of a contact congruence c as a discrete surface in L3 , and of c as being defined by 
�c and the choice of one oriented isotropic line c ( f0) (in the corresponding plane of the isotropic conjugate net �c) for 
some f0 ∈ F .

4 
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Fig. 2. Left: the local combinatorics of a contact congruence. At each vertex there is a timelike sphere and at each face an isotropic line. Adjacent spheres 
share a tangent plane that contains two isotropic lines. Right: the corresponding geometric picture in Lorentz space L3.

Fig. 3. The intersection of a contact congruence with a plane is a circle pattern. 

Let E2 	R2 be the Euclidean plane, which we embed into L3 as

E2 = {x ∈ L3 | x3 = 0}.

Definition 2.3. A circle pattern is a pair of maps

p : Z2 → C(E2), p : F (Z2) → E2,

such that the circle p(v) contains the point p ( f ) whenever v and f are incident. The conical net (of a circle pattern p) is 
the map �p :Z2 → E2 , where �p(v) is the center of p(v). ■

The predecessor of circle patterns were circle packings. Koebe [50] and Thurston [66] introduced circle packings as 
discretizations of conformal maps. A good introduction to circle packings is the monograph by Stephenson [63]. The gen
eralization to circle patterns with arbitrary intersection angles was started by Thurston [65, Section 13.7] and Rivin [60]. 
Conical nets in the plane were studied in the context of discrete differential geometry [55], and have recently been related 
to the dimer model from statistical physics [1,48,36]. In that context, conical nets are known as t-embeddings [36] or Coulomb 
gauge [48], with some additional embedding constraints that we do not require.

Note that for a conical net x there is a two-parameter family of circle patterns p with �p = x. Specifically, p is deter
mined by the choice of one point p ( f0) for some f0 ∈ F (Z2).

Theorem 2.4. Every contact congruence c defines a circle pattern p via the intersection

p(v) = c(v) ∩ E2, p ( f ) = c ( f ) ∩ E2,

5 
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Fig. 4. A circle packing p (with p• in blue and p◦ in black) and the corresponding incircular net �p• (green), with incircles (brown). (For interpretation of 
the colors in the figure(s), the reader is referred to the web version of this article.)

see also Fig. 3. The conical net �p is the orthogonal projection of the center net �c. ■

Conversely, for every circle pattern p there is a one-parameter family of contact congruences c that intersect E2 in p, 
the parameter is for example the (oriented) radius of a sphere c(v0). In this context, we call the contact congruence c
the Lorentz lift cL of the circle pattern p. Analogously, for every conical net x there is a three-parameter family of contact 
congruences c such that �p is the orthogonal projection of �c, for example by choosing an initial isotropic line c ( f0) for 
some f0 ∈ F (Z2).

Remark 2.5. We restrict ourselves to contact congruences and circle patterns defined on Z2 throughout the paper, to keep 
the exposition focused on the geometry. However, one verifies without difficulty that all the constructions and theorems 
that involve general contact congruences or circle patterns hold if the combinatorics of Z2 is replaced by the combinatorics 
of an arbitrary locally finite, planar and bipartite graph. ■

In Laguerre geometry [51,24], there is the so-called cyclographic model C 	 R2,2: every point P ∈ C corresponds to a 
unique oriented timelike sphere or null-sphere in L3 and vice versa, see Section 3.3. This allows us to define the cyclographic 
lift of a contact congruence and to prove the following theorem, which connects our geometric deliberations to the origami 
lift of t-embeddings, as given by Chelkak, Laslier and Russkikh [36] (see Section 5 for details).

Theorem 2.6. The cyclographic lift of a contact congruence coincides with the R2,2-lift as defined using the origami map. ■

We now turn towards special cases of circle patterns and contact congruences, which will lead us to discrete isothermic 
surfaces.

For the following, let us consider the bipartition of Z2 into black vertices Z2• and white vertices Z2◦ , that is

Z2• = {z ∈Z2 | z1 + z2 ∈ 2Z}, Z2◦ = {z ∈ Z2 | z1 + z2 ∈ 2Z+ 1}.
Note that Z2• 	 Z2◦ 	 Z2, therefore we may also speak of black (white) edges, that is edges of Z2• (Z2◦). Note that E(Z2•)
is in direct bijection with F (Z2) and with E(Z2◦). We also see that F (Z2•) is in direct bijection with Z2◦ , and F (Z2◦) is in 
direct bijection with Z2• .

Let us denote by p• and p◦ the two restrictions of a circle pattern p to Z2• and Z2◦ respectively.

Definition 2.7. Consider a circle pattern p, such that for every face f of Z2 the two circles p(b) and p(b′) are touching, 
where b,b′ are the two black vertices of f (see Fig. 4). We call such a circle pattern a circle packing. ■

It is the restriction to p• (of what we call a circle packing p) that is usually called a circle packing (see [63]). However, 
generically every circle packing p• (with Z2 combinatorics) defines a unique circle pattern p that restricts to p• , due to the 
touching coins lemma [21]. We choose to call the whole of p a circle packing, so as not to introduce new terms unnecessarily.

Every quad in �p• has an incircle and the incircle centers are given by �p◦ . Therefore we also call �p• an incircular 
net. Note that the incircles of �p• are not the circles of p◦ though.

6 
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Fig. 5. The null-spheres c• (left) and time-like spheres c◦ (right) of a null congruence c as well as the isotropic lines c (red). 

Remark 2.8. A special case of incircular nets with straight parameter lines was related to confocal conics in [44,7,23]. In 
the context of Euclidean Laguerre geometry this resulted in new incidence theorems. We do not study this special case in 
the following, but it is not hard to see that corresponding contact congruences are flat, in the sense that the centers of the 
spheres are all contained in a plane. Moreover, [44] introduced a generalization of incircular nets to R3 and showed that 
this discretizes surface parametrizations with a first fundamental form such that the diagonal entries are equal. ■

In statistical mechanics, the notion of an s-embedding [29,30] was introduced in relation to the Ising model (for in
troductions to the Ising model see [40,8]). An s-embedding is an incircular net with additional embeddedness constraints, 
which we do not require.

Let us denote by c• and c◦ the two restrictions of a contact congruence c to Z2• and Z2◦ respectively.

Definition 2.9. A null congruence is a contact congruence c such that

(i) the image of c• is in S0, 
(ii) the image of c◦ is in �S− .

In other words, the radii of all black spheres are zero (see also Fig. 5). ■

Theorem 2.10. The circle pattern associated to a null congruence via Theorem 2.4 is a circle packing. ■

Therefore every null congruence defines an incircular net. Conversely, an incircular net defines a null congruence c up 
to the choice of the orientation of a sphere c(v0) and the third coordinate of �c(v0) for some v0 ∈Z2. The incircles of an 
incircular net are actually the projections of the smallest circles of the null congruence, see Section 6 for details.

Let us turn to a special case of null congruences.

Definition 2.11. An isothermic congruence is a null congruence c such that �c◦ is a spacelike conjugate net. ■

To each isothermic congruence c one may associate an incircular net p• via Theorem 2.10. Consider a black vertex 
b ∈Z2• and the four adjacent white vertices w1, w2, w3, w4 ∈Z2◦ . Two consecutive incircles u(wi), u(wi+1) share a common 
tangent that contains p•(b). In Section 9 we show that the four other tangents also intersect in a point M(p•(b)), and 
this is a characterizing property of incircular nets that correspond to isothermic congruences. We call these incircular nets 
isothermic incircular nets. The fact that the other tangents intersect at each black vertex of an isothermic incircular net means 
that isothermic incircular nets actually come in pairs, see Fig. 6. In fact, the two so related isothermic incircular nets are 
related by Miquel dynamics, see Section 8.

Bobenko, Hoffmann and Springborn [21] introduced the notion of S-isothermic nets in R3. We now translate their 
definition to the Lorentz setup, and then we proceed to show how S-isothermic nets relate to isothermic congruences.

Definition 2.12. A (spacelike Lorentz) S-isothermic net h is a collection of maps 

h◦ : Z2◦ → �S−(L3),

h• : Z2• → C+(L3),

7 
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Fig. 6. Left: an isothermic incircular net p• (blue) is always accompanied by a second incircular net M(p•) (green) with the same incircles (brown). Right: 
an isothermic congruence, the four sphere centers are in a plane, as a result there is a circle orthogonal to the four spheres.

h : F (Z2) → L3,

such that for all faces f = (w,b, w ′,b′) ∈ F (Z2) the two spheres h◦(w), h◦(w ′) are in oriented contact and the two circles 
h•(b), h•(b′) intersect the two spheres orthogonally in the point h ( f ). The center net of an S-isothermic net h is the map 
�h :Z2 → L3 , such that �h(v) is the center of h(v) for all v ∈Z2. ■

The following theorem provides the link between incircular nets as used in statistical mechanics and isothermic nets as 
used in discrete differential geometry.

Theorem 2.13. Every isothermic congruence c defines a unique S-isothermic net h such that c◦ = h◦ , and vice versa every S-isothermic 
net defines two isothermic congruences such that h◦ = c◦ . ■

Essentially, the circles h• are obtained from the spheres c• by intersecting each null-sphere c•(b) with the spacelike 
plane spanned by the adjacent centers of c◦ , see Section 10 for details.

As it turns out, Theorem 2.13 allows us to apply the full machinery developed in [21], to isothermic congruences and 
therefore also to isothermic incircular nets.

Remark 2.14. Note that the ``s'' in s-embedding and in S-isothermic were not originally related, although there are some 
connections now. ■

As shown in [21], S-isothermic nets come in pairs via a construction called the Christoffel dual. Using Theorem 2.13 we 
obtain a similar result for isothermic congruences.

Theorem 2.15. Every isothermic congruence c possesses a Christoffel dual isothermic congruence c∗. ■

The details of the construction are provided in Section 10.
Finally, it was shown in [1,48] that one may associate a dimer model to a conical net, and this approach has been 

further developed in [36,35]. The quantities that define the dimer model on a conical net �p are the so-called X-variables. 
In Section 11 we investigate their geometric meaning in the cyclographic lift of a conical net. Furthermore, it was already 
known that an incircular net the X-variables are in the so-called Ising subvariety. As a further specialization, we show the 
following theorem.

Theorem 2.16. The X-variables of an isothermic incircular net are in a subvariety, which we call the isothermic subvariety. ■

We discuss the defining equations of this subvariety in Section 11.4. Note that Theorem 2.16 implies that not every Ising 
model may be realized as an isothermic incircular net.

Remark 2.17. One may generalize the combinatorics of null congruences and incircular nets as follows. Consider a quad
graph Q . Now construct a graph G such that

8 
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Fig. 7. Left: a timelike plane (red), an isotropic plane (violet) and a spacelike plane (blue). Center: a timelike sphere (red), a null-sphere (violet) and a 
spacelike sphere (blue). Right: inverting a point about a sphere.

B(G) = V (Q ), W (G) = F (Q ), E(G) = {(v, f ) ∈ V (Q ) × F (Q ) | v adjacent to f }.
We may replace Z2 by G , in this case the incircular net p• has the combinatorics of the quad-graph Q . In some references 
(e.g., [48,30]), the combinatorics are chosen slightly differently, by also adding to the edges the set

{(v, v ′) ∈ V (Q ) × V (Q ) | v adjacent to v ′},
which also doubles the number of faces. Our statements about null congruences hold for these combinatorics in the same 
way, except that the orientation of every second sphere in c◦ is reversed. However, our statements about isothermic con
gruences only apply if the dual graph Q ∗ is bipartite, since otherwise the sign in the Christoffel dual cannot be consistently 
alternating. ■

3. Lorentz sphere geometry

3.1. Lorentz geometry

Lorentz space L3 =R2,1 is equipped with the non-degenerate bilinear form

〈x, y〉 = x1 y1 + x2 y2 − x3 y3, (3.1)

which has signature (++-).
For a point x ∈ L3 , the evaluation 〈x, x〉 may be positive, zero, or negative. Hence, two points x, y ∈ L3 may have positive, 

zero or negative squared distance 〈x − y, x − y〉. We denote the space of lines by L(L3) and spacelike, lightlike (isotropic) 
and timelike lines as L+(L3),L0(L3) and L−(L3), respectively. The restriction of the bilinear form (3.1) to the three types 
of lines has signature (+), (0) and (-), respectively. In a slight abuse of terminology we will say a spacelike line has 
signature (+), an isotropic line has signature (0) and a timelike line has signature (-). Similarly, spacelike, isotropic, and 
timelike planes, P+(L3), P0(L3), P−(L3), have induced signatures (++), (+0) and (+-), see Fig. 7 (left). They can also 
be distinguished by the signature of their normal vector, in particular they have timelike, isotropic, and spacelike normal 
vectors respectively. Moreover to each isotropic line there exists a unique isotropic plane containing the line. Isotropic lines 
and isotropic planes intersect E2 at a (Euclidean) 45 degree angle.

A sphere S in Lorentz space with center c and squared radius r2 ∈R is given by the point set

S := {x ∈ L3 | 〈x − c, x − c〉 = r2}.
We distinguish spacelike, null- and timelike spheres, S+(L3), S0(L3), S−(L3), corresponding to the cases r2 < 0, r2 = 0 and 
r2 > 0. Geometrically they correspond to two-sheeted hyperboloids, cones and one-sheeted hyperboloids, see Fig. 7 (center). 
Two timelike spheres are said to touch if they have a point P in common and share the tangent plane in that point, see 
Fig. 8. Since the tangent plane is timelike, the two spheres share two isotropic lines that contain P and are contained in the 
tangent plane. Furthermore, the line containing the two sphere centers contains P and is orthogonal to the tangent plane.

Non-empty planar sections of spheres are (Lorentz) circles denoted by C(L3). Equivalently, circles are non-empty inter
sections of two spheres. Spacelike circles are circles contained in spacelike planes. We denote spacelike Lorentz circles by 
C+(L3). All tangent lines to a spacelike Lorentz circle are spacelike. There are also other type of circles, but we do not need 
them.

3.2. Lorentz Möbius geometry

Let RP4 be the real four-dimensional projective space and let

〈x, y〉3,2 = x1 y1 + x2 y2 + x3 y3 − x4 y4 − x5 y5,
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Fig. 8. Left: two touching spheres, their common generators (red) span the tangent plane. Right: an oriented isotropic line (red) and the unique correspond
ing isotropic plane (violet), as well as an oriented sphere in contact with the oriented isotropic line.

denote a non-degenerate bilinear form on the space of homogeneous coordinates R5. We call the quadric

M = {[x] ∈RP4 | 〈x, x〉3,2 = 0},
of signature (+++--) the Lorentz Möbius quadric of L3 . Via stereographic projection, points of L3 can be identified with 
points on M. The inverse stereographic projection maps spheres to hyperplanar sections of M. Therefore, spheres in L3

can be identified with points in RP4 via polar points of the corresponding hyperplanes. Spacelike spheres correspond to 
points with 〈x, x〉3,2 < 0, null-spheres to points with 〈x, x〉3,2 = 0 and timelike spheres to points with 〈x, x〉3,2 > 0. Note that 
each null-sphere is identified with the point on M that is its center and apex.

Remark 3.1. We used the term ``Lorentz Möbius quadric'' since the Lorentz Möbius quadric is the analogon of the Möbius 
quadric of classical (Euclidean) Möbius geometry. We just replace Euclidean space E3 	 R3 with Lorentz space L3 	 R2,1. 
Another possible name would be ``conformal Lorentz geometry'', since the Lorentz Möbius transformations preserve the 
conformal structure of L3 , that is intersection angles. Moreover, the Lorentz Möbius quadric is also known as the Einstein 
universe see for example [41]), so one could also use the name ``Einstein geometry'' for Lorentz Möbius geometry. Lorentz 
Möbius geometry is also sometimes called ``pseudo-conformal geometry'', see for example [6]. ■

Since we do not use Euclidean Möbius geometry in this article, we simply use the term ``Möbius geometry'' for Lorentz 
Möbius geometry throughout the paper.

Two spheres S1 and S2 in L3 touch each other if and only if the line spanned by the two corresponding points in RP4 is 
tangential to M. The point of tangency stereographically projects to the point of contact of S1 and S2. Two spheres S1 and 
S2 intersect orthogonally if the point in RP4 corresponding to S1 is in the polar complement of the point corresponding to 
S2 with respect to the Möbius quadric, and vice versa.

Let us consider a spacelike Lorentz circle C . There exists a one-parameter family of spheres containing C . The sphere 
centers lie on the axis of the circle. Lifting the one-parameter family of spheres to the corresponding points in RP4 yields 
a line � of signature (+-). This family contains timelike and spacelike spheres and precisely two null-spheres S1, S2, 
which correspond to the two intersection points of � with M. The polar complement �⊥ is a plane of signature (++-), 
which intersects M in the (inverse) stereographic projection of C . Any sphere S represented by a point in �⊥ intersects C
orthogonally, and contains both �(S1) and �(S2).

The group of transformations of (Lorentz) Möbius geometry is PO(3,2), the group of projective transformations preserv
ing the Lorentz Möbius quadric. In L3 , these transformations are generated by the isometries of L3 , scalings, and inversions 
in spheres. The inversion of a point x ∈ L3 in a sphere S ⊂ L3 is defined as the intersection of the line x ∨ �(S) with the 
polar plane of x with respect to S , see Fig. 7 (right).

3.3. Timelike Lorentz Laguerre geometry

The objects of Laguerre geometry [51] are oriented planes and spheres, and the incidence relations are given by oriented 
contact. Lorentz Laguerre geometry is a bit more involved compared to Euclidean Laguerre geometry, since there are planes 
and spheres of different signature. We only use the Laguerre geometry of timelike and isotropic planes and spheres in L3 in 
this article. Hence, we only use the term ``Laguerre geometry'' when referring to timelike Lorentz Laguerre geometry.

3.3.1. Oriented planes, spheres and isotropic lines
Consider a spacelike plane H ∈ P+(L3). There are two normal vectors N± ∈ L3 , which are orthogonal to P − P ′ for all 

P , P ′ ∈ H and such that the squared length of N± is −1. The two normal vectors are related by N+ = −N− . Assigning to H
one of the two normal vectors corresponds to assigning H an orientation. We denote the space of oriented spacelike planes by 
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�P+(L3). Analogously, we orient timelike planes except in this case the squared length of the normal vector is +1, the space 
of oriented timelike planes is denoted by �P−(L3). Isotropic planes do not come with an orientation in Laguerre geometry.

Spacelike and timelike spheres are assigned an orientation (in the sense of an oriented surface), which induces an 
orientation on all tangent planes. We denote the sets of oriented spheres by �S+ and �S− , respectively. As such, we may 
think of spheres as being oriented ``inwards'' or ``outwards''. Null-spheres are not assigned an orientation.

An oriented plane H is in contact with an oriented sphere S if H is a tangent plane of S with the same orientation. An 
oriented plane H is in contact with a null-sphere S if the center �(S) is contained in H . An isotropic plane H is in contact 
with an oriented or null-sphere S if �(S) is contained in H . If two objects are in contact we also say they are touching.

Two spheres S, S ′ are in contact if they share a point P and the same oriented tangent plane at P . A null-sphere S is in 
contact with a sphere S ′ if �(S) ∈ S ′ .

As discussed in Section 3.1 every isotropic line L is contained in a unique isotropic plane H L . The line L divides H L into 
two regions, and we give L an orientation by choosing one of the two regions, see also Fig. 8. We denote the set of oriented 
isotropic lines by �L0(L3).

If a timelike sphere S contains an isotropic line L, then �(S) ∈ H L \ L. The intersection C = H L ∩ S consists of two parallel 
isotropic lines: L and a second line L′ , and L′ is the reflection of L about �(S). Moreover, C is a circle in H L in the sense 
that every point on C has the same distance to �(S). If S is an oriented timelike sphere, then there is a natural induced 
orientation of C and thus of L and L′ as well, either towards �(S) or away from �(S). If L is an oriented isotropic line, then 
S is in contact with L if the orientation of L by choosing a region in H L as above coincides with the induced orientation of 
L as a subset of C ⊂ S .

Note that the set of all oriented timelike spheres and null-spheres that are in contact with an oriented isotropic line L is 
a two-dimensional family. Each such sphere S is uniquely defined by the oriented isotropic line L and its center �(S) ∈ H L .

3.3.2. Cyclographic model
The (timelike Lorentz) cyclographic model C = R2,2 is a practical tool in Laguerre geometry, since it models the space of 

oriented timelike spheres and null-spheres as a vector space. The Laguerre transformations correspond to the isometries of 
C, which are composed of translations and linear transformations which leave the bilinear form

〈x, y〉2,2 = x1 y1 + x2 y2 − x3 y3 − x4 y4

invariant. We view L3 as a subset of C via

L3 = {P ∈ C | P4 = 0}.
For SC ∈ C let the corresponding oriented sphere S in L3 be given by

S = ξ �S(SC) = {Q ∈ L3 | |Q − SC |22,2 = 0}. (3.2)

The orientation of S is understood to be outwards if SC4 > 0 and inwards if SC4 < 0, and if SC4 = 0 then S is a null-sphere. 
Conversely, we call SC the cyclographic lift of S .

Let S, T be two oriented spheres such that there is an oriented tangent plane to both S and T which touches S in a 
point J and T in a point K . The tangential distance of S, T is the distance of J , K and equals |SC − TC |2,2. If SC, TC are the 
two corresponding points in C, then the spheres S, T are in oriented contact if and only if |SC − TC |2,2 = 0.

Each (non-oriented) timelike plane E (signature (+-)) in L3 corresponds to exactly two isotropic hyperplanes H±(E) in 
C of signature (+-0), such that

H±(E) ∩ L3 = E.

The two choices correspond to the two orientations of E . The cyclographic lift EC of an oriented timelike plane E is the 
unique hyperplane (of the two H±(E)) for which all points SC ∈ EC correspond to oriented spheres S in oriented contact 
with E .

Moreover, each isotropic plane E in L3 (signature (+0)) corresponds to exactly one isotropic hyperplane H(E) in C of 
signature (+-0), such that

H(E) ∩ L3 = E.

The cyclographic lift EC of an isotropic plane E is the unique hyperplane for which all points SC ∈ EC correspond to spheres 
S in contact with E .

Analogously, each isotropic line L (signature (0)) corresponds to exactly two fully isotropic planes E±(L) in C of signa
ture (00), such that

E±(L) ∩ L3 = L.

The two choices correspond to the two orientations of L. The cyclographic lift LC of L is the unique fully isotropic plane of 
the two E±(L) such that for all points SC ∈ LC holds that S is in oriented contact with L.

11 
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3.3.3. Timelike Lorentz Laguerre transformations
The (timelike Lorentz) Laguerre transformations correspond to the isometries of C, that is they are the elements of 

O(2,2) plus translations. Laguerre transformations preserve the contact of timelike spheres (including null-spheres) with 
each other. They also preserve the contact of timelike spheres (including null-spheres) with timelike planes (including 
isotropic planes). However, the image of a null-sphere may be a timelike sphere and vice versa, analogously the image of 
an isotropic plane may be a timelike plane and vice versa, because the intersection of a signature (+-0) plane with L3

may either have signature (+-) or (+0). Note that scalings of C (Laguerre similarities) also preserve contact but are not 
Laguerre transformations in the stricter sense.

Remark 3.2. It is also possible to represent oriented timelike and isotropic planes as points on a degenerate quadric B
(the timelike Lorentz Blaschke cylinder) of signature (++--0) in RP4. In that case the Laguerre transformations (including 
scalings) correspond to projective transformations of RP4 that preserve B. ■

3.4. Timelike Lorentz Lie geometry

Since we only treat the case of timelike Lorentz Lie geometry and no other Lie geometry, we will generally just write Lie 
geometry when we mean timelike Lorentz Lie geometry.

The Lie quadric is a quadric in RP5 of signature (+++---). In Lie geometry, oriented timelike planes, isotropic planes, 
oriented timelike spheres, null-spheres and points are treated equivalently. Each such object is identified with a point on 
the Lie quadric.

An object A is in contact with an object B if the point corresponding to A is in the polar complement of B with respect 
to the Lie quadric (and vice versa). Lie transformations are the transformations of RP5 that preserve the Lie quadric. The 
Möbius and Laguerre geometries are subgeometries of Lie geometry. Möbius transformations additionally preserve a fixed 
point inside the Lie quadric (of signature (-)), while Laguerre transformations additionally preserve a fixed point on the 
Lie quadric.

4. Contact congruences and circle patterns

4.1. Conical nets and circle patterns

Given a (non-degenerate) map f : Z2 → E2 and an edge e = (v, v ′) ∈ E(Z2), we denote the line containing f (v) and 
f (v ′) by �(e). Let us denote the reflection about the line �(e) by ρ(e), we call ρ(e) the reflection about the edge e. Generally, 
the composition of four reflections about four lines intersecting in a point in R2 is a rotation around that intersection point.

Lemma 4.1. A map �p :Z2 → E2 is a conical net if and only if for every v ∈Z2

∏

e�v

ρ(e) = id

is satisfied. ■

Proof. See for example [18]. �
Consider the dual graph (Z2)∗ 	 F (Z2) of Z2, and let us denote by E∗(Z2) the set of dual edges and by e∗ the dual edge 

of an edge e ∈ E(Z2). In what follows we will denote by ρ(e∗) the reflection about the original edge e, hence ρ(e∗) = ρ(e).
A discrete connection Γ is a map from the oriented edges of a graph to some (automorphism) group, such that Γ(v, v ′) ◦

Γ(v ′, v) = id for all edges (v, v ′). A discrete connection is said to be flat if it evaluates to the identity along each closed 
cycle.

Lemma 4.2. Let �p : Z2 → E2 be a conical net. The map ρ : E∗(Z2) → Iso(E2) on (oriented) dual edges is a flat discrete 
connection. ■

Proof. Since reflections are involutions, ρ is a discrete connection. Furthermore, ρ is flat if for all f ∗ ∈ F ∗(Z2) holds that
∏

e∗∈ f ∗
ρ(e∗) = id,

which is obviously equivalent to Lemma 4.1. �
Remark 4.3. Conical nets may also be characterized by an angle condition, see [55]. Moreover, conical nets with some 
additional embedding constraints are known as t-embeddings, see [36]. ■
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Fig. 9. Left: the vertical planes �L (gray) above the lines � (green) of the conical net �p, and the isotropic lines pL (red) that are obtained by reflecting 
about these planes. Right: the unique timelike Lorentz sphere pL(v) containing the four isotropic lines.

Each conical net corresponds to a 2-parameter family of circle patterns [55]. To see this, we demonstrate how to construct 
a circle pattern p from the connection ρ of a conical net �p. Begin by choosing a point p ( f0) ∈ E2 assigned to a face 
f0 containing a vertex v0. For p to be a circle pattern, it is necessary that p ( f ) = ρ( f , f ′) ◦ p ( f ′) for all adjacent 
f , f ′ ∈ F (Z2). This condition is automatically satisfied, because ρ is flat. We may therefore use the reflections to determine 
all of p . By construction, for each vertex v ∈ Z2, the points p ( f ) for faces incident to v lie on a circle. Therefore, this 
construction defines a circle pattern p with centers given by �p. Since we may choose the initial point arbitrarily, there is 
indeed a 2-parameter family of circle patterns with center net �p.

4.2. Lorentz lift

We now describe the construction of the Lorentz lift pL of a circle pattern p to Lorentz space L3 , see Section 3 for 
details on Lorentz geometry. Recall that we embedded E2 	R2 as the restriction of L3 	R2,1 to 

E2 = {x ∈ L3 | x3 = 0}.
For each line � ⊂ E2 we denote by �L the vertical plane containing �, that is

�L = {x ∈ L3 | (x1, x2) ∈ �}. (4.1)

Also recall that for each edge e = (v, v ′) ∈ E(Z2), we denote by �(e) the line containing the two centers �p(v) and �p(v ′). 
Moreover, we denote the reflection across the plane �L(e) by ρL(e), since the reflection restricts to the reflection ρ(e)
about the line � in E2 . Since ρ is a flat discrete connection in E2 , it follows immediately that the discrete connection ρL in 
L3 is flat as well.

In Section 4.1 we explained how to construct a circle pattern from a conical net using the reflections ρ . In analogous 
fashion, we now explain how to construct a contact congruence, which we call the Lorentz lift pL , from a circle pattern p
and the connection ρ .

Fix a face f0 ∈ F (Z2) and an oriented isotropic line pL( f0) ∈ �L0(L3) (see Section 3.3) through p ( f0). Since ρL is flat, 
we may propagate pL( f0) by reflections to obtain a well-defined map

pL : F (Z2) → �L0(L3),

with the property pL( f ) = ρL( f , f ′) ◦ p ( f ′) (see Fig. 9). Moreover, by construction the intersection pL( f ) ∩ E2 is p ( f ). 
Also note that if the face f is adjacent to the face f ′ , then pL( f ) intersects pL( f ′) in �L( f , f ′), since �L( f , f ′) is the fixed 
plane of the reflection ρL( f , f ′).

As a result, around each vertex v ∈Z2 we obtain four oriented isotropic lines that intersect cyclically. There is a unique 
oriented timelike Lorentz sphere containing these four isotropic lines, and we denote this sphere by pL(v). The only ex
ception is if the four isotropic lines intersect in one common point, in which case they define a unique null-sphere pL(v). 
In fact, it is not hard to see that pL(v) is also obtained by rotating any one of the isotropic lines around the axis through 
�p(v) orthogonal to E2 . This in turn shows that the circle p(v) coincides with the intersection pL(v) ∩ E2 . Moreover, the 
center �pL(v) is on the aforementioned axis, and therefore the projection of �pL(v) is �p(v).

Theorem 4.4. Any Lorentz lift pL of a circle pattern p is a contact congruence (see Definition 2.1). ■
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Proof. All that remains to prove is that for adjacent v, v ′ ∈ Z2 the spheres pL(v) and pL(v ′) are in oriented contact. 
Let f , f ′ ∈ F (Z2) be such that ( f , f ′) = (v, v ′)∗ . By construction, the two oriented isotropic lines pL( f ) and pL( f ′) are 
contained in both pL(v) and pL(v ′). Therefore the two spheres are indeed in oriented contact, with point of contact 
pL( f ) ∩ pL( f ′) and tangent plane pL( f ) ∨ pL( f ′). �

If we are only given the data of a conical net, and not the circle pattern, the initial isotropic line in the construction of 
the Lorentz lift may be chosen arbitrarily in �L0(L3). Therefore, for each conical net there is a three-dimensional family of 
corresponding contact congruences.

Now, let us prove the converse direction, that every contact congruence defines a circle pattern.

Proof of Theorem 2.4. Let c be a contact congruence, then we define a circle pattern p via

p(v) = c(v) ∩ E2, p ( f ) = c ( f ) ∩ E2.

Clearly, the first intersection yields circles and the other yields points as required. Moreover, for every face f ∈ F (Z2)

incident to a vertex v ∈ Z2 we have c ( f ) ⊂ c(v), therefore we also have p ( f ) ∈ p(v). Moreover, if �p(v) �= �c(v), then 
c(v) is rotation-symmetrical around the line �p(v)∨�c(v), hence, �p(v) is indeed the orthogonal projection of �c(v). �

Let us also observe an additional interesting property of the center net �(c) of a contact congruence c.

Lemma 4.5. Every center net �c of a contact congruence c is an isotropic conjugate net. Every isotropic conjugate net is the center net 
of a contact congruence. ■

Proof. Let c be a contact congruence. Consider a face f ∈ F (Z2) incident to the four vertices v1, v2, v3, v4 ∈Z2. Since the 
four spheres c(v1), c(v2), c(v3), c(v4) each contain the isotropic line c ( f ), the four points �c(v1),�c(v2),�c(v3),�c(v4)

are in an isotropic plane (see Section 3.3). Therefore �c is an isotropic conjugate net.
Now, let us assume �c is some isotropic conjugate net, how do we construct a corresponding contact congruence c? Note 

that for each face f there is a one-parameter family of isotropic lines contained in the isotropic plane of �c corresponding 
to f . Choose an initial face f0 and an initial oriented isotropic line c ( f0) in the isotropic plane of �c corresponding to f0. 
Now we claim that c is completely determined.

To prove this, consider two adjacent faces f , f ′ , let (v, v ′)∗ = ( f , f ′) and assume c ( f ) is already determined. Then 
c ( f ′) needs to intersect c ( f ) in the line

�c(v) ∨ �c(v ′),
and the orientation of c ( f ) with respect to �c(v) (away from or towards) needs to agree with the orientation of c ( f ′). 
Thus c ( f ) determines c ( f ′). In this way all of c is determined from �c and c ( f0). It remains to check that this is 
well-defined.

There is a unique oriented timelike sphere with center �c(v) containing c ( f ), and a unique oriented timelike sphere 
with center �c(v) containing c ( f ′). But since c ( f ) and c ( f ′) intersect, this is the same oriented timelike sphere, which 
is c(v). Hence c(v) is well-defined, since it is the same for every vertex v .

Consider a vertex v and the four adjacent faces f1, f2, f3, f4 ∈ F (Z2). Assume we began with knowing c ( f1) and iterate 
the construction above to obtain c ( f2), c ( f3) and c ( f4), and then iterate once more to obtain a line L that should be 
c ( f1). However, all we know at this point is that L is in the intersection of c(v) with the isotropic plane corresponding to 
f1, and there are two such lines.

To see that L coincides with c ( f1) we need an additional argument. For each pair f i , f i+1 consider the plane that is 
orthogonal to E2 and that contains the intersection of the two isotropic planes corresponding to f i and f i+1 (these planes 
correspond to those in Equation (4.1)). Then c ( f i+1) is actually the reflection of f i about this plane. All four of these planes 
intersect in the line A orthogonal to E2 and pass through �c(v). The composition of four such reflections is a rotation about 
A. As a result, L needs to coincide with c ( f1) since the other option is not a rotation of c ( f1). Thus, c is indeed also 
well-defined which concludes the proof. �
5. Cyclographic lift and origami-map

Recall that we defined the cyclographic model C for (timelike Lorentz) Laguerre geometry and the cyclographic lifts of 
oriented timelike spheres and planes as well as isotropic lines in Section 3.3.

Definition 5.1. Let c be a contact congruence. The cyclographic lift cC is the pair of maps

cC : Z2 → C, v �→ (c(v))C,

cC : F (Z2) → P0(C), f �→ (c ( f ))C . ■ (5.1)
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Remark 5.2. Note that the projection of cC( f ) to L3 consists of the centers of all the oriented spheres containing c ( f ), and 
the projection of cC(v) is the center �c(v). ■

Given a contact congruence c Equation (5.1) determines cC uniquely. We only need to verify that the planes cC are fully 
isotropic.

Lemma 5.3. The cyclographic lift cC of every contact congruence c -- as given by Equation (5.1) -- is a conjugate net such that for each 
f ∈ F (Z2) the plane cC( f ) is a fully isotropic plane. Conversely, every conjugate net in C with fully isotropic planes is the cyclographic 
lift of a contact congruence. ■

Proof. Let c be a contact congruence. Since the four spheres c(v1), c(v2), c(v3), c(v4) around a face f contain c ( f ), the 
cyclographic lifts of the four spheres lie in the fully isotropic plane (c ( f ))C = cC( f ) (as discussed in Section 3.3).

Conversely, let cC be a fully isotropic conjugate net. At each face f the adjacent four vertices v1, v2, v3, v4 are mapped to 
the spheres ξ�S (cC(vi)) (as in Equation (3.2)), which are in oriented contact with the oriented isotropic line c ( f )C ∩ L3 . �

If a contact congruence c is the Lorentz lift pL of some circle pattern p or of a conical net �p, we also consider a 
cyclographic lift cC to be a cyclographic lift pC of p or a cyclographic lift �pC of �p.

In the remainder of this section, we compare the cyclographic lift to a construction introduced in [36]. First, we choose 
an integral R of the connection ρ (see Section 4.1), that is a map

R : F (Z2) → Iso(E2), R( f ′) = ρ( f , f ′) ◦R( f ) for all ( f , f ′)∗ ∈ E(Z2).

Clearly, such a map R is unique up to composition with an element of Iso(E2). The ambiguity is usually eliminated by 
requiring that R is the identity for some chosen base face f0. Note that, up to the just mentioned ambiguity, R is well
defined due to the flatness of ρ , see Lemma 4.2.

Definition 5.4. Let �p be a conical net and let R be an integral of ρ . The origami map o is the map

o : Z2 → E2, o(v) �→ R( f v)(�p(v)),

where f v is any face adjacent to v . ■

If f1, f2 are two faces incident to v , then �p(v) is a fixed point of R( f1)R
−1( f2). Hence the choice of f v in Definition 5.4

has no influence on o.
Given a conical net �p, the map

h : Z2 → R2,2 	 C, v �→ (�p(v),o(v)),

was defined in [36]. As stated in Theorem 2.6, we find the following geometric interpretation for h, by viewing R2,2 as the 
cyclographic model C of L3 .

Theorem 5.5. The map h is a cyclographic lift �pC of �p. ■

Proof. Chelkak, Laslier and Russkikh have shown in [36] that h is a fully isotropic conjugate net. Therefore -- due to 
Lemma 5.3 -- h is a cyclographic lift of some conical net �p′ . Moreover, if p is the corresponding circle pattern of a 
conical net �p, then h agrees with pC in the first two coordinates, that is, in E2 . As a result, �p′ = �p and h is indeed a 
cyclographic lift �pC of �p. �

In light of the cyclographic lift, the isometries of R2,2 correspond to Laguerre transformations of L3 . Note that the 
origami map is only defined up to a Euclidean isometry. These three degrees of freedom in the construction of the origami 
map correspond -- in a not so obvious way -- with the choices we made in the construction of pC : a two parameter choice 
of an initial point for p in E2 , and a one parameter choice of an isotropic line through that point in L3 .

6. Cycle patterns

Cycle patterns are an analogue of circle patterns where we replace circles in E2 with oriented circles in E2 and intersec
tion points with oriented tangents. The word cycle was originally used to refer to oriented circles [51]. Special cases of cycle 
patterns appear in the literature [44,7,23,42]. In our case, we show that incircular nets and circle packings correspond to a 
special case of cycle patterns, which will also be useful later when characterizing isothermic incircular nets.
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Fig. 10. Left: a cycle pattern u, green circles are oriented outwards, red circles inwards. Right: a cycle pattern ξ that is concentric with and orthogonal to 
u. For comparison u is drawn in gray and some right angles are highlighted in blue.

Definition 6.1. A cycle pattern is a pair of maps

u : Z2 → �S(E2), u : F (Z2) → �L(E2),

such that u(v) is in contact with u ( f ) whenever v and f are incident, see Fig. 10. The conical net of a cycle pattern u is 
the map �u :Z2 → E2 , where �u(v) is the center of u(v) for all v ∈Z2. ■

It is not difficult to see that the conical net of a cycle pattern also satisfies Lemma 4.1. Hence, the conical net �u of a 
cycle pattern u is indeed a conical net in the sense of Definition 2.3.

A cycle pattern is constructed from a conical net analogously to the circle pattern case. Begin by choosing an initial line 
u ( f0). Now, if f , f ′ are adjacent faces, then u ( f ) = ρ( f , f ′) ◦ u ( f ′), where ρ( f , f ′) is the reflection defined by �u, as 
introduced in Section 4.1. Since this construction involves freely choosing an initial line, there is a 2-parameter family of 
cycle patterns that corresponds to the same conical net.

For an oriented timelike or null-sphere S ∈ �S(L3), consider the plane E parallel to E2 and containing �(S). Let sc(S) ∈
�C(L3) denote the spacelike circle S ∩ E , which inherits its orientation from S (and is the smallest Euclidean circle contained 
in S). Note that if S is a null-sphere then sc(S) has radius 0.

Theorem 6.2. Every contact congruence c defines a cycle pattern u via the orthogonal projection πE2 by

u(v) = πE2 ◦ sc(c(v)), u ( f ) = πE2 ◦ c ( f ).

The conical net �u is the orthogonal projection πE2(�c) of the center net �c. ■

Proof. Let S ∈ �S be a timelike sphere. Since the tangent planes at sc(S) are orthogonal to the plane E2 ⊂ L3 , the orthogonal 
projection πE2 (L) of any isotropic line L ⊂ S is tangent to πE2 (sc(S)). The correct orientation of the contact is due to the 
arguments of Section 3.3. If S is a null-sphere then sc(S) has radius 0. Therefore πE2(sc(S)) is a point contained in πE2 (L)

and the statement follows. �
Consider a contact congruence pL obtained as a Lorentz lift from a circle pattern p, and the projected cycle pattern u. 

Then each circle p(v) is concentric with u(v), and each oriented line u( f ) contains the intersection point p( f ). Moreover, 
since u defines the same connection ρ , it is also possible to construct a Lorentz lift uL that agrees with pL .

Remark 6.3. In Section 3.3 we explained how C 	R2,2 is the cyclographic model of L3 	R2,1. However, it is also possible 
to interpret R2,1 as the cyclographic model of E2 	R2. In that way, every point x ∈ L3 defines an oriented circle ξ(x) in E2 , 
and the center of ξ(x) is the orthogonal projection of x onto E2 . Moreover, every isotropic plane E in L3 defines an oriented 
line ξ(E) in E2 . If x ∈ E , then ξ(x) is in contact with ξ(E). Now, consider a contact congruence c and its center net �c. Since 
�c is an isotropic conjugate net, ξ(�c) is indeed a cycle pattern. Furthermore, if c is the Lorentz lift of a circle pattern p
and a cycle pattern u, then each line ξ(�c)( f ) contains p( f ) and is orthogonal to u( f ). The orthogonality is due to the 
fact that u( f ) is the projection of an isotropic line contained in the isotropic plane that is intersected with E2 to obtain 
ξ(�c)( f ). Combined, the two cycle patterns define an oriented orthogonal frame at each face. The Lie transformations of 
L3 correspond to conformal oriented frame transformations in E2 . We will investigate this relation in more depth in future 
research. ■
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7. Null congruences and incircular nets, s-embeddings

Recall from Definition 2.7 that we call a circle pattern p a circle packing if adjacent circles in p• are touching. Also recall 
that as a consequence, �p• is an incircular net, and the centers of the incircles are given by �p◦ (although the circles of p◦
and the incircles do not coincide, see Fig. 4). In the previous section we saw that there is a relation between circle patterns 
and cycle patterns, now we investigate how this relation specializes in the case of circle packings.

Definition 7.1. A Laguerre incircular net is a cycle pattern u such that the radii of all circles u• are zero. ■

Let p be a circle packing. Then we define a Laguerre incircular net u by setting �u = �p and by setting u• equal to 
circles of radii zero (with centers �p•). Consequently, each line u ( f ) needs to be the line

�p•(b) ∨ �p•(b′) = �u•(b) ∨ �u•(b′),
where b,b′ are the two black vertices incident to f . Furthermore, the circles u◦ need to be the incircles of the incircular 
net �p• . The orientations of the lines and circles of u are not canonically given. However, if we choose the orientation of 
one line u( f0), then all orientations are fixed because of the contact conditions on u. One may also obtain the orientations 
iteratively from the reflections ρ assigned to edges. Since ρ comes from p and is flat, the orientations of u are well-defined.

Conversely, every Laguerre incircular net u defines a unique incircular net p• just by forgetting the orientations.

Remark 7.2. Let us add here a remark provided for the reader familiar with s-embeddings and the way s-embeddings are 
usually considered as a special case of t-embeddings, for example in [48], since we employ slightly different combinatorics. 
Given an incircular net �p• :Z2• → E2 , the corresponding circle pattern p consists of a circle per vertex of Z2 and a point 
per face of Z2. In contrast, in the setup of [48] they consider the graph G which is Z2 but with an extra edge (b,b′) for 
every face f of Z2, where b,b′ are the two black vertices of f . Subsequently, given �p• they define the circle pattern p′ on 
G which satisfies that the circles of p′ coincide with the circles of p. However, since G has two faces per face of Z2, p′ also 
has two intersection points per face of Z2, one of which coincides with the intersection point of p. The other point is the 
intersection point of p after performing Miquel dynamics (see Section 8). In fact, by using the local Miquel dynamics rule 
(see [48]) at every other circle of p◦, the graph G becomes Z2. Therefore the approach in [48] is related to our approach 
by a sequence of Miquel moves. The same is true if Z2• is replaced by a quad graph with bipartite dual. If the dual is not 
bipartite, the [48] approach still works, but our approach is not possible (without using a branched cover). However, since 
our goal are S-isothermic nets, for which the dual needs to be bipartite anyway, we do not consider this a loss for our 
present work. Instead, we prefer to work with only one intersection point per face of Z2, since in this manner we can treat 
null congruences as a special case of contact congruences without a change in combinatorics. ■

In Section 4.2, we showed how to geometrically construct a Lorentz lift pL of a conical net �p, by choosing an initial 
isotropic line pL( f0) associated with a face f0 of Z2. The isotropic lines pL of all other faces are then well defined by the 
reflections ρL about the vertical planes �L containing the edges of �p. These isotropic lines are generators of the Lorentz 
spheres pL living at the vertices, in the sense that if v ∈ Z2 is incident to f ∈ F (Z2) then the Lorentz sphere pL(v) is 
obtained by rotating pL( f ) around the vertical line containing �p(v).

For an incircular net p• there is a preferred choice for the initial isotropic line pL( f0) in the construction of the Lorentz 
lift. We choose the initial isotropic line pL( f0) in the vertical plane that contains �p•(b0) ∨ �p•(b1), where b0,b1 are the 
two black vertices incident to f0. Let f1 be a face adjacent to f0 such that f0 and f1 share b1 and a white vertex w , and 
let b2 denote the second black vertex of f1. Then �p◦(w) ∨ �p•(b1) is an angle bisector of the two lines

l0 = �p•(b0) ∨ �p•(b1), l1 = �p•(b1) ∨ �p•(b2).

As a result, the reflection ρ(w,b1) maps l0 to l1 and vice versa. Hence, pL( f1) is in the vertical plane above l1, and the 
two isotropic lines pL( f0), pL( f1) intersect in the vertical axis through �p•(b1). Therefore all isotropic lines are contained 
in the vertical planes above the edges of the incircular net. Moreover, all isotropic lines pL( f ) of faces f adjacent to a fixed 
black vertex b intersect in a point above �p•(b). Consequently, all spheres pL• are actually null-spheres and thus pL is a 
null congruence as defined in Definition 2.9.

We are now ready to prove the converse of the above which is the statement of Theorem 2.10: every projection of a null 
congruence yields a circle packing.

Proof of Theorem 2.10. Let c be a null congruence and let p be the circle pattern defined by Theorem 2.4, that is, the 
intersections of the spheres of c with E2 . By definition, the spheres c• are null-spheres. As a direct result, if b,b′ are 
adjacent vertices in Z2• , the circles p•(b), p•(b′) are touching. �

Of course, it follows immediately that �p• is an incircular net if c is a null congruence, since p is a circle packing. 
Moreover, it also follows that the cycle pattern u obtained from a null congruence c via Theorem 6.2 is a Laguerre incircular 
net as in Definition 7.1.
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Fig. 11. Miquel dynamics in a contact congruence, and in the corresponding circle pattern. 

Remark 7.3. Let c be a null congruence and let b1,b2,b3,b4 be four vertices adjacent to a white vertex w in cyclic order. 
Then the line �c•(b1) ∨ �c•(b3) is Lorentz orthogonal to the line �c•(b2) ∨ �c•(b4). As such, �c• is the control net of 
an orthogonal checkerboard pattern, see [38]. These orthogonal checkerboard patterns are also explored as orthogonal binets 
[4]. A special case of orthogonal binets are principal binets, which satisfy additional local coplanarity constraints. It would 
be interesting to understand the set of incircular nets and null congruences that corresponds to principal binets. Principal 
binets also come with a Lie lift, which appears to be different from (but may be related to) the Lie lift discussed in this 
paper. ■

Let us mention a characterization of null congruences that will specialize neatly to isothermic congruences in Lemma 9.1.

Lemma 7.4. Let c◦ :Z2◦ → �S− be such that for all adjacent w, w ′ ∈Z2◦ the spheres c◦(w), c◦(w ′) are in oriented contact. Then there 
exists a null congruence c such that c◦ is its restriction to Z2◦ if and only if the four spheres of c◦ around each white face f intersect in 
a point P f . ■

Proof. If an oriented sphere contains P f then it is also in oriented contact with the null-sphere centered at P f . �
8. Miquel dynamics

Miquel dynamics were introduced by Ramassamy [59] following an idea of Kenyon as a discrete time dynamics for 
circle patterns. We translate the basic definition to the contact congruence setup, since we need Miquel dynamics and the 
generalization to contact congruences in Section 9 and Section 11.4.

Theorem 8.1. Let S1, S2, S3, S4 ∈ �S−(L3) be four timelike Lorentz spheres that are cyclically in oriented contact, and such that there 
is a sphere S in oriented contact with S1, S2, S3, S4 . Then there is a (generically) unique second sphere M(S) that is also in oriented 
contact with S1, S2, S3, S4 , see Fig. 11. We say M(S) replaces S when applying Miquel dynamics to S. ■

Proof. The spheres S, Si correspond to points P , Pi on the Lie quadric in RP5. Every sphere in contact with S1, S2, S3, S4
corresponds to a point in the polar complement of P1 ∨ P2 ∨ P3 ∨ P4, which is a line L ⊂RP5. Since P is in the Lie quadric 
and on L, the line L intersects the Lie quadric, and generically there is a second intersection point M(P ) which corresponds 
to the second sphere M(S). �
Remark 8.2. Note that if the line L in the proof of Theorem 8.1 is a tangent to the Lie quadric (with only one contact point) 
then we define M(S) = S . If L happens to be an isotropic line, then this is a very singular case in which all the spheres 
belong to a contact element. In this case M(P ) may be defined as the point on L that has multi-ratio −1 with the other 
five points. However, we do not need this since we assume the generic case. ■

We may apply Theorem 8.1 to every vertex-star of a contact congruence c. Consider a vertex v ∈Z2 and its four neigh
bors v + e1, v + e2, v − e1, v − e2. Then the spheres

c(v), c(v + e1), c(v + e2), c(v − e1), c(v − e2),

satisfy the assumptions of Theorem 8.1. Therefore the sphere M(c)(v) exists as well. Moreover, applying Miquel dynamics 
to every black sphere c• results in a new contact congruence which we denote by M(c). For every face f = (w1,b1, w2,b2)

we denote by M(c )( f ) the new isotropic line contained in
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M(c)(w1) = c(w1), M(c)(b1), M(c)(w2) = c(w2), M(c)(b2).

Note that since the white spheres c(w1), c(w2) remain unchanged, the new isotropic line M(c )( f ) is actually the unique 
other isotropic line besides c ( f ) contained in the common tangent plane of c(w1) and c(w2).

Let us briefly explain how Miquel dynamics on contact congruences correspond to Miquel dynamics on circle patterns. 
By intersecting the configuration with E2 as in Theorem 2.4, it is not hard to see that Theorem 8.1 implies Miquel’s theorem 
[54].

Theorem 8.3 (Miquel’s theorem). Let C, C1, C2, C3, C4 ∈ C(E2) be five circles such that Ci, Ci+1, C intersect in a common point for all 
four i ∈ 1,2,3,4. Then there is a second circle M(C) such that Ci, Ci+1,M(C) intersect in a common point for all four i ∈ 1,2,3,4. ■

Therefore, given a circle pattern p we denote by M(p) the new circle pattern that is the intersection of M(c) with E2 . It 
turns out that M(p) is the circle pattern obtained from p via Miquel dynamics as defined in [59].

9. Isothermic congruences

Recall that we defined an isothermic congruence (Definition 2.11) as a contact congruence c such that �c◦ is a conjugate 
net (Definition 2.2).

Consider a black vertex b ∈Z2• and the four adjacent white vertices w1, w2, w3, w4 ∈Z2◦ . By the definition of an isother
mic congruence, the four sphere centers �c(w1), �c(w2), �c(w3), �c(w4) are contained in a plane, and since the four 
spheres c(w1), c(w2), c(w3), c(w4) are touching, there is also the circle C(b) that passes through the four points of contact. 
The latter observation is also known as the touching coins lemma [21].

Lifting this configuration to (Lorentz) Möbius geometry (see Section 3.2), there is a line L(b) ⊂ RP4 of signature (+-)
that is polar to the plane representing the lifted circle C(b). Each point on L(b) corresponds to a sphere that contains 
C(b). One of the intersection points of L(b) with the Lorentz Möbius quadric corresponds to the null-sphere c(b), the other 
intersection point corresponds to another null-sphere c′(b), which also contains C(b).

Let f1, f2, f3, f4 be the four faces adjacent to b. Because c•(b) is a null-sphere, all four isotropic lines c ( f1), c ( f2), 
c ( f3), c ( f4) are contained in c•(b) and pass through �c(b). Moreover, the four common tangent planes of �c◦(wi) with 
�c◦(wi+1) contain the axis of the circle C(b). Hence, the four other isotropic lines M(c )( f i) as defined in Section 8 also 
intersect in the axis of C(b). Therefore they are contained in c′•(b), and the null-sphere c′•(b) is actually the null-sphere 
M(c•)(b) obtained by Miquel dynamics, see Theorem 8.1. Consequently, c′•(b) = M(c)(b) is also in contact with the four 
spheres c◦(wi). These observations lead to the following characterization of isotropic congruences.

Lemma 9.1. Let c◦ :Z2◦ → �S− be such that for all adjacent w, w ′ ∈Z2◦ the spheres c◦(w), c◦(w ′) are in contact. Then there exists an 
isotropic congruence c such that c◦ is its restriction to Z2◦ if and only if the four spheres of c◦ around each white face f intersect in two 
points P f and P̃ f . ■

Proof. If an oriented sphere contains P f (resp. P̃ f ) then it is also in oriented contact with the null-sphere centered at P f

( P̃ f ). �
Of course, as discussed above if there exists one isotropic congruence c that restricts to c◦ then there is a second isotropic 

congruence M(c) that also restricts to c◦ .
Consider an isothermic congruence c and the cycle pattern u that is the projection of c. Since c is the special case 

of a null congruence, u will be the special case of an incircular cycle pattern. As before, consider a black vertex b, the 
four adjacent white vertices w1, w2, w3, w4 and let f i,i+1 be the face adjacent to wi and wi+1. The oriented line u ( f12)

is a tangent to both u(w1) and u(w2), and is also the projection of c ( f12). Let M(u) be the projection of M(c). Then 
M(u )( f12) is also a common tangent of u(w1) and u(w2), in fact it is the other (oriented) tangent of the two oriented 
circles. And since the four isotropic lines M(c)( f12), M(c)( f23), M(c)( f34) and M(c)( f41) intersect in a point, so do the 
four other tangents M(u)( f12), M(u)( f23), M(u)( f34) and M(u)( f41). As a result, M(u) is also an incircular cycle pattern! 
Let us formalize this.

Definition 9.2. An isothermic cycle pattern is an incircular cycle pattern u such that M(u) is also an incircular cycle 
pattern. ■

As a consequence of the discussion above, we obtain the following corollary.

Corollary 9.3. Every isothermic cycle pattern lifts to an isothermic congruence, and every isothermic congruence projects to an isother
mic cycle pattern. ■
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As discussed in Section 6, incircular cycle patterns correspond to incircular nets, which in turn correspond to circle 
packings. Analogous to the preceding discussion, we consider a circle packing p to be an isothermic circle packing if M(p)

is also a circle packing (where we defined M(p) as replacing all circles at black vertices by Miquel dynamics).
Note that in an incircular net �p• , two adjacent incircles have a common tangent. This tangent may be of ``outer type'', 

if it does not intersect the segment joining the centers of the two incircles, or otherwise of ``inner type''. An incircular net 
corresponds to an isothermic cycle pattern if and only if the other tangents of the same type also form an incircular net. It 
is an advantage of the formulation in terms of cycle patterns that there is no need to discuss the different types of tangents, 
since this is automatically encoded in the orientations of the lines and oriented circles.

Remark 9.4. If p is a circle packing, then we defined M(p) as Miquel dynamics applied to all circles at black vertices. On 
the other hand, if we apply Miquel dynamics to all circles at white vertices, the new circle pattern is equal to p since the 
black circles are touching (see also [48]). If p is also an isothermic circle packing, then M(p) is also a circle packing. In 
general, when iterating Miquel dynamics one alternates between replacing black and white circles. As a consequence, the 
Miquel dynamics sequence of an isothermic circle pattern p is

· · · → p → p → M(p) → M(p) → p → p → M(p) → M(p) → . . .

Therefore the sequence is a special case of a four periodic Miquel dynamics sequence.
Moreover, it is not hard to see that Miquel dynamics induces the same type of sequence on pL , that is on an isothermic 

congruence. Additionally, note that it is only c• that is changing, while c◦ is fixed. Therefore, what we consider to be the 
actual discrete surface �c◦ , is constant under Miquel dynamics. An interesting question is therefore: does Miquel dynamics 
discretize a continuous surface flow that fixes isothermic surfaces? ■

10. S-isothermic nets

Recall that in Definition 2.12 (following [21]) we defined an S-isothermic net h as a collection of maps h◦ , h• , h such 
that

(i) h◦ :Z2◦ → �S− maps to oriented timelike spheres,
(ii) h• :Z2• → C+ maps to spacelike circles,

(iii) h : F (Z2) → L3 maps to points,

such that for each face the corresponding spheres of h◦ are in oriented contact and intersect the incident circles of h•
orthogonally in the points of h .

Remark 10.1. There are generalizations of S-isothermic nets [17,18] to non-touching cases. In the touching cases, the way 
the orientations of the spheres are introduced depends on the reference. In [17,18], the orientations are chosen such that a 
specific T-net lift exists. On the other hand in [21], orientations are not mentioned. However, [21] require that the touching 
points around each circle are in counterclockwise order, which implies that an appropriate orientation as in Definition 2.12
exists. ■

Let us prove the correspondence between S-isothermic nets and isothermic congruences stated in Theorem 2.13.

Proof of Theorem 2.13. Let c be an isothermic congruence. In Section 9, we introduced a circle C(b) for each black vertex 
b ∈ Z2• . The circle C(b) intersects each adjacent sphere orthogonally, therefore setting h•(b) = C(b) and h◦(w) = c(w) for 
every black vertex b ∈Z2• and white vertex w ∈Z2◦ yields an S-isothermic net.

Conversely, let h be an S-isothermic net and let us construct an isothermic congruence c. We set c◦ = h◦ . Now, consider 
the situation in a face f , where we know the two oriented timelike spheres c◦(w), c◦(w ′) and the two circles h•(b), h•(b′)
as well as the touching point h ( f ). The two axes of the circles are contained in the common tangent plane of the two 
spheres, because they intersect the two timelike spheres orthogonally in the touching point. Next, we choose c ( f ) as one 
of the two oriented isotropic lines in the common tangent plane of the spheres. This line intersects each of the axes of the 
two circles in a point, and we choose these points to be �c•(b) and �c•(b′), which also defines the null-spheres c•(b), 
c•(b′). By construction, these null-spheres contain c ( f ) (and h•(b)), as required.

Thus, we can construct c in each face up to the choice of one of the two isotropic lines. It remains to show we can 
make these choices consistently. To see this, note that on each circle axis there are only two points that define a null-sphere 
which contains h•(b). These two points correspond to the choice of isotropic line. As a result, if we choose the isotropic line 
in some initial face f0, the choice of isotropic line in each adjacent face is determined. Moreover, around each white vertex 
w the resulting four isotropic lines are of alternating type in c◦(w), which shows that the choices for c and therefore for 
c• are automatically consistent. �
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Note that the other choice of c ( f0) just leads us to the construction of M(c) instead of c.
Let us now turn towards dualization of S-isothermic nets. The Kœnigs dual of a planar quad P1, P2, P3, P4 ∈ Rn is, up 

to scaling and translation, the quad P∗
1 , P∗

2, P∗
3, P∗

4 ∈ Rn such that the four sides are parallel and such that the diagonals 
satisfy

P∗
1 ∨ P∗

3 ‖ P2 ∨ P4, P∗
2 ∨ P∗

4 ‖ P1 ∨ P3,

that is, opposite diagonals are parallel.
For a general conjugate net a (which consists of planar quads, Definition 2.2) it is in general not possible to find a so

called Kœnigs dual conjugate net a∗ , that is a net a∗ such that each quad in a∗ is Kœnigs dual to the corresponding quad 
in a.

Definition 10.2. A conjugate net a is called a Kœnigs net if it admits a Kœnigs dual a∗ [19]. ■

Note that if a∗ is a Kœnigs dual of a, then a is also a Kœnigs of a∗ . Therefore if a is a Kœnigs net so is a∗ .
The following was shown in [21].

Lemma 10.3. If h is an S-isothermic net, then �h◦ is a Kœnigs net. ■

Proof. A conjugate net that admits a family of pairwise touching inscribed conics is a Kœnigs net [12]. �
Due to the identification of Theorem 2.13, if c is an isothermic congruence then �c◦ is a Kœnigs net as well.

Remark 10.4. The Kœnigs net property is invariant under parallel projections, since dualization is preserved. As a conse
quence, if p is an isothermic circle packing, then �p◦ is a Kœnigs net, since �p◦ is the projection of the center net �c◦ of 
an isothermic congruence. ■

The center net �c◦ of an isothermic congruence has a Kœnigs dual �c◦∗ , however it is not immediately clear that �c◦∗
belongs to an isothermic congruence as well. To show this, let us borrow another technique from [21].

We call a planar quad P1, P2, P3, P4 ∈ L3 a harmonic quad if the four points are on a circle in non-intersecting cyclic 
order and if

|P1 − P2||P3 − P4| = |P2 − P3||P4 − P1|.
We call a conjugate net a harmonic quad net if every quad is a harmonic quad. Harmonic quad nets are generally known 
as isothermic nets [14,18], but we avoid this name here because there is the risk of confusion with S-isothermic nets and 
isothermic congruences.

Let a :Z2 → L3 be a harmonic quad net. We use da to denote the (discrete) differential of a, that is,

da(v, v ′) = a(v ′) − a(v),

for all adjacent vertices v, v ′ ∈Z2. Consider the following dual differential

da∗(v, v ′) = ± da(v, v ′) 
|da(v, v ′)|2 ,

where the sign is + if the edge is horizontal in Z2 and − otherwise.
It turns out that da∗ is closed [14], that is, a∗ is well-defined (up to translation). The map a∗ is a harmonic quad net as 

well and is called the Christoffel dual of a (see Fig. 12). Moreover, a∗ is also the Kœnigs dual of a, therefore a and a∗ are also 
Kœnigs nets.

Let h be an S-isothermic net, and consider the combined map

h⊞ = �h ∪ h : Z2 	 (Z2 ∪ F (Z2)) → L3,

that is the combination of center net �h and contact points h of an S-isothermic net h, defined on Z2 ∪ F (Z2), which we 
identify with Z2. Then h⊞ is a harmonic quad net. This is not hard to see since the quads of h⊞ have two right angles and 
side lengths R, R, r, r, where R , r are the radii of a sphere of h◦ and an adjacent circle of h• respectively. Therefore every 
S-isothermic net h comes with a Christoffel dual S-isothermic net h∗ .

Moreover, because corresponding edges of h⊞ and h∗
⊞ are parallel, it follows that for any two white vertices w, w ′

adjacent to a common face holds

d�h∗◦(w, w ′) = ±(R−1(w) + R−1(w ′)) d�h◦(w, w ′) 
|d�h◦(w, w ′)| .

This provides us with a direct way to compute the Christoffel dual �h∗◦ without using h⊞ .
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�h•(b)

h ( f4)

h ( f1)
h ( f2)

h ( f3)

�h◦(w1)

�h◦(w4)

�h◦(w2)

�h◦(w3)

�h∗•(b)
h∗( f3)

h∗( f4)

h∗( f2)

h∗( f1)

�h∗◦(w2)

�h∗◦(w1)

�h∗◦(w4)

�h∗◦(w3)

Fig. 12. Local Christoffel dual h∗ of an S-isothermic net h. All corresponding edges (black and green) are parallel. 

Remark 10.5. Note that for an S-isothermic net h the Kœnigs dual of �h◦ coincides with �h∗◦ obtained as the restriction of 
the Christoffel dual h∗

⊞ . ■

As stated in Theorem 2.15, we also get a Christoffel dual c∗ of every isothermic congruence c. This is due to the corre
spondence of isothermic congruences and S-isothermic nets as in Theorem 2.13. Since the correspondence is 2:1, we make 
the construction of the Christoffel dual c∗ more specific.

Let c be an isothermic congruence and consider the combined map

c⊞ = �c ∪ h : Z2 	 V (Z2) ∪ F (Z2) → L3,

that is the combination of �c and h . In comparison with h⊞ we substituted �h• with �c• , therefore c⊞ is not a conjugate 
net. However, for a face f and an adjacent white vertex w or black vertex b it is possible to integrate

dc∗
⊞( f , w) = ±dc⊞( f , w)

R(w)2
, dc∗

⊞( f ,b) = ±dc⊞( f ,b)

r(b)2
,

where r(b) is the radius of the incircle of the corresponding quad of �c◦ at b. The difference to the formula for 
dh∗

⊞ is that we cannot divide by |dc⊞( f ,b)|, since that length is zero. Instead, this formula works since the triangle 
h ( f ),�h•(b),�c•(b) is a right-angled triangle and

|h ( f ) − �h•(b)|2 = −|�h•(b) − �c•(b)|2.
The discrete differential dc∗

⊞ is consistent in the sense that the integrated net c∗
⊞ is indeed the combination of �c∗ and h∗ .

11. X-variables

In this section we study the X-variables, that is, the quantities that can be read off conical nets that define the corre
sponding dimer model in statistical mechanics, see [1,48,36].

11.1. Definitions

Definition 11.1. Let us identify R2 	 C and consider a conical net �p : Z2 → C. The X-variables X : Z2 → R are defined 
as

X(v) = − (�p(v + e1) − �p(v))(�p(v − e1) − �p(v))

(�p(v + e2) − �p(v))(�p(v − e2) − �p(v))
,

for all v ∈Z2. ■

Remark 11.2. It is not hard to see that the X-variables are indeed real-valued. In a conical net, opposing angles at a vertex 
v add up to an odd or even multiple of π . Hence, X(v) is positive or negative respectively. ■

The X-variables may be expressed in the cyclographic lift �pC as well, as discovered by Chelkak [31] and expressed in 
the next lemma.
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Lemma 11.3. Let �pC be the cyclographic lift of a conical net �p. The X-variables of �p satisfy

X(v) =
〈�pC(v + e1) − �pC(v − e1),�pC(v + e1) − �pC(v − e1)

〉
C〈�pC(v + e2) − �pC(v − e2),�pC(v + e2) − �pC(v − e2)
〉
C

, (11.1)

for all v ∈Z2 . ■

Proof. Without loss of generality we assume that �p(v) = 0. For this proof, we use the map h : Z2 → C1,1 	 R2,2 as 
defined in Section 5, which coincides with pC . By choosing the base-face f0 of the origami map adjacent to v , v + e1 and 
v + e2, we obtain that

o(v + e1) = �p(v + e1), o(v + e2) = �p(v + e2),

o(v − e1) = �p(v − e1)
�p(v + e2)

�p(v + e2)
, o(v − e2) = �p(v − e2)

�p(v + e1)

�p(v + e1)
.

A short calculation shows that the right-hand side in Equation (11.1) is equal to

−|�p(v + e1)|2
|�p(v + e2)|2

Im(�p(v + e2)�p(v − e1))

Im(�p(v − e2)�p(v + e1))
,

Let α be the angle from �p(v + e2) to �p(v − e1), and β be the angle from �p(v − e2) to �p(v + e1), then the formula 
above reads

|�p(v + e1)||�p(v − e1)|
|�p(v + e2)||�p(v − e2)|

sin(α)

sin(β) 
.

If X(v) > 0, then β = π − α and the claim follows. If X(v) < 0, then β = −α and the claim follows as well. �
In Section 3.3 we explained how (squared) distances in C correspond to (squared) tangential distances in L3 . Therefore 

it is also possible to express the X-variables via tangential distances of oriented spheres, as the squared tangential distance 
of pL(v + e1) to pL(v − e1) divided by the squared tangential distance of pL(v + e2) to pL(v − e2).

11.2. Ising subvariety

Let us consider the special case that p is a circle packing, therefore �p• is an incircular net and pL is a null congruence. 
The tangential distance of two null-spheres is just the Lorentz distance of their centers. As a result, in this case the X
variable at a white vertex w may be calculated from the Lorentz lift as

X(w) = |�pL(w + e1) − �pL(w − e1)|2L3

|�pL(w + e2) − �pL(w − e2)|2L3

. (11.2)

Moreover, for the conical net of a circle packing, it is known [48] that the X-variables are in the so-called Ising subvariety 
[46]. More explicitly, this means that for each black vertex b we obtain

X2(b) = (1 + X(b + e2))(1 + X(b − e2)) 
(1 + X−1(b + e1))(1 + X−1(b − e1))

. (11.3)

Note that the quantities on the right hand side are X-variables of white vertices, therefore all black X-variables are deter
mined by the white X-variables and thus by Equation (11.2).

11.3. Miquel dynamics

In Section 8, we explained how Miquel dynamics applied to all black circles of a circle pattern p produces a new circle 
pattern M(p). Of course, it is also possible to apply Miquel dynamics to all white circles. As we need to distinguish the two 
possibilities in the following, let us denote the former by M•(p) and the latter by M◦(p).

Let us denote by M•(X) the X-variables of M•(p), and by M◦(X) the X-variables of M◦(p). In [1,48] it was shown how 
M•(X) (and M◦(X)) is determined by X , albeit with slightly different conventions. More explicitly, for every black vertex b
we have

M•(X)(b) = X(b).

Additionally, for every white vertex w we have
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Fig. 13. A (diagonal) 4 × 4 patch of Z2. The red X• variable is determined by all X◦ variables in the red box. The violet M•(X◦) variable is determined by 
all X◦ variables in the violet box. All X◦ variables in the blue box satisfy a constraint, since the blue X• variable is twice determined.

M•(X)(w) = X−1(w)
(1 + X(w + e2))(1 + X(w − e2)) 

(1 + X−1(w + e1))(1 + X−1(w − e1))
. (11.4)

The formulas for Miquel dynamics applied to white circles are almost the same, they are

M◦(X)(w) = X(w),

M◦(X)(b) = X−1(b)
(1 + X(b + e2))(1 + X(b − e2)) 

(1 + X−1(b + e1))(1 + X−1(b − e1))
. (11.5)

Since Miquel dynamics applied to the white circles of a circle packing changes nothing, it is not surprising that Equa
tion (11.3) is the stationary constraint on Equation (11.5). This observation was also used by George in [43].

11.4. Isothermic subvariety

Consider an isothermic congruence c (Section 9) and the corresponding circle packing p via Theorem 2.10. Since c is also 
a null congruence, the X-variables satisfy the constraint of Equation (11.3). In particular, this means that the statistics are 
defined by the restriction of the X-variables to the white vertices.

Since statistics are only defined if X(v) > 0 for all v ∈Z2, we make this assumption in the following. In particular, this 
means we can take unique positive square-roots of X-variables.

Applying Miquel dynamics to the black circles, we obtain another isothermic congruence M•(c) and circle packing 
M•(p), and the new X-variables M•(c) at white vertices are given by Equation (11.4), while the variables at black ver
tices remain unchanged.

Moreover, since M•(c) is itself a null-congruence, the variables M•(X) also satisfy Equation (11.3), that is,

X2(b) = (1 +M•(X)(b + e2))(1 +M•(X)(b − e2)) 
(1 +M•(X)−1(b + e1))(1 +M•(X)−1(b − e1))

. (11.6)

Note that M•(X)(b + e1) involves the four variables

X(b + 2e1), X(b), X(b + e1 + e2), X(b + e1 − e2),

which are all defined on black vertices. For example, using Equation (11.3) the variable X(b + 2e1) may be expressed by the 
four variables

X(b + 3e1), X(b + e1), X(b + 2e1 + e2), X(b + 2e1 − e2),

which are all defined on white vertices. The left hand side of Equation (11.6) can be substituted by the right hand side of 
Equation (11.3). Combining all, we obtain an equation involving the 16 variables 

{X(b + y) | y1 + y2 ∈ 2Z and |y1| + |y2| ≤ 3},
all defined at white vertices, see also Fig. 13. We do not give the explicit equation since it is large, unwieldy, and we do not 
use it.

Let us phrase the previous observations as a theorem.

Theorem 11.4. The X-variables of an isothermic congruence are in the subvariety defined by Equations (11.3), (11.4) and (11.6). ■
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It is tempting to call this subvariety the isothermic subvariety, but it is not completely clear if this is appropriate, due to 
the following arguments. While every circle packing has X-variables in the Ising subvariety, not every circle pattern with 
X-variables in the Ising subvariety is a circle packing. Therefore, it is not a priori clear whether every null congruence with 
X-variables in the isothermic subvariety is an isothermic congruence.

Remark 11.5. Note that the constraints relate X-variables at white vertices of a (diagonal) 4 × 4 patch, see Fig. 13. In 
particular, this shows that the Cauchy data is one-dimensional, in the sense that we may only prescribe the X-variables for 
“thickened'' coordinate axes, and then the whole of the X-variables is determined by the subvariety equations. This is in 
contrast to the Ising subvariety, where the Cauchy data is still two-dimensional. Note that isothermic surfaces, both discrete 
and smooth, are also determined by one-dimensional Cauchy data, so this is not an unexpected phenomenon. ■

It would also be very interesting to find some sort of parametrization of the isothermic subvariety, be it with rational or 
other functions.

12. Transformation behaviour

12.1. Invariant objects

We have defined contact congruences as a pair of maps of oriented spheres c and oriented isotropic lines c (Defini
tion 2.1). A consequence is that c consists of oriented spheres such that adjacent spheres are in contact. In fact, generically 
this property is already characterizing: if the oriented spheres of a map c : Z2 → �S− are in contact per face, then the 
isotropic lines c exist and are uniquely determined. Since this characterization is manifestly Lie invariant (see Section 3.4), 
any Lie transform of a contact congruence is again a contact congruence. Therefore, contact congruences are natural objects 
of Lie geometry. Note that the Lie transformations form a larger group than the isometries of C 	R2,2, indeed they are the 
conformal transformations of R2,2.

Null congruences are the special case of contact congruences where all the black spheres have radius zero. Since Lie 
transformations generally do not preserve null-spheres, null congruences are not invariant under Lie transformations. How
ever, Möbius transformations also preserve sphere contact and map null-spheres to null-spheres. Hence, null congruences 
are naturally Möbius invariant.

Isothermic congruences correspond to S-isothermic nets, and in [21] they already showed that these are also Möbius 
invariant. This is due to the added constraint on null congruences that the four timelike spheres of white vertices adjacent 
to a fixed black vertex are orthogonal to a circle, which is a Möbius invariant condition. This is in agreement with the 
smooth theory, where isothermic surfaces are also Möbius invariant.

Remark 12.1. Since we have shown that circle patterns p and contact congruences pL are closely related, one may also ask 
how the above mentioned transformations act on p, and conversely how the actions of the various sphere geometries on E2

are captured by the transformations of L3 . For example, every Möbius transformation of E2 may be (non-uniquely) extended 
to a Möbius transformation of L3 . But in general, a Möbius transformation of L3 does not induce a Möbius transformation 
on the circle pattern in E2. Instead, we expect that it acts in some manner as a Lie transformation in E2 . More generally, 
one may also ask how Lie transformations of L3 act on the circle pattern in E2 . Similar questions may also be asked in the 
special case of null congruences. Answering these questions is part of ongoing research by the authors and will be treated 
in a future publication. ■

12.2. Conformal X-variables

Before we discuss the invariance of the X-variables in the different sphere geometries, let us relate recent work in [3] to 
contact congruences. We keep this discussion brief, since it mainly serves to motivate future research and open questions 
that we discuss in the next subsection.

Let c be a contact congruence and recall that M(c) is the image of c under Miquel dynamics, see Section 8. The spheres 
c◦ are the same in c and M(c), but the spheres c• and the oriented lines c are all different after applying Miquel dynam
ics. Consider a white vertex w and in cyclic order the four adjacent faces f1, f2, f3, f4. The four isotropic lines c ( f1), 
M(c )( f2), c ( f3) and M(c )( f4) are contained in c◦(w) and are all four of the same type. Intersecting these four lines 
with E2 yields the four points used in [3] to define the X-variables that are invariant under Möbius transformations of E2 , 
which we call conformal X-variables in the following.

Note that the cross-ratio of four pairwise skew lines contained in a one-sheeted hyperboloid in RP3 is a projective 
invariant. It may be defined as the cross-ratio in any conic section of the hyperboloid. Consequently, it is also invariant 
under Lorentz Möbius transformations in the special case that the hyperboloid is a timelike Lorentz sphere. Moreover, it 
coincides with the conformal X-variables. Hence the conformal X-variables are Möbius invariant quantities associated to 
contact congruences.
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12.3. Invariant variables

As the X-variables (see Section 11) can be expressed as certain ratios of tangential distances, they are naturally Laguerre 
invariant. On the other hand, the conformal X-variables that we briefly discussed in Section 12.2 are Möbius invariant. This 
leads to odd phenomena. For example, we may apply a Laguerre transformation to a null congruence, and the result will 
not be a null congruence anymore, but the X-variables will still be the same and therefore still be in the Ising subvariety. 
On the other hand, we may apply a Möbius transformation to an isothermic (or null) congruence, and the result will be an 
isothermic (or null) congruence, but the X-variables change.

It is possible that this is the result of a mismatch of theories. Both in the smooth and the discrete setup, there is also 
a theory of L-isothermic (meaning Laguerre-isothermic) surfaces [64,17,58,56,57]. It is possible that the more reasonable 
approach would be to study the conformal X-variables together with isothermic congruences and the (standard) X-variables 
together with L-isothermic congruences. Unfortunately, a discrete S-L-isothermic theory does not exist yet. We should also 
mention that the conformal X-variables of null congruences are not in the Ising subvariety, but they do still define a dimer 
model. The conformal X-variables of an isothermic congruence will still be in a subvariety due to the periodicity of Miquel 
dynamics, but we do not discuss the details here.

Of course, neither the X-variables nor the conformal X-variables are invariant under Lie transformations, despite contact 
congruences having that property. Hence one may also ask whether there is a sensible definition of Lie-X-variables? Natural 
requirements would be Lie invariance, positivity and the correct change under Miquel dynamics.
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