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Abstract

In this work, we evaluate the behavior of several material interpolation schemes in conducting topology optimization of
composite structures made of 28 orthotropic materials with similar costs and densities. The materials are categorized into
three families according to their geometrical features and arranged in a collection of interpolation domains, including 2D
and 3D domains, as well as orthogonal and non-orthogonal ones. The concept of Coons patches is used to extend three
interpolation functions, namely polynomial fitting, ordered Solid Isotropic Material with Penalization (ordered SIMP), and
smooth single-variable-based interpolation, from 1D to 2D and 3D. Several material interpolation schemes are built using
different combinations of interpolation domains and interpolation functions for a representative comparison. Numerical
experiments are conducted using a two-scale topology optimization procedure to solve a benchmark problem given by the
Messerschmitt-Bolkow-Blohm (MBB) beam problem. The obtained results show that, when taking the simple case of com-
pliance minimization, as well as candidate lattices of same densities, the selection of the interpolation domain and of the
interpolation function does not have a significant effect on the optimization process. Accordingly, we conclude that taking
the simplest combination of a 2D square domain together with a piecewise linear function is sufficient to get the optimized
design, if the candidate lattices are well categorized and sorted.

Keywords Topology optimization - Multi-scale structure - Interpolation domain - Interpolation function - Coons patches

1 Introduction

Due to the high manufacturing flexibility offered by Addi-
tive Manufacturing, Multi-Material Topology Optimiza-
tion (MMTO) of lattice structures has received consider-
able momentum in recent research. The main challenge in
MMTO is to perform it without significantly increasing
the cost of renewing the design variables, which is mainly
related to the number of used materials and can be controlled
using proper material interpolation.

In the density-based approach, also known as the SIMP

Responsible editor: Xu Guo.

> Ahmed Mohamed Jubartalla Ali
a.ali@fh-kaernten.at

! ADMIRE Research Center, Carinthia University of Applied
Sciences, Europastrafie 4, 9524 Villach, Austria

Research Unit of Biomechanics and Rehabilitation
Engineering, TU Wien, Lehargasse 6, 1060 Vienna, Austria

George W. Woodruff School of Mechanical Engineering,
Georgia Institute of Technology, 801 Ferst Dr., Atlanta,
GA 30332, USA

Johann Radon Institute for Computational and Applied
Mathematics (RICAM), Altenberger Stralie 69, 4040 Linz,
Austria

Department of Engineering & IT, Carinthia University
of Applied Sciences, Europastrafie 4, 9524 Villach, Austria

(Solid Isotropic Material with Penalization) method (Bend-
sge 1989; Zhou and Rozvany 1991), Topology Optimization
(TO) is conducted by first placing the two candidate mate-
rials (void and solid) over the vertices of a line interpola-
tion domain (p € [0, 1]), typically void (white) at p = 0 and
solid (black) at p = 1. In this paper, the term “interpolation
domain” refers to the domain of definition of the interpola-
tion function. To avert solving such a 0-1 binary optimiza-
tion problem, a non-physical transitory phase (gray) between
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void and solid is introduced, which should also be made less
effective by use of a penalized interpolation of the elements
stiffness such as the modified power-law (Andreassen et al.
2010)

E(p) = (1 = p") E g + P"Elia- ey

Here, p = {p, P2 P35 ---» pN}T is a vector that contains
the pseudo densities of the N finite elements; E_ ;4 is the
Young’s modulus for the used material; E,;, is a small posi-
tive number to avoid singularity; and p > 1is a penaliza-
tion factor. Equation (1) might also be solved without the
relaxation-penalization scheme as in Sivapuram and Picelli
(2017), Liang and Cheng (2019) and Liang et al. (2020).

In MMTO, the SIMP method could be extended to account
for three or four materials by replacing the 1D line interpola-
tion domain by 2D square or 3D cube interpolation domains,
respectively, and similarly placing the candidate materials over
the corresponding vertices as illustrated in Fig. 1(top). Then,
the power-laws for interpolating three and four materials read
(Bendsge and Sigmund 2004)

Fig. 1 Orthogonal material
interpolation domains used

in the SIMP (top) and DMO
(bottom) interpolation schemes
for accommodating two (left),
three (middle), and four (right)
candidate materials

E(p;.p,) = (1 _pT)Evoid
+p/(1-p))E, +p,E,), and
E(p;.p5,03) = (1 = p)) Eyiq + 0, ((1 = P E,
A=) B+ AE)).

respectively, where p,, p,, p; are the three design variables;
and E|, E,, E5 are the Young’s modulus for the first, sec-
ond, and third materials, respectively. Further extensions
to include N,, materials is theoretically possible by using
an (N,, — 1)-D hypercube interpolation domain. However,
the usage of the extended SIMP method in the literature
is limited to three and four candidate materials (including
void) (Gibiansky and Sigmund 2000; Taheri and Suresh
2016; Gaynor et al. 2014; Gao and Zhang 2011), as a study
by Stegmann and Lund (2005) showed that including more
than four candidate materials tends to converge to bad local
minima.

An alternative method that is capable for handling
higher numbers of candidate materials is the Discrete
Material Optimization (DMO) (Stegmann and Lund
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2005), which illustrated capabilities for optimizing the
orientation of composite laminate based on an ortho-
tropic material with 12 different angles (Stegmann and
Lund 2005; Lund and Stegmann 2004), as well as mate-
rial selection problems with 6 (Sanders et al. 2018a) and
up to 15 (Sanders et al. 2018b) candidate materials. This
method expresses the element elasticity tensor D, as a
weighted sum of the elasticity tensors of all candidate
materials (Stegmann and Lund 2005). Similarly, the vec-
tor contains the isotropic properties for the N mesh ele-
ments interpolated as

Ny—-1
E = Z o,k =w E +w,E,
i=1 &)

+0)3E3 + .- +0)NM_1ENM_1,

where @; € [0, 1] are the weights defined as

Ny—1

o= [T (1-4).

J=1

As seen in Eq. (3), the DMO method, unlike the extended
SIMP method (Eq. (2)), does not explicitly consider void
as a candidate material, as zero-stiffness appears when all
design variables are zero or when more than one design vari-
able equals 1. However, the two methods require using an
(N,; — 1)-D orthogonal material interpolation domain, but
with a slightly different material placement as compared in
Fig. 1.

It is not that simple to determine whether the DMO
method or extended SIMP method is better than the other.
For instance, a study done by Gao and Zhang (2011)
showed that DMO converges to better local minima than
extended SIMP, even when only three candidate materials
are used. On the other hand, the study of Liu et al. (2023)
demonstrated that a discrete formulation of the extended
SIMP method can effectively solve MMTO problems as
Eq. (2) has separable characteristics in sensitivity analysis
of discrete variables in comparison to Eq. (3).

Furthermore, the study of Yi et al. (2023), proposes a
unified material interpolation method that follows the DMO
material placement [Fig. 1(bottom)], but with an alternative
mapping based on the p-norm of the design variables in

Fig.2 Square material inter- (@)
polation domain used in the
SFP interpolation scheme for
accommodating four candidate
materials (left) and possible
formulations for accommodat-
ing five (middle), and six (right)
candidate materials

R

P

order to model each material equally. The method showed
clear convergence to 0—1 solution for each material in com-
parison to both DMO and extended SIMP. Similarly, Huang
and Li (2021) obtained clear 0—1 designs using an inter-
polation method based on the physical volume fractions of
candidate materials within each element.

To sum up, the most common thing between the extended
SIMP, DMO methods, unified material interpolation, and
other multivariate methods, is the need for N,, — 1 design
variables per mesh element e. This makes the memory cost
of renewing the total N;, X N design variables higher with
increasing the number of candidate materials, especially when
optimizing Functionally Graded Lattices (FGL) where the
number of candidate materials (lattices) easily exceeds ten.

This led to another approach that decouples the dimen-
sionality of the interpolation domains from the number of
candidate materials. For instance, the Shape Functions with
Penalization (SPF) scheme proposed by Bruyneel (2011)
employs the conventional bi-linear shape function of the first-
order quadrangular finite element for interpolating between
four candidate materials placed over the vertices of a 2D
square domain, which resulted in using only two design vari-
ables instead of four. According to the author, this could also
be extended to include up to seven candidate materials and
stay in 2D space by using shape functions with mixed degrees
on the edges. However, for including more than seven can-
didate materials, considering a 3D cube domain would be
recommended. Figure 2 shows the interpolation domain and
material placement used with SFP.

The dimensionality of the interpolation domain could
be further reduced by using univariate interpolation
methods which use only one design variable per mesh
element regardless of the number of used materials. In
this approach, the N,, candidate materials are placed over
a 1D line interpolation domain (p € [0, 1]), according to
their normalized densities p;, p,, p3, .- s PN, 15 and then
the properties between each two adjacent materials, for
instance E;_; and E;, are interpolated by a continuous func-
tion, as illustrated in Fig. 3.

In the literature, a wide variety of continuous func-
tions are used to describe the transitions between the
candidate materials (i.e., the red, green, and blue lines in
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Fig. 3(right)). For instance, the researchers used a straight
line (Liu et al. 2021), SIMP power-law (Zuo and Saitou
2016; Augusto and Palma 2022; Nguyen and Lee 2024),
SIMP-like power-law (Xu et al. 2021), peak function (Yin
and Ananthasuresh 2001), stair-form function (Liao et al.
2024), Heaviside function (Liao 2021; Jiang et al. 2024),
and smoothened Heaviside function (Dinh et al. 2024). In
addition, multi-valued integer programming is also used
to solve multi-material optimization problems without the
relaxation-penalization approach (Deng et al. 2024).

The candidate materials could also be sorted based on
other physical properties, such as Young’s modulus. This
would be very useful in case of using candidate materials
with similar or close densities, as in Guo et al. (2024) and
Wan et al. (2024), and when optimizing FGL, where it is
practical to decouple between the solid-void phases and
the candidate lattices by using two distinct interpolation
domains and bridge them by the Porous Anisotropic Material
with Penalization (PAMP) method (Liu et al. 2008), as illus-
trated in Fig. 4. On the one hand, and as presented before,
the void and solid phases are typically placed over the ver-
tices of a line domain and interpolated through the SIMP
power-law (Eq. (1)). On the other hand, for interpolating

Fig. 3 Four candidate materials
sorted over a line interpolation
domain according to their densi-
ties (left) and the corresponding
interpolated property between
each two materials (right)

9—5. O

between the lattices, the designers have more freedom in
choosing the interpolation domain (D) and interpolation
function (f). In the two following paragraphs, we discuss
them in more details.

How to choose the interpolation domain (D)? In the sim-
ple case of using one family of FGL (i.e., a group shar-
ing similar geometrical features), as in Wang et al. (2018,
2020a), employing a line interpolation domain ¢ € [0, 1]is
sufficient. However, when more families (having different
densities or different geometrical features, for instance) are
considered, the 1D line interpolation domain is typically
extended orthogonally (as in Fig. 1) to 2D square (Costa
et al. 2022; Wang et al. 2020b, 2023), 3D cube (Zhang et al.
2023; Yang et al. 2024), 4D hypercube (Zhang et al. 2022;
Zhou et al. 2022), or higher. To the best of our knowledge,
using custom-designed non-orthogonal domains in TO of
FGL have not yet been studied. As these domains require
additional processes, such as treating the strayed design
points (i.e., points goes outside the domain), they also elim-
inate the existence of redundant entries seen in Fig. 1 as
we suggest that the permutation of the families affects the
optimization process and may promote bad local minima.
Alternatively, motivated by the study of using a diamond
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interpolation domain in designing a multiphase electrical
machine’s stator (Cherriere, Théodore et al. 2022), we pro-
pose using equilateral non-orthogonal domains as they pro-
vide equal distances between any two families, and more
importantly, there is no need to duplicate some families to
fill the redundant edges. Examples of accommodating three
families of FGL in cube and triangular prism domains are
given in Fig. 5.

How to choose the interpolation function (f)? For
instance, the polynomial fitting method is very simple and
provides continuous derivatives. Depending on the definition
of the selection parameter @, the fitting degree could be cho-
sen as 2 (Zhang et al. 2022, 2023), 3 (Wang et al. 2018; Yang
et al. 2024), or 5 (Wang et al. 2020a, b; Costa et al. 2022).
Another alternative method that exhibits local penalization
to push @, more toward the candidate lattices is the ordered
SIMP (Zuo and Saitou 2016; Augusto and Palma 2022)
and applied in Zhang et al. (2018) and Gu et al. (2022).
Furthermore, a recent method with both local penalization
and continuous derivatives has been proposed by Dinh et al.
(2024) but not yet employed in TO of FGL. In this paper, we
study, on the one hand, the effect of using custom-designed
material interpolation domains for accommodating three
families of FGL. Our compared domains include 2D and
3D, as well as orthogonal and non-orthogonal ones. On the
other hand, we also study replacing the classical polynomial
fitting method with some advanced methods that offer local
penalization and smoothening, namely the ordered SIMP
(Zuo and Saitou 2016; Augusto and Palma 2022) and smooth

Family #1
|

Family #2
(]

Family #3

Fig.5 Three families of FGL (top) accommodated in orthogo-
nal (bottom left) and non-orthogonal (bottom right) interpolation
domains

single-variable interpolation (Dinh et al. 2024). One of the
novelties of our paper is that we use the concept of Coons
patches (Coons 1967) to extend the univariate methods to
2D and 3D domains and use only two and three design vari-
ables, respectively, regardless of the number of used lattices.

The rest of this paper is structured as follows. In Sect. 2,
we formulate our topology optimization problem and
describe the technique used in solving it. Then, the stud-
ied interpolation domains and interpolation functions are
introduced in Sect. 3. After that, in Sect. 4, the optimization
problem and the results are presented and discussed. Finally,
we conclude the comparison in Sect. 5.

2 Topology optimization formulation

In this section, we first introduce our materials and design
variables. Then, we define our optimization problem and
describe the technique used to solve it.

2.1 Materials and their properties

In this study, we use 28 lattices (orthotropic materials),
which were developed in a previous work (Ali et al. 2024).
These lattices have identical costs and weights and are
grouped into three families according to their geometries.
For navigating between the lattices, in the previous work,
we used the design variables y and ¢ to indicate the fam-
ily (row) and lattice (column), respectively, as shown in
Fig. 6(top). In this study, we investigate alternative ways as
follows in Sect. 3.1.

The stiffness of each mesh element e is calculated, using
the Porous Anisotropic Material with Penalization (PAMP)
method (Liu et al. 2008), as

De(pe’ We’ ¢e) = Egen(pe) DZ]at(lII(»’ ¢g)’ (4)

where p, is the pseudo density used to distinguish between
solid and void. The first component Eje“ depends on the
pseudo density p, and is obtained by using the modified
SIMP method (Sigmund 2007) via

Ezlen = Emin + plg)(EO - Emin)’ (5)

where p is a penalty factor; E_ is Young’s modulus of the
isotropic material; E,;, is a very small positive number to
prevent the singularity of the stiffness matrix. Here, we typi-
callyuse p=3,E, = 1, and E,;, = 1075,

The second component D'gnat depends on the material and
is evaluated through numerical homogenization (Andreassen

and Andreasen 2014)
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Fig.6 Lattices grouped in three T :
families (top), design variables Q >
(bottom left), and an illustration .

for selecting the material (bot-

» 00
100
p=?
- void
M T
O = g 2 (47) aslm ©

where (Dmat) is the (i, j)-th component of the homogenized
elasticity tensor fori,j € {1,2,6}; Q,and|€,| are the domain
and volume of the element e, respectively; M is the total
number of micro-elements; u(’) is the element displacement
solution corresponding to the unit strain field €@ which is
(1,0,0)7, (0,1,0)7, and (0,0, 1) fori = 1,2, and 6, respec-
tively; The superscript MI indicates the micro-scale and Kk,
is the stiffness matrix for the micro-element y, calculated as

_ T
k”_/Q B'D,BdQ,.

with B as the strain—displacement matrix; and

MI
Eo

av
D=—"2> |va
oo +v)(a—v) 00 ¢

M||OO

and

o= 1, plane-stress
1 1-v, plane-strain

where E(I:’H and v are the Young’s modulus and Poisson’s ratio
for the base material. Here, we assume plane-stress state and
choose M = 114, which captures well the geometrical fea-
tures of our micro-structures and satisfies the assumption of

@ Springer

length-scale separation, i.e., the micro-structures are much
smaller than the macro-structures. We also take E}:’“ = land
v = 0.3. The obtained equivalent moduli of the lattices are
plotted in Fig. 7.

2.2 Optimization problem

Since the density and cost of our materials are the same,
they will not be considered in our density-based topology
optimization formulation. With the objective of minimizing
structural compliance and constraining the volume, our opti-
mization problem can be formulated as follows: Minimize

Cp.w.@) =U'(p.y.0)K(p.w.9) Ulp.y.9) 7
such that

Kp.v. @) Up.v.@)=F

N

Gp)=) p,—N-V; <0,
e=1

and

0<p, <1,

(w..,) €D,

where C is the structural compliance; K is the stiffness
matrix; U and F are the displacement and force vec-
tor, respectively; G, is the first inequality constraint and
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Fig. 7 Effective elastic moduli for the lattices

represents the material volume (G, and G5 are used in
Sect. 3.1 and illustrated in Fig. 12); V; is the maximum
allowed volume fraction; and D is an interpolation domain
and should not be confused with the design domain . The
former is used to accommodate the candidate materials
(Figs. 1, 3, and 5), while the latter represents the allowable
space where material can be added or removed during the
optimization. It is worth mentioning that the dimensional-
ity of the interpolation domain and design domain are not
linked at all. For instance, a 1D interpolation domain could
be used in optimizing 2D or 3D structures. Further details
about interpolation domains are given in Sect. 3.1.

The sensitivities of the objective and constraint functions
were derived in Ali et al. (2024). For the sake of brevity, we
directly present the final formulas, which are given as

aEden
o _ __euj< / BTDjthdQe>ue, ®)
ap, 9p, Q,
aDm’dl
€ — gt / BT 5 Bd% Ju. ©)
awe Qe al”e
aDmat
aa_c — _Egenu:</ BTa_eBdQe>ue,
. o 9% (10)
J9G,(p) _ ]
p,

where B is the strain—displacement matrix; and the terms
oD /oy, and oD /0@, are the gradients of the interpo-
lating functions presented in Sec. 3.2. The term dESC“ /0p,
is obtained directly from Eq. (5) via

OES
Y =pPlZ (Eo - Emin)'

. (11)

2.3 Optimization algorithm

At the beginning of the optimization process, we set all the
design variables to the centroids of the considered interpo-
lation domain, and then update all of them concurrently.
The optimization is conducted using the Method of Moving
Asymptotes (MMA) (Deetman 2019) and is repeated until
the improvement in the compliance is less than 0.1% for ten
successive iterations. To prevent the checkerboard problem, p
is filtered by using the sensitivity filter (Sigmund 1997), while
the density filter (Bourdin 2001) is applied for filtering y and
@. In all cases, the minimum filter radius is set to R, ;, = 2.0,
1.e., to two mesh elements.

3 Material interpolation schemes

In this study, we concentrate on two aspects of multi-
material modeling: which interpolation domains should be
used and how the relation between our materials should be
described. We explore several possibilities to answer these
two questions in the following subsections.

3.1 Interpolation domains

How we place (arrange) our materials depends on the shape
of the selected interpolation domain. We denote by D the
interpolation domain, which is a convex polytope contain-
ing the admissible interpolation variables (y,, @,). Gener-
ally, the candidate materials are placed over nodes inside the
domain D (see Figs. 9, 10, 11, and 13), so that when an inter-
polation variable is equal to a node coordinate, it designates
a “real” candidate material. Otherwise, it is associated with
a “gray” intermediate material. In classical void/solid topol-
ogy optimization, the only possible interpolation domain is
a segment with only two vertices, while in MMTO, many
interpolation domains are possible. The choice of D affects
the optimization progress and may lead to convergence to a
bad local minimum.
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Fig. 8 Interpolation domains
(from left to right): Square,
cube, triangular prism, and
triangular pyramid

Fig. 9 Square domain: material placement

In this work, we aim to compare 2D and 3D interpola-
tion domains, as well as orthogonal and non-orthogonal
domains. The main advantage of using orthogonal domains
is the ease of keeping the design points inside the domain
(.e., (y,,,) € D) by means of box constraints with the
following projection operator:

P x, = min(x,,,, max(X,, X,)) (12)

where P is the orthogonal projection operator onto an
orthogonal domain; x, is an optimization variable (for
instance, y, or @,) lying between two bounds x,;, and x,,,,.
It is worth mentioning that Eq. (12) is already developed in
the MMA solver, and one only needs to define the param-
eters X, and x,,,, according to the bounds of the interpola-

tion domain.

¢. ¢. 1p. ‘p.
? ? ? @

From left to right: Case I, Case 11, Case 111, and Case IV. Black, green, red, and blue markers
represent families #0, #1, #2, and #3, respectively, where family #0 contains voids.

Fig. 10 Cube domain: Studied family placements (top) and material placement for Case I (bottom)
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Fig. 11 Triangular prism and
material placement
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On the other hand, using non-orthogonal domains gives
more freedom in setting the number of edges and vertices
but requires a more complicated projection technique. The
selected domains are illustrated in Fig. 8 and are introduced
below.

3.1.1 Square domain

A square domain is the classical orthogonal domain in 2D.
We set its size to 1 X 1 and divide it into 2 X 9 subdomains
in the directions of y and @, respectively. We then place our
materials over the 30 nodes according to their D;, values
(plotted in Fig. 7), as illustrated in Fig. 9. However, a poten-
tial major drawback is the lack of connections between the
families, i.e., the resulting interpolation is not necessarily
monotone. For instance, it is not possible to go from the red
family (at the bottom) to the blue family (at the top) without
going through the green family (at the middle), which could
result in converging to a bad local minimum.

It is worth mentioning that sorting the families according
to their D,, values does not affect the optimization process
significantly since the curves of D, and D,, are reciprocated
for Family #2 and Family #3 and same for Family #1. How-
ever, sorting the families according to the curves of D, or
D¢ negatively affects the optimization process. This is prob-
ably because Family #2 and Family #3 have identical curves
for D,, and for D¢g, and when we place them beside each
other, we create regions of almost zero-slope and negatively
affecting our gradient-based optimization.

On the other hand, sorting the lattices inside each family
also affects the optimization progress and the order should
be chosen wisely. For instance, sorting the lattices (chang-
ing the definition of ¢ in the horizontal axes in Fig. 7) in an
ascending or descending order would be the best choice.
However, choosing a U-shaped or bell-shaped order gives
similar results, but have high sensitivity to initial guess and
is not recommended.

3.1.2 Cube domain

The primary motivation for using a cube domain is to over-
come the connectivity issue in the square domain. We take
acube of size1 X 1 X 1and place the families over the edges
parallel to the @-axis as illustrated in Fig. 10(bottom). In
the remaining fourth edge, we examine the four possibilities
shown in Fig. 10(top). Case I, II, and IV are inspired by the
DMO, extended SIMP, and SFP methods (Figs. 1 and 2),
respectively, with the black circle representing an artificial
family (family #0) that contains only voids.

Since this domain and the following domains are 3D, y
becomes, from now on, a vector y with components in x
and y.

3.1.3 Triangular prism

A further improvement compared to the cube domain is
achieved using a non-orthogonal triangular prism domain,
eliminating the need to duplicate a family or introduce a
redundant one. We consider a uniform right triangular prism,
cf. Fig. 11. The coordinates of the base triangles are (0, O,
0), (1,0, 0), and (%, % 0) and the height of the prism is 1.

During the optimization process, some design points
may go outside of the prism, for example, to the coordinate
(1,1, @,). In order to prevent this, we project the strayed
points back to the non-orthogonal domain after each itera-
tion. Since the MMA'’s box constraints (Eq. (12)) are not
enough, from now on, we apply an angular projection,
which is illustrated in Fig. 12a. It is worth mentioning that
turning off the box constraints did not affect the results. In
addition, other more expensive techniques like orthogonal
projection or incorporating linear constraints into the opti-
mization process, see Fig. 12b—c, resulted in very similar
designs.
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Fig. 12 Techniques for updating i
design variables within a trian-
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(a) Angular Projection

3.1.4 Triangular pyramid

As seen in Figs. 6 and 7, the three families are identical at
@ = 0 and become more distinct by increasing @. This phe-
nomenon makes the replacement of the triangular prism by
a triangular pyramid more realistic. Besides, the square-
shaped lattice (¢ = 0) does not have to be replicated three
times as in the previous domains. Accordingly, we include
a triangular pyramid domain with vertices located at

(% %,o), (0.0, 1), (1,0, 1), and(%, ES 1). To avoid sin-

gularity issues, the tip node of the pyramid, i.e., point

27 6

points(% BRI 5,0),(% +o, L3 5,0),(1 V3 oy 5,0),

2’6
with 6 = 1075, Through this modification, the pyramid
domain becomes a frustum (prism), which can be mathemat-
ically handled as the prism domain before. The domain and
the material placement are visualized in Fig. 13.

(1 ﬁ,O), is replaced by a very small triangle between

3.2 Interpolation functions
After deciding how to arrange our materials, the second

question is how to interpolate between them. In this sec-
tion, we compare different interpolation methods like the

Fig. 13 Triangular pyramid

*
Py o
® o

EllllIIllIlllllllllIIlIllm

Yx
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(b) Orthogonal Projection (c) Linear constraints

classical polynomial fitting, ordered SIMP, and smooth sin-
gle-variable-based interpolation for interpolating DL“"“ and
its derivatives 0D /oy, and D™ /0, in Egs. (8), (9) and
(10). Figure 14 gives a general overview of the methods,
further presented in the following subsections.

We start with introducing the methods used to interpolate
the stiffness of isotropic materials with respect to pseudo
density, i.e., E,(p,) in 1D domains. Here, we interpolate each
scalar component of the stiffness matrices of our orthotropic
materials with respect to geometry design variables, i.e.,
D™ (y,, @,) and also extend the methods to 2D and 3D
domains.

3.2.1 Polynomial fitting

This classical method is featured by its continuous function
and derivatives; see Fig. 14a. It approximates the modulus as

n

EEOIY(pe) — Z aipei’
i=0

13)

where qa; are the fitting coefficients; and n is the fitting
degree. Here, we have two directions to fit. In the direction
of y, we choose n such that all families are interpolated, i.e.,
the coefficient of determination R? equals one, which means

n,, = 2 for the square domain and n,, = 1for the other ones.
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Fig. 14 Interpolation func-
tions (top) and their first
derivatives (bottom)
withn =p = f =3 and

12 23
(p-E) €1{0,0).(5. 5. (3. 5)-(1. D} ut

087
0.6+
047

Mat. 1
Mat. 2
Mat. 3

0.2F

pe

OE/op.

0 0.2 0.4 0.6 0.8

Pe
(a) Polynomial fitting

In the direction of @, we set 7, = 3, which results in good
fittings with all R? > 0.999.

This method is not favored in MMTO due to its lack of
penalization, which means the optimized design will have
very scattered design points (non-physical material points)
rather than converging to the predefined materials. Accord-
ingly, we project y and @ to their nearest node (material)
after the convergence.

3.2.2 Modified ordered SIMP

This method, cf. Fig. 14b, was developed by Zuo and Sai-
tou (2016) and was improved by Augusto and Palma (2022)
as an extension of the modified SIMP method to account
for multiple materials. It interpolates the modulus between
material m and material m + 1 with p,, ., > p,, as:

d a(m_-j)”_,_d’ Em+1 ZEm
Eeor r(pe) — Pns1=Pm p

—L_) +d, E

m
Pmt1=Pm

<E .
+1 m>

where p is a penalty factor (we choose p = 3), and

a= {Em+l _Em’ Em+l ZEm
E,—E,.. E,., <E,

m m+1°> “m
c= { Pm> Em+1 2 Em
Pm+1- Em+1 < Em

d= Em’ Em+1 2 Em
E,... E,, <E,.

m+1> “m

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

P pe

(b) Modf. ordr. SIMP (¢) Smth. sngl. var.

3.2.3 Smooth single-variable-based interpolation

To make the first derivatives of the ordered SIMP method
continuous, Dinh et al. (2024) proposed the two following
modifications:

e\
”—) ,in Eq. (14),

m+1~FPm

1. Replacing the penalized term (

with a continuous Heaviside function H(p,) as
E?eav(pe) = (Em+1 - Em)He(pe) + Em’ (15)

with

tanh f7 + tanhﬂ(M - ﬁ)

Pmt1=Pm

H,(p,) = tanh g7 + tanh g(1 — #)

ﬁ:{l_rl’ Em+1 ZEm
n, E+1<Em’

145

k]

where f > 0 1is a penalization parameter and # € (0, 0.5)
is a design parameter.
2. Smoothing the interpolated modulus, in Eq. (15), using
the global approximations of Wu et al. (2015):
M M-1
EM™(p) = Y Fip) = ) EX(p,), (16)
i=2

i=2

with:
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1

+ (p. — pi) (E}}eav _ Ehea\/)
2. —py+e)

where € > 0 is a smoothing parameter.
Here, we select f =3, = 0.1, and ¢ = 0.001.

1 cav eav
Fip) = 5 (B + E5)

3.2.4 Extensions to 2D and 3D using Coons patch

In the previous subsections, we presented the interpolation
methods used in this study: polynomial fitting, modified
ordered SIMP and smooth single-variable-based interpola-
tion. As we consider the 2D and 3D domains presented in
Sect. 3.1, our interpolation functions need to be extended to
2D and 3D. For this, we use the concept of Coons patches
(Coons 1967), which constructs a surface or volumetric
patch by bilinearly or trilinearly blending the given bound-
ary of the surface or of the volumetric patch, respectively.
Using the concept of Coons patches is a key feature of our
paper, as we keep the number of design variables depending
only on the dimensionality of the interpolation domain. In
addition, Coons patch is a convenient approach for extend-
ing univariate interpolation (defined on the boundary of the
interpolation domain) to multivariate interpolation.

Coons patches have already been used in isogeometric
shape optimization to describe the geometry (Qian and Sig-
mund 2011). Here, we use Coons patches to build the inter-
polation of material properties, and we extend it to higher
dimensional domains.

As an example, we give here an illustration for interpolat-
ing over a square domain D*¥" having the micro-structures
with these elasticity tensors Dg; , Dggr, Dyg, and Dy over
its bottom-left, bottom-right, top-right, and top-left vertices,
respectively.

For finding the interpolated elasticity tensor D°°™ cor-
responding to the design point (y, @) € D, we first inter-
polate over the four edges using the designated univariate
function to get D; (@), Dr(¢), Dy(y), and Dg(y), and then
find the interpolated D°°™ applying the Coons patches con-
cept, as

D" (y, @) = D + Dgy — Dy,
with
Dir = - y)Dy (@) + y Dr(e),
Dgr = (1 — @) Dg(y) + @ D1 (y),
Dy = (1 —y)[(1 - @)Dy + @Dy |
+ lI/[(l — @) Dgr + (PDTR]-

@ Springer

The other explicit formulas that were implemented besides
the Python codes are given in Appendices A and B,
respectively.

4 Examples and discussion

In this section, we present our optimization problem and
discuss the results obtained using different interpolation
domains and functions.

4.1 Design of a Messerschmitt-Bolkow-Blohm beam

A schematic for the MBB beam problem is shown in Fig. 15.
We consider symmetry and use dimensionless quantities.
The beam has a half-span and a height of 0.50 and 0.25,
respectively, and is modeled by using 50 X 25 equally sized
plane-strain square elements.

To comply with the FE fundamental rules, the point load
is replaced with a distributed unit pressure over a strip of
0.10. In addition, the penalty approach is applied to enforce
the average displacement over a span of 0.01 to be zero,
rather than having a point support at the lower right corner
(Sigmund 2022).

4.2 Results

The volume fraction is set to V; = 40%, and the MBB prob-
lem is solved by using all possible material models [i.e., com-
binations of interpolation domains (Sect. 3.1) and interpola-
tion functions (Sect. 3.2)]. Generally, all models show typical
behaviors where compliance drops dramatically during the
first 25 iterations and gradually reduces until convergence.
Similarly, the volumes fluctuate at the beginning, where
many gray elements exist, but then stabilize until the iteration
processes converge. For brevity, we only present the iteration
histories using the triangular prism; see Fig. 16.

Figures 17, 18, and 19 show the optimized designs for all
interpolation domains by using polynomial fitting, modi-
fied ordered SIMP method, and smooth single-variable

0.25

0.50

0.01 r—»

Fig. 15 Elasticity problem: MBB beam
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interpolation, respectively. The optimized values of p, y,
and @ are plotted in the upper, middle, and lower subplots,
respectively.

Except in Figs. 18f—g and 19f-g, the designs have uni-
form distributions of lattices which also coincide with the
directions of the principal stresses. For instance, the lower
region of the design domain, where the shear stress is low, is
filled with beige @ which corresponds to the square-shaped
lattice (see Fig. 6) regardless of the color of y. On the con-
trary, the shear stress is high in the middle of the design
domain, making the X-shaped lattice (red y and dark brown

@) more favored. At the left and right regions, where the
vertical load and support exist, some material models have
converged to the »x-shaped lattice (red y and dark brown
@) due to its dominant D;“zat value, where the ¥-shaped lat-
tice (blue y and brown @) is occupying the upper region of
the design domain where the normal stress o, (horizontal)
is high.

Taking the optimized design of Fig. 17a as an example,
we plot the corresponding two-scale structure in Fig. 20.
As we see, the distribution of the lattices is uniform and
the connectivity between the unit cells is generally good

Fig. 16 Iteration history when

using the triangular prism 3000}

domain
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Fig. 17 Optimized designs using polynomial fitting method and different interpolation domains. The optimized compliance values are given

below the names of the interpolation domains
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Fig. 18 Optimized designs using Ordered SIMP method and different interpolation domains. The optimized compliance values are given below

the names of the interpolation domains
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itr: 90 Itr: 267 Itr: 128 Itr: 119

g9y
g5y
99y
9Py
9yY
S¥Y
S

(a) square (b) cube I (c) cube II

(d) cube IIT (e) cube IV (f) prism

Itr: 116 tr: 77 Itr: 78

(g) pyramid .

C =309.58 C=319.35 C=31723 C=316.93 C = 313.46 C = 340.57 C = 338.04

Fig. 19 Optimized designs using the smooth single-variable interpolation method and different interpolation domains. The optimized compli-

ance values are given below the names of the interpolation domains

because our lattices have good connectives at the bounda-
ries except the -shaped, and ¥-shaped lattices as they match
only at the corners. However, when it comes to manu-
facturing the optimized structure, the small regions with
doubtful conductivity might be slightly changed to their
neighbor lattices, i.e., changing ¢, from 1 (lattice with-
out outer frame) to 0.9 (lattice with a thin outer frame).
This of course results in a small negligible compromise in
compliance, as our demonstrated example shows almost
zero reduction. Another possible solution is to include
kinematical connectors as done in Hu et al. (2021) and Li
et al. (2017).

Back to the lattices heterogeneity seen in Figs. 18f—g
and 19f-g, the reason could be raised to the penaliza-
tion (p = f = 3) used in the modified ordered SIMP and
smooth single-variable interpolations. In the following

Fig.20 The corresponding microstructure for the optimized design
seen in Fig. 17a. The blue zooming bubble shows some regions with
doubtful connectivity surrounded by red dotted lines which has been
manually modified (by changing ¢, from 1 to 0.9) as shown in the

@ Springer

subsection, we study the effect of penalizing y and @ in
detail.

4.3 Effect of the penalization

In this subsection, we study the effect of the penalization
factors p and f. The main goal for introducing them was
to make the non-physical intermediate materials (gray)
between any two physical materials (black and white) less
efficient, i.e., having less stiffness-to-weight ratios.

In this study, we applied the penalization to y and @
rather than p, as in the original papers (Zuo and Saitou
2016; Augusto and Palma 2022; Dinh et al. 2024). The
optimized compliance of the four cases resulting from
penalizing and not penalizing ¥ and ¢ are compared in
Fig. 21. On the one hand, it is found that penalizing y
leads to bad minima due to the fact that it represents no
physical property. On the other hand, penalizing ¢, which

green zooming bubble. Compliance before and after the modification
are 310.94 and 310.43, respectively. Further improved connectivity
can be achieved by changing ¢, from 1 to 0.8, instead
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is somehow indicates shear stiffness (D‘]“2at and Dg‘éa‘ ,
results in bad minima too. We attribute this phenomenon
to the fact that y and @ are coupled, i.e., D:’at(tye, @,) is
not separable, and conclude that both of y and ¢ should
not be penalized. For comparability, we plot the designs

obtained without penalization in Figs. 22 and 23.
4.4 Summary

To sum up, we compared three different interpolation meth-
ods with distinct features, as summarized in Table 1, in
optimizing an FGL structure illustrated in an MBB beam
problem. Our study found that the penalizations offered
by both ordered SIMP and smooth single-variable-based
interpolations do not necessarily improve the optimization
process when all materials have similar weights. Besides,
the derivatives’ discontinuity found in the ordered SIMP
method did not cause any numerical instabilities during the
optimization process because hitting exactly the material
points (during the design variable optimization) is not a
common event. Moreover, the local smoothening offered by
the smooth single-variable-based interpolation was compu-
tationally expensive due to the fact that Eq. (16) depends on
the number of lattices, which is ten in our case.

On the other hand, 3D interpolation domains offered
more design freedom for switching between the families
by increasing only one design variable per mesh element.
However, this resulted in the same behavior of sorting the
families linearly in a proper way considering their mechani-
cal properties. This was true also using non-orthogonal
domains. Table 2 summarizes all results obtained using the
studied interpolation domains and functions.

5 Conclusion

In this paper, we compared the optimization behavior of
optimizing FGL composed from 28 lattices having similar
densities by using MMTO models built from several com-
binations of material interpolation domains and interpola-
tion functions. The studied interpolation domains consist
of 2D and 3D domains in addition to orthogonal and non-
orthogonal ones. For the interpolation functions, the col-
lection consists of methods having smooth, non-smooth,
and smoothened functions, as well as continuous and non-
continuous derivatives.

We generated different material models by having the
square, cube, triangular prism, and triangular pyramid

Fig.21 optimized compliance 350
when using different penaliza-
tion factors (p & )
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C =306.12 C =305.61 C=309.79 C = 310.58 C = 306.67 C = 314.08 C = 315.67

Fig.22 Optimized designs using Ordered SIMP (without penalization) and different domains. The optimized compliance values are given below

the names of the interpolation domains
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C =307.02 C=308.68 C=130794 C=2307.48 C=305.73 C=31232 C = 318.84

Fig. 23 Optimized designs using the smooth single-variable (without penalization) and different domains. The optimized compliance values are

given below the names of the interpolation domains

Table 1 Qualitative comparison between the interpolation functions

Feature Interpolation method
Polynomial Modf. ordr. ~ Smth.
fitting SIMP sngl.
var
Penalization

Continuous function
Smooth function

Continuous derivative

X X X <<

Smooth derivative

<= X

v
v
v
%
\/

domains on the one hand and polynomial fitting, modified
ordered SIMP, and smooth single-variable-based interpola-
tion functions on the other hand. As a novelty, we used the
concept of Coons patches to extend the original 1D inter-
polation functions to 2D and 3D to match our interpolation
domains.

In all tested models, the number of design variables does
not depend on the number of candidate materials but on the
dimensionality of the interpolation domain, i.e., 2D or 3D.
We compared their optimization behaviors by solving an

MBB beam problem. The results showed that using custom-
ized and more complicated domains like triangular prism and
triangular pyramid does not necessarily lead to better designs.
Although they offer direct connections between the fami-
lies by adding only one design variable as well as the square
domain, the gain was not significant. The same conclusion
applies to the interpolation functions where the smooth sin-
gle-variable interpolation requires an additional computation
cost (depending on the number of used materials) for smooth-
ening the kinks that arise due to the multi-fitting.

In our case, the wise arrangement of categorizing our 28
micro-structures in three families according to their geo-
metrical features, sorting the micro-structures of each family
in an ascending/descending order, and arranging the three
families according to the first component of their elasticity
tensors, enabled us to utilize the use of the low cost com-
bination of a 2D square domain together with piecewise-
defined function to get similar to those of other combina-
tions. However, this might not be the case anymore when
working with micro-structures of variable densities, or when
working with more complex formulations such as designing
compliance mechanisms, which will be addressed in future
work.

Table 2 Optimized compliance
for the studied interpolation

Interpolation function

domains and functions Polynomial Modf. ordr. SIMP Smth. sngl. var.
fitting p=3 p=1 =3 p=1
Domain Square 310.94 313.71 306.12 309.58 307.02
Cube—I 312.17 326.96 305.61 319.35 308.68
Cube—II 310.99 324.00 309.79 317.23 307.94
Cube—III 310.43 321.32 310.58 316.93 307.48
Cube—IV 308.13 320.34 306.67 313.46 305.73
Tri. Prism 310.58 343.01 314.08 340.57 312.32
Tri. Pyramid 317.40 342.55 315.67 338.04 318.84
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Appendix A: Coons patches: explicit
formulas

In this appendix, we give in details the extensions of the
interpolation functions (Sect. 3.2) from the 1D line domain
to the 2D square domain and 3D cube, triangular prism,
and triangular pyramid domains using the concept of Coons
patches. The following subsections show the equations used
for interpolating D;“at inside each domain. For the sake of
readability, we give the equations in (x, y, z) coordinates
instead of (y*, y”, @).

Appendix A.1: Square domain

The interpolation over a square domain (Fig. 24a) is done via
DcocmS(x’ y) - S;c}]r = S;qr + S;qr _ SO, (17)
with

S;qr = (1 - x)COy(y) + 'xCly(y)7

S = (1 - y)Cg(x) + yCyy (1),

Appendix A.2: Triangle domain

In this study, we do not use a triangle domain, but we present
it for completeness and to facilitate the readability of the
prism and pyramid domains subsection.

The property over a triangle domain (Fig. 24b) is inter-
polated as Barnhill et al. (1973)

1

Dcoons(u’ V) = Sg\l, = %Su + %SV + %SW - ESO, (18)

with

S, =1 -u)C,, (1 —v)+uC,,(v),
S, =VC,, (1 —u) + (1 =VC,, (),
Sy = (1 =W)Cy, (1 = w) + WC,,, (W),
and

S, = uP, +VvP, +wP,,

where u, v, and w are the Barycentric coordinates; and %, v,
and w are calculated as

~ u
§° = (1 = 0[(1 = y)Pyy + )Py, i=—,
u+w
+x[(1 = y)Pig + Py ], S v
. _ ) ) v4+w’
where the points P are our materials (i.e., D (y,, @,)); o Y
and the curves C are the interpolation functions presented u+v
in Sect. 3.2. P and C are illustrated in Fig. 24a below, for all
interpolation domains.
Fig. 24 Points and curves used Pyy Py p
to evaluate the Coons patches Cx1 ‘”\
Coy Cyy
y
L.,
Poo Cro Pyo
(a) square domain (b) triangular domain
Po11 (;xk11
Co1, c = Pii Py~
\_ ( B 11z ‘
Copr b Cx10 i
Pi10 iy
P10 -
Poo1 C;yo \P101
/ Ci 4
M’ ~Cooz Cioz
x /
Pooo Cro0~ P00

(¢) cube domain

(d) triangular prism
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Appendix A.3: Cube domain

Similarly to the square domain, the interpolation over a cube
domain (Fig. 24c¢) reads

coons __ yscube cube cube _ yscube _ yrcube
D (x, y, 2) = VI  VEUbe 4 yeube — yeube _ ye

— V;;be + VO, 19
with
V= (1 -08 +a8,
V, = (=S8
_ sqr sqr
V.=(10-28+z8,,

where S, S|, §°, §*1", and ™1 §™% are the square surfaces
vz’ 1yz” T x027 T xlz xy0” “xyl

S;‘Z“, S;jr, and S;gr, atthefacesx =0andx =1,y =0andy = 1,
and z = O and z = 1, respectively, calculated from Eq. (17), and
V,. = (1= »[(1 = 2)C,p +2C,q,]

+ )’[(1 =2Cy0+ Zcxll]’
V., = (1= 2)[(1 = 0)Cyyg + xC, ]

+z[(1 = x)Cyyy +xCyyy ]
V,, =1 =x)[(1 = y)Co, + yCoy.]

+x[(1 = »Cyp, +YC, 1.

and

VO = (1= 0){(1 = »)[(1 = 2Py + 2Pyyy]
+y[(1 = 2Py + 2Py, | }
+x{(1 = [(1 = DPy0 + 2Py
+y[(1 = 2Py + 2P ]}

Appendix A.4: Prism and pyramid domains

For both prism and pyramid domains (Fig. 24d), the inter-
polation is done through

D™ (x, y, 2) = VErsm + Vgrsm + Varsm + Vgrsm _ %VZ (20)
with

Vgrsm — [(1 _ 'ﬁ)si‘g(l -v,2)+ ﬁslslc‘l/r(\/, Z)] s

Vsrsm — [(1 _ ;)S?;;l;(l -w,2)+ T;S;?;(W, Z)] ,

1

2

1

2

rsm 1 ~S\Qsar wSsar

Vi = S [(0= DS + WS - u2),
1

prsm __ _ tri tri
Vool = DS, v) + 28, (u, v),

X) Y

@ Springer

and

VIR = 2(1 =D [(1 = C0 + 2C
+ %ﬁ[(l = 2)Cy +2Cy1],

o = %(1 —M[(1 = 2)Cyo + 2Cyu1]
+57]0 = 9C + 2C].

wz

yPrsm %(1 - W) [(1 —2)Cho + ZCuvl]
+ %W;[(l —2)Cyy0 + 2Cyu1 ]

and

V¢=uC,, +vC,,, + wC,y,
VO = (1 - Z)(HPUO + VPVO + WPWO)
+ z(uPul +vP,, +wP,, ),

where the square surfaces S**, 8’¥ and S*¥ are evaluated
wu uv VW

using Eq. (17) at the points (%, 2), (v, z), and (W, 2), respec-
tively; and S{/ and ST/, are the triangular surfaces S ] at the

faces z = 0 and z = 1, respectively, evaluated by Eq. (18).

Appendix B: Coons patches: python codes

Python codes used in this paper for extending univariate
functions to square, equilateral triangle, cube, and triangular
prism and triangular pyramid domains by concepts of Coons
patches are made available on Ali (2025) for public use.
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