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Kurzfassung

Vom Standpunkt der Komplexitédtstheorie geht man davon aus, dass es fiir das Erfiill-
barkeitsproblem der Aussagenlogik (SAT) keinen effizienten Algorithmus gibt. Nichtsde-
stotrotz kénnen moderne Entscheidungsprozeduren fiir SAT Formeln mit Millionen von
Variablen und Klauseln 16sen. Der Erfolg dieser Prozeduren motiviert die Arbeit an Ent-
scheidungsprozeduren fiir stiarkere Logiken, wie abhangigkeitsquantifizierte boolsche For-
meln (DQBF). Aufgrund der effizienten Entscheidungsprozeduren fiir das SAT-Problem
wurden viele verschiedene Probleme mittels einer Kodierung in Aussagenlogik gelost.
Dies umfasst im Speziellen das Problem der Berechnung von kleinen Schaltkreisen.

Eine Entscheidungsprozedur fiir DQBF DQBF erweitern die Aussagenlogik mit
universellen und existenziellen Quantoren iiber Wahrheitswerte. Im Gegensatz zu quantifi-
zierten boolschen Formeln (QBF) werden in DQBF die Abhéngigkeiten von existentiellen
Variablen explizit angegeben und nicht implizit durch die Ordnung der Quantoren be-
stimmt. Wir préasentieren einen neuen Algorithmus fiir das Erfiillbarkeitsproblem von
DQBF, der direkt mit Skolemfunktionen arbeitet. Der Algorithmus nutzt Definitionen
im Sinne der Aussagenlogik, um eindeutig bestimmte Skolemfunktionen zu berechnen.
Des Weiteren nutzt der Algorithmus durch Gegenbeispiele geleitete induktive Synthese
(CEGIS), um die Skolemfunktionen der verbleibenden Variablen zu adaptieren. Dadurch
kann der Algorithmus fiir erfillbare DQBF Skolemfunktionen ohne Mehraufwand bestim-
men. Wir werden zeigen, dass der Algorithmus tatséchlich das Entscheidungsproblem
fiir DQBF 16st. Dieser Algorithmus wurde in einem Programm names PEDANT imple-
mentiert. In einer experimentellen Evaluierung werden wir zeigen, dass PEDANT fiir
Standardbenchmarks mehr Formeln als andere aktuelle Entscheidungsprozeduren 16sen
kann.

Minimierung von Schaltkreisen Es gibt keine effizienten Algorithmen, um kleinst-
mogliche Schaltkreise fiir eine bestimmte boolsche Funktion zu bestimmen. Aus diesem
Grund miissen heuristische Methoden angewandt werden, um kleine Schaltkreise zu
berechnen. Wir schlagen eine neue Methode zum Minimieren von Schaltkreisen vor. Diese
Methode ist eine SAT-basierte lokale Verbesserungsmethode (SLIM). Um einen Schalt-
kreis zu verkleinern, werden iterativ Teilschaltkreise eines gegebenen Schaltkreises durch
kleinstmogliche Schaltkreise ersetzt. Die fiir die Ersetzungen verwendeten Schaltkreise
werden dabei entweder mittels einer SAT- oder einer QBF-Kodierung ermittelt. Hierfiir
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ist es moglich, sowohl Teilschaltkreise mit einem einzelnen Ausgang als auch Schaltkreise
mit mehreren Ausgingen zu betrachten. Um eine moglichsts grofie Freiheit fiir das Auffin-
den einer Ersetzung zu erhalten, werden don’t cares des Teilschaltkreises beriicksichtigt.
Diese Minimierungsmethode wurde in einem Programm namens ESLIM implementiert.
Basierend auf einer experimentellen Evaluierung zeigen wir, dass ESLIM zusammen mit
dem Standardprogramm fiir die Schaltkreissynthese ABC bessere Ergebnisse liefert als
ABC alleine. Schlussendlich zeigen wir auch, dass mit ESLIM viele der aktuell kleinsten
Schaltkreise der EPFL Benchmarkmenge weiter verkleinert werden koénnen.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Abstract

While the propositional satisfiability problem SAT is intractable, from a theoretical
perspective, modern SAT solvers can still handle formulas with millions of variables and
clauses. This success of SAT solving motivates research on decision procedures for even
stronger logics like Dependency Quantified Boolean Formulas (DQBF). To make use of
the capabilities of modern SAT solvers, various different problems have been encoded in
propositional logic. In particular, this includes the problem of finding small circuits.

Deciding DQBF DQBF extend propositional logic by universal and existential quan-
tification over truth values. Unlike to Quantified Boolean Formulas (QBF), in DQBF,
dependencies of existentially quantified variables are explicitly stated and not implicitly
determined by the ordering of quantifiers. We propose a new decision procedure for
DQBF that directly reasons at the level of Skolem functions. The procedure makes use
of propositional definitions to extract uniquely defined Skolem functions and counter-
example guided inductive synthesis (CEGIS) to refine Skolem functions for the remaining
variables. This allows to derive Skolem functions for satisfiable DQBF with no overhead.
We will proof that the proposed algorithm is indeed a decision procedure for DQBF.
Moreover, in an experimental evaluation, we will show that our solver PEDANT that
implements the proposed algorithm, surpassed the performance of state-of-the-art DQBF
solvers on standard benchmarks.

Circuit Minimization Determining provably minimum size circuits computing a given
Boolean function is computationally intractable. For this reason heuristic, methods need
to be considered for obtaining small circuits. We propose a new circuit minimization
approach that belongs to the SAT-based Local Improvement Method (SLIM) framework.
In this approach, we incrementally replace subcircuits of a given circuit by minimum
size replacement circuits. This is achieved by either making use of a QBF or of a SAT
encoding. The presented method allows to consider both single- and multi-output subcir-
cuits. Additionally, it makes use of the full implementational freedom for determining a
replacement circuit by taking don’t cares into account. We implemented this minimization
method in the tool ESLIM. In an experimental evaluation, we show that using ESLIM
together with the state-of-the-art synthesis tool ABC results in significantly smaller
circuits compared to applying ABC alone. Moreover, we used ESLIM to further improve
the current best solutions for the EPFL benchmark set.

X1
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Preface

Deciding satisfiability of propositional logic (SAT) is the prototypical NP-complete
problem [Coo71]. As such, from a theoretical point of view, the SAT problem is considered
to be intractable. Nevertheless, SAT-solvers show ever improving performance [HJS19;
Fro+21], and modern SAT solvers can handle formulas with millions of variables [MLM21].
This motivates research on decision procedures for the satisfiability problem of logics with
an even higher complexity, like Dependency Quantified Boolean Formulas (DQBF) [PR79).
While deciding satisfiability of DQBF is harder than deciding satisfiability of propositional
logic, the higher expressiveness of DQBF might outweigh the slower decision procedures
for practical applications. We will present a new decision procedure for DQBF in Part .

Several applications of DQBF were proposed in recent years. One of the most prominent
applications is partial equivalence checking (PEC) |Git+13b; BCJ14a]. In PEC we are
given a circuit containing unspecified parts and a specification for the circuit. The goal
is to check whether there are implementations for the missing parts such that the circuit
satisfies the specification. If such implementations exist, it is also of interest to find
some implementations. Deciding PEC can be done by encoding the problem into DQBF
and by checking the satisfiability of the encoding. Moreover, implementations for the
unspecified parts can be obtained from a model of the encoding.

Partial equivalence checking can be applied in the integrated circuit engineering change
order (ECO) problem [JKL20|. In ECO an already optimized circuit is given, whose
specification is changed. Now the task is to modify the given circuit such that the new
specification is satisfied. The ECO problem is of practical relevance, as it can for example
be used to fix functional errors in an already optimized circuit design without the need
of computing a new design from scratch. By cutting out subcircuits from the given
implementation, we can make use of PEC in order to check if there are implementations
for the now missing parts of the circuit such that the new specification is satisfied. Of
course, we are not only interested if such implementations exist, but we also want to
obtain some implementations. As discussed above, the missing parts in PEC can be
obtained from a model of a DQBF encoding.

As the given circuit is in general already optimized, we do not want to use any circuit for
realizing the modifications, but we want to use already optimized ones. One metric for
optimizing circuits that can be of interest is the circuit size. This is a motivation for the
second part of this thesis, which is concerned with reducing the size of circuits.

XV
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For computing circuits with a small size the efficiency of modern SAT solvers can be
harnessed |Haa+20; [KPS22]. We propose a new SAT/QBF-based circuit minimization
method that improves circuits by rewriting subcircuits in Part [I. This method allows
handling single-output as well as multi-output subcircuits. Additionally, it exploits the
full implementational freedom of subcircuits by taking don’t cares into account.

Part I Deciding DQBF by Model Extraction Dependency Quantified Boolean
Formulas (DQBF) extend Quantified Boolean Formulas (QBF) by allowing to explicitly
specify the dependencies of existentially quantified variables. Consequently, in general,
DQBF have existential variables with incomparable dependency sets. Deciding satisfiabil-
ity of DQBF is NExpTiME-complete [PARO1]|. As such, it has a higher complexity than
SAT or even the satisfiability problem of Quantified Boolean Formulas (QBF), which is
PSPACE-complete [SM73]. While deciding DQBF is hard, the possibility of explicitly
specifying dependencies allows to concisely encode several problems, which is not possible
with SAT or even QBF. As mentioned earlier, a prominent example for an application of
DQBEF is partial equivalence checking |Git+13b].

In practice encoding problems in DQBF requires efficient procedures for deciding DQBF.
Recent years showed a significant increase in the performance of available solvers. Still
one shortcoming of several solvers is that they only provide yes/no answers but no
certificates. Certificates are useful not just for validating the results of solvers, but models
for satisfiable formulas can be of relevance in practice. As we saw earlier, models can be
used to find implementations of the missing parts in partial equivalence checking.

In this part, we present a new decision procedure for DQBF that is able to generate
certificates for satisfiable DQBF with no overhead. We will first discuss the fundamental
idea of this procedure based on a simplified decision procedure for DQBF in Chapter 3.
Next, in Chapter |4 we will introduce an advanced decision procedure for DQBF that
is based on incrementally refining a candidate model. Finally, in Chapter 5, we will
compare our solver PEDANT, that is based on the proposed decision procedure, with
state-of-the-art DQBF solvers on standard benchmark sets.

Part [II Local Improvement of Circuits The ever-increasing size and complexity
of modern integrated circuits makes both the design and the optimization of circuits a
challenging task, both are unthinkable without some form of automation. Among others,
one task for optimizing circuits is the reduction of a circuit’s size. The increasing prices
of silicon wafers in recent years |Gai2l] indicate that small circuits are of importance in
practice.

Computing a minimum size circuit for a given Boolean function is an NP-complete
problem [ILO20]. This is reflected by the observation that, in practice, finding minimum
size circuits is limited to very small circuits with not many more than 10 fanin-2
gates [KKY09; CMM23]. For this reason, heuristic methods need to be considered. One
approach is to improve a circuit by replacing subcircuits with smaller circuits. Typically,
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this approach is limited to single-output |[Rie+19] subcircuits, or it does not fully capture
the implementational freedom for finding a replacement circuit [KPS22; Lee+18|.

In this part, we will introduce a new method for minimizing circuit sizes that is based
on replacing subcircuits by optimal replacement circuits. This method makes use of
the full implementational freedom of multi-output subcircuits. First, we will discuss
SAT and QBF encodings for computing minimum size circuits in Chapter 9. Next,
we will adapt these encodings for computing minimum size replacement circuits of
subcircuits in Chapter 10, These encodings can then be used for incrementally replacing
subcircuits. This approach for minimizing circuits is implemented in the ESLIM system.
In Chapter 11, we will experimentally evaluate ESLIM on standard benchmarks.

The two parts were written such that they can be read independently. This was not
possible without introducing some redundancies in the preliminaries of the two parts.

Publications This thesis is based on the following publications:

1. Franz-Xaver Reichl, Friedrich Slivovsky, and Stefan Szeider. “Certified DQBF
Solving by Definition Extraction”. In: Theory and Applications of Satisfiability
Testing - SAT 2021 - 24th International Conference, Barcelona, Spain, July 5-9,
2021, Proceedings. Vol. 12831. Lecture Notes in Computer Science. Springer, 2021,
pp- 499-517

2. Franz-Xaver Reichl and Friedrich Slivovsky. “Pedant: A Certifying DQBF Solver”.
In: 25th International Conference on Theory and Applications of Satisfiability
Testing, SAT 2022, August 2-5, 2022, Haifa, Israel. Vol. 236. LIPIcs. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2022, 20:1-20:10

3. Franz-Xaver Reichl, Friedrich Slivovsky, and Stefan Szeider. “Circuit Minimization
with QBF-Based Exact Synthesis”. In: Thirty-Seventh AAAI Conference on
Artificial Intelligence, AAAI 2023, Washington, DC, USA, February 7-14, 2023.
AAAT Press, 2023, pp. 4087-4094

4. Franz-Xaver Reichl, Friedrich Slivovsky, and Stefan Szeider. “eSLIM: Circuit Mini-
mization with SAT Based Local Improvement”. In: 27th International Conference
on Theory and Applications of Satisfiability Testing, SAT 2024, August 21-24, 202/,
Pune, India. Vol. 305. LIPIcs. Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik,
2024, 23:1-23:14 — Runner-up for the best student paper award.

Software The following software was implemented as part of this thesis.

Pedant A model-generating DQBF solver.
Available at: https://github.com/fslivovsky/pedant—-solver

eSLIM A tool for minimizing Circuits applying the SLIM framework.
Available at: https://github.com/fxreichl/eSLIM
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CHAPTER

Introduction — Part 1

The last decades showed tremendous progress in propositional satisfiability (SAT) solv-
ing [HJS19; Fro+21|. This resulted in a growing number of applications of SAT in various
domains, ranging from AI planning [Rin21| over software verification [Kro21] to the exact
synthesis of circuits [KKY09; Haa+20|]. Moreover, efficient SAT solvers were essential for
recent progress in constrained sampling and counting [Mee+16|, two problems with many
applications in artificial intelligence. In these cases, SAT solvers are used to deal with
problems from complexity classes beyond NP. Consequently, propositional encodings grow
super-polynomially in the size of the original instances. For this reason, these problems
are not directly encoded in propositional logic but have to be reduced to a sequence of
SAT instances.

The success of SAT solving on the one hand, and the inability of propositional logic to
succinctly encode problems of interest on the other hand, have prompted the development
of decision procedures for more succinct generalizations of propositional logic such as
Quantified Boolean Formulas (QBF). Deciding QBF is PSPACE-complete [SM73| and
thus believed to be much harder than SAT, but in practice, the benefits of a smaller
encoding may outweigh the disadvantage of slower decision procedures [Fay+17]. A QBF
is true if it has a model, which is a family of Boolean functions (often called Skolem
functions) that satisfy the matrix of the input formula for each assignment of universal
variables. The arguments of each Skolem function are implicitly determined by the
nesting of existential and universal quantifiers.

Going even further, we can generalize QBF to Dependency Quantified Boolean Formulas
(DQBF). DQBF extend QBF by allowing to explicitly state a dependency set for each
existential variable, which is a subset of universal variables allowed as arguments of the
corresponding Skolem function [PARO1; [BCJ14a]. Consequently, unlike in QBF, the
sets of arguments of the Skolem functions may no longer be ordered with respect to set
inclusion. As Skolem functions in DQBF may have incomparable dependency sets, it is

3
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1.

INTRODUCTION — PART I

not necessarily possible to coordinate the Skolem functions for two existential variables.
Consider the DQBF

D = Vul,uQElel(ul), 62(U2).(U1 A UQ) & (61 V 62).

In this formula, we want to find an assignment of e; that only depends on u; and an
assignment of ey that only depends on us, such that at least one existentially quantified
variable is assigned to true if and only if both universally quantified variables are assigned
to true. As the dependency sets are not comparable, the Skolem function for e; may not
“react” to the Skolem function for ey and vice versa. Since the clause e; V es must be
satisfied in case both u; and us are assigned to true, we can assume w.l.o.g. that ey is
assigned to true in this case. But e; must not react to uz. This causes a counterexample,
as ey is also assigned to true, whenever u; is assigned to true and us to false. Therefore,
we cannot find Skolem functions for the formula.

The additional expressiveness provided by the explicit dependency sets comes with a
price: deciding DQBF is NEXpT1ME-complete [PR79; [PARO1]. Thus, it is believed to be
even much harder than QBF. Before, we mentioned that, in practice, it can be beneficial
to use QBF instead of SAT, due to the succinctness of QBF encodings, despite the slower
decision procedures for QBF. Similarly, the expressiveness of DQBF can outweigh its
slower decision procedures.

DQBF have been used for encoding several different problems. The most prominent
one is probably partial equivalence checking (PEC). In PEC, we are given a circuit that
contains unspecified parts. The goal is to check whether there is some implementation of
these parts, such that the entire circuit satisfies a given specification [Git+13b]. DQBF
have also been used for succinctly encoding the existence of Boolean functions subject
to a set of constraints [Rabl7] and for bounded synthesis [Fay+17]. Moreover, the
problem of succinct graph 3-colorability or the problem of checking the existence of
Hamiltonian cycles were reduced to DQBF [Che+22]. Furthermore, DQBF solvers could
be used as backend solvers for other logics in NEXPTIME. This includes Effectively
Propositional Logic (EPR) [Lew80], or certain bit-vector logics for satisfiability modulo
theories (SMT) [KFB16).

Several decision procedures for DQBF have been developed in recent years. Conceptually,
these solvers either reduce to SAT or QBF by instantiating [Fro+14] or eliminating univer-
sal variables |Git+15; Wim+17; |GSW19; [Si¢20], or lift Conflict-Driven Clause Learning
(CDCL) to non-linear quantifier prefixes by imposing additional constraints [FKB12;
TR19].! We believe these methods should be complemented with algorithms that directly
reason at the level of Skolem functions [RS16]. A strong argument in favor of such an
approach is the fact that DQBF instances often have a large fraction of unique Skolem
functions that can be obtained by definition extraction, but the current solving paradigms
have no direct way of exploiting this [S1i20].

! An approach that does not fit this simplified classification is the First-Order solver IPROVER [Kor08].
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As in the case of SAT solvers, it is not always sufficient to “only” obtain a yes/no answer
from a DQBF solver for deciding the satisfiability of a formula. For example, solving
a PEC instance, a yes/no answer only allows to conclude whether an implementation
of the missing parts exists. But in case there is such an implementation, we do not
know how such an implementation looks like. For this reason, it can be beneficial if
DQBF solvers also return Skolem functions for each existentially quantified variable for
satisfiable DQBF—similar to SAT solvers returning satisfying assignments for satisfiable
formulas. In the case of partial equivalence checking, the Skolem functions describe the
input-output relations of each unknown part. While DQBF solvers that can generate
Skolem functions [Wim+16a] exist, most solvers do not compute Skolem functions. Using
decision procedures for DQBF that reason directly at the level of Skolem functions could
thus help to generate Skolem functions with no overhead.

In this part, we describe a new decision procedure for DQBF in the Counter-Example
Guided Inductive Synthesis (CEGIS) paradigm [Sol-+06; SJB0S8; [JS17|. The procedure
follows a dual strategy. To show satisfiability of formulas, it keeps a candidate model for the
considered formula. This candidate is initialized by computing propositional definitions
for existentially quantified variables in terms of their dependency sets. The algorithm then
tries to refine this candidate to obtain an actual model. For this purpose, it incrementally
determines counterexamples for the current candidate. These counterexamples are
then used to refine the candidate, such that the updated candidate does not yield
the same counterexample again in subsequent iterations. If at some point no further
counterexamples can be found, we can conclude that the current candidate is an actual
model, which means that the formula is satisfiable. In this case, the algorithm can return
a Skolem function for each existentially quantified variable with no overhead.

To show unsatisfiability of formulas, the algorithm computes a sequence of clauses. The
literals in these clauses correspond to existentially quantified variables, annotated by
universal assignments of their dependency set. We use a SAT solver to check whether
these clauses are satisfiable or not. In case they are unsatisfiable, it is not possible to
refine the candidate to a model, i.e., the given DQBF is unsatisfiable.

We will show that the proposed algorithm is indeed a decision procedure for DQBF. For
this purpose, we will show that the clauses, used to show unsatisfiability, correspond to
clauses that can be derived by the VExp+Res proof system for DQBF [JM13; Bey+19]. As
this proof system is sound, the unsatisfiability of these clauses shows the unsatisfiability
of the given DQBF.

We implemented the decision procedure in a system named PEDANT. In an experimental
evaluation on standard benchmark sets, PEDANT could solve more instances than other
state-of-the-art DQBF solvers.

Organization of Part I First, we will cover notations and definitions used throughout
this part in Chapter 2. In this chapter, we will also give a brief overview of related work.
Next, we will introduce a two-phase algorithm for deciding DQBF in Chapter 3. This
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INTRODUCTION — PART I

algorithm is not indented for a practical application. Instead, it introduces some key
ideas. In Chapter 4, we describe our main decision procedure for DQBF. In Chapter 5,
we experimentally evaluate our DQBF solver PEDANT, which implements this procedure.
Finally, we conclude this part of the thesis in Chapter 6.

This part is mainly based on our previously published papers on DQBF solving. In
particular, the two-phase algorithm, presented in Chapter |3, was covered in . A
basic form of the CEGIS algorithm, presented in Chapter |4, was first discussed in .
The version of the algorithm, presented in this thesis, is based on the algorithm given
in . We will discuss some parts of the algorithm that have not been covered in
detail before, this in particular includes the conflict minimization. While in an extended
version of we already showed that the algorithms are decision procedures, we
both simplified the arguments and adapted them to the newest version of the CEGIS
algorithm.
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CHAPTER

Background — Part 1

In this chapter, we will introduce terminology and notations used throughout this part
of the thesis. Moreover, we will give a brief overview of related work.

2.1 Basic Concepts

We will denote the set of positive natural numbers by N* and for n € N* we will denote
the set {1,...,n} by [n].

2.1.1 Graphs

In this section, we will briefly introduce concepts and notations from graph theory, used
in this part of the thesis. For a comprehensive introduction to graph theory, we refer the
reader to Diestel’s book [Die00).

A directed graph G is a pair (V, E) s.t. E CV x V. We denote elements of V' as vertices
and elements of F as edges of the graph G. Given a directed graph G, we denote its
vertices by V(G) and its edges by E(G). A directed graph is finite if it has a finite
number of vertices and edges. Throughout this thesis we will only consider finite directed
graphs. Thus, if we talk about graphs we always mean finite directed graphs.

Let G be a graph with vertices v; and vy s.t. G contains the edge (vi,v2). Then we
denote v9 as a successor of v; and vy as a predecessor of vy. Let X C V(G) be a set of
vertices then we define the graph G — X as the graph with vertices V(G) \ X and edges
{(1)1,1)2) S E(G) ‘ V1 §é X, V9 §é X}

A path P in a graph G is a sequence of vertices vy, vy, ..., v, with (v, v;41) € E(G) for
each 0 < ¢ < n. Additionally, for each i € [n], we say that P contains the edge (vi—1,v;).
We say that P connects the vertices vy and v,. If there is a path connecting two vertices
x and y, we say that x is connected to y. The length of a path P is the number of edges

7
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in P. Let P be a path of length £ with £ > 1. The path P is cyclic if vg = vy. A graph is
cyclic if it contains a cyclic path and acyclic if it does not. A graph that is both directed
and acyclic is often referred to as directed acyclic graph (DAG). All graphs considered in
this thesis are DAGs.

Let G be a graph and A, B, S C V(G) sets of vertices. If, for every pair of vertices a,b
with a € A and b € B, and every path P connecting a and b, there is a vertex s € S s.t.
P contains s, then S is a separator for A and B. A separator S for A and B is minimal if,
for every subset S’ C S, the set S’ is not a separator for A and B. A minimum separator
for A and B is a separator S of minimum size.

2.1.2 Flows

For a comprehensive introduction of flows we again refer to Diestel’s book [Die00]
respectively to the book by Cormen et al. |[Cor+09], which also covers algorithms for
max-flow computation.

A flow network F is a tuple (G, s,t,c) where G is a graph (V| E), s,t € V and c is a
function ¢ : V2 — R>p. We call the vertex s the source of F', t the sink of F' and the
function ¢ the capacity of F. For the sake of simplicity we always assume that c(u,v) = 0
if (u,v) ¢ E. Additionally, we assume that there are no vertices v with (v,s) € E or
(t,v) € E. A flow f of F is a function f : V2 — R. The flow f has to satisfy the following
two conditions:

1. For all (u,v) € VZ we have 0 < f(u,v) < c(u,v).

2. For each vertex u € V'\ {s,t} we have }_ oy f(v,u) =3,y f(u,v).

We define | f| as the value Y,y f(s,v). A mazimal flow of F'is a flow f with maximal | f|.
A cut C of the flow network F' is a pair (S,7), s.t., S and T form a partition of V
with s € S and t € T. The capacity ¢(S,T) of a cut (S,T) is given by the value
Y oues 2over c(u,v). A minimum cut is a cut with the smallest possible capacity. The net
flow f(S,T) of a cut (S,T) is given by the value >, ,cg > er f(U,v) =X cs Yover [V, ).
The residual capacity cy of a flow f is a function ¢y : V2 — Rx that is defined as follows.
For edges e = (v, v2) we have cf(vi,v2) = f(e) —c(e) and cf(v2,v1) = f(e). For all other
pairs of vertices ¢y is defined as 0. The residual graph Gy for a flow f is a graph with
vertices V(G) and edges defined as follows: Let vy, va € V(G) then Gy contains the edge
(v1,v2) if ¢f(v1,v2) > 0.

2.1.3 Decision Trees

Throughout this thesis we will only consider decision trees for classifying binary features
with binary classes. Thus, we will only introduce a simplified version of decision trees.

The set of features F' is defined as F' = B"™ for some n € N. A decision tree for F is a
rooted binary tree T" with root T;.. Every leaf vertex ¢ in T is labeled by a boolean value
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2.1. Basic Concepts

class(¢). We refer to class(f) as the class of ¢. Every non-leaf vertex v in T is labeled by
an integer feature(v) € [n], we refer to feature(v) as the feature of v.

For a non-leaf vertex v we denote its left child by left(v) and its right child by right(v).

A decision tree T for B" represents a Boolean function fr : B® — B. For defining fr,
we first introduce a function f’ : V(T') x B® — B. In the following let b € B". For a
non-leaf v we define

f’(v b) _ f’(left(v), b)7 if bfeature(v) =0 .
’ 1/ (right(v),b), otherwise

For a leaf node ¢ we define f'(¢,b) as class(¢). Finally, f(b) is defined as f'(7T),b).

Decision Tree Learning Classical decision tree learning procedures like ID3 [Qui86)
or C4.5 |Qui93] induce a decision tree given a set of samples (i.e., realizations of the
features) which are labeled with a class. For the application of decision trees which we
will consider later, samples are not given a priori, but incrementally generated. Because
of that, we consider Hoeffding trees [DHO0|. Hoeffding trees are incrementally induced
decision trees. Starting from a single root node, the leaves of the tree are periodically
checked for splits. For this purpose, new samples are first sorted into one of the leaves
of the tree. To represent the encountered samples, each leaf is equipped with counters
for each realization of each feature and each possible class. The leaves are then labeled
with the class of the majority of the samples. As soon as sufficiently many samples—a
value n,,;, that is set as a parameter of the tree—were sorted into a leaf, the leaf is
checked for a split. In this case the best two features for a split are selected based on a
heuristic like information gain. If the heuristic evaluation function does not sufficiently
differ between these features no split is introduced and the node is checked again as soon
as Ny new samples arrived. Otherwise, the node is split with respect to the optimal
feature computed before. In the new leaves the counters are initialized by 0, which means
that old samples do not need to be remembered. It was shown that Hoeffding trees
can be asymptotically arbitrarily close to a decision tree learned by traditional batch
learning [DHO0].

2.1.4 Propositional Logic

In this section, we will summarize notations and concepts for propositional logic, and the
propositional satisfiability problem (SAT). For a comprehensive overview of SAT, including
solving techniques, complexity results and applications, we refer to the Handbook of
Satisfiability [Bie+21].

A literal is either a propositional variable or its negation. Given a literal ¢, we denote
the variable in £ by var(¢). A clause is a disjunction of literals and a term a conjunction
of literals. A formula in conjunctive normal form (CNF) is a disjunction of clauses. We
identify formulas in CNF by sets of clauses and both clauses and terms with sets of
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literals. Let C be a clause and ¢ a CNF. We define the set var(C) of variables in C as
{var(¢) | £ € C} and the set var(yp) of variables in ¢ as Uge,, var(C).

We denote the set {0, 1} of boolean values by B. An assignment o of a set of variables V'
is a function V' — B. We denote the domain of an assignment o by dom(c). The set of
all assignments of V is denoted by BY. Let o be an assignment of V then for a set of
variables W with W C V| we define the restriction of o to W as the function oy, that is
defined by ol (x) = o(z) for each x in W. Moreover, for two disjoint sets of variables V'
and W and assignments o1 of V and oo of W, we define the union of o1 and o9 as
o1 Uog: VUW — B such that o1 Uoa(z) = o1(x) for x € V, and o1 U oa2(z) = 02(x)
for x € W. An assignment o can be extended to literals by setting o(—v) = 1 — o(v).
We define the instantiation C|o] of a clause C' by an assignment o as follows. If there
is a literal ¢ € C such that var(¢) € dom(o) and o(¢) = 1 then C[o] = T. Otherwise,
Clo] ={f € C | var(¢) ¢ dom(o)}. We say that o satisfies C if C[o] = T, and we say
that o falsifies C' if C[o] = (0. Similarly, we can define instantiations of terms. We define
the instantiation ¢[o] of a CNF ¢ by an assignment o as follows. If every clause C € ¢
is satisfied by o then o] = T. Otherwise, p[o] = {C[o] | C € ¢,Clo] # T}. We say
that ¢ is satisfied by o if p[o] = T, and we say that ¢ is falsified by o if o falsifies a
clause in . A CNF ¢ is satisfiable if there is an assignment that satisfies ¢, and it is
unsatisfiable if there is no satisfying assignment. Whenever convenient, we identify an
assignment o of a set X with the term {z |z € X,0(z) =1} U{-2 |z € X,0(z) = 0}.
In particular, for an assignment o we identify —¢ with the clause that is the result of
negating the associated term.

While satisfiability of a CNF is witnessed by a satisfying assignment, we can use proposi-
tional resolution to show unsatisfiability. Resolution is a refutational proof system that
allows to derive a sequence of clauses C1,...,C), from a CNF ¢. For each i € [n] the
clause C; is either a clause from ¢ or it is derived by the resolution rule, which is shown

below.
Ch U {U} Cy U {—\’U} .
e (resolution)
If we can derive a sequence of clauses C1,...,C, from ¢, we say that C, is derivable

from ¢. If the empty clause | can be derived from ¢, we call the derivation a refutation.
The resolution proof system is sound and refutationally complete. This means there is a
refutation of a CNF ¢ if and only if ¢ is unsatisfiable.

2.2 Propositional Definitions

In this section, we recall basic definitions/notations for propositional definitions. We
stick to the notation used by Slivovsky [S1i20].

Definition 2.1. Let ¢ be a propositional formula, X C var(y) a set of variables and
x € var(y). Then x is implicitly defined in ¢ by X if o(z) = 7(x) for any satisfying
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assignments o and 7 of ¢ with 0|y = 7|y. A definition for x in ¢ by X is a formula 1)
with var(y) C X such that ¢[o] = o(x) holds for every satisfying assignment o of ¢. If
there is a definition v for = in ¢ by X then x is explicitly defined in ¢ by X.

Remark 2.1. We can see that for any satisfying assignment o of ¢ and any definitions
1 and Py for a variable v in ¢ by X we have ¢1[o] = a[o]. Conversely, for a falsifying
assignment o, we can have Y [o] # e[o]. This in particular means that definitions are
not uniquely determined.

For propositional logic it can be shown that implicit and explicit definability coincide.

Theorem 2.1 (Propositional version of Beth’s theorem). Let ¢ be a propositional formula,
X Cwar(p) a set of variables and x € var(yp). Then x is explicitly defined in ¢ by X iff
it is implicitly defined in ¢ by X.

For a proof of this theorem we refer to . Thus, we just say that a variable x is
defined in ¢ by X if it is implicitly defined. Given a formula ¢ and a variable v € var(y),
let v' denote some new variable. We now define the formula ¢’y as the formula which is
obtained by replacing each v € var(y) \ X by v’. To check whether a variable is defined
we can use the following theorem.

Theorem 2.2 (Padoa’s method). Let ¢ be a formula, x € var(y) and X C var(yp) s.t.
x ¢ X. Then x is defined in ¢ by X iff for each satisfying assignment o of o A ¢y the
assignment o also satisfies —x \V z'.

For a proof of this theorem we again refer to [LMOS§|. As an immediate corollary we get
the following.
Corollary 2.1. Let ¢ be a formula, x € var(p) and X C var(y) s.t. v ¢ X. Then x is
defined in ¢ by X iff o Az Ay A—a' is unsatisfiable.
In order to compute definitions, we first need to recall the definition of an interpolant.
We follow the notation by Slivovsky [S1i20)].
Definition 2.2. Let ¢ and ¥ be two propositional formulas s.t. ¢ A % is unsatisfiable.
Then an interpolant I for ¢ and 1 is formula with the following properties:

e  implies I, i.e., ¢ A I is unsatisfiable.

e I A is unsatisfiable

o wvar(l) C var(yp) Nvar(y)

Slivovsky proved the subsequent theorem that allows to obtain definitions from inter-

polants [S1i20].
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Theorem 2.3. Let ¢ be a propositional formula and X C var(y) a set of variables. A
variable © € var(p) \ X is defined by X in ¢ iff ¢ ANz A @'y A2’ is unsatisfiable, and
every interpolant of ¢ A x and ¢’y N =z’ is a definition for x in ¢ by X.

An approach for computing interpolants from resolution refutations is given in [McMO3].
To compute interpolants in practice, an interpolating version of MINISAT [ES03| bundled
with the EXTAvY model checker [GV14; VGM15| can be used.

2.3 DQBF

Dependency Quantified Boolean Formulas (DQBF) combine QBF with the idea of Henkin
quantifiers, which were introduced for first-order logic [Hen61]. Thus, DQBF extend QBF
by allowing to explicitly state dependencies for existential (universal) variables. This is
in contrast to QBF, where dependencies of a variable are implicitly determined by the
syntactic order of quantifiers. DQBF were first described by Peterson and Reif [PR79].

Syntax We only consider closed DQBF in prenex conjunctive normal form (PCNF).
That is, each DQBF @ has the shape Q.p, where ¢ denotes the matriz of ® and Q the
prefiz of @. The matrix ¢ is a propositional formula in CNF that only consists of variables
contained in the prefix. The prefix has the shape Q = Vuy,...,u,3e1(D1),. .., em(Dp).
We refer to the variables U = {uy,...,u,} as the universal variables of ¢ (vary(®)) and
to the variables E' = {ey,..., e} as the existential variables of & (var3(®)). For each
i € [m] we require that D; C U. We call the set D; the dependencies of e; (Dg(e)). If the
DQBEF is clear from the context we will just use D(e). A Quantified Boolean Formula
(QBF) can be considered as a special form of DQBF, where existential variables can
be linearly ordered according to their dependencies. This means for a QBF @ there is
a linear ordering <3 on warz(®) such that for every existential variables = and y with
x <3y, we have D(z) C D(y).

DQBF of the above shape are also said to be in S-Form |[BCJ14a]. An alternative form
are DQBF in H-Form |[BCJ14a]. These formulas extend Henkin quantifiers by allowing to
explicitly state dependencies of universal variables in terms of existential variables. Thus,
the prefix of a DQBF in H-Form has the shape Q = Je; ..., e,Vui(D1), ..., um(Dp). As
in the case of formulas in S-Form, the prefix contains a set of existential variables F and
a set of universal variables U, but for each i € [m] we require D; C E. Throughout this
thesis we will only consider DQBF in S-Form.

Semantics Let & = Q.9 be a DQBF and let e € wvar3(®). We call a function
fo : BP©) — B a Skolem function for e. Let f = (fe)ecvars(@) be a family of Skolem
functions. For a universal assignment o, we define the existential assignment f(o) by
flo)(e) = felolp()). We will refer to the assignment f(c) as the response of f to o. The
family f is a model if for each universal assignment o the assignment o U f(0) satisfies
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2.3. DQBF

the matrix ¢. A DQBF is said to be satisfiable or true if it has a model. And it is said
to be unsatisfiable or false if it does not.

Deciding DQBF was shown to be NEXPTIME-complete [PR79; [PARO1]|. Recently, it was
FT23

shown that even deciding 3-DQBF' is NEXPTIME-complete | . Since, deciding QBF
is PSPACE-complete , deciding DQBF is harder than deciding QBF—assuming
that NEXPTIME is not contained in PSPACE. Recently some tractable subclasses of
DQBF have been identified [Sch+19; |Gan+20].

Decision Procedures Let P be a procedure that takes a DQBF as input and returns
satisfiable or unsatisfiable. If the procedure P always terminates and yields satisfiable if
and only if the given DQBF is satisfiable then P is decision procedure for DQBF.

Dependency Schemes Dependency schemes allow to remove spurious dependencies
from a DQBF. We follow the definition of dependency schemes used in . For this
purpose, we first introduce a relation <g as follows. Let @ and ¢’ be two DQBF with
the same matrix. Then we have & <g & if varz(®) = varz(®’) and for each e € vars(P)
we have Dg(e) C Dg/(e). We can now define dependency schemes as follows:

Definition 2.3. A dependency scheme is a polynomial-time computable function D that
maps DQBF to DQBF s.t. D(®) <g @ for each formula &.

A dependency scheme D is said to be fully exhibited if @ is satisfiable if and only if D(P)
is satisfiable.

In this thesis we will only consider the reflexive resolution path dependency scheme DEES.
DRES was first introduced for QBF [SS16]. We follow the definition of DR in [BBP20].

Definition 2.4. Let @ = Q. be a DQBF. Then the reflezive resolution path dependency
scheme DR (®) is defined as the DQBF &' = Q'.p, whose prefix is defined as follows.
The prefix Q' contains the same existential and universal variables as Q. Moreover, for
each existential variable e the set Dg(e) is defined as the subset of Dg(e) s.t. for each
u € Dg(e) there must be a sequence of clause C1, ..., C) in the matrix ¢ and a sequence
of existential literals ¢y, ..., ¢r_1 that satisfy the following conditions:

e u € Cyand ~ueCy
o for some j € [k — 1] we have var({;) =e
o for each j € [k — 1] we have ¢; € C;,~¢; € Cj;1 and u € D(var(¢;))

o for each j € [k — 2] we have var(¢;) # var(€j;1)

'A k-DQBF is a DQBF with k existentially quantified variables.
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It can be shown that DRES is fully exhibited [Wim+16b]. This means to check if a
DQBF & is satisfiable, we can always check if D#5(P) is satisfiable instead. Moreover,
a model f of DERY(P) yields a model for &—the Skolem functions in the model for @
only need to have additional unused arguments for each variable removed from the
dependencies.

2.4 Proof Systems for DQBF

While a model shows that a DQBF is satisfiable, unsatisfiability can be shown by
applying proof systems. Different proof systems for DQBF have been proposed. These
in particular include QBF proof systems that have been lifted to DQBF, like DQBF-
Q-Res |[KKF95; BCJ14a], DQBF-QU-Res |Gell2; Bey+19|, DQBF-YExp+Res |[JM13;
Bey+19] and DQBF-IR-calc [BCJ14b; Bey+19|. Throughout this thesis, we will only
consider the DQBF variants of the proof systems, thus we will omit the DQBF prefix
when referring to the proof systems. All of these proof systems are refutational clausal
proof systems. This means that the proof systems consist of sets of rules that allow to
derive a sequence of clauses C1,...,C,. We call such a sequence of clauses a P-derivation
of C),, where P denotes the respective proof system. In these derivations each clause can
be derived from previously derived clauses, or from the DQBF itself. A derivation of
the empty clause | is called a refutation. All proof systems mentioned above are sound,
but only VExp+Res and IR-calc are refutationally complete [BCJ14a; Bey+19]. In this
thesis, we will only consider the expansion based proof systems VExp+Res and IR-calc.
Next we will describe VExp+Res and then IR-calc.

The intuition behind expansion-based proof systems is that we can transform a (D)QBF
to an equisatisfiable propositional formula by instantiating each universal variable both
by 0 and 1 and by conjoining the resulting formulas. This procedure is called expansion.
Unsatisfiability of the original QBF/DQBF can then be shown by resolution on the
expanded formula. For the expansion it is necessary that existential variables are replaced
by new variables for each assignment to its dependencies. Consider the following DQBF:

Vui, ug3er(uy), ea(uz).(e1 V ur) A (e2 Vug) A (ug V ey V —eg).
Expansion yields the following propositional formulas:
el "t A ey A (e vV mey?) A (—e "tV ey ?)

We annotate existential variables with assignments of their dependencies to distinguish
variables for different assignments. By applying propositional resolution, one can now
easily verify that this propositional formula is unsatisfiable. Thus, also the initial (D)QBF
is unsatisfiable.

The above example also shows that not all clauses from the expansion are necessary
for the propositional resolution step (e.g., (me;™* V —e5?) is not part of the refutation).
Instead of expanding all clauses of the matrix and using these clauses for propositional



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.4. Proof Systems for DQBF

(axiom)

{¢°Ipear@) | 0 € C,var(l) € vars(®)}

The axiom rule allows to derive a new clause from ®. Here o denotes a total assignment
of the universal variables that falsifies each universal literal in a clause C from the
matrix. For a variable 7 we call 7 the annotation of x. Note that variables with
different annotations denote different variables.

cCh U {67} CyU {—|BT}
ChluUCsy

(resolution)

The resolution rule applies propositional resolution to derive a new clause from the
clauses C7 U {e"} and Cy U {—e"}. The clauses only consist of annotated existential
literals. This in particular means that e is an existential variable and 7 an assignment

for D(e).

Figure 2.1: The rules of VExp+Res, where @ is the given DQBF.

resolution, we can consider YExp+Res proof system. The rules for VExp+Res are given
in Figure [2.1. The proof system allows to expand any clause C' from the matrix with a
total assignment of the universal variables that falsifies each universal literal in C'. The
resulting clauses can then be used for propositional resolution. Here it is important, that
variables with different annotations are considered as different variables. Thus, resolution
can only be applied if the annotations match. As mentioned above, YExp+Res is sound
and refutationally complete, i.e., the empty clause 1 can be derived if and only if the
given DQBF is unsatisfiable [Bey-+19].

In the VExp+Res system, we always have to instantiate with total assignments. Even for
clauses with few universal literals, total assignments for the universal variables must be
used. By weakening this constraint to partial assignments, we obtain the IR-calc proof
system. The rules for IR-calc are given in Figure [2.2. In IR-calc, we can instantiate

clauses with the smallest possible universal assignment that falsifies all universal literals.

We can then extend the annotations of the existential literals in case this is necessary for

a resolution step. Like VExp+Res, IR-calc is sound and refutationally complete [Bey+19].

We say that a proof system P; p-simulates a proof system P, if every P; proof of

some formula ¢ can be converted to a P» proof of ¢ by a polynomial time procedure.

Additionally, a family F of (DQBF) PCNFs separates P; from P, if F has polynomial size
refutations in P; but not in P, [BB20; |(CR79). It is easy to see that IR-calc p-simulates
VExp+Res. It was shown that there is a family of QBF PCNFs F that separates IR-calc
from VExp+Res [JM15; BB20|. As DQBF-IR-calc, respectively DQBF-VExp+Res extend
their QBF variants, the separation for QBF is carried over to DQBF. This means that
IR-calc can be considered as stronger than YExp-+Res.

15
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(axiom)

{¢°Ip0ar@) | 0 € C,var(l) € vars(®)}

The axiom is similar to the same named rule in VExp+Res. The major difference is
that here o denotes a partial assignment of the universal variables that falsifies each
universal literal in a clause C' from the matrix.

c
{ZTOG|D(1)ar(l)) ’ [T e C’}

(instantiation)

The instantiation rule allows to specialize the annotations in a clause C' by some
universal assignment o

Cru{e™} CyU{—e"}
ChLUCy

(resolution)

Similarly as VExp+Res also IR-calc uses the propositional resolution rule. The difference
is that now annotations are not necessarily total.

Figure 2.2: The rules of IR-calc.

2.5 Solving DQBF

Several decision procedures for DQBF have been developed in recent years. In contrast to
SAT, where CDCL-based solvers play a dominant role [MLM21|, there is a larger variety
of different solving approaches for DQBF. We give a brief overview of some existing
solving techniques for DQBF. For a more detailed discussion of DQBF solving methods,
we refer to the surveys by Scholl and Kovésznai [Kov16; SW18].

¢ One approach to solving DQBF is realized in the DQDPLL procedure. DQDPLL
lifts the DPLL procedure for SAT and for QBF to DQBF. As DPLL assigns variables
one after another, it entails a linear ordering of variables, whereas in a DQBF there
is generally no linear ordering of variables with respect to their dependencies. As a
consequence, DPLL needs to be equipped with additional constraints: it can be
necessary to enforce the same assignment for an existential variable for different
paths in the assignment tree [FKB12|. A solving technique related to DQDPLL
is implemented in the solver DCAQE. DCAQE lifts the idea of clausal abstraction
from QBF to DQBF. The core idea is that each existential (universal) variable is
associated with a propositional formula that indicates which clauses can be satisfied
(falsified) by assigning this variable. The solver uses these formulas to construct an
assignment step by step, where the order is determined by the dependencies. In this
process the formulas associated with each variable are used to obtain assignments for
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2.5. Solving DQBF

the variables. If there is no suitable assignment—every assignment to an existential
variable falsifies the matrix, respectively every assignment to a universal variable
satisfies the matrix—the associated formula gives a reason. This reason can then be
used to jump back to a previously considered variable and to modify its associated
formula [RT15; TR19].

Another approach is to reduce DQBF either to SAT or QBF. The solver 1DQ
instantiates each clause C with a partial universal assignment that falsifies every
universal literal in C. Existential literals for different instantiations are considered
as different. Thus, if the resulting propositional formula is unsatisfiable, then also
the initial DQBF is unsatisfiable. On the other hand, if the propositional formula is
satisfiable, then the initial DQBF is not necessarily satisfiable, as some existential
variables might not be assigned consistently. In that case additional clauses that
further constrain the formula might need to be added [Fro+-14].

While iDQ reduces DQBF to SAT, the solver HQS reduces DQBF to QBF. The
basic idea of HQS is to eliminate universal variables by expanding them to obtain
a QBF. In order to reduce the number of introduced additional existential variables,
this approach is refined by only removing universal variables from individual
dependency sets. These variables are selected such that a smallest possible number
of eliminations suffices to obtain a QBF |Git+15; Wim+17; GSW19]. HQS is a
competitive DQBF solver that won the DQBF track of the QBF Evaluation in
the years 2018 and 2019 [PSS24]. The solver DQBDD builds on the ideas used in

HQS. DQBDD constructs a Binary Decision Diagram (BDD) for a given DQBF.

To do this, quantifiers are pushed into the matrix. Then, a BDD is constructed by
expanding both universal and existential quantifiers [Si¢20; SS21b]. DQBDD is a

competitive solver that won the DQBF track of the QBF Evaluation in 2020 [PSS24].

Besides the solvers presented above, DQBF can also be solved by a translation
to Effectively Propositional Logic (EPR). The satisfiability problem for EPR is
NExpTIME-complete [Lew80|. Thus, there is a polynomial reduction from DQBF
to EPR. After translating a DQBF to EPR, the solver IPROVER [Kor08|] can be
applied, for instance.

Last but not least, we also want to mention MANTHAN a tool for synthesizing

Skolem Functions. MANTHAN first computes satisfying assignments of the matrix.

Then it applies decision tree learning to obtain initial candidate Skolem functions for
each existential variable, from the sampled satisfying assignments. These candidates
are then iteratively refined. While MANTHAN is incomplete, it could still solve
some formulas that could not be handled by any other state of the art DQBF
solver [GRM20; |Gol+21; GRM23].

17
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2.6 Applications of DQBF

While DQBF is not as widely used to solve (practical) problems as SAT or QBF, several
interesting applications were developed in recent years. One of these is Partial Fquivalence
Checking (PEC) |Git+13b} |Git+13a). In PEC, circuits that contain unspecified parts
(black boxes) are considered. For these parts we only know the inputs and the outputs,
but not the implementation. The goal of PEC is to decide whether there is some imple-
mentation of the black boxes such that the resulting circuit satisfies a given specification.
Gitina et al. showed that PEC can be encoded as DQBF. The core idea of
the encoding is to represent the outputs of the black boxes by existentially quantified
variables that only depend on variables representing the inputs of the unspecified part.

Several other applications of DQBF have been proposed. DQBF can be considered to
encode the existential quantification of Boolean functions . Here, the task is
that a formula containing applications of an unspecified function is given. We want to
check whether there is some Boolean function that satisfies the given formula. The core
idea of the DQBF encoding is to represent applications of the function by existentially
quantified variables with disjoint dependency sets. DQBF have also been used for Reactive
Synthesis . Here, a system specification is given in temporal logic. The goal
is to find a transition system that satisfies the given specification. Additionally, Chen
et al. discussed the reduction of further NEXPTIME-complete problems to
DQBF. These reductions include the problem of succinct graph 3-colorability or the
problem of checking the existence of Hamiltonian cycles.

Moreover, DQBF solvers could be used as backend solvers for other logics in NEXPTIME.
This includes the already mentioned logic EPR [Lew80], but also certain bit-vector logics
for satisfiability modulo theories (SMT) [KFB16].
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CHAPTER

A Two-Phase Algorithm

In this section, we will introduce a fairly simple algorithm for deciding DQBF. The
primary purpose of this algorithm is to introduce basic concepts for the main algorithm
which we will introduce in the next chapter. The description given in this chapter is
based on our paper [RSS21].

The algorithm is presented in Algorithm [1. First we will discuss the algorithm step by
step. Then we will show that Algorithm 1) is a decision procedure for DQBF.

Description of the algorithm The main idea of Algorithm [1]is to compute a Skolem
function for each existential variable. To obtain the Skolem functions, propositional
definitions are computed. The algorithm then checks whether the Skolem functions
describe a model.

To realize this idea the algorithm proceeds in two phases. In the first phase (GENERATE-
DEFINITIONS), it computes a definition 7, for each existential variable e. In general,
not every existential variable e has a definition by D(e). To still obtain definitions the
algorithm introduces a set A of auxiliary arbiter variables whose semantics are encoded
in a set ¥4 of arbiter clauses, both of which are empty initially.

For each existential variable e, we now first use Theorem [2.3| to check definability of e
(line |7)—we assume that a procedure SAT, which checks satisfiability of a propositional
formula, is given. If a variable e is not defined then there must be an assignment o
for D(e) such that the assignment of e is not fixed under ¢. This means that there
are satisfying assignments p; and ps of the matrix ¢ with ,01|D(e) = pg\D(e) = ¢ and
p1(e) # pa(e). We can obtain such an assignment o by considering the condition from
Theorem 2.3 (line 8)—we assume that a procedure GETMODEL, which computes a
satisfying assignment for a satisfiable propositional formula, is given. Next, we fix the
assignment for e under o. For this purpose, we introduce an arbiter variable . The
aim of this new variable is to determine the value of the Skolem function for e under

19
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3. A Two-PHASE ALGORITHM

Algorithm 1 Solving DQBF by definition extraction.

1

4
5
6
T
8
9
10:

11:
12:

13:

14

15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

27

28:

29

30:

31

32:

: procedure TWOPHASE(?D)
¥p, 1A < GENERATEDEFINITIONS(®)
return FINDARBITERASSIGNMENT(®, ¥p, ¥ 4)

: procedure GENERATEDEFINITIONS(®)
Up 0, ha <0, A0
for each e € var3(®) do
while not ISDEFINED(e, ¢ A 14, D(e) U A) do
o = GETUNDEFINEDREASON(e, ¢ A ¢4, D(e) U A)| p(e
A+ Au{e’}
g YA N (7 VoV —e)A(—e? V-ooVe)
Ve ¢— GETDEFINITION(e, ¢ A4, D(e) U A)
Yp + ¥Yp A (e 4 )
return ¢p, Y4

: procedure FINDARBITERASSIGNMENT(®, {p, 1 4)
T < Ngea @, blockingClauses < )
loop
if 1SSAT(—p A ¢p A7) then
0 4 GETMODEL(=¢ A YD A T)| 0, (@)
7' <~ GETCORE(p A s Ao, T)|,
blockingClauses < blockingClauses N\ —7'
if 1SSAT(blockingClauses) then
T < GETMODEL (blockingClauses)
else
return UNSATISFIABLE
else
return SATISFIABLE

: procedure ISDEFINED(v, 0, X)
return —ISSAT(d A v A &y A —0')

: procedure GETUNDEFINEDREASON(v, d, X)
return GETMODEL(J A v A & A =)

: procedure GETDEFINITION(v, 6, X)
return GETINTERPOLANT( A v, 8 A —')

20
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o. This means that e shall be assigned to true under o iff €7 is assigned to true. In
subsequent iterations, we include these arbiter variables in the set of variables that can
be used in a definition of e. To enforce the correspondence of the assignments of e and e
we also add the clauses €? V -0 V —e and —e? V -0 V e to subsequent definability checks.
If there are multiple assignments o of D(e) for which the assignment of e is not fixed, we
introduce arbiter variables for all of them. When the inner loop terminates, we know
that e is defined by D(e) U A in ¢ A 4. We can thus obtain a definition by computing
an interpolant (line 11)—for this purpose we assume that a procedure GETINTERPOLANT
is given. The definition is then added to the formula 1 p that contains the definitions for
every existential variable.

In the second phase (FINDARBITERASSIGNMENT) we then want to find an assignment of
the arbiter variables under which the definitions obtained in the first phase are a model.
Starting with an initial assignment 7', we use a SAT solver to check whether the formula
= A Yp consisting of the negated matrix of the input DQBF and the definitions from
the first phase is satisfiable under 7 (line 17). If the formula is unsatisfiable then there is
no universal assignment o that can falsify ¢ under 7 and ¥p. Thus, 7 and ¥p describe
a model for @ and so the algorithm returns SATISFIABLE. If, on the other hand, the
formula is satisfiable, then the matrix can be falsified by some universal assignment o
under 7 and 9 p. This in particular means that ¢ A ¥4 must be unsatisfiable under 7
and o—if the formula would be satisfiable the assignments of the existential variables
would need to adhere to the definitions in ¢ p, but we know that ¢ is falsified under
o, 7 and ¥p. Thus, we can compute a sub-assignment 7’ for 7 such that p A4 Ao
remains unsatisfiable under 7/. But this means that for every arbiter assignment that
contains 7/, we can falsify the matrix. For this reason arbiter assignments used in
subsequent iterations must differ from 7’. This is realized by adding the clause =7’ to a
set of blocking clauses that is empty initially. A new assignment 7 for the arbiter variables
is obtained by a satisfying assignment for the blocking clauses. If the set of blocking
clauses is unsatisfiable, we cannot find a new assignment for the arbiters that differs from
all previous assignments 7/. Thus, for every arbiter assignment 7 the matrix ¢ is falsified
under ¥p A T for some assignment to the universals o. So there cannot be a model and
the DQBF is unsatisfiable.

Proofs Next we will show that Algorithm |1 is a decision procedure for DQBF. For this
purpose, we will first show that the algorithm always terminates. Then, we show that if
the algorithm reports satisfiability of a DQBF @& then & is satisfiable. Finally, we show
that if a DQBF @ is satisfiable then the algorithm reports the satisfiability of @.

Lemma 3.1 (termination). Algorithm 1 terminates.

Proof. The procedure GENERATEDEFINITIONS terminates as there are only finitely many
assignments ¢ and an assignment ¢ cannot be repeated within the inner loop. The proce-

n Algorithm |1 we initialize 7 as the assignment that maps each arbiter variable to true, but we
could use any assignment.
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dure FINDARBITERASSIGNMENT terminates as there are only finitely many assignments
for the arbiter variables A and these are not repeated. O

Theorem 3.1. If Algorithm |1 reports satisfiability of a DQBF @, then @ is satisfiable.

Proof. Let @ be a DQBF s.t. the algorithm reports satisfiability of @. We have to show
that @ is indeed satisfiable. As the algorithm reports satisfiability of & there must
be a formula ¢p and an arbiter assignment 7 s.t. = A ¥p A 7 is unsatisfiable. The
construction of 1p ensures that every assignment o of the universal variables can be
extended to a unique assignment & of all variables that satisfies ¥p A 7. We define for
each existential variable e a Skolem function fe that is given by fe(o|p(.)) = 6(e). We
denote the family of all Skolem functions by f. Now let ¢ be an arbitrary but fixed
assignment of the universal variables. As = A ¢p A T is unsatisfiable, we can conclude
that o U f(o) falsifies ~¢. But this means that o U f(o) satisfies ¢. As o was arbitrary
this means that f is a model for @ and this in turn means that @ is satisfiable. O

Theorem 3.2. If a DQBF @ is satisfiable, then Algorithm |1 reports satisfiability of ®.

Proof. Let @ be a satisfiable DQBF. If @ does not contain any existential variables, then
the satisfiability of @ implies that - is unsatisfiable. Since this implies that Algorithm [1
reports satisfiability of @, in the following we can assume that @ contains at least one
existential variable. As the formula is satisfiable, we know that there is a model f. We
have to show that there is an arbiter assignment 7 s.t. = Awp AT is unsatisfiable. For this
purpose, we define the arbiter assignment 7 by 7(e?) = f.(o). Next let § be an arbitrary
but fixed assignment of the universal, existential and arbiter variables. Moreover, let
e be an arbitrary but fixed existential variable and o = 6], (5). As @ is satisfiable
there must be total assignment p satisfying ¢ with p\wrv(@) = 0. We distinguish between
two cases. Either there is a satisfying assignment u for ¢ with ,u|wrv(¢) = p\vaw@) and
w(e) # p(e) or there is no such assignment. In the first case we introduced the arbiter
variable e?. We also know that for a total assignment J with ¢ |wrv(¢) = o the definition
~e evaluates to d(e?). In the second case we must have p(e) = f.(o)—otherwise f could
clearly not be a model. Moreover, the definition v, must evaluate to f.(o) under any
assignment coinciding with . This allows to conclude that 6(e) = f.(0). As e was
arbitrary this means that & assigns the existential variables according to the response
of f to 0. But this means that & satisfies ¢, thus it falsifies = A ¢¥p A 7. As & was
arbitrary this means that = A ¢p A 7 is unsatisfiable. 0

As an immediate consequence of the above theorems, we can conclude the following
corollary.

Corollary 3.1. Algorithm 1 is a decision procedure for DQBF.
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CHAPTER

Counterexample-Guided
Algorithm

In this chapter, we will introduce another algorithm for solving DQBF'. The algorithm
builds upon the idea of using arbiter variables for fixing the response of Skolem functions
for specific universal assignments (cf. Chapter 3). We will first briefly discuss the
motivation behind the algorithm. Then we will discuss the individual components of
the algorithm step by step. Last but not least, we will show that the algorithm defines
a decision procedure for DQBF. The presentation closely follows our work on DQBF
solving [RSS21; RS22|.

Discounting SAT calls, the running time of Algorithm [1] is essentially determined by
the number of assignments of a dependency set for which the corresponding existential
variable is not defined: it introduces an arbiter variable for each such assignment in the
first phase, and the number of iterations in the second phase is bounded by the number
of arbiter assignments. As a result, even a single existential variable being unconstrained
and having a large dependency set can cause the algorithm to get stuck enumerating
universal assignments. Thus, in practice, Algorithm |1]is too inefficient.

A key insight underlying the success of counter-example guided solvers for QBF |Jan+16;
Janl18; Tenl9] is that it is typically overkill to perform complete expansion of universal
variables. Instead, they incrementally refine Skolem functions by taking into account
universal assignments that pose a problem for the current solution candidate.!

Following this idea, we now present an improved algorithm (Algorithm 2) in the style of
Counter-Example Guided Inductive Synthesis (CEGIS) [JS17].

n these QBF solvers, Skolem functions are typically only indirectly represented by trees of formulas
(abstractions) that encode viable assignments.
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Algorithm 2 CEGIS-based DQBF Solving.

1: procedure PEDANT(®?' = Q'.¢')

2 U < INITIALIZE(®D')

3 A0, 70

4 loop

5: if CHECKCANDIDATE(V) then
6 return SATISFIABLE

7 C,0 < GETCONFLICT(V, T)

8 REFINECANDIDATE(V, A, C, o)
9: if ISSAT(A) then

10: T <~ GETMODEL(A)

11: else

12: return UNSATISFIABLE

4.1 Overview

The underlying idea of Algorithm 2| is to simultaneously refine a family of Skolem
functions ¥—which we call candidate model (or just candidate for short)—and to
compute a sequence of clauses A for a given DQBF. Here, ¥ and A have opposing
purposes: To show satisfiability, we want to construct a model using ¥. On the other
hand, we show unsatisfiability by ensuring the existence of a VExp+Res refutation
using A. Eventually, the algorithm is able to refine ¥ to an actual model or the clauses
in A become unsatisfiable. All clauses in A correspond to clauses that can be derived by
VExp+Res, so this shows unsatisfiability of the given DQBF.

As in Algorithm [1| we want to make use of definitions. For this purpose, we initialize
the candidate Skolem functions for defined variables by their definitions. The remaining
Skolem functions can be initialized to some arbitrary function. Another similarity with
Algorithm |1/ is that we use arbiter variables. These variables have a similar purpose
as before: if it is not immediately clear how to assign an existential under a universal
assignment, we introduce an arbiter variable. The corresponding arbiter clauses are added
to the candidate. This means that the existential response of the candidate depends on
the arbiter assignment 7.

To refine the candidate, we check if the current candidate already serves as a model. If
this is not the case, we compute a reason for the inadequacy of the candidate. This reason
can basically be understood as a universal assignment and a subset of the corresponding
response of the current candidate. We can conclude that no candidate with this response
can serve as a model, so we modify the response by using the obtained reason. To do this,
we consider two different approaches. First, if we can conclude that assigning a single
existential variable differently resolves the problem, we introduce a forcing clause. A
forcing clause can be understood as an implication p = e, where e might depend on each
variable in the premise p. If, on the other hand, we just know that some set of existentials
must be assigned differently, but we don’t yet know how, we introduce arbiter variables.
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4.2. Initialization

Algorithm 3 Initialization of the candidate.

1: procedure INITIALIZE(D)

2: D <+ REDUCEDEPENDENCIESRRS(®)

3: ED <+ cOMPUTEEXTENDEDDEPENDENCIES(®)
4: ¢ <= REDUCEMATRIX(®)

5 U < INITCANDIDATE(®)

6 UPDATEEXTENDEDDEPENDENCIES (V)

7 return ¥

o

: procedure INITCANDIDATE(Q)

9: for each e € vars(®) do

10: if ISDEFINED(e, ¢, ED(e)) then

11: Y% < GETDEFINITION(e, ¢, ED(e))
12: else

13: s 0

14: return CANDIDATE((Y'D)ecvars(a))

15: procedure UPDATEEXTENDEDDEPENDENCIES(Q)

16: for each e € var3(®) do

17: if no definition for e in ¥ then

18: for each definition 97, in ¥ do
19: S < var(y}h)

20: if S C ED(e) then

21: ED(e) < ED(e) U{x}

Based on the reason for the conflict, we then add a clause consisting of arbiter literals
to A. If A is still satisfiable, we can obtain a new assignment for the arbiter variables as
a satisfying assignment for A. This ensures that the new arbiter assignment differs from
previous ones that caused a problem.

This refinement procedure is then repeated until a model is found, or no new arbiter
assignment can be found. If no new arbiter assignment can be found, we know that under
no arbiter assignment the candidate yields a model. We will show that this is a sufficient
condition for the existence of a VExp+Res refutation.

In the subsequent sections we will give a more detailed description of the individual parts
of the algorithm.
4.2 Initialization

In this section, we will describe the individual steps of the initialization phase (Algo-
rithm 3)).
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As mentioned above, the algorithm follows a dual strategy of trying to derive a refutation
on the one hand, and trying to compute a model on the other hand. For these two
subtasks we use slightly different dependency sets. For the first task, we prefer small
dependency sets, as smaller dependency sets yield shorter annotations in the clauses
derivable by VExp+Res. Thus, we apply the reflexive resolution path dependency scheme
to remove spurious dependencies (line 2). We denote the prefix obtained by applying the
dependency scheme by Q and the resulting dependencies by D(e), whereas we denote
the original prefix by Q" and the original dependencies by D’(e). For computing compact
Skolem functions we want to allow that under certain conditions existential variables can
depend on other existential variables. By adding existential variables to the dependencies
of a variable e, we can use their Skolem functions in the definition of the Skolem function
for e without the need of “copying” their definition. For this purpose, we compute for each
existential variable e, the extended dependencies of e denoted by ED(e) (line 3). We first
need some linear order <3 on the existential variables. The particular order does not have
any influence on the description of the algorithm nor on the correctness/completeness
of the algorithm, thus we will not assume a specific order in this chapter.?, To compute
ED(e), we initially set ED(e) to the dependencies in the original formula &% Next, we
add every existential variable z whose dependencies are contained in ED(e) to ED(e). If
two variables e; and ey with e; <3 ey have the same dependencies we add e; to ED(e3).
Overall, the extended dependencies of an existential variable e are defined as follows:

ED(G) = D@(e) U {1‘ € UCLTg((p) ‘ Dy (1‘) C D@/(G) \Y (Dg‘)l (l‘) = D@(e) Nx <3 6)}

One can easily verify that if we can find Skolem functions with respect to the extended
dependencies, we can construct Skolem functions with respect to the original dependencies
by replacing existential variables with their Skolem function.

Next, we apply universal reduction [BCJ14a] to strengthen the clauses in the matrix
(line 4). To define the result of applying universal reduction to ¢, we first describe
universal reduction of a single clause C' € ¢. Let C5 = {¢{ € C | var(¢) € var3(?')}
and Cy = {¢ € C | var(¢) € vary(?')}. Then universal reduction yields the clause
C3U{l € Cy | Jx € C3.var(f) € D(var(x))}. Applying universal reduction to ¢ yields
the formula that is obtained by applying universal reduction to each clause. We denote
the resulting formula by ¢ and the DQBF Q¢ by @. It is easy to see that universal
reduction preserves satisfiability of a DQBF, as universal reduction does not change the
clauses that can be derived with the axiom rule by VExp+Res.

To compute a model, the algorithm refines a candidate model ¥. We represent the
candidate ¥ by a family of tuples (¢4, ¢¥%, V%, w%ef)(eEUarg (#)) together with an arbiter
assignment 7, which is empty initially. Here, 9% either contains the definition, if e is

2In practice, we order the variables according to their occurrence in the prefix.

3We could also start from the reduced dependencies instead. Our initial intention for using the original
dependencies was to keep the set of extended dependencies large to find more forcing clauses. While
using the original dependencies does not necessarily lead to the largest possible extended dependencies,
we saw that using the reduced dependencies instead (slightly) decreases the performance of our solver.
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defined, or 9%, is empty otherwise. If there is a definition, then W(e) is solely defined
by the definitions, and the other entries ¥%, ¥ and Ve are empty. Next, ¢ is the
set of forcing clauses, which we will introduce later. % is the set of arbiter clauses
for e, which are defined similarly as for the two-phase algorithm. Each clause in 9,
respectively 1%, has to contain either e or —e. Thus, such a clause C' can be considered
as an implication p = ¢, where var({) = e and p = {—~z € C' | x # {}. Finally, ¢, is
the default function for e, i.e., a Boolean function with the domain D(e). The default
functions fix the existential assignment in case neither an arbiter nor a forcing clause
entails an assignment for e. Thus, the default functions ensure that the candidate always
corresponds to at most one Boolean function for each existential variable—later we
will see that it is possible that a candidate does not allow any Boolean function for
an existential variable. The default functions are determined by decision tree learning.
This means that whenever we obtain a counterexample to the current candidate, and
we know that the assignment of a single existential variable e needs to be flipped to
repair the counterexample, we first derive the assignment of the dependencies of e in

that counterexample. This assignment is then used as a sample for learning the tree.

The label of the sample is the assignment e should have. In order to iteratively insert
samples into the decision tree, we use Hoeffding decision trees. Whenever a new split
is inserted into this decision tree, we update the default function accordingly. The idea
of using machine learning for guessing Skolem functions is motivated by the success of
using machine learning for Boolean function synthesis in the MANTHAN tool [GRM20;
Gol+21; GRM23].

We initialize the candidate in INITCANDIDATE. Here we first compute definitions for
existential variables by their extended dependencies in . Note that this differs from
Algorithm |1, where we only allow definitions by the dependencies and arbiters. Using
extended dependencies has two advantages. First, we can find more definitions, we
illustrate this in Example |4.1. Second, the computed definitions are often more compact

(cf. [Sli20] where a similar extension of definitions is proposed for finding more definitions).

Example 4.1. Let & = Vu3e;({u}), e2({u})(e1 V—-ea) A(—e1 Ve) A(uVer) be a (D)QBF.
We can see that meither ey nor es is defined by its dependencies. Let ey <3 ey so
that e; € ED(eg). As ey is defined by ey, there is a definition for es by its extended
dependencies.

We can see that in every model of a DQBF, Skolem functions for variables defined by
their extended dependencies must comply with the definitions.

Lemma 4.1. Let @ be a DQBF and e an existential variable that has a definition v by
ED(e) in ¢. If @ is satisfiable then in every model f the Skolem function f. is defined
by fe(o) = Y[o U p|, where p is an assignment of ED(e) N var3(P) that is defined by

p(x) = fa(o]p))-

Proof. Let @ be a satisfiable DQBF and let e and ¥ be as above. Now let f be an
arbitrary but fixed model for . We know that for any assignment o of the universal
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variables the joint assignment o U f(o) satisfies the matrix . From the properties of a
definition, we know that ¢[o U f(0)] = fe(o|p). As ¢ is a definition by ED(e), we can
conclude that fe(o|p)) = ¥[o U p], where p is defined as above. O

Also note that in the above description, definitions are only computed once at the
beginning of the algorithm. This differs from Algorithm |1/and from the CEGIS algorithm
described in [RSS21].* The computed definitions are then used for initializing the
candidate (line 14). In addition, for each existential variable e the sets of forcing and
arbiter clauses are initialized as empty sets. Furthermore, the decision trees representing
the default functions are initialized as trees that only consist of a single root node, which
is labeled by 1| Thus, each initial decision tree represents the function that maps every
input to true.

In the last step of the initialization (line 6), we further extend the extended dependencies
by using the definitions. Let e be a defined existential variable, X’ be the set of defined
existential variables in var(y$)) and X" the set of undefined variables. We can now
recursively define the support of 1%, as the set supp(vh) = U,exr supp(¥h) UUzexr D(x).
Now let Y = D(e) \ supp(¢},). By Lemma 4.1 we know that Skolem functions in models
need to comply with definitions by the extended dependencies. From this we can conclude
that for any assignment o of supp(v%,)) and any two distinct assignments p; and py of Y
we have f.(oc U pi) = fe(o U p2). Thus, the dependencies in Y can be considered as
spurious. So for any existential variable x with supp(¢%) C D(z), we can add e to the
extended dependencies of z. Similarly, for an existential variable z with supp(¢%,)) = D(z)
such that var(y$) C ED(z), we can add e to the extended dependencies of . We do
this even if <3 e, as all existential variables in var(¢{,) are contained in ED(z), which
guarantees that no cyclic dependencies are introduced. Because of Lemma 4.2 it is not
necessary to consider these additional dependencies for the computation of definitions.

Lemma 4.2. Let ¢ be a propositional formula, X andY sets of variables from v, and x
and y variables in ¢ such that x has a definition v by X in ¢. If var(y)) CY then vy is
defined by Y in ¢ if and only if y is defined by Y U {x} in .

Proof. First, we can easily see that if y is defined by Y in ¢, then y is also defined by
Y U{x} in ¢. To prove the other side of the equivalence, we assume that y is defined
by Y U{z}. Let o1 and o2 be two satisfying assignment for ¢ with o1, = 02|y —if we
cannot find such assignments, then y is defined by Y in . As z is defined by a subset
of Y in ¢ this means that o1(z) = o2(z). Since y is defined by Y U {x} this implies that
o1(y) = o2(y). O

“In this thesis, we will only consider the version of the CEGIS algorithm that computes definitions at
the beginning. On the one hand, this makes the algorithm conceptually easier. And on the other hand,
experiments showed that most definitions are found at the beginning and that subsequent definability
checks do not pay off.

®Instead of initializing default functions as the constant true function, also other initialization schemes
can be used. This in particular means, if a decision tree for guessing the assignment of an existential
variable is already available, we can use this tree to initialize the default function of this variable.
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Algorithm 4 Candidate model check.

1: procedure CHECKCANDIDATE(V)

2 if ISSAT(=p A ¥ A7) then

3 return FALSE > The candidate yields a counterexample.
4 else

5: if 1ISCONSISTENT(V, 7) then

6 return TRUE > The candidate is a model.
7 else

8 return FALSE > The candidate is inconsistent under 7.

In an earlier version of the algorithm, we also identified unate existential literals [Aks+18],
in addition to the techniques discussed above. Unate literals generalize pure literals—i.e.,
literals that either only occur positively or only negatively. A variable v is positive unate
if p[v = 0] A ~p[v = 1] is unsatisfiable, it is negative unate if —=p[v = 0] A v = 1]
is unsatisfiable, and it is unate if it is either positive unate or negative unate. If an
existential variable e is positive unate, we can initialize the Skolem function in ¥ for e
as the function that maps each input to true, similarly if e is negative unate we can
initialize the Skolem function as the function that maps each input to false. Due to
the definition of unates one can easily verify that no other Skolem functions need to
be considered for unate variables. To compute the set of all unate variables we first
negate the matrix ¢ then we replace each existential variable e by a new variable ¢/
in ~¢—we denote the resulting formula by —¢’. Additionally, we introduce for every
existential variable e a new variable x. and the constraint z. = (e < €’)—we denote
these equivalence constraints by £. We can then make use of incremental SAT solving to
find all unate existentials. For this purpose, we check for each existential variable e if the
formula @ A =’ A E is unsatisfiable under to different sets of assumptions. First, we use

the assumption X1 = A, 24 A e A€’ and second the assumption Xo = A, 4 AeA—e'.

If the encoding is unsatisfiable under the assumption X; then e is positive unate and if
it is unsatisfiable under X5 then e is negative unate. As in practice computing unates
does not improve the performance of the algorithm, we will not consider them in the
remaining part of this thesis.

4.3 Conflict Extraction

In this section, we will first describe how we can check whether the candidate gives rise to
a conflict. Then we will introduce conflict graphs and show how to use them to represent
conflicts.

4.3.1 Conflict Detection

After initializing a candidate the algorithm iteratively refines the candidate until the
candidate is either a model or it cannot be further refined. For this purpose, we need to be
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able to check whether the candidate is a model. This is achieved by the CHECKCANDIDATE
procedure. We will refer to this check as validity-check. In this method, we first check
whether there is some universal assignment ¢ such that the matrix ¢ is falsified under o
and the existential response of ¥ for o and 7. If the matrix can be falsified in this way,
then the current candidate can not be a model, and we say that there is a counterezample
to W. To perform this check we first represent - A ¥ by a set of clauses and then
determine whether the formula is satisfiable under 7 by using a SAT solver. In the
following, we describe the individual components of the encoding.

Negated matrix We use the Plaisted and Greenbaum encoding [PG86] to represent —p.
While this is a standard technique, we will briefly summarize the idea, as the
representation of = will be of relevance later. Let C,...,C, denote the clauses
in . Then we first introduce a new variable f; for each clause C;. Next, we
represent ¢ by (Ajcn) Avec, (F€V fi)) A Vigpn) —fi- We will identify —p with its
clausal encoding.

Definitions For each definition %, in ¥, we use the Tseitin transformation [Tse83| of
e & Yh.

Forcing clauses As the assignment of an existential variable is determined by a default
function in case the assignment is not entailed by any other rule in the candidate, we
need to be able to check whether an existential variable is entailed by a forcing clause.
For this purpose, we introduce for each forcing clause C = C’' Ve (C = C'V —e),
an activity variable a. This variable shall be assigned to true if and only if every
literal in C” is falsified. Thus, if the assignment of an existential variable is entailed
by a forcing clause, there must be an activity variable that is set to true. In order
to ensure this behavior for each ¢ € C’, we add the clause =¢ V —a§, and the clause
C'V af. If the variable af is assigned to true, then e must be assigned to true
if C = 'V e, and it must be assigned to false if C' = C’ V —e. Thus, we add the
clause ~ag Ve if C' contains e positively and —ag V —e otherwise.

Arbiter clauses Arbiter clauses are represented similarly as forcing clauses. In par-
ticular, for each arbiter clause C' = C’ Ve (C = C'V e), we introduce an activity
variable o, that shall be assigned to true if C’ is falsified.

Default Activity In order to determine whether an existential variable shall be assigned
with respect to its default function, we introduce a new variable d. for each undefined
existential variable e. The variable d. shall be assigned to true if and only if the
default function shall be applied. As mentioned earlier, a default function shall
only determine the assignment for an existential variable e if its assignment is not
yet fixed by a forcing clause or an arbiter clause. This means that we assign d. to
true if there is no activity variable for e that is assigned to true. Let C = ¥% U ¥9.
We require d. < Acce ~ag. For the one side of the equivalence, we can just add
the clause —ag V —d, for each clause C' € C. Next, we have to find a suitable
representation for the clause \/ oo af V de. We cannot directly use this clause as
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Figure 4.1: Clausal representation of default functions.

we would need to add additional literals to this clause for every new forcing/arbiter
clause. But an already introduced clause cannot directly be modified in a SAT
solver. Thus, we first introduce a new variable 0 and another variable ! for each
clause C; € C—the clauses can be sorted chronologically. Then we add the clause
de V t§ and for each clause C; € C we add —t7_; V ag, Vtf. Now let m = |C|. We
can see that if t& is set to be false then for every ¢ € [m] the variable ¢ must
be assigned to false if for each j € [m] with i < j the variable ag, is assigned to
false. Thus, if for every i € [m] the variable af, is assigned to false then d. must
be assigned to true in order to satisfy the clauses. If, on the other hand, some
variable o, is assigned to true, then ¢§ can be assigned to true, which in turn does
not pose a constraint on d.

Default functions As mentioned above, default functions are given by Hoeffding deci-
sion trees. To represent these trees let us denote the set of paths from the root of
the tree to positively labeled leaves by Pt and the set of paths to negatively labeled
leaves by P~. The default function is then represented by introducing, for each
p € Pt a clause Vzep 72V de Ve and for each p € P~ a clause V), ~2 V —de V —e.
By adding —d. to these clauses, they only constrain the assignment of e in case
every activity variable is set to false. We illustrate this in Figure 4.1.

We will denote the above encoding by wvalidity(¥, ¢). Moreover, we will refer to a total
assignment of var(validity(V, )) that satisfies validity(V, ¢) as a conflicting assignment
for W, or conflict for short. We can see that if there is a satisfying assignment ¢ for the
above encoding, then there is a universal assignment o = § |wrv(¢) such that the response
of ¥ under 7 for o falsifies the matrix. As discussed above, this means that ¥ is not a
model.

Assume that the above encoding is unsatisfiable. This does not immediately mean that
the candidate W is a model. It is possible, that for some assignment ¢ to the universal
variables there is no assignment ¢ for the existential variables such that o U § U 7 satisfy
the encoding of W. This means that ¥ does not allow any response under ¢ and 7. In this
case, we say that ¥ is inconsistent. One can easily see that this is only possible if there
are two forcing or arbiter clauses for an existential variable e that both are active, but one
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clause implies e and the other clause implies —e. If ¥ is inconsistent, it can obviously not
represent a model. To check consistency, we apply the method 1ISCONSISTENT. Similarly
to the validity-check, we also make use of a SAT solver for the consistency check. To
construct the SAT-encoding, we use the encoding for ¥ as a starting point. We now want
to check if there is some existential variable e that needs to be assigned both to true and
false according to W. For this purpose, we use a dual rail [Bry+87] modification of the
encoding of W. The core idea of the encoding is to introduce for every existential variable
e two new variables e™ and e~. The intention behind these variables is that e™ shall be
assigned to true if and only if e is forced to be true in ¥ and e~ shall be assigned to true
if e is forced to be false. In the following we will discuss the components of the encoding.

Definitions For each definition ¢, in ¥ we first introduce an auxiliary variable 8.. Next
we introduce the Tseitin transformation of 8. < 1. In this encoding, we replace
each existential literal ¢ with var(¢) = z by 2 if £ = 2 and by 2~ otherwise.’
Moreover, we add clausal representations of et < (3, and e~ < —3,.."

Forcing clauses Let C = C' Ve (C = C'V —e) be a forcing clause. Assume that
C" = {l1,...,0n} and let v; = var(¢;) for i € [m]. Next we introduce for each
i € [m] a literal ¢; that is defined as follows. If v; is a universal variable we set
¢} = ¢;. Otherwise, we define ¢; = v, if £ = v; and we define £, = v if £ = —w;.
Similarly, as for the validity-check we introduce an activity variable ag for C.
The activity variables are constrained by the clauses ¢, V —a§ for i € [m] and
=00V ...V =L,V ag. Note that C can only be active if all literals in C” are falsified.
In case ¢; = v;, the literal is falsified if v; is assigned to false, i.e., v; needs to be
assigned to true. Thus, we define ¢, = v~ instead of ¢; = v™ in this case. Finally,
we add the clause af V eT if C contains e positively and of, V e~ otherwise.

Arbiter clauses Arbiter clauses can be represented analogous to forcing clauses.

Default functions Similarly, as in the encoding used for the validity-check, the activity
variables can be used to introduce a variable d, that is true if and only if the default
function shall be used. Moreover, let P and P~ be defined as before. We now
introduce new variables §; and 6. . The variable J; shall be assigned to true if e
is set to true by the default function and 6. shall be assigned to true if e is set to
false by the default function. For this purpose, we introduce for each p € PT a

5Suppose an existential variable e is defined by the formula x A u, where  is an existential and u a
universal variable. This definition would result in clauses =8, V :thr7 —8e Vu and Be V —u V. Therefore,
if the candidate does not yield an inconsistency for x and x gets assigned to true, then z7 is assigned to
true and =~ is assigned to false. We can see that in this case the clauses ensure that . is assigned to
true if and only if u is assigned to true. Similarly, if z is set to false then =™ is assigned to false and x~
is assigned to true, which means that (. is assigned to false. If there is an inconsistency for x then both
2~ and zT are assigned to true, which means that 8. can be assigned either to true or to false.

"Actually, it is not necessary to introduce et and e~ for defined variables, as a defined variable is
always uniquely determined and can thus not cause an inconsistency. Nevertheless, we decided to use this
representation as it requires fewer distinctions between defined and undefined variables, which should
make the encoding a bit simpler.
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clause V¢, 72V —d. V 6F and for each p € P~ a clause \/,¢, ~2 V =d. V . . Later
we will need the variables ) and d; in order to determine if e was set by a default
function. Finally, we add the clauses =4} V e™ and =4, Ve™.

Enforcing an inconsistency To constrain the variables e and e~ for an undefined
existential e, we proceed as follows: Let C* denote the set of forcing and arbiter
clauses that contain e positively and C~ the corresponding set of clauses that
contain e negatively. We add the clauses —e™ V 3} V \/ceor ac and —e™ V 4, V
Veeo- ac® These clauses ensure that et (e7) is set to false in case neither a
forcing clause nor an arbiter clause nor the default functions set e to true (false).
Finally, we introduce a new variable ¢, for each existential variable and add a
clausal representation of c. < (e* Ae™) and the clause V c,4rq() Ce- The last
constraint ensures that the encoding can only be satisfied if there are two rules in
the current candidate that simultaneously require that some existential variable
needs to be assigned both to true and false.

We will denote the above encoding by consistency(¥). Moreover, we will denote a
total assignment of var(consistency(¥)) that satisfies consistency(¥) as a conflicting
assignment for W, or conflict for short. If the above encoding is satisfiable we can conclude
that we can find a universal assignment ¢ such that ¥ is inconsistent under o and the
arbiter assignment 7. If, on the other hand, the encoding is unsatisfiable, we can conclude
that ¥ is consistent, i.e., ¥ describes a Boolean function for each existential variable.
Thus, ¥ describes a model of &.

4.3.2 Conflict Graphs

If the verification of the candidate fails, i.e., either the validity check or the consistency
check fails, we want to find a reason for the conflict. To do this, we introduce conflict
graphs. These graphs allow to explain why a particular existential variable got a specific
assignment. The presented conflict graphs are closely related to implication graphs for
SAT [SS99; Zha+01].

We will first discuss the construction of conflict graphs for counterexamples. Then we
will consider the very similar construction for inconsistencies.

In a conflict graph, each vertex corresponds either to a universal or an existential literal,
for this reason we will identify literals and vertices.

In the following, let us assume that we found a counterexample, i.e., there is a conflict o
satisfying validity(¥,¢). This means for some i € [n], the assignment o falsifies the
variable f;, and thus it falsifies the clause C; € ¢. We now define the conflict graph C
for o as follows. For each ¢ € C; the graph C shall contain the vertex —¢. We denote these
vertices as the sink vertices of C (sinks(C)). Next, if C contains an existential literal ¢ with

8For the clausal representation, we use a similar idea as for the default activity in the validity-check,
in order to easily extend a clause in a SAT solver.
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Figure 4.2: The figure illustrates the construction of a conflict graph for a DQBF & that contains
universal variables u; and us, existential variables ey, es, €3 and ey, and a clause —e; V es. For
this example we do not care about the exact definition of @. But let us assume that ez is defined
by —us A ey, that {ui,es} € ED(e;) and that D(es) = {uy,u2}. Additionally, there shall be
forcing clauses —u; V —ez V e; and —ey—a forcing clause with an empty premise—and an arbiter
clause ey 7" V =uy V ug V —ey. The arbiter assignment shall assign ey ™ to false. Then an
assignment o with, o(u1) = 1, o(uz2) =0, o(e1) =1, o(e2) =0, o(e3) =1 and o(eq) =0 is a
counterexample. The figure illustrates the corresponding conflict graph. In this illustration the
sink vertices are highlighted in gray and the source vertices are highlighted in blue.

var(¢) = e with a definition 9%, in ¥, then C shall contain for each variable v € var(y%)
a vertex w where w = v if o(v) = 1 and w = —w otherwise. Additionally, we require
that for each such vertex w there is an edge (w, /) in C. If C contains an existential
literal £ with var(¢) = e such that for some forcing clause C for e the activity variable ag,
is assigned to true by o, then C shall contain a vertex —k for each literal k € C'\ {¢}.
Additionally, we require that for each £ € C\ {¢} there is an edge (—k,¢) in C. The
graph C shall not contain any other edges or vertices. We denote the set consisting of
the universal variables and the undefined existential variables without an active forcing
clause as the source vertices of C (sources(C)). We illustrate the construction of a conflict
graph for a counterexample in Figure 4.2.

For the inconsistency check we proceed similarly. We assume that we found an inconsis-
tency, i.e., there is a conflict o satisfying consistency(¥). We know that there must be
some existential variable e such that o satisfies both e™ and e~. The conflict graph C
shall contain the literals e and —e—we will refer to these literals as the sink vertices.
The remaining construction of C is similar to the construction of conflict graphs for
counterexamples. The only difference is that for an active forcing clause we add a vertex
v if the clause contains v™, and we add the vertex —v otherwise.

Remark 4.1. Let £ be a vertex in a conflict graph, X be the set of all vertices with an
outgoing edge to £ and p an assignment that satisfies all literals associated to the vertices
in X. Then the construction of the conflict graph ensures that the candidate enforces the
literal ¢ to be assigned to true under p. If we would also add edges for arbiter clauses and
we would still like to preserve this property then we would need to also introduce vertices
for arbiter literals. Later we will see that the main purpose of a conflict graph is to find



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.4. Conflict Refinement

Algorithm 5 Conflict graph analysis and candidate refinement.

1: procedure REFINECANDIDATE(V, A,C, o)

2 X < GETSOURCEVERTICES(C)

3 if CONTAINSFORCEDLITERAL(X) then

4 ¢ < GETFORCEDLITERAL(X)

5: S < GETSEPARATOR(C, /)

6 S’ < REDUCE(S U {¢})

7 if CONTAINSFORCEDLITERAL(S’) then
8 ADDFORCINGCLAUSE(Y, S')

9 UPDATEDEFAULT (W, S”)

10: else

11: ADDARBITERCLAUSE(V, A, S’ o)
12: else

13: ADDARBITERCLAUSE(¥, A, X, o)

compact forcing clauses. In our experience it is not helpful to allow arbiter literals in
forcing clauses. For this reason we do not want to have arbiter literals in the conflict
graph, and so we do not add any incoming edges for a literal that is entailed by an arbiter
clause.

Remark 4.2. If there is some existential variable e with a forcing clause consisting only
of the literal e or —e, then the corresponding vertex in the conflict graph does not have
an incoming edge, but still it is not a source vertex.

Finally, let o be satisfying assignment of validity(V, ) in case we found a counterexample,

respectively a satisfying assignment of consistency(¥) in case we found an inconsistency.

In the GETCONFLICT procedure we then return a conflict graph C constructed from o
and the projection of o to the universal variables, i.e., J|MTV(¢).

4.4 Conflict Refinement

If CHECKCANDIDATE returns FALSE we know that the candidate W is not a model. In
this case, we use the conflict graph C to refine the candidate ¥ (REFINECANDIDATE). For
the refinement we use two different approaches: we either use forcing clauses or arbiter
clauses. Subsequently, we will first describe the general idea of the refinement. Then we
will discuss the forcing clauses and arbiter clauses. After the discussion of forcing clauses
and arbiter clauses we will give an example that shows why arbiter clauses alone, are not
enough in practice.

To refine the candidate, we first retrieve the source vertices from C (line 2). We denote
the existential literals in sources(C) by X3 and the universal literals by Xy. Now let o be

an arbitrary total assignment of the universal variables that satisfies each literal in Xy.

By the construction of C one can conclude that whenever the existential response by ¥
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satisfies X5 under o we either obtain a counterexample or an inconsistency. Thus, to
refine ¥ we have to modify the Skolem functions for the variables in X5. For this purpose,
we use the already mentioned forcing and arbiter clauses. We introduce forcing clauses
if we can conclude that a particular literal in X5 needs to be assigned differently and
arbiter clauses otherwise.

4.4.1 Forcing Clauses

First, suppose we can find a literal ¢ € source(C) such that, for each other existential
literal j € source(C), we have var(j) € ED(var(¢)). In this case, we call £ a forced literal,
and we want to introduce a forcing clause for var(¢). Throughout this subsection, we
will assume that there is such a source literal £. In the algorithm this is checked by the
method CONTAINSFORCEDLITERAL. Now the idea is that we want to modify ¥ such that
for every assignment satisfying each literal in source(C) \ {¢}, the literal ¢ gets falsified.
This could be realized by adding the clause C' = {—x | € sources(C)} to the set of
forcing clauses of var(¢). But we have to remember that the set for forcing clauses is used
to represent the Skolem function for var(¢), thus, the clause must not contain variables
not included in ED(var(¢)) U {var(¢)}. By the initial condition this is true for every
existential literal, but not necessarily for every universal literal. To fix this we apply
universal reduction on C' to obtain a clause C’. We can then add C’ to the set of forcing
clauses. The intention behind this approach is that ¥ can only ensure the satisfiaction
of C if we ensure that C” is satisfied since the Skolem function cannot depend on any
additional variables from C.

To improve this procedure, we argue that we do not necessarily need to take the source
literals as the forcing clause. Instead, we could also consider a separator S of the source
and sink vertices. This separator shall contain an existential source k, such that for every
existential literal x € S with = # k, we have var(z) € ED(var(k)). The separator then
gives a forcing clause for var(k). We require that k is a source as we do not want to
introduce forcing clauses for non-sources as for these variables we already know how they
must be assigned. Thus forcing clauses for non-sources would introduce inconsistencies.
One can verify that for any edge (¢1,¢2) in the conflict graph, where both ¢; and ¢,
are existential literals, we must have ED(var(¢1)) C ED(var(¢2)). Therefore, for every
existential vertex = in the separator S, and every existential vertex y in the conflict
graph that has a path to x, we know that ED(var(y)) C ED(var(z)). This means that &k
and /—the existential source that contains all the other existential sources in its extended
dependencies—must coincide.

The process of finding a forcing clause to refine a conflict is closely related to learning
clauses from implication graphs [MLM21] to repair conflicts in SAT. Here, the task is
also to find a clause that prevents the current conflict from arising in the future. For
this purpose, a separator of the decision variable and the conflicting literals needs to be
found. Different techniques for finding this separator have been considered [Zha-+01].
Unfortunately, strategies making use of unique implication points (UIPs) cannot be
directly applied to the conflict graphs considered in this thesis as we do not have any
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notion of decision levels—we do not assign variables one by one. Instead, we make use of
minimum size separators. While for SAT the strategy of computing minimum separators
seems to be inefficient [Zha+01], it is a viable approach in our setting. On the one hand,
these separators allow a compact representation of repairs of conflicts. On the other hand,
the relative time needed to compute these separators is much lower for us compared to
SAT—we already have up to two SAT calls for obtaining a conflict. Thus, the relative
overhead of computing minimum size separators might be smaller compared to SAT.

To sum up the above considerations, we want to find a set of vertices S C V(C) with the
following properties.

o S is a separator for sources(C) and sinks(C) in C
o S shall contain the vertex ¢
o For every existential literal x € S with = # ¢ we require var(xz) € ED(var())

e There shall not be any other set of vertices S’ with the above properties and

|5 <15

In order to ensure that the separator contains the forced literal ¢, we want to remove it
from C first and then add it to a separator.

Lemma 4.3. Let G be a graph and A, B C V(G) be sets of vertices and v € A be a
vertex. If S is a minimum separator for A\ {v} and B\ {v} in G —{v} then S’ = SU{v}
is a separator for A and B in G and there is no smaller separator containing v.

Proof. Let S be as above. We can easily verify that S’ = S U {v} is a separator for A
and B in G. Now assume there is a separator S” for A and B in G that contains v
and |S”| < |S’|. We can see that removing v from S” yields a separator for A\ {v} and
B\ {v} in G —{v} that is smaller than S. As S was assumed to be a minimum separator,
this yields a contradiction. O

We can first compute a minimum separator S for sources(C) \ {¢} and sinks(C) \ {¢}
in C — {¢}. Then by the above lemma there is no smaller separator than S U {¢} for
sources(C) and sinks(C) that contains ¢. In order to compute a forcing clause, we also
need to ensure that every existential literal in the separator, different from the forced

literal ¢, is contained in ED(var(¢)). This can be achieved by proceeding as follows.

Let G be a graph and A, B, F C V(G) be sets of vertices. To compute a minimum size
separator for A and B that is disjoint from F', we can first remove the vertices F' from G

and then compute a separator in the obtained graph. We illustrate this in Figure 4.3.

We can show that a minimum size separator in the resulting graph is also a minimum
size separator for A and B, disjoint from F'.

Lemma 4.4. Let G be a graph and A, B,F C V(G) be sets of vertices s.t. ANF = ().
Moreover, for every vertexr f € F and every path P from f to some vertex b € B, the
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Figure 4.3: The figure shows a graph G for which we want to compute a separator of the orange
and the turquoise marked vertices. The separator shall not contain any vertex from the red
marked area. To compute such a minimum separator, we can compute a minimum separator for
the orange and the green marked vertices in G — {v15, v17}.

path P shall be contained in F'. We define X as the set of all vertices v € V(G) \ F, s.t.
there is a vertex f € F with (v, f) € E(G) and f is connected to some b € B. Moreover,
we define Y = (B\ F)U X. If S is a minimum separator for A andY in G — F then S
is also a separator for A and B in G and there is no other separator S" with S'NF = ()
and |S'] < |5].

Proof. First we show that S is a separator for A and B. Let a € A and b € B be arbitrary
but fixed. We have to show that for any path P from a to b, the path P contains a vertex
from S. For this purpose, we need to distinguish between two cases. 1) If b € Y, i.e.,
b € B\ F then we can conclude from the properties of F' that there is no path from a
to b that contains a vertex of F—otherwise b would be contained in F'. Thus, as S is
a separator for A and Y in G — F we can conclude that any path from a to b contains
a vertex from S. 2) Otherwise, if b ¢ Y, i.e., b € BN F then P must contain an edge
(v1,v2) with v1 ¢ F and vy € F. We can see that v; must be contained in Y. As there
cannot be a path from a to v; that contains a vertex from F', we can conclude that S
contains a vertex from each path from a to v;.

Now assume that there is a smaller separator S’ with S’NF = (). We can verify that such
a separator S’ would also be a separator for A and Y in G — F. But this is not possible
as S was assumed to be a minimum separator for A and Y in G — F and |S'| < |S|. O

Now let F be the set of existentials = in C different from ¢ such that var(z) ¢ ED(var(?)).
We can see that if there is a path from an existential literal x1 to another existential
literal zo then we must have ED(var(z1)) € ED(var(xzz)). Thus, if an existential z is
contained in F' then also all its successors in C are contained in F. We illustrate this in
Figure |4.4. In the following we denote the graph C — (F'U {¢}) by G the set of vertices
sources(C) \ {¢£} by A. Moreover, we denote the set Y \ {¢}, where Y is defined as in
Lemma [4.4, by B. As the forced literal ¢ is chosen such that for each existential source
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Figure 4.4: Conflict graph with forced literal ¢. The marked vertices must not be contained in a
separator as var(vy) ¢ ED(var({)), and var(ve) ¢ ED(var({)).

x with x # ¢ we have var(z) € ED(var({)) we also know that AN F = (). This means
that F' fulfills the condition from Lemma 4.4 So to compute a separator that does not
contain any vertex from F' by Lemma |4.4, we can compute a minimum separator for A
and B in G instead. We assume, that for every vertex v in G, there is some vertex a € A
such that there is a path from a to v. Obviously, removing vertices without such a path
has no influence on the separators of the graph.

To compute the separator for A and B in G we first represent G by a flow network N and
then compute the separator from a maximum flow in N. For this purpose, we introduce
a graph G’ which is defined as follows. For every vertex v in G the graph G’ shall contain
two vertices v and v” and there shall be an edge (v/,v”) in G’. We will denote such
an edge as inner edge for v. If G contains an edge (v1,vz) then G’ shall contain the
edge (v{,v}). Additionally, G’ shall contain two new vertices s and ¢. For each a € A,
we require that G’ contains the edge (s,a’) and for each b € B the edge (b”,t). The
capacity ¢ of N shall assign each inner edge to 1 and every other edge to 2. We illustrate
the generation of a flow network in Figure 4.5.

A related approach was considered by Even and Tarjan [ET75]. They used maximum
flows to determine the connectivity (the minimum size of a separator) of undirected
graphs.

Now let f be a maximum flow for N. The maximum flow can for example be computed
by the Boykov Kolmogorov max flow algorithm |[BK04].”| To construct a separator
from the flow f and to show that it has minimum size, we will first introduce a cut
of the flow network N. For this purpose, we define X as the set of all vertices in the

residual graph G; that are reachable from s. Additionally, we define X =V(GE)\X.
By [Cor+-09, Max-flow min-cut theorem| we can conclude that ¢ is not contained in X.

Thus, y = (X, X) is a cut for N. We now want to obtain a minimum separator from this
cut. For this purpose, we first need the following property.

9We use the Boykov Kolmogorov algorithm as in our implementation we use the Boost C++ library
for computing max flows. Among the max flow algorithms implemented in Boost the Boykov Kolmogorov
algorithm yielded the best results.
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Figure 4.5: A reduced conflict graph and its associated flow network. The labels for the edges in
the right graph correspond to the capacities of the edges in the flow network.

Lemma 4.5. Let X and X be as above. Moreover, let e = (x1,22) be an edge in G’ such
that x1 € X and xo € X. Then e is an inner edge.

Proof. In the following let e = (1, z2) be an arbitrary but fixed edge from X to X. First,
we can see that f(e) = c¢(e)—otherwise x2 would be contained in X. Now assume that e
is not an inner edge. There are three possibilities to consider. First, assume 21 = vf
and x5 = v4 for some vertices v{ and v5. We know that the only incoming edge for v{
is the edge ¢/ = (v],v]{). As c(¢’) =1 we know f(¢/) < 1. By the flow preservation
property, we can conclude that f(e) < 1 < ¢(e) = 2. This yields a contradiction as
we must have f(e) = c(e). For the cases 1 = s and x9 = v/, where v’ is some vertex,
respectively 1 = v” and z9 = ¢, where v” is some vertex, we can show a contradiction
analogously. ]

By Lemma 4.5 we know that each edge from X to X can be associated with some vertex v
from G. We can now define S as the set of vertices corresponding to the inner edges
between X and X. It can be easily verified that S is a separator. The construction is
illustrated in Figure [4.6.

Lemma 4.6. The set S is a separator for A and B.

Proof. We assume that S is not a separator. Then there is a path P from some a € A
to some b € B s.t. P contains no vertex from S. From P we can construct a path P’
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Figure 4.6: A reduced conflict graph and an associated residual graph for a maximum flow f.

The flow f assigns each edge of the path s, v}, v, vl v, vh, v v, v{,t and each edge on the
path s, v}, vy, v, v{p,t to 1 and all other edges to 0. This means that for every edge (a,b) with
an upwards direction in the illustration of the residual graph we have f(b,a) = 1. We have
highlighted these edges in blue for easier identification. On the left side a minimum size separator
for {v1, va,v3,v4} and {vs, vg, v10} is marked, whereas on the right side the cut obtained from
the residual graph is marked.

from s to t in G'. As P contains no vertex from S, the path P’ does not contain any
edge e with ¢(e) = f(e). But this means that f is not a maximum flow. O

To show that S has minimum size we need the following property first.
Lemma 4.7. Let X and X be as above. Moreover, let e = (x2,21) be an edge in G’ such

that z1 € X and 2 € X. Then f(e) = 0.

Proof. As x1 € X there is a path from s to 1 in G’f. Now suppose that f(e) # 0. Then
the edge (x1,x2) is contained in G}. But this means that there is a path from s to o
in G}. Thus, we can conclude xo € X, which yields a contradiction. O

An immediate consequence of the above lemma is the following corollary.

Corollary 4.1. The net-flow of x is equal to the capacity of x.
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Proof. As we saw in the proof for Lemma [4.5| we know that for every edge e from X
to X we have f(e) = c(e). By applying Lemma 4.7 we can see that f(x) = c(x) O

To show that there cannot be any separator S” with |S’| < |S|, we want to show that if
there would be such an S’ then there would be a cut whose capacity is smaller than c(y),
which is not possible.

Definition 4.1. Let T be a separator for A and B in G. Then we define the cut
cut(T) = (Y,Y) as follows. For every x € T the set Y shall contain the vertex z”.
Additionally, for every path P in G from x € T to a vertex b € B with PNT = {z}, we
require that for any vertex v different from x in P the vertices v' and v” are contained
in Y. Finally, Y shall contain the vertex ¢. Y shall not contain any other vertices. We
define Y as V(G') \ Y. We can see that s ¢ Y, thus (Y,Y) is a cut of N.

Lemma 4.8. Let T be separator for A and B in G and (Y,Y) = cut(T). Then every
edge e from'Y to'Y is an inner edge.

Proof. We assume the opposite. First, we can see that there cannot be an edge (s,v’)
from Y to Y—the definition of cut(7T') ensures that for every vertex v € A only v” and
not v’ can be contained in Y. So assume there is an edge e = (v{,v}) from Y to Y. Then
there must be some x € T' s.t. there is a path P from x to b € B containing vs but no
vertex from T other than x. From this we can conclude that there is no y € T s.t. there
is a path from y to v;—otherwise v; would be contained in Y. We assume that for every
vertex v in G there is some a € A s.t. @ and v are connected. This means there is some
a € A and b € B such that there is a path from a to b not containing any vertex from 7.
This means that T is not a separator. Last but not least assume that there is an edge
e = (v",t) from Y to Y. Similarly, as before we can conclude that there is no z € T such
that  and v are connected. Thus, we can again find a path from some a € A to some
b € B not containing any vertex from 7. Which yields a contradiction again. O

We can now prove that S has minimum size.

Theorem 4.1. Let S be defined as above. Then S is a separator of minimum size for A
and B.

Proof. By Lemma 4.6| S is a separator for A and B. It remains to be shown that S has
minimum size. Assume the opposite. This means there is a separator S’ for A and B with
|S’| < |S|. By applying Lemma 4.5 we can conclude that ¢(x) = |S| and by Lemma 4.8
c(cut(S") = |5']. From [Cor+09, Corollary 26.4] we know that for any flow f and any
cut C we have |f| = f(C). Additionally, by [Cor+09, Corollary 26.5] we know that for
any flow f and any cut C we have |f| < ¢(C). In Corollary 4.1 we showed that the
capacity of x is equal to its net-flow. All in all, this allows to conclude

[fI < elcut(S)) = |S'] <[S| = c(x) = f(x) = |f]-

But this yields a contradiction. O
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Now assume we found a separator S for the sources and the sinks in the conflict graph
with the properties stated above. Then we can introduce a forcing clause {—z | x € S}
for var(¢). But we can potentially still do better as S might contain literals that are
not needed to derive a conflict. Remember that the conflict graph is constructed for a
single falsified clause, respectively, a single inconsistent literal. Thus, there might be
other falsified clauses / inconsistencies we can make use of.

If we find a separator S, then the formula ¢ A ¥ A S is unsatisfiable/!'%, The construction
of C and S ensure that by assuming S, we replicate the current conflict, thus the formula
is unsatisfiable. If the separator S is based on a counterexample then any assignment
that satisfies S and ¥ will falsify at least one clause in the matrix ¢. If S is based
on an inconsistency then we know that .S is sufficient to enforce the inconsistency, i.e.,
there is at least one existential variable e that has both an active rule for e and —e
under S. This means we can look for a subset S” C S s.t. ¢ A U A S’ is unsatisfiable.
To compute S’ we make use of assumption-based SAT solving [ES03]. More specifically,
we check satisfiability of ¢ A ¥ under the assumption S and compute S’ as the set of
failed assumptions. The used reduction of S is related to the reduction of assignments
presented in [RS04].

We have to distinguish between two cases: First, if S’ contains ¢, we can introduce
a forcing clause as discussed before. Otherwise, we know that there is no reason to
introduce a forcing clause for var(¢), as S’ suffices to obtain a conflict. If S’ contains
another forced literal ¢/, we add a forcing clause for var(¢'). If, on the other hand, S’
contains no such literal, we repair the conflict by using arbiter clauses. We will discuss
arbiter clauses in the next subsection.

4.4.2 Arbiter Clauses

Let us now assume that there is no forced source.'!| This is possible if there is no existential
source or there are at least two existential sources with incomparable dependencies—this
means that the assignment for one variable may not depend on the assignment for the
other one. In the first case, we can conclude that the given DQBF must be unsatisfiable—
no matter how we refine ¥, we cannot repair the conflict. Thus, we add the empty clause
to A.

For the remaining part of this section, we assume the other case. In this case we do not a
priori know how to assign the existential sources. We only know that the variables need
to be assigned differently. To handle this case, we can reuse the idea of arbiter variables,
respectively clauses, presented in Chapter 3. First, we obtain a total assignment o of
the universal variables from the satisfying assignment for wvalidity(¥, ¢), respectively

Here ¥ shall denote the encoding for ¥ used in walidity(¥, ¢). In practice the representation of ¥
used here does not need to contain the definitions, as the definitions follow propositionally from the
matrix. Additionally, the representation does not need to contain arbiter clauses, as we do not require
any assignment for the arbiter variables.

"Reduced separators without a forced literal can be handled analogously.
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Algorithm 6 Add arbiter clause.

1: procedure ADDARBITERCLAUSE(V, A, X, o)

2 5§+ 0

3 for / € X do

4: e < var(?)

5 if Arbiter clauses for e?/2) not yet in ¥ then
6 INSERT(, €7/0() v/ =0 | pey V e)

7 INSERT(W, = 1p() v/ —0|pgey V €)

8: § 6V ~£Ipe
9: ADDCLAUSE(A, 9)

consistency(V, ¢). Then, we introduce for each existential literal ¢ € sources(C) with
var(f) = e the arbiter variable e”12() if we have not yet introduced e!2) before. In case
we introduced a new arbiter variable eU‘D(ff), we also add the clauses 7/p@) v ﬂo’|D(e) V —e

and —e?lp@© v ~0|peey Ve to W

To ensure that the same assignment of the existential sources is not used again, we
introduce a clause 6. We will refer to § as blocking clause. We define § = {—|€U|D(W<f>> |
¢ € sources(C), var(f) € var3(®)}. To prevent the same conflict in subsequent iterations,
we can then add 6 to A. Furthermore, later we will show that at any point of the
execution of the algorithm the arbiter assignment 7 has to satisfy the clauses in A. Thus,
we can be sure that arbiter assignments are not reused. The procedure for introducing
arbiters, respectively blocking clauses is given in Algorithm [6.

To find a new arbiter assignment, 7 we check if A is satisfiable (Algorithm 2| line 9).
If A is satisfiable, then 7 is assigned to some total satisfying assignment of A. As 7
satisfies all blocking clauses, the candidate ¥ will not repeat conflicts under 7. If, on the
other hand A is unsatisfiable, then any arbiter assignment falsifies at least one blocking
clause. Thus, no matter how we refine the candidate, we will not obtain a model. So the
algorithm reports unsatisfiability of the given DQBF.

4.4.3 The Necessity of Using Forcing Clauses

Even if we find a forced literal in the sources of the conflict graph, we could introduce
arbiter variables for the existential sources instead. The resulting algorithm would still
be a decision procedure for DQBF. While the usage of forcing clauses is not necessary
to decide if a DQBF is satisfiable, forcing clauses still have a major impact on the
performance of the algorithm in practice. We illustrate this with the following example.

Example 4.2. Letn € N* and @ = Vuy,...,upde(uy, ..., up) Q. (urVe)A(urV-e)Ay'.
We are not interested in the remaining part of the prefiz Q' nor are we interested in the
remaining part of the matriz ¢'. We just want to assume that e is not defined by its
extended dependencies and no dependency of e can be removed by the DS dependency
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scheme. First, we discuss a (possible) trace of the algorithm with forcing clauses then
one without. Initially, the candidate for e is the function that maps each input to true.
This means, the first counterexample can be given by the term —ui A ... A —uy, A e.
Under this counterexample the clause uy V —e is falsified. We can see that the conflict
graph just consists of two vertices for —u; and e. These vertices are both source and
sink vertices, thus the separator is given by {—ui,e}. We can now derive the forcing
clause —uy V —me—we assume that the separator cannot be further reduced by using failed
assumptions. In the second iteration, we can then get the countererample given by the
term —ui A ... A —uy A —e. Here, the forcing clause introduced before ensures that no
matter how the variables uq, ..., u, are assigned, the variable e needs to be assigned to
false if uy is assigned to false. In this counterezample the clause (uy V e) is falsified.
Due to the forcing clause derived in the last iteration the conflict graph contains an edge
from —uq to —e. This means that there is no existential source literal in the conflict graph.
As discussed before, the algorithm reports unsatisfiability in this case. If we would not
use forcing clauses, we would introduce an arbiter variable e™“t "% and arbiter clauses
e UL TR N g VLV Uy, Ve and —e T T N g VLV uy, Ve for the counterexample
U A ... A —uy Ae. To guarantee a different counterexample in the next iteration, we
would add the blocking clause —e 17U Unlike to the forcing clauses this arbiter
variable does not generalize the universal part of the counterexample. This means for
any assignment for us, ..., u, we can get a countererample that assigns both e and uy
to false. Consequently, we have to consider 2"~! assignments just to fix the candidate’s
response for the clause ui V e.

4.4.4 Default Function Refinement

In case the algorithm finds a forcing clause for an existential variable e the default function
for e is updated by the UPDATEDEFAULTS method. For this purpose, the conflicting
assignment is first restricted to the dependencies of e, we denote the resulting assignment
by 0. We then add ¢ as a sample to the decision tree. If the forcing clause contains e
positively we label the sample with true and otherwise with false. In case the Hoeffding
tree updates the classification of a leaf, respectively it splits a leaf, we need to update
the representation of the default function in subsequent iterations.

We only introduce new samples for the decision tree in case there is a forcing, because
only in this case we know how to label a sample. Remember that if we introduce arbiter
clauses, we do not necessarily how to assign each individual existential variable under an
assignment to the dependencies.

Moreover, we want to point out that the labeled samples we add to the decision tree
cannot be considered as independent (in the statistical sense)—inserting a sample into the
tree might modify the default function, and thus the sample might have an influence on
the conflicts we find in the future. This means that the Hoeffding tree does not converge
to a decision tree learned by batch learn. For us this does not matter, as the purpose of
the decision trees is anyway just to get good guesses for the existential assignment in
case they are not yet fixed.
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We illustrate the influence of using default functions with the following example.

Example 4.3. Let n be some positive integer then consider the DQBF

Vug ... Yuy, 3er(uy, ..., up)Jea(ug, ... uy).
(e1 & XOR(u1,...,up)) A(ur Vug Ve V-oes)A(—up V—ug Ve Ves).

While e1 has a definition ea does not. In this example, we will get a large number of
counterexamples: A lower bound for the number of counterexamples is given by the
number of assignments that assign an even number of universal variables to true, uy
and ug to true and es to false. Fach counterexample gives a forcing clause. Moreover,
we can see that in each counterexample where we have —ea we also have ua, respectively
that in counterezamples with es we have —uq. Thus, after a sufficiently large number of
counterexamples the decision tree learning will introduce a split for uo. We can thus obtain
the default function f(ug,...,uy) = ua. By using this function we can then immediately
show that the formula evaluates to true. Thus, learned default functions can reduce the
number of conflicts.

4.4.5 Proofs

In this section, we will prove that Algorithm 2| is a decision procedure for DQBF. For
this purpose, we will first show that each blocking clause corresponds to a clause that is
derivable from the given DQBF by VExp+Res. We will see that this implies the existence
of a VExp+Res proof in case Algorithm [2|reports unsatisfiability of a DQBF. As VExp+Res
is sound this allows to conclude that whenever the algorithm reports unsatisfiability of a
DQBF the DQBF is indeed unsatisfiable. Next, we will show termination of the algorithm
by making use of the fact that there can only be finitely many arbiter assignments and
counterexamples. Finally, we will show that if the algorithm reports satisfiability then
the candidate describes a model, which means that the DQBF is satisfiable.

Lemma 4.9. Let ¢ be a propositional formula andt =401 N\ ...Nly a term. If p At is
unsatisfiable, then there is a subterm t' C t s.t. —t' can be derived from ¢ by resolution.

Proof. If ¢ is unsatisfiable, then the empty clause can be derived from ¢. So assume
that ¢ is satisfiable. As ¢ At is unsatisfiable there must be a minimal subset ¢’ C ¢
s.t., for each s C ¢’ the formula ¢ A s is satisfiable. Now let ¢’ be the formula that is
obtained from ¢ by removing all clauses subsumed by literals in ¢. We can see that
¢ At is unsatisfiable. As propositional resolution is refutationally complete there must
be a refutation P = C4,...,Cy,, L of o’ At'. W.lo.g. we can assume the resolutions on
literals in ¢’ are considered last. As t’ was assumed to be minimal, P must contain the
clause that is obtained by negating the literals in ¢'. O

Lemma 4.10. Let ¢ be a propositional formula and C a clause that can be derived
from @ by resolution. Moreover, let o be an assignment that does not satisfy C. Then we
can derive a subclause of Clo] from ¢[o].
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4.4. Conflict Refinement

Proof. As C is derivable from ¢, we can see that ¢ A =C is unsatisfiable—resolving C
with the literals in —=C' yields the empty clause. Consequently, for any assignment o that
does not satisfy C' the CNF (¢ A =C')[o] = p[o] A =Clo] is unsatisfiable. By Lemma 4.9
this means that a subclause of C[o] is derivable from ¢[o]. O

Lemma 4.11. Let ¢ and ¥ be propositional formulas such that for each clause C in ¢ a
subclause C' can be derived from ¢ by resolution. Then ¢ is unsatisfiable if and only if
@ AN is unsatisfiable.

Proof. If ¢ is unsatisfiable then obviously also ¢ A % is unsatisfiable. So assume that
© A1 is unsatisfiable. Let 1)’ be the formula consisting of the derivable subclauses of ).
We can see that ¢ A1)’ must be unsatisfiable. Thus, the empty clause can be derived from
this formula be resolution. Since the clauses in ¢’ can be derived from ¢, this refutation
is also a refutation for ¢. Therefore, ¢ is unsatisfiable. O

Lemma 4.12. Let ¢ be a propositional formula, v € var(yp) a variable, vy, a definition
forv in ¢ by a set of variables X C var(yp) and o an assignment of X. Moreover, let vy (o)
denote the literal v if 1y [o] is true and —v otherwise. Then for any assignment o of X,
we can derive a subclause of —o \V vy (o) by resolution.

Proof. Let o be an arbitrary but fixed assignment for X. If ¢ A ¢ is unsatisfiable, then
by Lemma [4.9| the statement of the lemma holds. So assume that ¢ A o is satisfiable.
As 1, is a definition for v, we know that every satisfying assignment has to satisfy the
literal vy (o). Thus, ¢ A o A —wy(0) is unsatisfiable. By Lemma 4.9 this means that we
can derive a subclause of =0 V vy (0). O

As discussed earlier, each vertex in a conflict graph corresponds to a literal. Thus, for
sake of simplicity, we identify sets of vertices with terms consisting of the corresponding
literals.

Lemma 4.13. Suppose Algorithm 2 is applied to a DQBF & = Q.. We denote the
conflict graph in the i iteration by C;, and the set of forcing clauses by 1/1%. Moreover,
let S denote a separator of C;. Then the formula o A% A S is unsatisfiable.

Proof. We proceed by Noetherian induction (cf. [Win96|). In preparation of this we first
define a relation — on separators of C; as follows. Let S and S5 be two separators of C;

then we have S; — Sy if there is a vertex x € Sy s.t. So = (S1\{z})U{y | (y,x) € E(C;)}.

That is Sy can be obtained from S; by replacing x by its predecessors in C;. As the
sets of variables occurring in definitions, respectively forcing clauses, of a variable e
may only contain variables from the extended dependencies of e, we can conclude that
there is no infinite chain for the relation —. Consequently, we can apply Noetherian
induction with respect to —. Now let S be an arbitrary but fixed separator of C;. If
there is no separator T' with T' — S then S consists of the sink vertices of C;. We now
have to consider two cases: Either a counterexample or an inconsistency was found in
the ith iteration. In the first case, we know that there is a clause C in the matrix ¢
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s.t. S = {-z | z € C}. In the second case there is a variable e such that the set of
sink vertices is given by {e, ~e}. Unsatisfiability of the formula follows in both cases.
Now assume there is a separator T' with T — S. This means there is a literal £ in T
that is replaced by its predecessors denoted by the set P for obtaining S. Now there
are two cases. First assume there is a forcing clause with {-p | p € P} U {¢}. From the
induction hypothesis, we know that ¢ A @D% AT is unsatisfiable. We can see that we can
derive the literal ¢ from S and the forcing clause {—p | p € P} U {¢} by resolution. So if
¢ At A S would be satisfiable, then also ¢ A 1% A T would be satisfiable. This means
© At A S is unsatisfiable. Second, assume there is a definition 1. that yields the edges.
We can conclude that e, (P) = £. By Lemma 4.12, we can derive a subclause of ~P V ¢.
If the subclause contains ¢, we can conclude as above that ¢ A ¢4 A S is unsatisfiable.
Otherwise, unsatisfiability directly follows from applying resolution on the term S and
the derived subclause. O

Definition 4.2. Let & = Q.¢ be a DQBF and C a clause with var(C) C var(®). Now
let o be a total assignment to the universal variables in @ that falsifies each universal literal
in C. Then we define the clause C7 as {EUlD(W(‘)) | £ € C,var(¢) € var3(®)}. Similarly,
for a CNF X\ with var(A) C var(®), we define A\? as the CNF {C7 | C € \,Clo] # 1}.

Theorem 4.2. Suppose Algorithm 2 is applied to a DQBF ® = Q.. We denote the
conflict graph in the i iteration by C;. Moreover, let S denote a minimal separator of C;
and 8" C S s.t. p A NS’ is unsatisfiable. Then for every universal assignment o that
satisfies each universal literal in S’, we can derive a subclause of (—S’)? by VExp+Res

from ®.

Proof. First, due to Lemma 4.13 the set S’ is well-defined for each iteration i. We now
show by induction that for each universal assignment ¢ that satisfies each universal literal
in S, we can derive a subclause of (=S)[o] by resolution from ¢[o]. Initially the set of
forcing clauses w}} is empty. Thus, o A S’ is unsatisfiable. By Lemma 4.9, we can derive a
subclause of =S’ from ¢ by resolution, and so by Lemma 4.10 we can derive a subclause
of =5’[o]. Now suppose i = n for some n € N* and the proposition holds for each j < n.
First, we see that by the induction hypothesis we can conclude that for each forcing
clause C' € 9% that is not satisfied by o, a subclause of C[o] can be derived by resolution
from o], since forcing clauses correspond to separators from previous iterations. We
denote the set consisting of these forcing clauses by e As o A 0 » NS is unsatisfiable
also (¢ A g A S')[o] is unsatisfiable. By Lemma 4.11, we can conclude that (¢ A S')[o]
is unsatisfiable. But by Lemma 4.9 this means that we can derive a subclause of =5’[0]
from ¢[o]. This shows that in every iteration we can derive a subclause of (—5’)[o]
from @[o]. As a consequence of this we can derive (—=5")? from @ by VExp+Res. O

Corollary 4.2. Let aJ' V...V aZ" be a clause that is added to the set of blocking clauses
in the i iteration of the algorithm for the DQBF &, where for each j € [n] the literal a?j
corresponds to the ewxistential variable e;. Let £; be e; if a;j occurs positively in the clause
and —e; otherwise. Then we can derive a subclause of (7' V...V £5" by Y Ezp+Res from P.
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Proof. If we add an arbiter clause for existential literals ¢1, ..., £, at the i'" iteration,
then there is a separator of C; that contains {—¢1,...,—¢,} as a subset. Let o be a total
universal assignment s.t. for each j € [n] we have o; = 0| D(var(t;))" We can see that
the construction of Algorithm [2| guarantees that such an assignment exists. There must
be a universal assignment o’ contained in o s.t. the separator contains o’. Next, by
Theorem 4.2 we can conclude that a subclause of £7* V...V £7" is derivable by VExp-+Res
from . O

Corollary 4.3. If Algorithm |2 reports unsatisfiability of a DQBF @, then @ is unsatisfi-
able.

Proof. If Algorithm [2 reports that the given DQBF is unsatisfiable, then the set of
blocking clauses must be unsatisfiable at some iteration i. By Corollary 4.2, we know
that for each blocking clause a corresponding clause can be derived by VExp+Res. As
a consequence there is a VExp+Res refutation for @. As VExp+Res is sound, we can
conclude that @ is unsatisfiable. O

Theorem 4.3 (termination). Algorithm 2 terminates.

Proof. We can see that all subprocedures terminate, thus it remains to show that the
main loop terminates. Moreover, we can see that there can only be finitely many different
arbiter variables and thus there is only a finite number of arbiter assignment. If we add
a blocking clause to A, we can be sure that arbiter assignments in subsequent iterations
differ from the current one. Thus, it is not possible that infinitely many blocking clauses
are added to A. The only case, which remains to consider is that for some arbiter
assignment 7 infinitely many forcing clauses are introduced. First, we can see that
if we introduce a forcing clause for a counterexample, then we cannot get the same
counterexample again—the sources of the conflict graph must be assigned differently.
Similarly, we cannot get the same inconsistency again. As there are only finitely many
counterexamples, respectively inconsistencies, only finitely many forcing clauses can
be introduced for one arbiter assignment. All in all, this means that the main loop
terminates and thus the algorithm itself terminates. O

Theorem 4.4. If Algorithm |2 reports satisfiability of a DQBF @, then & is satisfiable.

Proof. If Algorithm 2| concludes that @ is satisfiable, then at some iteration ¢ the formula
= Ap A @b% A 1/134 A w%ef is unsatisfiable. We also know that ¥p A ¢’j} A 1/)?;1 A WDef is
consistent, i.e., for each universal assignment o, there is an existential assignment v, s.t.
oU~, satisfies the ¢p /\wj'm/\wfél/\w})ef. We can see that by the construction of Algorithm 2
there is a unique assignment -, for each . Next, let e be an existential variable and ¢ an
arbitrary total universal assignment. We can define a Skolem function f. : D(e) — B as
fe(0) = 75(€). Now suppose the family f of Skolem functions (fe)eeyars(@) is not a model

of @. Consequently, there is a universal assignment o s.t. 0 U f(o) falsifies the matrix.

But this means there is an assignment of var(®) that satisfies —p Ap A bk Ay A @Z&)ef,
a contradiction. Thus, f is a model and therefore @ is satisfiable. O
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4. COUNTEREXAMPLE-GUIDED ALGORITHM
Corollary 4.4. Algorithm |2 is a decision procedure for DQBF.
Proof. Follows by Corollary [4.3, Theorem 4.3| and Theorem 4.4l O
This shows that Algorithm |2 can indeed be used for determining if a DQBF is satisfiable
or not.
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CHAPTER

Experiments — Part 1

In this chapter, we will experimentally compare an implementation of the CEGIS
algorithm, presented in Chapter 4 (Algorithm 2), with state-of-the-art DQBF solvers.

5.1 Implementation

We implemented Algorithm 2| as described in Chapter 4] in a program called PEDANT.
PEDANT is implemented in C++ and it is publicly available.!| PEDANT internally uses
the following tools and libraries.

o For the computation of definitions we use a subroutine from the QBF preprocessor
UNIQUE [Sli20] that in turn relies on an interpolating version of MINISAT [ES03|
bundled with the EXTAvY model checker [GV14; VGM15|.

e All remaining SAT checks from Chapter |4 are realized by applying the SAT solver
CADICAL [Bie+20].2

« For computing separators of conflict graphs, we use the BoosT library/®

e To learn the Hoeffding decision trees, which represent the default functions, we use
MLPACK |Cur+23].*

o For generating AIG certificates for satisfiable DQBF, we use the AIGER library [Bie(7}
BHW11].°

! Available at: https://github.com/fslivovsky/pedant-solver

*We also tested CRYPTOMINISAT [SNC09| and GLUCOSE [AS09]. But overall CADICAL performed
(slightly) better than the other solvers. As we make use of incremental SAT solving, we did not consider
the solver KIssaT |[BF22].

8 Available at: http://www.boost .org/

4Available at: https://www.mlpack.org/

5Available at: https://github.com/arminbiere/aiger
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5.2 Experimental Evaluation

In this section, we will compare PEDANT with state-of-the-art DQBF solvers on standard
benchmark sets. More specifically, we chose the solvers DQBDD [Si¢20], HQS |Git+15],
IPROVER [Kor08|, IDQ [Fro+14] and DCAQE [TR19]. We did not consider the Boolean
function synthesizer MANTHAN [GRM23|, as it is not a decision procedure for DQBF. In
addition to these solvers, we also considered the DQBF preprocessor HQSPRE [WSB19].
We used the following configurations of the aforementioned solvers.

Pedant PEDANT with enabled model logging (—--aig).

PedantHQ PEDANT together with HQSPRE. For preprocessing we first applied
HQSPRE® to a given formula. If HQSPRE was able to solve the formula, we
returned its result. Otherwise, we applied PEDANT to the preprocessed formula.
Here we used PEDANT with its default configuration.

DQBDD DQBDD with its default configuration. As DQBDD applies HQSPRE
internally, we did not explicitly apply HQSPRE.

HQS HQS with its default configuration. HQS applies HQSPRE internally. Thus, we
did not explicitly apply HQSPRE.

iProver IPROVER with enabled QBF mode (-—gbf_mode true). When used in QBF
mode IPROVER also accepts DQBF. IPROVER was used together with HQSPRE
with default options for preprocessing.

iDQ 1DQ with its default configuration. IDQ was used together with HQSPRE with
default options for preprocessing.

dCAQE pDCAQE with its default configuration. DCAQE was used together with
HQSPRE with default options for preprocessing.

We also applied the solvers IPROVER, IDQ and DCAQE without preprocessing, but since
all the three mentioned solvers benefit from using HQSPRE, in the following we only
consider the configurations with preprocessing.

To evaluate the solvers we considered two benchmark sets. First, we used the benchmarks
from the QBF Gallery 2023 [PSH23]—we denote these benchmark as QBF23 benchmarks.
Second, we used a benchmark set which has been considered in previous work on
HQS [GSW19]/"| These benchmarks consist of encodings of partial equivalence checking
[SBO1; Fro+14; (Git+13b; |[FT14] and controller synthesis [BKS14], as well as succinct
DQBF representations of propositional satisfiability [BCJ14a]. We denote this set of
instances as the Compound benchmarks.

SWith the options ——resolution 1 --univ_exp 0 —--substitute 0 --preserve_gate 1
"Available at: http://abs.informatik.uni—-freiburg.de/src/projectfiles/21/DOBFB
enchmarks.zip
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5.2. Experimental Evaluation

All experiments were conducted on a cluster with AMD EPYC 7402 processors at 2.8 GHz
running 64-bit Linux. Moreover, the presented results are based on single runs with a
time and memory limit of 1800 seconds and 8 GB, respectively, which were enforced
using RUNSOLVER |[Roull|. For each configuration that applies HQSPRE we used a
timeout of 180 seconds for HQSPRE. The time used for preprocessing is included in the
total running time.

We first compare the number of solved instances and the PAR2 scores® of the afore-
mentioned configurations for the QBF23 benchmarks. The results are summarized in
Table 5.1. We compare our solver PEDANT with the configurations PEDANTHQ, DQBDD
and HQS in Table 5.1a and with the remaining configurations in Table 5.1b."

The results show that overall PEDANT clearly outperformed the other considered configu-
rations, both in terms of solved instances and in PAR2 scores. Only for the “Balabanov”
family 1DQ could solve one more formula, respectively for the “Tentrup” family PEDANT
used together with HQSPRE could solve two more formulas. The results in particular
also show that unlike to IPROVER, IDQ and DCAQE, our solver PEDANT did not benefit
from preprocessing with HQSPRE.

Next, we compare the performance of the solvers for the Compound instances. The
results are given in Table 5.2.1% While, PEDANT could still solve more instances than any
other configuration, the difference to PEDANTHQ and DQBDD is now much smaller. In
particular, it is no longer clear if enabling preprocessing for PEDANT is disadvantageous—
by applying HQSPRE the instances from both the “Biere” and the “Finkbeiner” family
could be solved faster on average, while in total only five instances less could be solved.

In addition to the tables presented above, we also visualized the performance of the
configurations for both benchmark sets with cactus plots in Figure [5.1. We can see that
for the QBF23 instances PEDANT could clearly outperform all other considered solvers in
terms of solved instances. For the Compound instances, both PEDANT and DQBDD
show a comparable performance, whereas PEDANT could clearly solve more instances
than any of the remaining configurations.

To compare runtimes of the solvers, we give scatter plots that compare PEDANT and
DQBDD (Figure 5.2)), PEDANT and HQS (Figure 5.3), and PEDANT and PEDANTHQ
(Figure 5.4).

For the PEDANT configuration, we computed certificates for each satisfiable instance.
Certificates are given by And-Inverter Graphs (AIGs) representing the final candidates

8The Penalized Average Runtime (PAR) is the average runtime, with the time for each unsolved
instance calculated as a constant multiple of the timeout.

9For two instances DCAQE reported their satisfiability, whereas both PEDANT configurations and
HQS reported their unsatisfiability. While neither PEDANT nor HQS provide certificates for unsatisfiable
formulas, we think that DCAQE reported incorrect results—as we have independent solutions that claim
unsatisfiability.

10A5 for the QBF23 instances, for five instances DCAQE reported their satisfiability, while at least one
other configuration reported their unsatisfiability. For a similar reason as before, we think that DCAQE
reported incorrect results and not the other solvers.
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Figure 5.1: Cactus plots for the QBF23 and the Compound instances.
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Figure 5.2: Scatter plots for the QBF23 and the Compound instances, comparing PEDANT and
DQBDD.
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5.2. Experimental Evaluation
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Figure 5.3: Scatter plots for the QBF23 and the Compound instances, comparing PEDANT and
HQS.
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5. EXPERIMENTS — PART [I
Pedant PedantHQ DQBDD HQS

Family (Total) #Sol PAR2 #Sol  PAR2 #Sol PAR2 #Sol  PAR2
Balabanov (34) 20 1.7-103 19 1.8-103 14 22103 19 1.8-103
Bloem (90) 41 2.0-10° 41 20-10° 34 23-10° 33 2.3-10°
Kullmann (50) 50 7.5-10 39 8.4-102 50 2.2 10! 41 7.2-102
Scholl (90) 85 2.1-10? 84 2.4-102 83 2.8-10° 80 4.1-10?
Tentrup (90) 86 2.2-10? 88 1.3-107? 85 2.4-102 83 3.3-10?
Total (354) 282 7.9-102 271 8.9 102 266 9.2 - 102 256 1.0-10°

(a) Comparison of PEDANT and PEDANTHQ with the other participants of the QBF Gallery 2023.

Pedant iProver iDQ dCaqe
Family (Total) #Sol PAR2 #Sol PAR2 #Sol PAR2 #Sol PAR2
Balabanov (34) 20 1.7-103 20 1.6-103 21 1.5-103 20 1.6-103
Bloem (90) 41 2.0-103 22 2.7-103 14 3.1-10° 31 2.4-103
Kullmann (50) 50 7.5-101 50 4.6-10° 50 6.8-10° 35 1.1-103
Scholl (90) 85 2.1-102 30 2.4-103 19 2.9-103 52 1.6-103
Tentrup (90) 86 2.2-10? 21 2.8-10% 17 29-10° 78 5.0-10?
Total (354) 282 7.9-102% 143 2.2-10° 121 2.4-103 216 1.4-10°
(b) Comparison of the default PEDANT configuration with additional solvers.

Table 5.1: Number of solved instances and PAR2 scores per solver configuration and benchmark
family for the QBF23 instances. The configurations that solved most instances from a family, or
which have the lowest PAR2 score are highlighted in bold.
under the final arbiter assignments. These AIGs were then logged in the binary AIGER
format [Bie07; BHW11]. The time needed to generate these AIGs is included in the total
runtime.
The other evaluated solvers do currently not support the generation of Skolem functions.
While a previous version of HQS was able to compute models [Wim+16a], this is no
longer possible in the current version.
To validate models, we implemented a simple workflow in Python using the PYSAT
library [IMM18].'!| We first perform a syntactic check to make sure that the encoded
Skolem functions only depend on variables in the corresponding dependency set. Then
it checks if the matrix can be falsified under the encoded model by using a SAT solver.
We applied this tool to check each certificate. The time needed for these checks is not
included in the total runtime of PEDANT.
In addition to the experiments presented above, PEDANT also showed good performance in
recent evaluations of DQBF solvers. PEDANT received a gold medal at the FLoC Olympic
Games 2022 for achieving the first place in the DQBF track of the QBF Evaluation

" The tool is available as part of PEDANT at https://github.com/fslivovsky/pedant-solver
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5.2. Experimental Evaluation

Pedant PedantHQ DQBDD HQS

Family (Total) #Sol PAR2 #Sol PAR2 #Sol PAR2 #Sol PAR2

Balabanov (34) 19 1.8-10° 18 1.9-10° 14 2.2-10° 19 1.8-10°
Biere (1200) 1200 7.8-1072 1200 5.6-10"2 1200 3.6-10"2 1200 4.6-1072
Bloem (461) 121 2.7-103 121 2.7-103 88 2.9-103 81 3.0-103
Finkbeiner (2000) 2000 1.5-10° 2000 1.2-10° 2000 9.8 -10° 1801 3.9 - 102
Scholl (1116) 867 8.4-10? 863 8.5 - 102 887 7.5-102 659 1.5-10°
Total (4811) 4207 4.6 -10? 4202 4.7 -10? 4189 4.7-10? 3760 8.0-102

(a) Comparison of PEDANT and PEDANTHQ with the other participants of the QBF Gallery 2023.

Pedant iProver iDQ dCaqe

Family (Total) #Sol PAR2 #Sol PAR2 #Sol PAR2 #Sol PAR2

Balabanov (34) 19 1.8-103 20 1.6-10° 21 14-103 20 1.6-10°
Biere (1200) 1200 7.8-1072 1198 7.7-10° 1185 6.0- 10! 1200 1.3-1071
Bloem (461) 121 2.7-103 68 3.1-103 50 3.2-10° 84 3.0-103
Finkbeiner (2000) 2000 1.5-10° 52 3.5-10° 6 3.6-103 34 3.5-103
Scholl (1116) 867 8.4-102 419 2.3-10° 347 2.5-103 559 1.8-103
Total (4811) 4207 4.6-102% 1757 2.3-10° 1609 2.4 -10° 1897 2.2-10°

(b) Comparison of the default PEDANT configuration with additional solvers.

Table 5.2: Number of solved instances and PAR2 scores per solver configuration and benchmark
family for the Compound instances. The configurations that solved most instances from a family,

or which have the lowest PAR2 score are highlighted in bold.

2022 [PSS24]. Additionally, PEDANT achieved the first place in the DQBF track of the

QBF Gallery 2023 [PSH23|.

o7



“ayloljqig usip\ ML Te wuld ul ajgejrene si sisay) 210190 Syl JO UoisiaA [eulblio panoidde ay 1 < any a8pajmoust InoA
“regBnjian Yayioljgig UsIpn NL Jap ue 1sI uoneuassiq Jasalp uoisiaAfeulblO aponipab ausiqoidde aiqg v_U:#O__ﬁ—_m



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

CHAPTER

Conclusions — Part 1

In this part, we introduced two decision procedures for DQBF'. The first one is conceptually
rather simple. Its main purpose is to demonstrate how Skolem functions can be determined
by computing propositional definitions. Additionally, it illustrates the usage of arbiter
variables for fixing the response of a Skolem function for a particular assignment of the
corresponding dependency set. Next, we discussed the main contribution of this part, the
CEGIS-based decision procedure for DQBF. This algorithm follows a dual strategy for
deciding DQBF. On the one hand, to show unsatisfiability, it generates a set of clauses
that corresponds to a VExp+Res proof. On the other hand, to show satisfiability, it tries
to construct a model for the given formula. For this purpose, the algorithm looks for
counterexamples of the current candidate model and uses them to refine the model. We
proved for both algorithms that they are indeed decision procedures for DQBF.

In the experimental evaluation of our solver PEDANT, which implements the CEGIS-
based algorithm, we showed its effectivity. PEDANT was able to solve considerably more
instances from the QBF23 benchmark set, and it could solve slightly more instances from
the “Compound” benchmark set, than other state-of-the-art DQBF solvers.

A core feature of PEDANT, respectively the underlying decision procedure, is that it is
certifying by design for satisfiable DQBF. While our solver is not the first one that can
compute models for satisfiable DQBF, computing models is still not a standard, as some
solvers can only report yes/no answers. Still, an open problem for our decision procedure
is to not only provide certificates for satisfiable DQBF but also for unsatisfiable DQBF.

Future Work

There are four directions into which we would like to extend our work.

29




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

6.

CONCLUSIONS — PART I

60

Decision List Semantics for Candidates In Algorithm [2, Skolem functions are
either determined by propositional definitions or by forcing clauses, arbiter clauses and
default functions. We can think of these clauses as rules that, if their premise holds, fix
the assignment of an existentially quantified variable. As these rules are unordered, they
can be considered as a decision set (cf. [I[gn+21]) for assigning an existential variable.
This also means that multiple rules can be active simultaneously. Hence, opposing
assignments can be enforced at the same time. For this reason, we had to introduce the
consistency check. To avoid this check, a decision list (cf. [Riv87]) based representation
of the rules could be used. In this representation, forcing clauses would be ordered
chronologically—an earlier introduced forcing clause would have precedence over a later
introduced one. Additionally, forcing clauses would have precedence over arbiter clauses.
The arbiter clauses do not need to be ordered, as arbiter clauses alone cannot yield an
inconsistency. Furthermore, default functions can be used in case neither an arbiter nor
a forcing clause applies. In combination, this would ensure that in each iteration of the
algorithm the candidate describes exactly one response to each universal assignment.

Circuit-based Inputs When encoding a problem in DQBF, usually several variables
are known to be defined, e.g., Tseitin variables. Currently, we have to apply definition
extraction in order to obtain definitions for these variables. It would be interesting to
extend Algorithm 2| to the non-clausal DQCIR format [SS21b]. This would allow making
use of definitions known a priori, without the need of computing them.

Partial Annotations for Arbiters Remember that in case no forcing clause can
be introduced, we add a blocking clause. Such a clause is obtained by annotating the
existential source literals from the conflict tree by total assignments of their dependencies.
The sets of source literals in general do not contain all universal variables from the
dependencies of the existential sources. Thus, the use of total assignments for the
annotations does not result in the most general refinement of the candidate. This was
illustrated in Example 4.2, where we obtained multiple similar counterexamples that only
differed on universal variables which were not part of the source vertices of the conflict
graph. If we could use partial annotations for the arbiters instead, we could add only
those universal variables that are part of the source vertices. Consequently, the obtained
blocking clauses would correspond to IR-calc. While this would solve the problem
discussed in Example [4.2) this would require some hierarchy on the arbiter variables that
ensures that arbiters with compatible annotations get the same assignments.

Learning Default Functions from Samples Recently, MANTHAN showed promising
results for synthesizing Skolem functions for DQBF |[GRM23]. MANTHAN samples
satisfying assignments of the matrix, which are then used to learn decision trees for each
existential variable. These decision trees give initial candidates for the Skolem functions,
which are then refined. In our solver, we initialize the default functions as constant values.
We think that this could be enhanced by applying the idea proposed by MANTHAN to
learn initial default functions from samples of the matrix.
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CHAPTER

Introduction — Part 11

The steady increase in complexity of modern integrated circuits makes both their design
and optimization challenging tasks. Therefore, circuit design would be unthinkable
without some automated methods. This includes the automated improvement of circuits
(logic optimization), and the automated creation of circuits from specifications (logic
synthesis), which jointly yield substantial reductions in the number of gates and circuit
depth [DeM94; BHS90).

Small circuits are not only of interest from a theoretical point of view [Fin+16; KKY09],
but they can also be of relevance in practice. Recent years showed increasing prices
of silicon wafers [Gai2l], amplifying the importance of being able to find small circuit
designs.

Applying exact methods for computing provably minimum size circuits is computationally
intractable. Recently, it was shown that for a (multi-output) Boolean function given
as a truth table, the task of finding a minimum size circuit consisting of and, or and
not gates is NP-complete [ILO20|. This is reflected by the observation that in practice,
we can generally not compute minimum size circuits with many more than 10 fanin-2

gates [KKY09; CMM23|.

Still, exact methods can be applied to reduce the size, even of large circuits. To do this,
one can partition a large circuit into subcircuits that are sufficiently small for applying
exact methods. Then, exact methods can be used to compute replacement circuits. While
generally this does not yield optimum size circuits, it still allows to reduce the size of
circuits. These replacement circuits can be either obtained from a pre-computed database
of optimal circuits [MCBO6|, or on the fly by exact synthesis [Rie+19].

For computing replacement circuits, one does not need to restrict the search, to circuits
computing exactly the same function. It is possible that certain assignments of the inputs
can never arise within the encompassing circuit. Similarly, the outputs of the subcircuit
might be masked under some assignment to the inputs. In these cases, the particular
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behavior of the subcircuit does not matter, and the subcircuit can yield arbitrary values
as outputs. Making use of these so called don’t cares for computing new implementations
for subcircuits can help to significantly reduce their size [SB90; [Sav92; [MB05|.

Typically, improving circuits by rewriting subcircuits is limited to single-output subcir-
cuits, or the computation of the replacement circuits does not take advantage of the
full implementational flexibility. In [KPS22] multi-output subcircuits are replaced by
locally optimal circuits. While, this approach handles multi-output subcircuits, it cannot
make use of don’t cares, as it is only considering the subcircuit, and it does not take the
encompassing circuit into account. For single-output subcircuits, propositional satisfi-
ability (SAT) solvers have been used to computed don’t cares [MBO05]. In subsequent
resynthesis, equivalence of the new implementation and the original subcircuit is not
required for don’t care assignments. Don’t cares for multi-output subcircuits have been
considered in |Lee+18|. Here, unattainable assignments for the inputs of the subcircuits
(controllability don’t cares) are detected by simulating the transitive fanin cones of each
input. But, this method cannot make use of masked outputs, thus it still does not make
use of the full implementational flexibility.

In this part, we present a new method for heuristically minimizing the sizes of circuits. The
method belongs to the SAT-based Local Improvement Method (SLIM) framework [LOS16).
To improve a circuit, one incrementally selects subcircuits of a given circuit. Then new
size optimal replacements for these subcircuits are computed by means of either SAT or
Quantified Boolean formula (QBF) solvers. The computed circuits can then be used to
replace the original implementation. Two core features of our approach are that both
single- and multi-output subcircuits can be considered, and that the full implementational
flexibility for computing the replacement is exploited by making use of don’t cares.

The QBF-based approach directly encodes the problem of finding a replacement circuit of
a given size as a QBF. This encoding implicitly describes the don’t cares of the subcircuit,
which means that don’t cares do not need to be computed explicitly. For obtaining a
minimum size circuit, we first consider the original size of the subcircuit and then decrease
it until the encoding gets unsatisfiable. As soon as the QBF solver reports unsatisfiability
for a given size, we know that the previously considered size is the smallest possible one.
The replacement circuit can then be obtained from a model for the previous satisfiable
QBF call.

The SAT-based approach first computes a representation of the don’t cares, and then a
replacement circuit that makes use of these don’t cares. In the first step, incremental
SAT solving is applied to find a Boolean relation [BHS90| that describes the input-output
behavior of the subcircuit, taking don’t cares into account. To obtain a replacement
circuit, a slightly modified SAT encoding for exact synthesis from the literature [Haa+20]
is used.

In both encodings, one must pay attention to not introduce any cycles into the encom-
passing circuit. While the computed replacement circuits are guaranteed to be acyclic on
their own, they can cause cycles upon replacing the original implementation. By adding
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suitable conditions to the encodings, one can guarantee that the encompassing circuit
remains acyclic.

Both approaches get harder if larger encompassing circuits are considered. For this
reason, the proposed minimization approach can be applied to windows instead
of entire circuits. This does not only allow considering larger encompassing circuits, but
it also enables minimizing several parts of a given circuit simultaneously.

We implemented this circuit minimization procedure in a system called ESLIM. In an
experimental evaluation on standard benchmarks, ESLIM showed a promising perfor-
mance.

Organization of Part II  First, we will cover notations and definitions used throughout
this part in Chapter 8. In this chapter, we will also give a brief overview of related
work. In Chapter 9 we will first recap a SAT encoding for exact synthesis from the
literature. Then we will introduce a new QBF-based encoding for exact synthesis. Next,
in Chapter|10, we will adapt the encodings for exact synthesis for computing minimum size
replacement circuits for subcircuits of a given circuit. In Chapter 11, we experimentally
evaluate our tool ESLIM, which implements these minimization procedures. We conclude
this part of the thesis in Chapter 12.

This part is based on the following papers on circuit minimization. We first presented
the QBF-based encoding in [RSS23]. The SAT-based circuit minimization using Boolean
relations and the usage of windowing is presented in [RSS24].
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CHAPTER

Background — Part 11

In this chapter, we will introduce terminology and notations used throughout this part
of the thesis. Moreover, we will give a brief overview of related work.

8.1 Basic Concepts

We will denote the set of positive natural numbers by N*, and for n € N* we will denote
the set {1,...,n} by [n].

8.1.1 Formulas

A literal is either a propositional variable or its negation. Given a literal £, we denote
the variable in ¢ by var(f). A clause is a disjunction of literals and a term a conjunction
of literals. A formula in conjunctive normal form (CNF) is a disjunction of clauses. We
identify formulas in CNF by sets of clauses and both clauses and terms with sets of
literals. Let C be a clause and ¢ a CNF. We define the set var(C) of variables in C' as
{var(¢) | £ € C} and the set var(y) of variables in ¢ as Uge, var(C).

We denote the set {0, 1} of boolean values by B. An assignment o of a set of variables V'
is a function V' — B. We denote the domain of an assignment o by dom(c). The set of
all assignments of V is denoted by BY. Let o be an assignment of V, then for a set of
variables W with W C V', we define the restriction of o to W as the function oy, that is
defined by o|y,(x) = o(x) for each  in W. An assignment o can be extended to literals
by setting o(—v) = 1 — o(v). Moreover, for two disjoint sets of variables V' and W and
assignments o of V' and o9 of W, we define the union of o7 and o as o1Uoo : VUW — B
such that o1 U og(x) = o1(z) for x € V, and o1 U oa(x) = o9(z) for x € W. We define
the instantiation C[o] of a clause C' by an assignment o as follows. If there is a variable
v € dom(o) and a literal ¢ € C with var(¢) = v such that o(¢) = 1, then Clo] = T.
Otherwise, Clo] = {¢ € C | var(¢) ¢ dom(o)}. If C[o] = T we say that o satisfies C.
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Similarly, we can define instantiations of terms. We define the instantiation ¢[o] of a
CNF ¢ by an assignment o as follows. If every clause C' € ¢ is satisfied by o then
plo] = T. Otherwise, p[o] = {Clo] | C € ¢,C[o] # T}. We say that ¢ is satisfied by o
if plo] = T. A CNF o is satisfiable if there is an assignment that satisfies ¢, and it is
unsatisfiable if there is no satisfying assignment. Whenever convenient, we identify an
assignment o of a set X with the term {z |z € X,0(z) =1} U{~-x |z € X,0(x) = 0}.
In particular, for an assignment o we identify —¢ with the clause that is the result of
negating the associated term.

Quantified Boolean formulas (QBF) generalize propositional logic by introducing universal
and existential quantifiers. We only consider closed formulas in conjunctive normal form.
Such a QBF @ has the shape Q.p, where ¢ denotes the matriz of ® and Q the prefiz
of @. The prefix is given by a sequence Q121 . .. Qnx,, where for each i € [n], Q; € {V, 3}
and x; is a variable. We denote the existentially quantified variables by vars(®) and the
universally quantified variables by vary(®). Moreover, we assume for each 1 <7< j<n
that z; # x;, i.e., variables are not repeated in the prefix. The prefix defines an
ordering <g on the variables. A variable x; is smaller than a variable x; if x; is left of x;
in the prefix, i.e., ¢ < j. The matrix is a propositional formula ¢ where each variable
occurs in the prefix. A propositional formula can be considered as a QBF where each
variable is existentially quantified.

For each existential variable e we can define its dependencies D(e) by D(e) = {x €
vary(®) | © <g e}. A Skolem function f. for an existential variable e is a function
in BP©). Let f = ( fe)ecvars(@) be a family of Skolem functions. For a universal
assignment o, we define the existential assignment f(o) by f(o)(e) = fe(o|p()). The
family f is a model of the QBF @ if for every assignment ¢ of the universal variables
the assignment o U f(o) satisfies p. A QBF is said to be satisfiable if it has a model,
and it is unsatisfiable if it does not have one. Deciding satisfiability of a QBF is a
PSPACE-complete problem [SM73].

For a thorough overview of QBF including proof systems and solving techniques we refer
to the Handbook of Satisfiability [KB21; |GMN21J.

8.1.2 Graphs

In this section, we will briefly introduce concepts and notations from graph theory, used
in this thesis. For a comprehensive introduction to graph theory, we refer the reader to
Diestel’s book [Die00].

A directed graph G is a pair (V, E) such that E CV x V. We denote elements of V' as
vertices and elements of E as edges of the graph G. Given a directed graph G, we denote
its vertices by V(G) and its edges by E(G). A directed graph is finite if it has a finite
number of vertices and edges. Throughout this thesis we will only consider finite directed
graphs. Thus, if we talk about graphs we always mean finite directed graphs.

Let G be a graph with vertices v; and ve such that G contains the edge (vi,v2). Then
we denote vy as a successor of vy and vy as a predecessor of vy. Let X C V(G) be a set
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8.1. Basic Concepts

of vertices then we define the graph G — X as the graph with vertices V(G) \ X and
edges {(v1,v2) € E(G) [v1 & X,v3 ¢ X}.

A path P in a graph G is a sequence of vertices vy, vy, ..., v, with (v;_1,v;) € E(G) for
each i € [n]. For every i € [n] we say that P contains the edge (vi—1,v;). Moreover, we
say that P connects the vertices vg and v,. If there is a path connecting two vertices x
and y, we say that x is connected to y. A subpath of a path P is a contiguous subsequence
of P. The length of a path P is the number of edges in P. Let P be a path of length ¢
with £ > 1, then P is cyclic if vg = vy. A graph is cyclic if it contains a cyclic path and
acyclic if it does not. A graph that is both directed and acyclic is often referred to as
directed acyclic graph (DAG). All graphs considered in this thesis are DAGs.

8.1.3 Boolean Circuits

A Boolean function f is a function f : B" — B™, where n,m € N*. We denote
the set of all Boolean functions from B" to B™ by (B™)®". A Boolean function f is
normal if f(0,...,0) = (0,...,0). We define the normalization of f, as the function

flz1,..,zn) = f(x1, ..., 20) @ £(0,...,0).

We define a Boolean circuit C as a non-empty labeled DAG (cf. logic networks [DeM94]).!
A Boolean circuit is k-reqular if there is some k& € N* with & > 1 such that every vertex
in C has either 0 or k incoming edges. Unless stated otherwise, we assume that circuits
are k-regular for some k € N* with £ > 1. We refer to the vertices without an incoming
edge as primary inputs (in(C)) and to the remaining vertices as gates (gates(C)). Next,

we require that G is a vertex labeling function that maps each gate to a function f in BE".

For the sake of simplicity, we will refer to the function associated to a vertex by the
vertex itself. The size of a circuit C, denoted by |C|, is the number of its gates. Moreover,
we assume that some ordering for the primary inputs is given—whenever convenient, we
index primary inputs according to this ordering. Finally, O shall be a non-empty set of
vertices of C. We call the elements of O primary outputs, and for a circuit C we denote
its primary outputs by out(C). Similarly as for the primary inputs we assume that some
ordering for O is given, and we index primary outputs according to this ordering.

A special type of circuit, which we will consider, are And-Inverter Graphs (AIGs). AIGs
are circuits whose gates have either one or two incoming edges, where each fanin-2 gate

is labeled with the and-function and each fanin-1 gate is labeled with the not-function.

Usually, we are not interested in the number of and-gates. Thus, we define the size of an
AIG as the number of occurring and-gates [Mis+05|.

Let g be a gate in a circuit C, we define the fanin of g, denoted by fanin(g), as the set of
vertices that have an edge to g. For each gate g we require that there is some ordering
of its fanin. Similarly, we define the fanout of a vertex v, denoted by fanout(v), as the
set of all gates that have an edge from v. The transitive fanin cone TFI(v) is defined
as the set of all vertices w from which there is a path to v. The transitive fanout cone

!There are also alternative representations, e.g., Boolean chains [Knull].
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TFO(v) is defined as the set of all vertices w for which there is a path from v to w.
These definitions can be extended to sets of vertices. For a set of vertices V' we define the
transitive fanin (fanout) cone as (¢ TFI(v), respectively as [, ¢y TFO(v). Moreover,
for a vertex m in a circuit C we define its level 1Iv(n) as 0 if n is a primary input and else
as 1+ max({lv(z) | z € fanin(n)}).

A boolean circuit C computes a Boolean function Cy : B/ Ol — Blout©l Ty define
the function Cy, we first recursively define for each vertex v the Boolean function
o€ BIO 5 B, Now let b € BI™©I be arbitrary but fixed. For every primary input vj
we define vJC(b) = b;. For every gate v we define v(b) = v(v§(b),...,v% (b)), where
fanin(v) = {v1,...,v,} and for each i € [k] the vertex v; is the i*" fanin of v. We refer

to v€(b) as the value of v under b. Then Cy is defined as (v§(b), ..., U|C0ut(C)|(b))’ where for

each i € [|out(C)|] the vertex v; is the i*" primary output of C. Whenever convenient, we
identify a circuit and the Boolean function it computes. Given two circuits C; and Cy with
the same number of primary inputs and outputs, we say that C; and Coy are equivalent,
denoted as C; = Ca, if they compute the same Boolean function. Additionally, whenever
convenient, we identify assignments of the inputs and outputs of a circuit with tuples of
Boolean values and vice versa. An assignment v of the primary inputs of C induces an
assignment o of V(C) that is defined as o(v) = v¢(7). A circuit is normal if every gate
is a normal function. It can easily be shown that a normal circuit computes a normal
function. For this purpose, we can first verify that the vertices of a circuit C can be
topologically sorted, i.e., there is a linear order <¢ for the vertices in C such that for each
gate g and each = € fanin(g) we have z <¢ g. Now we can prove by induction—with
respect to this ordering—that all gates yield false if all primary inputs are false. This
shows that the computed function is normal.

Let C be a circuit and V' C V(C) a set of vertices such that for each v € V' either every
fanin of v or no fanin of v is contained in V’. Then V' induces a subcircuit S that is given
by the graph C — (V(C) \ V’). As before the primary inputs are the vertices in S without
fanins and the remaining vertices are the gates. Each gate in S gets labeled by the same
function as in C and also the fanins are ordered the same way. The primary outputs
of § are the vertices that are primary outputs of C and the vertices that have fanouts in
V(C)\ V(S). Typically, our main interest in a subcircuit S is its functionality within the
encompassing circuit C and not a particular Boolean function it computes. Therefore, we
can fix some arbitrary ordering for the primary inputs and outputs of subcircuits.

8.1.4 Don’t cares

Let C be a circuit and S a subcircuit of C. Don’t cares of the circuit S are certain patterns
of its inputs, or outputs that do not have an effect on the function computed by the
encompassing circuit C. We distinguish between two types of don’t cares. Controllability
don’t cares are patterns of the inputs of & which cannot be attained within C, and
observability don’t cares are patterns of the inputs of S for which its outputs do not have
an effect on C [DeM94]. A method for computing don’t cares is given in [MBO05]. If some
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(a) Controllability don’t cares (b) Observability don’t cares

Figure 8.1: The left image shows a controllability don’t care of a subcircuit C;. One can see that
whenever the first input ¢; of Cy is true then also its second input i5 needs to be true. This means
that the input pattern where i is true and i, false cannot be attained within the entire circuit.
The right image shows an observability don’t care of a subcircuit C;. Here, one can see that
whenever the input 4o is true, then the value of the output 0; does not matter, as the subsequent
or-gate yields true anyway.

assignment of the inputs of the subcircuit is never attained, we can change the values
of each output yielded by the subcircuit for this input assignment, without altering the
function computed by the encompassing circuit. Similarly, if for some input assignment
of the subcircuit there is some output that has no effect on the entire circuit, then this
output can be modified without altering the function computed by the encompassing
circuit. Consequently, don’t cares can be used to improve a circuit [Rie+22; DeM94}
Rie+19; [Tes+20].

8.1.5 Boolean Relations

For n,m € N* a Boolean relation is a function? R : B" — (P(B™) \ {0}) [BHS90]. A
Boolean function f : B®™ — B™ is compatible with a Boolean relation R for B" and B™
if, for every o € B" we have f(0) € R(0). A Boolean circuit C implements a Boolean
relation R if the function computed by C is compatible with R.

Boolean relations can be used to represent don’t cares of a subcircuit S in a circuit C.

This can be achieved by assigning each input assignment to a set of permissible output
assignments, i.e., every circuit computing the relation could be used for replacing the
subcircuit without altering the function computed by the encompassing circuit. We
illustrate this idea in Figure 8.2. Boolean relations have been used for representing don’t
cares of multi-output subcircuits for reducing the size of circuits .

2Alternatively a Boolean relation can be defined as a relation R C B™ x B™. We follow the definition
of Brayton et al. that for each x € B™ there must be at least one y € B™ that is related
to z—relations with this property are also called well-defined . Such relations can be naturally
represented by functions on B".
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Figure 8.2: The table on the right gives a Boolean relation for the subcircuit S. One can see that
the input pattern io = 1,43 = 0 is not possible within the entire circuit. The relation given in
the table makes use of this controllability don’t care by assigning {0,1} to the corresponding
assignments of the inputs.

8.2 Exact Synthesis

Ezact synthesis is the problem of finding an optimal circuit with respect to some metric.
This in particular includes the problem of finding minimum size (also called minimum
area) circuits and minimum depth (also called minimum delay) circuits. Typically, one is
interested in circuits of a particular structure. This includes constraints on the fanin size
of the gates, on the functions used for the individual gates or the depth of the circuit.
For example, this might mean that we are only interested in And-Inverter Graphs (AIGs)
or Majority-Inverter Graphs (MIGs).

To compute optimal size circuits various techniques have been developed. While in this
thesis we are only considering SAT-based methods, we want to briefly mention some
non-SAT-based ones. The Quine-McCluskey algorithm ; computes mini-
mum size sum-of-product (SOP) circuits. Davidson’s method allows computing
minimum size circuits for multi-output functions consisting of NAND gates. Lawler’s
method computes size optimal circuits for single output functions where each
gate either represents the and or or function and only primary inputs may be negated.

Several SAT-based methods for exact synthesis have been developed. The first application
of SAT to the problem of exact synthesis, we are aware of, was proposed by Eén |[Eén07).
In that work, a SAT encoding was used to compute size optimal AIGs. A more general
SAT encoding that allows computing minimum size circuits with arbitrary fanin-2 gates
was proposed by Kojevnikov et al. . A different SAT encoding for the same task
was proposed by Knuth Solution to exercise 477). Later, Haaswijk et al.
compared different SAT encodings. Here the single selection variable encoding corresponds
to Knuth’s encoding. Similar SAT encodings were also used to compute minimum size
circuits consisting of different kinds of fanin-3 gates [Mar+21]. To compute minimum
depth circuits with arbitrary 2-fanin gates, Soeken refined Knuth’s encoding .
Moreover, Soeken introduced satisfiability modulo theory (SMT) encodings
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to find minimum size, respectively minimum depth Majority-Inverter Graphs (MIGs).
Similarly, size optimal sum-of-product (SOP) circuits have been computed via SAT by
Ignatiev et al. [[PM15]. The purpose of the above list is to give an overview and does
not claim to be complete.

In this thesis, we are interested in computing size optimal circuits using k-fanin gates.
Thus, in the following we will refer to this problem as exact synthesis.

The TWOEXACT method provided by ABC [BM10] allows computing minimum size
circuits with fanin-2 gates. To compute minimum size circuits consisting of fanin-k gates
the PERCY library [Soe+22] can be used.

It was shown that computing minimum size SOPs is NP-complete [UVS06]. Similarly, it
was also shown that computing minimum size circuits computing multi-output functions
consisting of binary and, or, and not gates is NP-complete [ILO20]. This corresponds to
the observation that in practice exact synthesis is limited to very small circuits with not
many more than 10 fanin-2 gates [KKY09; CMM23].

8.3 Circuit Minimization

As computing provably minimal circuits is limited to very small circuits, in practice,
heuristic methods need to be considered to find small circuits. Several different methods
for improving circuits exist. Among these methods, those that fully capture the properties
of Boolean functions implemented by circuits (rather than viewing them as polynomials,
for instance) are considered the most effective in logic optimization [Tes+20]. In this
thesis we will solely consider these methods. Circuit rewriting [MCBO06| improves a
circuit by replacing subcircuits by smaller circuits that do not change the Boolean
function computed by the entire circuit. Circuit rewriting can be combined with exact
synthesis by replacing subcircuits with the minimum size circuit computing the respective
functions [RMS20; KPS22]. We denote such minimum size circuits as locally optimal as
they do not make use of the structure of the entire circuit. By taking don’t cares into
account, subcircuits can also be replaced by circuits that compute different functions. We
denote the minimum size circuit that makes use of don’t cares as globally optimal. Riener
et al. combined exact synthesis and don’t cares to replace single output subcircuits by
globally optimal circuits |[Rie+19].

Another circuit minimization technique is circuit resubstitution. In resubstitution, one
tries to express a gate g in terms of other gates in the circuit. This means that we first
want to find some gates already present in the circuit. Then we introduce new gates
that can depend on the previously found gates. These gates must be chosen such that
using them to replace g does not alter the function computed by the circuit. Replacing g
also allows to remove every gate in the maximum fanout free cone (MFFC) of g—after
removing g these gates would no longer be connected to a primary output. If replacing g
results in a smaller circuit, we perform the replacement [Rie+22; Mis+11; Ama+18§|. The
above list is not complete by any means and is intended to give a small overview.

73



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

8.

BACKGROUND — PART I1

74

Several other methods exist; for example detection and merging of functional equivalent
gates [Mis+05| or the transduction method that adds additional fanins to gates and then
tries to remove redundant fanins [Miy24].

Many circuit minimization techniques are implemented in the industrial-strength tool
ABC |[BM10].

8.4 The SAT-based Local Improvement Method (SLIM)

Even if a SAT encoding for solving some problem is known, it may be infeasible to
encode certain problem instances and check them by a SAT solver due to the complexity
of the problem. To still make use of SAT solving, the SAT-based Local Improvement
Method (SLIM) metaheursitic can be considered. For applying SLIM we first need to
compute some initial solution for the problem. This is done by applying some heuristic
method that is still capable of handling the problem instance. In general this initial
solution is not optimal, thus we want to improve it. For this purpose, we repeatedly
select parts of the initial solution. These parts need to be chosen such that they still
can be encoded and checked by a SAT solver. This allows to compute a replacement for
the initial solution by means of a SAT solver. Here it is crucial that the replacement is
chosen such that, upon inserting the replacement into the current global solution does
not destroy the solution—i.e., the solution obtained by the replacement must still be a
valid solution for the original problem. We can now repeat the selection of parts and
their replacement as long as necessary. This means SLIM is an anytime heuristic—i.e.,
realizations of the SLIM paradigm do not have a fixed termination condition, and they
can be run indefinitely.

The SAT-based Local Improvement Method (SLIM) was first used for computing branch
decomposition of graphs with small branch width [LOS16|. Since then SLIM has been
applied to various problems from different domains. These include further graph decom-
position problems [LOS17; FLS17; LOS19; |RS20]. Moreover, SLIM has been applied
for Bayesian network structure learning [RS21a; RS21b|, graph coloring [Sch22}; SS23|
and finding low complexity decision trees [SS21a]. SLIM is not limited to SAT. Instead
of using SAT solvers also other SAT-related solving techniques like MaxSAT can be
considered [RS21Db].

8.5 Applications of QBF for Circuit Synthesis

In the context of logic synthesis, QBF have been used for bi-decomposition [CJM12|,
synthesis of reversible quantum circuits [Wil+08§|, and synthesis of lookup tables (LUTS)
[Fuj+13} Fujl15; Fuj+20]. The latter two problems are more constrained than the setting
considered here in that the topology of the circuits is fixed, whereas the synthesis tasks
we encode as QBF also involve deriving a suitable topology. Moreover, the application
of DQBF to partial equivalence checking is related to synthesis as one can obtain an
implementation for the missing parts from a model [Git+13b; |Git+13a].



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

CHAPTER

Encodings for Exact Synthesis

In this section, we will first discuss that it is sufficient to consider normal circuits for exact
synthesis. Then we will recap a SAT encoding for exact synthesis from the literature.
Finally, we will introduce a QBF encoding based on this SAT encoding.

9.1 Normalizing Circuits

As briefly noted by Knuth [Knull], it suffices to consider normal circuits for the exact
synthesis of Boolean functions. Making use of normal circuits allows reducing the search
space for exact synthesis, since in a normal circuit there are only half as many functions
to consider for each gate. Below, we will argue why this restriction is possible.

Let C be a circuit computing a normal function f. We will show that there is a
normal circuit with the same size as C that computes f. For this purpose, we define
normalization C of C. The normalization C shall only consist of normal gates. For every
primary input v of C the normalization shall contain a primary input . The ordering
of the inputs in C is given by the ordering of the corresponding primary inputs in C.
Additionally, for every gate g in C we add a gate g to C. Since we only allow normal gates
in C, we represent non-normal gates from C by negating them and modifying their fanouts
accordingly. We say that a gate g in C is marked as negated if it represents —g. This means
that for a gate g in C, we define g as follows. Let us assume that g has fanins g1, ..., gx.
Then the fanins of g are given by 91, ..., 3. To define the function for g, we first define
the function ¢'(z1,...,zk) = g(y1,...,yk), where for each i € [k] we have y; = —x; if g; is
marked as negated and y; = x; otherwise. Next we define g(z1,...,2x) = ¢'(x1,...,zk)
if ¢’ is normal, otherwise we define g(x1,...,zr) = =¢'(x1,...,2%). In the latter case, we
say that g is marked as negated. Finally, if a vertex v is a primary output of C then 7 is a
primary output of C. Similarly, as the ordering of the primary inputs also the ordering of
the primary outputs of C is given by the ordering of the corresponding primary outputs
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in C. We can immediately see that C is indeed a normal circuit and that |C| = |C|. One
can also easily verify that C and C compute the same Boolean function.

Lemma 9.1. Let C be a circuit computing a normal Boolean function. Then C and C
compute the same function.

Proof. Let b € BI™©l be arbitrary but fixed. We will first show that for each vertex v
in C we have v¢(b) = —v¢(b) if v is marked as negated and v°(b) = 7°(b) otherwise. This
can be proved by induction. Obviously, the property holds for the primary inputs. So
let g be a gate with fanins g1, ..., gr and assume the property holds for all fanins. If ¢
is not marked as negated then we know that g(z1,...,x;) = ¢'(z1,...,2x)—where ¢’ is
defined as before. By the induction hypothesis it immediately follows that ¢€(b) = g°(b).
Otherwise, if g is marked as negated we can proceed analogously. It only remains to
show that there is no primary output that is marked as negated. Assume there is an
output v that is marked as negated. We know that v€(b) = = (b) for any b € BI™©)l,
Since C is a normal circuit, we can conclude that 7° is a normal Boolean function. But
this means that C does not compute a normal Boolean function. This is a contradiction
to our initial assumption. From this we can now conclude that C and C compute the
same function. O

The following corollary is an immediate consequence of the above result.

Corollary 9.1. Let C be a minimum size circuit computing a normal function f, then
there is a normal circuit of the same size computing f.

As a consequence of the above result, it suffices to consider normal circuits for synthesizing
normal functions. For a non-normal function f, we can first compute a normal minimum
size circuit C computing f. The circuit C can then be used to construct a circuit D
computing f. For this purpose, let n = |in(C)|, m = |out(C)| and I C [m] such that for
each i € I we have f;(x1,...,7,) # f;(x1,...,2,). The circuit D can be obtained by
negating all vertices in C that represent a primary output with index in /. Additionally,
we have to modify the functions for all fanouts of such gates. These modifications can be
done similarly to the modifications of the fanouts of a negated gate in the normalization
of a circuit. Finally, we have to add for every i € [m] such that there is a j € [m] and
fi(x1,...,zp) = —z; an additional gate representing —x;. This gate is then used as the
corresponding output in D. We denote the set of all such indices j € [m] by J. Similarly,
as in the proof of Lemma 9.1 we can show that D computes f. It remains to show that
there is no smaller circuit computing f.

Lemma 9.2. Let C, D and f be defined as before. Then D is a minimum size circuit

computing f.

Proof. For proving this property, we will assume that there is a smaller circuit D’ that
computes f and show a contradiction. This means that |D'| < |D| = |C| + |J|. We
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will show that from this we can conclude that there is a smaller circuit than C which
computes f. Let us assume that there is some j € J such that the vertex v representing the
4* output has a non-empty fanout. Moreover, let | € [n] such that P’ (T1,...,Tpn) = 27
We can easily verify that each gate g € fanout(v) can be replaced by a gate ¢’ that uses
the I*" primary input instead of v. Next, we can obtain a circuit C’ from D by first
negating the vertices representing primary outputs with an index in / and normalizing
this circuit. In C’ we can remove the vertices representing a primary output with index
in J and directly use the corresponding primary inputs as primary outputs. This results
in a circuit computing f with |C’| < |C|. As C was assumed to be a minimum size circuit
computing f this is a contradiction. O

As a consequence of the above results, we can assume that Boolean functions are normal.
If a function f is not normal, we can obtain a minimum size circuit from a normal circuit
computing f.

9.2 SAT Encoding

As pointed out in Section [8.2] several SAT encodings for exact synthesis exist. In this
section, we recap the multiple selection variable encoding by Haaswijk et al. [Haa+20].
While, we mainly try to stick to the description from their paper, we introduce three
minor modifications which we will use later. First, we allow computing minimum size
circuits for constant functions. Second, we also consider functions that yield a projection
to one of their inputs. Third, we modify the encoding for arbitrary k-regular circuits
instead of 2-regular circuits.

The core idea of the encoding is that the whole circuit is represented by a truth table.

This means that for every possible combination of the inputs of the circuit the truth
table contains a line. Each line then contains a variable for each gate. These variables,
can then be used to represent the value of each gate under each input pattern. We will
first describe the variables used in the encoding, then the constraints on these variables,
and finally we will discuss some symmetry breaking constraints.

Suppose we want to compute a minimum size k-regular circuit computing a given Boolean
function f : B™ — B™. We assume that £ < n. As discussed in Section 9.1, w.l.o.g. we
can assume that f is normal. So it suffices to only consider normal circuits. The encoding
does not directly allow to find a minimum size circuit, instead, it allows checking whether
there is a circuit of size ¢ that computes the given function f. To find a minimum size

circuit, we can then first check if there is a circuit with 0 gates representing the function.

If this is the case, we found a minimum size circuit. Otherwise, we increment ¢ until we
can find a circuit of size £. Such a circuit is then necessarily of minimum size.

Now suppose, we want to find a circuit of size £ that computes the function f. For any
circuit, we can find a topological ordering of its gates. Consequently, we can index the ¢
gates by 1 to £. Furthermore, we can index the n 4+ £ vertices by 1 to n +£. We, can then
require that all fanins of the i*! gate are either primary inputs or gates with a smaller

7
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index. In the following let i € [¢] denote the index of a gate. Moreover, let j € [m] be
the index of an output. Then the encoding consists of the following variables.

Gate variables G; = {giz | 0 < t < 2"}. These variables determine the value of
the i*" gate under all possible assignments of the primary inputs. That is, if g;; is
true, then the i*® gate yields true under the t*" assignment of the primary inputs,
according to the truth table. As we only need to consider normal functions, we
know that g;p—we assume that the first line of the truth table corresponds to the
case where all inputs are false—can always be assigned to false, i.e., we can omit
this variable.

Selection variables S; = {s;; | 1 <1 < i+ n}. These variables determine the fanins
of gate i. The vertex [ shall be a fanin of gate ¢ if and only if the variable s;; is
assigned to true. The order of the fanins is determined by the index [. For k = 2
this means that if two selection variables s;, and s;, with < y are assigned to
true, then vertex x corresponds to the first fanin and vertex y to the second. We
do not loose any generality by using this ordering, as by choosing the function at
gate ¢ properly we can account for different orderings.

Function variables F; = {flfl...bk | (b1,...,bx) € B*}. These variables describe the
Boolean function f? at the it" gate. This means that fi(b;...b;) shall be true if
and only if the variable f; , is assigned to true. As we only need to consider
normal circuits, we can assume that the i*" gate is a normal function. Thus, the
variable f¢  can be always assigned to false, i.e., we can omit the variable.

Output variables O; = {0;; | 0 <1 < n+ ¢}. These variables determine the j** output
of the circuit. If the variable og; is assigned to true, then the 4 output is the
constant value false. As the considered function is assumed to be normal, we do
not need to consider the case of constant true outputs. If, for some [ € [n], the
variable o; is assigned to true, then the 7' output corresponds to the i*" input of
the circuit—i.e., the considered function is the projection to the i*" input. Finally,
if the variable o;; for some n <1 < n + / is assigned to true, then the 4t output is
given by the (I —n)®™ gate.

Additionally, the encoding contains the following constraints.

e Each gate must have exactly k fanins. This can be ensured by requiring that for
each i € [{], exactly k variables from S; are assigned to true. Such constraints are
called cardinality constraints. For the case k = 2 it would still suffice to represent
the cardinality constraints by clauses

n+i1—1

/\ (_‘Siu V =18y V _‘Siw) A /\ Si1 V...V Si(1-1) V Si(1+1) V...V Si(n+i—1)
1<u<v<w<i+n =1
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as described in . Since we also want to handle the case k > 2, we want to
use more efficient representations of this constraint. This can be achieved by using
a sequential counter . We illustrate a sequential counter in Figure 9.1. The
illustration shows a sequential counter that ensures that exactly two out of four
variables are assigned to true. The counter can be easily modified for the case of
more variables, respectively different cardinalities. For a clausal representation of

sequential counters we refer to [Sin05|.

¢ FEach output of the circuit must be uniquely determined. The uniqueness can be
enforced by requiring that for each j € [m], exactly one variable from O; must be
assigned to true.

e We need to ensure that for each gate ¢, the assignment of the gate variables G; is
compatible with the assignment of the function variables F; and the gate variables
for its fanins. In order to ensure compatibility, we use for 1 < x1 < ... < zp < n+1,
every (by,...b;) € B¥ and any 0 < t < 27, the constraints

=

(

(Sixl /\gxlt = bl)) = git = fglbk

=1

Here, §,,; denotes the gate variable g(;, ), in case z; > n, and it denotes the value of
the ;'™ input in the #*® line of the truth table otherwise. For (by,...,b;) = (0,...,0)
the constraint can be omitted since we are considering normal circuits.

e Finally, we need to ensure that the circuit computes the given function f. For
this purpose, we introduce the following constraint, for each j € [m], and each
line ¢ in the truth table. If f; yields true for the input assignment corresponding
to the t*" line in the truth table, then we add for each i € [¢] the constraint
—0(i4n); V git- Otherwise, we use the constraint —0(;,); V =git. These constraints
ensure that if the i*" gate represents fj, then in each line of the truth table the gate
variable of gate ¢ must be assigned according to f;. Moreover, if f; yields true for
some argument, we add the constraint —op;—in this case the constant false cannot
represent f;. Finally, for every | € [n], if f;j(b1,...,bi—1,21,bi41,...,bn) # x; for
some Boolean values by, ..., by, we add the constraint —o;;—in this case, f; is not
a projection to its I*' input.

The above encoding is sufficient to check whether there exists a circuit of size ¢ that
computes the given function f. Moreover, if the encoding is satisfiable, the assignment
for the variables immediately describes a circuit.

Haaswijk et al. [Haa+20] showed that in practice, the above encoding can be improved
by adding additional symmetry breaking constraints. The purpose of these constraints is
to reduce the search space by excluding irrelevant circuits. In the following, we describe a
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Figure 9.1: Illustration of a sequential counter that can be used to enforce that exactly two
variables from the set V' = {v1, va, v3,v4} are assigned to true. The figure shows that two variables
from V are assigned to true if and only if oy gets assigned to true and both ¢; and ¢y get assigned
to false. By requiring the mentioned assignments for oy, ¢; and ¢ only assignments that satisfy
exactly two variables from V can satisfy the encoding of the counter. We can see that o; gets
assigned to true if and only if at least one variable from V is assigned to true. Thus, the or-gate
representing o7 is actually not necessary. The figure still includes o0, as we think it makes the
construction of the sequential counter clearer.

subset of the symmetry breaking constraints from their paper.'| For the sake of simplicity,
we describe these constraints for the case k = 2.

e The Boolean functions at each gate shall be non-trivial. This means that constant
functions and projections are ruled out. This is realized by constraining the function
variables. To ensure that the function is different from the constant false, we can
use fi, V fio V fi for each i € [n]. The second constraint can be expressed by
fo1V ~fig vV —fi and —fd Vv fiy V = fi; for each i € [n]. The function at the ith
gate is projection to its first fanin iff the variables f{, and f{; are assigned to true
and f{; is assigned to false. Similarly, it is a projection to is second fanin iff the
variables f& and f}; are assigned to true and f}, is assigned to false. Both cases
are ruled out by the constraint.

o Every gate is either a fanin of another gate or it is an output of the circuit. This

We do not give the Ordered Symmetric Variables constraint, as this constraint is difficult to realize
for the subcircuit replacement, which is our main interest and which will be described in the next chapter.
Moreover, we do not consider the (Co-)Lexicographically Ordered Operands rule as checking the encoding
does not benefit from this constraint in practice [Haa+20].
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9.2. SAT Encoding

Figure 9.2: In both cases we could replace g4 by a gate with fanins ¢g; and go. This is possible
as g3 only depends on g; and gs.

can be expressed by adding the constraint (V< j<¢8jmti) V (Vjepm) O@tn);j) for
each i € [{].

« If possible, we want to use a fanin z of the i*" gate g instead of ¢ itself. We illustrate
the idea in Figure 9.2. This idea can be realized by the clauses —s;;V sV =53V sy
and —sj; V s V sy V sy for each i € [f], each 1 < j < r < i+ n and each
1<Il<i+n.

o Gates can be ordered colexicographically according to their fanins. This means
if gate i depends on vertex j, then every gate 7 > ¢ must have some fanin with
index greater j. We use the constraint s;; = \/f;f '+1 8(i+1y for each i € [( — 1] and
each j € [n+14 — 1]. This constraint ensures that if the j'' vertex is a fanin of
the i*" gate, then the (i + 1) gate must have a fanin whose index is at least j + 1.
Consequently, for each i € [¢ — 1] the (i + 1)'" gate has at least one input with a
larger index as all inputs of the i gate. From this it immediately follows that for
each i € [( — 1] and each i < i’ < £ the i"*" gate has at least one fanin, whose index
is greater as the indices of all fanins of the i*? gate.

The encoding can also be modified to compute circuits that only allow specific functions
for its gates. To restrict the set of permitted functions, we can add additional constraints
for the function variables of each gate. When restricting the permitted functions, care
must be taken to ensure that still minimum size circuits can be found. For example, if we
allow gates to be set to a function f(z,y), but not to the function g(z,y) = f(y,z), then
it is not necessarily possible to directly find minimum size circuits. To illustrate this,
suppose we are considering fanin-2 gates, and we forbid the function —x A y. Obviously,
such gates allow to represent the function -z A y by a single gate. In our encoding, we
assume that primary inputs with a lower index are used first as a fanin. Therefore, we
cannot introduce a gate representing y A -z, which means that we cannot find a circuit
of size one computing the function. In order to still compute a minimum size circuit
with the above restrictions, we can first compute a circuit that also allows the function
g for its gates. The required circuit can then be obtained by modifying each gate that
is set to g by reordering its fanins and changing its function to f. Also, for AIGs some
care must be taken. First, we can see that a 2-regular circuit can be obtained from an
AIG by pulling all not-gates into the subsequent and-gates. For example if both fanins
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of an and-gate are not-gates, we can represent the and-gate by the function -z A —xs.
Thus, gates can attain non-normal functions. But this is not a problem, as for each gate
we can change the function from —x; A -9 to x1 V 9 if we negate the corresponding
fanins of all fanouts of the gate. So to find a minimum size AIG we first have to impose
the constraint —f%;, V = f{, V fi; for each i € [(]—this ensures that no gate is set to the
XOR-function. In a second step the computed circuit can then be easily converted to an
AlIG.

9.3 QBF Encoding

In this section, we will give a QBF encoding that allows to check whether there is a
circuit consisting of £ gates that computes some Boolean function f. The encoding builds
upon the multiple selection variable encoding discussed in Section 9.2, thus we will not
repeat all the details.

The core idea of the encoding is to represent each input of the function by a universally
quantified variable. We can then represent the individual gates by single existential
variables in the scope of the universal variables. As these existential variables can
depend on the universal variables, they can attain different assignments for each possible
assignment to the universal variables. This is in contrast to the SAT encoding where this
dependency had to be represented by means of truth tables.

Similarly as for the SAT encoding, we will now first discuss the variables occurring in
the encoding and then the used constraints.

Input variables I = {ij,...,i,}. These variables represent the inputs of the function.
By universally quantifying these variables, we can represent every argument of the
function f.

Gate variables G = {g1,...,gs}. These variables represent the values yielded by the
individual gates under an assignment for the primary inputs. In order to allow a
dependence on the input variables, these variables will be existentially quantified
in the scope of the input variables.

Selection variables S; = {s;; | 1 <! < i+ n}. Analogous to the SAT encoding, these
variables determine the fanins of each gate. So the variable s;; is assigned to true
iff the j*" vertex is a fanin of the i*" gate. As the fanins of a variable must not
depend on the assignments of the primary inputs, these variables must not depend
on the input variables. Thus, the selection variables are existentially quantified on
the outermost level.

Function variables F; = {fgl-nbk | (b1,...,br) € BF}. Similarly, as in the SAT encoding
these variables determine the function at each gate, i.e., fgh---,bk is true iff the
function at the " gates yields true for the arguments by, ..., b;. The functions
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used at each gate must not depend on the primary inputs, consequently the variables
need to be existentially quantified on the outermost level.

Output variables O; = {0;; | 0 <1 < n+/¢}. As in the SAT encoding the output
variables determine the outputs of circuit. That means that og; is true iff the Gt
output is the constant value false and for [ > 0 the variable o;; is true if the [th
vertex is the j*" output. The variables need to be quantified on the outermost level,
for the same reason as the selection and function variables.

Now let S denote the set of all selection variables, i.e., S = Uie[é] S;. Similarly, let F' be
the set of all function variables and O the set of all output variables. Then the quantifier
prefix of the encoding is given by 35, F, O VI 3G.

Also, the used constraints are very similar to those in the SAT encoding.

o Each gate ¢ must have exactly k inputs. We can again represent this constraint by
using a sequential counter for the selection variables. We denote this constraint by
Count(S;, k).

e Each output j must correspond to exactly one vertex. We denote this constraint
by Count(Oj,1).

e The assignments for the gate variables need to be compatible with the assignment
for the selection variables, the function variables and the variables representing
the fanins. As we represent gates by single variables, instead of truth tables, this
constraint differs from the corresponding constraint in the SAT encoding. To ensure
the compatibility, we have to consider for each gate all possible combinations of
fanins and every assignment of these fanins. Consequently, we add the constraint

>

(Sim A gxl = bl) = gi = flgl...bk (91)
1

l

for every i € [(], for any 1 < x1 < ... < a2 < n+i—1and (by,...,b) € B
Here g, denotes the gate variable g, in case n < x; and it denotes the z
input variable otherwise. Thus, this constraint ensures that if the fanins of the "

gate are assigned to (by,...,b) then the gate variable g; needs to be assigned
according to fp ., . Since it suffices to consider normal gates, we can omit the case
(b1,...,br) = (0,...,0). We refer to these constraints as compatibility constraints,

denoted by Comp;,.

e Finally, we have to ensure that the represented circuit computes the function f.

This can be achieved analogously to the SAT encoding. We refer to these constraints
as correctness constraints, denoted by Corr.
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The QBF encoding is then given by the formula

m L
38, F,OVI3G. Corr A /\ Count(0j,1) A /\ (Count(S;, k) A Comp;) 2

j=1 =1

This encoding suffices to check if there is a size ¢ circuit computing f. The coding can
be extended by using the same symmetry-breaking constraints as for the SAT encoding.

Finally, we can see that if the encoding is satisfiable, then we can obtain assignments of
S, F and O from a model, which we can then be used to construct a circuit—similarly
as with the SAT encoding.

9.3.1 Modified Compatibility Constraints

An issue with the QBF encoding (and also the SAT encoding) is that the number of cases
which need to be considered for the compatibility constraints increases with the number
of fanins k. For the i gate, we have to choose k fanins from the n primary inputs
and the ¢ — 1 preceding gates. Consequently, there are (””L]i_l) possible combinations of
fanins. Additionally, there are 2% different assignments for these fanins. As, we are not
interested in the case where all fanins are assigned to zero, we need to consider 2¥ — 1
different assignments. Thus, for the it" gate, we need to consider (2% — 1) - (”Jr,i*l) cases
for the compatibility constraints (eq. (9.1)). To reduce this number, we now use variables
that indicate the value of each fanin for each gate (cf. with the Distinct Input Truth
Tables Encoding (DITT) [Haa+20]). For each i € [¢] and each j € [k], we add a fanin

variable fi;;, which shall be assigned to true if the 4™ input of the i*™® gate is true.

As before, we can require that fanins are ordered with respect to the ordering of vertices
in the circuit. To constrain the fanin variables, we can now make use of the following
observation. Let i € [(], j € [n+i — 1] and [ € [k]. Then the j'" vertex is the I'" fanin
of the it gate g, iff the j* vertex is a fanin of g and exactly [ — 1 vertices from the
set of vertices {vi,...,v;_1} are fanins of g. From this condition we can conclude that
the j*® vertex is the [*! fanin of the i*® gate iff j is the smallest index such that exactly !
variables from the set {s;1,...,s;;} are assigned to true. To check this condition, we can
ask whether less than [ variables from the set {s;1,... 731'(3'—1)} are assigned to true and
at least [ variables from {s;1,...,s;;} are assigned to true—assuming that j > . For this
purpose, we can now consider the sequential counter for the selection variables for the i*®
gate. The sequential counter contains gates xé that yield true iff at least [ variables from
the set {s;1,..., 5} are assigned to true. So, if xé yields true and xé_l yields false then
the j™ vertex is the I*® fanin of the i gate g—again we assume j > [. We illustrate this
idea in Figure (9.3l

2Note that the propositional part of this QBF is not a CNF. It can be converted to a CNF by Tseitin
transformation, where the Tseitin variables get existentially quantified on the innermost level. In practice,
we prefer a different approach. Instead of a clausal representation, we use the circuit based QCIR [JKS16]
format that allows to directly represent the constraints. By using a circuit based representation, we also
can omit the inner existential quantifier, as each gate variable is uniquely determined by the variables
from the outer levels.
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Figure 9.3: The figure illustrates the sequential counter for the selection variables of the second
gate g for a circuit with four inputs. For each vertex in the figure a red outgoing edge indicates that
the vertex yields false, and a blue outgoing edge indicates that the vertex yields true. Moreover,

the gates x; are marked. We know that the gate x; gets assigned to true iff at least i selection

variables from the set {so1,...,s2;} are assigned to true. Thus, for instance the gates x5 and x2
yield true, whereas the gates z3 and z3 yield false. As, 23 yields false and x} yields true, we can
conclude that 3 is the smallest index j such that one variable from {ss1, ..., ng} is assigned to
true. Consequently, the third vertex is the first fanin of g. Similarly, as % yields false and z?
yields true we can conclude that the fifth vertex is the second fanin of gate g.

In the following, we will generalize the above considerations. For this purpose, let ¢ € [/]
and [ € [k]. We can see that the first [ — 1 vertices can never be the [*' fanin of a
gate—we remember that the ordering of the fanins is determined by the indices of the
corresponding vertices. Similarly, vertices with index j > n 4+ i — k 4+ [ can never be
the I*" fanin of the i*™® gate. Additionally, for j = [ the condition whether the j™ vertex
is the I*" fanin slightly differs from the general case discussed above. In this case it is not
possible that [ variables out of {s;1,...,s;;_1)} get assigned to true. Consequently, in
this case the j™ vertex is the I fanin of the i*® gate if and only if I variables from the
set {si1,...,si;} are assigned to true, i.e., the gate xé yields true.

Based on the above considerations, we now define for ¢ € [¢],1 € [k] and | < j < n+i—k+I
a term t;l. These terms shall be assigned to true iff the j™ vertex is the I*! fanin of

the i*" gate. As discussed before, for j < lor j > n+i— k+ [, the j™ vertex cannot be

the [*h fanin of the i*" gate. Thus, we do not need to introduce terms for these indices.

First, we define t}; = s;;—if the first selection variable is assigned to true then the first

vertex is necessarily the first fanin. Next, for 1 < j < k we define t;'.j = xg For the

remaining combinations of indices, we can define ¢ = ﬂxé_l A xé
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Next, we can use these terms to constrain the fanin variables by
nti—k+l-1
fiue N thng
j=l
where g; is defined as before—i.e., it is either an input variable or a gate variable
depending on the index. The intuition for this constraint is that the I*" fanin of the 7"
gate g is true iff some predecessor vertex of g yields true and it is the I*! fanin of g.

The original compatibility constraint for the i*" gate can now be replaced by

k
(N fia=b)=gi=Ffi, b
I=1
In this new constraint, we no longer have to distinguish between the possible combinations
of fanins. Thus, we only have to consider 2F —1 cases for the new compatibility constraints.

We remember that we use the circuit-based QCIR format, instead of a clausal repre-
sentation of the encoding. Consequently, in the following we can count the number of
gates used for the new encoding instead of the number of clauses. We can see that
for each i € [¢] in total we need k(n + i — k — 1) gates for representing the terms t;l.
k(n+1i—k — 1) gates instead of k(n + i — k) suffice as for each i the first term is either
given by a selection variable or a gate in the sequential counter. For introducing the
fanin variables we need for each ¢ € [¢], k(n + i — k 4 1) gates—a fanin variable for the
ith gate can be represented by a disjunction of n + i — k conjunctions. This means, in
total we need Y.0_ (k(n+i—k—1)+ k(n+i—k+ 1)) = kl(2n — 2k + £ + 1) gates
for introducing the fanin variables for a circuit of size ¢ with n inputs and whose gates
have k fanins. By inserting the definition of each tél directly into the definition of fi;;, we
could further reduce this number, but for the sake of simplicity we refrain of doing so.

To express the compatibility constraints we thus need kf(2n — 2k + £ 4 1) 4+ £(2F — 1)
gates. Originally, we needed (28 — 1) 0., ("F71) = (28 - 1)((216 — (1)) gates for
the compatibility constraints.®, For circuits with few fanins this does not make a big
difference in practice. For example for n = 6,k = 2,/ = 4 we need 116 gates in the
modified encoding, whereas in the original encoding we needed 300 gates. In case larger
circuits are considered e.g., n = 10, k = 6, = 4—such circuit parameters are of relevance
for circuit minimization—we can observe a larger difference. In the new encoding we
need 564 gates whereas in the original encoding we need 208656 gates.

While roughly 200000 gates is still not prohibitively large, the original motivation for
this modified encoding was to consider subcircuits with even more inputs for circuit
minimization. In our experiments, we limited the number of inputs of subcircuits to
10 for gates with kK = 6 fanins. Thus, also the original encoding would be sufficient.
Nevertheless, preliminary experiments did not show any disadvantages of using the above

modifications, so we still use them.
*We know that y " (;;) = (ZI}) Shifting indices yields Zle (”+,i_1) = Z:L:f_l (;) We can now

rewrite this sum to ?i571 (;) — 2:01 (;) By applying the first equality we then obtain (Z_ﬁ) — (kL)




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

CHAPTER

Circuit Minimization

As noted in Section 8.2, exact synthesis can only be applied to find relatively small
circuits. In this chapter, we will introduce a rewriting algorithm that is based on the
SLIM paradigm. For this purpose we extend the encodings for exact synthesis discussed
in Chapter |9 to compute globally optimal replacements for multi-output subcircuits.

We realize this idea in Algorithm |7, which we call ESLIM (exact Synthesis with SLIM).
This algorithm takes a k-regular circuit D' and a budget B which states the available
time for the procedure. The algorithm then computes another k-regular circuit that
computes the same function as D and which has at most as many gates as D.

Similarly as for exact synthesis, it is sufficient to only consider normal circuits. For this
purpose, we first normalize the given circuit. As the given circuit does not necessarily
compute a normal function, the normalized circuit C might compute a different function
as D. To restore the original function, we keep track of all negated outputs of D. In the
end we then denormalize the minimized circuit C by negating the previously negated
gates again. As the normalized circuit C only contains normal gates, every subcircuit
computes a normal function. Thus, for the replacement, it is sufficient to only consider
normal circuits. Consequently, after replacing a subcircuit the encompassing circuit C
remains a normal circuit.

In the following, we will discuss the individual components of Algorithm [7. Further, we
will describe how the algorithm can make use of windows, which enables the algorithm
to handle larger circuits.

n practice, this requirement can be weakened to circuits whose gates have at most k fanins. But to
simplify the presentation, we will assume that each gate has exactly k fanins.
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Algorithm 7 Exact synthesis with SLIM.

1: procedure ESLIM(D, B)

2 C < NORMALIZE(D)

3 while budget remaining do

4: S  SELECTSUBCIRCUIT(C)

5 T < FINDREPLACEMENT(C, S)

6 C < REPLACE(C,S,T)

7 return DENORMALIZE(C)
Algorithm 8 Subcircuit selection.

1: procedure SELECTSUBCIRCUIT(C, n)

2 7 <~ GETRANDOMGATE(C)

3 S« {r}

4: candidates < QUEUE(fanout(r))

5: while |S| < n A |candidates| > 0 do

6 g < DEQUEUE( candidates)

7 if RANDOM then

8 S+ SuU{g}

9 candidates <~ ENQUEUE( candidates, fanout(g))

10: return S
10.1 Subcircuit Selection
In this section, we will describe how subcircuits are selected. The subcircuit selection
procedure is given in Algorithm (8.
To compute a subcircuit, we first pick a randomly selected root gate r. Then we expand r
into a set of gates &, which induces a subcircuit. For the expansion, we make use of
randomized breadth-first search. For this purpose, we initially set S to {r}. Moreover,
we store all fanouts of r in a queue. We will refer to this queue as candidates. To extend
the set S, we first dequeue the gate g from candidates. With a certain probability, we
then add ¢ to S. In case we add the gate, we also enqueue all fanouts of g in candidates.
This expansion of § is repeated until S either has sufficiently many gates or the queue
candidates is empty. By adding the fanins of each gate in S, we then obtain a set of
vertices which induces the subcircuit that shall be replaced.
In a preliminary version of our circuit minimization algorithm, we used different strategies
for expanding root gates. For a root gate r, we tried to compute an expansion that
either has few inputs or few outputs. The underlying motivation for this strategy was
that both the number of inputs and the number of outputs affect the size of the search
space for computing a replacement circuit. Therefore, finding a replacement circuit for a
subcircuit with few inputs, respectively few outputs, should be easier to handle by the
SAT/QBF-based replacement procedure. Being able to handle individual subcircuits
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Algorithm 9 Computing replacement circuits.

1: procedure FINDREPLACEMENT(C, S)

2 n <« |S|

3 while HASREPLACEMENT(C, S, n) do
4: T < GETREPLACEMENT(C, S, n)
5 n<n—1

6 return 7

efficiently has an impact on the overall performance of the minimization procedure as
more subcircuits can be analyzed within a given timeout. If more subcircuits can be
analyzed then there is a higher potential of finding improvements. However, we achieved
better results with the randomized approach, so we will not cover the other strategies. A
reason why the randomized version performed better, might be that, especially in long
runs of the algorithm, the greater variety of considered subcircuits in the randomized
strategy is advantageous.

For the upper bounds of the subcircuit sizes we use handpicked values. These bounds
are only changed if rewriting subcircuits of the given size takes too long. In this case
the bound is decremented until computing new implementations of the subcircuit can be
done sufficiently fast.

In a preliminary version we used a different strategy for controlling the subcircuit size.

We started with a handpicked bound for the subcircuits. As in the current strategy, we
decremented the bounds in case replacing subcircuits was too hard. Additionally, we also
increased the bounds in case computing circuits of this size was easy. In practice, this
often resulted in bounds that were too large. Since we achieved better results when not
increasing bounds, we will not cover this strategy.

10.2 Synthesizing Subcircuits

In this section, we will first discuss the general framework of replacing subcircuits. Then
we will discuss how to modify the QBF and the SAT encoding from Chapter [9]in order to
compute replacement circuits for subcircuits. For both encodings, we do not only harness
the implementational freedom within the subcircuit, but we make use of the freedom
within the entire circuit by making use of don’t cares.

The general framework for replacing subcircuits is given in Algorithm 9. We first compute
the size of the original subcircuit §. Then we repeatedly check if S can be replaced by
a circuit of size n in C. If the circuit is replaceable, we compute a replacement circuit
and decrement the size n. For checking if there is a replacement circuit, we either use
the SAT or the modified QBF encoding, which are discussed below. In case the check
succeeds, we obtain a satisfying assignment of the encoding or an assignment for the
outermost existential variables, respectively. This assignment can then be used to obtain
the replacement circuit.
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It may seem redundant that in the first check we use the original size of the subcircuit.
Checking the original size does not result in a smaller subcircuit and serves a different
purpose. As we start with the original size, in general we always replace the subcircuit
by a different circuit. Even if the newly computed implementation is not smaller, its
substitution modifies the circuit and can help escape local minima. In practice, we saw
that this improves the overall performance of the method.

Next, we will discuss how to adapt the QBF encoding for computing a replacement
circuit. Then we will discuss how to make use of Boolean relations in order to reuse the
SAT encoding.

10.2.1 Extending the QBF encoding

In this section, we will describe how to modify the QBF encoding from Section 9.3 for
finding replacements for subcircuits. The main difference between the QBF encoding
presented in this section and the previous one is that now we do not necessarily have to
find a circuit computing one particular Boolean function. Due to don’t cares, circuits
computing different functions might be used for replacing the initial subcircuit, without
altering the function computed by the entire circuit. As we no longer want to compute a
circuit for a specific function, in particular we have to modify the correctness constraints
of the encoding.

In the following, let C denote the encompassing circuit and § denote the subcircuit
that shall be replaced. We refer to the new implementation of S by 7. Let us denote
the number of inputs of S by n and the number of its outputs by m. Additionally, we
denote the primary inputs from S in C by {z1,...,2,} and the primary outputs by
{y1,...,ym}—we can assume arbitrary orderings. Moreover, we assume that for any
output o of S, the transitive fanout cone TFO(0) with respect to C does not contain any
other gates from S—we will consider this case later in Section [10.2.1. As in the case of
exact synthesis, we want to use the encoding to check if there is a replacement circuit of
size £.

The encoding uses the same classes of variables as the encoding for exact synthesis. For
this reason we only briefly summarize the meaning of the variables and refer to Section 9.3
for more details.

Input variables I = {i1,...,4|iy)}- These variables represent the inputs of the
encompassing circuit C. Note that we use an input variable for each primary input
of C instead of one for each input of the subcircuit S.

Gate variables G = {gi,...,gs}. For each gate in the replacement circuit 7, we use a
gate variable to represent the value of the gate under an assignment of the inputs
of C.
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Selection variables S; = {s;; | 1 <1 < i+ n} for each i € [¢]. To determine the fanins
of a gate in 7 we use the selection variables. The variable s;; is assigned to true iff
the i*? gate in 7 uses the I*'" vertex as a fanin.

Function variables F; = {flfl...bk | (b1,...,br) € B*} for each i € [¢]. For representing
the function at a gate in 7, we use for each assignment of the fanins a function
variable. The variable fél---bk is assigned to true iff the i'" gate yields true for
(b1y...,bg).

Output variables O; = {0;; | 0 <1 < n+/{} for each j € [m]. To indicate which vertex
is used to represent an output of 7, we use the output variables. The variable og;
is assigned to true iff the j*! output is the constant value false and for I > 0 the
variable oy; is assigned to true iff the I*" vertex yields the j*™ output.

As in Section 9.3, we require that each gate has exactly k fanins and each output of the
subcircuit must correspond to exactly one vertex.

In order to make use of don’t cares, we have to proceed differently for the remaining
constraints. As already mentioned before, the synthesized circuit 7 does not necessarily
need to compute the same function as S. Instead, to guarantee that replacing S by T
in C does not alter the function computed by C, we have to ensure that C and C[S < T]|
compute the same function—where C[S < T denotes the circuit obtained by replacing S
in C with 7. For this purpose, we first encode C in a formula ¢c. Then we add a
representation ¢ of a copy of C, where all gates from S are removed?. For each vertex v
in C, we denote the variable representing v in p¢ by ©. Moreover, for every vertex v
in C that is not a gate in S, we denote the variable representing v in ¢ by ©. In both
representations, we use the input variables to represent the primary inputs. For every
other vertex of C, we require v # ¥. In the following we will see that by combining ¢ with
the implementation for the subcircuit, given by the encoding, we obtain a representation
of C[S <= T]. Thus, we can use ¢¢ and ¢ to guarantee that the function computed by
the encompassing circuit remains unchanged?®.

To realize this idea we first have to adapt the compatibility constraints. We remember
that in the original QBF-based encoding, we used the compatibility constraints in order to
ensure that gate variables are assigned according to the variables representing the fanins
and the function variables. In case a gate used a primary input as a fanin, we used the
corresponding input variable in the compatibility constraint. This is no longer possible,
as now the input variables represent the primary inputs of C. To express the dependency
on the encompassing circuit, we use the variables {Z1,...,Z,}—i.e., the representations

2This can be achieved by introducing Tseitin variables for each gate. As noted in Section 9.3 we don’t
necessarily need a clausal encoding. Thus, in practice we represent gates from the circuit by gates in the
circuit-based QCIR format.

3In practice, we do not have to consider the entire circuit for 1c. Obviously, every gate that is not
contained in TFO(S) is not affected by replacing S. Thus, for every gate g not in TFO(S), we can use 9
instead of 7, i.e., we only have to consider TFO(S) for the construction of ¢c. But for illustrating the
idea, we assume that the entire circuit gets copied.
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of in(8S) in 1yc—instead of the input variables in the compatibility constraints. Thus, if in
the new implementation 7~ of the subcircuit a gate depends on the 7" primary input, for
i € [n], then we use Z; in the constraint. Otherwise, the compatibility constraints remain
unchanged. This change of the constraint ensures that in the encoding the subcircuit is
driven by the encompassing circuit.

Additionally, we have to modify the correctness constraints. First, we introduce for each
j € [m], a variable y; that is true iff the 4 output of the encoded subcircuit is true. We
remember that an output of the subcircuit is either the constant value false, a primary
input or some gate. In the first case, the output can trivially not be true. Thus, the ;™
output is true iff one of the following two conditions holds:

o There is some ¢ € [n] such that o;; A Z;, i.e., the " input of the subcircuit describes
the j* output and the i** input is true.

o There is some i € [{] such that O(n+i)j N iy 1.€., the ith gate g of the subcircuit
describes the j*™ output and ¢ yields true.

The above considerations result in the following constraint

L

7; < (o A %)V (0@min; A ar)-
=1 =1

For every gate g in C that uses some output y; of S as a fanin, we now require that in ¢
we use §; in the definition of g. This ensures that 1)¢ depends on the synthesized circuit.
Finally, the new correctness constraint is given by Aycout(c)nrro(s) © = v—as mentioned
before outputs not part of TFO(S) necessarily get the same assignment. We illustrate the
whole idea in Figure [10.1. Note that the construction used for the correctness constraint
is related to miters, which are used for checking equivalence of circuits [PPC96|. The
difference is that for a miter, we check if there is some input assignment of the given
circuits, such that the circuits differ in at least one output, whereas we check if C and
C[S « T] yield the same value for each output under each assignment of the inputs.

Similarly as for exact synthesis these constraints can be extended by symmetry breaking
constraints. We use the same constraints as before. We refer to Section 9.2 for a
description of these constraints.

A core feature of this encoding is that don’t cares do not need to be explicitly represented.
Instead, the encoding implicitly takes care of the don’t cares. For example, if S has
some controllability don’t care, then variables in the encoding can describe an arbitrary
behavior of the synthesized subcircuit for this input pattern. This is possible as there
cannot be an assignment to the universally quantified input variables such that the
variables Z1, ..., %, show the unattainable input pattern. Thus, the specific behavior for
this pattern does not have an influence on the correctness constraint.
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Figure 10.1: On the left side of the image we see the original circuit C, whereas on the right side
of the image we see a copy of C where the subcircuit S is replaced by 7. In both versions of the
circuit the transitive fanout cone of the subcircuit is marked by dashed lines. Every output that
is not contained by this cone obviously yields the same value in both versions of the circuit for
every assignment of the inputs. The replacement circuit 7 must be chosen such that all remaining
outputs yield the same value in both versions of the circuit for each assignment of the inputs.
This can be checked, by ensuring that the gate o is true for every assignment of the inputs.

Ensuring Acyclicity

Let C and S be as before. It is possible that for some primary output  of S the set
TFO(B) N'S contains other vertices than f—here TFO(3) means the transitive fanout
cone with respect to C. This means S has a primary input « such that there is a path
from B to a in C. We illustrate this in Figure [10.2. In this case, we have to ensure that
in the synthesized circuit the gate representing the output 5 does not depend on a.

For this purpose, we first compute all pairs (a, 8) of inputs « and outputs 5 of S such
that there is a path from § to o in C—we denote these pairs as forbidden pairs. In
practice, we compute these pairs by effectively computing the transitive fanout cones for
each primary output and intersecting the cones with the subcircuit. In the following let
us assume that we found at least one pair («, §) with the above property—otherwise we
can directly apply the encoding discussed in the previous section.

To ensure acyclicity, we first introduce, for each input a that occurs in a forbidden pair,
aset {cf... ,c‘()‘n +i)} of variables. We call these variables the connection variables for «,
denoted by C,. The purpose of the variable ¢ is that it shall be assigned to true iff there

is a path from a to the i*® vertex—i.e., the i*" vertex structurally depends on a. Now

suppose we have a forbidden pair («, 8), where « is the i*" input of S and 3 the 5" output.
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Figure 10.2: On the left we see a circuit C containing a subcircuit S. Moreover, C contains a
gate = that uses the output S of S as a fanin and a gate y that is connected to x, both = and y
are not contained in §. Additionally, the gate y is a fanin of the primary input « of the circuit S.
As C needs to be acyclic, the primary output 5 of S does not depend upon the primary input «.
Synthesizing a replacement circuit changes the structure of S. Thus, in the replacement circuit 7
the primary output S might depend on the input «. In that case, replacing S by 7 in C can
cause a cycle.

Thus, there must not be a path from « to the vertex representing S—otherwise we would
obtain a cycle upon replacing the subcircuit. By adding the constraint —c{' V —o;; for
every i € [n + (], we ensure that the vertex representing 8 does not depend on a.

It remains to discuss how to constrain the connection variables. First, assume that there
is only a single forbidden pair. Then we generalize to the case of multiple forbidden pairs.

Let us assume that there is a single forbidden pair («, 3), where « is the i input and 3
the j*™ output of S. We first require that ci' is set to true—the ith vertex is the input .
Next, for each a € [(] and each b € [n + a — 1] we require that ¢ A sqy = o, ,. This
means that if the a'® gate uses the b vertex as a fanin and the b vertex is connected
to a then also the a*® gate is connected to a.

If there is more than one forbidden pair, we first add the above constraint for each pair.
But this is not enough. We illustrate this in Figure [10.3. In this example, it is possible
that the output y depends on the input a.. As there is a forbidden pair (x,y), this means
that = depends on « in this case. This in turn means that every gate g that depends
on x also depends on «, thus it is not allowed that g represents the output 5. In this
case, the constraints used for the single pair case do not suffice to assign the connection
variables properly.

To fix the constraints for this case, we now let P denote the set of all forbidden pairs, A
denote the set of all inputs occurring in a forbidden pair, and B the set of all outputs
occurring in a forbidden pair. Moreover, for each x € B we define the set ®, = {a € A |
(a,z) € P} and the set ¥, = {a € A | a ¢ ®;}. Thus, ®, is the set of all inputs that
occur together with z in a forbidden pair, and W, is the set of all inputs occurring in
some forbidden pair but not together with x. Next, let b € B be the output with index j,
x € Uy, y € Py and i € [n + £] the index of a vertex. Additionally, let s be the index
of the input y. We now add the constraint (o;; A ¢f) = ¢f. This means that if the
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Figure 10.3: A subcircuit with two forbidden pairs («, 8) and (z,y).

vertex representing b depends on = then the vertex representing the input y also depends
on x. As, y € &, we know that the input y is connected to the output b outside of the
subcircuit. Since, b is connected to z in this case, also y needs to be connected to x. By
adding these constraints, we can ensure that also in the case of multiple forbidden pairs
the connection variables get assigned as intended. Thus, the output variables are forced
to be assigned such that no cycle is introduced. We denote these acyclicity constraints
by Acye.

As before let S, F, O denote the sets of all selection variables, respectively function or
output variables. Moreover, let C' denote the set of all connection variables and V' the set
of all auxiliary variables that were used in ¢ and 1¢. Then the complete QBF encoding
is given by

m l
35, F,0,CVI 3G, V. oc Ape A Corr A Acyc A /\ Count(Oj, 1)\ /\ (Count(S;, k) AN Comp;).
j=1 i=1

As in Section [8.2] in practice we use a circuit based representation of the above encoding.

This in particular means that in case there are no forbidden pairs, we can remove the
innermost existentially quantified variables, as all of them are uniquely determined by the
remaining variables. Consequently, there is only a single quantifier alternation and thus
the encoding is a circuit 2QBF. If there are forbidden pairs, we cannot remove all of these
variables. Therefore, the encoding is not a 2QBF in this case. It is not possible to remove
these variables as the QCIR format requires that gates are ordered topologically, i.e.,
fanins of gates are introduced before they are used. Remember that we used a variable
to represent the value of each output y of the subcircuit. As a QCIR encoding must
be ordered topologically, the definition of the gate representing ¢ must occur after the
definitions of the gate variables— is defined by means of all gate variables. Suppose, we
have a forbidden pair («, ). The gate representing o must appear later in the encoding
as B—as there is a path from S to « in the encompassing circuit. But « is also an
input of the subcircuit, thus the gate representing o must be introduced before the gate
variables, i.e., before 3. As this is not possible, we need to represent § by an existentially
quantified variable in this case.
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10.2.2 Extending the SAT encoding

The SAT encoding discussed in Chapter |9 could directly be used to find a locally
optimal circuit, i.e., a smallest possible circuit computing the same function as the initial
subcircuit. The obtained new implementations could then be used for rewriting the initial
subcircuit. But this approach would not make use of don’t cares, as only the current
subcircuit is considered, and not the encompassing circuit.

Instead, first we will compute a Boolean relation that captures the don’t cares of the
subcircuit. Then we compute a circuit that implements this relation using a slightly
modified version of the SAT encoding.

Computing Boolean Relations

In this section, we will discuss how to construct a Boolean relation R for a subcircuit &
of C such that, for any circuit 7 that implements R, the circuit C[S < T| computes the
same Boolean function as C. To compute such a relation, we will present an approach
based on incremental SAT-solving.

In the following, let S be a subcircuit of C with n inputs and m outputs. The core idea
of the presented approach is to compute a set & C B" x B™ of conflicting input-output
behaviors. This set shall contain every pair (o, p), such that for any circuit 7 with
T (o) = p the circuits C and C[S < T] compute different functions. From this set we can
then obtain the relation R that is defined by R(c) = {p € B | (0,p) ¢ ®}. It can be
easily verified that any circuit implementing R is eligible for replacing S.

Lemma 10.1. For every circuit T implementing R we have C = C[S <+ T].

Proof. We assume the opposite. This means that there is some circuit 7 implementing R
s.t. for some v € B/l we have C(v) # C[S < T](7). Let ¢ denote the assignment to
the inputs of 7 and p the assignment of its outputs induced by . We can conclude that
there must be some circuit 7’ with 77(c) = p that is eligible for replacing S—otherwise
the pair (o, p) would be contained in ®. This yields a contradiction, as we must have

CIS < T](v) =CIS < T'N(7) m
Moreover, every circuit that is eligible for replacing & also implements R.

Lemma 10.2. Let T be a circuit s.t. C[S <= T| =C. Then T implements R.

Proof. Assume there is such a circuit 7 that does not implement R. Then there is a
o € B" s.t. T(o) ¢ R(c). We can conclude that (0,7 (0)) € ®. But this means that
replacing S by T alters the function computed by the encompassing circuit C. This is a
contradiction to the initial assumption. O

The above considerations mean that the relation R describes all possible replacement
circuits for S. Thus, in order to find the minimum size replacement circuit for S, we can
instead compute a minimum size implementation of R.
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Figure 10.4: By removing the subcircuit S from C we obtain the circuit C’. The circuit C' has
additional inputs z1, z2, 3.

To compute the set ®, we first define the circuit C’' as the circuit that is obtained by
removing all non-output gates in S from C.* We illustrate the construction of the circuit C’
in Figure [10.4. In addition to the primary inputs of C, this new circuit has an additional
primary input for each output of S. For an assignment o for in(C’) with ‘7|in(c) = o1 and
a]m(c,)\m(c) = 09, we can now use C’' to simulate the effect of replacing S by a circuit
that yields o2 under the assignment o; for the primary inputs of C. Let p be the induced
assignment for the inputs of S. We can see that if C(o7) # C'(0), then any circuit 7 with
T (p) = o2 changes the function computed by C upon replacing S. This construction can
be used to find all pairs of assignments for the inputs and outputs of S that alter the
function computed by C. These pairs then give the set ®.

To realize this idea, we encode both C and C’ in propositional formulas ¢; and @2 by
Tseitin transformation. In these encodings, we use distinct variables for every vertex,
except for the primary inputs of C. For every vertex v in C, we denote the variable
representing v in (1 by © and for every vertex v in C’, we denote the variable representing v
in @9 by v'. Moreover, we denote the set of variables representing in(C) by X, the set of
variables {v/ | v € in(S)} by Y and the set of variables representing in(C)\ in(C’) by Z. To

ensure that C and C’ differ in at least one output, we add the constraint \/,couy(cry 0 7# '

We denote this constraint by diff. First, assume that the formula 1 A pa A diff is satisfied
by an assignment o. Due to the constraint diff, we know that for o1 = 0|y and o2 = 0|,
the circuits C and C’ differ in some output, i.e., we have C(o1) # C'(01 U 02)—here we
identify assignments for vertices and variables. By restricting o to Y we then obtain an
assignment p = oly- such that the pair (p, o2) must be contained in ®. If the formula is
unsatisfiable no matter how we modify the outputs of S, we cannot modify the function
computed by C. In that case, ® is the empty set.

The above procedure computes one pair in ®. By excluding already found pairs, we can
make use of incremental SAT solving to compute ® starting from the empty set. This

4In practice, we do not need to consider any gate that is not contained in TFO(S) for the construction
of C’, as such gates are not affected by the subcircuit. This is similar to the correctness constraints for
the QBF encoding. As C’ is simpler for illustrating the idea, we consider this circuit instead.
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Algorithm 10 Computing a Boolean relation for don’t cares.

1: procedure COMPUTERELATION(C, S)

2 D0

3 1, P2, diff , equiv < SETUP(C, S)

4 while ISSAT (1 A w2 A diff ANy 2)ee —y V —2) do

5: 0 <= GETMODEL(p1 A w2 A diff A Ny 2yea 7Y V —2)
6 G < GETCORE(p1 A @2 A equiv, 0| z)

7 Yy oly

8 z 46|,

9 O dU{(y,2)}

10: return ¢

means, we iteratively check the formula @1 A 2 A diff A /\(W)eq, —y A mz—where @1, Y2
and diff can be defined as before. As long as the formula is satisfiable, we can determine a
new pair from a satisfying assignment. This pair can then be added to . As the formula
contains the subformula /\(y7z)€q) -y A -z, we ensure that no pair is considered twice.
Thus, eventually the formula will become unsatisfiable and ® contains all conflicting
input-output behaviors.

The described procedure for computing ® requires to enumerate all conflicting input-
output behaviors. For improving the procedure, we want to generalize the assignments.
This is realized in Algorithm [10. Algorithm 10 computes a set ® consisting of pairs of
total assignments for the inputs of the subcircuit and partial assignment for its outputs.
The set ® is computed such that for each conflicting input-output behavior (o, p) there
is a pair (o, p1) € ® with p; C p.

To generalize the assignments of the outputs, we proceed similarly as [RS04]. We first
negate the constraint diff and obtain the new constraint Acoui(c) © = v', which we will
denote as equiv. Now we compute a subset & of oy, such that o1 A o A equiv A G is
unsatisfiable. Such a subset must exist, as we know that under o| y ,,, the circuits C and C’
yield different values. To compute &, we make use of incremental SAT solving [ES03].
We solve @1 A 2 A equiv under the assumption literals oy ,,. We then obtain 6 as the
set of failed assumptions—the failed assumptions are those used to prove unsatisfiability,
cf. with the IPASIR interface [Bal+16]. The corresponding pair, which we can add to ®,
is then given by y = o|,, and z = &|, While the above procedure reduces the size of the
output assignment it leaves the input assignment unchanged. As the input assignment is
entailed by the assignments of X and Z, it would be redundant to add assumptions for
the inputs. Thus, it is not possible to reduce the input assignment in the same way.

All the SAT checks in Algorithm |10/ can be performed by a single instance of an incremental
SAT solver. To do this, we equip both the diff and the equiv constraints with selector
variables that allow to disable the respective constraint. Similarly, we equip the clauses
obtained from the assignment pairs with selectors in order to disable them in the reduction
step.
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Finally, Algorithm [10| yields a set ® of pairs of assignments that describes all conflicting
input-output behaviors. This means that for each conflicting input-output behavior (o, p)
there is a (partial) assignment of the outputs p’ with p’ C p such that (c,p') € ®. If
there would not be such a pair in ® then we can see that Algorithm 10 would not have
terminated yet.

Synthesizing Boolean Relations

To compute a circuit that implements a relation computed by Algorithm 10, we can apply
a slightly modified version of the SAT encoding used for exact synthesis. For describing
these modifications, let ® be a set consisting of pairs of assignments for the inputs and
outputs of § as computed by Algorithm [10.

As before, we use the following variables in the encoding.

Gate variables G; = {gi; | 0 <t < 2"}. These variables determine the value of the i*"
gate for each line of the truth table.

Selection variables S; = {s;; | 1 <1 < i+ n}. These variables determine the fanins of
the i*" gate.

Function variables F; = {f{ , | (b1,---,b) € B¥}. These variables describe the
function at the i gate.

Output variables O; = {0;; | 0 <1 < n+/¢}. These variables determine the 5™ output
of the circuit.

These variables have the same meaning as before, so we will refer to Section 9.2 for more
details. We also use all constraints used before, except the correctness constraint. In
order to ensure that the computed circuit implements the relation R, we first introduce,
for each output = € out(S), and each 0 < ¢ < 2", a new variable yf. These variables
represent the value of x in the ¢ line of the truth table. We can then enforce the intended
meaning of these variables, similarly as we did for the variables g; in Section [10.2.1!

Remember that for each (y, z) in @, y is a total assignment to the inputs of S. Thus, we
can determine the line ¢ in the truth table that corresponds to y. Then we introduce a
clause C' that contains for every positive literal £ in z the literal —y; and for each negative
literal —¢ the literal yf. By adding the clause C for each pair in ®, we can ensure that
the computed circuit implements the relation that is described by ®.

As in Section [10.2.1, we have to ensure that the synthesized circuit does not introduce
any cycles into the circuit upon replacing the original subcircuit S. To prevent cycles,
we can proceed similarly as in the QBF encoding. That is, we first compute the set
of all forbidden pairs. Then we add for every vertex, connection variables that can be
constrained analogous as before. Finally, we use these connection variables in order to
prevent that for some forbidden pair (z,y) the vertex representing y depends on z.
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An advantage of the SAT-based approach, compared to the QBF-based approach, is
that we can use incremental SAT solving for checking different circuit sizes with one
encoding/’| The core idea for adapting the SAT encoding to incremental solving is to
introduce an activation variable z; for each i € [|S|]. Moreover, we add for each i € [|S]]
the constraint A e, 2 V —0ij. Thus, if for some 0 < £ < [S], we assume —z; for every
¢ < i < |S| then the ¢ gate is the last gate that gives an output. This means that the
remaining gates do not have an effect and can thus be ignored. To find a minimum size
replacement circuit, we first use no assumptions. If the encoding for size /¢ is satisfiable,

we add the variable —zy to the assumptions.

10.3 Windowing

For both the QBF and the SAT based approach, the difficulty of finding a new implemen-
tation for a subcircuit mainly depends on the size of the subcircuit. But the difficulty also
depends on the size of the encompassing circuit. This dependency on the encompassing
circuit cannot be avoided, as in order to make use of don’t cares we need to consider the
entire circuit. In the QBF approach, we add a representation of the entire circuit to the
encoding, and for the SAT based approach, we use a representation of the entire circuit
in the SAT encoding that is used for determining the relation. Consequently, for large
circuits, the task of finding new implementations of subcircuits gets harder.

In order to control the effect of large encompassing circuits, we can apply Algorithm 7|to a
window (a subcircuit) [MBO05] instead of the entire circuit. Minimizing a window preserves
the function computed by the window, so we can use the optimized implementation to
replace the original window. As a consequence of optimizing a window instead of the entire
circuit, we can only make use of don’t cares within this window. Nevertheless, the use of
windows gives us more control over the hardness of synthesizing new implementations
for subcircuits. By choosing windows that are still manageable for our QBF /SAT-based
approach, we can minimize circuits that could otherwise not be handled by our method.

Another advantage of using windows is that we can minimize multiple windows simul-
taneously. In Algorithm [7, we cannot rewrite multiple subcircuits in parallel. This is
not possible as a modification of one subcircuit might modify the don’t cares of another
subcircuit. Thus, while replacing a single subcircuit alone would not change the function
computed by the encompassing circuit, replacing multiple subcircuits simultaneously
could change it. Unlike the replacement of subcircuits in Algorithm |7, where a circuit
can be replaced by circuits computing different functions, windows are always replaced
by circuits computing the same function. Consequently, if we select multiple disjoint
windows, we can minimize multiple parts of the circuit simultaneously.

A major challenge in combining windowing with Algorithm |7 is that we have to ensure
that replacing windows by optimized implementations does not introduce cycles to the

SWhile there are QBF solvers that support incremental solving [ILE14] the QBF solvers, we use, do
not support incremental solving.
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Figure 10.5: We consider two windows W; and W, in the circuit C. The cone marked with
solid lines shows the TFIs of the outputs o1, respectively oy. Initially, the output o1(03) does
not depend on the input i;(i2). Minimizing the windows might change the TFIs of 0; and os.
The changed cones are indicated by the dashed lines. The changed cones cause a cycle as iy is
reachable from itself via oy, i and o0s.

encompassing circuit. This is possible since in the optimized windows, some primary
outputs might contain additional primary inputs in their TFIs.®. We illustrate this in
Figure |10.5.

In order to ensure acyclicity, we introduce what we call the level constraint for a window W.
The level constraint asserts that inputs of W have smaller levels than any output, formally:

max({lv(z) | z € in(W)}) < min({lv(z) | z € out(W)}).

Intuitively a cycle can only arise if replacing windows causes a cycle of windows, i.e.,
in the encompassing circuit there is a path leaving a window and entering the same
window later again. The level constraints ensure that for each window all of its outputs
occur deeper within the encompassing circuit than all of its inputs. Therefore, even after
replacing the window every gate that depends on an output of the window needs to be
deeper within the encompassing circuit than all the inputs of the window. Thus, it is not
possible to introduce a cycle.

Lemma 10.3. Let C be a circuit and Wy, ..., W, be windows of C that satisfy the level
constraint. We require, that whenever two windows contain a common vertex, then this
vertex must be a primary input of both windows. That is, for any i,j € [n] with i # j
we have V(W;) NV (W) = in(W;) Nin(W;). Then replacing the windows by any other
windows W1, ..., W/ does not introduce cycles into C.

Since the optimized window computes the same function as the original window, assignments of
the additional dependencies do not have an effect on the corresponding outputs. Still, such additional
structural dependencies can cause cycles in the encompassing circuit.
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Algorithm 11 Computing disjoint windows.

1: procedure EXPAND(root, prohibited, size)

2 toConsider +— GETSUCCESSORS(root) \ prohibited

3 window <+ 0, level + oo

4 while toConsider # () do

5: g < pop g from toConsider with minimum level

6 repair < {x € TFI(g) | Iv(z) > level}

7 if prohibited N repair # 0 V |window U repair U {g}| > size then
8

9

continue
: window <— window U repair U {g}
10: level <~ min({lv(x) | x € out(window)})
11: UPDATE(toConsider, prohibited, repair U {g})
12: return window

Proof. For every pair of windows, all common vertices are primary inputs of both
windows. Thus, the replacement is well-defined—as there are no overlaps. Suppose
towards a contradiction, that replacing the windows causes a cycle. Therefore, after
replacing the windows there is some gate g in the circuit that is reachable from itself.
Let P = p1,...,pm be a path from g to itself, i.e, p1 = p,, = g. We know that P cannot
be disjoint from all windows W7{,..., W/ otherwise C would already contain a cycle.
Thus, we can assume that g € in(W;) for some i € [n]. Next, we construct a sequence
Q=qi,-..,qr of vertices in the original circuit C from the path P. To construct @, we
traverse the vertices in P. For this purpose, we distinguish between two cases. If p is
an output of a window, we add the corresponding output of the original window to Q.
Otherwise, if p is an input of a window or not contained in any window then we add
p to Q. This means that any gate in a window that is not an output of the window is
not considered for the construction of ). The construction of () ensures that for each
i € [k — 1] we have Iv(¢q1) < 1v(gi+1). If gi+1 was obtained from an output of a window,
then ¢; must be an input of this window. As the window satisfies the level constraint, we
can conclude that 1v(g;) < 1v(g;+1). Otherwise, if ¢;11 was not obtained from an output
of a window then there is some [ € [m — 1] such that ¢; and ¢;11 were obtained from p;
and p;11, where p; is a fanin of p;,1. Again this implies that 1v(g;) < 1v(gi+1). As pp is
an input of a window, we can conclude that g; = g;. This yields a contradiction, since
this means that 1v(q1) < 1v(q1). O

We use Algorithm |11/ to compute a window W satisfying the level constraint. The window
is chosen such that it has a primary input root, |W| < size and (W \in(W))Nprohibited = ().
In the algorithm the window is represented by a set window, which only contains gates
and no primary inputs—a proper subcircuit can easily be obtained by adding all inputs
of the considered gates. To compute the window the algorithm keeps a set of candidates
(TOCONSIDER) for the insertion to the window. This set is given by the successors
of the current window and root. We want to obtain a compactly arranged window,
thus we determine a candidate g from toConsider with minimum level. Adding the
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10.3. Windowing

candidate to the window can introduce additional inputs of the window. As these inputs
do not necessarily have smaller levels than all current outputs of the window, this can
violate the level constraint. To fix this, we compute the set of all vertices (repair) in the
transitive fanin cone of g, whose level is greater or equal than the current minimal level
of an output of the window. Adding g to the current window only preserves the level
constraint if repair is also added to the window. If repair either contains a forbidden

gate or the insertion of repair would result in a too large window, we cannot insert repair.

Consequently, it is also not possible to add ¢ to the window. This procedure is repeated
until no candidates are remaining.

To apply Algorithm 11, we pick a random primary input x of the circuit C. Then, the
first window is obtained by EXPAND(z, (), size). If the window is too small, a different
primary input can be considered as root. To compute an additional window, we either
use a primary input previously not considered or an output of a previously computed
window as root x. Let prohibited denote the set of all gates in previously computed
windows. The new window is then computed by EXPAND(x, prohibited, size).
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CHAPTER

Experiments — Part 11

In this chapter, we will give an experimental evaluation of an implementation of Algo-
rithm |7, presented in the previous chapter. We will first compare the exact synthesis of
Boolean functions with QBF and SAT. Then we will discuss the minimization of AIGs.
Finally, we will consider the minimization of LUT-6 circuits.

We want to point out that this approach is not limited to AIGs, respectively to LUT-6
circuits. For example, we used Algorithm 7| to minimize the size of XAIGs (AIGs that
allow XOR-gates) in the IWLS’23 competition. Additionally, our tool can also handle
other fanin sizes and it can be adapted for other other types of gates by introducing
suitable constraints for the function variables (as discussed in Section |9.2). Nevertheless,
here we will only discuss the minimization of AIGs and LUT-6 circuits.

11.1 Implementation

We implemented Algorithm [7] as described in Chapter [10|in a program called ESLIM
(exact Synthesis with SLIM). Most parts of ESLIM are implemented in Python and
some are implemented in C++." We considered the following QBF backend solvers?.

QFUN the original version of QFUN [Jan18].®
QFUNZ2 an improved newer version of QFUN
SMSG a 2QBF solver that is part of the SAT Modulo Symmetries framework [KS21].°

! Available at: https://github.com/fxreichl/SAT24-eSLIM

2In preliminary experiments we also used the solvers MINIQU [S1i22] and QUABS [Tenl6|. As we
achieved better results with QFUN, we will not consider MINIQU and QUABS in this thesis.

3Available at: https://sat.inesc-id.pt/~mikolas/sw/qgfun/qfun_2018_04_28.tgz

4Available at: https://github.com/MikolasJanota/qgfun

5Available at: https://github.com/markirch/sat-modulo-symmetries
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As a backend solver for SAT we applied CADICAL [Bie+20|. Additionally, ESLIM
internally makes use of the following libraries.

« Reading and writing of AIGs is done by the AIGER library [Bie07; BHW11].6

« For using C++ subroutines in Python, we used PYBIND11.”

11.2 Experimental Setup

Unless stated otherwise, experiments were conducted on a cluster with AMD EPYC 7402
processors at 2.8 GHz running 64-bit Linux. Moreover, we limited the memory usage to
4 GB. For the parallelized minimization we used a memory limit of 4 GB per thread.

To read and write AIGs we used the binary AIGER format [Bie07; BHW11]. For reading
and writing non-AIGs we used the BLIF format [Ber92|.

In the following, we distinguish between ESLIM using the SAT approach, and ESLIM
using the QBF approach. We refer to ESLIM in the aforementioned configuration simply
by sat. For the latter configuration we further distinguish between the backend solver.
We refer to these configurations by qfun, qfun2 and smsg.

11.3 Exact Synthesis

In this section, we will compare our implementation of QBF-based exact synthesis with
SAT-based exact synthesis to determine the overhead of using QBF solvers. For the
comparison, we used the four and six-input functions from a previous experimental
evaluation [Haa+20]. Since the five-input functions of the aforementioned evaluation were
not available, we used randomly generated five-input functions instead. All, considered
functions are given by truth tables. As in [Haa+20|, we computed circuits whose gates
have two fanins for the four-input functions, circuits whose gates have three fanins for the
five-input functions, and circuits whose gates have four fanins for the six-input functions.
To get results for the SAT-based approach, we applied the tool PERCY [Soe+22|. For
each of the three benchmark families, we applied PERCY with the optimal configuration
according to [Haa+20]. As ESLIM is mainly intended for circuit minimization, some
minor modifications of ESLIM were necessary. ESLIM requires that inputs are given
as circuits. For this reason, we represented each Boolean function f by a circuit in the
BLIF format that consist of single gate representing the function f. We then applied
ESLIM to replace this single gate. Moreover, we incremented subcircuit sizes—unlike to
circuit minimization, where we start with the original subcircuit size and then decrement
the size.

Table [11.1) summarizes the results of the experiments. For each considered configuration,
average and median runtimes are shown. Both for the SAT- and the QBF-based approach,

SAvailable at: https://github.com/arminbiere/aiger
"Available at: https://github.com/pybind/pybindll


https://github.com/arminbiere/aiger
https://github.com/pybind/pybind11

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

11.4. AIG Minimization

sat gfun qfun2 smsg
Instance mean median mean median mean median mean median
4-input 0.29 0.03 3.07 0.21 1.66 0.30 1.81 0.28
5-input 3.18 2.54 21.38 10.38 870 5.94 12.39 6.25
6-input 0.04 0.01 0.09 0.06 0.21 0.12 0.12 0.07

Table 11.1: Average and median times for SAT and QBF-based exact synthesis.

we only measured the time for synthesizing circuits. The results for the four-input
functions are given first, followed by the results for the five- and six-input functions. The
table shows that on average it takes less time to synthesize circuits for the six-input
functions compared to the four- and five-input functions. This can be explained by the
observation that on average fewer gates are needed to represent the six-input functions
compared to the other two sets of functions. On average approximately 5 fanin-2 gates
are needed to represent the four-input functions, 4.4 fanin-3 gates for the five-input
functions and 2.3 fanin-4 gates for the six-input functions. Therefore, on average fewer
SAT, respectively QBF, calls are needed for the six-input functions, which explains the
shorter runtimes.

The results show that, in general, the SAT-based approach is faster than all QBF
configurations. However, ESLIM was not optimized for exact synthesis, and optimizing
the encoding to single output functions could reduce the size of the gap. Moreover, the
table shows that there are significant differences between different used QBF solvers. In
particular, the comparison between the results by QFUN and the newer QFUN2 for
the four- and five-input functions suggest that further progress in the development of
QBF solvers, or tuning to this application, might close the gap between the SAT- and
the QBF-based approach.

11.4 AIG Minimization

In this section, we will analyze the performance of ESLIM for minimizing AIGs.

We evaluated our tool on the instances from the IWLS’23° and the IWLS’24” programming

contests. Both benchmark sets consist of 100 Boolean functions, given as truth tables.

The goal is to construct an And-Inverter Graph (AIG) that computes the specified
Boolean function with as few gates as possible.

Since the instances are given as truth tables, and our tool requires that specifications
are given as circuits, we preprocessed the instances using ABC |[BM10]. As a naive
transformation of truth tables to circuits by using ABC in general results in relatively
large circuits, we used the ABC command DEEPSYN to reduce the size of the initial

8https://github.com/alanminko/iwls2023-1s-contest
9https://github.com/alanminko/iwls2024-1s-contest
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circuit. We used DEEPSYN with a timeout of one hour. DEEPSYN is widely regarded as on
one of the most effective optimization strategies for computing compact AIGs [CMM23].
Additionally, unlike many other optimization strategies in ABC, DEEPSYN allows any-
time optimization. This made it possible to use a fixed time for each instance. For
preprocessing we used a workstation with an Intel i7-4790 processor at 3.6 GHz running
64-bit Linux. We processed up to four instances in parallel. While we did not use memory
limits for individual instances, in total 16 GB of memory were available.

In our evaluation setup, we considered ESLIM both in the QBF-based and the SAT-based
configuration. As in the last section, we used the QBF solvers QFUN, QFUN2 and
sMSG for the QBF-based approach. The solver SMSG only supports 2QBF—i.e., QBF
which only have a single quantifier alternation. As discussed in Chapter 10, we need
another block of existentially quantified variables in case there are forbidden pairs for a
subcircuit. Consequently, we could not use SMSG for subcircuits that have forbidden pairs.
For this reason we used QFUN2 in the sMsG configuration for subcircuits with forbidden
pairs. Since both benchmark sets contain only few instances that are sufficiently large
for a reasonable application of windowing, we did not apply it here.

We compared ESLIM with the DEEPSYN procedure from ABC. We did not compare our
tool with other entries from the IWLS 2023 competition. Neither the tool used by the
Google DeepMind team (ranked first) nor the tool used by the EPFL team (ranked third)
are publicly available, so we could not run their tools ourselves. Moreover, we do not
know the computational resources that were used by the two teams for the generation
of their submission to the competition. Thus, we think that a comparison with the
instances from their submissions would not be fair.!'®, We also did not consider the
transduction method [Miy24], which is implemented as part of ABC. In preliminary
experiments the transduction method did not report results for some instances within
a week. Consequently, to give a fair comparison between ESLIM and the transduction
method very long run times would have been necessary. The required experiments would
have been beyond the capabilities of the computational infrastructure available to us.

In our experiments, we alternated between 27-minute runs of ESLIM and 3-minute runs
of DEEPSYN for inprocessing. This was repeated eight times. For comparison, DEEPSYN
was run for four hours.!!/ We set the initial bound for the subcircuit size to 6 for all
considered configurations of ESLIM. As both DEEPSYN and ESLIM internally use some
kind of randomization, we performed five independent runs for each configuration.

For both benchmark sets and all configurations, the application of DEEPSYN for in-
processing is responsible for approximately 20% of the total reduction. We visualized
the reduction of gates over time for ESLIM in Figure 11.1. We do not compare with
the four-hour run of DEEPSYN as we do not have intermediate circuit sizes for these
experiments. The figure shows that both our method and the inprocessing step show

10At the presentation of the IWLS 23 competition results it was mentioned that the DeepMind team
used much longer runtimes—weeks instead of hours.

11n general, all tools benefited from longer runtimes. Nevertheless, we limited the runs to roughly
four hours due to constraints on the available computational infrastructure.
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Figure 11.1: The plot shows the average reduction of gates (%) over time. The gray marked areas
visualize the applications of ABC for inprocessing.

diminishing returns over time. Nevertheless, we can observe that until the end of the
runs, further reductions could be achieved.

Next, for both benchmark sets, we grouped the instances into four subsets of 25 based
on the initial number of gates. We then determined, for each run and each group of
instances the average size reductions compared to the preprocessed circuits. Further-
more, we computed averages and standard deviations among the individual runs of the
configurations. Results for the IWLS’23 instances are given in Table [11.2] and results
for the IWLS’24 instances are given in Table 11.3. Visualizations of the results for both
benchmark sets are given in Figure 11.2.
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deepsyn

gfun

gfun2

smsg

sat

#Gates

mean stdev

mean stdev

mean stdev

mean stdev

mean stdev

10 - 39 0.59 0.4

40 - 100 0.68 0.18
131 -492  9.32 0.44
005 — 7839 12.64 0.47

Overall 5.82 0.22

2.97 0.42
8.11 0.27
15.69 0.8
10.73 0.25
9.37 0.21

3.16 0.22
8.24 0.2
17.56 0.55
11.82 0.58
10.2 0.18

3.07 0.21
8.32 0.35
18.12 0.85
12.36 0.27
10.47 0.25

2.93 0.28

8.7 0.26
19.76 0.59
15.61 0.52
11.75 0.17

Table 11.2: Average reduction (%) of gates compared to the preprocessed IWLS’23 instances, by
configuration and initial size, and standard deviations of the average reductions per configuration.

deepsyn
mean stdev

#Gates

qfun
mean stdev

qgfun2
mean stdev

smsg
mean stdev

sat
mean stdev

10 - 39 0.09 0.07
40 - 119 0.78 0.3

126 — 403  4.89 0.67
417 - 7569 11.51 0.39

Overall 4.32 0.07

1.97 0.17
11.87 0.33
13.71 0.79
11.11 0.32
9.66 0.32

1.82 0.13
12.3 0.69
14.28 0.25
12.34 0.67
10.18 0.22

1.9 0.07
12.44 0.43
14.69 0.18
12.79 0.38
10.46 0.19

1.92 0.08
12.65 0.37
17.27 0.57
16.57 0.35
12.1 0.19

Table 11.3: Average reduction (%) of gates compared to the preprocessed IWLS’24 instances, by
configuration and initial size, and standard deviations of the average reductions per configuration.

For both the IWLS’23 and the IWLS’24 instances, we obtained similar results. First,
ESLIM using the SAT approach as well as ESLIM using the QBF approach could
outperform DEEPSYN. This indicates that the combination of DEEPSYN for preprocessing
and inprocessing with ESLIM is better than just applying DEEPSYN alone. Moreover, the
SAT-based strategy outperformed the QBF-based strategy. Analyzing the experiments
showed that in general the SAT-based approach was able to handle individual subcircuits
faster. Thus, the SAT-based approach could process more subcircuits compared with the
QBF-based approach.

Further, we can also see that for both benchmark sets there is a difference between the
different QBF solvers. Overall, SMSG was able to achieve more reductions than both
QFUN and QFUN2, and QFUN2 could outperform QFUN. As for exact synthesis,
these results suggest that further progress in the development of QBF solvers might close
the gap between the QBF and the SAT-based approach.

Above, we discussed average reductions among the individual runs of the considered
configurations. Additionally, we determined for each configuration the best implementa-
tion found by one of the runs. We computed the average reductions per instance class
for these implementations. Results for the IWLS’23 instances are given in Table [11.4,
and results for the IWLS’24 instances are given in Table [11.5. These results indicate
that for all considered configurations, it may be advantageous to consider multiple runs.
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Figure 11.2: Bar plots showing the average reductions of gates per instance class and minimization
approach.

#Gates deepsyn gfun qfun2 smsg sat
10 - 39 1.65 3.6 3.86 4.04 3.38
40 — 100 1.63 9.68 9.56 9.56 10.46
131 — 492 12.73 18.59 20.3 20.92 22.46
505 — 7839 14.99 12.3 13.67 14.11 18.33
Overall 7.75 11.04 11.85 12.16 13.66

Table 11.4: For each instance and each configuration the best implementation among the individual
runs is selected. The table reports the average reduction (%) of these best implementations per
instance class for the IWLS’23 instances.

As our method makes use of a randomized subcircuit selection, different runs result in
different sequences of replaced subcircuits. Consequently, one run might get stuck in a
local minimum (which is difficult to escape from).

Parameters In the above experiments, we used parameters for ESLIM that seemed
to be good choices according to preliminary experiments. Here we want to highlight
subcircuit sizes. As mentioned above, we always used an upper bound of 6 for the

subcircuit sizes. In practice, this bound yielded the best results for the IWLS instances.

For smaller bounds the task of finding replacement circuits gets easier, fewer reductions
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#Gates deepsyn gfun gfun2 smsg sat
10 - 39 0.28 2.14 2.11 2.14 1.98
40 - 119 1.55 14.11 14.45 13.7 14.3
126 — 403 7.79 16.63 16.99 17.1 20.25
417 — 7569 14.03 12.67 14.22 14.84 18.12
Overall 5.91 11.39 11.94 11.95 13.66

Table 11.5: For each instance and each configuration the best implementation among the individual
runs is selected. The table reports the average reduction (%) of these best implementations per
instance class for the IWLS’24 instances.

are possible. Conversely, for larger bounds, there are more potential reductions but
the task of computing replacement circuits gets harder, so that fewer subcircuits can
be considered. A bound of 6 seems to be a good tradeoff between the hardness of the
replacement and the potential for finding improvements.

In addition to the experiments presented above, ESLIM also showed a good performance
in recent IWLS programming contests. A preliminary version ESLIM achieved the third
place in the IWLS’22!?| programming contest, and it achieved the second place in all
three tracks of the IWSL’23'3 programming contest.

11.5 LUT-6 Minimization

In order to evaluate ESLIM for circuits whose gates have more than two fanins, we
considered the EPFL Combinational Benchmark Suite [AGM15|. This benchmark set
consists of twenty circuits.'* The goal is to find small 6-input lookup table (LUT-6)
implementations of the specifications. Gates have six fanins, and arbitrary functions are
allowed at each gate. In addition to a specification given as circuit with binary gates,
the benchmark suite also provides the best known LUT-6 realizations so far, which are
continuously updated. We took the best known realizations as of 2022 (commit 42c1f31)
as initial specifications in our experiments.

We ran our reduction tool for 12 hours both with the SAT and the QBF configuration.
Unlike in the previous experiments we only considered the original version of the QBF
solver QFUN. We did not consider the other QBF solvers as preliminary experiments
showed that there are no significant differences. As the EPFL benchmark set contains
sufficiently large circuits, we also applied windowing. Every hour, we applied the ABC

2pnttps://github.com/alanminko/iwls2022-1s—contest

Bhttps://github.com/alanminko/iwls2023—1s-contest

14We did not consider the MtM instances as the EPFL repository does only contain the original
specifications but not the current best implementations for these circuits.

15We did not consider the best results of 2023 because half of them were provided by us. As it is
difficult for our tool to further reduce these circuits, we think the circuits from 2022 are better suited for
the evaluation.
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Instance Initial QBF SAT
Lookahead XY router 19 19 19
int to float converter 20 18 19
Alu control unit 25 25 25
Coding-cavlc 54 49 53
Priority encoder 94 93 92
Adder 129 129 129
12¢ controller 182 179 177
Decoder 264 264 264
Round-robin arbiter 273 272 267
Max 511 511 511
Barrel shifter 512 512 512

Table 11.6: Results for EPFL instances with fewer than 1000 gates. The table gives for each
instance the number of LUT-6 gates of the initial circuit and of the improved circuits per
configuration. For instances that could not be improved the initial sizes are marked in boldface.
For the instances that could be improved the best results are marked in boldface.

command &MFS as an inprocessing step. &MFS allows to directly optimize a LUT-6
circuit. We recombined the windows for the inprocessing step and computed new windows
afterwards.

In addition to a bound for the size for the subcircuits, we also used a limit of 10 on
the number of inputs of the subcircuits considered for resynthesis. Preliminary tests
showed that such a limit is required to reliably generate the Boolean relation for the
SAT-based approach within time and memory limits. Additionally, we always set the
initial bound for the subcircuit size to 4—we had to use lower bounds compared to the
AIG experiments, as gates have six fanins. For the experiments with windowing, we
considered bounds of 500 and 1000 gates for the construction of the windows. First we
minimized single windows and second up to 8 windows concurrently. We only applied
windowing for instances with at least 1000 gates.

Results for instances with at most 1000 gates are given in Table [11.6] and results for
instances with at least 1000 gates are given in Table [11.7.

Since the initial circuits are already highly optimized by state-of-the-art methods, the
relative improvements for the EPFL instances were small compared to the IWLS in-
stances, and it is difficult to draw any definitive conclusions about the superiority of
any configuration from these results. Nevertheless, the results suggest that parallel
optimization was able to beat single-threaded optimization. Moreover, our tool could
improve on the best implementation for the majority of instances.

The aim of the experiments discussed above, was to give a systematic comparison
between different configurations of ESLIM. In addition, we used a preliminary version of
ESLIM for generating our 2023 submission to the EPFL benchmark suite. Moreover,
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11. EXPERIMENTS — PART [II
No Windowing Single Window Up to 8 Windows
Instance Initial QBF SAT QBF SAT QBF SAT
Sine 1114 1095 1085 1076 1069 1057 1036
Voter 1217 1217 1179 1184 1166 1177 1172
Memory controller 1735 1722 1727 1731 1730 1724 1731
Square-root 2994 2994 2994 2991 2985 2992 2980
Square 3018 3014 2997 2992 2994 2942 2943
Divisor 3096 3096 3096 3096 3095 3096 3095
Multiplier 4360 4358 4346 4346 4346 4326 4317
Log2 6133 6132 6109 6127 6129 6078 6063
Hypotenuse 39452 39452 39452 39230 39251 38459 38781
Table 11.7: Results for EPFL instances with more than 1000 gates. The table gives for each
instance the number of LUT-6 gates of the initial circuit and of the improved circuits per
configuration. For the configurations with windowing, we report for each instance the size of the
smallest circuit among the two considered window sizes. The best results are marked in boldface.
for preliminary experiments we performed additional runs of ESLIM. In Table 11.8 we
give the best known results for the last years. This also include our 2023 submission.
Additionally, we give for every instance the overall best solution, which we could compute
with ESLIM. We did not use the best known results from 2023 as inputs. Therefore, for
some instances our best solution is larger as the current best one.
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11.5. LUT-6 Minimization

Instance 2015 2016 2017 2018 2019 2020 2021 2022 2023  Ours

router 26 26 25 25 23 23 23 23 19 18
ctrl 28 28 26 26 26 26 26 25 25 25
int2float 34 34 28 26 26 24 24 24 19 18
cavle 107 107 101 72 68 68 68 67 50 49
priority 118 118 110 108 102 102 100 100 93 92
adder 201 192 192 192 192 192 191 134 129 129
i2c 215 215 212 210 199 199 199 197 177 176
dec 272 272 270 264 264 264 264 264 264 264
arbiter 429 429 409 403 328 313 306 299 268 267
bar 512 512 512 512 512 512 512 512 512 512
max 532 532 523 523 522 522 522 512 511 511
sin 1347 1347 1229 1228 1227 1221 1205 1198 1053 1036
voter 1515 1515 1301 1297 1297 1293 1281 1254 1180 1166
mem_ ctrl 2125 2125 2080 2077 2001 2001 1979 1946 1708 1719
sqrt 3286 3286 3077 3076 3074 3031 3027 2996 2983 2980
square 3798 3307 3244 3242 3239 3239 3231 3231 2959 2942
div 3813 3813 3268 3268 3267 3267 3248 3104 3090 3092
multiplier 5681 5192 4923 4923 4919 4915 4898 4485 4330 4317
log2 7344 7344 6574 6570 6567 6557 6513 6447 6076 6063
hyp 44635 44635 40357 40338 40322 40322 39826 39556 36836 38459

Table 11.8: Best known implementations of the EPFL instances by year and best implementations
computed by ESLIM.'%| For each year the corresponding circuits are available as part of the
EPFL benchmark suite/'”| The reported numbers of LUT-6 gates were computed with the ABC
command &get -m; &ps.'® The implementations submitted by us are marked in boldface.

16For most years, new results were published multiple times. We used the release version for each year.

https://github.com/lsils/benchmarks

8Q0nly for the 2015 and 2016 entries for the Hypotenuse (hyp) instance, numbers reported in the
EPFL benchmark suite had to be used, as the circuit is not available for these years. We did not use
the numbers reported in the EPFL benchmark suite for the remaining entries of the table, since these
numbers were generated by slightly differing counting methods (for example the reported size for the 2022
version of the memory controller instance seems to be computed by the ABC command sweep -s; ps
while the reported number for the 2023 version seems to be based on sget -m; &ps). As a consequence
of the varying counting methods, some entries in the table slightly differ from the corresponding numbers
reported in the EPFL benchmark suite.
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CHAPTER

Conclusions — Part 11

In this part of the thesis, we first introduced a QBF encoding for the problem of finding
minimum size circuits, computing a given Boolean function. We then extended this QBF
encoding for computing minimum size replacements for subcircuits of a given circuit. Our
encoding exploits using the full implementational flexibility for replacing multi-output
subcircuits by making use of don’t cares. Don’t cares do not need to be computed
explicitly, as the encoding implicitly takes don’t cares into account. While the computed
subcircuits are acyclic, we saw that we need to pay attention in order to not introduce
any cycles in the encompassing circuit upon replacement.

As an alternative, we also considered a SAT-based approach. In the SAT-based approach
the computation of a replacement circuit is divided into two subtasks. First, a Boolean
relation representing the original subcircuit is computed by means of incremental SAT
solving. Second, a circuit that is compatible with this relation is determined. This circuit
can then be used for replacing the original subcircuit.

Both approaches do not only depend on the local subcircuit but also on the encompassing
circuit. This is necessary in order to capture don’t cares. Consequently, the task of
replacing subcircuits does not only get harder for larger subcircuits but also for larger
encompassing circuits. To still handle large circuits, we can minimize a window instead
of the entire circuit. Windowing does not only allow handling larger circuits, but it also
allows optimizing multiple parts of a circuit simultaneously.

In the experimental evaluation, we saw that our tool ESLIM that implements both the
QBF and the SAT-based approach, yielded promising results for the instances from the
IWLS23 and IWLS24 programming contests. A combination of the state-of-the-art circuit
optimization method DEEPSYN provided by ABC for preprocessing and inprocessing with
ESLIM allowed computing smaller circuits as DEEPSYN alone. Moreover, ESLIM was
able to further reduce the size of most circuits from the EPFL benchmark suite.
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12.

CONCLUSIONS — PART IT

118

Future Work

There are four directions in which we would like to continue our work.

Implementation as Part of ABC We will integrate the proposed circuit minimization
method into ABC. This would make it much easier to use our minimization method in
practice. In particular, this would also simplify the pre- and inprocessing steps.

CEGAR-based Approach It also might be worthwhile to combine ideas from QBF
solving and the SAT based approach. Instead of strictly separating the task of computing
a Boolean relation and finding a circuit that implements this relation, we could try to
combine these tasks. One could try to synthesize a replacement circuit. If the substitution
of the synthesized circuit alters the function, one could extract a reason for the failure
of the substitution. This reason could then be used as an additional constraint for
subsequent attempts of finding replacement circuits.

Computing Relations by Simulation In the current implementation of the SAT-
based approach, Boolean relations are computed by means of incremental SAT calls.
In general, the time needed for synthesizing the relation outweighs the time needed to
compute it. Still, if the performance of computing relations could be improved, individual
subcircuits could be analyzed faster. This could lead to more improvements within a given
time limit. An alternative approach for obtaining a Boolean relation would be to use
circuit simulation [Lee+22] in order to capture the necessary behavior of the subcircuit.'
While this approach would not be applicable to circuits, respectively windows, with many
inputs it could improve the performance of the relation generation in case there are not
too many inputs.

Allowing Additional Inputs for Synthesizing Subcircuits The proposed circuit
minimization approach, tries to reduce a circuit by replacing subcircuits by other circuits
with the same inputs. In contrast, circuit resubstitution [Mis+11] replaces subcircuits
by circuits using different inputs. This can be understood as reusing some functionality
that is already available in the circuit. The proposed minimization approach cannot
make use of such shared functionalities in the circuit, and it has to use ABC for this
purpose. To directly make use of such shared functionality, we could allow to make
use of additional gates as inputs for synthesizing new implementations of subcircuits.
In a prototype, we randomly selected for each considered subcircuit a small number of
additional gates. We then added these gates as additional inputs for the synthesis of a
new implementation of the subcircuit. In preliminary experiments with the prototype we
saw that this improved the performance of the QBF-based approach for the IWLS’23
instances. With the described modifications the QBF-based approach on average could
reduce (slightly) more gates than the standard SAT-based approach. This motivates
further work, to for instance find a better selection strategy for the additional inputs.

!This was suggested to us by Alan Mishchenko.
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Postface

In this thesis, we covered two main topics. First, we presented a new decision procedure
for DQBF. Second, we discussed a procedure for minimizing Boolean Circuits. Both
parts extend upon our previously published work. The first part, which is concerned with
deciding DQBF, extends our SAT 2021 [RSS21] and our SAT 2022 |[RS22| papers. The
second part is based on our AAAT 2023 paper [RSS23| and our SAT 2024 paper [RSS24],
which was recognized as a runner-up for the best student paper.

Both parts resulted in tools that performed well in different competitions. Our decision
procedure for DQBF was implemented in the DQBF solver PEDANT. PEDANT won a gold
medal at the FLoC Olympic Games 2022 for achieving the first place in the DQBF track
of the QBF evaluation. Additionally, PEDANT ranked first in the DQBF track of the
QBF-Gallery 2023. PEDANT was not only able to solve more instances at these evaluations
than the winner of the DQBF track of the previous QBF-Evaluation (DQBDD), but it
also allows computing models for satisfiable DQBF, which can be of relevance in practice.
Our circuit minimization procedure was first implemented in a prototype Cioprs. This
tool was able to achieve the third place in the IWLS 2022 competition. Improving and
extending this prototype resulted in the tool ESLIM. ESLIM ranked second in the IWLS
2023 competition behind the Google Deepmind team. Moreover, ESLIM could further
improve some of the best known implementations from LUT-6 circuits in the EPFL
benchmark suite.

For both the decision procedure for DQBF as well as for the circuit minimization approach,
we pointed out several possible directions for extending our work. In addition to the
considered extensions, it would also be interesting to bring the two main topics of this
thesis—DQBF solving and circuit minimization—together. As discussed earlier our
solver PEDANT generates AIG certificates for satisfiable DQBF. This means that models
computed by PEDANT are circuits. In this thesis, we were not in particular interested
in how these circuits actually look like, as long as they certify the satisfiability of the
underlying DQBF. For applications of DQBF, like partial equivalence checking (PEC)
in integrated circuit engineering change order (ECO) an arbitrary model would not
necessarily be sufficient. Instead, one might be interested in small models. For this
purpose, one could start with the circuits generated by PEDANT and then apply ABC
and ESLIM for reducing the size of this circuit. But it would also be interesting to
already try to compute small models within PEDANT. One possible approach in this
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direction would be to reduce the size of definitions. As briefly indicated earlier, definitions
can attain an arbitrary value for falsifying assignments of the matrix. This means that
falsifying assignments of the matrix can be considered as don’t cares for the definitions.
Using these don’t cares for reducing the size of definitions, could on the one hand help
PEDANT as candidates would become smaller and on the other hand it would make the
constructed certificates smaller, which could be helpful in applications.
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