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Abstract

Modern powertrain topologies of electric all-wheel drive vehicles often include multiple
motors, offering the advantage of arbitrary drive torque distribution between the individual
axles or wheels, and providing new capabilities in vehicle dynamics control. This cumulative
thesis investigates the influence of the front-to-rear drive torque distribution on vehicle
lateral and yaw dynamics, taking into account individual motors at the front and rear axles.
Considering the mutual influence of longitudinal and lateral tyre forces in the combined
slip region, variable drive torque distribution may significantly influence the handling
characteristics and stability properties of the vehicle. Hence, a profound understanding of
this coupled behaviour is necessary.

For automated and assisted driving and for safe operation near the limits of handling,
vehicle control systems should be capable to execute extreme manoeuvres or support the
driver, where nonlinear system properties significantly affect stability, controllability, and
consequently, safety of the vehicle. Utilising the nonlinear handling regime, including large
vehicle sideslip angles, may be beneficial in particular cases to increase manoeuvrability,
e.g. to avoid obstacles. A theoretical investigation of a steady-state high sideslip manoeuvre,
the powerslide, is conducted regarding the influence of the drive torque distribution on its
dynamics. Steady-state conditions and corresponding stability properties are derived, and
the effectiveness of different actuator inputs, i.e., steering angle, total drive torque, and
drive torque distribution, in stabilising the unstable powerslide is analysed and discussed.
The results indicate that the drive torque distribution is an effective control input for the
stabilisation task and may be superior to the total drive torque.

Considering rear-wheel drive only, the dynamic behaviour after the loss of stability
at the powerslide is studied by applying bifurcation analysis. For a range of constant
steering angles and drive torques, the vehicle motion and states converge either to a
stable equilibrium with a considerably smaller radius of curvature than in the considered
powerslide condition, or to a stable limit cycle orbiting an unstable equilibrium. Vehicle
measurements confirm these theoretical findings.

In combined longitudinal and lateral accelerated manoeuvres, the change in vehicle
handling and stability properties resulting from modifying the drive torque distribution
in all-wheel drive vehicles is analysed, and different types of loss of stability are identified
utilising bifurcation analysis. Besides Hopf and Fold bifurcations, the Takens—Bogdanov
bifurcation is studied in more detail, revealing that the respective solution branch represents
the boundary between final understeer and final oversteer of the vehicle, defining the
maximum possible, stable acceleration envelope. Therefore, the drive torque distribution
at the Takens—Bogdanov branch may be considered a good design criterion for a safe and
performant powertrain baseline setup, which is validated through comparison with the
optimised GG envelope of the vehicle. Related Hopf and Fold branches define limits for
practically reasonable drive torque distributions.

iv
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Kurzfassung

Neue Antriebsarchitekturen in allradgetriebenen Elektrofahrzeugen inkludieren oft meh-
rere individuelle Antriebsmotoren und bieten im Vergleich zu mechanisch gekoppelten
Antriebssystemen neue Moglichkeiten fiir Fahrdynamikregelsysteme. Diese Arbeit unter-
sucht den Einfluss der Momentenverteilung zwischen Vorder- und Hinterachse auf die
Lateraldynamik von Fahrzeugen unter Beriicksichtigung einzelner Motoren an der Vorder-
und Hinterachse. Die variable Momentenverteilung zwischen Vorder- und Hinterachse,
in Kombination mit der gegenseitigen Beeinflussung der Reifenldngs- und Reifenquer-
krafte im kombinierten Schlupfbereich, kann einen erheblichen Einfluss auf die Handling-
und Stabilitédtseigenschaften haben, was ein tiefgehendes Verstdndnis des gemeinsamen
Einflusses erforderlich macht.

Vor allem fiir das automatisierte Fahren miissen Fahrzeugregelsysteme in der Lage
sein, den fahrdynamischen Grenzbereich, bei dem nichtlineares Systemverhalten auftritt
und die Stabilitdt und Handlingeigenschaften mafigeblich beeinflusst, zu beherrschen. Die
Nutzung der nichtlinearen Handlingeigenschaften des Fahrzeugs, einschliellich grofler
Schwimmwinkel, kann in bestimmten Féllen die Manovrierfahigkeit, beispielsweise fiir
Ausweichmanover, erh6hen. Es erfolgt eine theoretische Untersuchung des Powerslides,
der ein instabiler Fahrzustand ist, wobei der Einfluss der Momentenverteilung auf die
stationdren Zustdnde sowie die Stabilitdtseigenschaften analysiert wird. Verschiedene Sys-
temeingénge — Lenkwinkel, Gesamtmoment und Momentenverteilung — werden hinsichtlich
der Steuerbarkeit des instabilen Modes des Powerslides analysiert. Die Ergebnisse zeigen,
dass die Momentenverteilung ein effektiver Aktor zur Stabilisierung des Powerslides ist
und dem Gesamtmoment iiberlegen sein kann.

Fiir ein Fahrzeug mit Hinterradantrieb wird die Dynamik nach Verlust der Stabilitét,
das postkritische Verhalten, bei konstant gehaltenen Fahrereingéngen untersucht. Dabei
konvergiert der Fahrzustand entweder zu einem stabilen stationaren Zustand mit sehr
kleinem Kurvenradius oder zu einem stabilen Grenzzyklus, der einem instabilen Gleich-
gewichtszustand zugehorig ist. Messungen mit einem Versuchsfahrzeug bestétigen die
theoretischen Erkenntnisse.

Zusétzlich wird der Einfluss der Momentenverteilung bei Manévern mit gleichzeitiger
Langs- und Querbeschleunigung untersucht, wobei unterschiedliche Arten des Stabilitéts-
verlusts identifiziert werden. Die Takens—-Bogdanov Losung stellt die Grenze zwischen
Unter- und Ubersteuern im Grenzbereich dar und definiert gleichzeitig das maximal mogli-
che Beschleunigungspotenzial stabiler Fahrzustdnde, das im GG-Diagramm veranschaulicht
wird. Daraus ergibt sich, dass die Momentenverteilung entlang der Takens—Bogdanov
Losung ein geeignetes Auslegungskriterium fiir eine sichere und gleichzeitig performante
Allradgrundverteilung ist, was durch den Vergleich mit dem durch Optimierung berechne-
ten GG-Diagramm bestétigt wird. Neben der Takens-Bogdanov Losung werden zugehorige
Hopf und Fold Lésungen identifiziert, die zugleich die Grenzen des praktisch relevanten
Stellbereichs fiir die Momentenverteilung darstellen.
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1. Introduction and scientific context

1.1. Motivation

Modern powertrain topologies of electric all-wheel drive vehicles often include multiple
motors, offering new capabilities in vehicle dynamics control. A typical powertrain topology
of electric all-wheel drive vehicles consists of individual, not mechanically coupled motors
at the front and rear axles, [1], as considered in this thesis. The arbitrary front-to-rear
drive torque distribution may improve the ‘agility’ and manoeuvrability of the vehicle,
and enhance stability properties and performance potential.

The interaction between the tyre and the road surface is one of the main factors
determining vehicle dynamics. In the combined slip region of the tyre, the mutual
influence of longitudinal and lateral tyre forces enables an adaptation of the lateral tyre
force through a modulation of the longitudinal tyre force or longitudinal slip. Especially
at the limits of handling, the mutual influence of the longitudinal and lateral tyre forces is
significant. The effect of reducing lateral tyre force by increasing longitudinal tyre force,
together with variable drive torque distribution, allows to influence the vehicle handling
characteristics and stability properties significantly.

As the characteristics of this mutual influence depend on the slip, the effectiveness
of drive torque distribution modifications changes depending on the vehicle state. For
example, at regular steady-state cornering at moderate lateral accelerations, there is an
effect of the drive architecture — front-wheel-drive (FWD), rear-wheel-drive (RWD), or
all-wheel-drive (AWD) — on the handling properties of the vehicle, however, since the
required drive forces are small, its influence remains minor, [2]. In combined longitudinal
and lateral accelerated manoeuvres, i.e. cornering under longitudinal acceleration, the
tyre is typically utilised in the combined slip region. Together with the occurrence of
front-to-rear weight transfer, the drive torque distribution plays a crucial role in defining
the vehicle’s handling characteristics, stability properties, and combined acceleration
potential. Furthermore, for automated and assisted driving, vehicle control systems should
be capable of executing extreme manoeuvres, e.g., using the maximum possible lateral
acceleration potential to avoid obstacles. Depending on the road surface, high sideslip
manoeuvres can be beneficial to increase the vehicle’s manoeuvrability. In drifting, due to
the large sideslip angles and longitudinal slips at the rear tyres, there is a strong coupling
between the longitudinal and lateral tyre forces at the rear axle. Consequently, a large
influence of the drive torque distribution is expected.

1.2. State-of-the-art

In recent years, the number of available actuators has increased through the introduction of,
e.g., rear-wheel steering, semi-active and active suspension, steer-by-wire, active camber,
and individual wheel drive concepts, providing new possibilities for actively influencing
vehicle dynamics, [3]. Multiple actuators create the need for integrated or global chassis
control strategies, allowing for enhanced exploitation of the available tyre-road friction
potential, [4, 5]. Therefore, a thorough understanding of how these actuators affect vehicle
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behaviour is essential for both the design of control systems and a deeper understanding
of the overall system dynamics. New powertrain concepts, particularly those employing
individual electric motors on the front and rear axles or even on the individual wheels, offer
new possibilities to improve the vehicle’s handling characteristics and stability properties
effectively, [6], thereby enhancing the vehicle’s driving performance for both manual and
automated driving. The vehicle handling characteristics are fundamentally important
for evaluating its (open-loop) stability and for assessing the vehicle’s response to driver
steering commands, [7-10]. From a driver’s perspective, vehicle handling characteristics
must provide a predictable response and enable controllability under critical driving
conditions.

The potential improvement in ‘agility’ and manoeuvrability can enhance both vehicle
safety and the capability of driver assistance systems or autonomous driving applications,
[11]. Vehicle automation has become a major focus of recent research and development
efforts, [12]. However, autonomous vehicles are typically characterised by a conservative
driving style, and stability control systems generally restrict vehicle operation to the
linear handling regime, [13, 14]. The development of driver assistance systems has so
far focused on moderate handling manoeuvres such as lane keeping and lane changing,
which are already implemented in production vehicles with lower levels of automation.
For higher levels of automation, however, vehicle control systems must also be capable of
performing manoeuvres near the limits of handling, where nonlinear system behaviour
becomes dominant and strongly influences stability, controllability, and consequently
safety, [15].

Operating within the nonlinear handling regime, including large vehicle sideslip angles,
may be beneficial in particular situations to improve manoeuvrability, for example, to
avoid obstacles, [11, 16, 17]. Previous studies [18-21] have shown that under specific
road conditions, minimum-time cornering manoeuvres are characterised by large vehicle
sideslip angles, and depending on the powertrain architecture, even countersteering may
be advantageous. Particularly in off-road conditions, the maximum lateral acceleration is
achieved at large vehicle sideslip angles, [22].

Even though the steady-state drift, i.e. the powerslide, is an unstable vehicle state, it is
frequently utilised by rally drivers, particularly on loose gravel surfaces. The powerslide
is defined in [23] for RWD vehicles as a steady-state cornering motion characterised by
a large vehicle sideslip angle and a large steering angle, where the front wheels point
to the outside of the turn, combined with large traction forces at the rear axle. The
large vehicle sideslip angle and large traction forces at the rear axle lead to a strong
coupling between the longitudinal and lateral tyre forces. Increasing the drive torque
increases the longitudinal slip at the rear tyres, thereby reducing their lateral force. This
characteristic property of the tyre can be used to stabilise the powerslide. While human
drivers typically employ both steering and drive torque for stabilising the powerslide, a
study of the potential of these control inputs for an RWD vehicle, [24], reveals that either
the steering angle or drive torque alone is sufficient for stabilisation. Several researchers
have investigated the powerslide and its stability properties. In [25, 26], the powerslide
is identified as an unstable saddle-node equilibrium. In [27], periodic limit cycles were
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identified after the loss of stability at the powerslide. The loss of stability at the powerslide
corresponds to a monotonic loss of stability. The yaw rate of the vehicle will start to
increase or decrease depending on the disturbance. From a practical perspective, the
resulting trajectories of the centre of gravity (COG) and vehicle states in the time period
(closely) after the loss of stability seem to be important, as the related trajectories would
not be feasible with regular driving and are becoming more relevant in recent and future
research, [16, 17].

A variety of control approaches have been proposed to stabilise the powerslide of an
RWD vehicle using steering and drive torque inputs, [28-31]. In [32], a sliding-mode
controller with drive and braking inputs at the front and rear axles, with fixed steering, is
proposed for stabilising the powerslide equilibrium. Goh et al. [33] developed a controller
capable of maintaining the powerslide while tracking a desired path, and later applied a
model-inversion technique with wheel slip control to improve control performance, [34].
More recently, a nonlinear model predictive control approach was proposed in [35] to
achieve dynamic, non-equilibrium drifting while remaining within prescribed track limits.
Furthermore, for overactuated vehicles with individual wheel drives, several controllers
have been developed to stabilise the powerslide, [22, 36, 37].

To analyse the lateral dynamics of a vehicle during longitudinal acceleration, a quasi-
steady-state (QSS) assumption is commonly employed. This approach transforms transient
driving conditions into a mechanically equivalent equilibrium, enabling the application
of mathematical methods originally developed for steady-state analysis. Horiuchi et al.
added a virtual external force to the equation of motion of the vehicle in the longitudinal
direction to consider front-to-rear load transfer and longitudinal tyre forces in [38]. In
[39], a quasi-steady-state assumption is applied, neglecting the change of the longitudinal
velocity for a short period of time. In [40] and [41], it is additionally required that the
derivative of the longitudinal slip of each wheel is zero, while the lateral and yaw motions
satisfy the steady-state condition.

When considering cornering during longitudinal acceleration, both in driving and
braking conditions, the handling characteristics and stability properties of the vehicle
can change significantly, [38, 39, 42]. The stability properties are closely linked to the
effective axle sideslip stiffness and, consequently, handling characteristics of the vehicle.
Since traction forces can alter the effective axle sideslip stiffness, the drive architecture
becomes particularly important during longitudinally accelerated cornering manoeuvres.

Klomp et al. [42] analysed the effect of different drivetrain layouts - AWD, FWD and
RWD — on handling characteristics and lateral acceleration potential under longitudinal
acceleration. They proposed an ‘optimal’ drive torque distribution using a quasi-steady-
state assumption. Further studies on different drivetrain layouts focused on handling
and yaw dynamics, [2, 43], indicating that FWD vehicles are less prone to understeer
in steady-state cornering due to the additional yaw moment generated by longitudinal
forces at the front axle. Using a basic two degrees of freedom (DOF) vehicle model and a
simplified Magic Formula tyre model, Ono et al. [44] demonstrated that vehicle loss of
stability can arise from a saddle-node/Fold bifurcation, which considerably depends on
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the rear lateral tyre force saturation. A steering control strategy is proposed to stabilise
the motion of the vehicle. The joint point locus approach is applied in [45] to identify
system equilibrium points and assess their stability properties, considering different friction
potentials at the front and rear axles. A comprehensive study on a two DOF vehicle
model is done by Rossa et al. in [25], where various types of loss of stability for different
combinations of effective tyre force characteristics at the front and rear axles are studied,
using bifurcation analysis and phase-plane diagrams. Pauwelussen studied the influence
of the nonlinear tyre force characteristics on the stability behaviour of a vehicle in [46],
focusing on the appearance of limit cycles.

Several studies have investigated vehicle stability during braking manoeuvres combined
with steering input. Horiuchi et al. [38] applied a quasi-steady-state assumption to model
the vehicle behaviour under combined lateral and longitudinal acceleration in braking
conditions. Using the steering angle as a bifurcation parameter, they identified a Fold
bifurcation for a specific vehicle configuration under negative longitudinal acceleration
with a fixed brake torque distribution. In [47], the stability properties are further analysed
during combined braking and steering for various velocities and steering angles for a
constant brake distribution. In contrast to conventional hydraulic brake systems, regener-
ative braking via electric motors enables a variable brake force distribution, potentially
extending the combined stable longitudinal and lateral acceleration envelope.

Beyond extending the stable handling domain, an actively controlled drive torque
distribution can also enhance vehicle responsiveness. A responsiveness—stability metric is
introduced in [48], and a controller is proposed that adapts the drive torque distribution
to prioritise either responsiveness or stability, depending on the driving condition.

1.3. Research scope

While previous research on the powerslide has primarily focused on RWD vehicles, limited
attention has been paid to analysing the powerslide for AWD vehicles, particularly with
variable drive torque distribution. Hence, the stability properties and the handling
characteristics for AWD vehicles in unstable vehicle states with large sideslip angles
are not yet fully resolved. A profound understanding of these interactions is crucial,
particularly for the design of automation and control systems. Furthermore, the dynamic
behaviour after loss of stability at the powerslide, the resulting motion and corresponding
properties, remains to be explored.

The influence of a variable drive torque distribution on the vehicle’s handling character-
istics and stability properties, particularly in cornering under longitudinal acceleration,
has received limited attention in the literature. In combined longitudinal and lateral
acceleration manoeuvres, where the tyre is typically used in the combined slip region
and nonlinear effects become dominant, a thorough understanding of the interaction
with variable drive torque distribution is crucial. Considering the vehicle’s acceleration
potential, the influence of the powertrain topology and, consequently, the drive torque
distribution becomes particularly relevant.
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Considering these gaps, the following research goals are defined, summarising the key
objectives of this cumulative thesis:

Analysis of the influence of the drive torque distributions between the front and
the rear axles on the powerslide steady-state conditions and corresponding stability
properties.

Study of different control strategies to stabilise the powerslide, i.e. controllability
of different actuators, including steering angle, total drive torque and drive torque
distribution.

Examination of the dynamic behaviour after loss of stability at a powerslide condition
for fixed controls.

Investigation of the influence of the drive torque distribution on stability boundaries
and performance limitations, and their correlation with handling characteristics at
the limit of handling at combined longitudinal and lateral acceleration.

Evaluation of an optimal drive torque distribution to maximise the stable lateral
acceleration potential during longitudinal acceleration.

The remainder of this thesis is structured as follows. Section 2 provides a brief overview
of the used vehicle and tyre models, followed by the presentation of the applied methods
and assumptions in Section 3. The thesis consists of four publications in total. A brief
summary of these papers and the contribution of the author of this dissertation is provided
in Section 4. The scientific impact of this thesis is outlined in Section 5. The papers are
attached in the appendix.
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2. Modelling

In this thesis, different vehicle and tyre models are employed due to different modelling
requirements. Modelling, and in particular, the choice of the appropriate model fidelity, is
crucial for capturing the relevant effects and understanding complex dynamical behaviour
while keeping the model as simple as possible.

2.1. Vehicle models

For the investigation of the powerslide, the basic two-wheel vehicle model, illustrated
in Figure 1, is considered, in which the weight transfer left-to-right and front-to-rear is
neglected. The front and rear substitute tyres represent the front and rear effective axle
characteristics of the reference vehicle. In total, the model has five degrees of freedom:
vehicle velocity v, vehicle sideslip angle 3, yaw rate 1) and angular velocities at the front
and rear axles wp and wg, respectively. Although the model is rather simple, it is suitable
for representing the vehicle dynamics at the powerslide, [23]. This model is applied in
Paper A and Paper B. Vehicle parameters, governing equations and further information
are provided in Paper A.

Figure 1: Hlustration of the two-wheel vehicle model.

For combined accelerated manoeuvres, a more sophisticated vehicle model has to be
considered to map both the ‘global” vehicle motion and the dynamics of the individual
wheels. For that purpose, a 10 degrees of freedom vehicle model is used, illustrated in
Figure 2. This model enables a more precise representation of the vehicle dynamics,
particularly at combined acceleration manoeuvres, incorporating weight transfer in both
longitudinal and lateral directions. Modelling the dynamics of the individual wheels is
essential, as the saturation of a single wheel can determine the vehicle’s performance
potential and may lead to a ‘local’ loss of stability, such as spin-up of a single wheel, as
well as to a ‘global’ loss of stability, affecting the yaw dynamics. This model is utilised in
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Paper C and Paper D. The corresponding vehicle parameters and governing equations are
provided in Paper C.

Figure 2: Schematic illustration of the 10 degrees of freedom vehicle model.

2.2. Tyre models

In the literature, several fundamentally different approaches exist for modelling the tyre
force characteristics, ranging from purely empirical models to physical models. In empirical
approaches, measurement data is approximated using mathematical functions. In contrast,
physics-based models rely on fundamental physical relationships, e.g., based on the finite
element method. In this thesis, two different models are employed: the brush tyre model
and Magic Formula tyre model, [7].

The brush tyre model is a simplified physical model that captures the essential mech-
anical characteristics with only a few parameters. This model is used for the sake of
simplicity in Paper B. It includes the mutual influence of longitudinal and lateral tyre
forces in sufficient detail for the analysed vehicle states with large vehicle sideslip angles.

The Magic Formula tyre model is a semi-empirical tyre model that relies on empirically
derived relationships based on measurement data and is utilised in Paper A, Paper C' and
Paper D.

The longitudinal and lateral tyre forces, Fy; and F);, respectively, depend on the vertical
tyre force F};, the tyre sideslip angle «;, and the longitudinal slip s;;. The influence of
the camber angle is neglected. In Figure 3, the normalised lateral tyre forces Fy;/F.;
are depicted over the normalised longitudinal tyre forces Fy;/F.; o for constant sideslip
angles a and friction potential scaling representing try asphalt, calculated with the Magic
Formula tyre model. F.;( represents the nominal tyre vertical load. The characteristics
of a front tyre are shown in solid lines, and the characteristics of a rear tyre are shown
in dash-dotted lines. While the sideslip angle « is constant, the lateral tyre force F; is
reduced by increasing the longitudinal slip, illustrating the mutual influence of the two
components. Since the reference vehicle has different tyre dimensions on the front and
rear axles, the front and rear tyres have different cornering stiffnesses, slip stiffnesses and
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Figure 3: Magic Formula tyre model: Combined normalised tyre forces for constant sideslip
angles a and varied longitudinal slip s, for a front tyre, ¢ € {1, 2} (solid lines),
and a rear tyre, i € {3, 4} (dash-dotted lines).

friction potentials. Examining the pure lateral tyre characteristics (i.e. the points where
Fyi/F.io = 0 for different values of « in Figure 3) shows that the cornering stiffness of
the front tyres is lower than the cornering stiffness of the rear tyres. Both the maximum
lateral and longitudinal friction potentials are higher at the rear tyres compared to the
front tyres. With increasing longitudinal slip, the (local) cornering stiffness of the tyres
decreases, significantly affecting the vehicle’s handling and stability properties under
combined lateral and longitudinal tyre slip conditions.

To illustrate the influence of the mutual dependence of longitudinal and lateral tyre
forces on handling and stability, a vehicle state representing an accelerated cornering
manoeuvre is selected as an example, and the respective tyre forces are depicted in Figure 4.
The driving condition at normal acceleration a, = 6 m/s? and tangential acceleration
a; = 5m/s? with a drive torque distribution of v = 0.8, describing the portion of the total
drive torque at the rear axle v = TR /Tiot, is selected, considering the 10 DOF vehicle
model, Figure 2. The lateral tyre forces F}; are plotted over the longitudinal tyre force
F.;, where longitudinal tyre slips s,; are varied for constant tyre sideslip angles «; and
vertical tyre forces F); for the tyres ¢ = 1 — 4. The corresponding tyre forces for v = 0.8

6000
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z 4000[ PSS THRE— = —i=2
=] ~ ™~ i =
L \\ N\ — —i=4
&5 2000 - 14 8 p

/ y !
0 " "
0 5000 10000
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Figure 4: Tyre forces Fy; over Fy; for constant tyre slip angles «; for a vehicle normal
acceleration a,, = 6 m/s? and tangential acceleration a; = 5m/s? and v = 0.8
(p1) and for the changed drive torque distribution v = 0.7 (p7).
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are marked with a magenta square and denoted p;. Changing the drive torque distribution
from v = 0.8 to v = 0.7 and keeping «; and F.; constant, results in tyre forces marked
with a magenta star denoted pj. At p; and p7, the longitudinal tyre forces Fy; of one axle
are equal due to the open differential gears. The change of the drive torque distribution
to v = 0.7 (p7) increases the longitudinal tyre forces at the front axle (F;; and F,9) and
correspondingly decreases the longitudinal tyre forces at the rear axle (F,3 and Fy4). It
is observed that the lateral tyre forces at the front axle (Fy; + Fy2) decrease, while the
lateral tyre forces at the rear axle (Fy3 + Fy4) increase. A yaw moment will be generated,
and the corresponding modification of the effective axle sideslip stiffness will result in a
change in the handling characteristics and stability properties. This example illustrates
the importance of a sufficiently accurate tyre force model.
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3. Methods and assumptions

The primary focus of this thesis is on the theoretical analysis of the system. The influence
of the drive torque distribution on the steady-state and quasi-steady-state conditions
of the vehicle, as well as its corresponding stability properties, is investigated. For this
purpose, methods like bifurcation analysis and continuation algorithm, stability and
modal analysis, controllability analysis, and quasi-steady-state assumption are utilised.
Furthermore, methods to analyse the vehicle handling properties and performance potential
are employed. This section provides a brief overview of these methods and refers to the
corresponding publications.

3.1. Bifurcation analysis and continuation algorithm

Bifurcation analysis in general refers to the study of changes in the structure or stability
of the solutions of a system as parameters are varied, [49-52]. To conduct a bifurcation
analysis, the system to be investigated is described by the dynamics equation

@(t) = f(x, p) (1)

where « represents the state vector of the vehicle model and p is the vector of parameters.
The parameter vector is split into a distinguished parameter A, e.g. the drive torque
distribution v, and free and fixed parameters ppe. and Pgyeq, respectively.

Different (steady-state or quasi-steady-state) driving conditions shall be investigated
for a constant vehicle velocity or constant radius of curvature for a varied distinguished
parameter. Therefore, constraint equations g(x, p) = 0 are employed, and the augmented
set of equations reads as follows:

&(t) = f(z, p), g(=z, p)=0. (2)
where
| Tk — Tk0
g(a:’ p) B P; — Pfixed (3)

with the indices k of the fixed states and [ of the fixed parameters. If more states shall be
fixed, a respective number of fixed parameters from pg,.q must be incorporated into pg.ee-

To track solution paths of bifurcation points (e.g. Hopf, Fold and Takens—Bogdanov
bifurcations), additional constraint equations related to the respective type of bifurcation,
[49-52], have to be considered. Depending on the codimension of the corresponding
bifurcation [49], the respective number of fixed parameters has to be set free.

To calculate a solution branch and analyse the corresponding properties, a path continu-
ation algorithm is utilised. Starting at a found solution, the algorithm tracks the solution
path by ‘tangential continuation’; utilising the current and prior found solutions to make
an initial guess for the next solution step, [50], while varying a distinguished parameter.

10
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This method is used in Paper A, Paper B, Paper C' and Paper D.

3.2. Stability of first order and modal analysis

Once a steady-state or quasi-steady-state solution of the nonlinear system is found, the
nonlinear equations of motion are linearised w.r.t. this solution, Az = A Az + B Au
with system matrix A and input matrix B. Ax = & — xg represents the deviation of
the state vector and Au = u — ug the deviation of the input vector from the analysed
(quasi-)steady-state solution, indicated by index 0. By solving the eigenvalue problem
A p, = \;p;, with eigenvalue \; and eigenvector p,; corresponding to mode ¢, the local
dynamic behaviour and stability of the steady-state solutions may be analysed. The
eigenvalue \; provides information about the dynamic behaviour of mode i (exponential
or oscillatory behaviour), while the respective eigenvector p; describes the mode shape
and consequently the contributions of the individual states to this mode.

Lyapunov’s first method implies that a steady-state solution is stable if all eigenvalues
of A have negative real parts, [49]. If one or more eigenvalues have a positive real part,
the steady-state is unstable. If one or more eigenvalues have a zero real part while all the
other eigenvalues have a negative real part, the steady-state is at the stability boundary.
The configuration and number of the eigenvalues with zero real part determine the type
of bifurcation emerging from this solution.

This method is used in Paper A, Paper B, Paper C and Paper D.

3.3. Controllability analysis

To analyse the effectiveness of different inputs to control an unstable system state, a
modal controllability analysis provides insights into how a mode is affected by a specific
input. The modal observability measure provides information on how a mode is visible
from a specific output of the locally linearised system model. These measures and their
combination were introduced by Hamdan et al. in [53]. Choi et al. applied a modified
version in [54] by taking the length of the input vector |b;| of input j into account. The
measure is further extended in Paper A by considering the range of operation of each
actuator by scaling the modal controllability measure with the maximum input of the
actuator.

The subsequent measure of modal controllability of mode ¢ with input j is the cosine of
the angle between the left eigenvector g; (from AT q; = \; ;) and input vector b; scaled
with the length of the input vector |b;| and the maximum input w;max of actuator j. This
measure can be interpreted as the projection of the input vector b; on the left eigenvector
q; normalised to length 1, scaled with u; ax and yields

a; b
;] b5

As a measure for the modal observability of mode 4 from output k, the projection of the

(4)

M. ij = cos b |bj| ujmax With cosf;; =

11
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right eigenvector p; on the output vector ¢ is applied,

M, jii = cos b |cip| with  cos; = Dl ler]
(2

The product of these two measures, M, jrx = M, y; M. ;j, provides insight into the
effectiveness of specific input-output combinations in controlling a specific mode.
This method is applied in Paper A.

3.4. Quasi-steady-state assumption

To analyse the influence of the drive torque distribution v on the stability properties of
the vehicle during manoeuvres with combined lateral and longitudinal acceleration, the
transient vehicle state a,, # 0 and a; # 0, with normal acceleration a, and tangential
acceleration a;, is transformed to a quasi-steady-state that approximates the transient
condition well, [38, 40-42].

In Paper C' and Paper D, a similar approach to Horiuchi et al. [38] is used, where an
equivalent longitudinal force is applied in the vehicle’s longitudinal axis at the centre of
gravity to transform the transient state during acceleration and braking into an equivalent
equilibrium state. In this thesis, the derivative of the vehicle velocity, v, is set to the
desired tangential acceleration a;. This is equivalent to applying an inertial force acting at
the centre of gravity of the vehicle in the opposite direction of the velocity v. As a result,
both the vertical load transfer and the longitudinal tyre forces required to achieve the
desired tangential acceleration a; are taken into account, allowing the accelerated vehicle
state to be treated as a steady-state condition. The yaw acceleration v, the derivative
of the vehicle sideslip angle B , and the derivatives of the other states are set to zero to
satisfy the steady-state condition.

3.5. Nonlinear handling diagram under longitudinal acceleration

The handling diagram offers fundamental insights into the vehicle’s handling properties.
It allows for visualising and analysing the handling characteristics of a vehicle. The
evolutions of steering angle and vehicle sideslip angle are plotted over the lateral or normal
acceleration under steady-state conditions. The handling diagram provides numerous
information about the vehicle, such as steering characteristics, i.e. understeer, neutral-steer
and oversteer behaviour, differences in cornering stiffness between the front and rear axles,
and stability properties of the vehicle. Reaching the limit of handling, near the maximum
possible lateral acceleration, where nonlinear behaviour becomes dominant, the handling
behaviour can be distinguished between final understeer and final oversteer behaviour,
depending on whether the steering angle increases or decreases, respectively.

The handling diagram is also employed in experimental testing and simulation to
assess and compare vehicles or setup configurations. There are different approaches to
generate the handling diagram in an experimental setup: either the vehicle velocity is kept
constant and the steering angle is increased, denoted as the ramp-steer-test, or the radius

12
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of curvature is kept constant while increasing the velocity and simultaneously adjusting
the steering angle to track the desired circular path.

Regarding the handling characteristics under longitudinal acceleration, the steering
behaviour and stability properties of the vehicle may change significantly. Since steady-
state conditions are assumed in the handling diagram, the quasi-steady-state assumption
is applied to the studied vehicle model. To illustrate the potential insights that can be
derived from the handling diagram, this diagram is plotted in Figure 5 for the vehicle
model parameter considered in this thesis.

While the analysed vehicle shows final understeer characteristics at steady-state cor-
nering for both v = 0 (FWD configuration) and v = 1 (RWD configuration), an increase
of the vehicle tangential acceleration a; results in a qualitative change in the handling
characteristics of the vehicle with the RWD configuration. The handling diagram in
Figure 5 is derived for a constant tangential acceleration a; = 4m/s?. It can be observed
that the handling characteristics change to final oversteer behaviour for the RWD vehicle
(v =1), blue line. In contrast, for an AWD configuration with a considerable portion of the
total drive torque Tiot at the front axle, e.g. v = 0.7, the final understeer characteristics
are maintained, green line.

15

0 2 4 6 8
a, in m/s?
Figure 5: Steering angle ¢ and vehicle sideslip angle § for different drive torque distribu-

tions v plotted over the normal acceleration a,. Quasi-steady-state solutions
for tangential acceleration a; = 4m/s? and constant velocity v = 20m/s.

Evaluating the eigenvalues of the v = 1 branch to assess stability properties, a Hopf-
type loss of stability is identified close to the maximum normal acceleration a, ~ 7m/s?,
marked with a black square in Figure 5. The solution of the Hopf branch, black line,
is calculated for constant tangential acceleration a; = 4m/s? and varied drive torque
distribution v. With decreasing drive torque distribution -y, the Hopf point, starting at
the black square with v = 1, moves to higher normal accelerations a,, black line, until

13



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

the imaginary part of the Hopf eigenvalue \; approaches zero, indicated by the red x.
For A; = 0, a bifurcation occurs, characterised by a double zero eigenvalue, known as
the Takens—Bogdanov bifurcation. This point, with yprg = 0.86, defines the drive torque
distribution to achieve the maximum possible stable quasi-steady-state driving condition.
The corresponding handling curve is depicted in Figure 5, purple line. A further decrease
of the drive torque distribution results in final understeer handling characteristics of the
vehicle.
The handling diagram is used in Paper A, Paper B, Paper C, and Paper D.

3.6. GG diagram

The GG diagram, also called acceleration envelope, is a graphical representation of the
combined longitudinal and lateral acceleration potential of the vehicle. It is often used
in vehicle dynamics to visualise the acceleration limits and performance boundaries
under simultaneous braking/acceleration and cornering. Hence, it is a very suitable and
frequently employed method for comparing the combined acceleration potential of different
powertrain topologies.

Considering the results from the handling diagram Figure 5, it becomes obvious that
the Takens—Bogdanov point, red X, represents a driving condition near the maximum
attainable normal acceleration a, of the vehicle for a given tangential acceleration a;.
Moreover, it defines the maximum normal acceleration a,, of stable steady-state driving
conditions in the vehicle handling characteristics for the drive torque distribution yrg.
Hence, by varying the tangential acceleration a, the corresponding normal acceleration a,
at the Takens-Bogdanov points defines the stable GG envelope of the vehicle.

In Figure 6, the GG envelope is plotted w.r.t. the longitudinal and lateral acceleration
of the vehicle, a, and a,, respectively, as is typical for a GG diagram, [55]. Since this
diagram is symmetrical w.r.t. the abscissa, it is plotted and discussed for a, > 0m/s?
only in the following.

10

st
N{ max(a,), vy =1
g 6r Takens—Bogdanov
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s ol Hopf, vy =1
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-10 -5 0 5 10
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Figure 6: Takens-Bogdanov and Hopf branches in the GG diagram.

At longitudinal accelerations a, ~ 3m/s? to 12m/s? and decelerations a, ~ —2m/s?
to —12m/s?, Takens-Bogdanov branches exist and are plotted in red colour. Between
a; ~ —2m/s? and a, ~ 3m/s?, the vehicle exhibits final understeer behaviour for several

14
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drive torque distributions v, where the maximum attainable normal accelerations a, for
v =1 is depicted in Figure 6, blue colour.

At a, =~ 3m/s?, besides the Takens-Bogdanov branch, also a Hopf bifurcation emerges,
both for a drive torque distribution of v = 1, and similar at a, ~ —2m/s?. Beyond
longitudinal accelerations a, ~ 3m/s?, the Hopf branch for 4y = 1 (grey solid line in
Figure 6) limits the ‘stable’ area of combined accelerations for the RWD configuration,
similarly for negative a,.

The black line in Figure 6 shows the maximum attainable combined lateral and longitud-
inal accelerations for drive and brake forces applied at the front axle only (v = 0). It can
be observed that in the acceleration case, a; > 0, the configuration with v = 1 is superior
compared to v = 0 considering the GG envelope, with the opposite in the deceleration
case. However, the (stable) GG envelope for both v = 1 and v = 0 is considerably smaller
compared to the Takens—Bogdanov configuration.

This method is used in Paper C' and Paper D.
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4. Summary of the articles

Paper A

Insights into stability and control of the powerslide motion with variable drive
torque distribution - applied to a driver assistance system

Manuel Eberhart, Manfred Pléchl, Vehicle System Dynamics

Michael Unterreiner, Johannes Edelmann https://doi.org/10.1080/00423114.2025.2457433
The characteristic properties of the powerslide motion for an all-wheel drive (electric)
vehicle with individual motors at the front and rear axles are investigated. The change
in handling and stability properties due to variations in the drive torque distribution is
analysed and discussed.

The controllability analysis indicates that the drive torque distribution is an effective
control input for stabilisation and can be superior to the total drive torque input. The
powerslide cannot be stabilised for particular conditions with the total drive torque input
at a fixed drive torque distribution. Depending on the (nominal) drive torque distribution,
the control strategy has to be changed from an ‘RWD-strategy’ to an ‘AWD-strategy’.
The loss of controllability of the unstable powerslide mode with the total drive torque
input indicates the (constant) drive torque distribution, where the strategy has to be
changed.

Based on these findings, a driver assistance system is presented that allows the human
driver to track a desired circular path solely by steering commands. The powerslide
motion is stabilised by a controller acting on the total drive torque and on the drive torque
distribution. The characteristics, limitations in dynamics and reactions of a human driver
are considered by introducing a virtual test driver model in a simulation environment.
The successfully stabilised powerslide is shown in simulation with a basic vehicle model
and in an experimental setup with a test vehicle.

Manuel Eberhart is responsible for: writing of the original draft; derivation of the model
equations; calculation of steady-states and theoretical system analysis; simulation and
experiments; visualisation and presentation of the results.

Paper B
Post-critical behaviour of the powerslide motion
Johannes Edelmann, Manuel Eberhart, Vehicle System Dynamics
Alois Steindl, Manfred Plchl https://doi.org/10.1080/00423114.2025.2471346

In this study, the post-critical behaviour after loss of stability of a vehicle in powerslide
motion is given attention. The loss of stability of a vehicle in powerslide motion is of
monotonic nature. The yaw rate of the vehicle will start to increase or decrease depending
on the disturbance. Then, there will be a transition from the powerslide equilibrium to
another equilibrium for the same fixed controls. For very large (negative) steering angles,
this equilibrium may be stable, and the vehicle will end in steady-state cornering with a
typically small radius and different states compared to the corresponding steady-state
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cornering in powerslide condition. For smaller steering angles, the equilibrium will be
unstable and of oscillatory nature and a respective Hopf bifurcation is found. The resulting
stable limit cycles of the vehicle states appear as flower-like trajectories on the road plane,
where the centre of gravity (COG) of the vehicle spirals around a fixed point.

The findings in this paper build on theoretical research, but evidence from practical
observations and vehicle test runs suggests the plausibility of the results. From a practical
application point of view, trajectories of the COG and vehicle states in the time period
(closely) after the loss of stability seem to be most important, as the related trajectories
are not feasible with regular driving, [16].

Manuel Eberhart is responsible for: calculation of steady-states and theoretical system
analysis; performing simulations; conducting experiments; visualisation of the results.

Paper C

Stability boundaries and bifurcation analysis of an AWD wehicle: the influence of
the drive torque distribution

Manuel Eberhart, Manfred Pléchl, Nonlinear Dynamics

Johannes Edelmann https://doi.org/10.1007/s11071-025-11232-x
In this paper, the impact of the drive torque distribution between the front axle and
rear axle of an AWD vehicle on its combined lateral and longitudinal handling envelope,
as well as on respective stability properties, is investigated. To analyse manoeuvres at
combined longitudinal and lateral accelerations, a quasi-steady-state assumption is used
to apply bifurcation and continuation techniques. Regarding the critical mode shapes, a
rather detailed vehicle and tyre model is considered in a simulation study on the stability
properties of a vehicle at the limits of handling in regular driving to map both the ‘global’
vehicle motion and the dynamics of the individual wheels.

Stability analysis for quasi-steady-state handling manoeuvres reveals different types of
stability loss. The Takens—Bogdanov bifurcations appear at the limits of handling and
characterise the change from final oversteer to final understeer behaviour. Corresponding
Hopf and Fold bifurcations are found that define limits for practically reasonable drive
torque distributions. The drive torque distributions at the Takens—Bogdanov branch
determine the transition from a Hopf to a Fold bifurcation. Two distinct Fold surfaces
are identified that are related to the tyre operating conditions at the corresponding
Takens-Bogdanov bifurcations. These Fold surfaces exhibit different characteristic types
of loss of stability, where one of these surfaces is considered to be of practical relevance.

Manuel Eberhart is responsible for: writing of the original draft; derivation of the model
equations; stability and bifurcation analysis; visualisation and presentation of the results.
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Paper D

Influence of the Front-Rear Torque Distribution on the Handling Characteristics
and Stability Boundaries of an AWD-Vehicle

Manuel Eberhart, Martin Arndt, 16th International Symposium on Advanced Vehicle
Johannes Edelmann, Manfred Pléchl Control
https://doi.org/10.1007/978-3-031-70392-8_ 29
The Takens-Bogdanov solution branch is shown to be a reasonable design criterion for the
drive torque distribution of an AWD vehicle, since almost the maximum normal acceleration
for a given longitudinal acceleration (or an equivalent drive torque demand) may be
achieved without ‘early’ final understeer or final oversteer behaviour. The acceleration
envelope defined by Takens—Bogdanov solution is compared to the acceleration envelope
found with optimisation technique. In contrast to the latter, which includes unstable
solutions, the Takens—Bogdanov solution branch may be of more practical relevance, since
the solutions are stable. Exemplary solutions from both the Takens—Bogdanov solution
branch and the optimal solution are compared, together with their corresponding handling
characteristics.

Manuel Eberhart is responsible for: writing of the original draft; derivation of the model
equations; stability and bifurcation analysis; performing simulations; visualisation and
presentation of the results.
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5. Scientific impact

Within this cumulative thesis, the effect of the drive torque distribution on vehicle handling
characteristics and stability properties is investigated. It is observed that the drive torque
distribution can significantly change the handling characteristics and stability properties.
A variable drive torque distribution offers the potential to ‘stabilise’ or ‘agilise’ the vehicle
and is essential for the full exploitation of the combined acceleration potential.

The scientific novelties of the conducted research may be summarised as follows:

For the powerslide, it is shown that the drive torque distribution is a proper actuator
to stabilise the unstable motion. The influence of the drive torque distribution on
the possible steady-states was studied, showing that the handling characteristics
undergo qualitative changes. In contrast to RWD vehicles, counter-steering may not
be required to maintain a steady-state powerslide for AWD vehicles. Considering a
given vehicle sideslip angle 3, up to three powerslide equilibria can be identified for
a constant drive torque distribution v, each associated with different steering angles
0. See Paper A.

The controllability analysis of different system inputs reveals that the baseline drive
torque distribution is essential for stabilising the powerslide with the total drive
torque. Depending on the drive train configurations, a qualitative change in control
strategy between the ‘RWD-strategy’ and the ‘AWD-strategy’ may be required.
This theoretical observation also coincides with anecdotal knowledge from expert
drivers. See Paper A.

The post-critical behaviour after loss of stability at the powerslide is studied. There
will be a transition from the powerslide equilibrium to another equilibrium for the
same fixed controls. The vehicle motion converges to either a stable equilibrium
with a considerably smaller radius of curvature or to a stable limit cycle orbiting an
unstable equilibrium. See Paper B.

The impact of the drive torque distribution of an AWD vehicle during combined
lateral and longitudinal acceleration on the handling characteristics and stability
properties is investigated. The Takens—Bogdanov bifurcation at the limits of handling
is identified, characterising the transition from final oversteer to final understeer
characteristics, and corresponding Hopf and Fold bifurcations are identified. See
Paper C.

The Takens—Bogdanov solution branch is shown to be a reasonable design criterion for
a baseline drive torque distribution of an AWD vehicle to exploit the full acceleration
potential of the vehicle. The Takens—Bogdanov solution branch was compared to
a GG-envelope derived from optimisation. The solutions are quite similar, but
in contrast to the latter, which includes unstable solutions, the Takens—Bogdanov
solution branch may be of more practical relevance, since the solutions correspond
to stable conditions. See Paper D.
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Insights into stability and control of the powerslide motion with variable drive
torque distribution — applied to a driver assistance system
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Abstract: In this study, a theoretical investigation of the steady-state powerslide
motion, or drift, is conducted to gain insight into the influence of the total drive
torque and front/rear axle drive torque distribution on the powerslide dynamics
of an all-wheel drive vehicle, including the case of a rear-wheel drive vehicle. The
steady-state conditions and stability properties are derived, and different actuator
inputs, i.e. steering angle, total drive torque and drive torque distribution, to stabilise
the unstable powerslide motion are analysed and discussed with respect to different
control strategies. The results indicate that the drive torque distribution is an effective
control input for stabilisation and can be superior to the total drive torque input.
The powerslide cannot be stabilised for particular conditions with the total drive
torque input at fixed drive torque distribution. Based on these findings, a driver
assistance system is presented that allows the human driver to track a desired circular
path only by steering commands. The powerslide motion is stabilised automatically
by a controller acting on the total drive torque and on the drive torque distribution
if favourable. The characteristics, limitations in dynamics and reactions of a human
driver are considered by introducing a virtual test driver model in a simulation
environment. The successfully performed powerslide is shown in simulation with a
basic vehicle model and in an experimental setup with a test vehicle.
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and stability properties are derived, and different actuator inputs, i.e. nonlinear vehicle dynamics;
steering angle, total drive torque and drive torque distribution, to all-wheel drive vehicle;
stabilise the unstable powerslide motion are analysed and discussed controllability; driver model
with respect to different control strategies. The results indicate that

the drive torque distribution is an effective control input for sta-

bilisation and can be superior to the total drive torque input. The

powerslide cannot be stabilised for particular conditions with the

total drive torque input at fixed drive torque distribution. Based on

these findings, a driver assistance system is presented that allows

the human driver to track a desired circular path only by steering

commands. The powerslide motion is stabilised automatically by a
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distribution if favourable. The characteristics, limitations in dynamics

and reactions of a human driver are considered by introducing a vir-

tual test driver model in a simulation environment. The successfully

performed powerslide is shown in simulation with a basic vehicle

model and in an experimental setup with a test vehicle.

1. Introduction

The powerslide is an unstable driving condition and is defined in [1] for rear-wheel drive
(RWD) vehicles as a steady-state cornering motion with a large vehicle sideslip angle and
large steering angle, where the front wheels point to the outside of the turn, combined
with large traction forces at the rear axle. Due to the large sideslip angle of the vehicle and
large longitudinal slips at the rear tyres, there is a strong coupling between the longitudinal
and lateral tyre forces. Increasing the longitudinal tyre slip by increasing the drive torque
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reduces the lateral tyre forces. Human drivers of RWD vehicles are able to use this char-
acteristic property of the tyre to stabilise the unstable powerslide motion with the drive
torque input only [2].

Even though the powerslide is an unstable steady-state driving condition, it is frequently
utilised by rally drivers, particularly on loose gravel surfaces. Techniques from rally drivers,
i.e. the pendulum manoeuvre and trail braking, are analysed by Velenis et al. [3]. With
optimisation methods, it is shown that high sideslip manoeuvres can be advantageous in
particular cases. It is demonstrated in [4-7] that for specific road conditions, the minimum
time manoeuvre for a hairpin curve is characterised by large sideslip angles of the vehicle
and, dependent on the drivetrain architecture of the vehicle, even countersteering may
be beneficial. In [8], Acosta et al. found that large vehicle sideslip angle manoeuvres can
increase manoeuvrability, and in [9], it is shown that for off-road conditions, the maximum
lateral acceleration at negotiating a curve with an overactuated vehicle is achieved with
large vehicle sideslip angle.

The improvement in agility can help enhance vehicle safety and improve the capabil-
ity of driver assistance systems or autonomous driving applications. Autonomous vehicles
typically feature a conservative driving style, and stabilisation systems usually restrict the
vehicle’s operation to the linear handling regime. This is typically achieved by applying
differential braking. The linear regime may be extended with enhanced drivetrain archi-
tectures, particularly with electric motors and independently driven wheels. Utilising the
nonlinear handling regime, including large vehicle sideslip angles, may help gain more
agility in specific scenarios, e.g. to avoid obstacles. Sorniotti et al. show that obstacles could
be avoided more efficiently with a large sideslip manoeuvre than by regular driving apply-
ing a nonlinear MPC approach, [10]. Zhao et al. propose in [11] a controller to improve
vehicle safety by allowing large vehicle sideslips in critical situations and show in [12] that
corresponding manoeuvres may prevent collisions.

Several researchers investigated the powerslide condition and the stabilisation of this
unstable vehicle state. Ono et al. [13] show for a basic two degrees of freedom vehicle model
that vehicle loss of stability due to oversteering at high lateral acceleration is caused by a
saddle-node bifurcation. A steering control strategy is proposed to stabilise the unstable
motion of the vehicle. In [14], Della Rossa et al. published an extended analysis of pos-
sible equilibria for different vehicle handling and tyre characteristics and configurations
with a similar two degrees of freedom vehicle model. In [14,15], it is noted that the pow-
erslide is an unstable saddle node. Steindl et al. found in [16] periodic limit cycles after
the non-oscillatory loss of stability of the powerslide, and Edelmann et al. reveal in [17]
the influence of different constant inputs on these periodic motions and present respective
vehicle measurements on packed snow.

A controllability analysis of the powerslide is carried out in [2]. The authors outline that
the powerslide can either be stabilised with the drive torque, the steering angle, or with
both inputs for a RWD vehicle. Velenis et al. propose a sliding-mode controller with only
drive and braking inputs at the front and rear axle with fixed steering to stabilise the pow-
erslide equilibrium, [18]. In [19], an LQR-controller for a FWD vehicle with handbrake
actuation is suggested with steering and drive torque as input. Controllers for stabilisation
of RWD vehicles with steering and drive torque input are proposed in [20-24]. Goh et al.
simultaneously stabilise the powerslide and track a given path autonomously in [25], and
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a model-inversion technique with wheel slip control is applied to improve the control per-
formance in [26]. In [27], Goh et al. use a nonlinear model predictive control (NMPC)
approach to perform dynamic, non-equilibrium drifting with a RWD vehicle while stay-
ing within the track limits. Front-wheel braking may be used to increase the set of possible
vehicle trajectories, [28], and different controllers for overactuated vehicles with individual
wheel drive are addressed in [9,29,30].

The main contribution of this paper is the analysis of the powerslide motion for an AWD
vehicle with different drive torque distributions between the front and the rear axle, which
has not been addressed in the literature before. An electric car with individual motors at
the front and rear axle is considered, and various levels of friction potentials are included.
Stability properties and possibilities to stabilise the powerslide motion are addressed by
evaluating a controllability measure for different actuators which include steering angle,
total drive torque and drive torque distribution. The need for a qualitative change of the
control strategy for rear-wheel drive (RWD) and all-wheel drive (AWD) vehicles with fixed
drive torque distribution to stabilise the powerslide is revealed and discussed. The stabili-
sation is shown both in simulation utilising a human driver model and in an experimental
setup with the human driver in the loop. The driver’s task is to track a circular trajectory
with steering input only, while the powerslide motion is stabilised with a basic controller
of the drive torque distribution, acting as a driver assistance system.

The remainder of this paper is organised as follows: Section 2 introduces the applied
vehicle and tyre model. The system dynamics are studied in Section 3. The possible equilib-
ria for the steady-state cornering condition are derived, and the stability and controllability
properties of the powerslide conditions are discussed. Consequences on possible control
strategies are addressed. Section 4 presents simulation and measurement results for a pos-
sible application in a driver assistance system. Finally, the essential outcome of the paper
is briefly summarised, and conclusions are drawn.

2. Vehicle and tyre model

To investigate the impact of the drive torque distribution on the powerslide motion, in
addition to the basic two-wheel vehicle model, Figure 1, the dynamics of the front and rear
(substitutive) wheels are considered. Thus, the vehicle model has five degrees of freedom:
vehicle velocity v, sideslip angle of the vehicle 8, yaw rate y, and angular velocities of the
front and rear wheels wr and wg, respectively. The equations of motion of the basic two-
wheel vehicle model read

mvcos f — mv(f + y)sin 8 = Fxpcosd — Fypsind + Fyr (1)
mvsin i + mv(f + ) cos f = Fypsind + Fypcosd + Fyr (2)
w1, = (Fyrsind + Fyp cos 6)Ir — Fyrlr 3)

with the vehicle mass m, the steering angle J, the distances Ir and Ir from the centre of
gravity CG to the front and rear axle, the yaw moment of inertia of the vehicle I, the lon-
gitudinal axle/tyre forces Fyr and Fyg, and the lateral axle/tyre forces Fyr and Fyg. The
axle/wheel dynamics at the front and rear axles are described by

Ipd)F = TF - TFXF and IRd)R = TR - rFxR (4)
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Figure 1. Two-wheel vehicle model at regular cornering.

with the angular velocities wr and wg, the effective moments of inertia Ir and I, the drive
torques Tr and Ty, and the loaded radius r, which is considered constant and equal to the
effective rolling radius.

To map the powerslide handling regime, not only the complete set of nonlinear system
Equations (1)-(4) has to be considered, but also the mutual influence of longitudinal and
lateral tyre forces. The Magic Formula tyre model [31] is applied here.

The respective sideslip angles a; and longitudinal slips s,; of the tyres read

g g
apzé—arctan( VE —I—tanﬁ) and ar = — arctan (— VR —I—tanﬁ), (5)
vcosf veos 8
sp = —MET O hd s = _veosf — wrr (6)
VwF vcos f
with the longitudinal velocity of the front tyre
VywE = v cos ff cosd + (vsin B + wlg) sind. (7)

As different front and rear tyres are considered, Figure 2 depicts the normalised combined
longitudinal and lateral tyre forces for varied tyre sideslip angles a; for the front and rear
tyres at the constant nominal tyre loads F,r = 6000 N and F,r = 6250 N. The tyre param-
eters are fitted to measurement data to achieve the desired handling characteristics of a
reference vehicle, also taking the steering system compliance into account. Vehicle model
parameters are listed in Table 1.

3. System dynamics analysis

To gain insight into the system dynamics of the powerslide, the steady-state solution
branches of the system model are derived first. The influence of the tyre-road friction
potential and the drive torque distribution on the steady-state solution branches are exam-
ined, and the corresponding stability properties and the effectiveness of different control
inputs to stabilise the unstable powerslide solution branch are studied.
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Figure 2. Combined tyre forces in the longitudinal and lateral direction for different sideslip angles o
and tyre—road friction potential u = 1.

Table 1. Parameters of the two-wheel vehicle model.

Parameter Abbr. Value Unit
Vehicle mass m 2500 kg
Yaw moment of inertia I, 3600 kgm?
Front axle inertia I 6.5 kgm?
Rear axle inertia Ir 40 kgm?
Front axle distance CG F Ir 148 m
Rear axle distance CGR Ip 142 m
Eff. rolling/loaded radius r 036 m

3.1. Steady-state solution branches

The nonlinear equations of motion in (1)-(4) are written in state-space notation
x = f(x,u) (8)

with the state vector x = [/, 1//, v, wp, wg] T and input vector u = [0, Ttot, ¥ 1T with total
drive torque Tiot = Tr + Tr and drive torque distribution y = Tr/Ttot, defined as the
portion of the total drive torque at the rear axle. The steady-state solution branches of the
system (8) are numerically calculated by setting X = 0 and y = v/R with constant radius
of curvature R.

For the handling diagram in Figure 3, the vehicle sideslip angle /5, the steering angle &
and the total drive torque Ty are plotted over the normal acceleration a, = v2/R. There-
fore, a radius of curvature with R = 60 m, a tyre-road friction potential with x = 1, and
a drive torque distribution with y = 0.8 have been assumed. Similar to [1], up to four
different steady-state solutions are found for a particular vehicle velocity v and radius of
curvature R.

Besides regular cornering (1), with small positive steering angle J, small vehicle sideslip
angle f, and small total drive torque Tio, there are two additional branches, ) and (@,
denoted overdraw steering, with larger positive steering angle d and therefore larger sideslip
angle aF at the front axle w.r.t. regular cornering.

The first overdraw steering branch () appears when, due to the friction limit of the
front tyre, the maximum lateral acceleration a, is reached, and the steering angle is further
increased. The sideslip angle ar at the front axle increases while the vehicle sideslip angle
p remains almost the same w.r.t. regular cornering.
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Figure 3. Steady-state solutions of the two-wheel vehicle model ((7): regular cornering, (2): overdraw
steering 1, (3): powerslide, @): overdraw steering 2) for radius R = 60 m, tyre—road friction potential u =
1, and drive torque distribution y = 0.8.

For the second overdraw steering branch (4, the vehicle sideslip angle f shows a
decreased but rather constant negative value of about f &~ —8°, while the sideslip angle of
the front axle af increases with decreasing normal acceleration. The required total drive
torque for both overdraw steering solutions increases with the steering angle J due to the
higher cornering resistance.

The powerslide branch (@) shows large negative vehicle sideslip angles 3, large negative
steering angles J, and large total drive torques Ty It becomes evident from Figure 3 that
the powerslide branch joins the second overdraw steering branch (3. In contrast to (4, the
lateral tyre forces of the front axle are not saturated. Since Figure 3 corresponds to a left
turn with a positive yaw rate y according to Figure 1, the negative steering angle d indicates
that the front wheels point to the outside of the curve, called countersteering.

Due to large sideslip angles ar and large longitudinal forces Fyp at the rear axle, the cor-
responding tyre forces are saturated at the powerslide branch (3). As a result of the mutual
influence of longitudinal and lateral tyre forces, a strong coupling between the longitudinal
and lateral dynamics of the vehicle can be expected, see subsequent Section 3.3. Moreover,
this mutual influence may be helpful in the control and stabilisation task of the powerslide
motion, see Sections 3.4 and 3.5.

3.2. Variation of friction potential and drive torque distribution

For a decreasing friction potential  of the tyre-road contact, the steady-state powerslide
branch is shifted to lower normal accelerations ay,, as depicted in Figure 4(a), while its
general shape remains similar.

By examining the required total drive torque Tt for a steady-state powerslide at dif-
ferent vehicle sideslip angles f and tyre-road friction potentials x, an almost linear
relationship between the resulting normal acceleration a, = a,(f, 1) and the total drive
torque Tio appears, just as between the vehicle sideslip angle £ and the total drive torque
Ttot,> Figure 4(b).
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Figure 4. Steady-state solutions of the powerslide branch for different tyre—road friction potentials and
required total drive torque (R = 60m, y = 0.8). (a) Powerslide branches for different tyre-road friction
potentials « and (b) Total drive torque Tyt depending on normal acceleration a, and vehicle sideslip
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Figure 5. Steady-state solutions of the powerslide branch for different drive torque distributions y at
the constant vehicle sideslip angle f = —35°. (a) Steering angle ¢ and sideslip angle at the front axle ar
and (b) Total drive torque T, and velocity v.

To learn about the existence and characteristic properties of the powerslide for different
drive torque distributions y, all steady-state solutions for constant vehicle sideslip angles
p are calculated for y reduced from y = 1 towards 0 until no powerslide solution exists.

For the chosen constant vehicle sideslip angle § = —35°, steady-state solutions for the
considered vehicle parameters are found in the range from y = 1 (rear-wheel drive) to
the most ‘front-oriented’ drive torque distribution of y = 0.27, see Figure 5. From y =1
until y = 0.43 slightly increasing, large negative steering angles J result, typical for the
powerslide motion with a rear-wheel drive vehicle, [1]. Also, the sideslip angle of the front
axle aF, the total drive torque Ty, and the vehicle velocity v slightly increase in this range
until the maximum velocity is reached at y & 0.43. In contrast, at drive torque distribu-
tions y < 0.43, considerably less countersteering is required until regular steering (positive
steering angle) is necessary for y < 0.39. The need for considerably smaller negative or
even positive steering angles 0 when drifting all-wheel drive vehicles compared with rear-
wheel drive vehicles is well known from anecdotal evidence and observations. Moreover,
a strong increase of the total drive torque Ty is observed for y < 0.43. This increase may
be attributed to the degraded lateral tyre force potential at the front axle from the mutual
influence of lateral and longitudinal tyre forces, resulting in very large sideslip angles ar
and increased steering angles J, and corresponding energy dissipation.
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Figure 6. Vehicle sideslip angle f and steering angle ¢ of the powerslide branch for different drive
torque distributions y (R =60m, u = 1).

The handling diagrams for different constant drive torque distributions y are shown in
Figure 6. For larger values of y, the characteristics of the powerslide branches for vehicle
sideslip angle and steering angle are similar as for rear-wheel drive vehicles. Decreasing
values of y further, results in a change of the characteristics, as front tyre forces become
saturated as well. For certain vehicle velocities v and drive torque distributions y, up to
four powerslide equilibria can be identified for a given radius of curvature p and normal
acceleration a,, see, for example, y = 0.6 in Figure 6(right). Moreover, at more front-
orientated drive torque distributions, e.g. y = 0.45, where vehicle sideslip angles f are still
large and negative, steering angles § may be positive, indicating regular steering, similar
to Figure 5(a). Consequently, in contrast to RWD vehicles, counter-steering may not be
required to maintain a steady-state powerslide for AWD vehicles, depending on the drive
torque distribution y . Considering a given vehicle sideslip angle £, up to three powerslide
equilibria can be identified for a constant drive torque distribution y, each associated with
a different normal acceleration a, and steering angle J, see e.g. y = 0.3 in Figure 6(left).
Obviously, smaller values of y result in higher normal accelerations a,,.

3.3. Stability of first order and modal analysis

Linearisation of the nonlinear system equations at the steady-state solution branches results
in Ax = AAx + BAu with system matrix A and input matrix B. Ax = x — X is the devi-
ation of the state vector and Au = u — ug the deviation of the input vector from the
steady-state solution, indicated by index 0. For the sake of simplicity, A-symbols and 0-
indices have been omitted below. By solving the eigenvalue problem (A — I4;)p; = 0 for
eigenvalues 1; and right eigenvectors p; corresponding to mode i (i = 1—5), the local
dynamic behaviour and stability of the steady-state solutions can be analysed.

The vehicle shows understeering characteristics at the regular cornering branch (@ in
Figure 3, the eigenvalues are all negative, and steady-state solutions are stable. The eigen-
values of the connecting first overdraw steering branch (2) have only negative real parts as
well, and also these steady-state solutions are stable. For the regular cornering branch, the
largest eigenvalue always remains real but still negative and very close to zero; see also [1].
The main entries in the corresponding right eigenvector are related to velocity v and angu-
lar velocities of the front and rear wheels, wr and wg, and therefore can be associated with
a ‘velocity mode’. The next two eigenvalues change from real to a conjugate-complex pair
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Figure 7. Dominant eigenvectors and eigenvalues corresponding to the powerslide branch 3) in
Figure 3.

of eigenvalues with increasing velocity v. The oscillation mode remains for the first over-
draw steering branch (3), with main contributions to yaw rate y and vehicle sideslip angle
p, affecting the lateral motion of the vehicle. The two remaining eigenvalues are largely
negative, and the largest entries of the corresponding eigenvectors are mainly related to
the angular velocities of the front and rear wheels, wr and wg.

For the powerslide branch () in Figure 3, the eigenvalues 4; (i = 1—4) and the entries in
the corresponding (normalised) eigenvectors p; are plotted over the vehicle sideslip angle
p in Figure 7. Index 1 refers to the largest and positive eigenvalue, index 4 to the smallest,
negative eigenvalue. Less interesting A5 and ps are not shown, the eigenvalue is largely
negative, and its eigenvector has a main component in the angular velocity of the front
wheel wg.

In contrast to regular cornering, the eigenvalues of powerslide branch are always real.
The real eigenvalues 1, and 1, are positive over the full range of vehicle sideslip angles
f. Hence, the corresponding steady-state solutions are unstable, and the loss of stability is
monotonic and governed by mode 1, see also [1], since 4, is very close to zero, quite sim-
ilar to the ‘velocity mode” at the regular cornering branch. The entries in the eigenvectors
corresponding to 4; remain almost constant over the full range of vehicle sideslip angles
f and affect all states, see Figure 7 on the left, with the largest contributions to the angular
velocity of the front wheel @p and the yaw rate y.

The non-oscillatory and similar behaviour over the full vehicle sideslip range could be
beneficial for the control and stabilisation task of the driver, considering the limitations of a
human driver [32]. Since the contribution to the yaw rate y remains quite large compared
to the other ‘modes’, this unstable mode may be denoted ‘yaw mode’.

A qualitative change in the course of entries in the eigenvectors of mode 3 and 4 can
be observed at f &~ —20°, Figure 7, where the magnitudes of the real eigenvalues A3 and
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A4 come quite close. For vehicle sideslip angles § < —20°, the angular velocity of the rear
wheel wp is dominant in the eigenvector of mode 3, and for f > —20° in the eigenvector
of mode 4. The eigenvalue 14 for f > —20° and 13 for § < —20° (in the areas where the
angular velocity of the rear wheel wp is dominant) strongly depends on the rear axle inertia
IR. A lower rear axle inertia would shift these eigenvalues to lower values and therefore the
location of the qualitative change of the mode shapes to lower vehicle sideslip angles. A
large decrease in the rear axle inertia Ir would even prevent the change of mode shape.

Following the powerslide branch, the second overdraw steering branch (¥) in Figure 3
appears with increasing steering angles 9 after passing the maximum normal acceleration
a,. The second overdraw steering branch also corresponds to unstable steady-state solu-
tions. The modes are qualitatively similar to the powerslide modes for small vehicle sideslip
angles 5, where again the real eigenvalue 4; related to the ‘yaw mode’ is positive and the
real eigenvalue 4, related to the ‘velocity mode’ is negative. In contrast to the powerslide
solutions, the lateral tyre force at the front axle is saturated.

Variation of the tyre-road friction potential in the range u = 0.2 — 1 reveals for the
powerslide branch that the friction potential has no qualitative impact on the dynamic
behaviour. The eigenvalue of the unstable mode 1 decreases slightly with reduced friction
potential. A similar result is found by varying the drive torque distribution between y =
0.6 — 1. The largest (positive) eigenvalue decreases slightly with decreasing y .

3.4. Controllability analysis of the powerslide motion

As shown in [2], the powerslide of a RWD vehicle can either be stabilised with the drive
torque at the rear axle, with the steering angle, or with a combination of both commands.
The effectiveness of the different inputs to control the steady-state regular cornering and
powerslide motion with respect to sensed vehicle states has been evaluated by a gross mea-
sure of joint modal controllability and observability. It provides an idea of how a mode
is affected by a specific input and how visible it is from a specific output of the locally
linearised system model. The measure was introduced by Hamdan et al. [33]. Choi et al.
applied a modified version in [34] by taking the length of the input vector |b;| of input j
from input matrix B into account. In this work, the measure is further extended by consid-
ering the range of operation of each actuator by scaling the modal controllability measure
with the maximum input of the actuator.

The subsequent measure of modal controllability of mode i with input j is the cosine
of the angle between the left eigenvector q; (from ATqi = /q;) and input vector b; scaled
with the norm of the input vector |b;| and the maximum input ©jmax of actuator j. This
measure can be interpreted as the projection of the input vector b; on the left eigenvector
q; normalised to length 1, scaled with u; max and yields

q/b;

. 9
LHILA ©)

M_,ij = cos 0j|bj|tjmax  With  cosj; =

Here, the maximum input uj max is set to tsmax = 7 /4 for the steering angle 6, ur,, max =
5000 for the total drive torque Tio, and uy max = 1 for the drive torque distribution y . As
a measure for the modal observability of mode i from output k, the projection of the right
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Figure 8. Joint modal controllability and observability measure Mc,s for inputs j = {J, Trot,  } and
observed vehicle sideslip angle 8 for the powerslide branch 3) in Figure 3.

eigenvector p; on the output vector ¢ from output matrix C is applied,

CkPi

. (10)
Ipillek

M, ki = cosOilck] with  cosby; =

The product of these two measures
Mco,jk = Mo,kiMc,ij (11)

provides insight into the effectiveness of specific actuator input-measured output combi-
nations to control a specific mode and thus stabilise the unstable powerslide equilibrium.

The measure in (11) is now evaluated for the steady-state powerslide branch () in
Figure3(R = 60m, 4 = 1,and y = 0.8) for the inputs J, Tyt and y , and output f. Figure 8
shows the measure M, jp for the first four modes, plotted over the steady-state vehicle
sideslip angle £ (actually Sy for clearness). Since the linear analysis is only valid in the
vicinity of the steady-state solutions of the nonlinear powerslide branch, the results have
to be interpreted with care.

The left plot of Figure 8 shows that the unstable mode 1 can be controlled very effectively
with the steering angle ¢ for the full range of considered vehicle sideslip angles f. In the
range of vehicle sideslip angles where wg is the dominant entry in the eigenvector of modes
3 and 4, see Figure 7, the possibility to influence these modes with the steering angle ¢
almost vanishes, whereas controllability is given in the range of vehicle sideslip angles S
where the yaw rate y is the dominant entry. Mode 2, which represents the ‘velocity mode’,
can hardly be controlled by the steering angle.

For the total drive torque input Ty an interesting observation can be made, middle
plot of Figure 8. The joint modal measure for the unstable mode 1 is about zero for vehicle
sideslip angles f &~ —40° and also changes its sign for further decreasing f. Thus, in this
specific condition, the unstable mode cannot be controlled. This observation and the con-
sequences of the change of the sign of the measure will be discussed in more detail below.
Modes 3 and 4 that are basically dominated by the yaw and rear axle motion, y and wg,
respectively, can be influenced well with input Ti,, whereas the measure remains again
small for the ‘velocity mode’ 2 for the full range of vehicle sideslip angles 5.

In the right plot of Figure 8, the modal measure is presented for the drive torque dis-
tribution y . The possibility to influence the unstable mode 1 rises with decreasing vehicle
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Figure 9. Modal controllability measure M7, for input Tiot and mode 1 (¢ = 1). () M¢,17,, for dif-
ferent vehicle sideslip angles £ and drive torque distributions y and (b) Projection to the -y plane:
qualitative change of the control strategy at M¢,17,,, = 0 (red line).

sideslip angles f. The influence of y on mode 3 is high and almost zero on the ‘velocity
mode’, similar to the influence of the steering input 6. For mode 4, the measure also exhibits
zero-crossing. However, this is not relevant since the real eigenvalue related to mode 4 is
negative.

Similar results as shown in Figure 8 are found for different tyre-road friction poten-
tials .

To gain more insight into the change of the sign of the joint modal controllability and
observability measure M1, s for the input total drive torque Tot of the unstable mode 1,
Figure 8, the associated modal controllability measure M1, in (9), is shown for different
vehicles sideslip angles f and drive torque distributions y in Figure 9(a).

It can be noticed that there are combinations of drive torque distributions y and vehicle
sideslip angles f where M, i1, crosses zero and changes its sign. The term cos 6,7, in (9)
becomes zero, when the angle between the input vector by, and the left eigenvector q;
related to mode 1 are orthogonal to each other. After transition through M., = 0 for
e.g. varied f and fixed y, the control command (w.r.t. the steady-state input) changes sign
for a similar yaw response considering the unstable, dominant ‘yaw mode’ of the pow-
erslide equilibrium, which is associated with a change of control strategy. Therefore, the
required (strategy for the) control of the total drive torque Ty to stabilise the powerslide
mode at large negative vehicle sideslip angles f, will strongly depend on the drive torque
distribution y, see Figure 9(b).

Consequently, the control strategies may be distinguished by the drive train configura-
tion between ‘RWD-strategy’ and ‘AWD-strategy’. The assumed distinction coincides with
anecdotal knowledge from expert drivers, who report that a RWD vehicle can be con-
trolled easily by drive torque commands (corresponding to Tiy), since increased drive
torque results in increased longitudinal slip sxr and reduced lateral tyre forces Fyr at the
rear axle, and therefore increased yaw rate y, and vice versa. In contrast, at AWD vehicles,
the increased drive torque Ty results also in additional longitudinal tyre forces Fyr at the
front axle that overcompensate the effects from the reduced lateral tyre forces Fyr at the
rear axle, hence the yaw rate y decreases. The areas of different control strategies in the
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y —f plane are illustrated in Figure 9(b) in dark grey colour for ‘RWD-strategy’ and light
grey colour for ‘AWD-strategy’.

3.5. Control strategy

The loss of controllability with the total drive torque Tiot in particular situations in con-
trast to the drive torque distribution y suggests that y or individual axle torques are proper
inputs to stabilise the powerslide, or might even be superior to the total drive torque Ttot
with fixed torque distribution y. Therefore, a control strategy that stabilises the power-
slide motion just with the drive train, in particular of an AWD vehicle, is addressed in this
section. The steering angle shall be left for the control of the circular path.

The analysis with the joint modal controllability and observability measure, Figure 8,
has revealed that the vehicle sideslip angle /8 and the yaw rate y are proper measurement
variables for a controller, with the last being even more effective for influencing the unstable
powerslide or ‘yaw mode’. However, as there is only a marginal effect on the unstable ‘veloc-
ity mode’, further measurement variables related to the longitudinal motion are required,
such as velocities v, wp, wr, which show a strong effect on the ‘velocity mode’. In agree-
ment with the evaluation of the controllability criteria from Kalman and Hautus [35], the
unstable eigenvalues can be stabilised, and the dynamics chosen favourably by placing the
eigenvalues of the closed-loop, respectively, using the full state vector as a measurement
vector.

However, to mimic a human driver, only the observed vehicle sideslip angle and yaw rate
will now be considered as measurement variables. The idea is motivated by Goh et al. [26],
who state that the vehicle velocity v does not need to be explicitly regulated even though the
variable v is uncontrolled as the coupling between the lateral and the longitudinal dynam-
ics that occurs at high sideslip stabilises the velocity when operating under their imposed
control law. It is interesting to note that these findings hold for their vehicle with RWD, but
not necessarily for an AWD vehicle.

For illustration, the system model is linearised w.r.t. f# = —35° and a constant output
feedback controller is considered to stabilise the steady-state powerslide equilibrium with
input T and outputs y and 8. The controller gains are denoted K ; and Kp, respectively.
The real parts of the largest eigenvalue of the controlled system are calculated for a wide
range of control gains Ky and K, and plotted for configurations y = 1(RWD)andy = 0.6
(AWD) in Figure 10.

For y =1 (RWD) the largest eigenvalue can be moved into the negative half-plane for
specific control gains. In contrast, for y = 0.6 (AWD), the largest eigenvalue remains posi-
tive and the equilibrium unstable for all combinations of gains K, and K. Both systems are
controllable, except for drive torque distributions y on the red line in Figure 9(b). However,
the limited number of two controller design parameters only does not allow the five poles
to be placed freely. Nevertheless, the RWD vehicle can still be stabilised, but not the AWD
vehicle at y = 0.6. For small enough 7, close to the limit of existing powerslide motions,
stabilisation with this reduced control design space will be possible again.

When aiming to reduce the real part of the largest eigenvalue by a proper choice of Ky,
signs of Kz are opposite for the two drive train configurations, Figure 10, confirming the
above-mentioned different control strategies to stabilise the powerslide motion at RWD or



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

14 M. EBERHART ET AL.

10 -
3 5
s 7] ey =1
= v=0.6
g Re =0
04
1
5
x10 -1 5 x10*

Figure 10. Maximum real part of the largest eigenvalue of the controlled system with gains K, and K.

AWD vehicles. For RWD vehicles, the total drive torque T, needs to be reduced to dimin-
ish the vehicle sideslip angle /5, and also the vehicle velocity v will be reduced accordingly
(‘RWD-strategy’). For y in the light grey area of Figure 9(b), the total drive torque Tio needs
to be increased to diminish the vehicle sideslip angle /5, and therefore the vehicle velocity
v will also increase (‘AWD-strategy’).

In conclusion, for AWD vehicles with specific constant drive torque distributions y , the
unstable eigenvalue related to the ‘yaw mode’ can be stabilised with the above controller.
Still, one eigenvalue related to the ‘velocity mode’ remains unstable. Although the ‘veloc-
ity mode’ is also (slightly) unstable at RWD vehicles, the vehicle velocity converges to its
equilibrium state when the vehicle sideslip angle is stabilised by the total drive torque due
to the velocity zero-dynamics, [26]. But for AWD vehicles, the total drive torque to sta-
bilise the unstable ‘yaw mode’ and thus the vehicle sideslip angle does not automatically
stabilise the unstable ‘velocity mode’, indicating possibly unstable zero-dynamics. This
result coincides with findings from [36], based on a phase-plane analysis of the powerslide
motion.

As a consequence, it is assumed, when utilising a constant output controller with the
vehicle sideslip angle as a measurement variable, having the right graph of Figure 8 in
mind, that the powerslide motion could be stabilised for AWD vehicles with a variable drive
torque distribution. In this way, with large y, the benefit from a stable ‘velocity mode” and
with small y, the benefit from a direct yaw moment due to the longitudinal tyre forces at
the front axle can be combined. The feasibility of this approach is now tested in a particular
application case.

4, Application: driver assistance system

Based on the above analysis of the powerslide branch () in Figure 3 and the effectiveness
of the investigated control inputs, a basic driver assistance system to perform a steady-state
powerslide is proposed in this section. The task of this driver assistance system is to stabilise
the powerslide motion by shifting the total drive torque between the front and rear axle,
where the human driver has to track the circular path only by utilising steering commands.
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In contrast to previous work, e.g. [9,24,26], which focuses on autonomous drifting, the
human driver is included in the control loop.

Considering the conclusions from Sections 3.4 and 3.5, a variable drive torque distri-
bution y is used to stabilise the steady-state powerslide motion. The nominal drive torque
distribution yy is selected in the range yo = 0.5 — 0.9 for powerslide steering behaviour
with a negative steering angle and small sideslip angle at the front axle af according to
Figure 5. The total drive torque Tiot,0(Sdes> 4> Y0) is pre-selected to adjust to a desired vehi-
cle sideslip angle fqes for a given tyre-road friction potential 4 and nominal drive torque
distribution yo, see Figures 4(b) and 5 in Section 3.2.

A simple PD-controller is chosen to move the eigenvalue of the unstable mode 1,
Figure 7 in Section 3.3, to the negative half-plane by controlling the drive torque of the
front and rear axle, Tr and Tk,

Tr = Tioto(1 — y0) + arep + azep (12a)
Tr = Tiot070 — a1ep — azep (12b)

with the vehicle sideslip angle error eg =  — f4es and its derivative ég, and the con-
trol gains a; and a;,. Since (regenerative) braking is not considered, the lower boundary
for the axle drive torques is zero. If this boundary is reached, the total drive torque Tio
can be increased by the driver assistance system (limited by the maximum motor torque)
for better tracking performance of the controller at large disturbances. The availability of
regenerative braking would be favourable in this respect.

4.1. Human driver model - virtual test driver

To investigate the driver assistance system in the simulation environment, first, its interac-
tion with a human driver is considered by adapting the virtual two-layer test driver model
described in [37]. The steering angle 6 = d + Jc + Jcs is composed of the steering angle
dg from anticipation, the steering angle . from disturbance compensation, and the steer-
ing angle d,; from countersteering. Since the anticipated curvature x of the track remains
constant for the circular path, the anticipatory feed-forward layer results in the constant
steering angle dy = dg0 corresponding to the regular cornering manoeuvre before the
powerslide is initiated.

The predictive compensatory closed-loop layer G.(s) compensates the predicted (with
preview time T)) path deviation Ay with the steering input J,

B 0c($) B 14+ Tys _,

= = 13
Ay(s) 1+ Tnse (13)

Ge(s)

with driver gain K, and time constants T, and T,,. The human reaction time is chosen con-
stant 7 = 0.2s, [38]. T;, = 0.14s, T), = 3.65, T = 0.3, and K = 0.013 rad/m are found
by applying the ‘cross-over’ assumption, [38], for the considered vehicle and tyre model,
Table 1 and Figure 2, at regular cornering for a normal acceleration of a,, = 8 m/s?.

As the vehicle increases in sideslip, after the powerslide manoeuvre has been initi-
ated, the driver applies countersteer, which effectively reduces the tyre sideslip angle at
the front wheels and the yaw moment, until no net yaw moment is produced, [39]. Then,
the vehicle is stabilised at the desired vehicle sideslip angle, and there results a small offset
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between steering angle and vehicle sideslip angle. The countersteer task after the initiation
of the powerslide manoeuvre is represented by an additional countersteer layer imposing a
(human) lag steering behaviour Ad,

Ocs(8) _x 1 -
AB(s) “14Tis
with time constant T ~ T, and K to finally match the steering angle of the demanded

powerslide equilibrium. Ap is the developing deviation of the current vehicle sideslip angle
from the vehicle sideslip angle at initial regular cornering.

Ges (5) = (14)

4.2. Simulation

A simulated powerslide manoeuvre of the closed-loop ‘vehicle-driver—driver assistance
systen, utilising the vehicle model described in Section 2 and the driver model and the
driver assistance system described in Section 4, is shown in Figure 11. The virtual test
driver tracks a circular path with radius R = 60 m on a surface with tyre-road friction
potential x4 = 1. Starting in regular driving condition, the powerslide is initiated at time
t = 5s by setting up a demanded vehicle sideslip angle ramp to fges = —35° with a rate
of 10°/s. The left top plot in Figure 11 shows this ramp. The controller is able to track the
demanded vehicle sideslip angle very well. During the initialisation phase, the controller
shifts all drive torque to the rear until the maximum total drive torque is reached, left bot-
tom plot, resulting in large traction forces at the rear axle, and the vehicle starts to turn
into the corner, right bottom plot. At the end of this period, the total drive torque has set-
tled down to its equilibrium value related to the final steady-state powerslide motion. The
virtual test driver countersteers and compensates path deviation, right top plot, with addi-
tional steering input. Obviously, the states converge to the powerslide equilibrium, which
has been successfully stabilised, left middle plot.

A step-like external disturbance, represented as a reduction of the friction potential to
1 = 0.8, is applied at time t = 20 s for a duration of 0.2 s, which is equivalent to a length
of 4.6 m at the current velocity. Only small yaw oscillations appear, and only small steer-
ing corrections are required from the virtual test driver while the driver assistance system
robustly compensates the friction potential disturbance by vigorously adapting the drive
torque distribution y, left bottom plot in Figure 11.

4.3. Experiment

The driver assistance system was also tested in real application at different tyre-road sur-
face conditions, on dry asphalt, wet asphalt, and packed ice (u & 1 — 0.6 — 0.25). The
experiments were conducted with an AWD vehicle with individual electric motors at the
front and the rear axles, with vehicle parameters similar to Table 1. While the vehicle
sideslip angle S was measured with an external GNSS/INS system, other signals were
recorded from the internal bus system of the vehicle.

To initiate the powerslide with the driver assistance system, the driver applies and keeps
full throttle, starting at regular cornering conditions. The driver assistance system increases
the drive torque at the rear axle to linearly ramp-up the vehicle side slip angle § to the
desired vehicle side slip angle S4es, while the driver has to countersteer to keep the desired
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Figure 11. Simulation of powerslide initiation, stabilisation and disturbance compensation for radius
R = 60 m, desired vehicle sideslip angle B4es = —35°, tyre—road friction potential x4 = 1; nominal drive
torque distribution yo = 0.8; control gains a; = 40,000 Nm/rad, a, = 17,000 Nms /rad.

reference trajectory. During the sustained powerslide, the driver assistance system controls
the torque of each axle by changing parameters on the drive control unit of the vehicle to
maintain the desired vehicle sideslip angle f4e, while the human driver tracks the refer-
ence trajectory by controlling the steering angle ¢. The driver terminates the powerslide by
releasing the accelerator pedal. Recovery from the powerslide to normal driving is not yet
implemented and has to be accomplished by the driver, as the focus of the experiments is
put on the general powerslide stabilisation task and the interaction of the proposed driver
assistance system with the human driver.

In Figure 12, measurement data are presented for a powerslide manoeuvre conducted
on dry asphalt. The desired vehicle sideslip angle is set to fges = —30°. One can see that the
controller of the driver assistance system very closely adjusts both the initial ramp and the
desired constant vehicle sideslip angle. The steering angle of the human driver for tracking
the circular path is quite smooth, top plot. Both the yaw rate y and the vehicle velocity v,
centre plot, converge to their steady-state values. The yaw rate is oscillating, probably due
to time delays in the vehicle bus system and inertial effects of the drive train, which are not
considered in the simple controller.

The bottom plot of Figure 12 shows the front and rear axle torques, Tr and Tg, and
the drive torque distribution y . The drive torque distribution oscillates w.r.t. the nominal
drive torque distribution y¢ 2 0.7. Due to the high friction potential on dry asphalt and
the limited maximum motor torques of the test vehicle, the radius R &~ 20 m of the circular
path was small at this test manoeuvre.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

18 M. EBERHART ET AL.

20 — T T T T T T T T
a0
< 9 - Bacs
& E—
T -20 3 4
=1
]
_40 Il Il Il Il Il Il Il Il Il
14 16 18 20 22 24 26 28 30 32
60 — T T T T T T T T 15
- - :
o —
S A0f " = v
z s
20 1 1 1 1 1 1 1 1 1 5
14 16 18 20 22 24 26 28 30 32
8000 py T T T T T T T T 1
S f
= 6000 \
= 1 TF
= 4000 | 1 || 0.5 8 Tx
2 ool ‘ i g
2 i’
S 000 “l\]‘mrr‘ ‘ -‘.-‘l‘) “““ 4
0 L y 1 1 1 1 1 1 1 1 0
14 16 18 20 22 24 26 28 30 32
tins

Figure 12. Measurement results from powerslide initiation and stabilisation with human driver/driver
assistance system when tracking a circular path of radius R & 20 m on dry asphalt (tyre-road friction
potential u ~ 1).
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Figure 13. Measured trajectory of the CG of the vehicle and vehicle centre line corr. to Figure 12.

The resulting trajectory of the vehicle’s centre of gravity CG and the vehicle position are
illustrated in Figure 13. It was easy for the driver to track the circular path or eventually
increase/decrease the radius, as the driver was relieved from the stabilisation task of the
unstable powerslide motion.
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5. Conclusions

The characteristic properties of the powerslide motion for an all-wheel drive (electric)
vehicle with individual motors at the front and rear axles have been investigated. Besides
the steering angle input, the effectiveness of the drive train in stabilising the unstable
steady-state powerslide motion has been analysed. In addition to the steering angle and
the total drive torque input, the distribution of the total drive torque between the front and
rear axles is an effective ‘actuator’ for the stabilisation task.

The controllability analysis reveals that the control strategy for stabilising the powerslide
motion with the total drive torque depends on the (nominal) drive torque distribution.
With decreasing drive torque distribution front:rear (here at about 25:75), the strategy has
to be changed from an ‘RWD-strategy’ to an ‘AWD-strategy’, where the total drive torque
has to be increased to reduce or stabilise the yaw rate and vehicle sideslip angle, in opposite
to the ‘RWD-strategy’. The loss of controllability of the unstable powerslide mode with
the total drive torque input indicates the (constant) drive torque distribution, where the
strategy has to be changed.

Another interesting observation is that the total drive torque that stabilises the unstable
‘yaw mode’ and thus the vehicle sideslip angle at an AWD vehicle in powerslide motion,
does not automatically stabilise the unstable ‘velocity mode’, in contrast to the stable
velocity zero-dynamics of a RWD vehicle.

Both simulation and experimental results show that a basic (linear) PD-controller is
sufficient to stabilise and maintain a powerslide motion by drive torque distribution control
while the (human) driver just tracks the circular path.

To improve robustness concerning changes in the tyre-road friction potential or dif-
ferences in human driver behaviour, first results from applying a machine learning-based
control approach appear to be very promising, [40].
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cornering condition called powerslide or drifting, the front wheels are steered to the
outside of the curve, and the corresponding equilibrium is unstable. While previous
and ongoing research concentrates above all on different stabilisation approaches,
the post-critical behaviour is given attention in this study. Based on the nonlinear
system equations of a basic two-wheel vehicle and brush tyre model, it is found that
for a range of constant steering angles and constant drive torques at the rear driven
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and the corresponding equilibrium is unstable. While previous and Loss of stability; bifurcation;
ongoing research concentrates above all on different stabilisation vehicle handling behaviour;
approaches, the post-critical behaviour is given attention in this stability of motion;

study. Based on the nonlinear system equations of a basic two-wheel powerslide; drifting
vehicle and brush tyre model, it is found that for a range of constant

steering angles and constant drive torques at the rear driven wheels,

the vehicle motion and states converge to a steady-state with a small

radius of curvature or to a stable limit cycle orbiting an unstable

equilibrium.

1. Introduction

Pushing vigorously the accelerator pedal of a rear-wheel drive (RWD) vehicle during cor-
nering reduces the lateral forces of the rear axle. The resulting change of yaw moment then
turns the vehicle’s longitudinal axis towards the inside of the corner, causing a large sideslip
angle of the vehicle. The driver may now balance the motion by steering the front wheels
to the outside of the corner, called countersteer. The established equilibrium is a possible
solution of steady-state cornering and is called powerslide motion, [1], or simply drifting.

It is found in [2] that the existence of the powerslide motion is above all a phenomenon
of the tyre characteristics, in particular of the degressive behaviour of the lateral forces
at large longitudinal slip. Linearisation of the nonlinear equations of motion of a RWD
vehicle and tyre model reveals that the powerslide equilibrium is unstable, [2]. Analysis
of the eigenvector related to the positive real (and therefore unstable) eigenvalue shows a
strong coupling between the longitudinal and the lateral vehicle states, [3,4].

It is reported in [5] that the unstable powerslide equilibrium, derived from a 3-DOF
vehicle model, including longitudinal velocity, lateral velocity, and yaw rate, is a saddle
point with characteristics that exhibit low sensitivity to friction potential and speed varia-
tion. At the powerslide equilibrium, non-minimum phase characteristics appear between
steering angle and vehicle sideslip angle, which could facilitate destabilisation due to the
right half zero, [6]. Therefore it is suggested to better control vehicle sideslip by controlling
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the yaw rate or even by applying longitudinal control that allows also to sustain a drifting
motion. In [4] it is found from controllability analysis that the control of the rear wheel
torque is very effective in stabilising the powerslide motion, which can also be observed
from the power thrusts of the driver when drifting.

While the stabilisation of the unstable powerslide equilibrium, either fully auto-
nomously, [7-11], by the driver, [12], or with shared control, [13], has drawn a lot of
attention by researchers, only little attention has been given to the dynamics of the vehicle
after loss of stability with fixed control inputs. Therefore, this paper aims to close this gap
and contribute to a better understanding of the post-critical behaviour of the powerslide
motion. It builds on the conference paper [14] of the authors.

The remainder of this paper is organised as follows: Section 2 introduces the applied
vehicle model with RWD and the tyre model used to map the nonlinear tyre characteris-
tics. In Section 3 the post-critical behaviour is studied. Therefore, the vehicle motion after
loss of stability is illustrated, the handling diagram focussing the powerslide branch is anal-
ysed in detail, and a bifurcation analysis is performed and discussed to outline and explain
the resulting periodic vehicle motion. Measurement results that support the theoretical
findings are included as well. Finally, the main outcome of the paper is summarised, and
conclusions are drawn.

2, Tyre and vehicle model

A two-wheel vehicle model with RWD is used to map the powerslide motion and the
dynamic behaviour after loss of stability. This model is particularly reasonable at low-
friction surfaces when the load transfer between the left and the right wheels is less
important and may thus be neglected. The vehicle model in powerslide condition is plotted
in Figure 1. The velocity v, the sideslip angle 3 of the vehicle and the yaw rate y constitute,
together with the angular velocity wg of the rear wheel, the state variables of the system.
The system control inputs are the steering angle Jr of the front wheel and the drive torque
Mp at the rear wheel.
The nonlinear equations of motion of the vehicle and the rear wheel are

mvcos f — m(y + f)vsin f = Fog — FyF sin df, (1a)
mvsin B+ m(y + f)vcos f = FyR + Fyp cos d, (1b)
Ly = Fypcosoplp — Fyrlg, (1c)
IL,or = MR — Fxr 11, (1d)

with vehicle mass m, yaw moment of inertia I, of the vehicle, moment of inertia I,, of the
rear axle, the distances I and Ir from the centre of gravity (COG) to the front, and to the
rear axle, respectively, and the loaded radius r; of the rear wheel.

Also for the sake of simplicity, the brush tyre model from [15] is chosen to represent the
tyre characteristics, including typically less realistic assumptions, such as the same lateral
and longitudinal tyre slip stiffness. The horizontal tyre forces Fyp, Fxr, Fyr depend on the
sideslip angles a;, the longitudinal slips ;, and the vertical tyre loads F,; with i = F, R. The
normalised steady-state tyre/axle characteristics are shown in Figure 2 for the theoretical
slips ox; = xi/(1 + k;) and 6,; = tana;/(1 + x;), see Appendix. The characteristics of the
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Figure 1. Powerslide driving condition for rear-wheel drive vehicle model.
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Figure 2. Normalised tyre/axle characteristics with marked normalised tyre/axle forces at powerslide
equilibrium p;.

front and the rear tyre/axle are different and result in a slightly understeer vehicle, see later
Figure 3. On the left of Figure 2 the ‘stronger’ rear axle with respect to the front axle can
be noticed. For the same constant sideslip angle, the decrease of the rear lateral axle force
with increasing longitudinal slip is presented on the right, and the corresponding tyre/axle
forces associated with the later addressed powerslide equilibrium p; are marked.

The parameters used for the numeric results in Section 3 are listed in Table 1.
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Figure 3. Handling diagram with regular driving and powerslide branch for constant radius (50 m)

cornering (solid lines: stable solutions; dashed line: unstable solutions).
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Table 1. Parameters of the two-wheel vehicle and tyre/axle model.

parameter symbol value unit
vehicle mass m 2000 kg
yaw inertia of inertia I, 2650 kg m?
moment of inertia of rear axle lw 6 kg m?
distance of COG to front axle Ir 1.45 m
distance of COG to rear axle Ir 1.50 m
loaded radius of rear wheel n 0.35 m
effective rolling radius of rear tyre re 0.35 m
front tyre/axle slip stiffness 2¢pra? 9.10* N
rear tyre/axle slip stiffness 2¢pray 6.5-10* N
max. friction coefficients LF, R 0.45,0.5 -

3. Stability of powerslide equilibrium and post-critical dynamic behaviour

The required steering angle, drive torque at the rear axle and vehicle sideslip angle for quasi-
steady-state cornering at a constant radius of 50 m are shown in the handling diagram in
Figure 3. Besides the equilibria of the regular driving branch and the powerslide branch,
overdraw solutions, which are not relevant in this context, are depicted. Note that slightly
larger normal accelerations can be reached in powerslide motion. The requested drive
torque is larger than for regular driving, thus the powerslide motion is less energy-eflicient.

The required drive torque at the rear axle in powerslide motion increases in a quite
proportional manner with steering angle within the range of practical interest, Figure 4,
which can be useful information for the human driver to control the powerslide. The pow-
erslide equilibria p;, p2, and p3 marked in Figures 3 and 4 are analysed below w.r.t. the
corresponding post-critical behaviour in detail.

Now, the system equations are linearised at the equilibria on the powerslide branch. The
resulting four eigenvalues and corresponding eigenvectors for varied normal accelerations
are shown in Figure 5, with equilibrium p; marked again. The positive eigenvalue, red
line, reveals the unstable nature of the powerslide branch and its eigenvector the relatively
strong coupling of the generalised coordinates in longitudinal (v, wg) and lateral (t/), 5)
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Figure 4. Relationship between the steering angle and the rear drive torque corresponding to Figure 3
for the (unstable) powerslide branch.
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Figure 5. Eigenvalues and corresponding eigenvectors corresponding to Figure 3 for the powerslide
branch.

directions. The results are similar to [4], where a four-wheel vehicle model and a detailed
tyre model are applied.

As the positive eigenvalue is real, a monotonic loss of stability, with the vehicle spinning
in or out, can be expected to appear. But interestingly, simulations of the vehicle motion
after loss of stability at a wide range of powerslide equilibria show that the vehicle will end
up in flower-like, periodic motions, see trajectories in Figure 6, for fixed control inputs.
Drivers may know this phenomenon from their own experience when they keep both the
steering angle and accelerator pedal fixed and draw tyre marks on the surface. The green
flower refers again to the green powerslide equilibrium p;, and the other trajectories to
the powerslide equilibria marked in the handling diagram in Figure 3 and the relationship
between steering angle and drive torque in Figure 4 with p, and ps.

The COG of the vehicle may deviate to the inside or the outside of the circle closely after
aloss of stability. The following approach may be applied to decide about the direction, and
it is illustrated in an example.
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Figure 6. Trajectories of the COG of the vehicle after loss of stability at powerslide equilibria p1, p2, p3

and initial trajectories referring to a given disturbance at position ‘«’ addressed in the Example.

For the considered powerslide branch, a pair of unstable complex conjugate eigenvalues
and two real eigenvalues, with one unstable, appear, Figure 5. This positive real eigenvalue
will govern the evolution of the system (1) with state vector

x=[v,p v, op]’. (2)

The powerslide equilibrium is denoted with state vector xp, and the radius of the traced
circle is

0=v/y. (3)

If the initial state vector x(0) is given by
x(0) = x0 + &vy, (4)

where v, denotes the eigenvector corresponding to the dominant unstable eigenvalue 4,,
the trajectory will evolve initially according to

x(t) = xp + exp(A,t)ev,. (5)
For p(t) one obtains the relation
P
With x(0) = A,&v, there follows

Vu,1 W(O) —v(0)vu3
w2(0)

where v, ;. denotes the kth component of v,,. For 9 (0) > 0, the circle will grow initially.

0(0) = Zue (7)
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Figure 7. Trajectory in the (v, )-phase plane after loss of stability: from (disturbed) powerslide equilib-
rium p; towards encircling the unstable equilibrium p7.

If the initial state x(0) lies close to the powerslide equilibrium state xp, its component
in the dominating unstable direction is given by the projection of dy = x(0) — x into the
direction of v,. If

V= [VI:VZ)--o:Vn =vu]

denotes the matrix of eigenvectors with v, in the last column, the coefficient ¢, of dy w.r.t.
the eigenvector basis is given by

cu = Wydo, (8)

where W,, denotes the last line of W = V1. This follows from the relation dy = Ve¢. The
calculation of the inverse matrix may be avoided by using the left eigenvectors. ¢, is then
used for ¢ in (7).

Now, as an Example, a disturbance Af = £3° of the sideslip angle of the vehicle with
respect to its steady-state value in powerslide motion with equilibria p;, p; and p3 is con-
sidered at an arbitrary time instant ¢ = 0. The resulting initial trajectories are included in
Figure 6. For A = —3°, the vehicle will leave the circle to the outside after loss of sta-
bility, green and blue trajectory. In contrast, for Af = 3°, the vehicle will turn inside, red
trajectory in Figure 6.

Looking at the green trajectory of the COG in the x-y-plane in Figure 6 and at the green
trajectory in the (v, f)-phase plane starting from the (disturbed) equilibrium p; in Figure 7
suggests that the trajectories converge to a stable periodic solution encircling a further
equilibrium pj.

This equilibrium p} coexists with the stationary equilibrium p; for the same control
inputs. Deriving further p; corresponding to respective p; on the powerslide branch, by
using the continuation method MATCONT, [16], results in a new branch that is depicted
on the top plot in Figure 8 by the black line. The equilibria p} on this branch undergo Hopf
bifurcations at the Hopf points H; and H;. In between, stable limit cycles evolve.

From the above, it becomes clear that after the monotonic loss of stability at the pow-
erslide equilibrium, the motion finally results in a stable periodic motion. The three pairs
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Figure 8. Handling and bifurcation diagram (solid lines: stable solutions; dashed line: unstable
solutions).

of equilibria, p; and p7, j = 1-3, are included in the handling diagram and the respective
branch of the bifurcation diagram at the bottom plot of Figure 8, with the steering angle as
the bifurcation parameter. The bifurcation diagram depicts the maximum and minimum
values of the sideslip angles of the vehicle at the limit cycles. With increasing (negative)
steering angle, the branch of unstable equilibria p} turns stable at Hopf point H;. This is
interesting to note, as for very large (negative) steering angles (and large drive torques,
Figure 4), even a stable, stationary solution (p3) as a circular trajectory with a small radius
of curvature on the x-y-plane may appear (and may be noticed as ‘donut’ marks on the sur-
face). Figure 9 shows these small radii of the solutions, in particular when they turn stable
after the Hopf point H;. While the regular driving and powerslide equilibria are related to
the given radius of 50 m in the handling diagram at the top plot of Figure 8, the graph with
equilibria p7 is related to the varying radii presented in Figure 9.
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Figure 9. Bifurcation diagram with the steering angle J¢ as bifurcation parameter for the radius of
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Figure 10. Measured signals of the vehicle motion after loss of stability with fixed control inputs Jr ~
—9° and Mg &~ 1000 Nm: (a) trajectory of COG in x-y-plane; (b) (1,v,)-phase plane; (c) yaw rate y (t); (d)

lateral velocity v, (t).

To confirm the occurrence of a periodic motion after the loss of stability with fixed
control inputs, also respective vehicle tests were carried out. The tests were performed on
packed snow with an SUV-type electric vehicle with a motor at the front axle and a motor
at the rear axle with locked differential. Actually for other test purposes, the motor torques
could be controlled freely. To mimic an RWD vehicle, the front axle motor torque was set
to a minimum, and the rear axle torque was controlled to achieve a demanded torque. Next
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Figure 11. Measured signals of the vehicle motion after loss of stability with fixed control inputs Jr &~
—38° and Mg ~ 1350 Nm: (a) trajectory of COG in x-y-plane; (b) (,vy)-phase plane; (c) yaw rate w (t);
(d) lateral velocity vy (1).

to the signals on the vehicle data bus, a high-precision dual antenna GNSS-aided Inertial
Measuring Unit (GNSS-IMU) was available as a measuring system in particular for the
lateral velocity of the vehicle. Winter tyres of different dimensions were mounted on the
front and rear axles. The vehicle and tyre/road friction parameters match only roughly to
the parameters given in Table 1.

The test manoeuvres were initiated when the driver (continuously) fully pushed the
accelerator pedal, which allowed the torque control to modulate the torque request and set
a demanded value while the driver countersteered for stabilisation in the initial phase and
then kept the steering hand wheel fixed in approximate powerslide motion.

Figures 10 and 11 show the measured results of two of the test manoeuvres. While the
first manoeuvre relates to a powerslide motion with a small steering and vehicle sideslip
angle, the second manoeuvre relates to large angles. As model parameters and parameters
of the test condition are different to some extent, the measurement results correspond only
roughly to the above derived characteristics. Nevertheless, the graphs reveal that the vehi-
cle indeed runs into limit cycles in both test manoeuvres, which becomes most obvious
from the t'rajectories in the (y},vy)-phase plane in (b) and the periodic time histories of the
yaw rate y (t) in (c) and the lateral velocity v, (t) = v(t) sin #(¢) in (d). Also, flower-like
trajectories of the COG in the x-y-plane appear, see (a). The vehicle had to be stopped (e.g.
on the left side of the plot (a) in Figure 10), and so the drawing of a full flower due to limited
space. The centre of the unstable equilibrium cannot be spotted anyway because of natu-
rally occurring (e.g. frictional) disturbances on the one hand and the unstabilised vehicle
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states on the other hand. For the test manoeuvre with the large steering angle, Figure 11,
the periodicity is more disturbed than in Figure 10 but still evident.

4, Conclusions

The loss of stability of a vehicle in powerslide motion (i.e. when drifting) is of monotonic
nature due to a typically dominant positive real eigenvalue of the system, linearised w.r.t.
the powerslide equilibrium. The yaw rate of the vehicle will start to increase or decrease
depending on the disturbance. Then, there will be a transition from the powerslide equilib-
rium to another equilibrium for the same fixed controls. For very large (negative) steering
angles, this equilibrium may be stable, and the vehicle will end again in steady-state corner-
ing with a typically small radius, but with different states compared to the corresponding
steady-state cornering in powerslide condition. For smaller steering angles, the equilib-
rium will be unstable and of oscillatory nature and a respective Hopf bifurcation is found.
The resulting stable limit cycles of the vehicle states appear as flower-like trajectories on
the road plane, where the COG of the vehicle spirals around a fixed point.

While recent studies mainly focus on controlling or stabilising the powerslide, the loss
of stability and its consequences still needed to be addressed. The findings in this paper
build on theoretical research, but evidence from practical observations and first vehicle
test runs suggests the plausibility of the results.

From a practical application point of view, trajectories of the COG and vehicle states in
the time period (closely) after the loss of stability seem to be most important, as the power-
slide and related trajectories that would not be feasible with regular driving are becoming
more relevant in recent and future research, e.g. [11].
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Appendix. Tyre model

The brush tyre model in [15] is applied for the front and rear tyre characteristics. Here, the model
equations for the rear tyre are given in a compact manner; the model equations for the front tyre are
similar but ‘pure lateral’. In contrast to [15], no practical slips x and tan a are introduced, but the

theoretical slips,
VsxR VsyR 2 2
Oxp = — s OyR = — » OR= /0 + Opps (A1)
[Tecwrl| [Tecwrl|

with longitudinal and lateral slip velocities vsxr and vgyr,

VxR = VCOs B —rewr  and  vgr = vsinf —Ip l/./, (A2)

are directly related to the kinematics of the vehicle model. Then, the magnitude of the rear tyre/axle
force Fg reads

(A3)

Fr— 1RFR(30poR — 3(6roR)* + (Oror)®) for og < ogg
URFR for og > ogr
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with slip o g = 1/6r where total sliding starts and parameter

2cpra%
Op = LR (A4)
3urEzr
Finally, the longitudinal and lateral components of the rear tyre/axle force are
o o
Fo=Fr 2% and Fpg=Fp2X. (A5)
OR OR
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Paper C

Stability boundaries and bifurcation analysis of an AWD wvehicle: the influence of
the drive torque distribution

TU Wien: Manuel Eberhart, Manfred Plochl, Johannes Edelmann
Nonlinear Dynymics, Volume 113, p. 20943-20957
https://doi.org/10.1007/s11071-025-11232-x

Keywords: vehicle handling, vehicle dynamics, all-wheel drive, stability, bifurcation
analysis, drive torque distribution, Takens—Bogdanov bifurcation

Abstract: All-wheel drive electric vehicles, equipped with independent motors at
the front axle and the rear axle, allow for adaptive drive torque distribution between
the axles to influence handling and stability characteristics. To analyse manoeuvres
at combined longitudinal and lateral accelerations, a quasi-steady-state assumption
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Abstract All-wheel drive electric vehicles, equipped
with independent motors at the front axle and the
rear axle, allow for adaptive drive torque distribution
between the axles to influence handling and stability
characteristics. To analyse manoeuvres at combined
longitudinal and lateral accelerations, a quasi-steady-
state assumption is used to apply bifurcation and con-
tinuation techniques. Different types of loss of stability
are found and analysed. The Takens—Bogdanov bifur-
cation is studied in more detail, and it is shown that
the respective branch represents the boundary between
final understeer and final oversteer, and defines the
stable envelope in the GG diagram. The drive torque
distribution at the Takens—Bogdanov branch is there-
fore considered a good design criterion for a safe and
performant powertrain control. Besides the Takens—
Bogdanov branch, related Hopf and Fold branches are
identified that define limits for practically reasonable
drive torque distributions.
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1 Introduction

Powertrains of electric vehicles are often equipped
with more than one electric motor. Since the individual
motors are not mechanically coupled and very respon-
sive, they offer new possibilities for vehicle control sys-
tems. Considering the mutual influence of longitudinal
and lateral tyre forces, the drive torques may improve
the responsiveness and stability properties of the vehi-
cle. However, for this purpose, a profound understand-
ing of the impact of the drive torque distribution on
the stability and handling properties of the vehicle is
required to ensure effective and safe operation. The
focus of this paper is to gain a better understanding of
the influence of the front-to-rear drive torque distribu-
tion of an all-wheel drive (AWD) vehicle with two inde-
pendent motors, one at the front axle and one at the rear
axle, on its stability properties and quasi-steady-state
handling performance. Therefore, the handling regime
at combined longitudinal and lateral acceleration of the
vehicle is considered, where the impact of longitudinal
tyre forces on lateral tyre forces and consequently the
front-to-rear drive torque distribution may modify han-
dling and stability characteristics considerably.

The (quasi-)steady-state handling characteristics of
vehicles are fundamentally important to assess its (open
loop) stability properties and to judge the vehicle’s
response to driver steering commands, [1-3]. Depend-
ing on the longitudinal acceleration, both in driving
and braking conditions, and the powertrain and control
architecture, the handling characteristics and stability
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properties of the vehicle can significantly change, [4—
6].

In [4], Klomp et al. analyse the impact of all-wheel
drive (AWD), front-wheel drive (FWD) and rear-wheel
drive (RWD) powertrain architectures on the handling
characteristics and lateral acceleration potential of a
vehicle. For this purpose, a method is proposed to
determine an ‘optimal’ drive torque distribution using
a quasi-steady-state description of the vehicle model.

Bucchi et al. [7] and Lenzo et al. [8] compare FWD
and RWD vehicles with a focus on handling and yaw
torque analysis. It is shown that an FWD powertrain is
less prone to understeer in steady-state cornering due
to the additional yaw torque of the longitudinal forces
at the front axle.

Using a basic two degrees of freedom (DOF) vehicle
model and a simplified Pacejka ‘Magic Formula’ tyre
model, Ono et al. [9] show that vehicle loss of stability is
caused by a saddle-node bifurcation (also denoted Fold
bifurcation), which depends considerably on the rear
lateral tyre force saturation. A steering control strategy
is proposed to stabilise the motion of the vehicle.

A study on vehicle dynamics and stability, taking
into account different friction potentials of the tyres at
the front axle and the rear axle, is presented by Shen et
al. in [10]. The joint point locus approach is applied to
identify system equilibrium points and to assess their
stability characteristics.

A fundamental study on a two DOF vehicle model is
done by Della Rossa et al. in [11]. Various types of loss
of stability for different combinations of effective tyre
force characteristics at the front axle and the rear axle
of the vehicle model are studied and discussed with
the help of bifurcation analysis and the phase-plane
diagram.

The impact of the effective tyre force characteris-
tics on the stability behaviour of a vehicle are studied
by Pauwelussen in [12], focusing on the appearance of
limit cycles, whereas Farroni et al. investigate its influ-
ence on the handling diagram and on the phase-plane
diagram in [13].

Horiuchi et al. [5] use a quasi-steady-state descrip-
tion to model a vehicle in combined lateral and longitu-
dinal acceleration conditions. Using the steering angle
as the bifurcation parameter, a Fold bifurcation is found
for a vehicle under negative longitudinal acceleration
and a fixed brake torque distribution.

Wang et al. analyse the stability properties of a vehi-
cle at combined braking and steering in [14]. The sta-
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bility of the vehicle is analysed for different speeds,
steering angles and brake torques with the help of bifur-
cation analysis, equivalent equilibrium description and
phase-plane analysis for an ideal constant brake distri-
bution between the front axle and the rear axle.

In contrast to conventional brake systems, regenera-
tive braking using electric motors allows for a variable
brake force distribution between the front axle and the
rear axle and may allow to extend the combined stable
longitudinal and lateral acceleration envelope in the GG
diagram.

Besides improving the stable handling envelope, in
certain conventional and critical driving conditions, the
control of the drive torque distribution may be benefi-
cial to enhance the responsiveness of the vehicle. A
‘responsiveness and stability metric’ is used by Zang
etal. [15] to control the front-to-rear drive torque distri-
bution for improved responsiveness and stability prop-
erties of the vehicle.

To study the properties of the lateral motion of
the vehicle during longitudinal acceleration, the quasi-
steady-state assumption (equivalent equilibrium) is
applied to convert the transient condition into a mechan-
ical equivalent steady-state. This transformation allows
for the use of mathematical methods used for linear
systems. Horiuchi et al. consider the front-to-rear load
transfer and longitudinal tyre forces in [5] by adding
a virtual external force to the equation of motion of
the vehicle in the longitudinal direction. Abe applies a
quasi-steady-state assumption in [6], disregarding the
change of the longitudinal velocity of the vehicle for a
short period of time. Also, the vehicle roll, pitch and
yaw motion are assumed to maintain their steady states.
Klomp et al. use a similar approach in [4]. Tremlett et
al.in [16] and Novellis et al. in [17] additionally require
that the derivative of the longitudinal slip of each wheel
is zero, whereas the lateral and yaw motion fulfil the
steady-state condition.

In the literature, vehicle stability properties are
analysed using basic vehicle models, either assum-
ing steady-state conditions or combined longitudinal
and lateral acceleration, where stability properties are
examined for specific, fixed drive or brake torque dis-
tributions.

The novelty of this paper is the incorporation of a
variable drive torque distribution, an inherent feature of
AWD electric vehicle powertrain architectures, to anal-
yse its impact on the stability properties of the vehicle at
combined longitudinal and lateral acceleration. There-
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fore, a detailed vehicle model is applied to take relevant
effects like the dynamics of the individual wheels, the
wheel load transfer, and the mutual influence of longi-
tudinal and lateral tyre forces into account.

The paper is structured as follows: In the subsequent
Sect.2, the vehicle and tyre model are introduced. In
Sect. 3, the used methods are briefly described. In the
following Sect. 4 the handling characteristics are shown
and different types of loss of stability are identified.
The Takens—Bogdanov bifurcation is shown in the GG
envelope and different causes of its appearance and its
connection to the occurrence of a Fold bifurcation are
presented. In Sect. 5, main findings are summarised
and conclusions are drawn.

2 Vehicle and tyre model

To study vehicle stability properties up to high levels
of both lateral and longitudinal acceleration, a nonlin-
ear 10 degrees of freedom vehicle model is employed,
Fig. 1, incorporating a nonlinear tyre model, wheel load
transfer, and nonlinear steering kinematics. The road
surface is represented by a horizontal plane.

The vehicle body is modelled as a rigid body with 6
degrees of freedom, with mass m and moments of iner-
tia Iy, Iy, and I,. The products of inertia are neglected.
The vehicle body is connected to the massless axles
with spring stiffnesses ¢ and damping di, k € {F, R},
at the front axle and rear axle, respectively. The anti-
roll bars are considered by additional stiffnesses crx.
The four individual wheels with effective moment of
inertia Iwy are modelled with one rotational degree
of freedom each. The vehicle parameters are listed in
Table 1. These refer to an SUV vehicle and are adjusted
to measurements carried out with the reference vehicle.

The tyre force characteristics are described by Pace-
jka’s Magic Formula model [18], where tyre parame-
ters are derived from trailer measurements and the slip
stiffnesses and maximum friction values of the tyres
are adjusted to fit the handling characteristics of the
reference vehicle.

To reduce the complexity in the derivation of the
governing equations of motion of the vehicle body,
two different coordinate systems are used: the equa-
tions of motion for the rotational degrees of freedom are
described in the body-fixed coordinate system (xp-yp-
zp), whereas the equations of the translational degrees
of freedom are described in a coordinate system moved

Fig. 1 Schematic illustration of the vehicle model

in the ground plane (x-y-z). The body-fixed coordi-
nate system (xg-yp-z ) is rotated relative to the ground
plane with pitch angle 6 and roll angle ¢ w.r.t. the yp-
axis and the xp-axis, respectively. The equations of
motions are derived assuming small angles ¢ and 6,
and respective derivatives,

m(i)x—vyv;b—i—hé

+2h¢y —hOy?> +hel) = SF, (1a)
m by +vx ¥ —h

+2h0y +hoy? +hoy)=2F, (1b)
mv, = XF, (1c)
Lg—Uy—1)0y =SMy—0EM, (1d)
L6 — (I, — L)V ¢ =SMy+¢IM, (le)
Ly — (I —1,)$0 = SM, + 60 EM,

—9TM, (1f)

with the longitudinal velocity v,, lateral velocity vy,
yaw rate v, and the sum of forces £ F;, j € {x, y, z},
and of moments XM :
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Y Fy = Fy1cosd; — Fypsindy

+ Fyacosdy — Fyosindy + Fy3 + Frg (2a)
X Fy = Fyjcosd; + Fypsind;

+ Fypc0882 + Fypsindy + Fyz + Fya (2b)
Y, =Fu+Fo+F3+F4—mg (20)
XMy =Fa(sp+he)— Fa(sr—he)

+F3(rR+he) — Fa (R —he)

+XFy(h+z0+2) (2d)
XMy =—Fu+ Fp)(Ur—ho)

4+ (Fp3+ Fz4) (IR + h0)

—XF(h+2z0+2) (2e)
XM, = XM tyre + (Fy1 cos 81 + Fy1sinéy

+ Fy2c0882 + Fypsindo) (I — h 6)

— (Fy3 + Fya) (IR + 1 0)

— (Fx1cos8; — Fypsindy) (sp + h @)

+ (Fxacos 8y — Fypsindp) (sg — h )

—Fy3(R +ho)+ Fxa(sR — ho). (2f)

Fyi, i € {1, 2, 3, 4}, represent the longitudinal tyre
forces of the individual wheels, and F); represent the
lateral tyre forces, which depend on the longitudinal
tyre slips sy;, sideslip angles «;, and the vertical tyre
forces Fy. XM tyre represents the sum of the self-
aligning torques M;; of the tyres. The vertical tyre
forces are calculated with

F,1 = F;10—crz1 —dpz1 — oF (21 — 22) (3a)
Fp=Fpo—crz2—dr 2o+ cr (21 — 22) (3b)
F3=F30—cr23 —drZ3 — R (23 — 24) (30)
Fuu=Fuo0—crz4 —drza+ R (23 — 24) (3d)

where F; o represents the nominal vertical tyre forces.
The wheel travels z; are derived from the vertical dis-
placement z of the vehicle body, the pitch angle 6 and
the roll angle ¢,

71=z+¢sgp— 0Ol (4a)
72=2z—@sg— 0l (4b)
3=z+@sR +0IR (4¢)
4=7—@sR+0IR (4d)
@Springer

From geometric and kinematic considerations, the
tyre sideslip angles «; are derived,

o
tan (8 —ay) = 2TV (5a)
Uy — SEY
I
tan 5y —ap) = 2TV (5b)
vy +SEY
 — IR
tan oz = —w (5¢)
Uy —SRY
—In
tanay = — 2~ RY (5d)
Uy +SRY
Ackermann steering behaviour is assumed,
IF+1Ir Ir+ IR
rrxR - = 6
tan §; SF tan § (62)
l l / I
FtiR  IFt+IR (6b)

SF =
tan 6o tan 8

with the steering angle § and the steering angles §; 2 of
the front wheels.
The longitudinal tyre slips s,; are defined by

5 =2 (7a)
Vw1

s = 22 1 (7b)
Vw2

s3= —— (7¢)
(vx — SR Y)

r Wy
g = — 2% _ (7d)
T (o +sr )

vw; represent the velocities of the centre of the front
wheels in the direction of the respective wheel plane,

vwi = (vy — sp ) cos 81 + (vy + g Y)sind; (8a)
vw2 = (vx + sp¥) cos 82 + (vy + [p ) sindy  (8b)

with the angular velocities of the wheels w; and tyre
radius r.
The equation of motion of the wheels read

Iy w; =T; — Fy;r, )

with the effective moment of inertia Iwyg, k €
{F, R}, which represents half of the reduced moment
of inertia of the respective axle. Assuming open differ-
ential gears at both the front axle and the rear axle, the
drive (or brake) torque 7; of the individual wheels is
given by 712 = Tr/2 and T3 4 = Tr /2, respectively.
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The drive torque at the front axle and the rear axle, Tf
and TR, respectively, depends on the total drive torque
Tior requested by the driver (through throttle and brake
pedal inputs) and the drive torque distribution y. The
drive torque distribution y represents the ratio of the
total drive torque Ty, that is applied to the rear axle,

Y = I/ Tot- (10)

Consequently, the torque at the front axle and the rear
axle are given by

Tr = (1 —y)Tioe and TR =y Tior. an

In the figures presented in Sect.4, instead of the lon-
gitudinal velocity v, and the lateral velocity v, of the
origin of the x-y-z coordinate system, the velocity v
and the sideslip angle g of the vehicle are depicted,
were

vy =vcosfB, vy, =vsinp. (12)

This representation is more intuitive, offering a clearer
understanding of the vehicle state being illustrated.

The longitudinal and lateral tyre forces, Fy; and Fy;,
respectively, of the applied Magic Formula tyre model
depend, as mentioned above, on the vertical tyre force
F;, the tyre sideslip angle «;, and the longitudinal slip
syi- The influence of the camber angle is neglected.

In Fig. 2 the normalized lateral tyre forces Fy;/F; o
are shown over the normalized longitudinal tyre forces
Fyi/F;io for constant sideslip angles «. The charac-
teristics of a front tyre are shown in solid lines and the
characteristics of a rear tyre are shown in dash-dotted
lines.

Examining the pure lateral tyre characteristics (i.e.
the points where Fy;/Fz o = 0 for different values
of « in Fig. 2) shows that the cornering stiffness of the
front tyres is lower than the cornering stiffness of the
rear tyres, due to different tyre dimensions considered.
Both the maximum lateral and the longitudinal friction
potentials are higher at the rear tyres compared to the
front tyres.

With increasing longitudinal slip, the (local) corner-
ing stiffness of the tyres decreases, significantly affect-
ing the vehicle’s handling and stability properties under
combined lateral and longitudinal tyre slip conditions.

a=1° a="T°
a=2° a=15°
a=23°

Fig. 2 Combined normalized tyre forces for constant sideslip
angles « and varied longitudinal slip s, forafronttyre,i € {1, 2}
(solid lines), and a rear tyre, i € {3, 4} (dashed lines)

3 Methods

To analyse the impact of the drive torque distribution y
on the stability properties of the vehicle during manoeu-
vres with combined lateral and longitudinal accelera-
tion, the transient state (a;,, 7 0, a; # 0) is transformed
to a quasi-steady-state that approximates the transient
condition well, [4,5,16,17].

3.1 Quasi-steady-state description

Here, a similar approach to Horiuchi et al. [5] is used,
where an equivalent longitudinal force is applied in
the vehicle’s longitudinal axis at the centre of grav-
ity to transform the transient state during acceleration
and braking into an equivalent equilibrium state. The
derivative of the velocity of the vehicle, v, is set to the
desired tangential acceleration a,. This adjustment is
equivalent to applying an inertial force acting at the
centre of gravity of the vehicle in the opposite direc-
tion of the velocity v. As a result, both the wheel load
transfer and the longitudinal tyre forces required to
achieve the desired tangential acceleration a; are taken
into account, allowing the vehicle to be considered in
a steady-state condition.

The yaw acceleration 1%, the derivative of the vehicle
sideslip angle A, and the derivatives of the other states
are set to zero to satisfy the steady-state condition. In
contrast to [16] and [17], not the derivative of longitu-

@ Springer
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Table 1 Parameters of the vehicle model

Parameter Value Unit Description

m 2550 kg Total mass of the vehicle

I, 950 kgm? Moment of inertia about the x-axis

I, 3400 kgm? Moment of inertia about the y-axis

I 3600 kg m? Moment of inertia about the z-axis

Iwr 3.3 kg m? Effective moment of inertia of one front wheel
Iwr 8 kg m? Effective moment of inertia of one rear wheel

Ip 1.5 m Length from the centre of gravity to the front axle
IR 1.4 m Length from the centre of gravity to the rear axle
SF 0.84 m Half of the track width at the front axle

SR 0.83 m Half of the track width at the rear axle

20 0.13 m Height z¢

h 0.42 m Height h

r 0.367 m Radius of the tyre

CF 2.5 x 10* N/m Spring stiffness at the front axle

CR 2.6 x 10* N/m Spring stiffness at the rear axle

dg 5x 103 N/(m s) Damping constant at the front axle

dr 5% 103 N/(m s) Damping constant at the rear axle

CF 3.5 x 10* N/m Roll stiffness at the front axle

CiR 3.2 x 104 N/m Roll stiffness at the rear axle

dinal tyre slips s,; but the angular acceleration of the
wheels w; are set to zero.

3.2 Stability of first order

Once a solution of the nonlinear quasi-steady-state sys-
tem is found, the nonlinear equations of motion are lin-
earised w.r.t. this steady state, AX = A Ax + B Au,
with state vector Ax and (fixed) control parameter vec-
tor Au, and system matrix A and input matrix B. Lya-
punov’s first method implies that a steady state is stable
if all eigenvalues of A have negative real parts, [19]. If
one or more eigenvalues have a positive real part, the
steady state is unstable. If one or more eigenvalues have
a zero real part while all the other eigenvalues have a
negative real part, the steady state is at the stability
limit. The configuration and number of the eigenvalues
with zero real part determine the type of bifurcation
emerging from this steady state.

@ Springer

3.3 Bifurcation analysis and continuation algorithm

Bifurcation analysis refers to the study of changes in
the structure or stability of the solutions of a system
as parameters are varied, [19-22]. With the help of a
path continuation algorithm, solution paths are found
by varying a distinguished parameter. To conduct a
bifurcation analysis, the system to be investigated is
described by the dynamics equation

X(n) =f(x, p) 13)

where X represents the state vector of the vehicle model
and p is the vector of parameters. In this study the
parameter vector consists of p = [§, T, ¥, at.
The parameter vector is split into a distinguished
parameter A, e.g. the drive torque distribution y, and
free and fixed parameters pgree and Prixed, respectively.

It is intended to investigate different (quasi-steady-
state) driving conditions for the same vehicle velocity
for a varied distinguished parameter. Hence, the vehicle
velocity is fixed, here to a selected value of v = vy =
20 m/s. Therefore constraint equations are required,
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and the augmented set of equations reads as follows:

x(1) =f(x, p), g, p)=0. (14)
where
v — g
= 1
8(x. p) [Pl - pﬁxed:| (15)

with the indices / of the fixed parameters. If, in addi-
tion to the velocity v, further states shall be fixed, a
respective number of fixed parameters from pgxeg must
instead be incorporated into pyree-

For path continuation, the algorithm tracks the solu-
tion path by ‘tangential continuation’, utilizing the cur-
rent and prior found solution to make an initial guess
for the next solution step, [20]. To track solution paths
of bifurcation points, additional constraint equations
related to the respective type of bifurcation (e.g. Hopf,
Fold and Takens—Bogdanov bifurcation), [19-22], have
to be considered, where, depending on the codimension
of the corresponding bifurcation, [19], the respective
number of fixed parameters have to be set free.

4 Results
4.1 Steady-state handling characteristics

Vehicle and tyre parameters have been selected to map
a vehicle with understeering characteristics, [18], at
zero tangential acceleration v = a, = 0m/s?, see
also Sect.2. The handling diagram for y = 0 (FWD
configuration) and y = 1 (RWD configuration) is
depicted in the top graph of Fig. 3, where the steering
angle § is plotted over the steady-state normal accel-
eration @, = vV at a constant vehicle velocity of
v = 20m/s. Moreover, at high normal acceleration,
both configurations show final understeer characteris-
tics, [23]. Consequently, various AWD configurations
(i.e. 0 < y < 1) will show similar (final) understeer
characteristics. Due to zero tangential acceleration a;
and small vehicle sideslip angles 8, the longitudinal
load transfer is almost zero.

Since the traction forces at the front wheels generate
additional yaw torque in the FWD configuration due to
the steered front wheels, a slightly higher maximum
normal acceleration may be observed compared to
RWD configuration, see also [8]. This effect decreases

g0 20f |— — —7=0

g |——n-=t

=T — neutral steering

w

0 .
0 2 4 6 8 10
a, in m/s?
0.5

a, in m/s

2000

Tiot in Nm
—
o
S
S

0 5 10 15 20 25
0 in deg

Fig. 3 Handling diagram of the front and rear-drive vehicle at
zero tangential acceleration ¢, = O0m/s? and constant velocity
v = 20m/s, compared to neutral steering behaviour

with increasing vehicle velocities since the steering
angle at the maximal normal acceleration decreases.

In the middle graph of Fig. 3, the evolution of the
vehicle sideslip angle § is depicted. It may be noticed
that at the FWD configuration, the absolute value of
the vehicle sideslip angle 8 decreases after reaching the
maximum normal acceleration. In contrast, at the RWD
configuration, the sideslip angles 8 remain similar. This
effect can also be attributed to the longitudinal forces
at the front axle. The steady-state total drive torque
Tiot 1s plotted over the steering angle § at the bottom
graph in Fig. 3. After reaching the maximum normal
acceleration a,, at§ ~ 10 deg, slightly higher total drive
torques Tio; result at the RWD configuration compared
to the FWD configuration.
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-2 . . .
0 2 4 6 8

a, in m/s?

Fig.4 Steering angle § and vehicle sideslip angle 8 for different
drive torque distributions y plotted over the normal acceleration
ay. Quasi-steady-state solutions for tangential acceleration a; =
4m/s? and constant velocity v =20m/s

4.2 Handling behaviour under longitudinal
acceleration

Increasing the vehicle tangential acceleration a; results
in a qualitative change in the handling characteristics
of the vehicle with the RWD configuration, y = 1,
compared to the zero tangential acceleration case. The
handling diagram in Fig. 4 is derived for a constant tan-
gential acceleration @, = 4 m/s?, which corresponds to
amedium tangential acceleration on a high friction road
surface. The handling characteristics change to final
oversteer behaviour at a certain normal acceleration,
Fig. 4, blue line. In contrast, for an AWD configuration
with a considerable portion of the total drive torque
Tiot at the front axle, e.g. y = 0.7, the final understeer
characteristics are maintained, green line.

At evaluating the eigenvalues of the y = 1 branch
at a; = 4m/s?, a Hopf-type loss of stability is identi-
fied close to the maximum normal acceleration a,, ~
7m/s?, marked with a black square in Fig. 4. Simi-
lar findings are presented in [24-26] for vehicles with
oversteering characteristics in steady-state conditions.
The Hopf bifurcation indicates an oscillatory loss of
stability, in this case with very low frequency up to
approximately 0.05 Hz. The critical mode shape of the
Hopf bifurcation is described in [24] for a three degrees
of freedom two-wheel vehicle model. It was shown that
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the velocity v and yaw rate i represent the dominant
entries of the eigenvector. With the extended vehicle
model applied in this study, additionally, the angular
speed of the rear inner wheel w3 significantly con-
tributes to the eigenvector of the critical mode.

To derive the Hopf branch in the handling diagram
depicted in Fig. 4, the drive torque distribution y is
selected to be the distinguished parameter. The solution
of the Hopf branch is calculated for constant tangen-
tial acceleration ¢, = 4 m/s>. With decreasing drive
torque distribution y, the Hopf point, starting at the
black square in Fig.4 with y = 1, moves to higher
normal accelerations a,, black line, until the imagi-
nary part of the Hopf eigenvalue A; approaches zero,
indicated by the red x. The period of the limit cycle
related to the Hopf bifurcation increases towards infin-
ity, and the loss of stability transitions from oscil-
latory to non-oscillatory. For the considered vehicle
model and parameters, and for a tangential acceler-
ation of @; = 4m/s?, this condition is reached at
y = yrB = 0.86.

For A; = 0 a new type of bifurcation occurs, char-
acterised by a double zero eigenvalue, known as the
Takens—Bogdanov bifurcation. This type of bifurca-
tion was reported in [11] for a pure lateral two degrees
of freedom two-wheel vehicle model, and it is char-
acterised by reaching the maximum lateral axle force
of the front axle and the rear axle simultaneously. As a
result, a small change in the vehicle state will not result
in a change in the lateral axle forces both at the front
axle and the rear axle. In the detailed vehicle model
used in this study, the Takens-Bogdanov point has the
property that either the lateral force or the longitudinal
force of the front axle and the rear axle reach their max-
imum simultaneously. This will be discussed in more
detail in Sect.4.4.

A further decrease of the drive torque distribution y
(< yrB)results in a final understeer handling character-
istics of the vehicle. Therefore the Takens—Bogdanov
point defines the change from final oversteer to final
understeer behaviour.

For a given tangential acceleration, e.g. a; = 4 m/s>
in Fig. 4, there exists only one quasi-steady-state solu-
tion with a double zero eigenvalue, i.e. the Takens—
Bogdanov point.
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4.3 GG envelope

From the handling diagram Fig. 4, it becomes obvi-
ous that the Takens—Bogdanov point, red x, repre-
sents a quasi-steady-state driving condition very close
to the maximum attainable normal acceleration a,, of
the vehicle for a given tangential acceleration a,. More-
over, it defines the maximum normal acceleration a,,
of stable steady-state driving conditions in the vehicle
handling characteristics for the drive torque distribu-
tion yTB, due to the double zero eigenvalue, purple line
in Fig. 4.

Hence, by varying the tangential acceleration a;, the
corresponding normal acceleration a, at the Takens—
Bogdanov points defines a GG envelope of the vehicle
close to the maximum attainable GG envelope found
with optimisation technique [27]. However, the GG
envelope defined by the Takens—Bogdanov branch rep-
resents the maximum GG envelope of stable steady-
state driving conditions.

In Fig.5, the GG envelope is plotted w.r.t. the lon-
gitudinal and lateral acceleration of the vehicle, a, and
ay, respectively, as is typical for a GG diagram, [28].
Since this diagram is symmetrical w.r.t. the abscissa,
it is plotted and discussed for a, > 0m/s> only
in the following. At longitudinal accelerations a, ~
3m/s? to 12m/s? and decelerations a, ~ —2m/s>
to —12m/s2, Takens—Bogdanov branches exist and
are plotted in red colour. Between a, ~ —2m/s’
and a, ~ 3m/s?, the vehicle exhibits final under-
steer behaviour for several drive torque distributions
¥, where the maximum attainable normal accelerations
ay for y = 11is depicted in Fig. 5, blue colour. Obvi-
ously, the maximum attainable lateral accelerations a y
increase with decreasing a, between the onsets of the
Takens—Bogdanov branches. This property of the GG
envelope may be attributed to the longitudinal load
transfer between the axles, which increases the vertical
load at the front (‘weaker’) axle for decreasing a,, and
consequently enhances transferable tyre forces.

At a, ~ 3m/s?, besides the Takens—Bogdanov
branch, also a Hopf bifurcation emerges, both for a
drive torque distribution of y = 1, see p; indicated
by the blue x in Fig. 5, and similar at a, ~ —2m/s>.
Beyond longitudinal accelerations a, ~ 3m/s?, the
Hopf branch for y = 1 (grey solid line in Fig.5)
limits the ‘stable’ area of combined accelerations for
the RWD configuration, similarly for negative a,. The
Hopf bifurcation exists for final oversteer vehicle con-

max(a, ), v =1 B
max(a,), y =0 ———~ =1: Hopf
_____ a, = 4m/s* x  TB, a, =4m/s?
X 2 ° P2
10
2] 8 i
w0
El
g 4t
S 1
0 !
-10 -5 0 5 10
a, in m/s’

Fig.5 Takens—Bogdanov and Hopf branches in the GG diagram

figurations, which is equivalent to a drive torque distri-
bution between y = 1 and the drive torque distribution
yrB of the Takens—Bogdanov point, for a given longi-
tudinal acceleration ay.

The black line in Fig. 5 shows the maximum attain-
able combined lateral and longitudinal accelerations
for drive and brake forces applied at the front axle only
(y = 0). It can be observed that in the acceleration
case, a, > 0, the configuration with y = 1 is supe-
rior compared to y = 0 considering the GG envelope,
with the opposite in the deceleration case. However, the
(stable) GG envelope for both y = 1 and y = 0is con-
siderably smaller compared to the Takens—Bogdanov
configuration y = yTB.

The drive torque distribution ytg along both Takens—
Bogdanov branches is plotted in Fig.6 over the lon-
gitudinal acceleration a,. For longitudinal accelera-
tions a, > O, starting at a, ~ 3m/s2 and yrg = 1,
the drive torque distribution yrp decreases initially
rather strongly. For higher levels of longitudinal accel-
eration (a, > 6m/s?), the drive torque distribution
yrB remains almost constant. This qualitative change
arises from the fact that the appearance of the Takens-
Bogdanov bifurcation may have various causes that
will be investigated in Sect. 4.4 by inspecting the corre-
sponding tyre forces. In the deceleration case (a, < 0),
the evolution of the drive torque distribution yrp over
a, exhibits qualitatively similar behaviour. However,
at high levels of deceleration, the value of yrp is con-
siderably lower, at ~ 0.3. This value is typical for the
brake force distribution that ensures optimal braking
performance, see [29].

@ Springer
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Fig. 6 Drive torque distribution yp of the Takens—Bogdanov
branch plotted over longitudinal acceleration a,
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Fig.7 Hopf and Fold bifurcation in the y-a,-plane for a normal
acceleration of @, = 4m/s? corresponding to the dash-dotted
line in Fig. 5

For drive torque distributions y < yTB, €.g. FWD
vehicles, and a certain level of longitudinal accelera-
tion |ay|, another type of loss of stability is found: a
Fold bifurcation. The Fold bifurcation is, similar to the
Hopf bifurcation, a codimension one bifurcation. It is
characterised by a single zero eigenvalue.

To illustrate how the stability boundaries, defined
by the Hopf, Takens—Bogdanov, and Fold bifurcations,
evolve depending on the drive torque distribution y
for a specific level of normal acceleration a, (~ ay),
a corresponding contour plot is indicated as a black
dash-dotted line in the GG diagram Fig. 5 and plotted
in Fig. 7.

For the y = 0 configuration and a, = 4m/s> =
const, at a, ~ 3m/s> and a, ~ —5m/s?, Fold bifur-
cations occur, characterised by a non-oscillatory loss of
stability. The corresponding critical eigenvector indi-
cates a spin-up of the front inner wheel, where the
global motion of the vehicle in the road plane is only
marginally affected. By increasing the drive torque dis-
tribution y, the Fold bifurcation branches reach the
Takens—Bogdanov points, red x in Fig. 7. A second

@ Springer

eigenvalue (besides the zero eigenvalue of the Fold
bifurcation) converges to zero approaching the Takens—
Bogdanov points. Increasing the drive torque distribu-
tion y further (y > yrg), the Hopf bifurcation branches
define the stability boundary, where the double zero
eigenvalues change to conjugate complex eigenvalue
pairs, and the configuration results in a final oversteer
vehicle behaviour.

Obviously, for a desired constant lateral acceleration
ay, the drive torque distribution yrg allows for maxi-
mum longitudinal acceleration a, within the stable GG
envelope.

The most relevant parameter defining the GG enve-
lope is the friction potential since the stability bound-
aries strongly depend on the saturation of the tyre
forces. A different friction potential basically scales
the GG diagram. At low friction surfaces, due to lower
levels of acceleration and consequently vertical load
transfer, lower drive torque distributions result for
the Takens-Bogdanov branch for positive longitudinal
acceleration. The branch is shifted, but the qualitative
behaviour does not change.

Besides the Takens—Bogdanov bifurcation, charac-
teristic properties of the Fold bifurcation are investi-
gated in more detail in the next sections, focusing on
practical implications.

4.4 Interpretation from a vehicle dynamics
perspective

To allow for an interpretation of the Takens—Bogdanov
branch from a vehicle dynamics perspective, the oper-
ating conditions of the tyres are inspected at two rep-
resentative vehicle states in the following.

In Figs. 8 and 9, the longitudinal and lateral
tyre forces are shown for two characteristic Takens—
Bogdanov points, p; and p; (see Figs. 5 and 6). In
the left graphs, the normalized longitudinal tyre forces
Fyi/F;o0.0 € {1, 2, 3, 4} are plotted against the lon-
gitudinal slips s,; for the constant sideslip angles o;
corresponding to p; and py, respectively. In the right
graphs, the normalized lateral tyre forces Fy;/F;o
plotted against the sideslip angles «; are depicted for
respective longitudinal slips s;. The tyre forces at the
investigated Takens—Bogdanov points are indicated by
o.

Since y = ytB = 1 at pj, the normalized longitu-
dinal tyre forces Fy;/F; ¢ at the front axle are zero in
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Fig. 8 Tyre characteristics corresponding to py (y = 1, a; &
2.8m/s?)

Fig. 8 (left graph). The double zero eigenvalue at this
Takens—Bogdanov point can be attributed to the van-
ishing effective (local) cornering stiffness of the front
axle, caused by the saturation of the effective lateral
axle force, i € {1, 2} (right graph) and the saturation
of the longitudinal force of the inner wheel at the rear
axle i = 3 (left graph), similar to findings presented
in [11]. Consequently, due to the differential gear at
the rear axle, a small variation of the slips of the tyres
i € {1, 2, 3} does not result in a change of the respec-
tive axle forces. The post-critical behaviour of the vehi-
cle after loss of stability is characterised by a wheel
spin-up of the inner wheel at the rear axle (i = 3).

A different observation can be made by inspecting
the tyre forces at the Takens—Bogdanov point p», where
rather small gradients of y w.r.t. the longitudinal accel-
eration a, may be noted in Fig. 6. Compared to pq,
due to the increased portion of the total drive torque
Tior at the front axle (i.e. y < 1), the inspection of
the tyre forces shows that both the inner wheel at the
front axle i = 1 and the inner wheel at the rear axle
i = 3 reach their longitudinal force saturation simulta-
neously, Fig. 9 (left graph). Similar to the above, a small
variation of the longitudinal slips of the tyres i € {1, 3}
does not result in a change of the respective axle forces,
due to the differential gears, resulting in a double zero
eigenvalue. In the case of loss of stability, the inner
wheels at both the front and rear axle may spin up.

An increase of the drive torque distribution y >
y (p2) leads to a final oversteer behaviour of the vehi-
cle and a Hopf bifurcation, see Fig. 7, since the tyre
forces at the rear axle, i € {3, 4}, are saturated first.
Contrary, a reduction of the drive torque distribution
y < y(p2) will result in a saturation of the longitudinal
tyre force of the front inner wheel, i = 1, which is char-

2 3 ———4

0
0 0.2 0.4 0 10 20

Sgi in — «; in deg

Fig.9 Tyre characteristics corresponding to p2 (y = 0.79,a; =
7m/s?)

0o 1 2 3 4 5 6 7 8 9
a, in m/s?

Fig. 10 Handling characteristics for different constant tan-
gential accelerations a; and drive torque distributions y, with
Takens—Bogdanov branch and Fold points

acterised by a single zero eigenvalue, the Fold bifurca-
tion. This behaviour seems reasonable when inspect-
ing the tyre forces at the Takens—Bogdanov point p;.
A corresponding handling diagram for the latter case
is exemplarily shown in Fig. 10 for ¢, = 7m/s? and
y = 0.75 < y(p2) (blue line), where a Fold bifurca-
tion occurs directly after reaching the maximum normal
acceleration. The location of the corresponding Fold
point is denoted p3 and marked by a black dot. Loss
of stability is characterised by the spin-up of the front
inner wheel, i = 1.

@ Springer
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In contrast, at the Takens—Bogdanov point p1, longi-
tudinal forces at the front axle, i € {1, 2}, are zero, see
Fig. 8, since y = 1. Consequently, the loss of stability
at the corresponding Fold bifurcation for y < y(p1)
and a; = a;(p1) = 2.8 m/s2 will not be characterised
by a spin-up of the front inner wheel i = 1. The han-
dling diagram for @; = a;(p1) and y = 0.95 < y(p1)
shows ‘final understeer’ characteristics, Fig. 10 (green
line). At the maximum steering angle § &~ 21deg, a
Fold bifurcation occurs, where the loss of stability is
characterised by the spin-up of the inner wheel at the
rear axle i = 3, similar to p;. The corresponding Fold
point is denoted p} and marked by a black x. The fol-
lowing (unstable) quasi-steady vehicle states show final
oversteer characteristics. This behaviour is caused from
the increased curvature resistance due to the increasing
steering angle § and consequent increase of the neces-
sary total drive torque Ty, causing the saturation of the
longitudinal force at the rear axle. A further reduction
of the drive torque distribution, e.g. to y = 0.9, shifts
the corresponding Fold bifurcation to even higher steer-
ing angles § > 35 deg, where the qualitative handling
characteristics remain similar to the y = 0.95 configu-
ration (green line in Fig. 10). However, due to the large
steering angles 8, this case is of less relevance from a
practical perspective.

The steering angles 6 and vehicle sideslip angles
B corresponding to the Takens—Bogdanov branch are
depicted in Fig. 10 in red colour.

Consequently, compared to the post-critical behaviour
of the vehicle after the loss of stability caused by the
Hopf bifurcation, see [25], the loss of stability caused
by the Takens—Bogdanov and Fold bifurcation, were
y < yrB, is less severe from a vehicle dynamics per-
spective.

4.5 Fold bifurcation in the GG—y diagram

To interpret the above Fold points p} and p} in the con-
text of the GG diagram Fig. 5, the occurrence of Fold
bifurcations is illustrated in a three-dimensional fig-
ure for positive longitudinal accelerations ay, the GG—
y diagram, Fig. 11. In addition, the contour plot at
a, = 4m/s?, Fig. 7, is represented by the light grey
shaded plane. For completeness, the Takens—Bogdanov
branch and points p; and p; (blue x and dot), the Hopf
branch for y = 1 (grey line), and the maximum attain-
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Fig. 11 Fold bifurcations in the GG—y diagram (a, > 0m/s?)

able normal acceleration for y = 1 and y = 0 (blue
and black line), corresponding to Fig. 5, are depicted.

As described above, for a constant tangential accel-
eration a,, at reducing the drive torque distribution
y < yrB and starting from the corresponding Takens—
Bogdanov point, a Fold point is found, i.e. p1 — pJ
and pp — pj. Since in Sect.4.4 two qualitatively dif-
ferent types of Fold points are identified from a vehicle
dynamics perspective, p} and p3, an illustration of the
areas, where these two different types of Fold points
appear in the GG—y -diagram, is attempted.

To represent the Fold surface related to the Fold point
p; (black dot), where the loss of stability is charac-
terised by the spin-up of the front inner wheel i = 1,
four bounds are considered. One bound is defined by the
Takens—Bogdanov branch (red line). The second bound
is defined by the Fold branch for a, = 0m/s? (light
blue line) that consequently is located at the y — a,-
plane of Fig. 11. The third bound is represented by
the Fold branch found for y = 0 (orange line), i.e. a
FWD vehicle, that is located at the a; — ay-plane. As
this branch is continued toward higher lateral accel-
erations, Fold points are found that are characterised
by extremely high longitudinal slips (s, > 1) at the
front inner tyre, i = 1, while the lateral acceleration a,
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ceases to increase further. To determine the Fold sur-
face for practical useful states, the fourth Fold branch
is calculated for a constant wheel speed of the front
inner wheel of w; = 80rad/s (purple line), where the
longitudinal slip s, is limited to &~ 0.25. Several Fold
points located at this surface show similar behaviour
w.r.t. the loss of stability.

The second Fold surface depicted in Fig. 5 is related
to the Fold point p} (black x ), where the loss of stability
is characterised by the spin-up of the rear inner wheel
i = 3 (at rather large steering angles §). Besides the
Takens—Bogdanov branch (red line), this surface again
is bounded by the Fold branch calculated for a constant
wheel speed of the front inner wheel of w; = 80rad/s
(purple line). Starting again at the Takens—Bogdanov
branch, following the third Fold branch for y = 1
(orange line), i.e. a RWD vehicle, leads to an increase of
the steering angle § beyond practical meaningful steer-
ing angles § > 35 deg, with a handling characteristics
similar as depicted in Fig. 10 for the Fold point p7.
Consequently, the fourth Fold branch is found consid-
ering a constant steering angle 6 = 35 deg (green line),
taking kinematic limitations of the steering system into
account.

Finally, the practical relevance of the two character-
istic Fold surfaces related to p} and pj is investigated
from a vehicle dynamics perspective. Considering the
Fold surface related to p§ , the maximum attainable nor-
mal acceleration a, for y = 0 in Fig. 11 (black line
in the a, — ay-plane) is compared to the Fold branch
for y = 0, i.e. an FWD vehicle (orange line). The
Fold branch is located close to the line characterising
the maximum attainable normal acceleration. This is
also obvious from inspecting the Fold point p3 (black
dot) for y = 0.75 in the handling diagram Fig. 10,
where the maximum attainable normal acceleration a,
at a given tangential acceleration a; is located next to
p5- Consequently, conditions, where the loss of stabil-
ity is characterised by the wheel spin-up of the front
inner wheel i = 1, are very likely to appear in practi-
cal driving scenarios, considering parameter and state
disturbances. In contrast, regarding the Fold surface
related to p7, several respective handling diagrams are
qualitatively similar to the diagram depicted in Fig. 10,
a; = a;(p1) = 2.8m/s, y = 0.95 (green line). Obvi-
ously, the Fold point (black x) emerges at a consid-
erably larger steering angle § and lower level of nor-
mal acceleration @, compared to the maximum attain-
able normal acceleration in the vicinity of the Takens—

Bogdanov branch (red line). Consequently, the second
Fold surface is considered to be of less practical rele-
vance.

5 Conclusions

In this paper, the impact of the drive torque distribution
between the front axle and rear axle of an AWD vehi-
cle on its combined lateral and longitudinal handling
envelope and on respective stability properties has been
investigated. For that purpose, bifurcation and continu-
ation methods have been applied to a four-wheel vehi-
cle model. Some of the main conclusions of the present
research are:

e Regarding the critical mode shapes, arather detailed
vehicle and tyre model has to be considered in a
simulation study on the stability properties of a
vehicle at the limits of handling in regular driv-
ing to map both the ‘global’ vehicle motion and the
dynamics of the individual wheels.

e Takens—Bogdanov bifurcations appear at the limits
of handling and characterise the change from final
oversteer to final understeer.

e Besides the Takens—Bogdanov bifurcations, corre-
sponding Hopf bifurcations, [25], and Fold bifurca-
tions are found. The drive torque distributions at the
Takens—Bogdanov branch determine the transition
from Hopf to Fold bifurcations.

e The Takens—Bogdanov branch also defines the
drive torque distribution for reaching the maximum
possible combined longitudinal and lateral acceler-
ation envelope within the (open loop) stable steady-
state handling regime, which is quite similar to the
optimal, partially unstable envelope shown in [27].

e Two distinct Fold surfaces are identified that are
related to the tyre operating conditions at the cor-
responding Takens-Bogdanov bifurcations. These
Fold surfaces exhibit different, characteristic types
of loss of stability, where one of these surfaces is
considered to be of practical relevance.

e The drive torque distributions at the Takens—
Bogdanov branch provide a good indication for
a design criterium for safe and performant drive
torque distribution controllers of AWD vehicles.

The approach presented in this paper to investigate
the stability and handling properties of AWD vehicles at
combined longitudinal and lateral accelerations will be

@ Springer
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applied to different drive architectures (e.g. including
a torque vectoring system, limited-slip and locked dif-
ferential gears) in future research. Moreover, an appro-
priate drive torque control strategy shall be developed
and tested on an experimental vehicle.
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Abstract: The influence of the drive torque distribution of an AWD vehicle with
individual motors at the front and rear axles on the handling and stability properties
is investigated. By applying bifurcation analysis methods, different types of loss of
stability at combined longitudinal and lateral acceleration are identified. The impact
of the drive torque distribution on the stability boundaries in the GG diagram is
examined, and the related stable acceleration envelope is compared to the envelope
derived from applying optimisation methods. Representative corresponding handling
characteristics are compared and discussed.

77


https://doi.org/10.1007/978-3-031-70392-8_29

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

®

Check for
updates

Influence of the Front-Rear Torque
Distribution on the Handling
Characteristics and Stability Boundaries
of an AWD-Vehicle

Manuel Eberhart'( ), Martin Arndt?, Johannes Edelmann’,
and Manfred Pléchl!

L TU Wien, Institute of Mechanics and Mechatronics, Vienna, Austria
manuel.eberhart@tuwien.ac.at
2 CARIAD SE, Vehicle Motion Energy, Wolfsburg, Germany
martin.arndt@cariad.technology

https://www.mec.tuwien.ac.at/vsd, https://www.cariad.technology

Abstract. The influence of the drive torque distribution of an AWD
vehicle with individual motors at the front and rear axles on the han-
dling and stability properties is investigated. By applying bifurcation
analysis methods, different types of loss of stability at combined longi-
tudinal and lateral acceleration are identified. The impact of the drive
torque distribution on the stability boundaries in the GG diagram is
examined, and the related stable acceleration envelope is compared to
the envelope derived from applying optimisation methods. Representa-
tive corresponding handling characteristics are compared and discussed.

Keywords: Handling Characteristics + Stability + Bifurcation - Drive
Torque Distribution - Optimisation + AWD Vehicle

1 Introduction

Drive train architectures of electric vehicles, often equipped with more than
one electric motor, allow both to ‘stabilise’ and to make the vehicle’s motion
‘more responsive’ but also require a profound understanding of its influence on
stability and handling to ensure safe operation. Depending on the longitudinal
acceleration and drive train configuration, the handling behaviour and respective
passive stability properties of the vehicle can significantly change [1,5,6]. To
study these characteristic properties, a quasi-steady-state description is derived,
where the state of a vehicle accelerated in longitudinal direction is transformed
to a mechanically equivalent steady-state [1,6].

Bifurcation analysis is frequently used to find stability boundaries [10]. In
[3], Della Rossa et al. analyse the stability properties of a vehicle with different
tyre configurations and demonstrate that various types of loss of stability may
appear. Horiuchi et al. use a quasi-steady-state description to model transient
states to investigate the loss of stability for a longitudinally accelerated vehicle

© The Author(s) 2024
G. Mastinu et al. (Eds.): AVEC 2024, LNME, pp. 200-206, 2024.
https://doi.org/10.1007/978-3-031-70392-8_29
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with fixed drive torque distribution in [5]. Lenzo et al. analyse the handling
characteristics for different drive concepts and present the relation between yaw
torque and understeer coefficient [7].

This paper investigates the impact of the drive torque distribution of an
AWD vehicle with individual motors at the front and rear axles on the transient
handling and stability properties. The vehicle state is transformed to a mechan-
ically equivalent quasi-steady-state to apply linear stability theory and to utilise
bifurcation and continuation algorithms. For various drive torque distributions,
different types of bifurcations are found and discussed. The stable acceleration
envelope is compared to the solution found by optimisation, and differences are
discussed.

The paper is structured as follows: In the next Section, the vehicle and tyre
models are addressed. In Sect. 3, the applied methods are briefly described. In
the following Sect.4, the impact of the longitudinal acceleration on the han-
dling characteristics is shown. The stability boundary found with the bifurca-
tion method is presented in the GG diagram and compared to the optimised
acceleration envelope in Sect. 5.

2 Vehicle Model

A nonlinear four-wheel vehicle model with 10 degrees of freedom, as introduced
and described in [4] and illustrated in Fig. 1, is considered in this study. The
rigid vehicle body is modelled with 6 degrees of freedom, (longitudinal velocity
v B, lateral velocity v, g, vertical velocity v, g, roll angle ¢, pitch angle 5 and
yaw rate w B ), and one rotational degree of freedom is considered for each wheel,
w; (i =1,2,3,4). Input quantities are the drive torques at the individual wheels,
Ty = T, and T3 = Ty, and the steering angle §, where §;(d) and d2(d). The
Magic Formula [9] is used to model the combined tyre force characteristics. In
the subsequent figures, the vehicle states are represented in the z-y-z-coordinate
frame depicted in red colour in Fig. 1.

For vehicle parameters, governing equations and tyre force characteristics,
please refer to [4].

Fig. 1. Schematic illustration of the vehicle model
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3 Methods

To apply continuation methods for the nonlinear stability analysis, the combined
accelerated manoeuvre (a, # 0 and a; # 0) is transformed to a quasi-steady-
state, mechanically equivalent state, which approximates the combined accelera-
tion manoeuvre well [2,5]. In this paper, similar to [5], an equivalent force in the
direction of the velocity vector is applied at the centre of gravity of the vehicle.
This system adaption considers both the load transfer and the mutual influence
of the longitudinal and lateral tyre forces. Yaw acceleration v, derivative of the
vehicle sideslip angle (3, and the derivatives of the other states are set to zero to
fulfil the steady-state condition.

Once equivalent equilibrium solutions are found, linear methods are applied
to analyse stability properties. For that purpose, the equations of motion are lin-
earised with respect to the equilibrium solutions, Ax = AAx+BAu. Lyapunov’s
first method implies that an equilibrium solution is stable if all eigenvalues \;
from (A — \I)p; = 0, with the right eigenvector p;j, have negative real parts
[10].

With the help of a path continuation algorithm [10], solution paths are found
by varying parameters and inputs. A more detailed description of the used
method is given in [4]. Moreover, optimisation techniques are applied to find
the maximum possible acceleration envelope [8]. The result is compared to the
stable acceleration envelope found with bifurcation analysis.

4 Handling Characteristics at Longitudinal Acceleration

The handling diagram for the considered vehicle with drive torque distribu-
tion v = 1, i.e. rear-wheel-drive (RWD), and zero tangential acceleration shows
understeer handling characteristics and limit understeer behaviour, see Fig. 2
(blue line). The respective vehicle configuration with v = 0, i.e. front-wheel-
drive (FWD), shows qualitatively the same characteristics and is not depicted.

Increasing the vehicle tangential acceleration, e.g. to a; = 4m/s?, results in a
qualitative change to limit oversteer behaviour of the vehicle with v = 1 (Fig. 2,
orange line). In contrast, no qualitative change may be observed for v = 0 (not
depicted) and an all-wheel-drive (AWD) configuration with a certain portion of
drive torque at the front axle (e.g. v = 0.7, green line).

Evaluating the eigenvalues for v = 1 at a; = 4m/s? indicates a Hopf-type
loss of stability (o in Fig. 2), characterised by a conjugate complex pair of eigen-
values with zero real part. For decreased parameter v the Hopf point moves to
higher normal accelerations a,, (black line) while the imaginary part of the Hopf
eigenvalue A\; decreases and finally results in two zero eigenvalues, Fig. 2 black
x, called Takens—-Bogdanov bifurcation. Further decrease of the drive torque dis-
tribution v leads to limit understeer behaviour. The torque distribution at the
Takens-Bogdanov point, yrg ~ 0.86 for a tangential acceleration of a; = 4m/s?,
characterises the change from limit understeer to limit oversteer behaviour and
vice versa. The Takens—Bogdanov solution for various v and a; is depicted in
Fig. 2 (red line).
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15
vy=1,a =0m/s’
0 v=1,a =4m/s’
w0 10 a0 v=0.7,a =4m/s’
5 < v =0.86, a; = 4m/s?
8 k= 1 o Hopf,y=1, a =4m/s?
< 5 Q Hopf, a; = 4m/s’
Takens—Bogdanov
0 9 X A =0a=4m/s’
0 5 10 0 5 10

a, in m/s’ a, in m/s?

Fig. 2. Steering angle § and vehicle sideslip angle 8 for different drive torque distri-
butions v at tangential acceleration a.. Quasi-steady-state solutions for vehicle veloc-
ity v = 20m/s?.

5 Takens—Bogdanov Point as Design Criteria

The corresponding a,—a, diagram (GG diagram) depicted in the left graph of
Fig. 3 includes two coloured lines: the maximum lateral acceleration for the
considered vehicle with v = 1 (blue line) that shows limit understeer behaviour
up to a longitudinal acceleration of a, = 2.6m/s?, followed by the Takens—
Bogdanov solution for higher longitudinal accelerations (red line). In the right
graph of Fig. 3 (red line), the respective torque distribution v for the Takens—
Bogdanov solution is plotted over the longitudinal acceleration a..

In addition, the numerically optimised GG diagram that represents the max-
imum acceleration envelope for the considered vehicle and the resulting optimi-
sation parameter v are plotted in Fig. 3 (black lines).

In the left graph, it can be seen that the solutions from bifurcation analysis
and optimisation are almost equal. Nevertheless, at small longitudinal acceler-
ations a; < 2.5m/s? the maximum lateral accelerations a,, from the optimised
drive torque distribution ~ are slightly superior. Inspecting the respective drive
torque distributions -, right graph in Fig. 3, shows that an AWD configuration
is beneficial in this regime.

10 1 T

8 B
N{ 6 . 0.8 max(a,) for y=1
g = Takens-Bogdanov
2y BRI I N A N Rttt optimised unstable
i 0.6 optimised stable

2

0 0.4

0 2 4 6 8 10 0 2 4 6 8 10
a, in m/s? a, in m/s?

Fig. 3. Comparison of Takens-Bogdanov solution and optimised solution: Acceleration
envelope a;—a, and drive torque distribution ~.
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Considering the graph of the optimal drive torque distribution ~, at a, ~ 2.5
m/s? a discontinuity can be noticed. Evaluating the stability properties of the
steady-state solutions derived with the optimisation technique reveals a qual-
itative change from stable conditions (black solid line) to unstable conditions
(black dashed-dotted line) at a, > 2.5m/s?, whereas the Takens—Bogdanov solu-
tion characterises the stability boundary in the a,—ay-envelope. This can also be
seen in Fig.4 where handling curves for three constant tangential accelerations
a; = 1,3,5m/s? are plotted for the respective optimal and Takens-Bogdanov
quasi-steady-state solutions, and corresponding constant drive torque distribu-
tions Yopt and yTB, respectively.

The handling curves for a; = 1m/s? show that the maximum normal accel-
eration a, of the optimised solution is superior compared to the v = 1 configu-
ration. For a; = 3m/s? the optimal solution is found for vopt < yp after loss of
stability (Fold bifurcation). The Fold bifurcation occurs after limit understeer
behaviour and can be attributed to the saturation of the longitudinal tyre forces
at the inner rear wheel (i = 3). The behaviour then changes to an unstable
oversteer behaviour where the optimal solution is found.

At tangential acceleration a; = 5m/s? the torque distribution of the opti-
mised solution is a little larger than the torque distribution of the Takens—
Bogdanov point (yopt > yre) and a slightly higher normal acceleration a,, is
achieved. The optimised quasi-steady-state solution is again unstable following
a Hopf bifurcation.

| a=1m/s’, y=1
a; =1m/s?, Yop
a; =3 m/s’, yrp
a; =3 m/s*, Yop
a; =5 m/s*, yrp
a; =5 m/s?, Yopt
X Takens—Bogdanov
X optimised solution

0 in deg

7 7.5 8 8.5

a, in m/s?

Fig. 4. Detail of handling diagram for different constant tangential accelerations a;
and drive torque distributions ~.

6 Conclusions

The transition between limit understeer and limit oversteer behaviour due to
the change of the drive torque distribution at longitudinal acceleration in quasi-
steady-state condition was investigated. It was shown that the Takens—Bogdanov
solution characterises both the change from limit oversteer to limit understeer
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behaviour and the change of the type of loss of stability from Hopf to Fold
bifurcation.

A Takens-Bogdanov solution was identified by Della Rossa et al. in [3] by
studying a pure lateral vehicle model with the same maximum friction potential
of the tyres at the front and rear axles. In this study, it was shown that a similar
behaviour may result from the mutual influence of longitudinal and lateral tyre
forces at a vehicle accelerated in longitudinal direction.

The Takens-Bogdanov solution seems to be a reasonable design criterion for
the drive torque distribution of an AWD vehicle since, for a given longitudinal
acceleration (or an equivalent drive torque demand), almost the maximum nor-
mal acceleration may be achieved without ‘early’ limit understeer or oversteer
behaviour. This may improve the vehicle’s safety and manoeuvrability during
combined manoeuvres. In addition, the Takens-Bogdanov solution represents
the acceleration envelope near the optimal (maximal) envelope. In contrast to
the latter, which includes unstable solutions, the Takens—Bogdanov solution may
be of more practical relevance, since the solutions are stable. However, potential
practical implications have to be investigated thoroughly. The impact of relevant
system parameters like tyre-road friction potential and different vehicle param-
eters have to be considered, and their influence on the shown method should be
analysed.

Further investigations on the drive torque distribution to generate yaw torque
to modify the handling behaviour and stability boundaries appear to be reason-
able. This will be studied in more detail in a forthcoming paper.
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