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We analyse the process of convective mixing in two-dimensional, homogeneous and
isotropic porous media with dispersion. We considered a Rayleigh—Taylor instability in
which the presence of a solute produces density differences driving the flow. The effect of
dispersion is modelled using an anisotropic Fickian dispersion tensor (Bear, J. Geophys.
Res., vol. 66, 1961, pp. 1185-1197). In addition to molecular diffusion (D)), the solute
is redistributed by an additional spreading, in longitudinal and transverse flow directions,
which is quantified by the coefficients D and Dy, respectively, and it is produced by
the presence of the pores. The flow is controlled by three dimensionless parameters: the
Rayleigh—Darcy number Ra, defining the relative strength of convection and diffusion, and
the dispersion parameters » = D}/ D} and A = Dy, / D;. With the aid of numerical Darcy
simulations, we investigate the mixing dynamics without and with dispersion. We find
that in the absence of dispersion (A — oo) the dynamics is self-similar and independent
of Ra, and the flow evolves following several regimes, which we analyse. Then we analyse
the effect of dispersion on the flow evolution for a fixed value of the Rayleigh—Darcy
number (Ra = 10*). A detailed analysis of the molecular and dispersive components of
the mean scalar dissipation reveals a complex interplay between flow structures and solute
mixing. We find that the dispersion parameters r and A affect the formation of fingers
and their dynamics: the lower the value of A (or the larger the value of ), the wider, more
convoluted and diffused the fingers. We also find that for strong anisotropy, r = O (10), the
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role of A is crucial: except for the intermediate phases of the flow dynamics, dispersive
flows show more efficient (or at least comparable) mixing than in non-dispersive systems.
Finally, we look at the effect of the anisotropy ratio r, and we find that it produces only
second-order effects, with relevant changes limited to the intermediate phase of the flow
evolution, where it appears that the mixing is more efficient for small values of anisotropy.
The proposed theoretical framework, in combination with pore-scale simulations and bead
packs experiments, can be used to validate and improve current dispersion models to obtain
more reliable estimates of solute transport and spreading in buoyancy-driven subsurface
flows.

Key words: convection in porous media, geophysical and geological flows, dispersion

1. Introduction

The transport and mixing of a solute or a dispersed phase within a fluid-saturated
porous medium are key processes common to many subsurface flows, including petroleum
migration (Simmons, Fenstemaker & Sharp 2001), geological sequestrations of carbon
dioxide (Emami-Meybodi et al. 2015) and underground hydrogen storage (Krevor et al.
2023). These processes are controlled by a convective flow driven by the local fluid density
differences, due to a non-uniform solute distribution within the domain. The evolution of
these systems is hard to monitor due to the inaccessibility of the sites, typically located
hundreds of metres underground. Nevertheless, an accurate prediction of solute transport
in subsurface buoyancy-driven flows is required to address key environmental challenges,
including also the design of subsurface storage sites for radioactive waste (Woods 2015)
and the development of remediation strategies for contaminated regions (LeBlanc 1984;
Van Der Molen & Van Ommen 1988; Bear & Cheng 2010). For instance, to design ground-
water remediation strategies for light and dense non-aqueous petroleum liquids, resulting
from spillage of fuels or chemicals, it is key to determine the area over which these
contaminants spread, and then where the remediation should take place (Woods 2015).
Accurate predictions of the above-mentioned flows are made further complex by the
interplay of convective and diffusive processes, representing the driving and dissipative
mechanics, respectively, of these systems (De Paoli 2023), and therefore controlling
mixing. At the pore scale and in the absence of flow, solute transport is regulated by
molecular diffusive mixing, acting to reduce local gradients of solute concentration:
caused by the Brownian motion of the molecules, it produces a flux of solute from regions
of high concentration towards regions of low concentration. When the fluid moves within
the intricate interstitial pore channels, the fluid and the solute cannot penetrate into the
solid obstacles (e.g. rock grains) forming the porous matrix, and will follow random-
walk-type paths resulting in a further solute redistribution in the flow (longitudinal)
direction (Woods 2015). In addition, the velocity at the pore scale varies in magnitude
and direction from point to point within the fluid present in the void space. This causes
fluid particles travelling along their own microscopic streamline to spread out, contributing
to further disperse in the flow direction any solute contained in it. The velocity gradient
existing within the pores in the direction perpendicular (also defined as transverse) to
the flow causes a differential transport of solute in that direction, leading to gradients of
concentration, and ultimately producing solute fluxes in the transverse direction due to
molecular mixing. The mechanisms of spreading produced by a flow through a porous
medium are referred to as ‘mechanical’ dispersion, to indicate a spreading due to fluid
mechanical phenomena. Unlike molecular diffusion which occurs also in a still fluid, both
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the flow and the porous medium are required for mechanical dispersion to take place.
We refer the reader to Bear & Cheng (2010) for an extensive presentation of this
processes. We remark that molecular diffusion is a pore-scale process purely controlled by
concentration gradients. Despite being originated by a very different physical mechanism,
mechanical dispersion (which is a macroscopic flow property) has been modelled through
a functional form analogous to that of molecular diffusion, since both contribute to
spread the solute. In addition, the effects of mechanical dispersion may overcome those
of molecular diffusion in the absence of flow by several orders of magnitude. At the
macroscopic (Darcy) level, the combination of molecular diffusion and mechanical
dispersion is also indicated as hydrodynamic dispersion (Bear & Cheng 2010; Wen,
Chang & Hesse 2018). For simplicity, we refer to “‘mechanical dispersion’ as ‘dispersion’.
Some of the modelling approaches proposed to describe the spreading of a solute in a
porous medium include modelling of the shear (Taylor 1953), of the no-slip condition at
the solid boundaries (Saffman 1959) and of the dead-end pores (Coats & Smith 1964).

Deriving a unified model reproducing all these effects is challenging, due to the large
space of the governing parameters (depending on fluid, medium and flow properties)
and the different nature of the physical mechanisms involved. An approach commonly
adopted consists of introducing a dispersion tensor in the transport equation governing
the scalar phase (solute). This tensor combines molecular diffusion (quantified by the
diffusivity coefficient D;,) and dispersion, modelled as an equivalent (or effective) value
of solute diffusivity. Two coefficients are used to describe the spreading of solute in
longitudinal (i.e. aligned with the flow) and transverse (i.e. perpendicular to the flow)
directions (Delgado 2007), and are indicated with D} and D}, respectively. In general,
these coefficients are obtained through laboratory experiments in constant-displacement
flows through uniform porous media, but analogous results can be also achieved using
pore-network models (Bijeljic, Muggeridge & Blunt 2004). It has been shown that the
dispersion coefficients depend on the relative importance of flow velocity to solute
diffusivity (Péclet number), among other parameters (e.g. Schmidt number and surface
tension), and several flow regimes have been identified and well characterised theoretically
(Saffman 1959; Koch & Brady 1985; Puyguiraud, Gouze & Dentz 2021).

In the above-mentioned works, the flow field is imposed a priori, and it is independent of
the solute distribution within the system. In the case of buoyancy-driven flows, however,
the solute field determines the flow, and the effects of dispersion have been quantified
only for a few configurations. Menand & Woods (2005) provided measurements of the
longitudinal dispersion coefficient for two miscible fluid layers with different density,
and driven by either a gravitationally stable or unstable linear displacement flow, and
therefore with dispersion provided by both displacement- and buoyancy-induced flows.
They found that when buoyancy dominates, representing the case of interest in this work,
dispersion controls the initial diffusive growth of the mixing zone and the formation and
growth of the instabilities. From a macroscopic perspective, buoyancy-driven flows have
been investigated by Hesse & Woods (2010). They observed that the effect of dispersion
associated with the presence of barriers is different from that relative to small-scale
dispersion and, depending on the geometry of the barriers, may exceed the latter by several
orders of magnitude. The role of dispersion in solute transport in buoyancy-driven flows
has been partially explored via numerical simulations in semi-infinite systems (Hidalgo
et al. 2012; Emami-Meybodi 2017; Liang et al. 2018; Michel-Meyer et al. 2020; Dhar et al.
2022) and in confined steady-state flows with constant driving (Wen er al. 2018; Gasow
et al. 2021). Despite these efforts, the effects of dispersion on buoyancy-driven flows in
closed systems (i.e. in the absence of an external driving) remain largely unexplored, and
we aim precisely at bridging this gap.
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We analyse the role of dispersion in convective mixing in two-dimensional,
homogeneous and isotropic porous media. We consider a Rayleigh—Taylor instability,
obtained by stacking, in an unstable configuration, two fluid layers initially divided by
a horizontal interface. The fluids are fully miscible, so there is no stabilising effect
introduced by the presence of a surface tension, and a solute is responsible for the density
differences which drive the flow. This flow configuration represents the archetypal problem
used to study closed systems, and has been extensively studied in previous numerical
works, in two dimensions and without dispersion (see e.g. De Wit 2016, 2020; De Paoli
et al. 2019b; Gopalakrishnan, Knaepen & De Wit 2021, and references therein). Recently
this problem has been also investigated in detail in three dimensions (Boffetta, Borgnino &
Musacchio 2020; Boffetta & Musacchio 2022), allowing one to explore the role of the
flow dimensionality. In this work, we include also the effect of dispersion of solute
using the anisotropic Fickian dispersion tensor formulation proposed by Bear (1961).
In this modelling framework, dispersion is controlled by the dimensionless parameters
r =D} /D}, defined as the anisotropy ratio, and the relative importance of molecular
diffusion to transverse dispersion, A = D}, /D;. While A may vary over several orders
of magnitude (e.g. 0.02 A 100; see Liang ef al. (2018)), r is restricted to a narrower
range, namely 1 »  O(10), where r & 10 is appropriate for advection-dominated flows
with solute transport (Bijeljic & Blunt 2007). The relative strength of buoyancy and
molecular diffusion is quantified by the Rayleigh-Darcy number (Ra). With the aid
of numerical Darcy simulations, we investigate the mixing dynamics at Ra = 10*, in
correspondence of which multiple flow regimes are present (unlike at lower values of Ra).
We employ the anisotropic dispersion tensor formulation to simulate high-Ra convection
in a closed system. We use the model proposed by Wen et al. (2018), who investigated a
statistically steady porous Rayleigh—Bénard system, to analyse a transient flow. Moreover,
while in the Rayleigh—Bénard case heat or mass transfer at the boundaries is possible, the
problem investigated here is a closed system with no external forcing, where the driving
is uniquely given by the initial available potential energy. Finally, this work complements
recent studies on Rayleigh—Taylor convection in porous media at high Rayleigh-Darcy
numbers (De Paoli et al. 2019a,b; Boffetta et al. 2020; Boffetta & Musacchio 2022) by
systematically investigating the effect of dispersion.

The paper is organised as follows. In §2 we present the flow configuration and the
numerical method employed. The theoretical framework developed to carry out a detailed
analysis of the molecular and dispersive components of the mean scalar dissipation is
presented in § 3. The flow evolution is first studied in the absence of dispersion (A — oco;
§ 4), and then the effects of A (§5) and r (§ 6) are considered. Finally, the conclusions, an
example of relevance to geophysical applications and limitations of the current approach
are discussed in § 7.

2. Methodology

We study a convective flow in a porous medium at the Darcy scale. In this framework,
the equations are written for quantities averaged over a reference (or representative)
elementary volume (REV) (Whitaker 1998), consisting of an intermediate scale larger than
the individual pores, but smaller than the characteristic size of the macroscopic domain
and of the flow structures. A thorough description of how to select an appropriate size of
the REV is discussed by Whitaker (1998) and Nield & Bejan (2006). In general, the results
of the averaging procedure should be independent of the size of the REV. For buoyancy-
driven flows, this procedure can be applied when: (i) the dissipative mechanisms, such as
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Figure 1. Sketch of the flow configuration with all quantities shown in dimensionless units. An example of ini-
tial concentration field, C, consisting of a heavy fluid layer with maximum solute concentration at top (C = 1)
and minimum at bottom (C = 0), is shown. The flow reference frame (x, z), the boundary conditions and the
direction of the gravitational acceleration (@) are indicated, as well as the domain size in horizontal (L) and
vertical (Ra) directions.

molecular diffusion and viscous dissipation, dominate over inertia (De Paoli 2023); and
(i1) the flow structures are large compared with the characteristic pore size (Hewitt 2020).

We consider a fluid-saturated porous medium in a two-dimensional domain having
uniform porosity ¢ and permeability K. We assume the flow is incompressible and
governed by the Darcy equation, and it is characterised by an unstable density difference
(Ap™) induced by the presence of a solute concentration field, C* (the superscript * is
used to indicate dimensional variables). The system is periodic in the horizontal direction
x* and confined by two walls that are impermeable to fluid and solute in the vertical
direction z*, along which the gravitational acceleration g acts. The domain extension is L7
and L} in horizontal and vertical directions, respectively. A sketch of the computational
domain with indication of the boundary conditions is reported in figure 1. The scalar
field C* varies between C. and C;. .. The evolution of this field is controlled by the
advection—dispersion equation (Nield & Bejan 2006):

# aC*

ot*
where t* is time and u* = (u*, w*) is the velocity field. The effect of dispersion is
accounted for by the hydrodynamic dispersion tensor D* that depends on the local flow
conditions. We follow the formulation proposed by Bear (1961) and later widely employed

(Bear & Bachmat 2012; Emami-Meybodi 2017; Wen et al. 2018) to model dispersion
effects, and D* reads

u* (U*)T
[u*|
where | is the identity matrix, D}, the molecular diffusion coefficient, ozl* the longitudinal
dispersivity and o the transverse dispersivity (where o «;; Delgado 2007). Note that

the advection—diffusion form of the tensor (D* = Dj, ) is recovered when U*«;'/ D, < 1.
We consider the fluid density, p*, to be a linear function of the concentration:

D*=Dl+ (of — ) + o] lju, (2.2)

cr—-cCr.
p*(C*)=p* Cpiy + AP*T*W" , (2.3)
with AC* =C; . — Cr. and Ap* = p*(Cpr ) — p*(Cr. ). Assuming the validity of the

Boussinesq approximation, which is reasonable, e.g. in the context of brine transport
in porous media (Landman & Schotting 2007), the flow field is fully described by the
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continuity and the Darcy equations:
* * * K * * *
*u*=0, wu :—; P*+ p*gk , (2.4a,b)

with u the fluid viscosity (constant), P* the pressure and K the vertical unit vector.
Additional correction terms to account for inertial effects can be included (Nield & Bejan
2006), but lie beyond the scope of this work. Since the walls are impermeable to the fluid,
the boundary condition reads

w* Z*=—L*/2 =0

2.5

u*en=0=

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no-flux (3, C* = 0) conditions are considered. Periodicity
is forced in the wall-parallel directions.

2.1. Dimensionless equations

A natural velocity scale relevant to the convective system examined is the buoyancy
velocity, U* = g Ap™ K /. After the onset of convection, fingers start to develop vertically
from the centreline (z* =0), and the domain height is relevant only after the fingers
reach the walls. Therefore, it may be convenient to make the equations dimensionless
with respect to flow units that are independent of the domain geometry. In particular, as
proposed by Fu, Cueto-Felgueroso & Juanes (2013), one can use as a reference length
scale £* = ¢ Dy, /U*, where the vertical domain extension L7 is not included. Using these
scales we obtain the following set of dimensionless variables:

c* -, X u*
C=G —¢r =@ U=y 2.6)
Cmax len E U
t* *

t=——, = , 2.7
ot /U= T Aprgtr @7

where we introduced the reduced pressure p* = P* + p*(C
dimensionless form of the governing equations (2.1)—(2.4):

%
min

)gz*. We finally derive the

oC
W_HJ. C= +D 0), (2.8)
u=0, (2.9)
u=—( p+Ck, (2.10)
where
Ap*KL* U*L*
Ra=52P 20 _ 2 =2 Q.11

oDy oD
is the Rayleigh—Darcy number (indicated as the Rayleigh number in the following). We
recall here that K and ¢ represent the medium permeability and porosity, respectively,

and are considered uniform here. Finally, the dispersion tensor D* introduced in (2.2) and
expressed in dimensionless form reads

poitt o™y 2.12)
—t —_— r — ) *

A lul
1020 A24-6
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where

Dy Do .
A= ¥ r——*——* (3)
Dy Dy o

with D) the molecular diffusion coefficient, D} =a/U* the transverse dispersion
coefficient, D} = U™ the longitudinal dispersion coefficient and r the dispersivity ratio.
The flow is completely defined by four dimensionless parameters: Ra, L = L} /£*, Aand r.
This formulation is similar to that proposed by Wen et al. (2018). However, in this case the
governing parameter Ra does not appear explicitly in the equations, and it corresponds to
the dimensionless domain height (Ra = L} /£*; see also figure 1). In addition, provided L
is sufficiently large to allow the formation of multiple flow structures and to minimise the
effects of the periodic forcing, the flow is also independent of L itself.

2.2. Numerical solution of the equations

The set of equations (2.8)—(2.10) is solved numerically with the aid of the second-order
finite-difference code AFiD-Darcy open-sourced by our research group (De Paoli 2025).
The code consists of an efficient solver for massively parallel simulations of convective,
wall-bounded and incompressible porous media flows, and it is based on the initial version
of AFiD developed for turbulent flows (Van Der Poel et al. 2015). The algorithm is
based on a pressure-correction scheme and employs an efficient fast-Fourier-transform-
based solver. The parallelisation method is implemented in a two-dimensional pencil-like
domain decomposition, which enables efficient parallel large-scale simulations. The
implementation in the absence of dispersion was validated against different canonical
flows in porous media, including Rayleigh-Taylor instability (Boffetta et al. 2020).
Additional numerical details of the solution algorithm are provided by De Paoli et al.
(2025a). In addition, in this work we solve the flow including the effect of dispersion
(2.12) (see Appendix B.1 for further details on the numerical treatment of the dispersive
terms). The algorithm with dispersion is validated against the work of Wen et al. (2018)
repeating their simulations in Rayleigh-Bénard—Darcy configuration, and comparing the
results in terms of molecular, dispersive and total Nusselt numbers.

We employ here a uniform grid spacing with cells of size Ax ~ Az < 10 (expressed
in dimensionless units as discussed in §2.1) in horizontal and vertical directions,
respectively. The present simulations are over-resolved compared with the minimum
requirements of the case without dispersion (corresponding to Ax = Az = 15.625; see
De Paoli et al. 2025a). The minimum number of grid points in the vertical direction
used here is 128, making the grid even further over-resolved in the low-Ra case. In
the horizontal direction, the domain size is fixed (L = 105), as well as its resolution
(N, =10240, Ax = L/N, < 10), for all simulations except for the smallest A considered
here (A =5 x 1072), for which the resolution is doubled and the domain width halved in
order to keep the computational cost affordable. The details of all simulations performed
are listed in table 1. The flow is initialised with a step-like profile obtained from the
analytical diffusive solution (2.8). Additional details of the initial condition and the grid
requirements are also provided in Appendix B.2.

3. Global budgets and mixing indicators

Exact global conservation equations relative to the transport of the scalar quantity can
be derived and employed to investigate the mixing process. We consider here the case of
an incompressible and dispersive flow governed by (2.8)—(2.12), and we derive the first-
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Ra A r L L/Ra Ny X N; 1%
1 x 102 00 — 1% 10° 1000 10240 x 128

2 x 10% 00 — 1 x10° 500 10240 x 128

5 x 102 00 — 1x10° 200 10240 x 128

1 x 103 00 — 1x10° 100 10240 x 128

2 x 10 00 — 1 x10° 50 10240 x 256

5% 103 00 — 1 x10° 20 10240 x 512

1x10* 00 — 1x10° 10 10 240 x 1024 0.59
2 x 10* 00 — 1 x 10° 5 10 240 x 2048

1x10* 1x10° 10 1x10° 10 10 240 x 1024 0.59
1 x10* 1 x 10! 10 1 x10° 10 10 240 x 1024 0.59
1x 10* 1x 100 10 1 x10° 10 10 240 x 1024 0.53
1x10* 1x107! 10 1x10° 10 10 240 x 1024 0.49
1x10* 5x 1072 10 5% 104 5 10 240 x 2048 0.40
1x10* 1x107! 1 1x10° 10 10 240 x 1024 0.46
1 x 10* 1 x 1071 2 1 x 10° 10 10240 x 1024 0.44
1x 104 1x10°! 5 1 x10° 10 10240 x 1024 0.44
1x10* 1x 107! 10 1x10° 10 10240 x 1024 0.49
1x10* 1 x 1071 20 1 x 10° 10 10240 x 1024 0.48

Table 1. Summary of the parameters employed in the simulations. The governing parameters of the flow
(Rayleigh number Ra, domain width L and domain aspect ratio L/Ra) and the dispersion parameters (A and
r ; see (2.13)) are indicated, as well as the grid resolution employed. Finally, the dimensionless growth rate of
the mixing layer, y, defined in (4.4), is reported for the simulations with Ra = 10*.

and second-order global budgets in §§ 3.1 and 3.2, respectively. Finally, we introduce the
degree of mixing, representative of the current mixing state of the system, in § 3.3.

3.1. First-order global budget

We apply the volume-average operator () =1/V |, »dV to (2.8). Using the divergence
theorem, the incompressibility of the flow and the no-penetration/periodic boundary
conditions, we derive the global flux of solute in the domain:

dcy 1
T = V oy (D C)z:—Ru/Z + (D C)z:+Ra/2 *ndS 3.1
- 9¢ p.. ¢ s (2
RaS s “ oz 2=—Ra/2 “ oz z=+Ra/2 '
1
= — F(z=Ra/2)~ F (:=—Ra/2) , 3.3)
a

where D,, =1+ A ul+ (r = 1)w2/|u|] (see Appendix A) and F'(z;) is the dispersive
flux at the walls, defined as

1 aC luj aC
_|_ -

Fz) =~ i
@=5 . % A oz

ds (3.4)

=i =T

with § =Ly or §= L, x Ly in two and three dimensions, respectively. Note that (3.4)
corresponds to the definition of (10) proposed by Wen et al. (2018). In the present
configuration, due to the no-flux condition at the boundaries (9,C = 0), we have that F =0

1020 A24-8
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and then

2o, (3.5)

3.2. Second-order global budget

Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh—-Bénard flows (Otero et al. 2004; Hassanzadeh; Chini & Doering 2014; Zhu,
Fu & De Paoli 2024; Hu & Yang 2024) and Hele-Shaw flows (Letelier, Mujica &
Ortega 2019; Ulloa & Letelier 2022; Ulloa, Noto & Letelier 2025), we multiply (2.8)
by C and apply the volume-average operator (). We use the divergence theorem and the
incompressibility of the flow to derive the global budget (De Paoli 2023):

1d(c?) 1
2a Vo (CD O)i=—pap +(CD C)ymipapp *NdS—(( C)+(D C))
(3.6)
1
= —(CF)z;=—Ra2+ (CF)z=4ras2 —(( C)+(D 0)) (3.7)

with N a unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor
configuration, i.e. 9,C(z = =Ra/2) = 0, we have that

1 d(C?)
2 dr

Inspired by the Grossmann-Lohse theory (Grossmann & Lohse 2000, 2001; Lohse &
Shishkina 2024) where the key idea is to spatially split the viscous dissipation rate into
boundary-layer and bulk contributions, here we divide the scalar dissipation into two parts,
one ascribed to the molecular component and the other to the dispersive component of the
dispersion tensor. Expressed in terms of mean scalar dissipation, (3.8) reads

=—(( C)+(D 0O)). (3.8)

1d(c?) 1 3.9)
2 dr | R '

where
X=Xm+xi xm=Ra(l CP*), xa=Ra( C)s(D C)—| C|*. (3.10a,b,c)

The components of the mean scalar dissipation introduced in (3.10) are defined as the
total, molecular and dispersive contributions, respectively. Note that in the absence of
dispersion (A — oco) we obtain D = D} | and then x; = 0. The choice to introduce Ra in
the definition of mean dissipation is required to obtain results that are self-similar when
different Ra are considered, i.e. to make the results independent of the domain height until
the fingers reach the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms,
the components of the mean dissipation defined in (3.10) read

2
X =xm+xi xm=Dn( *C*| )—WXW (3.11)
U*(AC*)?
X =(( *CHe@* e e = BE ), (3.12)
pH*
Note that x,* in (3.11) matches the definition of dissipation used by De Paoli et al. (2024).
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3.3. Quantification of mixing

Following the approach proposed by Jha, Cueto-Felgueroso & Juanes (2011), we introduce
the degree of mixing, a quantity that varies between 0 and 1, and is representative of
the current mixing state of the flow. The initial state of the system is characterised by
two uniform layers having different concentration and divided by a sharp interface, i.e.
Cx,z>0,t=0)=1 and C(x,z<0,¢t=0)=0. Ultimately, the system will achieve
a well-mixed condition and the concentration field will be uniform, corresponding to
C(x,z,t— 00)=1/2. As a result, the mean concentration variance, defined as 0=
(C%) —(C)2, is initially maximum and equal to o2(t=0)= anzmx =1/4, and ultimately
minimum and corresponding to o2(r — oo) = 0. The variance is representative of the
mixing state, which we quantify using the degree of mixing:

o(1)

D) .
max

Mi@)=1- (3.13)
Such definition gives M (¢t =0) =0 when the two layers are perfectly segregated and
M (t — oo) = 1 when a perfect mixing is achieved. Also in this case, we split the degree of
mixing into two contributions resulting from the partition of the dissipation (Grossmann &
Lohse 2000, 2001). Given the definition of o and the budget (3.9), one can rewrite
(3.13) as

2
t
Miy=1-2 2( )
max
20y 2 (C2n) 2
Gr%lax
2 t
=—"—  (tm+xa) 4T =My () + My (t), (3.14)
oLaRa o

where the degree of mixing has been split into the molecular and dispersive components,
respectively:
t t

M,(t) = —— xm dr, My(t) = Xaq dt. (3.15a,b)
0 0

2
0 aRa

2
0 Ra

4. Flow evolution without dispersion ( )

We consider the simulations performed without dispersion corresponding to A — 0o
in (2.12), and we explore the dynamics for different values of Rayleigh number Ra.
We cover a wide range of Ra, namely 10> Ra 2 x 10*, and we simulate domains
having constant width L =103. The details of all simulations performed are listed
in table 1. In the absence of dispersion, the influence of Ra on the flow dynamics
has been previously investigated in several two-dimensional works (De Wit 2004;
De Paoli et al. 2019a,b; Borgnino, Boffetta & Musacchio 2021). Here we complement
these analyses, which are essential to derive a clear picture of the flow dynamics
also in the case of dispersive flows. For all Ra considered, we report in figure 2
the evolution of the molecular component of the mean scalar dissipation x,, (for
A — 00, x4 =0). The dimensionless set of variables used is particularly suitable to
highlight the self-similar behaviour of the system. In particular, the flow evolution is
independent of Ra until the domain walls have an effect on the flow, i.e. until the
fingers grow and their flow field feels the influence of the horizontal impermeable walls.
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Figure 2. Evolution of the molecular mean scalar dissipation y,, in the absence of dispersion and for different
Rayleigh numbers Ra (solid lines). The flow evolution is independent of Ra until the flow field of the fingers
is significantly influenced by the presence of the horizontal walls. The analytical diffusive solutions in the
unconfined (4.2) (dotted line) and confined (C5) (dashed line) cases are also reported.

For very small values of Ra (Ra  10°), the dynamics is soon influenced by the presence
of the walls, and convective instabilities may not form or only partially develop.

In the following, to analyse in detail the flow dynamics, we focus on the simulation at
Ra = 10*, which serves also as a reference for the dispersive cases studied in §§ 5 and 6.
The system behaviour relative to different Ra can be inferred from the analysis presented.
The flow evolution is initially characterised by inspecting the concentration fields and
the concentration profiles in figure 3, together with the corresponding mixing indicators
in figure 4. The process is also illustrated in supplementary movie S1 available at
https://doi.org/10.1017/7fm.2025.10684. We identified several flow regimes characterising
the evolution of the system, which we discuss individually in the following.

The flow is initialised with a step-like concentration profile (figure 3a) with a thin
interface dividing the two fluid layers and no flows (U=0). Therefore, the interface
will initially grow driven by diffusion, making the concentration gradient (and then the
mean scalar dissipation x = y,,; see figure 4a) progressively reduce. This trend continues
until the first convective instabilities appear at t &~ 10°; see figure 3(b-iii). Similarly to
what has been previously observed in convection in semi-infinite domains (Elenius &
Johannsen 2012), the precise time at which this growth starts, as well as the maximum
values of scalar dissipation later achieved, depend on the initial perturbation. However, the
overall dynamics is qualitatively comparable to that described here for the initial condition
considered discussed in detail in Appendix B.2. The flow is initially purely controlled
by diffusion. An analytical solution of the advection—dispersion equation (2.8) can be
obtained for an unconfined domain, in the absence of convection (U= 0) and assuming
homogeneity in wall-parallel directions (d,* = 0), which reads (De Paoli et al. 2019b)

1 z
Ciz,)== l4+ef — . 4.1
(z,1) 5 Wi 4.1
Results relative to the horizontally averaged concentration profiles reported in figure 5(b)
indicate an excellent agreement with (4.1) (dotted line). Employing (4.1) in the definition
(3.10), it follows that the contributions of the mean scalar dissipation during the initial
phase (assuming U = () are

Xm = . xa=0, x= , (4.2a,b,c)

[o2e]
3
[o2e]
N
-~
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Figure 3. Evolution of the concentration field relative to the simulation Ra = 10*. (a—e) A portion of the
domain is shown, corresponding to half of the domain width (left panels, indicated with (i)) and 1/20 of the
domain width (right panels, indicated with (ii) and corresponding to the white rectangle in the corresponding
panels (i)). The entire domain simulated is shown in (d—h). The data correspond to the points indicated in
figure 4.

and they are very well captured by the simulation (see figure 4a). Correspondingly, (3.15)
predicts the degree of mixing to evolve as

i 87
CV2r V2

Note that for very low Rayleigh numbers (Ra = 10?), the solution (4.2) does not represent a
good approximation due to the effect of confinement: a no-flux boundary condition should
be employed to determine the analytical solution. In Appendix C.1, we derive the analytical
diffusive solution (C5) relative to the confined case, which we report in figure 2 (dashed
line), which describes very well the evolution observed numerically.
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Figure 4. Evolution of the mean scalar dissipation for the simulation Ra = 10* without dispersion (see table 1
for additional details). The concentration fields and profiles correspond to the instants indicated by the letters
shown in figure 3. The diffusive solution (4.2) is also reported in (a). The flow regimes identified are indicated
in (b).

Similarly to what has been observed in semi-infinite domains (see Slim (2014); De Paoli
et al. (2025b) and references therein), the flow is later characterised by a dissipation growth
(figures 3b,c). When the newly formed fingers have grown, they accelerate vertically
sharpening the concentration gradient at their interface, corresponding to the increase in
the mean dissipation observed in figure 4(a) between ¢ ~ 103 and £ ~ 2.5 x 103.

Later, fingers grow further, but in an uneven manner (figures 3c,d): some fingers extend
vertically at large velocity and invade regions of the domain with uniform concentration,
and far from other fingers. In this situation, the strong concentration difference between the
inner and outer finger region, combined with the absence of neighbouring flow structures
(and then no strong shear) prevents the fingers from expanding laterally, and makes the
interface to grow diffusively while the fingers continue to extend vertically. As a result, the
concentration gradients reduce and so does and the mean scalar dissipation in figure 4(a).

The velocity field generated by each finger induces interactions with the neighbouring
ones, eventually leading to merging: The pioneering fingers perturb the velocity field of
the neighbouring shorter fingers, compressing and forcing them to retreat and eventually
to merge (figure 3d,e). In this phase, similarly to what has been discussed in the uneven
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Figure 5. Evolution of the horizontally averaged concentration profiles, C, relative to simulation Ra = 10%,
A — oo. Profiles reported correspond to instants taken preceding the finger impact on the walls. Specifically,
they are in the range 400 ¢ 16000 (a), in the initial diffusive regime (r 1.4 x 103) (b) and in the finger
merging and growth regime (+ 7 x 10%) (¢). In (b), the dashed line indicates the initial diffusive solution
(4.1). In (¢), the wall-normal coordinate is rescaled with ¢ — #o, where fo =4 x 103. The dashed line represents
(4.4).
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finger growth regime, the fingers keep growing vertically in unexplored regions of the flow,
but now there is a large and nearly uniform reservoir of solute at the core of the fingers.
The gradient of concentration at the finger interface still decreases, but at a lower rate
compared with the increase of interfacial extension of the fingers, driven by their vertical
growth. As a result, the overall behaviour corresponds to an increase of the mean scalar
dissipation in figure 4(a).

During the finger merging and growth phase, the mixing region grows approximately
linearly in time (namely, ~t12; see De Paoli e al. 2019b, 2022). Indeed, rescaling the
profiles in figure 5(c) with respect to z/t, they result in being well approximated by the
linear function

c=ly_* (4.4)
2 y@t—1) '

(dashed line in figure 5¢), where fo =4 x 103 corresponds (approximately) to the time at
which this regimes starts and y =0.59 is the dimensionless growth rate of the mixing
layer, in good agreement with the measurements of Boffetta & Musacchio (2022), who
reported a value of 0.67 obtained at larger Ra. The value of y computed for all the
simulations is reported in table 1. It has been obtained as a best fit of (4.4) for the
concentration profile within the range 0.05 C  0.95, with fo=4 x 10> and within
the interval 7 x 103 ¢ 1.6 x 10%. For simulations A =5 x 102 and r = 20, in which
the finger dez‘velopment is slower, the profiles are considered in the interval 1.5 x 10*

t 2.7 x10%.

When the fingers reach the horizontal boundaries of the domain (r ~2 x 10%), the
growth of mean scalar dissipation arrests. At this time, the concentration profile is nearly
linear and still unstable (figure 3e-ii), indicating that the upper portion of the system is
still characterised by a higher concentration of solute, and then larger density, compared
with the lower layer. The density contrast between the upper and lower domains, however,
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is much smaller than at the beginning. There is no further fresh fluid available to mix with
the fluid at the core of the fingers, and the local concentration gradient across the interface
of the fingers decreases progressively. At the same time, the situation at the domain
centre (z =0) is steady, with no new fingers forming and no fingers merging, and with
the solute being transported along the finger path already created. This process occurs
from the unstably stratified configuration in figure 3(e) until a stably stratified solute
distribution is achieved (figure 3g). Note that the footprint of the fingers persists for a long
time (figure 3f), and it smoothly disappears when the residual convective driving dies out.
Indeed, despite being separated by approximately 1.2 x 10° dimensionless time units, the
difference between the horizontally averaged concentration profiles in figures 3(f) and
3(g) is very limited.

When the stably stratified distribution (figure 3g-ii) is achieved, the buoyancy effects are
negligible, and diffusion drives mixing from now on. The system enters a final diffusive
regime that, despite being characterised by a very low value of the mean dissipation
(figure 4a), is responsible for approximately 14 % of the overall mixing, i.e. (see figure 4b)
M grows from & 0.86 in (g) to &~ 1 in (). Similarly to what we have derived for Ra = 102
for the initial confined diffusive evolution (see Appendix C.1), we can derive here an
analytical solution for the mean scalar dissipation during the late stage. Again, we use
(2.8), assume that the fluid is still (U = 0) and consider the system uniform in the horizontal
direction (9, C = 0). At large Ra a different initial condition has to be considered, namely
a linear concentration profile, representative of a stably stratified flow that starts at r =17
(see Appendix C.2 for addition details). The solution (C7) computed using n = 100 is
shown in figure 6(a) for three values of Ra, namely Ra = 102, 10% and 10* (with the
case 10* previously discussed throughout the entire flow evolution). The accuracy of the
analytical solution in predicting the decay of dissipation obtained in the simulations is
excellent. As already observed in the initial confined diffusion for Ra = 102, also in (C7)
we have that 9C /97 ~ exp(—n?), indicating a fast decay with n. Therefore, to leading
order the dissipation can be approximated as

T 2
Xm(@)~exp =2 — t, 4.5)
Ra
which we show in figure 6(a) and indicate with n = 1. Also in this case, the agreement
is excellent, and we conclude that (4.5) can be employed to approximate the behaviour
during the final diffusive phase. For long times, the well-mixed condition is achieved,
corresponding to the asymptotic equilibrium profile:

C(z,t—>o00)=1/2, (4.6)
with the mean scalar dissipation (C7) and degree of mixing given by
Xm(—>00)=0 and M, (t —>o00)=1, 4.7a,b)

respectively. One can indeed observe in figure 6(b) that the well-mixed condition is
ultimately achieved. Note that, for ease of comparison, the degree of mixing M, is shown
rescaled by Ra, and the corresponding diffusive solution is M, x Ra = 8Ra\/t/(2r).

5. Flow evolution with dispersion: influence of

We present here the results relating to the effect of A at Ra = 10* and r = 10. The choice
of Ra is motivated by the fact that at such Ra all the phases of the flow evolution described
in §4 can be observed. Since the dispersion model (2.12) considered in this work relies
on two parameters, A and r defined in (2.13), to keep the computational costs affordable,
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Figure 6. Scalar dissipation rate (a) and rescaled degree of mixing (b) are reported as a function of time ¢
for three values of Rayleigh number, Ra, namely 102, 10?, 10*. The system is self-similar and at early times
it follows the analytical solutions (initial unconfined diffusion), (4.2) for x,, and (4.3) for M,,, indicated here
with black dotted lines. As soon as the system achieves a stably stratified condition, it enters the final diffusive
phase. The scalar dissipation evolves according to (C7) indicated in (a) by the black solid lines and computed
using n = 100 (note that for Ra = 102, the initial confined solution (C5) is used). However, these solutions are
very well approximated also when n = 1, scales as (4.5) and is indicated by the blue dashed lines. Ultimately,
the domain attains the fully mixed condition (4.7) (black dashed line in b).

we decided to vary A and fix the anisotropy ratio to r = 10. Determining which value
is more appropriate for r is a matter of debate (Delgado 2007), since the longitudinal
(D) and transverse (D;) components of dispersion depend on several flow parameters
(e.g. Schmidt number, Reynolds number, tortuosity of the medium, Péclet number, fluid
phases involved; see De Paoli (2023) and references therein). The value of r varies with
the dispersion regime, and in general it is not appropriate to take D} to be one order of
magnitude smaller than D}, which is the most common choice in numerical studies of
dispersion. However, when studying solute transport in the advection-dominated regime,
this assumption holds (Bijeljic & Blunt 2007), and therefore we consider our findings
representative of this case.

5.1. Flow dynamics

In the presence of dispersion, the evolution of the flow follows a behaviour that is
similar to the case discussed in § 4, and eventually with fewer regimes as A is decreased
(see supplementary movie S2 for the time-dependent evolution of the simulation with
A=10"", reported in figure 7¢). The concentration distribution over the entire field at
t =2 x 10* is reported in figure 7 for different values of A. The effects of A on the flow
morphology, which are discussed in the following, are multiple.

Results relating to the horizontally averaged concentration profiles are reported in fig-
ure 8, where different times, namely 400 ¢ 16 000, are shown for the simulation with
A =0.1and r =10 (figure 8a). At early times (figure 8b), the profiles follow the diffusive
growth ((4.1), dashed line). Later, the mixing region extends approximately linearly in time
and the profiles are very well fitted by the linear function (4.4) (dashed line in figure 8c¢),
where 7o =4 x 10% and y = 0.49. Note that in this case the dimensionless growth of the
mixing layer y is lower compared with the case without dispersion (y = 0.59). This can
be easily verified comparing the concentration fields of figures 7(a) and 7(e).
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Figure 7. Concentration fields at 1 =2 x 10* for (a—f) different values of the dispersion parameter A. The field
(a) corresponds to the case without dispersion (A — o0). See supplementary movie S2 for the time-dependent
evolution of the simulation with A = 107! (e).
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Figure 8. Evolution of the horizontally averaged concentration profiles, C, relative to simulation Ra = 10*,
A =0.1 and r = 10. Profiles reported correspond to instants taken preceding the finger impact on the walls.
Specifically, they are in the range 400 ¢ 16000 (a), in the initial diffusive regime ( 1.4 x 103) (b) and
in the finger merging and growth regime (# 7 x 10%) (¢). In (b), the dashed line indicates the initial diffusive
solution (4.1). In (¢), the wall-normal coordinate is rescaled with 7 — fo, where 7o =4 x 103. The dashed line
represents (4.4).
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Figure 9. The distributions of (a) molecular (Ra| C |2, see (3.10)) and () dispersive (Ra[( C)*(D C)—
| C|?)) scalar dissipation taken at time ¢ = 10*. The case without dispersion is shown in (i) (Ra = 104, A —
00) and the case with dispersion in (ii) (Ra = 104, A=10"', r =10). For better visualisation, only a small
region in the core of the domain is shown (0 x/Ra 1/2, —1/4 z/Ra 1/4). The dashed lines represent
the iso-contours C =1/4 and C =3/4. (¢) The probability density function (p.d.f.) of the components of
the molecular, dispersive and total dissipation normalised by their respective root mean squares (r.m.s.) and
relative to the specific fields considered. For better visualisation the limits of the colourbars in (a,b) are reduced
compared with the maximum/minimum values present in the field.

A first macroscopic observation is that reducing A has the effect of diminishing the
number of fingers. This is apparent for A 1 (figure 7d—f), but it occurs also for A =10
(figure 7c), while no difference is observed when A = 10° (figure 7b) compared with
the case without dispersion (A — o0; figure 7a). Since for small A the neighbouring
fingers are further away compared with the case without dispersion, each finger has more
space available to diffusively grow horizontally. This morphological effect combines with
the additional spreading provided by dispersion, which further reduces the concentration
gradient across the finger interface. A visual interpretation of this mechanisms is reported
in figure 9. The distribution of the molecular component of the scalar dissipation
(Ra| CJ?) is shown in figures 9(a-i) and 9(a-ii), for a case without dispersion (Ra =
10*, A— oo0) and with dispersion (Ra=10*, A=10"!, r=10), respectively. The
concentration fields refer to time # = 10*, at which the fingers have grown to less than
half domain height (only a small region in the core of the domain is shown in figure 9a,b).
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Figure 10. Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
the absence of dispersion. The (@) molecular (x,,), (b) dispersive (x4) and (c) total (x = xm + xq) dissipation.
The initial diffusive solution (4.3) (dotted line) is also indicated.

In the absence of dispersion (A — oo; figure 9a-i), the fingers are constrained to grow
vertically within the narrow space between two neighbouring fingers. This produces large
values of dissipation at their side interface and also at their tips. Other regions of high
dissipation are identified as the portion of domain near the centreline, where the finger
pattern is more complex. In the dispersive case (A = 10~'; figure 9a-ii), high values of
dissipation are still localised in the same regions (side interface, tips and near the domain
centreline), but corresponding values are much lower. This matter is further discussed
from a global perspective in § 5.2.

A long-term consequence of the lower growth of the mixing region (y = 0.49) compared
with the case without dispersion (y =0.59) is that it will take longer for the fingers
to reach the walls, and then to achieve the maximum value of mean scalar dissipation.
When this happens, however, the subsequent dynamics is similar to that described in the
unstably stratified and final diffusive regimes, leading to a progressive homogenisation
of the concentration distribution. In the following section, the global mixing dynamics is
presented.

5.2. Mixing

A behaviour similar to that discussed in §4 is observed also in this case, with some
variations: after an initial diffusion-dominated phase still well described by (4.3), xm
reported in figure 10(a) decreases when A is reduced, as a result of the thickening of
the finger interface, leading to smoother gradients of concentration. The same trend was
observed in previous studies in different flow configurations (Dhar et al. 2022).
Understanding the distribution of the dispersive scalar dissipation within the domain,
Ra[( C)«(D C)—| CA reported in figure 9(b), is less trivial. In general, large values
are found where both concentration gradient and velocity are large. In the absence
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of dispersion (figure 9b-i), large (in magnitude, either positive or negative) values of
dispersive dissipation correspond to finger tips and core. In contrast, when dispersion
is considered (figure 9b-ii), the whole mixing region is characterised by non-negligible
values of dispersive dissipation. A more quantitative evaluation is provided by the
probability density functions of the components of the molecular, dispersive and total
dissipation relative to the specific fields considered, and reported in figure 9(c). Globally
the results appear very different: without dispersion (figure 9c-i) the distribution of
dispersive dissipation is nearly symmetric and gives zero as mean global value, while
in the dispersive case (figure 9c-ii) the probability density function is skewed towards
positive values. As a result, we have that the smaller the value of A, the larger the values of
dispersive dissipation (see figure 10b). Since the flow is initialised as still (U = 0), at early
times the dispersion tensor (2.12) corresponds to D = I, leading to a dispersive dissipation
that is zero. As soon as convective instabilities form, D grows in magnitude, as well as x,.
The convective onset occurs earlier when dispersion is considered (see figure 10b,c). In
agreement with previous findings obtained in a different configuration (Dhar et al. 2022),
we find that for this large value of Ra the effect of dispersion on the onset time is not
very significant, while it may be much more pronounced at lower Ra. In addition, the
onset time is also non-monotonic with A. Eventually, for long times, the flow achieves a
stably stratified configuration, and the strength of convective instabilities diminishes. As a
result, D reduces again leading to a decrease of the total dissipation.

The total mean dissipation x is obtained combining the molecular (x,,, figure 10a)
and dispersive (x4, figure 10b) contributions, and it is reported in figure 10(c). Despite
an earlier onset observed when dispersion is considered, which makes x depart sooner
from the initial diffusive dissipation ((4.3), dotted line), simulations with large A initially
exhibit larger values of total dissipation. For instance, it takes about f ~ 8 x 10> for
the case A=0.1 to achieve values of x comparable to those at larger A, and even
later the maximum total dissipation achieved is smaller compared with cases without
dispersion. However, the situation changes dramatically after the fingers reach the walls,
corresponding to the maximum of x in figure 10(c), between f~2 x 10* and ¢~
5 x 10*, depending on A. For A=0.1 and A =0.05, despite x being initially smaller
compared with larger A, the total dissipation continues to contribute to mixing for a
much longer time. Indeed, after the fingers reach the walls, the velocity reduces partially,
but not suddenly. This provides a significant advantage compared with the cases without
dispersion, especially when it comes to the cumulative amount of solute mixed, quantified
by M.

The degree of mixing M, reported in figure 11(a), confirms the previous observations.
Initially all simulations considered follow the initial diffusive solution (4.3). Later, mixing
in non-dispersive systems is more efficient than in cases without dispersion: the smaller the
value of A, the sooner M will differ from the analytical diffusive case (inset of figure 11a).
The behaviour of M observed for A 1 is nearly independent of A for long times (f 1 X
10°; main panel of figure 11a), attaining M = 0.85. When A is further diminished, namely
A 0.1, the evolution is impacted dramatically and the degree of mixing achieves values
of 0.91 and 0.94 for A =0.05 and A = 0.01, respectively. This non-monotonic behaviour
suggests that a non-trivial interplay of flow evolution and onset time controls the combined
dynamics of molecular and dissipative mixing. On the one hand, the fraction of mixing
due to molecular dissipation, M,, /M (figure 11b), increases with A. This is expected, since
the effect of reducing A is to increase the importance of dispersion. On the other hand,
the flow configuration is such that the dispersive dissipation, produced by the interplay of
velocity and concentration fields, is considerably larger for A = 0.1 than for A = 0.05 (see
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Figure 11. Evolution of the degree of mixing (M) for different A and Ra = 10* (r = 10; see table 1 for further
details). (a) Results are shown in terms of total mixing M, where a close-up view of the early phase is also
reported in the inset. Here, the circle symbol marks the first instant considered in the simulations. The initial
diffusive solution (4.3) (dotted line) is also indicated. The case without dispersion (A — oo, red line) is shown
as a reference. (b) The relative importance of molecular mixing to total mixing, M,,/M, evaluated at each
instant. Unsurprisingly, molecular mixing becomes progressively less important as A increases.

figure 10b). This complex combination of different processes determines the evolution of
the degree of mixing. Ultimately, all cases will achieve the well-mixed condition (M = 1).

In conclusion, the presented results suggest that in this configuration (r =10, Ra =
10%), within the range of A and times explored, A =0.1 provides the most favourable
mixing conditions and M achieves the largest values. The observation that there is an
optimum value of A that maximises the mixing is opposite to previous findings in
Rayleigh—Bénard configuration (Wen et al. 2018), where the flux was observed to be
minimum for A = 0.05. This is not surprising, given the very different nature (transient
versus steady state, no external driving versus constant external driving) of the two systems
considered.

6. Flow evolution with dispersion: influence of r

We analyse here the effect of the anisotropy ratio r, defined in (2.13), on the flow evolution
and mixing dynamics. We fix A = 0.1, corresponding to a strongly dispersive case studied
in § 5, and we vary r in the interval 1 »  20. As previously mentioned, r varies with the
flow parameters, and the most common practice to consider r &~ 10 may not be motivated,
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Figure 12. Concentration fields at r =2 x 10* for (a—f) different values of the dispersion parameter r. The
field (a) corresponds to the case without dispersion (A — oo). See supplementary movies S2 and S3 for the
time-dependent evolution of the simulations with r =10 (e) and r =1 (b).

unless the problem considered is solute transport in the advection-dominated regime
(Bijeljic & Blunt 2007).

6.1. Flow dynamics

The flow evolution follows the same regimes discussed in §4 with some differences
that are discussed in the following (see supplementary movies S2 and S3 for the time-
dependent evolution of the simulations with » =10 and » =1 reported in figures 7(e)
and 7(b), respectively). The concentration fields taken at time ¢ =2 x 10* are reported in
figure 12(b—f) for A=0.1and 1 r 20, and compared with the case without dispersion
(figure 12a). We observe that, at this value of A, the anisotropy ratio r does have a role
in shaping the finger pattern: the morphology of the flow changes dramatically when r is
increased, corresponding to a coarsening of the fingers that become also more intricate
near the centreline as r rises, in agreement with previous observations by Ghesmat &
Azaiez (2008).

At early times (¢t 1400), the flow dynamics is unaffected by dispersion since in this
phase U~ 0. Therefore, the concentration field evolves according to the diffusive self-
similar solution (4.1). This is confirmed by the horizontally averaged concentration profiles
relative to the simulation with » = 1 and shown in figure 13(b). At later times, the fingers
form and interact. The concentration fields in figure 12 suggest that the concentration
gradients become weaker as r is increased.
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Figure 13. Evolution of the horizontally averaged concentration profiles, C, relative to simulation Ra = 10*,
A=0.1 and r = 1. Profiles reported correspond to instants taken preceding the finger impact on the walls.
Specifically, they are in the range 400 ¢ 16000 (a), in the initial diffusive regime (+ 1.4 x 103) (b) and
in the finger merging and growth regime (+ 7 x 10%) (¢). In (b), the dashed line indicates the initial diffusive
solution (4.1). In (¢), the wall-normal coordinate is rescaled with 7 — fo, where 7o =4 x 103. The dashed line
represents (4.4).

We observe that, similarly to the case r =10 (figure 8¢), the mixing layer grows
approximately linearly. Indeed, for + 7 x 103, the horizontally averaged concentration
profiles of figure 13(c) are well fitted by the linear function (4.4) witht =4 x 103and y =
0.46, where the growth rate of the mixing region, y, matches the value obtained for r = 10
(discussed in § 5.1). This observation suggests that it will take a longer time for the fingers
to reach the walls (corresponding to the instant at which the maximum of dissipation
is achieved) compared with the case with A — oco. Following the finger’s impact on
the horizontal boundaries, the flow evolves towards a progressive homogenisation of the
concentration distribution.

6.2. Mixing

At early times, the components of the scalar dissipation reported in figure 14 follow the
purely diffusive solutions (4.3). We observe that the smaller the value of r, the sooner the
onset of these instabilities occurs, making the dispersive curves in figure 14(b,c) deviate
from the diffusive solutions. The onset is clearly driven by the dispersive component of the
dispersion tensor: the molecular dissipation (figure 14a) follows the diffusive solution for
very long times, while the dispersive dissipation (figure 14b) is now positive, with smaller
values of r leading to an earlier growth compared with larger values of r, in agreement with
previous findings (Dhar et al. 2022). After formation, fingers grow vertically eventually
interacting with neighbouring flow structures. The concentration gradients across the
finger interface reduce as r is increased (figure 12), and so does the molecular component
of the dissipation, x,,, as appears from figure 14(a).

As discussed in § 6.1, the fingers grow at an approximately constant rate (y = 0.46) that
is lower compared with the case without dispersion (y =0.59). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (r =~ 3 x 10%). However, the maximum value of dispersive dissipation yg is
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Figure 14. Evolution of the mean scalar dissipation for different values of r. The red line refers to the case in
the absence of dispersion. The (@) molecular (x,,), (b) dispersive (x4) and (c) total (x = xm + xa) dissipation.
The initial diffusive solution (4.3) (dotted line) is also indicated.

remarkably affected by r, as one would expect looking at the form of the dispersion tensor
(2.12). For A =0.1 considered here, when r 4 x 10> the dispersive component of the
mean scalar dissipation is always dominant compared with the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of
the total dissipation y, reported in figure 14(c), suggests that initially the mixing process
is less efficient compared with the case without dispersion (A — oo, red line). In turn, for
long times and after the fingers have reached the walls, x remains higher in the cases with
dispersion, with important consequences on the degree of mixing.

The evolution of the degree of mixing (M) for different values of r is shown in figure 15.
At very early times (¢ 1500) (see the inset of figure 15a), the degree of mixing is
larger in the simulations with dispersion, due to the earlier onset of convection previously
described. The fingers develop slower and within wider spaces compared with the case
without dispersion: the gradients of concentration across the finger interface are smaller,
corresponding to values of x,, that decrease with r. Later, the dispersive mixing increases
in time and also with r. As a result of the interplay of these processes, the following
dynamics appears: (i) the total degree of mixing is initially large for cases with dispersion
(finite A) and low r; (ii) shortly after the fingers have formed, M becomes dominated by
molecular diffusion and it is larger in the absence of dispersion (figure 15a, main panel;
2x 103 ¢ 4.5 x 10%); and (iii) after the fingers have reached the walls, x; decreases
at a lower rate compared with ¥,,, and M is controlled by the dispersive mixing. The
relative importance of molecular mixing to total mixing, M,, /M, evaluated at each instant,
is shown in figure 15(b). As expected, in the long term the molecular mixing becomes
progressively less important as 7 is increased, namely from 46 % to 17 % for r =1 and
r =20, respectively.
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Figure 15. Evolution of the degree of mixing (M) for different » and Ra = 10* (A = 0.1; see table 1 for further
details). (@) Results are shown in terms of total mixing M, where a close-up view of the early phase is also
reported in the inset. Here, the circle symbol marks the first instant considered in the simulations. The initial
diffusive solution (4.3) (dotted line) is also indicated. The case without dispersion (A — oo, red line) is shown
as a reference. (b) The relative importance of molecular mixing to total mixing, M,,/M, evaluated at each
instant. Also in this case, molecular mixing becomes progressively less important as r increases.

7. Conclusions and outlook
7.1. Summary and conclusions

We analysed the process of convective mixing in the presence of dispersion in two-
dimensional, homogeneous and isotropic porous media. We considered a Rayleigh—Taylor
instability in which the presence of a solute produces density differences that drive the
flow. The domain consists of two fluid layers, initially divided by a flat interface, which will
mix driven by buoyancy forces and eventually reach a uniform solute distribution. Solute
is redistributed by advection and dispersion. The effect of dispersion is modelled using
the anisotropic Fickian dispersion tensor formulation (2.12) proposed by Bear (1961). In
this model, in addition to molecular diffusion D}, the solute is also redistributed by the
spreading produced by the flow due to the complex pathways followed by the fluid parcels
within the pore spaces (mechanical dispersion). This additional solute redistribution is
quantified by the longitudinal (D}, in the direction of the flow) and the transverse (D},
perpendicular to the direction of the flow) dispersion coefficients. The flow is controlled
by three dimensionless parameters: the Rayleigh—Darcy number Ra (defining the relative
strength of convection and diffusion) and the dispersion parameters r = D;/D; and
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Figure 16. Influence of the dispersion parameters on the degree of mixing M: A (a) and r (b). Results are
reported in terms of time degree of mixing M relative to the case without dispersion, M (A — oo). The first
instant considered in the simulations (circle) is also indicated.

A = D, /Df. With the aid of numerical Darcy simulations, we investigated the mixing
dynamics without and with dispersion.

We found that in the absence of dispersion (A — oco) the system’s dynamics is
self-similar and independent of Ra until the fingers approach the domain’s horizontal
boundaries, and the flow evolution follows several regimes, which we describe. Then
we analysed the effect of dispersion in time (¢) for a fixed value of Rayleigh
number (Ra = 10%). We quantify the mixing state of the system using the degree
of mixing M (Jha et al. 2011), which varies between M(t =0) =0 (segregated
layers) and M (t — oo) =1 (uniform solute concentration field). A detailed analysis
of the scalar dissipation reveals a complex interplay between flow structures and
mixing due to the dispersive and molecular contributions. Both r and A affect the
finger formation and development: in particular, the lower the value of A (or the
larger the value of r), the wider, the more convoluted and diffused the fingers (see
figures 7 and 12). For an anisotropic dispersion tensor with r =10 (representative
of solute transport in the advection-dominated regime; Bijeljic & Blunt 2007), the
role played by the relative importance of molecular and transverse dispersion, A,
is crucial. This is presented in figure 16(a) in terms of degree of mixing, M(A),
normalised by the case without dispersion M (A — oo). Three main phases appear: (i)
initially (r 2 x 10°) the mixing is more efficient in cases with dispersion; (ii) after the
fingers have grown sufficiently and merged, the mixing performance in the dispersive
cases is lower than in the absence of dispersion; and (iii) for longer times, in contrast,
high-dispersion flows (A 0.1) show higher degree of mixing compared with systems
without dispersion. Ultimately, all cases will lead to the same uniform configuration
(M = 1). Remarkably, we found that within the time frame considered, there is an optimum
value A = 0.1 that maximises the mixing. We finally looked at the impact of r on the mix-
ing when A =0.1 (figure 16b). We found that, for such value of A, the anisotropy ratio r
produces only second-order effects, with some noticeable changes only in the intermediate
phase, where it appears that the mixing is more efficient for small values of anisotropy.

7.2. Implications for geophysical flows: saline seepage in groundwater systems

The theoretical framework proposed allowed us to analyse numerical Darcy simulations
with dispersion by splitting the mean scalar dissipation into molecular and dispersive
components. In combination with pore-scale simulations and bead packs experiments, this
approach can be used to validate and improve current dispersion models to obtain more
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Figure 17. (a) Conceptualised hydrogeology of the River Murray basin area, adapted from Narayan &
Armstrong (1995). (b) Modelling of the saline seepage through the bottom of Lake Ranfurly West. (i) The
high-permeability sands aquifer is confined by two low-permeability layers. (ii) Lake Ranfurly West supplies
high-salt-concentration water (C* = C}, ,.) from the top, while low-salinity (C* = C}, ) groundwater is present
in the aquifer.

reliable estimates of solute transport and spreading in the subsurface. As an example of
a possible application, we discuss here the case of saline seepage from salt water basins
presented by Narayan & Armstrong (1995), and summarised in the following.

One of the most important drainage systems in Australia is represented by the Murray-
Darling river, a key source of water in the region. Near-surface groundwater in this basin is
characterised by high salinity. Agricultural activities have led to a rising of the water tables,
with the consequence of an increased discharge of high-salt-concentration groundwater
into the river basin. This process may eventually increase the river’s water salinity to
unacceptable levels in periods of low flow rate in the river. To prevent this issue, high-
salinity groundwater is intercepted and stored in basins at the surface level, where it may
evaporate, further increasing the salt concentration. In some cases, these surface basins
are designed to allow a slow and controlled leak to the underlying Murray River aquifer.
This is the case for Lake Ranfurly West (Ghassemi, Thomas & Jakeman 1988), which
releases high-salinity water through the Channel sands aquifer into the River Murray. The
hydrogeology of the system is sketched in figure 17(a). Designing and controlling such
basins are key to manage the water resources efficiently and to keep the salinity of the
rivers at an acceptable level. Here we apply our findings to determine the role of dispersion
in the salt spreading process from Lake Ranfurly West and the River Murray basin.

The flow can be modelled as a high-permeability region (Channel sands aquifer)
confined by two low-permeability clay layers (see figure 17b-1): the clay layer at the bottom
of the lake confines the system from above, and the Upper Parilla clays confine the system
from below (Narayan & Armstrong 1995). The fluid saturating the high-permeability

region can be modelled as a heavy and high-salt-concentration fluid (C*=C,,, =

0.120 kg kg™, seeping from Lake Ranfurly West) sitting on top of a lighter, low-salinity
fluid (C*=C;. =0.045kg kg~!, groundwater present in the Channel sands aquifer).
A simplified flow configuration associated with this system is illustrated is
figure 17(b). We neglect here any flow circulations induced by pumping, and
we assume that the flow is only driven by density differences. We take the
system parameters from Narayan & Armstrong (1995) and determine the relevant
dimensionless flow quantities as follows. The depth of the porous layer is L} =
4 m, with porosity ¢ =0.3 and permeability k=2.95x 10~"" m? (we consider
the medium isotropic). The salt concentration difference Cp,, —C,. produces a

max
maximum density difference Ap* =52.5 kg m—3. Considering a dynamic viscosity
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nw= 1073 Pa s, the characteristic velocity is U* =1.52 x 1005 ms! =131 m d!,
and we obtain a Rayleigh number Ra=1.35 x 10°. The longitudinal dispersivity is
o =80 m and the anisotropy ratio r=10. With this set of parameters, we have
A=rDy/U*af)~ 10~2. From the results presented in figure 16(a) we conclude that
dispersion is the dominant mixing mechanism, and has to be accounted for in the design
and simulation of these flows. We also remark that, despite the high uncertainty on o],
also much smaller values would lead to the same conclusion, e.g. for ' =0.8 m we

have that A=~ 1073, still in the range of parameters in which dispersion represents the
dominant mixing mechanism. This would change only if substantially lower values of Ra
are considered.

7.3. Limitations and future developments

A possible limitation of the present work consists of the model adopted. Despite being
widely employed (De Paoli 2023), the dispersion model considered is derived for idealised
advective flows, i.e. where the source of driving is a pressure gradient that generates a
constant and uniform velocity field. However, the configuration studied here is transient,
and therefore the flow velocity scales also evolve across the different regimes experienced
by the flow. An interesting possible development consists of taking the variation of the
velocity scales into account in the dispersion model, to better describe the dispersion
coefficients D} and D} (Koch & Brady 1985; Delgado 2007). In addition, recently a theory
that quantifies the interplay between intrapore and interpore flow variabilities and their
impact on hydrodynamic dispersion has been proposed (Liu et al. 2024). Extending the
model of Liu et al. (2024) to explore buoyancy-driven mixing would improve the reliability
of the results obtained via numerical simulations in the present context (Woods 2025).

The dimensionality of the system will likely have an effect on the mixing process, as
previously observed by Boffetta et al. (2020) and Boffetta & Musacchio (2022), who
studied the present flow configuration without dispersion. In particular, they have shown
that the growth of the mixing layer is strongly affected by the dimensionality of the
domain, with the fingers being more coherent in two than in three dimensions. This leads
to a faster growth of the mixing region and to a larger variance of the concentration
distribution in the two-dimensional case. The effects of dimensionality have been recently
explored in the one-sided configuration (De Paoli et al. 2025b), and the same flow
dynamics has been observed in two and in three dimensions, with a larger finger size and a
lower mixing rate in two dimensions. In contrast, still in the one-sided configuration but in
the presence of dispersion, Dhar ef al. (2022) observed that the finger size is independent
of the dimensionality at Ra = 103, while it is larger in three than in two dimensions at
Ra =3 x 103, and in all cases the fingers grow at the same rate. They also observed that
the effect of dispersion on the onset time and on the mixing are similar in two and in three
dimensions. Considering these findings, we expect that in a three-dimensional, porous and
dispersive Rayleigh—Taylor flow, the mixing dynamics will exhibit: (i) a slower growth rate
of the mixing region, (ii) wider fingers and (iii) similar effects of dispersion on the mixing
dynamics, compared with the two-dimensional case presented here. To confirm these
assumptions, a full campaign of three-dimensional numerical simulations is required.

In this work, we considered fully miscible fluids. In geological processes, however, the
presence of partially miscible fluids (e.g. CO; and brine) may significantly affect the flow
dynamics and solute mixing processes. With the aid of a phase-field method (Darcy—
Cahn-Hilliard), Li et al. (2022, 2023) have recently shown that, in semi-infinite domains,
partial miscibility of the fluids leads to larger dissolution fluxes compared with the case
of fully miscible fluids, corresponding to a more efficient mixing process. We believe that
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in the present configuration the same effect could possibly occur at early times, when the
driving, provided by the volume of fresh fluid available outside the mixing region, is nearly
constant.

Finally, our findings have been obtained in idealised conditions, since we considered
homogeneous and isotropic porous domains. However, geological formations are
heterogeneous at multiple scales, requiring Darcy simulations to include non-uniformities
in the permeability and porosity fields (Woods 2015). An interaction between the scales of
the heterogeneity and of the instability that controls the flow evolution has been observed
(Benhammadi, Meunier & Hidalgo 2025). Heterogeneities can also influence the form of
the dispersion tensor, and possibly lead to non-Fickian effects (Cala & Greenkorn 1986).
A systematic study of Rayleigh—Taylor flows in heterogeneous porous domains at the
Darcy scale, combined with pore-scale simulations and experiments, is advisable to shed
new light on the role of heterogeneities, and eventually to improve and validate existing
dispersion models.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2025.10684.
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Appendix A. Additional details of the dispersion tensor

In a three-dimensional reference frame, the dispersion tensor (2.12) with all the terms
written explicitly reads (Zheng, Wang & 1999)

1 2
1+ 3 |u|—|—(r—l)|“T| (r—l)A|u| (r—l)A|u|
2
D= (r—l)#’al 1+Z |u|+(r—1)‘”7| (r— I)A|u|
(r— 4% r = DA I+ % U+ - 1)|u|
(AL)
Note that on expanding the divergence term of the right-hand side of (2.8) we obtain
a aC aD;; oC o oC
*© O)=— Djj— =—2—+Dj— — (A2)
0x; 0x; 0x; 0x;j ox; 0x;
D 32C 32C 32C  9C 9Dy, N 3D,y N 3D,

- 4+ Dy—m+D— 4 ——
oxz T 0w dy? TP Ty Tox dy 9z
dC 3Dy, 3Dy, 3Dy, IC 3D, N dD)y, L 9Dz

+— + + +
ay ax ay 0z 0z dax ay 0z
+2 D PC + D 82C+D S
oxdy Y 9ydz T ox0z
(A3)
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The right-hand side of (A3) reduces to the Laplacian form Dj;, V2C when D;; = Dy, (with
D, uniform in space) and D;; ;«; = 0. If the dispersion tensor (2.12) is isotropic (r = 1;
see § 6), then (A3) takes the form

O C)= o, 9C
- 3)6,' . 8)6,'
_9C 0Dy  dCODyy,  dCID; 3*C 3’C 3’C

DXXW + Dyya_yZ + Dzza_zza
(A4)

C 9x ox dy dy dz 0z

where the convention for summation with respect to repeated indices is used. In the case
where the coefficients D;; are constant, the Laplacian form is again recovered.

Appendix B. Numerical details
B.1. Numerical treatment of the dispersive term
A possible discretisation of (2.8) consists of splitting the terms as follows:

]
§_v2 C= « D=1) C —ue C. (B1)

T Explicit terms
Implicit terms

In this method, the term on the left-hand side of the equation is treated implicitly and the
term on the right-hand side is treated explicitly (the explicit treatment of the dispersive
term was also employed by Wen et al. (2018)). However, this approach is very restrictive
on the size of the time step. To ensure numerical stability, the time step must scale with the
square of the minimum grid spacing. For finely resolved boundary layers, this makes the
computation unrealistically expensive. In order to remedy this issue, the following strategy
is employed: (i) first, a predictor—corrector type of approach is used with (B1) serving as
the predictor step, in order to obtain the intermediate solution for the concentration field
Ct1/2 | with the superscripts n indicating current time step; (ii) then (2.9) and (2.10) are
solved to obtain an intermediate solution for the velocity field u”*!/2; (iii) the dispersion
coefficients for D"*1/2 — | are computed using the intermediate velocity field; and (iv) the
corrector step is performed by treating only the advective terms U «  C”" explicitly, while
the rest of the terms can be treated implicitly as

d

Tl D) C= —u- C. (B2)

Explicit terms

Implicit terms

Traditionally, the discretised form of (B1) could be solved in AFiD (De Paoli et al.
2025a) by factorising the implicit terms effectively splitting the corresponding discrete
operator into three discrete linear operators along each of the Cartesian dimensions. Such
an algorithm cannot be used to solve the discretised form of (B2), and therefore we use
iterative methods. Since it is difficult to realise highly scalable parallel implementations of
methods with fast convergence (e.g. Gauss—Seidel), the Jacobi iteration method (Ferziger,
Peri¢ & Street 2019) is used. For sufficiently large Ra, the discretised operator matrix
resulting from the implicit terms is strictly diagonally dominant, thereby guaranteeing
convergence. Implicitly treating the dispersion terms in this way ensures the numerical
stability of the solution for larger time steps. In this case, the size of the time step is only
restricted by the Courant—Friedrichs—Lewy number determined by the advective terms.
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Figure 18. Grid layout for demonstrating the computation of dispersion terms in two dimensions. Grid points
containing information of variable C are indicated in blue, D, in green, D,y in red and Dy, in yellow. Note
that the subscripts i, j here no longer refer to the indices of the general dispersion tensor D, instead indicating
the grid coordinates along x and y axes, respectively. Additional details of the variable arrangement on the grid
are provided by De Paoli et al. (2025a).

In the following, the discretisation of the dispersive terms is explained by using a two-
dimensional example in x, y space, but it can easily be extended to three dimensions.
Consider a staggered grid as shown in figure 18 with grid points containing the information
of the concentration field C at the cell centres. We use linear interpolations of the velocity
components to compute D, at face centres where u is stored, Dy, at cell vertices and
Dy, at face centres where v is stored (additional details of the variable arrangement on
the grid are provided by De Paoli er al. (2025a)). For the predictor step, Dy, — 1 is used
instead of Dy, Dy, — 1 is used instead of Dy and D_, — 1 is used instead of D_;,. For the
corrector step, we compute and store the coefficients of the 26 neighbouring concentration
grid points in a stencil that spans three grid cells along each dimension. These coefficients
are used as matrix elements in the Jacobi iteration method.

B.2. Initial condition and grid resolution

The initial condition is determined from the analytical solution (4.1) of the advection—
dispersion equation (2.8), discussed in § 4. In correspondence of the time (¢y) employed to
initialise the flow, the initial concentration distribution is

1 Z

The inverse function associating Z to a given value of concentration C at time 7 is
Z(C, t =19) =2/1perf ~1(2C — 1) (B4)

and allows one to determine the minimum requirements in terms of combination of grid
resolution/initial time considered. Assuming we aim at solving from 1 % to 99 % of the
initial scalar difference with at least n, points and the grid used is uniform, using (B4) we
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have that the grid spacing in the wall-normal direction is

Ra Z99 — 21 24/t
Az = =
N,—1 n; n,
Therefore, to resolve the 1 % to 99 % scalar variation with at least n, grid points we need to
initialise the flow with fo  0.0231 x [n.Ra/(N. — 1)]>. Using N, = 1024 and Ra = 10%,
it gives fo &~ 20 (n, = 3) and 79 ~ 80 (n; = 6). All simulations are initialised with the same
initial perturbation at fop = 50. The simulations are initially run without dispersion up to
t =200, and the dispersive terms are later activated. Note that = 200 falls well within the
diffusive part of the simulations (see e.g. figure 10a), and therefore this formulation does
not affect the subsequent formation and development of the flow structures. In addition,
this strategy ensures that the same initial concentration and velocity fields are employed in
all the simulations, making the different behaviour observed for » and A independent of the
initial flow configuration, and also providing a smooth initial condition to the simulations
with dispersion. We remark that minor discrepancies in the diffusive regime compared
with the theoretical solution (see y, at early times and for high dispersion; figures 106 and
14b) are due to the resolution, and doubling the resolution would resolve this minor issue.

@. (BS5)
n

Z

erf 1(0.98) — erf ~1(—0.98) ~6.580

Appendix C. Analytical solution for diffusion in confined domains
C.1. Initial diffusion at low Rayleigh number

We derive here the analytical solution for the mean scalar dissipation assuming pure
diffusion in a confined domain with no-flux boundary conditions. We use (2.8), we assume
that the fluid is still (U = 0) and we consider the system uniform in the horizontal direction
(0, C =0). In addition, we assume that this regime starts at t = ¢;. Introducing the rescaled
dimensionless coordinate 7 = z + Ra/2, the exact solution is (Strauss 2007)

* nmw 2 nmwz

Ciz,t)= A,exp — — t cos — . cn
=0 Ra Ra

The coefficients of the cosine series (C1) are defined as

1 Ra
'!'R— C(z,t;)dz, forn=0,
a
A= (C2)
JL‘— C(z,t)cos(nmz)dz, forn 1,
Ra 0

with C(z, t;) defined as the initial condition (B3), which in terms of 7 reads

CG. 1) 1 | +erf Z—Ra/2 (C3)
Sy == erf ——— .

v N

Using the definition of molecular mean scalar dissipation (3.10) and the analytical
diffusive solution (C1), the mean scalar dissipation is

Ra 2
aC _
Xm(t +1;) = i dz (C4)
0 N 5,
Ra niw nmw 2 . nmzZ _
= —A,exp — — t sin — dz. (C5)
0 Ra Ra Ra
n=0
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The solution (C5) for Ra = 10? is shown in figure 2. It has been computed using 7 = 100,
with a spatial discretisation of 128 points for z and #; = 50, i.e. the same grid size and
initial time used in the corresponding simulation. Note the time shift #; in the solution (C5),
due to the fact that (C1) is computed assuming ¢ =#; as the initial time. The accuracy of
the analytical solution in predicting the decay of dissipation obtained in the simulation is
excellent. In addition, we observe in (C5) that C/dZ ~ exp(—n?), indicating a fast decay
with n. We verified that n = 1 is sufficient to capture well the decay, and additional terms
improve the behaviour only for the very early times (t  60).

C.2. Final diffusion at high Rayleigh numbers

As discussed in § 4, the evolution during the final diffusive regime starts at time 7 with a
linear concentration profile:

1 z
2 Ra

The initial condition is set with 8 =0.25 and 77 =2.5 x 10* for Ra = 10° and g =0.70
and 7y = 103 for Ra = 10, and it is used to determine the cosine series coefficients as in
(C2). Finally, the evolution of the mean scalar dissipation is determined using (C5) as
$ %,
Ra x4 nmw 2 . nmz _
Xm(+15) = —A,exp — — t sin — dz, (C7)
0

Ra Ra Ra
n=0

1
CG1p)=5+5 (C6)

and the results are reported in figure 6, where a spatial discretisation of 512 points for Z is
used.
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