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Abstract

Fluid flow around thin, flexible membranes occurs in various problems, from understand-
ing the behaviour of Malaria-infected red blood cells or circulating tumor cells to investi-
gating the aerodynamics of flapping, flexible wings of birds, insects and bats. Solvers for
fluid-structure interaction require a structural dynamics solver and a fluid dynamics solver.
Spring-network models provide a computationally cheap alternative for describing the struc-
tural dynamics of thin membranes in comparison to more complex finite element methods.
The objective of this work is to implement a spring-network model to simulate thin, flexible,
open membranes in a fluid-structure interaction context. The model is coupled with an
in-house computational fluid mechanics solver based on a direct-forcing immersed boundary
method.
The spring-network model is implemented in C++, for which 2D and 3D mesh data struc-
tures have been defined. The spring-network model uses linear and bending springs to model
the physics of open membranes. The code is structured such that easy adaptation is possible,
so new models can readily be implemented.
The code is validated as a standalone version by simulating the damped and undamped
behaviours of a cantilever beam in different configurations. Furthermore, the coupled solver
is used to simulate a flexible filament in 2D and a flexible flag in 3D. Comparisons with the
literature show issues with the coupling of the spring-network model with the fluid dynamics
solver.
Possible solutions, potential improvements and future extensions are presented in the end.
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Kurzfassung

Die Strömung um dünne, elastische Membranen tritt in verschiedensten Problemstellungen
auf, angefangen beim Verständnis des Verhaltens von mit Malaria infizierten roten Blutkör-
perchen oder zirkulierenden Tumorzellen bin hin zur Untersuchung der Aerodynamik des
Flügelschlags von Vögeln, Insekten und Fledermäusen. Löser für Fluid-Struktur-Interaktion
benötigen einen Löser für die Strukturdynamik und einen Löser für die Strömungsmechanik.
Feder-Netzwerkmodelle bieten eine rechnerisch weniger aufwendige Alternative zur Beschrei-
bung der Strukturdynamik dünner, elastischer Membranen im Vergleich zu komplexeren
Finite-Elemente-Methoden.
Ziel dieser Arbeit ist die Implementierung eines Feder-Netzwerkmodells zur Modellierung
dünner, flexibler, offener Membranen im Kontext von Fluid-Struktur-Interaktion. Dazu
wird das Feder-Netzwerkmodell mit einem Löser für numerische Strömungsmechanik, der
auf einer Immersed Boundary Methode basiert, gekoppelt.
Das Feder-Netzwerkmodell ist in C++ implementiert, wozu Datenstrukturen für 2D und 3D
Rechengitter entwickelt wurden. Das Modell verwendet lineare und Biegefedern zur Model-
lierung von offenen Membranen. Der Code ist dafür ausgelegt, einfach erweitert werden zu
können.
Der Code ist in einer ungekoppelten Version anhand des gedämpften und ungedämpften Ver-
haltens eines Auslegerbalkens in verschiedenen Konfigurationen validiert. Desweiteren wur-
den mit der gekoppelten Version Simulationen eines flexiblen Filaments in 2D und einer flex-
iblen Flagge in 3D durchgeführt. Ein Vergleich der Ergebnisse mit Literatur lässt erkennen,
dass die Kopplung des Feder-Netzwerkmodells mit dem numerischen Strömungsmechanik-
Löser nicht funktioniert.
Abschließend werden mögliche Lösungsvorschläge, potentielle Verbesserungen und künftige
Erweiterungen präsentiert.
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Chapter 1

Introduction

The FSI (fluid-structure interaction) of thin membranes occurs in various scientific disci-
plines, for example, in modelling the flow of blood [1][2] or the aerodynamics of flapping
bat, bird and insect wings [3][4]. A standard approach for high fidelity is to describe the
structural dynamic behaviour using finite element formulations [5][6][7], although this comes
at the cost of high computational effort. An alternative, less computationally demanding
approach is to use a SNM (spring-network model). In this chapter an overview of different
strategies for modelling FSI of thin membranes is presented and some motivation for the use
of SNMs is provided through brief overviews of two applications.

1.1 Simulation strategies
Over time, various strategies have emerged to model thin, flexible membranes. These strate-
gies can be divided into two main categories, based on the type of mesh used. The first
category uses body-fitted grids. These can be either structured or unstructured [6][8][9].
When the membrane moves or deforms, the computational grid discretizing the fluid do-
main must be recomputed to fit the new geometry, and the pressure and velocity fields of
the previous mesh must be projected onto the new mesh, which is computationally expensive.
In contrast, the IBM (immersed boundary method) does not require any recomputations,
and therefore provide a computationally less expensive alternative. Furthermore, the pro-
cedure to generate a body-fitted grid is problem dependent, which makes IBMs even more
attractive to simulate arbitrary-shaped and/or moving bodies. Overviews of these methods
can be found in Mittal and Iaccarino [10] or Kim and Choi [11].

1.1.1 Immersed-boundary method
In the IBM, the partial differential equations that govern the fluid are solved over the entire
domain, including solid objects, allowing the use of simple Cartesian grids. Besides of not
requiring the expensive procedure of generating problem-specific meshes, Cartesian grids
also have the advantage of allowing the use of high-performance algorithms, especially when
dealing with Poisson problems, which are often the bottleneck when solving incompressible

1



1.1 Simulation strategies

flows. The original IBM, proposed by Peskin [12], uses a monolithic approach where the
NS (Navier-Stokes) equations are solved using a singular force function. The immersed
boundary is discretized into Lagrangian markers. The force function along the boundary can
be arbitrarily defined to best model the structural behavior of the boundary. Lagrangian
markers do not need to coincide with nodes of the Eulerian grid. Therefore, the force
function is distributed to neighbouring Eulerian grid points using a regularized discrete
version of a Dirac delta function. The solution procedure consists of two parts per timestep.
First, the NS equations are solved, and then the Lagrangian markers are advected in time
by the local velocity. For example, Fauci and Peskin [13] used this approach to simulate
aquatic animal locomotion. Beyer [14] used a similar version to Peskin [12], where springs
between the Lagrangian markers and equilibrium positions are included. This approach
requires additional parameters for spring stiffness or damping, and possibly imposes strong
limitations on the time step size for stiff problems. Goldstein, Handler, and Sirovich [15] used
a force feedback approach, which also has strict limitations on the timestep size. Mohd-Yusof
[16] developed a direct-forcing approach in combination with spectral methods. Fadlun et
al. [17] used the same approach in combination with finite difference methods. When using
direct-forcing, the no-slip boundary condition between the immersed boundary and fluid is
explicitly enforced. Uhlmann [18] further improved the method by computing the forcing
at the Lagrangian markers. The approach used by Vanella and Balaras [19] is based on the
work of Uhlmann [18], but uses a moving-least-squares reconstruction instead of a discrete
Dirac delta function.

1.1.2 Spring-network model
SNMs were first proposed in the context of computer graphics applications. Provot [20]
developed a model for regular grids with predefined spring stiffness factors. Later Volino and
Thalmann [21] developed a model suitable for irregular grids. Gelder [22] compared SNMs
to continuum models and found an improved way for calculating spring stiffness based on
the geometry of the grid. SNMs are also used in biomedical engineering to simulate the
mechanical behaviour of cells [23][1] or for surgical simulations [24][25]. SNMs can also be
adapted to so-called rigid-body-spring networks for fracture prediction [26][27][28].

1.1.3 Combining the immersed-boundary method and spring-network
models

Tullio and Pascazio [29] combined the IBM with an SNM to simulate arbitrarily shaped,
thin surfaces that can be open or closed and have shown its capabilities based on various
simulations like flow around a flexible filament, flow around a flexible flag or flow through a
bio-prosthetic aortic valve. Spandan et al. [30] used a similar approach with a focus on liquid-
liquid interface dynamics, like drops or bubbles. Coclite et al. [31] investigated the tumbling
motion of deformable particles using an SNM combined with an LBM (Lattice Boltzmann
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method) using a dynamic IBM. Afra et al. [32] used an LBM-based IBM to simulate various
configurations of flexible filaments. Kumar, Seo, and Mittal [3] used a sharp-interface IBM
with an SNM to simulate the wings of a bat. Zhang et al. [33] used an LBM-based IBM
simulating the behaviour of tumor cells in constricted microvessels.

1.2 Applications
Blood is a suspension with non-Newtonian characteristics and contains a high concentration
of red blood cells, white blood cells, platelets, blood plasma and other chemical elements.
Although plasma has Newtonian characteristics, red blood cells, which make up about 45 %
of the blood volume, create non-Newtonian characteristics. Understanding blood flow can
help with the development of new drugs and treatments.[34]
Blood in vessels with a characteristic diameter larger than 1 mm is often modelled as a
Newtonian fluid with constant viscosity, for a diameter smaller than 1 mm, non-Newtonian
models are used. For diameters smaller than 100 - 200 µm explicit modelling of red blood
cells is required. The deformability of red blood cells is an important property because it
allows them to pass through small vessels. Therefore, deformability needs to be considered
in computational models.[34]
Using SNMs allows for modelling the different components of red blood cells with little com-
putational expense. The elastic deformations of the spectrin network, formed by spectrin
proteins linked by short filaments are modelled by in-plane elastic energy and the stiffness
of the lipid bilayer by bending energy. Furthermore, additional energy terms can be defined
to account for the area preserving properties of the lipid bilayer and the incompressibility of
the internal cytosol.[34]
In the Malaria disease, red blood cells get infected by a parasite called Plasmodium falci-
parum. This parasite causes a significant change in the mechanical and rheological properties
of red blood cells. As an example, Fedosov [34] used an SNM to quantify the increase in
blood flow resistance in malaria-infected blood.
Another blood flow related problem is the modelling of tumors. Mature tumor cells can de-
tach from their primary site and enter the circulatory system. These cells, known as CTCs
(circulating tumor cellss), can lead to the formation of secondary tumors. This process,
called hematogenous metastasis, is a major cause of treatment failure[33]. Zhang et al. [33]
used a SNM combined with an LBM-based IBM to determine key factors contributing to the
adhesion of CTC in microvessels, which can help to understand the cancer metastasis process.

A second area of interest is the investigation of aero-structural interactions of deformable
flapping wings. Understanding the complex behaviour of wings of bats, birds and insects
is of importance due to their lower requirement in energy to produce lift [35]. Therefore,
understanding the complex behaviour of flexible wings can help with the design of micro-
aerial vehicles [36]. Kumar, Seo, and Mittal [3] developed a model of a bat wing, where the
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1.3 Thesis scope

wing is modeled as an elastic membrane and is divided into multiple segments similar to an
actual bat wing. A strong difference in the effectiveness of generating lift, drag and thrust
forces between different sections of the wing has been shown. Furthermore, it was shown
that even though the mean drag does not significantly change upon comparing flexible with
rigid wings, the lift of a flexible wing is almost twice as large as compared with rigid wings.
Another example is the investigation of bumblebee wings by [4].

1.3 Thesis scope
Within the scope of this thesis, a code will be implemented to model the dynamic structural
behaviour of thin, open membranes in both 2D and 3D using SNMs. The model should
support both in-plane and out-of-plane forces. The solver will not be limited to a specific
structural model, so the code will be designed to easily vary the computation of forces.
To test the SNM in a FSI context, the code will be coupled with the serial 2D and 3D
versions of the IBM solver TXPS, which is currently under development at the Institute of
Fluid Mechanics and Heat Transfer at TU Wien. TXPS is based on the method proposed
by Uhlmann [18]. The model is evaluated using three different test cases. First, a simple
cantilever beam will be simulated and validated in reference to existing literature. For this
purpose, a standalone version is used. The coupled solver will be validated by simulating
a flexible filament in 2D and a flexible flag in 3D and comparing the results to existing
literature. At the end, we will draw some conclusions and propose lines of work for the
future.
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Chapter 2
Theory

2.1 Mesh
Meshes or computational grids are used to represent a domain or object in a discrete fashion.
They are used in various applications, ranging from scientific computing to computational
geometry to computer graphics. A grid contains two building blocks: sets of entities like
vertices, edges and faces and the topology explaining how the entities are related to each
other. Meshes can be classified as either structured or unstructured.
Structured grids use indices i, j, k to define both entities and topology in one, two or three di-
mensions, respectively. They can represent a simple rectangular grid, where simple heuristics
can be employed to compute the coordinates of the vertices. Furthermore, the neighbouring
vertices are directly known from the indices, so all the necessary topological information
is embodied in the index set. This leads to simple implementations and high efficiency of
the underlying application, with the pitfall of only allowing the modelling of simple geome-
tries. More complex geometries can be discretized by employing body-fitted grids, with the
disadvantage of increased complexity, as the problem must be rewritten in the body-fitted
coordinate system.
Unstructured grids allow a more general approach to generate the mesh defining the ge-
ometry, at the cost of being more computationally expensive in the simulation phase. The
entities have to be explicitly stored, and additionally, the topology connecting the entities
with each other has to be known. Corresponding data structures have to be designed con-
sidering parameters like robustness, generality, portability, coding efficiency ,maintainability
and difficulty of usage [37]. Mesh data structures can generally be divided into edge-based
or face-based data structures [38].
Edge-based data structures are commonly used in computer graphics applications. Examples
are the Winged-Edge [39], Doubly Connected Edge List [40], Quad-Edge [41] or Half-Edge
[42] data structures. These data structures typically store topological information per edge,
like the two adjacent faces or pointers to the next and/or previous edges.
In face-based data structures, faces store pointers to their corresponding vertices. For fast
data access, additional topological information may be stored, like the adjacent faces of a
face. Examples for face-based data structures are CGAL [43] or Triangle [44].
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2.2 Solid mechanics

2.2 Solid mechanics
In this chapter, some fundamental principles of the mechanics of solids shall be presented.
Introductions can be found, for example, in Tanaka, Wada, and Nakamura [45] or Bhavikatti
[46].
Stress at a point is defined as

σ = lim
ΔA→0

ΔF

ΔA
= dF

dA
, (2.1)

where F is a force and A is the area on which the load is applied. If a force is applied on an
object, the object deforms, which can be measured in strain, which is defined as

ε = ΔL

L0
, (2.2)

where ΔL is the change in length and L0 is the length before a load gets applied.
Stress and strain can be related via Hooke’s law, which states that stress and strain are
proportional up to the elastic limit and is written as

σ = Eε, (2.3)

where E is the Young’s modulus, which is a property of the material. If the length of an
object changes (e.g. a rod gets stretched due to an applied load), the object’s size in the
other dimensions is also goint to change (e.g. the diameter of the rod decreases), even if
there is no force applied in the respective direction. This relationship is denoted by the
Poisson’s ratio

ν = −εtrans

εaxial
, (2.4)

where εaxial is the strain in the load’s direction and εtrans in the corresponding normal direc-
tions. In three dimensions, stress can be written as

σij =


σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 . (2.5)

Symmetries σxy = σyx, σxz = σzx and σyz = σzy can be used based on a requirement in
equilibrium in torque, reducing the tensor to six components. Displacement is defined as the
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2.2 Solid mechanics

difference in distance between a point in the undeformed object and the same point in the
deformed object

ui = xi − Xi, (2.6)

where xi is the position of point i in the deformed object and Xi is the position in the
undeformed object. The length of a line element in the undeformed object can be defined as
ds2

0 = dXidXi and in the deformed object as ds2 = dxidxi. These distances can be related
by the Green strain tensor Eij or Almansi strain tensor eij by

ds2 − ds2
0 = 2EijdXidXi = 2eijdxidxj, (2.7)

where

Eij = 1
2

�
∂ui

∂Xj

+ ∂uj

∂Xi

+ ∂uk

∂Xi

∂uk

∂Xj

�
(2.8)

and

eij = 1
2

�
∂ui

∂xj

+ ∂uj

∂xi

+ ∂uk

∂xi

∂uk

∂xj

�
. (2.9)

For small deformations the higher order terms can be neglected and both strain tensors can
be written as

εij = 1
2

�
∂ui

∂xj

+ ∂uj

∂xi

�
. (2.10)

Hooke’s law in three dimensions can be written as

σij = Cijklεkl, (2.11)

where Cijkl is a tensor of rank 4 of constant coefficients relating stress with strain. For
isotropic materials the tensor can be written as

Cijkl = λδijδkl + µ (δikδjl + δilδjk) , (2.12)

where δ denotes the Kronecker-δ and λ and µ are Lame’s constants, which are defined as
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2.2 Solid mechanics

λ = Eν

(1 + ν) (1 − 2ν) , (2.13a)

µ = E

2 (1 + ν) . (2.13b)

It has to be noted that the Young modulus in 1D has to be scaled under the assumption
of no strain in any direction except in axial direction [47]. To show this relationship, the
expressions for strain in two dimensions can be written as

εx = σx

E
− ν

σy

E
, (2.14a)

εy = −ν
σx

E
+ σy

E
. (2.14b)

Assuming there is no strain in the y-direction, 2.14 can be rearranged into

εx = σx

E

�
1 − ν2

�
. (2.15)

Further rearranging yields the relationship

Ẽ = E

(1 − ν2) , (2.16)

where Ẽ is the scaled Young modulus. Some further material parameters are the bulk
modulus and shear modulus. Bulk modulus quantifies the change in volume due to a constant
pressure acting in all directions as

K = p
ΔV
V0

(2.17)

where p is the pressure and ΔV the change in the object’s volume and V0 the object’s initial
volume. The shear modulus is defined as the ratio between shearing stress q and shearing
strain φ as

G = q

φ
. (2.18)

The bulk and shear modulus can be related to the Young’s modulus and Poisson’s ratio for
isotropic materials by
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2.3 Spring-network models and the minimum energy principle

K = E

3 (1 − 2ν) (2.19)

and

G = E

2 (1 + ν) . (2.20)

2.3 Spring-network models and the minimum energy
principle

A brief summary of SNMs and the minimum energy principle is given here. Let’s consider
a simple linear spring with spring constant ke, a displacement x of one end from its relaxed
position and where the other end is fixed. Then the force F acting on the spring is

F ext = kex. (2.21)

The elastic energy stored in the spring can be computed as

W e =
ˆ x

0
Fdx = 1

2kex
2. (2.22)

The internal force in the spring can then be computed using the elastic energy by

F int = −dW e

dx
. (2.23)

In SNMs, the membrane to be modelled is discretized into nodes, such that the mass is
distributed equally over all nodes. These nodes are connected with springs, such that a
mesh of edges in 2D and a mesh of triangles in 3D is created. In two or three dimensions,
the external forces of a linear spring between two nodes can be written as

Fext
1 = ke (L − L0)

r12

L
, (2.24a)

Fext
2 = ke (L − L0)

r21

L
, (2.24b)

where ri is the position vector of node i, rij = ri − rj and L = |rij|. The internal forces can
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2.3 Spring-network models and the minimum energy principle

be computed by

Fint = −∂W e

∂ri
. (2.25)

Different types of springs may be considered in addition to or instead of linear springs. A
common possibility is a bending spring between two adjacent edges or triangles, which is
discussed in more detail in chapters 3.2.2 and 3.2.3. Additionally, forces derived from any
differentiable energy function may be used. For example, when modelling closed membranes,
often an energy function based on the change of triangle area is used, which can be defined
as

W a = 1
2ka



A − A0

A0

�2
A0 (2.26)

with

A = 1
2 |(r2 − r1) × (r3 − r1)| , (2.27)

where r1, r2 and r3 are the vertices of a triangle, A0 is the relaxed triangle area and ka is a
material parameter.
Assuming body forces Gi and surface forces Pi acting on a node i are conservative, the total
potential energy of a system can be written as

Gi = −∂ΦG

∂ri
, (2.28)

Pi = −∂ΦP

∂ri
, (2.29)

Π = W + ΦG + ΦP , (2.30)

where W is the total elastic energy (linear springs, bending springs, area elasticity, etc.).
It can be shown that when the system is at equilibrium, the total potential energy is at a
minimum by writing

0 = Fi + Pi + Gi = −∂Π
∂ri

. (2.31)

For the system to achieve equilibrium, the mass points have to be moved to reach minimum
potential energy with respect to the motion equation
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2.4 Relation between continuum mechanics and spring-network models

mi
d2ri
dt2 + γ

dri
dt

= Fi. (2.32)

where mi is the mass of a mass point and γ is a damping factor. The forces can be computed
by

Fi = −∂Π
∂ri

. (2.33)

Equation 2.33 can then be solved using a numerical integration method. A detailed intro-
duction to the minimum energy principle is given by Tanaka, Wada, and Nakamura [45]. A
brief summary is given here.

2.4 Relation between continuum mechanics and spring-
network models

Gelder [22] has shown that, in general, an exact simulation is impossible by comparing
equations derived using a SNM with a finite element approach based on the constant strain
model for a two-dimensional planar membrane with constant thickness. He also proposed
a formula for the computation of spring coefficients of the edges, such that the triangles
discretizing the membrane deform in the same manner as an isotropic elastic membrane
when second and higher order effects are neglected, based on the mesh geometry. In this
context, the general equation for the spring stiffness of an edge is written as

ke =
�

Eh

1 + ν

�
AT

L2 +
�

Ehν

1 − ν2

�
(L2

a + L2
b − L2)

8AT

, (2.34)

where E is the Young’s modulus, ν the Poisson’s ratio, h the membrane thickness, AT the
triangle area, L the edge length and La and Lb are the lengths of the remaining triangle’s
edges. For ν 
= 0 the formula can yield unphysical negative values for obtuse triangles, so
commonly a version assuming ν = 0 is used. The final equation, taking into account both
triangles adjacent to an edge, reads

ke = Eh
�

i Ai

L2 , (2.35)

where �
i Ai is the sum of areas of all adjacent triangles. Lloyd, Szekely, and Harders [48]

used an approach based on a comparison between a constant strain triangle finite element
formulation and a linearized SNM, and found
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2.5 Fluid mechanics

ke =
�
i

Eh

√
3

4 (2.36)

for the spring stiffness, assuming ν = 1
3 and the sum is again over all triangles adjacent to

an edge. It has to be noted that for equilateral triangles the formulas 2.35 and 2.36 are
equivalent.
The spring coefficient for bending springs can be derived by equating the bending spring
energy to a reference energy. Fedosov, Caswell, and Karniadakis [1] derived a bending
stiffness based on the total curvature elastic energy [49] defined as

W = B

2

ˆ
A

(C1 + C2 − 2C0)2 dA + kg

ˆ
A

C1C2dA, (2.37)

where B and kg are the bending rigidities, C1 and C2 are the local principal curvatures and
C0 is the spontaneaous curvature. Integration over a sphere and comparison with the energy
due to bending springs yields

kb = B
2√
3
. (2.38)

2.5 Fluid mechanics
In this chapter, the different descriptions used in fluid mechanics and the NS equations are
briefly introduced. Detailed explanations can be found, for example, in Tanaka, Wada, and
Nakamura [45] or Moukalled, Mangani, and Darwish [50].

2.5.1 Eulerian vs. Lagrangian description
In fluid mechanics, an Eulerian or Lagrangian description can be used. In an Eulerian
description, changes in properties like velocity and pressure are looked at at fixed points in
space. The Eulerian description is a field description, where flow is expressed as a function
of the coordinates and time:

u = u (x, y, z, t) . (2.39)

The acceleration can be calculated using the material derivative as
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2.6 Immersed-boundary method

Du
Dt

= ∂u
∂t

+ (u · ∇) u. (2.40)

In a Lagrangian description, particles are followed. The position of a particle is given as a
function of the initial position and time as

r = r (r0, t) . (2.41)

The velocity and acceleration of particles can simply be written as

u = ∂r
∂t

(2.42)

and

a = ∂2r
∂t2 . (2.43)

2.5.2 Navier-Stokes equations
Fluid flow in an Eulerian description is governed by conservation equations for mass, mo-
mentum and energy. Since incompressibility is assumed, i.e. constant density, the energy
transport equation can be dropped. Then the NS equations for Newtonian fluids with con-
stant density, ρf , and viscosity, ν, read:

∂tu + (u · ∇) u + ∇p

ρf
= ν∇2u + f (2.44a)

∇ · u = 0 (2.44b)

where u are the fluid velocities, p the pressure and f the present external forces per unit
mass.

2.6 Immersed-boundary method
The IBM in the solver used in this work is based on the work of Uhlmann [18] and shall be
summarized in the following. Fluid flow is solved over the whole domain using an equidistant
structured grid, which is going to be called the Eulerian grid. Inside the domain, an arbi-
trary amount of objects may reside. An object is represented by a number of points called
Lagrangian markers. A discrete volume ΔVl is associated with each Lagrangian marker, such
that the sum of the discrete volumes forms a membrane.
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2.6 Immersed-boundary method

These Lagrangian markers may be arbitrarily located inside the domain (i.e. they do not co-
incide with the Eulerian grid points), therefore, we need to define some interpolating/spread-
ing operators to communicate velocities/forces between the Eulerian and Lagrangian frames,
for which a regularized delta function is used. The boundary conditions between solid ob-
jects and fluid are defined as no-slip conditions. These are incorporated by computing a
forcing on the fluid to ensure the no-slip condition is satisfied. For this, first, an estima-
tion of the velocity is computed in the Eulerian frame and interpolated to the Lagrangian
markers using the discrete delta function. Then, the forcing term is computed directly at
the Lagrangian markers. Finally, the forcing term is spread to the Eulerian grid and in-
cluded in the right hand side of the momentum equation. Fluid flow is spatially discretized
using a uniform Cartesian grid. A staggered grid is used to prevent checkerboard-like os-
cillations. Second-order central finite differences are used. For temporal discretization, a
two-step Adams-Bashforth method is used for the convective terms and a Crank-Nicolson
method is used for the diffusive terms. Because the equation for continuity has no temporal
information, we need to rely on a fractional step method in which the velocity is first ad-
vanced without considering conservation of mass. In the second step, a pseudo-pressure is
computed which will be used to correct the velocity and update the pressure at the end of
every step ensuring that continuity is fulfilled. Afterwards, the equations corresponding to
the motion of the objects may be solved.
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Chapter 3

Methodology

3.1 Discretization
In this chapter, the different discretizations in 2D and 3D are presented. The mesh in 2D is a
curve, which is discretized into vertices that are connected by edges. The mesh can be open
or closed. The vertices are also the mass nodes. The Lagrangian markers are the midpoints
of the edges. The mesh is sketched in fig. 3.1. Every edge has a associated volume

ΔVl = h2
lLl, (3.1)

where hl is the local average Eulerian mesh spacing and Ll is the edge length.
In 3D, the mesh is a surface discretized using triangles. The mesh can be open or closed. The
vertices are also the mass nodes. The Lagrangian markers are the centroids of the triangles.
The mesh is sketched in fig. 3.2. Every triangle has a associated volume

ΔVl = hlAl, (3.2)

where hl is the local average Eulerian mesh spacing and Al is the triangle area, which can
be computed as Al = |rij × rik| /2, where r is the position vector, rij = ri − rj and i, j and
k are the vertex indices of face l.

3.2 Forces

3.2.1 Linear springs
The forces acting on the mass springs due to linear springs are computed according to
formulas 2.24 in a slightly reformulated way for computational efficiency
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3.2 Forces

Figure 3.1: A 2D mesh consisting of nodes (red) and edges (black) and the corresponding
Lagrangian markers (blue).

Figure 3.2: A 3D mesh consisting of nodes (red), edges (black) and faces (grey) and the
corresponding Lagrangian markers (blue).

Fe
i = −ke (L − L0)

rij
L

, (3.3a)

Fe
j = −Fe

i , (3.3b)

where ri is the position vector of node i, rij = ri − rj, L = |rij| and L0 is the relaxed spring
length. To compute the spring coefficient ke, Hooke’s law (eq. 2.3) can be used in 2D to
write

ke = Eh

L0
, (3.4)
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3.2 Forces

where h is the membrane thickness. In 3D, eq. 2.35 is used.

3.2.2 Bending springs in 2D
Bending springs in this work are modelled using two formulations based on the corresponding
bending energy terms

W b,F = kb [1 − cos (θ − θ0)] (3.5)

and

W b,L = kb
2 (θ − θ0)2 , (3.6)

where θ and θ0 are the bending angle and the bending angle in a stress-free configuration,
respectively.
It can be seen that W b,L is a linearized form of W b,F by computing the Taylor series using
the relative angle θ̃ = θ − θ0:

kb cos
�
θ̃

�
≈ kb cos

�
θ̃0

�
− kb sin

�
θ̃0

� �
θ̃ − θ̃0

�
− kb cos

�
θ̃0

�
2

�
θ̃ − θ̃0

�2

+
kb sin

�
θ̃0

�
6

�
θ̃ − θ̃

�3
+

kb cos
�
θ̃0

�
24

�
θ̃ − θ̃0

�4
. . . . (3.7)

Upon setting θ̃0 = 0 and cutting off after the third order term, one gets

kb cos (θ − θ0) ≈ kb − kb
2 (θ − θ0)2 , (3.8)

which can be reordered as

kb [1 − cos (θ − θ0)] ≈ kb
2 (θ − θ0)2 . (3.9)

The formulas of the nodal forces of the two energy terms follow the same pattern, which can
be seen by using eq. 2.25 and the chain rule to write

−∂W b,F

∂ri
= −kb sin (θ − θ0)

∂θ

ri
= −kbΓF

∂θ

ri
(3.10)

and
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3.2 Forces

A

B

C

n1 n2

θ

Figure 3.3: The setup for the computation of forces due to bending energy includes two edges
connecting vertices A ,B and C, the two unit normal vectors n1 and n2 and the bending
angle θ.

−∂W b,L

∂ri
= −kb (θ − θ0)

∂θ

ri
= −kbΓL

∂θ

ri
. (3.11)

It can be seen that the computation of forces only differs in the coefficients ΓF and ΓL. The
setup for the nodal forces due to bending energy is shown in fig. 3.3.
A detailed derivation is provided in A.1. The results can be summarized as

Fb
A = kbΓ

n1

N1
, (3.12a)

Fb
C = kbΓ

n2

N2
, (3.12b)

Fb
B = −Fb

A − Fb
C . (3.12c)

where Γ can either be ΓF or ΓL and n1 and n2 are the unit normal vectors defined as

N1 =
�
r

(2)
A − r

(2)
B

�2
+

�
r

(1)
B − r

(1)
A

�2
, (3.13a)

N2 =
�
r

(2)
B − r

(2)
C

�2
+

�
r

(1)
C − r

(1)
B

�2
, (3.13b)

n1 = 1√
N1

r
(2)
A − r

(2)
B

r
(1)
B − r

(1)
A

 , (3.13c)

n2 = 1√
N2

r
(2)
B − r

(2)
C

r
(1)
C − r

(1)
B

 , (3.13d)
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3.2 Forces

where the superscript denotes the vector component. A different approach to compute the
nodal forces presented by Truong et al. [4] is to use a torque acting on a node i:

Ti = −kb (θ − θ0) . (3.14)

It can be shown that the bending energy with respect to the torque is the same as in eq. 3.6
and a slightly modified version corresponds to the same bending energy as in eq. 3.5:

ˆ θ̃

0
kbθ̃dθ̃ = kb

2 (θ − θ0)2 = W b,L (3.15)

and

ˆ θ̃

0
kb sin

�
θ̃

�
dθ̃ = kb [1 − cos (θ − θ0)] = W b,F . (3.16)

In 3D, the nodal forces according to Truong et al. [4] can be written as

Fb
A = kbΓ

(rAB × rBC) × rAB

|rAB|2|rBC | , (3.17a)

Fb
C = kbΓ

(rAB × rBC) × rBC

|rAB||rBC |2 , (3.17b)

Fb
B = −Fb

A − Fb
C , (3.17c)

where Γ can either be ΓF or ΓL, depending on the used model. In the two-dimensional case
the first cross product always evaluates to

rAB × rBC

|rAB||rBC | =

��
0
0

−1

�� . (3.18)

Then the equations can be rewritten in the same form as 3.12. The bending energy requires
the computation of a signed angle, which can be computed as

θ = arctan2 (sin(θ), cos (θ)) = arctan2 (||rBA × rCB||, rBA · rCB) (3.19)
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3.2 Forces

n1
n2

A

B

C

D

θ

Figure 3.4: The setup for the computation of forces due to bending energy includes two
adjacent triangles connecting vertices A ,B, C and D, the two unit normal vectors n1 and
n2 and the bending angle θ.

3.2.3 Bending springs in 3D
Bending springs in 3D are modelled using the same energy terms as already used in 2D,
W b,F (eq. 3.5) and W b,L (eq. 3.6). A sketch of the setup for the computation of the nodal
forces is shown in 3.4.
The equations for the nodal forces can be summarized as follows:

Fb
B = kbΓ

�
N1

|N1|2
rCB · rAC

|rCB| + N2

|N2|2
rCB · rDC

|rCB|
�
, (3.20a)

Fb
C = kbΓ

�
N1

|N1|2
rCB · rBD

|rCB| + N2

|N2|2
rCB · rBA

|rCB|
�
, (3.20b)

Fb
A = kbΓ|rCB| N1

|N1|2 , (3.20c)

Fb
D = kbΓ|rCB| N2

|N2|2 , (3.20d)

(3.20e)

where Γ can either be ΓF or ΓL, depending on the used model and N1 and N2 are the normal
vectors, which can be defined as

N1 = rCB × rAB, (3.21a)
N2 = rCB × rBD. (3.21b)

Detailed derivations of the forces can be found in Cimrak and Jancigova [51]. Note that the
approach to derive the forces by Cimrak and Jancigova [51] is based on the assumption that
a pair of triangles has to be force and torque free in the absence of external forces, which
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3.3 Force transfer

was proven in their work to be mathematically equivalent to expressions derived by Fedosov
[34] or Tullio and Pascazio [29], but are computationally cheaper. The bending angle θ can
be computed as

θ = arctan2 ((N1 × N2) · rCB,N1 · N2) . (3.22)

3.3 Force transfer
Within the IBM context, the forces of the fluid acting on the SNM are computed at the
Lagrangian markers, so a transfer of the forces from the Lagrangian markers to the mass
nodes is required. In 2D, a Lagrangian marker is always at the midpoint of an edge, so half
the force can be added to each mass node. In 3D, a Lagranigan marker is always at the
centroid of a triangle, so forces are equally distributed to all three nodes of a triangle. The
force on node i can then be computed as [30][3]

Fext
i = 1

3

nfi�
j=1

Fl,f , (3.23)

where nfi is the number of faces adjacent to vertex i and Fl,f the force at the Lagrangian
marker of faces f adjacent to vertex i. Note that the forces computed by the IBM are per
unit mass, whereby the SNM requires forces in N . This is done using the volumes associated
with the Lagrangian markers defined in eq. 3.1 and eq. 3.2:

Fl,f = ρfFlΔVl, (3.24)

where ρf is the fluid density and Fl is the force from the IBM.

3.4 Integration
For numerical integration of eq. 2.32, the ordinary differential equation of second-order has
to be rewritten into a system of first-order ordinary differential equations. Eq. 2.32 can be
written using dot notation as

mir̈i + γṙi = Fi. (3.25)

The corresponding linear system of first-order orinary differential equations is
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3.5 Implementation

ṙi
v̇i

 =
0 1

0 − γi

mi

 ri
vi

 +
 0

Fi

mi

 . (3.26)

Since the fluid solver uses a two-stage Adam-Bashforth method and due to the small time
steps required in practice, a semi-implicit Euler method is used for numerical integration.
Within a single time step, the corresponding external and internal forces need to be computed
and the pinned boundary condition has to be applied by setting forces acting on a mass point
to zero. The general integration algorithm is summarized in algorithm 1.

Algorithm 1 Force integration
function INTEGRATE(α,Fl) : Fl are forces at Lagrangian markers

for all M in Membranes do
Fint ← M.COMPUTE_INTERNAL_FORCES()
for all Nodes i in M do

Fi ← mg + Fint,i
end for
if 2D then

for all Linear Edges in M do
for all Nodes i in a Linear Edge do

Fi ← Fi + 1
2Fl : l is Lagrangian marker of respective Edge

end for
end for

else if 3D then
for all Faces in M do

for all Nodes i in a Face do
Fi ← Fi + 1

3Fl : l is Lagrangian marker of respective Face
end for

end for
end if
for all Nodes i in Boundary do

Fi = 0
end for
for all Nodes i in M do

vi ← vi + αFi

m

ri ← ri + αvi

end for
end for

end function

3.5 Implementation
The SNM is implemented in C++14 [52]. A code structure based on templates and inheri-
tance is used where suitable to reduce the amount of code. An overview of the code is given
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SNM

Membran_Base

MembranNodes MembranConnectivity

Membran SNM_BaseDim

SNM_Base«interface»
MembranModel

FlexibleFilament FlexibleFlag

VTKLegacyBase VTKWriterXML_Writer

XML_Tag Writer_Base

Writer_Points

Writer_VecArray Writer_OffsetArray

Writer_ConstArray

Writer_AppendedData

VTK_Reader_BaseNoDim

VTK_Reader_Base

VTK_Reader

«interface»
Integrator_Base

ForwardEuler RK4

AB2

AB3

ReadingSolver Interface

Computation

Mesh Storage

Writing
Standalone Integrator

VecND Morinci

Additional classes / libraries

Integrator_Base

«interface»
Writer_Base

EdgeMesh SurfaceMesh

Mesh Generator

Figure 3.5: An overview of the code structure of the SNM solver.

in fig. 3.5. The code is divided into 7 modules: Mesh Generator, Mesh Storage, Reading,
Writing, Solver Interface, Computation and Additional classes/libraries.
The two classes EdgeMesh and SurfaceMesh in the Mesh Generator module are used to
generate 2D and 3D meshes, respectively. The generated 2D mesh is a straight line (fig.
3.6a). In 3D, two different types of triangle meshes discretizing a rectangular membrane can
be generated. In both cases, a rectangle gets divided into smaller Nx ×Ny rectangles. These
rectangles are then split into either two (fig. 3.6b) or four (fig. 3.6c) triangles.
The SNM solver itself is implemented in the Solver Interface module, which uses the Reading
and Writing modules to read and write mesh files and offers the interface for the coupling

(a) 2D line mesh

(b) 3D mesh with two triangles per rectangle (c) 3D mesh with four triangles per rectangle

Figure 3.6: An overview of the mesh types supported by the mesh generator.
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Membran
Surface1_1

Membran
Surface1_2

Membran
Surface2

MembranNodes
Surface1_2

MembranNodes
Surface1_2

MembranNodes
Surface2

MembranConnectivity
Surface1

MembranConnectivity
Surface2

Figure 3.7: The IDs of the Membran instances are used to control memory storage.

with fluid solvers.
Mesh files are written using the legacy vtk file format or the XML (vtu) file format [53]. The
data can be written in ASCII or binary. XML offers the advantage of allowing a keyword
to specify the byte order, so no swapping of bytes is required. Additionally, a second file is
required for the definition of the boundary patches. The boundary file is structured such
that the name (ID) of a boundary patch is followed by a single number corresponding to
the boundary vertex in 2D and two numbers corresponding to the first and last vertex of a
boundary patch in 3D in the line below.
Within the solver, meshes are stored in the Mesh Storage module, where node-specific data
(e.g. coordinates or velocities of vertices) is stored in the class MembranNodes. Data about
the connectivity is stored in the class MembranConnectivity. All MembranConnectivity and
Membran instances are stored within SNM, whereby a Membran object contains an instance
of MembranNodes and a pointer to the respective MembranConnectivity instance. Every
Membran object is associated with an ID, that controls what is stored. If IDs of different
Membran instances contain the same string, which is followed by an underscore and a number,
the connectivity is only stored once for memory efficiency (fig. 3.7).
The 2D mesh is sketched in 3.8 and the corresponding data structure is shown in fig. 3.9.
For fast retrieval of the required data for the computation of both linear springs and bending
springs, two types of edges are used: linear and angular edges, respectively. Linear edges
store the indices of their two vertices and their vertex indices are sorted in a way such that
the first vertex of an linear edge is the second vertex of the previous linear edge. Angular
edges store the indices of two neighbouring linear edges. Although theoretically storing
vertex indices instead of linear edge indices would suffice for the forces considered within the
scope of this work, linear edge indices are stored to provide more flexibility. A boundary
angular edge will store a −1 instead of an linear edge index and boundary angular edges are
always stored after the internal angular edges. The first linear edge in an angular edge is
always the linear edge where the first vertex corresponds to the vertex in the center. The
second linear edge is always the edge where the second vertex corresponds to the center.
Boundary information is stored within a hashmap, which stores the boundary angular ID as
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Figure 3.8: The 2D mesh data structure includes vertices (red), linear edges (black), angular
edges (blue) and boundary patches (green).
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Figure 3.9: The class MembranNodes stores the vertices and nodal velocities. The class
MembranConnectivity stores the linear edges, angular edges and boundary information.

key and the corresponding vertex index as value.
The 3D mesh is sketched in 3.10 and the corresponding data structure is shown in fig. 3.11.
For simple use and fast retrieval of the necessary data required for the computation of linear
and bending springs, an edge-based data structure is used. Edges store the indices of the
two vertices and additionally the indices of the two adjacent faces. Boundary edges store a
−1 instead of one of the face indices. Edges are ordered so that internal edges appear first,
followed by boundary edges grouped by boundary patch. Boundary information is stored
within a hashmap, which stores the boundary patch ID as key and the corresponding index
of the first edge and the number of edges as value. Additionally, faces are used, which store
their three vertex indices.
In the Computation module, the computation of the nodal forces is defined. MembranModel
is designed as an interface using a abstract class, so new classes defining different equations
can easily be added. Furthermore, boundary conditions and damping can be changed using
this class.
The Standalone Integrator module is used to define numerical integration methods like the
Forward Euler method or the fourth-order Runge-Kutta method used for the standalone
version.
The solver uses the Morinci library, which is part of TXPS, for some helper functions for
file input and output.
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Figure 3.10: The 3D mesh data structure includes vertices (red), edges (black), faces (blue)
and boundary patches (green).
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Figure 3.11: The class MembranNodes stores the vertices and nodal velocities. The class
MembranConnectivity stores the edges, faces and boundary information.
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Chapter 4

Results and Discussion

4.1 Cantilever beam
First, the SNM is tested as a standalone version and is validated against the cantilever beam
validation case in vacuum and is compared against values from Truong et al. [4] for the
damped case and Turek and Hron [54] and Engels [47] for the undamped case. The clamped
boundary condition at the left-hand side is implemented by setting the force at the leftmost
and second leftmost node to zero, fixing both nodes in space. The bending stiffness was
derived by Truong et al. [4] using Euler-Bernoulli beam theory as

kb = EI

Lcb

n (2n + 1)
2 (n + 1) , (4.1)

where E is the Young modulus, I is the second moment of area, Lcb is the beam length and
the number of nodes is n + 2.

4.1.1 Damped case
For the damped case, the damping factor in 3.25 is set to

γ = 2
�
kbmi, (4.2)

P
x

y

(a) Damped cantilever beam case.

g

x
y

(b) Undamped cantilever beam case.

Figure 4.1: Sketches of the different cantilever beam validation cases.
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4.1 Cantilever beam

Parameter Value Unit
E 28800 N

m2

height 0.1 m
width 1 m
length 0.3 m
mass 23.55 kg

number of nodes {4, 8, 16, 32, 64, 128} 1
g (0, 0) m

s2

P {(0,−0.39) , (0,−1.96) , (0,−3.92) , (0,−7.84) , (0,−11.76)} N
time step 0.0001 s

simulation time 50 s

Table 4.1: The simulation and material parameters of the cantilever beam validation case
with damping.

which results in a reasonably fast convergence to a steady state solution. A force P of various
magnitudes is applied at the tip, as it is sketched in fig. 4.1a. The cross-section is assumed
to be a rectangle. For numerical integration, a fourth-order Runge-Kutta method is used
with a step size of 0.0001. Integration is done for 500000 time steps. An overview of material
and simulation parameters is given in table 4.1.
Fig. 4.2 shows the position of the tip in the x-direction over the applied load and fig. 4.3 the
corresponding relative error with respect to the reference values. Small deviations for n = 4
can be seen, but with increasing resolution, the results converge to the reference values and
therefore the relative error gets close to zero. Furthermore, it can be seen that the error
increases slightly with increasing load.
Fig. 4.4 shows the position of the tip in the y-direction over the applied load and fig. 4.5
the corresponding relative error with respect to the reference values. It can be seen that the
deviation and therefore also the relative error increases with the applied load, which is to be
expected, since eq. 4.1 assumes only small deformations. With increasing mesh resolution,
the solution converges to the reference values. Furthermore, it can be seen that for low
resolutions the nonlinear bending energy results in less error, although this difference gets
negligible for higher mesh resolutions.

4.1.2 Undamped case
The case without damping is compared to the results obtained by Turek and Hron [54] and
Engels [47]. The solution by Turek and Hron [54] is based on a finite element formulatian,
whereby Engels [47] numerically integrates nonlinear beam equations. No force is applied at
the tip, but gravity is set to a nonzero value, as it is sketched in fig. 4.1b. The beam has a
rectangular cross-section. The material and simulation parameters are summarized in table
4.2.
Table 4.3 shows the results for the deflection of the tip in the x-direction in the format
mean ± amplitude [frequency]. The relative error in comparison with the finite element
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4.2 Flexible filament
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Figure 4.2: The x-position of the tip of the cantilever beam in comparison with the results
obtained from Truong et al. [4].

formulation is around 1 %, whereas the relative error in comparison with the nonlinear beam
model is significantly higher. This can be explained by the assumption of no elongation of
the nonlinear beam model.
Table 4.4 shows the results for the deflection of the tip in the y-direction in the format
mean ± amplitude [frequency]. In comparison with both references, a relative error of
around one to two percent can be seen.
In all cases, no significant change in error for the different timesteps can be seen. It has to
be noted that simulations with a larger timestep diverged. This means that the timestep
required for convergence is already so small, that no improvement in accuray can be expected
in this case. Furthermore, no significant difference between the nonlinear and linear energy
terms can be seen.

4.2 Flexible filament
For testing of the 2D coupled solver, a flexible filament in a free stream configuration is
simulated. The filament is fixed at the leading edge and is initially oriented, such that there
is an angle α0 = 0.1π between the filament and the flow direction. The leading edge is located
at the origin and the filament has a length L and thickness h = 0.01L. Gravity is acting
alongside the flow direction. The computational domain size with respect to the filament
length is [−2L, 6L] × [−4L, 4L] in x and y direction, respectively. The ratio of solid to fluid
density is defined as γ = ρs/ρf = 150. The Reynolds number is set to Re = UL/ν = 200,
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4.2 Flexible filament

Parameter Value Unit
ν 0.4 1
Ẽ 1.6̇ × 106 N

m2

height 0.02 m
width 1 m
length 0.35 m
mass 7 kg

number of nodes 64 1
g (0,−2) m

s2

P (0, 0) N
time step {0.00005, 0.00001, 0.000005} s

simulation time 10 s

Table 4.2: The simulation and material parameters of the cantilever beam validation case
without damping.

Simulation dt x-displacement εrel,ref1 εrel,ref2
[s] [10−3] [%] [%]

5e-05 -14.46±14.46[1.111] 1.084±1.084[1.046] 8.673±8.266[0.716]
W b,L 1e-05 -14.428±14.428[1.112] 0.86±0.86[1.137] 8.432±8.026[0.807]

5e-06 -14.446±14.446[1.111] 0.986±0.986[1.046] 8.568±8.161[0.716]
5e-05 -14.459±14.459[1.111] 1.077±1.077[1.046] 8.665±8.258[0.716]

W b,F 1e-05 -14.426±14.426[1.112] 0.846±0.846[1.137] 8.417±8.011[0.807]
5e-06 -14.445±14.445[1.111] 0.979±0.979[1.046] 8.56±8.154[0.716]

Ref 1 [54] 0.005 -14.305 ± 14.305 [1.0995] - -
Ref 2 [47] - 13.306 ± 13.306 [1.1031] - -

Table 4.3: Results for the x-displacement of the cantilever beam validation case without
damping in comparison with results obtained from Turek and Hron [54] and Engels [47].
Results are given as mean ± amplitude[frequency].

Simulation dt y-displacement εrel,ref1 εrel,ref2
[s] [10−3] [%] [%]

5e-05 -64.133±64.078[1.081] 0.827±1.661[1.683] 0.616±1.816[2.003]
W b,L 1e-05 -64.063±64.054[1.082] 0.717±1.697[1.592] 0.508±1.853[1.913]

5e-06 -64.102±64.071[1.081] 0.778±1.671[1.683] 0.568±1.826[2.003]
5e-05 -64.132±64.078[1.081] 0.825±1.661[1.683] 0.615±1.816[2.003]

W b,F 1e-05 -64.061±64.052[1.082] 0.714±1.7[1.592] 0.505±1.856[1.913]
5e-06 -64.1±64.07[1.081] 0.775±1.673[1.683] 0.565±1.828[2.003]

Ref 1 [54] 0.005 -63.607 ± 65.16 [1.0995] - -
Ref 2 [47] - -63.734 ± 65.263 [1.1031] - -

Table 4.4: Results for the y-displacement of the cantilever beam validation case without
damping in comparison with results obtained from Turek and Hron [54] and Engels [47].
Results are given as mean ± amplitude[frequency].
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4.3 Flexible flag
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Figure 4.3: The relative error of the x-position of the tip of the cantilever beam with respect
to the reference values obtained from Truong et al. [4].

whereby the Froude number is set to Fr = U/
√
gL = 1.414. It is assumed that the filament

does not experience elongation, which is enforced by setting a large nondimensional elastic
modulus � = Eh/ (ρfU2L) = 2500. The bending stiffness is β = B/ (ρfU2L3) = 0.0015 and
a computational model based on W b,F is used. The resulting input parameters are presented
in table 4.5.
A constant velocity boundary condition is applied at the inlet and an outflow boundary
condition is applied at the outlet, whereby periodic boundary conditions are used at the
remaining boundaries. The setup is shown in fig. 4.6.
Fig. 4.7 shows the trailing edge location over time in comparison with Tullio and Pascazio
[29]. A significant difference between both, amplitudes and frequencies can be seen. Since
the SNM is validated and working as expected (see chapter 4.1), it has to be concluded that
the coupling is not working correctly.

4.3 Flexible flag
The flow around a flexible flag is considered for testing of the 3D coupled solver. The flag
is a square with an edge size L. The center of the leading edge is located at the origin
and the flag is oriented such that initially there is an angle α0 = 0.1π between the flag
and the flow direction and the flag thickness is h = 0.01L. The Reynolds number is set to
Re = UL/ν = 200. The ratio between solid and fluid density is set to γ = ρs/ρf = 100. It is
assumed that the filament does not experience elongation, which is enforced by setting a large
nondimensional elastic modulus � = Eh/ (ρfU2L) = 2500. The bending stiffness is set to
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4.3 Flexible flag
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Figure 4.4: The y-position of the tip of the cantilever beam in comparison with the results
obtained from Truong et al. [4].

three different values, namely β = B/ (ρfU2L3) = {0.0001, 0.001, 0.01} and a computational
model based on W b,F is used. Gravity is neglected. The resulting input parameters are
presented in table 4.6.
The computational box is of dimensions [−L − L]×[−4L, 4L]×[−L, 7L]. A constant velocity
boundary condition is applied at the inlet and an outflow boundary condition is applied at
the outlet, whereby periodic boundary conditions are used at all other remaining boundaries.
The setup is shown in fig. 4.6.
In chapter 4.2 it was already established that the coupling between the fluid solver and the
SNM is faulty. Due to this, the correctness of the SNM in 3D can not be proven within
the scope of this thesis. For qualitative validation, the flexible flag case is run with different
bending moduli. Fig. 4.8 shows the cross-section at the center of the flag. The flag shows a
higher stiffness for a higher bending modulus, as expected. The results at t = 3.0s also show
that for B = 10−3 and B = 10−4 the flag intersects with itself, meaning that the simulation
is physically meaningless after a certain point.
Fig. 4.9 and 4.10 show similar plots for the cross-section at the bottom and top of the flag,
respectively. Similar behaviour as discussed for the center-line can be observed. It has to be
noted that the fluid solver has stability issues with a larger number of Lagrangian markers.
So the simulation was only performed for 4096 Lagrangian marker, which is significantly
lower compared to Tullio and Pascazio [29].
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4.3 Flexible flag

Parameter Value Unit
E 2.5 × 105 N

m2

B 1.5 × 10−3 Nm
L 1 m
h 0.01 m
ρf 1 kg

m3

ρs 150 kg
m3

U (0, 1) m
s

g (0, 0.500151) m
s2

domain height 8 m
domain width 8 m

Eulerian grid spacing 1/64 m
number of Lagrangian markers 92 1

time step 1/6400 s
simulation time 25 s

Table 4.5: The simulation and material parameters of the flexible filament case.

Parameter Value Unit
E 2.5 × 105 N

m2

B {10−4, 10−3, 10−2} Nm
L 1 m
h 0.01 m
ρf 1 kg

m3

ρs 100 kg
m3

U (0, 0, 1) m
s

g (0, 0, 0) m
s2

domain length 8 m
domain width 8 m
domain height 2 m

Eulerian grid spacing 1/64 m
number of Lagrangian markers 4096 1

time step 1/5000 s
simulation time 40 s

Table 4.6: The simulation and material parameters of the flexible flag case.
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4.3 Flexible flag
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4.3 Flexible flag
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4.3 Flexible flag
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Figure 4.8: Comparison of the flag center cross-section for B = {10−4, 10−3, 10−2}.
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4.3 Flexible flag
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Figure 4.9: Comparison of the flag bottom cross-section for B = {10−4, 10−3, 10−2}.
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4.3 Flexible flag
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Figure 4.10: Comparison of the flag top cross-section for B = {10−4, 10−3, 10−2}.
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Chapter 5

Conclusion and Outlook

The SNM in 2D has been validated in chapter 4.1 and shows good agreement with literature.
This proves the correctness of the implemented mesh data structure, computation of forces
and the integration methods in 2D, as well as the working of the general solver infrastruc-
ture, like file input and output. In chapter 4.2, it has been shown that the current coupling
procedure fails. Due to this, only a simple qualitative validation is provided for the 3D SNM
in chapter 4.3, which shows a behaviour as expected, so there is reason to assume a correct
implementation of the mesh data structure in 3D. Since the integration methods in 3D are
the same as in 2D, there is also reason to assume the correctness of the aforementioned.
Only the computation of the forces in 3D is not validated yet due to missing quantitative
validation. But over the course of this work, another formulation of the force computation
had been implemented based on literature and own derivations, which is mathematically
equivalent to the version used in the end. Both versions resulted in the exact same results,
so a wrong implementation is unlikely. Since this work is focused on the SNM and its im-
plementation, the coupling problem is not further investigated.
The lower frequency of the trailing edge of the flexible filament compared to the frequency of
the reference solution might indicate that the forces acting on the SNM are underestimated,
whereby self-collision of the flag might indicate an overestimation of the forces. A possible
error source lies in the way the coupling forces are computed, where possibly either the
method of how the external forces acting on the SNM are computed from the IBM forces or
its implementation is erroneous.
When using SNMs, commonly the forces are computed from the pressure and/or viscous
stresses (see, for example, [29] or [3]) and not from the IBM forces themselves. It has to be
noted that Huang, Shin, and Sung [55] used the IBM forces, although with an IBM based
on a force-feedback approach and a structural solver based on Lagrangian mechanics. A
straightforward way to check for issues in the force computation would be to additionally
compute the forces the same way as Tullio and Pascazio [29] and compare them to the forces
currently computed.
Another possible error source is the coupling method, although Truong et al. [4] and Kumar,
Seo, and Mittal [3] use similar approaches.
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5 Conclusion and Outlook

Possibly, the force transfer in 3D described in 3.3 can be improved. Let us assume a square
membrane consisting of two triangles. The two Lagrangian forces are normal with respect to
the membrane and of equal magnitude. The expected physical behaviour would be to have
all nodes of the triangles travel with the same acceleration in the direction of the forces.
However, the transfer from the force located at the Lagrangian markers to the nodes intro-
duces unequal accelerations of the nodes, theoretically resulting in a ”flapping” movement.
Although the fluid damps these oscillations, it might be interesting to see if a different trans-
fer approach influences accuracy or the required timestep size.

The coupled code only works on serial processes, what works well for problem sizes similar
to the validation cases, but especially when using multiple membranes, better performance
is needed. Since for fluid solvers, commonly a domain composition approach is used, this ap-
proach might also be used for the parallelization for cases with multiple membranes [56][30].
Due to the rise of GPGPUs (General Purpose Computation on Graphics Processing Units)
and especially due to the use of a structured mesh for the fluid solver, a GPGPU implemen-
tation might further improve performance [57].

Especially for simulations with multiple membranes, collisions might have to be consid-
ered, to appropriately model physics. Collision modelling consists of two parts: the collision
detection and the collision response. Collision detection in general is expensive since it re-
quires an O (n2

O) search, where nO is the number of objects. SNMs present an additional
difficulty in this regard. Since the shape of a membrane is not fixed, every mesh entity
(possibly of different types, depending on the model) has to be checked for collision instead
of just the object. For example, when comparing rigid and flexible particles consisting of
320 faces and collision detection is done based on faces, the computational load increases by
a factor of roughly 105. To tackle this, data structures like Bounding Volume Hierarchies
can be employed. A Bounding Volume Hierarchy is a tree-like data structure consisting of
volumes, such as axis-aligned bounding boxes, where the root node contains a volume that
encloses the entire object. The branches contain more fine-grained volumes. The deeper the
data structure goes, the finer the volumes become, and the leaves correspond to a single or
a specified number of neighbouring mesh entities. This allows fast collision detection for ob-
jects that are far away since only the volumes in the root nodes have to be compared instead
of all mesh entities. Also, for objects close to each other or that are actually colliding, the
number of comparisons is reduced. Spandan et al. [58] proposed a different approach where
information is stored about whether Lagrangian markers are within one Eulerian grid cell.
The collision response can be modelled, as example, by adding repulsive forces to nodes that
get too close to each other [51].

To summarize this work, a SNM has been implemented in C++. For this, mesh data
structures for 2D and 3D have been defined. The SNM in a standalone version has been
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5 Conclusion and Outlook

validated against multiple cantilever beam cases in 2D, which have shown good agreement
with literature. The code has been coupled with a fluid solver based on a fractional step
method to solve the NS equations and a direct-forcing IBM for FSI. The coupled solver was
used to simulate a flexible filament in 2D and a flexible flag in 3D. The results were compared
with literature, which has shown that the current method does not work. Since the 2D SNM
works in a standalone version, the issues are likely with the coupling, which has to be further
investigated.
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Nomenclature

Latin symbols
A Area

B Bending modulus

C Constant scalar or tensor

C Curvature

E Young modulus

E Green strain tensor

F Force

Fr Froude number

G Shear modulus

G Body force

K Bulk modulus

L Length

N Normal vector

P Surface force

P Point load

Re Reynolds number

T Torque

U Inlet Velocity

V Volume

W Elastic energy

X Position of point in undeformed object

Ẽ Scaled Young modulus

a Acceleration

e Almansi strain tensor

f Volume force

g Gravity

h Thickness

h Local average Eulerian mesh spacing

k Spring stiffness

m Mass

n Unit normal vector

n Number of ...

p Pressure

q Shearing stress

r Position

s Arclength

t Time
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Nomenclature

u Fluid velocity

u Displacement

v Velocity of mass point

x Spring displacement

x Position of point in deformed object

Greek symbols
Γ Model-specific bending coefficient

Φ Potential

Π Total potential energy

α Angle

β Nondimensional bending modulus

δ Kronecker Delta

� Nondimensional elastic modulus

γ Damping coefficient

γ Density ratio

λ Lame’s first constant

µ Lame’s second constant

ν Kinematic viscosity

ν Poisson’s ratio

φ Shearing strain

ρ Density

σ Stress

θ Bending angle

ε Strain

Subscripts
0 Initial

A,B,C,D Points of edge/triangle pair

F Nonlinear bending energy

G Body force

L Linear bending energy

P Surface force

T Triangle

a Area

a, b, c Edges of a triangle

b Bending

cb Cantilever beam

e Linear spring

f Fluid

f Face

i, j, k, l,m, n, o Indices

l Lagrangian marker

s Solid

x, y, z Coordinate dimensions

axial Axial direction

trans Normal direction

Superscripts
F Nonlinear bending energy

L Linear bending energy

a Area
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Nomenclature

b Bending

e Linear spring

ext External

int Internal

Acronyms
FSI fluid-structure interaction

GPGPU General Purpose Computation on
Graphics Processing Unit

IBM immersed boundary method

LBM Lattice Boltzmann method

NS Navier-Stokes

SNM spring-network model
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Appendix A

Bending forces

A.1 Bending forces in 2D
In this chapter, a derivation of equations 3.12 based on bending energy is presented. A
sketch of the setup is shown in fig. 3.3. From equations 3.10 and 3.11 we know that in
general the energy derivative can be written as

−∂W b

∂ri
= −kbΓ

∂θ

∂ri
. (A.1)

Using the definition of the dot product, we can write:

∂θ

∂ri
= ∂

∂ri
arccos (n1 · n2) , (A.2)

where n1 and n2 are unit normal vectors. From a table of derivatives [59] follows:
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Using the derivative of the dot product [59], we can further write:

− 1
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where the superscript denotes the vector component. The unit normal vectors are defined
as
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A.1 Bending forces in 2D
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Since n1 only depends on nodes A and B and n2 only depends on nodes B and C, following
derivatives evaluate to zero:
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Using the chain and product rule, we can write:
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From equations A.7 can be seen that some of the terms only differ in sign:
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, (A.8a)
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,
∂n2
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B

. (A.8b)

From relations A.8 and A.4 then follows:
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Fb
B = −Fb

A − Fb
C . (A.9)

Multiplying A.7 with the corresponding unit normal vector according to A.4 and some re-
arranging yields for vertex A:
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The second fraction corresponds to the norm of the cross product between the unit normal
vectors:

r
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= |n1 × n2| = sin (θ) (A.11)

From eq. A.5 and eq. A.11 follows:

n2 · ∂n1

∂r
(1)
A

= n(1)
1
N1

sin (θ) , (A.12a)

n2 · ∂n1

∂r
(2)
A

= n(2)
1
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sin (θ) . (A.12b)

Plugging equations A.12 into A.4, we can write for vertex A:

−∂W b

∂ri
= kbΓ

n1

N1
. (A.13)

After using the same procedure for vertex C, the equations can be summarized as
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Fb
A = kbΓ

n1

N1
, (A.14a)

Fb
C = kbΓ

n2

N2
, (A.14b)

Fb
B = −Fb

A − Fb
C . (A.14c)
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