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Abstract
Topology optimization is an essential tool in computational engineering, for example, to improve the design and efficiency 
of flow channels. At the same time, Ising machines, including digital or quantum annealers, have been used as efficient 
solvers for combinatorial optimization problems. Beyond combinatorial optimization, recent works have demonstrated 
applicability to other engineering tasks by tailoring corresponding problem formulations. In this study, we present a novel 
Ising machine formulation for computing design updates during topology optimization with the goal of minimizing dis-
sipation energy in flow channels. We explore the potential of this approach to improve the efficiency and performance 
of the optimization process. To this end, we conduct experiments to study the impact of various factors within the novel 
formulation. Additionally, we compare it to a classical method from the literature using the number of optimization steps 
and the final values of the objective function as indicators of the time intensity of the optimization and the performance of 
the resulting designs, respectively. Our findings show that the proposed update strategy can accelerate the topology opti-
mization process while producing comparable designs. However, it tends to be less exploratory, which may lead to lower 
performance of the designs. These results highlight the potential of incorporating Ising formulations for optimization tasks 
but also show their limitations when used to compute design updates in an iterative optimization process. In conclusion, 
this work provides an efficient alternative for design updates in topology optimization and enhances the understanding of 
integrating Ising machine formulations in engineering optimization.
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1  Introduction

Ongoing rapid advances in the implementation of Ising 
machines  [1], which are specialized computing hardware 
designed to solve combinatorial optimization problems, 
make it worthwhile to study their application to engineer-
ing optimization problems, promising superior efficiency 
for complex problem instances. A prominent example of an 
Ising machine is quantum annealing (QA), which effectively 
utilizes quantum-mechanical effects such as quantum fluc-
tuations for solving optimization tasks [2–4]. Since D-Wave 
Systems1 made QA devices available for commercial use, 
numerous efforts have been made to develop this technol-
ogy from both software and hardware perspectives  [5–8]. 
Also, the development of classical and quantum-inspired 
implementations is progressing quickly [9–13]. With these 
technologies, today’s focus is on whether approaches using 
Ising machines will prove advantageous over conventional 
methods in engineering optimization.

A key requirement for the development of new optimiza-
tion approaches using Ising machines is to express the given 
optimization problem or subproblems in the form of an 
Ising model. This model involves spins that can point either 
up or down, which can be described using binary-valued 
spin variables si ∈ {−1, 1}, where si = +1 for “up” and 
si = −1 for “down”. Each configuration of the spin vari-
ables is related to the energy state of the model by the so-
called Ising Hamiltonian, a function of the spin variables 
si. Finding the minimum of this function, i.e., the lowest 
energy state of the Ising model, is then the task of the Ising 
machine, which provides the solution to the optimization 
problem. Note that the Ising model can be transformed into a 
quadratic unconstrained optimization (QUBO) problem by 
the change of variables si = 1 − 2qi, with binary variables 
qi ∈ {0, 1}. Consequently, both problems can be regarded 
as equivalent, and any problem given in QUBO form can 
also be handled by Ising machines. Nevertheless, binary 
variables qi that take values of 0 or 1 are often more intui-
tive and directly compatible with many real-world design 
optimization problems that involve decision making (e.g., 
material/no material, include/exclude). So, the remaining 
task will be the construction of a corresponding QUBO for-
mulation for the original problem of interest.

The main area in which Ising machines are expected to 
have an advantage over conventional computers is combi-
natorial and discrete optimization problems. From this per-
spective, many studies have demonstrated the usefulness 
of Ising machines for relevant combinatorial optimization 
tasks such as traffic flow optimization  [14–17], schedul-
ing [18] and portfolio optimization [19, 20].

1  https://www.dwavesys.com

In addition, recent works have proposed applications 
of Ising machines to engineering tasks, using the tailored 
QUBO formulations for problems that were not origi-
nally combinatorial or discrete optimization problems. For 
instance, QA can be used to solve problems arising from the 
finite element method (FEM) by deriving a QUBO problem 
to minimize the residual in the resulting linear system of 
equations [21, 22]. Additional works exist, for example, for 
the simulations of diblock polymers using phase-field mod-
els [23] or fluid dynamics simulations [24].

Further publications presented the application of Ising 
machines in the field of design optimization, including 
topology optimization. For example, a quantum-classical 
hybrid methodology was developed for solving continuum 
topology optimization problems formulated as mixed-inte-
ger nonlinear programs [25]. This approach uses a splitting 
method where two types of subproblems are solved, one 
on a classical computer and the other by QA. In another 
work, a novel method for topology optimization of truss 
structures using QA in an iterative scheme has been devel-
oped, where both state and design variables are determined 
by solving a QUBO problem [26]. The optimization of truss 
structures has also been considered using a nested algorithm 
in which the truss system is analyzed using the FEM and 
design updates for the cross sections are determined by 
QA [27]. Recently, a novel design update strategy for topol-
ogy optimization based on QA has been applied to truss and 
continuum structures [28]. Also here, the FEM is used for 
structural analysis on a classical computer while the topol-
ogy updates are computed through annealing techniques 
including QA. In addition, the application of topology opti-
mization via digital annealing (DA) to the design of electro-
magnetic devices was studied as well [29]. In distinction to 
the previous works, a formulation for structural design opti-
mization, which is specifically designed for Ising machines 
and does not rely on iterations or classical methods such as 
the FEM, was applied to a test case involving a rod under 
self-weight loading [30]. Additional results were presented 
for applications such as the design of electric circuits [31], 
photonic-crystal surface-emitting lasers [32], printed circuit 
boards  [33], wavelength selective radiators  [34], barrier 
materials [35], or multimolecular absorption [36].

Although these results suggest the potential of Ising 
machines to be beneficial in certain engineering problems, 
especially in optimization tasks, there is still a need for fur-
ther exploration of suitable use cases. Specifically, the fol-
lowing two gaps remain. First, topology optimization has 
mainly addressed structural design, and, to the best of our 
knowledge, the application of Ising machine methods to the 
topology optimization of flow channels has not yet been 
investigated. Second, the potential benefit of employing 
Ising machine-based approaches, including QA, to compute 
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design updates—while retaining a classical solver for the 
state equations—has not been quantified. The motivation 
to follow such an approach is related to the fact that Ising-
machine formulations may allow one to escape the shallow 
local minima that frequently trap classical gradient-based 
methods and, in addition, to operate on the combinatorial 
design variables directly. This can lead to higher-quality 
intermediate updates and, potentially, result in superior final 
designs.

To address the aforementioned gaps in the literature, the 
purpose of this study is to develop and test a design update 
strategy using a novel Ising machine formulation for the 
optimization of flow channels. Previously only addressed 
using classical approaches  [37–41], we now present the 
first such formulation for topology optimization in fluid 
flow problems. Specifically, the goal of the topology opti-
mization is to determine the spatial distribution of solid 
and fluid regions within the design domain such that the 
viscous energy dissipation of the steady-state fluid flow 
is minimized, subject to constraints on the volume of the 
fluid region. In this context, minimizing energy dissipation 
improves the efficiency of the resulting flow paths, yielding 
lower pressure losses. This is critical in the design of engi-
neering systems where pressure drop and energy efficiency 
are key considerations.

To this end, we introduce a QUBO formulation for the 
problem of finding a design update minimizing the energy 
dissipation of a flow channel subject to volume constraints 
for the material. This update strategy is then integrated into 
the typical two-step optimization loop, where we first com-
pute the state variables, in this case, the flow field, and then 
update the design in a second step. While the design update 
is often performed according to gradient information or heu-
ristics, in this work, we base it on the solution of the QUBO 
problem, yielding intermediate optimal designs at each step.

The specific objectives of this research are to evaluate 
the developed Ising machine formulation through numerical 
experiments: 

1.	 Analyze different terms in the formulation to under-
stand their impact on the solution and the final design.

2.	 Compare the results obtained using the Ising machine 
formulation with those from a traditional optimiza-
tion method in terms of the number of optimization 
steps required and the solution quality of the resulting 
designs.

The remainder of this manuscript is organized as follows. 
First, we provide a brief overview of the topology optimiza-
tion for flow problems and explain the level-set-based mate-
rial representation, which is followed by an outline of the 
problem of minimizing energy dissipation in flow channels. 

We then detail the proposed optimization approach, where 
the design update is performed using an Ising machine for-
mulation. Subsequently, we present two numerical test cases 
to investigate specific terms in the formulation and compare 
the performance of the approach with a classical method. 
Finally, we draw conclusions from the obtained results and 
provide an outlook, including future research directions.

2  Methods

In this section, we outline our approach for an update strat-
egy in the topology optimization of flow channels using an 
Ising machine formulation. First, we provide a brief over-
view of topology optimization in the context of fluid flow 
problems. Subsequently, we provide more details on the 
representation of the topology, i.e., the material distribution, 
using the level-set method before we state the problem of 
minimizing the dissipation energy in flow channels. Finally, 
we present the optimization approach in which the devel-
oped Ising machine formulation is integrated to compute 
design updates.

2.1  Topology optimization for flow problems

Topology optimization aims to find the best design by opti-
mizing the distribution of material in a given and fixed 
design domain Ω. In the context of flow problems, we con-
sider regions of Ω that contain material or void and refer to 
them as the solid region Ωs or the fluid region Ωf = Ω\Ωs, 
respectively. To describe the distribution of the material in 
Ω, one can use a characteristic function that identifies Ωs, 
indicating the parts of Ω where the material is located. More 
specifically, given a position x ∈ Ω, the characteristic func-
tion χs is represented as

χs (x) =
{

1, x ∈ Ωs,
0, x ∈ Ωf . � (1)

Using the characteristic function, we can, in a general set-
ting, define an objective function that is maximized or 
minimized to obtain optimal structures. We note that the 
formulation using the characteristic function enables flex-
ible structural optimization. However, in structural topology 
optimization, the issue of discontinuous material distribu-
tions, such as checkerboard patterns, arises and needs to be 
addressed [42].

To date, a number of attempts have been made to utilize 
topology optimization techniques for flow problems. For 
instance, it has been demonstrated that topology optimiza-
tion can be applied to minimum power dissipation problems 
in Stokes flow [37] and steady and unsteady Navier–Stokes 
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to represent the interface between fluid and solid regions, 
thereby defining both regions. The scalar level-set function 
ϕ(x) ∈ [−1, 1] is defined as follows:
{ −1 ≤ ϕ (x) < 0 x ∈ Ωs,

ϕ (x) = 0 x ∈ ∂Ω,
0 < ϕ (x) ≤ 1 x ∈ Ωf ,

� (6)

where ∂Ω represents the interface between the fluid and 
solid regions. In other words, the regions are determined by 
the sign of the level-set function, with the region where the 
function equals zero being regarded as the interface. Note 
that we can relate the level-set function ϕ to a characteristic 
function χf  that indicates the fluid region such that

χf (x) =
{

1, ϕ (x) > 0 ⇔ x ∈ Ωf ,
0, ϕ (x) < 0 ⇔ x ∈ Ωs. � (7)

As the level-set function ϕ, or equivalently the character-
istic function χf , locally distinguishes between the fluid 
and solid regions, we use χf (x) to determine the properties 
of the porous medium, i.e., the local resistance coefficient 
α(x). More precisely, we define the resistance coefficient as

α(x) = ᾱ (1 − χf (x)) =
{

0, x ∈ Ωf ,
ᾱ, x ∈ Ωs. � (8)

Here, ᾱ represents the resistance coefficient assigned to 
regions designated as solid. Consequently, we use the resis-
tance coefficient α(x) to impose zero resistance in the fluid 
region Ωf  (where χf (x) = 1) and a high flow resistance 
ᾱ in the solid region Ωs (where χf (x) = 0). In this way, 
ᾱ controls the degree to which flow is suppressed in solid 
regions. Note that ᾱ can be related to the ratio between 
the fluid viscosity µ and the permeability of the porous 
medium  [49]. Thus, larger values of ᾱ approximate an 
impermeable solid domain, ensuring that the flow is effec-
tively restricted to the fluid region.

2.3  Minimization of the energy dissipation in flow 
channels

Next, we consider the scenario where the goal is to design 
a flow channel that minimizes energy dissipation, subject to 
a volume constraint for the fluid domain. We approach this 
task using the level-set method explained in the previous 
section. In particular, we define a fixed domain Ω that is full 
of porous medium and differentiate between the fluid and 
solid regions according to χf  and the resulting resistance 
coefficients α(χf ).

In this context, energy dissipation occurs due to two main 
factors: the viscosity of the fluid and the resistance from 

flows  [43, 44], or drag minimization and lift maximiza-
tion problems  [45]. Moreover, its applicability to fluid 
devices  [41, 46], thermal-fluid problems  [47], and fluid–
structure problems [48] has been demonstrated.

To account for the existence of material in fluid flow 
problems, the Brinkman penalization method [49] considers 
the material to be a porous medium and adds a correspond-
ing resistance term to the governing equations. This resis-
tance term is zero for fluid regions but non-zero for solid 
regions. In particular, the distinction between solid and fluid 
regions can be achieved by the local resistance coefficient 
α (x), which is the inverse of the local permeability of the 
medium. Then, we consider the generalized Stokes equa-
tions for the fluid velocity u and the pressure p including 
the resistance term αu:

∇ · u = 0 in Ω, � (2)

−∇ · (2µε (u)) + αu + ∇p = 0 in Ω, � (3)

where µ denotes the dynamic viscosity and 
ε(u) = (∇u + (∇u)T)/2 is the strain rate tensor. We 
assume that the velocity uD is prescribed on the Dirichlet 
portion of the domain boundary, ∂ΩD, and a homogeneous 
condition is applied on the Neumann portion of the domain 
boundary, ∂ΩN :

u = uD on ∂ΩD, � (4)

(−pI + 2µε (u)) · n = 0 on ∂ΩN , � (5)

where n is the unit normal vector. To determine the resis-
tance coefficient, previous works have employed both the 
density approach and the level-set method. In the following, 
we will focus on the level-set method.

2.2  Level-set-based representation of the material 
distribution

As previously mentioned, a challenge in topology optimi-
zation is avoiding discontinuous material distributions that 
can arise from the introduction of the characteristic func-
tion χs. We explained that approaches exist to address this 
issue, including the homogenization method and the den-
sity approach [50]. However, a potential downside of these 
methods is the so-called grayscale problem, where inter-
mediate fluid-solid regions are permitted in the optimal 
configuration [42]. This can lead to ambiguous boundaries 
between solid and fluid regions, which may result in unreal-
istic structural designs.

Another approach in topology optimization is the level-
set method  [42, 51–54], which uses a level-set function 
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A(u, p, χf , v) = 2
ˆ

Ω
µε (u) : ε (v) dΩ +

ˆ

Ω
α(χf )u · v dΩ

−
ˆ

Ω
p∇ · v dΩ,

� (16)

B(u, q) = −
ˆ

Ω
q∇ · u dΩ. � (17)

2.4  Optimization approach and Ising machine 
formulation

To solve the optimization problem given in Equation (12), 
one can take a two-step procedure as employed in Refs. [55, 
56]: 

1.	 Compute the flow field, i.e., the velocity u and the pres-
sure p, by the FEM according to the governing equa-
tions from Equations (2) to (5).

2.	 With u and p fixed, update the level-set function ϕ 
and the characteristic function χf  to reduce the objec-
tive function J̄  and improve the current design while 
respecting the volume constraint.

These two steps are executed iteratively until a terminat-
ing condition is met, such as when the change in the objec-
tive function in a certain iteration becomes negligibly small. 
Specifically, we define a tolerance ϵtol with respect to the 
relative change ∆J  in the objective function for the dissipa-
tion energy J  over two iterations l and l + 1, i.e.,

∆J = |Jl+1 − Jl|
|Jl|

,� (18)

and terminate the optimization as soon as ∆J < ϵtol. Note 
that each iteration requires one evaluation of the FEM to 
compute the flow field for the latest design.

One option to update the design is to follow a gradient-
based approach, utilizing information on how the objective 
function changes with design modifications. For details on 
this optimization process, please refer to Refs. [55, 56]. We 
note that one can also introduce the method of Lagrange 
multipliers to solve the optimization problem, where the 
governing equations and a time evolution problem for the 
level-set function are iteratively solved using the sensitivity 
of the objective function [42, 57].

In this work, however, we follow an alternative approach. 
While we also use a two-step procedure as explained above 
and leave the first step, i.e., the computation of the flow field 
by the FEM, unchanged, we focus on how to compute the 
design update in the second step. In particular, based on the 
given quantities u and p from the first step, we solve a prob-
lem in an Ising machine formulation to update the design, 

the porous medium. The viscosity of the fluid causes energy 
dissipation through internal friction, resulting in heat gen-
eration and a loss of mechanical energy. Additionally, the 
flow encounters resistance when moving through the porous 
medium, which is characterized by a high resistance coef-
ficient, further contributing to energy dissipation. Conse-
quently, we can introduce the following objective function 
J  for the dissipation energy, which we aim to minimize dur-
ing the optimization:

J(χf ) =
ˆ

Ω
2µε (u) : ε (u) + α(χf )u · u dΩ,� (9)

where  :  is the operator that linearly maps a second-order 
tensor to a second-order tensor using a fourth-order ten-
sor. In the case of an internal flow, this energy can also be 
regarded as the pressure drop between the inlet and outlet of 
the flow channel.

Following Ref.  [42], we use a regularized objective 
function J̄ = J + R to avoid the discontinuity problem in 
topology optimization. To this end, the regularization term 
is given as

R (ϕ) = 1
2

τ

ˆ

Ω
|∇ϕ (x) |2 dΩ,� (10)

with corresponding coefficient τ .
In addition to the objective of minimizing the term in 

Equation (9), we impose a constraint on the volume of the 
fluid region

Vf =
ˆ

Ω
χf (x) dΩ,� (11)

by requiring the size of the fluid region to take a constant 
target value Vmax ∈ R.

Using these expressions, the optimization problem for 
the dissipation energy minimization task can be stated as 
follows: 

inf
χf ,ϕ

J̄(χf , ϕ) = inf
χf ,ϕ

(J(χf ) + R (ϕ)) ,� (12)

s.t. Vf = Vmax,� (13)

A(u, p, χf , v) = 0 ∀v,� (14)

B(u, q) = 0 ∀q,� (15)

 where B(u, q) and A(u, p, χf , v) are the weak form repre-
sentations of Equations 2 and 3, respectively, when applying 
the FEM using appropriate test functions v and q:
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from Equation (11). Consequently, each element k holds 
N + 1 binary variables {qk

1 , qk
2 , . . . , qk

N , qk
χ}. Using this, 

we define the objective function H(χk
f , ϕk) for the QUBO 

problem as follows:

H
(
χk

f , ϕk
)

= Hdis

(
χk

f

)
+ Hreg

(
ϕk

)

+ Hvol

(
χk

f

)
+ Hchar

(
χk

f , ϕk
)

,
� (21)

with contributions corresponding to the energy dissipation 
term in Equation (9)

Hdis
(
χk

f

)
= λdis

ˆ

Ω
α

(
χk

f

)
u · u dΩ, � (22)

the regularization term in Equation 10

Hreg
(
ϕk

)
= λreg

ˆ

Ω
|∇ϕk (x) |2 dΩ, � (23)

the volume constraint from Equation (13)

Hvol
(
χk

f

)
= λvol (Vf − Vmax)2

, � (24)

and a term that couples the level-set and the characteristic 
function

Hchar
(
χk

f , ϕk
)

= λchar

ˆ

Ω

(
χk

f (x) − 1
2

(
1 + ϕk (x)

))2

dΩ, � (25)

with positive and real-valued hyperparameters 
λdis, λreg, λvol, λchar ∈ R+.

Note that in the energy dissipation term in Equation (22), 
we can omit the viscous contribution, i.e., the first term in 
Equation (9), as it only adds a constant for a given veloc-
ity u. Furthermore, we can absorb prefactors and coeffi-
cients, such as the coefficient τ  appearing in the original 
regularization term in Equation (10), into the correspond-
ing hyperparameters. Finally, the fourth term Hchar(χk

f , ϕk) 
given in Equation (25) is introduced to ensure that the 
level-set and the characteristic functions are consistent, 
meaning they both indicate the same fluid region. To this 
end, we use the mean squared error between the character-
istic function χk

f ∈ {0, 1} and the rescaled level-set func-
tion 1

2 (1 + ϕk(x)) ∈ [0, 1] to realize a penalization of any 
inconsistency.

We recall that we take the two-step process and, thus, 
the velocity u and the pressure p are at hand when com-
puting H(χk

f , ϕk). In addition, we stress that these terms 
can be expressed as a quadratic form with respect to the 
binary variables used for the level-set function ϕk and the 

i.e., the level-set function ϕ and the characteristic function 
χf . As mentioned before, the motivation is to investigate 
if the overall optimization procedure can be accelerated by 
innovative optimization techniques such as Ising machines.

For the Ising machine formulation, we derive a QUBO 
problem corresponding to the minimization of Equation 
(12) while considering the volume constraint from Equa-
tion (13). Note that Equation (12) involves the energy dis-
sipation term from Equation (9) and the regularization term 
from Equation (10). All of the aforementioned terms are, for 
fixed u and p, only a function of the level-set field ϕ or the 
characteristic function χf . Therefore, we derive an objec-
tive function in QUBO form that accounts for each of these 
terms and only depends on ϕ and χf .

In the following, we will assume that we have a subdivi-
sion of the domain into elements k. Then, we consider the 
element-wise level-set and characteristic functions denoted 
by ϕk and χk

f , respectively. Since a QUBO problem must 
involve only binary variables, we have to express both func-
tions entirely in terms of binary variables. Note that the char-
acteristic function χk

f  can be directly represented by a single 
binary variable. However, we need to find some representa-
tion for the real-valued level-set function ϕk. A straightfor-
ward approach is to use a binary system of notation, where 
any number a ∈ R is written as a =

∑N
i=1 2i0−iqi using N 

binary variables qi and a fixed integer i0.

However, the choice of representation may affect the 
accuracy of the results obtained using Ising machines. For 
example, prior work [58] compared different representations 
and reported that, in the context of solving systems of linear 
equations, the binary representation led to reduced accuracy 
in certain experimental settings. For a more detailed discus-
sion, please refer to the referenced work. Motivated by these 
findings, we adopt an alternative encoding scheme in this 
study: the so-called constant real number representation, 
which is used to express the variables for the level-set func-
tion ϕk ∈ [−1, 1] trough corresponding binary variables qk

i :

ϕk
(
qk

i

)
= 2

(
1
N

N∑
i=1

qk
i

)
− 1.� (19)

Note that a larger N allows for a finer discretization of the 
values of ϕk, at the expense of increasing the number of 
binary variables per element and, consequently, the overall 
problem size. Moreover, we use one additional binary vari-
able per element qk

χ for the characteristic function

χk
f

(
qk

χ

)
= qk

χ,� (20)

which is used for computing the resistance coefficient α 
from Equation (8) and the volume of the fluid region Vf  
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Ising machine. For the flow field computation using 
FEM and for comparison with the classical optimization 
approach, we integrated the method introduced in Ref. [56] 
in our own implementation. The code and the scripts used 
for the numerical experiments are available online [59].

Using these test cases, we analyze the proposed opti-
mization approach from two perspectives: (1) the study of 
individual contributions to the QUBO objective function 
H  and (2) a comparison with the classical method in terms 
of the number of optimization steps and the final objective 
function values for the dissipated energy J . We will elabo-
rate on the corresponding results in the following sections.

3.1  Study of the objective function in the QUBO 
problem

The objective function in the QUBO problem H , given in 
Equation (21), has four different contributions: Hdis, Hreg, 
Hvol, and Hchar. Consequently, the weighting of these con-
tributions relative to each other through the corresponding 
hyperparameters will influence the final outcome of solving 
the QUBO problem. To gain a better understanding of the 
effects attributed to individual terms, we present the follow-
ing results.

First, we focus on the term Hchar and the corresponding 
hyperparameter λchar, which serve to ensure the consistency 
between the level-set function ϕk and the characteristic 
function χk

f  according to Equation (7). To this end, we vary 
λchar and track the resulting number of elements on which 
inconsistent values of ϕk and χk

f  occur. We consider the dif-
fuser problem and let λchar run from 0.5 to 5.0, applying a 
step size of 0.5. The purpose is to assess the effectiveness of 
the consistency term in practice, and the selected range is 
intended to demonstrate that inconsistencies are eliminated 
as its weight λchar increases. All the other hyperparameters 
are kept fixed as λdis = 100, λreg = 1, and λvol = 20. In 
addition, we use µ = 1, ᾱ = 12.5, ϵtol = 0.01, and N = 8. 

characteristic function χk
f . Therefore, the objective function 

H  indeed provides a QUBO problem, and we can perform 
the design update based on solving it on Ising machines. In 
particular, we obtain the updated design variables as

χ̂k
f , ϕ̂k = argmin

χk
f

,ϕk

H
(
χk

f , ϕk
)

,� (26)

or, equivalently, by solving the QUBO problem for the 
updated binary variables q̂k

i  and q̂k
χ:

q̂k
i , q̂k

χ = argmin
qk

i
,qk

χ

H
(
χk

f

(
qk

χ

)
, ϕk

(
qk

i

))
.� (27)

3  Results and discussion

In the following, we present the results of numerical experi-
ments conducted to test the optimization approach using the 
proposed update strategy based on the Ising machine formu-
lation. To this end, we consider two benchmark test cases 
commonly used in topology optimization for flow chan-
nels  [56, 57]: (1) the diffuser problem and (2) the double 
pipe problem. The setup for the diffuser problem is shown 
in Fig. 1a and involves a square domain with an inlet along 
the left boundary and a smaller outlet on the right. In the 
case of the double pipe problem (see Fig. 1b), we consider 
a rectangular domain with two inlets and two outlets on the 
left and right boundaries, respectively. For the discretization 
of the domain Ω, we use structured grids with quadrilateral 
elements. For the diffuser problem, the size of the mesh is 
32 × 32 elements, while the mesh for the double pipe prob-
lem has 32 × 48 elements.

To solve the QUBO problems in our approach, we use 
the Fixstars Amplify annealing engine (AE),2 a GPU-based 

2  ​h​t​t​p​s​:​​​/​​/​a​m​p​l​i​​f​​y​.​​f​i​x​​s​t​a​r​​​s​.​​c​​o​m​/​​e​n​/​e​n​g​i​n​e

Fig. 1  The problem setting of a the diffuser problem and b the double pipe problem
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Guided by this question, we further investigate the impact 
of the regularization term Hreg on the final design. In par-
ticular, we compare it to that of the original objective Hdis, 
i.e., the energy dissipation term. To this end, we perform a 
parameter study including the weights for the regularization 
λreg and the energy dissipation λdis. The final designs for 
each parameter sample are shown in Fig. 4. As suggested by 
the previous results, we note that different weights for the 
regularization term λreg (fixed row) do not lead to signifi-
cantly different final designs. In contrast, varying λdis (fixed 
column) clearly influences the character of the resulting 
material distribution. Specifically, increasing λdis yields 
smoother designs without fluid inclusions in the solid.

Based on these results, we conclude that the regularization 
term is not necessary for the topology optimization of flow 
channels but the objective of minimizing energy dissipation 
already leads to a continuous material distribution, which is 
consistent with existing literature [56]. This is in contrast to 
the topology optimization in structural mechanics for which 
the regularization term has been originally introduced [42]. 
That can also be understood through an illustrative explana-
tion. In structural mechanics, voids in the structure, i.e., the 
absence of material, can be favorable for reducing weight. 
If those regions do not contribute to the load-bearing of the 
structure, its mechanical performance remains unaffected. 
However, when dealing with flow channels, such voids are 
not favorable since the continuity of the channel is crucial 
for fluid transport. Any voids would mean that fluid cannot 
pass those regions, leading to stagnation zones.

This result has the following consequences for our 
approach. Since it is only the regularization term Hreg(ϕk) 
for which we need the level-set field ϕk, we can drop ϕk 
and, additionally, the term Hchar, which had the purpose to 
ensure consistency between the level-set field ϕk and the 

For the AE, we set the time-out time Tout, i.e., the maximum 
time available for the solution of the QUBO problem, as 
Tout = 1, 000 ms. The resulting graph is given in Fig. 2 and 
shows the number of inconsistencies for the different val-
ues of λchar. The behavior is as expected as the number of 
inconsistent elements decreases with increasing λchar until 
it reaches the zero line.

Next, we consider the effect of the regularization term 
Hreg with its weight λreg. Again, we use the diffuser prob-
lem and track the influence of varying λreg on the final result. 
In Fig. 3, the final distributions for the level-set function ϕk 
and the characteristic function χk

f  are depicted for different 
values of λreg. On the one hand, we observe that increasing 
the weight for the regularization term leads to smoother dis-
tributions of the level-set field (top), which is the intended 
effect. On the other hand, the regularization does not change 
the final distribution of the characteristic function (bottom) 
significantly. This raises the question of the necessity of the 
regularization term in the current context.

Fig. 3  Diffuser problem: effect of the regularization term on the level-set function ϕk (top) and the characteristic function χk
f  (bottom) through 

different values of λreg, increasing from left to right

 

Fig. 2  Diffuser problem: the number of elements k with inconsistent 
values of ϕk and χk

f  for different values of λchar
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next section. Specifically, we will analyze the computational 
effort and the quality of the optimized design to evaluate the 
potential benefits of our method.

3.2  Comparison with a classical optimization 
approach

To test the performance of the proposed approach, we use 
the two benchmark test cases introduced above to com-
pare the results with those from a classical optimization 
approach as a reference. Here, our focus is on both the com-
putational time and the quality of the optimized design, i.e., 
the number of optimization steps and the value of the objec-
tive function, respectively. There are two main reasons why 
we chose the number of optimization steps as a measure 
of computational time. First, the overall computational time 
for the optimization is often dominated by the time needed 
to solve the state equations, e.g., by the FEM, which scales 
with the number of optimization steps. Furthermore, the 
total computational time can be expressed as the product of 
the number of optimization steps and the time taken for each 
step. Since the latter heavily depends on the efficiency of the 
implementation and the hardware resources in use, it is not 
suitable for comparison.

characteristic function χk
f . So, in the following, we will 

consider a condensed QUBO problem with the objective 
function

Ĥ
(
χk

f

)
= Hdis

(
χk

f

)
+ λvolHvol

(
χk

f

)
.� (28)

Consequently, we only need one single binary variable per 
element in our formulation since all the binary variables 
previously related to the real-valued level-set field are no 
longer needed. This means that the number of required 
binary variables can be drastically decreased, being favor-
able for the efficiency of the approach. Furthermore, the 
objective function only has one remaining weighting fac-
tor λvol, which governs the trade-off between minimizing 
energy dissipation and satisfying the volume constraint. 
Specifically, a larger value of λvol increases the penalty 
for violating the volume constraint, thereby prioritizing 
constraint satisfaction, whereas a smaller value allows the 
optimization to focus more on minimizing the energy dis-
sipation. This behavior is illustrated in Fig. 5 in which we 
show the values of the objective function J  and the volume 
fraction Vf /|Ω| for different values of λvol.

Using the condensed formulation, we will compare the 
performance of the approach with a classical method in the 

Fig. 4  Diffuser problem: final 
designs for different values of 
λdis (rows) and λreg (columns)
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In Fig. 6, we present the final designs obtained by the 
classical method and the annealing-based optimization. The 
overall shape is very similar in both cases and is consistent 
with the results from literature [56, Fig. 5]. Nevertheless, the 
narrowing of the flow channels is slightly different. For the 
classical approach, the narrowing mainly happens immedi-
ately after the inlet and the channel is continued with an 
almost constant width. For the annealing-based approach, 
the narrowing stretches over the entire length of the channel.

Figure 7 compares the optimization history for the objec-
tive function value J , i.e., the energy dissipation, and the 
volume fraction Vf /|Ω| for both approaches. First, we 
note the difference in the number of optimization steps, 
which is 19 and 7 for the classical and the annealing-based 
approach, respectively. This means a performance increase 
of about 63% for the proposed approach. Next, we turn to 
the comparison of the final value of the objective function. 
Here, the classical approach performs a bit better than the 
annealing-based one. Specifically, the relative difference in 
J is 6%. Consider Table 1 for more detailed numbers. The 
comparison of the volume fraction shows no significant dif-
ference between the annealing solution and the unfiltered 
classical solution. The deviation of the volume fraction for 
the annealing-based approach from the target volume Vmax 
falls into the binary resolution range. The latter depicts the 
change in the volume fraction around Vmax resulting from 
flipping a single binary variable, i.e., adding or subtracting 
one element of solid material. For the classical solution, 
the volume fraction of the unfiltered solution satisfies the 
volume constraint, while filtering shifts it to a lower value, 
i.e., a smaller fluid region. This difference occurs because 
filtering to a strictly binary material distribution adds “full” 
material to elements that were previously in an intermediate 
state.

Finally, we conduct a mesh refinement study to inves-
tigate the mesh dependency and its potential influence on 
the comparison. To this end, we choose refined meshes with 
64 × 64, 96 × 96, 128 × 128, and 160 × 160 elements. The 
respective results for the comparison of the number of opti-
mization steps and the objective function are given in Table 

As previously mentioned, we pick the classical approach 
introduced in Ref.  [56], which is based on the density 
method to represent the material distribution. This approach 
also follows the two-step optimization process to minimize 
energy dissipation, allowing for a comparison in terms of 
the number of optimization steps as well as the values of 
the objective function. To ensure a meaningful compari-
son between the classical and the proposed optimization 
approaches, we aim to make the formulations as consistent 
as possible. First, we use the relative change in the value 
of the objective function J  as the termination criterion for 
the optimization in both cases. However, a key difference 
remains in the representation of the design variables: The 
classical method relies on a continuous representation, i.e., 
the density field, to address numerical challenges explained 
above. In contrast, the Ising machine formulation oper-
ates natively on binary variables. As a result, the classical 
method optimizes a relaxed version of the original combi-
natorial problem, whereas the QUBO approach addresses it 
in its discrete form. Introducing a continuous relaxation into 
the QUBO formulation would undermine its strengths, just 
as enforcing a binary representation in the classical method 
would not be practical due to numerical issues. Therefore, 
the comparison reflects the most effective formulation for 
each approach within their respective frameworks. So, for 
the classical approach, we filter the final distribution of the 
real-valued design variable ρ ∈ [0, 1] used to obtain a pure 
binary representation. In particular, we consider every ele-
ment in which ρ > 0.95 holds as void.

3.2.1  Diffuser problem

First, we focus on the results of the diffuser test case. Here, 
we set the maximum volume to Vmax = 1

2 |Ω|, where |Ω| 
denotes the volume of the entire design domain. As the ini-
tial design, we use no material at all, i.e., Ω = Ωf . The val-
ues for the material properties are µ = 1.0 and ᾱ = 12.5, 
while the hyperparameter from the condensed QUBO prob-
lem is given as λvol = 0.2. As before, we set ϵtol = 0.01 and 
the time-out period to Tout = 1, 000 ms.

Fig. 5  Diffuser problem: compari-
son of the values of the objective 
function J  and the volume fraction 
Vf /|Ω| for different values of λvol
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function becomes more distinct, accounting for 18.7% in 
favor of the classical approach.

The qualitative comparison of the final designs is pro-
vided in Fig. 8. While the mesh refinement mainly smooths 
the obtained shape on the coarsest mesh, the difference in 
the shape of the inlet becomes more pronounced. More pre-
cisely, the inlet for the annealing-based method is steeper 

2. Regarding the number of optimization steps, the relative 
difference between the classical approach and the annealing-
based approach changes slightly with respect to the coarsest 
mesh, but appears to converge to a value of approximately 
−50%, i.e., a speedup factor of two for the annealing-based 
approach. At the same time, the difference in the objective 

Table 1  Diffuser problem: comparison of the number of optimization steps n and the final objective function value J
Quantity Classical Annealing Relative difference
Number of opt. steps n

nC = 19 nA = 7
nA−nC

nC
= −63.2%

Objective function J JC = 0.953 × 10−2 JA = 1.01 × 10−2 JA−JC

JC
= +5.86%

Fig. 7  Diffuser problem: optimization history for a the objective function J  and b the volume fraction Vf /|Ω|. For the volume fraction, Binary 
Resolution depicts the change in the volume fraction around Vmax by adding or subtracting one element of solid material

 

Fig. 6  Diffuser problem: final designs for a the classical approach and b the annealing approach
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literature [57, Fig. 4]. In both cases, two flow channels from 
the inlet merge in the center of the domain before splitting 
again toward the outlets. There are slight differences in the 
curvature near the inlet and outlet. Most noticeable is the 
difference in the width of the merged channel in the center, 
which is greater for the annealing-based result.

The comparison of the optimization history is provided 
in Fig. 10 and Table 3. Similar to the diffuser test case, the 
annealing-based approach needs fewer (7) optimization 
steps than the classical approach (30). The time intensity 
is thus decreased by around 77%. For the final values of 
the objective function, a greater gap than for the diffuser 
case exists. The relative difference is 20%, representing a 
substantial deviation with respect to the energy dissipation 
of the designs. Nevertheless, the comparison of the volume 
fraction does not show relevant differences between the two 
approaches.

compared to the shape obtained with the classic method, 
which narrows more slowly over the length of the diffuser. 
Combining this observation with the quantitative data, we 
can relate this shape variation to the difference in the objec-
tive function value.

3.2.2  Double pipe problem

Next, we will report the results of the double pipe problem. 
Here, we set Vmax = 1

3 |Ω| and choose material properties 
and QUBO hyperparameters as µ = 1.0, ᾱ = 12.5, and 
λvol = 0.05, respectively. The tolerance for convergence is 
chosen as ϵtol = 0.01. For the time-out time of the AE, we 
use Tout = 10, 000 ms.

The final designs are shown in Fig. 9. Again, the over-
all shape is very similar and replicates results from the 

Table 2  Diffuser problem: mesh refinement study
Mesh Classical Annealing Relative difference

32 × 32 nC = 19 nA = 7
nA−nC

nC
= −63.2%

JC = 0.953 × 10−2 JA = 1.01 × 10−2 JA−JC

JC
= +5.86%

64 × 64 nC = 19 nA = 10
nA−nC

nC
= −47.4%

JC = 2.26 × 10−3 JA = 2.49 × 10−3 JA−JC

JC
= +10.3%

96 × 96 nC = 18 nA = 9
nA−nC

nC
= −50.0%

JC = 1.00 × 10−3 JA = 1.16 × 10−3 JA−JC

JC
= +16.3%

128 × 128 nC = 19 nA = 9
nA−nC

nC
= −52.6%

JC = 5.64 × 10−4 JA = 6.63 × 10−2 JA−JC

JC
= +17.8%

160 × 160 nC = 20 nA = 10
nA−nC

nC
= −50.0%

JC = 3.62 × 10−4 JA = 4.29 × 10−4 JA−JC

JC
= +18.7%

Fig. 8  Diffuser problem: comparison of the final designs in the mesh refinement study

 

1 3

   15   Page 12 of 16



Engineering with Computers           (2026) 42:15 

strategy can be around 20% worse. The optimization history 
suggests that the annealing-based approach settles in one of 
the many local optima faster than the classical approach. In 
this sense, the investigated approach is less exploratory, and 
consequently, the final design depends noticeably on the ini-
tial design and the corresponding flow field. An explanation 
can be found in the type of design update strategy we follow 

3.2.3  Discussion of the results

Summarizing the results of the comparison performed in the 
above test cases, we can state that the proposed approach 
requires far fewer optimization steps to converge and deliver 
qualitatively comparable designs. However, the perfor-
mance of the design found with the annealing-based update 

Table 3  Double pipe problem: comparison of the number of optimization steps n and the final objective function value J
Quantity Classical Annealing Relative difference
Number of opt. steps n

nC = 30 nA = 7
nA−nC

nC
= −76.7%

Objective function J JC = 0.999 × 10−2 JA = 1.20 × 10−2 JA−JC

JC
= +20.0%

Fig. 10  Double pipe problem: optimization history for a the objective function J  and b the volume fraction Vf /|Ω|. For the volume fraction, 
Binary Resolution depicts the change in the volume fraction around Vmax by adding or subtracting one element of solid material

 

Fig. 9  Double pipe problem: final designs for a the classical approach and b the annealing approach
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There are several limitations to our work that must be 
acknowledged. For example, the findings are based solely 
on one type of Ising machine, namely the GPU-based AE 
which may not fully capture the performance characteristics 
of other Ising machine types such as QA. Additionally, the 
study is limited by its use of only two relatively simple 2D 
test cases, which may not fully represent the complexity and 
diversity of real-world flow optimization problems.

Nevertheless, the results encourage further exploration of 
using Ising machines for topology optimization in flow prob-
lems and this work provides valuable insights into designing 
and integrating QUBO problems for different engineering 
tasks. In addition, it may be worthwhile to extend the Ising 
machine formulation for the design update to the entire opti-
mization problem, including the governing equations. This 
would eliminate the need for an iterative two-step optimiza-
tion approach and, thereby, resolve the issue of intermediate 
optimality. As a result, such an approach is expected to be 
significantly more efficient and to yield designs with supe-
rior performance compared to classical methods. Regard-
ing the integration of the governing equations, we note that 
QA has already been used for solving a reduced version of 
the Navier–Stokes equations  [24]. Thus, this presents an 
intriguing avenue for future research.
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in this work. In contrast to gradient-based approaches, our 
strategy ignores any feedback mechanism, i.e., the effect of 
the design change on the flow field. Instead, it only consid-
ers what is optimal with respect to the current flow field. 
This can be described as intermediate optimality per opti-
mization step. Furthermore, the pure binary character of our 
design description differs from the continuous description 
in classical approaches and shrinks the space of possibili-
ties of the design. Thus, it can be expected that the resulting 
designs show differences in their performance. In conclu-
sion, the presented way of integrating an Ising machine 
formulation to compute design updates based on an inter-
mediate optimality criterion in an iterative scheme shows 
the potential of accelerating the optimization process but is 
limited in its ability to deliver high-performance designs.

4  Conclusion

In this work, we proposed a novel Ising machine formu-
lation, expressed as a QUBO problem, to compute design 
updates for topology optimization of flow channels, aiming 
to minimize energy dissipation under a volume constraint. 
This formulation is compatible with annealing methods on 
both classical and quantum hardware. We integrated the for-
mulation into a classical two-step optimization approach, 
where the flow field and the design update are computed 
sequentially. Specifically for our approach, the design 
update was obtained by solving the QUBO problem. Our 
objective was then to analyze the proposed formulation and 
investigate whether the proposed formulation can enhance 
the performance of the optimization approach.

To address these questions, we performed numerical 
experiments for two common benchmark test cases. After 
studying the influence of different contributions to the 
objective function of the QUBO problem, we found that the 
regularization term typically used in level-set-based topol-
ogy optimization for structural mechanics is not essential 
when applied to the design optimization of flow channels, 
which is in agreement with the existing literature. During 
the comparison with a classical method, we observed that 
our scheme can significantly reduce the number of optimi-
zation steps required to achieve a design quality compa-
rable to that of the reference method, thereby accelerating 
the overall optimization procedure. However, the resulting 
performance of the designs, as measured by the value of 
the objective function, was inferior to that of the traditional 
approach. This was attributed to the limited exploratory 
capability of the proposed approach, which determines 
design updates solely based on intermediate optimality 
without incorporating sensitivity information.
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