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Abstract

A first proposal of a sparse and cellwise robust PCA method is presented. Ro-
bustness to single outlying cells in the data matrix is achieved by substituting the
squared loss function for the approximation error by a robust version. The inte-
gration of a sparsity-inducing L or elastic net penalty offers additional modeling
flexibility. For the resulting challenging optimization problem, an algorithm based
on Riemannian stochastic gradient descent is developed, with the advantage of be-
ing scalable to high-dimensional data, both in terms of many variables as well as
observations. The resulting method is called SCRAMBLE (Sparse Cellwise Robust
Algorithm for Manifold-based Learning and Estimation). Simulations reveal the
superiority of this approach in the high-dimenstional setting in comparison to es-
tablished methods, both in the casewise and cellwise robustness paradigms. Two ap-
plications from the field of tribology underline the advantages of a cellwise robust
and sparse PCA method.
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1 Introduction

The increasing prevalence of large data sets, especially high-dimensional data in
the sense of many more variables than observations, motivates the use and devel-
opment of dimension-reduction techniques. Principal Component Analysis (PCA),
dating back to Pearson (1901) and Hotelling (1933), is one of the oldest and most
widely applied dimension-reduction techniques. The idea of PCA is to find a low-
dimensional representation of the data set in a way that preserves as much variance
as possible (e.g. Jolliffe et al. 2003).

Although PCA is a well established method, there are challenges, particularly for
high-dimensional data, thus data where the number p of variables can exceed the
number n of observations. Among those challenges are sparsity and robustness. The
former refers to a PCA solution that only involves a subset of variables, while the
latter aims at reducing the effect of outliers for the estimation of the PCs. Outlier-
robust PCA has been a very active research field, and thus many different approaches
are available in the literature (see, e.g., She et al. 2016, for an overview). Standard
robust approaches are designed to downweight entire observations (i.e. rows of the
data matrix), even if only single entries (cells) of the observations are contaminated
(Maronna et al. 2019). A method that only downweights outlying data cells would
have particular advantages if p > n: Assuming that any data cell has the same
chance of being contaminated, even a small amount of contamination can lead to
many rowwise outliers, which at some point could even form the majority and cause
breakdown of traditional rowwise robust methods (Maronna et al. 2019). Moreover,
omitting “clean” data cells for the estimation can lead to a loss of valuable informa-
tion, particularly in the case n < p. In this paper we will propose a method which is
robust against single outlying cells in the data matrix, thus cellwise robust, and at the
same time yields sparsity, thus zero entries in the loadings matrix.

In the following, we give a brief (and possibly incomplete) overview about row-
wise robust sparse PCA methods, and cellwise robust approaches, before linking cell-
wise robustness with sparsity.

Rowwise robust sparse PCA: As PCA can be seen as a projection-pursuit (PP)
problem, with the task to search for a projection direction that maximizes the vari-
ance of the projected observations, Croux and Ruiz-Gazen (2005) introduced a robust
procedure by considering a robust variance (scale) estimator. Inspired by the SCoT-
LASS approach which adds a LASSO penalty on the direction vectors (Jolliffe et al.
2003), this PP approach was also reformulated to include an L; penalty, resulting in
a robust and sparse PCA method (Croux et al. 2013).

The ROBPCA method by Hubert et al. (2005) combines a PP approach with the
plug-in method by first projecting the data to a low-dimensional subspace and then
applying a robust estimator of the covariance. This method was extended in Hubert
et al. (2016), who proposed ROSPCA by integrating an L;-penalty with the ROB-
PCA algorithm, which also leads to sparse solutions.

Zou et al. (2006) suggest reformulating PCA as a regression problem. Then, sparse
loadings can be derived using elastic net (Zou and Hastie 2003) and LASSO (Tib-
shirani 1996) regression. A robust extension that is based on robust plug-in estima-
tors for the covariance was proposed by Greco and Farcomeni (2016). In the case
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p > n they propose to use the unconstrained ROBPCA solution to obtain a plug-in
estimator.

Cellwise robust PCA: The concept of cellwise outliers has been introduced
in Alqallaf et al. (2009), but already De La Torre and Black (2003) and Maronna
and Yohai (2008) formulated methods for low-rank approximation of a data matrix
by downweighting outlying cells in the residual matrix of the reconstructed data set
rather than outlying rows.

A PCA method that cannot only deal with cellwise outliers but also with missing
values is MacroPCA (Hubert et al. 2019). This method combines the DetectDevi-
atingCells (DDC) algorithm of Rousseeuw and Bossche (2018) to detect cellwise
outliers with a version of ROBPCA. Another approach to cellwise robust PCA, called
cellPCA, was proposed in Centofanti et al. (2024), which combines loss functions to
downweight cellwise and rowwise outliers into one objective function. Also cellwise
robust covariance estimation as done in Centofanti et al. (2025) can be used as a basis
for cellwise robust PCA.

Cellwise robust sparse PCA: One of the first papers on robust sparse PCA is Can-
dés et al. (2011). However, sparsity here refers to a sparse residual matrix as the
remainder of a robust rank-k approximation. In our contribution, we are interested
in sparsity for the loadings matrix, as this simplifies the interpretation of the PCs.
Although the work in Candes et al. (2011) is highly visible, the method is intended
to deal with additive outliers, where a noise matrix is added to the data matrix, and
not with outliers in the orthogonal complement to the PCA subspace, see She et al.
(2016); Hubert et al. (2005).

A cellwise robust and sparse PCA method was proposed in Erichson et al. (2020).
We will outline the differences to our proposal in more detail in the next section
where we introduce our method on detail. An algorithm for its computation based
on manifold learning is presented in Sects. 3, 4 provides a comparison of simulation
results with alternative PCA methods. Applications in Sect. 5 demonstrate the useful-
ness of the method. The final Sect. 6 provides a summary and conclusions.

2 Cellwise robust sparse PCA for high-dimensional data

Based on a mean-centered (and possibly scaled) data matrix X, with n observa-
tions in the rows, and p variables in the columns, the principal components (PCs) are
defined by the linear combination Z = XV under the constraint that the columns
of the p X p matrix V are normed to length 1 and orthogonal to each other. Since
the variances of the columns of Z haveAto beAmAaxjr/nized, thg solution for V' can be
obtained by the spectral decomposition 3 = VAV | where X is the estimated cova-
riance matrix of X, and A = Diag (@1,...,ap) is the diagonal matrix with the cor-
responding estimated eigenvalues, arranged in descending order (Jolliffe et al. 2003).
The matrix V is also known as loadings matrix, while Z = XV refers to the PCA
score matrix. Traditionally, the sample covariance matrix S = ﬁX X is used for

3, resulting in eigenvectors V, eigenvalues A, and classical principal components
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Z = X V. The identical solution V' can be obtained from a singular value decompo-
sition (SVD) of X as X = UDV’ (e.g. Jolliffe et al. 2003).

As the main interest is usually in the first £ PCs, where k < p, or even k < p
for high-dimensional data, it is not necessary to compute the whole p X p matrix
V, but to only focus on the matrix Vk € RP*F with the first k& columns, to obtain
the first k PCs Zj, = XV,. Especially for p >> n, the approach based on a spectral
decomposition of the estimated covariance matrix is numerically not attractive, and
thus SVD is commonly employed in this case. This leads to a rank-k approximation

X, =U,D,V, of X, with Uy, € R™k V), € RF*k and Dy, € RF¥F with ele-
ments d;; > 0 for i = 1,...,k and cit-j = 0 otherwise. The rank-k SVD is the best
rank-k approximation in the Frobenius norm (Eckart and Young 1936),

Vi = argmin v I X — XV;CV;;H% €))

for any p x k matrix V', with rank (V) < k and V|V, = I. We can define the
residual matrix

R=X-XV,V), with elements 71, fori=1,...,nandj=1,...,p, (2)

and problem (1) is equivalent to minimizing the sum of all squared residuals by using
amatrix Vi, as defined above. Our goal is to obtain an estimate of the loadings matrix
which is (i) robust against outliers that may appear in any cell of the data matrix, and
(i1) is sparse, and thus forces small (absolute) loadings entries to be zero.

As the objective function (1) is based on residual sum-of-squares, it is sensitive
to outlying data cells. De La Torre and Black (2003) and Maronna and Yohai (2008)
replaced the Frobenius norm in (1) with a more robust loss function. They estimate
two matrices A and B of rank k, where B is constrained to be orthonormal, such that
AB’ approximates X . The matrix B has the role of the loadings matrix, which in
these approaches is not intended to be sparse. Maronna and Yohai (2008) are not even
concerned about identifying A and B, as their interest is in low-rank approximation
of the data matrix, and not in estimating a loadings matrix.

In our approach we want to combine cellwise robustness with sparsity. Particularly,
in the high-dimensional case it is desirable to obtain (many) zeros in the matrix V',
since this simplifies the interpretation of the PCs. Sparsity has also another advan-
tage: Already De La Torre and Black (2003) pointed out that even single outlying
cells in the data matrix can propagate to contaminate even entire rows in the residual
matrix. However, if the loadings matrix is very sparse, this propagation effect is lim-
ited. Erichson et al. (2020) proposed a cellwise robust and sparse PCA method that
works as follows. They estimate two rank k matrices A; and As, such that X A; A},
approximates X, where As is supposed to be orthogonal. Sparsity for A; is achieved
by adding a sparsity inducing penalty on A; to the objective function. The matrices
A, and A, are estimated in an alternating scheme such that the back-rotated prin-
cipal components X A; are close to X. In order to obtain robustness, they replace
the Frobenius norm by the Huber loss function, as this can be formulated by using a
matrix S of the same dimension as X, which absorbs big cellwise (additive) recon-
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struction errors within a Frobenius norm, plus an L1 penalty on .S to achieve sparsity
on this error matrix, see Equation (17) in Erichson et al. (2020).

In our approach we will stick to the original PCA problem and thus focus on
the residual matrix given in Equation (2). Thus, the loadings matrix and the matrix
for back-projection will be identical. Further, we will make use of alternative loss
functions to achieve more effective downweighting of large reconstruction errors,
in combination with robustified starting estimates. Both will be important to obtain
robustness against high amounts of contamination. More concretely, the rank-k
approximation criterion (1) can be combined with a criterion to obtain sparsity. When
using an elastic net penalty, the modified problem formulation is

k
Vi = argminy, v, _p, | X = XViEV[[E+ ) A(alloglz + (1= a)llvglh), (3)
j=1

where v refers to the j-th column of Vi, 1 < j < k < p, the strength of regulariza-
tion for each component is controlled by A = (A1, ..., \x)’, and the elastic net mix-
ing parameter « controls the sparsity (Zou and Hastie 2005).

As the least squares loss is highly susceptible to outlying observations, we propose
to substitute it with a robust loss function, similar to the suggestion in Maronna and
Yohai (2008), in order to obtain a cellwise robust and sparse PCA method:

R ] 1 p . n o k
Vi = gy, op, 3002 S0 (2 ) + oA allll + (- )l (@
j=1 =1 J j=1

where r;; are the residuals from (2), and 6; is a column-wise estimator of residual
scale. The function p corresponds to a robust loss function (Maronna et al. 2019), and
popular choices are the Huber loss, defined as

_J o for|r| <,
pu(r) = { blr| otherwise, )
the Tukey loss, defined as
2 2 4
prry =4 (&) (3*3(2) +(7) ) for |rf < c, ©)
1 otherwise,

or a trimmed version of the least squares loss, defined as

2

_ [ for | < |l
pLTs(T)—{ 0  otherwise, ?

where |r|;) refers to the ordered values of the absolute residuals,
ie,[r[q) <... <|rlm) and h € [7/2,n]. The trimming is applied column-wise.
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The choice of the loss function will also determine the robustness properties of
V%, see also Maronna and Yohai (2008) for more detailed discussions. For either
of these loss functions, the influence of data points with large scaled residuals is
reduced, resulting in a more robust estimate (Maronna et al. 2019). Appropriate
parameter choices for the constants b and ¢ in (5) and (6), respectively, are proposed
in the literature (Maronna et al. 2019). Throughout our experiments, we will use the
default parameters b = 1.35, ¢ = 1.35, assuming that the regular observations are
standard Gaussian and h = 0.5, leading to maximum robustness for trimming.

Note that a multiplication with 62 in the objective function (4) is important, since

this guarantees that for the special cho1ce p(r) = r? one obtains the objective func-
tion (3) of the non-robust version. The estimation of the residual scale will be dis-
cussed in detail in the next section.

For outlier diagnostics, i.e., for distinguishing between regular observations, good
and bad leverage points, and orthogonal outliers, a diagnostic plot can be constructed
as proposed by Hubert et al. (2005). The score distances (SD, i.e., Mahalanobis-like
measure of distance of an observation within the PC space) and orthogonal distances
(OD, i.c., the orthogonal distance of an observation to the space spanned by the first
k PCs) are computed based on the robust PCA result and plotted together with the
cutoff values, also described in detail in Hubert et al. (2005).

3 Algorithm

Problem (4) is an optimization problem under constraints. The objective function

p(% >+Z>\ (allo; |3 + (1 =a) > llviillh) )
=1

is minimized under the constraint that V'V = I, which corresponds
to the Stiefel Manifold, defined as the set of orthonormal matrices,
ie., St(p, k) = {V ERPE VIV = Ik}.

j=1 %

1 & i
np —

1

We can therefore cast this problem in the framework of optimization on mani-
folds. Gradient methods such as the Newton or Conjugate Gradient algorithm on
manifolds have already been studied in Edelman et al. (1998), and Bonnabel (2013)
have extended SGD (Stochastic Gradient Descent) to the case when the objective
function is defined on a Riemannian manifold and derived convergence properties
for the algorithm. When the gradient is calculated on the whole dataset, it is referred
to as batch gradient descent in the machine learning literature, see, e.g., Goodfellow
et al. (2016). When big amounts of data have to be processed, (minibatch) SGD is
preferable, this means that the gradient is computed on each sample, or a minibatch
of samples. Mathematically, the true gradient of the objective function corresponds to
the expectation of the gradient over the data-generating distribution. For batch gradi-
ent descent, the true gradient is approximated by the gradient over the whole training
set. When there is a large number of observations, however, computing this expec-
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tation over the whole dataset is not feasible, therefore it is computed over random
subsamples, which are called minibatches (Goodfellow et al. 2016). Therefore, by
application of a suitable variant of SGD we can ensure the scalability of the proposed
algorithm to datasets containing a very large number of observations, which would
not be possible with an approach based on alternating regressions, for example. In the
following, we describe the algorithm for batch gradient descent for ease of notation.

3.1 Manifold optimization

Given a starting point Vo € St(p, k), subsequent iterations lie on the same
manifold. This is accomplished as follows: First, the gradient at step ¢,

ov;
on the tangent space of the manifold at the current parameter value, denoted by
Tv,St(p, k). Let P, denote the projection of the gradient, which can be computed
as Pg, = — (I, — VV})G,, where 7, refers to the step size.

Finally, the gradient step is executed on the manifold. This can be done via an
exponential map, V¢ 11 < expy, (—;: Pg, ), or via a retraction, a first-order approx-
imation of the exponential map, denoted by V11 < Ry, (—v:Pg,). Numerically,
the latter is preferable, and we can use Ry, (P) = qf(P), where qf() extracts the
orthogonal factor from the QR decomposition. This particular retraction was also
studied in Proposition 3 in Bonnabel (2013) and essentially follows the gradient in
the Euclidean space and then orthonormalizes the matrix at each step.

For the computation of the gradient, the continuous differentiability of the
loss function p is a necessary condition. This assumption is fulfilled for the least
squares loss without regularization, for the robust loss functions and different pen-
alties, however, it does not hold. While the Huber loss (5) can be approximated
by the differentiable Pseudo-Huber loss function (Hartley and Zisserman 2003),

ppr(r) = b2(\/1+ (7/b)2 — 1), the treatment of the LTS loss (7) requires more
thought. It is easy to see though, that a gradient step in terms of the p; g function can
be expressed as a re-weighting step: prrg is continuously differentiable on the set
of points for which |r| < [r|). Let H; denote this 4-subset computed based on the
current iterate V', then £(V, H;) corresponds to the value of the objective function
depending on H;. After each gradient step, H;. 1 is updated using the current iterate
V41 and we get the inequality

oc(v\*F . o .
G; :=Vvy, L(V,) = (7)1—1’ is computed, then the gradient is projected

L(Viy1, Hepr) < L(Viga, Hy) < L(Vy, Hy), )

where the inequality on the right is due to the gradient update (Bonnabel 2013),
and the inequality on the left holds because the largest standardized residuals are
trimmed. Note that for the stochastic variant of the gradient step, the inequality only
holds in expectation.

@ Springer



P. Pfeiffer et al.

3.2 Initialization

As the loss function (8) is based on the approximation of the data matrix via rank-k
SVD, it seems natural to consider the first &£ singular values as starting points. Despite
the desirable properties of Riemannian SGD studied by Bonnabel (2013), however,
we cannot hope to get convergence to a global minimum, as the loss function is not
convex on St(p, k). Therefore, it is crucial to choose an initial estimate V' that is
robust in the presence of outliers.

We propose first applying a transformation g to the data matrix and then comput-
ing the SVD of Y = ¢g(X), resulting in the first & right-singular vectors of g(X) as
the initial estimate Vo. The procedure is inspired by the robust high-dimensional
product-moment correlation, studied in Raymaekers and Rousseeuw (2021) where
robustness properties of different data transformations are investigated. In the fol-
lowing, we consider one of the following options for the transformation, and later on,
compare their results. Both options involve estimators of location ¢; and scale c¢; of
the variables (j = 1, ..., p). Here we use the median for location and the Qn estima-
tor (Rousseeuw and Croux 1993) for scale.

1. Rank transformation: The elements of the transformed data matrix Y are given
by Yij = g(l‘ij) = 1/n(ranki(x7;j) — 05) * Gy + tj.
2. Wrappingtransformation: Denote z;; = w”:tj ,fori=1,...,nandj =1,...,p,

“j

as the column-wise robustly standardized data. The elements of the transformed
data matrix Y~ are given by y;; = g(zi;) = ¥v.(2i5) - ¢; + t;. The y-function is
given by

Upe(z) =19 @ tanh (g2(c— |2]))sign(z) if b < |z| <, (10)
0 otherwise,

where the values ¢; and g2 can be derived for any combination of 0 < b < ¢ (Ray-
macekers and Rousseeuw 2021). We use the default values b = 1.5 and ¢ = 4 as
proposed in Raymaekers and Rousseeuw (2021) and implemented in the function
wrap () of the R package cellWise (Raymaekers and Rousseeuw 2023a).

The choice of transformation is discussed in Raymaekers and Rousseeuw (2021), and
depends on the dataset at hand. The application of a rank transformation is straight-
forward, computationally attractive for large datasets and does not require additional
parameter choices. Wrapping can be tuned for a better compromise between robust-
ness and efficiency, requiring additional computational resources.

3.3 Residual scale
Basedonaninitialestimate V g, wecancomputetheresiduals R(Vy) = X — XV V|,
with the elements r;; (V). The objective function (8) needs an estimate of the resid-

ual scale, 6, for the j-th column of this matrix (j = 1,. .., p). Minimizing the objec-
tive function then yields an updated estimate of V', and thus also new residuals,
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from which the residual scale needs to be re-estimated. For estimating this residual
scale, Maronna and Yohai (2008) suggest using an M estimator of scale. As the pro-
posed algorithm requires repeated computation of the residual scale, it is desirable
to choose an estimator with a high breakdown point which is also easy to compute.
We therefore propose to use the simple least median of squares estimator given by
6 = median;|r;;| for this purpose.

3.4 Sparsity inducing penalties

When the elastic net parameter in (8) is set to & = 0, we get an L1 -penalty, a popular
choice for inducing sparsity in the PCA loadings (Croux et al. 2013; Hubert et al.
2016). While the L;-norm is not continuously differentiable, it can be approximated
by a differentiable function, which converges towards the L;-norm. In our imple-
mentation we use |vj;| = vjsign(vy;) = lim._,ocv tanh(c - v;;), as discussed by
Ollerer et al. (2015). The more the constant ¢ is increased, the better the absolute
value function is approximated. In our implementation, we set ¢ = 1000. Due to this
approximation and the nature of gradient-based updates, this procedure does not lead
to true sparsity in the loadings but only shrinks the elements of the loadings matrix
close to zero. In order to get truly sparse results, we propose to threshold the loadings
in the following way: First, we track the relative change in each of the elements of
the loadings matrix between the iterations V', and V;11. Then, the threshold value
is computed as the average change of all elements during the last M iterations plus
two standard deviations. If the absolute value of an entry of V is lower than the
threshold, it is set to 0. In the implementation, we use M = 10, which we found to
be a reasonable choice in our experiments, as increasing M above this value brought
minimal improvement.
The complete algorithm is summarized in Algorithm 1.
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1: Compute transformations Y + g(X)

2: Initialize V| as first k right-singular vectors of Y’

3: if p = prrs then

4: Initialize the h-subset Hy based on Vj > for LTS loss, initialize Hy
5: else

6: Hy +{1,...,n} > otherwise, h-subset consists of all samples
7. end if

8: while true do

9: G: + Vv L(V;, Hy) > compute gradient
10: Pg, +— projTVf St(p,k)(Gt) > projection of gradient onto tangent space
11: Vit1 < Ry, (—Pa,) > gradient step via retraction
12: if p = prrs then

13: update H;1q based on Viyq > for LTS loss, update h-subset
14: else

15: Ht = HO

16: end if

17: dit1  WVeri=Vill /vy > track relative change
18: t+ = 1

19: if Hl:(‘/t+17Ht+l) — [,(‘/;, Ht)” < 0 then
20: break
21: end if
22: end while
23: T 4 avg[dy, | M 4 2s5d[d,, )i MY > compute based on last M iterations
20: V ¢ [vj if |vjs| > £,0 otherwise]j; > thresholding
25 Z +— XV > compute robust scores
26: @ QnQ(X V) > compute robust variances of the scores

Algorithm 1 Robust and Sparse PCA via Manifold Optimization

Line 25 of Algorithm 1 returns the principal components, and line 26 their vari-
ances, here estimated per component with the Qn-scale estimator (Rousseeuw and
Croux 1993).

3.5 Selection of sparsity parameter

While the elastic net mixing parameter « in (8) is set in advance by the user, the spar-
sity parameter A is chosen depending on the data. Similarly to Croux et al. (2013),
we choose the tradeoff-product criterion (TPO) that leads to a compromise between
explained variance and sparsity in the loadings. In the following, we denote the col-
umns of the estimate V as #;, forl = 1,..., k. The original criterion

K
2 v s #{v, # 0}
TPO = Qu(X#y) - (1 - W78

where #{®; # 0} returns the number of non-zero components in 9;, can be adapted
for non-sparse regularization by including the elastic net parameters a:
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k
TPO = > Qn*(Xt)) - (1 - (11)
=1

a#{@lp# 0}> _

The maximum of this score function is now determined using Bayesian optimization:
The advantage of this procedure is that, contrary to cross-validation in combination
with grid search, the information from previous function evaluations can be exploited.
This way, a bigger search space can be covered. For the basic algorithm, it is assumed
that there is a budget of a total of NV function evaluations. A Gaussian prior is placed
on the score function, then its value is observed at ng points. Until o iterations are
reached, the following steps are repeated: (i) update the posterior probability distribu-
tion on the score function, (ii) determine the maximum of the acquisition function,
and (iii) observe the score value at this parameter configuration (see, e.g., Snoek et al.
2012). We used the implementation in the R package ParBayesianOptimization
(Wilson 2022) with the commonly used expected improvement as the acquisition
function and the tradeoff product optimization (TPO) as the score function.

The proposed algorithm is called SCRAMBLE (Sparse Cellwise Robust Algo-
rithm for Manifold-based Learning and Estimation) and implemented in R (R Core
Team 2024), in package scramble, available in the supplement.

4 Simulations

A simulation study was conducted to evaluate the performance of the proposed
method using different loss functions in comparison with other approaches, namely
Robust and Sparse PCA (ROSPCA) (Hubert et al. 2016) for the rowwise contami-
nation model, and MacroPCA (Hubert et al. 2019) for the cellwise contamination
model, although this method cannot induce sparsity.

4.1 Simulation settings

Similar to Croux et al. (2013), Hubert et al. (2016, 2019), several different contami-
nation settings are considered. The casewise Tukey-Huber contamination model can
be formalized as

X1 = (1 - B)X, + BX5, (12)

where X7, Xs and X3 are p-dimensional vectors, Xo ~ F' with F corresponding to
the model distribution, and X3 ~ G with G corresponding to the outlier-generating
distribution. B ~ Bin(1,¢) can be interpreted as a contamination indicator (Alqal-
laf et al. 2009). In the multivariate setting, this model has been criticized for only
allowing rowwise contamination, when in reality — especially in high-dimensional
settings — it is likely that only a few columns in many rows are affected by outliers.

For this cellwise contamination framework, Algallaf et al. (2009) have formalized
the independent contamination model as
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X; = (I — B)X» + BX;, (13)

where B = diag(Bi, Bs, . .., Bp) are independent B, ~ Bin(1,¢;).

A low- and a high-dimensional simulation setting is considered, and they are
adapted from Croux et al. (2013) and Hubert et al. (2016). Clean data X are gener-
ated from a multivariate normal distribution N, (0, X) with zero means and covari-
ance X = C'/2AC"/? given as follows :

1. Low-dimensional, order 2: p = 10, n = 50 observations

S}Lx4 O4><4 04><2
A= O4xqa S%4 Ouxo |,
O02x4 Ozxa Tax2
where
gl — 1 if 1 = j,
i — ] 0.9 otherwise,
and

S;_{] if i = j,

ij 0.7 otherwise.
The matrix C assigns the same scale to all variables of the same group, and
it is given as C' = diag(1004, 254, 45), where a; is a vector with b replicates
of the number a. The true loadings of the first component in this setting are
v = 1/2(14,0,...,0), and of the second component vo = 1/2(04,14,0,...,0).

2. High-dimensional, order 2: p = 500, n = 100 observations

1

S50x20 0O20x20  020x460
020x20 Ss9x20 020x460 | s
0460%x20 Ous0x20 T460x460

A:

where §'and §2 are definedasbefore. Clisgivenas C' = diag(1002, 2520, 4460 ).
Similarly, the true loadings for the first 2 components correspond to the vectors
v = 1/\/%(120, O7 RPN ,O) and Vo = 1/\/%(020, 120, 0, ‘e ,0)

Casewise contaminated data are generated by replacing % of rows with
data generated from a p-variate normal distribution N (frous, Ip), with
Hout = (2,4,2,4,0,—1,1,0,1,—1,...,1,0,1,—1), corresponding to the ft,,; vec-
tor suggested by Croux et al. (2013) and also used by Hubert et al. (2016).

For the cellwise contamination setting, the outlying cells are generated as follows.
We first randomly select €% cells in each column of the data matrix, and then focus
on the rows with at least one selected cell. The cell(s) is (are) replaced by a multiple
of the last eigenvector of X, restricted to the rows/columns given by the indexes of
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those cells. Thus, these cells are outlying in the given subspace and represent struc-
tural outliers (Agostinelli et al. 2015; Rousseeuw and Bossche 2018). To generate
these outlying cells, we used the function generateData (outlierType =
"cellwiseStructured") of the R package cellWise (Raymaekers and Rous-
seeuw 2023a), where the parameter gamma for the shift of the outliers in the direc-
tion of the orthogonal complement with respect to the center was chosen as 2 or 5,
respectively, to evaluate the sensitivity of the different methods to this type of con-
tamination. Additionally, sparsity is assumed for all approaches and the correspond-
ing parameters are set accordingly (v = 0 for SCRAMBLE).

4.2 Performance measures

To measure the accuracy of the algorithm, we use the principal angles between sub-
spaces, which are defined as follows: Let V' and V' be orthonormal bases for the sub-

spaces V and V, and assume that dim (V) < dim(V). Then, the principal angle 6 can

be computed as 6 = sin " (oax (I — VV')V)), where oayx(-) yields the largest
singular value of the projected matrix (Bjorck and Golub 1973). We report the princi-
pal angle scaled to lie in [0, 1], thus divided by 7/2, as implemented in the function
angle () in the R package rospca (Reynkens 2018) and described in Hubert et al.
(2005). Values close to zero imply that the subspaces are very similar.

The correct level of sparsity is evaluated by the true-positive rate (TPR) and true-
negative rate (TNR), defined as

#{(j, k) : vjr # 0 and D, # 0}

TPR(V. V) = =000 s o £0) (14

#{(j, k) 1 vjr = 0 and v;, = 0}
#{(j, k) : vjr = 0} ’ (15)

where vy, and 0y, are the corresponding elements of V' and V, respectively. TNR
and TPR correspond to the rate of correctly identified non-zero elements and zero
elements, respectively, in the loadings.

The scaled principal angle corresponds to the accuracy of the subspace estimation
and should be controlled at a low level even in the presence of outliers. The TPR and
TNR depict how stable the correct estimation of the sparsity is; these performance
measures should be close to 1.

TNR(V,V) =

4.3 Simulation results

The proposed method is compared to ROSPCA (Hubert et al. 2016) in the casewise
contamination setting, using the implementation in the R package rospca (Reynkens
2018), and MacroPCA as implemented in the R package cellWise (Raymaekers and
Rousseeuw 2023a) in the cellwise contamination setting. While the latter does not
enforce sparsity in the loadings, it is the only other cellwise robust PCA method that
software is readily available for, and a comparison in terms of accuracy of subspace
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estimation should be insightful. In both settings, the proposed method is also com-
pared to the method of Erichson et al. (2020), here denoted by SPCA, as implemented
in the package sparsepca (Erichson et al. 2018).

We provide results on two simulation exercises, one investigating the runtime of
several methods, and a second one to compare the performance of different algo-
rithms in terms of subspace estimation and sparsity detection. Each simulation set-
ting is repeated 100 times, and we report averages of the corresponding performance
measures for these 100 replications.

4.3.1 Runtime

In addition to the algorithms ROSPCA, MacroPCA, and SPCA, we also include
the PP algorithm from the pcaPP package (Filzmoser et al. 2022) as another sparse
and robust PCA method for high-dimensional data in the comparison. However,
this method is not included in the performance study, as the detailed comparisons to
ROSPCA in Hubert et al. (2016) resulted in worse performance than the latter. For
SCRAMBLE, the wrapping transformation and the Huber loss function were used.
Here we use Setting 1 described above, keeping the sparsity parameters for all meth-
ods fixed and varying p and n.

The average computation time for the 100 simulation replications is presented in
Fig. 1. For the left panel, the number of variables is fixed at p = 10 and the number
n of observations increased, while for the right panel, the number of observations is
fixed at n = 50 and the number of variables p increased. The tuning of hyperparam-
eters was excluded from the timing.

Figure 1 shows in most situations a higher runtime of the proposed method
(SCRAMBLE). This is due to some of the other algorithms, such as PP, or core parts
of MacroPCA, being implemented in C++. ROSPCA relies on a combination of the
PP approach and robust covariance estimation in the resulting subspace, which per-

Method ‘- MacroPCA —- PP ---- ROSPCA - — SCRAMBLE SPCA
'_|10.00' '_|10.00. A.)"’
2, 2, =T
@ 1001 ~=--__ @ q00{ """ L
£ LT e m -l S R
= - b= 7//

5 ] S 0.10 VA
g 010 oo e @ i
—_— P -
—=== 0.01{ _-="
0014 - ——— ’ ==

o o o o o o

o o o ~— o o

~— ™ o -~ o

Number n of observations Number p of variables

Fig. 1 Comparison of runtime for the different methods. Shown are average runtimes in seconds for
100 replications. Left: The number of variables is fixed at p = 10, the number of observations 7 is
increased from 100 to 1000. Right: The number of observations is fixed at n = 50, and the number of
variables p is increased from 10 to 1000. For SCRAMBLE, the wrapping transformation and the Huber
loss function were used
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forms well with moderate dimensions but rapidly increases with the number of obser-
vations. Still, with growing n and p, the advantage of the proposed method becomes
apparent. If the number of observations n increases, the runtime even decreases, as
the initial estimate is better, leading to faster convergence. In addition, very large
n can also be handled by an appropriate SGD variant, as the data can be processed
in batches of suitable sizes, a clear advantage in comparison to the repeated subset
evaluations that need to be done for the ROSPCA algorithm, for example. When the
number of variables p grows, the approach based on gradient descent also scales
better, as several directions can be computed at once and no repeated cycling of can-
didate directions is necessary as for PP. While the runtime of MacroPCA as another
cellwise robust PCA method is appealing, it is not able to include a regularization and
produce sparsity in the loadings. The SPCA method has the overall best performance
regarding runtime.

The computational complexity of the proposed algorithm depends on three
steps: 1. the data transformation, 2. the SVD for the starting value, and 3. the
gradient algorithm. For the rank transformation, this results in a complexity of
O(nlog(n) + npmin(n,p) + inp + pk?), and for the wrapping transformation in
O(np + npmin(n, p) + inp + pk?), where i refers to the number of iterations and k
to the number of estimated components (refer to Raymaekers and Rousseeuw (2021)
for the complexity of the wrapping transformation and Cunningham and Ghahramani
(2015) for a discussion of complexity of Riemannian gradient descent). The learn-
ing rate was set to v = 0.001 with a learning rate decay of 0.99 for batch gradient
descent. The simulations were run on an Apple M1 MacBook Pro 2020 (16 GB).

4.3.2 Performance

The robustness of the methods for an increasing proportion of casewise and cellwise
outliers is studied. For the proposed method, performance measures of different com-
binations of the initial transformation and loss function are evaluated and compared
to a suitable alternative method.

Figure 2 presents the results for casewise contamination. The performance results
for the low-dimensional setting (p = 10 and n = 50) are shown in the plots on the
left side, while those for the high-dimensional setting (p = 500 and n = 100) are on
the right-hand side. In both cases, k = 2 is fixed, and ROSPCA and SPCA are com-
pared to different versions of SCRAMBLE, with different loss functions p (Huber,
Tukey, LTS), see Sect. 2, and different transformations (rank, wrapping) for the ini-
tialization, see Sect. 3.2.

In the low-dimensional setting, the SCRAMBLE method clearly performs better
than ROSPCA in all performance measures, especially in estimating the sparsity,
described by the TNR. The increasing contamination has only little effect on the out-
come. Also the different versions of SCRAMBLE show very similar results. SPCA
is comparable to SCRAMBLE. For the high-dimensional setting we can see more
effects. In the uncontaminated case, SCRAMBLE outperforms ROSPCA, particu-
larly for the TNR. The overall performance of SPCA is very good but SCRAMBLE
in combination with the wrapping transformation leads to the overall best results.
Interestingly, the TNR improves for ROSPCA with increasing contamination, and
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Fig. 2 Comparison of performance measures for the methods ROSPCA, SPCA and SCRAMBLE (six
combinations of loss functions and transformations) for the casewise setting. Shown are averages of
the performance measures for 100 replications. Left: low-dimensional (p = 10, n = 50); right: high-
dimensional (p = 500, n = 100). The different point shapes correspond to different contamination
levels: € = 0%, 10%, 20%, 30%
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the same holds for SCRAMBLE based on the rank transformation. However, here an
angle of about 0.75 for 20% contamination already suggests a solution very different
from the target. The best results are achieved by SCRAMBLE initialized with the
wrapping transformation, for the LTS and the Tukey loss function.

The results for the cellwise contamination setting with gamma set to 2 are shown
in Fig. 3, with the low-dimensional setting on the left and the high-dimensional set-
ting on the right. Here we compare SCRAMBLE to MacroPCA as an alternative
algorithm for cellwise robust PCA, although this method does not allow for spar-
sity. Consequently, MacroPCA fails to accurately predict the sparsity (resulting in
a TPR of 1 and a TNR of 0) but yields very good results for the principal angle in
the low-dimensional setting. Note that we selected the same proportions of contami-
nation as for the casewise setting. However, in the cellwise setting, these amounts
contaminate many more rows of the data matrix, or even all rows (Raymaekers and
Rousseeuw 2024), leading to a faster decrease in performance among all metrics. We
also compare to SPCA which is an alternative cellwise robust and sparse algorithm.
In the low-dimensional setting its performance is similar to SCRAMBLE. For the
high-dimensional setting, however, the proposed algorithm yields the best overall
results. With increasing contamination, especially the performance of SPCA gets
worse quickly. SCRAMBLE can deal with high-dimensional settings as it processes
the loss function cellwise, and thus both more rows or more columns yield more
training set observations. As expected, there is a certain decrease in performance for
increased contamination. In this setting, rank-based initialization is more robust than
initialization with the wrapping transformation with default values (Raymaekers and
Rousseeuw 2021). The overall best results are in combination with the LTS or Tukey
loss function.

The results for the cellwise contamination setting with gamma set to 5 are shown
in Fig. 4. It can be observed that MacroPCA still yields very good results in terms of
robustness, but does not provide sparsity. When we compare the two sparse methods,
the results show a clear advantage for SCRAMBLE in comparison to SPCA. When
the contamination is set to 10%, SPCA fails to obtain the correct angle and sparsity.
The performance of SCRAMBLE also decreases with higher contamination but it
can tolerate higher amounts than the alternative. Overall, SPCA is competitive in
the casewise and low-dimension scenarios but SCRAMBLE leads to better results in
high-dimensional cellwise contaminated settings, especially when the contamination
is shifted from the center of the data.

5 lllustration on real data

The usefulness of the approach will be demonstrated on two datasets from tribology,
the study of friction, wear, and lubrication. The presented data originate from chemi-
cal analyses and tribological experiments performed on automotive engine oils after
they have been subjected to a varying duration of artificial alteration in the labora-
tory, see Dorr et al. (2019) and Besser et al. (2019) for a description of the alteration
methods. FTIR (Fourier-transform infrared) spectra consist of absorption values that
are measured over about 2000 wavenumbers, with distinctive peaks associated with

@ Springer



P. Pfeiffer et al.

High-dimensional setting

Low-dimensional setting

I s17-buiddeim

| Aoyn| -Buiddeim
| jaqnH-Buiddeim
L S17-ues

I Aoyn —xues

I JagnH->juel
FvOdS

L vodomen

1.00

0.754

0.254

0.00 4

I s171-buiddeim

| Aoyn| -Buiddeim
| JaqnH-Buiddeim
I SL1-jues

| Aoyn —>ues

L JagnH-yuel

I vOdS

L vodowen

1.00

0.754

0.50 1

0.254

9 :9)6uy

0.00 4

Method

Method

Gy OAm oim
+ 4+ +

I S17-6uiddeim

|- Aoyn| -Buiddeim
| JaqnH-Buiddeim
I S17-yues

I Aoyn —uel

L JagnH-yuel
FvOdS

I YOdoIoen

1.00 | osm-

0.75 1

0.25

0.00

I S117-6uiddeim

I Aoyn) ~Buiddeim
| s-agnH-Buiddeim
F S1-uel

I Aoxin] —>juel

L JaqnH->jues

F vOds

I vodoloep

0.754

0.254

0.00 4

Method

Method

Sa, wm S oy

ohmi .

I S17-6uiddeim

|- Aoyn| -Buiddeim
|- JaqnH-Buiddeim
I S1T-jues

I Aoyn] —yuel

L JagnH-yuel
FvOdS

[ YOdoloen

1.00

0.75 1

0.25

0.00 -_eami-

I S11-Buiddeim

I Aoxin] —6uiddesm
I saqnH-Buiddeim
I S11-juel

I Aoyn —juel

| JaqnH-yues

F vOdS

I vodoloep

1.00

0.754

Z 0.50 1

0.254

0.00 {_edmt-

Method

Method

+ 0.3 cellwise

0.1 cellwise ®m 0.2 cellwise

0 A

Contamination

Fig.3 Comparison of performance measures for the methods MacroPCA, SPCA and SCRAMBLE (six
combinations of loss functions and transformations) for the cellwise setting. Shown are averages of the

performance measures for 100 replications for gamma = 2. Left: low-dimensional (p = 10, n = 50);

right: high-dimensional (p = 500, n = 100). The different point shapes correspond to different con-

tamination levels: € = 0%, 10%, 20%, 30%

@ Springer



Cellwise robust and sparse principal component analysis

Low-dimensional setting

1.00 1
A.+ ot ot ot + + +
0.75 . e "
D
) A A A
E,o.so- N
A A
< +
0.25 m
[ ] ° ° ° ° [ ] L]
0.00
T L o L~ = o
S $ 2 g B g g
o o =] S T > > T
- TR OTEE S S -
g ¢t EF22s
g = g 8 ¢
g g =
2 3
Method
1.00{ o4mt- @ ° L] ° ° ° °
0.754 . A.+ A.+ A A
Q 0.501 4 + o ou
. wt
0.25
0.00
< < 5 2 O 5 > o0
c 6 8§ & 5 8§ & 5
o o > S T =} > T
g ®» I T o T Lo
o =
g T § T 2 £ s
= = g a ]
g & =
S 2
Method
1.001 ® e g e e o o
A
0.751 A -
] An
nd + oA
Z 0501 A +
n
I+ I+
0.25 +
0.00 {_esmt
< < > > 2] > > (%]
o o 8§ £ K £ 2 K
o o = S T =} > T
e 5 27 LI P
8 £ € 8 2 2 3
g = 2 g @
g & =
3 2
Method

Contamination e 0 a

0.1 cellwise m

High-dimensional setting

1.00 1 s = o m
+ + 4+
0.751 .+ = .
@ A
(0]
- 0.50
2 .
< °
0.25 A A A A A A
[ ] L] [ ) L] [ )
0.00
S 6 & = o
S S 2 g B2 g g
o o =] > T =] > T
s I Lo 1T Lo
E s ® g2
g = S 8 ¢
g £ s
] 2
Method
1.00 1 edmt- . . . . .
. A A A A A 4
0.75 1
x
Q. 050 + =
= " " & - =
0.254 + + +
0.00 Ant
A A
S & & 8 E £ & K
o o =] > T =} > T
g 2 T T o T o2
S ~ x © o o £
= s 8 - £ 5 §
g 2 g g
g g 3
2 2
Method
1.00 Gyl G4 OA o, o o o
= Y ow .+
0.75 1 =
o +
Z 0.501
|—
0.254
0.00 -|_eamt-
< < > > ) o > ]
s o & &2 5 & & §
o o =] =) T =} =] T
28 22 L F 20
£ £ : fgoczs
e = S g ¢
g g =
3 2
Method

0.2 cellwise

+ 0.3 cellwise

Fig.4 Comparison of performance measures for the methods MacroPCA, SPCA and SCRAMBLE (six
combinations of loss functions and transformations) for the cellwise setting. Shown are averages of the
performance measures for 100 replications for gamma = 5. Left: low-dimensional (p = 10, n = 50);
right: high-dimensional (p = 500, n = 100). The different point shapes correspond to different con-

tamination levels: € = 0%, 10%, 20%, 30%

@ Springer



P. Pfeiffer et al.

certain oil attributes. For this data structure, the sparsity assumption can be justified:
It can be assumed that only a small set of wavenumbers is sufficient to explain most
of the variability in the dataset (Pfeiffer et al. 2022). Another aspect is lubrication per-
formance, which can be measured on an Schwing-Reib-Verschleiss (SRV) tribometer
experiment (a steel ball sliding against a steel disk with the lubricant of interest in
between, see Dorr et al. (2019) for a more detailed description of the experiment).
One part of the resulting data consists of optical images (taken under the microscope)
of the wear scar areas, which yield data matrices with n < p when vectorized.

As both types of data are produced in the laboratory, we can expect outliers to
be present in the datasets due to possibly high variability following the alteration
process and experimental effects. In addition, the experiments are often costly and
time-consuming, resulting in much fewer observations than variables and wide data
matrices. Thus, dimension reduction is necessary before applying any further analy-
sis. We demonstrate in the following how the proposed method can be applied to
perform this dimension reduction via robust PCA and, in addition, yield sparse load-
ings when appropriate.

5.1 FTIR spectra

The presented dataset consists of n = 50 FTIR spectra of 10 automotive engine oils.
The fresh oils were subjected to a small-scale alteration in the laboratory as described
in Dorr et al. (2019). During the alteration, samples were taken regularly and spectra
were recorded, each containing the absorbance at p = 1668 wavenumbers. The task
at hand is to understand which variables contribute most to the variability in the
dataset, and often classical PCA is applied, see, for example, Besser et al. (2013). To
make it more challenging, we contaminate the dataset with 6 observations originating
from a large-scale alteration (Besser et al. 2019) to imitate a scenario when the origin
of a sample may not be as clear as in the laboratory setting. Our aim is to identify
observations that are different from the majority of the data, and also understand why
they are outlying. As mentioned before, sparsity in the PCA loadings is desirable in
this setting to enhance interpretability.

The resulting dataset consists of n = 56 observations and p = 1668 variables. As
spectral data are already on the same scale, the data are not scaled, but only column-
wise centered with the median before applying the methods. We compare the results
from ROSPCA (Hubert et al. 2016) and the proposed SCRAMBLE method with the
rank-based data transformation for the starting value and the Huber loss function.
Due to the high number of variables in the dataset, the rank-based transformation is
advisable. The different loss functions performed similarly, therefore we only show
the results for the Huber loss. For both methods, the number of principal components
is determined via the cumulative proportion of explained variance. For ROSPCA,
this results in krospca = 10, for SCRAMBLE in kscramBLE = 7 components.
Then, hyperparameter optimization for the sparsity parameters is done for both algo-
rithms. For SCRAMBLE, this is done using Bayesian optimization and the TPO cri-
terion; for RSPCA, the grid search and BIC type criterion proposed by Hubert et al.
(2016) is used. Figure 5 shows the original FTIR spectra in gray, together with the
first (left plot) and second (right plot) loadings vectors of both methods. We find that
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Fig. 5 FTIR spectra of the original data, shown in gray, together with the first (left plot) and second
(right plot) loadings vectors of each method
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Fig. 6 Score distance versus orthogonal distance for the FTIR spectra. Results for ROSPCA (left) and
SCRAMBLE (right)

SCRAMBLE leads to more sparsity, and therefore to results that are easier to inter-
pret. Non-zero loadings refer to wavelengths and thus to chemical compounds that
are associated with underlying chemical processes during oil alteration. This infor-
mation is highly relevant for practitioners, and we can find variables associated with
selected variables such as oxidation, conventionally evaluated at wavenumber 1720
cm ™!, or phenolic antioxidants at 3650 cm~! (Besser et al. 2019).

Figure 6 shows PCA diagnostic plots based on the score distance SD and orthog-
onal distance OD, with the outlier cutoff values as dashed lines, see Hubert et al.
(2005). A high value of the OD means that the observations are far away from the
estimated PCA subspace. The left plot presents the results for ROSPCA, and here
almost all outliers, i.e., the observations from large-scale alteration, are identified
with high OD values. However, also four regular observations yield high OD values.
The right plot for the SCRAMBLE results corresponds to what we would expect.

In order to investigate the differences between ROSPCA and SCRAMBLE in
more detail, we show plots of the standardized residuals in Fig. 7 for a selected
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Fig. 7 Residual plots for a selected range of wavenumbers and for a subset of the observations. Left:
ROSPCA residuals; right: SCRAMBLE residuals

Fig. 8 Zoomed-in view of the FTIR spectra

from Fig. 5 for the selected wavelength range
shown in Fig. 7. The red dashed lines are outli- 0.075 -
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wavenumber range and a subset of the observations. In fact, this wavenumber range
mainly determines PC1 of SCRAMBLE (negative) and ROSPCA (positive), and
refers to oxidation effects (see Fig. 5). The left plot is for ROSPCA, the right plot is
for SCRAMBLE, and each tile represents one element in the scaled residual matrix,
with color according to the legend. The residuals were standardized robustly using
the median and mad of the residual matrix. Note that the residuals scale is very small
leading to very large scaled residuals for some cells. The first six rows correspond to
the FTIR spectra of oils from a different alteration process, and SCRAMBLE clearly
reconstructs these worst, meaning they are not as influential to the fit of the PCA sub-
space. In ROSPCA, on the other hand, only observation 6 is the only clearly visible
observation out of the outlier subset, and four further observations also show larger
residuals. A look at the original spectra with a zoomed-in view into this wavenumber
range in Fig. 8 explains this behavior: There, the outliers (first 6 rows) are shown
by red dashed curves, and only one (observation 6) is clearly further away, while
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the other outliers partially overlap with regular observations. This overlap around
wavenumber 1740 cm~—!, thus in a very restricted range, is the reason why four
regular observations are falsely classified as outlying by the ROSPCA algorithm.
The affected wavenumbers lie in the absorption band of oxidation products, ranging
from 1860-1660 cm ™!, and are of interest in conventional analysis of FTIR spectra
(Besser et al. 2019; Pfeiffer et al. 2022). A cellwise robust method can assist the prac-
titioner in finding and understanding the differences between outlying and regular
observations.

In summary, we can see the benefit of a cellwise robust method in contrast to
only casewise robust estimation. As the differences only show at certain peaks in the
spectra, a cellwise robust method does not lose as much information as a casewise
method, resulting in a better fit with fewer components. In addition, we can also iden-
tify the variables which contribute most to the outlyingness.

5.2 Tribology: wear scar images

In this example we are interested in the question whether the degradation visible
in wear scar images can be used to predict the alteration duration of the oils. As
the image information is high-dimensional, we will demonstrate the usefulness of
SCRAMBLE in a PCR (Principal Component Regression) setting, thus reducing the
dimensionality of the image information before performing regression.

In Pfeiffer and Filzmoser (2023), image features were derived from a similar
image dataset, before robust regression methods were applied. For this demonstra-
tion, we derive robust features via SCRAMBLE directly from the vectorized images
before applying a robust regression on the resulting principal components. We do
not use a sparsity-inducing regularization, as this has been found to not provide an
advantage for image data (Pfeiffer and Filzmoser 2023). In the given setting, n = 220
gray-scale images of size 64 x 64, resulting in vectors of size 642 = 4096, together
with a response variable containing the alteration duration (in hours) of the lubricant
used in the SRV experiment, are available. After the removal of all constant columns,
p = 3025 columns are left. As the response variable, the alteration duration is given
in hours, which is square-root transformed before estimating the model.

We compare classical PCA via SVD to the SCRAMBLE algorithm with rank-
based preprocessing and the Huber loss. Therefore, the dataset is randomly split into
a 70% training, a 20% validation, and a 10% test set. The principal components are
estimated on the training set, and then the optimal number of components is evalu-
ated for the validation set via the mean squared error of prediction (MSEP) using
least-squares regression for the classic estimation and robust regression (the func-
tion Imrob () from the robustbase R package (Maechler et al. 2024)) for robust
estimation. Finally, the MSEP is computed for the test set. The first three estimated
loadings are shown in Fig. 9 for classical PCA and in Fig. 10 for robust PCA using
the SCRAMBLE algorithm. We can observe that the first loadings look quite similar,
while the order is different. Both methods distinguish between the border and the
interior of the wear scar, as well as the overall contributions. This is also how we
would interpret the principal components, which is possible even though sparsity
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Fig. 10 Robust loadings obtained from SCRAMBLE back-transformed to the image space
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Fig. 11 Left: Selection of best number of PCs based on 10% trimmed MSEP computed on the valida-
tion set. Right: Observed versus predicted alteration duration for the classical and robust approach

has not been used here. Note that the pixels on the boundary have not been used as
predictor information.

The 10% trimmed MSEP for the validation set based on different numbers of com-
ponents is shown on the left side in Fig. 11 for both classical and robust PCR. For
classical PCR, the error starts at a higher level, possibly indicating that the directions

@ Springer



Cellwise robust and sparse principal component analysis

Reconstruction error _ Reconstruction error .
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Fig. 12 Reconstruction errors per variable, visualized in the image dimensions. Left: PCA via classical
SVD, right: PCA via SCRAMBLE. The number of components corresponds to the number leading to
the minimum trimmed MSEP for PCR

of the first few components are influenced by outliers, and thus they are not as effec-
tive for prediction.

For the optimal number of components, we select that number yielding the small-
est trimmed MSEP, resulting in kcjassical = 17 and kscramprLe = 10 components.
Thus, the robust method leads to a smaller number of components, and also to a
smaller prediction error.

In the right plot of Fig. 11, the observed and predicted values of the alteration
duration are shown for both methods for the test set observations. The predictions for
higher values of duration for both methods are worse than for values in the beginning
or middle of the duration range. In total, the model based on robust PCR performs
better, with a trimmed MSEP of 13.76 for the test set observations, while classical
PCR leads to an error of 17.88 (Fig. 11).

Using this number of components, we can also reconstruct the data matrices and
analyze the reconstruction errors. In Fig. 12, the reconstruction errors per variable
(pixel) are visualized for both the classical PCA (on the left) and SCRAMBLE (right).
While for the classical method, no structure is left in these residuals, it is clearly vis-
ible that for the robust method, the border of the wear scars is not reconstructed well.
This also makes sense because the borders of the balls in the wear scar images are
not identical. In fact, the size of the balls in the image can slightly change due to the
nature of the experiment, as the balls are placed manually under a microscope, but
also due to preprocessing and cutting the images. Obviously, for the cellwise robust
procedure, this change in size is not relevant for prediction, whereas the classical
model takes this variability into account.

While the results for classical and robust PCR are not very different, the example
still illustrates that the robust method is able to perform better for the majority of the
data (in the middle of the duration range), while the classical predictions are influenced

@ Springer



P. Pfeiffer et al.

by more extreme values. Furthermore, we can use robust diagnostics to get further
insight into why the prediction quality between certain values of the response differs.

6 Discussion and summary

In recent years, cellwise robust methods are becoming increasingly important. This is
mainly due to the increased occurrence of high-dimensional data, as a result of mod-
ern measurement methods and devices. With high-dimensional data it becomes more
likely that an observation contains outliers in single variables, and traditional row-
wise (casewise) methods would no longer work if the majority of observations are
contaminated. This is also an issue for principal component analysis (PCA), where
rowwise robust methods could fail in the presence of many cellwise outliers.

One could think of several different approaches to obtain a cellwise robust PCA
method. A first idea could be the identification of cellwise outliers and the replace-
ment of those cells by values which would be expected according to some distribu-
tional assumptions (Rousseeuw and Bossche 2018). With the cleaned data matrix one
could proceed with classical PCA. Even in the casewise robust setting, the approach
to detect and correct outlying observations prior to classical PCA would be a way to
obtain a casewise robust PCA version. However, outlier detection assumes an underly-
ing model, usually a multivariate normal distribution, and outlier detection/correction
identifies/corrects observations or cells according to this model assumption. In cellwise
or casewise robust PCA, on the other hand, we are not limited to this distribution. Par-
ticularly for PCA based on low-rank approximation, the interest is rather in a robust
data reconstruction, where the error loss function utilizes information from the single
variables rather than from the joint multivariate distribution, see Equation (4).

Another approach to cellwise robust PCA is to use a plug-in estimator for the
covariance to determine the principal components, for example, the cellwise robust
Minimum Covariance Determinant (MCD) estimator (Raymackers and Rousseeuw
2023b). This is the cellwise equivalent to a rowwise robust PCA version where a row-
wise robust covariance estimator, such as the MCD (Rousseeuw 1985) is plugged in.
While such a procedure is straightforward to implement, it might not be so clear how
to include sparsity.

Sparsity, or the natural requirement of interpretability of the principal components
is especially important in a high-dimensional setting. For that reason, sparse (Jolliffe
et al. 2003) and sparse robust (Croux et al. 2013) PCA versions were introduced
which maximize the variance of the components subject to an L, penalty on the
loadings vectors. The gain in sparsity or explainability leads to a loss in explained
variance, and this compromise can be formalized by an appropriate objective func-
tion (Croux et al. 2013).

We have introduced a cellwise robust and sparse PCA method using low-rank
matrix approximation. The objective function can be formulated in a very natural
way (Maronna and Yohai 2008; Croux et al. 2013), and it combines a robust loss
function for the reconstruction error of all cells of the data matrix with an elastic
net penalty on the loadings. The specific choice of the loss function determines the
robustness properties of the PCA solution (Maronna and Yohai 2008). Both the robust
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loss function and the incorporation of an L; or elastic net penalty leads to compu-
tational challenges. We have developed an algorithm based on manifold learning to
optimize the objective function. The L; penalty was incorporated by the use of a
sparsity-inducing penalty, allowing for an approximation by a differentiable func-
tion. The choice of appropriate starting values is important, and we compared dif-
ferent approaches. Overall, the algorithm leads to an efficient computation, even for
high dimensions p and many observations #. Simulations have demonstrated that
the resulting method, called SCRAMBLE (Sparse Cellwise Robust Algorithm for
Manifold-based Learning and Estimation), has superior properties when compared to
alternative robust PCA approaches, both in the casewise and cellwise case for high-
dimensional settings.

We applied the suggested method to two real data examples from tribology and
compared the performance with existing estimators, illustrating the usefulness of a
cellwise robust and sparse PCA method.

Possible extensions to groupwise PCA or robust data imputation are possible via a
modification of the objective function (8). Furthermore, theoretical robustness prop-
erties like the influence function and breakdown point (Maronna et al. 2019) would
be interesting topics for future research.|

7 Supplementary material

The proposed procedure is implemented in the R package scramble, which is
available from https://github.com/piapfeiffer/scramble. Replication files are avail-
able from https://github.com/piapfeiffer/scramble replication_files. The data used in
the examples is provided in the repository with the replication files.
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