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1. Introduction

In classical graph-clustering, we want to partition the input graph into clusters that are densely connected, while
there are few connections between different clusters. However, in clusterings of real-world graphs the clusters often
overlap [44]. We are interested here in exact algorithms for and complexity of such overlapping clustering problems.
Without overlap, these are well-studied (e.g. [8-13,17,29,30,34,35,37,38,40,43]), but less so if we allow overlap [2,3,5,23].

In some applications, clusters may overlap but not very strongly. We focus mainly on this case and build upon [24].

To understand the complexity, a basic formulation of a clustering with small overlaps can focus on perfect clusterings,
i.e,, clusters are cliques and all edges of the input graph occur in a cluster. This leads to the SiGmA CLIQUE CoVER (SCC)
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problem, where we seek a covering of the input graph by induced cliques and we want to minimize the total number
of times the vertices are covered by the cliques or, in other words, minimize the sum of the sizes of the cliques in the
cover (see Section 3 for a formal definition).* SCC was previously studied in the context of displaying information in
bioinformatics [32] and in combinatorics [18]. To our knowledge, its complexity was not known. We prove that SCC is
NP-complete (Theorem 3.5).

An alternative view on overlapping clustering with small overlaps is that of splitting vertices: A vertex split is a graph
operation that takes a vertex v and replaces it by two copies such that the union of the neighborhoods of the copies is
equal to the neighborhood of the original vertex v. Given a graph and an integer k, we may then ask to perform at most
k vertex-splitting operations in order to obtain a cluster graph (a disjoint union of cliques). The cliques in the obtained
cluster graph then correspond to the clusters in the original graph. This yields the CLUSTER VERTEX SPLITTING (CVS) problem.
To our knowledge, CVS has so far not been studied directly, but we feel it is a very natural simple formulation of clustering
with small overlaps and, indeed, it is a simpler variant of the well-studied CLUSTER EDITING WITH VERTEX SPLITTING problem
which we discuss below.

In Section 4 we show that SCC and CVS are indeed equivalent (Lemma 4.3), and thus both are NP-complete. On the
positive side, we show that CVS is fixed-parameter tractable with respect to the number k of allowed splits, that is, it
can be solved in f(k) - n°? time where f is a computable function and n the number of vertices. Indeed, in Section 5 we
show a stronger result, namely, that CVS admits an O(k)-vertex problem kernel, that is, we may produce with polynomial
processing time an equivalent instance that contains at most 3k + 3 vertices (see Theorem 5.7). This result relies on an
analysis of the structure of the so-called critical cliques of the input graph. Informally, a critical clique is an induced clique
in the input graph with vertex set C such that all vertices in C have pairwise the same neighbors outside of C and such
that there is no critical clique that strictly contains C.’

The CLUSTER EDITING WITH VERTEX SPLITTING (CEVS) problem [3] is closely related to the above two problems. The
difference is that the underlying clustering model allows the clusters to be imperfect, that is, the clusters may miss a
small number of edges and there may be a small number of edges that are not contained in any cluster. More precisely,
in CEVS we are given a graph G and an integer k and we want to obtain a cluster graph from G by at most k modifications.
As modifications we are allowed to split vertices and to add or delete edges. Apart from earlier and applied work [2,3,6],
CEVS has recently been shown to be NP-complete, to be solvable in 0(2°!°¢X 4 n4+m) time, and to admit a problem kernel
with 6k vertices [1].°

Here, building on the structural observations about CVS and SCC above, we contribute a formal proof for a character-
ization of solutions for CEVS as special covers of the input graph (Section 6). Using this characterization together with a
so-called critical-clique lemma [1], we give a simple alternative NP-hardness proof for CEVS (Theorem 6.4). The critical-
clique lemma essentially shows that there is always an optimal cover such that the cover sets respect the critical cliques
in the input graph. Interestingly, not necessarily every optimal cover has this property: We give examples of instances
and optimal covers that do not respect the critical cliques.

Further Related Work. The problems we study are related to two problems with similar context but that correspond to
clusterings without overlap. First, there is the well-researched CLUSTER EDITING (CE) problem, in which we want to add or
delete a minimum number of edges in a given graph to obtain a cluster graph [8-13,17,23,29,30,34,35,37,38,40,43]. For
instance, it is known that CE is NP-hard, fixed-parameter tractable, and admits a 2k-vertex problem kernel. CE is one of
a broad range of so-called edge-modification problems, see Crespelle et al. [ 14] for a recent survey.

Second, we have EDGE CLIQUE CoVER (ECC), wherein we look for covering all edges of a graph with at most some given
number s of induced cliques. Here, it is known that covering all edges of a given graph with at most s induced cliques
can be done in 294" 4+ n9 time [31], but not substantially faster than that [16].

CE has been extended to a variant modeling overlapping clustering [23], where, instead of trying to get a cluster graph,
we modify the edges to obtain a graph in which at most a bounded number of maximal cliques overlap in each vertex. If
we can split a bounded number of vertices to obtain a cluster graph, then in the input graph indeed few maximal cliques
overlap, but not necessarily vice versa.

Vertex splitting as a graph operation has also appeared in other contexts [20-22,42], such as splitting vertices towards
obtaining a planar graph. Systematic investigation into the complexity of vertex-splitting towards obtaining a fixed graph
property began only recently [7,27].

Organization. We will establish the following chain of polynomial-time reductions, based on the classical NP-hard NopE
CLIQUE CoVER (NCC) problem [36]:
NoDE CLIQUE COVER <p SIGMA CLIQUE COVER
<p CLUSTER VERTEX SPLITTING
<p CLUSTER EDITING WITH VERTEX SPLITTING.

4 Note that this is a different optimization goal than the one of the well-studied EDGE CLIQUE COVER problem, where we seek a covering of all
edges with a minimum number of induced cliques.
5 Alternatively, a critical clique is a maximal set of pairwise true twins.

6 These results were developed independently and in parallel to our work.
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We give the first reduction in Section 3, the second in Section 4, and the last in Section 6. The informal definitions of
these problems have been given above, the formal definitions will be given in the corresponding sections. The problem
kernel is shown in Section 5. CEVS and the critical-clique lemma is treated in Section 6.

2. Preliminaries

For a positive integer n € N we use [n] to denote {1, 2, ..., n}. For a set X, we denote by P(X) its power set. Moreover,
for a family of sets &, we write (_J & for the union of all set members of ., that is, |, ,, X. We denote disjoint unions by .
Unless explicitly mentioned otherwise, all graphs are undirected and without parallel edges or self-loops. In a graph G with
vertex set V(G) and edge set E(G), we denote the neighborhood of a vertex v € V(G) by Ng(v) and its closed neighborhood
by Ng(v)U{v}. If the graph G is clear from the context, we omit the subscript G. For V' C V(G), we write G[V'] for the graph
induced by the vertices V'. For u, v € V(G) we write uv as a shorthand for {u, v}, G—v for G[V \ {v}], and d¢(v) for |Ng(v)|.
The graph K, is the complete graph on n vertices. For a graph H, we write H >~ G if H is isomorphic to G, and H < G if
H is an induced subgraph of G. A cluster graph is a graph in which every connected component is a clique. Equivalently,
a cluster graph does not contain a path P; with three vertices as an induced subgraph. A vertex split operation applied to
a graph G = (V,E) and u € V results in a graph G’ = (V’, E’) such that V' = V \ {u} U {v, w} with v, w € V, and E’ is
obtained from E by making each vertex adjacent to u adjacent to at least one of v and w; that is, N¢/(v) UNg(w) = Ng(u).

Some of our results are in terms of parameterized complexity [15,19,28,41]. In a parameterized problem, each instance
x € X* is equipped with a parameter k € N. Such a problem is fixed-parameter tractable if it can be solved in f(k) - n°®
time, where f is a computable function and n the input size. A parameterized problem has a problem kernel if there is a
polynomial-time self-reduction such that in the resulting instances the size is bounded by g(k), where g is a computable
function and k is the parameter. The function g is also called the size of the problem kernel.

3. NP-completeness of SIGMA CLIQUE COVER

To start, we will fix some notation. Leading up to the formulation of the sigma clique cover problem, we first define
the notion of a sigma clique cover:

Definition 3.1. Let G be a graph. Then, ¢ C P(V) is called a sigma clique cover of G if

1. G[C] is a clique for all C € ¢ and
2. for each e € E(G), there is C € C such that e € E(G[C]), that is, all edges of G are “covered” by some clique of C.
The weight of a sigma clique cover C is denoted by wgt(C), where

wet(C) = Y _|Cl.

CeC

Now, we can formulate the associated decision problem:

SIGMA CLIQUE CoVER (SCC)

Input: A tuple (G, s), where G is a graph and s € N.
Question: Is there a sigma clique cover ¢ of G with wgt(c) < s?

Note that SCC is not equivalent to the well-studied EDGE CLIQUE COVER problem, whose optimization goal is to minimize
|| rather than wgt(C). To show that SCC is NP-hard, we reduce from the NoDE CLIQUE COVER problem. Analogous to the
case of SCC, to define said problem formally, we first need to introduce the notion of a node clique cover:

Definition 3.2. Let G be a graph. Then, ¢ C P(V) is called a node clique cover of G if

1. G[C] is a clique for all C € € and

2. for each v € V(G), there is C € C such that v € V(G[(]), that is, all vertices of G are “covered” by some clique C € C.
The size of a node clique cover C is denoted by |C|.

With this, we formulate the NP-hard [36] NoDE CLIQUE COVER problem:

NoDE CLIQUE CoVER (NCC)

Input: A tuple (G, k), where G is a graph and k € N.
Question: s there a node clique cover ¢ of G with |c| < k?

Note that the SCC and NCC problem are similar on a superficial level, but differ in two core aspects: Firstly, the notion
of a sigma clique cover mandates that all edges be covered, in comparison to node clique covers, where all vertices need
to be covered, and secondly, the “difficulty” of the SCC problem lies in minimizing a cumulative weight, in comparison
to the NCC problem, where it is the number of cliques to be minimized. See Fig. 1 for a contrasting example.
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U1 U1
Uk Us
[ ] [ ]
Vo V3 V4 V2 U3 V4
C = {{v1,v2,v3}, {v1,v3,v4}} C = {{va,v3},{v1,v3,v4},{vs}}

Fig. 1. A graph with its unique minimum-weight sigma clique cover (left) and one of its multiple minimum-cardinality node clique covers (right).

Uy U2 us
K K3

Fig. 2. K3 and K3, illustrating Definition 3.3.

To formulate our reduction from NCC to SCC, we introduce notation to extend a graph with independent universal
vertices. See Fig. 2 for an example of Definition 3.3.

Definition 3.3. Let G = (V,E) be a graph and ¢ € N. Using a set {uy, ..., uy} of £ new vertices called universal vertices,
we construct a new graph G¢ with

G'=WU{uy,...,u),EUfupp |1 <i<f,veV).

Note that universal vertices themselves are not adjacent to each other. Informally, the main intuition behind our
reduction from NCC is to add a sufficient number of universal vertices to the instances of NCC such that, concerning
the derived instances of SCC, it will be “combinatorially favorable” to select cliques that contain a universal vertex. Refer
to Fig. 3 for an example of the reduction.

Lemma 34. Let G = (V,E) be a graph and £ = 2|E| + 1. Then, (G, s) is a positive instance of NCC if and only if
(G*, (V| + s+ 1) — 1) is a positive instance of SCC.

Proof. (=): Let C be a node clique cover of G with |C| < s. Without loss of generality, we assume that C is a partition of
V — for otherwise if there are distinct C’, C” € ¢ with C'NC” # @, then ¢’ := (€ \ {C’}) U {C"\ C"} is a node clique cover

of G with |C’'| = |C| and the number of nodes that are contained in more than one clique is strictly less. Thus, applying
this observation a sufficient number of times always yields a partition of V.
Let

A={CU{y}|Cec,1<i=</{} and
B = {{vq, v2} | vivy € E}.

We claim that A U B is a sigma clique cover of G* with
wgt(AUB) < L(|V|+s+1)—1.

First, we verify that .4 U B conforms to Definition 3.1, that is, it indeed is a sigma clique cover of G*. To that end, we
begin by verifying that G[C] is a clique for all C € A U B. By construction, we need to differentiate two cases: Firstly,
let C U {u;} € A. Since G[C] is a clique, E C E(G’) and Yv € V:ujv € E(GY), it follows that G¢[C U {u;}] is also a clique.
Secondly, let {vq, v} € B. Similarly, since G[{v1, v2}] =~ K, and E € E(G), we have G[{v1, v2}] ~ K>.

Now, we prove that all edges of G* are “covered” by A U B. Two cases need to be verified: Consider any viv, € E,
i.e., those edges that are “inherited” from G to G’. We see that {v, v} € B by definition. Furthermore, consider any
uv € E(GY) \ E, i.e., those edges added to G in the construction of G’. Observe that since 3C € ¢ with v € C, we have
{u;, v} C CU {uy;} € A
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U1 V2
Vg
[ ]
(5% (Vrd
C = {{v1,v2,v3}, {va}} C= U {H{ui, v1,v2,vs}, {ui, vat}
1<i<7
NCC-instance: (H,?2) SCC-instance: (H',48)

Fig. 3. Example for our reduction from NCC to SCC. On the left, we see a NCC-instance, and on the right, we see the corresponding SCC-instance
(only one universal node and its associated cliques are fully drawn). In both cases, a certificate is marked in the input graph, as well as stated
explicitly.

We conclude that A U B is a sigma clique cover of G’ and proceed to verify that the claimed bound on the weight
holds. By definition of A, we obtain
wgt(A) = Y |CU {u)]

f;éz {ug,...,u}NC=0PforalCec

:£Z|C|+l

CeC

= <|C| +Z|C|>
Cec >C is a partition of V

=L(cl+ VD).

Clearly, wgt(B) = 2|E| = £ — 1. Now, using .A N B = (J, we derive
wegt(A U B) = wgt(A) + wgt(B)
=Lc]+VI+1)—1 QIC\ -
SUs+IVI+1) - 1. T

Thus, the forward direction of the proof is established.
(«<): Let S be a sigma clique cover of G* with

wgt(S) < £(|V] +s+1) -1,

and let

u* € argmin wgt({C € S|ueC})),
ue{uy,..., up}

x={Ces|u*eC}, and
N ={C\{u*}|Cex}.

We claim that A is a node clique cover of G with |[NV| <'s.

First, we verify that A/ conforms to Definition 3.2, i.e., it indeed is a node clique cover of G. Clearly, G[C] is a clique for
all C € V. It remains to verify that all vertices of G are “covered” by N: Let v € V. Since S is a sigma clique cover of G
and vu* € E(G*), there is some C € S s.t. {v, u*} C C. It immediately follows that v € C \ {u*} € .

Second, we establish that |V| < s. To that end, first, we derive wgt(x) < |V| + s. Towards a contradiction, suppose
that wgt(x) > |V| 4+ s + 1. Observe that since no C € S can contain two different universal nodes of G we get
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wgt(S) > Z wgt({CeS|uecC}

uefuy,....up) >choiceofu*,x
> - wgt(X)
Vv 1
> (V] +5+1) D)2 Vi +s+
=4V +s+1)—1+1
LVI+s+1)—1=>wgt(sS
 wat(s) 4 1. JEVI+5+ 1) =1 = wet(s)

In total, this yields wgt(S) > wgt(S) + 1, hence wgt(x) < |V| +s.
Now, towards the final contradiction, suppose |A| > s 4+ 1. We obtain

wgt(X) = Y |C|
% definition of N
=Y |cuuy
CeN >u* gCforalCeN
=V + > (C|
CeN >|N >s+1
>s+1+ ) (C|
CeN >double counting principle
=s+1+) [{CeN|veC)
vev >/\/ covers V
>s+14|V].

Thus, we have derived both wgt(x) > |V| 4+ s 4+ 1 and wgt(x) < |V| + s, a contradiction. Hence, we conclude that
N <s. O

Using this preliminary work, the NP-completeness proof is straightforward:

Theorem 3.5. SicmMA CLIQUE COVER is NP-complete.

Proof. Lemma 3.4 directly yields a polynomial-time many-one reduction from NCC to SCC, i.e., deciding an instance
(G, s) of NCC is equivalent to deciding the instance (Gl, L(VI+s+1) — l) of SCC where ¢ := 2|E| + 1. Because NCC
is NP-hard [36], so is SCC. Observe that SCC € NP, since a certificate for SCC can clearly be guessed and checked in
polynomial-time. Consequently, we conclude that SCC is NP-complete. O

4. NP-completeness of CLUSTER VERTEX SPLITTING

We will now build upon the NP-completeness of SCC and attend to the NP-completeness proof of CVS. The formal
problem definition of the corresponding decision problem is given below.

CLUSTER VERTEX SPLITTING (CVS)

Input: A tuple (G, k), where G is a graph and k € N.
Question: Is there a sequence of at most k vertex splits that transforms G into a cluster graph?

The reduction will be accomplished in a multi-step manner: We begin with introducing two lemmata, Lemmas 4.1 and
4.2, used to prove the forward and backward direction of Lemma 4.3, respectively. Then, in Lemma 4.3, we establish a
close correspondence between instances of SCC and instances of CVS. Finally, in Theorem 4.4, we use said correspondence
to show that CVS is NP-complete.

Lemma 4.1 essentially states the following: Consider a graph G’ that has a sigma clique cover C'. If we merge two
non-adjacent vertices v and w in G’ into a vertex we call u, that is, we perform a reverse vertex split, we obtain a new
graph, G. Then, we can replace each occurrence of v or w in ¢’ with u and obtain a sigma clique cover C of the same
weight for G. Note that the “overlap” of ¢, wgt(C) — |V(G)|, is one more than the “overlap” of ¢/, wgt(C’) — |V(G)|.

Lemma 4.1. Let G = (V, E) be a graph and let G = (V', E’) be obtained from G by splitting u € V into v, w € V'. IfC' is a
sigma clique cover of G/, then there exists a sigma clique cover C of G with wgt(C) = wgt(C’).

Proof. Using
N (C'\{v,whU{u} fCN{v,w}#0
fe)= {C ! otherwise
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Fig. 4. On the left, a graph G with a sigma clique cover ¢ is depicted. The clique C; € ¢ is marked in green. On the right, a graph G, obtained by
splitting u into u;, and uey, is drawn. Additionally, a sigma clique cover ¢’ of G’ is shown. The clique C; of ¢ was “pulled away” to form f(C;) in
the derived ¢’, creating a sigma clique cover of “decreased overlap”. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

we define
c=1{f(C")|C ec}.

Note that f gives a bijection from ¢’ to C. We claim that ¢’ satisfies the conditions of this lemma. First, we establish that
C is a sigma clique cover of G by verifying the two conditions of Definition 3.1. We begin by proving that all C € C induce
cliques in G.

Let C € C. Assume f~1(C) = C. Observe that C N {v, w} = @. This implies that G[C] = G[C]. Hence, since G'[C] is a
clique, so is G[C].

Conversely, assume f~1(C) # C. Without loss of generality, we assume that v € f~1(C) and w & f~'(C), since f~1(C)
cannot both contain v and w by the semantics of vertex splitting.

Towards the goal of showing viv, € E, let vy, vy € C with vy # v,.

Case {v1, v2} N {u} = ¥: We get that viv, € E if and only if viv, € E’ by the way our vertex split was defined. From
{v1, 12} € f~Y(C), our assumption that f~!(C) e ¢’ is a sigma clique cover of G’ and the correspondence just
established, it follows that vv, € E.

Case {vy, v;} N {u} # ¥: Without loss of generality, assume v, = u. Since {v, v} is a subset of f ~'(C), again invoking that
C’ is a sigma clique cover of G’ to derive vv, € E’ and Ng(v) € Ng(u), it follows that uv, € E.

Now, we prove the second property, that is, all edges of G are covered by C. Again, let vy, v, € C with v; # v,.

Case {v1, v} N {u} = @: This edge is not affected by the split, therefore v,v, € E’, enabling us to choose C’ € ¢’ such that
{v1, v2} € C". Thus {vy, v} € C'\ {v, w} S f(C') e C.

Case {v1, v2} N {u} # P: Without loss of generality, assume v; = u. By the semantics of our split, vv, € E’ or wv, € E’
must hold. Without loss of generality, assume the former. By the assumption of ¢’ being a sigma clique cover of ¢,
we can choose C’ such that {v, v,} € C’ € C’. Thus, we find that {u, v,} C f(C') € C.

Therefore, C is a sigma clique cover of G. Finally, observe that f ranging over ¢’ does not change the cardinality of any
image it maps, implying that wgt(C) = wgt(¢’). O

Now, we tend to the other direction. In essence, Lemma 4.2 states the following: Consider a graph G that has a sigma
clique cover C of “overlap” at most « € N, that is, wgt(C) — |V(G)|. If « is zero, then G evidently is a cluster graph.
Otherwise, there is a vertex u covered by at least two cliques, C; and C,. Then, we can define a vertex split acting on u
that “pulls the clique C; away from the other cliques of ¢” while leaving the cliques of the sigma clique cover intact. One
of u’s descendants is then only covered by a single clique. Refer to Fig. 4 for an illustration. Consequently, we obtain a
graph G’ that has a sigma clique cover of the same weight, but with an “overlap” decremented by one.

Lemma 4.2. Let G = (V,E) be a graph without isolated vertices and let C be a sigma clique cover of G with wgt(C) <
[V]|+a € Nas well as |C| > 1 for all C € C. Then, either G is already a cluster graph or there is u € V such that u can be split
in G to obtain G' = (V’, E') admitting a sigma clique cover C’ satisfying

1. wegt(c) < V| +a —1,
2. |C'l > 1forall C' e, and
3. G’ does not contain isolated vertices.
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Proof. If G is not already a cluster graph, there must exist C; # C, € C such that C; N C; # @. In this case, let u € C; N C,.
We define G’ = (V’, E’) as the graph that is obtained when u is split into the two vertices u;, and uo,; obeying:
Ngr(uin) == Ng(u) N Cy,
Ne (uout) == (Ng(u)\ C1) Uf{v € No(u)N €1 | 3C € €\ {C1}:u, v € C}.

Furthermore, using the map
(C \ {u}) U {uin} ifC=¢
FIC) = Y (C\ {u)) U {tou) ifue CAC#G
C otherwise

we can define
¢ ={f(C)|Cec}.

Note that f gives a bijection between ¢ and ¢’; thus f~'(-) will be used to denote a single well-defined element in
what follows.

Intuitively, this split corresponds to “pulling out” the vertex u creating u;,, only keeping the part of u’s neighborhood
contained in Cy, so that u;, will only be contained in a single clique f(C;) in the derived sigma clique cover ¢’ and letting
Uoye inherit the rest of the neighborhood, plus a select set of vertices already neighbors of u;,, as to not destroy any cliques
of ¢\ {C1}. See Fig. 4 for an example. We claim that ¢’ is a sigma clique cover of G’ and that Conditions 1-3 of this lemma
are met. To show the former, we need to verify the two conditions of Definition 3.1. We start with the first condition,
that is, we verify that all C’ € ¢’ induce cliques in G':

Let C' € C'. Since |C’| < 2 is impossible, we select arbitrary vy, v, € C’ such that v; # v,. We denote the intersection
of {ujy, Uoye} and {vq, vo} by I and enumerate all arising cases:

I = (: We have vqv; € E since {vq, v;} € f~'(C"), further implying v v, € E’, because this edge was not affected by the
splitting operation.

I = {ujy): Without loss of generality, assume v; = u;,. Let C := f~1(C’) € C. Since {v,, u} € C, we obtain v, € Ng(u) and
vy € C. Thus, v, € Ng(ui,), implying viv, € E’ by construction.

I = {uoue}: Without loss of generality, assume v; = uqy. Observe that this yields v, € Ng(u). In the case that v, ¢ Cy it
holds that v, € Ng(u) \ C1 € Ng/(Uoyt), thus ugytv, = vivy € E'.
Otherwise, if v, € Cj, observe that {u, v,} € f~Y(C’). This implies v» € Ng(u), and using v, € C;, we get
v2 € Ng(u) N Cy. Note also that f~'(C’) # C; by definition of f. Thus, v; € {v € Ng(u)NC; | 3C" € ¢\ Cy:u, v € €}
C Ng(uout) is witnessed by f~1(C’). Hence, we have ugu vy = v1v; € E'.

I = {Ujn, Uoue}: Contradiction to the definition of the split yielding G'.

Now, we proceed with the second condition, demanding that all edges of G’ be covered by C’: Let viv, € E’. Again, we

denote the intersection of {u;,, Uy} and {v1, v} by I and enumerate all arising cases:

I = (J: Since this case mandates that v,v, € E, by assumption of C being a sigma clique cover of G, there exists C € C
such that {vq, v,} C C. By definition of f, it must also hold that {vq, v} C f(C).

I = {ujn}: Without loss of generality, assume v; = u;,. Because v, € Ng(ujn) € Cq, and v, # u, we know that v, € f(Cq).
Furthermore, because u;, € f(C;) by definition of f, we have u;,v, € E(G'[f(C1)]).

I = {ugut}: Without loss of generality, assume v; = ugy. It holds that vy € Ng(ugy). As Ng(ui,) is defined as the union
of two sets, we distinguish two cases: Firstly, assume v, € Ng(u) \ C;. By definition of the vertex split at hand, we
have uv, € E. Using the assumption that C is a sigma clique cover of G, there is C* € C \ {C;} with {u, v} C C*. By
the second case of the definition of f, it thus follows that {ugy, v2} € f(C*).

Secondly, assume v, € {v € Ng(u)NC; | 3C € C\ {Ci}:u, v € C}. This yields that there is C* € C \ {C;} with
{u, v} € C* and therefore, by the argument employed in the previous case, we have {ugy, v2} < f(C*).

I = {Ujn, Uout}: Contradiction to the definition of the split yielding G'.
Thus, ¢’ indeed is a sigma clique cover of G'. Next, we derive Conditions 1-3.
Condition 1. Since |C| = |f(C)] for all C € C, we have
wgt(C") = wgt(C)
<|Vl+«
<|V|+a-1.

Qby assumption
Q|V| = V-1

Condition 2. Observe that f preserves the cardinality of mapped sets, and that |C| > 1 for all C € C. Thus, Condition 2
follows immediately.
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Condition 3. Towards a contradiction, suppose G’ contains an isolated vertex v € V'. As the vertex degree of all vertices,
except those of uj, and u,y, are necessarily inherited from G by the vertex split, we must have either Ny (uj,) = @ or
Ng (Uour) = 9.

Suppose Ng(ujn) = @. Since u € C; and |C;| > 1, there exists v, # u with v, € Cy. Since G[C;] is a clique, we get
vy € Ng(u). Therefore, v, € Ng(u) N C; = Ng(ujn), contradicting Ng (uin) = 9.

Now, suppose N (Uout) = @. Invoking the same argument as in the last case substituting C, for Cy, we derive v, € Ng(u).
First, suppose v, € Cy. Using C, as witness, we obtain

va € {v/ € Ng(u)N Cy | 3C € ¢\ {Ci}:u, v € C} S No(utour),

which contradicts Ng/(ugy) = 9.
Now, suppose the contrary, that is, v, ¢ C;. We derive

vz € Ng(u) \ C; € Ng(Uoyr),

which again is a contradiction to Ng (uoyut) = 9.
Thus, our initial assumption that G’ contains an isolated vertex v € V' is invalid. O

With this groundwork, we can formulate and prove Lemma 4.3. In essence, the lemma states that it is equivalent to
search for sigma clique covers of bounded “overlap”, and splitting sequences of bounded length that end in cluster graphs.
Note that some special care needs to be taken to deal with the possibility of isolated vertices.

To prove the correspondence, we proceed as follows: Suppose we are given a graph with a sigma clique cover of
“overlap” at most k. Then, we can apply Lemma 4.2 at most k times to obtain a graph admitting a sigma clique cover of
zero “overlap”, which is a cluster graph.

Conversely, consider a splitting sequence of length at most k that ends in a cluster graph. The last graph trivially has
a sigma clique cover of zero “overlap”. Then, we can work through the sequence in reverse order, and by repeatedly
applying Lemma 4.1, obtain a sigma clique cover of the first graph that has an “overlap” of at most k.

Lemma 4.3. Let G = (V,E) be a graph, and let I := {v € V | dg(v) = 0}. Then, (G, k) is a positive instance of CVS if and
only if (G, |V| — |I| + k) is a positive instance of SCC.

Proof. (=): Let Gy, ..., G, be a sequence of graphs with Go = G and ¢ < k such that each graph, except Gy, is obtained
from its predecessor via a vertex split, and G, is a cluster graph. Observe that a vertex split never results in a graph with
fewer isolated vertices than the original graph, hence at least |I| vertices of G, are isolated. By identifying all connected
components of G, with their vertex sets, but omitting some |I| trivial components, we can construct a sigma clique cover
C, of Gy with wgt(C,) = |V(Gg)| — |I]. Each split used in the construction of G, ..., G, introduces exactly one new vertex,
therefore |V(G,)| = |V |+ £. Combining this with the fact that ¢ < k, we derive wgt(C;) < |V|—|I| + k. Using the sequence

Go, ..., G, in reverse order, we iteratively apply Lemma 4.1 £ times using C;, and G, as base case and obtain C, ..., C;.
In particular, it follows that Cy is a sigma clique cover of G satisfying wgt(Co) < |V| — |I| + k. Thus, (G, |V| — |I| + k) is a
positive instance of SCC.

(«<): Let C be a sigma clique cover of G with wgt(C) < |V| — |I| + k. Without loss of generality, we can assume that
C contains no C € ¢ with |C| < 1, for ¢ \ {C} still is a sigma clique cover of G of weight not exceeding that of C for any
such C € C. Observe that C is a sigma clique cover of Hy := G[V \ I] too, since E(Hp) = E(G). Furthermore, set Cy := C. By
iteratively applying Lemma 4.2 for a number of times, call it ¢, either until a cluster graph is obtained as a direct result
of the lemma, or alternatively, stopping after | = k iterations, we can obtain the sequences Hy, ..., H; and C, ..., C;.

We shall now verify that also in the latter case where ¢ = k, H, must be a cluster graph. As a consequence of the k
applications of Lemma 4.2, we get wgt(C,) < |V(H,)|. By considering the fact that for each vertex v € V(H,) there exists

C € ¢, with v € C (since C; is a sigma clique cover of H, and H, contains no isolated vertices), we derive wgt(C,) > |V (H,)|.
Thus, we have that wgt(C,) = |V(H,)| and it follows that C, forms a partition of V(H,). Using this partition property and
the fact that ¢, is a sigma clique cover of H, allows us to directly conclude that H, is a cluster graph. Thus, H, is a cluster
graph in both cases.

We reintroduce the isolated vertices I by constructing
Hp, ... H} = ((V(Hi) UI,E(H,))) .
i€{0, ...}

Hj, ..., H, forms a sequence of graphs where each constituent except the first is generated by performing a split in its
predecessor for a total of no more than k splits; this property is inherited from Ho, ..., H,. Note that in particular Hy = G
by definition, and furthermore, H, is a cluster graph, since adding isolated vertices to a cluster graph yields another cluster
graph. In total, we thus have obtained a certificate Hy, ..., H, proving that (G, k) is a positive instance of CVS. O

With the correspondence just established, the NP-hardness proof of CVS becomes immediate.

Theorem 4.4. CLUSTER VERTEX SPLITTING is NP-complete.
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G CC(G)

Fig. 5. A graph G whose critical cliques are marked in blue (left) and CC(G) (right). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Proof. Let (G, s) be an instance of SCC and I := {v € V(G) | dg(v) = 0}. We can leverage Lemma 4.3 to conclude that
deciding this instance of SCC is equivalent to deciding the instance (G, s — |V(G)| + |I|) of CVS. We have thus constructed
a polynomial-time many-one reduction from SCC to CVS. Because SCC is NP-hard by Theorem 3.5, so is CVS. Observe that
CVS € NP, since a certificate for CVS can clearly be guessed and checked in polynomial-time. Consequently, we conclude
that CVS is NP-complete. O

5. A linear kernel for CLUSTER VERTEX SPLITTING

To start, we introduce the concept of valency, a straightforward tool that assists us in counting arguments. We also
review the concept of critical cliques [39], where vertices that share identical closed neighborhoods are grouped together.

In Section 5.2, we establish the groundwork for the first reduction rule of the kernel, which allows us to reduce certain
critical cliques in a SicMA CLIQUE COVER instance. The second rule of the kernel is based on Section 5.3, where we determine
that SiGMA CLIQUE COVER instances that have been exhaustively reduced using the previously explored mechanism and
still contain more than 3k vertices are negative instances. We then give the kernel in Section 5.4.

5.1. The notions of valency and critical cliques

We will frequently have to prove lower bounds for the weight that a sigma clique cover needs to have at minimum.
This we will do by observing that particular vertices must be covered by at least a certain number of cliques each. To aid
in such arguments, we introduce a new measure. The valency of a vertex v with respect to a sigma clique cover C counts
the number of cliques that contain v:

Definition 5.1. Let C be a sigma clique cover of a graph G. Then, for each vertex v € V(G), we define the valency of v
with respect to C as the number of cliques in C that cover v. Symbolically, we express this quantity as

vale(v) = |{CecC|veC}|

With this notation, we can express the weight of a sigma clique cover in an alternative manner: Via the definition of
wgt(-) (Definition 3.1) and the principle of double counting, we obtain

wgt(C) =Y ICl = > vale(v).
)

cec veV(G

Another key tool that we will use in this section is the concept of critical cliques, coined by Lin et al. [39]. This allows us
to consider an equivalence relation, where vertices of a graph are in the same class if and only if their closed neighborhoods
coincide. The equivalence classes under this relation are called the critical cliques of G. Consider a critical clique C of G.
Observe that it is fully connected “internally”, that is, G[C] is a clique, and that Ng(v) \ C = Ng(w) \ C for any v, w € C,
which means that the vertices of C share a common “external neighborhood”.

If we delete all but one vertex from each critical clique, we obtain a graph isomorphic to what we will call the critical
clique graph of G; we will use the shorthand CC(G) to refer to it. See Fig. 5 for an example. Formally, we define this graph
as follows:

Definition 5.2. Let G be a graph. Consider the equivalence relation Rz C V(G) x V(G) where (v, w) € R; if and only if
N(v) U {v} = N(w) U {w}. We use [v]; to denote the equivalence class generated by v € V(G) and Rg. The critical clique
graph of G, referred to using CC(G), is given by

V(CC(G)) = {[v]e | v € V(G)} and
E(CC(G)) = {[vlclw]c | vw € E(G) A [v]e # [w]c} -
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The main intuition we make use of here is that members of the same critical clique are essentially “clones” of one
another. Thus, it seems reasonable that, provided certain conditions are met, we are allowed to “shrink” certain critical
cliques without removing a significant amount of “computational complexity” when solving the combinatorial problems
we are interested in.

5.2. Towards a rule to shrink critical cliques

Consider the critical clique graph CC(G) of a graph G. We distinguish between two kinds of critical cliques:

(1) Critical cliques [v]¢ such that their neighborhood, that is, Nccg)([vlg), forms a clique in CC(G), and
(2) critical cliques [v]g, where said neighborhood does not form a clique.

In this section, we show that, with respect to the sigma clique cover problem, critical cliques of the first kind consisting
of at least two vertices, can either safely be reduced in size, or deleted altogether (Lemma 5.5). Correspondingly, we will
refer to them as reducible critical cliques. The second kind of critical cliques we will call irreducible critical cliques.

To help prove Lemma 5.5, we first observe that in any minimum-weight sigma clique cover of a graph, a vertex member
of a critical clique of the first kind is always covered by precisely one clique. Furthermore, this clique can be determined
explicitly (Lemma 5.4). We start with a useful observation that we prove for completeness’ sake:

Lemma 5.3. Let G be a graph, C a sigma clique cover of G, and v € C € C. Then, C € Ng(v) U {v}.

Proof. Suppose there is w € C\ {Ng(v) U {v}}. Observe that w differs from v. But then w cannot be a neighbor of v in G.
Hence, C cannot cover v and w simultaneously, contradicting our choice of w. O

Now, we are ready to prove our auxiliary lemma that offers insight into the structure of minimum-weight sigma clique
covers:

Lemma 5.4. Let G be a graph without isolated vertices and let [v]¢ be a critical clique in G such that CC(G)[Ncc)([vlg)] is a
clique. Furthermore, let C be a minimum-weight sigma clique cover of G and let C* := Ng(v) U {v}. Then, C* is contained in C.
Moreover, C* is the only clique of C that covers v.

Proof. We will first show that G[C*] is a clique; this will become useful later on. Since v is not isolated, we can select
two distinct vertices a, b € C*. We need to show that ab € E(G).

Case [a]c = [blgc = [v]lg: The vertices a and b are part of a shared critical clique. Hence, Ng(a)U {a} = Ng(b)U {b}, which
implies a € Ng(b).

Case [alc # [v]c A [blg # [vlg: Since a # v and b # v, we have {a, b} € Ng(v), implying {va, vb} < E(G). Using
Definition 5.2, we obtain that all of {[v]s[alg, [vIc[b]lc} are edges of CC(G). If [alg = [b]c, it is immediate that
ab € E(G). Otherwise, we invoke the precondition that CC(G)[Ncc)([vlg)] is a clique, yielding [al¢[blc € E(CC(G)),
which implies ab € E(G).

Case [a]c = [v]c A [blg # [v]lg: Similarly to the last case, b # v gives b € Ng(v), implying [v]g[blc = l[alc[blc €
E(CC(G)). Hence, ab € E(G).

Case [a]c # [v]c A [b]lg = [v]g: Symmetrical to the previous case.

Next, we show that v is covered by at most one clique. Towards a contradiction, suppose that vale(v) > 2. Let C; and

G, be two distinct cliques of € such that v € C; N G,. By Lemma 5.3, we know that C; € Ng(v)U {v} and C; C Ng(v)U {v}.

Thus, C; UG, € Ng(v)U{v} = C*. We have already shown that G[C*] is a clique. Since the family of clique graphs is closed

under vertex deletion, we thus find that G[C; U G;] is a clique too. Now, let

¢ =€ \{G,GHUGUG).

Clearly, ¢’ covers G as C does. Also, we have just observed that G[C; U G,] is a clique, while all other C € ¢’ induce
cliques in G because C is a sigma clique cover of G. Therefore, C’ is a sigma clique cover of G. But notice

wgt(C') = wgt(C) — |G| — G| + G U G|

Q|c1 UG| < [Ci| + G|
< wgt(C).

This contradicts that ¢ has minimum weight for G. Therefore, vale(v) < 2. Since v is not isolated, we additionally have
that valc(v) > 1. Thus, valg(v) = 1.

We have shown that v is covered by precisely one clique of C; call it C. The last remaining step is to prove that C = C*.
Consider any edge e € E(G) incident with v. We observe that e is covered by C, for were e covered by any different C’ € ¢,
we would obtain vale(v) > 2. Thus, considering all such edges lets us conclude that Ng(v) U {v} = C* C C. At the same
time, by Lemma 5.3, we get C C Ng(v) U {v} = C*. Therefore, C equals C* and the proof is complete. O
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It remains to turn our previous observation into a lemma suitable to show the correctness of a reduction rule used in
the kernel. More specifically, when we prove the correctness of Rule I formulated in Theorem 5.7, we will make direct
use of the following lemma:

Lemma 5.5. Let G be a graph without isolated vertices and let [v]c be one of its critical cliques such that |[v]g| > 2 and
CC(G)[Necey([vle)l is a clique. Then, (G, |V(G)| + k) is a positive instance of SCCiff (G — v, |V(G — v)| + k) is.

Proof. (=): Let C be a sigma clique cover of G with wgt(C) < |V(G)|+k. We set C' := {C\{v} | C € ¢}. Clearly, C’ is a sigma
clique cover of G—v. Furthermore, since v is not isolated, C covers v and wgt(C’') < wgt(C). Hence, wgt(C') < |V(G — v)|+k.

(«<): Let ¢’ be a minimum-weight sigma clique cover of G — v such that wgt(C’) < |V(G — v)| + k. Furthermore, let
w € [v]g\{v}. We apply Lemma 5.4 to G—v, [w]g_,, and C’" to deduce that there is a single clique C* = Ng_,(w)U{w} € ¢
where w € C*. Next, let

C = (C/\C)*U(C*U{U}).

We know that v and w are part of the same critical clique in G. Thus, Ng(v) U {v} = Ng(w) U {w}. Subtracting v on
both sides, we obtain

Ng(v) = Ne—p(w) U {w} = C* € C* U {v}.

Thus, all e € E(G) \ E(G — v) are covered by C* U {v}. All remaining edges of G are not incident with v; let e be such
an edge. Since there is C’ € ¢’ that covers e and C’ C C for some C € C, we have that C covers e.

It remains to show that all C € C induce cliques in G. Let C € C. If v € C, then G[C] = (G — v)[C]. Otherwise, C is equal
to C* U {v}. We know that (G — v)[C*] is a clique and that G — v < G. Thus, we only need to show that all edges between
C* and {v} exist in G. Let

aeC* = Ng_p(w)U {w}
€ No(w) U {w}
= Ng(v) U {v}.

Since a # v, we have a € Ng(v), or phrased differently: av € E(G).
Observe that ¢ € P(V(G)) and wgt(C) = wgt(C') + 1 < |V(G — v)| + 1 + k = |V(G)| + k. Therefore, we can finish our
proof and conclude that C is a sigma clique cover of G of the required weight. O

5.3. Towards a rule to recognize negative instances

In the previous section, we laid the foundation for a rule that minimizes the sizes of reducible critical cliques. Consider
an instance (G, |V(G)| 4 k) of SicmA CLIQUE COVER that has been exhaustively reduced using the aforementioned rule. We
now observe that, if this instance has more than 3k vertices, then it is a negative instance. This will serve as the basis for
Rule II defined in Theorem 5.7.

We proceed as follows: We assume that G has more than 3k vertices and consider an arbitrary sigma clique cover C
of G. Then, we provide two separate lower bounds on wgt(C). One bound is based on reducible critical cliques, while the
other bound is based on irreducible critical cliques. Each lower bound individually is too weak, but the maximum of both
will be greater than |V(G)| + k in all cases, yielding that (G, |V(G)| + k) is a negative instance.

Lemma 5.6. Let G be a graph such that none of its connected components are cliques and k € N. We divide V(CC(G)) into the
partition AW B where v € A if and only if CC(G)[Ncc(g)(v)] is a clique. Furthermore, we set

A= UA andE::UB,

that is, the partition of V(G) induced by AU B. If |A| = |A| and |V(G)| > 3k, then (G, |V(G)| + k) is a negative instance of
SCC.

Proof. We assume that |A| = |A| and |V(G)| > 3k. Let C be a sigma clique cover of G. We claim that
wgt(C) > max {2[A[, [V(G)| + [B|} > |V(G)| + k.

First, we will derive wgt(C) > 2|A|: Consider the set B’ C B with

B = {b €B | Ncc(c)(b) NA ;ﬁ @} .
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Phrased differently, B’ is the subset of B where each element has at least one neighbor in A in CC(G). Furthermore, let
fz:B — B such that fg(b) € b for all b € B, that is, a function selecting an arbitrary vertex out of each critical clique
contained in B. Additionally, we define a second function f,: A — A in a completely symmetric manner.

Now, consider some b € B’ and a € A such that ab € E(CC(G)). By Lemma 5.4, there is precisely one C € C such that
{fa(a), fs(b)} C C. Thus, accounting for all such a, we obtain

vale(f(bh)) > INce)(b) N Al
On the other hand, let a € A. Suppose Ncc)(a) € A. Then,
G [U(NCC(G)(a) U {a})]

is a connected component of G that is a clique, which we required to never be the case. Thus |Ncc)(a) N B'| > 1. Using

these two facts, we obtain
> “vale(fs(h)) = > INceiey(b) N Al
beB’ beB’ >double counting principle

= Z INcciey(@) N B|

aeA

> |A]
= |Al.
In total, we calculate

wgt(C) = Z vale (v

veV(G
Z > vale(@+ Y > vale(b)
CEAUBB) cec beB’ beb D%geAvL()((:?\vgl)v(v) > 1
— — . C jul
= [Al+ ) ) vale(h)
beB' beb >fs(b) b

> |Al+ Zvalc(fB(b))

beB’

> 2|A|.

Next, we will derive wgt(C) > |V(G)| + |B|: Let [v]¢ € B. By definition of B, there are distinct [u]g, [w]c € V(CC(G))
such that {vu, vw} € E(G), but uw ¢ E(G). Let C; € C such that {v,u} € C; and C; € C such that {v, w} € G,. Since
uw ¢ E(G), we know that C; differs from C,. Thus, valc(v) > 2. In total, we obtain

wgt(C Z vale(v

veV(G
=y Z vale(b)+ ) > " vale(a)
beB pep acA aea
> 2|B| + |A] _
_ VG = A1+ B
= |V(G)| + B].

To finish our proof, we will combine these two bounds to obtain that wgt(C) > |V(G)|+k. First, suppose that |A| > §|V(G)|.
Then,

wgt(C) > 2|E|
== |V Gl
Q\v )| > 3k
> |V )+ k.

If otherwise |A| < £|V(G)|, then
wgt(C) > |V(G)| + |E|

)E\ > V()
= V(G)] + 2 V(G)]

3 2|V(G)| > 3k
> |V(G)| + k.
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Therefore, we conclude that wgt(C) > |V(G)| + k in all cases. Since C was chosen generically, this implies (G, |V(G)| + k)
is a negative instance of SCC. O

5.4. Deriving the kernel

In the two preceding sections, we have essentially derived two reduction rules for the sigma clique cover problem. It
remains to compile our results into a polynomial kernelization procedure for CLUSTER VERTEX SPLITTING. Essentially, we
convert a given instance (G, k) of CLUSTER VERTEX SPLITTING into an equivalent instance of SIGMA CLIQUE COVER, apply
the two reduction rules exhaustively, until finally converting the reduced instance back to an instance of CLUSTER VERTEX
SPLITTING. Refer to Fig. 6 for an example.

Theorem 5.7. CLUSTER VERTEX SPLITTING admits a problem kernelization with running time O(|V(G)| + |E(G)|) mapping an
instance (G, k) to an equivalent instance (G, k') satisfying |V(G')| < 3k +3 and k' < k.

Proof. Let an instance of CLUSTER VERTEX SPLITTING be given through (G, k) and let Gy be obtained from G by removing
all isolated vertices. Observe that (G, k) is equivalent to (Go, k =: ko) with respect to CVS. We apply Lemma 4.3 and derive
that (G, ko) is a positive instance of CVS if and only if (Go, |V(Go)| + ko) is a positive instance of SIGMA CLIQUE COVER.
Next, we construct the sequences Gg, ... and kg, ... by exhaustively applying the following set of rules:

Rule I: If there is a critical clique [v]g, € V(CC(G;)) such that [v]¢, contains at least two vertices and CC(G;)[Ncc([v]g,)]
is a clique, then G;;1 := (G; — v) — I and ki1 := k;, where I is the set of isolated vertices in G; — v.

Rule II: If Rule I is not applicable to G;, Rule II has not been used so far, and |V(G;)| > 3k;, then G;¢ := P3 and k; 1 := 0.

Termination in linear time. Observe that Rule I reduces the number of vertices of the current graph, and that Rule II is
applicable at most once. Thus, both sequences are finite and of length £ = O(|V(G)|). The time complexity of constructing
the critical clique graph of a graph H is in O(|V(H)|+ |E(H)|) [33]. Note that it suffices to calculate the critical clique graph
once and then update it in constant time per step as (up to graph isomorphism) applying Rule I may only do nothing or
delete isolated vertices. Hence, we observe that our sequences can be constructed using a budget of O(|V(G)| + |E(G)|)

steps.
Correctness. We claim that Rule I and Rule II are correct, that is, the instances (G, |V(G;)|+k;) and (Giy1, |V(Giy1)| +kir1)
are equivalent with respect to the SCC problem for all i € {0,...,¢ — 1}. Let G; such that G;j;; was obtained by

applying Rule I, and let v as well as I as used in the definition of Rule I. First, consider the case when I # (. Let
w € I. We have that dg(w) > 1, because w is not isolated in G;. At the same time, we know that d¢,(w) < 2, for
otherwise w would not be isolated in G; — v. Thus, dg,(w) = 1, which forces |[v]g| = 2. Since w & [v]g; would imply
dg,(w) > 2, we conclude that [v]g, = {v, w}, that is, Gj[{v, w}] >~ K; is a connected component of G;. Now, it is easy
to see that (G, |V(G;)| + k;) is equivalent to (Gjy1, |V(Gir1)| + kir1) with respect to the SCC problem. Otherwise, I = .
By construction, G; is free of isolated vertices. Thus, applying Lemma 5.5 yields that (G;, |V(G;)| + k;) is equivalent to
(Gi — v, V(G — v)| + ki) = (Gig1, [V(Giy1)| + kiy1) with respect to the SCC problem. Hence, Rule I is correct.

Next, let G; such that G;,; was obtained by applying Rule II, and let A, A, B, B as defined in the header of Lemma 5.6
when substituting G for G;. Then, [V(G;)| > 3k; and Rule 1 is not applicable to G;. Hence, for all [v]g, € V(CC(G;)) such that
CC(Gi)[Nceep(lvlg )] is a clique, we have [[v]g,| = 1. Note that this implies |A| = |A|. Again, notice also that G; cannot
contain isolated vertices. Now, suppose that C C V(G;) induces a connected component of G; that is a clique with |C| > 1
and let v € C. Then, C “spans” the whole of G;[C], that is, [v]g; = C and CC(G;)[Ncc(g([v]g,)] = @. Thus, applying the
above, we have |C| = 1, which cannot be since G; is free of isolated vertices. Therefore, none of G;'s connected components
are cliques. Hence, all conditions are met to apply Lemma 5.6 to G;, k;, A, A, B and B, showing that (G, k;) is a negative
instance of SCC. Since (Ps, |P3| 4+ 0) is a negative instance of SCC too, Rule II is correct.

In total, we have that (G, |V(G¢)|+k,) is a positive instance of SCC if and only if (Gg, |V(Go)|+ko) is. Another application
of Lemma 4.3 (using that G, is free of isolated vertices) yields that (G, |V(G¢)| + k¢) is a positive instance of SCC if and
only if (G, k) is a positive instance of CVS. Finally, we conclude that (G, k) is equivalent to (G, k,) with respect to the
CVS problem.

Problem kernel size. First, we observe that k, < k, as no rule may increase the current value for k. If Rule II was used
in the construction of the sequence at any step, then |V(G,)| = |P3| < 3 + k. Otherwise, Rule II was not used. As G, is
the last element of Gy, ..., G, no rule is applicable to it. Suppose |V(G¢)| > 3k,. But then, Rule II is applicable, which is
a contradiction. Hence, |V(G;)| < 3k, < 3k+3. O

6. Characterization and hardness of CLUSTER EDITING WITH VERTEX SPLITTING

We now give a characterization of solutions to CLUSTER EDITING WITH VERTEX SPLITTING (CEVS) and give an alternative
hardness reduction. CEVS is defined as follows, where by a graph modification we mean a vertex split, an edge addition,
or an edge deletion.
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Fig. 6. Two instances of CVS and their corresponding kernel as given by Theorem 5.7. Reducible critical cliques are marked in green with dashed
outlines, while irreducible critical cliques are marked in red with solid outlines. Note that the graph G is taken from Fig. 5. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

CLUSTER EDITING WITH VERTEX SPLITTING (CEVS)

Input: A tuple (G, k), where G is a graph and k € N.
Question: [s there a sequence of at most k graph modifications that transforms G into a cluster graph?

The alternative hardness result uses the critical-clique lemma for CEVS. To state it conveniently, we first need an
equivalence between the sequence of modifications in CEVS and a cover of the input graph by clusters, similar to the
correspondence between sigma clique covers and cluster vertex splittings in Lemma 4.3.

A cover of a graph G is a collection ¢ of subsets of V(G) such that | J... C = V(G). The cost csts(C) of a cover C is the
number of non-edges contained in a set of C plus the number of edges not contained in any set of C plus the number of
times each vertex is covered by a set beyond the first time. In formulas,

cstg(C) = {uv € (‘2/) \E(G)|3C eC:{u,v} C C} +

CeC

[{uv € E(G) | VC e C:{u, v} ¢ C}| + (Z |C|) — V(G

Herein, (‘2/) denotes the set of all two-element subsets of V. If G is clear from the context, we omit the subscript G in cstc.
The following lemma has been used implicitly by Abu-Khzam et al. [3] but we are not aware of a formal proof.

Lemma 6.1. Let G be a graph and k a positive integer. There is a sequence of at most k graph modifications to obtain from G
a cluster graph if and only if G admits a cover of cost at most k.

Proof. Let S be a sequence of at most k graph modifications such that applying them to G results in a cluster graph. By
a reordering argument of Abu-Khzam et al. [3] (see [4, Theorem 1]) we may assume that S consists of a possibly empty
sequence of edge additions, then a possibly empty sequence of edge deletions, and then a possibly empty sequence of
vertex splits. Consider the graph G obtained after performing all edge additions and edge deletions but none of the vertex
splits. Let £ be the number of vertex splits in S and ng the number of degree-0 vertices in G. By Lemma 4.3 there is a
sigma clique cover of G of weight at most n — ng + £ were n is the number of vertices of G. By adding to this sigma clique
cover the degree-0 vertices of G as singleton sets, we obtain a cover C of G. Observe that the cost of C (with respect to G)
is at most £. Notice that the number of edges of G that are not contained in any set in C is at most the number of edge
deletions in S and that the number of non-edges of G that are contained in at least one set in C is at most the number of
edge additions in S. Hence, C is a cover of G of cost at most k.

Now let C be a cover of G of cost at most k. Delete each edge from G that is not in any set in C and for each non-edge
of G that is contained in some set of ¢, add the corresponding edge to G. Denote by G the so-obtained graph. Let k’ be
obtained from k by subtracting the number of performed graph modifications so far. Note that C is a sigma clique cover
of G. Remove the isolated vertices from C, obtaining C’, which is still a sigma clique cover of G. Moreover, the weight of ¢’
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Fig. 8. The P5; packing in Proposition 6.3.

with respect to G is at most n — ng + k', where ng is the number of isolated vertices in G, by the definition of the cost of
C. Thus, by Lemma 4.3 we may split at most k’ vertices in G to obtain a cluster graph. O

Recall the definition of critical cliques from Definition 5.2. The critical-clique lemma is stated as follows.

Lemma 6.2 (Abu-Khzam et al. [1]). Let G be a graph and k a positive integer. If (G, k) admits a solution for CEVS, then there
is a cover C of cost at most k such that for each critical clique K of G and each set C € C we have either K C Cor KNC = .

We mention in passing that we cannot assume that every cover corresponding to an optimal solution respects critical
cliques. (Indeed, a previous version of the critical clique lemma claimed this stronger property, which we observed to be
incorrect [25,26]. The authors since provided a sound proof of the above, weaker version [1].) This is shown in Fig. 7: The
left shows the input graph with marked critical cliques. The right shows a minimum-cost cover in which the left cover
set contains the central critical clique only partially. The cover has cost 6. That this is optimal is shown in the following
proposition:

Proposition 6.3. The graph shown on the left in Fig. 7 needs at least 6 modifications to turn it into a cluster graph.

Proof. We show that there is a modification-disjoint packing of six induced Pss. In the following, we denote a P; by xyz,
where x, y, and z are its three vertices and y is the center vertex. Two Pss xyz and abc are modification disjoint if they do
not contain the same vertex pair (that is, the same edge or non-edge) and they do not contain the same center vertex. In
formulas, |{a,b,c} N{x,y,z}| <1andy #b.

A modification-disjoint packing of Pss is a collection of induced Pss that are pairwise modification disjoint. Note that,
if a graph admits a modification-disjoint packing of £ P3s then we need at least £ modifications to turn the graph into a
cluster graph.

Consider the following Pss in the graph in Fig. 7: abc, cde, ahg, gfe, hcf, bgd. See also Fig. 8. Note that they form a
modification-disjoint packing. Thus we need at least 6 modifications to turn the graph into a cluster graph. O

Based mainly on our NP-hardness proof of CLUSTER VERTEX SPLITTING in conjunction with the critical-clique lemma we
obtain NP-hardness of CLUSTER EDITING WITH VERTEX SPLITTING:

Theorem 6.4. There is a polynomial-time many-one reduction from CVS to CEVS, showing that CEVS is NP-hard.

Proof. We give a reduction from CLUSTER VERTEX SPLITTING (CVS) to CLUSTER EDITING WITH VERTEX SPLITTING (CEVS).
Let (G, k) be an instance of CVS. Without loss of generality, we assume that G does not contain isolated vertices. We
construct an instance (H, s) of CEVS. To obtain H from G, replace each vertex in G by a clique with k + 1 vertices. That is,
V(H) ={vi | v e V(G),i e [k+1]} and E(H) = {u;v; | uv € E(G), i, j € [k+ 1]}. We say that v; € V(H) is a copy of v € V(G)
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and for each v € V(G) we let K, := {v; € V(H) | i € [k+ 1]} denote the clique of v. Put s = k(k + 1). Clearly, the reduction
can be carried out in polynomial time. It remains to prove that (G, k) has a solution (for CVS) if and only if (H, s) has a
solution (for CEVS).

Let S be a solution to (G, k). By Lemma 4.3 there is a sigma clique cover C for G of weight at most n+k. From C, construct
a cover C’ for H by replacing in each set of C each vertex by all of its copies. Thatis ¢’ = {{v; | v e C,i € [k+ 1]} | C € C}.
Observe that, since each set in C is a clique with k + 1 vertices, we have cst(C’) < k(k + 1). Thus, (H, s) has a solution by
Lemma 6.1.

Let S be a solution to (H, s). By Lemma 6.1 there is a cover C’ of cost at most k(k + 1). By Lemma 6.2 we may assume
that C’ is such that for each critical clique in H with vertex set K and each set C’ € ¢’ we have either K € C’ or KNC' = {.
We claim that ¢’ is a sigma clique cover for H. Observe that for each v € V(G) we have that K, is contained in some critical
clique of H. Hence, for all C’ € ¢’ we have either K, € C’ or K, N C’ = . We claim that each edge of H is contained in a
set of C'. For a contradiction, assume the contrary, that is, there are i, j € [k + 1] and uv € E(G) such that ujv; € E(H) is
not contained in any set of C'. It follows that indeed for all i, j € [k + 1] we have that u;v; € E(H) is not contained in any
set of C'. That is, the cost of C’ is at least (k4 1)?, a contradiction to the fact that ¢’ has cost at most k(k 4+ 1). Analogously
we can show that no non-edge of H is contained in a set of C’. Hence, indeed C’ is a sigma clique cover of H. Construct a
sigma clique cover C for G by replacing each clique K, by v, that is, put ¢ = {{v € V(G) | K, C C'} | C' € C’}. Observe that
C has weight at most n + k. Thus, by Lemma 4.3, (G, k) has a solution, as required. O

7. Conclusion

We conclude with directions for future research. The constants in our kernelization for CVS (at most 3k + 3 vertices,
see Theorem 5.7) are already quite small, but it would be interesting to see whether they can be further improved. A
problem kernel with a linear number of edges would also be interesting. Our technique for obtaining the kernel for CVS
follows the same basic idea as the independently developed technique by Abu-Khzam et al. [1] for CEVS but differs in
crucial aspects in the reduction rules and analysis. Since we obtain a better bound on the number of remaining vertices,
it would be interesting to see whether our technique can be used to improve Abu-Khzam et al.’s bound as well.

In terms of solution algorithms for CVS, a straightforward brute-force search on the kernel yields an algorithm solving
CVS in 29%*) . n9) time, which can be improved to 2098k . n0() with further straightforward observations. Is it possible
to obtain 29K . n%1 time as well?

Finally, we focused here on the case where the overlap between clusters is small. There are applications where
the overlap is relatively large [44]. Thus, to get efficient algorithms in this case, it would be interesting to study
parameterizations dual to k that measure the non-overlapping parts of the clustering.

Data availability

No data was used for the research described in the article.
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