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We consider the deformation of transparent liquid surfaces under the influence of radiation pressure generated
from a gaussian laser beam with oblique incidence. It is seen that the beam intensity cross-section at the
surface becomes elliptical, presenting a distinct behavior from the models with cylindrical symmetry previously
adopted in the literature to describe experimental observations. Semi-analytical solutions to the equilibrium
deformations in terms of Green’s functions are also presented. Based on these solutions, numerical simulations
for an air-water interface were carried out, showing that in typical scenarios the modified beam intensity
generates larger deformations as function of the incidence angle, with differences up to order of 10 nm, which
should be observable by current experimental optical techniques. A proposal of such measurement employing
a photo-induced mirror technique was also simulated, where it was seen that the expected experimental signal

does present the sensitivity required to distinguish between the considered models.

1. Introduction

Opto-mechanical effects such as radiation-induced deformations are
important to many modern technologies, especially for applications
in optical trapping and manipulation of elastic matter [1-5]. In fact,
the deformation of liquids due to optical forces was first observed
more than five decades ago [6] - however, due to the nano-scale
displacements involved only in recent years quantitative works have
been reported [7-11]. Although first attributed to momentum trans-
fer from light, this deformation phenomenon stems from optically-
induced stresses which change the local mechanical pressure within
the medium [12-15]. Indeed, characterizing the momentum transfer
by light and its mechanical effects have proven to be very challenging
topics, both in theory and experiment, being fundamentally tied to the
centenary and still ongoing Abraham-Minkowski controversy [13,16—
19].

A full description of the radiation-induced deformations as function
of time is generally a very difficult topic if the sample being illu-
minated is smaller than the beam radius — a very common situation
in nanoscale optical manipulations techniques [20,21]. This occurs
mainly because the deformed sample’s surface dynamically affects
the radiation pressure by locally changing the excitation beam’s in-
cidence angle. Nonetheless, the opto-hydrodynamics of micro-droplets
and micro-bubbles has been studied semi-analytically [22,23] in linear

deformation regime. On the other hand, for large deformations and
complex geometries one must resort to computational techniques [24,
25].

The situation is usually much more amenable when studying the
deformation of free fluid surfaces whose lateral dimensions are much
greater than the incident beam radius. Typically, the radiation-pressure-
induced surface deformations in air-liquid interfaces due to gaussian
beams are expansions of order 10 nm, quickly decaying over a lateral
length of a few unities of beam radius, which on its turn is very
frequently in the range of 10-100 pm [7-10,26]. Therefore, when
calculating the radiation pressure acting on flat interfaces, the angle
of incidence can be considered unperturbed by the sample, being
consequently constant in time. This greatly simplifies the theoretical
opto-hydrodynamic analysis.

The dynamical deformation of liquid surfaces due to the action of
gaussian beams was first theoretically addressed, to our knowledge,
in Ref. [27] by Lai and Young, where the capillary—gravity waves
generated by the normal incidence of a gaussian beam were described
(see Appendix A). Hereafter, the steady-state surface deformation taken
from Ref. [27] for a cw beam will be referred to as YL solution.
Many works in the specialized literature subsequently employed the YL
solution to study the equilibrium deformations occurring under non-
normal laser incidence [9,10,28-31]. Although in general a decent
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agreement with the experiments has been reported, it must be noticed
that in the absence of the cylindrical symmetry inherent to normally-
incident gaussian beams the YL solution is no longer valid, requiring a
generalization for the radiation pressure as a function of the beam’s
incidence angle relative to the surface. This generalization and the
associated surface deformations will be developed in this work, where a
semi-analytical solution in terms of Green’s functions will be presented.
Notice that the full description of the transmission and reflection
of gaussian beams at oblique incidence on dielectric slabs has been
presented in earlier work [32], but our focus here is distinct as it lies
in the radiation pressure acting on the dielectric flat interface and the
deformations induced by it.

2. Gaussian beam intensity at flat interfaces under oblique inci-
dence

Consider the propagation of an arbitrary laser beam inciding on an
interface between two dielectric media. Under oblique incidences, the
cross-section of the laser beam intensity at the interface is generally
different from its cross-section at normal incidence. Specifically, for
gaussian beams in the fundamental mode inciding on flat interfaces, the
intensity cross-section changes from a circle to an ellipse. To show this,
we consider here a collimated gaussian beam of radius w, propagating
in —z direction inciding on an interface located at the z = 0 plane with
incidence angle 6; (0 < 6; < 90°). We first consider this beam at normal
incidence to obtain an expression for the beam intensity cross-section at
the interface. By adopting the beam intensity spatial extent to be one
unity of wy, it is easy to see that the aforementioned cross-section is
given by a circle, described by the set of points satisfying the equation
x*+y? < wj, with z = 0. Correspondingly, the associated beam intensity
is proportional to el '”<2), regardless of the beam’s polarization.
The expression for the oblique-incidence beam intensity profile, on its
turn, is obtained by first actively rotating, by an angle 6, around the
x axis, the cylinder defined from the circular cross-section expanded
for arbitrary z (shown in Fig. 1(a)), then subsequently calculating the
intersection of this rotated cylinder with the z = 0 plane, as depicted
in Fig. 1(b). Mathematically, the coordinates of the rotated cylinder,
(X,Y, Z), are given in terms of the initial cylinder coordinates (x, y, z)
as

X 1 0 0 x
Y|=|0 cosh, —sinb;||y|. (€8}
zZ 0 sinf; cosé; ||z
Solving the linear system from Eq. (1) yields X = x and ¥ =
ycos0; — zsin 6;, while Z is unimportant here. As we are interested in
the beam cross-section profile at the interface, we set z = 0, which
gives Y = ycos6,. Thus, the beam cross-section changes from the circle
2+ < wg (seen in Fig. 1(c)) to an ellipse described by the equation
x% 4+ y?cos? b, < wé (seen in Fig. 1(d)). From the ellipse equation in
reduced form, (x/wg)? + (y/w sec8,)*> < 1, we see that the semi-minor
axis of the ellipse is w, while the semi-major axis is wysec6;. As the
secant is a monotonically increasing function in the domain 0 < 6; <
90°, the beam profile becomes elongated in the y axis as 6; increases,
as expected. Accordingly, the beam intensity at the interface changes
its gaussian spatial dependence to e~y cos? B/ wé, where the loss of
cylindrical symmetry can be easily noticed for 6, # 0. This intensity
dependence is valid for any beam polarization.

3. Semi-analytical solutions to surface deformations

Under external fields, a free surface of a liquid medium will deform
due to the action of existent surface and body forces. In equilibrium,
with no velocity field present within the liquid, viscosity effects can
be neglected, and the Navier-Stokes equation reduces to a Laplace
equation as [33] V2P = V-f,, where P is the mechanical pressure in the
liquid and f; is the resultant body force density acting on it. Laplace’s
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equation is well-known to possess unique solutions and, in this situ-
ation, the surface deformation for transparent liquids can be shown
to occur exclusively due to the electro- and magnetostriction force
densities [12,14,34]. Additionally, the radiation pressure acting on the
surface is uniquely related to these striction forces and corresponds
exactly to the well-known Abraham-Minkowski force density [13,14].
The above considerations allow us to describe the surface deformation
of the liquid at equilibrium in terms of the Young-Laplace law, which
relates the pressure jump at the interface (4P) and the deformed surface
geometry as AP = —yV-ii, where y is the surface tension parameter and
fi is the normal unit vector, given as fi = (d,h,d,h,—1)/[1 + (0,h)? +
(0,m*/?, with h(x,y) denoting the magnitude of the surface defor-
mation relative to the interface plane z = 0. For small deformations,
the denominator of the expression for ii can be taken as unity, and we
obtain V- h ~ V2A(x, y), where V? is the Laplacian operator. Therefore,
the Young-Laplace law in linear deformation regime yields [33]

YV2h(x,y) = (py = p)gh(x, y) + Pryg(x,¥) = 0, @)

where p, and p, are the mass densities of the media (assuming beam
propagation occurs from medium 1 to medium 2), g is the local
gravity acceleration and P, 4(x,y) is the radiation pressure generated
by the fields. For vanishing deformation at x,y — +o0, Eq. (2) admits
solutions in the form h(x,y) = [ [ G(x, y; X',y )Ppq(x’, y') dx’ dy’, where
G(x,y;x',y') is the Green’s function of the problem, given as (see
Appendix B for the calculation)

1 1/2
anﬂﬂyw=55&(aW—ﬂﬂ+@—ﬂﬂ )- 3)

Here, K, denotes the Oth order modified Bessel function of the second
kind and a = +/y~'(p, — p;)g. To obtain A(x,y), we now need to
characterize the radiation pressure P, 4(x, y).

3.1. Radiation pressure

The radiation pressure for non-magnetic, linear and transparent
dielectric interfaces is [13,14] Pq = (e, — 51)|E|§vg /2, where ¢, and
£, denote the electric permittivity of the media and |E|§Vg is the spatial
average (across the interface) of the squared modulus of the electric
field. The coordinate system shown in Fig. 1 was adopted, where
medium 1 occupies the region z > 0 and medium 2 the region z <
0. According to the boundary conditions stemming from Maxwell’s
equations, the longitudinal field component E, is not continuous across
the interface. Therefore, choosing a procedure to calculate its spatial
average is necessary. As shown in Ref. [14], in the so-called microscopic
Ampére (MA) formulation a simple arithmetic mean is adopted. In
other earlier works from literature, both theoretical and experimental,
a different averaging procedure was employed [9,10,28,29,31,35-37],
based on the continuity of the longitudinal component of the electric
displacement vector field, D,, at the interface. For linear media, this
condition is mathematically equivalent to averaging the product ¢E,.
However, as extensively discussed by Barnett and Loudon in Ref. [38],
the permittivity e is a quantity obtained from a macroscopic averag-
ing over a single material and therefore is ill-defined at surfaces —
i.e., E, can be averaged at surfaces, as done in the MA formulation,
but £ cannot. Incidentally, proceeding with this physically unjustified
assumption yields a radiation pressure that can be shown to correspond
to a geometric mean of E, [14,37]. Thus, the numerical values obtained
for typical dielectric interfaces are close in magnitude for both aver-
aging methods (especially for small values of 6,), partially justifying
the agreement found in experimental works [9,10,28,29,31,35]. Such
difference in radiation pressure, however, should be distinguishable in
realistic setups, as discussed in the next section.

As P, is proportional to the beam intensity at the surface, we
may write P, (x,y) = f (ei)e‘("zJ’y2 cos’ 6,)/ "’3, where f(6,) contains the
dependence on 6; from the model adopted for the radiation pressure
and also the polarization. Following the discussion from Section 1,
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(b) z
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x% +y?cos® §; < w¢

Fig. 1. (a) and (b) Rotation of the beam intensity profile by an angle 6, around the x axis. The shaded regions depict the beam intensity cross-section at the
interface plane z = 0, which changes from a circle to an ellipse under oblique incidence, seen in (c¢) and (d). In the figure, 6, = 30°, which generates a semi-major

axis approximately 15% larger than the semi-minor axis.

in the system under study the angle of incidence is not appreciably
affected by the surface deformation. Thus, for the specific purpose of
calculating radiation pressure acting on flat interfaces due to gaussian
beams, the incident beam’s wavefront can, to good approximation, be
considered locally plane, with a single incidence angle ;. This allows
us to describe the transmission and reflection phenomena in terms of
Fresnel coefficients 15005, 14(6;) and rp(0) as [14]

(14r,(6))sin® 6, 12(8;)sin” 6,

16 = A[lﬁ(ei)cosz 0.+ > + 5 , )
£P(6) = A [(sin® 6, + cos? 0620 ©)
and

1O©) = AL6). 6)

where A = [(e,, — &) Pyl/(znjcwy]), with P, denoting the cw beam
power, ¢, and ¢,, the relative electric permittivities, and 6, = sin™!
(ny sin 0; /n,) is the transmitted angle at the interface, with the refractive
indices n; = (/e and n, = |/e,. Besides, fﬁi is associated with
the MA formulation and p polarization (where the arithmetic spatial
average is employed), fl(if) with the literature version and p polarization
(where the geometrical spatial average is employed) and f® with the
s polarization, which is the same in both approaches as no averaging
across the interface is necessary in this case. In the Fresnel coefficients,
r denotes reflection and ¢ transmission, with the subscripts indicating
the polarization.

The surface deformation A(x, y) is therefore given semi-analytically
as

S 2 21172
h(x,y) = ﬁ /KO (a [(x=x") + (=) )

X exp|—(x">+y*cos*0y)/wi] dx'dy. @
where the double integration is to be performed over the x’ — )/ plane.

4. Numerical results and discussion

To calculate the surface deformation numerically, we adopt through-
out this section the realistic values w, = 50 pm and cw beam power

of 5 W. We also consider an air-to-water beam incidence, with [39]
£, = 1.0003, ., = 1.7689, p, = 1.2 kg/m?, p, = 998.2 kg/m>, y = 72.8
mN/m and g = 9.79 m/s?.

In Fig. 2 we see the two-dimensional beam intensity cross-section
(left column) and surface deformations A(x, y) (remaining columns) for
angles of incidence 6, = 30° and §; = 70° with both polarizations and
both models for p-polarized radiation pressure. The results show strictly
positive values of the order 10 nm for the deformations, indicating a
water surface expansion, in accordance with the earlier literature with
the same media and similar beam parameters [7-10]. When 6; = 30°,
the semi-major axis is only about 15% larger than the semi-minor
axis, and correspondingly the elliptical profile is barely noticeable in
both the intensity profile and the associated surface deformations. For
6; = 70°, on the other hand, the semi-major axis is almost 3 times larger
than the semi-minor axis, generating a very pronounced elliptic profile
for the intensity. The surface deformations also follow this tendency.
We notice that the s-polarized deformations (Figs. 2(b) and 2(f)) depend
weakly on the incidence angle while the p-polarized deformations (Figs.
2(c), 2(d), 2(g) and 2(h)), on their turn, present peaks that increase
significantly with 6;. This fact is expected as the p-polarized beam has
an extra non-negligible field component acting on the interface (E,)
when compared to the s polarization.

Fig. 3 shows the deformations at the beam center, (0, 0), as function
of the incidence angle ;. The distinct f(6;) from Egs. (4) to (6) were
considered, along with the circular and elliptic beam intensity cross-
sections. Notice that the circular intensity profile, which was adopted
in the YL solution, is independent of ¢;. The deformations in this
case (purple and green lines) are dependent on 6; through the Fresnel
coefficients only, while for the elliptic profile derived in this work
(yellow, blue and red lines) such dependence is due to both the beam
intensity and the Fresnel coefficients. We can see in Fig. 3 that all cases
produce an expansion of the water surface, since all the f(6;) functions
are strictly positive for £, > £,. Besides, the elliptic and circular profiles
produce very similar deformations, for both polarizations, if the angle
is smaller than 15°. As this angle increases, however, relatively larger
deformations are obtained from the elliptic profile, with a maximum
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Fig. 2. (a) and (e) Beam intensity for ¢, = 30° and 6; = 70°, respectively. (b)-(d) Surface deformations h(x, y) for 6, = 30° with s polarization, with p polarization
in MA model, and with p polarization in literature model, respectively. (f)-(h) Same as before, but for 6; = 70°.

difference around 66°. More specifically, these differences reach ap-
proximate values of 4h® = 10 nm and 4h® = 20 nm for s and p
polarizations, respectively, where the MA formulation was adopted to
define Ah®. Additionally, for elliptical profile and p polarization, the
maximum difference in deformation between the two models described
(blue and red lines in Fig. 3) is 4h,,4 ~ 4 nm. In principle, such values
can be measured by current optical techniques such as photo-induced
mirror and interferometry [7,40,41].

From the discussion presented in Ref. [14], it is expected that the
averaging method employed in MA formulation provides better agree-
ment with experiments. This was indeed confirmed in a recent work
where the deformation of a free surface of water under oblique laser
incidence was measured with a sub-nanometer-precise interferometric
technique [42]. However, notice that in this reference the elliptic
profile of the beam cross-section at the interface was argued to be
unimportant in interpreting the observations. This claim is initially in
discordance with the results presented in this work, both on physical
and numerical grounds. Another important experimental work was
reported in Ref. [10], where a millimetric water droplet under oblique
incidence was examined. With values for w, and P, similar to the
ones adopted in our simulations, the observed deformations matched
the circular-profile model for 6; up to 55°, with a sub-5 nm precision.
The maximum differences between these observations and the results
predicted by our model are about 10 nm (not shown here), which are
too small to support definitive conclusions within the given precision.
Thus, more detailed investigations are currently necessary to clarify the
aforementioned discrepancies.

The distinct behavior of the surface deformations in Fig. 3 arises
from the interplay between the angular dependence of the radiation-
pressure functions and the beam cross-section profile. For s polariza-
tion, the deformation decreases monotonically with incidence angle,
while for p polarization the coexistence of parallel and normal field
components yields a maximum region due to the product of decreasing
transmission/reflection coefficients with increasing sine terms. The
elliptic beam profile further enhances this effect: because the gaussian
factor in the double integral shown in Eq. (7) broadens along the )
axis as 6; increases (proportional to sec;, as discussed in Section 3),
the integrated contribution grows with angle, shifting and amplifying
the deformation maximum toward larger 6;. This explains why the
elliptic case shows stronger and higher-angle peaks, including the large
deformation near 66° for p polarization.

Notice that as P,4(x,y) = f (Gi)e_("zﬂ ? cos? 0,)/ '”<2>, the spatial depen-
dence of the radiation pressure is entirely given by the beam intensity.

50

—f®), elliptic —(*) circular
40 ’—fw\, elliptic —f}i‘:), circular
) elliptic

L L L L

20 30 40 50 60 70 80
0, (deg)

90

Fig. 3. Surface deformations at beam center for air-to-water propagation as
function of angle of incidence according to the considered models with both
polarizations. The curves with circular profile depend on 6; only through the
Fresnel coefficients, while the curves with elliptic profile depend on 6, through
both beam intensity and Fresnel coefficients.

If we then calculate P, at the origin, its value will be the same for both
circular and elliptic cross-sections, regardless of the incidence angle 6;
— although it will still be different for s and p polarizations, as already
explored in earlier literature [35]. In fact, in our system the behavior
of P4 as function of 6, is the same for circular and elliptic intensities
for the whole (x,0) line, as the rotation of the beam incidence only
affects the intensity in y-direction (see Fig. 1). Therefore, the effects of
the different intensity cross-sections in the radiation pressure must be
observed at points outside the (x,0) line. Such effects can be clearly
seen in Fig. 4, where we have the radiation pressure calculated, as
function of 6;, at points (x,y) = (0, w,) (Fig. 4(a)) and (x, y) = (0,2w,)
(Fig. 4(b)) for the different models considered and both polarizations
(the notation follows that of Fig. 3 for the f functions). Accounting
for the correct intensity profile leads to higher values of radiation
pressure for both polarizations. In particular, in Fig. 4(b) we see that
the curves associated with the circular profile model are negligible
(purple and green lines coincide), while the elliptic profile still present
non-negligible radiation pressure.

To facilitate the experimental distinction between the circular and
elliptic models for the beam intensity cross-section (and also for the p-
polarized radiation pressure), it is convenient to consider transparent
dielectric media that present overall larger deformations. In systems
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Fig. 4. Radiation pressure as function of 6, according to the considered models
and both polarizations, calculated at (a) (x, y) = (0, w,) and (b) (x, y) = (0, 2wy).
In (b), the lines related to the radiation pressure with circular profile are
negligible.

where the surface deformation is induced by radiation pressure, the
effects of the surface tension typically dominate over the effects of
gravity. This can be readily quantified through the dimensionless Bond
number, Bo, which is a measure of the relative magnitude between
buoyancy and capillary effects [24], and is given here as Bo = w(z)az.
In our simulated setup, Bo is of order 10~# — thus, the surface tension
dictates the magnitude of the deformation, with lower y values provid-
ing larger deformations. This conclusion holds even if we use wj sec 6;
instead of w, to define the characteristic length (unless 6, is extremely
close to 90°, which is a very unpractical situation). In this context,
water is not a particularly interesting choice for experimental studies as
y is known to be large — nevertheless, it was employed in the numerical
simulations presented here due to its frequent appearance in the related
experimental works. Additionally, higher values of ., increase the
radiation pressure, which should also produce larger deformations.

It is important to clarify the limits of validity of the small-deforma
tion approximation used in our analysis. Formally, the condition was
specified in Section 4 as (9,h)>+(0,h)* < 1. A more intuitive criterion is
to consider the ratio between the maximum deformation amplitude and
the incident beam radius, which directly estimates the characteristic
surface slope. Small-deformation conditions then correspond to slope
values much smaller than unity. For the 10 nm-order deformations
shown in Fig. 2 with beam radius w, = 50 pm, the corresponding
slope is ~ 1073, which satisfies our condition. Considering the beam
radius constant with order 10 pm, deformations one order of magnitude
larger (possible in samples with higher permittivity and lower surface
tension, as discussed in the last paragraph) would still yield slopes
much smaller than unit, and thus remain within the applicability of
the small-deformation approximation.

The consideration of beams with arbitrary modulation would natu-
rally introduce a time dependence in the surface deformation itself so
the Young-Laplace law in Eq. (2) cannot be applied anymore, being
replaced by the capillary—gravity wave equation [27]. In this situation,
semi-analytical solutions in terms of Green’s functions as developed
here become much more complicated to obtain and are left as a topic
for future works. In any case, the effects of the presented elliptic beam
intensity cross-section should not be altered.

Photoacoustics 46 (2025) 100781

Sample

Fig. 5. Principle of operation of the photo-induced mirror technique. Green
arrows represent the pump beam inciding with angle 6, (reflection and trans-
mission are not shown). Red arrows depict the probe beam, whose reflected
components are seen in solid lines for the flat interface and dashed lines for
the deformed surface. Correspondingly, the solid and dashed yellow lines are
the wavefront of the initial and distorted reflected probe beams, respectively,
which are related by the phase difference @(x, y).

4.1. Photo-induced mirror technique simulations

The so-called photo-induced mirror (PIM) is an all-optical pump-
probe experimental technique able to observe surface deformations of
nanometric order in condensed matter samples [7,40]. The distortion of
a probe beam wavefront due to the alterations in the sample’s surface,
illustrated in Fig. 5, is monitored in the far-field region by a photode-
tector. From the variation in the intensity measured at the center of this
photodetector, it is possible to obtain information on many parameters
from the sample. The PIM technique has been successfully employed
in earlier literature to analyze and measure the surface deformation of
low-absorbing samples under normal laser incidence [7,8,11,43]. It is a
particularly convenient technique to study the two-dimensional surface
deformations reported here as the setup is sensitive to the whole surface
morphology, and not only to the magnitude of the peak deformation.

In the present case with 6; # 0, the excitation beam and therefore the
surface deformation do not present cylindrical symmetry. The observed
intensity in equilibrium (relative to the unperturbed case), denoted by
S, can be generalized as

+o0 +00 . 2 2 2 2 2
S:‘/ / exp[_,_;;(x +y2+x +y )+x ty —i@(x,y)]dxdy
-0 J-o0

Ap Zy Rlp wlp

2

’

®

where | = \/—_1 , @(x,y) = 4rh(x,y)/4, is the phase difference, with 4,
denoting the probe beam’s wavelength, w, the probe beam’s minimum
radius, Ry, the probe beam’s wavefront curvature at the point of
minimum radius and z, the distance between the sample surface and
the photodetector. The theoretical deformations h(x,y) described in
this work can therefore be inserted into Eq. (8) and compared to the
experimental value measured for S as a function of 6;. This approach
allows us to verify the validity of the radiation pressure under oblique
incidence presented here, as well as the best model for the radiation
pressure of p-polarized beams.

Fig. 6 shows the simulated normalized PIM signal S as function
of 6; for water under steady-state conditions, i.e., after the surface
deformation is fully built due to the cw laser excitation. As in Fig. 3, the
two polarizations and the two models are considered. The additional
setup parameters were taken from Ref. [8] as follows: Ap = 632 nm,
wy, = 3.64 mm, Ry, = 332 cm, z, = 6.8 m. We can see that the
signal in this configuration behaves similarly to the peak deformations,
i.e., distinction between the models is clearer in the range of 50° <
0, < 80°, approximately. Typically, the uncertainties in a PIM setup
are about 0.2% (see Refs. [7,8] for example), which are undoubtedly
precise enough to discriminate the curves shown in Fig. 6 in the
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Fig. 6. Normalized PIM signal .S for a water sample in steady-state considering the different models and polarizations.

range just mentioned. Thus, the PIM technique corresponds to a robust
experimental possibility to test the models presented in this work.

Although no experimental measurements under oblique incidence
are presented here, the simulations provided in this section aim to
demonstrate the feasibility of using the PIM technique for testing our
theoretical predictions and to guide future experimental implemen-
tations. Identifying the best model for the optically-induced radia-
tion pressure under general beam incidence is important for modern
opto-mechanical and optical trapping applications, while also improv-
ing our knowledge on optical forces in matter in the context of the
long-standing Abraham-Minkowski controversy.

5. Conclusions

In summary, we obtained semi-analytical solutions for the defor-
mation of flat interfaces of transparent dielectric liquids due to the
radiation pressure generated from a gaussian beam under oblique
incidence. In simulations for an air-water interface with realistic ex-
perimental parameters, such deformations were seen to be larger when
compared to the earlier literature semi-analytical model, which adopted
a circular profile for the beam intensity cross-section at oblique in-
cidences. The largest differences in deformation were approximately
10 nm and 20 nm for s and p polarizations, respectively. Two distinct
models for the radiation pressure for p polarization were also consid-
ered, and the expected difference in deformations is about 4 nm. All
these differences should be possible to be observed with modern optical
techniques and, moreover, they can be made larger if necessary by
choosing transparent liquids with lower surface tension and/or higher
refractive index. Specifically, we simulated the expected signal from
a photo-induced mirror pump-probe setup, which was seen to present
the necessary sensitivity to measure the water surface deformations and
identify the best models precisely.

The theory developed here further elucidates the interaction of
light with dielectric interfaces, contributing to the resolution of the
ongoing Abraham-Minkowski controversy and also to opto-mechanical
and optical manipulation applications.
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Appendix A. Semi-analytical solution for the cylindrical-symme
tric case

For convenience, we show here a short derivation of the result
for surface deformation under normal incidence and cw regime from
Ref. [27]. If the beam intensity cross-section is circular, the radiation
pressure at the interface depends only on the cylindrical coordinate r,
and therefore Eq. (2) is reduced to

2 —2r2/u72 _
YV h(r) = (py — p1)gh(r) + f(0)) e or =0, )

where wy; is the radius defined for the field amplitude, related to the
radius of the beam intensity as w},/2 = w;.

Now, we apply the Hankel transform (also known as Fourier—Bessel
transform) to both sides of Eq. (9). This generates Vf — —k? and
ey (Wi /%) e wor/ 8 from where we get

wo f(0) kw8
4y k2 + a?

where h(k) is the Hankel transform of A(r) and & = (p, — p;)g/7. The
solution is then obtained by performing the inverse Hankel transform,

which yields
oo e—kzw(z)f /8
/0 k2 + a?

wéff (Ch]
4y
where Jj, is the Oth order Bessel function of the first kind. This is the
semi-analytical solution for the equilibrium surface deformation given
in Ref. [27].

h(k) = , (10)

h(r) = Jo(kr)k dk, an



B. Anghinoni et al.

Appendix B. Semi-analytical solution for the non-cylindrical-sym
metric case

The differential equation given in Eq. (2) is a case of the non-
homogeneous Helmholtz equation, which is known as the screened
Poisson equation. The oblique incidence breaks the cylindrical sym-
metry of the radiation pressure profile, so the solution from Ref. [27]
adopted in earlier literature, given in Appendix A, cannot be applied.
In seeking analytical or semi-analytical solutions, one traditional way
is to find the Green’s function for the problem. In our case, the Green’s
function G(x, y; x’, ') must satisfy the differential equation yV2G —(p, —
p1)gG = =8(x — x")é(y — '), where 5(x) denotes the Dirac delta distri-
bution. Besides, the function G must also satisfy the same boundary
conditions pertaining to the deformation A(x, y). Such conditions for A
are h(x — +o00,y) = h(x,y — +o0) = 0 and are physically justified by
the assumption that the typical lateral length of the interface is much
larger than the beam radius. By applying the Fourier transform to the
differential equation for G, we get

L1 el +h)
Gk, ky;x',y) = - ———-——, 12
(ks keys X7, y7) TETr (12)
which is inverted as
, e~ ilkx(x— X"+, (y=y)l
G(x,y;x',y )— // ar k2 e dk,dk,, (13)

where the double integral is to be performed over the k, -k, plane and
2 = y~!(p,—p,)g. Now, we transform the integral into polar coordinates
in the k-space, (k, cos 6, k, sin 6), obtaining

2r
G, y;x',y) = / /
(x,y y)= —

where |r —r'| = [(x-x')? +(y—y’)2]1/2. By using the property [44]
/02” cos(nf) exp(ix cos(d — ¢))d0 = 2zi"J,(x) cos(ng), where J, denotes
the nth order Bessel function of the first kind, the integration in 6 yields

—1k Llr=r’|cos @

e Lk dodk,,

14

1 ® Jolk,Jr —1'|)
GG,y X', y)=— 0

wly ea o (15

The integration in k, finally leads to [45]

Glx, y;x',y) = %}/Ko (alc=x?+0-y71"), a6
where K|, is the Oth order modified Bessel function of the second
kind. As Ky(x — +o0,y) = Ky(x,y —» =+o0) = 0, the Dirichlet
boundary conditions are satisfied. Thus, the solutions we seek are
h(x,y) = [ G(x,y;x",y)Pq(x',y")dx" dy', where the double integral
must be calculated for the x’-y’ plane. It can be numerically verified
that the solution obtained here coincides with the solution for the
cylindrical-symmetric case if §; = 0, as expected.

Data availability

Data will be made available on request.
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