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Abstract
Extremal values of a system output pose major issues in various disciplines, e.g., the max-
imum velocity in human-robot collaboration results in high contact forces in the event of
a collision, or force and stress peaks cause faster crack growth or fatigue of components.
Reducing these extremal values implies a reduction in the risks to humans and an increase
in the durability of the components. Therefore, the present paper focuses on minimizing an
extremal value of a system output of dynamical system, whereby a gradient-based solution
strategy based on the adjoint method is proposed. Since several local extremal values can
occur in the time evolution of the system output, it is necessary to apply multi-objective
optimization, whereby in particular the largest value is to be minimized. One promising
approach in this regard is found in the goal attainment method, which is implemented in
the MATLAB function fminimax, or alternatively, the so-called minimax problem can be
investigated in a smoothed objective open for any nonlinear programming software pack-
age. In the scope of these minimax problems, the maximum reaction force of a one-mass
oscillator and the maximum velocity of the tool center point of a two-axis robot during a
rest-to-rest maneuver are minimized efficiently using the proposed adjoint gradient.

Keywords Adjoint gradient method · Multi-objective optimization · Minimax problems ·
Nonlinear programming

1 Introduction

Nowadays, guaranteeing the functionality of multibody systems is no longer sufficient, but
rather its optimal design or performance is crucial. Probably one of the most popular tasks
in production or robotics is to reduce the cycle time of a work step to a minimum in order
to reduce costs and energy. With the increasing integration of humans into production pro-
cedures in the form of human-centered automation or human-robot collaboration (HRC),
other important aspects are emerging. As stated in [17], exceeding high velocities and un-
predictable motions of the robot risk adverse effects on human safety and health. Especially
the maximum velocities pose a high conflict potential for collaboration, since in the event of
a collision the high momentum results in high contact forces, according to the evaluation of
the resulting forces for different velocities in [30]. To avoid such situations from the begin-
ning, a common approach is speed and distance monitoring, which aims to adjust the speed
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of the robot so that it stops in time to avoid collisions. To circumvent possible collisions,
but also to improve productivity during HRC, dynamic zones are arranged around the robot
in [19, 31], which must not collide with the human. To be more precise, in [19], the speed
of the robot is maximized and these zones are continuously adjusted to ensure collision-
free stopping of the robot if necessary. In [31], the stop time of the robot is minimized by
online scaling of dynamic safety zones. In [35], the trajectory of the robot manipulator is
optimized to achieve a constant absolute speed, which is required in some production steps,
e.g., for surface processing operations or for endurance tests. It is worth mentioning that
certain waypoints can be specified for the manipulator, but collision avoidance for obstacles
is also integrated there.

In contrast to the examples mentioned above, not all problems can be formulated as
single-objective optimization, as they involve several objectives to fulfill simultaneously.
Furthermore, objective functions in multidimensional, multi-objective optimization prob-
lems of complex systems are usually conflicting or contradictory. However, the challenge is
to consider multiple optimization objectives simultaneously in order to achieve the optimiza-
tion goal. To determine so-called Pareto-optimal solutions, various solution strategies have
been developed in a wide range of disciplines since the very beginnings of Edgeworth [7] and
Pareto [28]. Essentially, a solution is said to be Pareto-optimal for a multi-objective problem
if all other solutions have a higher value for at least one of the objective functions or have the
same value for all the objective functions. As described in [4, 24], Pareto-optimal solutions
are often obtained by either formulating appropriate single-objective optimization problems,
e.g., weighted sum method or epsilon-constraint method, or by applying evolutionary algo-
rithms. A review article with almost 200 references of multi-objective optimization methods
for mechanical engineering applications shows various approaches and discusses their ad-
vantages and disadvantages in different scenarios [29].

Unlike Pareto-optimal solutions, minimax problems involve finding the solution which
minimizes the worst-case scenario, even though individual objectives may deteriorate as a
result. Solving minimax problems and deriving necessary optimality conditions have been
discussed widely. Optimal control problems with maximum functional are discussed in [23]
and necessary conditions are derived, giving guidance not only for numerical procedures,
but also for interpretation of important features of the problem itself. In [2], a derivation is
shown for minimizing the maximum cost by an approximation technique in order to solve
the optimization problem by a dynamic programming principle. Furthermore, the minimax
problem of linear dynamic problems is discussed in [14] as well. There, a numerical method
for convex minimax optimal control problems is proposed through the definition of a suit-
able discrete time approximation based on a directional derivative of the cost functional
deriving optimality conditions for descent methods. A recent work [25] presented various
reformulations of optimal control problems with maximum cost with state or mixed con-
straints suitable to direct methods as well. Moreover, considering unconstrained problems,
an approximation scheme generated by a sequence of optimal control solutions has been
presented therein as well.

A technique for finding minimax solutions to multi-criteria optimization problems has
been presented in [6] by demonstrating a multi-criteria version of a routing problem. A fur-
ther promising approach for multi-criteria optimization is the goal attainment method, which
originates from Gembicki’s PhD thesis [12, 13] and presents an integrated, multi-objective
optimization based on a vector index approach. This multi-objective optimization strategy
is implemented in MATLAB’s functions fminimax and fgoalattain, following the
formulation in [32]. Since this toolbox is widely used in research and industry, the present
paper utilizes this workaround for the minimization of an extremal value of a system output
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and presents an adjoint gradient approach which can enhance the efficiency of MATLAB’s
fminimax gradient-based optimization performance. The fminimax function implemen-
tation is designed to minimize the maximum value of a set of objective functions while
allowing for general constraints, as it is necessary, e.g., for the aforementioned problems
in HRC problems. In order to address these challenges, such as the reduction of the max-
imum velocity in real-time HRC applications, a gradient-based optimization strategy with
time-efficient gradient computation is crucial. The fminimax function allows the user to
provide a gradient for the optimization process and, here, the present paper shows an an-
alytical adjoint gradient for this user-prescribed option. To be more precise, the scientific
contribution of the present paper is the analytical derivation of such an efficient adjoint gra-
dient for the minimax problem, which can be utilized by any gradient-based optimization
method.

The adjoint method proposed in previous works [8, 10, 21] is extended here with a partic-
ular focus on minimizing the extremal values of a system output. The approach is integrated
into the multi-objective optimization provided by the fminimax function in MATLAB.
Moreover, an alternative solution strategy for these minimax problems is presented, in which
an equivalent, but smoothed objective is formulated and the according adjoint gradient ap-
proach is open for any nonlinear programming (NLP) software package. The applicability
of the proposed adjoint gradient computation for extremal value minimization is demon-
strated in an academic and a multibody system example with prescribed final constraints. In
particular, the maximum reaction force of a one-mass oscillator and the maximum velocity
of the tool center point (TCP) of a two-axis robot are minimized.

2 Adjoint gradient approach for discrete control parameterization

In this section, a nonlinear dynamical system under final constraints is considered as an op-
timal control problem and an adjoint gradient approach for discrete control parameterization
is derived according to the results in a prework [22, Sect. 3.2]. The behavior of a nonlinear
dynamical system can be described by the state equations

ẋ(t) = f (x(t),u(t)) with x (t0) = x0, (1)

in which x(t) ∈ ℝ
n is the state vector in minimal coordinate formulation and u(t) ∈ ℝ

m is
the vector of control inputs. Moreover, initial conditions for the states are prescribed by x0.

In the context of a classical optimal control problem, the goal is to find a control u(t) that
minimizes the cost functional

J =
∫︂ tF

t0

h(x,u, t)dt , (2)

in which h(x(t),u(t), t) is a user-defined system output, e.g., the root mean square error of
the position of an intended trajectory of the TCP of a robot. Moreover, final constraints at
the final time tF can be given by

𝝓 (x (tF) , tF) = 0 ∈ℝ
r . (3)

In this paper, the optimal control problem formulated above is solved by a gradient-based
optimization approach to avoid solving the underlying two-point boundary value problem,
which is prone to a poor initial guess. The gradients are derived following the fundamental
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idea of calculus of variations by Kirk [16, Sect. 5.1]. Due to the fact that an efficient com-
putation of these gradients is crucial for gradient-based optimizations, adjoint gradients are
preferred due to computational burden. Adjoint gradients are derived here based on the fun-
damental work of Bryson and Ho [3] yielding an analytical gradient information in contrast
to a gradient computation by numerical differentiation. Further works, e.g., [9, 21], demon-
strate approaches for the simultaneous minimization of a cost functional J as well as the
error regarding final constraints 𝝓 using adjoint gradients. In contrast to the latter mentioned
works, in which time-optimal control problems have been investigated, i.e., h = 1 and free
final time tF , here adjoint gradients are derived for problems with fixed final time tF but
general system output h.

As this paper is an extension of the latter works, a brief summary is given here to make
the upcoming derivation easier to follow. In order to derive the analytical adjoint gradients
for J and 𝝓, the cost functional in Eq. (2) is extended by the state equations in Eq. (1)
resulting in

J̄ =
∫︂ tF

t0

[︁
h(x,u, t) + pT(f(x,u) − ẋ)

]︁
dt , (4)

and the final constraints in Eq. (3) are extended by Eq. (1) analogously

𝝓̄ =
∫︂ tF

t0

RT (f(x,u) − ẋ)dt + 𝝓 (x (tF) , tF) . (5)

Note that J in Eq. (2) and J̄ in Eq. (4) are identical for the introduction of arbitrary so-
called adjoint variables p(t) ∈ ℝ

n only in case the state equations are fulfilled. The same
statement applies analogously to 𝝓 in Eq. (3) and 𝝓̄ in Eq. (5) in which the adjoint vari-
ables R(t) ∈ℝ

n×r are introduced. The variation of J̄ and 𝝓̄ resulting from an infinitesimal
variation of the control u(t) is considered. This control variation leads to a variation of the
states x(t) as well. The first order variation then reads

δJ̄ =
∫︂ tF

t0

[︁
hxδx + huδu + pT (fxδx + fuδu − δẋ)

]︁
dt , (6)

δ𝝓̄ =
∫︂ tF

t0

RT (fxδx + fuδu − δẋ)dt + 𝝓x

⃓⃓
⃓
tF

δxF, (7)

whereby hx, hu, fx and fu are partial derivatives with respect to u and x. The δ-operator
denotes the variation of the respective variables. Note that in the references [9, 21] also a
variation of the final time tF due to a free final time tF occurs, but in this paper the final
time tF is fixed. After an integration by parts, the variations in Eq. (6) and (7) can be reduced
to

δJ̄ =
∫︂ tF

t0

(︁
hu + pTfu

)︁
δu dt , (8)

δ𝝓̄ =
∫︂ tF

t0

RTfuδu dt , (9)

if the adjoint variables fulfill the following systems of differential equations

ṗ(t) = −hT
x − fT

xp(t) with p(tF) = 0, (10)
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Ṙ(t) = −fT
xR(t) with R(tF) = 𝝓T

x (x(tF), tF) . (11)

These equations can be solved backwards in time using the final conditions at time tF. From
Eq. (8) and (9), the control variations which cause the largest decrease of J̄ and 𝝓̄, i.e., the
gradients of J̄ and 𝝓̄, can be identified independently of the type of control discretization.
In this paper, the control is discretized by applying a spline parameterization consisting of
a set of k grid nodes ū ∈ ℝ

m·k and a time dependent interpolation matrix C(t) ∈ ℝ
m×m·k ,

following a direct transcription method, as presented in [21]. Now, the infinite-dimensional
optimization task is transformed to a finite-dimensional problem defining the discrete con-
trol and the corresponding variation of the control,

u(t) = C(t) ū and δu(t) = C(t) δū. (12)

Substituting the variation from Eq. (12) into Eq. (8) and (9), the variation of J̄ and 𝝓̄ reads

δJ̄ =
∫︂ tF

t0

(︁
hu + pTfu

)︁
C dt δū (13)

δ𝝓̄ =
∫︂ tF

t0

RTfuC dt δū. (14)

In case of using a direct optimization method, the corresponding analytical adjoint gradients
can be used instead of gradients computed by numerical differentiation due to computational
time efficiency. The adjoint gradients can now be defined by

∇ūJ̄
T =

∫︂ tF

t0

(︁
hu + pTfu

)︁
C dt , (15)

∇ū𝝓̄
T =

∫︂ tF

t0

RTfuC dt , (16)

and can be directly provided in this form to a NLP software package, e.g., the MATLAB
function fmincon [32] and Python packages SciPy [33] or IPOPT [34].

As an outlook, it is emphasized that the proposed adjoint approach is not restricted to
minimal coordinate formulations. Available extensions, e.g., in [11, 26] allow its applica-
tion to systems with redundant generalized coordinates and kinematic constraints, enabling
the modeling of more complex systems and paving the way for automated multibody co-
simulation procedures, as e.g., outlined in [27].

3 Adjoint gradient for a single extremal value

The derivation for the adjoint gradients in the previous section will now be extended for
the optimal control problem minimizing a single extremal value of a considered system out-
put h(x(t),u(t), t). In practical applications, the limitation or reduction of extremal values
is of particular interest. As an example of a multibody system, consider a rest-to-rest ma-
neuver of a robot in which the maximum constraint forces or velocities must be reduced or
minimized while still meeting the final constraints. Note that the derivation of the adjoint
gradients for the final constraints as presented in Eq. (3) is not influenced by the particular
optimization goal in this paper and therefore can be used later on in the optimization as
presented above in Eq. (16). In this section, the cost functional in Eq. (2) will be formulated
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for such optimization goals and the corresponding gradient will be derived following the
adjoint gradient approach from Sect. 2. For this purpose, the extremal value of a considered
system output in time interval t ∈ [t0, tF] has to be first identified by

ḣ(x(t),u(t), t)
!= 0, (17)

which results in

tM = argmax
t

(h(x(t),u(t), t)) . (18)

In this section, only one extremal value is assumed to exist in the given time inter-
val t ∈ [t0, tF], i.e., exactly one time instance t = tM fulfills Eq. (17). The cost functional J

in Eq. (2) is formulated as

J = max
t

(h(x(t),u(t), t)) = h(x(tM),u(tM), tM). (19)

Now, the goal is to find the control u(t) that minimizes this cost functional in order to de-
crease the extremal value of the system output, i.e., h(x(tM),u(tM), tM), by using an adjoint
gradient approach. The cost functional in Eq. (19) is extended by the state equations analo-
gously to Eq. (4) as follows

Ĵ = h(x(tM),u(tM), tM) +
∫︂ tM

t0

pT(f(x,u) − ẋ)dt , (20)

whereby p(t) ∈ℝ
n are adjoint variables. Notice that the state equations (zero terms) are only

added up to tM here since there is no influence of the control after tM on the cost functional
in Eq. (19). A similar behavior of the adjoint variables has already been discussed in [20].
Analogously to the previous section, a variation of the control u(t) by δu(t) leads to the
variation of the extended cost functional

δĴ = hx

⃓⃓
⃓
tM

δxM + hu

⃓⃓
⃓
tM

δuM + ht

⃓⃓
⃓
tM

δtM +
∫︂ tM

t0

[︁
pT(fxδx + fuδu − δẋ)

]︁
dt , (21)

in which hx|tM is the partial derivative of h with respect to x(t) evaluated at time tM. An
integration by parts is applied to the terms containing the variation δẋ for each integral as
follows

∫︂ tM

t0

pTδẋ dt = (︁
pTδx

)︁ ⃓⃓
⃓tM
╱t0

−
∫︂ tM

t0

ṗTδx dt , (22)

whereby δx(t0) is omitted due to the defined initial state in Eq. (1). Consequently, the varia-
tion of the extended cost functional δĴ in Eq. (21) becomes

δĴ = hx

⃓⃓
⃓
tM

δxM + hu

⃓⃓
⃓
tM

δuM + ht

⃓⃓
⃓
tM

δtM − (︁
pTδx

)︁ ⃓⃓
⃓
tM

+
∫︂ tM

t0

[︁
(ṗT + pTfx)δx + pTfuδu

]︁
dt .

(23)

As stated in [16], the variations δxM and δx(tM) are generally not equivalent, but are related
to each other as follows

δxM = ẋ(tM) δtM + δx(tM) . (24)
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Using this relationship for the variations in the state x(t) and analogously for the system
output h and the control u(t), the variation of the extended cost functional results in

δĴ = [︁(︁
hx − pT

)︁
δx + huδu

]︁ ⃓⃓
⃓
tM

+ (hxẋ + huu̇ + ht )

⃓⃓
⃓
tM

δtM

+
∫︂ tM

t0

[︁(︁
ṗT + pTfx

)︁
δx + pTfuδu

]︁
dt .

(25)

Note that the variation δtM vanishes since it is multiplied by the total time derivative of h,
which must be zero at time tM due to Eq. (17), i.e., ḣ(tM) = (hxẋ + huu̇ + ht )|tM = 0. The

variation of Ĵ is further simplified in case the variation δx(t) is eliminated by defining the
adjoint systems of equations

ṗ(t) = −fT
xp(t) with p(tM) = hT

x

⃓⃓
⃓
tM

, (26)

with the conditions at t = tM for the adjoint variables p(t). By solving the adjoint system of
equations in Eq. (26) for p(t) backward in time, the variation of Ĵ reduces to

δĴ = (huδu)

⃓⃓
⃓
tM

+
∫︂ tM

t0

pTfuδu dt . (27)

In the same manner as in [21], the control u(t) is discretized in terms of a spline parametriza-
tion as in Eq. (12) leading to

δĴ =
[︃
(huC)

⃓⃓
⃓
tM

+
∫︂ tM

t0

pTfuC dt

]︃
δū. (28)

Similar as presented in Sect. 2, the adjoint gradient for Ĵ with respect to ū can be defined
by

∇ūĴ
T = (huC)

⃓⃓
⃓
tM

+
∫︂ tM

t0

pTfuC dt . (29)

It has to be emphasized that the proposed adjoint gradient here evaluates the system out-
put h at t = tM with regard to the extremal value of the system output, whereas the proposed
adjoint gradient in [21, Eq. (28)] considers the corresponding term in the entire time in-
terval t ∈ [t0, tF]. A fruitful discussion on the interpretation of the adjoint variables in this
context can be found as well in [20, Sect. 5.1.2].

Summarizing, this proposed adjoint gradient for the cost functional in Eq. (29) and the
adjoint gradient for the final constraints in Eq. (16) can now be directly provided in this
form to any NLP software package for constraint optimization instead of utilizing the default
numerical gradient. Replacing the gradient computation is considerably more time efficient,
as the evaluation of the adjoint gradient does not depend on the number of grid nodes k

selected for the control due to the fact that the size of the adjoint system does not increase
with the number of grid nodes, as compared to direct or numerical differentiation. In order
to clarify the discussion on different system sizes in the comparison of gradient computation
utilizing the adjoint method with direct differentiation, the reader is referred to [22, Fig. 4].
There, a clear depiction of a fair comparison is given.

Moreover, the computational time reduces furthermore due to the fact that the computa-
tion of the gradient in Eq. (29) is reduced to the time interval t ∈ [t0, tM]. Hence, also the
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forward solution of the state equations and the backward solution of the adjoint equations are
only necessary in t ∈ [t0, tM] here. Notice, a more detailed discussion on the final constraints
using the gradient in Eq. (16) can be found in [9].

4 Application of the proposed adjoint gradient to multiple extremal
values

In the previous section, only one extremal value of the system output h has been assumed
in the time interval t ∈ [t0, tF]. As illustrated in Fig. 1, several local extremal values may
generally occur within the time interval. The goal is then to minimize the global extremal
values while preventing all other local extremal values from exceeding the global one during
an optimization step. Therefore, the cost functional J in Eq. (19) is extended taking into
account for several extremal values

J = max (h1, . . . , hN) , (30)

where hi = h(x(ti),u(ti), ti ) and ḣ(x(ti),u(ti), ti ) = 0, with i ∈ {1, . . . ,N}.

Fig. 1 Several local extremal
values of the system output h

may be present in the specified
time interval t ∈ [t0, tF]

The adjoint gradient ∇ūĴ in Eq. (29) allows the minimization of individual local ex-
tremal values. However, the challenge is to consider all gradients simultaneously in order to
achieve the optimization goal including several extremal values. A promising approach is the
goal attainment method, which originates from Gembicki’s PhD thesis [12] which presents
an integrated, multi-objective optimization based on a vector index approach. This multi-
objective optimization strategy is implemented in MATLAB’s fminimax function [32]
which is designed to minimize the maximum value of a set of objective functions Fi(x),
while allowing for general constraints. Specifically, it solves optimization problems in the
form of

min
x

max
i

Fi(x). (31)

To solve this so-called minimax problem, fminimax reformulates Eq. (31) as an unscaled
goal attainment problem that seeks to reduce a set of nonlinear functions Fi(x) below spec-
ified target values F⋆

i , taking into account user-defined scalar weights wi , i.e., a degree of
under or over attainment of the desired level. The objective is to minimize the maximum
normalized deviations (Fi(x) − F⋆

i )/wi . This formulation ensures that the problem remains
well-defined, even if not all goals can be simultaneously satisfied. The routine fminimax
uses this goal attainment method with targets F⋆

i = 0 and weights wi = 1. In addition to
this setting, the minimax problem is formulated as a smooth goal attainment problem. This
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MATLAB routine can be utilized for a multi-objective optimization considering the cost
functional in Eq. (30) with

min
ū

max
i

hi = min
ū

max
i

Ĵi (ū), (32)

for computing the optimal grid nodes ū of the control. The routine fminimax provides
numerical gradients as fully-automated procedure using finite differences. However, provid-
ing the proposed adjoint gradients derived in Sect. 2 and Sect. 3 for the final constraints
and the cost functional, respectively, the multi-objective optimization benefits from analyt-
ical descent directions. Hence, the adjoint gradient ∇ūĴ in Eq. (29) can be reused in the
fminimax routine in the form

∇ūĴ
T
i = (huC)

⃓⃓
⃓
ti

+
∫︂ ti

t0

pT
i fuC dt , (33)

whereby ∇ūĴi is the gradient of the local extremal value hi , for a number of N local extremal
values. Note that each individual extremal value hi corresponds to an individual adjoint
system of equations and therefore providing N individual adjoint gradients. Since the adjoint
differential equations are solved in different time intervals t ∈ [t0, ti] for each extremal value
for i = 1, . . . ,N , the adjoint variables p(t) have to be defined for each extremal value,
abbreviated by pi (t) and given by the adjoint system of equations

ṗi (t) = −fT
xpi (t) with pi (ti ) = hT

x

⃓⃓
⃓
ti

. (34)

4.1 Alternative solution strategy

The handling of the optimization task in the form of Eq. (32) requires specially tailored opti-
mization toolboxes, as e.g., the MATLAB function fminimax. By applying an appropriate
solution strategy for minimax problems, an equivalent optimization problem is obtained for
which any NLP software package can be chosen. Following the formulation of [5], the cost
functional in Eq. (30) is transformed into

J ∼=
(︄

N∑︂
i=1

hα
i

)︄ 1
α

, (35)

whereby the parameter α has to be selected large enough to particularly emphasize the
largest value, i.e., max (h1, . . . , hN), as illustrated in the Appendix. Notice, in this formula-
tion each extremal value hi is assumed to be positive, otherwise an adjustment is required
as given in [5]. Each summand in Eq. (35) corresponds to Eq. (19), thus the adjoint gradient
for Ĵ with respect to ū results in

∇ūĴ =
(︄

N∑︂
i=1

hα
i

)︄ 1−α
α N∑︂

i=1

hα−1
i ∇ūĴi . (36)

4.2 Algorithm

Both approaches are applicable for solving the optimization task. As both procedures are
almost identical, they are summarized together in Algorithm 1, whereby differences are
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Algorithm 1: Minimize extremal value of system output with adjoint gradients

opt ← optimoptions(SolverName,’SpecifyObjectiveGradient’, true,
’SpecifyConstraintGradient’,true) ; // Cf. [32]

(k, ū) ← (ℕ, ūinit) ; // Step 1
while criteria_stop ≠ fulfilled do

x, t ← solve(Eq. (1), [t0, tF],x0) ; // Step 2

tḣ=0 ← {ti | i ∈ {1, . . . ,N}, ḣ(x(ti),u(ti), ti) = 0} ; // Step 3
h ← {h(x(ti),u(ti), ti) | i ∈ {1, . . . ,N}} ; // Step 3
if Algorithm == (a) then

J ← h ; // Step 3(a)
else

J ← Eq. (35) ; // Step 3(b)
end
𝝓 ← Eq. (3) ; // Step 4
for i ← 1 to N do

pi ← solve(Eq. (34), [t0, ti], hx(x(ti),u(ti), ti )) ; // Step 5
end
R ← solve(Eq. (11), [t0, tF],𝝓x(x(tF), tF)) ; // Step 6
for i ← 1 to N do

∇ūĴi ← Eq. (33) ; // Step 7
end
if Algorithm == (b) then

∇ūĴ ← Eq. (36) ; // Step 7(b)
end
∇ū𝝓̄ ← Eq. (16) ; // Step 8
if Algorithm == (a) then

ū ← fminimax(J,∇ūĴ, ū,𝝓,∇ū𝝓̄,opt) ; // Step 9(a)
else

ū ← fmincon(J,∇ūĴ , ū,𝝓,∇ū𝝓̄,opt) ; // Step 9(b)
end

end
return ū⋆

explicitly indicated by sub-item (a) for the MATLAB function fminimax and (b) for the
alternative solution strategy. The necessary steps are as follows:

1. Define the number of grid nodes k for ū and assign initial values ūinit.
2. Solve the state equations in form of Eq. (1) for the prescribed initial values x0 in the

given time interval t ∈ [t0, tF].
3. Determine the extremal values hi and corresponding time instances ti .

(a) The MATLAB function fminimax internally evaluates Eq. (30).
(b) Compute the equivalent cost functional by Eq. (35).

4. Evaluate the final constraints 𝝓 at time tF
5. Compute adjoint variables pi (t) backwards in time in the interval t ∈ [t0, ti] for each

occurring maximum hi by Eq. (34).
6. Compute adjoint variables R(t) backwards in time in the interval t ∈ [t0, tF] by Eq. (11).
7. Compute the adjoint gradient ∇ūĴi for each occurring maximum hi by Eq. (33).
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(b) Combine these gradients into the adjoint gradient ∇ūĴ by Eq. (36).
8. Compute the adjoint gradient ∇ū𝝓̄ by Eq. (16).
9. Compute the update of ū

(a) with the MATLAB function fminimax.
(b) with any NLP software package, e.g., MATLAB function fmincon.

10. Repeat steps 2 − 9 until the required optimality or function tolerances for con-
strained optimization problems are satisfied, e.g., following [15, 18] for the Karush–
Kuhn–Tucker conditions.

Note that in step 1, any values can be set for ūinit, even a trivial zero control. In order
to illustrate the basic idea of this work which focuses on the minimization of an extremal
value, a proper initialization for ūinit is given as follows. The MATLAB function fmincon
with sequential quadratic programming (SQP) option is utilized to find a control u, which
only has to fulfill the final constraints 𝝓. For this task, the adjoint gradient ∇ū𝝓̄ from step 8
is applied.

Furthermore, it should be noted that the analytical adjoint gradient derivations and im-
plementations in step 7 and 8 are verified using numerical gradients computed via finite
differences in the following numerical examples.

5 Numerical examples

In the following, the workflow presented in Sect. 4.2 is utilized to demonstrate the minimiza-
tion of an extremal value of a system output with given final constraints using the proposed
adjoint gradients. In principle, both approaches lead to similar results. The discussion is
based on the results obtained by the optimization using the MATLAB function fminimax.
In case the alternative solution strategy using the MATLAB function fmincon with the
SQP option leads to a deviating result, comments are enclosed.

First, the maximum of the reaction force of the academic example of a one-mass oscil-
lator is minimized. Moreover, the maximum occurring absolute velocity of the TCP of a
two-axis robot is minimized which demonstrates a possible application in a HRC scenario.
Finally, all results are compared and discussed in order to evaluate the impact of the pre-
sented adjoint gradient.

5.1 One-mass oscillator

As a first example, the one-mass oscillator in Fig. 2 is examined, consisting of a
mass m = 1 kg, a spring with stiffness c = 1 N/m and a damper with damping coeffi-
cient d = 0.5 N s/m. The mass m is at the time t0 = 0 s in its equilibrium position, i.e.,
x(t0) = 0 m, and zero velocity v(t0) = 0 m/s. At the final time tF = 0.9 s, the mass m

is supposed to reach the specified position x(tF) = xF = 1 m with the requested veloc-
ity v(tF) = vF = 0 m/s. The control force u(t) required for the displacement of the mass m

is limited to ±16 N, in order to achieve a more realistic behavior.
The state equations of the one-mass oscillator are defined by the first-order differential

system

ẋ = f(x, u) =
(︃

v
1
m
(u − dv − cx)

)︃
, (37)

in which the state vector x(t) = (x(t), v(t))T includes the position x(t) and velocity v(t) of
the mass m. The objective is to find the control force u(t) that minimizes the extremal value
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Fig. 2 One-mass oscillator is to
be moved from its given initial
position x(t0) to a defined final
position x(tF)

of the reaction force F(x, v) during the displacement of the mass m. Hence, the system
output h(x, v) could be, e.g., defined as

h(x, v) = 1

2
F(x, v)2 = 1

2
(c x(t) + d v(t))2 , (38)

and the final constraints are specified as

𝝓(x, v) =
(︃

x(t) − xF

v(t) − vF

)︃⃓⃓
⃓⃓
tF

. (39)

For the optimization in finite-dimensional space, the control u(t) is discretized as defined
in Eq. (12) by cubic spline interpolation, as e.g., used in [21], whereby an equidistant dis-
cretization of the time interval t ∈ [t0, tF] with k = 20 grid nodes is provided.

In Fig. 3, the comparison of the position x(t) and velocity v(t) of the mass m due to the
initial control force uinit and optimized control force u⋆(t) is shown. The time evolution of
the velocity v(t) changes drastically, especially the amplitude and the time of the maximum
differ considerably. This behavior is due to the properties and interaction of the spring and
damper. The spring force increases steadily as it expands, so the damper force has to de-
crease to a similar extent, in order to enable the maximum of the reaction force F(x, v) to
be reduced. The higher initial velocity in the optimized case leads to a significantly differ-
ent displacement of the mass m as compared to the displacement due to the initial control
force uinit.

Fig. 3 Comparison of the time evolution of the states due to the initial control force and optimized control
force obtained by fminimax: (left) position x of the mass m (right) velocity v of the mass m

Figure 4 shows the time evolution of the optimized control force u⋆(t). Furthermore, the
reaction force F(x, v) is plotted in a comparison resulting from the initial control uinit(t) and
final control u⋆(t), respectively. As previously stated, the mass m should accelerate rapidly
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Fig. 4 (left) Comparison of the time evolution of the initial control force uinit and the optimized control
force u⋆ obtained by fminimax, which are both limited by lower and upper bounds. (right) Comparison of
the time evolution of the reaction force F due to the initial and optimized control force and hollow circles
mark maxima with Ḟ = 0

Fig. 5 (left) Comparison of the time evolution of the initial control force uinit and the optimized control
force u⋆ obtained by fmincon, which are both limited by lower and upper bounds. (right) Comparison of
the time evolution of the reaction force F due to the initial and optimized control force and hollow circles
mark maxima with Ḟ = 0

to a maximum value with respect to the velocity and then decelerate steadily. The time evo-
lution of the optimal control force u⋆(t) can be seen in Fig. 4 (left): the optimized control
u⋆(t) is initially at the upper limit and then remains at a moderate amplitude. As a result,
the reaction force F(x, v) in Fig. 4 (right) changes from a single occurring maximum to
8 maxima with almost identical amplitudes forming a plateau. Through the optimization,
the extremal value of the reaction force is reduced from Finit = 1.504 N to F⋆ = 1.251 N.
Figure 5 shows the time evolution of the optimized control force u⋆(t), but in this case com-
puted by the alternative solution strategy with α = 1000. In comparison to Fig. 4, the same
number of maxima occur, but not all time points are identical. Moreover, the extremal value
of the reaction force is reduced to F⋆ = 1.253 N. Approximately ten additional iterations
are required.

Table 1 shows the time-efficient computation in the case of using adjoint gradients instead
of using numerical gradients in terms of forward finite differences in the example of the one-
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Table 1 One-mass oscillator: Comparison of the performance behavior when using numerical versus adjoint
gradients in a fminimax optimization (approx. 190 iterations)

k Type of gradient computation Runtime Function evaluations

20
fminimax forward finite differences 3 min 46 s 4461

proposed adjoint gradient method 16 s 406

mass oscillator. Discussing also the adjoint gradient from the alternative solution strategy
presented in Sect. 4.1, the further iterations increase the runtime to 21 s.

5.2 Planar two-axis robot

In this section, a two-axis robot is investigated in an optimal control setting. The goal is
to find the controls in the joints minimizing the maximum of the absolute velocity of the
TCP during a rest-to-rest maneuver. Based on the study in [30] on the contact forces result-
ing from possible collisions at certain velocities in HRC, the maximum occurring velocity
should be reduced as much as possible and be forced below a certain limit.

In the following, the two-axis robot model presented in [9] is utilized. This robot is shown
in Fig. 6 and the lengths, masses, moments of inertia and the distances between joints and
center of gravity are listed in Table 2. The robot is described in minimal coordinates using
the joint angles φ1(t) and φ2(t). The state equations, cf. [9], are provided again as first-order
differential system. The state vector is given by

x(t) = (φ1, φ2,ω1,ω2)
T , (40)

whereby ω1(t) := φ̇1(t) and ω2(t) := φ̇2(t) are the angular velocities. At the begin-
ning t0 = 0 s the robot is at rest, i.e., ω1(t0) = ω2(t0) = 0 rad/s, and the two angles are
given by φ1(t0) = −π/4 rad and φ2(t0) = 0 rad. In the revolute joint between the ground
and the first body of the robot, the control u1(t) acts within given limits ±4 N m. In the
revolute joint between the first and second body of the robot, the control u2(t) acts within
given limits ±2 N m.

Fig. 6 Planar two-axis robot
from [9] investigated in the
optimal control problem
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Table 2 Parameters of the two-axis robot, cf. [9]

Component Length Distance to center of gravity Mass Moment of inertia

Body 1 l1 = 1 m s1 = 0.5 m m1 = 1 kg J1 = 0.0833 kg m2

Body 2 l2 = 1 m s2 = 0.5 m m2 = 0.5 kg J2 = 0.0417 kg m2

TCP - - m3 = 1 kg -

In order to realize the rest-to-rest maneuver, final constraints at time tF = 2 s are specified
to ensure that the TCP reaches the desired final position xF = 1 m and yF = 1 m as

𝝓 (φ1, φ2,ω1,ω2) =

⎛
⎜⎜⎝

l1 cos(φ1(t)) + l2 cos(φ2(t)) − xF

l1 sin(φ1(t)) + l2 sin(φ2(t)) − yF

ω1(t)

ω2(t)

⎞
⎟⎟⎠

⃓⃓
⃓⃓
⃓⃓
⃓⃓
tF

. (41)

The velocity of the TCP can be derived by

vTCP (φ1, φ2,ω1,ω2) =
(︃−l1 ω1(t) sin(φ1(t)) − l2 ω2(t) sin(φ2(t))

l1 ω1(t) cos(φ1(t)) + l2 ω2(t) cos(φ2(t))

)︃
. (42)

In order to minimize the maximum of the absolute velocity ||vTCP|| during this rest-to-rest
maneuver of the robot, the system output is defined by

h(φ1, φ2,ω1,ω2) = 1

2
||vTCP||2. (43)

For a finite-dimensional optimization space, the control u(t) is discretized as defined in
Eq. (12) by cubic spline interpolation, as e.g., used in [21], whereby an equidistant dis-
cretization of the time interval t ∈ [t0, tF] with k = 20 grid nodes is provided.

In Fig. 7, the comparison of the TCP trajectory xTCP and absolute velocity ||vTCP|| due
to the initial control uinit(t) and optimized control u⋆(t) is shown. The result is comparable
to the plateau found in the optimization of the academic example of a one-mass oscillator,
which shows causal behavior for this optimization task. One single maximum enforced by
the initial control is transformed to 7 maxima with almost identical amplitudes in the time
evolution of the absolute velocity ||vTCP|| of the TCP. Finally, the extremal value is reduced
from ||vTCP,init|| = 1.745 m/s to ||v⋆

TCP|| = 1.249 m/s. Figure 8 shows the time evolution of
the control variables u(t) resulting from the initial control and the optimized control result-
ing from the multi-objective optimization. Note that the overshoot at the control limits is
caused by the spline parameterization and could be reduced if more sophisticated interpo-
lation methods are used here, as e.g., an Akima spline parameterization, which flattens the
curve near local extrema by avoiding overshoots and accurately connects flat regions [1].
The results obtained by the alternative solution strategy with α = 1000 are very similar to
the graphs in Fig. 7 and Fig. 8. The main difference is the occurrence of only 6 instead of 7
maxima. Approximately 30 additional iterations are required.

Table 3 shows the time-efficient computation in the case of using adjoint gradients instead
of using numerical gradients in terms of forward finite differences in the example of the
two-axis robot. Discussing also the adjoint gradient from the alternative solution strategy
presented in Sect. 4.1, the further iterations increase the runtime to 62 s.
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Fig. 7 (left) Comparison of the TCP trajectories due to the initial controls and the optimized controls obtained
by fminimax. (right) Comparison of the time evolution of the TCP velocity due to the initial and optimized
controls and hollow circles mark maxima with ||v̇TCP|| = 0

Fig. 8 Comparison of the time evolution of the initial controls uinit and the optimized controls u⋆ obtained
by fminimax, which are both limited by lower and upper bounds

Table 3 Two-axis robot: Comparison of the performance behavior when using numerical versus adjoint gra-
dients in a fminimax optimization (approx. 100 iterations)

k Type of gradient computation Runtime Function evaluations

20
fminimax forward finite differences 12 min 26 s 4263

proposed adjoint gradient method 41 s 211

6 Conclusion

In this paper, an adjoint gradient approach is presented for a gradient-based optimization
to minimize the extremal value of a system output while satisfying final constraints. One
application for such an optimization task occurs, e.g., in robotics, when the aim is to mini-
mize the maximum velocity of the TCP during a rest-to-rest maneuver. In order to provide
the necessary gradients in a time-efficient manner, the computation by the adjoint method
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is investigated here. A challenging aspect in this regard concerns the presence of several
extremal points in the observation period during the optimization leading to the need of
a multi-objective optimization. This paper presents the derivation of the necessary adjoint
gradients and shows the workflow for incorporating these gradients into a multi-objective
optimization framework. Two examples show the efficient behavior when using analytically
derived adjoint gradients instead of gradient computation by numerical differentiation in
terms of function evaluations and runtime.

Appendix: Influence of parameter 𝜶

In order to clarify the impact of the parameter α in Sect. 4.1 more clearly, Eq. (35) is modi-
fied as follows

J ∼=
(︄

N∑︂
i=1

hα
i

)︄ 1
α

=
(︄

hα
1 +

N∑︂
i=2

(ξi h1)
α

)︄ 1
α

= h1

(︄
1 +

N∑︂
i=2

ξα
i

)︄ 1
α

, (44)

whereby h1 is assumed to be the global extremal value and ξi =]0,1[ is the ratio between the
local extremal value hi and h1. As Fig. 9 shows, ξ and α are connected. For ξ → 0, small
values for α are sufficient to particular emphasize the global extremal value, while much
higher values for α are required for ξ → 1. Once a plateau occurs during optimization, ξ

tends towards the upper bound. Consequently, a too small value for α leads to a premature
termination of the optimization, i.e., instead of a “smooth” plateau, a plateau with clearly
isolated extremal points results.

Fig. 9 Influence of parameter α with respect to ξ
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