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 A B S T R A C T

The New Austrian Tunneling Method (NATM) realizes an integrated ground–shell composite structure, namely 
a displacement-monitored shotcrete shell surrounded by rock bolt-reinforced ground. The present paper 
focusses on the shear transfer between ground and shell, as experimentally evidenced by direct shear tests 
of soil or rock samples moved over concrete surfaces. A multiscale analytical structural mechanics approach 
allows for translation of geodetical measurements into external and internal shell forces and stresses. Key 
ingredients of the approach are the continuum mechanics-related format of the Principle of Virtual Power, 
thin shell kinematics, i.e. virtual motions of rigid generator lines remaining orthogonal to the shell midsurface, 
and aging nonlinear viscoelasticity modeling of shotcrete. Application of the new method to Sieberg tunnel, 
an NATM benchmark example, shows that consideration of ground shear reduced the utilization degree of the 
shell by some 50%: Shell-to-ground shear transfer turns out as an essential feature of NATM tunneling.
1. Introduction

Different from its historical predecessors where the tunnel shells 
have been regarded as means to ‘‘carry’’ loads imposed by the rock 
or ground surrounding the tunnel opening, the New Austrian Tunnel-
ing Method (NATM), established by Rabcewicz in the 1960s [1–3], 
comprises measures to integrate the tunnel shell into the surrounding 
ground, so as to realize a joint load carrying system which encompasses 
both the tunnel shell and the surrounding rock or ground. These mea-
sures are [4]: (i) a flexible shell made of sprayed concrete (‘‘shotcrete’’) 
reinforced by steel meshes, (ii) rock bolts connecting the shell with 
the surrounding ground, and (iii) dedicated deformation monitoring for 
revealing the actual load carrying behavior and the safety level of the 
tunnel shell.

In this sense, an NATM shell may be regarded as epitome for a 
‘‘composite structure’’ when seeing this term as an analogue to the 
term ‘‘composite material’’: two distinct components (shell and ground) 
make up the overall structure, and they are both essential for the 
functioning of the latter. Accordingly, the force transfer between tunnel 
shell and ground has been of central interest ever since the NATM has 
been established. In this context, so-called confinement–convergence 
diagrams [5,6] or characteristic interaction curves [7,8] have remained 
the customary standard: A characteristic change of the radius of the 
cross-sectional opening of the tunnel is related to a scalar pressure-
type quantity representing the mechanical ground–shell interaction, 

I This article is part of a Special issue entitled: ‘Advanced materials models’ published in Composite Structures.
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together with categorizations such as ‘‘constraining pressure’’ or ‘‘loos-
ening pressure’’ [9]. Approaches beyond this 1D perception include 
evaluations of geodetic displacement monitoring data in the context 
of so-called ‘‘hybrid methods’’ [10–13]. These methods reconstruct 
displacement fields from data recorded at distinct measurement points, 
and relate the latter, through compatibility conditions and constitu-
tive modeling of early-age concrete, to stress fields inside the tunnel 
shell; and, via equilibrium conditions, to traction force fields at the 
shell–ground interface [14]. As a corresponding result for the Sieberg 
tunnel [15], a part of the high capacity railway line from Vienna to 
Salzburg in Austria, quadratic interpolation of geodetic displacement 
data along the tunnel circumference, in terms of circumferential, radial, 
and longitudinal components, yielded ground pressures dominating 
at the upper portion of the tunnel shell, and significant shear trac-
tion forces acting, in upwards direction, on the lateral portions of 
the shell [14]. Somewhat different ground loading characteristics are 
obtained for the very same tunnel and cross section, if polynomial 
spatial distributions are not prescribed for the displacements, but for 
the physical primitives driving these displacements, namely for the 
normal traction forces [16,17]. The latter enter cylindrical shell theory 
as external forces, together with impost forces acting at the ends of the 
top heading. Such a modeling approach results in quasi-uniform ground 
pressure distributions along the shell circumference [16,17].
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Table 1
Direct shear test results for soil-concrete interfaces.
 Reference Soil type Normal stress range Range of shear-over-normal stress ratio 
 [MPa] [–]  
 Zong-Ze et al. (1995) [19] sand 0.30 0.67  
 Hossain et al. (2014) [20] decomposed granite 0.05 …  0.30 0.55 …  1.20  
 Chen et al. (2015) [21] clay 0.10 …  0.60 0.38 …  1.29  
 Yavari et al. (2016) [22] clay 0.01 …  0.10 0.30 …  0.50  
 Ilori et al. (2017) [23] cohesion less soil 0.14 …  0.43 0.14 …  1.52  
 Haeri et al. (2019) [24] clay silt 0.08 …  0.50 0.47 …  1.56  
 Xiao et al. (2019) [25] sandy silty clay 0.03 …  0.10 0.20 …  1.08  
 Yazdani et al. (2019) [26] clay 0.15 …  0.30 0.27 …  0.42  
 Maghsoodi et al. (2020) [27] sand, clay 0.10 …  0.30 0.26 …  1.12  
 Janipour et al. (2022) [28] sand 0.05 …  0.20 0.25 …  0.85  
 Hashemi et al. (2022) [29] clay 0.05 …  0.40 0.20 …  0.52  
 Liu et al. (2023) [30] sand 0.10 …  0.30 0.40 …  0.64  
 Li et al. (2024) [31] gravelly sand 0.05 …  0.25 0.62 …  0.98  
Notably, these two different approaches were characterized by an
ad hoc consideration of shear traction forces (through either obtaining 
them as a ‘‘post-processing’’ result stemming from a particular choice 
of displacement interpolation functions, or through setting them, in an
a priori fashion, to zero). Aiming at an improvement of this situation, 
the present contribution focuses on a dedicated, and more physical 
treatment of shear traction forces and their role in NATM tunnel 
engineering. More precisely, according to Coulomb’s friction law, the 
present investigation concerns different ratios between normal and 
shear traction forces acting on an NATM tunnel shell. Building thereby 
on results reported in the PhD thesis of Scharf [18], we once again 
resort to the benchmark example of the Sieberg tunnel.

Accordingly, the remainder of the current paper is organized as 
follows: After reviewing experimental results concerning the traction 
force transfer at the shell–ground interface, see Section 2, the equilib-
rium of such forces with the internal forces transgressing the tunnel 
shell is mathematically derived from the Principle of Virtual Power, 
in Section 3. Corresponding differential equations are first analytically 
solved (as described in Section 4) and then combined with viscoelas-
tic material modeling (as described in Section 5). This allows for 
displacement-to-force conversion (as described in Section 6). Results 
are discussed in Section 7, before the paper is concluded in Section 8.

2. Ground–shell traction transfer: review of experimental evi-
dence

Fictitious Euler cutting [32,33] of the shell from the surrounding 
ground yields traction force fields acting on the tunnel shell, together 
with oppositely directed traction force fields acting on the ground, 
according to the so-called action–reaction principle, also called traction 
force equilibrium at boundaries of subsystems [34]. With plain strain 
conditions [16] implying the longitudinal traction transfer to vanish, 
the ground–shell interaction is fully governed by normal and circumfer-
ential shear components, with the ratio of their magnitudes depending 
on the nature of the shell-to-ground interface. This dependence is 
amply documented in the open literature, as the result of so-called 
direct shear tests. These tests are characterized as follows [35]: A 
soil sample is placed on the surface of a building material, such as 
concrete. It is subjected to vertical compression by a force applied 
through a top cap. Simultaneously, the sample is laterally confined 
by the walls of a shear box, which moves it horizontally across the 
underlying material surface. The observed ratios of shear to normal 
traction components, reminiscent of a ‘‘friction coefficient’’, may vary 
quite extensively, depending on the type of soil tested, see Table  1 for 
a compilation of corresponding test results. The benchmark example 
dealt with in Section 4, Section 6, and Section 7 concerns measurement 
cross section MC1452 of the Sieberg tunnel, a railway tunnel driven in 
clayey marl [15]. This suggests to study the effect of shear-of-normal 
stress ratios of 0.25, 0.50, 0.75, and 1.00; together with the classical 
limit case of normal stress (called ground pressure) only.
2 
3. Equilibrium of thin cylindrical tunnel shells loaded by normal 
and shear traction forces arising from ground action

The Principle of Virtual Power (PVP) as given by Germain [36–39], 
standing in line with a wealth of earlier formulations since the dawn 
of mechanics as a scholarly discipline [40], is a general statement 
on the movement (including quasi-static equilibrium) of a mechanical 
system. More precisely, the virtual powers are linear forms [41] on the 
internal and external force quantities, with arbitrary arguments called 
virtual velocities; and quasi-static equilibrium is ensured through the 
sum of the virtual powers of the external and internal forces being 
zero. The present contribution considers a continuous system where 
significant variation of forces is restricted to the cross section through 
a tunnel shell, while force variations are quasi-negligible along the 
driving direction of the tunnel. Accordingly, power densities per unit 
length of tunnel driving direction are employed herein, with the virtual 
power density of external forces, denoted by ext, then taking the 
following mathematical form:

ext
[

𝐯̂(𝐱)
]

= ∫𝐶
𝐓(𝐱,𝐧) ⋅ 𝐯̂(𝐱)d𝑠 + ∫𝐴

𝐟 (𝐱) ⋅ 𝐯̂(𝐱)d𝐴 ,

∀𝐯̂ ∈ R3 with 𝜕𝐯̂
𝜕𝐱

∈ R3 ⊗ R3 . (1)

In Eq. (1), 𝐯̂ stands for the virtual velocity, i.e. for an arbitrary dif-
ferentiable real vector field, 𝐱 denotes the position vector labeling 
points within the cross-sectional area 𝐴 and its contour (boundary) 𝐶, 
𝐟 denotes the volume force density, 𝐓 denotes the surface force density 
or traction vector acting on a contour element d𝑠 with unit normal 𝐧. 
On the other hand, the power density of the internal forces, denoted as 
 int, reads, for the current application, as

 int
[

𝐯̂(𝐱)
]

= −∫𝐴
𝝈(𝐱) ∶ 𝐝̂(𝐱)d𝐴 ,

∀𝐯̂ ∈ R3 with 𝜕𝐯̂
𝜕𝐱

∈ R3 ⊗ R3 . (2)

In Eq. (2), 𝝈 denotes the symmetric second-order Cauchy stress tensor, 
and 

𝐝̂(𝐱) = ∇𝑆 𝐯̂(𝐱) = 1
2

[

𝜕𝐯̂
𝜕𝐱

+
(

𝜕𝐯̂
𝜕𝐱

)𝑇
]

, (3)

stands for the virtual Eulerian strain rate tensor. The mathematical form 
of the Principle of Virtual Power hence takes the mathematical form
ext

[

𝐯̂(𝐱)
]

+  int
[

𝐯̂(𝐱)
]

= 0 ,

∀𝐯̂ ∈ R3 with 𝜕𝐯̂
𝜕𝐱

∈ R3 ⊗ R3 , (4)

with the power densities of the external and the internal forces, respec-
tively, obeying Eqs. (1) and (2).

According to the theory of thin shells developed in the framework 
of the principle of virtual power [42,43], the equilibrium is governed 
by the virtual motion of straight and rigid generator lines with length 
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Fig. 1. Geometrical and mechanical characteristics of structural model of measurement cross section MC1452 of Sieberg tunnel: Circular top heading of tunnel 
shell with radius 𝑅, thickness ℎ, and opening angle 𝛥𝜑, origin of coordinate systems in circle center, Cartesian base frame 𝐞𝑥-𝐞𝑦, location-dependent polar base 
frame 𝐞𝑟(𝜑̄)-𝐞𝜑(𝜑̄), classical and inclined azimuthal coordinates 𝜑 and 𝜑̄, radial coordinate 𝑟, circumferential positions of measurement points MP𝑖, with 𝑖 = 1, 2, 3, 
of unknown ground pressure intensities 𝐺𝑝,𝑖, with 𝑖 = 1,… , 4, of shear traction force intensities 𝐺𝑠,𝑖, with 𝑖 = 1, 4, and of impost forces 𝑁𝑖, with 𝑖 = 𝑅𝐼,𝐿𝐼 .
ℎ, being the thickness of the shell. During such virtual motions, the 
generator lines maintain oriented orthogonally to the shell’s midsur-
face. Mathematically speaking, the corresponding virtual velocity field 
reads as [16,43]

𝐯̂(𝑟, 𝜑) = 𝐞𝑟 𝑣̂𝑀𝑟 (𝜑) + 𝐞𝜑
[

𝑣̂𝑀𝜑 (𝜑)
𝑟
𝑅

−
d𝑣̂𝑀𝑟 (𝜑)
d𝜑

𝑟 − 𝑅
𝑅

]

,

∀𝑣̂𝑀𝜑 , 𝑣̂𝑀𝑟 ∈ R with d𝑣̂
𝑀
𝑟 (𝜑)
d𝜑 ,

d𝑣̂𝑀𝜑 (𝜑)
d𝜑 ∈ R ,

 with 𝑅 − ℎ
2
≤ 𝑟 ≤ 𝑅 + ℎ

2
 and 𝜑𝑅𝐼 ≤ 𝜑 ≤ 𝜑𝐿𝐼 . (5)

In Eq. (5), 𝑟 and 𝜑 denote the radial and azimuthal coordinates of a 
cylindrical coordinate system associated with a base frame 𝐞𝑟(𝜑), 𝐞𝜑(𝜑), 
see Fig.  1; while 𝑣̂𝑀𝑟  and 𝑣̂𝑀𝜑  stand for the radial and circumferential 
component of the virtual velocity field in the shell midsurface with 
radius 𝑅, this field spanning counterclockwisely from the right impost 
with coordinate 𝜑𝑅𝐼  to the left impost with coordinate 𝜑𝐿𝐼 .

Moreover, the present shell theory application entails further spec-
ifications of the external forces: Traction forces with components in 
radial and circumferential direction act at surfaces with normals 𝐞𝑟(𝜑), 
and traction forces with circumferential components only act at the 
imposts, namely on surfaces with normals oriented towards −𝐞𝜑(𝜑𝑅𝐼 )
and 𝐞𝜑(𝜑𝐿𝐼 ). Furthermore, the external forces due to dead load are 
typically negligible with respect to the traction forces stemming from 
the surrounding ground and neighboring shell segments, i.e. |𝐓|≫ℎ |𝐟 |. 
When considering these specifications, together with the shell-specific 
virtual velocities according to Eq. (5), in Eq. (1), the expression for the 
power density of the external forces becomes 
ext

[

𝑣̂𝑀𝑟 (𝜑), 𝑣̂𝑀𝜑 (𝜑)
]

=

∫

𝜑𝐿𝐼

𝜑𝑅𝐼

𝑇𝑟
(

𝑅𝑜𝑢𝑡, 𝜑; 𝐞𝑟(𝜑)
)

× 𝑣̂𝑀𝑟 (𝜑) × 𝑅𝑜𝑢𝑡 d𝜑

+ ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

𝑇𝜑
(

𝑅𝑜𝑢𝑡, 𝜑; 𝐞𝑟(𝜑)
)

× 𝑣̂𝑀𝜑 (𝜑) ×
𝑅2
𝑜𝑢𝑡
𝑅

d𝜑

− ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

𝑇𝜑
(

𝑅𝑜𝑢𝑡, 𝜑; 𝐞𝑟(𝜑)
)

× 1
𝑅
d𝑣̂𝑀𝑟 (𝜑)
d𝜑

ℎ
2
𝑅𝑜𝑢𝑡 d𝜑

+ ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑; ±𝐞𝜑(𝜑)
)

× 𝑣̂𝑀𝜑 (𝜑)d𝑟
|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

+ ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑; ±𝐞𝜑(𝜑)
)

×
d𝑣̂𝑀𝑟 (𝜑)
d𝜑

𝑟 − 𝑅
𝑅

d𝑟
|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

,

∀ 𝑣̂𝑀 , 𝑣̂𝑀 ∈ R with d𝑣̂
𝑀
𝑟 (𝜑) ,

d𝑣̂𝑀𝜑 (𝜑) ∈ R ,

(6)
𝜑 𝑟 d𝜑 d𝜑

3 
with 𝑅𝑖𝑛 = 𝑅− ℎ∕2 and 𝑅𝑜𝑢𝑡 = 𝑅+ ℎ∕2 referring to the inner and outer 
radius of the tunnel shell. When considering the thin shell characteristic 
ℎ ≪ 𝑅 and introducing the notions of ground pressure 𝐺𝑝 and ground 
shear traction force 𝐺𝑠 according to

𝐺𝑝(𝜑) = −𝑇𝑟
(

𝑅𝑜𝑢𝑡, 𝜑; 𝐞𝑟(𝜑)
)

, (7)

𝐺𝑠(𝜑) = 𝑇𝜑
(

𝑅𝑜𝑢𝑡, 𝜑; 𝐞𝑟(𝜑)
)

, (8)

then the expression for the virtual power of external forces according 
to Eq. (6) can be simplified to 
ext

[

𝑣̂𝑀𝑟 (𝜑), 𝑣̂𝑀𝜑 (𝜑)
]

=

∫

𝜑𝐿𝐼

𝜑𝑅𝐼

−𝐺𝑝(𝜑) × 𝑣̂𝑀𝑟 (𝜑) × 𝑅d𝜑

+ ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

𝐺𝑠(𝜑) ×
[

𝑣̂𝑀𝜑 (𝜑) 𝑅 −
d𝑣̂𝑀𝑟 (𝜑)
d𝜑

ℎ
2

]

d𝜑

+ 𝑁𝑅𝐼 (𝜑) × 𝑣̂𝑀𝜑 (𝜑𝑅𝐼 ) −𝑁𝐿𝐼 (𝜑) × 𝑣̂𝑀𝜑 (𝜑𝐿𝐼 ) ,

∀ 𝑣̂𝑀𝜑 , 𝑣̂𝑀𝑟 ∈ R with d𝑣̂
𝑀
𝑟 (𝜑)
d𝜑 ,

d𝑣̂𝑀𝜑 (𝜑)
d𝜑 ∈ R ,

(9)

whereby right and left (compressive) impost forces were introduced 
according to

𝑁𝑅𝐼 = ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑𝑅𝐼 ; −𝐞𝜑(𝜑𝑅𝐼 )
)

d𝑟 , (10)

𝑁𝐿𝐼 = −∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑𝐿𝐼 ; 𝐞𝜑(𝜑𝐿𝐼 )
)

d𝑟 , (11)

and where vanishing external impost moments were considered, i.e.

𝑀𝑅𝐼 = ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑𝑅𝐼 ; −𝐞𝜑(𝜑𝑅𝐼 )
)

× (𝑟 − 𝑅)d𝑟

= 0 , (12)

𝑀𝐿𝐼 = −∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑇𝜑
(

𝑟, 𝜑𝐿𝐼 ; 𝐞𝜑(𝜑𝐿𝐼 )
)

× (𝑟 − 𝑅)d𝑟

= 0 . (13)

In this context, the shear-to-normal stress ratios of Section 2 can be 
re-cast in a shear activation or friction coefficient reading as 

𝑘𝑠,𝑝 =
𝐺𝑠
𝐺𝑝

. (14)
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Fig. 2. Illustration of the cubic shape functions 𝐴𝑖, with 𝑖 = 1, 2, 3, 4, and of the ground pressure and shear traction forces according to Eqs. (27) and (29), with 
𝐺𝑝,1 = 𝐺𝑝,2 = 𝐺𝑝,3 = 𝐺𝑝,4 = 1MPa and with 𝐺𝑠,1 = −𝐺𝑠,4 = 1MPa.
Specification of the power of internal forces according to Eq. (2), 
for the virtual velocity field according to Eq. (5) yields 

 int
[

𝑣̂𝑀𝑟 (𝜑), 𝑣̂𝑀𝜑 (𝜑)
]

=

−∫

𝜑𝐿𝐼

𝜑𝑅𝐼
∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝜎𝜑𝜑(𝑟, 𝜑)

{

𝑣̂𝑀𝑟 (𝜑)
𝑟

+ 1
𝑟

d𝑣̂𝑀𝜑 (𝜑)

d𝜑

− 𝑟 − 𝑅
𝑟𝑅

[

d2𝑣̂𝑀𝑟 (𝜑)
d𝜑2

−
d𝑣̂𝑀𝜑 (𝜑)

d𝜑

]}

𝑟d𝑟d𝜑 ,

∀ 𝑣̂𝑀𝜑 , 𝑣̂𝑀𝑟 ∈ R with d𝑣̂
𝑀
𝑟 (𝜑)
d𝜑 ,

d𝑣̂𝑀𝜑 (𝜑)
d𝜑 ∈ R .

(15)

whereby 𝜎𝜑𝜑 denotes the normal stress component associated with di-
rection 𝐞𝜑(𝜑). As the midsurface-related virtual velocities do not depend 
on the radial component 𝑟, they can be taken out of the corresponding 
integrals. This yields an alternative form of the virtual power of internal 
forces, reading as 

 int [𝑣̂𝑀𝑟 (𝜑), 𝑣̂𝑀𝜑 (𝜑)] =

−∫

𝜑𝑒

𝜑𝑏

[

𝑣̂𝑀𝑟 (𝜑) +
d𝑣̂𝑀𝜑 (𝜑)

d𝜑

]

𝑛𝜑(𝜑)d𝜑

+ ∫

𝜑𝑒

𝜑𝑏

[

d2𝑣̂𝑀𝑟 (𝜑)
d𝜑2

−
d𝑣̂𝑀𝜑 (𝜑)

d𝜑

]

𝑚𝑧(𝜑)
𝑅

d𝜑 ,

∀ 𝑣̂𝑀𝜑 , 𝑣̂𝑀𝑟 ∈ R with d𝑣̂
𝑀
𝑟 (𝜑)
d𝜑 ,

d𝑣̂𝑀𝜑 (𝜑)
d𝜑 ∈ R ,

(16)

with shell-specific internal forces performing power on the midsurface-
related virtual velocities. These internal forces are called circumferen-
tial normal forces (per length along the driving direction of the tunnel), 

𝑛𝜑(𝜑) = ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝜎𝜑𝜑(𝑟, 𝜑)d𝑟 , (17)

and bending moments (per length in the driving direction of the 
tunnel), 

𝑚𝑧(𝜑) = ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝜎𝜑𝜑(𝑟, 𝜑) × (𝑟 − 𝑅)d𝑟 . (18)

In order to use the Principle of Virtual Power according to Eq. (4), 
together with Eqs. (9) and (16), for deriving differential equations 
linking the force quantities 𝑛𝜑, 𝑚𝑧, 𝐺𝑝, and 𝐺𝑠, Eqs. (9) and (16) need to 
be transformed in a way which provides the line integrals to comprise 
the functions 𝑣̂𝑀𝜑 (𝜑) and 𝑣̂𝑀𝑟 (𝜑) (rather than their derivatives). This is 
realized through partial integration, which yields
4 
 int = ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

[

−𝑛𝜑(𝜑) +
d2𝑚𝑧(𝜑)
𝑅d𝜑2

]

𝑣̂𝑀𝑟 (𝜑)d𝜑

−
[d𝑚𝑧(𝜑)

𝑅d𝜑

]

𝑣̂𝑀𝑟 (𝜑)
|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

+
[

𝑚𝑧(𝜑)
𝑅

]d𝑣𝑀𝑟 (𝜑)
d𝜑

|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

+ ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

[d𝑛𝜑(𝜑)
d𝜑 +

d𝑚𝑧(𝜑)
𝑅d𝜑

]

𝑣̂𝑀𝜑 (𝜑)d𝜑

−
[

𝑛𝜑(𝜑) +
𝑚𝑧(𝜑)
𝑅

]

𝑣̂𝑀𝜑 (𝜑)
|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

,

(19)

and 

ext = ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

[

ℎ
2
d𝐺𝑠(𝜑)
d𝜑 − 𝑅𝐺𝑝(𝜑)

]

𝑣̂𝑀𝑟 (𝜑)d𝜑

+ ∫

𝜑𝐿𝐼

𝜑𝑅𝐼

[

𝑅𝑜 𝐺𝑠(𝜑)
]

𝑣̂𝑀𝜑 (𝜑)d𝜑 −
[

ℎ
2
𝐺𝑠(𝜑)

]

𝑣̂𝑀𝑟 (𝜑)
|

|

|

|

𝜑𝐿𝐼

𝜑𝑅𝐼

+ 𝑁𝑅𝐼 (𝜑)
[

𝑣̂𝑀𝜑 (𝜑𝑅𝐼 )
]

−𝑁𝐿𝐼 (𝜑)
[

𝑣̂𝑀𝜑 (𝜑𝐿𝐼 )
]

.

(20)

Finally, insertion of Eqs.  (19) and (20) into the principle of virtual 
power according to Eq. (4), and explicitly considering the arbitrariness 
of the functions 𝑣̂𝑀𝜑 (𝜑) and 𝑣̂𝑀𝑟 (𝜑), yields differential equations along the 
entire tunnel shell segment, i.e. for 𝜑𝑅𝐼 ≤ 𝜑 ≤ 𝜑𝐿𝐼 , 

−𝑛𝜑(𝜑) +
d2𝑚𝑧(𝜑)
𝑅d𝜑2

− 𝑅𝐺𝑝(𝜑) +
ℎ
2
d𝐺𝑠(𝜑)
d𝜑 = 0 ,

d𝑛𝜑(𝜑)
d𝜑 +

d𝑚𝑧(𝜑)
𝑅d𝜑 +

[

𝑅 + ℎ
2

]

𝐺𝑠(𝜑) = 0 ,
(21)

as well as the natural boundary conditions valid at the right and the 
left impost of the tunnel shell segment representing the top heading. 
Mathematically, these natural boundary conditions read as
 for 𝑖 = 𝑅𝐼,𝐿𝐼 ∶

− 1
𝑅
d𝑚𝑧
d𝜑 (𝜑𝑖) − 𝐺𝑠(𝜑𝑖) ×

ℎ
2
= 0 , (22)

𝑚𝑧(𝜑𝑖) = 0 , (23)
−𝑛𝜑(𝜑𝑖) −𝑁𝑖 = 0 . (24)

The physical meaning of Eq. (22) can be formulated as follows: In 
order to equilibrate an external ground shear traction acting half the 
shell thickness off the shell’s mid-surface, the internal bending moment 
around the driving direction per length in driving direction needs to 
change along the tunnel circumference.

The physical meaning of Eq. (23) can be formulated as follows: 
Vanishing external bending moments at the impost imply an inter-
nal moment distribution with a tendency to zero towards the impost 
location.

In order to obtain mathematical solutions for the differential equa-
tions (21), Eq. (21)  is first differentiated with respect to 𝜑, and the 
2
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corresponding result is then solved for d2𝑚𝑧∕(𝑅d𝜑2). This yields 

d2𝑚𝑧(𝜑)
𝑅d𝜑2

= −
d2𝑛𝜑(𝜑)
d𝜑2

−
[

𝑅 + ℎ
2

] d𝐺𝑠(𝜑)
d𝜑 . (25)

Re-insertion of Eq. (25) into Eq. (21) 1 results in a differential equation 
for the normal force 𝑛𝜑, reading as 

𝑛𝜑(𝜑) +
d2𝑛𝜑(𝜑)
d𝜑2

= −𝑅
d𝐺𝑠(𝜑)
d𝜑 − 𝑅𝐺𝑝(𝜑) . (26)

4. Normal force and bending moment distributions resulting from 
ground-induced external loads

The differential equation (26) can be readily solved for the bound-
ary conditions according to Eq. (24) and for traction forces exerted from 
the ground onto the tunnel shell. These forces are represented by poly-
nomial functions. The degree of these polynomials is chosen according 
to the type of available geodetic displacement data. In the present case, 
cubic polynomials for the normal traction force distributions, with four 
ground pressure values 𝐺𝑝,𝑖, 𝑖 = 1, 2, 3, 4, see Fig.  1(a), are appropriate. 
Mathematically speaking, this reads as 
𝐺𝑝(𝜑̄) = 𝐴1(𝜑̄)𝐺𝑝,1 + 𝐴2(𝜑̄)𝐺𝑝,2

+ 𝐴3(𝜑̄)𝐺𝑝,3 + 𝐴4(𝜑̄)𝐺𝑝,4 ,
(27)

where the inclined azimuthal coordinate 𝜑̄ = 𝜑−𝜑𝑅𝐼 , is measured from 
the right impost of the tunnel segment, where 𝐺𝑝,1 is the pressure at 
position 𝜑̄ = 0, 𝐺𝑝,2 is the pressure at position 𝜑̄ = 𝛥𝜑∕3, 𝐺𝑝,3 is the 
pressure at position 𝜑̄ = 2𝛥𝜑∕3, and 𝐺𝑝,4 is the pressure at position 
𝜑̄ = 𝛥𝜑, see Figs.  1 and 2, where 𝛥𝜑 = 𝜑𝐿𝐼 − 𝜑𝑅𝐼  is the opening 
angle of the tunnel shell, 𝛥𝜑̄ = 2.92 rad, see Fig.  1. Moreover, the cubic 
polynomials 𝐴𝑖, with 𝑖 = 1, 2, 3, 4, read as 

𝐴1(𝜑̄) = 1 −
11𝜑̄
2𝛥𝜑

+
9𝜑̄2

(𝛥𝜑)2
−

9𝜑̄3

2(𝛥𝜑)3
,

𝐴2(𝜑̄) =
9𝜑̄
𝛥𝜑

−
45𝜑̄2

2(𝛥𝜑)2
+

27𝜑̄3

2(𝛥𝜑)3
,

𝐴3(𝜑̄) = −
9𝜑̄
2𝛥𝜑

+
18𝜑̄2

(𝛥𝜑)2
−

27𝜑̄3

2(𝛥𝜑)3
,

𝐴4(𝜑̄) =
𝜑̄
𝛥𝜑

−
9𝜑̄2

2(𝛥𝜑)2
+

9𝜑̄3

2(𝛥𝜑)3
,

(28)

see Figs.  2(a)–(d). Shear traction forces are considered to be activated 
only in the regions close to the imposts, with distributions reading as 

𝐺𝑠(𝜑̄) = 𝐴1(𝜑̄)𝐺𝑠,1 + 𝐴4(𝜑̄)𝐺𝑠,4 , (29)

whereby 𝐺𝑠,1 is the shear at position 𝜑̄ = 0, and 𝐺𝑠,4 is the shear 
at position 𝜑̄ = 𝛥𝜑; see Fig.  1 for the positions of the ground shear 
intensities, and Fig.  2 for illustration of ground traction distributions 
and involved cubic polynomials.

The corresponding normal force distribution, which solves Eq. (26) 
for the boundary conditions according to Eq. (24) and for the ground 
actions according to Eqs. (27) and (29), together with Eq. (28), reads 
as 
𝑛𝜑(𝜑̄) = 𝑁𝑅𝐼 𝑅𝐼→𝑓 (𝜑̄)

+ 𝑁𝐿𝐼 𝐿𝐼→𝑓 (𝜑̄)

−
∑4

𝑖=1𝑅𝐺𝑝,𝑖 𝑝,𝑖→𝑓 (𝜑̄)

+
∑

𝑖∈[1,4]
[

𝑅 − ℎ
2

]

𝐺𝑠,𝑖 𝑠,𝑖→𝑓 (𝜑̄) ,

(30)

with azimuthal influence functions  quantifying the influence of im-
post forces and of ground pressure and shear values, on the inter-
nal normal force distribution; mathematically, they are given through 
Eqs. (73)–(78) and (81)–(82) of Appendix.

Solution of the differential equation (21)2, by simple integration, 
for the boundary condition according to Eq. (23), with 𝑖 = 𝑅𝐼 , for the 
5 
Fig. 3. Micromechanical modeling of concrete, according to [44–46]: two-
dimensional sketches of three-dimensional representative volume elements.

normal forces according to Eq. (30), and for the distribution of the shear 
traction forces according to Eq. (29), yields 
𝑚𝑧(𝜑̄) = 𝑅𝑁𝑅𝐼

[

1 − 𝑅𝐼→𝑓 (𝜑̄)
]

− 𝑅𝑁𝐿𝐼 𝐿𝐼→𝑓 (𝜑̄)

+
∑4

𝑖=1𝑅
2 𝐺𝑝,𝑖 𝑝,𝑖→𝑓 (𝜑̄)

+
∑

𝑖∈[1,4]
[

𝑅2]𝐺𝑠,𝑖 𝑠,𝑖→𝑚(𝜑̄)

−
∑

𝑖∈[1,4]
[

𝑅2 − 𝑅ℎ
2

]

𝐺𝑠,𝑖 𝑠,𝑖→𝑓 (𝜑̄) ,

(31)

with azimuthal influence functions  quantifying the influence of im-
post forces and of ground pressure and shear values, on the internal 
bending moment distribution; mathematically, they are given through 
Eqs. (73)–(82) of the Appendix.

Eq. (31), together with three natural boundary conditions, given 
through Eq. (22) with 𝑖 = 𝐿𝐼,𝑅𝐼 and Eq. (23) with 𝑖 = 𝐿𝐼 , allows 
for the derivation of three equations supporting the displacement-to-
external force translation scheme of Section 6. In more detail, the 
natural boundary equation according to Eq. (22), with 𝑖 = 𝑅𝐼 and 
𝑖 = 𝐿𝐼 , specified for the bending moment according to Eq. (31) and 
for the shear traction forces according to Eq. (29), yields 

0 = −𝑁𝑅𝐼
1

tan(𝛥𝜑)
+𝑁𝐿𝐼

1
sin(𝛥𝜑)

+
∑

𝑖∈[1,4] 𝐺𝑠,𝑖
[(

𝑅 − ℎ
2

)

𝑠,𝑖→𝑅𝐼 (𝜑̄ = 0)
]

+
∑4

𝑖=1 𝑅𝐺𝑝,𝑖 𝑝,𝑖→𝑅𝐼 (𝜑̄ = 0) + 𝑅𝐺𝑠,1 ,

(32)

and 
0 = −𝑁𝑅𝐼

1
sin(𝛥𝜑)

+𝑁𝐿𝐼
1

tan(𝛥𝜑)
+
∑

𝑖∈[1,4] 𝐺𝑠,𝑖
[(

𝑅 − ℎ
2

)

𝑠,𝑖→𝐿𝐼 (𝜑̄ = 𝛥𝜑)
]

+
∑4

𝑖=1 𝑅𝐺𝑝,𝑖 𝑝,𝑖→𝐿𝐼 (𝜑̄ = 𝛥𝜑) + 𝑅𝐺𝑠,4 ,

(33)

with azimuthal influence functions , as given through Eqs. (107)–(118)
of the Appendix. Specification of the natural boundary condition ac-
cording to Eq. (23) with 𝑖 = 𝐿𝐼 , for the bending moment according to 
Eq. (31), yields 
𝑁 −𝑁 − 𝐺 𝑅𝛥𝜑∕8 − 𝐺 𝑅𝛥𝜑∕8 = 0 . (34)
𝑅𝐼 𝐿𝐼 𝑠,1 𝑠,4
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Fig. 4. Hydration-driven material properties of shotcrete, based on hierarchi-
cal micromechanics model [44] and relevant standards [47]: (a1) isothermal 
strength evolution at 20 centigrades, (a2) shotcrete strength as function of 
hydration degree, (b1) isothermal elastic and creep modulus evolution at 20 
centigrades, (b2) shotcrete elastic and creep modulus as function of hydration 
degree, (c1) isothermal hydration degree evolution at 20 centigrades, (c2) 
chemical affinity function for shotcrete hydration.

It is noted that Eqs. (32)–(34) are equilibrium conditions involving 
external forces only. Remarkably, equivalent information may be ob-
tained from the principle of virtual power evaluated for virtual rigid 
body movements 𝐯̂𝑅𝐵 , with consideration of  int(𝐯̂𝑅𝐵) = 0.

5. Deformations of aging viscoelastic shells loaded by ground 
pressure and shear

As detailed in [16,17], the virtual velocity field of Eq. (5) is used 
to approximate the circumferential normal strains in the tunnel shell. 
First, it is recalled that the virtual strain field associated with the 
6 
velocity field of Eq. (5) is very simple and exhibits only one component, 
namely the circumferential normal one, which follows the classical 
relation [34], p. 747, 

𝑑𝜑𝜑 = 1
𝑟
𝜕𝑣̂𝜑
𝜕𝜑

+
𝑣̂𝑟
𝑟
. (35)

Insertion of Eq. (5) into (35), followed by a variable change from mid-
surface virtual velocities to midsurface (small) displacements, 𝑣̂𝑀𝑟 →

𝑢𝑀𝑟 , 𝑣̂𝑀𝜑 → 𝑢𝑀𝜑 , and from virtual circumferential normal strain rates to 
actual circumferential normal strains, 𝑑𝜑𝜑 → 𝜀𝜑𝜑, yields an expression 
for the circumferential normal strain field, which reads as [16] 

𝜀𝜑𝜑(𝑟, 𝜑) =
1
𝑟
𝑢𝑀𝑟 (𝜑) + 1

𝑅

d𝑢𝑀𝜑 (𝜑)

d𝜑 − 𝑟 − 𝑅
𝑟𝑅

d2𝑢𝑀𝑟 (𝜑)
d𝜑2

. (36)

These normal strains are then seen as the result of the action of 
the normal circumferential stresses, via a nonlinear aging viscoelastic 
material law of the format [17,48] 

𝜀̇𝜑𝜑(𝑡) =
(

1 − 𝜈2
)

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
(

𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏
)

𝜎̇𝜑𝜑(𝜏) d𝜏 , (37)

whereby 𝑡 denotes the current time instant, 𝜏 denotes (past) time 
instances of stress application, 𝜈 denotes the (isotropic) Poisson’s ra-
tio, which is classically defined as the negative ratio of radial-over-
circumferential normal strains arising from uniaxial circumferential 
stress states; for concrete, it typically amounts to 𝜈 = 0.2. It is noted in 
passing that isotropic viscoelasticity implies the radial normal strains 
to evolve as 
𝜀𝑟𝑟 =

𝜈
1 + 𝜈

𝜀𝜑𝜑 . (38)

This type of deformation is considered inessential for equilibrium, since 
𝑑𝑟𝑟 ≡ 0, in accordance with Eq. (5). In Eq. (37), 𝐽𝜎 denotes the uniaxial 
creep function for highly stressed concrete, which for the current ap-
plication range, can be suitably approximated by a power-law function 
which reads as [17,49–52], 
𝐽𝜎(𝜉(𝑡), 𝜂(𝑡), 𝑡 − 𝜏

)

=

= 𝐻(𝑡 − 𝜏)
[

1
𝐸
(

𝜉(𝑡)
) +

𝜂(𝑡)
𝐸𝑐

(

𝜉(𝑡)
)

(

𝑡 − 𝜏
𝑡∗0

)𝛽]

, (39)

with Heaviside function 𝐻 , the elastic Young’s modulus 𝐸, the degree 
of hydration 𝜉, the creep affinity coefficient 𝜂 considering non-linear 
creep, the creep modulus 𝐸𝑐 , and the creep exponent amounting to 
𝛽 ≈ 0.25 [53,54], when determined together with a reference time of 
𝑡∗0 = 1d.

Generally speaking, the first law of thermodynamics in combination 
with a chemical kinetics law for the hydration of concrete may enter a 
thermochemical analysis [55], with fields of temperature and hydration 
degree as a results. The latter may then enter multiscale material 
models of concrete, as depicted in Fig.  3. Being based on material-
invariant (micro-)creep and (micro-)strength properties of the reactants 
between water and cement, standardly called hydrates, as well as 
on the (micro-)elastic properties of aggregates, clinker and hydrates, 
such micromechanical models translate hydration degree and mixture 
characteristics, namely the water-to-cement ratio and the aggregate-to-
cement ratio, into elastic, creep, and strength properties at the cement 
paste and concrete scale [44,45,54].

Going more into detail, a piece of material is considered as a 
representative volume element (RVE), which is subjected to homo-
geneous ‘‘macroscopic’’ strains [56] and which consists of different 
quasi-homogeneous subdomains called material phases [57]. Each of 
these phases may qualify as yet another RVE at a lower scale [58], as 
seen in Fig.  3: An RVE of concrete consists of the phases ‘‘cement paste’’ 
and ‘‘aggregates’’, see Fig.  3(a), cement paste qualifies as yet another 
RVE, depicted in Fig.  3(b), with the phases ‘‘clinker’’ and ‘‘hydrate 
foam matrix’’, and the hydrate foam appears, at a yet smaller scale, 
as an RVE consisting of the phases ‘‘hydrates’’ and ‘‘capillary pores’’, 
see Fig.  3(c). Creep behavior is suitably upscaled in terms of relaxation 
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Fig. 5. Structural behavior of NATM tunnel without shell-to-ground shear transfer (𝑘𝑠,𝑝 = 0): Distribution of ground pressure (a), shear traction forces (b), 
circumferential normal forces (c), bending moments (d), maximum degree of utilization (e), generator rotations (f), as well as radial and circumferential 
displacements (g-h) along the circumference of the top heading of Sieberg tunnel (index 1), and the temporal evolution of maximum and minimum values 
(index 2).
functions, and the relation between creep and relaxation functions 
becomes particularly compact in the Laplace–Carson space [48,59,
60]. The Laplace–Carson transform 𝐶 assigns to function of the time 
variable 𝑡, a function of a frequency-type variable 𝑝, according to 

𝐶{𝑓 (𝑡)} = 𝐹 ∗(𝑝) = 𝑝∫

∞

0
𝑒−𝑝𝑡𝑓 (𝑡) 𝑑𝑡 , (40)

and in the Laplace–Carson space, fourth-order creep and relaxation 
tensors, denoted as 𝐉 and 𝐑 are related by [48,59,60] 
𝐉∗(𝑝) = 𝐑∗(𝑝)−1 . (41)

The relaxation properties of the hydrate phase in an RVE of hydrate 
foam, as depicted in Fig.  3(c), are represented by tensor 𝐑ℎ𝑓,∗

ℎ𝑦𝑑 (𝑝), 
see [54] for details. They are upscaled to that of concrete by means 
of a sequential homogenization procedure according to [54] 
𝐑𝑐𝑝,∗
ℎ𝑓 (𝑝) = 𝑓ℎ𝑓

ℎ𝑦𝑑 𝐑
ℎ𝑓,∗
ℎ𝑦𝑑 (𝑝) ∶ 𝐀ℎ𝑓,∗

ℎ𝑦𝑑 (𝑝) , (42)

𝐑𝑐𝑜,∗
𝑐𝑝 (𝑝) = 𝑓 𝑐𝑝

ℎ𝑓 𝐑𝑐𝑝,∗
ℎ𝑓 (𝑝) ∶ 𝐀𝑐𝑝,∗

ℎ𝑓 (𝑝)
𝑐𝑝 𝑐𝑝,∗ 𝑐𝑝,∗ (43)
+ 𝑓𝑐𝑙 𝐑𝑐𝑙 ∶ 𝐀𝑐𝑙 (𝑝) ,

7 
𝐑∗
𝑐𝑜(𝑝) = 𝑓 𝑐𝑜

𝑐𝑝 𝐑
𝑐𝑜,∗
𝑐𝑝 (𝑝) ∶ 𝐀𝑐𝑜,∗

𝑐𝑝 (𝑝)

+ 𝑓 𝑐𝑜
𝑎𝑔 𝐑

𝑐𝑜,∗
𝑎𝑔 ∶ 𝐀𝑐𝑜,∗

𝑎𝑔𝑔 (𝑝) ,
(44)

with 𝐑𝑠
𝑟 , 𝑟 = ℎ𝑦𝑑, ℎ𝑓 , 𝑐𝑙, 𝑐𝑝, 𝑎𝑔𝑔, 𝑠 = ℎ𝑓, 𝑐𝑝, 𝑐𝑜, denoting the relaxation 

tensor of phase 𝑟 in RVE 𝑠, with 𝐑𝑐𝑜 as the relaxation tensor of concrete, 
with 𝐀𝑠

𝑟 denoting the concentration or downscaling tensor of phase 𝑟
in RVE 𝑠, and with 𝑓 𝑗

𝑖  as the volume fractions of phase 𝑖 in RVE 𝑗, 
all depending on the hydration degree and the water-to-cement and 
aggregate-to-cement ratio, as given in more in detail in [44]. It is 
noted that aggregates, clinker, and pores behave fully elastically, so 
that the relaxation tensors do not depend on variable 𝑝 and are actually 
identical to the stiffness tensors, while the stiffness of the pores vanishes 
as drained conditions prevail [54]. Moreover, the concentration tensors 
of hydrate foam, clinker, cement paste, and aggregates follow from 
the so-called Mori–Tanaka–Benveniste scheme for composite materi-
als [61–63], while the concentration tensor of hydrates follows from the 
self-consistent homogenization scheme for polycrystals [57,64–67]. The 
upscaling scheme according to Eqs. (42)–(44) naturally comprises the 
limit case of pure elasticity upscaling, through identifying the elastic 
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Fig. 6. Structural behavior of NATM tunnel with low shell-to-ground shear transfer (𝑘𝑠,𝑝 = 0.25): Distribution of ground pressure (a), shear traction forces (b), 
circumferential normal forces (c), bending moments (d), maximum degree of utilization (e), generator rotations (f), as well as radial and circumferential 
displacements (g-h) along the circumference of the top heading of Sieberg tunnel (index 1), and the temporal evolution of maximum and minimum values 

(index 2).
stiffness tensor 𝐂 as the relaxation tensor evaluated at time zero, i.e. 
𝐑𝑖(𝑡 = 0) = 𝐂𝑖, 𝑖 = ℎ𝑦𝑑, 𝑐𝑙, 𝑐𝑜 , (45)

together with trivial identities for the purely elastic phases, 
𝐑𝑖 = 𝐂𝑖, 𝑖 = 𝑐𝑙, 𝑎𝑔𝑔 . (46)

Under pseudo-isothermal conditions, as adopted here, a short-cut 
based on code-related formulae may be adopted.  Then, the temporal 
evolution under isothermal conditions at 20 ◦C is approximated by a 
suitable fitting function, through [47,53] 

𝐸(𝑡) = 𝐸28𝑑

{

exp
[

𝑠𝐸

(

1 −
√

28days
𝑡

)]}0.5

, (47)

with 𝐸28d as the 28 day value of elastic modulus of shotcrete, 

𝐸28𝑑 = 21.5GPa × 𝛼
(𝑓𝑐,28𝑑

𝑓 ∗
𝑐

)1∕3
. (48)

In the context of Sieberg tunnel [17], cement type CEM II/A-S 42.5R 
implies the evolution parameter 𝑠  to amount to 0.18, strength class 
𝐸

8 
SpC20/25 implies the 28 day value of uniaxial compressive strength 
of shotcrete 𝑓𝑐,28d to amount to 20 MPa; furthermore, the reference 
strength level is 𝑓 ∗

𝑐 = 10 MPa, and for quartz or limestone aggregate, 
the parameter for the stiffness of the aggregates 𝛼 is equal to one. The 
creep modulus 𝐸𝑐 is available from isothermal creep tests performed at 
a temperature of 20 centigrades [47,53], 

𝐸𝑐 (𝑡) = 𝐸𝑐,28𝑑

{

exp
[

𝑠𝐸𝑐

(

1 −
√

28days
𝑡

)]}0.5

, (49)

with 𝐸𝑐,28d as the 28 day value of creep modulus of shotcrete, 

𝐸𝑐,28𝑑 = 51.9GPa × 𝛼2
(𝑓𝑐,28𝑑

𝑓 ∗
𝑐

)2∕3
. (50)

Moreover, cement type CEM II/A-S 42.5R implies the evolution param-
eter to amount to 𝑠𝐸𝑐

= 0.61. The affinity factor 𝜂 is left to be quantified, 
more precisely 𝜂(𝜎̄𝜑𝜑(𝜑, 𝑡), 𝜎̄𝑧𝑧(𝜑, 𝑡)

)

, which depends on the circumfer-
ential and axial normal stresses averaged over the shell thickness [17], 
𝜎̄𝜑𝜑 and 𝜎̄𝑧𝑧, and which is linked to the stress-over-strength ratio or 
utilization degree  (> 0), via [68]
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Fig. 7. Structural behavior of NATM tunnel with medium shell-to-ground shear transfer (𝑘𝑠,𝑝 = 0.50): Distribution of ground pressure (a), shear traction forces (b), 
circumferential normal forces (c), bending moments (d), maximum degree of utilization (e), generator rotations (f), as well as radial and circumferential 
displacements (g-h) along the circumference of the top heading of Sieberg tunnel (index 1), and the temporal evolution of maximum and minimum values 

(index 2).
𝜂(𝜑, 𝑡) = 1 + 2
(

 [𝜎̄𝜑𝜑(𝜑, 𝑡), 𝜎̄𝑧𝑧(𝜑, 𝑡)]
)4 . (51)

In order to define   in a general three-dimensional setting, a Drucker–
Prager strength criterion [69] is adopted. This criterion is specified for 
the stress components occurring in the tunnel shell, so that 
 (𝑟, 𝜑, 𝑡) =

𝛼𝐷𝑃
𝑘𝐷𝑃

[

𝜎𝜑𝜑(𝑟, 𝜑, 𝑡) + 𝜎𝑧𝑧(𝑟, 𝜑, 𝑡)
]

+ 1
𝑘𝐷𝑃

{

2
3

[

(

𝜎𝜑𝜑(𝑟, 𝜑, 𝑡)
)2 − 𝜎𝜑𝜑(𝑟, 𝜑, 𝑡)

× 𝜎𝑧𝑧(𝑟, 𝜑, 𝑡) +
(

𝜎𝑧𝑧(𝑟, 𝜑, 𝑡)
)2

]

}1∕2
,

(52)

with parameters 𝛼𝐷𝑃  and 𝑘𝐷𝑃  being related to the uniaxial and biaxial 
compressive strengths of shotcrete, denoted as 𝑓𝑐 and 𝑓𝑏, 

𝛼𝐷𝑃 =
√

2
3

𝜅 − 1
2𝜅 − 1

, 𝑘𝐷𝑃 =
√

2
3

[

1 − 𝜅 − 1
2𝜅 − 1

]

𝑓𝑐 , (53)

where the strength ratio 𝜅 = 𝑓𝑏∕𝑓𝑐 = 1.15 follows from classical me-
chanical experiments [70]. In analogy to the relations for elasticity and 
creep, which are given in Eqs. (47) and (49), the temporal evolution 
9 
of the uniaxial strength of shotcrete under isothermal conditions at 20 
centigrade can be approximated according to relevant standards [47], 

𝑓𝑐 (𝑡) = 𝑓𝑐,28d exp
[

𝑠𝐸

(

1 −
√

28days
𝑡

)]

. (54)

Finally, bending moments and normal forces according to Eqs. (30) and 
(31) provide access to axial and circumferential normal stress tensor 
components, via [16,17,71]

𝜎𝜑𝜑(𝑟, 𝜑̄) =
𝑛𝜑(𝜑̄)
ℎ

+
12𝑚𝑧(𝜑̄)

ℎ3
(𝑟 − 𝑅) , (55)

𝜎𝑧𝑧(𝑟, 𝜑̄) = 𝜈 𝜎𝜑𝜑(𝑟, 𝜑̄) . (56)

The issues of utilization degree and strength deserve a few com-
ments in light of the multiscale scheme depicted in Fig.  3. The hier-
archical micromechanics model for concrete strength reported in [44] 
combines two essential steps for downscaling macrostresses at the 
concrete level, i.e. subjected to the RVE seen in Fig.  3(a), down to 
microstresses at the hydrate level, i.e. stresses associated with the 
phase indicated in Fig.  3(c). At the hydrate scale, material failure is 
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Fig. 8. Structural behavior of NATM tunnel with high shell-to-ground shear transfer (𝑘𝑠,𝑝 = 0.75): Distribution of ground pressure (a), shear traction forces (b), 
circumferential normal forces (c), bending moments (d), maximum degree of utilization (e), generator rotations (f), as well as radial and circumferential 
displacements (g-h) along the circumference of the top heading of Sieberg tunnel (index 1), and the temporal evolution of maximum and minimum values 

(index 2).
initiated, according to a Mohr–Coulomb failure law reflecting nanoin-
dentation hardness measurements [72,73]. The first downscaling step 
concerns the transition from the concrete level to the cement paste in 
the immediate vicinity of the aggregates, i.e. the interfacial transition 
zone (ITZ) [74]. This downscaling is realized through combination 
of a Mori–Tanaka–Benveniste scheme with traction and displacement 
continuity requirements at the interface between aggregate and cement 
paste [75,76]. The second downscaling step, from the cement paste 
in the ITZ down to the hydrates therein, employs higher-order aver-
ages [77,78] for identification of failure-inducing stress states at the 
hydrate scale, identifying these averages from derivatives of larger-
scale stiffness properties [45]. Conclusively, the hierarchical microme-
chanics model for concrete strength reported in [44] establishes a 
relation between the hydration degree and the uniaxial strength of 
concrete, depicted for a water-to-cement ratio of 0.50 and an aggregate 
volume fraction of 0.7 per volume of concrete, in Fig.  4 (a2). Com-
paring this relation with the isothermal strength evolution according 
to Eq. (54), depicted in Fig.  4 (a1), allows for re-constructing the 
isothermal evolution of the hydration degree, which underlies the 
10 
shotcrete development. It is depicted in Fig.  4 (c1), again for a water-
to-cement ratio of 0.50 and an aggregate volume fraction of 0.70 
per volume of concrete. Comparing this hydration degree evolution 
with those of the elastic and creep moduli, depicted in Fig.  4 (b1), 
yields material functions for the latter, see Fig.  4 (b2). They are fully 
consistent with material functions obtained from direct experimental 
observations [50]. Finally, the isothermal hydration degree evolution 
gives access to the chemical affinity function [79,80] 

𝐴̃[𝜉𝑖𝑠𝑜(𝑡)] = 𝜉̇𝑖𝑠𝑜(𝑡) exp
(

𝐸𝑎
𝑅𝑇

)

→ 𝐴̃(𝜉) , (57)

with the ratio of activation energy and ideal gas constant amount to 
roughly 𝐸𝑎∕𝑅 ≈ 4000K [81]; see Fig.  4 (c2) for the chemical affinity 
function associated with the shotcrete mixture introduced further above 
and underlying all computations given in the present paper. This func-
tion would allow for extension of the currently reported results to the 
non-isothermal case, e.g. in the context of nonlinear thermochemical 
finite element analyses [55].

With the constitutive framework for shotcrete mechanics modeling 
being set now, it is time to return to the level of the tunnel shell, and 
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Fig. 9. Structural behavior of NATM tunnel with very high shell-to-ground shear transfer (𝑘𝑠,𝑝 = 1.00): Distribution of ground pressure (a), shear traction 
forces (b), circumferential normal forces (c), bending moments (d), maximum degree of utilization (e), generator rotations (f), as well as radial and circumferential 
displacements (g-h) along the circumference of the top heading of Sieberg tunnel (index 1), and the temporal evolution of maximum and minimum values (index 
2).
Fig. 10. Influence of geometrical change in terms of opening angle (‘‘introduction of asymmetry’’) on internal force distribution: (a) bending moment, (b) 
circumferential normal force; in dependence of the shear-to-normal ground traction ratio 𝑘𝑠,𝑝.
therefore integrate the circumferential strains according to Eq. (37), via 
Eqs. (17) and (18), to circumferential normal forces 𝑛𝜑 and bending 
moments around the longitudinal direction, 𝑚𝑧. This yields differential 
equations for 𝑢𝑀 (𝜑, 𝑡) and 𝑢𝑀 (𝜑, 𝑡). These differential equations can be 
𝑟 𝜑

11 
solved for the loading patterns quantified through Eq. (24) as well as 
Eqs. (27)–(29), yielding displacement rates as function of circumferen-
tial position and time. These differential equations are complemented 
by a differential equation for generator rotations 𝜃𝑀 . The latter are 
𝑧
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obtained from derivation of the radial displacement component with 
respect to the circumferential midsurface line. Mathematically speak-
ing, the aforementioned three differential equations are as follows: The 
radial displacement component rates fulfill 
+𝑢̇𝑀𝑟 (𝜑̄, 𝑡) − 𝑢̇MP3𝑟 (𝑡) cos(𝜑̄) − 𝑢̇MP3𝜑 (𝑡) sin(𝜑̄)

−𝑅 𝜃̇𝑀𝑧,𝑅𝐼 (𝑡) sin(𝜑̄)

= 𝑅𝐼→𝑟(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝑅𝐼 (𝜏)d𝜏

]

+𝐿𝐼→𝑟(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝐿𝐼 (𝜏)d𝜏

]

+
4
∑

𝑖=1

{

𝑝,𝑖→𝑟(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝐺̇𝑝,𝑖(𝜏)d𝜏

]}

+
∑

𝑖∈[1,4]

{

𝑠,𝑖→𝑟(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝐺̇𝑠,𝑖(𝜏)d𝜏

]}

,

(58)

while the circumferential components follow the following expression 
+𝑢̇𝑀𝜑 (𝜑̄, 𝑡) + 𝑢̇MP3𝑟 (𝑡) sin(𝜑̄) − 𝑢̇MP3𝜑 (𝑡) cos(𝜑̄)

−𝑅 𝜃̇𝑀𝑧,𝑅𝐼 (𝑡) {cos(𝜑̄) − 1}

= 𝑅𝐼→𝜑(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝑅𝐼 (𝜏)d𝜏

]

+𝐿𝐼→𝜑(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝐿𝐼 (𝜏)d𝜏

]

+
4
∑

𝑖=1

{

𝑝,𝑖→𝜑(𝜑̄)
[

∫

𝑡

0

𝜕𝐽 𝜎

𝜕𝑡
𝐺̇𝑝,𝑖(𝜏)d𝜏

]}

+
∑

𝑖∈[1,4]

{

𝑠,𝑖→𝜑(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝐺̇𝑠,𝑖(𝜏)d𝜏

]}

,

(59)

and the generator rotation rates obey 
+𝜃̇𝑀𝑧 (𝜑̄, 𝑡) − 𝜃̇𝑀𝑧,𝑅𝐼 (𝑡)

= 𝑅𝐼→𝑧(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝑅𝐼 (𝜏)d𝜏

]

+𝐿𝐼→𝑧(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝑁̇𝐿𝐼 (𝜏)d𝜏

]

+
4
∑

𝑖=1

{

𝑝,𝑖→𝑧(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝐺̇𝑝,𝑖(𝜏)d𝜏

]}

+
∑

𝑖∈[1,4]

{

𝑠,𝑖→𝑧(𝜑̄)
[

∫

𝑡

0

𝜕𝐽𝜎

𝜕𝑡
𝐺̇𝑠,𝑖(𝜏)d𝜏

]}

.

(60)

In Eqs. (58) and (59), 𝑢̇𝑀𝑟 (𝜑̄=0) = 𝑢̇MP3𝑟 , and 𝑢̇𝑀𝜑 (𝜑̄=0) = 𝑢̇MP3𝜑  denote the 
displacement rates at the right impost of the shell segment representing 
the top heading of the Sieberg tunnel, and 𝜃̇𝑀𝑧 (𝜑̄ = 0) = 𝜃̇𝑀𝑧,𝑅𝐼  denotes 
the rotation rate at the right impost of the shell segment. Moreover, 
Eqs. (58)–(60) contain azimuth-dependent influence functions associ-
ated with external forces; they are defined through Eqs. (83)–(106) of 
the Appendix.

6. Solution method for displacement-to-force conversion

In the course of geodetic tunnel monitoring, the displacements at 
the measurement points MP𝑖, with 𝑖 = 1, 2, 3, are not available as a 
continuous function of time 𝑡, but measured at discrete points in time 
𝑡𝑛, whereby 𝑛 = 1,… , 𝑁𝑡, with 𝑁𝑡 as the total number of time instants. 
Consequently, the rates in Eqs. (58)–(60) need to be approximated; and 
following the procedure outlined by Scharf et al. [17], this is done 
by assuming linear evolutions of displacements and rotations between 
the discrete time instants 𝑡𝑛−1 and 𝑡𝑛, when the displacement measure-
ments were performed. According discretization of the Eqs. (58)–(60), 
while also considering nonlinear aging power law-type viscoelasticity 
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according to Eqs. (37) and (39), yields 

𝑟
(

𝑢𝑀𝑟 (𝜑̄, 𝑡𝑛), 𝜑̄
)

= 0 =
𝑢𝑀𝑟 (𝜑̄, 𝑡𝑛) − 𝑢𝑀𝑟 (𝜑̄, 𝑡𝑛−1)

𝛥𝑡𝑛

−
𝑢MP3𝑟 (𝑡𝑛) − 𝑢MP3𝑟 (𝑡𝑛−1)

𝛥𝑡𝑛 cos(𝜑̄)−1
−

𝑢MP3𝜑 (𝑡𝑛) − 𝑢MP3𝜑 (𝑡𝑛−1)

𝛥𝑡𝑛 sin(𝜑̄)−1

+
𝑅𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝑅𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛 sin(𝜑̄)−1

−
∑

𝑎
𝑎→𝑟(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑎(𝑡𝑚) −𝑁𝑎(𝑡𝑚−1)
]

+
𝑁𝑎(𝑡𝑛) −𝑁𝑎(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
∑

𝑏
𝑏→𝑟(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑏(𝑡𝑚) − 𝐺𝑏(𝑡𝑚−1)
]

+
𝐺𝑏(𝑡𝑛) − 𝐺𝑏(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

,

(61)

𝜑
(

𝑢𝑀𝜑 (𝜑̄, 𝑡𝑛), 𝜑̄
)

= 0 =
𝑢𝑀𝜑 (𝜑̄, 𝑡𝑛) − 𝑢𝑀𝜑 (𝜑̄, 𝑡𝑛−1)

𝛥𝑡𝑛

+
𝑢MP3𝑟 (𝑡𝑛) − 𝑢MP3𝑟 (𝑡𝑛−1)

𝛥𝑡𝑛 sin(𝜑̄)−1
−

𝑢MP3𝜑 (𝑡𝑛) − 𝑢MP3𝜑 (𝑡𝑛−1)

𝛥𝑡𝑛 cos(𝜑̄)−1

+
𝑅𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝑅𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛
(

cos(𝜑̄) − 1
)−1

−
∑

𝑎
𝑎→𝜑(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑎(𝑡𝑚) −𝑁𝑎(𝑡𝑚−1)
]

+
𝑁𝑎(𝑡𝑛) −𝑁𝑎(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
∑

𝑏
𝑏→𝜑(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑏(𝑡𝑚) − 𝐺𝑏(𝑡𝑚−1)
]

+
𝐺𝑏(𝑡𝑛) − 𝐺𝑏(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

,

(62)

𝑧
(

𝜃𝑀𝑧 (𝜑̄, 𝑡𝑛), 𝜑̄
)

= 0 =
𝜃𝑀𝑧 (𝑡𝑛) − 𝜃𝑀𝑧 (𝑡𝑛−1)

𝛥𝑡𝑛

−
𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛) − 𝜃𝑀𝑧,𝑅𝐼 (𝑡𝑛−1)

𝛥𝑡𝑛

−
∑

𝑎
𝑎→𝑧(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝑁𝑎(𝑡𝑚) −𝑁𝑎(𝑡𝑚−1)
]

+
𝑁𝑎(𝑡𝑛) −𝑁𝑎(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

−
∑

𝑏
𝑏→𝑧(𝜑̄)

{ 𝑁𝑡
∑

𝑚=1

𝜂(𝑡𝑛−1)
𝐸𝑐

(

𝜉(𝑡𝑛)
)

𝛽
𝑡∗0

[

𝑡𝑛 − 𝑡𝑚
𝑡∗0

]𝛽−1

×
[

𝐺𝑏(𝑡𝑚) − 𝐺𝑏(𝑡𝑚−1)
]

+
𝐺𝑏(𝑡𝑛) − 𝐺𝑏(𝑡𝑛−1)

𝐸
(

𝜉(𝑡𝑛)
)

𝛥𝑡𝑛

}

,

(63)

with the time intervals 𝛥𝑡𝑛 = 𝑡𝑛 − 𝑡𝑛−1, with 𝑎 ∈
[

𝑅𝐼 ;𝐿𝐼
]

, and with 
𝑏 ∈

[

𝑝,1; 𝑝,2; 𝑝,3; 𝑝,4; 𝑠,1; 𝑠,4
]

.
Together with the three equilibrium conditions of Eqs. (32)–(34) 

and the shear activation relation of Eq. (14), the external force-to-
displacement/rotation conversion relations of Eqs. (61)–(63) provide 
ten equations for the ten unknowns governing the investigated struc-
tural problem. These unknowns need to be determined for every time 
instant 𝑡𝑛. They are: 
𝐺𝑝,1(𝑡𝑛), 𝐺𝑝,2(𝑡𝑛), 𝐺𝑝,3(𝑡𝑛), 𝐺𝑝,4(𝑡𝑛),

𝐺𝑠,1(𝑡𝑛), 𝐺𝑠,4(𝑡𝑛), 𝑁𝑅𝐼 (𝑡𝑛), 𝑁𝐿𝐼 (𝑡𝑛),
𝑀 𝑀

(64)

𝜃𝑧,𝑅𝐼 (𝑡𝑛), 𝜃𝑧,𝐿𝐼 (𝑡𝑛).
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The corresponding ten algebraic equations are the following:

• The first three equations have been already given as Eqs. (32)–(34)
• Two equations result from specification of the temporally evolv-
ing fields of radial displacements according to Eq. (61), for the 
corresponding measurements conducted at MP1 and MP2; they 
read as
𝑟

(

𝑢𝑀𝑟 (𝛥𝜑∕2, 𝑡𝑛) = 𝑢MP1𝑟 (𝑡𝑛), 𝛥𝜑∕2
)

= 0 , (65)

𝑟
(

𝑢𝑀𝑟 (𝛥𝜑, 𝑡𝑛) = 𝑢MP2𝑟 (𝑡𝑛), 𝛥𝜑
)

= 0 , (66)

whereby the histories of the radial displacements of the measure-
ment points MP1 to MP3, i.e. 𝑢MP1𝑟 (𝑡), 𝑢MP2𝑟 (𝑡), 𝑢MP3𝑟 (𝑡), are given 
in Table  2.

• Two equations result from specification of the temporally evolv-
ing fields of tangential displacements according to Eq. (62), for 
the corresponding measurements conducted at MP1 and MP2; 
they read as
𝜑

(

𝑢𝑀𝜑 (𝛥𝜑∕2, 𝑡𝑛) = 𝑢MP1𝜑 (𝑡𝑛), 𝛥𝜑∕2
)

= 0 , (67)

𝜑
(

𝑢𝑀𝜑 (𝛥𝜑, 𝑡𝑛) = 𝑢MP2𝜑 (𝑡𝑛), 𝛥𝜑
)

= 0 , (68)

whereby the histories of the tangential displacements of the mea-
surement points MP1 to MP3, i.e. 𝑢MP1𝜑 (𝑡), 𝑢MP2𝜑 (𝑡), 𝑢MP3𝜑 (𝑡), are 
given in Table  2.

• One equation results from specification of the temporally evolving 
field of rotation angles according to Eq. (63), for the unknown 
𝜃𝑀𝑧,𝐿𝐼 (𝑡𝑛); it reads as 

𝑧
(

𝜃𝑀𝑧 (𝛥𝜑, 𝑡𝑛) = 𝜃𝑀𝑧,𝐿𝐼 (𝑡𝑛), 𝛥𝜑
)

= 0 . (69)

• And two equations result from the connection of the end shear 
traction forces with the prevailing ground pressure via the so-
called proportionality factor 𝑘𝑠,𝑝, 

𝐺𝑠,𝑖∕𝐺𝑝,𝑖 = 𝑘𝑠,𝑝 , (70)

with 𝑖 = 1, 4. In the present case, the implications of 𝑘𝑠,𝑝 ∈
{0.00, 0.25, 0.50, 0.75, 1.00} are investigated, see also Section 2.

7. Results and discussion

Expectedly, increasing friction activation at the ground–shell inter-
face leads to increasing ground shear forces, compare the subfigures 
(b1) and (b2) of Figs.  5–9. This trend is accompanied by decreasing 
ground pressures, which, in addition, change from a uniform to a non-
uniform spatial distribution, with the maximum magnitude occurring 
at the crown of the top heading, compare the subfigures (a1) and (a2) 
of Figs.  5–9. The circumferential normal forces follow the same trend 
as the ground pressures, being reduced with increasing shear transfer 
from the shell to the ground, with uniform nature at low friction and 
non-uniform nature at high friction, see the subfigures (c1) and (c2) of 
Figs.  5–9. The opposite trend is seen for the bending moments around 
the longitudinal direction, which increase with increasing frictional 
behavior of the soil–ground interface, see the subfigures (d1) and 
(d2) of Figs.  5–9. However, as the mechanical action of the bending 
moments is subordinate with respect to that of the normal axial forces, 
the utilization degree follows the trend of the latter, rather than that 
of the former, i.e. it decreases with increased frictional behavior, see 
the subfigures (e1) and (e2) of Figs.  5–9. As regards the deformational 
characteristics, increasing friction leads to an increasing number of 
extrema in the distributions of radial displacements and generator ro-
tations, while the circumferential displacement distributions stay fairly 
unaffected by the shear transfer at the shell–ground interface, see the 
subfigures (f1) and (f2), (g1) and (g2), (h1) and (h2) of Figs.  5–9.

Our semi-analytical method also provides novel avenues for the 
tackling of tunnel design questions, by varying design parameters. As 
an example we vary the tunnel opening angle 𝛥𝜑, while keeping the 
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external forces constant, at the levels given through ground pressure 
and ground shear distributions depicted in Subfigures (a) and (b) of 
Figs.  5 to 9. In other words, we study the effect of changing the position 
of the left impost, i.e. of the introduction of some asymmetry in the 
geometrical characteristics of the top heading cross section, on the 
distribution of the internal forces. From a mathematical perspective, we 
consider the normal forces and bending moments as functions of both 
the circumferential coordinate and the opening angle of the tunnel cross 
section, i.e. 𝑚𝑧 = 𝑚𝑧(𝜑̄, 𝛥𝜑) and 𝑛𝜑 = 𝑛𝜑(𝜑̄, 𝛥𝜑), we consider similar 
functional assignment for the influence functions of Eqs. (73) to (82), 
and we then derive the Eqs. (30) and (31) with respect to 𝛥𝜑; this yields 

𝜕𝑛𝜑(𝜑̄,𝛥𝜑)
𝜕(𝛥𝜑) = 𝑁𝑅𝐼

𝜕𝑅𝐼→𝑓 (𝜑̄,𝛥𝜑)
𝜕(𝛥𝜑)

+ 𝑁𝐿𝐼
𝜕𝐿𝐼→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑)

+
∑4

𝑖=1𝑅𝐺𝑝,𝑖
𝜕𝑝,𝑖→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑)

+
∑

𝑖∈[1,4]
[

𝑅 − ℎ
2

]

𝐺𝑠,𝑖
𝜕𝑠,𝑖→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑) ,

(71)

and 
𝜕𝑚𝑧(𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑) = −𝑅𝑁𝑅𝐼
𝜕𝑅𝐼→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑)

− 𝑅𝑁𝐿𝐼
𝜕𝐿𝐼→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑)

+
∑4

𝑖=1𝑅
2 𝐺𝑝,𝑖

𝜕𝑝,𝑖→𝑓 (𝜑̄,𝛥𝜑)
𝜕(𝛥𝜑)

−
∑

𝑖∈[1,4]
[

𝑅2]𝐺𝑠,𝑖
𝜕𝑠,𝑖→𝑚(𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑)

−
∑

𝑖∈[1,4]
[

𝑅2 − 𝑅ℎ
2

]

𝐺𝑠,𝑖
𝜕𝑠,𝑖→𝑓 (𝜑̄,𝛥𝜑)

𝜕(𝛥𝜑) ,

(72)

whereby the partial derivatives of the influence functions are given 
through Eqs. (119)–(128) of the Appendix. As major result of this 
design study, it is observed that, in case of significant ground–shell 
traction transfer, an increase of the opening angle, i.e. setting the left 
impost downward, results in a general increase of the magnitude of the 
normal force, see Fig.  10(b), together with a decrease of the moment 
magnitude at the tunnel crown, accompanied by an increase of the 
moment magnitude laterally, see Fig.  10(a). Hence, introduction of 
asymmetry does not appear as beneficial design feature, since increas-
ing compression with mixed bending effects will generally increase the 
utilization degree. Still, asymmetry-inducing infinitesimal change of the 
tunnel geometry has no effect on the internal force distribution, as long 
as the ground–shell traction transfer remains negligible.

It is interesting to set our approach in context to the wide field of 
structural mechanics applied to tunnel engineering [82–84]. As a first 
key characteristic, we note that our approach does neither compare 
the predictions of a computational model of the tunnel shell and 
the surrounding ground to field data, nor does it encompass corre-
sponding quantitative validation procedures with statistical elements. 
Our approach rather constitutes an important complement to such 
more customary studies, by directly integrating available field data, 
i.e. geodetic displacement measurements in the present case, into a 
structural mechanics analysis. It hence qualifies as what has been 
coined as ‘‘hybrid methods’’ [10,11], with applications in traditional 
NATM-tunneling [85], in segmented NATM-tunnels driven in squeez-
ing rock [13], as well as in mechanized tunnel engineering [86]. 
With respect to conventional approaches where a uniform ground 
pressure [87] or very specific ground pressure distributions, such as 
a ‘‘pure shear configuration’’ [88], are introduced, the present ap-
proach sets the very emphasis on the ground shear action as function 
of the behavior of the interface between ground and tunnel shell. 
Customarily, this phenomenon is ignored, and only the limit cases, re-
ferring to perfect contact between shell and ground (relating to infinite 
shear transmission capacity of the ground–shell interface) as well as 
to ‘‘full slip’’ between shell and ground (relating to zero transmission 
capacity of the ground–shell interface), are considered [87]. Hence, 
our approach delivers unprecedented insight into the fundamental 
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load-carrying characteristic of an NATM tunnel, elucidating, even qual-
itatively, the functioning of such shells, up to a level of understanding 
which has not been attained so far. Accordingly, there are very few 
published reports which allow some type of ‘‘more direct comparison’’ 
with our new approach. These reports concern simulations based on the 
distinct element method (DEM), of tunnel–ground systems with explicit 
modeling of the shell-to-ground interface [88,89]: The DEM report [88] 
on bending moments increasing with increased irregularity, and hence 
with increased shear activation, of the shell–ground interface, is fully 
consistent with our herein reported increase of bending moments with 
increasing shear force transmission, as seen from the Subfigures (d) of 
Figs.  5 to 9. However, the aforementioned DEM study does not include 
any field data, while our study contains field data as a very important, 
central ingredient. This may explain some discrepancies between the 
results of the DEM study versus the hybrid analysis presented herein. 
In more detail, the DEM study leads to increased normal forces, while 
our study shows overall load decrease and utilization reduction of the 
tunnel shell, as a consequence of increased friction between shell and 
ground, see the Subfigures (c) and (e) of Figs.  5 to 9. The reason for 
the overestimation of normal forces in the DEM simulation reported 
in [88] may stem from the total neglect of dissipative phenomena, such 
as elasto-plastic events, in both the ground and the tunnel shell. This 
conjecture is well supported by yet another suite of DEM simulations, 
where the shotcrete shell and the rock mass were indeed allowed to 
behave elasto-plastically [89]. There, increased roughness of the shell-
to-ground interface, implying a higher shear transmission capacity, 
resulted in reduced normal forces in the tunnel shell. This is fully 
consistent with the results of our field data-driven hybrid analysis, see 
the Subfigures (c) of Figs.  5 to 9.

Our analysis exhibits several limitations, simplifications, and as-
sumptions:

From a shell theoretical perspective, it is restricted to thin cylin-
drical shells with constant thickness. While thin cylindrical shells are 
relevant for the majority of realized NATM projects, the issue of con-
stant thickness, and corresponding deviations from this assumptions 
due to heavy irregularities of the shell–ground interface could be the 
topic of interesting investigations. This would require a fundamental 
re-consideration of the mathematical structure of shell-specific internal 
forces, as the key normal stresses would not act any more in directions 
parallel to the tangent plane of the shell midsurface. Such develop-
ments, which may be based on the concepts set forth in [90–93] are 
clearly beyond the scope of the present manuscript.

From a construction process engineering viewpoint, our study is 
restricted to the first construction step in a sequential tunnel excavation 
scheme, that related to the excavation and installation of the top 
heading of the tunnel. Extension to the entire excavation procedure 
would require the formulation of dedicated displacement and force 
transfer conditions between the top heading and the benches, on the 
one hand, and between the benches and the invert, on the other 
hand. Earlier, fully geometrically driven versions of hybrid methods for 
shotcrete tunnel safety assessment [11,94] have provided such transfer 
conditions for the displacements. In the current conceptual context, 
transfer relations [95] for both forces and displacements would be 
required; and at the same time, the theoretical implications of a non-
constant radius of the shell midsurface would need to be understood. 
While this is beyond the scope of the present manuscript, it is a topic 
of strong current interest.

Moreover, the limited number of measurement points, realized in 
terms of three geodetic reflectors installed along the circumference of 
the top heading of the tunnel, implies simplifications and assumptions 
concerning the distributions of the external forces acting from the 
ground onto the tunnel shell: Ground force values are determined at 
four locations and cubic polynomials are employed for interpolation in 
between. In case more measurement points are realized, such as with 
tunnel Stein [96], ground force values can be determined at more than 
four, e.g. eight, locations along the tunnel circumference [85]. Hence, 
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the concept applied here to the Sieberg tunnel, characterized by three 
measurement points, can be adapted to other tunnel design settings. 
However, the choice of appropriate interpolation functions and the 
realization of a corresponding solution method need careful reflection 
and development.

Concerning the interpolation scheme for ground action, another 
note is due: Ground shear forces are only introduced near the imposts 
and not at the tunnel crown. This can be physically motivated by 
shear forces arising from relative motions between the ground and the 
tunnel shell, and by these motions, in turn, being mainly driven through 
vertically acting gravitational forces. In addition, this choice of shear 
force patterns is consistent with results stemming from displacement 
interpolation combined with shell kinematics and local equilibrium 
conditions from 3D continuum mechanics [14], which, in turn, are 
consistent with classical rock load estimates of Terzaghi [97].

8. Conclusion

A novel analytical structural mechanics model for a top heading 
of an NATM tunnel, which considers not only ground pressure, but 
also ground shear forces acting, from the surrounding ground, onto 
the tunnel shell, allows for the following, interesting conclusion: On 
top of the well-known ground strengthening through rock bolts, which 
saves an NATM tunnel shell from being exceedingly loaded by forces 
arising from the configurational changes due to the tunnel excavation 
process along with the creep behavior of both soil and shotcrete, it 
is the shear transfer at the shell-to-rock interface, which additionally 
spares the shell from excessive mechanical utilization.
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Appendix. Azimuth-dependent influence functions

Eqs. (30) and (31), which link the external forces to the internal 
forces, include the following influence functions, 

𝑅𝐼→𝑓 (𝜑̄) = cos(𝜑̄) −
sin(𝜑̄)
tan(𝛥𝜑)

, (73)

𝐿𝐼→𝑓 (𝜑̄) =
sin(𝜑̄)
cos(𝛥𝜑)

, (74)

𝑝,1→𝑓 (𝜑̄) = 1 +
27𝜑̄
𝛥𝜑3

−
9𝜑̄3

2𝛥𝜑3

− 18
𝛥𝜑2

+
9𝜑̄2

𝛥𝜑2
−

11𝜑̄
2𝛥𝜑

− cos(𝜑̄) +
18 cos(𝜑̄)

𝛥𝜑2
+

sin(𝜑̄)
tan(𝛥𝜑)

−
18 sin(𝜑̄)

−
9 sin(𝜑̄)

,

(75)
𝛥𝜑2 tan(𝛥𝜑) 𝛥𝜑2 sin(𝛥𝜑)
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𝑝,2→𝑓 (𝜑̄) = −
81𝜑̄
𝛥𝜑3

+
27𝜑̄3

2𝛥𝜑3
+ 45

𝛥𝜑2

−
45𝜑̄2

2𝛥𝜑2
+

9𝜑̄
𝛥𝜑

−
45 cos(𝜑̄)

𝛥𝜑2

+
45 sin(𝜑̄)

𝛥𝜑2 tan(𝛥𝜑)
+

36 sin(𝛥𝜑) sin(𝜑̄)
𝛥𝜑2 sin(𝛥𝜑)

,

(76)

𝑝,3→𝑓 (𝜑̄) =
81𝜑̄
𝛥𝜑3

−
27𝜑̄3

2𝛥𝜑3
− 36

𝛥𝜑2

+
18𝜑̄2

𝛥𝜑2
−

9𝜑̄
2𝛥𝜑

+
36 cos(𝜑̄)

𝛥𝜑2

−
36 sin(𝜑̄)

𝛥𝜑2 tan(𝛥𝜑)
−

45 sin(𝜑̄)
𝛥𝜑2 sin(𝛥𝜑)

,

(77)

𝑝,4→𝑓 (𝜑̄) = −
27𝜑̄
𝛥𝜑3

+
9𝜑̄3

2𝛥𝜑3
+ 9

𝛥𝜑2
−

9𝜑̄2

2𝛥𝜑2

+
𝜑̄
𝛥𝜑

−
9 cos(𝜑̄)
𝛥𝜑2

+
9 sin(𝜑̄)

𝛥𝜑2 tan(𝛥𝜑)

−
sin(𝜑̄)
sin(𝛥𝜑)

+
18 sin(𝜑̄)

𝛥𝜑2 sin(𝛥𝜑)
,

(78)

𝑠,1→𝑚(𝜑̄) = −𝜑̄ +
9𝜑̄4

8𝛥𝜑3
−

3𝜑̄3

𝛥𝜑2
+

11𝜑̄2

4𝛥𝜑
, (79)

𝑠,4→𝑚(𝜑̄) =
3𝜑̄3

2𝛥𝜑2
−

𝜑̄2

2𝛥𝜑
, (80)

𝑠,1→𝑓 (𝜑̄) =
27𝜑̄2

2𝛥𝜑3
− 27

𝛥𝜑3
+ 11

2𝛥𝜑
−

18𝜑̄
𝛥𝜑2

+
27 cos(𝜑̄)

𝛥𝜑3
−

11 cos(𝜑̄)
2𝛥𝜑

−
27 sin(𝜑̄)

𝛥𝜑3 tan(𝛥𝜑)
+

11 sin(𝜑̄)
2𝛥𝜑 tan(𝛥𝜑)

+
27 sin(𝜑̄)

𝛥𝜑3 sin(𝛥𝜑)
−

sin(𝜑̄)
𝛥𝜑 sin(𝛥𝜑)

,

(81)

𝑠,4→𝑓 (𝜑̄) = −
27𝜑̄2

2𝛥𝜑3
+

9𝜑̄
𝛥𝜑2

− 1
𝛥𝜑

−
27 cos(𝜑̄)

𝛥𝜑3
+

cos(𝜑̄)
𝛥𝜑

−
sin(𝜑̄)

𝛥𝜑 tan(𝛥𝜑)

−
27 sin(𝜑̄)

𝛥𝜑3 sin(𝛥𝜑)
+

11 sin(𝜑̄)
2𝛥𝜑 sin(𝛥𝜑)

.

(82)

Eqs. (58) and (61), which link the rates of the external forces to 
the rates of the radial displacements, include the following influence 
functions, 

𝑅𝐼→𝑟(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

cos(𝜑̄) − 1
]

+
[

𝑅
2ℎ

+ 6𝑅3

ℎ3

] [

𝜑̄ cos(𝜑̄)
tan(𝛥𝜑)

+ 𝜑̄ sin(𝜑̄) −
sin(𝜑̄)
tan(𝛥𝜑)

]}

,

(83)

𝐿𝐼→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅
2ℎ

+ 6𝑅3

ℎ3

] [

sin(𝜑̄)
sin(𝛥𝜑)

−
𝜑̄ cos(𝜑̄)

]}

,
(84)
sin(𝛥𝜑)

15 
𝑝,1→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

] [

−1

−
54𝜑̄
(𝛥𝜑)3

+
9𝜑̄3

2(𝛥𝜑)3
+ 36

(𝛥𝜑)2
−

9𝜑̄2

(𝛥𝜑)2

+
11𝜑̄
2𝛥𝜑

−
36 cos(𝜑̄)
(𝛥𝜑)2

+
𝜑̄ cos(𝜑̄)
2 tan(𝛥𝜑)

−
9𝜑̄ cos(𝜑̄)

(𝛥𝜑)2 tan(𝛥𝜑)
+ cos(𝜑̄)

−
9𝜑̄ cos(𝜑̄)

2(𝛥𝜑)2 sin(𝛥𝜑)
+

𝜑̄ sin(𝜑̄)
2

+
54 sin(𝜑̄)
(𝛥𝜑)3

−
9𝜑̄ sin(𝜑̄)
(𝛥𝜑)2

−
11 sin(𝜑̄)
2𝛥𝜑

−
sin(𝜑̄)

2 tan(𝛥𝜑)
+

9 sin(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

+
9 sin(𝜑̄)

2(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(85)

𝑝,2→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

] [

162𝜑̄
(𝛥𝜑)3

−
27𝜑̄3

2(𝛥𝜑)3
− 90

(𝛥𝜑)2
+

45𝜑̄2

2(𝛥𝜑)2
−

9𝜑̄
𝛥𝜑

+
90 cos(𝜑̄)
(𝛥𝜑)2

+
45𝜑̄ cos(𝜑̄)

2(𝛥𝜑)2 tan(𝛥𝜑)

+
18𝜑̄ cos(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑)
−

162 sin(𝜑̄)
(𝛥𝜑)3

+
45𝜑̄ sin(𝜑̄)
2(𝛥𝜑)2

−
45 sin(𝜑̄)

2(𝛥𝜑)2 tan(𝛥𝜑)

+
9 sin(𝜑̄)
𝛥𝜑

−
18 sin(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(86)

𝑝,3→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

] [

−
162𝜑̄
(𝛥𝜑)3

+
27𝜑̄3

2(𝛥𝜑)3
+ 72

(𝛥𝜑)2
−

18𝜑̄2

(𝛥𝜑)2
+

9𝜑̄
2𝛥𝜑

−
72 cos(𝜑̄)
(𝛥𝜑)2

−
18𝜑̄ cos(𝜑̄)

(𝛥𝜑)2 tan(𝛥𝜑)

−
45𝜑̄ cos(𝜑̄)

2(𝛥𝜑)2 sin(𝛥𝜑)
+

162 sin(𝜑̄)
(𝛥𝜑)3

−
18𝜑̄ sin(𝜑̄)
(𝛥𝜑)2

+
18 sin(𝜑̄)

(𝛥𝜑)2 tan(𝛥𝜑)

−
9 sin(𝜑̄)
2𝛥𝜑

+
45 sin(𝜑̄)

2(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(87)

𝑝,4→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

] [

54𝜑̄
(𝛥𝜑)3

−
9𝜑̄3

2(𝛥𝜑)3
− 18

(𝛥𝜑)2
+

9𝜑̄2

2(𝛥𝜑)2
−

𝜑̄
𝛥𝜑

+
18 cos(𝜑̄)
(𝛥𝜑)2

+
9𝜑̄ cos(𝜑̄)

2(𝛥𝜑)2 tan(𝛥𝜑)

−
54 sin(𝜑̄)
(𝛥𝜑)3

+
9𝜑̄ cos(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑)

+
9𝜑̄ sin(𝜑̄)
2(𝛥𝜑)2

−
𝜑̄ cos(𝜑̄)
2 sin(𝛥𝜑)

+
sin(𝜑̄)
𝛥𝜑

−
9 sin(𝜑̄)

2(𝛥𝜑)2 tan(𝛥𝜑)
+

sin(𝜑̄)
2 sin(𝛥𝜑)

−
9 sin(𝜑̄)

]}

,

(88)
(𝛥𝜑)2 sin(𝛥𝜑)
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𝑠,1→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
− 𝑅

2
− 12𝑅3

ℎ2

]

×
[

54 cos(𝜑̄) − 54
(𝛥𝜑)3

]

+ 12𝑅4

ℎ3

[

𝜑̄

− 81
(𝛥𝜑)3

−
9𝜑̄4

8(𝛥𝜑)3
+

3𝜑̄3

(𝛥𝜑)2
−

11𝜑̄2

4𝛥𝜑

+
81 cos(𝜑̄)
(𝛥𝜑)3

− sin(𝜑̄)
]

+
[

𝑅2

ℎ
− 𝑅

2

− 6𝑅3

ℎ2
+ 12𝑅4

ℎ3

][

27𝜑̄ cos(𝜑̄)
2(𝛥𝜑)3 tan(𝛥𝜑)

−
11𝜑̄ cos(𝜑̄)
4𝛥𝜑 tan(𝛥𝜑)

−
27𝜑̄ cos(𝜑̄)

2(𝛥𝜑)3 sin(𝛥𝜑)

+
𝜑̄ cos(𝜑̄)

2𝛥𝜑 sin(𝛥𝜑)
−

27 sin(𝜑̄)
2(𝛥𝜑)3 tan(𝛥𝜑)

+
11 sin(𝜑̄)

4𝛥𝜑 tan(𝛥𝜑)
+

27 sin(𝜑̄)
2(𝛥𝜑)3 sin(𝛥𝜑)

−
sin(𝜑̄)

2𝛥𝜑 sin(𝛥𝜑)
+

27𝜑̄ sin(𝜑̄)
2(𝛥𝜑)3

]

+
[

𝑅2

ℎ

− 𝑅
2
− 6𝑅3

ℎ2
+ 24𝑅4

ℎ3

][

27𝜑̄2

2(𝛥𝜑)3

−
18𝜑̄
(𝛥𝜑)2

+ 11
2𝛥𝜑

−
11 cos(𝜑̄)

2𝛥𝜑

+
18 sin(𝜑̄)
(𝛥𝜑)2

−
11𝜑̄ sin(𝜑̄)

4𝛥𝜑

]}

,

(89)

𝑠,4→𝑟(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2

]

×
[

54 − 54 cos(𝜑̄)
(𝛥𝜑)3

]

+ 12𝑅4

ℎ3

[

81
(𝛥𝜑)3

+
9𝜑̄4

8(𝛥𝜑)3
−

3𝜑̄3

2(𝛥𝜑)2
+

𝜑̄2

2𝛥𝜑

−
81 cos(𝜑̄)
(𝛥𝜑)3

]

+
[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2

+ 12𝑅4

ℎ3

][

−
27𝜑̄ cos(𝜑̄)

2(𝛥𝜑)3 tan(𝛥𝜑)

+
𝜑̄ cos(𝜑̄)

2𝛥𝜑 tan(𝛥𝜑)
+

27𝜑̄ cos(𝜑̄)
2(𝛥𝜑)3 sin(𝛥𝜑)

−
11𝜑̄ cos(𝜑̄)
4𝛥𝜑 sin(𝛥𝜑)

+
𝜑̄ sin(𝜑̄)
2𝛥𝜑

−
27𝜑̄ sin(𝜑̄)
2(𝛥𝜑)3

+
27 sin(𝜑̄)

2(𝛥𝜑)3 tan(𝛥𝜑)

−
sin(𝜑̄)

2𝛥𝜑 tan(𝛥𝜑)
−

27 sin(𝜑̄)
2(𝛥𝜑)3 sin(𝛥𝜑)

+
11 sin(𝜑̄)

4𝛥𝜑 sin(𝛥𝜑)

]

+
[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2

+ 24𝑅4

ℎ3

][

−
27𝜑̄2

2(𝛥𝜑)3
+

9𝜑̄
(𝛥𝜑)2

− 1
𝛥𝜑

+
cos(𝜑̄)
𝛥𝜑

−
9 sin(𝜑̄)
(𝛥𝜑)2

]}

.

(90)

Eqs. (59) and (62), which link the rates of the external forces to the 
rates of the tangential displacements, include the following influence 
functions, 

𝑅𝐼→𝜑(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅
2ℎ

+ 6𝑅3

ℎ3

] [

𝜑̄ cos(𝜑̄)

− 3 sin(𝜑̄) −
𝜑̄ sin(𝜑̄)
tan(𝛥𝜑)

]

+𝑅
ℎ

[

2 sin(𝜑̄)
]

+ 12𝑅3

ℎ3

[

𝜑̄ −
cos(𝜑̄) − 1
tan(𝛥𝜑)

] }

,

(91)

𝐿𝐼→𝜑(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

cos(𝜑̄) − 1
sin(𝛥𝜑)

]

+
[

𝑅 + 6𝑅3 ][ 𝜑̄ sin(𝜑̄)
] }

,
(92)
2ℎ ℎ3 sin(𝛥𝜑)

16 
𝑝,1→𝜑(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

]

×
[

11 − 11 cos(𝜑̄)
2𝛥𝜑

−
54 − 54 cos(𝜑̄)

(𝛥𝜑)3

+
𝜑̄ cos(𝜑̄)

2
−

9𝜑̄ cos(𝜑̄)
(𝛥𝜑)2

−
𝜑̄ sin(𝜑̄)
2 tan(𝛥𝜑)

+
9𝜑̄ sin(𝜑̄)

(𝛥𝜑)2 tan(𝛥𝜑)
+

9𝜑̄ sin(𝜑̄)
2(𝛥𝜑)2 sin(𝛥𝜑)

]

+ 𝑅2

ℎ

[

+
27𝜑̄2

2(𝛥𝜑)3
−

18𝜑̄
(𝛥𝜑)2

−
sin(𝜑̄)
2

+
27 sin(𝜑̄)
(𝛥𝜑)2

]

+12𝑅4

ℎ3

[

𝜑̄ +
3𝜑̄3

(𝛥𝜑)2

−
9𝜑̄4

8(𝛥𝜑)3
−

11𝜑̄2

4𝛥𝜑
+

27𝜑̄2

(𝛥𝜑)3
−

36𝜑̄
(𝛥𝜑)2

−
3 sin(𝜑̄)

2
+

45 sin(𝜑̄)
(𝛥𝜑)2

+
1 − cos(𝜑̄)
tan(𝛥𝜑)

−
9 − 9 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

−
18 − 18 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

]}

,

(93)

𝑝,2→𝜑(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

]

×
[

162 − 162 cos(𝜑̄)
(𝛥𝜑)3

−
9 − 9 cos(𝜑̄)

𝛥𝜑

−
45𝜑̄ sin(𝜑̄)

2(𝛥𝜑)2 tan(𝛥𝜑)
−

18𝜑̄ sin(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

+
45𝜑̄ cos(𝜑̄)
2(𝛥𝜑)2

]

+12𝑅4

ℎ3

[

−
81𝜑̄2

(𝛥𝜑)3

+
27𝜑̄4

8(𝛥𝜑)3
+

90𝜑̄
(𝛥𝜑)2

−
15𝜑̄3

2(𝛥𝜑)2
+

9𝜑̄2

2𝛥𝜑

+
45 − 45 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

+
36 − 36 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

−
225 sin(𝜑̄)
2(𝛥𝜑)2

]

+𝑅2

ℎ

[

−
81𝜑̄2

2(𝛥𝜑)3

+
45𝜑̄
(𝛥𝜑)2

−
135 sin(𝜑̄)
2(𝛥𝜑)2

]}

,

(94)

𝑝,3→𝜑(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

]

×
[

−
162 − 162 cos(𝜑̄)

(𝛥𝜑)3
+

9 − 9 cos(𝜑̄)
2𝛥𝜑

−
18𝜑̄ cos(𝜑̄)

(𝛥𝜑)2
+

18𝜑̄ sin(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

+
45𝜑̄ sin(𝜑̄)

2(𝛥𝜑)2 sin(𝛥𝜑)

]

+12𝑅4

ℎ3

[

81𝜑̄2

(𝛥𝜑)3

−
27𝜑̄4

8(𝛥𝜑)3
−

72𝜑̄
(𝛥𝜑)2

+
6𝜑̄3

(𝛥𝜑)2
−

9𝜑̄2

4𝛥𝜑

−
36 − 36 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

−
45 − 45 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

+
90 sin(𝜑̄)
(𝛥𝜑)2

]

+𝑅2

ℎ

[

81𝜑̄2

2(𝛥𝜑)3
−

36𝜑̄
(𝛥𝜑)2

+
54 sin(𝜑̄)

]}

,

(95)
(𝛥𝜑)2
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𝑝,4→𝜑(𝜑̄) =
{

1 − 𝜈2
} { [

𝑅2

ℎ
+ 12𝑅4

ℎ3

] [

− 1
𝛥𝜑

+
54 − 54 cos(𝜑̄)

𝛥𝜑3
+

9𝜑̄ cos(𝜑̄)
2𝛥𝜑2

−
9𝜑̄ sin(𝜑̄)

2𝛥𝜑2 tan(𝛥𝜑)
+

𝜑̄ sin(𝜑̄)
2 sin(𝛥𝜑)

−
9𝜑̄ sin(𝜑̄)

𝛥𝜑2 sin(𝛥𝜑)
+

cos(𝜑̄)
𝛥𝜑

]

+ 12𝑅4

ℎ3

[

−
27𝜑̄2

𝛥𝜑3
+

9𝜑̄4

8𝛥𝜑3
+

18𝜑̄
𝛥𝜑2

−
3𝜑̄3

2𝛥𝜑2
+

𝜑̄2

2𝛥𝜑
−

45 sin(𝜑̄)
2𝛥𝜑2

+
9 − 9 cos(𝜑̄)
𝛥𝜑2 tan(𝛥𝜑)

−
1 − cos(𝜑̄)
sin(𝛥𝜑)

+
18 − 18 cos(𝜑̄)
𝛥𝜑2 sin(𝛥𝜑)

]

+𝑅2

ℎ

[

+
9𝜑̄
𝛥𝜑2

−
27𝜑̄2

2𝛥𝜑3
−

27 sin(𝜑̄)
2𝛥𝜑2

]}

,

(96)

𝑠,1→𝜑(𝜑̄) =
{

1 − 𝜈2
} {[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2

+ 12𝑅4

ℎ3

][

27𝜑̄ cos(𝜑̄)
2(𝛥𝜑)3

−
11𝜑̄ cos(𝜑̄)

4𝛥𝜑

−
27𝜑̄ sin(𝜑̄)

2(𝛥𝜑)3 tan(𝛥𝜑)
+

11𝜑̄ sin(𝜑̄)
4𝛥𝜑 tan(𝛥𝜑)

+
27𝜑̄ sin(𝜑̄)

2(𝛥𝜑)3 sin(𝛥𝜑)
−

𝜑̄ sin(𝜑̄)
2𝛥𝜑 sin(𝛥𝜑)

]

+
[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2
+ 24𝑅4

ℎ3

]

×
[

18 cos(𝜑̄)
(𝛥𝜑)2

]

+
[

𝑅2

ℎ
− 𝑅

2

] [

27𝜑̄
(𝛥𝜑)3

− 18
(𝛥𝜑)2

−
27 − 27 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

+
1 − cos(𝜑̄)
4𝛥𝜑 sin(𝛥𝜑)

−
81 sin(𝜑̄)
2(𝛥𝜑)3

+
11 sin(𝜑̄)
4𝛥𝜑

]

+
[

12𝑅4

ℎ3
− 6𝑅3

ℎ2

]

×
[

27 − 27 cos(𝜑̄)
(𝛥𝜑)3 tan(𝛥𝜑)

−
11 − 11 cos(𝜑̄)
2𝛥𝜑 tan(𝛥𝜑)

−
135 − 135 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

+
5 − 5 cos(𝜑̄)
4𝛥𝜑 sin(𝛥𝜑)

]

+ 6𝑅3

ℎ2

[

9𝜑̄3

4(𝛥𝜑)3
−

27𝜑̄
(𝛥𝜑)3

+ 18
2(𝛥𝜑)2

−
9𝜑̄2

2(𝛥𝜑)2
+

11𝜑̄
4𝛥𝜑

+
135 sin(𝜑̄)
4(𝛥𝜑)3

−
33 sin(𝜑̄)
8𝛥𝜑

]

+12𝑅4

ℎ3

[

1 −
𝜑̄2

2

+
81𝜑̄
(𝛥𝜑)3

−
9𝜑̄3

(𝛥𝜑)3
+

9𝜑̄5

40(𝛥𝜑)3

− 36
(𝛥𝜑)2

+
18𝜑̄2

(𝛥𝜑)2
−

3𝜑̄4

4(𝛥𝜑)2

−
11𝜑̄
𝛥𝜑

+
11𝜑̄3

12𝛥𝜑
− cos(𝜑̄)

−
189 sin(𝜑̄)

+
55 sin(𝜑̄)

]}

,

(97)
2(𝛥𝜑)3 4𝛥𝜑

17 
𝑠,4→𝜑(𝜑̄) =
{

1 − 𝜈2
} {[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2

+ 12𝑅4

ℎ3

][

−
27𝜑̄ cos(𝜑̄)
2(𝛥𝜑3)

+
𝜑̄ cos(𝜑̄)
2𝛥𝜑

+
27𝜑̄ sin(𝜑̄)

2(𝛥𝜑)3 tan(𝛥𝜑)
−

𝜑̄ sin(𝜑̄)
2𝛥𝜑 tan(𝛥𝜑)

−
27𝜑̄ sin(𝜑̄)

2(𝛥𝜑)3 sin(𝛥𝜑)
+

11𝜑̄ sin(𝜑̄)
4𝛥𝜑 sin(𝛥𝜑)

]

+
[

𝑅2

ℎ
− 𝑅

2
− 6𝑅3

ℎ2
+ 24𝑅4

ℎ3

]

×
[

−
9 cos(𝜑̄)
(𝛥𝜑)2

]

+
[

𝑅2

ℎ
− 𝑅

2

] [

−
27𝜑̄
(𝛥𝜑)3

+ 9
(𝛥𝜑)2

+
27 − 27 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

−
sin(𝜑̄)
2𝛥𝜑

−
11 − 11 cos(𝜑̄)
8𝛥𝜑 sin(𝛥𝜑)

+
81 sin(𝜑̄)
2(𝛥𝜑)3

]

+
[

12𝑅4

ℎ3
− 6𝑅3

ℎ2

] [

−
27 − 27 cos(𝜑̄)
(𝛥𝜑)3 tan(𝛥𝜑)

+
1 − cos(𝜑̄)
𝛥𝜑 tan(𝛥𝜑)

+
135 − 135 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

−
55 − 55 cos(𝜑̄)
8𝛥𝜑 sin(𝛥𝜑)

]

+6𝑅3

ℎ2

[

27𝜑̄
(𝛥𝜑)3

−
9𝜑̄3

4(𝛥𝜑)3
− 9

2(𝛥𝜑)2
+

9𝜑̄2

4(𝛥𝜑)2

−
𝜑̄

2𝛥𝜑
−

135 sin(𝜑̄)
4(𝛥𝜑)3

+
3 sin(𝜑̄)
4𝛥𝜑

]

+ 12𝑅4

ℎ3

[

−
81𝜑̄
(𝛥𝜑)3

+
9𝜑̄3

(𝛥𝜑)3

−
9𝜑̄5

40(𝛥𝜑)3
+ 18

(𝛥𝜑)2
−

9𝜑̄2

(𝛥𝜑)2

+
3𝜑̄4

8(𝛥𝜑)2
+

2𝜑̄
𝛥𝜑

−
𝜑̄3

6𝛥𝜑

+
189 sin(𝜑̄)
2(𝛥𝜑)3

−
5 sin(𝜑̄)
2𝛥𝜑

]}

.

(98)

Eqs. (60) and (63), which link the rates of the external forces to 
the rates of the cross section rotation angles, include the following 
influence functions, 

𝑅𝐼→𝑧(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅2

ℎ3

[

cos(𝜑̄) − 1
tan(𝛥𝜑)

+ sin(𝜑̄) − 𝜑̄
]}

,
(99)

𝐿𝐼→𝑧(𝜑̄) =
{

1 − 𝜈2
}{

12𝑅2

ℎ3

[

1 − cos(𝜑̄)
sin(𝛥𝜑)

]}

, (100)

𝑝,1→𝑧(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

−𝜑̄ −
27𝜑̄2

2(𝛥𝜑)3

+
9𝜑̄4

8(𝛥𝜑)3
+

18𝜑̄
(𝛥𝜑)2

−
3𝜑̄3

(𝛥𝜑)2
+

11𝜑̄2

4𝛥𝜑

−
1 − cos(𝜑̄)
tan(𝛥𝜑)

+ sin(𝜑̄) −
18 sin(𝜑̄)
(𝛥𝜑)2

+
18 − 18 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

+
9 − 9 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(101)

𝑝,2→𝑧(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

81𝜑̄2

2(𝛥𝜑)3

−
27𝜑̄4

8(𝛥𝜑)3
45𝜑̄
(𝛥𝜑)2

+
15𝜑̄3

2(𝛥𝜑)2

−
9𝜑̄2

2𝛥𝜑
−

45 − 45 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

+
45 sin(𝜑̄)

−
36 − 36 cos(𝜑̄)

]}

,

(102)
(𝛥𝜑)2 (𝛥𝜑)2 sin(𝛥𝜑)
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𝑝,3→𝑧(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

−
81𝜑̄2

2(𝛥𝜑)3

+
27𝜑̄4

8(𝛥𝜑)3
+

36𝜑̄
(𝛥𝜑)2

−
6𝜑̄3

(𝛥𝜑)2

+
9𝜑̄2

4𝛥𝜑
+

36 − 36 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

−
36 sin(𝜑̄)
(𝛥𝜑)2

+
45 − 45 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(103)

𝑝,4→𝑧(𝜑̄) =
{

1 − 𝜈2
} {

12𝑅3

ℎ3

[

27𝜑̄2

2(𝛥𝜑)3

−
9𝜑̄4

8(𝛥𝜑)3
−

9𝜑̄
(𝛥𝜑)2

+
3𝜑̄3

2(𝛥𝜑)2

−
𝜑̄2

2𝛥𝜑
+

9 sin(𝜑̄)
(𝛥𝜑)2

+
1 − cos(𝜑̄)
sin(𝛥𝜑)

−
9 − 9 cos(𝜑̄)
(𝛥𝜑)2 tan(𝛥𝜑)

−
18 − 18 cos(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

]}

,

(104)

𝑠,1→𝑧(𝜑̄) =
{

1 − 𝜈2
} {[

𝑅
ℎ

− 1
2
− 30𝑅2

ℎ2

+ 60𝑅3

ℎ3

][

27 − 27 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

−
1 − cos(𝜑̄)
4𝛥𝜑 sin(𝛥𝜑)

]

+12𝑅3

ℎ3

[

𝜑̄2

2

−
9𝜑̄5

40(𝛥𝜑)3
+

3𝜑̄4

4(𝛥𝜑)2
−

11𝜑̄3

12𝛥𝜑

]

+
[

12𝑅3

ℎ3
− 6𝑅2

ℎ2

] [

−
27𝜑̄
(𝛥𝜑)3

+
9𝜑̄3

2(𝛥𝜑)3
−

9𝜑̄2

(𝛥𝜑)2
+

11𝜑̄
2𝛥𝜑

−
27 − 27 cos(𝜑̄)
(𝛥𝜑)3 tan(𝛥𝜑)

+
11 − 11 cos(𝜑̄)
2𝛥𝜑 tan(𝛥𝜑)

+
27 sin(𝜑̄)
(𝛥𝜑)3

−
11 sin(𝜑̄)
2𝛥𝜑

]}

,

(105)

𝑠,4→𝑧(𝜑̄) =
{

1 − 𝜈2
} {[

𝑅
ℎ

− 1
2
− 30𝑅2

ℎ2

+ 60𝑅3

ℎ3

][

11 − 11 cos(𝜑̄)
8𝛥𝜑 sin(𝛥𝜑)

−
27 − 27 cos(𝜑̄)
4(𝛥𝜑)3 sin(𝛥𝜑)

]

+12𝑅3

ℎ3

[

9𝜑̄5

40(𝛥𝜑)3

−
3𝜑̄4

8(𝛥𝜑)2
+

𝜑̄3

6𝛥𝜑

]

+
[

12𝑅3

ℎ3
− 6𝑅2

ℎ2

]

×
[

−
𝜑̄
𝛥𝜑

+
27𝜑̄
(𝛥𝜑)3

−
9𝜑̄3

2(𝛥𝜑)3
+

9𝜑̄2

2(𝛥𝜑)2

+
27 − cos(𝜑̄)
(𝛥𝜑)3 tan(𝛥𝜑)

−
1 − cos(𝜑̄)
𝛥𝜑 tan(𝛥𝜑)

−
27 sin(𝜑̄)
(𝛥𝜑)3

+
sin(𝜑̄)
𝛥𝜑

]}

.

(106)

Eqs. (32) and (33), i.e. the natural boundary conditions at the right and 
the left impost of the tunnel segment, include the following influence 
functions, 

𝑝,1→𝑅𝐼 (𝜑̄ = 0) = − 27
(𝛥𝜑)3

+ 11
2𝛥𝜑

− 1
tan(𝛥𝜑)

+ 18
(𝛥𝜑)2 tan(𝛥𝜑)

+ 9
(𝛥𝜑)2 sin(𝛥𝜑)

,
(107)

𝑝,2→𝑅𝐼 (𝜑̄ = 0) = 81
(𝛥𝜑)3

− 9
𝛥𝜑

− 45
(𝛥𝜑)2 tan(𝛥𝜑)

− 36
(𝛥𝜑)2 sin(𝛥𝜑)

,
(108)

𝑝,3→𝑅𝐼 (𝜑̄ = 0) = − 81
(𝛥𝜑)3

+ 9
2𝛥𝜑

+ 36 + 45 ,
(109)
(𝛥𝜑)2 tan(𝛥𝜑) (𝛥𝜑)2 sin(𝛥𝜑)

18 
𝑝,4→𝑅𝐼 (𝜑̄ = 0) = 27
(𝛥𝜑)3

− 1
𝛥𝜑

+ 1
sin(𝛥𝜑)

− 9
(𝛥𝜑)2 tan(𝛥𝜑)

− 18
(𝛥𝜑)2 sin(𝛥𝜑)

,
(110)

𝑠,1→𝑅𝐼 (𝜑̄ = 0) = − 18
(𝛥𝜑)2

− 27
(𝛥𝜑)3 tan(𝛥𝜑)

+ 11
2𝛥𝜑 tan(𝛥𝜑)

+ 27
(𝛥𝜑)3 sin(𝛥𝜑)

− 1
sin(𝛥𝜑)

,
(111)

𝑠,4→𝑅𝐼 (𝜑̄ = 0) = 9
(𝛥𝜑)2

+ 27
(𝛥𝜑)3 tan(𝛥𝜑)

− 1
𝛥𝜑 tan(𝛥𝜑)

− 27
(𝛥𝜑)2 sin(𝛥𝜑)

+ 11
2𝛥𝜑 sin(𝛥𝜑)

,
(112)

𝑝,1→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = − 27
(𝛥𝜑)3

+ 1
𝛥𝜑

− 1
sin(𝛥𝜑)

+ 9
(𝛥𝜑)2 tan(𝛥𝜑)

+ 18
(𝛥𝜑)2 sin(𝛥𝜑)

,
(113)

𝑝,2→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = 81
(𝛥𝜑)3

− 9
2𝛥𝜑

− 36
(𝛥𝜑)2 tan(𝛥𝜑)

− 45
(𝛥𝜑)2 sin(𝛥𝜑)

,
(114)

𝑝,3→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = − 81
(𝛥𝜑)3

+ 9
𝛥𝜑

+ 45
(𝛥𝜑)2 tan(𝛥𝜑)

+ 36
(𝛥𝜑)2 sin(𝛥𝜑)

,
(115)

𝑝,4→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = 27
(𝛥𝜑)3

− 11
2𝛥𝜑

+ 1
tan(𝛥𝜑)

− 18
(𝛥𝜑)2 tan(𝛥𝜑)

− 9
(𝛥𝜑)2 sin(𝛥𝜑)

,
(116)

𝑠,1→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = 9
(𝛥𝜑)2

+ 27
(𝛥𝜑)3 tan(𝛥𝜑)

− 1
𝛥𝜑 tan(𝛥𝜑)

− 27
(𝛥𝜑)3 sin(𝛥𝜑)

+ 11
2𝛥𝜑 sin(𝛥𝜑)

,
(117)

𝑠,4→𝐿𝐼 (𝜑̄ = 𝛥𝜑) = − 18
(𝛥𝜑)2

− 27
(𝛥𝜑)3 tan(𝛥𝜑)

+ 11
2𝛥𝜑 tan(𝛥𝜑)

+ 27
(𝛥𝜑)3 sin(𝛥𝜑)

− 1
𝛥𝜑 sin(𝛥𝜑)

.
(118)

Finally, Eqs. (71) and (72) contain the partial derivatives of the 
internal force-related influence functions with respect to the opening 
angle 𝛥𝜑. These derivatives read as 

d𝑅𝐼→𝑓 (𝜑̄)
d𝛥𝜑 =

sin(𝜑̄)
sin2(𝛥𝜑)

, (119)

d𝐿𝐼→𝑓 (𝜑̄)
d𝛥𝜑 = −

sin(𝜑̄)
sin(𝛥𝜑) tan(𝛥𝜑)

, (120)

d𝑝,1→𝑓 (𝜑̄)
d𝛥𝜑 =

81𝜑̄
(𝛥𝜑)4

−
27𝜑̄3

2(𝛥𝜑)4
− 36

(𝛥𝜑)3
+

18𝜑̄2

(𝛥𝜑)3

−
11𝜑̄

2(𝛥𝜑)2
+

36 cos(𝜑̄)
(𝛥𝜑)3

−
36 sin(𝜑̄)

(𝛥𝜑)3 tan(𝛥𝜑)
−

18 sin(𝜑̄)
(𝛥𝜑)3 sin(𝛥𝜑)

−
9 sin(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑) tan(𝛥𝜑)
+

sin(𝜑̄)
sin2(𝛥𝜑)

−
18 sin(𝜑̄)

(𝛥𝜑) sin2(𝛥𝜑)
,

(121)

d𝑝,2→𝑓 (𝜑̄)
d𝛥𝜑 = −

243𝜑̄
(𝛥𝜑)4

+
81𝜑̄3

2(𝛥𝜑)4
+ 90

(𝛥𝜑)3
−

45𝜑̄2

(𝛥𝜑)3

+
9𝜑̄

(𝛥𝜑)2
−

90 cos(𝜑̄)
(𝛥𝜑)3

+
90 sin(𝜑̄)

(𝛥𝜑)3 tan(𝛥𝜑)
+

72 sin(𝜑̄)
(𝛥𝜑)3 sin(𝛥𝜑)

+
36 sin(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑) tan(𝛥𝜑)
+

45 sin(𝜑̄)
(𝛥𝜑)2 sin2(𝛥𝜑)

,

(122)

d𝑝,3→𝑓 (𝜑̄)
d𝛥𝜑 =

243𝜑̄
(𝛥𝜑)4

−
81𝜑̄3

2(𝛥𝜑)4
− 72

(𝛥𝜑)3
+

36𝜑̄2

(𝛥𝜑)3

−
9𝜑̄

2(𝛥𝜑)2
+

72 cos(𝜑̄)
(𝛥𝜑)3

−
72 sin(𝜑̄)

(𝛥𝜑)3 tan(𝛥𝜑)
−

90 sin(𝜑̄)
(𝛥𝜑)3 sin(𝛥𝜑)

−
45 sin(𝜑̄)

−
36 sin(𝜑̄)

,

(123)
(𝛥𝜑)2 sin(𝛥𝜑) tan(𝛥𝜑) (𝛥𝜑)2 sin2(𝛥𝜑)
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Table 2
Radial and circumferential displacement components 𝑢MP𝑖𝑟 , 𝑢MP𝑖𝜑  (in meters) measured at three geodetic reflectors installed within 
cross section MC1452 of Sieberg tunnel; as seen in Fig.  1 of [17].
 Viewing time Measurement point MP1 Measurement point MP2 Measurement point MP3
 𝑢MP1𝑟 𝑢MP1𝜑 𝑢MP2𝑟 𝑢MP2𝜑 𝑢MP3𝑟 𝑢MP3𝜑  
 𝑡0 = 0.000d ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000 ±0.00000  
 𝑡1 = 0.120d −0.00185 +0.00002 −0.00054 +0.00056 −0.00047 −0.00034  
 𝑡2 = 0.252d −0.00387 +0.00004 −0.00112 +0.00118 −0.00102 −0.00073  
 𝑡3 = 0.464d −0.00715 +0.00007 −0.00204 +0.00214 −0.00195 −0.00136  
 𝑡4 = 0.792d −0.01177 +0.00013 −0.00346 +0.00374 −0.00359 −0.00241  
 𝑡5 = 1.264d −0.01621 −0.00010 −0.00490 +0.00521 −0.00505 −0.00385  
 𝑡6 = 1.750d −0.01772 −0.00057 −0.00598 +0.00598 −0.00576 −0.00502  
 𝑡7 = 2.333d −0.01921 −0.00053 −0.00700 +0.00681 −0.00552 −0.00611  
 𝑡8 = 3.500d −0.02053 +0.00047 −0.00818 +0.00796 −0.00435 −0.00706  
 𝑡9 = 4.667d −0.02108 −0.00023 −0.00958 +0.00789 −0.00479 −0.00785  
 𝑡10 = 5.833d −0.02085 −0.00065 −0.00911 +0.00832 −0.00450 −0.00956  
 𝑡11 = 7.000d −0.02076 −0.00089 −0.00975 +0.00814 −0.00479 −0.00828  
 𝑡12 = 8.167d −0.02062 −0.00086 −0.01026 +0.00852 −0.00430 −0.00835  
 𝑡13 = 9.333d −0.02054 −0.00080 −0.01071 +0.00842 −0.00432 −0.00829  
 𝑡14 = 10.50d −0.02057 −0.00077 −0.01110 +0.00843 −0.00438 −0.00818  
 𝑡15 = 11.67d −0.02056 −0.00078 −0.01147 +0.00838 −0.00444 −0.00813  
 𝑡16 = 12.83d −0.02054 −0.00081 −0.01192 +0.00836 −0.00449 −0.00805  
 𝑡17 = 14.00d −0.02052 −0.00086 −0.01222 +0.00836 −0.00452 −0.00800  
 𝑡18 = 15.17d −0.02050 −0.00092 −0.01211 +0.00814 −0.00453 −0.00802  
 𝑡19 = 16.33d −0.02048 −0.00099 −0.01197 +0.00824 −0.00453 −0.00809  
 𝑡20 = 17.50d −0.02047 −0.00105 −0.01178 +0.00816 −0.00450 −0.00813  
 𝑡21 = 18.67d −0.02048 −0.00108 −0.01158 +0.00816 −0.00446 −0.00814  
 𝑡22 = 19.83d −0.02049 −0.00107 −0.01140 +0.00811 −0.00441 −0.00813  
 𝑡23 = 21.00d −0.02050 −0.00104 −0.01122 +0.00809 −0.00437 −0.00818  
d𝑝,4→𝑓 (𝜑̄)
d𝛥𝜑 = −

81𝜑̄
(𝛥𝜑)4

+
27𝜑̄3

2(𝛥𝜑)4
+ 18

(𝛥𝜑)3
−

9𝜑̄2

(𝛥𝜑)3

+
𝜑̄

(𝛥𝜑)2
−

18 cos(𝜑̄)
(𝛥𝜑)3

+
18 sin(𝜑̄)

(𝛥𝜑)3 tan(𝛥𝜑)

+
36 sin(𝜑̄)

(𝛥𝜑)3 sin(𝛥𝜑)
−

sin(𝛥𝜑)
sin(𝛥𝜑) tan(𝛥𝜑)

+
18 sin(𝜑̄)

(𝛥𝜑)2 sin(𝛥𝜑) tan(𝛥𝜑)
+

9 sin(𝜑̄)
(𝛥𝜑)2 sin2(𝛥𝜑)

,

(124)

d𝑠,1→𝑚(𝜑̄)
d𝛥𝜑 =

27𝜑̄4

8(𝛥𝜑)4
−

6𝜑̄3

(𝛥𝜑)3
+

11𝜑̄2

4(𝛥𝜑)2

+
81 sin(𝜑̄)

(𝛥𝜑)4 tan(𝛥𝜑)
−

11 sin(𝜑̄)
2(𝛥𝜑)2 tan(𝛥𝜑)

,
(125)

d𝑠,4→𝑚(𝜑̄)
d𝛥𝜑 = −

27𝜑̄4

8(𝛥𝜑)4
+

3𝜑̄3

(𝛥𝜑)3
−

𝜑̄2

2(𝛥𝜑)2
, (126)

d𝑠,1→𝑓 (𝜑̄)
d𝛥𝜑 = 81

(𝛥𝜑)4
−

81𝜑̄2

2(𝛥𝜑)4
+

36𝜑̄
(𝛥𝜑)3

− 11
2(𝛥𝜑)2

−
81 cos(𝜑̄)
(𝛥𝜑)4

+
81 sin(𝜑̄)

(𝛥𝜑)4 tan(𝛥𝜑)
−

11 sin(𝜑̄)
2(𝛥𝜑)2 tan(𝛥𝜑)

+
11 cos(𝜑̄)
2(𝛥𝜑)2

−
81 sin(𝜑̄)

(𝛥𝜑)4 sin(𝛥𝜑)
+

sin(𝜑̄)
(𝛥𝜑)2 sin(𝛥𝜑)

−
27 sin(𝜑̄)

(𝛥𝜑)3 sin(𝛥𝜑) tan(𝛥𝜑)
+

sin(𝜑̄)
𝛥𝜑 sin(𝛥𝜑) tan(𝛥𝜑)

+
27 sin(𝜑̄)

(𝛥𝜑)3 sin2(𝛥𝜑)
−

11 sin(𝜑̄)
2𝛥𝜑 sin2(𝛥𝜑)

,

(127)

d𝑠,4→𝑓 (𝜑̄)
d𝛥𝜑 = − 81

(𝛥𝜑)4
+

81𝜑̄2
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−
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cos(𝜑̄)
(𝛥𝜑)2

+
81 sin(𝜑̄)

(𝛥𝜑)4 sin(𝛥𝜑)
−

11 sin(𝜑̄)
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+
27 sin(𝜑̄)
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2𝛥𝜑 sin(𝛥𝜑) tan(𝛥𝜑)

−
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3 2
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sin(𝜑̄)

2
.

(128)
(𝛥𝜑) sin (𝛥𝜑) 𝛥𝜑 sin (𝛥𝜑)
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Data availability

All relevant data are given in the paper.
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