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Ion stopping force from Bohmian mechanics
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We employed Bohmian mechanics to solve the equations of motion for a charged particle traveling in a free
electron gas. Quantum effects are accounted for by including the Bohm quantum-mechanical potential Q, which
depends on the electronic density, in the typical classical description. Our approach provides a computationally
efficient alternative to traditional quantum calculations for determining the electronic stopping force of charged
particles in matter. We use this framework to investigate the stopping of fast protons and slow highly charged
xenon ions in the free electron gas. For highly charged ions, we predict the stopping force as a function of the

projectile charge exchange.
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I. INTRODUCTION

Bohmian mechanics [1], also known as the de Broglie-
Bohm theory or pilot-wave theory, is an interpretation of
quantum mechanics that posits the existence of a guiding wave
along with particles. In this framework, particles are governed
by the Schrodinger equation, and the guiding wave determines
their trajectories. This method allows straightforward quanti-
zation of classical calculations by adding an extra potential
energy term: the quantum Bohm potential Q [1]. Follow-
ing its original formulation by de Broglie and its systematic
development by Bohm in the early 1950s [1,2], the formal-
ism has been placed on solid conceptual and mathematical
foundations, as discussed in several seminal monographs and
reviews [3-5].

Beyond its foundational aspects, Bohmian mechanics has
been extensively applied as a practical, analytical, and nu-
merical tool in a wide range of physical contexts. Notable
applications include quantum scattering and tunneling phe-
nomena, molecular and chemical reaction dynamics, quantum
chaos, nanoscale transport, and strong-field processes, where
Bohmian trajectories provide valuable physical insight into
quantum fluxes, interference patterns, and momentum transfer
mechanisms [6-8]. In recent years, the approach has also
been extended to open quantum systems and many-particle
dynamics, further broadening its applicability [9]. A more
general statistical formulation of quantum mechanics is dis-
cussed elsewhere [10,11].
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Unfortunately, the quantum Bohm potential can be highly
complex and computationally expensive to calculate, es-
pecially for many-body systems. This restricts its use to
mean-field independent-particle models where the single par-
ticle density describes all particles [12]. The calculation of the
quantum Bohm potential requires the second derivative of the
electron density. Minor numerical uncertainties in the density
can be amplified when taking these derivatives, leading to
instability and inaccuracies in the resulting potential and tra-
jectories. Here, we propose a stable method for expressing the
quantum Bohm potential, suitable for calculating the stopping
force. We demonstrate the utility of this approach by calcu-
lating the electronic stopping force encountered by charged
particles in solids and two-dimensional (2D) materials from
first principles, and in a computationally efficient manner.

The stopping force of ions in matter is a crucial parame-
ter in both the low-energy [13,14] and the high-energy [15]
regimes. At low projectile energies, it is relevant for both
semiconductor device fabrication and nuclear materials de-
sign, where phenomena such as the depth of implantation
and the damage of the lattice must be known and controlled
to high precision [16,17]. At higher energies, the stopping
force is used to determine ion penetration depths of ions in
matter, which is an intrinsic aspect of ion-beam analysis [18]
and ion-beam therapy [15,19]. Generalizing classical calcu-
lations using the Bohm quantum potential is also relevant in
plasma physics [12,20] for a more accurate description of the
interactions inside the plasma, where quantum effects may
be significant [12]. The quantum potential is able to incorpo-
rate these effects into classical trajectories, providing a more
comprehensive understanding of the plasma behavior and the
interaction of particles within it.

To apply the Bohm potential in the context of ion-atom and
ion-surface interactions, we use a statistical ensemble of all
possible ion trajectories and then it gives rise to a nonlinear
Schrodinger equation (NLSE) [21]. This equation describes
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stationary scattering states that are necessary to accurately
model the (quantum) stopping force and ion screening in a
dense electronic environment like a surface. We apply this
method to study the energy loss of slow, highly charged Xe
ions caused by the valence electrons of graphene. Recent
measurements and ab initio time-dependent density functional
theory (TDDFT) calculations showed a considerable energy
loss, which depends on the incident charge state g, and on the
outgoing charge state g,y [22,23]. However, typically TDDFT
calculations cannot treat many-body effects such as inter- and
intraatomic Auger transitions [24-26]. Therefore, they could
not fully describe the energy loss as a function of projectile
charge exchange (Ag = ¢in — Gout)-

In contrast, classical simulations offer an excellent and
cost-effective method to enhance [27] and expand stopping-
force calculations to include charge exchange effects for slow
highly charged ions interacting with 2D membranes [28].
They can be further quantized by adding the appropriate
Bohm quantum potential. Full expressions are provided here
for the free electron gas (FEG) system and for the binary
theory of stopping [29]. Moreover, analytical expressions for
the Bohm quantum potential were obtained for bare ions at
high velocities.

While Bohmian mechanics offers an alternative view of
nature and is now being put to experimental test [30], nu-
merical challenges have long limited its practical application.
Our results demonstrate that it can indeed enable quantum
calculations with significantly reduced computational cost,
highlighting its potential for broader application, particularly
in scenarios where standard numerical methods are inade-
quate. The following section will describe the theoretical
procedure to retrieve the Bohm quantum potential of an FEG
quantum system, which features the valence electron of a solid
or 2D membrane. Atomic units will be used throughout the
paper unless otherwise stated.

II. THEORETICAL PROCEDURE

We first consider the stopping of a pointlike charged parti-
cle, Z;, traveling toward a classical FEG with an undisturbed
electron density n or plasmon frequency wp, = +/47n. In the
Z, reference frame, a front of electrons of density n and
velocity v are scattered by Z;. This scattering is described
by a screened potential V (¥), where 7 is the position vector
between an electron and Z;. The classical trajectories are
denoted by 7(t, l;) for electrons coming from “the left to the
right” with an impact parameter b. The stationary density of
electrons is then

o (%) =nvfdtfd%a“)(?—?cl(z,E)). (D)

The induced electron density n;,q(7) = p(¥) — n then acts
as a force Fj,q on the projectile. This retarding force is then
the so-called “stopping force” [31],

dE 1.
e = _;Find - v. ()

According to Bohmian Mechanics, classical calculations
can be transformed into fully quantum-mechanical ones by

adding the quantum potential Q(7) as

0=——v4 3)
o240
where A is the magnitude of the wave function, or simply /o
for a system of independent electrons. Thus, the Schrédinger
equation is fully recovered by the Hamilton-Jacobi formalism
[32]. From Eq. (1), the spherically averaged density can be
determined by (see Appendix B)

2, 1Y 2
A=l -, @)

where E = v?/2. A microcanonical ensemble can obtain the
same expression (see the Supplemental Material [33]). The
quantum potential Q can then be determined from the density
(A?) as

A4
Q:E(l - F) —V(r). &)

With the definition of the Bohm quantum potential, Eq. (5)
originates the following radial NLSE:

1 d2A+2dA _(=(4 A v 4 6
2\a? T rar ) T 2 m)
This NLSE is the main result of the present work. The total
potential to be used in classical calculations is

A4
th=V+Q=E(1——2>, (7
n

which gives quantum features to classical calculations. Fur-
thermore, Eq. (6) gives the same solutions as the original
Schrddinger equation for central problems and angular mo-
mentum ¢ = 0. Solutions for other angular momenta can
be obtained by incorporating the centrifugal potential £(£ +
1)/@r).

Within Bohmian mechanics, the Newton-like equa-
tion containing the quantum force is derived rather than
postulated. Its dynamical equivalence to the guiding equa-
tion holds only when the particle velocity is initially given by
the gradient of the phase of the wave function. In the present
work, this condition is explicitly assumed in Eq. (1) for an
incident plane wave, which satisfies the continuity equation.

For small Z and large v, analytical solutions to Eq. (6)
can be obtained for small perturbations in the density (see
the Supplemental Material [33]). For example, for the Yukawa
potential V(r) = —% exp(—ar), the perturbative solution re-
sults in an induced density

wﬁ Z) exp(—ar) — exp(—2vr)
402 — @2

, ®

Ning = 4

4 r

which agrees with the one obtained for the Nagy potential at
v > v (Fermi velocity vp = 1.919/r5) [34], with a Wigner-
Seitz radius r; = (3n/4m)'/3 and using o« = wp/v. Moreover,
the induced density from Eq. (8) can be integrated to obtain
the total induced charge, and the final expression yields the
same full quantum-mechanical results as those in Ref. [35].
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FIG. 1. The stopping cross section per electron of protons slow-
ing down in an FEG with ry = 2.07 [panel (a)], which features the Al
valence electrons and ry = 0.54 featuring the Al 2s shell [panel (b)].
The solid curves correspond to full classical and quantum calcula-
tions using the Yukawa potential and the screening length v/w, as
well as to standard Bohr and Bethe stopping formulas. The symbols
present the results based on Bohm trajectories. The ordinate values

dE

are calculated from the stopping force 3 divided by the electron

density N = 1/(47 /3r?) for the corresponding r, values.

III. RESULTS AND DISCUSSIONS

Traditionally, perturbations in the electron gas (or elec-
tron density) caused by a moving charged particle have been
treated linearly [36]. Here, we used the total ion-electron
potential described in Eq. (7) and calculated the Bohmian
trajectories for an FEG with different densities n or ry, =
(3n/4m)!/3. The stopping force was obtained from the in-
duced force or transport cross section according to Ref. [29]:

d_E _ [nvpvo(ve),  if v K v, ©)
dx | mv?o (), if v > g,
where o is the effective transport cross section [37]
eff Z * .
o, = —2n¥ dbsin O(b), (10)
0
or the momentum-transfer cross section
o0
oy =27 / bdb(1 — cos O(b)). (11)
0

The first one is valid only for bare ions and works better
at high projectile energies, whereas the second one is more
appropriate for low projectile velocities [38].

A. Stopping at high projectile velocities

First, we consider a simple case of a fast proton in an
aluminiumlike FEG. Figure 1(a) presents the calculated stop-
ping force as a function of proton velocity for an FEG with

rs = 2.07, which corresponds to the valence electron density
of aluminium. Classical calculations (red solid line), based on
Eq. (10) and employing a Yukawa potential with a screening
length v/w,, are obtained by solving the classical orbit equa-
tion. These data are consistent with Bohr’s stopping theory
(rose solid line) at high projectile velocities, as recently con-
firmed for FEG systems [27]. It should be noted that for v < 1,
the assumptions of unidirectional projectile trajectories [see
Eq. (1)] and the use of v/w, as a screening length become no
longer valid.

The classical trajectories were then recalculated from
Newton’s equation of motion by incorporating the quantum
potential according to Eq. (7), yielding the Bohmian trajec-
tories shown as blue points. We find good agreement with
the full quantum-mechanical calculations using the phase-
shift method [29,37] (green) for v > 1.5 and also with the
Bethe formula (violet) at high projectile velocities. There are
small discrepancies between the Bohmian trajectories and the
phase-shift calculation due to the spherical averaging used to
derive Eq. (6).

The best method to solve this NLSE is described in Ap-
pendix A. The analytical solution of this equation for small
values of Z; /v [33] was also used to recalculate the Bohmian
trajectories (indicated by orange points). The agreement is
only good at much higher projectile velocities. Overall, the
primary effect of adding the quantum potential at high projec-
tile energies is to truncate the interaction potential at distances
comparable to the de Broglie wavelength of the incoming
electron (in the center-of-mass (CM) system). In the Sup-
plemental Material [33], we demonstrated that the analytical
solution of the quantum potential yields the Bethe formula
correctly at high projectile velocities.

Figure 1(b) illustrates the same scenario but for a much
denser FEG system, whose plasmon energy corresponds to
the binding energy of the Al 2s shell. Here, the discrepancy
between classical and quantum stopping-force calculations
becomes more pronounced. This is primarily due to enhanced
electron screening, which intensifies the deviation between
the two approaches. In this high-density regime, the Bohmian
method is able to overcome the limitations of traditional
classical calculations. The Bohmian results show excellent
agreement with the quantum stopping forces obtained from
phase-shift calculations for projectile velocities v > 2.

Strictly speaking, the results shown in Fig. 1 are valid
for v > vg, but they can be extended to lower velocities
by incorporating kinematic (or shell) corrections, as de-
scribed in Ref. [29]. This procedure for ; = 2.07 was applied
and is illustrated in Fig. 2. For this purpose, we used a
velocity-dependent screening length of Nagy and Bergara
[39] normalized by the Friedel sum rule [35]. Figure 2 also
includes the TDDFT calculations for r, = 2.07 and Al ex-
perimental data from Ref. [40]. The agreement between the
TDDFT and Bohmian results, as well as the experimen-
tal data, is very good at low energies, indicating that both
methods adequately describe H stopping by the Al valence
electrons. At higher energies, the stopping due to the contri-
bution of Al inner-shell electrons becomes significant, which
can be taken into account by using an average of FEG stop-
ping powers as displayed in the Supplemental Material [33].
We observe here that the Bohmian calculations yield even
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FIG. 2. The stopping force of protons in Al. The calculated val-
ues are as in Fig. 1(a), but including the electron initial velocities
and velocity-dependent screening—see text. The blue dots are based
on Bohm trajectories, and the red line corresponds to full TDDFT
calculations from Ref. [40]. Experimental results from Ref. [40] are
also added for reference.

better agreement with experiment than the quantum-
mechanical (QM) phase-shift calculation. The spherical
averaging used here implies a microcanonical ensemble,
which seems to be more appropriate than the one behind the
phase-shift calculations.

B. Stopping at low projectile velocities—highly charged ions

Next, we consider the case of slow, highly charged ions
impinging on graphene. For this, a good description of the
electron-ion interaction potential is required. Here, we con-
sider the time-dependent potential (TDPot) model, developed
to calculate the charge exchange and energy loss of slow,
highly charged ions that impinge on 2D materials [41]. It gives
a suitable description of the interatomic potential between the
highly charged ions and the target atoms, and can be tuned for
collisions between the incoming ion and the valence electrons
of the membrane.

The TDPot model agrees with the experimental data
[28,42] at low projectile velocities, but does not give the
electronic energy loss for cases without charge exchange. To
summarize, this model has three distinct stages: (1) neutraliza-
tion of the ion and formation of a hollow atom prior to impact
with the target [43], (2) stabilization of the ion during impact
mediated by ultrafast interatomic Coulomb decay (ICD) [26],
and (3) postimpact electron removal via Auger transitions.
Nuclear energy loss arises from collisions between projectile
and target atoms, and inelastic energy loss can be calculated
from the time variation of the potential. In the limiting case of
no charge exchange, the incoming and outgoing potentials are
similar, resulting in an unphysically vanishing inelastic energy
loss.

By assuming an FEG with electron density from the sp?
and m orbitals of graphene, the inelastic energy loss can be
calculated using Bohmian mechanics. Bohmian trajectories
were then calculated using Eq. (7) and used to determine
the stopping force following Eqs. (9) and (11) for v < vg.
The energy loss was calculated using 3.3 A for the thickness
of graphene and r; = 1.5, which is consistent with the areal
density of the valence electron of 4 x 3.8 x 10" cm?. The
potential V (r) used in Eq. (6) is described in terms of the
projectile charge, the number of core, stabilized, and captured
electrons as derived in Ref. [41] and depicted in Appendix C.

132 keV Xed%nt _, graphene

energy loss (keV)

incident charge state ¢,

FIG. 3. Bohm calculations of the electronic energy loss of
132 keV Xe ions as a function of the incident charge state ¢;, on
graphene, considering different projectile-electron screenings due to
m — m* transitions with 5 eV and o + 7 plasmon excitations with
15 eV [44], are presented. The present results are compared with
TDDEFT calculations from Refs. [22,47].

Within the TDPot model, V () remains neutral until the ion
has left the target. Nevertheless, the graphene electrons can
still dynamically screen the interaction. As such, we consider
excitation energies of 4.7-6.8eV for 7 — 7™ transitions and
15-27eV for o + m plasmons [44—46]. We use this approach
to screen the projectile-electron Coulombic interaction, as
proposed and applied in the binary theory of electronic stop-
ping by Sigmund [29]. Plasmon excitation contributions of
20% and 80% [46] were assumed for w — 7* and o + 7
transitions, respectively.

Figure 3 presents the mean energy loss of 132 keV Xe%nt
ions in graphene as a function of the incident charge state
¢in- The results are compared with TDDFT calculations from
Ref. [22], which employ a cut-off radius of R = 0.5 to reg-
ularize the Coulomb singularity at the ion nucleus [47].
Individual contributions to the mean energy loss from the
m —* and o 4+ 7 plasmons (see figure caption) are shown
separately. Remarkably, the combined result closely matches
the TDDFT predictions, considering the latter’s sensitivity
to the choice of cut-off radius. This agreement is notable,
given that the present approach is significantly simpler, com-
putationally less demanding, and that approximations made
in Ref. [22]. It is noted that the Bohm-based calculations pre-
sented here employ a constant, gi,-dependent potential with
Nstap = 0 and Ny, = 0 (cf. Appendix C), in accordance with
the assumptions made in the TDDFT calculations to enable
direct comparison. In the following, the three-phase potential
described above will be employed for comparison with exper-
imental data.

A comparison of our Bohm calculations with the experi-
mental energy loss data for 114 keV Xe?*" as a function of the
outgoing charge g, is provided in Fig. 4(b). The experimen-
tal data are obtained for ions transmitted through graphene
and scattered into the forward direction within £0.1°. The
obtained outgoing charge state spectrum is given in Fig. 4(a).
The bimodal g, distribution arises from the ion-beam sam-
pling different regions of the graphene membrane during the
experiment. As outlined in Ref. [48], inhomogeneities in sam-
ple thickness due to hydrocarbon contaminations can lead to
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FIG. 4. (a) Measured outgoing charge state abundance of
114 keV Xe?* ions through graphene. The part attributed to trans-
mission through clean graphene is colored in green, while thicker and
contaminated parts of the sample lead to the red-colored distribution.
(b) The blue-colored area gives the electronic energy loss of 114 keV
Xe?®* ions on graphene as a function of the outgoing charge state
gou for different energies of m — m* transitions (4.7-6.8eV) and
o — m plasmon energies (15-27¢eV) from the Bohm model. The
solid orange line corresponds to the calculated nuclear energy loss
for an angular acceptance of 0.1° and other parameters described in
the text. The dots are the experimentally determined mean energy
loss. The colors and dotted vertical lines, as well as the solid line,
are to indicate the data valid for clean graphene and to guide the eye,
respectively.

larger charge exchange and energy loss. The higher charge
state distribution peaking at gou ~ 9.5 can be attributed to
clean monolayer graphene, and the mean outgoing charge is
very well comparable to the value estimated from previous
work [49].

In our calculations, we now allow Ny, # 0 and Negp # 0in
Eq. (C1) for TDPot-like as outlined in Ref. [41]. We apply this
charge-dependent potential to Eq. (6), thereby transforming
the classical calculations into fully quantum-mechanical ones.

The quantum potential Q was determined from Eq. (6)
within the adiabatic approximation. Calculating the particle
trajectory and acting forces using Newton’s equations of mo-
tion with V¢ from Eq. (7) and using the Verlet algorithm
within the Bohmian calculations yields electronic stopping.

The quantum potential Q was determined from Eq. (6)
within the adiabatic approximation. In this approach, it is
assumed that the A in Eq. (6) adjusts instantaneously to the
slower motion of the Xe ion. Once the total potential energy
Viot Was obtained from Eq. (7), the motion of each particle
was followed by solving Newton’s equations of motion. In
practical terms, this means that the position and velocity of
each particle were updated step by step according to the forces
derived from the total potential. The numerical integration
was performed using the velocity Verlet algorithm, which is
widely used in molecular dynamics simulations because it
provides high numerical stability and accurately conserves

total energy over long simulation times. The electronic
stopping power was then determined using Eq. (11). This cal-
culation was based on the momentum transfer to the projectile
due to collisions with electrons of graphene. The final elec-
tronic stopping power values were averaged over a large set of
independent trajectories, each initiated with slightly different
impact parameters. For the nuclear stopping, we used standard
TDPot calculations [see orange in Fig. 4(b)]. It increases
with Ag, considering target atom excitations (with excitation
parameters « = 10 and = 2v as outlined in Ref. [41]). It
represents the maximum possible nuclear energy loss and is
significantly smaller than the experimental data for the accep-
tance angle of 0.1° in the forward direction. The electronic
stopping of the Bohm model shows an increase in energy loss
with goy. The results are shown as a blue-colored region to
account for the uncertainty of the graphene plasmon energies
used to screen the ion-electron interaction. Within the range
of outgoing charge states observed for clean graphene in the
experiment (g, = 8—13), the Bohm calculations reproduce
the experimental energy-loss data well. We can conclude that
the energy loss for a straightforward transmission direction is
dominated by electronic stopping [50] and that the total value
can be well calculated by the presented Bohm model.

IV. CONCLUSIONS

‘We have introduced a method to determine the ion stopping
force by converting classical calculations into quantum-
mechanical ones using Bohmian mechanics. We solve clas-
sical equations of motion for a quantum-mechanical potential
Viot» Which in turn depends on the quantum-mechanical Bohm
potential Q. The latter is evaluated from the solid’s elec-
tron density. This approach offers a computationally efficient
alternative to traditional quantum-mechanical calculations
for determining the electronic stopping force. We used this
method to calculate the stopping of protons in aluminum (for
FEGs featuring 2s and valence electrons) and highly charged
ions in graphene. This demonstrates the approach’s practical
applicability and effectiveness. Furthermore, we predict the
electronic stopping force of slow ions as a function of the ion
charge exchange. The applicability of our approach to fast and
slow ions, including highly dynamic charge-exchange sce-
narios, provides a robust foundation for quantum-mechanical
stopping-force calculations in previously unfeasible complex
cases. This enables quantitative predictions of ion-beam modi-
fications in nuclear materials, plasma technology, and modern
semiconductor and quantum materials.
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APPENDIX A: NLSE—NUMERICAL SOLUTION

The Bohm quantum potential [Eq. (3)] considering m, as
the electron mass and 7 is given by

2m,
hZ

VA = — =2 Q(HA®). (A1)
In this work, we use an approach described in Ref. [52], in

which the Green’s function is given by

(A2)

using the so-called Dirichlet boundary conditions, namely,
G(r - o0) =0.
Since A(r — o0, 0, ¢) = /n, we have
A7) — A/n =

me
27 I

o me [ OF
A(r>—ﬁ+2nh2/ .

/ QAT )GF —F)d’r,  (A3)

DA

— 7

a3 (A4)

Since, in this work, both Q and A are obtained from central
potentials, we can rewrite Eq. (A4) as

A(r) = Jn +

2 e g r 02 / /
/ dr' r=Q(rA(r")
0

m
R2r

zme Oo /7 / /

e dr rQ(r)A(r"). (AS)
This integral equation was solved iteratively, starting with

the initial guess A = /n, and typically converged within a few

steps.

APPENDIX B: RELATION BETWEEN ELECTRON
DENSITY A2 AND THE TOTAL POTENTIAL

The spherical averaged density can be determined from Eq.

(1) and is written as
2nv 1
=A’= d*b
pir) 47r? / Fa(r, b)

-2 (B2)

APPENDIX C: ELECTRON-ION POTENTIAL

Here, we describe the model for the time-dependent
electron-ion potential at 1 = 0 used in the FEG-Bohm calcu-
lations. The input of this model is the time-dependent number
of electrons bound to the projectile N;(t) = Neore + Neap(?) +
Nsab(t), which is separated into three parts. The first one
is the number of unchanged or frozen electrons during the
collision (Ncore), Which populate the inner shells of the ion.
The second part is the number of captured electrons (Ncap)
from the graphene into highly excited Rydberg states in the
ion. Part of these electrons (Ny,,) are stabilized via Auger
decay or extremely fast ICD [26].

The time-dependent interaction potential used here is given
by (atomic units are used throughout this appendix)

(Ncore + Nstab(t))

VR, 1) = — =

“H T )
a1 ((Neore + Nian (1)), N2)

Neap(1) e
— & holiow(R: 70)
_ (Zl - Ncore - stab(t) - Ncap(t))
R
x (7)), (C1)

which is the straightforward generalization of the potential
used in TDPot [41] for a target with Z, = —1. It is based on
the statistical description of an ion with a positive nucleus
(charge Z;) and surrounding electron cloud (with N; elec-
trons) interacting with dynamically screened electrons. The
distance between the two nuclei is R; ¢ and ¢y, are partic-
ular screening functions discussed below. The first and second
terms of Eq. (C1) describe the interaction of the screened part
of the projectile’s nuclear charge [Z; — g(t) = N,(t)] with
electrons. The last term is the remaining interaction with the
total (unscreened) ion charge g(#) = Z; — N;(¢t) with target
electrons. As in TDPot [41], we used the Krypton-Carbon
KrC [53] for the screening function ¢(x). The corresponding
screening length is given by [54,55]

0.8854

ai(N, Ny) = W

(C2)
where N, = (0.8854/a,)~> for dynamically screened elec-
trons, with a; determined from the plasmon energy.

A neutral atom with many empty inner shells, and conse-
quently many electrons in high-n Rydberg states, is called a
hollow atom and forms due to classical-over-barrier charge
transport in front of a solid surface [56]. The weakly bound
electrons N, lead to a different screening described by the
function ¢ (R, ro) (see Ref. [41]). rg is the critical capture
distance for the first electron transfer above the surface, R... It
is a function of g, and could be determined from the classical-
over-barrier model directly [56]. To describe the experiments
from Gruber et al. [22], we used the following expression:

R. =3.42+43.02,/qn, (C3)

determined from TDDFT calculations [22] and differing only
little from the result of Burgdorfer et al. [56].
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