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Abstract

Among the questions stemming from materials science and imaging that can be efficiently tack-
led with similar Calculus of Variations and PDEs techniques there are the multiphase problems.
In particular these are problems whose associated energy density, considered a domain represent-
ing a material sample or a grey-scale image, is either discontinuous, modeling possible abrupt
changes along interfaces between different subsets of the considered domain, or periodically os-
cillating, due to the periodic small-scale structure of the considered sample.

In the first part of this PhD thesis we focus on materials science problems with this struc-
ture, considering samples with heterogeneities or microstructure formations, respectively made
of different media in a fixed configuration or having multiple phases of the same material in the
microstructure.

Composite magnetoelastic materials are prime examples, as the combined elastic and magne-
tostrictive effects have different outcomes on the material sample depending on the underlying
microstructure and small-scale structure. In particular, we perform a simultaneous homog-
enization and linearization analysis for magnetoelastic energy functionals featuring a mixed
Eulerian-Lagrangian structure, and characterize their asymptotic behaviour in the sense of I'-
convergence.

While the homogenization procedure is exploited in order to translate the effect of small-scale
structure of the composite to the macroscopic material response of the whole sample, the re-
laxation procedure follows a different approach, with the focus on characterizing the effective
behaviour of a material accounting for its internal microstructure. Among the samples bene-
fiting from this analysis are the two-well elastoplastic materials, namely characterized by two
different elastic phases which can interact with each other under suitable rank-one connected-
ness assumptions. In order to study them, we characterize the quasiconvex hull of the domain
of a chosen energy density, and provide upper and lower bounds on, respectively, its rank-one
convex and polyconvex envelopes. In some specific modeling cases, we also construct an explicit
trial function through a lamination procedure, which has the prescribed properties on most of
the domain. This is a first step towards the characterization of the quasiconvex envelope of the
energy density, for which an in-approximation result is needed.

In the context of image denoising and reconstruction procedures, as different intensity blocks in
a gray-scale image can be modeled as different phases of the same material, or different materials
in a composite sample, adjacent to each other, similar energy densities are to be considered. An
example of such densities characterizing the anisotropy arising in such multiphase scenarios are
the generalized ®-functions, a class of maps that includes, for example, variable exponent maps
or double-phase integrands, and are the basis for the theory of generalized Orlicz (or Musielak-
Orlicz) spaces.

A natural question in this setting is to understand under what assumptions on the domain it
is possible to prove global higher integrability of minimizers of such related functionals. Con-
sidering double-phase-type functionals under a uniform local capacity density condition on the
complement of the considered domain, we prove global higher integrability of minimizers, an
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integral Hardy inequality and the equivalence of this capacity density condition to a boundary
Poincaré inequality.

These generalized ®-functions are not only useful as energy densities in order to model the
behaviour of grey-scale images or multiphase composites, but they can also have an active role
in algorithms for image denoising acting as regularizers, as they may have different effects on
different phases, again thanks to their ability to model and select different phases all at once.
After introducing the space of bounded deformation fields with generalized Orlicz growth, we
define a notion of Musielak-Orlicz anisotropic Total Generalized Variation, establish a duality
representation and show well-posedness of the corresponding image reconstruction problem.
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Zusammenfassung

Zu den Fragen aus den Bereichen Materialwissenschaft und Bildgebung, die mit &hnlichen Tech-
niken der Variationsrechnung und partiellen Differentialgleichungen effizient gelost werden kon-
nen, gehoren die Mehrphasenprobleme. Dabei handelt es sich inshesondere um Probleme, bei
denen die zugehorige Energiedichte — betrachtet auf einem Bereich, der eine Materialprobe oder
ein Graustufenbild darstellt — entweder diskontinuierlich ist, was mogliche abrupte Anderungen
entlang der Grenzflichen zwischen verschiedenen Teilbereichen des betrachteten Bereichs mod-
elliert, oder periodisch oszilliert, was auf die periodische Feinstruktur der betrachteten Probe
zuriickzufiihren ist.

Im ersten Teil dieser Doktorarbeit konzentrieren wir uns auf materialwissenschaftliche Probleme
mit dieser Struktur und betrachten Proben mit Heterogenitdten oder Mikrostrukturformatio-
nen, die entweder aus verschiedenen Medien in einer festen Konfiguration bestehen oder mehrere
Phasen desselben Materials in der Mikrostruktur aufweisen.

Magnetoelastische Verbundwerkstoffe sind hierfiir Paradebeispiele, da die kombinierten elastis-
chen und magnetostriktiven Effekte je nach der zugrunde liegenden Mikrostruktur und Feinstruk-
tur unterschiedliche Auswirkungen auf die Materialprobe haben. Insbesondere fithren wir eine
gleichzeitige Homogenisierungs- und Linearisierungsanalyse fiir magnetoelastische Energiefunk-
tionale mit einer gemischten Euler-Lagrange-Struktur durch und charakterisieren deren asymp-
totisches Verhalten im Sinne der I'-Konvergenz.

Wiéhrend das Homogenisierungsverfahren genutzt wird, um den Einfluss der Feinstruktur des
Verbundwerkstoffs auf das makroskopische Materialverhalten der gesamten Probe zu iibertra-
gen, verfolgt das Relaxationsverfahren einen anderen Ansatz, bei dem der Schwerpunkt auf der
Charakterisierung des effektiven Verhaltens eines Materials unter Beriicksichtigung seiner in-
neren Mikrostruktur liegt. Zu den Proben, die von dieser Analyse profitieren, gehéren die elasto-
plastischen Zwei-Phasen-Materialien, die sich durch zwei verschiedene elastische Phasen ausze-
ichnen, die unter geeigneten Annahmen zur Rang-1-Verbundenheit miteinander interagieren
kénnen. Um diese zu untersuchen, charakterisieren wir die quasikonvexe Hiille des Definitions-
bereichs einer gewédhlten Energiedichte und geben Ober- und Untergrenzen fiir ihre konvexe
bzw. polykonvexe Hiille vom Rang-1 an. In einigen spezifischen Modellierungsfillen kon-
struieren wir zudem durch ein Laminierungsverfahren eine explizite Testfunktion, die auf dem
groffiten Teil des Definitionsbereichs die vorgeschriebenen Eigenschaften aufweist. Dies ist ein
erster Schritt zur Charakterisierung der quasikonvexen Hiille der Energiedichte, fiir die ein In-
Approximationsergebnis benétigt wird.

Im Zusammenhang mit Verfahren zur Bildrauschunterdriickung und -rekonstruktion sind &hn-
liche Energiedichten zu beriicksichtigen, da verschiedene Intensitédtsblocke in einem Graustufen-
bild als unterschiedliche Phasen desselben Materials oder als verschiedene, nebeneinander liegende
Materialien in einer Verbundprobe modelliert werden kénnen. Ein Beispiel fiir solche Dichten,
die die in solchen Mehrphasenszenarien auftretende Anisotropie charakterisieren, sind die ver-
allgemeinerten ®-Funktionen, eine Klasse von Abbildungen, die beispielsweise Abbildungen mit
variablem Exponenten oder Zweiphasen-Integranden umfasst und die Grundlage fiir die Theorie
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der verallgemeinerten Orlicz- (oder Musielak-Orlicz-) Rédume bildet.

Eine naheliegende Frage in diesem Zusammenhang ist, unter welchen Annahmen beziiglich des
Definitionsbereichs es moglich ist, die globale héhere Integrierbarkeit von Minimierern solcher
verwandter Funktionale nachzuweisen. Unter Beriicksichtigung von Funktionalen vom Doppel-
phasentyp unter einer einheitlichen lokalen Kapazitdtsdichtebedingung auf der Komplementér-
menge des betrachteten Definitionsbereichs beweisen wir die globale héhere Integrierbarkeit von
Minimierern, eine integrale Hardy-Ungleichung und die Aquivalenz dieser Kapazititsdichtebe-
dingung zu einer Poincaré-Grenzungungleichung.

Diese verallgemeinerten ®-Funktionen sind nicht nur als Energiedichten niitzlich, um das Ver-
halten von Graustufenbildern oder mehrphasigen Verbundstrukturen zu modellieren, sondern
kénnen auch eine aktive Rolle in Algorithmen zur Bildrauschunterdriickung spielen, indem sie
als Regularisatoren fungieren, da sie — wiederum dank ihrer Fahigkeit, verschiedene Phasen
gleichzeitig zu modellieren und auszuwéhlen — unterschiedliche Auswirkungen auf verschiedene
Phasen haben kénnen. Nach der Einfithrung des Raums der begrenzten Deformationsfelder mit
verallgemeinertem Orlicz-Wachstum definieren wir einen Begriff der anisotropen totalen verall-
gemeinerten Variation nach Musielak-Orlicz, etablieren eine Dualitdtsdarstellung und zeigen die
Wohlgestelltheit des entsprechenden Bildrekonstruktionsproblems.
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Introduction

Many mathematical models for natural or synthetic materials can be described as problems
having a multiphase structure, where the word “phase” can either stand for proper different
phases in the microstructure formations of the material sample, for example as in ice crystals or
crystalline elastoplastic materials, or for different media adjacent to each other at a small-scale
level in a composite sample. Examples can be nacre, liquid-liquid mixtures of immiscible liquids
or high-contrast synthetic materials. Multiphase models are also widespread in the context of
imaging problems (denoising, reconstruction, etc.), since every sharp edge in a grey-scale image
can be considered as an interface between different phases. As the variational setting possesses
tools suited to analyze these kinds of models, in this thesis we focus on four different questions
arising in the variational modeling of multiscale problems in materials science and imaging, in
particular focusing on two topics: materials with heterogeneities or microstructure formations,
and the use of generalized ®-functions as candidates for regularity issues and better reconstruc-
tion of noisy images.

In the context of materials with heterogeneities, we consider composite magnetoelastic materials,
whose associated energy functional features a mixed Eulerian-Lagrangian structure. The term
“magnetoelasticity” stands for the mutual interaction between magnetic fields and mechanical
deformations. On the one hand, if a magnetic field is applied to a magnetoelastic sample it
can induce a mechanical strain, possibly causing the material to change dimensions or shape.
On the other hand, mechanical deformations of the sample, such as stretching, compressing or
bending, can alter its magnetic properties, see [98]. Such materials are being exploited in a
range of advanced applications, for example in actuators, sensors and energy harvesting devices,
see respectively [L11 [56, ©0].

In the case of a single-crystal magnet an existence result for the minimization problem of mag-
netoelastic energy functionals was proven in [I88] under a higher-order regularization corre-
sponding to the setting of non-simple materials. In the absence of a Hessian regularization,
the well-posedness of the minimization problem was established, under different assumptions, in
[149] and [15]. A linearization analysis was recently carried out in [5]. Further, a homogenization
analysis in a linear setting under the presence of rigid magnetic inclusions has been carried out
in [I2I]. Furthermore, in [45] a variational model describing the formation of domain structures
and accounting for magnetostriction in the small-strain setting is identified through a simultane-
ous linearization of the deformation and sharp-interface limit of the magnetization with respect
to the easy axes. The magnetostrictive effect, term coined in [99], namely the change in shape
or dimensions that some ferromagnetic materials undergo if exposed to a magnetic field, arises
because of the influence of the magnetic field on the alignment of magnetic domains within the
sample. This started a line of research devoted to the understanding of the role of complex
microstructures in special magnetostrictive materials, which exhibit significantly higher magne-
tostrictive strains, see [139] 92] 03].

The first result of this thesis is a simultaneous homogenization and linearization for magnetoe-
lastic materials with periodic microstructure in the sense of I'-convergence. The mathematical
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Introduction 2

novelty here consists in a combination of two-scale convergence, see [174] 4 [156], with Eulerian-
Lagrangian methods, see [45] [46]. In particular, we also show that starting from a large-strain
setting and performing simultaneous homogenization and linearization yields in the limit the
same model obtained by first linearizing and then letting the width of the microstructure go
to zero. Following [6], we work under the assumption of a strong coupling condition, ensuring
that the admissible magnetizations do not jump across the interface between different crystal
magnets.

The homogenization procedure for complex heterogeneous materials translates the effect of the
microstructure to the macroscopic material response of the sample, namely asymptotically “sub-
stituting” them with uniform effective media. Many structured composited have been considered
in the literature, for example fiber-reinforced materials, see [32 161, [107], auxetic metamaterials
of checkerboard-type, see [100], 146], and layered materials, see [65, [87]. More in general, for
high-contrast composites we refer to [35] 60, 85, 88| and the references therein. In order to
make large-scale simulations feasible, understanding the effect of the internal microstructure of
each component of the heterogeneous composite sample is a necessary step on its own, and one
example of materials with a complex internal microstructure are elastoplastic materials.

In particular, starting from the classical model of finite crystal plasticity introduced in [148] [152],
see also [I82] I83], the gradient of every deformation y of an elastoplastic sample is assumed
to decompose into the product of an elastic strain, Fyj, describing local rotation and stretching
of the crystal lattice, and a plastic one, F},, capturing local plastic deformations resulting from
the movement of dislocations. Plastic deformations of single crystals lead to the spontaneous
formation of microstructures, due to the discrete nature of crystalline slip systems which makes
the energy density associated to such samples not convex, and these microstructures influence
the macroscopic material response. This was the motivation for [I80], which was the first work
of a large effort to understand plastic microstructure formation in a variational setting. When
studying macroscopic material behaviour of samples, on length scales much larger than that of
the microstructure, the idea is to solve locally a microscopic and scale-invariant problem, and
then transferring the gained insight at the macroscopic level by replacing the energy density with
its quasiconvex envelope, roughly speaking optimizing locally over all possible microstructures.
In [79] the class of admissible deformations y whose gradient can be written as Vy = FyF,
with Fiy € SO(2) and Fpj = b +vs® s, where v € R and s € S!, was considered. Further, the
full relaxation of a corresponding energy density, depending linearly on the amount of slip ~,
motivated by the incremental problem for rate-independent finite plasticity in [I80] and [160],
is determined. In [73] instead, the homogeneous single-slip model with linear self-hardening was
considered, namely an energy density linear in 72, found considering the rigid-elasticity limiting
case of the model in [19] 159] for small critical stress. These first models for elastoplastic materi-
als gave rise to plenty of subsequent results, for example considering the asymptotic behaviour of
crystal plasticity, see [70], infinite-order laminates, as in [3], the evolution of laminates in finite
crystal plasticity, see [I145], or extending the analysis to two or three active slip systems, as in
respectively [77] and [75]. One of the main points of materials science though is whether we are
able to find a composite such that the chosen combination of different materials exceeds their
individual constituents with regard to some physical characteristics, like strength, stiffness or
ductility. This question was the motivation behind the vast literature on composite elastoplastic
materials, see for example [113] [I83] for heterogeneous elastoplastic materials, or [64] and [137]
for layered materials with one and two active slip systems respectively.

In particular, here we study two-well elastoplastic materials characterized by two different elastic
phases which can interact with each other under suitable rank-one connectedness assumptions,
instead of considering the elastic strain of the gradient of deformations as a pure rotation (as
in the single-well setting). After characterizing finite and infinite quasiconvex hulls of the class
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of admissible strains, we provide lower and upper bounds on, respectively, the polyconvex and
rank-one convex envelopes of our energy densities, as well as an explicit construction for a trial
function with prescribed properties on most of the domain, a first step in the direction of charac-
terizing the quasiconvex envelope of the energy. The two missing tools for this characterization,
beyond the scope of this thesis, are an in-approximation result for possibly unbounded sets, see
[122] 123] for the precise definition in the uniformly bounded setting, and an explicit proof of
the rank-one convexity of the quasiconvex envelope of the energy density chosen.

The second part of this thesis focuses on the class of generalized ®-functions. This generalized
setting, which includes variable exponent maps, polynomials and the double-phase integrand
among others, gathers maps flexible enough to characterize the anisotropy arising in different
multiphase systems, supported by a strong general theory. As an example, in many material
models it is reasonable to assume a continuous anisotropy change, as for electrorheological fluid
dynamics where the anisotropy depends on the smooth electrical field, see [I87]. These can be
modeled by functionals with a variable-exponent growth, namely F(x,t) ~ t*(*) with a contin-
uous function p(-). Other models instead, such as grey-scale images, are better described by
sharp transitions and, to this end, the theory for functionals with non-standard growth, also
known as (p, q)-growth, started getting developed in [201], see also [I57], where minimizers of
such functionals were studied as models of anisotropic materials.

One special ®-function is the double phase integrand, namely p(z,t) := t¥ + a(x)t9, which has
the property that the growth rate can change harshly from p to ¢ depending on whether the
modulating coefficient a is zero. In [72], see also [16} 17, I8, [71], the regularity theory of the
double-phase functional started getting developed and, since then, the interest in the topic has
only grown, see [51, 52, 53| 54, 55] among others. Since it is well-known that in the case of
minimizers of the p-energy the uniform p-capacity density condition (also known as uniform p-
fatness) of the complement of the chosen domain is optimal for the global higher integrability of
these minimizers, see [I41], the first question that comes to mind is what the optimal condition
on the domain is if the p-integrand is replaced by the double-phase integrand. In order to answer
to this question, a lot of results have been proven. In particular, in [52] the authors were able to
deal with Reifenberg flat domains, while, based on the local result [128§], in [I40] a global higher
integrability result for an obstacle problem under the assumption of a measure density condition
on the boundary was obtained. However, the additional step from a measure density condition
to a capacity density condition involving a notion of capacity that is adapted to the double-phase
integrand was still missing, even though relative capacities for generalized ®-functions such as
the double-phase integrand are already in use in the literature, see [20], and were inspired by the
definitions of capacities for variable exponents, see [95]. One may think that it is possible to give
an answer to the question using these notions of capacity, but our first contribution is to give a
counterexample. Indeed, in this context, a Maz’ya type inequality is a crucial intermediate step
in order to prove global higher integrability, but the expected statement does not hold with the
notion of capacity introduced in [20]. Our second contribution, then, consisted in proposing the
new concepts of infimal variational ¢-capacity and infimal variational p-fatness of sets, inspired
by [49]. After proving a self-improving property of the infimal variational p-fatness, see also
[162] and [I03] for the case of variable exponent, we deal with the global higher integrability,
showing that this notion of fatness on the complement of the domain is, again, not optimal, but
refining the existent results differentiating between phases in the proof.

This has to be seen as a first step into the direction of extending these results to the context of
generalized ®-functions, thanks to the fact that an extended theory is available for them. Indeed,
generalized ®-functions are the basis for the theory of generalized Orlicz (or Musielak-Orlicz)
spaces, a generalization of the Orlicz spaces, which are, in turn, a generalization of the standard
Lebesgue spaces. Variable exponent Lebesgue spaces appeared in the literature for the first time
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Introduction 4

already in [I78], but they were soon treated as a special case of so-called modular function spaces
studied in [I7T], [I72], see also [I70]. The standard reference for generalized Orlicz (or Musielak-
Orlicz) spaces is instead [169], which is the first comprehensive text on them, but leaving out
some topic, as they were studied after its publication. In particular, we refer to [I127], and the
references therein, for a more modern theory of generalized Orlicz spaces. For Musielak-Orlicz
Hardy spaces we refer to [I99], while [62] covers differential equations in Musielak-Orlicz spaces.
Among the vast literature in variable, Orlicz, and generalized Orlicz spaces, we also single out
the contributions [63], 95, 129, [130], 181] and the references therein.

The properties of generalized ®-functions and Musielak-Orlicz spaces are useful also in order to
get better results in imaging problems, like denoising or reconstruction. Generally speaking, in
its simpler formulation, for a given bounded domain grayscale images are identified with func-
tions and, starting from a datum possibly corrupted by noise, a clean image is obtained through
the minimization of an energy functional whose structure relies on the competition between a
fidelity term, intended to keep track of the original datum, and a regularizing term, whose task
is to filter out the noise and return a clean image. Various types of variational regularizers have
been proposed in the literature and a classical example of functional in the literature is the
ROF model, where the regularizer is the total variation of wu, see [I86]. A known drawback of
such functional is the staircasing effect, which is the tendency of producing artificially piecewise-
affine artifacts in the image denoising, see [57, [I38] among others. In order to counteract such
problems, several higher-order models have been introduced and a particularly successful one is
the second-order Total Generalized Variation introduced in [36]. At the same time, in order to
get a more accurate image denoising, anisotropic models have risen to prominence, allowing to
tailor the denoising effects to specific features of different parts of the images, see for example
[30, 57, 190]. Anisotropic models, at least in the ROF setting, have indeed proven to allow for
more accurate computations, as well as for a staircasing reduction and a sharper texture recog-
nition, see [58), 108 151]. Among them [59], where the anisotropic ROF-type functional with a
generalized ®-function as the regularizing term, in particular a variable exponent function, was
introduced. This variable exponent function though was not allowed to have linear growth at
any point of the domain in [59], so, in order to fix this issue, in [I02] a more general regularizing
term defined in terms of generalized ®-function, possibly having linear growth, was proposed. In
order to deal with this new term, a thorough mathematical foundation of the space of functions
with anisotropic bounded variation with generalized Orlicz growth has also been provided.
Our contribution is about characterizing a higher-order regularizing term, like in [36], with gen-
eralized Orlicz growth, namely considering the two improving effects at the same time. Indeed,
after introducing the space of bounded deformation fields with generalized Orlicz growth, we
define a notion of Musielak-Orlicz anisotropic Total Generalized Variation, establishing a duality
representation and showing well-posedness of the corresponding image reconstruction problem.

Original contributions of the thesis

We now proceed by describing in details the original contributions contained in this thesis.

Homogenization and linearization in magnetoelasticity

In Chapter 2] we prove simultaneous linearization and homogenization for magnetoelastic materi-
als, thus taking the first steps toward an extension of classical commutability results in nonlinear
elasticity, see [118] and [165], to a coupled setting. As illustrated by the following diagram, we
are able to prove that both the sequence of linearization and homogenization as a two-steps
analysis and the simultaneous process recover the same limiting functional, where the limit is
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to be understood in the sense of I'-convergence, see Section [I.2] The precise definitions of the

functionals F?, Fi™ and Fli* will be given below.

1 . . . li
F; Linearization . F2"
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Note that the first linearization result in the context of magnetoelastic materials is [5], where
different assumptions on the functionals were considered. The study of the missing dashed lines
in the diagram, namely the homogenization process first followed by the linearization procedure,
remains an open problem since, the interaction of non-impenetrability with microstructures is
currently not yet understood, not even in the setting of nonlinear elasticity, where magnetic
contributions are neglected. The key hurdle of this analysis is the simultaneous analysis, as it
has to somehow deal with this issue, even if not in a sub-sequential fashion.

For a given boundary datum h on a subset v of 0 fixed a priori, we consider the class of
admissible deformations

Y= {w € W}i’p(Q;R?’) : det Vw > 0 a.e. in , w is a.e. injective in Q}

To each deformation w € ) we associate a suitable rescaled displacement u := wgid. The
rescaled magnetoelastic energy of a periodic magnetoelastic component Ff is then given, for
€>0and § >0, by

FO(u,m) = 512/QW (f,ﬂ3+5Vu(x),m(x+5u(x))> da .
x 2 Ho 2
+ /Qa<€> V(e + bu@))*det(ly + 8 Vu(e) dz + 52 [ /1902 dz,

where the pairs (u, m) of admissible displacements and magnetizations belong to the class

As 1= { (u,m) € WIP(QR?) x WH2((id + u)(Q);S?) = id +ou € Y},

and where g = hgid. We work under the assumption p > 3 in order for for the deformed
configuration to be pointwise well-defined. In , W encodes a nonlinear magnetostrictive

energy density such that

o W is Y-periodic in the first variable, where Y := [0,1)3 is the unit cube in R3;
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Introduction 6

o W is coercive, frame-indifferent jointly in the second and third variables, and normalized
in the second;

o W admits a second-order Taylor expansion centered at the identity, in particular
1
W(’7H3+F, ) = §Q(7Fa ')+T("Fa )

for every matrix F. Here @) is non-negative, Y-periodic in the first variable and quadratic
in the second, while r a higher-order remainder function.

The second term in describes the magnetic exchange, penalizing the spatial changes of m.
The parameter a is a material length-scale tuning the strength of very short-range interactions
and, in this setting, is represented by a non-negative Y -periodic map bounded from above and
below by two constants. The last term instead encodes the contributions of the magnetic stray
field v, weak solution to the Maxwell equation

div(xqum) = poAtp,, in D'(R3),

where yqwm denotes the extension of m by 0 to the whole space and where pg > 0 is the
permeability of the vacuum. Note that the deformed set Q" is defined as Q% := w() \ w(9N).
Assuming that the temperature of the sample is fixed below the Curie threshold, we work under
the assumption that [mow| =1 a.e. in 2, possible, instead of the usual |m ow|det Vw =1 a.e.
in €, since the deformations are close to identity.

Setting § := € for a > 0, the main result of Chapter [2]is a characterization of the asymptotic
behaviour of the functionals F’ fﬁ as € \ 0, in the sense of I'-convergence. In particular, we prove

that the limiting functional Fﬁfm is given, for every a > 0, by

Rl (n,m) = /Q Quom(Vu(2), m(x)) di + /Q T (Vm(e)) d + 22 /Q (V4 ()2 d,

for every (u,m) € Ag := W, P(Q;R?) x WH2(€Q;S?). The linearized and homogenized density
Qnom 18 a quadratic form defined as

Qnhom (A4, v) := inf {/Y Qly, A+ Vo(y),v)dy : ¢ € W;é%(Y;]RS)} :

for every A € R3*3 and v € S?, where Q is the linearization of W. In turn, Tiom is the
homogenized exchange energy density, defined as

Thom(A) = inf{ /Y a(y) |A+ Vo) dy - <z>ewgé%<y;m<3>},

for every A € R3*3,
Our second contribution is to show that the functional Flllglm can be recovered by first linearizing
the functional in and then passing to the homogenization limit. In particular, this holds true

and the limiting linearized energy as d \ 0, intermediate step for the proof, is given by

Flin(y, m) = ;/QQ (Z",vu(x),m(x)> d:n+/ a (j) |Vm(:v)|2d:£—|—'t;0/R3 V|2 d,

Q

for all (u,m) € WP(Q;R?) x Wh2(Q; §?).
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Relaxation of variational models for two-phase elastoplastic materials

In Chapter [3] we deal with materials which exhibit a plastic behaviour characterized by finite
crystal plasticity along one slip-direction s € S!, see for example [I36]. In particular, we adopt
the classical model of finite crystal plasticity introduced in [148] [152], see also [I82] [I83] for a
precise justification of the validity of this decomposition. For a bounded domain  C R?, we
assume that the gradient of every deformation y :  — R? decomposes into the product of an
elastic strain, Fy, describing local rotation and stretching of the crystal lattice, and a plastic one,
F,, capturing local plastic deformations resulting from the movement of dislocations, namely
Vy = FqF,1. We further assume that the material is free to glide along the active slip system
(s,s1), namely that the plastic strain satisfies Fyp=I+vs® sT, where the map v measures
the local amount of slip, see [73] [79]. To model the presence of the elastic phases, we assume
that the elastic strain Fy takes values pointwise in the class K := SO(2)A U SO(2)B C R?**%
where A, B € R?*?, with det B > det A > 0. Without loss of generality, up to multiplication by
A~ polar decomposition and diagonalization, one can always choose

AZ:H2:<(1) ?) and B = (g 2>7

where 0 < A < p and Ay > 1, always considering A # B. In this chapter we focus on the
non-degenerate regime Ay > 1. For every matrix M € R?*2 such that det M # 0, we define the
class of matrices

MM = {F eR¥? . F=RM(I;+vs®st), Re SO(2), v € R}.

In particular, the gradients of the admissible deformations for our model take pointwise values
within the set M, := M2 U MPE. Inspired by the homogeneous single-slip model with linear
self-hardening introduced in [73], we set our energy density as

W(F):=

72 if F=RM (I +vs®st) € Mg, with M € {A, B},
+00 otherwise in R?*2.

In order to prove a relaxation of the corresponding energy functional, a first necessary step is
to characterize the quasiconvex hull of the class of gradients of the admissible deformation M.
In particular, we prove that, under the aforementioned assumptions,

(M) =N, = {F € R®? . det F € [det A, det B], |Fs| < f*B(det F)},

where
|Bs| — |As|
det B — det A’

for every ¢t € R, and that (M;)™ = (M,)P¢ = (M), Additionally, setting

FAB(t) == |As| + (t — det A)

N =N\ {F €RP? : det F € (det A,det B), |Fs| = f*B(det F)},
we show that
Ns if |[Bs| = det A,

NI otherwise,

Qeco(M;) = {

and again Rco(M;) = Pco(Ms) = Qco(M;). The different notations (M), respectively
(M)™ and (M)P¢, and Qco(My), respectively Rco(M) and Pco(M;), stand for the finite and
the infinite quasiconvex, respectively rank-one convex and polyconvex, hulls. Note that a priori
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Introduction 8

the two quasiconvex hulls QcoE and E9 may be different since, a priori, even QcoE C E9°. Our
result, though, is one of the few instances of explicitly computed finite and infinite quasiconvex
hulls which do not coincide. The second, and main, result of Chapter [3] yields lower and upper
bounds for the rank-one convex and polyconvex envelopes of W on a subset of N, , as well as
an explicit characterization of these envelopes on the same set for A = 1. We only focus on the
case s = e since the general slip direction regime is not easy to treat, because of the interplay
between the two elastic phases and the slip direction appearing in the plastic strain. Let us first
consider the map given, for F' € N,, by

Ap —det F
Ap—1

detF'—1

W(F) = (Fesft - 1) T

1
+ 5 (Fesl? = )

which corresponds to a convex combination of the associated single-well envelopes. Moreover,
let

2 el - Fe 2
G(F) := c(F) (A — det F)(det F — 1) (;2 - 1) W
2
W(F) = ¢(F) (Ot — det F)(det F — 1) (;2 - 1) |Fes2,

for F € N,, where
1 1

= >
A —1det F — 14 35 (A — det F)

c(F):
and set
(A — det F)(det F' — 1)
[Fel?
for F' € N,. Then we have that dom(W™) D N and

e1?

A(F) =

W(F)—(F) if FeN,,

400 otherwise,

W(F)—¢(F) ifFeD
WrC(F) S { ( ) ¢( ) 1 6 ) and WpC(F) 2 {
400 otherwise,

where D := N N{F € R¥? : |Fey| < de%F} If, in particular, A = 1, then WP°(F) =
W™ (F) = W(F) for every F € D, and

W(F)+AF) if FeN,, \D,

WH(F) < .
+00 it FF'¢ Ng,.

On the one hand, in order to find the upper bound on the rank-one convex envelope of the energy
density, we compute the energy on proper families of rank-one lines. Since every rank-one line
may give a different value for the energy, the main struggle is choosing explicit rank-one lines
which give us a good enough energy estimate. On the other hand, in order to explicitly find the
lower bound on the polyconvex hull we need to prove that the function W — 1 is polyconvex
and below the energy density W.

Proving that the quasiconvex envelope coincides with the other two, even if only in a subset
of N, is a significant hurdle. Indeed, a priori it is known that if a function can attain infinite
values, then

convexity =- polyconvexity =- rank-one convexity,

whereas no specific implications are known for quasiconvexity. In order to characterize the
quasiconvex envelope, one needs to argue by combining convex integration and in-approximation
techniques, together with an explicit construction of a trial function with prescribed properties
on a big enough subset of our domain and a result proving that the quasiconvex envelope of
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9 Original contributions of the thesis

the energy density is already rank-one convex. Even though this whole analysis is beyond
the scope of this thesis, as it would require to prove an in-approximation result for possibly
unbounded sets, which is a theoretical hurdle in itself, we provide a first step, namely the
construction of precise trial functions with prescribed boundary values. Therefore we prove a
result similar to [79, Theorem 4], in turn a variant of [I67, Theorem 6.1], since we need the
constraint |(Vu)s| < fAP(det Vu) to hold pointwise and that an exact laminate between the
two given matrices is constructed on an arbitrarily large part of the domain. In particular, for
A > 1 and any s € S', we consider Fy € N4 and Fp € NP be such that rank(F4 — Fg) = 1
and Fas # Fps. Then, for every 6 € (0,1) and § > 0, there exist hy > 0 and Q5 C €, with
|2\ Q5| < 4, such that the restriction to 5 of any simple laminate between the gradients F'y
and Fp, with weights § and 1 — 6 and period h < hg, can be extended to a finitely piecewise
affine function u : Q — R? such that

(i) w(z) = (0Fa+ (1 — 0)Fp)x on 09,

)
(ii) det Vu € [1, Ay,
(iii) |(Vu)s| < fFatB(det Vu) < f§47B(det Vu),
)

(iv) dist(Vu, [Fa, Fp]) < d on Q.

Global higher integrability and Hardy inequalities for double-phase functionals
under a capacity density condition

In Chapter [d we deal with functionals of double-phase type in a bounded and open set 2 C R™.
In particular, we define
o(x,t) :=tP + a(x)t?,

where 1 < p < ¢ < +00, and where the modulating coefficient a : R™ — [0, +00) satisfies
a € C(R") for some a € (0, 1].

We assume that

)
n

1<142

p
a standard assumption in regularity theory, since it is crucial for the Holder continuity of min-
imizers of the double-phase functional and regularity results concerning their gradients, see
[18, (109, [112].
In order to prove the global higher integrability of quasi-minimizers, we need to notice that not
only the regularity of the boundary datum, but also the regularity of the underlying domain
itself is crucial. This leads us to introduce the concepts of infimal variational ¢-capacity and
infimal variational ¢-fatness of sets. In particular, given F a compact subset of an open set
O C R" and considered a level ¢ > 0, the variational level-t-capacity associated with ¢ is given
by

ol |Vul)

t . ey
cap,,(F;0) = 1nf{/ —_——2dx : ueLip(O),u>txg,u :0}
¥ o QDO(t) |8O
and the infimal ¢-capacity of E in {2 is given by
capf;f(E; 0) = %gg capfo(E; 0),

where
oot) =tP +apt? and  b(t) =17 +abtl.
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Introduction 10

and
ag = inf a(z) and af, :=supa(z).
z€0 z€0
A closed set K C R"™ is called locally infimally o-fat at a point z € K if there exist a constant
crat and a radius 0 < r, < 1 such that
capgf (K NB(z5); B(z,r)) > Cat capf;f (B (2,5): B(z, r))
holds for every radius 0 < r < r,. If K is locally infimally ¢-fat at all z € K with the same
parameters cgy and r,, we refer to K as locally uniformly infimally o-fat.
The first result of this chapter is a Hardy inequality in integral form for functionals with a
double-phase integrand. Assuming that 2 C R" is a bounded open set such that its complement
R™\ € is locally uniformly infimally o-fat, we prove that

|u(z)] )
/Qcp <$’ dist(z, 99Q) du
n(p—q) =

< c(l—l—diam(Q)‘H ; [a]o;aHVquL;fQ))p_l /Q oz, |Vu(z)]) d

for every Lipschitz function u with compact support in €2, with a constant ¢ = ¢(n, p, ¢, 7o, Ctat)-
Note that [a]o. denotes the Holder constant of a, namely

[a]O;oz;O = sup M

€0, z# |£ — y|04 and [a]O;a = [a]o;a;Rn‘
z,y s TFY

In order to understand better the concept of infimal ¢-fatness of sets, we prove two additional
results. First, that the local infimal ¢-fatness condition is self-improving, meaning that assuming
that £ C R” is a closed set which is locally uniformly infimally ¢-fat with some constant cgat,
then there exists € = e(n, p, q, ¢fat) With 0 < ¢ < p—1 and a constant éay = Eat (7, P, ¢, Crat) Such
that FE is locally uniformly infimally cplf%—fat for the constant épay.

Our second result shows instead that the local p-fatness condition, namely the one computed
using ¢ = |- [P, the local infimal @-fatness condition, a boundary Poincaré inequality, a pointwise
Hardy inequality, and a mean value version of the pointwise Hardy inequality are all equivalent.
In particular, given an open set 2 C R™ and given 0 < r, < 1 and ¢y > 0, then we have
the equivalence of the local p-fatness condition of R™ \ €2, the local uniform infimal p-fatness
condition of R™\ €, the boundary Poincaré inequality

]é( )goiR(]u\) dx <c (1 + a;R(rVu)%_(f,T%p) ]{9( : |rVulP d,

the pointwise Hardy inequality

@iR ((U)B(z,rz)> <c (1 + a;R(eru)qB_(Zgrz)vp) ]g( o) ’TZVu’p dzx,

where 7, := dist(z, 092), and the mean value version of the pointwise Hardy inequality

a=p
p

P (02) < ¢ |1+ apMar, (r:TuP) 7 (2)]| Mo, (V) 2).

Here, we have denoted the integral average of a function u in a set E by

1
u) g = uda::/ud:c,
(o= f wde = 157 |
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11 Original contributions of the thesis

and the restricted centered maximal operator by

1) H Blz) =0,
Mpf(x) =y (o ][ 1f(y)|dy if R(z) > 0,
0<r<R(z)J B(z,r)

for every f € LL _(R™).

Since we have proven that the local uniform infimal ¢-fatness is self-improving, the global higher
integrability for minimizers of the double-phase functional in €2 under this condition on R™ \
would follow thanks to a standard argument. However, we are able to deal with a weaker
condition based on a combination of p- and g-fatness conditions for appropriate subsets of
R™\ Q. In particular, our fatness assumption on a neighborhood of a boundary point = depends
on whether a vanishes in z. If this is the case, we assume that R™ \ € is locally uniformly p-fat
around that point, otherwise g-fatness is sufficient. We consider functionals of double-phase
type

F:WhP(Q) — [0, +00], Flu; Q] := / F(z,u,Vu)dx,
Q
where the integrand F': 1 x R x R” — R is a Carathéodory function that satisfies the inequality
ve(a,§) < F(z,u,§) < Lo(x,§)  V(z,u,§) € QxR xR"

with constants 0 < v < L. Moreover, we impose the strict inequality
o
o149

D n

In order to state our result more precisely, let 2 C R™ be a bounded open set such that R™ \
is locally uniformly ¢-fat with parameters cg > 0 and r, € (0, 1]. Moreover, if there is a point
x € 09 such that a(z) = 0, we additionally assume that there exists r, > 0 such that R™ \ € is
locally uniformly p-fat with parameters cgy and 7, € (0, min{r,,r,}| at

P(rg) == {x €9Q : a(x) =0} + B(0,74)) \ Q.
Further, assume that
we f+wre(Q), with  f e Wh¢™0(qQ),

is a Cp-minimizer of 7, where oo > 1 and W) is the Musielak-Orlicz-Sobolev space associated
to ¢, see Section [I.3] Then, we prove that there exist 1 < o < oy and ¢ > 1 such that

( /Q so”(az,m)dx)j’

< C(1+diar;1(f2))n lgw/ﬂw(m,wu])dx—i— (/Qcp"(x,]Vf)dm) i

Q=

| S

where ’
inf a(x) if0Q\ P(%e ,
N \P(%g) #
400 otherwise,
and

1
. . ap «
=min{ 7, | ———— ,
¢ "\ 1+ [alo,a

and we set 7, = 1, provided a > 0 on 9{2. Namely, we are able to prove a higher integrability
result for double-phase functionals with a selection on the fatness condition given on the subsets
depending on the modulating coefficient of our double-phase integrand.
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Introduction 12

Functions of bounded Musielak-Orlicz-type deformation and anisotropic Total
Generalized Variation for image-denoising problems

The classical variational theory of image reconstruction is based on the minimization of a func-
tional of the form )
T(u) = 5 1Ku~ flla + R(w),

among all possible maps u : {2 — R representing grey-scale images. The two contributions in 7
encode, respectively, a fidelity term, defined for a given normed space H and a forward operator
K and intended to keep track of the original datum f, and the regularizing term, which fulfills
the role of filtering out the noise. In Chapter [5 of this thesis we propose a new regularizer based
on a Musielak-Orlicz generalization of classical Total Generalized Variation functionals. In order
to describe it, we first introduce a variant of the generalized variation associated to a generalized
®-function ¢. Namely, for every bounded Radon measure v € M(€Q; R™) with m € N, we define
the seminorm

V' (v) = sup{/{zw-dv(:n) € CHOR™), 9]+ < 1},

where ¢* represents the conjugate function of . This allows us to introduce a novel anisotropic
functional setting of functions with bounded deformation, namely the space BD? of bounded
deformation fields with generalized Orlicz growth, defined by

BD¥(Q) = {w € L?(R") = [w|gpea) < —i—oo},

with N
[wllBpe) = lwllp + V™" (Ew),

where Fw is the symmetrized gradient of w and where L¥ is the Musielak-Orlicz space associated
to . We refer to Section [I.3] for the precise definition. After analyzing its basic properties, we
establish a link to a modular representation, introducing the semi-modular

ten () = sup{ [ widota) = [ (ool de < v e ChORYD)

for any v € M(;RELY). After proving that the seminorm associated to this semi-modular is
equivalent to the seminorm ng, we derive an explicit formula for the semi-modular in terms
of the modular g, of the absolutely continuous part of the symmetric gradient and its singular

part with weight given by the recession function, namely
0pen (B0 = op((Eul) + [ o dlE¥ul,
® 0

where ¢ (z) := limsup,_, w(f’t) and where we use the notation Eu = Eu L™ + F*u. We
also provide a further study in the special case of variable Lebesgue integrability, namely
o(z,t) == p%v)tp(m), since it is possible to relax some of the hypotheses in this special scenario.

In the second part of the chapter, we analyze a Musielak-Orlicz anisotropic Total Generalized
Variation class of regularizers. In particular, we define the anisotropic Total Generalized Varia-

tion of order 2 with weight a := (a1, a2) € RT x R as

TGV (u) ::sup{ /Q udivipdr : i € CHQURD), [l < o, [[div ] < az},
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13 Outline

for every u € Li (). After studying the basic properties of TGV?? and of the space of
functions of bounded variation of order 2 with Orlicz growth and weight «, defined as

BGV#2(Q) == {u € LP(Q) : TGV (u) < +o0},

endowed with the norm
lull gy = llully + TGVE2(w),

we identify a dual representation of TGV#*2. In particular, for every u € L'(Q) we show that

»,2 _ . Tn - TrnXn
TGV *(u) = welggl(g) {O@Vw (Du —w) + a1V (Ew)} .
Under the further assumption that u € BV¥(Q), defined similarly to BD¥(2), then we prove
that
2 o . n Tnxn
TGVE*(u) = weglll)g(ﬂ) {aQVW (Du —w) + a1 V™ (Ew)} .

Lastly, we show stability with respect to the data and well-posedness of the minimization problem

1
min —

Ku — TGVE2(u).
%MMZHu fllg + TGV (u)

Even though we have not provided any numerical result showing that this is indeed an improved
regularizing term with respect to the preexistent ones, we expect it to incorporate both the
advantages of the higher-order regularizers and the ones of the anisotropic kind.

Outline

Chapter (1] is dedicated to general preliminaries. After stating some basics from linear algebra
and calculus of variations in Section [T} in Section [I.2] we recall the definitions of I'-convergence
and two-scale converge and we state some preliminary results. In Section [1.3] we recall the
definition of (generalized) ®-functions, semi-modulars associated to them and Musielak-Orlicz,
or generalized Orlicz, spaces, followed by some additional properties often required for these
d-functions to be usable.

In Chapter [2] we study simultaneous homogenization and linearization for magnetoelastic ma-
terials, additionally proving that the simultaneous linearization and homogenization procedure
has the same I'-limit of the two-step analysis (at least if considered in this order). In partic-
ular, the precompactness of sequences with equibounded energy is the focus of Section A
separate two-scale analysis of the asymptotic behaviour of the magnetizations is carried out in
Section The proof of the main theorem is presented in Section Finally, the sequential
linearization and homogenization is briefly discussed in Section 2.5

Chapter [3| instead deals with two-well elastoplastic materials, in particular focusing on the re-
laxation procedure. After some preliminaries in Section [3.2] in Section [3.3] we characterize both
the infinite and finite quasiconvex hulls of the domain of the energy density considered. In
particular, we use results proven in Subsection [3.2.3] where we consider the one-well situation.
In Section [3.4] we take a first step towards a characterization of the quasiconvex envelope of the
energy density considered. In particular, we explicitly construct a trial function with prescribed
boundary values and gradient satisfying the necessary properties. In Section [3.5] finally we prove
bounds on the rank-one convex and polyconvex envelopes from, respectively, above and below.
In Chapter [@] we deal with the global higher integrability of double-phase functionals. In partic-
ular, in Section we prove some preliminary results regarding the infimal (-capacity and the
infimal @-fatness condition, showing in particular that the infimal ¢-capacity density condition
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Introduction 14

and the p-capacity density condition are equivalent. In Section [£.3] we prove the self-improving
property of this infimal ¢-fatness, while in Section [£.4] we collect auxiliary results already known
in the literature that we need in the proofs of our main theorems. In Section [I.5 we prove a
Maz’ya type inequality for certain functionals with (p,q)-growth that will be necessary in the
proofs of the first two main theorems. The proof of the integral Hardy inequality is carried
out in Section and follows the overall strategy of the proof of |49, Theorem 2.4]. Next, in
Section we establish the remaining implications arguing as in [142], Theorems 6.22 & 6.23].
In Section .8 we prove the global higher integrability result.

In Chapter [5] we provide the analysis of the second-order anisotropic Total Generalized Vari-
ation associated to generalized ®-functions. In particular, Section [5.2] contains the definition
and main properties of the novel space of bounded deformation fields with generalized Orlicz
growth BD?. More in detail, in Subsection [5.2.1] we establish a connection between BD?¥ and
an associated weighted-modular representation, while in Subsection |5.2.2| we further establish a
decomposition of the modular function in terms of the modular of the absolutely continuous part
of the symmetric gradient and a singular part weighted by the recession function. Eventually,
in Subsection [5.2.3] we specify our setting to the variable exponent case. The focus of Section
[.3]is on our anisotropic Total Generalized Variation. In Subsection [5.3.1] we establish its main
properties, and in Subsection [5.3.2] we identify its dual reformulation in terms of a notion of
anisotropic measure variation. Finally, in Subsection [5.3.3] we show stability with respect to the
data and well-posedness of the minimization problem.

Summing up, this thesis is mainly based on four of the papers I wrote during my doctoral studies
at Technische Universitit Wien. In particular, three of them, namely [21) 24] [61], have been
submitted for peer-review to international-level journals. [2I] has been written in collaboration
with F. BAUERLEIN and L. SCHATZLER, while [24] in collaboration with G. BERTAZZONI, E.
Davoll and E. ZAPPALE, and [61] in collaboration with M. CHERDANTSEV, E. DAvOLI and
L. D’Eria. The fourth project [89], not yet submitted for publication, has been written in
collaboration with E. DAvoOLI and C. KREISBECK.

I hereby acknowledge that in all works written in collaboration all the authors have
contributed equally.
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Chapter 1

General preliminaries

1.1 Some basics

In this section we collect some basics coming from the theories of linear algebra and calculus.
Since we explicitly use them throughout this written work, we report them here.

1.1.1 Results from linear algebra

We collect here a few well-known results in linear algebra. We begin with the Matrix Determinant
Lemma (see [97] for the proof).

Lemma 1.1. Let M € R?*2 be invertible and let u,v € R?. Then,
det(M +u®v) =det M (1 + M 1u-v).
0

We then recall the Iwasawa (also known as polar, or KAN) decomposition of matrices, see [50,
Section 2].

Lemma 1.2. Let F' € R?*? be invertible. Then F = KDN where K € O(2), D is a diagonal
matriz with positive eigenvalues and N is an upper triangular unipotent matrixz. Moreover, if

det F > 0, then F = RDN with R € SO(2). 0

The following result provides conditions on the positive definiteness (or semi-definiteness) of
symmetric block matrices making use of the notion of Schur complements, see [132], Corollary
14.8.6] and [200, Theorem 1.12].

Theorem 1.3. Let M be a symmetric block matriz of real numbers of the form

X vyT
with X and Z square matrices. Then, if det X # 0, M is positive (semi-)definite if and only
if X is positive definite and M/X = Z — Y XYY is positive (semi-)definite. Analogously, if

det Z # 0, then M is positive (semi-)definite if and only if Z is positive definite and M /Z =
X —YTZ7YY s positive (semi-)definite. O

15
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Chapter 1. General preliminaries 16

1.1.2 Results from calculus

In this subsection we list some established results and definitions that are going to be useful in
the following.

First, we give the definition of different kinds of norms and modulars, in order to be able to
generate spaces starting from these. Note that our terminology differs from the original one in
[169], but follows the lines of [I02} 134] in order to get a clearer connection between the modulars
and their associated norms.

Definition 1.4. Let X be a real vector space and let || - || : X — [0,400] be a function on X.
Consider the following conditions:

(N1) [|f|l = 0 if and only if f =0,
(N2) |laf|| = la| [If|| for all f € X and a € R,
(N3)

)

N3) [f +gll < A+ llgll for all f,g € X,

(N3’) there exists ¢ > 0 such that || f + g|| < c(||f]| + |lgll) for all f,g € X.
We say that || - || : X — [0, +o00] is

e a quasi-seminorm if and only if it satisfies (N2) and (N3’),

o a seminorm if and only if it satisfies (N2) and (N3),

o a quasinorm if and only if it satisfies (N1), (N2) and (N3’),

o a norm if and only if it satisfies (N1), (N2) and (N3).

Note that conditions (N2) and (N3), equivalently (N2) and (N3’), already imply that if f = 0x
then || f|| = 0, namely condition (N1) only adds one of the two implications.

Definition 1.5. Let X be a real vector space. A function ¢ : X — [0,+00] is called a quasi-
semimodular on X if and only if

(i) o(0x) =0,

(ii) the function A — o(Ax) is non-decreasing on [0,+00) for every x € X,
(iii) o(—x) = o(x) for every x € X,
(iv) there exists B € (0, 1] such that for every z,y € X and every 0 € [0, 1]

0 (B(0x + (1= 0)y)) < Oo(z) + (1 - 0)o(y).

If (iv) holds with = 1, then o is called semimodular. A quasi-semimodular is called a quasimod-
ular when o(x) = 0 if and only if x = 0x. A modular is defined analogously from a semimodular.

Definition 1.6. Let X be a real vector space. If o is a quasi-semimodular on X, then the
modular space
X, = {z e X ¢ ], < +o0}

s defined by the quasi-seminorm

lzll, = inf{)\ 50 g<§> < 1}.
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17 1.1. Some basics

To conclude this part about norms and modulars, we state the following result, often referred
to as the unit ball property. We refer to [95, Corollary 2.1.15] for a proof.

Lemma 1.7. Let X be a real vector space. Let o be a semimodular on X and let v € X,. Then,
o If[lzlly <1, then o(x) < ||z,
o If ||zllo > 1, then [lz[|, < o(),
o [lzllo < o(x) + 1.
O

The following result deals with a version of Young’s inequality in the context of convex analysis,
see [I75, Lemma 1.7.3(i)] for a proof.

Lemma 1.8. Let I C R be an interval. Let f : I — R be a lower semicontinuous convex
function and let f* be its conjugate. Then

xy < f(x)+ f*(y) for every x € [ and y € ™,

where I :== {y € R : f*(y) < +o00}. The equality holds if and only if y € Jf(x), namely the
subdifferential of f at x. O

Staying in the context of convex analysis, the following result, proven in [I2], Corollary 2.3], is a
Fenchel-Rockafellar duality result.

Lemma 1.9. Let X and Y be Banach spaces and let T' € Lin(X,Y). Let ¢ : X — (—00,+00]
and ¥ Y — (—o00,400| be conver, lower semicontinuous and such that v, # +oo. If

U Aldom(¢) — T(dom(y))] =Y,
A>0

then
inf [p(z) + P (Tz)] + min " (=T"f) +¢*(f)] = 0.

zeX

O]

The next two results we report should be well-known in the literature, but since we were not
able to find a proper reference for them, we report their proofs as well.

Lemma 1.10. Let X be a Banach space with norm || -||x, let ¢ : R — R be an even and convex
function, and let us define f : X — R as f(x) := ¢(||x||x). Then

@) = & (2" x+),
where X* denotes the dual of X with associated norm || - || x«.

Proof. By definition

fr(@") = sup [(27, 2) — f(2)] = sup [(z", z) — ¢([|z[[x)],

zeX zeX

which can be equivalently written as

fr(@") =sup sup [(z",z) — ¢(t)]
t20 ||zf| x =t

— sup K sup <x*,x>> - M = sup [t x- — (1)

20 | \||z)|x=t

(1.1)
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Chapter 1. General preliminaries 18

On the other hand, by definition
¢ (2" x+) = sup [¢]|z"||x~ — &(t)], (1.2)
teR

hence it suffices to prove that (1.1)) coincides with (1.2)), namely that it suffices to take the
supremum on nonnegative real numbers. Using the fact that ¢ is even, for any ¢t > 0 we have
—tllz”[x+ = @(—t) = —tl]a” | x- — o(t) < t]z"[|lx- — ¢(2),
hence
sup [t[|z”|x+ — ¢(t)] = sup [¢]|z"[|x+ — &(2)],
teR >0
which concludes the proof. O

Lemma 1.11. Let Q C R? be a bounded domain and let (f-). C L*(Q) be such that f- — 0

strongly in L (Q). If {f-}e is bounded in L™(Q) for some r > 1, then f. — 0 strongly in L (Q)

for any r* € [1,7).

Proof. Note that {f.}. is bounded in L™ for every 7* € [1,7). Let us now fix one r* € [1,7)

and let 6 € (0,1) be such that % = 17%9 + 6. Since {]f€|7"*(1_‘9)} is bounded in L™ 1=9 (Q) and
3

| f-|""% — 0 strongly in LrTle(Q), the claim follows directly from Hélder’s inequality. Ol

The following result, named Vitali’s Convergence Theorem or Lebesgue-Vitali Theorem, relates
the concepts of equi-integrability and convergence in an LP-space. We state it under the assump-
tion of a finite measure space, but a more general statement can be found in [IT1], Theorem 2.24].

Theorem 1.12. Let Q C R" be a finite-measure set and let 1 < p < +oo. If {fn}n and f be
measurable functions. Then, the following are equivalent:

o fn— [ strongly in LP(Q2) asn /400,

o fn— [ in measure and {|f,|P}n is equi-integrable.

1.2 I'-convergence and two-scale convergence

Throughout this section we denote by {2 C R™ an open and bounded set with Lipschitz boundary
and by Y := (0,1)" the reference unit cell. This section partly follows the presentation of the
topic given in [126]. We start this section with the general topological definition of I'-convergence,
which reads as follows, see [82], Definition 4.1].

Definition 1.13. Let (X, 7) be a topological space and let x € X. Let N'(x) C 7 be the set of
all open neighborhoods containing x. For a sequence of functions {Fi}r such that Fj : X —
[—00, 4+00], the T'(7)-liminf and the T'(7)-limsup are defined as

(I(7) -Lim inf F)(2) := S lim inf inf Fi(y),

(I'(7) -limsup Fi)(z) :== sup limsup inf Fy(y).
k—+o0 UeN (z) k—+oo YEU

If the T'(7)-liminf and the T'(7)-limsup coincide, the function F : X — [—oo,+0o0] defined by
F:=T(r)- lim Fj =T(7r)-liminf F} = IT'(7) -lim sup Fj
k—+o00 k—+o00

k—+o0

is called the T'(T)-limit of the sequence {Fy}i. Fquivalently, we say that the sequence {Fy}x
I'(T)-converges to F.
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19 1.2. T'-convergence and two-scale convergence

If (X, d) is a metric space and the metric is clearly determined by the context, we write subse-
quently I'(X)-limit and I'(X)-convergence as well as I'(X)-lim inf and I'(X)-lim sup. Often we
refer to them as I'-convergence, respectively the others, with respect to the topology of X and
these latter quantities might be more conveniently expressed as

k—4o00

I'-liminf Fi(z) = inf {lkiminf}"k(xk) s {aphe C X,z 4 m} ,
—+400

T -limsup Fy,(z) = inf { imsup Fi(zx) : {oehe C X,ap S}
k—+o00 k—+o00

In this case, the I'-limit F is equally characterized, see [34, Definition 7.1], through the two

following conditions:

1. (P-liminf inequality) For every x € X and every sequence {zy}r C X with zy % % there
holds
F(z) < liminf F(xg),

k——+o0

2. (Existence of a recovery sequence) For every x € X there exists a sequence {xy}; with

Tk i x such that
F(zx) = lim Fy(xg).
k——+o0

The second condition can be relaxed, see [33, Section 1.2], in the following sense:

1. (Existence of an approximate recovery sequence) For every z € X and every § > 0 there

exists a sequence {xy}p with zy % 2 such that

k——+o0

Importantly, the main feature of I'-convergence is the “Weierstrass theorem along the sequence”
{Fe ti, see [34, p. 65]. This means that if the family of functionals {Fj}x is equi-mildly
coercive, then every convergent subsequence of a precompact sequence {xj}) of minimizers of
Fi converges to a minimizer of the limit functional, see [34, Theorem 7.2] and [33, Theorem
1.21] in the case of metric spaces. See also [82], Corollary 7.20] in the general topological setting.
There exist also generalized definitions of I'-convergence when no topology is prescribed, but
merely a sense of convergence is given, see for example [88, Definition 2.1], but we do not need
them in this work.

We now recall some classical results on two-scale convergence we use in the following. Originally
introduced in [I74] and further developed in [4], two-scale convergence is a notion of convergence
that is able to capture fine-scale periodic oscillations and preserve the information about the
oscillations in an additionally emerging micro-scale variable. It naturally allows to pass to the
limit in special integral expressions involving products of rapidly oscillating functions. The
following definition also takes into consideration the definitions given in [156].

Definition 1.14 (Weak two-scale convergence). Let 1 < p < +o0. We say that a bounded
sequence of functions {m.}. C LP(Q;R"™) weakly two-scale converges in LP(Q;R™) as e \, 0 to
some limit m € LP(Q2 x Y;R™) if

/ﬂ me(a) v (2.2) do - /Q /Q m(z,y) - (@, y) drdy Vo € LD Coea(Y;R™)),

where ¢ = z% is the dual exponent of p. We write m, AL
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Chapter 1. General preliminaries 20

A connection between two-scale convergence and LP-convergence is provided by the so-called
unfolding operator, see [69) [195] [196], but since we do not make use of this concept in this work,
we do not provide a definition.

An important property of functions in L(Q; Cper(Y;R™)), also related to the fact that they
qualify as test functions in the previous definition for a specific exponent ¢, see [4, Proof of
Theorem 1.2]), is that they strongly two-scale converge in the following sense.

Definition 1.15 (Strong two-scale convergence). Let 1 < p < 400 and {m.}. C LP(;R")
be bounded. Then {m.}. strongly two-scale converges in LP(2;R™) as ¢ N\, 0 to some m €

LP(Q x Y;R™), and we write m, LN m, if it converges weakly two-scale to m and if there holds

||ms||LP(Q;R”) - HmHLP(QXY;R")-

In order to be able to use these concepts in the following, we need to understand which properties
hold in this setting. The first result we state, see [I73, Proposition 2.1.13], deals with the two-
scale convergence of products of sequences.

Proposition 1.16. Let 1 < p < +oo and let {u.}. C LP(Q;R™) weakly two-scale converge to u
in LP(Q x Y;R™). Let {xc}e C L™®(Q;R™) be uniformly bounded. If x. — X in measure with
X € L>®(R), then
Xele ALEN xu  weakly two-scale in LP(Q2 x Y;R").
O
The next result deals with sequences of functions that have some regularity of their gradients.

We refer to [I56, Theorem 20], see also [4, Proposition 1.14] and [70, Theorem 9.9], for this
statement and its proof.

Theorem 1.17. Let 1 < p < 400 and let {u:}. C WIP(Q;R") be such that u. — u weakly in
WhP(Q;R"™). Then,

ue 22y weakly two-scale in LP(; R™)

and there exists up € LP(; WIP(Y;R™)) such that, up to a subsequence,

per
Vu, ALENS v/ Vyui(-,y) weakly two-scale in LP(Q; R™*™).
O

The last result we need in the following deals with connecting lower semicontinuity of functionals
whose integrand is periodic in one variable with weak two-scale convergence. We refer to [173]
Proposition 3.2.2], see also [197), Proposition 1.3], for the proof.

Theorem 1.18. Let 1 < p < 400 and let f: Q x R™ x R — [—o00, +00] be measurable and
Y -periodic in its second variable. For any e > 0 we define

Ge : LP(;R™) — [—o00, +00] s.t. Ge(u) := /Qf (:U, Z,u(m)) dx
and
G: LP(QAXY;R") = [—00, +00] s.t. G(u) := /Q/Yf($,y,u(x,y))d:c dy.

Then, the functionals {Ge}e and G are well-defined. Moreover, if f is lower semicontinuous and

convex, then
lim inf G (ue) > G(u)
e—0

provided that u. 2> u weakly two-scale in LP(2 x Y;R™). O
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21 1.3. Generalized ®-functions and Musielak-Orlicz spaces

1.3 Generalized P-functions and Musielak-Orlicz spaces

In this section we give a brief introduction to (generalized) ®-functions and to generalized
Orlicz (or Musielak-Orlicz) spaces, following the lines of [I27]. Since we are going to make use
of singular measures in the following, the assumptions always need to get adjusted to hold for
every point, as in [I34]. In the sequel Q denotes an open subset of R™.

Definition 1.19. A function f : Q@ — R is called L-almost increasing if there exists L > 1
such that f(s) < Lf(t) for every s < t. If this inequality holds for L = 1, the function is called
non-decreasing. We define analogously L-almost decreasing and non-increasing functions.

Definition 1.20. We say that a function ¢ : Q x [0, +00) — [0, +00] is a weak ®-function, and
we write p € ©,(Q), if the following conditions hold:

e the function x +— @(x,|f(x)|) is measurable for every function f € LY(Q),
o the function t — @(x,t) is non-decreasing for every x € 2,
o o(x,0) = lim;_,o+ p(x,t) =0 and limy_, o p(x,t) = +00 for every x € Q,

e the function t — @ is L-almost increasing on (0,+00) for every x € Q with a constant

L independent of x.

If, moreover, p € ®,,(Q) is convex and left-continuous with respect to t for every x € Q, then ¢
is a conver ®-function, and we write ¢ € (). If ¢ does not depend on x, then we omit the
set and write ¢ € ®y, or @ € P,

Note that since we deal with conjugates of functions possibly with linear growth at infinity, it
is needed to allow for extended real-valued ®-functions. Moreover, often the ®-functions with
dependence on z are referred to as generalized ®-functions, see [127].

Now we are in the position of defining the generalized Orlicz spaces, also referred to as Musielak-
Orlicz spaces.

Definition 1.21. Let ¢ € ©,,(Q) and let us define

0= [ plalfds  vfeL’@).
Then, the set
L¥(Q) := (LO(Q))W = {f € L°(Q) : 0,(\f) < +oo for some A > O}

is called a generalized Orlicz space, or Musielak-Orlicz space, with quasinorm given by | f||, =
[ fllo,- We use the notation || f|l, := ||[flll, for vector-valued functions.

The following lemma, see [I127, Lemma 3.2.2], distinguishes when the quasinorm || - ||, becomes
a norm, see Definition for the details.

Lemma 1.22. Letting ¢ € ®,(12), then ||- ||, is a quasinorm. If, instead, ¢ € (), then |-,
is a norm. O

Similarly to Lemma since the norm in the generalized Orlicz space is a modular norm, we
have the following result, often referred to as the unit ball property. We refer to [127, Lemma
3.2.3] for the proof.
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Lemma 1.23. Let p € ®,,(2). Then
Iflle <1 = 0p(f) <1 = |flo <1

If, in addition, ¢ is left-continuous, then o,(f) < 1 if and only if || f|l, < 1. O

Remark 1.24. Note that the implication || f|l, = 1 = 0,(f) < 1 fails if ¢ is not left-
continuous. Indeed, we can choose the functions

o(w,t) == 00X[1,400)(t) and f=1,
with the convention that co-0 = 0. Obviously we have p € @y, so in particular in ®,,(Q). Then,
on the one hand || f||, = 1 since Qw({) < 1 if and only if X > 1. On the other hand though,
an(f) = +00.
Note that equivalent ®-functions give rise to the same space, as shown by the next result, see

also [127, Proposition 3.2.4]. We use the notation f &~ g meaning that there exist two constants
c1, co >0 such that c1f < g <cof.

Proposition 1.25. Let p, 1) € ®,(Q). If o = 1, then L¥(Q) = L¥(Q) and the associated norms
are equivalent. ]

Now we need to define some standard conditions on ®-functions that grant them additional
properties, which sometimes are inherited by their conjugate functions as well. First we give the
definition of a modulus of continuity, remarking that we do not require concavity and we allow
extended real values.

Definition 1.26. We say that a function w : [0,4+00) — [0,400] is a modulus of continuity if

it is increasing and such that

0) = lim w(t) = 0.
w(0) = lim w(t)

Definition 1.27. Let p € ®,,(Q2) and let p,q > 0. Then we define the following conditions:
(AO) There exists 5 € (0,1] such that p(z,5) <1 < p(z, %) for every z € Q,

(A1) For every K > 0 there exists € (0,1] such that, for every x,y € 2,

oz, pt) < oy, t)+1  if p(y,t) € [0, |x—y|”} ;

(VA1) For every K > 0 there exists a modulus of continuity w such that for every x,y € €2

¢<%1+wéclm>§¢@J%HJW—M) ﬁW%ﬂe[&ml;Wy

(alnc), There exists L, > 1 such that t — W(t"f,’t) is Lyp-almost increasing on (0,+00) for every
x €,

(aDec), There exists Ly > 1 such that t — (p(;f,’t) is Lq-almost decreasing on (0,+00) for every
x € €.

We say that (alnc) holds if (alnc), holds for some p > 1. Equivalently, we say that (aDec) holds
if (aDec)q holds for some g > 1.

Remark 1.28. Note that, by Deﬁm’tion every function ¢ € ®,,(Q) satisfies (alnc);.
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Note that if ¢ € ®,,(2), then ¢(-,1) ~ 1 implies (A0). Moreover, if ¢ satisfies (aDec), then
(A0) and ¢(-,1) ~ 1 are equivalent. Assumption (Al) is an almost continuity condition and
(alnc) and (aDec) are quantitative versions of the Vo and Ay conditions and measure lower and
upper growth rates. We define the condition (A1) as in [I02]. We point out that it slightly
differs from [127] [I33], where it is assumed that

o(z,pt) < @(y,t) if o(y,t) € {1’|;|]

and = and y belong to the ball B. Lastly, the “vanishing (A1)” condition (VA1) is a continuity
condition for ¢, introduced in [I35] to prove maximal regularity of minimizers.

In order to state the last property which we need for our analysis in the following, we first need
to define the recession function of ¢.

Definition 1.29. Let ¢ € ®,(Q). We call recession function of ¢ the function > : Q —
[0, 4+00] defined by
(e, t)
t

©>°(x) := lim sup for all x € Q.

t—+00

Note that, since the continuity of ¢ is not necessarily inherited by ¢°°, this makes the non-
autonomous case not trivial. We also need to define the following weaker version of (VA1)
where at least one of the points has to belong to the set {p™ < +o0}.

Definition 1.30. Let ¢ € (). We say that ¢ satisfies restricted (VA1) if and only if it
satisfies (A1) and for every K > 0 there exists w modulus of continuity such that

t .
¢ (o o=y Sew O+l —u) oo o

for every x,y € Q such that *>°(z) < +00 or ™ (y) < +oo.

Iﬂf—yln]’

We now need to define the associate space of the generalized Orlicz space L?(£2). In general,
the associate space is a variant of the dual function space which works better at the end-points
p=1and p = oo.

Definition 1.31. Let p € D,,(Q2). We define the associate space to L¥(S2) by
(L) (Q) = {u e L(Q) : ull(zey < —I—oo}

where

ull(Ley = |lully := sup /quda:.

ollo<1

Given a function ¢ € ®,,(Q), its (Fenchel) conjugate function is defined as

@ (z,t) == igrg[st — p(, s)]

and we can relate the associate space (L¥)'(2) to the space defined by it, see [127, Theorem
3.4.6).

Theorem 1.32. Let ¢ € ®,(). Then (L¥)(Q) = L¥ (Q) and the norms are equivalent.
Moreover, for all u € L°(Q)) we have

lull, = sup /uvdx.
Q

[vll <1
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Let us state some well-known properties of the conjugate function.
Lemma 1.33. Let p € ®,(2). Then,
(i) ¢* € ®.(Q), meaning that ¢* is always conver and left-continuous,

(i1) If p,q € (1,400), then ¢ satisfies (alnc),, respectively (aDec)y, if and only if p* satisfies
(aDec),, respectively (alnc)y,

(iii) If p € (), then

o~ (ac, @(f’t)) < (z,t) foreveryx € Qandtc R,

and ™ =@,
(iv) If ¢ satisfies (AO) or (Al), then so does ©*.
O

Conditions (%), (#i) and (iv) have been proven in [I127], respectively in Lemma 2.4.1, Proposition
2.4.9 and Lemmas 3.7.6 and 4.1.7, while condition (7i7) has been shown in [95, Corollary 2.6.3], see
also [127), Proposition 2.4.5]. Note that some results needed for these consideration, for example
[127, Lemma 2.4.3] or [127, Proposition 2.4.5], are only stated without the z-dependence, but
they hold true even in the generalized Orlicz setting.

Now we report the following result regarding some immersions of generalized Orlicz spaces into
Lebesgue spaces.

Lemma 1.34. Let Q C R"™ be open and such that |2 < 400 and let p € (). If ¢ satisfies
(A0), then

L>®(Q) = LP(Q) — LY(Q).
Moreover, if ¢ satisfies (alnc)y, then LY(2) — LP(). O
Note that the continuous inclusion L¥(Q)) < L'()) comes from the fact that every weak ®-
function satisfies (alnc);, see Remark This Lemma was shown in [127, Corollary 3.7.9 &
Corollary 3.7.10]. We point out that condition (A0Q) is essential both for establishing the above

embeddings and to ensure that L¥(2) is a Banach space, as shown by the following theorem,
see [127, Theorem 3.7.13].

Theorem 1.35. Let ¢ € ©,(2) satisfy (AO0). Then, the space L¥(2) is a Banach function
space. O

In particular, if (A0) is violated, the first inclusion in Lemma might fail to hold. We refer
to [127, Example 3.7.11] for a counterexample.

1.4 Miscellanea

In this last section of this chapter, we list further results already there in the literature which
are necessary in the following.
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25 1.4. Miscellanea

Some results on deformations

The first theorem we need for this work is the seminal geometric rigidity result proven in [114],
see also [115]. For this specific formulation of the result we refer also to |78, Section 2.4] for the
case p # 2 and to [41l, Remark 2.6] for the second part of the statement.

Theorem 1.36. Let p € (1,+00) and let Q C R? be a bounded Lipschitz domain. Then, there
exists a constant C = C(Q,p) > 0 such that for every y € WIP(Q;R3) there erists a constant
rotation R € SO(3) satisfying

/ |\Vy — R|P dz < C’/ dist?(Vy, SO(3)) dz.
Q Q
Further, the aforementioned constant rotation is independent of the exponent p. In other words,
/ |Vy — R|" dx < C’/ dist"(Vy, SO(3)) dx
Q Q

for every 1 < r < p. O

The next result deals with the properties of a deformed configuration. In particular, given
y € WIP(Q;R3) and Q C R? a bounded Lipschitz domain, we know that y(€2) might not be
open, even if det Vy > 0 almost everywhere. To make up for this fact, the deformed configuration
was introduced, defined as QY := y(2) \ y(02). The following result is given in [44] Lemma 1.2]
and its proof relies on the concept of topological degree, see [110].

Lemma 1.37. Let p > 3 and let Q C R? be a bounded Lipschitz domain. Let y € W5HP(Q;R3)
be such that det Vy > 0 almost everywhere in Q). Then, the deformed configuration QY is an

open set that differs from y(Q) by at most a set of zero Lebesque measure. Moreover, Q¥ = y(Q)
and 02 = y(00). O

We now recall two sufficient conditions for a deformation to be injective if the gradient of the
displacement is small enough in the operator norm, namely
A€
|Alo == sup | |
cern\{0} [€]
The first sufficient condition also entails that such deformation is orientation-preserving. The
proof can be found in [68, Theorem 5.5-1].

Theorem 1.38. The following two statements hold true.

(i) Let Q@ C R™ be an open set and let w := id 4+ u : & — R™ be differentiable in v € Q. If
|[Vu(x)|o < 1, then det Vw(z) > 0.

(ii) Let Q@ C R™ be a domain. Then there exists a constant c¢(2) such that any function
w :=id +u € CY(Q;R™) with sup, 5 |Vu(z)|lo < ¢(Q) is injective.

O]

In [192, Chapter II, Theorem 2.3] a regularity result for vector-valued distributions with sym-
metrized gradient that is a bounded measure was proven under a C'! regularity assumption on
the boundary of the set. In [94] a similar result was proven under a weaker assumption on the
boundary of the set and in the setting of BV spaces, where A is a first-order elliptic operator
such that it satisfies the rank-one property. Since in this work we only use it for A = E, namely
the symmetrized gradient, we state it in a simplified way.

Theorem 1.39. Let Q C R™ be a bounded domain with Lipschitz boundary. If u € D'(2;R™)
and Eu € M(Q;R" ™) then u € BD(Q;R"). O
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Chapter 1. General preliminaries 26

The Maxwell equation

In this subsection we deal with a particular formulation of the Maxwell equation in the context
of magnetoelasticity and the existence of weak solutions to it. In particular, given an elastic
deformations of the reference configuration w :  — Q¥ C R? and a magnetization map m :
OV — S?, where S? denotes the unit sphere in R?, Q C R? is a bounded Lipschitz domain and
Q" is the deformed set, we define the equation

div(xqum) = oA, in D'(R?), (1.3)

where yqwm denotes the extension of m by 0 to the whole space. The stray field potential vy,
is the weak solution to the Maxwell equation , but in order to have a proper meaning of
a solution we need to introduce the Beppo Levi spaces, also called Deny-Lions spaces, see [91].
We define the Beppo Levi space as

LR = {u € L} (RP) : Vu e LX(R%R?)}. (1.4)

As shown in [91], Corollary 2.1], see also [158] Section 1.1.2], this space can be characterized also

as
(R = {ue DR : Vue [AR%R)}.
It was proven in [91, Corollary 1.1], see also [I58, Section 1.1.13], that the space L'2(R3)/R,

namely modulo the constant functions, is a Hilbert space if equipped with the inner product

(u,v) := Vu-Vuvdz.
R3

A solution to (T.3)) is a function ¢, € L1?(R?) such that
/ (—10Vm + xum) - Vodz =0 Vo € LY (R?),
R3

The existence of the stray field potential 1,,, € L1?(R?) as a weak solution to (1.3]) follows from
[15, Proposition 8.8], see also [41, Lemma 4.2]. We report the result, as it will be useful in the
following.

Lemma 1.40. For every v € L?(R3;R?), there exists a unique 1, € LY2(R3), up to additive
constants, such that

/v-wdx_/ Vi, -Vedr Yo e LY (R3)
R3 R3

and
WvHLM(RS) = HV%HB(RBxRB) < HUHL2(R3;R3)-

The Total Generalized Variation

In this subsection we report a couple of definitions and results dealing with the notion of Total
Generalized Variation introduced in [36]. In particular we deal with the second-order Total
Generalized Variation, defined as

TGV2(u) == sup {/ wdiviypds : e CE(Q;ngfg), 9]0 < a1, [|divah]|eo < ag},
Q
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27 1.4. Miscellanea

for every u € Li (Q), with a = (ap,a1) € RT x RT. We refer to the seminal paper [36] for a
general introduction and higher-order generalizations, and to [37] for an in-depth study of the
second-order formulation. The divergence of order 2 is defined as

n o 92¢
div2§ = 0&ii
7

+23° O yeemyn
2 ] Ssym ?
—~ 0z; i< Y

00

see also [36] for higher-order notions of divergence.
The first result we report is a duality result of the second-order Total Generalized Variation, see
[37, Theorem 3.1].

Theorem 1.41. Let Q@ C R™ be a bounded, connected and open set and let « = (o, 1) €
Rt x RY. Then for any u € L' () we have

TGVi(u) = min o[ Du— wllaq + 0ol Euilaa)

O]

The following result is instead a Poincaré-Wirtinger inequality in the context of the Total Gen-
eralized Variation, proven in [37, Proposition 4.1] in order to show existence of solutions for the
Tikhonov functional.

Proposition 1.42. Let Q C R” be a bounded, connected, Lipschitz and open set and let o =
(o, 1) € RY x RT. Let 1 < p < 400 such that p < -5 and let P : LP(Q) — PY(Q) a linear
projection onto the space of affine functions P1(Q). Then, there exists a ¢ > 0 such that

[ull, < cTGVZE(u) Vu € kerP C LP(Q2).
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Chapter 2

Homogenization and linearization in
magnetoelasticity under small elastic
response

This chapter reports the contents of [61].

2.1 Introduction

In this chapter, we present a simultaneous linearization and homogenization analysis for magne-
toelastic materials. This can be seen as a first step towards extending the seminal commutability
results in the nonlinear elastic setting [118] and [I65] to the magnetoelastic regime.

The mathematical modeling of multiphysics couplings is at the center of a vigorous research
effort, owing to the wide range of potential applications, spanning, among others, sensors and
actuators, as well as bioengineering devices. A crucial mathematical hurdle in describing such
nonlinear couplings is the mixed Eulerian-Lagrangian contributions in the energy functionals,
featuring energy densities defined both on reference configurations and on the actual ones.

We consider a model for a periodic ferromagnetic elastic composite under a small elastic re-
sponse regime. Starting from a fully non-linear elasticity setting combined with magnetization,
we pass to the limit as both the size of the periodicity and the elastic energy tend to zero. This
leads to simultaneous linearization in elastic properties and homogenization in elasticity and
magnetization via the I'-convergence technique.

The variational theory of static magnetostriction (see, for example, [47]) stems from the assump-
tion that equilibria minimize an underlying energy functional, depending both on elastic defor-
mations of the reference configuration w :  — Q¥ C R? and on the magnetization m : Q¥ — S,
where S? denotes the unit sphere in R3, Q € R? is a bounded Lipschitz domain and Q¥ is the
deformed set. A simplified energy functional in the case of a single-crystal magnet reads as

G(w,m) := /QW(Vw,mow) d:z+a/gw |Vm]2d§+’u20/RS |Vt |2 dE. (2.1)

Here, W encodes a nonlinear, frame-indifferent, magnetostrictive energy density. The second
term in describes the magnetic exchange, penalizing the spatial changes of m, while the
last term encodes the contributions of the magnetic stray field 1,,. The positive parameters a
and pg are the exchange constant and the permeability of the vacuum, respectively. The stray
field potential 1), is the weak solution to the Maxwell equation

div(xqum) = poA,, in D'(R?), (2.2)

28
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29 2.1. Introduction

where xowm denotes the extension of m by 0 to the whole space. In particular, 1, can be seen
as an element of the Beppo Levi space L1?(IR?), see Subsection The existence of this weak
solution follows by Lemmam For ease of presentation, in and throughout this chapter
we disregard the energy contributions due to crystalline anisotropy, antisymmetric exchange and
Zeeman energy, since they behave as continuous perturbations and could easily be included in
our analysis without further mathematical difficulties.

Well-posedness of the minimization problem for the functional in in suitable classes of
admissible deformations and magnetizations has first been established in [I88] under a higher-
order regularization corresponding to the setting of non-simple materials. Existence results in
the absence of Hessian terms have first been proven in [149], assuming incompressibility of the
admissible deformations, as well as in [I5] under weaker coercivity conditions on the energy
density and weaker notions of deformed sets. Further improvements have been achieved in
[43, [42], [44]. We also mention [45] and [46] for a general study of Eulerian-Lagrangean models
accounting for material failure, as well as for a characterization of the emergence of domain
structures. A linearization analysis has been undertaken in [5]. A homogenization analysis in a
linear setting under the presence of rigid magnetic inclusions has been carried out in the recent
work [121].

In order to set the problem we first specify some notation. Let 2 C R3 be a bounded Lipschitz
domain, and let v be an open subset of 9Q such that H?(y) > 0, where H? denotes the 2-
dimensional Hausdorff measure. From now on we assume 2 to be the reference configuration of
a composite magnetoelastic material. Let also p € N be such that p > 3, and let Y := [0,1)3 be
the unit cube in R? which, with a slight abuse of notation, we implicitly identify with the unit
torus. We denote by g and h functions in W% (£2; R?) encoding the boundary conditions on
7. Further, we denote by {e;}3_; the canonical basis of R3. Given a vector u € R?, we indicate
its components by u = (u!,u?,u?), and adopt the symbol (-| - |-) to describe the columns of
a matrix. We use the notation of Subsection for Beppo Levi spaces. For a given sequence

{v:}e and for r € N, we write v, Y2y weakly in L™(2 x Y) to indicate that {v.}. converges

weakly two-scale in L"(£2 X Y) to v. Analogously, we will use the notation v, =2 strongly in
L"(22 x Y) to indicate its strong two-scale convergence. We refer to Section for the precise
definitions. We indicate by ¢ a generic positive constant, whose value may change from line to
line.

Following [6] we work under the assumption of a strong coupling condition, ensuring that the
admissible magnetizations do not jump across the interface between different crystal magnets.
Assuming a periodicity scale € > 0, our stored energy is thus described by the functional

Gulwm) i= [ W (L (@), (mow)(@)) do

1
—l—/wa (W) |Vm(z)|2dz—|—'u20/Rg Vi 2da,

for pairs of admissible deformations and magnetizations (w,m), and with G.(w,m) = 4o
otherwise. In the expression above, W : R3 x R3*3 x R3 — [0, +00), is a Carathéodory function
satisfying the following assumptions:

(2.3)

(H1) Periodicity: W(-, F,v) is Y-periodic for any F € R3*3 and for any v € R3.

(H2) Coercivity: there exists a constant C; > 0 such that

W(y, F,v) > Cy max {dist2(F; SO(3)), dist? (F; 50(3))}
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Chapter 2. Homogenization and linearization in magnetoelasticity 30

for some p > 3 and for any F' € R3*3, v € R? and a.e. y € R3. Moreover, we assume
W(y,F,v) > (det F)~* (2.4)
for any y € R?, F € R33 and v € R? for some s > 1%'

(H3) Frame indifference: W (y, RF, Rv) = W(y, F,v) for any R € SO(3), F € R¥3, v € R3
and a.e. y € R3.

(H4) Normalization: W(y,I3,v) =0 for any v € R? and a.e. y € R3.

(H5) Taylor expansion: W has a second-order Taylor expansion centered at the identity,
namely

1
W(y, I3+ F,v) = 5 Qy, F,v) +r(y, F,v),

for any F € R33, v € R? and a.e. y € R3. Here Q : R? x R3*3 x R? — [0, +00) is a non-
negative Carathéodory function which is Y-periodic in y and quadratic in F. Moreover,
we require @ to be bounded in the following sense: for any F € R3*3 and v € R3,

ess-sup Q(y, F,v) < Cy |FI2,
yeR3

for some constant Cy > 0. We further require that for any v € R3 and a.e. y € R3,
r(y, F,v) < 7(|F|)|F|? as |F| — 0, for a suitable continuous function 7.

We observe that condition is a strengthening of the assumption W (y, F,v) > (det F)~1
ensuring that the elastic energy blows up for an extreme compression, which is fundamental from
the modeling point of view. As a consequence of the mixed Eulerian-Lagrangean formulation of
the problem, we require a stronger coercivity condition, in order to obtain sufficient compactness
properties for the bounded energy configurations.

The map a : R? — R in is a Y-periodic function such that a € L*>°(Y"). Moreover, there
exist Cs, Cy > 0 for which

0<C3<aly) <Cy forae. ycR> (2.5)
We define the class Ap of admissible deformations and magnetizations as
Ap = {(w,m) € Wi’p(Q;R?’) x WH2(Q;S?) : det Vw > 0 a.e. in ©,
w is a.e. injective in Q},

where
W;p(Q;Rg) = {U e WP(Q;R?) : v=h H*ae. on 'y} .

Note that we work under the assumption p > 3 in order for the admissible deformations to have
a continuous representative, namely for the deformed configuration to be well-defined pointwise.
In the definition above and in (2.3), the deformed set Q¥ is defined as Q% := w(Q) \ w(0€). In
principle, even for deformations w in our class, the set w(€2) might not be open, whereas Q" is
always an open set, see Lemma We will use the notation

Y= {w € W,}’p(Q;R?’) : det Vw > 0 a.e. in , w is a.e. injective in Q} (2.6)

for the class of admissible deformations only.
In the absence of a deformation, assuming that the temperature of the sample is fixed below the
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31 2.1. Introduction

Curie threshold, the magnetization satisfies the Heisenberg constraint |m| = 1. In the presence of
a deformation instead, it is natural to assume that |mow|det Vw = 1, where the Jacobian takes
care of the change of the volume of an elementary sample. This, however, introduces considerable
technical difficulties in terms of the regularity of the involved quantities and when establishing
compactness properties of the magnetoelastic states. In our setting, when the deformations are
close to identity, we instead make the assumption

Imow| =1 a.e. in £, (2.7)

dropping the term det Vw, which is reasonable from the modeling point of view and allows us
to avoid unnecessary technical complications. In the fully nonlinear setting, different formula-
tions of the Heisenberg constraint have been proposed in the literature, see [I85] for a related
discussion.
The focus of our work is on a simultaneous homogenization and linearization analysis. To this
end, we introduce a scaling factor 52% for some o > 0 in front of the magnetostrictive energy
term in below. An application of the geometric rigidity result proven in [114], see Theorem
then yields that our admissible deformations are close to the identity. Therefore, for every
deformation w € Y and for any € > 0 we introduce the rescaled displacement

u(zx) == w(:z;)al‘
The parameter «, roughly speaking, describes the “relative speed” of the linearization and
homogenization processes. We recall that in the purely elastic setting, in contrast to what occurs
for dimension reduction problems, homogenization and linearization are known to commute
independently of the choice of «, see [165].
The rescaled magnetoelastic energy F. reads as

1
Fe(u,m) := QQ/ w (Jj,ﬂg +e*Vu(z),m (z + aau(x))) dx
c o c (2.8)
+/ a () Vm (2 + eu(@)) 2 | det(Is + *Vau(z)) dz + 22 [ [V |2 da,
Q e 2 R3
for all (u, m) € A., where the class A. of admissible states is defined as
A= {(u,m) € WP R®) x WH((id + eu)(Q);8%) : id+®u € Y}, (2.9)

where we set h = id + £€%g in the definition of )). We emphasize that, for ¢ small enough and
u € W, P(Q;R?), the map id 4+ eu is a homeomorphism, so that the deformed set (id +&®u)(€2)
in the expression above is open and coincides, up to a set of measure zero, with QU4+<*w) - Thig
observation is necessary remarking the difference in the way the boundary condition is formu-
lated in A, compared to Ap.

The main result of this chapter is a characterization of the asymptotic behaviour of the func-
tionals F; as € N\ 0. The limiting functional Fjoy, is given, for every o > 0, by

1
Fhom(u,m) := 2/QQhom(Vu(m’)?m(a:)) dx + /QThom(Vm(a:)) dx 10)

n “0/ Ve ()2 da,
2 Jo

for every (u,m) € Ay, where

Ao =W, P (4 R?) x WH(Q; §7).
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Chapter 2. Homogenization and linearization in magnetoelasticity 32

In (2.10)), the linearized and homogenized density Qnom is a quadratic form given by
Quom (A, v) := inf { / Qy. A+ Vo(y),v)dy : o€ Wplé%(Y;Rs)} : (2.11)
Y

for any A € R3*3 and v € S?, where @ is the one defined in In turn, Tyom is the
homogenized exchange energy density, defined as

Tyon (4) = int { /Y o)A+ Voly)Pdy 6 € WEYRY)}, (2.12)

for any A € R3*3. One may expect the minimization in to be formulated over the tangent
bundle (J,cs2 T S?, where T, S? is the tangent space of S? at the point s € S?. This is indeed
the case in the general setting, where manifold-valued maps are taken under consideration. For
maps with values in S? however, due to the sphere being invariant under rotations, it is possible
to reduce the problem to an unconstrained minimization, see [6, Section 3(b)], in particular [6],
Remark 3.3].

We are now in a position to state the main result of this chapter.

Theorem 2.1. Let Q C R? be a bounded Lipschitz domain and let « > 0 and p > 3. As-

sume and (2.5)). Then, the family of magnetoelastic energies {F.}. given by (12.8)

[-converges with respect to the convergence in Propositions and to the homogenized
functional Fyom defined by (2.10)). O

The proof of Theorem hinges upon several intermediate results. The key hurdles are under-
standing the compactness properties of a sequence of states (us,m.) € A. with equibounded
energies, and a characterization of the two-scale limit of the magnetization. These are the sub-
jects of Propositions [2.2] and [2-3] respectively. A crucial difficulty for both results is the fact
that the magnetization is an actual quantity and, thus, is defined and equibounded only on
the deformed set. This requires a careful simultaneous analysis of the displacement and the
magnetization, as well as a stability result for the inverse of the determinant of the admissible
deformations. This is the main motivation for assumption for it implies that for a bounded
energy sequence one has, for any € > 0,

¢ fors>—L_. (2.13)

| (det ng)‘lHLs(m < o

Our second contribution is to show in Sectionthat the functional Fjom in can be recov-
ered by first linearizing magnetostrictive contribution and then passing to the homogenization
limit. This is illustrated in the following diagram, where we denote by GIEin the corresponding
linearized functional.
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The study of the missing dashed lines, on the other hand, remains an open problem, for, even
in the setting of nonlinear elasticity (without magnetic contribution), homogenization under
non-impenetrability constraints is currently not fully understood.

The chapter is organized as follows. The precompactness of sequences with equibounded energy
is the focus of Section 2.2] A separate two-scale analysis of the asymptotic behaviour of the
magnetizations is carried out in Section [2.3] The proof of Theorem is presented in Section
[2:4 Finally, the sequential linearization and homogenization is briefly discussed in Section [2:5]

2.2 Compactness

In this section, we characterize compactness properties for sequences of displacements and mag-
netizations with equibounded energies, adapting the approach of [5]. Our main result is the
following.

Proposition 2.2. Let Q C R? be a bounded Lipschitz domain and let o > 0 and p > 3. Assume
(HDH(HS)| and [2.5). Let (us,me) € A. be such that, setting w. = id + ®u, holds for
every € > 0 and
sup Fr(us, me) < 400, (2.14)
e>0
where the family of energies {F.}. is defined as in (2.8). Then, there exists (u,m) € Ay such
that, up to subsequences, there holds

we — id strongly in WP(Q;R3),
Us — U weakly in W1H2(Q;R3),
det Vw, — 1 strongly in Lg(Q),
(det V)™t — 1 strongly in L'(€),
Mg 0 We — M weakly in WH(Q;R3),
Me O We —> M strongly in L"(€Q;R?) for any r € [1, 400),
Xw. (Q)Me — XQMm strongly in L"(R?;R3) for any r € [1, 400),

Xuw. (@) VTMe = XaVm weakly in L%(R3; R3*3),
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where q := p+s2(7;f+2) € (1, I%), and s is the exponent in (2.13)).

Proof. We split the proof into several steps for readers convenience.

Step 1. Convergence of w. and u.. Given a fixed £ > 0, we need to prove the inequalities

[ 1vupi < (Fgmg,ma +f |g|2d%2> , (2.15)
g
and
/Q|5aVu5]p dr < ce*® (Fg(ug,mg) + / ]g\QdH2> . (2.16)
g

Indeed, obviously (2.15]) yields the weak precompactness of the displacements {u, }. in W2(Q; R3),
while (2.16|) implies that

2a

”VU/E — ]I3||Lp(Q;R3><3) < cer (217)

for a positive constant ¢ independent of e, which in turn implies that w. — id strongly in
WhP(Q; R3).
Now, for any ¢ € [0, 4+00), let us set j,(¢) := max{t?,#*}. Thanks to|(H2), we have that

/ Jp (dist (I3 + e*Vue; SO(3))) da
@ ., (2.18)
<o [ W (L4 V(o) el + u(e) ) do < P F (e mo).

Q
In view of ([2.18)) and the definition of w,, by Theorem we find a rotation R. € SO(3) such

that
/Q |Vw, — R[> dx < C/ij(dist(Vwa, SO(3))) dz < ce** F-(u., m.). (2.19)

On the one hand, by the triangle inequality and (2.19) we obtain
520‘/ V.| de = / |Vw, — I3%dz < ¢ [z-:QO‘Fg(uE,mE) +|R: — JI3|2] .
Q Q

On the other hand, arguing as in [83, Proposition 3.4], we deduce

|Re — H3|2 <ce™ <F€(u€7ms) + / ‘g|2d'H2> : (2.20)
v

Combining the latter two estimates yields (2.15]).

By (2.18)) and Theorem for the same rotation R in ([2.19]) there holds

/ |Vw: — Re|P dx < c/ Jp(dist(Vawe, SO(3))) do < ce®* Fr(ue, me).
Q Q
Hence, using the facts that p > d = 3 and that |R. — I3] < 2V/d, since R. € SO(3), we obtain

/ eV |P do < 2P~ 1 (/ |Vw, — Re|P dz + |R; — ]Ig]p)
Q Q

<c (62&F6(u67m€) + |Re — H3‘2) )

which, together with (2.20)), yields (2.16]).
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Step 2. Convergence of det Vw.. Recalling that the determinant is a multilinear function, we

deduce that
det(Vw.) = det(e; 4+ €01 uc|ea + e*Oauc|es + e*Osuy)
=1+ det(e*Vue) + det(e1|ea|eO3u.) + det(e1|e®Oaus|es) + det(er|e“Daue|e*D3uc)
+ det(e“Oruclez|es) + det(eOruc|ea|e“D3us) + det (O u.|e“Dauc|es)
=1+ det(e*Vue) + 5‘“832@ + 5“322@ + 62a82u§83u§ — 52a33u§82ug’

+ %Ol + 2O uldzud — 2 0zuloiud + 2“0 uldau? — 2 *uldiu’.

Thanks to the triangle inequality, for every o € N we find

/ |det Vw, — 1|7 dx < ¢ (/ £9Vu |37 da —i—/ |e“Vue|? dz —i—/ |e*Vu,|* dx) .
Q ) Q Q

Choosing o := £, we can apply Holder’s inequali}‘sy, since 2 is bounded, and (2.16|) along with
(2.14)), obtaining that det Vw, — 1 strongly in L3 (€2). More precisely, for € > 0 small enough,

6a
|| det Vw, — 1HL§(Q) <cer. (2.21)

In particular, Vitali Convergence Theorem, see Theorem ensures that, since |Q| < +oo,
the sequence {det Vw,}. is equi-integrable in ).

Step 3. Convergence of (det Vw.)~!. Since the sequence {(det Vw.)~!}. is uniformly bounded
in L*(€2), see (2.13), it follows that {(det Vw.)~1}. is equi-integrable in 2. Now, for any suffi-
ciently small fixed 6 > 0 and for any € > 0, let us define the sets

B :={xeQ : |det Vw.(x)— 1| > }. (2.22)
By (2.21)), (2.22) and Hoélder’s inequality, since €2 is bounded,

-1
B </ | det Ve (x) ’dmga—l/ | det V. (z) — 1] dz
B? Q

4]

< cd Y det Vw, — 1| »

<co e
L§(Q)_c €

implying that, by the equi-integrability of {(det Vw.)~'}., we have

I,

as € \, 0. Moreover, by (2.21]), for £ small enough

(det Vw, )™t — 1‘ drx — 0

/ ’(det Vw.) ™t — 1‘ dx < c/ |det Vw, — 1| dz < ce®,
o\B? o\B?

which yields the claim.

Step 4. Weak convergence of m. o w.. First we show that

2 2
IV (me o we)l|pagy < ¢ with ¢ := % € (1 P ) . (2.23)
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Let ¢ be defined as above and note that 22 < 2. For [ := 2, and I = Lq its conjugate

.. . . p+2 q 2_
exponent, by Holder’s inequality we have
/ |V (me ow.)|?dx
Q

1 1
! 7 4 7
! dm) l (/ ‘Vwe (det Vwa)*% ! dx)l
Q
2—q

2 % 1 24 R
d:x) (/ ’Vwe (det V) 2|71 dx)
Q

We already know, thanks to (2.8) and (2.14)), that the first term on the right-hand side is

p(2—q) : _ _p@2-q) ;
S5 > 1, and denoting by u/ = P2—g)-% its conjugate

_1 22Tq 2qp _ay i
/ ’Vwa(det Vwe) 2|7 dox < </ |Vwe |24 d:c) (/ (det Vw,) 2-4 dx)
Q Q Q
% v P(Q(—QQ_)—)?(I
_ < / |ng|pdg;)” ! ( / (det Ve, ) P02 daz) o
Q Q

By Step 1 of the proof, the first term on the right-hand side of the above inequality is uniformly
bounded, since {w; } is uniformly bounded in WP (2; R3). Moreover, thanks to we know
that {(det Vw.)~1}. is uniformly bounded in L*(£2), meaning that follows by the choice
of the exponent ¢. This, along with the constraint |m. o w.| =1 a.e. in Q for every € > 0, see
(2.7), entails ||me o we||y1.0(urs) < ¢, implying that m. o w. — m weakly in Wha(Q; R3), up to
a subsequence.

IN

(/Q ‘(Vma o w.)(det Vuw,)?

N (/Q ‘(Vma o w.)(det Vu,)?

uniformly bounded. Setting p :=
exponent, we infer

® =

Step 5. Strong convergence of m, o w.. In view of Step 4 of the proof, the Rellich-Kondrachov
Theorem ensures that

Me O We —> M strongly in L7 (€;R3) for any o € [1,¢%),

where ¢* = 33—_qq is the Sobolev conjugate exponent of g. Due to the constraint |m. ow.| =1 a.e.
in Q for every € > 0, see (2.7)), the sequence {m. o w.}. is uniformly bounded in any L"(; R?),
with 7 € [1,+00). Therefore, Lemma implies that m. o w. — m strongly in L"(Q;R3) for
any 7 € [1,4+00).

Finally, this strong convergence implies that, up to a subsequence, m. o w. — m a.e. in .

Since, for every € > 0, (uz,m.) € A. and |m. ow.| = 1 a.e. in , there holds m € Wh4(; S?).
Step 6. Strong convergence of x,,, (o)m.. In view of Lemma in order to prove the strong

CONVErgence X, ()Me — XQmM in L"(R3;R3) for any r € [1,+00), it is enough to show the
uniform boundedness of {x,,. )me}e in L"(R*;R?) for any r € [1,+00) along with the strong
convergence in L', namely

[Xw.(@)Me — Xam|| L1 (rs;rs) — 0 as € \ 0. (2.24)

The uniform boundedness of {x,, (q)me}e in L"(R%;R?) for any r € [1,+00) follows from the
saturation constraint (2.7) and the uniform boundedness of {det Vw.}. in L'(£2). Indeed, for
any fixed r € [1, +00),

/ |Xw5(9)ma\rdz:/ ]mglrdz:/ |me o we|" det Vw, dx
R3 we (Q) Q

(2.25)
= / det Vw, dxr < 400.
Q
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We now turn to the proof of . The key idea of the proof is, for any ¢, to reduce the bound
between m. and m to the bound between m. and m. ow, utilizing the result of Step 5, see
below, and then using the Lipschitz continuity of m. on a slightly smaller set (via Lusin-type
approximation of Sobolev functions), to complete the argument.
For a fixed 6 > 0, we set

Qs :={z e : dist(z,00) > 0}
Without loss of generality, we may assume that ()5 is a Lipschitz set. Since w. — id strongly in
WLHP(Q;R3) and p > 3, we have that w. — id in C°(Q; R?). Hence, thanks to the degree theory,
see [IT0] and [5, Proof of Proposition 3.1], for € > 0 small enough one has Qs C w-(2). This
yields

||Xwg(sz)ms - XQm||L1(IR3;]R3) = / |st(9)me — xam|dx +/
Qs R3\Q

The second integral on the right-hand side is negligible as § \, 0. Indeed, since {x.,, (Q)me}- is
uniformly bounded in L"(R3;R3) for any r € [1,4+00), we infer that, as § \, 0,

[Xw.(2)Me — xom|dz. (2.26)
8

/ [Xw.(@)Me — Xam|dr < ¢ [ﬁg(wa(Q) A Q) + L3(Qs A Q)} — cL3(w-(Q) A Q). (2.27)
R3\ Qs

Regarding the first integral on the right-hand side of (2.26)) instead, recalling that Q5 C QNw:(Q)
and utilizing the triangle inequality, there yields

/ [Xw.(2)Me — xom|dz < / |me — me o we|dx —i—/ |me o we — m| dx. (2.28)
Qs Qs Qs

By Step 5, the second integral on the right-hand side converges to 0 as € \ 0. In view of Step
5, Vitali Convergence Theorem, see Theorem |1.12] yields the equi-integrability of {m. o we}..
Furthermore, by (2.25)), it follows that {xq,;m.} is equi-integrable in Qs as well, indeed

/ \X95m5|rdz:/ |me|" dz §/ Ime|" dz < 400,
R3 Qs we ()

for every r € [1,400) and uniform boundedness in a space L" with » > 1 implies equi-
integrability. Therefore, for any n > 0 there exists p > 0 such that for any A C €25 measurable

LXA)<p = limsup/|maowg—m5|d:v<n.
A

e—0

Fix 6 € (0,6) such that £3(Qz\ Qs) < p and set As. := w7 '(Qs). For £ > 0 small enough, we
have that As. C Q5 (due to the degree theory, as before). Therefore,

/ |m€ow5—m€|d1‘:/ |msow€—m5|dx+/ |me o we — me| de. (2.29)
Qs QsNAsc Q5\As,c
The integral over €5\ As. can be estimated as follows. First, a change of variables implies that
L3(Qs) = L2 (we(Ase)) = L2(As) + / (det Vw, — 1) d.
AS,E

Therefore, taking into account Step 2 of the proof, we have

limsup £3(Q5 \ As.) < limsup [£3(5) — £3(45.)]
e—0

e—0

= lim sup lﬁ?’(Qé\ Q) + / (det Vwe — 1) dx| < p.

e—0 A&’E
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Then the equi-integrability of {m. o w.}. and {m.}. on Q; yields

e—0

lim sup/ |me 0w, —me|dx <. (2.30)
Q5\As

We now evaluate the integral over 5 N As. in (2.29). To this end, we fix A € (—2?0‘,0)

and consider an extension M? € W12(R3;R?) of m. from Qs to R® with HMg”Wlﬂ(R?’;R?’) <
c(€2s) [[mellyw12(4mr3). According to the Lusin-type approximation of Sobolev functions (see,
e.g., [IT4, Proposition A.1]), for every e > 0 there exists a set Gs. C R? such that M? is
e*-Lipschitz on Gse and

2
LR\ Gse) < e /R , VME[ de < e(5) ™ [xa,me |z o, o) (2.31)

Set Xs. := w7 1(Gse). Since me = M? on Q5 N G5, utilizing the Lipschitz property of M? on
G; . and applying the Sobolev inequality along with the bound ([2.17)), we obtain

|m€ow5—m6]da;:/ \MgowE—Mf\dx
Q5NAs,NXsNGs e (2.32)

2c
< ML) |we — id||pogqumsy < ce P T

/Q(; ﬂA5750X5’gﬂG5,5

Since, by the choice of A, the exponent 2¢ + X is positive, then the integral above vanishes in

the limit. Observe that (2.31]) immediately implies
lim £3(Q =0.
El_I)I(I)ﬁ (Q5\ Gs5:) =0
In a similar way, using a change of variables and the growth assumption we infer

1
P

L35\ X5.0) = / (det Vwe) ™" da < ||(det Vwe) ™| s (o [53(R3 \ G(;,E)} :
we (26)\Gs,e
where we have indicated by s’ the conjugate exponent to s. Hence, by (2.31)),
21_1)%5 (25 \ Xs5.) =0.
Thus, using the equi-integrability similarly to (2.30)),

lim sup |me o we — me|dx = 0. (2.33)

=0 /(QaﬁA«s,a)\(Xa,aﬁGa,e)

Combining (2.29)), (2.30)), (2.32) and (2.33)), we conclude that

limsup/ |me o we — me|dx <.
e—0 Qs

Finally, since n > 0 is arbitrary, from ([2.26)), (2.27)) and (2.28) we obtain ([2.24]).

Step 7. Convergence of X, ()Vme. First, note that V(xq,m.) is bounded in L2(Q5;R3*3),

Indeed, by (2.5) and (2.14)),

1
| WeamaPds= [ (VmPdr< [ [Omfde < g Blem) <+ (@230
Qs Qs we () Cs
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39 2.3. Two-scale convergence of the magnetizations

Moreover, by (2.25)), the sequence {xq,me}e is bounded in L?(Q45;R3). Thus, {xq,me}e is
bounded in W1?(Qs; R3) uniformly for every 6 > 0. By a diagonal argument, there exists
n e Wif(Q; R?) such that

XQsMe — 1 weakly in VVli)’CZ(Q, R3).

By Step 6, it follows that 77 = yqm. In particular, we have that m. — m weakly in W12 (Qs; R3).
We now show the weak convergence of {wa(Q)Vmg}g. To this end, for a test function ¢ €
L?(R3;R3*3), we deduce that

/R3 (Xw.(@) VMe — xaVm) : pdx

2/ (Xw.(@)Vme — xoVm) : pdx +/ (Xw.(2)Vme — xaVm) : pdx.
Qs R3\ Qs

Since Q5 C w:(2) NQ and due the fact that m. = xo,m: — m weakly in W12(Qs;R?), the first
integral converges to zero. Applying the Cauchy-Schwartz inequality to the second integral, and
taking into account that x,,(q)Vme and xoVm are both bounded in L?(R3; R3*3), we have

< cllellr2(cy)s

/ (Xw.(@)Vme — xoVm) : pdx
R3\ Qs

with C5 := {x € R3 : dist(z,0Q) < §} such that |Cs| — 0 as § — 0. This yields the
weak convergence of {X,, () Vme}e to xoVm in L?(R3?;R3*3) and concludes the proof of the
proposition. O

2.3 'Two-scale convergence of the magnetizations

Before carrying out our I'-convergence analysis, we need to investigate the two-scale behaviour
of the gradients of the magnetizations. Recalling the definition of the energy F. in (2.8]), the
main result of this section reads as follows.

Proposition 2.3. Let Q C R? be a bounded Lipschitz domain and let o > 0 and p > 3. Assume

(HL)H(HS5)| and (2.5)). Let (us,me) € A: be such that, setting we = id + e“u., (2.7)) holds for
every € > 0 and

sup F.(ue, mg) < 400,
e>0

where the family of energies { F.}- is defined as in (2.8). Then, there exists ¢ € L*($; Wgé%(Y; R3))

such that, up to a subsequence,
(Vme o we)(det ng)% AEN) v/ V,b(-,y) weakly two-scale in L*(Q x Y;R?).  (2.35)
0

In order to prove this result, we need to establish some preliminary technical results. We first
observe that Vm, € L?(w.(Q)) if and only if (Vm. o w.)(det Vw.)2 € L?*(Q). Note that

V(me owe:) = (Vmg o we) Vg,

thus
(Vme o we)(det ng)% = V(me o we)(Vw.) " (det ng)%. (2.36)
For brevity, in what follows we denote
- == (Vw.)"H(det Vo) ? = adj(Vw,)(det Vuw.) 2. (2.37)

Our first auxiliary result is the following.
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Lemma 2.4. Under the assumptions of Proposition we have
g — I3 in LY(Q;R3*3).

Proof. Note that

_1

lge — I3] < |adj(Vw,) — I3 (det ng)_% + ‘(det Vwe)"z —1f, (2.38)
and that
](det Vw,) "2 — 1] < |(det Van) 7t — 1\ .
By Proposition as e \(0
adj(Vw.) — I in L7 (Q;R33). (2.39)
The claim follows then by Proposition 2.2] and Holder’s inequality. O

Remark 2.5. Note that for the above lemma it would have been sufficient to assume | det Vw.| =t €
P
L2»-2(Q) instead of (2.13)).

As a consequence of the previous lemma we obtain the following.

Lemma 2.6. Under the assumptions of Proposition we have

— 15 in L7 (R, f * = P8 e<1p>
ge = I3 in L™ (O ), foranyr* <r o8 5 )

where s is the exponent in (2.13]). O

Proof. First we want to prove that g. € L"(€Q; R3*3) for some r > 1 and for any £ > 0. Indeed,
applying the generalized Holder’s inequality and using (2.13]) we infer

el @ty < Nadi(Vwe)ll g g || (et Tuoe) | ar

= ladj(Vwe)lll g g, H(det sz)—lH < 400,

13 L5(Q)

where we chose r as in the statement of the Lemma. The thesis follows then by combining
Lemma [2.4] with Lemma, [[.11] O

We are now ready to prove the main result of this section.
Proof of Proposition[2.3. For i,j € {1,2,3} and any £ > 0, we set
(9e)ij () := min{[(ge)i; ()], 2} sign(ge)ij(z),
where g. is defined as in . Clearly, |g. — I3] < |ge — I3|. By Lemmas and we find
Ge — I3 in LO(Q;R3*3) for any o € [1,4+00) (2.40)

as £ \( 0. Further, again from Lemma it follows that |supp(ge — ge)| — 0 as € \, 0. Then,
thanks to (2.36]) and (2.37)), we have that

[V (me o we)(ge — Ge)| < [V (me o we) ge| + |V (me 0 we) ge
< |V(me owe) gs’ + |V (me owe)|

= ‘(Vms o w,)(det Vwa)% + ¢ |V(me o w,)],
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41 2.4. Proof of Theorem Iﬂ'

which, together with the fact that the two terms on the right hand side of the latter are bounded
in L2(Q) and L9(f2) respectively, with ¢ as in Proposition entails that, for any test function
P € CO(Q xY), the sequence {V(m. ow.)(ge — ge) (-, )}, is equi-integrable. This remark,
combined with the vanishing support of {g. — g.}- yields

/QV(mE owe)(ge — o) ¥ ( , s) dr —0 ase\,0 (2.41)

for any test function ¢ € C%(Q x Y). By (2.40)), for ¢ as before, one has

ge(x) <ZE, :) =2, Y(z,y) strongly two-scale in L7(Q x Y;R3*3)

for any o € [1,+00). Then, by properties of two-scale convergence, see Section and by
Proposition we infer the existence of a map ¢ € L2(Q; W;é%(Y; R3)) such that

. x
[ 9o w@) @) v (5.2 ) do s [ [ (Fmia) + 9,00e, )] o) do d,
Y
for every 1 € C°(Q2 x Y). This, together with (2.36) and (2.41)), yields (2.35)). O

2.4 Proof of Theorem [2.1]

This section is devoted to the proof of Theorem [2.1] Before going into the proof, in order to
identify a lower bound for the asymptotic behaviour of the magnetoelastic energy contributions,
we prove the following variant of [I73, Lemma 2.3.2].

Lemma 2.7. Let Q C R3 be a bounded domain and let oo > 0. Let {v:} be a bounded sequence
in L?(S;R3) such that v, ALY weakly in L>(Q x Y;R3). If, for every ¢ > 0, we define

E. := {x €0 |ue(x)] < 6_%},

then
XE. Ve Y2 v weakly in L*(Q x Y;R3).

Proof. By definition of the sets E. we have

2 e — x)| dx.
/Qm(:cn dz > e /Q[l xe. (z)]d

Since |1 — xg.|" =1 — xg,. for all r € [1,4+00), we deduce that 1 — xg. — 0 strongly in L"(2)
for all r € [1,400). Consequently, xg. — 1 strongly in L"(Q2) and, in particular, in measure.
By applying Proposition to the product xg_v., we infer the thesis. O

The section is subdivided as follows. In Subsection [2.4.1] we deal with the magnetostatic self-
energy term, while in Subsection [2.4.2] we prove the lower bound for our family of energy func-
tionals. In Subsection [2.4.3] we then construct the recovery sequences for the energies and we
prove their convergences, showing that they satisfy the properties in Proposition Finally,
in Subsection [2.:4.4] we show the optimality of the lower bound, and we complete the proof of
Theorem 2.1]
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2.4.1 Limit of the magnetostatic self-energy term

Regarding the magnetostatic self-energy term of the energy functional F. given by (2.8]), we
show something more than the expected lower bound, in particular we prove that

lim “0/ V. |* dx = “0/ (V| dz. (2.42)
R3 2 R3

Let (ue,me) € Ac be such that w. = id + e®u. € Y and sup,~q F.(ue, me) < 4o00. Given
Xuw. (Q)Me € L?(R3;R?), thanks to Lemma we know that there exists ¢, € LY?(R3) such
that it is the unique solution, up to additive constants, to the equation ({2.2)), or equivalently to

/Rs X (@)Me - Vo dr = /RB oV, -Veodr Ve LVY(R?Y),

and such that
lYm N z12@s) = IV¥m | 2@s xr3) < [ Xwo(@)MellL2®3)- (2.43)

By Proposition we have that x.,(q)me is bounded in L?(R3;R3) for any ¢ > 0 and this,
along with (2.43), yields

Vb, = Vb,  weakly in L?(R3; R3),
where 1),,, € L'%(R?) is the unique solution, up to additive constants, to
/ xam - Vodr = / woVioy, - Vodx Yo e LM?(R3).
R3 R3

Now, thanks to the linearity of the Maxwell equation ([2.2)), for any ¢ > 0, ¢,. — ¥, is the
unique solution, again up to additive constants, to

[ Otame = xam)- Ve = | (V. = Vi) - Vds Vo € LIEY)
Note that, again by Lemma [T.40] it also holds that

V. — v¢m|’L2(R3;R3) < Hst(Q)ma - XQm\|L2(R3;R3),

which in turn implies, thanks to Proposition that {Vi),, }e strongly converges in L?(R3; R3)
to Viop,. Therefore (2.42) holds.

2.4.2 Lower bound

In order to deal with the lower bound for our family of energy functionals we first remark, by
the superadditivity of the lim inf, that

o oo z a o
hggf F.(ue,me) > hgélf 2 /Q w (5’]13 +e*Vue(x), me(x +¢ u(a:))) dx
+ lim inf/ a (x) (Ve (2 + e%ue(x)))? det Ve () da
e—0 Q €
+ liminf “O/ Vb, |2 do,
e—0 2 R3

where the energies {F; }. are defined as in (2.8]). We already dealt with the magnetostatic self-
energy term of the energy, see Subsection [2.4.1] therefore it is enough to compute separately the
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43 2.4. Proof of Theorem Iﬂ'

lower bounds of each of the two remaining terms. Let (u., m.) € A. be such that, setting w. :=
id+e*u. € Y, (2.7) holds for every ¢ > 0. From this point on, we can assume sup, o Fz(ues, me) <
400, otherwise the result is obvious.

Step 1. Lower bound for the elastic energies. In this step, we show that

NP | x 1
hrggl(l)nf 20 /Q W (5’]13 + e*Vue(z), me(z + 6au5(az))) dx > 5 /Q Qnom (Vu(x), m(x)) dz,
with Qpom defined as in (2.11). To this end, we adapt the strategy used in [I73, Theorem 5.2.1],
using the notion of two—scale convergence, cf. [4, [174].

By Proposition we have u. — u weakly in WP(Q; R3), so in particular weakly in W 12(Q; R3).
Thanks to Theorem [I.17 we get, up to subsequences,

ue 22y weakly two-scale in L?(Q;R?),
Vue 22 Vo + Vyui(-,y) weakly two-scale in L?(Q x YV; R3*?) (2.44)

for some u; € L?($; Wgé%(Y; R3)). For every ¢ > 0, we define the set

E.:={z€Q: |Vu(a)| <75}

Due to (2.44]) and the weak convergence u. — u in W12(Q; R3), granting us uniform boundedness
of the gradients, we can apply Lemma obtaining

XE. Ve AENS TR Vyui(-,y) weakly two-scale in L?(Q x Y;R3*3). (2.45)

Thanks to the non-negativity of the energy density W, along with the fact that W has a

minimizer at I3 by we get

1
a2 [ (Bt Vo) mele el ) de
9 Q 9

) N (2.46)

> = / w (,Hg + e p. Vue(z), me(x + Eaug(a:))> dx.
g Q &
Recall that, by we have
1 .
Wil + Fv) — 5 Q. Fov)| < F(FIFP (247

for any ' € R3*3, for any v € S? and for a.e. y € R3, for a continuous function 7. Furthermore,
€% XE Ve[| oo (msxsy < €2

This, along with (2.47)), implies that for small enough ¢ we can approximate W by the quadratic

form @, in particular

1

X
2 w (5’ I3 4+ e*x . (x)Vue(z), m:(z + 5"‘u5(az))) dx

1 T -1 a
> o [ @ (5 @ ela) mela + (o)) do = 7(e8) [, Vuel sy (2:45)

X

1 el
= 2/QQ (E’XEE () Vue(x), me(x + 5O‘u5(x))> dx —7(e2) |le XEEVUE||%2(Q;R3X3) )
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The second term on the right-hand side converges to 0 as ¢ N\, 0 due to the boundedness of
||6O‘XEEVUE||%2(Q;R3X3). Recall that quadratic forms are lower semicontinuous with respect to
the two-scale convergence, see Theorem m Therefore, thanks to and , and in
view of and the strong convergence of {m. o w,}., see Proposition we deduce that

1
lim inf —— / w (i, I3 + e*Vue(x), me(z + eo‘us(:r))> dx
Q

e—0 52

> tmint 5 [ Q (v @) Viela)malo + " uc(e)) ) do
> //Q y, Vu(z) + Vyui (x,y), m(z)) dx dy
> 5 [ int{ [ QuuTule) + Vy0)me) dy 6 e WEiRY)} ds

1

= 2/§2Qhom(Vu(as),m($))daz,

as desired.

Step 2. Lower bound for the exchange energy term. Regarding the exchange term of the en-
ergy functional, we show that

e—0

lim inf/Qa <f:) |Vme.(z + e%u(z)) | det V. (z) de > /QThom(m(:U), Vm(x))dz,

with Thom being defined as in (2.12). To this end, we adapt the strategy used in [84, Theorem
2.2], again using the notion of two-scale convergence.
Chosen ¢ € C®(Q; W12(Y;R3)), we deduce that

per

/ a (:c) |(Vme o w.)(z)|? det Vw, (z) da

>2// <> (Ve o we)(z)(det Ve (z))
// ( >|Vm (z) + Vo (x,y)|? dz dy.

Here, we have used the fact that the difference of the integrand on the left-hand side and the one
on the right-hand side is a perfect square. Now, by Proposition [2.3] we can pass to the two-scale
limit, yielding

N |=

} C[Vm(x) + Vy(z,y)] dedy

hm mf/ (i) |(Vme o w,)(z)|? det Vw, () da
>2 [ [ a)nte) + V00 [Tmle) + V000, )] de dy
/ / Y)|Vm(z) + Vb (z,y)|? do dy.

By density, there exists a sequence {t¢, },, C C'OO(Q Wge%(Y R?)) such that 1, — ¢ strongly in
L2(Q;WE2(Y;R3)) as n 7 +oo, with ¢ as in . Hence, passing to the limit as n ~ 400,

per
we obtain

hmlnf/ (i) |(Vme o we)(z)|? det Vw, (z) da
[ [ awvm@) + V(e ) dzay
> [int{ [ aIVinia) + ZwPdy : = e WEVIR} d,

v
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45 2.4. Proof of Theorem Iﬂ'

concluding the proof of this subsection.

2.4.3 Recovery sequences

In this section, we are going to construct a recovery sequence and prove the necessary conver-
gences needed to prove the optimality of the lower bound. To this end, let u € ng’p (RN
W2(Q;R?) and m € W12(Q;S?). Moreover, partly following the strategy of [84, Theorem
2.3], let us define 7 as the pointwise projection operator from Us to S?, where Uy is the tubular
neighborhood of size § of the sphere S?. Note that it is possible to choose § small enough so
that 7 € C1(Us;S?). For any € > 0 and a.e. x € §), consider the sequences

U ()
we(x) := x + e%ue(x),
(@) (@) 10
(- 0 w)(@) i= m(z) + £ (2,7 )
(me o we)(x) = w[(Me o we) ()],
where ¢ € C®(Y;R3) and ¢ € C*°(1Q, Wplé‘?O(Y;R3)). We want to prove that, as € \, 0,
we — id strongly in WP(Q; R3),
U — U weakly in WHP(Q;R3),
det Vw, — 1 strongly in Lg(Q), (2.50)
(det V)™t — 1 strongly in L*(Q), (2.51)
Mme 0 we — m weakly in Wh(Q;R?), (2.52)
Me O We — M strongly in L"(€; R3) for any r € [1, +00), (2.53)
Xuw. (Q)Me — XQM strongly in L"(R?;R3) for any r € [1,400), (2.54)
Xw. (@) Ve = x@Vm  weakly in L*(R? R**%), (2.55)
where ¢ := p+3(p;+2) € (1, I%), and where s is the exponent in (2.13). Moreover, we need to

prove that
(Vme o we)(det sz)% ALEN v/ Vyo(-,y) weakly two-scale in L*(Q x Y;R?),  (2.56)

where ¢ € LQ(Q;WI}é%(Y;R‘g)) is the minimum of the homogenized problem in when
integrated over 2. Note that, by the Lions-Lax-Milgram Theorem, such a minimum ¢ exists
and is unique. It is easy to see that {u.}. is a bounded sequence in Wng (€2;R?), meaning that
also {we}e is bounded in WP (2;R?), implying the first two convergences, in particular with
the second one being strong as well.

Regarding the determinants, proceeding as in Step 2 of the proof of Proposition [2.2] we get
/ |det Vw, — 1|5 da < / eV |P da + 3/ eV, |3 da + 6/ £V, | ¥ da.
Q Q Q Q

Since we know already that {u.}. C ng’p (€;R?) is bounded, then taking the limit as ¢ \, 0, we
get the convergence ([2.50)).

Note that we need to show that w. € Y with h := id 4 €%g, see . Thanks to Theorem
1.38] we get the injectivity of w. and the sign condition det Vw. > 0, thanks to the fact that
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e[| Vulloo < ¢(£2). Following the argument in [5, Section 4], it is not difficult to see that w. is
bi-Lipschitz for small enough . In particular,

insf) det Vw, =: I > 1> 0. (2.57)
e

Notice that w. being bi-Lipschitz implies the bound (2.13)). Moreover, setting B? as in (2.22)),
namely

B’ :={zeQ : |det Vw.(z)—1| > 8},
we have that, by Holder’s inequality and (2.57)),

I,

Therefore, convergence ([2.51]) follows by ([2.50)).
By the definition of the sequences in (2.49)), it follows immediately that

dzx

_ 1 — det V|
v V1| de = / |1 — det Ve
(det Vuwe) ) de s det Vuw,

1 523
< 71— det Varl| g, BT 0.

Me O We — M = w[m| strongly in L%(Q;R?), (2.58)
Vit o we -2 Vim + Vyo(-,y) strongly two-scale in L*(Q x Q;R3*3).

Thanks to the first convergence and the fact that |m. o w.| = 1 for any ¢ > 0 and a.e. = € ,

see ([2.49), we get (2.53)) exploiting Lemma As for the convergences ([2.54]) and ([2.55)), we
can proceed as in Steps 6 and 7 of the proof of Proposition

Now, bearing in mind the regularity of ¢, it follows that, for € small enough, m. o w. € U; for
a.e. x € §2. Moreover, the regularity of the projection 7 implies that there exists a constant
¢ > 0 such that

|IVmeow.| < c|Vmzow:| a.e. in Q.

In view of (2.58) as well as the boundedness of {Vin. o w.}. in L2(Q;R3*3), the following
convergences hold up to a subsequence:

Me 0 We — M weakly in W2(Q;S?),

Me O We — M weakly in WH2(Q; S?).
Note that the second convergence implies directly (2.52)), since ¢ < 2. Moreover,
(Vme o w.)(det Vwe)2 22 (Vm + V(- ) Va[m] (2.59)

weakly two-scale in L2(Q x Y;R3*3). Indeed, a direct computation shows that, for a.e. z € Q,

N|=

(Ve o w.)(det Vi) 2 = {vm +eVap ( 6) + V0 <€>] Ve o we)(det Vaw,)?.
Deploying the regularity of ¢, it follows that we have the following convergences:
eV <,€> -0 strongly in L (Q; R3*3),
Vyp (’5) =2 Vyo(-,y) strongly two-scale in L*(Q x Y;R3*3).
Now, we show that

Vr|me o w.](det ng)% — Vr[m]  strongly in L*(€; R3*3). (2.60)
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47 2.4. Proof of Theorem Iﬂ'

Indeed,
_ 1
HVW[mE o we|(det Vwg)2 — Vw[m]‘ L2 (@R9)
< (vt o we] - Vafml) (et Vue)3 |, o (2.61)
1
+ Hvﬂm] ((det Vwe)? = 1)’ L2(QR3%3)
The first term in (2.61)) converges to zero as € \ 0, since
_ 112
H(V7r[m6 ow,| — Vm[m]) (det Vw€)2‘ L2 (OEH)
= / V[ o we] — Va[m]|? det Vw, da (2.62)
Q

= / \Vr[ie o we] — Va[m]|? (det Vw, — 1) dﬂc+/ V7| o we] — Va[m]|? d.
Q Q

Since {V7[m. o w.]}e strongly converges in L?(2, R3*3) to Vrr[m] as € \, 0, the second integral
on the right-hand side of strongly converges to 0 in L?(£2, R3*3). Moreover, due to the
strong convergence of {det Vw.}. in L'(Q), see , together with the fact that the regularity
of §? provides an L>-bound on V7[m], the first term on the right-hand side of strongly
converges to 0 in L2(Q, R3*3) as ¢ \, 0 as well. As for the second term in , first note that,
using the subadditivity of the function t — /¢ for t > 0, it follows that

(detie)% —1<|det Vw, — 1]%

This, combined with the L*>-bound on Vx[m], yields

HVﬂ[m] ((det ng)% — 1)‘

= [ [VrlmlP ((det Vwo)? — 1) da
LQ(Q;R3X3) Q €

Sc/ | det Vw, — 1] dz,
Q

where the right-hand side converges to 0 as ¢ \, 0 in L!(Q), see (2.50). This proves (2.60)),

which in turn implies (2.59)).
Noticing that w[m] = m in Q, we get that VmVn[m| = Vm for a.e. = € Q. Hence, (2.59) is
equivalent to

(Vm, o w.)(det ng)% 22 Vm + Vye(-,y)Vr[m]  weakly two-scale in L?(Q x Y;R3*?).

We prove that the previous convergence is actually strong. Indeed, note that

1
[1(Vm. 0 w.)(det Vo) ? | 2gupaes) — [Vim + VoV [m] | 2oy mos)

< H(VmE o w,)(det sz)% —(Vm+ Vyﬁ,OVW[m])‘

L2(QxY;R3x3)

and that .
(Vme o we)(det Vw,)2 — (Vm + V,oVr[m])

= (Ve 0 we) Ve o we)(det Vaoe)2 — (Vim + V) Vr[m]
= (Vme ow. — (Vm+ Vyp)) Vr[me o w,](det sz)%
+ (Vm+ V) (Vﬂ'[ﬁla o w](det Vwa)% - Vw[m]) .
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The first term on the right-hand side converges to zero in L?(Q;R3*3). Indeed, due to the
regularity of S?, we get an L>®-bound on V7. Furthermore, owing (2.49)), we have that

Ve owe — (Vm + Vyp) = Ve <:U, Zf) ,

allowing us to conclude by the Lebesgue’s dominated convergence theorem. Likewise, we have
that the second term on the right-hand side strongly converges to 0 in L2(£;R3*3) as ¢ N\ 0.
Therefore, we conclude that

1

(Vme o w,)(det Vw,)2 =2 Vm + Vyo(-,y)Vam]  strongly two-scale in L?(Q x Y; R?**?).

Thanks to the latter and to the regularity of the function ¢, see (2.49), we have that

lim ( > |Vme. o w.|? det Vw, dz = / / Y)|[Vm(z) + Vyp(z,y)Vaim(z)]? dz dy.
Q

e—0

Now let us define
mi(z,y) = ¢[Vm(z)|(y),

where ¢ is the minimum of the homogenized problem in (2. 12|) when integrated over 2. By

density, there exists a sequence {@}r C C° (4 W (Y; R3)) such that

@ — mq  strongly in L*(Q; Hrl)er(Q;R?’)).

Note that this yields

lim// ) Vm(z) + Vyou (e, y) Vrlm ()] de dy

k—o00

// V)| Vm(z) + Vs (z,y)|? dz dy. (2.63)

This concludes the proof, since the limiting functional is equal to the right-hand side of the
above equality and this entails (2.56)).

2.4.4 Optimality of the lower bound

In this section, we are finally going to prove the optimality of the upper bound, showing that
the sequences constructed in Subsection in particular as in (2.49)), allow us to recover the
upper bound needed in order to finish the proof of Theorem

Proof of Theorem[2.1. We have proven already in Subsection [2.4.2] the I'-liminf inequality with
respect to the convergences in Propositions 2.2 and [2.3] In order to deal with the upper bound
for our family of energy functionals, we first remark that, by the subadditivity of the lim sup,

1
lim sup F_(u., me) < limsup QQ/ W (x,]l:g + e*Vug(x), me(x + z-:o‘u(x))> dx
9 Q g

e—0 e—0

+ lim sup/ a (i) \Vme(z + £%u(x))|* det V. (z) dz
Q

e—0
. Ko 2
+ limsup — |V, |* dx.
e—0 2 R3

In Subsection we dealt with the magnetostatic self-energy term of the energy, proving its
limit. Moreover, in Subsection [2.4.3] we constructed the recovery sequences of admissible states,
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49 2.5.  On the commutability of homogenization and linearization

see (2.9), converging as in Propositions and and we proved the optimality of the upper
bound for the exchange energy term, see . The last step in order to complete the proof is
to deal with the elastic term of the energy.

Let us consider the sequences constructed in (2.49)). Keeping in mind the definition of Qnom,
see (2.11), and the density of the space C2.(Q;R?) in W, 2(€;R?), we know that for any fixed
n > 0 there exists ¢ € C2.(Q;R3) such that, for any v € S?, we have

per

/Y Qy, Vu+ Vi (y),v) dy < Qhom(Vu,v) +1. (2.64)
Employing , we deduce that

1 ) .
lim sup pors W (E,Hg +e&® (Vu + V1 (€>) , Mg O w5> dx
Q

e—0

1 . .
< limsup —— / Q (,50‘ (Vu + V¢ ()) ,Mg O w€> dx
es0 2e%@ Q g €

2

+h?f(‘fp r(e /‘vwvyw( ) dx
<lir§1_§51p ;/Q( , Vu(z )+Vy¢( >,m€ow6(x)> dx

//Q%W )+ Vyu(y), m(x)) d dy,

where in the last equality we used the Riemann-Lebesgue Lemma and the continuity of @ with
respect to the third variable alongside (2.54)). Finally, using (2.64]), it follows that

limsup/ W( Iz + & <Vu( )—|—Vy¢)< )> ,mgowg(x)> dx

e—0

/q/lehVU )+ Vyily), m(x)) d dy

< z/ﬂQhom(Vu(a:),m(x))dx—i-Z!Q|,

| /\

and by the arbitrariness of 1 we get the desired upper bound for the elastic part. This concludes
the proof. n

2.5 On the commutability of homogenization and linearization

As already highlighted in the introduction, a direct consequence of Theorem is that, by
performing simultaneous homogenization and linearization, we identify the same limiting model
as by linearizing first and homogenizing afterward. This seems to suggest that homogenization
and linearization processes in this setting may be decoupled. We devote the last section of
the chapter to describe the iterated linearization and homogenization analysis in a bit more
details. We begin by stating a linearization result for the energies {G.}. defined in . To
this end, for ¢ > 0 and é > 0 we first introduce the class of admissible deformations with scaled
displacements, namely

As = {(u, m) € W, P(QR?) x WH2((id 4 6u)(Q);S?) : id+ u € y},
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Chapter 2. Homogenization and linearization in magnetoelasticity 50

see also the definition of A. in (2.9)), as well as the rescaled energies

Foum) = — [ W (% 1y + 6 Vu(a), m(z + du(z)) ) do
52/9 <5 ’ ) (2.65)

+ / a (i) |Vm(z + du(z)) > det(Is 4 6 Vu(z)) dx + % Vip | doz,
Q R

for all (u,m) € As. The limiting linearized energy as § N\, 0 is given by the functional

G u,m) o= [

Q

Q (j,Vu(x),m(x)) dx—i—/

a (l") V()2 do + “0/ Vi dz, (2.66)
Q 3 2 R3

for all (u,m) € WyP(QR?) x WH?(Q;S?). The compactness result in this setting is a direct
consequence of Proposition We report its statement for the sake of completeness.

Proposition 2.8. Let Q C R? be a bounded Lipschitz domain and let p > 3. Assume
and 2.5). Let (us,ms) € As be such that, setting ws = id + 6 us, holds for every § > 0
and

sup F2 (ug, ms) < 400,

6>0
where the family of energies { F2}s is defined as in (2-65). Then, there exists (u,m) € ng’p(Q; R3)x
Wh2(Q;S?) such that, up to subsequences, there holds

ws — id strongly in W1P(Q; R3),
Us — U weakly in W12(Q;R?),
det Vws — 1 strongly in Lg(Q),
|det Vws| ™! — 1 strongly in L'(€),
ms o ws — Mm weakly in WHe(Q; R3),
Mg o ws — M strongly in L"(€;R?) for any r € [1, 4+00),
Xuw. Q)6 — XM strongly in L"(R?; R?) for any r € [1, 400),

Xuws () Vs — XoVm weakly in LQ(]R3; R3X3),

where q := p+3&3+2) € (1, I%), and s is the exponent in (2.13)). O

The linearization result reads then as follows.

Proposition 2.9. Let Q C R? be a bounded Lipschitz domain and let p > 3. Assume
and ([2.5). Then, the family of magnetoelastic energies {F2}s given by ([2.65) T'-converges with
respect to the convergences in Propositz’on to the linearized functional GIEin defined by (|2.66)).

Proof. We omit the proof of this proposition, for it follows by a direct adaptation of the argu-
ments in [5], along the lines of the proof of Theorem O

The homogenization result of the energies {Glgn}8 follows then as a corollary of the analysis in
[84]. We state it below, without proving it, for readers convenience.

Proposition 2.10. Let Q C R3 be a bounded Lipschitz domain and let p > 3. Assume and
[2.5). Then, the family of energies {G'™}. given by ([2.66) I'-converges with respect to the weak
topology in W1P(Q; R3) x W12(Q;S?) to the homogenized functional Fyom defined by (2.10). O
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Chapter 3

Relaxation of variational models for
two-phase elastoplastic materials

This chapter reports the contents of [89].

3.1 Introduction

A fundamental challenge in the modeling of smart materials, is to achieve a deeper understanding
of the reciprocal interaction between phase transitions, underlying mechanical properties, and
microstructure formation.

In this chapter, we begin the task of investigating the interplay of phase transitions and single-
slip finite crystal plasticity, and we provide first characterizations of its effects on microstructure
emergence through relaxation.

In order to describe our model, we need to introduce some notation. In the following, we
assume that the considered material exhibits a plastic behaviour characterized by finite crystal
plasticity along one slip-direction s € S! (see, for example, [T36]). Here, we adopt the classical
model of finite crystal plasticity introduced by E. KRONER and E.H. LEE in [I48] 152] (see
also [I82] [183]): we assume that the gradient of every deformation y : Q — R2, on a bounded
domain © C R?, decomposes into the product of an elastic strain, F,j, describing local rotation
and stretching of the crystal lattice, and a plastic one, F},j, capturing local plastic deformations
resulting from the movement of dislocations, in particular

Vy = Felel- (3.1)
For some physical examples see also [13, [I80]. We assume that the plastic strain satisfies

Fy :]Ig—l—’ys@sL,

where st is the normal to the slip plane identified by s and where the map v measures the

local amount of slip (see [73] [79]). In other words, the material is free to glide along one single
active slip system. We consider the setting of two-well elastoplastic materials, from which the
name two-well elastoplastic model. In particular, we assume the elastic strain Fg to take values

pointwise in the class
K:=SO(2)AUSO(2)B C R?*?, (3.2)

where the matrices A, B € R?*?, with det B > det A > 0, encode the two different elastic phases.
As proven in [I91], see also [I84] Section 8.6], up to multiplication by A~!, polar decomposition

o1
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and diagonalization, one can always assume, without loss of generality, that the matrices defining

the class IC are
1 0 A0
(0w se(0) »

where 0 < A < g and Ap > 1. Note that the cases Au = 1 and Ap > 1 result in two different
analyses and in this chapter we only focus on the non-degenerate regime Ay > 1. Before the
next Remark, in which we differentiate the cases depending on the value of A, we need to give
the definition of rank-one connectedness.

Definition 3.1. Given two matrices F,G € R**? we say that F and G are rank-one connected
if and only if there exist n,m € R? such that

F—-G=n®m. (3.4)

Let us remark that the condition (3.4) is equivalent to rank(F — G) < 1. Moreover, one could
choose either n or m as a vector of norm one, namely in S'.

Remark 3.2. Again thanks to [191)], the possible presence of rank-one connections among ma-
trices in KC depends on the value of \. In particular, we have three possible regimes:

(1) If X > 1, then there are no rank-one connections in K;

(ii) If A = 1 and A # B, then each matriz in KC is rank-one connected to exactly one other
matriz in IC;

(iii) If 0 < A < 1, then each matriz in IC is rank-one connected to exactly two other matrices
in K.

In each of these regimes we have pu > 1, thanks to the facts that 4 > X and det B > det A > 1.

Depending on the number of rank-one connections among matrices in the class I, see Remark
the elastic strain Fy) can possibly transition from one phase to another along fixed directions.
Considering the elastic and plastic strains together as in (3.1]), we can now define the class of
matrices

MY = {F eR>? : F=RM(L, +ys®s"), Re SO(2), v € R} (3.5)

for every matrix M € R?*? such that det M # 0, and we can notice that, in particular, the
gradients of the admissible deformations in our context take values pointwise within the set

Mg = M2UMP. (3.6)

Inspired by the homogeneous single-slip model with linear self-hardening introduced in [73], see
also [76], we set our energy density in such a way it only depends on the amount of slip ~,
namely

W(F) := (3.7)

{72 if F=RM (I +vs®st) € Mg, with M € {A, B},
RQXQ.

400 otherwise in

The focus of this work is on taking a first step towards identifying the full relaxation of the
energy density , relying on the methods developed in [79] and [73]. In order to identify
the quasiconvex envelope of W, four ingredients are needed: an identification of the domain of
the quasiconvex envelope, a corresponding in-approximation (see [122] [123]), the construction
of suitable competitors for the energy relaxation, and an explicit computation of the relaxed
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function. In this chapter we fully address the first point, and provide first considerations for
the third and fourth ones, as the full characterization of the quasiconvex envelope is beyond the
scope of this thesis.

Our result is threefold: in Theorem [3.20] we characterize the quasiconvex hull of the set M.
In Theorem by extending the strategy of [79, Theorem 4] (see also [167, Theorem 6.1]) to
the two-well setting, we provide an explicit finitely piecewise affine function coinciding with a
simple laminate on a big portion of the domain €2, attaining prescribed boundary conditions, and
fulfilling a determinant and a closedness constraint with respect to given extremal points in M2
and Mf . Eventually, focusing on the case s = ey, in Theorem we provide upper and lower
bounds on the rank-one convex and polyconvex envelopes of the energy density, characterizing
them in some specific cases in which the bounds coincide.

3.2 Preliminaries and auxiliary results

This section is devoted to gather a few results concerning convexity notions and single-well
plasticity analyses.

3.2.1 Notation

We denote by e; and ey the standard unit vectors in R? and, for every vector b = (b1, by) € R?,
we define its orthogonal as b = (—bs,b;) € R?, i.e. the orthogonal vector to b having its same
norm, and obtained by rotating along the counterclockwise direction. The symbol ® denotes
the tensor product between vectors in R?, namely v ® v := uv™ € R?*? where u,v € R?. Given
a matrix M € R?*?, we denote it component-wise as

My My
M = .
<M21 M22>

We let | - | be the Frobenius norm for matrices, namely |M| := \/tr(MMT) where M € R?*2,

and with : the scalar product associated with the Frobenius norm, namely A : B := tr(ABT).
With the same notation | - | we also indicate the standard vector Euclidean norm.

We use the standard notation for Lebesgue and Sobolev spaces. The partial derivatives (also
weak) are denoted by 9;, where i stands for the i*" variable (i = 1,2). For u : R — R? given by
u = (u1,uz2) we denote its gradient as Vu = (01u | dau) € R?*2. With the term finitely piecewise
affine function, we mean that the domain can be decomposed into finitely many subdomains
such that the function is affine on each of them.

3.2.2 Generalized convexity notions

Let us recall different convexity notions of functions and sets, as well as the main properties
of the corresponding envelopes and hulls. We adopt here the notation from [I66] (see also
1167, [168)).

We start by recalling the definition of polyconvex functions, see [8I], Definition 5.1], as it will
be explicitly used, together with Theorem [I.3] in the proof of the bound on the polyconvex
envelope of the energy density.

Definition 3.3. A function f : R?*? — RU {+oc0} is said to be polyconvez if and only if there
exists g : R> — R U {+0c0} convex such that
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where
T:R¥>? 5 R>*2 xR (3.8)

denotes the vector of minors, that is, T(F) := (F, adjyF) = (F, det F) for F € R?*2,

The following result summarizes the relation between different notions of convexity, see [81
Theorem 5.3].

Theorem 3.4. Let f : R>*2 - R. Then
f convex = f polyconvex = f quasiconvex = f rank-one convex.
If f - R?*2 5 RU {400}, then
f convex = f polyconvex = f rank-one convex.
0

In this work we adopt standard notation for the different envelopes of a function, see e.g. []1].
In particular, for f : R?*? — R U {+oc}, we denote by f™ (respectively fP¢ and f<°) its
rank-one convexr envelope (respectively polyconver and conver envelopes), namely the largest
rank-one convex (respectively polyconvex and convex) function below f. As in the extended-
valued case there are many definitions for the quasiconvex envelope of a function and these are
not equivalent, see e.g. [14, Example 3.5] and [74, Remark 3.5], we give the definition we are
using in the following.

Definition 3.5. Let f : R?*2 — [0, +oc] be a Borel-measurable function. Then the quasiconvex
envelope of the function f is defined as

fI(F) = inf{]{g(o y f(Vp)dz : e WH°(B(0,1);R?), ¢(z) = Fx for x € dB(0, 1)}

for any F € R?*2,

Remark 3.6. Note that, as observed in [7}}, Proof of Lemma 4.1], by general scaling and covering
arguments, the definition of fi¢ does not depend on the domain. In particular, for any F € R?*2,
we can equivalently give the definition as

fI(F) = inf {][ f(Vo)dz : o € Whe(w;R?), p(z) = Fx for z € 6w}

for every bounded, open and nonempty polyhedron w C R?.
We now recall the different notions of finite generalized convex hulls of sets.

Definition 3.7. Given a set E C R?*2, let us consider the class
FE .= {g:RQXQ—HR : g’ESO}.
Following the lines of [81, Definition 7.25], we set
EY = {F € R**? : g(F) <0 for every quasiconvex g € ]-"E} ,

and we refer to this set as the quasiconvex hull of the set E. The definition is analogous for the
rank-one convex, polyconver and convexr hulls. In the literature, see e.g. [81), Section 7], these
are often also called “finite” hulls.
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95 3.2. Preliminaries and auxiliary results

Remark 3.8. By definition, each of the sets E*°, E°, EP¢ and E is always closed for any set
E C R**? considered, c.f. [81, Remark 7.26(ii)].

In analogy with [8I] we also introduce the notion of generalized infinite convex hulls.

Definition 3.9. Given E C R**2, we define the set QcoE (respectively RcoE, PcoE and coE)
as the smallest quasiconvez (respectively rank-one convez, polyconvex and convex) set containing
E, and we term it infinite quasiconvex hull (respectively rank-one convez, polyconvex and convex
hull) of E. We also recall that RcoE is also sometimes refererred to as the lamination convex

hull of E, c.f. [81, Remark 7.26(iii)].

Note that, a priori, the above hulls are not closed in R?*2. Moreover, considering the class of

functions
FE .= {QERQXQ — RU{+o0} : g|, §O},

the following representation was shown in [81, Notation 7.19 & Theorem 7.20)].

Proposition 3.10. Let E C R?*2. Then,
Pco(E) = {F eR?*2? : g(F)<0 for every polyconvex g € .FOEO} )
Reo(E) = {F €R?>*? : g(F)<0 for every rank-one convex g € ffj} ,
co(E) = {F €R?2 . g(F)<0 for every convex g € fg} .
O

The next result, see [81), Proposition 2.36, Section 7.2.1, Remark 7.26(i) & Theorem 7.28], shows
how the different hulls are related to each other.

Proposition 3.11. Let E C R?>*2. Then,
E C RcoFE C QcoE C PcoFE C coFE,

and
FE C RcoE C E* C E9° C EPC C E°°.

Moreover,
RecoE C E*, QcoE C EY, PcoE C EP°, and coF = E°.

O

We now state a characterization of the finite and infinite polyconvex hulls, see [81, Theorem
7.14 & Proposition 7.27].

Proposition 3.12. Let E C R?*2. Then, the following two representation formulas hold:
PeoE = 7 (co(T(E) NT (R>?))  and  EP* = ((T(E)™NT (R*?)),

where m : R?*2 x R — R?*2 4s given by 7(F,t) := F for every (F,t) € R?*2 x R, and where T
is defined as in Definition [3.5 O

The following three results deal with how the generalized hulls change under right and left
multiplication with matrices and with the characterization of envelopes of functions composed
with a matrix multiplication. We omit the proofs as they trivially follow by the definitions.
The first auxiliary result characterizes how polyconvex, rank-one convex and convex hulls change
under right multiplication.
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Lemma 3.13. Let E C R**? and let M € R**? be such that det M # 0. Then
(EM)rc — ErCM, (EM)PC — EpcM and (EM)CO — ECOM.
Moreover,

Rco(EM) = Reo(E)M, Pco(EM)=Pco(E)M and co(EM) = co(E)M.

An analogous result holds also for the composition of functions with an invertible matrix.

Lemma 3.14. Let f : R?*? — [0, +0c0] be a Borel-measurable function and let M € R?*? be
such that det M # 0. We define fi;(F) := f(FM) for all F € R>*2. Then

M(F) = f(FM),  fy(F) = f9(FM), fy/(F)=f"(FM) and [fi;(F)= f“(FM)
for every F € R?*2, Ol
Lastly, a result similar to Lemma holds for left-multiplication by a rotation.

Lemma 3.15. Let E C R?*? and let Q € SO(2). Then
(QE) =QE™, (QE)™=QE™ and (QE)”=QE®.
Moreover,

Rco(QFE) = QRco(E), Pco(QE)=QPco(E) and co(QF)=Qco(E).

3.2.3 Single-well single-slip plasticity

In this subsection, we prove some intermediate characterizations which will be instrumental for
characterizing the quasiconvex hull of the class M, see Theorem [3.20] and for finding bounds on
the various envelopes of the energy density W, see Theorem [3.34] In particular, see Propositions
and below, we characterize the quasiconvex hull of the sets Mﬁw defined in for any
invertible matrix M, and the quasiconvex envelopes of single-well energy densities. We begin by
showing an alternative representation of MM for M invertible.

Lemma 3.16. Let M € R?*? be such that det M # 0 and let s € S'. The class MM, defined
as in (3.5)), can be characterized by

MY = {F eR>? : detF =det M, |Fs| = Ms|} (3.9)

and it holds
Ms

| M|’

MM = M2 M with sy = (3.10)

Proof. Since (3.9)) is well-known for M = Iy (see e.g. [79, [73]), the characterization of MM for
general invertible M follows, once ([3.10)) is established, in view of

det(FM~Y =1 and |[FM 'sy|=1 <= detF=detM and |Fs|=|Ms|.
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57 3.2. Preliminaries and auxiliary results

To see (3.10), it suffices to show that for any R € SO(2) and v € R, one has F' = RM (I, +vys®s™)
if and only if

| Ms|*y
| MT(Ms)*|

which then implies that F € M2 if and only if FM ' € M2 . Indeed,

FMil = R(]IZ —+ TSM (9 Sﬁ) Wlth T = € Ra (311)

®

F = R(I VM =R|[1
(Iy + 75y @ s37) <2+T]Ms] M s|

MT(Ms)t
— RM (112+vs® (W))

so that we may conclude observing that M T (Ms)t is parallel to s by

Ms (Ms)i> o

MY (Ms)t s = (Ms)*-Ms=0.
O

The next proposition generalizes [79, Theorem 1] to the case of a general invertible matrix M.

Proposition 3.17. Let M € R?*? be such that det M # 0 and let s € S*. Then,
(MY =AM = {F e RP? : det F =det M, |Fs| < |Ms|} = N2 M, (3.12)
with sy; defined as in , and
(Méw)rc = (Méw)pc = Rco (Mﬂ/[) = Qco (Méw) = Pco (Mé\/[) = (/\/léw)qc.
Proof. Consider first the case M = I, fixing a general s € S'. The characterization
) (v = ()" 019

has been shown in [79, Theorem 1], and the construction of the rank-one lines used in the proof
of [79, Theorem 1] yields that N2 C Rco(M!2). Exploiting Proposition we infer

N2 C Reo(ME2) C Qeo(M2) C Peo(ME2) C (M]E)pc = NI,

entailing the thesis.
Let now M be as in the statement of the proposition. For every s € S thanks to (3.13]), together
with Lemma [3.16] and Lemma [3.13] we have

rc rc

A = (M3, )" 00 = (s, ar)" = (w2

and

NE M = (Mh

SM

s2 M, with sp; defined as in (3.10). The thesis
follows then by the previous equalities and Proposition [3.11]
The proof for the infinite convex hulls is analogous. O

i (a0 ()
Arguing as in Lemma we find NM = N2

Next we provide a characterization of the generalized convex hulls of the class M| as they will
be useful for characterizing the polyconvex hull of the class M.
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Proposition 3.18. Let M € R?*? be such that det M # 0 and let s € S'. Then,
co (Mfy) = {F e R?*? . |Fs| < |Ms|} umM
= {F eR¥? . |Fs| < |Ms|}\ {F € R®? . |Fs| = [Ms], det F # det M},
and (MM)" = {F e R22  |Fs| < |Ms]}.
Proof. We first notice that, once we prove for general s € S! that
co(M2) = {F eR?? . |Fs| < 1} UMz,

then the statement for general M follows from Lemmas and choosing s = s), defined
as in (3.10)), together with the fact that

co(M2 )M = {FM e R®? . |Fsy| <1} UM, M

SM

= {F eR®? : |Fs| = [FM~'Ms| < |Ms|} UMY,

co
In turn, the characterization of Mé\/[ ) is a direct consequence of Proposition [3.11] Further,
by the definition of infinite convex hull, we only need to show that

coMP2) 2 {F eR®? . |Fs| <1}um?, (3.14)

and that the set on the right-hand side is convex. Obviously M2 is already included on the
left-hand side of ([3.14)), so it is enough to prove the other inclusion.

Step 1. We proceed by first proving (3.14]) for s = e;. Without loss of generality, in view of
Lemma [I.2] it is enough to prove the statement for upper triangular matrices

~ (Fu1 Fio
e (1) .

We claim that for every F satisfying (3.15) and such that |Fej| < 1 there exists H € R?*2
such that, setting F* = F + H, it holds F* ¢ /\/l]}i Note that, if the claim is satisfied, then
F= %F*—i—%F* and, thus, I’ € co(MEQI). Assume that H satisfies the following three properties:

cof(F): H=0, detH=1—detF and |Fe;+ Hei|*>=1.

Then, det F= = det(F + H) = det F' +det H + cof(F) : H = 1 and [FFe;| = 1, thus F* € M2,
as desired.

We distinguish three cases. If F' = 0, the three conditions above are met for any chosen H € /\/l]}fl
If F11 # 0, we choose

7 1 0 det F—1
T VI- [Fa P \I-|Fel* £2(1—|Fel?))”
and in the remaining case
1

H =
|F62|

(F€2 ‘ (F€2)L> .

Step 2. Now, we prove ([3.14]) for general slip directions. Let s € S!, with s # +e1, and consider
a matrix F' € R?*2 such that |Fs| < 1. We claim that we can change the orthogonal system in
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order to reduce the problem to the setting treated in Step 1.

In fact, set G := F'S where S := (s|st) € SO(2). We first remark that |Ge;| = |Fs| < 1. In
view of Step 1, we can express G as G = %G+ + %G_, with G* € ME Now, since F' = GST,
we find F = $G*ST + 1G~ST. The fact that GEST € M2 is a direct consequence of the fact
that STs = e;.

Step 3. The only property left to prove is that the set
{FeR»? : |Fs| <1jUMP = SUMP
is convex. In other words, for G, H € SU M2 and 6 € (0, 1), we need to prove that
0G + (1 -0)H € SUM™.
If at least one between G and H is in S, then
|(0G + (1 —0)H)s| < 0|Gs|+ (1 —60)|Hs| <1,

and, hence, G + (1 — 0)H € S. If, instead, both G and H are in M2, then a priori we only
know that
(0G+ (1 —0)H)s| < 1.

In any case in which the inequality above is strict, §G+ (1—0)H € S. Therefore, it only remains
to be studied the setting in which G, H € M2 and

(G + (1 —-0)H)s| = 1.
Notice that this is true if and only if Gs = Hs = Rs, with R € SO(2), implying that
G =Ry + s ® sT) and H = R(Iz + 75 ® s*).
Notice, though, that
6G+ (1~ 0)H =R (l+ [0y +(1-0)3)s@s"),

meaning that det[0G + (1 — 0)H] = 1, which, together with the fact that [(0G+ (1 —0)H)s| = 1,
implies that 0G + (1 — §)H € M!2. This concludes the proof of the proposition. O

The first result regarding generalized convex envelopes of energy densities of the form in ([3.7)
was proven in [73, Theorem 1] in the case M = I,. We provide here an extension to more general
single-well models.

Proposition 3.19. For s € S' and M € R**? such that det M # 0, let WM : R?*2 — [0, +o0]

be defined as
{72 if F=RM (I, +vs ® sT) € MM,

+o0o otherwise.
Then, (Wy)pc = (W;\/I)rc = (Wy)qc = Wi\/[, with Wiw given by
[MT(Ms)?
o Ll S O

Ws (F) = |MS|6
400 otherwise,

-1 12 2 : M
(IFM= (M) 2 = |MsP?) it F e N, (3.16)

for all F € R?*2,
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Proof. The idea is to transform the problem into the case M = I, which is covered in [73],
Theorem 1]. Since MY = M2 M, according to Lemma and in view of the characterization
of F ¢ MM in terms of (3.11]), we find that

_ M (M)t

WM(F) = ATt W2 (FM™) for all F € R?*2,

By [73, Theorem 1] the generalized convex envelopes of W;Ifw all coincide and are given by

_ Fsi?—1 ifFeNk
W]I2 (F) _{| SM| 1

SM

Sn?
+00 otherwise.

Hence, the claim follows using NM = ./\/2,1]%/1 M, see (3.10)), and (3.11]), together with Lemma

s |MT(Ms)1|? :
Note that the positive constant T does not change the computations. ]

Note that in the special case where s = e; and M is a diagonal matrix, (3.16|) reduces to

1
——(|Fey|? — |Mey|?) if Fe NM
Wy = { Tt (7ol = Meal) i P AL
400 otherwise,

while for M =I5 and a general s € S', one obtains

. Fst?—1 ifFeNk,
T
~+00 otherwise,

which is exactly the statement of [73, Theorem 1].

3.3 Quasiconvex hull of the class of admissible gradients

The main focus of this section is on characterizing the quasiconvex hull of the set M, defined
in , see also . This identification depends critically on the presence and number of
rank-one connections between matrices in the class K, recall , as well as on the active slip
direction s, and will be instrumental for the analysis in Section [3.5] as it represents the domain
of the quasiconvex envelope of the energy density.

Recalling Remark we know that, if A > 1, then we have det B > det A, thus preventing
the quasiconvex hull of the class M, from being degenerate, namely excluding that (MZ)dc 5
(M) or (MB)ae ¢ (M2)9°, This situation could instead happen if 0 < A < 1 and det A =
det B = 1, see Remark [3.2[iii), namely if Au = 1. In this work we focus only on the non-
degenerate case, namely we always assume

det B = Ap > 1. (3.17)

In this regime, our characterization of the quasiconvex, rank-one convex, and polyconvex hulls
of M reads as follows.

Theorem 3.20. Let s € S, let A, B € R?>*2 be defined as in (3.3) and assume (3.17). Then,

(M)¥ = Ny = {F € R¥*2 . det F € [det A,det B], |Fs| < f4B(det F)} : (3.18)
where My is defined as in (3.6) and where
AB () _ _|Bs| —|As|
f2P(t) = |As| + (t — det A) et B —det A’ (3.19)
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for every t € R. Moreover,

Additionally, setting
N =N, \ {F €R¥? . det F € (det A, det B), |Fs| = f*P(det F)}, (3.20)

there holds
N, if |Bs| = |As|,

N7 otherwise,

Qco(M;) = {

with
Rco(M;) = Pco(M;) = Qeo(M).

O]

Remark 3.21. Note that if A > 1, then Qco(My) = NI for every s € S*. In fact, since u > X,

we see
|Bs| = \/m >1=|A4s| for every s e S.

If, instead, 0 < X\ < 1, then |Bs| = |As| if and only if

1—)2

In particular, if A =1 then Qco(My) = N if and only if s = +ey.

Remark 3.22. Note that in the definition of the set N, see , all the matrices in the class
have determinant in the convexr hull of the set {det A,det B}, which coincides with the interval
[det A, det B]. For simplicity, throughout the proof of Theorem we always use the explicit
values det A =1 and det B = Ap of the two determinants and |As| = 1. In particular, we have

|Bs| — 1

A, — _
FAP) =14 (- D

Note that, using the notation of Proposition the set N defined as in (3.20)) can be rewritten
as

NF=NAUNBU A,

with
X, = {F eR2X2 : det F € (1, ), |Fs| < f245(det F)}. (3.21)

We point out that the construction of rank-one lines in the proof of Theorem [3:20] has been
performed in order to later exploit them to obtain bounds on the relaxation of the energy, see
Section below. We refer to Remark B.25] below for some alternative constructions.

Proof of Theorem[3.20. For convenience of the reader, we split the proof into several steps. In
Step 1 we prove that N C Rco(M,, ) and that, for A = 1, even N, € Reo(M.,). In Step 2 we
generalize the argument to the case of slip directions s € S' with s # ey, by performing a suitable
rotation of the rank-one lines constructed in Step 1. In Step 3 we provide a characterization
of the set co(T'(M,)), where T is defined as in (3.8)), leading in Step 4 to outer bounds on the
polyconvex and infinite polyconvex hulls of M. Finally, in Step 5 we combine the previous
steps and complete the proof.
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Step 1. Rank-one convex lines for s = +eq.
We describe here the argument only for s = e, as the case s = —e; follows along the same lines.
Recalling the definition of Rco(Me, ), see Definition from Proposition we find

./\/’;1‘ = Rco(MeAl) C Reco(M,) and ./\/'eEf = Rco(Mg) C Reco(M,,).

Therefore, it is enough to prove that every matrix in the set A;,, see , can be expressed
as a point on one of the rank-one convex lines connecting a matrix in Ne‘;‘ with a matrix in /\/'ejf ,
namely arguing via higher-order laminations.
Let now F € X,,. Our goal is to identify n,m € R?\ {0} such that, considering rank-one lines
of the form

F,F=F+tFn®@m=F(Ily+n®m) for all t € R, (3.22)

there exist t4,tp € R with t4tp < 0 such that F;, € Ne‘? and Fy, € NB. Note that, trivially,
F =F,.
Without loss of generality, by Lemma [3.15] we can assume, after a rotation, that F is of the form

F det [\ 2
F= (' 06” ?f;ﬂﬁ) with 2% = 2*(F) := |Fey|* — (|;el|> - (3.23)
€1

Recalling Proposition the admissible weights ¢4 and tp need to satisfy

det F[14+ta(n-m)] =detFy, =1, (3.24)
det F'[1+tp(n-m)] = det F;, = A, '
as well as
|Fey +tami Fn|* = |F e|* < [Aey|? = 1, (3.25)
|Fej +tpmiFn|* = |Fi eq|* < |Bep|? = A2 '
In particular, by the two conditions in ([3.24)), we have that n - m # 0 and
1 1—detF 1 Au—detF
ta = d tp= . 3.26
AT m  detF an B nm  detF ( )

We detail the different constructions of the rank-one convex lines for the cases A =1 and A # 1
in the following two sub-steps.

Step 1.a. Assume that A\ = |Be;| = 1. Then F € X, satisfies, due to f2'¥ =1, that det F €
(1,p) and |Feq| < 1.

Substituting (3.26]) into the conditions in (3.25]), we find

my|Fnl detF—l)2 mi|Fn|det F —1 Fe, - Fin
Feq|? —2 <1
[Feil +< n-m detF n-m detF |Fn| — 77
Fel? + (mlanm—detF>2 mi|Fn|p—det F Fey - Fn _
n-m det I n-m det I |Fn| —

Note that it is possible to divide by |F'n| thanks to (3.23)), as

det F \?
’Fn‘Q = (|Fe1|n1 + 95”2)2 + (e ng) # 0.
‘F@l‘

To simplify the computations, we introduce the notation

my|Fn|

F
a=a(F,n):= = [-1,1] and y=y(F,n,m):= eR.

© |Fn| n-m
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|[Fei| 4

4

A=14 M2 M,

el

\
7
1 H det F

Figure 3.1: A non-linear projection of the set A, for A = |Bej| = 1. The union of the two black
dots represents the set M., , while the red lines represent respectively /\/;l‘ and /\/’eff. The union
of the grey rectangle with the red lines and the two black points is the set N, while the blue
line represents the set N, \ V. Due to the special interaction between A and the direction of
the slip system s = e, in this situation the blue line can also be recovered through rank-one
constructions.

By (3.23)), the two inequalities rewrite equivalently as

det F —1\? , det ' —1 2
- _ s - _1<
( o F )y 2ya|Fe | It F + |Feq| 1<0,
u—detF)2 9 @ —det F 9
_ 2ua|Fei|———— + |F —1<0.
(M) v+ 2walPe S0 P~ 120

A direct computation yields that both inequalities are fulfilled if and only if

Y € [e—,eq], (3.27)
where det F det F
e e
_ = C_ F = - _ +
¢ =c (Fn) max{detF—ly’,u—detF( y>},
and det F det F
e e
= F,n) :=mi + -y~
cr = ey (Fon) mm{detF—ly e )},
with

y= = y*(Fn) = a|Fey| £ \Ja?|Fer2 + 1 - |Fe, 2. (3.28)

We stress that, since |Fe;| < 1, the square root in is well defined. In addition, c_ < 0 and
c4+ > 0, so that the interval in always contains the origin. In particular, we infer that for
every n € R?\ {0}, there exists at least a vector m € R?\ {0} such that n-m # 0 and is
verified. This completes the construction of the rank-one lines for s = e; and A = 1, and shows
that in this setting N C Rco(Me,).

Due to the special interaction between A = |Bej| = 1 and s = e1, in this regime we also obtain
that Ve, € Reo(Me,).

In fact, let now F € R**? be as in ([3.23)), with det F € (1, 1), and satisfy [Feq| = f245(det F) =
1. Then, from , we deduce y~ = 0 and y* = 2a, yielding ¢c. = ¢, = 0. In particular,
(3.27) entails m; = 0. A rank-one convex line satisfying both the above condition and m-n # 0
is thus constructed by choosing m parallel to e, and n such that ny # 0. Notice that, with
this choice of the two vectors, we find |Fie;| = |Fep|. In other words, the rank-one convex line
preserves the norm of the first column of the matrix F.
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Step 1.b. Let us now focus on the remaining cases, namely A = |Bej| # 1. As highlighted in
Figure in this regime we exhibit two different constructions in two complementary subsets
of the class A, .

|Fer| A [Fer| A

A ME 1 M

\ \
4 N 4
1 Ap det F 1 Ap det F

Figure 3.2: Non-linear projections of the set N, for, respectively, A = |Bej| > 1 and \ =
|Bei| < 1. In both cases, the two black dots are the sets M2 and MZ, while the red lines

€1 €1’

represent respectively N2 and NZ. The blue line represents the set NV, \ N . The two sets
in different shades of grays represent the two subsets of matrices of NV}, which we recover with
different constructions.

Let first F' € X, be as in and such that
AB(det F) > |Feq| > f2+P(det F) — 2min{1, \}. (3.29)
In particular, we have
Fer + (7245 (det F) — min{1,A})” — (minf1, A})? < 2 (225 (det F) — min{1,A}) |Fei],
This yields that we can always choose n € R?, with n; # 0 and ny # 0, such that

2
|Feq|? + ( £’B(det F) — min{1, )\}) — (min{1, A\})? Fn

< e < 1. (3.30)
2 (f2" (det F) = min{1,A}) [Fe| |F'n
Further, we choose m € R? such that my, mo # 0, n-m # 0, and
: A —1
nem o (3.31)

mi|Fnl - det F(A—1)°
To conclude this step for the matrices F' € &, such that (3.29) holds, we need to prove that,

for t4 and tp as in (3.26) and with the choices of m and n described above, the inequalities in

(3.25)) are satisfied.
Indeed, in the case A > 1, by (3.23)), (3.30), and ([3.31)), we find

2

1—det F)(A\—1) Fn | n
Fey +tam Faf? = |[Fe; + :‘F —(fAP(det F) — 1) ——
e tamdnl ‘ D VS R T2 er = (fP (et F) = 1) o
2 A,B 2 A,B Fn
= |Per| + (FAP(det F) — 1) —2|Fey| (f2: (detF)—l)W.el<1’
as well as
Fn|Ap—1
|[Fei +tpmiFn| < |Fey +tamiFn| +|(tp —ta) miFn| <1+ ma |l A ‘:
n-m detF
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65 3.3. Quasiconvex hull of the class of admissible gradients

Similarly, if 0 < A < 1 we infer

2

M —det F)(A—1) Fn |? ‘ A Fn
Fey +tgmiFn|* = |F ( =|Fe, — (fAB(det F) — \) —
[Fer +tnm Fal ‘ T (| = e (AP ) )
2 Fn
= |Fer]? + (FAP(det F) = )" — 2| Fey ( Q’B(detF)—)\)w—nﬁl < A2,

as well as

mi|Fn| Ap—1 1
n-m detF |

|Fey +tamiFn| < |Fey +tpmiFn|+ |(tg —ta) miFn| < X+

This completes the construction of rank-one lines for matrices F' € X, satisfying (3.23)) and
(3.29), namely the dark gray areas in Figure

Let now F' € X, satisfy (3.23)) and
|Fey| < fAB(det F) — 2min{1, A}. (3.32)

€1

In order to recover these matrices, we perform a third-order lamination, constructing rank-one
lines with endpoints belonging to N and satisfying (3.29).
Let us choose n = e and m = —eq, and let us consider rank-one lines of the form

F,=F —tFey®e;g for every t € R. (3.33)

Since m - n = 0, we find that det F; = det F' for every t € R. To guarantee that these rank-one
lines have two endpoints in N satisfying (3.29), we identify 1, to € R such that |Fj e| =
|F,e1] = f2B(det F') — min{1, \}. With our choice of m and n, we choose t; =t~ and t, = t*,

where t* are the two distinct solutions, thanks to ([3.32), to the equation

2
|Freq|* — (fé’B(det F) — min{1, )\})
2
= £2|Feaf? = 24(Fey - Fey) + |Fea|? — (f2P (det F) — min{1,3})" = 0.

This completes the proof of the inclusion N} € Rco(M., ).

Step 2. Rank-one convex lines for general s € S!.

In this second step of the proof we focus on the case of general slip directions s € S' and we
exploit the constructions developed in Step 1 to recover the matrices in Xs through rank-one
convex lines starting and ending in N2 UNE.

Let s € S'\ {£e1} and consider first the case in which |Bs| # |As| = 1. Letting F € X,
recall (3:21), and S = (s|s), we define the matrices G := F'S, A:= AS and B := BS. Since
det A=det A =1 and det B = det B = Alt, we notice that

detG=detF € (1, \pn) and |Gei| =|Fs| < fg’g(det G),

where
iB n o | Bei| — |Aei| |Bs| — | As| AB
()= A t—detAd) ———==|A t—detA) ————— = fI7(t
Ja2(0) = Ae| + (1 - det A) o = |As| + (0 = det 4) g = 1 = FAE(0),
for every t € R.
Assume first that G satisfies (3.29)), equivalently
|Ge1| = |Fs| > f25(det F) — 2min{1, | Bs|}. (3.34)
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In view of Step 1.b, we obtain that G can be recovered by rank-one lines with extremal matrices
in N7} and MP. In particular, we find n and m as in (3.30) and (3.31)) such that the rank-one

line

Gi=G+tGnem (3.35)

defined for every t € R, satisfies

GtAENefll and GtB ENB

€1’
with t4 and tp as in (3.26). Since S € SO(2), the line
F, =G ST =(G+tGnom)ST  forevery t € R (3.36)

is still a rank-one line and it is such that, for every ¢t € R, det F; = det Gy. Furthermore, since
STs = e, we get that Fys = Gieq for every t € R. Thus,

det Fy, =detGy, =1 and |F,s| = |Gy e1| < |Aey| = |As],

as well as R

det F;, =det Gy, = A and  |Fiys| = |Gizer| < |Bei| = |Bs|,
proving that Fy, € N2 and Fy, € NB. This yields that every F € X, such that (3.34) holds is
recoverable through rank-one lines of the shape of (3.36)), namely

F,=(FS+tFSn@m)ST = F +t(FSn®@m)S™. (3.37)

Consider now the case in which G satisfies (3.32)), equivalently
|Gey| = |Fs| < f4B(det F) — 2min{1,|Bs|}. (3.38)

As in Step 1.b, we consider rank-one lines of the form with n = e5 and m = —e; and we
identify two extremal matrices in NV . The thesis follows then by multiplying the identified rank-
one line by ST. This completes the proof of the inclusion V¥ C Rco(M) when |Bs| # |As| = 1.
Let now s € S!\ {£e;1} be such that |Bs| = |As| = 1. We claim that the construction in Step
l.a yields Ny C Rco(Ms). In fact, by considering again the matrices G := F'S, A:= AS and
B := BS, where S := (s|s) € SO(2), Step La yields n, m € R?\ {0} and rank-one lines as
in such that, choosing t4 and tp as in , it holds Gy, € /\/'e“l1 and Gy, € fo. The
statement follows by multiplying the line from the right-hand side with ST. If in particular
|F's| = 1 then, choosing m; = 0 and mg, ng # 0, we infer Ny C Reco(My).

Step 3. Outer bound on the set co(T(M,)).

In order to use Proposition to find outer bounds on both the finite and infinite polyconvex
hull of the class M, we first need to study the set co(T(M,)), where T is defined as in (3.8).
We notice that, by Proposition |3.18

co(T(Ms)) = co [(MZ x {1}) U (M x {Au})
= co |(co(M!) x {1}) U (co(M) x {Au})
- CO(\IISA U \IISB)7
where

U= co(MY) x {det M} = (MY U{F € R>? : |Fs| < [Ms[}) x {det M}

S
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for every M € {A, B} and s € S'. Recalling the definition of the function fA% in (3.19), we
claim that
co(AuwhyceAB .=zluz? (3.39)

where
2= {(P ) e RPZ x [1L0] ¢ |Fs| < fA5(0))
=2:={(F,) e RP2 x [LMg] « [Fs| = [P (), det F = fAP (1) g B (1)}

and with the linear map

det A BT~ -

AB Bs s Bs

B(t) = —detA) 2L 1AL g 4
95 (1) |As| +(t—detd) det B —det A (-1 Ap—1 (340)

defined for every t € R.

By definition, ¥4 UWE C CAB 50 in order to show we need to prove that C2A7 is convex.
Indeed, let (G, p), (H,n) € CAB and let ¥ € (0,1). If at least one of the two pairs belongs to Z!
then, by the linearity of fF, we immediately infer that ¥(G, p) 4+ (1 — 9)(H,n) belongs to =}
as well.

Assume now that both pairs belong to Z2. Then,

(9G + (1= )H)s| < FAP (0p+ (1= 0)n). (3.41)

If the inequality is strict, then ¥(G,p) + (1 — ¥)(H,n) belongs to Z!.. If, instead, ([3.41) holds
with the equality, then

el 1A
|H s| 45 ()

Recalling that det ' = (F's)* - Fs* for every F € R?*2 we deduce

Gs

det(9G + (1 = 9)H) = [0(Gs)* + (1 = 0)(Hs)"| - [9Gs* + (1 - ) Hs"]
|Hs|
|G|
= [IFP (o) + (L= ) P ()] (992 B () + (1 = 9)gB ()]
= [P Wp+ (1= 9)m) g P (Wp+ (1= 9)n),

|G

det H
[Hs| ©°

=92det G + (1 —9)?det H +9(1 —9)

det G+ 9(1 — )

thus entailing that ¥(G, p) + (1 — 9)(H,n) belongs to Z2. This proves that C2F is convex, and
yields .

We conclude this step by observing that, if |Bs| = |As| = 1, then f2B(t) = |As| = 1 and
gAB(t) = ﬁ =t for every t € [1, Au], so that

chP = {(F) e RP2 x [1,00] : |Fs| < 1} a2
3.42
U {(F,t) e R®? x [1, 0]« [Fs| =1, det F =t}

Step 4. Outer bounds on the polyconvex hulls of M.

In this step, we exploit the representation formulas of Proposition [3:12] with the notation in
Subsection [3.2.2] for the maps m and T', in order to characterize (M;)P° and Pco(M).

Assume first that |Bs| # |As| = 1. We claim that

co(T(My)) NT(R**?) € {(F,det F) € R*Z x [1,\] : F e N;}. (3.43)
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Indeed,

2l N T (R?**?)

{(F, det F) € R¥2 x [1, ] : |Fs| < fAB(det F)}
(3.44)
= {(Fdet F) e R*2 x [1,00] = F e N7\ (MPUME)},

whereas

T(R**?) = {(F,det F) € R**? x [1,\] :
|Fs| = f{4P (det F), det F = 4P (det F) g2F (det F)}.

Since the only solutions to the equation t = fAB(t) gAB(t) are t = 1 and t = Ay, we conclude
E2NTR>?) = {(F,det F) e R*? x [1, 1] + Fe M} UuMP}. (3.45)
Claim ({3.43)) follows then by (3.44) and ([3.45]).
Thanks to the first representation formula in Proposition and to (3.43)), using the definition
of the orthogonal projection 7 given in Proposition for |Bs| # |As| = 1 we finally have
Pco(M;) =7 (CO(T(MS)) N T(R2X2)> CN;. (3.46)

Assume now that |Bs| = |As| = 1. Due to (3.42)), we immediately get that

co(T(M)) NT(R>?) € {(F,det F) € B2 x [1,\] : [Fs| < f4P(det F) =1}
= {(Fdet F) e R*Z x [1,\y] : F e NS}.

Again, in view of the first representation formula in Proposition [3.12] and the definition of the
orthogonal projection , for |Bs| = |As| = 1 we infer

Peo(My) = 7 (co(T(M,)) NT(R*?)) C AL, (3.47)
We proceed by studying the (finite) polyconvex hull of the class M. Assume first that |Bs| #
As| = 1. Thanks to Proposition [3.11]and (3.39)), we have
|
(T(M))*® = co(T(M,)) C {(F,t) e R*Z x [1, 0] = |Fs| < [P (1)}
This implies that
(T(M))® N T(R>?) C {(F,det F) € R®? x [1, 1] = F € N, }.

In particular, by the second representation formula in Proposition we obtain that, if |Bs| #
|As| =1, then
(Mo = 7 ((T(M) N T(R>?)) C N, (3.48)

Assuming instead that |Bs| = |As| = 1, by (3.42)) and Proposition we have

(T(My))° NT(R**?) = co(T(Ms)) N T(R**?)

C{(F1) e R [1,a] « |Fs| < f12(0) = 1] nT(R>)

—~~

F,det F) € R?*? x [1, A\ : FG./\/'S}
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and, again using the second representation formula in Proposition we obtain that, if | Bs| =
A5 =1,

(Mo =7 ((T(M))™ N T(R*?)) C N,
Step 5. Conclusion.

After Steps 1-4, we are now ready to conclude the proof of Theorem [3.20f We first focus on the
case |Bs| # |As| = 1. Thanks to Step 2 and Proposition we know that

N, = N7 € Reo(My) C (M),
which, together with and again Proposition implies that
Ny © (M) C (M)9° C (M)P° C NG
Again from Step 2 and , exploiting again Proposition we obtain
N7 C Reo(My) C Qeo(My) C Peo(My) C N,

thus yielding the thesis for |Bs| # |As| = 1.
Let us finally focus on the case |Bs| = |As| = 1. Thanks to Step 2 and (3.47)), exploiting again
Proposition [3.11], we obtain

Ns € Reo(M;) C Qeo(M;) C Peo(My) C N,
while, thanks to Step 2, Proposition and , we obtain
Ns € Reo(M;) C (M) C (My)9 C (M) C N,
This, in turn, implies the thesis for |Bs| = |As| = 1. O

Remark 3.23. There are only few known examples of sets whose finite and infinite quasiconver,
respectively polyconvex and rank-one convex, hulls are explicitly shown to be different, see e.g.
[81, Example 5.18 € Proof of Theorem 7.28] for an example in which even taking the closure
of the infinite quasiconver, respectively polyconver and rank-one convex, hull, this does not
coincide with the finite one. By the proof of TheOTem we have that, if |Bs| # |As| = 1,
then (M)P¢ # Pco(Ms), which implies

Reo(M,) = Qeo(M,) = Peo(My) = N C N, = (M) = (M,)® = (M,)F".

In this regime, we further have Pco(My) = (Ms)PC. We point out that this property is, in
general, not true, and only known to hold for compact sets (see [81, Theorem 7.28]), while M
is not even bounded.

Remark 3.24. Note that, in all rank-one constructions in the proof of Theorem[3.20, we have
several degrees of freedom in the choices of the vectors n and m, which were not explicitly used
in the proof. In the first part of Step 1.a, the vector n € R? must only satisfy n # 0, while
m € R? must be such that m # 0, n-m # 0 and is verified. In the second part of Step 1.a,
when we consider matrices such that |Fei| = |Bei| = |Aei| = 1, we only fix the value my = 0,
whereas mo must only fulfill mo # 0 and n € R? is chosen such that na # 0 and n-m # 0. In
Step 1.b instead, n has to satisfy and be such that ny # 0 and ny # 0, whereas (3.31))
fixes only the ratio % depending on the chosen n, but not the specific values of the components
of m. Note that anyway the vector m has to satisfy mi # 0, ma # 0 and n-m # 0.
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Remark 3.25. The choice of rank-one lines in Step 1 of the proof of Theorem [3.20 has been
made bearing in mind the energy bounds for the relazation of the energy, see Section [3.5 below.
However, subsets of Rco(Ms) might be recovered via easier rank-one constructions.

In particular, choosing m = e yields “horizontal” rank-one lines in Figures[3.1 and[3.3, namely
such that |Fie1| = |Fey| for every t € R. These recover every matriz F' € N, such that |Fey| <
min{1, A}, are easy to rotate, but not energetically optimal, see Remark . Furthermore, if
A # 1, we only obtain a proper subset of Rco(M).

Choosing, instead, n = ey yields rank-one lines with a linear dependence between the values
det F' and |Fey|. In particular, these recover every matrix such that |Fep| < de%F. These lines
are easy to rotate, but do not provide a full identification of Rco(Msy).

Remark 3.26. Note that, even combining the two alternative approaches in Remark[3.25, and
the second order lamination in Step 1.a of the proof of Theorem there are cases in the
regime 0 < X\ < 1 in which these are not enough to recover every matriz in N, as shown by
Figure . In particular, this happens if 1 — 2\ > X, namely A < %

[Fei| A

1—-2)
\ MB

A ME
1
I

\

4
1 A det F!

Figure 3.3: Non-linear projections of the set NV, for 0 < A = |Be;| < 1. The matrices above the
blue line are recovered through the second-order lamination in Step 1.b of the proof of Theorem
3.20l The matrices below, respectively, the red and purple lines are recovered through the,
respectively, first and second alternative construction in Remark [3:25] In light grey the matrices
that are not recovered through any of the considered second-order lamination.

3.4 An explicit lamination result

A key step in order to, in the future, identify the quasiconvex envelope of the energy density
defined in is to construct suitable Lipschitz competitors u :  — R? such that Vu €
M attaining prescribed affine values on 9€2. By exploiting previous results on the single-well
problem, it may suffice to construct u with Vu € ./\/;,A U./\/SB a.e. in §2, along with bounds on the
norm of the full gradient Vu. In order to do so, an in-approximation result is needed, where the
in-approximation is a concept introduced by M. GrRoMoV, see [122] 123], defined as follows.

Definition 3.27. Let K C X. A sequence of sets (U;); C ¥ is an in-approzimation of K in X
if and only if the sets U; are open in 3 for every ¢ € N and the following three conditions are
satisfied:

(i) (U;); is uniformly bounded,
(ii) U; C (Uip1)* for every i € N,
(iii) U; — K in the following sense: if F; € U; and F; — F, then F € K.
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The set X can either be chosen as R?*? or as {F € R**? : M(F) = ¢} with ¢ # 0 and
M : R?*2 5 R being a minor.

The last ingredient to identify the quasiconvex envelope of the energy density (once we found
bounds from above and below on, respectively, the rank-one convex and polyconvex hulls) would
be a result proving that the quasiconvex envelope of the energy density chosen is already rank-
one convex. As it is not clear whether an in-approximation result could hold in this context with
the definition given by M. GROMOV, see Definition or whether it is possible to define a new
version of in-approximation without asking for the uniform bound on the sets considered, in this
thesis we only take the first step in this analysis, in particular providing an explicit construction
of trial functions with prescribed boundary values and whose gradients are in N, following a
similar strategy to [79, Theorem 4], see also [I67, Theorem 6.1]. We stress that the two-well
nature of our model influences the convex constraints on the determinant and on the norm of
the matrix, thus rendering the analysis more difficult than [79, Theorem 4]. The main result of
this section reads as follows.

Theorem 3.28. Let Q C R? be a bounded domain. Let s € S' and let A, B € R**? be defined
as in and assume (3.17). Let Fa € N2 and Fg € NB be such that rank(Fy — Fp) = 1
and Fas # Fps. Then, for every 0 € (0,1) and § > 0, there exist hg > 0 and Qs C Q, with
|Q\ Q5| <6, such that the restriction to Qs of any simple laminate between the gradients Fy and
Fp, with weights 0 and 1 — 6 and period h < hg, can be extended to a finitely piecewise affine
function u : Q — R? such that

(i) u(x) = (0F4 + (1 — ) Fp)z on 09,
(ii) det Vu € [1, Ay],
(iii) |(Vu)s| < fFaFs(det Vu) < fAB(det Vu),
(iv) dist(Vu, [Fa, Fg]) <3 on Q.
O

Note that the conditions (77) and (ii7) imply that Vu € N a.e. in Q. We point out that Theorem
holds for any choice of A > 0 and s € S!, even though in Section [3.5] we focus our discussion
of providing bounds on the envelopes of the energy density W only in the regime s = e1, and
even though they only coincide in a subset of NV, for A = 1.

As pointed out in [I67, Section 6, Remark 2], in two dimensions direct piecewise-affine construc-
tions using 20 gradients can be found, but as observed in [79] this technique does not allow
to enforce the constraint |(Vu)s| < f48(det Vu). Furthermore, considering families of slightly
modified matrices (A¢)- and (B;). and then iterating is also not a viable option, since an infinite
number of iteration steps would destroy the laminar structure.

A key ingredient for the proof of Theorem [3.28] is the following Lemma, an equivalent result
to [79, Lemma 4] in our two-well setting, through which we obtain an explicit piecewise affine
construction making use of 15 affine pieces with 7 different gradients, which can be reduced to
12 and 5 if the central laminar region is eliminated, see Figure [3.5

Lemma 3.29. Let A > 1 and 0 € (0,1). Then, there exist £ > 0 large enough and ny > 0 such
that, for every e > 0 and t > 0 satisfying max{et,et?} < no, and for all L, H > 0 with H < %,

there exists a finitely piecewise affine function u : Q — R2, setting Q) := [~L, L] x [~ H, H], with
the following properties:

(1) w(z,y) = (z,y) on 99,
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(ii) w coincides with a laminate with period H between the matrices

~ 1 1—0)t ~ 1 -6t
A= (0 ( 1 ) > and B:= ( A ) (3.49)
0+(1—6)Ap 0 0+(1—0) A

on [-L+¢H, L —¢H| x [-H, H],
(iii) dist(Vu, [A, B]) < ce(1 + max{t, t2}),
(iv) dist(Vu, {A, B}) < ce(1 + max{t,12}) on w:= {(z,y) € Q : |z| +£&|y| < L},

for a suitable constant ¢ > 0, where w is the open subset of Q1 in which Vu # ls. The parameter
1

§ can be chosen as <.

Proof. Consider the simple laminate defined by wuz(0,0) = (0,0) and

A if |y| < 0H,

VULCU,y: ~
(@.9) {B it 0H < |y| < H,

for every (z,y) € Q, see Remark for the explicit expression. This function describes a
horizontal shear with a vertical compression of the area in which the gradient is A. In addition,
it satisfies the boundary condition ur (z,y) = (x,y) on the top and bottom sides of {2, but not on
the left and right ones, see Figure a. We need to modify uy, in the region L —{H < || < L
in order to enforce the boundary condition on the latter two sides, in particular we will compose
uy, with another piecewise affine function and then we will further modify it on a boundary
layer. Let now v : Q — R? be defined by v(0,0) = (0,0) and

I, if |z <L —&H,
Vo(z,y) =¢C HL—-E&H <|z|<L—-(1—-—m)H,
D i#L—-(1-m)¢H < |z| <L,

see Remark for the explicit expression, where C' := Iy — ¢(1 — m)es ® e; and D := Iy +
gm ez ® eq, and where the parameters m € (0,1) and ¢ € R will be chosen in the following. The
function v is a vertical shear that meets the boundary conditions v(z,y) = (z,y) on the left
and right sides of ©, but not on the top and bottom, see Figure [3.4lb. Note that Vv has unit
determinant in its domain and is everywhere close to the identity. In addition, v is the identical
map for |z| < L — {H and for z = L, see Remark [3.31]
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3.4. An explicit lamination result

_L L
~ mEH (1 —m)EH
e |~ : ,,71'{
(b) |
D C Iy, C D
-—-]---------- -—f------- b------ F--4---------- ----3
L ——————— I~ : ,,7,]1
_I —L+E&H | L—¢&H L

Figure 3.4: The two figures (a) and (b) represent the two laminates uy, and v. Dashed lines indi-
cate the reference configuration, while full lines show the deformed configuration. The gradients
of ur, and v are indicated on the corresponding subsets of the two deformed configurations.

Consider now the composition ur ov. This is a piecewise affine map, see Figure [3.5a, whose
gradient is either close to Aor B everywhere, quantitatively

with d :== 60 + (1 — 0)\p.

~ -~ 1
|AC' — Al = q(1 — m)\/d2 + (1 —6)2¢2,

~ -~ 1
|AD — A| = qm\/d2 + (1 —6)2¢2,

(3.50)

R R A2p2
IBC - B| = 41 - m) |~

R N 22,2
\BD — B| = qm\/dil; + 022,
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Figure 3.5: The composition of uy, o v generates a continuous piecewise affine function whose
gradient takes six different values on €, see (a). In (b) we see the set w = XY X' X"Y' X" and
its extension to the original set 2 by the identity map (in gray). On the white part we define
u = uy, o v, whereas on the four colored triangles the function uy, o v is replaced by the affine
interpolation between the respective corners.

Consider now the set w := {(z,y) € Q@ : |z|+&Jy| < L}, namely w = XY X'X"Y'X" in
Figure 3.5|b. While we refer to Appendix for the details for the explicit construction of
the map u, we proceed here by providing an intuition of the argument. We set u := uy o v in
the white region in Figure b. In each of the four colored triangles (XY Z and the analogous
ones in the other quadrants of Figure .b) we define u to be equal to the affine interpolation
between the values attained by wuy, o v on the three vertices. Since in X and Y both u; and v
coincide with the identity map, see Remark it follows that u(x,y) = (x,y) on the segment
XY. Repeating the argument for the four slanted sides, we infer that u satisfies the boundary
condition u(z,y) = (z,y) on Ow. This means that u can be extended with continuity to Q2 by
setting u(z,y) = (z,y) in the remaining triangles (XYT and its copies in the other quadrants
in Figure b), resulting in a continuous and piecewise affine map on the whole original set 2.
In particular, by choosing
2001 —-0)t d
T eml—m) d+ QO+ 1)

see (3.83)), & big enough and m small enough, we also obtain

det Vu € [é,/\#} on XYZ and X'YZ',

see Appendix for the details. By symmetry, we obtain the same conditions for the other
two colored triangles in Figure [3:5]b. In particular, see again Appendix [3.A] we get that this
determinant is close to /\#.

For the details of the proof of (iii) and (iv) we refer to Appendix Let us remark that
on the triangle XYT and its copies in the other quadrants, in gray in Figure [3.5lb, we get
dist(Vu, [A, B]) = 0. Moreover, in the three central pieces of our set along the vertical axis we
get dist(Vu, {A, B}) = 0. Furthermore, thanks to (3-50), in the rest of the areas of the rectangle
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where u = uy, o v, the rest of the white subsets in Figure [3:5]b, we get
14¢
£
see . In order to prove the estimate in the last subsets of €2, namely in the blue and red

areas of the set in Figure [3.5]b, we exploit the explicit construction we had in Appendix [3.A] In
particular, we get

dist(Vu, [A, B]) < dist(Vu, {4, B}) < ¢

1+ t2

‘Vu - B‘ < on XYZ and X'Y Z',

see (3.91)) and (3.92)). Combining all these estimates together we get that, on the whole set 2,

2 2
L+t 1+t Scl—l—max{t,t }7
3 3 3

while on the open subset where Vu # Iy, namely w = QN {|z| + &|y| < L}, we can even say

dist(Vu, [A, B]) < ¢

1 + max{t, t?}
C—— .
3

Choosing & > % and € small enough we have the thesis. O

dist(Vu, {4, B}) <

Remark 3.30. In Lemma 9 we have performed a piecewise construction on w by subdividing
the set into 15 components, cmd by obtaining a map w whose gradient attains 7 different values
(all with determinants in the prescribed interval and close either to A orto B) coinciding with
the identity on Ow, and being a laminate in the central part of the domain. By choosing L = EH
we can simplify the construction to the case of 12 components and 5 different values for the
gradient.

Remark 3.31. The functions uy, and v in the proof of Lemma|3.29, imposing continuity on the
interfaces between the affine pieces, can be written explicitly as

T
1-60)t
(xHy ”’) if |y) < 0,
0+ (1—0)u
)= ot sign(y) (9] — H) '
x — Otsign(y)(|ly| — .
. . if0H < |y| < H,
<s1gn<y>H T s sign() 1yl - H)) vl <
and
T
@) if || < L — ¢H,

X

T
= <y+ a1 = m)(L - ¢H - |w|>sign<x>> Hh s = Lot

if L—(1—-m){H < |z| < L.

. T
<y + qm(le| - L) sign<w>>

Remark 3.32. Since we chose to work with the matrices C =1y — q(1 —m)es ® €1 and D =
Io+gmea®ey in the proof of Lemma we fixed the unit vectors eo and ey in our construction.
Generally speaking, this could be an additional degree of freedom that one could exploit, choosing
a general vector a € R%. The second vector must be orthogonal to the first one though, otherwise
we do not preserve the unit determinant.
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We are now in a position to prove Theorem [3.28]

Proof of Theorem[3.28. For convenience of the reader, the proof is subdivided into several steps.

Step 1. Change of coordinates and statement reformulation. In this step we introduce a change
of coordinates allowing us to rephrase the statement of the theorem in the same setting consid-
ered in Lemma [3.291

Let n € R?\ {0} and a € S! be such that Fg — F4 = a ® n, and define F := 0F4 + (1 — 0)Fp.
We observe that, setting I, , := a ® F~Tn, it holds that the matrices FAF ! and FgF~! are
perturbations of the identity, namely

Ih—FuF ' =(F-F)F '=(1-0)(a@n)F'=01-0)(a@ F Tn)=(1-0)F,,
and, equivalently,
Iy~ FgF ' = (F - Fp)F ' = f0(a@n)F ' = —0(a® FTn) = —0F, .

The matrix Fj, , has real eigenvalues v; = 0 and 1, = F~Tn.a=F~'a-n. Hence, a real Schur
decomposition yields that there exist @ € SO(2) and ¢t € R such that

%1 —t 0 —t
Fa,n:QT<0 V2>Q:QT<O VQ)Q'

Note that, in general, the real Schur decomposition of a matrix holds with @ € O(n), but for
matrices in R?*? with two different eigenvalues it is possible to choose it with Q@ € SO(2), due
to its constructive nature. Indeed, the matrix @ is selected by first identifying a normalized
eigenvector w associated to the first eigenvalue, which will form the first column of the matrix.
The second column is then given by augmenting w to an orthonormal basis, in such a way that

det Q = 1.
Now define

A= QFAF Q" =Q[ly — (1 - 0)F,,] Q" = (é 1 —(1(1_ —0 )(f),,2>
and

. o r (1 -6t
B:=QFpF Q" =Q (2 +0F,,)Q _<0 1+9u2>'

Since det A = ddegt};? and det B = dde;t};? , a direct computation entails

det Fp —detFly Ap—1
Vo = =

and 0 — det Fp —det I Ay —det F
det F ~ detF ~detFp—detFy  Aup—1 "

g:<l “:")t) and §:<1 ;?f).
0 det I 0 det I

Noticing that det F' depends explicitly on 6, since the determinant varies linearly along the
rank-one line, meaning that det F' = 0 + (1 — 6) A\, we infer

A:(é (1_19)t> and B:(é _Azt ) (3.51)

yielding that

0+(1—6)\p 0+(1—60)\p
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recovering the matrices in Lemma [3:29] For © and u as in the statement of the theorem, we
define the set Q := QFQ and the map @ : Q — R?, given by u(y) := Qu(F~'Q"y) for every
y € Q. Properties (i)-(iv) are then rewritten as follows. We have

(") a(y) = Qu(F'QTy) =y on

we obtain the inclusion

1 AL
O+ (1—0)Ap’ 0+ (1—0)\u

(i) det Vi e = [det A,det B] in Q

and, replacing the vector s with § := QF's, we infer

(#ii")  |(V@)3] = |(Vu)s| < fFatB (det Vu)
|Fps| — |Fas|
det F'g — det F4
det Vu — det Fy | B3| — | A3

det F' det B — det A
| B3| — | A3
det B — det A

= |Fys| + (det Vu — det Fa)

= |A3] +

= 4B (det V),

S

= |A3| + (det Vi — det A)

see ([B.19) for the definition of the function fFa+5. Concerning (iv) we have that on €2 it holds
(i) dist(Va(y), [A, B]) = dist(Vu(F~'Q ), [Fa, Fg]) <.

We further notice that it is enough to prove the statement for ¢ > 0. In fact, the case t = 0
is trivial, and if t < 0 it is enough to swap the roles of A and B. Without loss of generality,
as in [79, Proof of Theorem 4] we can assume that there exists n < 2% such that, defining
n := (—sinn, cosn), we have

§-nt>0 and CTCs5-n>0 (3.52)

for C € {A, B}. Indeed, since A and B are positive definite, it follows that ATA and BTB are
symmetric and positive definite. This implies that

ATA5-3>0 and BTB§-5>0. (3.53)

Moreover, ATA and BTB commute, since (ﬂgETE)T = BTBATA. Since the product of
commuting positive definite matrices is also positive definite, this implies that ATABTB is
positive definite, yielding

ATAs-B"Bs > 0. (3.54)
Considering (3.53) and (3.54)) entails that the three vectors AT A3, BT B3 and 3 are contained in
a two-dimensional semi-cone with width strictly smaller than 7. This means that there exists a
vector n € S! such that

$-a->0 and CTCs-n>0

for C € {E, E} Up to a rotation of the whole system, we infer .

We conclude this step by observing that it is sufficient to prove the statement for the reference
square (—1,1)2. Indeed, by Vitali covering theorem for the Lebesgue measure, since Qs a
bounded set, there exist N,k € N such that Q is covered by N disjoint copies of (—27k 27k)2
together with a remainder ' such that || < g. Note that N and k depend on §. Once the

map u is constructed in the reference square, the construction for Q) is then obtained by scaling
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and translating @ in each of the N disjoint copies of (—27%,27%)2, and by setting u(z) = z in
Y, see [79, Proof of Theorem 4].

Step 2. Construction of @ on (—1,1)2. In this step, we exhibit an explicit construction of @,

based on the composition of two deformations, see Figure [3.6] The deformation ug will be a
laminate between A and B on a large part of the domain, in particular large enough to contain
Qs, and will coincide with the identity close to the boundary of €). In the central part of the

area where ugy coincides with a laminate, we will have |(Vu2)A| < f§4 ’B(det Vug), while close to
the boundary of this area (see the red rectangles in Figure , this inequality will be violated
by a small amount, controlled by dlst(Vuz, [A B]) The deformatlon uy1 will coincide with the
identity in the central part of the set Q in particular on a subset of Q containing s, and it will
compensate the presence of error terms in the regions close to its boundary (see again the red

rectangles in Figure [3.6)).

Figure 3.6: The two tilted rectangles, that will be called R; and Rs, represent the area of the
domain where u; is not the identity. In their white subsets u; coincides with a laminate between
the matrices a and 3, defined below. The dashed rectangle represents the set €25 and is covered
by stripes Sy,nn. In each stripe we apply Lemma@ to define the map wuo. This construction
differs from a simple laminate only in the red areas, which are contained in the region where
Vup = . We will eventually define u = ug o uy.

Step 2.1. Construction of u;. Let n = (—sinn,cosn) and n < % be as in (3.52)). We claim that
there exists ¢ > 0 such that, setting o := Iy + ¢gn ® n* and §:= 1, — gn ® n", it holds

|CB3| < |C3, (3.55)
for all C € [A, B]. Indeed, for C' € {A, B} we have

(CB3? - |C3* = —2g (n- CTC5) (n* - 3) + O(?),
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which in turn, by yields for C € {A, B} for ¢ small enough. The fact that
holds for all C' € [A, B] follows then by convexity.

Let Ry be a rectangle with parallel sides to n and n*, see Figure with width g along
nt, and compactly contained into [1 — §,1] x [~1,1]. Let Ry be defined analogously within
[—1,—1+ ] x [—1,1], see Figure We thus define u; by applying [79, Lemma 4] to R; and
Ry through the pair («, ), and by setting u;(x) = = otherwise in [—1,1] x [—1,1]. Note that,
since the length of R; and Ry in the direction n is larger than 1, the hypotheses of [79, Lemma
4] are satisfied for every § < &, with, using the notation in [(9, Lemma 4], ¢ = 1, A = % and
& =€ > 1, fixed as a global constant since ¢ is as small as needed. Note that our ¢ corresponds
to t in the notation of [79, Lemma 4].

We have that det Vu; = 1 on the whole O and we claim that, for ¢ small enough, we obtain

Vur 3| < 28 (det Vuy)  in Q. (3.56)
Indeed, by [79, Lemma 4], see also [79, Proof of Theorem 4], we infer
|Vu15| < I + Vug — L] 3] < (14 [Vur —La])[5] < (1 +¢/q)]3). (3.57)
Now notice that
|3| = |0Fas+ (1 —0)Fps| < 0|Fas| + (1 —0)|Fps|, (3.58)
where we exploited the fact that Fas # Fgs. Since det Vu; = 1 in Q, we find
i s o |1B3| — |43
27 (det Vup) = |AS| + (det Vuy —det A) ————=
fi 1) =48]+ ! )detB—detA
‘F38’ — ’FAS’

= [Fas|+ 0+ (1 —0)Au—1) N1

= [Fas|+ (1= 0)(|Fps| — |Fas|)
=0|Fas|+ (1 —0)|Fps|.
Using this last chain of equalities together with (3.57) and (3.58)), we get (3.56]), thanks to the

fact that ¢ can be chosen as small as we need.
By construction, we also have the following properties

. \Vul — HQ‘ S C\/a in ﬁ,

e Vuy =1y if (z,y) € O is such that |z| <1 -6,

e Vu; = [ in the set of points (z,y) € R; at distance less than % from the left side of Ry,
and such that |y| <1 — 0&;.

Step 2.2. Construction of us. For h > 0 small and for yo € [—1, 1] such that |yo| < 1 — & — h,
consider strips of the form

Syo = [0, 1] X [yo — h, Yo + A] (3.59)

with zg € [-1,—1+ 6] and z; € [1 — 4,1]. Notice that on the strip Sy, the gradient Vu; only
attains the values Il and 8 and that, in particular,

{(z,y) € Sy : Vui(z,y) =B} =S5 USL,

where S(y)o := [0, 20 + ] X [yo — h,yo + h] and 5;0 = [z1 — 1%,901] X [yo — h,yo + hl.
Let ng be as in Lemma and let € > 0 be small enough such that max{et, st?} < ng and such
that (1 + max{t,t*}) < §. We claim that

CB5] + ce(1 + max{t, 2})|83] < f1B(det C) (3.60)
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for every C € [ﬁ, E] and for § small enough. Indeed, by <|3.55j , there exists 11 > 0 such that
|CB3| < |C8] — m1. Noticing that [8]* = 2 + ¢*, we deduce, by (3.58),

(CB3] + ce(1 +max{t, £})|83] < |C3] = m +6y/2 + ¢ [3]
— FP(det ©) —mi + 612+ ¢ 3] < P (det €),

for C' € {E, B }, for ¢ small enough. Property follows then by convexity.

Calling 9 the biggest of the all possible € satisfying the properties above, we have that for
h < hgy = ? we cover the set (—1 4 0,1 — ) x (=1 4 0&1,1 — §&1) with stripes of the form
Sy, + nh, see ([3.59), where n is the vector from the construction of w;. In each stripe, we
construct us by applymg Lemma with matrices A and B and & = €2, whereas outside of
the stripes we define ug(x,y) = (z, y)

Step 2.3. Properties of @ := uy o uy. By construction, u directly satisfies (i'), (i¢) and (iv'), de-
fined in Step 1. To complete the proof, we only need to check (iid’ ) In the outer part of the
domain, where Vuy = Ip, property (iii’) follows immediately from . In the inner part of
the domain, where Vu; = ]12, we have that Vus only takes values A and B hence (iii') is a

consequence of the equality f§ (det C) = |C3§| for C € {A, B}. In the intermediate part, see
Figure where Vu; = 8 and Vuy is close to [A, B], property (iii') is a corollary of (3.60]).
The second inequality in (7i¢) follows by observing that

AB(det Vu) — fFats (det Vu)

det Vu —
= |As| = [Fas| + ————
1

det Vu — 1 Ap— detVu
— Y " (|Bs|—|F AT O VR
o (1B = [Fps)) +

~(1Bs| — |Fas| — | As| + | Fas)
(1As| = [Fas[) = 0

O

Remark 3.33. Note that Theorem |3.28 would not work to recover the upper bound on the
quasiconver envelope of the energy in the case X = 1 for matrices on Ne, \ NZ . Indeed, for
those matrices we constructed lines of the form Fy = F +t Fn ® e, see Step 1.a of the proof of
Theorem [3.20. This means that Fye; = Fey for every t € R, but this contradicts the hypotheses
of the theorem.

3.5 Bounds on the relaxed energy density

In this section, we perform a first step for the relaxation analysis for the energy density W
defined in (3.7)), in the case in which the slip direction s is horizontal, namely s = e;. In other
words, we analyze the density

W(F) =

{72 if ' = RM (I + ve1 ® e3) € M,,, with M € {A, B}, (361)

+o00 otherwise in R?*2,

where A and B are defined as in . As in the rest of the chapter, we assume , namely
Ap > 1.

The main result of this section yields upper bounds for the rank-one convex envelope of W on
a set D C N, as well as lower bounds for the polyconvex envelope of W on A,,. Additionally,
for A = 1, we provide an explicit representation for these envelopes on D and upper bounds for
the rank-one convex envelope of W on the whole Ne,. Recall the definitions of N, and MV in
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81 3.5. Bounds on the relaxed energy density

(3.18) and (3.20)). In order to state our result, we need to introduce some auxiliary functions.
In particular, consider the map given, for F' € N,, by

Ap—det B 1 det ' — 1

7 Ve — 2 - 2 2
W) = (Fea = 1) 50 4 g (FPeaf = 12) S, (3.62)

pc
which corresponds to a convex combination of the associated single-well envelopes (We]\{[ ) =

(Wé\f)qc = (We]‘l/[)rc for M € {A, B}, see Proposition |3.19, Moreover, let

1 2 (Fey - Fey)?
O(F) := ¢(F) (A — det F)(det F — 1) ()\2 - 1) % (3.63)
2

W(F) = e(F) (At — det F)(det F — 1) (;2 _ 1) Fes?, (3.64)

for F € N,, where

1 1
o(F) = A —1det F — 14 55 (A — det F) >0, (3.65)
and set

A(F) = (A —det F)(det ' — 1) (3.66)

|Fep|?

for F € N,. Our main theorem reads as follows.

Theorem 3.34. Let s = e and let A, B € R?>*? be defined as in (3.3)), assuming (3.17). Then,
dom(W™) D NZ , and

(AR

W(F)—¢(F) ifFeD,
400 otherwise,
and -
W(F) —y(F if F'e Ne,,
WpC(F) > { ( ) ¢( ) 1 1 (3.68)
400 otherwise,
where D := N7 N{F € R**? : |Fey| < %} In particular, if A =1, then
WP(F) = W'(F) = W(F), (3.69)
for every F € D, and
W(F)+AF) ifFeN.,\D,
e < [T +AE) A 50
+00 if ¢ N.,.
O]
Remark 3.35. Note that if A\ =1 and F € N,, then
W(F) = |Fes|> — (u+ 1) det F + p. (3.71)

In particular, notice that for A =1 the energy on N, \ D is higher than on D and, in particular,
W(F) 4+ A(F) = |Fea|* — (det F)* on N, \ N .
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Proof of Theorem (3.3, We first remark that if I € N, for M € {A, B}, then the two functions

¢ and 1, defined by (3.63]) and ([3.64)), are zero and I//(\/, see (|3.62)), coincide with the density WZI
in Proposition In other words, the generalized convex hulls reduce to the single-well case.

In fact, if € N2}, then det F = det A =1 and
HF)=yp(F)=0 and W(F)=|Fey|> -1, (3.72)

whereas, if F € N7, then det F = det B = Ay and
— 1
¢(F)=p(F)=0 and W(F)= ﬁ(yFeQF — u?). (3.73)

We also notice that the inclusion dom (W) O N is a direct consequence of of Theorem
For convenience of the reader, we split the remaining part of the proof into several steps.

Step 1. Upper bound for W*. In this step, we establish the upper bounds in (3.67) and (3.70)
for W', In view of Theorem the same upper bound holds then automatically also for
the polyconvex envelope. Thanks to our preliminary remarks, we can assume without loss of
generality that F' € R? is such that det ' € (1, Ap), and satisfies |Fei| < f2P(det F), if A # 1,
or |Fep| < 1,if A = 1. Without loss of generality, since our energy density is invariant under
rotations, we can assume that F' has the structure in .

Step 1.a. Assume first that A = 1. In this case, ¢(F) = 0 for every F € N,,.

Step 1.a.1. Let first F' € D and consider rank-one lines as in (3.22)), namely F} := F(Ia+tn®m)
for t € R, with n,m € R?\ {0}. Recalling the construction of rank-one lines in Step 1l.a of
Theorem [3.20] we introduce the sets

Vell ::{nER2 : n;éO}

and

F
Well(F,n) = {m€R2 :mp #0,n-m#0, Tr;ﬂﬂ;” EIF,H},

for every n € VL and F € N7\ (VA UND). Letting a = a(F,n) := % - e1, the interval Ip,,
is defined as

— det I — _detF (_ .+ : detFF ,+ _detF ( , —
Ipn = [max{detF—l Y ptderr (7Y )} ’mln{detF—l Y ptaer (7Y )}] ’

where y* = y*(F,n) := a|Fe;| £ \/a?[Fei[2 + 1 — [Fey[?. Note that Ir,, is always not empty
(see again Step l.a of the proof of Theorem Since D C N, by Step l.a in the proof of

Theorem |3.2O we find n € V! and m € W], (F,n), getting in particular that n - m # 0. For t4
and ¢ as in (3.26), we get that F, € ./\/'e’? and Fy, € NB. Defining

tp Ap —det F —ta det FF —1
= and 6Op: =

9 = = — — ,
AT g —ta Mi— 1 th—ta  Ap—1

(3.74)

the rank-one convexity of W', together with the preceding remarks and the fact that F' =
OaF;, + 0pFy,, entails

W'(F) < 04W'™(F,,) + 0gW'™(F,,) = 04W (F,,) 4+ W (F,,).

Observe that, by (3.72) and (3.73)), we have

W(F,,) = |F, e — 1= |Fey + tamaFn|? — 1
= |Fea|? + t34m3|Fn|? + 2tama(Fey - Fn) — 1,



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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and

—

W(Fiy,) = |Fipeal® — p = |Fez + tpmaFn|* — i
= |Fea|? + thmi|Fn|* + 2tgma(Fesy - Fn) — p?.

Thus, by (3.26)) and (3.74), we infer the estimate

W'(F) < |Feg|? — 04 — 0pp® + (0414 + 0pt%)m3|Fn|> + 2mo(Oat 4 + 0ptp)(Fey - Fn)
= 0a(|Fez> — 1) + 0p(|Fea|® — 1) + (04t + OptE)ms|Fnl?,
getting
det F — 1) (A —det F) |Fn|?>
3.75

(det F)2 (n-m)y? 2 (375)
for every n € V! and m € W! (F,n). Choosing n = ey, (3.27) rewrites as [Fe;| € [c_,c4],
where

W' (F) < W(F) + (

det I/ _ detF i
Yy, (_y )
det ' — 1 u—det F

c_=c_(F,n):= max{

and

det F#'° .  detF _
Yy, (—Z/ ) ’

det I — 1 u—det F

with y* = [Fe| £ 1. Obviously, |Fei| >0 > c_ for every m € W! (F,e1). We notice that

¢+ = c4(Fyn) := min {

det I L det I

|F€1|§my —mﬂFﬁﬂ—i—l) < —|F€1|§detF

and
det F' _ det '

u—det F (=v7) = w—det I
Both inequalities are verified for every F € D, independently of the choice of m. Thus, we
deduce the following energy bound

|Fep| < (—|Fei|+1) <= p|Fei| <detF.

— (detF—l)(,u—detF)ni%

(R < F F 2
w ( )—W( )+ (detF)2 m%‘ 61‘7

for every m €€ W! (F,e1). In particular, for every £ > 0, choosing

(mQ)2 - (det F')?
my |Fep]? (det F —1)(p — det )’

(namely mg < my), we find W*(F) < W(F) + ¢ for every F € D, which, in turn, yields (3.67)
for A =1.

Step 1.a.2. Let now F € N, \D. Arguing as in Step 1.a.1, we choose n, m # 0 such that m; =0
and ng # 0, namely we construct horizontal rank-one lines as in (3.22|) such that |Fie;| = |Fe;|
for every ¢t € R. Substituting m; = 0 into (3.75)), we find

- — (det F —1)(u — det F) |Fnl|?
WHF) < W(F) + (det F)? (2™

= (det F — 1)(u — det F) |Fn|?

= W(F) (det F)? n3

Recalling (3.23|), we rewrite

|[Fn?  |[mFe; +naFes?  (ni]|Fei| + nox)? n (det F)?

n3 n3 n3 |Fey|?2
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Choosing now n; = —%, we obtain
—~ (det FF — 1)(p — det F) (det F)?
W'(F) < W(F
(F) < W(F) + (det F)? Fer]?
(det FF — 1)(u — det F')

ForP = W(F) + AF),

for every F' € N, \ D. In particular, for F' € N, \ V7, we deduce

W™(F) < |Fes|? — (det F)% (3.76)

Step 1.b. Let A # 1 and assume that F' € D. We set n = e; (see Remark [3.25)) and consider
rank-one lines Fy := F(Iy + te; ® m) for t € R, with m € R?\ {0} such that m; # 0. Letting

ta,tp be asin (3.26)), and defining 64 and 0p as in (3.74]), by Proposition and the rank-one
convexity of W', we deduce again

W™ (F) < 04W™(Fa) + 0pW™(Fp) = 04W (Fa) + 05W (Fp).
Recalling that for A # 1 and n = e
W (F,) = |[Feol?> + t3m3|Fei|* + 2tama(Fes - Fey) — 1
and

~ 1 1
W(Fi,) = ﬁ(\FtBeg\Q — u2) =2 [|F€2|2 + tzBmg\Fel\Q + 2tpmy(Fey - Fep) — ,uz} ,

by (3.26) and (3.74) we deduce

o — (A — det F')(det F' — 1)
W'(F) < W(F)+ Ni—1

r(F,m,n),

where 7 = r(F,m,n) is defined as

/\,u—detF) m3|Feq|? +2(1 )mQ(FeQ-Fel)

= [ (det FF—1 — =
" <(e )% m2(det F)2 \2 midet B

(3.77)

for every m € R?\ {0} such that m; # 0. In particular, since r is a quadratic expression in %,
with leading coefficient strictly positive, choosing

my (1 1) 1 Fey - Fey det F'
my A? (det F —1) + 55 (A — det F)  [Fer| |Feq|’

since

1 ( 1 1>2 (Fey - Fey)?

minr(F,m,e;) = — Vi FoZ

m (det I — 1) + 55 (Au — det F)

we infer W' (F) < W(F) — ¢(F), see (3.63). This completes the proof of the upper bounds in
B5D.

Step 2. Lower bound for WP€. In this step we prove that the function

400 otherwise,

{W(F) —(F) ifFeN,,
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85 3.5. Bounds on the relaxed energy density

namely, the right hand side of the bound in , with v defined as in , is a lower bound
for WP€. We preliminary observe that U(F) < W(F) for every F € M,,, indeed ¢(F) = 0 and
W(F) = W(F) for F € M,,. Therefore, by we directly obtain that ¢(F) < W(F) for
every F' € R?*2, To obtain the claim, it remains to show that 1) is polyconvex on R?*2.

Let T'(€) = (det &, ) for every & € R2X2. Then, o(F) = h(T(F)), where h : RxR?*2 — RU{+oc}
is defined as

Bt F) = {h(t,Feg) if t € [1,\] and |Feq| < f245(1),

400 otherwise,

with the linear function fé’B as in (3.19)),

2 2
tw)i=[of? (et 4 5= D) = w0 = o= 0 g0 (5 1) WPy @7)
and
w1
()= Sy vt (3.79)

By the definition of polyconvexity, see Definition the thesis amounts to showing that A is
convex. Since the conditions defining the domain of h are convex, it is sufficient to prove that
h is convex on [1, Au] x R2. A direct computation yields that

w2 (1) +1- 4 (1) (1) jwl?

VAl ) = 2w (A=t + (t 1)) = 2wg(t) (% - 1)2 ’
and
Hi(t, w) = 9" (le B 1)2 ol 2 2t <$ - 1) — 20t g(?) (%2 - 1)2 2
2w =1) = 20g ) ( —1)" 2L (M —t+ 55t —1)) 2L g(t) (§ 1)
- (rlp " G D e win (8 ) B,
Dé)2 (% _ ) (/\M/\—Ql) w %(/\u—l) I
where

1
D(t) ::t—1+p()\uft)>0 Vit e [l, Ay,

see Appendix for the explicit computations. Rewriting the above Hessian matrix pointwise

* ~fa(t,w) vT(t,w)
H(t, w) = (v(t,w) M(#) )

and observing that D(t) > 0, and hence that M (t) is positive definite for any ¢ € [1, Au], by
Theorem [1.3] we deduce that Hj, is positive semi-definite if and only if the Schur complement of
the 2 x 2 matrix M(t) at any point (t,w) € [1, A\u] x R? is positive semi-definite. This is given
by

(Hp/M) (t,w) = alt,w) — ("M '0)(t, w)

for every (t,w) € [1,A\u] x R?. Thanks to (3.93), see Appendix we have (vI M~1v)(t,w) =
a(t,w) for every (t,w) € [1, \u] x R?, implying that (Hy,/M) (t,w) =0 is a 1 x 1 positive semi-
definite matrix. In view of Theorem [I.3] it follows that Hj, is also positive semi-definite at any
point (t,w) € [1, \u] x R?, implying that the function h is convex on the same set. This yields
the lower bound in and concludes the proof of this step, and of the theorem. O
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Remark 3.36. As mentioned in Remark[3.25, other possible rank-one lines to recover part of
the set Rco(Me, ) would be obtained by choosing m = ez, namely considering F; = F +t Fn® e
for every t € R. Already in the case A =1 these lines yield a higher energy bound than the ones
we are considering at the moment. Indeed, the choice m = ey would imply my = 0, meaning that
we could follow the lines of the second part of the proof of Step 1.a, obtaining as upper
bound on the whole set N, .

3.A Explicit construction for the proof of Lemma (3.29

In order to explicitly construct the function u on the two triangles XY Z and X'Y Z’ in Figure
b (the construction on the other two triangles is analogous up to different notational real-
izations) we need to perform an affine interpolation between the three vertices of the triangles.
Define

Xo:=(L—-¢H,H), X):=(L—-¢H,—H) and Yy:=(L,0).

We know already that in these points both functions uy and v coincide with the identity, see
Remark Therefore, they are mapped by the function u to the points
X=Xy, Y=Y and X := X(/)

We also notice that the points Zy := (L — (1 —m)¢H,0H) and Z, := (L — (1 —m){H,—0H) in

the reference configuration are mapped by u to, respectively,
Z =u(Zp) =ur(v(Zy)) =ur(L — (1 —m)EH,0H — gm(1 —m)E{H )

(L (1 —m)EH + (1 — O)9H — qm(1 —m)¢H]\
o é[@H—qm(l —m)éH]

and
Z/ — U(Z(/)) — uL(U(Z(/])) = UL(L — (]_ — m)§H7 —0H — qm(l — m)fH)

(L= (1—m)EH — 0t[(1 — 0)H — qm(1 — m)eH]\
N —H + (1 —0)H — gm(1 — m)¢H| ’

see Remark for the explicit formulation of u;, and v.
Consider first the triangle XY Z (in red in Figure b). We need to find a function uxyyz :
R? — R? defined by

T
ar + by +c
ax+by+d

uxyz(z,y) = (

such that uxyz(Xo) = X, uxyz(Yo) =Y and uxyz(Zy) = Z. This implies

ar +&(a— 1)y — L(a — 1)>T,

uxyz(z,y) = < a'z+ (1+d€)y— Ld

with L (L= )eH — gm(1 — m)eH
) EH(O+m —1)
and
, 1 1
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As a consequence, we have

-1
VUXYZ = <:LL, gl(C—LI— a’£)> and det V'UJXYZ =a+ fa/. (3.80)

Consider then the triangle in the fourth quadrant, namely X'Y Z’ (in blue in Figure b). We
need to find a function uxryz : R — R? defined by

T

[ arx+By+n

uxry 7/(z,y) = (a’x+6’y+n’>
such that UX/yzl(X(,)) = X,, uxryz (Yo) =Y and UX/YZ/(Z(/)) = Z'. This 1mphes

oz + €1 —a)y+ L1 —a)\
uxryz(x,y) = ( odr+(1—a&y— Lo ) ’

with
1 0t[(1 —0)H — gm(1 — m)¢H|
@ EH(O+m—1)
and
o=t [(1 — 0 H + M1 = 0)H — gm(1 — m)fH]}
TEHO +m - 1) d 1 '
As a consequence, we have
1—
VUX/YZ/ = <§I 61( _ O/Oé_)> and det VUX/YZ/ = o — fOLl. (381)

We proceed by showing that we can choose our parameters in such a way that
det Vuxyyz € [é, %} and det Vuxriyz € {é, %‘} s (382)

keeping in mind that m € (0,1), ¢ € R and £ must be large. Note that, writing down the
determinants explicitly, we have

det Vuxyz =1+ e)tf[ifh([&;qg . 1—)m)§H] "t eH @G f m—1) HH + %WH — qm(1 — m)¢H)]
=1 6’+'r?1—1 eiéfﬁln;_mfflf [(1—9)t+2}
i i [0
and
det Vury g — 1 — 01— 21791 qg(l 1—)m>5H1
- M [—(1 —0)H + %"[(1 _OVH — qm(1 — m)gH]]
e e
R e e ()
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and we exclude the choice m = 1 — 6. Computing the difference of the two determinants we get

0(1—0)t gm(1l —m) §
Em—(1-0) m—(1-0) [“ d““*”] |

D :=detVuxyyz —det Vuxryz = 2

Now, let us choose ¢ € R such that D = 0, namely such that solves

gm(l—m)  20(1—0)t d
m—(1-60) &m—(1-0)d+e0u+1)
implying
20(1 —0)t d
= . 3.83
T em(l—m) d+ Q0w+ 1) (3.83)
Plugging it into the expression of det Vuxry 7/, at this point equal to det Vuxyz, we get
m+0(&)
/ | = . 4
det Vuxiyy m—(l—@)’ (38)
with 0 EAu+ 1) + €d(0 — Abi + 01) + d201(1 — 201)
1-— +1)+ - t+0t) + t(1 — 20t
5(8) = — S An A . (3.85)
d §(d+E(An+1))
Notice that, if we rename the coefficients of the function for simplicity, namely
al? +bé+c¢
dé + e
computing its derivative we get
d () = (ad — be)€? — 2ce¢ — ed (3.86)
dg (d¢ + e€?)? ' '

Taking into account (3.85)), we get
ad — be = =AM+ 1)(1 — 0)d* + d*(A\p + 1) (1 — 0) (A — A\t + 6¢)
=d*(\u+1)(1 —0)0t(1 — \p) < 0,

meaning that the numerator of the derivative is a parabola that opens downwards.

Let us consider the critical case first, namely 6 = 2% Assuming that this value falls into the
interval (0, 1), otherwise it is enough to just ignore this case, we get

. Coau(l=0) ) (1= +1)
EEIJPOO(S(E) =0 = 0" <0 and gl_lg{r ) =— 54

=: 0" < 0.

Note that §* < ¢** < —(1 — 0). By (3.84)), we know we have to find m € (0,1) and £ > 0 such
that (3.82)) is verified. Assuming that det Vux/yz = %’“, so det Vuxyz as well, we get that we
have to find m € (0,1) and & > 0 such that

m = Md_ y 5(5)+A“(1d_9) . (3.87)

Note that, in this case, by continuity of the function §, we can always find £ € (0, +oo) such

that 6(¢) € (0*,0™). In particular, since the derivative is always negative in this case, indeed
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¢ = 0in ([3.86), for any £ € (0, +-00) we fall into the interval. Now we aim to find m € (m*, m**),
where

m":=0 and m" = 20— d) _2>\M—d>
are computed plugging the two values §* and §** in . Obviously the two intervals (0,1)
and (0, m™*) have a not empty intersection, implying the existence of m € (0, min{1, m**}) and
& > 0 such that det Vuxyyz = %". Since D = 0, then is verified. In particular, we can
choose £ very large and m close to 0, in order to avoid the possibility to recover the value m**,
possibly not admissible (if bigger than 1).

0

Now, let us assume 6 # % In this case we get

52?00 (&) = g = 0" <0 and 513& §(§) = sign(20t — 1) - oo.

Let us split the analysis in two, namely considering the cases 0 € (0, %) and 6 € (%,1)

separately. It is possible, since a priori we only know that ¢t > 0, that for certain choices of ¢ the

1
2t

enough, since we want to be able to choose it as %, meaning that we can always assume §(§) < 0
and we can rewrite the function in (3.84)) as

interval ( 1) is empty, but in this case we just ignore it. Moreover, we are looking for £ big

det Vuxryz = T:Ln__(’f(f)e‘) (3.88)

We now need to find ¢ big enough and m € (0,1) \ {1 — 0} such that (3.82) is verified.

det Vuxry 7/

Figure 3.7: Here is represented the function det Vuxsyz given by as a function of m
for a given &£ big enough. The red strip represents the interval of the admissible values of the
determinant. Note that choosing §(§) = ¢* the two endpoints fall exactly at the two corners of
the red rectangle.

First, let us consider 6 > %, meaning limg_, o+ 6(§) = +oo. We already know that the numerator
of the derivative in (3.86] is a parabola that opens downwards. Moreover, we have that d = d?
and, since we are in the case 6 > 2%,

¢=—(1-0)d*0t(1 - 20t) > 0,
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implying that —éd < 0 and entailing that the numerator of the derivative is negative for ¢ close
to zero, see (3.86)). This yields that the derivative of §(§) has either two or no changes of sign
in the interval (0, +o00) and it is such that

d d

lim —§(¢) = — d lim —46(&)=0".

5—1>I(§1+ d€ (&) oo an 5%114?00 dé ©
This yields that choosing a value of £ big enough implies that the function 6(£) computed in
that value is such that §* < 6(£) < 0, meaning that we can always find a value of m such that
det Vuxryz € [%, %“], in particular close to %‘, see Figure H Since D = 0, then ([3.82)) is also
verified.
Lastly, let us assume instead 6 < % This yields lim¢_, o+ 6(§) = —o0, meaning that the function
§(§) defined in (3.85)) is not monotone increasing. Indeed, we know already that the numerator
of the derivative in (3.86] is a parabola that opens downwards. Moreover, we have that d = d?
and, since we are in the case 6 < 2%,

¢=—(1-0)d*0t(1 - 20t) <0,

implying that —éd > 0, entailing that the numerator is positive for ¢ close to zero. This yields
that the derivative of §(£) has only one change of sign in the interval (0, +00) and it is such that

. d . d _

51—1>%1+ d—gc;(f) =400 and lim —§(&) =0".

This implies that the function §(§) admits a global maximum, possibly positive, in the interval
(0, 4+00) and this maximum is strictly bigger than §*. Choosing £ big enough implies that the
function §(§) computed in that value is such that 6* < §(£) < 0, meaning that we can always

@d a value of m such that det Vux:yz € [é, %“], in particular close to /\#, see Figure H Since
D =0, then (3.82) is verified also in this last case.

Note that, by (3.85)), (3.88]) and by considering det Vuxryz = ’\#, we get that
B (1 —=0) 1-46
m=ml&) == =T T ni—d

_Aau(l-6) 1-96
o o\u—d A —d

EApp( A+ 1) + Ed( M — At + 0t) 4 d?0t(1 — 20t)
EAn+1)+&d

—&dOt(\pn — 1) + d?0t(1 — 20t)

EMn+1)+&d

’)\M—F

For ¢ big enough, the function in the absolute value is positive, entailing

B 1 —0 &dOt(Mp—1) — d?0t(1 — 20t)

where c is independent of £ and ¢. Indeed, if ¢t = % then

1—0 dot(Ap—1) ot

m =
: A —d A+ 1+ ¢

while in the case t # o, if max{é, %} is small enough, we have

1-90 dat(ku—l)juw
e d ~ ct.
A —d A+ 1+ 4
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3.B Estimates in the proof of Lemma |3.29

In order to complete the proof of Lemma we need to estimate the distance between the
gradient of the laminate we constructed in all the different parts, see Figure [3.5]b, and the two
matrices defined by . In order to do so, we consider every subset of the construction in
Figure [3.5]b on its own.

First of all, thanks to , in the white part of the rectangle in Figure b, excluding the
central three pieces, we obtain

AC — Al < ct(1 +t)——
b
F(l—m)’

~ ~ 1

|AD — A| < ct(1+1)

with ¢ being a constant independent of m, t and £. Note that for £ big enough, we have m very
close to 0, implying that 1 —m > m, allowing us to say

~ ~ 1
|AD — A| < ct(1+ t)gz—m
This, together with (3.89)), yields that considering the gradient in the white area of Figure b
we get
~ ~ 1
dist(Vu, [A, B]) < dist(Vu, {A, B}) < c¢(1+ t)g (3.90)

We are now left to prove a similar estimate in the blue and red areas of the set in Figure [3.5]b.

Let us start from the red areas, namely the triangle XY Z and its symmetric one, see again

Figure b. Exploiting the explicit expression of ¢, see (3.83)), and that | = £H we get
(1—0)0t 2(1 — 0)%t%0 d

I m—(1-0) Em-(-0)drEOut D)

and
6(-1+3) 2(1 — )16 1

/
a = —

Em—(1-0)) &m—(1-0))d+&An+1)
in . This implies

02(1 — 0)212 <1_ 2(1 — 0)td >2
&((1—0) —m)? d+E&(An+1)
bol 1—10 2(1 — 0)td 2
o [(1—9)—m<1_d+£()\u+1))_1}
62 1 21 —0)t \?
== (- )

’VUXYZ - Br =

_l’_

_l’_
d d+&Apu+1
9 1 2(1 —0)t AM] 2
AR I T S A 122
+ [(1—9)—m ( at d+§()\u+1)> Ty
= )+ )+ (III)+ (IV).
Now we estimate each term on its own. Let us remark that if m is small enough, true since we
choose £ big enough, then (1 —6) —m > 1;29. Moreover, choosing % small enough, we have

21— 0)? _201-0yd N\ f
(”‘@m_@—mﬂ< d+&m+n)§cé
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For the second term, we have that, choosing max{é, %} small enough,

=0 [ 255 (- ) 1]
m 2 — — 2 4
((1—9)—m> + ((1_19)6)_mdi(1§()\5)id1)) ] SCEZ,

where we exploited that m is of order é for & big enough, see (3.89)). Assuming again that £ is
small enough, the third term can be estimated by

6> 1 201 -0t \? 1
&((1—6)—m)? (1_d+d+£(>\u+1)) =t

< ct?

(I11) =

while the fourth by

B 0 1 2(1— )t ik
(IV)_[(1—9)—m(1_d+d+§(/\u+1)>+l_d}
REIG = o 21— |
0= —m 06 —md+Ou+1)

t\2 t2
§c<m+) Sc?,

again exploiting that m is of order % for & big enough, see (3.89)). Plugging them together we

have that ) A -
t 1
4 <e &
£ €2 £2 £2

Regarding the blue areas, namely the triangle X'Y Z’ and its symmetric one in Figure b, we
can exploit again the explicit expression of ¢, see (3.83)), and that | = £H, getting

‘Vquz—B‘ <c (3.91)

-0t 201 -0)*F d

T 0 —m) I8 —mdrout D)

and
(1-0) (%‘ - ) 2(1 — )10 A
§(A—=0)—m) &((A—-0)—m)d+(An+1)

/
o = —

in (3.81)). This implies

2 0%(1 — 0)*t? 20td 2
Vuxvz — B[ = &((1-0) —m)2 <1 S d+E0On+ 1>>
20td 2
*92t2[ m< d+§m+1>) 1}
20t A 2
+£2( ( - d+§w+1>>

+[(1_19_)9_m<d . %)“‘ﬁ

=: (I) + (IT) + (ITT) + (IV).
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Considering the first term and choosing é small enough, we get

— 01— 6)%? B 20td ot
(1)—52((1_9)_m)2( d+£(/\u+1)) =

For the second term, choosing max{%, %} small enough, we get
—~ 10 20td 2
17 :0%2[ (1— )—1}
(1) (1—-0)—m d+&An+1)
( m >2+( 1-0 20td )2 <c§
(1—-0)—m (1—=0)—md+&Au+1) - &2
¢

where we exploited that m is of order ¢ for ¢ big enough, see (3.89). Assuming again that £ is
small enough, the third term can be estimated by

< ct?

— (1—0)? A 20t N\ 1
=g —g -y (4 ' areonsD) <
while the fourth by
. 1-0 AL 20t A i Mk
{av) {u—e)—m(d‘ ‘d+§(w+1>> =]
REICE )+ 19 o |
=0 -m (1—0)-—md+EAu+1)

t\?
<c (m + ) <c—,
3 &2
again exploiting that m is of order é for & big enough, see (3.89)). Plugging them together we

have that
2 t4 (1 + t2)2

<e—g (3.92)

2
‘VUX'YZ/ - B’ <c

erete

3.C Properties of the Hessian matrix in the proof of Theorem

3.34]
In order to understand whether the Hessian matrix
Hy(t,w) = =0"(t) (3 =1)" ful 20" (3 1) =207/ (0) (5 - 1)2 )
2w =1) =20g ) (h —1) 2L (M —t+ 55t —1)) = 2L g(t) (5 - 1)

of the function h defined by (3.78) on the set [1, \u] x R? is positive definite (or semi-definite),
we need to study the sign of its entries. Let us remind that the function g is defined as in (3.79)),
namely

(t) = Ap—t)(t—=1) =2+ Ap+1)t—
Ct—14+ S0 —t) D(t)
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Note that g(t) > 0 for any ¢ € [1, Au], with g(¢) = 0 if and only if ¢ = 1 or ¢ = Au. Moreover, its
denominator D(t) is strictly positive for any value of ¢ € [1, Au]. Computing its first derivative,
one gets
P (e 1 SRR T

[t—1+ (A —1)P

Moreover, computing the second derivative of the function g, one gets

Ap—1)2
g'(t) = — 2 O\
[t—14 52—t A2 D(t)3

Note that ¢”(t) < 0 for any value of ¢ € [1, Au] since D(t) > 0. Now, let us compute explicitly
the elements of the Hessian matrix of h. First,

2 _1)\2 2
olt ) = g"0) (55 1) 1o = s o (5= 1) ol

Secondly,
1 1 2
M(t) = 2L </\u—t+ 2t - 1)) — 2l g(t) <A2 - 1)

_ 1 A —t)(t—1) 1 2
o, [Au—t+>\2(t—1)—t_1+£2()\u_t) (v”) ]
_ 2 w1y
T D) a2

Lastly, we have that
1 , 1 2
v(t,w) = 2w 2 —1) —2wg'(t) F_l
1 (1= =2 -+ p2-1) /1
:2w<2_1) ll_ (L)t 2§ =D+ (- 1) (2_1)
A [t =1+ 52(Au—1)] A
2 1 —1)2
_ 2 < _ 1) Qe -1
D(t)2 \\? A2
In order to apply Theorem[L.3] since the matrix M (t) is positive definite for any point ¢ € [1, Ap],
we also need to check whether its Schur complement is positive definite (or semi-definite) at any
point (¢, w) € [1, A\u] x R%. That is defined as

(Hp /M) (t,w) = a(t,w) — (v M~ ) (t,w).

Note that 0 2
D(t
M tt)="AH 2 1
H== Ap—1)2 2

implying that

_ D(t) A 2 1 (A —1)2 1 1
(r0) 6o = S e (e =) = 5 )

Multiplying on the left side with vT we get
_ 1 /1 2 1 (A —1)2
T 1 _ _ _ 2 _
(v M v) (t,w) = @ ()\2 1> OE ()\2 1> 2 lw|* = a(t, w). (3.93)

This implies that (Hj,/M)(t,w) = 0 at any point (t,w) € [1, \u] x R?, which is a positive
semi-definite matrix, implying that the Hessian matrix Hj, is positive semi-definite again at any
point.
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Chapter 4

Global higher integrability and
Hardy inequalities for double-phase
functionals under a capacity density
condition

This chapter reports the contents of [21].

4.1 Introduction

In the present chapter, we consider the global higher integrability of quasi-minimizers to func-
tionals of double-phase type in a bounded and open set 2 C R™. To this end, not only the
regularity of the boundary datum, but also the regularity of the underlying domain itself is
crucial. In the special case of minimizers of the p-energy

/ |Vul? dx,
Q

it is well-known that the uniform p-capacity density condition, also known as uniform p-fatness,
of the complement R™ \  is optimal, see [I4I]. Thus, the question arises what the optimal
condition on € is if the integrand in the preceding functional is replaced by the double-phase

integrand
o(a,t) = 1 + a(2)t?, (4.1)

where 1 < p < ¢ < 400, and the modulating coefficient a : R™ — [0, +00) satisfies
a € CO%(R™) for some a € (0, 1]. (4.2)

Starting from [I57], P. MARCELLINI developed the theory for functionals with non-standard
growth, also known as (p, ¢)-growth, while in [20I] V.V. ZHIKOV studied minimizers of such
functionals as models of anisotropic materials. In certain models, the assumption of a continuous
anisotropy change is reasonable, for example in electrorheological fluid dynamics where the
anisotropy depends on the smooth electrical field, see [I87]. This is modeled by functionals
with a variable-exponent growth, namely F(x,t) ~ t*(*) where the function p(+) is continuous.
Other models, such as composite materials, are instead described better by clear-cut transitions
and, to this end, M. CoLoMBO & G. MINGIONE in [72] developed the regularity theory of the
double-phase functional (see also [16, 17, [I8, [71]). Indeed, the integrand defined as in

95



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 4. Global higher integrability for double-phase functionals 96

has the property that the growth rate changes harshly from p to ¢ depending on whether the
modulating coefficient a defined as in is zero. From there, an extensive literature has been
produced both regarding the double-phase functional, see [51, 52, B3, B4, b5, and integrands
with non-standard growth, see for example [22] [80, [1I05], [106] for results regarding Lipschitz
regularity, [131], 135, 144, [I76] for higher regularity results, [I77] for partial Holder regularity of
elliptic systems, and [26, 27, [116] for the case of obstacle problems with non-standard growth.
In particular, it turned out that the condition

Teqy @ (4.3)
P n

on the gap between the exponents p and ¢ is crucial for the Holder continuity of minimizers of
the double-phase functional and regularity results concerning their gradients, see [18, 109, 112].
Concerning global higher integrability, for the case of variable exponents we refer to [103], [104].
In the more delicate case of the double-phase integrand, S.-S. BYuN & J. OH in [52] were able
to deal with Reifenberg flat domains. Further, based on the local result [I128], A. KARPPINEN in
[140] obtained a global higher integrability result for an obstacle problem under the assumption
of a measure density condition on the boundary. However, the question remains whether it can
be generalized to a capacity density condition involving a notion of capacity that is adapted to
the double-phase integrand. Note that Orlicz space capacities in the z-independent case go back
at least as far as [2], see also [I, 150], and relative capacities for generalized ®-functions such
as the double-phase integrand are already in use in the literature, see [20], and were inspired
by the definitions of capacities for variable exponents, see [05]. A partial answer to the main
question above and related observations regarding such a notion of capacity are given in the
present chapter.

Indeed, in the special case of the p-energy, a key step toward global higher integrability is the
self-improving property of the uniform p-fatness condition. In the Euclidean case, it follows by
setting & = 1 in the more general result in [I55] concerning (a,p)-fatness conditions related
to Riesz capacities. Another proof for the self-improvement of uniform p-fatness in (weighted)
R™ was given in [162], and more general metric spaces were treated in [29] and [I53]. For the
case of variable exponents, we refer to [162] and [I03], while in the case of certain log-scale
distortions of L™, an analogous result was proven in [49]. In particular, we point out that the
proof by J. LEHRBACK, H. TUOMINEN & A. VAHAKANGAS [I53] relies on the equivalence of
uniform p-fatness with boundary Poincaré inequalities and pointwise Hardy inequalities, and the
corresponding self-improving property of the boundary Poincaré inequalities; for an adaptation
to the Euclidean setting we refer to the monograph [142] by J. KINNUNEN, J. LEHRBACK
& A. VAHAKANGAS. Therefore, we became interested in the connection between these types
of inequalities for the double-phase integrand and related capacity density conditions on the
complement of €. In this context, a Maz’ya type inequality is a crucial intermediate step. The
expected statement is

][ o(z, |ul) dr < 07 / o(z, |Vul) dz
B(zr) cap,, ({u —0}N B (23), Bz, 1")) Blzr)

with a notion of capacity cap,, that is adapted to the double-phase integrand. Somewhat sur-
prisingly we found a counterexample that shows that the preceding formula does not hold with
the notion of capacity introduced in [20], see Example

This led us to introduce the concepts of infimal variational ¢-capacity (see Definition and
infimal variational p-fatness (see Deﬁnition of sets. They are based on the notions of level-¢-
and infimal capacity used by S. M. BUCKLEY & P. KOSKELA in [49] in the z-independent case.
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97 4.1. Introduction

First, for a general open set O C R", we set

ag = gg(f)a(a:) and  afy = gsclelga(a;)

and we let
oot) =tP +apt? and  pb(t) =17+ abtl.

For an open ball O = B(z,r) with center z € R” and radius r > 0, we will write afm = aﬁ(z "

and gpzi’,ﬂ = ‘PE(Z e In the z-independent case a = a, > 0 the following definition coincides with
the respective notion in [49].

Definition 4.1. Let E be a compact subset of an open set O C R™ and consider a level t > 0.
Let ¢ be defined according to (4.1)) such that (4.2]) and (4.3]) hold with 1 < p < g < +o00. Then
the variational level-t-capacity associated with ¢ is given by

capfO(E;O) := inf {/o W dr : u e Lip(O),u > tXEaU’(:)O = 0}
O

and the infimal p-capacity of E in Q) is given by
capglf(E; 0) := %E(f) capfo(E; 0).

At this stage, we define local infimal p-fatness analogously to [49]. Note that in the definition we
use the auxiliary functions @. ., but later in Lemma .13} we prove that the following definition
is equivalent to the standard formulation of fatness given in (4.15)).

Definition 4.2. A closed set E C R"™ is called locally infimally o-fat at a point z € E if there
exist a constant cgy and a radius 0 < r, < 1 such that

caplZ! ({x €B(0,3) : z4rae E} . B(0, 1)> > Clat (4.4)
for any radius 0 < r < r,, where @, , : B(0,1) x [0, +00) — [0, +00) is defined by
Oor(z,t) == p(z+ra,t) =t + a(z + ra)tl. (4.5)

If there is a set S C E such that E is locally infimally p-fat ot all z € S with the same parameters
Crar and 1o, we call B locally uniformly infimally o-fat at S. Whenever S = E, we simply refer
to E as locally uniformly infimally @-fat. Furthermore, we use the notation p-fat instead of
infimally o-fat whenever ¢ = | - |P.

In Section [4.3] we prove that the local infimal p-fatness condition is self-improving. Further, our
first main result allows to use the fatness condition on the complement of the domain € in order
to prove a Hardy inequality in integral form. The special case of this result for power functions
was first proven for p = 2 in [10], and it was generalized for p > 1 in [I55, 198]. For Lipschitz
domains, there are significantly more precise results, see for example [66]. Moreover, in [49, [48]
similar results were proven in the case of certain log-scale distortions of L™.

Throughout the chapter, Lip(£2) denotes the space of Lipschitz functions u € Lip(€) with
compact support supp(u) € 2. Moreover, as usual, in the following we will denote the Holder
constant of a by

[a]O;a;O = sup M

SO s |x — y|a and [a]o;a = [Q]O;Q;Rn.
x?y 7"E y
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Theorem 4.3 (Integral Hardy Inequality). Let ¢ be defined according to such that
and hold with 1 < p < q < +oo and assume that @ C R™ is a bounded open set such
that its complement R™ \ Q is locally uniformly infimally p-fat with a radius 0 < r, < 1 and
fatness constant cgay > 0. Then, there exists a constant ¢ = c¢(n,p, q,To, Crat) Such that the Hardy
inequality in integral form

lu()| >
/an (az, dist(z, ) du
n(p—q) =

< c<1+diam(sz)a+ ; [a]o;auvuu%;g’m)p” /Q o, |Vu(x)]) de

holds true for any u € Lipy(Q). O

In order to state our second main result, we will denote the integral average of a function v in

a set E by
1
u) g = udmz/udx,
(= f, o = 5 |

and for an exponent 1 < m < 400 we generalize this notation as

= (f ‘UW)% |

Moreover, we need to introduce the restricted centered maximal operator, see [142, Definition
1.27].

Definition 4.4. Let R : R™ — [0,400| be a function. Then the restricted centered mazimal
operator Mg, is defined as follows: for any f € LL (R"), we have that Mpf : R™ — [0, +00] is
given by

£(@)| if R(z) = 0,
M= s £ ipwldy it @) > 0
0<r<R(x)J B(z,r)

Our second main result shows that the local p-fatness condition, the local infimal p-fatness
condition , a boundary Poincaré inequality, a pointwise Hardy inequality, and a mean value
version of the pointwise Hardy inequality are all equivalent; we also refer to Remark [£:2§ for
further clarification. In particular, it is surprising that the boundary Poincaré inequality and the
pointwise Hardy inequalities, as stated in Theorem [£.5] and Remark [4.28] are already equivalent
to the local p-fatness condition.

Pointwise Hardy inequalities were introduced in [124] and [143], where it was already shown that
uniform p-fatness of the complement guarantees that the domain admits the pointwise p-Hardy
inequality. In [I47] the converse, and thus the equivalence of the two was proven, see also [142]
Theorem 6.23]. In contrast, already in the case of power functions, the integral version of the
Hardy inequality is only equivalent to the local uniform p-fatness condition if p = n.

Theorem 4.5. Let ¢ be defined according to (4.1) such that (4.2)) and (4.3) hold with 1 < p <
q < 400, assume that Q C R™ is an open set, and let 0 < r, < 1 and cgy > 0. Then, the
following conditions are equivalent:

1. R™\ Q is locally p-fat.

2. R™\ Q is locally uniformly infimally p-fat with constants ro, and ceat .
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99 4.1. Introduction

3. Forany z e R"\Q, y e R", 0 <r <1, and R >0 and any u € Lipy(Q2) we have that
]{B(Z , QD;R(’UD dr < ¢(n, p, q, Cat) (1 + a;R(rVu)%_(ZT),p) ]{B(z , |rVulP dz.

4. For any z € Q such that r, := dist(z,00Q) < 1,, y € R", R > 0 and u € Lipy($2), we have
that

@;IE,R ((U)B(z,rz)) < ¢(n,p, q, Crat) (1 + a;t,R(rZVu)qB_(Z%)jp) ]é( - 7. Vul? dz.

5. For any z € Q such that r, := dist(z,0Q) < r,, y € R", R > 0 and u € Lipy(Q2), we have
the pointwise Hardy inequality

a—p
P

P (0(2) < e pr i) |1+ @ Mo (r:90) 5 (2)| D (V) ).

O

Since the local uniform infimal @-fatness is self-improving, see Section [£.3] at this stage it would
be possible to prove global higher integrability for minimizers of the double-phase functional in
Q under this condition on R™ \ 2. However, we are able to deal with a weaker condition based
on a combination of p- and ¢-fatness conditions for appropriate subsets of R™ \ Q. While it is
probably still not optimal, our method is flexible enough to consider quasi-minimizers of general
functionals of double-phase type

F:WHP(Q) — [0, +o0], Flu; Q) := / F(z,u,Vu)dx, (4.6)
Q

where the integrand F': 2 x R x R™ — R is a Carathéodory function that satisfies the inequality
ve(z,§) < F(z,u,§) <Le(x,§) V(z,uf) e QxRxR" (4.7)
with constants 0 < v < L. Instead of (4.3)), we impose the strict inequality

T4 9 (4.8)
P n
Remark 4.6. In order for the class of functionals given by (4.6|) to take only finite values, the

right class of functions to consider is the Musielak-Orlicz-Sobolev space
wheO@Q) = {f e Wil (Q) : £IVfl e LPO@)], (4.9)

see [20), Definition 3]. Note that the double phase integral defined as in (4.1)) is a generalized
convex ®-function, see Definition [1.20. So, in particular, for the double-phase integrand, the
space L¥0)(Q) is a Banach space, see Lemma .

Next, we define quasi-minimizers of F analogously to [I76, Definition 2.1].

Definition 4.7. Assume that the functional F is given by (4.6) with an integrand satisfying
(4.7). A function u € VVlf)’Cp(Q) is a quasi-minimizer, or Cg-minimizer, of F if F(x,u,Vu) €
L (Q) and if there exists a constant Cg > 0 such that for any v € WHP(Q) with supp(u—v) C

there holds
Flu;supp(u — v)] < CoFlv;supp(u — v)]. (4.10)

If Co =1, we say that u is a minimizer of F.
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Chapter 4. Global higher integrability for double-phase functionals 100

We are now ready to state the global higher integrability result. In particular, our fatness
assumption on a neighborhood of a boundary point = depends on whether a vanishes in z. If
this is the case, we assume that R™\ €2 is locally uniformly p-fat around that point. Otherwise, ¢-
fatness is sufficient. Such an assumption ensures that both fatness conditions are self-improving.
For a discussion of the optimality of the condition on €, we refer to Remark [1.31]

Theorem 4.8 (Global Higher Integrability). Let ¢ be defined according to such that
and hold with 1 < p < q < +oo. Let Q C R"™ be a bounded open set such that R™\ Q is
locally uniformly q-fat with parameters cgy > 0 and v, € (0,1] in the sense of Definition .
Moreover, if there is a point x € OS2 such that a(z) = 0, we additionally assume that there exists
re > 0 such that R™ \ Q is locally uniformly p-fat with parameters cgy and 7o € (0, min{ry, rq}]
at

P(ry) == ({x € 0Q : a(x) =0} + B(0,714)) \ Q.

Further, assume that the integrand F' of the functional F given by (4.6)) satisfies (4.7), and that
we f+wefQ)  with  fewh0(Q),

where ooy > 1, is a Co-minimizer of F in the sense of Definition @ Then, there exist 1 < g <

oo and ¢ > 1, both depending on the data n,p,q,a,[aloa,V; L, cat, Cq, 00 and [[Vul|prqrn) +
va”LP(Q,Rn); such that

(/Q 07 (z,|Vul) dx)

< c<1+dian;(§2))" [g(laa)n/ng(x,]Vu\)dx—l— </Qcp‘7(x,\Vf\)dac> +ap5;],

al=

al=

where (@) \ P() £ 0
inf a(z) if0Q\ P(%) #0,
ap 2€OQ\P(12) 2
400 otherwise,
and
1
) ap “
==min|{ 7y, | ———— ,
¢ 7\ 1+ [afo,a
and we set 7, = r, provided a > 0 on 02. We use the convention é =0. ]

Remark 4.9. Note that the dependence of the integrability exponent of Theorem [[.8 on the
gradient of u is expected for double-phase equations, since it already occurs in the interior, see
for instance [176, Lemma 2.14]. Further, tracking the constants in the proof of Gehring’s lemma,
see Lemma[{.24), shows that we may choose

1
Bla—p)
e (1+ laloa (I9ulls0ze) + IV S rn) ™)

o =min ¢ 0g, 1+

for some constant ¢ = c(n,p,q, o, v, L, ctar, Cg) > 1 and = B(n,p,q, ) € (0,1). In particular,
if a is constant, then o does not depend on Vu.
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101 4.2. Preliminaries on infimal capacity and capacity density condition

As a topic for future research, it would be interesting to investigate the notion of infimal -
capacity for more general generalized ®-functions ¢, see Remark and to extend our main
results to this setting.

The chapter is organized as follows. In Section we prove some preliminary results regarding
the infimal ¢-capacity and the infimal @-fatness condition. In particular, in Theorem [£:14]
we show that the infimal p-capacity density condition and the p-capacity density condition are
equivalent. In Section [4.3]we prove the self-improving property of this infimal p-fatness, while in
Section [f.4) we collect auxiliary results already known in the literature that we need in the proofs
of our main theorems. In Section [4.5| we prove a Maz’ya type inequality for certain functionals
with (p, ¢)-growth that will be necessary in the proofs of the first two main theorems. The
proof of Theorem is given in Section and follows the overall strategy of the proof of |49,
Theorem 2.4]. Next, in Section @ we establish the remaining implications in Theorem
To this end, we proceed as in [142, Theorems 6.22 & 6.23]. At the end of the chapter, we are
concerned the application mentioned above, namely in Section [4.8] we prove the global higher
integrability result in Theorem

4.2 Preliminaries on infimal capacity and capacity density con-
dition

In this section we prove some preliminary results regarding the infimal ¢-capacity and the infimal

p-fatness condition, with a particular focus on the equivalence between the different definitions

of local infimal ¢-fatness and local p-fatness.

First, the following truncation lemma shows that it is enough to consider test functions with
values in [0, ¢] in the definition of the level-t-capacity.

Lemma 4.10. Let E be a compact subset of an open set O C R™ and lett > 0. Let ¢ be defined
according to (4.1) such that (4.2)) and (4.3) hold with 1 < p < ¢ < +o00. Then, we have that

Capfo(E;o>:inf{/ 2V 4 e Lip(o, [O,t]%uzm’“'aozo}'
) ‘Po(t)

Proof. On the one hand, by definition of capl,(E;O) it is clear that

capl,(E; 0) < inf {/o W de : u € Lip(0, [0,4))u = txp, ulyo = 0} |
O

On the other hand, assume that the family of admissible test functions for Capfp(E; 0), namely

Ao = {u € Lip(0),u > txm, u|y, = 0} ,

is not empty, fix £ > 0 and choose u. € A%, , such that

o(z, |Vuel) ¢
———Fdx <cap,(E;0) +¢.
| PO P55 0)

Observe that u; . := min{u.,t} € Lip(O, [0,t]) with u;. > txg, ut7€|ao =0 and |Vu .| < |Vu|,
see for instance [142, Theorem 2.25] for this property of truncated Sobolev functions. Together
with the fact that s — ¢(z,s) is increasing, this implies that

inf {/ A Sl dr : u € Lip(O, [0,t]),u > txp, ul,, = 0}
O

wolt)
< [Anlud g, o [ AR gy < caplm50) 4
) Spo(t) 0] Soo(t)
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Chapter 4. Global higher integrability for double-phase functionals 102

Since € > 0 was arbitrary, this concludes the proof of the lemma. ]
Next, we prove the following upper bound for the infimal -capacity.

Lemma 4.11. Let ¢ be defined according to (4.1)) such that (4.2) and (4.3) hold with 1 < p <
q < +o00. For any compact subset E of an open set O C R™ we have that

capg‘f(E; O) < cap,(E;0).

Proof. Note that u is an admissible comparison function for capé(E ;0) if and only if tu is an
admissible comparison function for capr(E ;0), with ¢t > 0. Thus, for an admissible function u
for capglo(E; 0), we find that

/ p(z, I_V(W)I)dx:/ thVUIp+a_t‘1|VUIq dp — |vu|p+afq—p\vu|q i
o ¢olt) o tP + aptd o 14agti—p

§/ \Vu|pdx+tqp/ a|Vul?dz.
o O
Hence, for any admissible u for cap}p (E;0), we conclude that

ACANGDIN
©o(t)

< inf (/ |Vu]pdx+tqp/ a]Vu\qdaf) —/ |VulP dz.
t>0 Ie) o) Ie)

Taking the infimum over all admissible test functions u for capi,(E; O) (note that the left-hand
side of the preceding inequality does not depend on u), we obtain the claim of the lemma. [J

capl™(E; 0) = inf capl,(I; 0) < inf /O .

Further, we have the following lower bound.

Lemma 4.12. Let E be a compact subset of a bounded, open set O C R™. Let ¢ be defined
according to ({4.1)) such that (4.2)) and (4.3) hold with 1 < p < g < +oo. Then we have that

q
in . cap,(E;0)\?
Capeof(E;O) > ¢(p, ¢) min {Capp(E; 0), 0| (p|0| '

Proof. Assume that u € Lip(O) with v = 0 on 9O and u > yg. Since for any fixed z € O and

t>0
1 a(x)ti—P

WWUV}"’ |Vul?

——F———|Vu
1+ a(z)te—r
is a convex combination of |VulP and |Vu|?, we obtain that

p p q q
[ T o, [ PV
19) goo(t) 19 tP + atd

1 » at?™P q
= |\ Tr e VI TVl e
% (4.11)

2/min{|Vu]p,|Vu|q}dx
O

Z/O[|VU\pX{vu|21}+!VU|qX{Vu|<1}} dz.
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103 4.2. Preliminaries on infimal capacity and capacity density condition

By Holder’s inequality, we find that

q

_4 P
/O\VUIQX{|VU|<1}d$Z!O\1 P (/O!Vu\pX{qu}da?) :

Inserting this into the right-hand side of (4.11)), we infer

pSES

q
/ e, V() (fo IVulPX{vu>1y dw) ! N (fo IVulPx(vul<1y dw)
= > — —
@) @O(t) (fO |VU|”X{|vu\z1} dw)p |O|P
q
c(p; q) (fo |VulP dx)»
ol -1
max{(fo [VulPX{vu>1} dﬂ?) 0> }

c(p,q) (fo |VulP dm)%
max { ([, |Vulpdz)» ", [0~}

— e(p. ) main e 1o [ oVl dz?
: - cap, (F;0)\ "
¢(p, ¢) min {Ca’pp(E7 0),[0| <\O|> } :

Taking the infimum over all admissible functions in the definition of capl,(E; O) on the left-hand
side of the preceding inequality and thereafter taking the infimum over ¢ > 0 yields the claim of
the lemma. O

Y

v

Y

In Definition we defined the infimal ¢-fatness using the auxiliary functions @, ,. In [142]
on the other hand, a closed set £ C R" satisfies a uniform p-capacity density condition if there
exists ¢y > 0 such that

cap, (E NB(z%); B(z, r)) > Cpag CAD,, (B (2,5): B(z, r)) (4.12)

holds for any radius » > 0 and any point z € E. However, a simple change of variables shows
that

cap,, (E ﬂm; B(z, r)) =r""Pcap, ({3} €B (0, %) D z4rxr € E} ; B(0, 1)) . (4.13)

Noting that
c(n,p)r" P < cap, (B (2,5); B(z,1)) < e(n) "7, (4.14)

see for example [142, Lemma 5.35], we conclude that the definition of p-fatness relying on
is equivalent to the notion of p-fatness that results from choosing the special case ¢(s) = sP in
Definition

In the next lemma, we establish the analogous characterization for infimal p-fatness. To this
end, we prove that for any z € E, where E denotes a closed set, is equivalent to the
condition

capi;‘f (E NB(z%); B(z, r)) > Ceat capf;f (B (2,%); B(z, 7")) (4.15)

forany 0 <r <7, <1.
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Chapter 4. Global higher integrability for double-phase functionals 104

Lemma 4.13. Let E C R"™ be closed and let z € E. Let ¢ be defined according to such that
and hold with 1 < p < q < 4o0. Then is satisfied with constants 0 < r, <1
and ceay if and only if 1s satisfied with constants 0 < 7, < 1 and Cgy. The constants r,
and T,, and cgay and g, respectively, only depend on n, p, g and each other.

Proof. Let ¢(x,s) := s? + a(x)s?, and note that a,, = infycp(. .y aly) = infyep)alz + )
and thus

) =00, (t) =P inf 4.
Por(t) = Pga(t) + (xegl(oyl)a(z +rx)>

Further, we find that v € Lip(B(0, 1)) if and only if & = u (~=2) € Lip(B(z,r)) with u‘aB(O = 0

if and only if ﬂ|6B(Z sy = 0. Moreover, we have that

{Z‘EB(O,%) : z—l—rer}:{y;z : yEEﬂB(z,g)}

and hence that

if and only if @ >ty

>t
U= X{xEB(O,%) : z+rx€E}

Thus, u is an admissible comparison map in the definition of

capf; ({x €B <O, ;) D z4rx € E} ; B(0, 1)>

if and only if @ is an admissible comparison map for

capfp (EHB (z, ;);B(z,r)> .

For any fixed level t > 0, we compute that

Y

o Vaw)) . [ ¢&[v® ()
/B( Zr(t) dy_/B(z,r) Pr(t) !

:r"/ ¢ (z+rz, |V (%) (z)]) "

B(0,1) $o1(t)

_ rn/ 956,1 (5) Dz (x, |v (%) ($)|) du (4.16)
B(0,1) Po1(t) P01 (%)

> P Capé <{:c €B (O, %) Dzt rx € E} ; B(0, 1)>

> r”_pcapiff ({1: €B (0, %) 24T € E} ; B(0, 1)) ;

where in the penultimate line, we used that » < 1. Thus, assuming that (4.4)) is true, by Lemma

and (4.14) we have that
/ oy, !_Vu(y)\) dy > e
B(z,r) (:OzyT(t)

> ¢(n) cat cap,, (B (z,5); B(z, 7“))
> c(n) Cpat capf;f (B (2,5): B(z, r)) )
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105 4.2. Preliminaries on infimal capacity and capacity density condition

Taking the infimum over all admissible comparison maps @ and all levels ¢ > 0, this implies
(4.15) with constant g := c(n)cgat and radius 0 < 7, < 1.
Next, assuming that (4.15)) holds and using Lemma we obtain that

rP7" cap,, (E NB(z%); B(z, 7’)) > P n capg‘f (E NB(z%5); B(z, 7“))
> Geap 7P cabpf;lf (B (2, %), B(z, r)) (4.17)
> C(”a]% Q) Ctat

for sufficiently small radii » > 0. Indeed, in the last line of the preceding inequality, Lemma

and yielded
capf;f (B (2,5): B(z,r))
¢(p, ) min {Capp (B (2,%); B(z, r)) | B(z,7)] (‘B(Z,T)rlcapp (B (2, 5); B(Z,T‘)))

c(p, q) min {c(n, p)r" P, c(n, p, q)r" 1}

= C(”? p7 q) /”'n_p,

B

Y

|

Y

provided that the radius r is small enough depending on n, p and q. Therefore, applying once

again Lemma and then (4.13)) and (4.17]), we conclude that

Cap}fzfr ({QJEB(O, %) : z—l—T‘xEE};B(O,l))
min{capp <{x€B(O,$) : z-f—m:EE};B(O,l)),

|B(0,1)] (\B(O, nt cap, <{:U € w cz4rr € E} . B(0, 1)>>Z }

. q
= min {rp_"capp (E N B (z, %), B(z,r)) ,e(n,p,q) (rp_”capp (E N B (z, %), Bz, 1"))) p}
Z C(na p7 Q7 éfat)'
Thus, (4.15]) implies (4.4) with a constant ¢,y := ¢(n, p, ¢, ¢t ) and radius r, = 74(n, p, ¢, 7). O

Lastly, in the next result we want to show the equivalence of local infimal @-fatness and local
p-fatness.

Theorem 4.14. Let ¢ be defined according to (4.1)) such that (4.2]) and (4.3]) hold with 1 < p <
q < +00. A closed set E C R™ is locally uniformly infimally ¢-fat in the sense of Definition[{.3
if and only if it is locally uniformly p-fat.

Proof. On the one hand, assuming that (4.4]) holds true, by Lemma we have that
cap,, ({l‘ €B (0, %) D z4rr € E} ; B(0, 1))

> captf ({x e B (0, %) D z4rx € E} ; B(0, 1)) > Cat

Y

Pz,r

and by Lemma we have the first implication.
On the other hand, for any radius » > 0 smaller than some 7, = 7,(n,p,q) < 1, by (4.14]) we
obtain that

|B(z,7)['"7 cap, (B (2, 5); B(z,7))

SES

> c(n,p,q)r"" 1> c(n,p,q)r" P

(4.18)
> c(n, p,q) cap, (B (2,5): B(z,r)) :
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Therefore, if E is locally uniformly p-fat, by Lemma [£.12] we find that

capi;lf (E N B (z, %), B(z,r))

v

min {Capp (ENB (2 5):B(27r)),|B(z7)" 7 cap, (ENB (2, ); B(z,7)

vV

N

=
"R N~
—— = e
w_/

S aq -
> min {éfat cap,, (B (z,5): B(z, )) NG ]B(z,r)]k% cap, (B (2,%); B(z,r))
> Ctat (n7p’ q, éfat) capy, (B (Za %) ) B(Z7 T))
> Efat (n7p7 q, éfat) Ca‘pglf (Wv%)7 B(Z7 T)) .

for any radius 0 < r < 7,(n,p,q), where in the last estimate we used Lemma In view of
Lemma this shows the claim of the lemma. O

4.3 Self-improving property of the infimal p-capacity density
condition

In this section we prove that the infimal p-fatness condition is self-improving. We begin with a
slightly more precise version of the classical result for the p-capacity density condition. Essen-
tially, we refer to the proof of [142, Theorem 7.21], which relies on the equivalence of p-fatness
of the complement with the boundary Poincaré inequality [I42, Theorems 6.22 & 6.23], and the
self-improvement of the boundary Poincaré inequality in [142, Theorem 7.24], with the minor
difference that we track the centers and radii of the balls in these proofs. While we will not
need the improvement in this section, we will use it in the subsequent section when proving the
global higher integrability result.

Theorem 4.15. Let 1 < p < 4oo. Assume that E C R™ is a closed set and that there
exists B(x,r,) with x € E such that E is locally uniformly p-fat in the sense of Deﬁm'tion
at E N B(xz,r,) with some constant cgy and rg > 0. Then there exist € = &(n,p, cat) with
0 <e<p—1and a constant oy = Crat (N, P, Crat) Such that E is locally uniformly (p — ¢)-fat at

E N B (x,79) with the parameters ¢y and Ty, where 7o := %min {ra,m0}

Proof. We can assume without loss of generality that

min {rq,ro}

(R”\E)ﬂB(m, .

) #0.

since otherwise B(z,§) C E for every 0 < ¢ < M and z € B (a:, %) Thus there
is nothing to prove in this scenario.
From the proof of [I42] Theorem 6.22] it is apparent that the local uniform p-fatness of E at

E N B(xz,1,) yields the boundary p-Poincaré inequality for any test function u € Lip, (R™ \ E)
and ball B(z, ) with z € EN B(x,7,) and ¢ < ry. Next, we need to ensure that this inequality
is self-improving by tracking the balls in the proof of [I42, Theorem 7.24], in particular [142]
Lemma 7.29], where the p-fatness condition is applied to smaller balls contained in B(z, p). In
our setting, the p-fatness condition can be used for every ball in B(z,0), z € EN B (z, %‘l),
with parameters cgy and 19 > 0, provided that we have ¢ < min {%,ro}. Thus, we obtain
the boundary (p — ¢)-Poincaré inequality for any test function u € Lipy(R"™ \ E) and any ball
B(z,0) with z € EN B (z,%) and ¢ < min {%,70}. Now, let us pay attention to the proof of
[142, Theorem 6.23], in particular the step from (b) to (c). There, a boundary point z € JF is

selected corresponding to some y € R™ \ E and the boundary Poincaré inequality is applied to
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107 4.3. Self-improving property of the infimal (p-capacity density condition

the ball B(z,dist(y,F)). In our setting we therefore need that dist(y, 0F) < min {%,r¢} and

z to be contained in B (x, %). This however is the case if y € (R"\ E)N B (x, %‘”0}) which
is nonempty by assumption. Therefore, we obtain the pointwise (p — €)-Hardy inequality

1

[u(y)| < edist(y, OE) (Magss(yom) [ Vul (1))

for any u € Lipy(R™ \ F) and any y € (R"\ E)N B (x, M) According to [142], Theorem
6.23], namely the step from (c) to (d), this implies the pointwise (p—¢)-Hardy inequality for any
ye (R"\E)NB (w, %) Let us now consider the step from (d) to (a) in the proof of [142]
Theorem 6.23]. There, the authors establish that E' is (p —e)-fat at a point z € E in the sense of
Definition with parameters 7y and ¢g,¢, provided that the pointwise (p — ¢)-Hardy inequality
can be applied to every y € (R"\ E)N B (z, %0). But if we choose 7g = % and assume

z € EN B (z,7) this is quite certainly possible due to the previous comments. Therefore, E' is

locally uniformly (p — ¢)-fat at £ N B (z,79) with the constant ¢py and 79 = w. O

Based on Theorem and the lower bound in Lemma [4.12) we are now ready to prove that
the infimal ¢-fatness condition is self-improving.

Lemma 4.16. Let ¢ be defined according to such that and hold with 1 < p <
q < +oo. Assume that E C R™ is a closed set which is locally uniformly infimally @-fat in
the sense of Definition with some constant cgy. Then there exists € = e(n,p, q, Crar) with
0 <e<p—1and a constant égay = Ceat(n, P, q, Crat) Such that E is locally uniformly infimally

¢1*%-fat for the constant Ceas.

Proof. Let § > 0 to be chosen. We start the proof with the estimates

% ( p(1=0) 1 al_étqu_‘s)) < max {tp(l_‘s),al_‘stq(l_é)} < (7 + at9)'™? (4.19)
and
(17 + at?) '~ < 210 max {#P(179) g1 =0pa(1=0)} < o (p(1=0) 4 g1=bpa(1=0)) (4.20)

which are valid for every ¢ > 0 and a € R>q, in particular for the choices a = a(x) as in (4.2))
and a = a, for any open set O C R". Now, we define the auxiliary function ¢ by

Bla,t) = 170 4 g1 70 () 9179

Since the proof of Lemma [£.12] only relies on the boundedness of a, which is also satisfied by
a'=% we may apply Lemm to @ with the parameters (p(1 — ), q(1 — 0)) replacing (p, q).
Furthermore, we observe that Theorem yields the existence of cf,; > 0 depending only on
n,p,q and cgy such that E is locally uniformly p-fat with fatness constant cf,,. Now, Theorem
allows us to infer the existence of some € = ¢(n, p, ¢,;) € (0,p—1) and &, = &, (n, D, ¢5p) >
0 such that F is locally uniformly (p — ¢)-fat with fatness constant ¢f,,, namely such that there
holds
cap,_. (E NB(z,%5); B(z,r)) > Efapcap, . (B (z,5); B(z,r)) )

Additionally, analogously to (4.18)), see in particular [I42, Lemma 5.35], for any radius r > 0
that is smaller than some 7, = 7,(n, p, ¢, ¢;,,) < 1 we have the chain of inequalities

q

_4 e
"7 cap, . (B (=.5): B(e,))”
0 2 el pg) (E,) P 07

cap,_. (B (2,%); B(z,r)) :

* q
(Chat) ? [B(z,7

~—

hSESY

Z C(nap7 Q) (é%kat)
> c(n,p,q) (Chay)

SES
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Hence, we conclude from Lemma[4.12] the penultimate inequality, and Lemma [£.11] that, choos-
ing 0 = £,
P

caplnf (E NB(z5); B(z,r))
> ¢(p, q) min {capp - (E NB ( %) B(z,r)) ,|B(z, r)|1_% cap,,_. (E N Bz, %), B(z,r))f;}
¢(p, q) min {é?atcapp_e (B (2, %);B(z,r)) , (é;at)% ]B(z,r)]l_% cap, . (B (z,5): B(z,r))fa}

. -
> ¢(n,p, ) (¢)? cap,_. (B (2, 5); B(z,7))

> (n,p,q) (G)? cap’ (B (2,5): B(z,7))

Vv

for any 0 < r < 7,. This shows that F is uniformly infimally cp—fat
It remains to show that this is equivalent to uniform infimal <p »-fatness for § = %. To this

end, consider any compact subset E of an open set O C R", and a function u € Lip(O) that
satisfies u > tx g for some ¢ > 0 and u]ao = 0. Since (4.19) and (4.20]) imply that

L[ Val) [ BV [ B V), [ V)
i CHON </, o /| o) " <af (o)

we immediately deduce that

! caupmlf < (E;0) < capmf(E 0) < 4cap (E;0).

4

_£
P

Together with the penultimate inequality, this shows that F is uniformly infimally wlf%—fat with
q
constant égy := c(n,p, q) (¢,,) 7, namely the claim of the lemma. O

4.4 Auxiliary results

In this section, we collect auxiliary results that will be needed in the rest of the chapter.
First of all, note that by assumption (4.3]), the exponent ¢ always lies in one of the following
intervals, depending on p:

a n+ o n
l<g<p+ P p< 2

< if1<p<n,
n n n—p (4.21)

1<qg<+o00 if p>n.

We begin with the following Maz’ya inequality for the p-energy. While the statement holds for
general p-quasicontinuous functions, see [142, Theorem 5.47], we only formulate it for Lipschitz
continuous functions. For a more general version see [28, Theorem 6.21].

Lemma 4.17. Lat 1 < p < 400 and let u € Lip(R"). Further, let 1 < s < 2 pr < n and
1 <s < +ooifp>n. Then, for any ball B(z,r) C R"™ there exists a constant c = c(n D, S) such

that ,
(][ |ul® dl") < EE— / |Vul|P dx.
B(zr) cap,, ({u =0} N B (z,5%); Bz, 7“)) B(z,r)




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

109 4.4. Auxiliary results

For the Poincaré inequality for functions u with zero boundary values involving the double-phase
integrand ¢, we refer to [176, Theorem 2.13], see also [72, Theorem 1.6 & Remark 2] for the case
% <1+ 7. By Holder’s inequality, the statement of the following lemma holds in particular for
0=1.

Lemma 4.18. Let 2 C R™ be a bounded and open set and consider a ball B(z,r) C Q with 0 <
r < 1. Let ¢ be defined according to such that and hold with 1 < p < g < +00.
Then, there exists a constant ¢ = ¢(n,p,q) > 1 and an exponent 0 < 6 < 1 depending only on
n,p and q such that

|u - (u)B(z,r)’ g—p 0 Il
][B(z,r) ¥ (JU, - dr <c (1 + [G]O;aHVUHLp(Q)) ]é(zm) o(z, |Vul)” dx

holds for any u € WLP(Q2). Moreover, in the above estimate one can replace u — () B(zy) by v
if ue WyP(B(z,1)). O

=

Next, for the p-Hardy inequality we refer to [142, Theorem 6.25]. The following result was first
proven for p = 2 in [10], and it was generalized for p > 1 in [I55] [198]. While global p-fatness is
assumed in [142] Theorem 6.25], the proof shows that an analogous statement holds for bounded
sets 2 under the weaker local p-fatness condition.

Lemma 4.19. Assume that Q C R™ is a bounded and open set such that R™\ Q is locally p-fat
with parameters cgy > 0 and r, € (0,1], with 1 < p < +o0o. Then, there exists a constant
¢ =c(n,p,ro, crat) such that the p-Hardy inequality

(@)l [
—————dx < P
/Q dist(x, 0Q)P r=e Q Vul” d
holds for any w € Lipy(€2). O

In the following, we use a Whitney cube decomposition of {2, namely a decomposition into cubes
whose diameter is comparable to their distance from 0€2. The following statement can be found
in [I89, Chapter VI], see also [142] Lemma 8.9].

Lemma 4.20. Assume that  C R" is a non-empty open set. Then there exist pairwise disjoint
half-open dyadic cubes Q; C Q, i € N, such that Q = ;2 Qi and

diam(Q;) < dist(Q;, 9Q) < 4diam(Q;) Vi e N.
O

Remark 4.21. Let Q C R"™ be an open set and assume that W is a Whitney cube decomposition
of Q according to Lemma[{.20. For k € Z, define

Wy = {Q eW : diam(Q) = 2’“}.

Checking the construction in [189, Chapter VI], we observe that for any k € Z the Whitney cubes
Q € W,, have vertices in 27, Therefore, for any fized constant C > 1 and k € Z, the enlarged
cubes CQ with side length C' 2% and the same center as Q have bounded overlap depending only
on C and n in the sense that

3 Xeolz) <c¢(n,C) Ve
QEWy
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Chapter 4. Global higher integrability for double-phase functionals 110

The following result concerning the restricted centered maximal operator, defined in Definition
can be shown by combining [I142] Remark 1.29], [I42, Theorem 3.4] and [142] (4.1)], see also

22, (6.12)).

Lemma 4.22. Let u € Lip(R"), z € R", r > 0 and s € (1,00). Then, we have that

* < C(n, 8) Mo (|rVul®)(2).

[u(z) = (W) ()

Now we recall the following iteration lemma, which is a special case of [117, Lemma 6.1].

Lemma 4.23. Let ¥ € [0,1), A,B > 0 and o > 0. Further, let 0 < a < b and assume that
¢ : [a,b] — [0,400) is a bounded function satisfying

A
(s = 1)

o(t) <9 d(s) + + B foralla <t <s<b.

Then, there exists a constant ¢ = c(a, V) such that

gﬁ(a)gc[(b_a)a—i-B].
O

The higher integrability will be proven by means of a Gehring-type inequality. According to
[117, Corollary 6.1 & Theorem 6.6] and [140, Lemma 3.7] we have the following result.

Lemma 4.24. Let z € R™ and let r > 0. Let g € LY(B(2,7)) and h € L3(B(z,7r)), for some
s > 1, be non-negative functions. If there exist 6 € (0,1) and ¢, > 0 such that

1
9
][ gdx < ¢y <][ gad:E) +][ hdx| ,
B(z,r) B(z,6r) B(z,6r)

then there exist ¢ = ¢(n,s,0,c.) >0 and o = o(n,s,0,c.) > 1 for which there holds

1 1
<][ qg° dm) <c ][ gdx + <][ h? dx) .
B(z,r) B(z,8r) B(z,8r)

O

4.5 A Maz’ya type inequality involving the double-phase func-
tional

In this section, we show the following Maz’ya type inequality for certain functionals with (p, q)-
growth.

Lemma 4.25 (Maz'ya type inequality). Let z € R™, r > 0 and u € Lip(B(z,7)). Let ¢ be

defined according to (4.1)) such that (4.2) and (4.3]) hold with 1 <p < q< +o0. Let 1 <m <p
and, if m < n, additionally assume that ¢ < . Further, let us define

Z = {xEB(O,%) : u(z—i—m’)zO}



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

111 4.5. A Maz’ya type inequality involving the double-phase functional

and let y € R™ and R > 0 be arbitrary. Then there exists a constant ¢ = c¢(n,p,q, m) such that

f veatu)da
B(zr)
pP—q

_ clnp.g.m) [1+ ag peap, (2 BO.))F Vgl )] /
= cap,,(Z; B(0,1))m

Proof. By (4.13), we can rewrite the classical Maz’ya inequality of Lemma where instead
of p we consider the exponent m, as

r
m

|rVu|™ dm)
B(z,r)

S

c(n,m,s)rm="m / "
ul®dr < Vul"dz| .
][B(z,r) | | [Capm(z; B(Ov 1)) B(z,r) ’ | ]

Since Lemma is applicable with s = p and with s = ¢, due to (4.3 and the assumption of
the lemma, we obtain that

+ _ P + q
Ghpllul)ds = (luP + adglul?) da
][B(Zﬂ") Y B(z,r) ( Y )
c(n )r " " c(n,qg,m)r—"
7p7 m m :l: 9 3 m
< rVu|" dz +a / rVu|™ dx
(Capm(Z; B(O7 1)) /B(z,'r) ’ | ) vl <Capm(Z, B(O, 1)) B(z,r) ‘ ’ )

= c(n, p,m) > ][ [rVu|™ dx
Capm(Z; B(07 1))% B(z,r)

3la

I

c(n,q,m) @ peap,,(Z: BO, )7 (V)L -
+ v.it . Bzr), ][ |rVu|™ dx
capm(Z; B(O, 1))5 B(z,r)
e, p, q,m) [1+ 4 g cap,, (Z: BO, 1) (rTu)i? ] "
< - — ][ [rVu|™dx | .
capm(Z; B(O, 1))% B(z,r)
This concludes the proof of the lemma. O

Remark 4.26. The preceding premise ¢ < = of the lemma is somewhat opaque. Accordingly,
in the following we will derive a parameter range for m where this inequality is satisfied. We
start with the observation that the requirement (4.3)) on the ratio % implies the upper bound

Q@
qu(1+) <p+?.
n n
From this upper bound we can deduce for 1 <p <mn and 0 <p <p—1 that

nlp—p) __ nlp=p) nmp+p _ p*n—pn+p®—p(n’+pn+p)

n—p+p ~ n—p+p n n(n —p+p)

and the latter is non-negative if

2, _ 2

0<p<nornts

ne+pn+p

We conclude that the assumption q < "= of the previous lemma is satisfied if there holds
2
max < 1, M <m<p.
n“+pn+p

In particular this parameter range is nonempty and contains p.
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Example 4.27. At this stage, a natural question is whether a Maz’ya type inequality of the
form

£ stwluds < E— [ etwlvi)ds
B(zr) cap,, ({u=0}NB(3), B(2,7)) /pen)

could hold with a capacity cap,, that is better adapted to the double-phase integrand ¢ (for
example the variational p-capacity defined in [20]) and a constant depending on the data n,
p, ¢, a and possibly on u or Vu in a reasonable way. In particular, we expect that |u| and
|Vu| should appear on the right-hand side with a non-negative exponent. However, the following
counterexample shows that such an inequality can only hold with a notion of capacity satisfying

cap,, ({u =0}nAB (z, g) ,B(z, 7")) < cap, ({u =0}NAB (z, g) ,B(z, r)>

up to a multiplicative constant. The problem already appears for the x-independent integrand

©o(8) = 8P + a,s?

with p < n, a, > 0, and Lipschitz functions u with small function values and small gradient in
small balls.

Indeed, let us consider balls B(0,7) with 0 < r < 1 and functions u, € Lip(R"™) given by
up(z) := (|2 = §), . Since 0 <wu, < 1in B(0,7), we have that ul < uf in B(0,7) and thus that

][ ub dx §][ Voluy) dr < (1+ ao)][ ub dx.
B(0,r) B(0,r) B(0,r)

Using polar coordinates, we compute that

r\P r r\P
][ ub dz :][ (m| - ) dx = c(n)r_"/ (t - > t" 1 dt.
B(0,r) B(0,r) 2/ z 2

n—1 1 r p+1
) p+-1(2>
n—1 r P
IIVAGHE
2
r r\P .
t—— | t"dt
(--3)
1

<t [ (=Y g L
B 3 2 wHi(p+1)

combining the preceding three inequalities yields

<

Since

|3

1 7ﬁn-l—p — (
2 P(p + 1)

(

Il
bl =
(M1

IN
wm\

e(n,p) P < ][ coluy) dz < cn, p, ag) 1”.
B(0,r)

Next, note that
x

Vu,(z) = m X]R”\B(Oé)(aj)'
This means that

r

/B(Om) Po(|Vuy|) da = /B(o,r>\3(o,r)(1 + ao) dz = c(n) (1 + a,) (r” - (2)n> = c(n) (1 + a,) r".
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113 4.6. From the fatness condition to an integral Hardy inequality

We conclude that an inequality of the form

]{B(om) wo(ur) dr < Q(r)/ 00|V, |) da

B(0,r)
can only hold for a quantity

c(n,p,ap) '
cap,, ({ur =0} N B (0, %),B(O,T‘))

Q(r) = c(n, p,ao) r’" =

For the last estimate, we have taken into account (4.14)) and the fact that {u, = 0} = B (0, %).
In contrast, note that the variational p-capacity of a compact set K in an open set O O K set
is defined by

cap,(K,0) = inf{/otp(\Vu])das s u € WH(0;R>0) N CYO),u > 1 in K}

see [20, Proposition 20]. In our case, we have that WH?(B(0,r)) = W14(B(0,7)). In order to
estimate cap,, ({ur =0}NB(0,%),B(0, 7")), first note that by Poincaré’s inequality

c(n)r = ‘B (0, ;)‘ < / lu|?dx < ¢(n,q) rq/ |Vu|?dx
B(0.5) B(0.r)

for any u € Wol’q(B(O, 7)) such that w > 1 in B (0,%) and, analogously,
c(n)r™ <c(n,p) rp/ |Vul? dz
B(0,r)

for the same class of functions. Recalling that r < 1 and taking the infimum over all admissible
functions in the definition of cap,,, this shows that

1
min{1, a,}

< ¢(n,p, g, a,) cap,, ({ur =0} NB(0,5%),B(0, 7‘)) )

r" 79 = max{r" P "7} < (r" P+ ap,r"79)

Since for any constant C' there exists a radius rc such that Cr?i~" < rP™" for any 0 < r < r¢,
M -1

this in turn implies that cap,, ({ur =0}NB(0,%),B(0, r)) is essentially smaller than rP~™.

Therefore, a Maz’ya type inequality does not hold with this notion of capacity in the denominator

on the right-hand side.

4.6 From the fatness condition to an integral Hardy inequality

This section is devoted to the proof of Theorem in particular proving an integral Hardy
inequality assuming the fatness condition on the complement of the domain 2.

Proof of Theorem[].3 Let us assume that diam(Q) < % In that case, our goal is to prove that
there exists a constant ¢ = ¢(n, p, q, 7o, Crat) sSuch that

/ng (a:, chJ‘?(Ec%) de <c (1 + [a]o;a||Vu|]%;1(nﬂ))1"%1 /ng (z,|Vu(z)]) dz (4.22)
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holds for any u € Lipy(€2). Provided that this is true, we can then show the claim for general
domains by transformation. Indeed, fix A := diam(Q) and set Q := %, u(y) = % and
@y, t) = p(2\y, t). Note that diam(Q) < % and that @(y,t) = t? +a(y)t, where a(y) := a(2\y)
is Holder continuous to the exponent o with [@]o. = (2A)*[a]o,o. Further, taking into account
that dist(2Xy, Q) = 2\ dist(y, dQ) for any y € Q and that Va(y) = (Vu)(2\y), the preceding

inequality yields
/Q“)(x’ dist(r, 00)) 7 J5 2 P Gsiang,on) ) BV
n = [a(y)|
= 2)\ s T~ d
(@) /§(p<y dist(y,00) ) Y

P

e (1+ @oal Va0 ) /ﬁm, V) dy

LP(Q)

IN

P
—1
n(p—q) P

1A o ([ I(T0@MPEN" ) M] :

IN

c

/ﬁso(?/\y, (Vu)(2M9)]) (20)" dy

p

_ p—1
ol Vullis) ™ [ o) da.

=c (1 +2F e

where ¢ = ¢(n,p, q, 7o, Ctat)-

In order to deduce for domains with diam(2) < %, we argue in the following way. Let W
be a Whitney cube decomposition of  in the sense of Lemma [£.20] For each cube Q € W, let
xq € 0N be a point such that dist(Q, 082) = dist(Q, xg) and note that the ball Bg := B(zq,rq)
with r¢ := bdiam(Q) contains (). Moreover, there exists a constant C' = C(n) such that the
cube C'Q, namely the cube with the same center as @ and diam(CQ) = C diam(Q), contains
Bg. Next, for k € N we set

U= J @ with We:={QeW : diam(Q)=27"},
QEW

and

Q= U Q-
m=k
For k, := [2 +1og(C)] and @ C Qy for k > k,, we have that CQ N C Qk_ko. Moreover, there
exists k1 = ki1(n,r,) > ko such that rg < r, for any W > Q C ﬁkl. Let u € Lipg(Q), 0 < f < 1
and let us abbreviate d(x) := dist(x,0). Applying Lemma to u/ ré;ﬁ with the parameter
choices (1, R, z,y,m) = (rg,rqQ,xq,xq,p) and using the fatness condition in conjunction
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115 4.6. From the fatness condition to an integral Hardy inequality

with the upper bound from Lemma for any W= Q C ﬁkl we obtain that

/Q v (3” d’fi(; é)) = /&”5 (d’ﬂ(f <)i~>> e

-l
< c(q) /BQ Crorg (1" P lu(@)]) da
-3 q—p
- _
3 1+ CLjC_QJ,Q cap,, <{ZL‘ €B (O, %) D u(rg +rox) = O} ; B(0, 1)> (rQBVu) B
<c —
cap,, ({:I; €B (O, %) s u(rg +rox) = O} ; B(0, 1))
/ ‘ré'BVu(x)‘p dx
Bq
-8 q-p -8 p
<c [1—1—&3@ ro (rQ VU)BQ,p /BQ ‘T’Q Vu(x)‘ dx

with a constant ¢ = ¢(n, p, ¢, ¢tat). By means of Holder’s inequality, Holder continuity of a, (4.3)
and the facts that 5 > rg > d(z) for any z € Bg, Bg C CQ and u € Lipy(2), we estimate the
right-hand side of the preceding inequality by

a;Q,TQ (réﬂVU)qBQpp/B ‘réﬂVu(x)‘p dx
P/ Bq

< (a;erQ + [a]o,a(ZrQ)o‘) (r655Vu)quQpp/B ‘765Vu(x)‘p dx
PJBq

a_na=p)

/BQ 200 ‘TQ5VU( )’ dr +claloarg *

q—p )/ (a:
Lr(©) CQQQ(’D ’

with a constant ¢ = ¢(n, p, q). This leads us to
, réﬂVu(a:)D dx

/ng (:U, m> dr < c (1 + [alo.a Hdiﬂ(x)Vu(a:) Zfﬂ)) /C'QmQ ® (:U
(4.23)

for any cube W 2 @ C le with ¢ = ¢(n,p, q, ctat). Summing the inequalities (4 related
to Q € Wy for some k > ki, using that the cubes CQ with Q € Wk have unlformly bounded
overlap depending only on the space dimension n, see Remark 4 that CQ NQ C Qk k, for
any Q € Wy, and finally that rg = 5/n2~ k for any Q € W, we 1nfer

oo (= )
<c (1 + [a]o;a Hd_ﬂ(:p)Vu(x)HqL;fQ)) Qg;\;k /CQmQ @ (fE,

Sc(l o |4 (@) Vula >Hi;fm) ZOO /f

q—p

-5 p
L7(Bo) /BQ ‘T‘Q Vu(x)’ dx

réBVu(:E)D dz,

IN

‘réﬁVu(m)‘

IN

c (1 + falo 4P (@) V)

réBVu(x) D dx

(w, 2k u () D dzx.
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Now, summing over k > ki, we conclude that

/a,ﬂ o (s atvie) o

< ¢ (1+ ol [P @)V Hz;;)jjm/ @) o
m-tko
<1+ on v}, ) 3 iw( @)
m=ki—ko V m k=Fk,

At this stage, we compute
m—+ko

Z (p(:v, QkBVu(m)D = i cp(x ‘2j52m’BVu( )D —l—f:cp( ‘2jf32m5Vu(x)D

k=k; j=ki—m =

< i 279 (=, ‘2m5vu )

7B ( ‘Qm'BVu(x)D

||F1?T

j=—o0

)
k0+1
_ (1_12_pﬁ+ S 1) o (2, ]2V u(a)
(.

1 2koq
S(1_2—175—’_1_2 qﬁ) D

In the last line, we have used that 0 < f < 1. By the mean value theorem, for s € {p, ¢} there
exists 0 < # < 8 < 1 such that

(4.25)

| 9B g0 g8 g <dC; 2—86> (B) = B1n(2)s27*° > 5 In(2) s2°°,

which is equivalent to
1 < 28
1—2-56 = In(2)s 3’
Inserting this estimate into the right-hand side of (4.25)) and recalling that k, depends only on
n, we find that

m-tko

> e

k=k1

@)

(2)]) < em.p. ) ;so (=

In turn, plugging the preceding inequality into (4.24) and using that
27 > 1diam(Q) > ldiam(Q) + L dist(Q, 092) > 1 d(x)
-2 — 4 16 ’ — 16

for any © € Q C Q,,, we conclude that
|u(x)] )
p <a:, dz
/% 179 (a)
<cf1 d P (@) Vu@)|" " ) g >
< c |1+ [d]oa (x)Vu(z) . > o ®

§c<1—f—[a]0;a dP(@)Vu()|" " >B‘1 +ZOO / @

IN

e (1+ oo [ @ vu@),0 ) 57 [ o (o
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117 4.6. From the fatness condition to an integral Hardy inequality

Moreover, since d(z) > 275 in the complement of le, k1 depends only on n and r,, and we
have that 8 < 1, by applying the Poincaré inequality for functions with zero boundary values
of Lemmam (since supp(u) €  and diam(€2) < 3, we may replace { with by a suitable ball
B(z,,1) as the domain of integration) we obtain that

/Q & ¢ (:c d’fi(;()x’)) do < /Q - o (2,22 u()]) do

< e (14 [aloa | Vu(@)||%F)) /Q o (x, |Vu(x)]) dx

with ¢ = ¢(n,p,q,7,). Adding (4.26]) and (4.27) and using that d(z) < 1 and 8 < 1, we have
Vu(z)

that
fyo (o atsngey) o< (14 [ @wul[5,) 57 [ (]G5 )

with a constant ¢ = ¢(n, p, ¢, 7o, Ca). Next, replacing u in the previous inequality by v := dPu e
Lipo(€2) and using that

(4.27)

IVo| < Bd°u+ d°|Vul

leads us to

oo Gl ) = o (i) o

< e (Lt oa -t @Te@l ) o7 o (= Zﬂg)))d
<C<1+[a]o;aHﬁd_l(w)U(w)‘ipfm ol Vull 177, ) 57 (4.25)

Q?

'/Q<,0< e )d:r—i—/ z, |Vulz )|)dx]
< e (Ut aoal Tulfsly) [0 [ o (o [50]) o5 [ o iTu dal

In the penultimate line we have used that, by Theorem [£.14] and thanks to the assumption that
holds, R™\ Q is p-fat and thus the p-Hardy inequality in Lemma holds. At this stage,
we derive a Hardy inequality by reabsorbing the first integral on the right-hand side of
into the left-hand side. Indeed, we choose

_1
8= [2¢ (1+ [aloal Vulle)) | 7T <1,
where we assumed without loss of generality that
1

201+ [aloal[Vul ohy)

Indeed, in the opposite case we can estimate ¢ from above by the same number and then,

1
choosing 8 := 2 »-1, we have the desired statement. This choice of S yields

Lo (o500 ar< g [ o (0500 dote(1+ ol Vultsfy) 570 [ oo [Tuta)) da

and hence
IU($)|> p T /
dr <cl1 - b )P d 4.2
o (a5 ) de < (1+ ol Vullst) ™ [ e Vu@) dr (@429)
holds with a constant ¢ = ¢(n,p, q, 7, ¢tat) for any u € Lipy(£2). This concludes the proof of the
theorem. O
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Chapter 4. Global higher integrability for double-phase functionals 118

4.7 Equivalence of fatness, the boundary Poincaré inequality,
and pointwise Hardy inequalities

In this section we finally show Theorem in particular proving that the infimal ¢-fatness

condition (4.4]), the boundary Poincaré inequality and the pointwise Hardy inequality are all

equivalent. Moreover, in Remark [£.:28 we give more details on what happens considering being
in the two different phases of the functional.

Proof of Theorem[{.5. As a first thing, note that the equivalence of and has already
been proven in Theorem Now, we show the implication from to . To this end, fix
zeR"\Q,yeR", 0<r <r, R>0andu € Lipy(2). For the extension of u by zero, we have
that u € Lip(B(z,r)). For simplicity, denote

7Z = {xEB(O,%) : u(z+rac)=0}.
By Lemma and (2) we have that
cap,(Z; B(0,1)) > cap%lf(Z;B(O, 1))

> capi';vlf <{x €EB (O, %) s z4rreR™\ Q} ; B(0, 1)) > Cat-
Thus, applying Lemma [£.25] with the particular choice m = p and estimating the factor on the
right-hand side by the preceding inequality, we obtain that

pP—q

[ ctauds < e[+ anoan, 2 B0.0) 7 0T, [ v
© ul|) dx < rVulP dx
B(z,r) vR Ca’pp(Z; B(Oa 1)) B(z,r)

B(z77ﬁ)7 }
< . / |rVulP dx.
Cfat B(z,r)

Dividing by |B(z,r)| yields (3).

We proceed by establishing that implies (). To this end, let z € Q with r, := dist(z,0Q) <
To, ¥y € R", R > 0 and u € Lipy(€2). Without loss of generality, we assume that u > 0 (otherwise
one can replace u by |u|). We choose w € 99 such that |w — z| = r,. By the fact that
B(w,r,) C B(z,2r,), Jensen’s inequality, , and the classical (p, p)- and (g, p)-Poincaré
inequalities, see for instance [I142], Theorem 3.14], we obtain that

p—q
:t -
c [1 +agpe (rVu)g

Oy R ((U)B(z,rz)>
< @) [¢ip ((Wper) — Waear)) + Cn (b2 = W) + Fon (@b )]

C(n7q) [][B( ar) \u(x) - (u>B(z,27’z)‘p dx + a;t,R][ \u(ac) - (U)B(z,Zrz)’q dx

B(z,2r)
+][ wiR(u) dx]
B(w,rz)

+ - + -
S c(n,p, q, Cfat) []- + ay7R(Tzvu)qB(f72Tz)7p + ay,R(TZvu)qB(Z7rz)7pj| ][B( 9 ) |r2vu|p dx
2,21,

IN

< ¢(n,p, q, Cat) [1 + aiR(rZVu)%_(fzrz%p} ]i( - 7. VulP d,
Z,4T 2
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119 4.7. Characterization of the fatness condition

namely the claim of .
Next, we show that yields . Here, we use the same notation as in the previous step. Using
Lemma and (4)), we conclude that

o pu(2) < olq) [¢Eg (w2) = Wper)) + 9Er (WpEn )]
= e(q) [[u(2) = (WP + @l g [u(z) = @+ g (Waer)]

q
< c(n,p, q; Ctat) [Mzrz(szVUI”)(Z) +ay g Mar (|r=Vul’)? (2)

+ (1 + a;R (Tzvu)quf,2rz),p) ]{B(z - |7, Vu|P dx]

4—p
P

< o(n, p, ¢, cir) [1 + 4y Moy, (- Vul?) <z>} My, (|2 Vup?) (2).

namely we have the claim of .
Finally, we prove that implies . At this stage, we assume that the constant on the right-
hand side of only depends on n, p, and ¢, but not on any additional number cgy > 0. We
will then determine the constant cgat = cgat(n, p, q) in . Observe that a change of variables
as in shows that the infimal y-capacity density condition is fulfilled if there exists
Cat > 0 such that the inequality

i 900 (1) s][ o(y, 2rV) dy (4.30)
B(z,2r)

holds for every point z € R™ \ €, level ¢ > 0, radius 0 < 2r < r, and v € M, 9,, where
M. 0 = {u € Lipy(B(z,2r)) @ u> tX(Rﬂ\Q)mM} .
Further, by Lemma [£.10] we may assume that 0 < u < t. At this stage, let us first consider the
case where .
uwdy > ——. (4.31)
][;(z,r) 4ntl

Note that for any s € [1,+00), the classical Sobolev-Poincaré inequality, see for instance [142]
Theorem 3.17], implies that

t< 4n+1][ udy < c(n)][ udy < c(n,s) <][ 12rVu|® dy)
B(z,r) B(z,2r) B(z,2r)

Applying the preceding inequality with the parameter choices s = p, ¢, we obtain that

s

©20r(2rVu) dy < c(n, p, Q)][ o(y,2rVu) dy,

@rar(t) = (I +azat?) < cln,p, q)][ o
Z,4T

B(z,2r)

namely that (4.30) holds. Thus, immediately follows if (4.31)) holds for every v € M, o,.
Let us now consider the case when (4.31)) is not true for a function u € M 9,. First, note that
since u is continuous, the sublevel set

r t
= — . < —
F {y€B<2,4> O_u<2}
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Chapter 4. Global higher integrability for double-phase functionals 120

is open. Furthermore, we have that F' C €2, since u > tX(Rﬂ\Q)mW? and u > % on B (z, %) \ F.
By these observations and the fact that (4.31)) is false for u, for the measure of this set we obtain

that ) 1
r
B(z,)\F‘S/ udy < ——|B(z,r)],
‘ 4 t B(z,g)\F 2-4n

which in turn implies that

Fl =B (=)~ |B (=) \F| 2 5lBGn - 5l Ben] = 5 LBl

To proceed, we define the cut-off function ¢ : R™ — [0, +00) by
4 3
9 — max {0, 1 — —dist (y,B (z, iﬂ))}
r

= ¢(t —u) € Lip(B(z,7)).
Note that supp(v) € QN B(z,r), since u = ¢t on B(z,r) N (R™\ Q). Further, by construction

and set

of 1, we have that v =t —u in B (z, %), and hence that |Vu| = |Vov| almost everywhere in
B (z, %’") By definition of the restricted centered maximal operator, we have that for every

x € F there exists 0 < 1, < 2dist(z, 02) =: 2d, such that

Mg, (|daVulP) (z) = sup ][ |dVulP dy < 2][ |d:VulP dy. (4.32)
0<r<2d.J B(z,r) (z,ra)

Next, since z € R" \ Q and z € F C QN B(z, %), we have that d, < § and thus r, < %.
Therefore, for any y € B(z,r,) we find that

3r
=yl <ls—al+lo—yl < T +r <
In particular, this leads to B(z,ry) C B (z, %) On the one hand, this yields |Vu| = |Vv|
almost everywhere on B(z,7;). On the other hand, the universal bound for the radii r, allows
us to apply the Vitali-type 5r-covering lemma, see for instance [142, Lemma 1.13]. Therefore,
there exists a collection of disjoint balls B(x;, ;) with i € N, chosen with x; € F and r; := ry,,

such that
—+o0

F C U B(l‘i,57“i).
=1

Due to the lower bound on the measure of F', we deduce that
+o00
|B(z,7)| <24 |F| <2-20" Y |B(as, 1)l
i=1
At this stage, we apply the pointwise Hardy inequality . Since x; € F, observe that v(x;) =

t— u(xl) > for any i € N and that r; < 2d,, < 2r < r,. Thus, applying (5] to v(x;), using
(4.32), Jensen s inequality and the fact that B(ajz, r;) C B(z,2r), and thus a_,, < a, ., for any
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121 4.7. Characterization of the fatness condition

1 € N we infer
Pror(t) <2975, (5) < 299, 5, (v(:))

<e [1 tag Mmzi(rdmivmp)%”(xi)] Mag,, (Jda, Vul?) (1)

2,21
][ |de, Vul? dy
B(zi,r;)

a—p

P
1+a,,, <][ |dg, VulP dy)
B(zi,r;)

< c][ [|7"Vu\p + a;ivri\rVu]q} dy
B(zi,ri)

<c

IN

c ][ o(y,rVu)dy
B(xi,ri)

with a constant ¢ = ¢(n,p,q). From the previous chain of inequalities, we can immediately
estimate the measures of the balls B(x;,7;), i € N, by

Bar)lein®<c [ plyrYudy.
B(zi,r;)
Finally, using that the balls B(z;,7;), i € N, are disjoint, the preceding inequality leads us to

+o0
|B(2,7) @0 (t) < e(n) Y 1B(wi,73)] 07 9(t)

i=

1
“+o00
<elnp) Y /B ey rvudy

< c(n,p,q) / ey, rVu) dy.
B(z,2r)

Since this shows that (4.30) holds true, we finally obtain that is satisfied. This concludes

the proof of the theorem. O

Remark 4.28. When considering the double-phase integrand (4.1), it is often necessary to
distinguish between the p-phase, where a is close to zero, and the (p, q)-phase, where a is bounded
away from zero. More precisely, in a ball B(z,r) C R™ we consider the cases

{az,r < [a]o;ar® (p-phase), (4.33)
a,, > [aoar®  ((p,q)-phase).
In the p-phase 1, we have that
oty = az, +lat, — az,] < [doar® + [aloa(20) < 3laloar®, (434)
whereas in the (p,q)-phase (4.33)2, we find that
af, <a_,+[aoa(2r)* < 3az,. (4.35)

While we have stated Theorem independent of the p- and (p,q)-phases defined in (4.33), by
distinguishing between these phases, we may derive the following inequalities from Theorem [{.5]

B®)-6-
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Chapter 4. Global higher integrability for double-phase functionals 122

Let us start with the boundary Poincaré inequality in with parameters (y, R) = (z,r). On
the one hand, in the p-phase (4.33)1, by (4.34)) and (4.3), we find that

| el <f sozr<|u|>dst<n,p,>(1+azr<rw> Con)f Vs
B(z,r) B(z,r) ’ B(

Z?”")

)))][ |rVul|P dx
B(z,r)

< ¢(n,p,q) (1 + [alo,ar™”
e, p,q) (1 + laloaIrVul g ) ]{B e

On the other hand, in the (p,q)-phase we use (4.35) and Holder’s inequality to obtain that
][ o(, [u]) dz S][ ¢ (|lu]) dz < e(n,p, q) (1 +al, (rVu)g L )][ [rVul? dx
B(z,r) B(z,r) ’ P B(z,r)

< ¢(n,p,q) (1 +a, (rVu)B(z " p) ]{9( | |rVulP dz

q
p
c(n,p,q) ][ [rVul? dz + a, <][ |rVulP dm)
B(z,r) B(z,r)

c(n,p, q)][ [\rVu]p -+ a;r\rVu]q} dx
B(z,r)

= c(n,p, q>][ o7, (IPVul) dz < cn,p, q>][ (@, |rVul) da

. B(zr)

Stmilarly, assuming that r, < 1, in the p-phase we estimate the right-hand side of @ by

¥ <Z7 (U)B(z,rz)) < Soj,rz ((U)B(z,rz))

e(n.p.0) (14 [aloallr=Vul £ ) ]{gu L
whereas in the (p,q)-phase we obtain that
o (2 WBer) < 0t (WBer)) < cnp, q>]{9 oy P IreTu
c(n, p, Q)]{B o o(x, |r,Vul) dz.

Finally, choosing (y, R) = (z,2r,), 1s already the expected statement in the p-phase. However,
p
in the (p,q)-phase, by Hdélder’s inequality and the monotonicity of s — s4 we obtain that

Pl u(z)) < ¢, (=) < elnpa) |1+ @y Mor, (7:90) 5 ()| Mar, (TP (2

cln.p.) | 1 40Ty, Mzrzarzwrp)qf(z)] Moy, (|rVul?)(2)

- q
p
=c(n,p,q) | Moy, (|r-VulP)(2) +a_,,. < sup ][ |r.VulP da:) ]
’ 0<r<2r.J B(z,r)

py 4

a\?

c(n, p, q) Mzrz(soz_,grz(\eruD)(Z)+a;27nz( sup <][( )ITZWquw> )
B(z,r

0<r<2r,

(. p,q) May. (2 2r, (Ir=Vu]))(2) < c(n,p, q) Mar. (o( -, [r2Vul])) ().
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123 4.8. Global higher integrability for functionals of double-phase type

In the (p, q)-phase, proceeding as in the proof of Theorem|4.5 shows that the inequalities derived
in this remark are even equivalent to the local infimal p-fatness of R™ \ .

4.8 Global higher integrability for functionals of double-phase
type

The focus of this section is on proving the global higher integrability result of Theorem and
that is achieved by the following covering argument.

We consider sufficiently small balls that cover 2 and distinguish between two types of balls,
namely the ones that are completely contained in €2, and those that possess a nontrivial inter-
section with its complement. For these types of balls, we establish a reverse Holder’s inequality.
Then, we combine the respective inequalities on the individual balls to obtain a global reverse
Holder’s inequality. To treat the balls B that are not contained in €2, we consider a ball B’
that covers B with center at the boundary 02 and distinguish the cases where the center is
sufficiently close to the zero set of a in 9€2 or not. In the first case, we obtain a reverse Holder’s
inequality with the help of the locally uniform p-fatness, while in the other case we are still able
to obtain a reverse Holder’s inequality, but making use of the locally uniform g¢-fatness. For balls
that are contained in €2, a reverse Holder’s inequality was already obtained; for our purposes we
combine arguments in the proof of [I76, Lemma 2.14] with the claim of [I76, Theorem 2.13] as
stated in Lemma [£.18

Lemma 4.29. Let Q C R" be a bounded and open set, z € Q and 0 < r < 1 be a radius
such that B(z,r) C Q. Let ¢ be defined according to (4.1)) such that (4.2) and (4.3) hold with

1 <p<q<+oc0. Further, assume that the functional F given by (4.6|) satisfies {4.7)), and that
u € WHP(Q) is a local Cg-minimizer of F in the sense of Definition |{.7. Then there exist an
exponent 8y = bp(n, p,q) € (0,1) and a positive constant ¢ = ¢(n,p,q,v,L,Cq) such that

0
£ etw Ve < e (U ldoal Vullily) (£ @ vul) ds
B(z,L)

? 2 (Z7T)

holds for every 6 € [0, 1].

Proof. Let 1 <t < s <1 and consider a cut-off function n € C§°(B(z, sr);[0,1]) with n = 1 in
B(z,tr) and |Vn| < ﬁ Using v :=u—n (u - (u)B(z,r)) as a comparison map in (4.10) and

recalling that (4.7) holds, we obtain that
y/ oz, |[Vu|)dx < y/ o(x, |Vu|) dx
B(z,tr) B(z,sr)

< Flussupp(v — u)] < Cg Flu;supp(v — u)] < Cq L/ o(x, |Vul]) dx

B(z,sr)
2lu — z,r
B(z,sr)\B(z,tr) B(z,sr) (8 - t) r
2q—1 —
< Cq 24—1L/ (e, |Vul) da + CQ?L/ - (m WW)B()') dz.
B(z,s7)\B(z.tr) (s =87 JBr r

Adding Cg 2971 L fB(z ) ¢(x, |Vul) dz on both sides and dividing the result by v + Cg 2971 L,
we conclude that

/ o(x, |Vul)dr <9 o(z, |Vu|) dr + C(q’V’L’CQ)/ 0 (1’7 MM) dz,
B(z,tr) B(z,sr) (8 - t)q B(zr) r
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where
Co2 'L

T CQ2 L

Since ¢ € (0,1), by applying Lemma 4.23|to ¢ : B, 1} — [0, 4+00) given by

o(s) = /B Pl lTu

/ o(x, |[Vu|)dx < ¢(q,v, L, CQ)/ © (x, MM) da.
B(z3) B(zr) r

Finally, we estimate the right-hand side of the preceding inequality by Lemma [4.18] This yields
the claim of the lemma. O

we infer

The first step towards a boundary reverse Holder’s inequality, namely a boundary Caccioppoli
inequality, was already proven in [I40, Lemma 7.4] for minimizers. While the lemma applies
to a wide class of generalized ®-functions ¢, see Definition [I.20] including the double-phase
integrand, we just state it for the latter. For the sake of completeness, we adapt the proof to
the case of quasi-minimizers.

Lemma 4.30. Let Q C R™ be a bounded and open set, z € Q and r > 0 such that B(z,7)\Q # 0.
Let ¢ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +o0.
Assume that the functional F given by (@.6) fulfills (7). Further, for f € Wh(O)(Q) let

ue f+ Wol’“a(')(Q) be a local Cg-minimizer in the sense of Definition n Then there exists a
constant ¢ = c(n, q,v, L, Cq) such that

#

1B (2.5)] JB(z2)n0

5)]
zr\/zr < _f’>d+ zr\/zr %,|Vf]) do

Proof. For § <t < s <1, we consider a cut-off function n € C§°(B(z,sr);[0,1]) with n = 1 in

(@, [Vul)d

B(z,tr) (Sft)r. Choosing v := u —n (u — f) as comparison map in (4.10)), we obtain
that
y/ o(x, |[Vu|)dx < y/ o(x, |Vu|) dx
B(z,tr)NQ B(z,sr)NQ
< Flussupp(v — u)] < Cq Flu;supp(v — u)] < Cq L/ o(x, |Vvl]) dx
B(z,sm)NQ

24 _
< Ce3 'L l/ o(z,|Vul) dz + / ® (:1:, Ju f‘) dz
(B(z,sm)\B(z,tr))NQ (8 - t>q B(z,r)NQ r

+f ¢<x,|w|>dw].
B(z,r)NQ

By adding Cg 3971 L fB(z N9 ¢(x, |Vul) dz on both sides and dividing the result by v+Cg 3771 L,
we deduce that

/ <,0(33,|Vu!)d:c§19/ <p(33,|Vu|)d:L“+C(q’V’M/ go(a:, |u—f|) d
B(z,tr)NQ B(z,sr)NQ (8 - t)q B(z,r)NQ r

+c(q,v,L,Cq) / o(z, |V f]) dz,

B(z,r)NQ




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

125 4.8. Global higher integrability for functionals of double-phase type

where
Co 37-1p,

S L o
T A

At this stage, we conclude the claim of the lemma by applying Lemma [4.23| with ¢ : B, 1} —
[0, 4+00) defined by

o(s) == / o(x, |Vu|) dz.
B(z,sr)NQ
O

With these prerequisites in mind, we can finally prove the global higher integrability, where the
main remaining task is to combine the Maz’ya inequality of Lemma [£.25| with the self-improving
property of the capacity, namely Theorem [£.15 and the previous boundary Caccioppoli inequal-
ity.

Proof of Theorem[[.8 Let z € Q. We distinguish two cases for the behaviour of the coeflicient
a on the boundary. If a > 0 on the entirety of 92, we set P(r,) = P(%3) = 0 and 7y = ro.
Otherwise, we define

P(ry) == ({x €09 : a(x) =0} 4+ B(0,74)) \

and note, by assumption of the Theorem, that every point of P(r,) is locally uniformly p-fat,
whereas R™\ (QU P(r,)) is locally uniformly g-fat for the parameters cg, and 7, independently
of the considered case. Let us furthermore define the possibly empty set P := P(%). Since the
set 9\ P is compact, if it is non-empty, the minimum

= inf
ap 81911\Pa(a;)

exists and we have that ap > 0. Now, consider some arbitrary radius

1
1 . R ap @
< = -
O0<r< 3 min {ro, (2(1+[a]o,a)> }7

where we set ap = +oo if P = (). We start by establishing a reverse Holder’s inequality for
the ball B(z,7). Indeed, if B(z,r) C €, thanks to Lemma there is nothing left to prove.
Otherwise, there exists y € B(z,r) N JS2. Now, we consider the ball B(y,2r) which contains
B(z,r) and extend the function v := u — f by zero to R". Note that since v € Wol’“ﬂ(')(Q), we
have that v € Wol’p(Q) and v € WH4(0) for every open O such that O N is contained in the
set {x € Q : a(x) # 0}. Let us now establish the reverse Holder’s inequality at the boundary.
To this end, we distinguish between two scenarios for the center y.

If there holds y € P, we have, thanks to the choice of r and the definition of P, that every

point in the neighborhood B(y, %) \ © of y is locally uniformly p-fat in the sense of Definition
Since r < %0 < %‘1, we have according to Theorem that

cap,_. ((Rn \ Q) n B(y7 T); B(y7 QT)) > C(na p, Cfat) Cappfe(B(ya T); B(y’ ZT))’

where 0 < e(n,p, ¢fay) < p—1 is the constant of Theorem For said constant, we can assume
without loss of generality that
8(n)p7 Cfat) S 5(”5 q, Cfat) (436)
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due to (4.3). We then obtain for the vanishing set Z := {x € B(y,r) : v(z) = 0} of v the lower
bound
cap,_(Z; B(y, 2r)) > cap,_.((R"\ Q) N By, r); B(y, 2r))
> ¢(n, p, crar) cap,_.(B(y,r); B(y, 2r)) (4.37)
Z C(n)p) Cfat) (Zr)niersu

where we have used the monotonicity of the variational capacity and the lower bound .
In order to continue with the proof, we would like to apply Lemma[4.25| with a suitable parameter
m, namely a Maz’ya type inequality, to v. While the lemma is formulated for Lipschitz functions,
an approximation argument shows that it continues to hold for functions u € W1 (). To this
end, we have to distinguish between the cases p < n and p > n. In the former case, we choose
p—p—;<m<p§nsuchthat

nm

m>pby,  q< and g <p+ =2 (4.38)
n

n—m
while in the latter case we choose n < m < p such that

m>p—p?€7 m > pby and q<p+ %, (4.39)

where 6y = 0y(n,p,q) € (0,1) denotes the constant of Lemma Note that such a choice of
m = m(n,p,q,«) is possible due to Remark and assumption (4.8). Moreover, observe that
the latter upper bound on ¢ implies the inequality

_nle=p) o (4.40)

m -

Now, notice that Holder’s inequality and (4.37) imply

«

cap,,,(Z; B(y,2r)) = ¢(n,p, q, o, cgat) (2r)" "
and therefore, after rescaling as in (4.13)), that
cap,y, ({:L' € B(0,1/2) : u(y+ 2rx) = 0} ; B(0, 1)) > c(n,p,q, a, Ceat)-

If we define 6 := % € [6p,1), and apply Lemma on v with the parameter choices
(r,R, z,y) = (2r,2r,y,y), thanks to the previous inequality we obtain that

+ M)
Py.2r < dx
][B(y,Zr)ﬂQ v2 r

p

<c {1 + a;sz(Vv)qB_(;QT)’m} <]{B( . |Vo|™ dx)
Y,4r
+ q—p 0 z
=c |:]. + ay,QT(V,U)B(y,ZT),pQJ <][B(y 27) |V’U’p 1 dl’)

for a constant ¢ = ¢(n,p, q, a, cgt). Let us now estimate the right-hand side further using the
inequality
(1;:2,,. < a;2r + [a]0704(2r)a'
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We observe in a first step that Jensen’s inequality and the definition of a, o, imply that

1

o1
a, o (VU ][ Vol dx
var (V05 (y72r)7p01 ( B(y72r)| | )

o :

pv1 1

=y, (f Tup dw) < ay,, (][ Foe dx)
B(y,2r) B(y,2r)

1

1

0 0y 01

- (][ (ayzr)ﬂwq"ldm) g(][ sﬁwm,\wdm)
B(y,2r) ’ B(y,2r)

1
1 o, 0 o

<cl s x,|Vul) + " (z, |V f])| dz
(\B<y,zr>| I G R "} )

1
1 o o1 /
c|l —=——— x, |Vu|) dz +C \Y
(‘B(y,QT)’ B(y,?r)ﬁQ(P ( | D ) y7 27“ | B(y,2r)N ‘ f|)

with a constant ¢ = ¢(n,p, q, @, ¢fat). Next, due to (4.40) and the fact that 2r < 1 we observe
that

1

[a]o,a (2r)* (Vo) ( o 2r) phn <][ V[P dx> o

B(y,2r)

1
o
A\ ][ Vol dx
” ||Lp91 (B(y,2r)) ( B(y,2r) ‘ ’ )
0
< claln 19 (u — D57

= a0 (2)°

1
1 0 o 1
— "z, |Vul|) dx +/ o(z, |Vf])dz|,
<|B<y,2r>\ aganma” D ) Bw.20] Jagyanna "V

with a constant ¢ = ¢(n, p, ¢, «, ¢t ). Combining the preceding estimates and using the fact that
o, ) < 9l () on Bly,2r), we get that

1 / (’D(gg ’u—f\> d
|B(y,27)| JB(y,2rna oo

01( 1 o
[ ¥t O] | (557 0 P0) T
1
+ olx, |Vf dm]
|B(y,27)| JB(y,2r)n0 (@ IV 1)

with a constant ¢ = ¢(n, p, ¢, a, ).

Now, assume on the contrary that there holds y € 99 \ P, which can only be the case
if the set is non-empty. To treat this case, we observe that R™ \ Q is locally uniformly g-fat
and, accordingly, Theorem in conjunction with yields that R™\ €2 is locally uniformly
(¢ — e)-fat. Furthermore, we have in similarity to that the estimate

cap,_.(Z; B(y,2r)) > ¢(n, p, crat) (2r)" 97 (4.42)

holds. But this allows us to apply the classical Maz’ya inequality of Lemma on v with
parameters (p, s) = (¢01,q), where m is again chosen according to (4.38) if p < n and according
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to if p > n, respectively, and 01 := % To ensure its applicability, we need to consider the
n01q

case q91 < n and verify the additional condition that ¢ < By definition of 61, we have

= 01p which implies m < n. But this contradicts the ch01ce - for m in the case p > n,
namely that n < m < p. Thus, there must hold p < n. Now, we can use the second inequality
of to derive the estimate

n—qth <n-—pbh <

which yields the desired upper bound. Since ¢y > ¢ — ¢, we further observe that Hdélder’s
inequality and the inequality (4.42) imply that (4.42)) also holds if ¢ — ¢ is replaced with 6yq. If
we use this to estimate the right-hand side of Lemma [£.17] we observe that

ol o\
][ () dx < e(n,p,q,) ][ |Vl dx )
B(y,2r) r B(y,2r)

By the assumptions on r we have that [a]po(27)* < ap. This allows us to use the preceding
estimate and, in case ¢ > p, Young’s inequality with exponents (£, %) to obtain

p’q—p
1 / ( \u—f!>
— z, d
1By, 2r)] Js(panna r

(a +a, 2r) [v[y* d e
P ay,Qr + [a]O,a( T) T+ ap
B(y2r) \ "
&
3a, o, <][ V|20 dx) +ap™
B(y,2r)
1
01 _n
<3 <][ o (z, | Vo)) dl‘) +ap™
B(y,2r)

with ¢ = ¢(n, p, ¢, «). We note that the same estimate also holds for ¢ = p.
Now, we proceed with both cases simultaneously. To this end, we combine (4.41]) and (4.43) and
we obtain the estimate

1 / S0(% |U—f|) d
|B(y’27n)| B(y,2r)NQ , r

c {1 + [a]o,a ||V (u — )||91 & p)} [(W /B(y,2r)ﬂQ o9 (z, |Vu|)dm> R

1
+ s o(x, |Vf])dx
|B(y7 2’/“)| B(y,2r)nQ ( | ’)

IN

(4.43)

IN

n

—a
+ap

If we further apply the Caccioppoli inequality of Lemma [.30] together the previous estimate,
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we infer the estimate

B oy P T
zr\/m ( ) ot g L D

u —f|> [
< ——— <p(ac, dm+7 o (z,|Vf|) dx
rB<y,2r>|/B<y,2m ; B30 o 51V

01( q D 1 0 é
<[t + [aoall V(e = NG B30 Jpeann Y, |Vul) do
c o
—_ o (z,|Vf]) de + ap™
B(z30)] Jiegnyon? VD 4 H
1
01(g—p) 1 o
<c {1 + [a]o,a (HVUHLP(Q) + HVfHLp(Q)) ' } [ <|B(z3r)] /B( - " (z, |Vu|) d:n)

c

< 4+ o (x, |Vf dx—i—a_pa],
B30 Jpanne VI 4ot ap

with a constant ¢ = ¢(n, p, ¢, a, [a]o,a, V, L, ¢fat, Cg). Note that, due to Lemma the previous
inequality also holds if B(r,z) C €, and therefore, for every z € . Let us now define the
functions g, h : R™ — [0, +00) as

z, |Vu for x € Q,
R
0 else,

and

_n , v f G Q’
ha) = ap™ + {gw V) fora

else.

Then the preceding shows

é(z@) e

1
61(g—p) o
<c [1 + [aloa (IVull o) + 1V fllzoge) ] K]{B o dx> 4 ]{3 . )hdm] .

Applying Gehring’s Lemma, namely Lemma [1.24] yields the existence of a constant ¢ and expo-
nent 1 < ¢ < 0p, both depending on n, p, ¢, @, [a]o,a; ¥, L, ¢tat, Cq, 00 and [|[Vull Loy + IV fll r (o)

such that ) )
<][ q° dm) <c ][ gdzr + <][ h? dx)
B(z,%) B(z,4r) B(z,4r)

At this stage, we prove global higher integrability by the following covering argument. Let

1 . ap .
g.—gmm To, m .

(4.44)
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Consider the collection of balls

B {B(-2) : scal

covering Q. By Vitali’s covering theorem, see for instance [142, Lemma 1.13] for a version using
open balls, and the fact that © is compact, there exist k € N and points z1,...,2; € Q such
that the balls B (z;, 15) for i = 1,..., k are disjoint and

k
Qc UB (Zz‘,g> .
=1 2

We have chosen this approach since it allows us to determine k in terms of n, 2 and p. Indeed,
since B (zi, f5) C B (20, 55 + diam(Q)) for any z, € Q and i = 1,...,k and since the balls
B (zi, {5) are pairwise disjoint, we find that

k

k|B(0,1)] (f0>n - ;

Therefore, we have that

B <z 9)‘ < ’B (zo, 1% + diam(Q))‘ = [B(0,1)] (190 + diam(Q))n.

k< (1 n 10 dlam(Q)>
0

Now, we apply (4 on the individual balls B (z;, 2) Taking into account also the preceding
estimate for k and recalhng the definitions of g and h, we obtain that

(/Q 7(x,|Vul) dx>o<z</(zm) x)g
CZ [ S /B(Z’gg)gdan </B<z,3@) h dx>1

<

(1-0) z -
<ck [ 2 / o(z, |Vul|) dx + </ o7 (z, \Vf|)dx> "+ max{l,ap’”‘}

Q Q
1
diam(Q)\" —o)n 1 o
< c<1+lam()> [g“ = /gp(:n,|Vu|)d;L‘—|— (/ w”(x,Wf)d:c) +aPm] .
1Y% Q Q
This concludes the proof of the theorem. O

Remark 4.31. Ifa > 0 on the entirety of OS2, the assumption on R™\ Q in Theorem reduces
to q-fatness, and if a = 0 on 0N, we assume that R™ \ Q is locally p-fat. According to [31)], in
both of these cases, the respective fatness condition is optimal. Moreover, the following example
shows that we have to assume local p-fatness of R™ \ Q at least at the boundary points where a
vanishes.

Indeed, let 0 < p < n and let K C B(0,1) be a compact set such that 0 € K,

cap, (K, B(0,2)) >0 and dimy(K) =n —p,

where dimy denotes the Hausdorff dimension. Further, set Q := B(0,2)\ K, consider a function
g € C3*(B(0,2)) with g =1 on K and let u denote the minimizer of the p-energy functional

v / |Dv|P dx
Q
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in the class g + Wol’p(Q). Since u is a weak solution to the p-Laplacian, 0B(0,2) is smooth and
g vanishes in the vicinity of 0B(0,2), we have that u € C); ’B(Q U3dB(0,2)) for some > 0, see
for example [125, (193, (194, and therefore

sup |Du|(x) < 4o0.
2€B(0,2)\B(0,1)

Furthermore, for any ball B(x,4r) C Q we have the quantitative estimate

1
sup |Dul?() < Cln,p) ~ / |Dul? d.
rr B(xz,2r)

z€B(z,r)
Now let r = w in the above formula and note that 0 € K implies that dist(x,0Q) =
dist(x, K) for every x € B(0,1) \ K. Then, we obtain that
C(n,p) /
DulP(z) < sup |Dul? —_ DulP dz
| ’ ( ) zEB(JJ 7")| | ( ) dlSt(CE aQ) B(:p,2r)’ |
o C(n,p)|Dull
dlst (x, 89 dist(x, K)"

However, by [T41, Remark 3.3], see also [142, Ezample 12.9] for an alternative proof, w is
not globally integrable to any higher exponent than p, namely there is no 6 > 0 with Du €
Lp+5(Q). Now, we consider the double-phase integral with Lipschitz continuous coefficient
a(z) = dist(z, K) and any p < g < p (1 + %) By the preceding estimate, we find that

k= supa(x)|Dul?P(z) < +oo.
xeQ)

Further, since u is a minimizer of the p-energy functional, we obtain that

Flu; supp(u — v)] = / (IDul? + a(z)|Dul?) dx
supp(u—v)

< (1—1—5)/ | DulP dx
supp(u—v)

<@m) [ DulPde < (14 ) Flossupplu - o)),
supp(u—v)

for any v € WHP(Q) with supp(u — v) C Q. This shows that u is a quasi-minimizer of F with
Co = 1+ k and thus every assumption of Theorem @ but the local p-fatness condition in a
neighborhood of {x € 9Q : a(x) = 0} is satisfied. Thus, in general the conclusion of Theorem
[4-8 does not hold without this fatness condition, because we would otherwise get a contradiction
to the fact that Du ¢ LPT9(Q) for any 6 > 0.
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Chapter 5

Functions of bounded
Musielak-Orlicz-type deformation
and anisotropic Total Generalized
Variation for image-denoising
problems

This chapter reports the contents of [24].

5.1 Introduction

Ever since the early 90s, the variational approach has been a cornerstone of the mathematical
image reconstruction. Generally speaking, in its simpler formulation, this methodology can be
summarized as follows: for a given bounded domain Q C R?, grayscale images are identified
with functions u : 2 — R. Starting from a datum f, possibly corrupted by noise, a clean image
is obtained through the minimization of an energy functional of the form

L(u) = o ||[Ku = fllg + BR(w),

for o, B > 0. The structure of Z relies on the competition between the fidelity term ||[Ku— f||m,
for a given normed space H and a forward operator K, intended to keep track of the original
datum f, and a regularizing term R(u), whose task is to filter out the noise and return a clean
image. The strength of both effects is quantified by the two tuning parameters o and .

In this chapter we propose a novel regularizer based on a Musielak-Orlicz generalization of
classical Total Generalized Variation functionals, and provide a first study of the associated
space of functions with bounded deformation with generalized Orlicz growth.

Depending on specific applications, various types of variational regularizers have been proposed
in the literature. A classical example is the ROF model, where R(u) is the total variation of w,
see [I86]. A known drawback of such functional is the so-called staircasing effect, namely the
tendency of producing artificially piecewise-affine artifacts in the image denoising, see [57, [13§].
In order to counteract such problems, several higher-order models have been introduced. A
particularly successful one is the second-order Total Generalized Variation, defined as

TGV2(u) = sup {/ wdivipdr b € CHQRYD), 1600 < o, |divflos < ag},
Q

132
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133 5.1. Introduction

for every u € Li (Q), with a = (a1, a2) € RT x RT. We refer to the seminal paper [36] for a
general introduction and higher-order generalizations, and to [37] for an in-depth study of the
second-order formulation.

In the last few years, due to an increasing interest in accurate and adaptive image reconstruction,
an emerging trend has been considering anisotropic models, allowing to tailor the denoising
effects to specific features of different parts of the images. First steps in this direction have
already been taken, for example, in [30, 57, [190]. In particular in [59] the authors have proposed
an anisotropic ROF-type functional with R of the form R(u) = [, ¢(x, |[Dul) dx with

_L_ (@) if t € [0,1],

1
(z)
¢(x,t) =7 L
t—l—i-m ift > 1,

and with the variable exponent p : Q — [c, 2], with ¢ > 1.

In parallel, the study of variational problems in variable, Orlicz, and generalized Orlicz spaces
has boomed in the past ten years. Among the vast literature, we single out the contributions
[63, 95, 127, 129, 130, [I81] and the references therein.

The extension of the model in [59] to incorporate the case ¢ = 1, as well as an Orlicz general-
ization for regularizers R(u fQ o(x, |Dul|) for ®-functions ¢ possibly having linear growth,
see Section is the subJect of [102], where a thorough mathematical foundation of the space
of anisotropic functions with bounded variation with generalized Orlicz growth has also been
provided. A further step in this direction has been taken in [120], where the associated Euler-
Lagrange equations and gradient flows have also been analyzed, see also [I19]. The effect of
an anisotropic norm in the Chan-Vese (or anisotropic Mumford-Shah) is the subject of [164].
Anisotropic models, at least in the ROF setting, have indeed proven to allow for more accurate
computations, as well as for a staircasing reduction and a sharper texture recognition. We refer
to [58, 108, [151] for an overview and further references.

Our contribution is twofold. First, we introduce a novel anisotropic functional setting of func-
tions with bounded deformation, namely the space BD¥ of bounded deformation fields with
generalized Orlicz growth. After analyzing its basic properties, we establish a link to a modular
representation and provide a further study in the special case of variable Lebesgue integrability.
Second, we analyze a Musielak-Orlicz anisotropic Total Generalized Variation class of regulariz-
ers. Let Q be a bounded, connected and open set in R", with n > 2. Inspired by [36], for a fixed
generalized weak ®-function ¢ € ®,,(€2) (see Section [L.3|for the detailed assumptions), we define
our anisotropic Total Generalized Variation of order 2 with weight o := (a1, a3) € RT x Rt as

TGV i=sup{ [ udivipde v e CHARE [Vl < ar, [divillyr < aaf, (51

for every u € Li (Q), where || - ||+ is the norm associated to the Fenchel conjugate function of
¢, see Definition [I[.3T], and where the divergence of order 2 is defined as

2
leQé- = Z 6 gu Z a glj vé- € Rg;;r?u

see also [36] for higher-order notions of divergence. Note that, in principle, TGV#*?(u) might take
infinite values. A prototypical example of admissible functions ¢ is given by ¢(t) := Tlx)tp(z),
see [102, Example 4.3], with p : Q — [1,+00], thus possibly describing linear, superlinear or
even infinite growth in different portions of the domain.

After studying the basic properties of TGV?, we identify a dual representation, and show
how classical existence and stability for classical Total Generalized Variation carry over to our
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Chapter 5. Bounded Musielak-Orlicz deformation and anisotropic TGV 134

Musielak-Orlicz setting.

The chapter is organized as follows. Section|.2| contains the definition and main properties of the
novel space of bounded deformation fields with generalized Orlicz growth BD¥. In particular, in
Subsection [5.2.1] we establish a connection between BDY and an associated weighted-modular
representation, while in Subsection [5.2.2] we further establish a decomposition of the modular
function in terms of the modular of the absolutely continuous part of the symmetric gradient and
a singular part weighted by the recession function, see Theorem Eventually, in Subsection
we specify our setting to the variable exponent case. The focus of Section is on our
anisotropic Total Generalized Variation. In Subsection we establish its main properties,
and in Subsection [5.3.2] we identify its dual reformulation in terms of a notion of anisotropic
measure variation. Finally, in Subsection we show stability with respect to the data and
well-posedness of the minimization problem.

5.1.1 Notation

The notation f ~ g means that there exist two constants c¢i, co > 0 such that ¢1f < g < cof.
Given an exponent p € (1,+00), we denote by p’ its Holder conjugate exponent, namely p’ :=
p%l. If p = 1, then its Holder conjugate exponent is p’ = +oco and vice versa. In the sequel Q
denotes an open subset of R". We denote by L°(2) the set of measurable functions f :  — R
and we use the notation C*¥(Q;R") := {0 € C*(;R") : supp(o) is compact in Q} with
k € NU{+oc}. We denote with |- | the Frobenius norm for matrices, namely |M|? := tr(MMT)
where M € R™" and with : the scalar product associated with the Frobenius norm, namely
A: B :=tr(ABT) for A, B € R™™". With the same notation | - | we also indicate the standard
vector Euclidean norm, and with - the scalar product in R".

We denote by R the space of real-valued n x n symmetric matrices. By M(Q; X) we denote
the space of all finite Radon measures in {2 with values in X, which can be R, R" or R{7"
depending on the situation. Given a set O C X, we denote by Ip the indicator function of the
set O, namely

I =
o) =1 o ifz ¢ o0,

and with yo the characteristic function of the set O, namely

{0 ifx e,

(2) = 1 ifxeO,
XOW =00 itz ¢ .

Given a function v : Q@ — R™, we denote by Du its distributional gradient. We indicate by
BV (Q;R™) the space of functions u : 2 — R™ such that Du € M(;R™). If m =1 we denote
the latter space simply by BV (). When n = m, for any function v : @ — R™ we use the
notation Fu for the distributional symmetric gradient of u, namely Fu = %[Du—l— (Du)T], where
Du" stands for the transpose of Du. We write

BD(Q) = {ue LNQR) : Bue MORLD).

We will often indicate by ¢ a generic constant, whose value may change from line to line.

5.2 The space of bounded deformations fields with generalized
Orlicz growth

In [I02], Definition 4.1], given a function ¢ € ®,,(2), an anisotropic total variation (there called
dual norm) is introduced exploiting the conjugate function of ¢. Namely, for any u € L'(2) we
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135 5.2. The space of bounded deformations fields with generalized Orlicz growth

have
Vo(u) == sup{/ udivwdz : w € CHOQ;R"), [Jwl|pr < 1}. (5.2)
Q

Moreover, the space of functions of bounded variation with generalized Orlicz growth is defined,
again following the lines of [102], as

BV#(Q) = {u e LQ) : ulpveq < +o0}, (5.3)

where
ull Bve(q) = llully + Vi (u). (5.4)

Equivalently, given ¢ € ®,,(Q) in [25] a vectorial anisotropic total variation is introduced, namely
for any m € N and u € L (Q; R™) we have

V)" (u) := sup {z:/guZ divw; dz @ w e {C&(Q;R”)]m Nwllox < 1}. (5.5)
i=1
One can equivalently write

Vo (u) = sup{/gu-divwdx . we CHOR™™), [[wl- < 1},

where the divergence divw is a vector in R™, meaning that taken a matrix-valued field & its
divergence is computed row-wise, namely

(dive); :=divE = Z gif” (5.6)
J

for any ¢ € [1,m] NN and any £ : Q — R™*™. Moreover, we say that u belongs to BV ¥#(); R™)
if

[ull Bve @mmy == llullp + V" (u) < 4o00.
In the case m = 1, (5.5 reduces to (5.2]) and we denote BV¥?(2;R) simply by BV?(Q).
Note that in a lot of works on Musielak-Orlicz spaces and ®-functions, see for example [127] or
[102], the authors use the symbol C&(Q;R™) to denote the space C}(£2; R™). For this reason, we
gave the definition of the total variation with our notation instead of the one used in [102].

Remark 5.1. Clearly, if o(x,t) = |t|, then BV?(Q;R™) = BV (Q;R™). In general instead,
without assuming any other property on ¢ except for it to be in the space P, (), the spaces
BV () and BV*#(Q) are not related to each other. Considering 2 C R™ open and bounded, one
gets the continuous inclusion BV¥(Q) — BV () assuming (A0) on the function ¢, see Lemma
1.34. The fact that ¢ satisfies (alnc)q is already included in the definition of weak ®-function,
see Remark [[.28.

Remark 5.2. In [7] and [163], in the simple anisotropic case, namely p(x,t) with linear be-
haviour in t, the dual function ¢° is used instead of the conjugate function ¢* in order to
define a weighted total variation, there called generalized total variation. But under the as-
sumptions considered in [7] and [163)], the two definitions coincide. Indeed, let us assume that
¢ Q% [0,400) = [0,400) is a continuous function which is convex in the second variable,
satisfies (AO) and is such that

o(x,t) =tp(z,1) for any z € Q and t € [0, +00).
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Assume further that there exist 0 < A < A < 400 such that
At < p(x,t) < At for any x € Q and ¢ € [0, 4+00).

Moreover, let us consider ¢ :  x R™ — [0,400) defined by ¥ (x,&) = (z,[£|) for any x € Q
and & € R™. Note that 1 is continuous, conver in the second variable and such that

() = o(x, [t€]) = [t| (. [€]) = [t P(,€)

and

Al < 9(x,§) < Alg,

for every t € R, every £ € R™ and every x € ().

In [7], considered uw € BV () and under these assumptions on 1), the anisotropic total variation,
there called generalized total variation of w with respect to v in 2, has been characterized, see
in particular [7, Proposition 3.2/, as

Vy(u) :=sup {/ udivwdz : w € CHGR™), 0 (z, w(zx)) <1 for all z € Q} , (5.7)
Q

where Y0, the dual function of 1, is defined by

VO(x, &) =sup {(€7,€) : £ R P(x,€) <1}

Note that in [1] they use the notation C§(S;R™) to indicate the space that we denote with
CL(;R™). Then, given a function u € BV (Q), the anisotropic total variation of u with respect

to ¢ in Q introduced in [102] as (5.2)), coincides with the notion given by [7], namely (5.7).
Indeed, by [7, (5.10)] the right-hand side of (5.7) coincides with

sup {/Qudivw de @ we Ccl(Q;R”),/Qw*(x,w(:v))dx < +oo}. (5.8)

Considering the even extension of p(x,-) for any x € Q, since p(x,-) is convex and in view of
our definition of ¥ and Lemma[1.10, which guarantees that

v (x, ) =" (x| ]) for a.e. x € Q, (5.9)
we have that (5.8)) is equal to

Sup{/ udivwdzr : w € CCI(Q;R"),/ O (z, |w(x)]) de < —f—oo}. (5.10)
Q Q

Taking into account [7, (2.18)], namely

0 if 90z, £%) <1,
+oo if 0(x, £%) > 1,

for every x € Q and every £ € R™, we have that (5.10) can be equivalently written as

o=

sup{/ udivwdr @ we Ccl(Q;R"),/ o (z, |lw(z)]) dx < 1}, (5.11)
Q Q

where (5.9) has been exploited again. Now, using the definition

[|w]| o+ ::inf{)\ >0 : /90* (m, w(:c)D dx < 1},
Q A

we get that (5.11)) is equal to (5.2)).
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137 5.2. The space of bounded deformations fields with generalized Orlicz growth

In order to treat the minimization problem using TGV#? as a regularizer, see (5.1]), we need
to introduce a variant of the generalized variation associated to ¢ defined in (5.2). For every
v e M(Q;R™) with m € N, we define

V" (v) := sup {/QT/J cdv(z) : € CHOR™), |9l < 1}. (5.12)

If we are working on a set A C (2, then we will denote it by YZ;”(U; A).

Remark 5.3. Note that for any w € BV (), in order to know that at least that Du € M(;R"™),

an integration by parts yields N
Vi (Du) = Vi (u),

where the second term is defined as in (5.2)), namely the anisotropic total variation introduced

In the following, we will either use the above notation for m = n or m = n x n. Note that in the
latter case the scalar product coincides with the one underlying the Frobenius norm in R™*™,
namely reading for any v € M(Q; REX") as

sym

V2 ) = sup | /Q vidule) e CHLRED) Wl <1}

Considering test functions in CZ (€ RZS?) or CF (€ R™™) is equivalent when v € M(Q;RESY),
since the scalar product only takes into account the symmetric part of the test function. In
general the notation 17;;”” could be used also for measures in M (2; R™*™) without any symmetry
property, but that is not the case in this chapter. We avoid specifying the symmetry in

in order to lighten the notation.

Remark 5.4. Considering an open set Q2 C R™, if v has the special structure v = Du — w, with
u,w € M(Q;R™), an integration by parts entails

V;(Du—w):sup{/gudivz/}dx—i—/ﬂw-dw(x) € CHOR™), ||| 51},

see also [86]. Note that it is possible to rewrite it like this by [9, Exercise 3.2/, indeed having
u € M(Q;R™) and Du = v +w € M(Q;R") implies that u € BV (Q).

In the same way, if Q is also bounded and Lipschitz, by Theorem having Eu € M(Q; R
implies u € BD(Q). Namely, in the special case v = Eu € M(Q;RET), rewrites as

P Bu) = sup{/ﬂE*w cude b€ CHORYD, [l < 1}, (5.13)
where E*1p = —div i), and div denotes the matriz divergence of order 1, computed row-wise (so

with respect to columns), see (j5.6]).

Thanks to the definition of generalized variation associated to ¢ in (5.12)), we can now define
the space of bounded deformation fields with generalized Orlicz growth, namely

BD?(Q) = {w € LA(R") : |[w|ppeca) < +00}, (5.14)

where N
lwl|Bpe(q) = llwllp + V™" (Ew).
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Lemma 5.5. Let ¢ € ®,,(2). Then ‘N{;IX” is a seminorm.

Proof. We need to check that 17(;”” satisfies conditions (N2) and (N3) in Definition H The

n><n)

homogeneity property (N2) is obvious, in fact f/gx"(av) = |a|T~/£X”(v) for every v € M(Q; R
and any a € R. In order to check (N3), namely the triangle inequality, let us consider v, w €
M(Q;REX™). We have

Sym

/Qw:d(w—w)—/Qw:dv+/g¢:dw§vgm(v)+‘7§m(w>

for any 1 € CH(Q;R2X") such that [[¢[|, < 1. By taking the supremum over such ¢ we have

Sym

the thesis. O

Corollary 5.6. Let p € ®,(€2), then ||-||ppe (o) is a quasinorm. In addition, if ¢ verifies (A0),
or if p € ®(Q2), then || - ||ppe() is a norm.

Proof. Thanks to Lemma together with Lemma the fact that ||| ppe(q) is a quasinorm
is immediate. Moreover, by Lemma |1.22] and Theorem [1.35| respectively, again together with
Lemma if p € () or if  verifies (AO) then we immediately get that || - ||gpe(q) is a
norm. O

Remark 5.7. As for BV () and BV¥(Q), see Remark without assuming any other property
on ¢ except for it to be in the space P, (), the spaces BD(Q) and BD¥ () are not related to
each other. Considering a set £ open and bounded instead, one obtains the continuous immersion

BD¥(Q) — BD(Q) assuming (A0) on the function ¢, see Lemma |1.34).

Remark 5.8. Since a priori we define the space starting from a function ¢ € ®,,(2), one may
wonder whether the space defined starting from ©**, always a convexr ®-function, see Lemma
[1.39(i), differs from the space BD?(Q), in particular

BD?(Q) = {w e L (R : [wlppe- ) < 0}

with N
loll g gy = e + V25" (Bw).

It is possible to prove that BD¥(Q) = BD¥ (Q). Indeed the norms | - ||, and || - ||+ are

equivalent, thanks to Proposition and the variations coincide by Lemma (m) This
implies that the norms || - ||ppe(q) and || - ||BD¢**(Q) are equivalent as well.

With the next example we want to show that, at least considering some ®-functions for which
a Korn-type inequality does not hold, the space BV¥(Q) is a proper subset of BD¥(Q) for a
fixed p € ®,(£2). The example follows the lines of [8, Example 7.7], exploiting a construction
developed in [I79], see also [192, Chapter I, Subsection 1.3].

Example 5.9. We first remark that (5.5), BV?(Q;R™) C BD?(Q). We show that, at least in
some situations, the inclusion is strict. Indeed, without loss of generality we can consider an
open set D B, with B a small ball centered at 0, and a function such that p(x,t) = |t| for a.e.
x € B. Then, the same field u provided by [8, Example 7.7], which has compact support in B
and is in BD(Q) \ BV (Q; R™) provides the desired example of a field in BD¥? () \ BV*(Q; R"™).
Note that many ®-functions, for example many out of the ones listed in [127, Example 2.5.3],
fulfill the assumption of coinciding with |t| on a ball B, implying that this example holds true in
many contexts.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

139 5.2. The space of bounded deformations fields with generalized Orlicz growth

The validity of Korn-type inequalities in the context of Orlicz spaces has been studied in different
contexts. For example in [39, Theorem 1.1] it was shown that the Vj-condition and the As-
condition are sharp conditions for Korn-type inequalities in Orlicz spaces (for the definition of the
latter two conditions see [I81), Subsection 2.3] or [38, Equations (2.6) & (2.7)]). In [67, Theorems
3.1 & 3.3] the validity of Korn-type inequalities for Young functions was shown, while in [38]
Theorems 3.1 & 3.3] the equivalence of these Korn-type inequalities to two balance conditions,
similar to the Vo- and As-conditions, has been proven. Note that, under the assumptions
considered in [67] and [38], their definition of Young functions and our definition of convex ®-
functions, when independent of x, are equivalent. In the context of generalized Orlicz spaces
(or Musielak-Orlicz spaces) instead, there are results in the case of variable exponents Lebesgue
spaces when the exponent is bounded away from 1, see [96], Section 5] and [95, Theorems 14.3.21
& 14.3.23], but not much else is known.

5.2.1 Weighted modular and associated norms

Analogously to [102, Definition 4.1], we define the anisotropic modular, or dual modular, as-
sociated to the anisotropic total variation V;X”, defined as in (5.12)). In particular, for any
v e M(Q;REXT) we define

sym

o) i=su{ [ i@~ [ Flapuhde s veCl@RED}. (519)

Lemma 5.10. Let Q C R" be bounded and open and let p € @y(S2). Then opnxn is a semi-
%)

modular.

Proof. We need to check that 0. satisfies the conditions of Deﬁnition Conditions (%) and
©

(iii) are obvious, respectively thanks to the properties of ¢* and that if ¢ is an admissible test

function, then also — is. Condition (iv), with 5 = 1, is also easy to prove using the linearity of

the first integral in the definition of Ojnxn and the fact that the supremum of a sum is smaller
7}

than the sum of the suprema.

We are only left to prove condition (7), namely that the function A = opnxn (Av) on [0, +00) is
©
non-decreasing for any v € M(Q;R{;T). Indeed, if A = 0, then ognxn(Av) = 0, but we know
)
already that for any other u > 0 then Q;nxn(/w) > 0, since we can always choose ¢ = 0 as a
©

test function. Let us instead fix 0 < A < p < 4+00. We point out that since both ¢ and —
are possible test functions, we can also just consider, without loss of generality, functions in the
space

= {vect@ry) [ viaw >0},
since the second integral in the definition of the modular is always non-positive. Then we have
epen ) = sup { [ iz do(@) = [ i de v e Clumy
= sup {/\/Qw do(z) — /ng*(m, [Y))de = € T+}
<sup{p [ widvta) = [ G Galehde v eT
=sup{ [ s dof@) =~ [ ¢ lol)de s b € CHURED | = oppen ().

for any v € M(Q;RZ5"), proving condition (7). O

Sym
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Note that, analogously to the anisotropic total variation, see Remark [5.4] considering a bounded,
Lipschitz and open set 2 C R", in the special case v = Eu € M(Q;R{Y) the semimodular in

(5-15) rewrites as

where E*1p = —div .

Remark 5.11. On the one hand, note that testing (5.16) with v» = 0, we get that the supremum
in Oymxn is always non-negative. On the other hand, zf QSO «(|v]) = 400, then the integral in

18 equal to —oo, since the first term is finite. Here we used again Theorem [1.39 yzeldmg that
Eu e M(;REXY) implies w € BD(). This means that test functions ¢ with ou+(|1]) = +00

Sym
can be omitted and Oppnxn CaN be equivalently rewritten as
@

bpgr (Bu) = sup { [ [u- B0 = o (@, 6] do b € CHRRE). o0 () <+
The analogous reasoning can be repeated for the general expression of Opnxn in (5.15)).

In Lemma-we showed that ,QVan is a semimodular, implying that, thanks to the Luxemburg

method, we obtain a seminorm || - H9~ . The following result relates the anisotropic variation

«p
we introduced in with the seminorm associated to the modular defined in (5.15)), similarly
to [102, Lemma 4.7].

Lemma 5.12. Let Q C R" be a bounded, connected, Lipschitz and open set. Let ¢ € ®,(92)
and let u € BD?(QY). Then

1Eully,,, < VZ7"(Eu) <2 HEUHQ~

an — nxn '

Proof. Since u € BD?(€), the case V;X”(Eu) = +00 is excluded a priori. Moreover,

A

for every A > 0, yielding !\EU“g;nxn = 0. Lastly, since the claim is positively 1-homogeneous, we
@

~ FEu
VTLXTL E = O e Snxn _ = 0
o " (Eu) o7 ( )

can assume without loss of generality that ng”(Eu) = 1, since the case VgX"(Eu) € (0,400)

can always be reduced to it.
Now, by the definition of V2*", see (5.13)), it follows that

+ < 1 ope(|wl),

/Qu - E*wdx < V;LX"(EU)

for any w € C}; REY), where the last inequality comes from a general property of the

Luxemburg norms, see Lemma Thus, by the definition of Oppnxn given in (5.15)),
]

Opmxn (Bu) < sup  [14 g (Jw]) = 0p(Jw])] = 1,
‘ weCH (YR
implying HEuHr < 1 by the definition of the norm generated by a modular, see Definition

n><n

[[26] This concludes the proof of the first inequality.
We next establish the opposite inequality 2 ||Eu||Q;an > 1, which is equivalent to proving
©

2F
Opmxn (}\u) > 1 for every A < 1. (5.17)
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Indeed, on the one hand if HU||@~an > 1, then by Definition |1.6{ we have that

inf{k >0 ¢ 0pann <Z> < 1} >1,
©

> A. By Lemma [1.23| then, this implies that

entailing that for any A < 1 it holds ||”UHQ~

Xn

Qvnxn( ) > 1 for any A < 1. On the other hand, having Qvnxn( ) > 1 for any A < 1 entails
that by Definition

. . B E
[ollagn =06 {220+ g (3) <1} 21

directly by the definition of infimum.

Now we need to prove . Thanks to the fact that ¢* € ®.(12), see Lemma (m), and
thanks to Lemma we have that o.«(jw|) < 1 if and only if |w|,+ < 1, and we can
immediately conclude that

2Fu 2u N nxn
Qg xn (A) > Sup{/Q [)\ - Erw — o (x, |w\)] de : we CH, Regm ) lwllpx < 1}

2 ~
> < \ V "(Eu)—1>1.
This proves ((5.17) and yields the thesis. O

The following result, instead, relates the seminorm XN/gX", see Lemma with the norm of
the symmetrized gradient, in particular considering the norm associated to the associate space
(L™ (Q; R™™)). Obviously, in the associate space norm we test with functions in L¥" (Q; R"*"),
while in f/;xn the test functions are smooth. This means that some approximation is needed,
but a priori we are not able to use density in L¥" (Q; R"*") since o* is, in general, not doubling.
In order to state the result, we need the classical decomposition of the symmetrized gradient,
see for instance [23],
Eu=&uLl" + E°u.

Moreover, let us remark the definition of the space LDj,(£2), namely

LDlOC(Q) = {u € Llloc(Q;Rn) : Eu € Llloc(Q ngfl?)}

The result, analogous to [I02, Theorem 5.2], reads as follows.

Lemma 5.13. Let Q C R"™ be a bounded, connected and open set. Let ¢ € ®,(Q2) and let
u € LDioe(2). Then -
VI (Bu) < [|€ull o @pmenyy-

Moreover, if additionally C}(Q; R™ ") is dense in L¥" (;R™ "), then
Vo M (Bu) = [|Eul|(pe* (qurnxnyy -

Proof. Since u € LDoc(9), it follows by the definition of V*™ that

V;LX”(EU) = sup{/ﬂgu cwdr - w € CHQ; R ) lwllpx < 1}. (5.18)

The definition of the associate space norm (extended in a standard way to the vector valued
setting), see Definition [1.31} implies that, chosen w € C}(Q; RIX),

/qu cwds < [|€ul o gy 0]
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nxn

Taking the supremum over the w € C(}(Q;Rsym) such that |Jw|
V2 (Eu) < [|Eul o ey *
Under the density assumption, namely C}(Q; R"*") being dense in L#" (Q; R™*"), we next show
the opposite inequality, namely [|Eul[(pox (qrnxnyy < VI (Eu). Indeed, let w € L‘F’*(Q;ngﬂ’)
with ||w|l,« =1 and let {w;}; C CHQ;RY) be a sequence such that w; — w in L‘P*(Q;R;}yﬁ’)

Sym
3 *(O). PNXn
— w in L? (Q; R, we

o+ < 1, we conclude that

. . . w
and pointwise almost everywhere. Since we know that also T llox
Jlle

may assume that ||w;[|,« = 1 for every j € N. By Fatou’s Lemma, we have

liminf/é’u:wjde/Eu:wdx.
Q Q

J]—00

So, by ([5.18]) it follows that
VX" (Eu) > sup {/qu cwdr :ow € LP (R, lw]or < 1}.

Let h € L¥ (Q). We can set
{ég'h if |Eul # 0,
w =

0 otherwise.

This gives
Vgxn(é’u) > sup {/Q |Eulhdx : h e L¥(Q),||h]l, < 1} = [|€ull (e (urmxnyy -

Hence Vgxn(é’u) = [|€ull(z¢* (@;rnxn))- This concludes the proof. O

In the second part of Lemma we assume that C1(€Q;R"*") is dense in L¥ (;R™"). If
©* satisfies (A0) and (aDec), then this holds automatically by [127, Theorem 3.7.15] (note
that this theorem is stated for scalar functions, but the vectorial case can be deduced working
components-wise thanks to the equivalence of euclidean norms in spaces of finite dimension).
We know already that, by Lemma [1.33|(ii) and (iv), ¢* satisfies these conditions if and only if ¢
satisfies (AO) and (alnc), meaning that it is not clear whether this density property is there or
not in the subsets where the function ¢ is linear.

5.2.2 Explicit expression of the anisotropic modular

In this subsection we derive an explicit formula for the dual modular Oprnxn in terms of the
%)

modular o, of the absolutely continuous part of the symmetric gradient and its singular part
with weight given by the recession function, see Definition [[.29] In particular, analogously to
[102, Theorem 6.4], the main result of the section reads as follows.

Theorem 5.14. Let 2 C R™ be a bounded, connected and open set. Let ¢ € ®.(Q) N CO(Q x
[0, 4+00)) satisfy (AO), (aDec) and restricted (VA1). If u € BD(R2), then

Opnxn (Bu) = 0p(|Eul) + [ ¢ d|Eu.
¢ Q
O

The following result is an immediate consequence of Theorem [5.14] when the generalized ®-
function ¢ does not depend on z, namely when it is a classical ®-function.
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Corollary 5.15. Let ¢ € ®. satisfy (aDec). If u € BD(2), then
o (B) = 05(|Eul) + | B
in any Borel subset of ), and so
(1) BD?(Q2) = BD(Q) if o> < 400,
(2) BD?(2) = LD¥(Q) if > = 400,

where
LD?(Q) :={u € LY(R") : Bue L(RE)}

O

We observe that in (2) we cannot say that BD?(Q) = W1#((), see ([4.9)), since the latter equality
would follow from a Korn’s inequality. But, as proven in [39, Theorem 1.1], the latter holds for
classical convex ®-functions if and only if ¢ satisfies both Vo and As conditions. Now, recall
first that ¢ € ®. implies that ¢ = @™ and that the Vy condition for ¢ is equivalent, by [95]
Definition 2.4.10], to ¢* satisfying Ag. Furthermore, [95, Corollary 2.4.11] states that ¢ € ®,,
satisfies Vg if and only if it satisfies (alnc). By assumption, ¢ satisfies (aDec) but not (alnc),
thus ¢ satisfies Ay but not Vy. As a particular case, one can consider ¢(t) = tlog(1 + t), see
[95, Remark 1.3].

In order to prove Theorem [5.14] we need the following lemma, proven in [102, Lemma 6.1], which
shows the importance of the recession function ¢, see Definition [I.29]

Lemma 5.16. Let Q C R" be a bounded, connected and open set. Let ¢ € ®.(Q) satisfy
restricted (VA1). If ¥ € C%(Q) with gy () < +o0, then 1] < ¢*. O

In [129, Section 3 & Example A.1] it was shown that log-Hélder continuity is not sufficient
when working in BVP() and here, similarly, the (A1) condition (corresponding to log-Hélder
continuity in the general case of convex ®-functions) is not sufficient in the previous result, as
in the following ones, in view of [102, Example 4.3]. That is why we make use of the restricted
(VA1) condition, which corresponds to strong log-Ho6lder continuity in the case of the variable
exponent function, see [102, Proposition 3.2].

In Propositions [5.17] and we consider the singular and absolutely continuous parts of the
symmetric gradient separately. Then we combine them to handle the whole function in Theorem

bI4

Proposition 5.17. Let Q C R™ be a bounded, connected and open set. Let p € ®.(Q) satisfy
(A0), (aDec) and restricted (VA1). If u € BD(S2), then

sup /wszsu:/goood\Esu],
peTe JQ Q

where
7¢:= {4 € CLULRET) © op (W) < +00}. (5.19)

O]

In order to prove Proposition we need the following result, analogous to [102, Lemma 3.5],
which holds a characterization of the singular part of the symmetric gradient of our function.

Lemma 5.18. Let Q C R™ be a bounded, connected and open set. If u € BD(2), then

Boul(@) =sup{ [ v:dBou b e CHORED) vl <1},
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Proof. By the definitions of total variation of a measure and of weak derivative, together with
the fact that Fu = Eu + E°u, we see that

|Eu|(Q2) = sup (/ Y dEu + / (I dEsu>
YeCL(ULREXT), [v|<1 Q

sym

< sup /w déu + sup /w : dE°u
YeL® (R ), [¥[<1 YEL® (QRIW), [¢[<1

= [Eu|(Q) + [Eu| ()

Since [Eu|(2) + |E*ul(Q) = |Eu|(Q) as € and E® are mutually singular, each inequality has to
be an equality, and so the claim follows. ]

We can now give the proof of Proposition following the lines of [102, Proposition 6.2].

Proof of Proposition[5.17. By the definition of the total variation of a measure, Lemma [5.16
and the definition of 7%, see (b.19)), we have

sup /zp:dEsug sup / || d| E*ul S/goood|ESu\.
YeTe JQ Q

PYeET? JQ

In order to tackle the opposite inequality, let us define hy : Q — [0, +00] by

oy, k)

h = 1 inf f Q.
k(ﬂf) ’/‘i}(l)lJr yelBI%m,r) k or any T €
Notice that hy is lower semicontinuous with
-k
b < 20K o oo (5.20)

From the first inequality it follows that ¢*(-,hy) < @(-, k), implying that g« (hy) < 0,(k) <
+oo since ¢ satisfies (A0) and (aDec), and € is bounded.

Let us now remark that hy — ¢> as k — +o00. Indeed, if ¢*°(z) = +o00, then we can use (Al)
in all sufficiently small balls, since (k) < 400, to conclude that

. . oy, k) _ ez, Bk) -1
h =1 f >
k;(l') 7"—1>I(I)1+ yelBl}ac,r) k - k

— B> (z) = 400 (5.21)

as k — +oo. If instead p™°(x) < +00, then we use the same inequality but now with 3 := 7 +w(r)
where w is the modulus of continuity coming from the restricted (VA1) condition, and we obtain
the desired convergence as 8 " 1.

Note that hj is increasing in k since ¢ is convex. Then, by monotone convergence,

/<p°°d|ESu\: lim /hkd|ESu\.
0 k—o0 O

Let us fix ¢ > 0 and assume that [, ¢*° d|E*u| < +oo. Then, we can find h = hj, and K > 0
such that

/S2<p00d|ESu‘§/hd‘ESu’+E<Z/KX{h> }d\E ul + 2¢

= 72 | Eul ({h > }) + 2e.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

145 5.2. The space of bounded deformations fields with generalized Orlicz growth

Since h is lower semicontinuous, then {h > %} is open and hence, by Lemma we can
choose ¥; € CL(Q; R™X™) with |h;| < 1 such that

sym

2 2
1< &1
¢ d|E*ul < Z/ | zpj:dEsu—i-&E:/ > =t | : dE*u + 3e.
/Q K3 >4 o \jo &

Defining v, := Z]K:Ql +1;j, we can notice that 1. € C}(€; R&) and

1 & 1 &
7=1 7=1
giving 04+ (|1]) < 4+00. Therefore ¢ € T and

/cpood]Esu\ §/¢5:dEsu+35§ sup /wszsu—i—?)s.
Q Q PET? JQ

The upper bound then follows letting e \, 0. If instead [, ™ d|E*u| = 400, then a similar
argument gives é < SuPyere fQ v : dE*u and the claim again follows. O

The following result deals with the absolutely continuous part of the symmetrized gradient,
similarly to [102, Proposition 6.3]. Note that removing the assumption that ¢ is continuous in
both variables is not trivial.

Proposition 5.19. Let Q C R" be a bounded, connected and open set. Let ¢ € ®.(Q)NCO(Q x
[0,400)) satisfy (AO) and (aDec). If u € BD(2), then

sup /Q (Eu: o — o* (&, [9])] dz = g,p(|Eul).

YeT?

Proof. The upper bound follows directly from Young’s inequality, indeed

sup /Q (Eu - — o (@, [])] der < /Q (1)) dz = op(|Eul).

PeT?

In order to prove the lower bound let us choose {g;}; C CO(Q; RIL!) N L (Q; RL!) such that
gi — Eu pointwise a.e and in L(€); R ). Then by Fatou’s Lemma and L'-convergence yields

/ o(x, [Eul) dx < ljrninf/ o(z,|gi])dx  and lim gi Ydr = / Eu:pdx
Q e Jo Q Q

1——+00

for any ¢ € T¥. Thus, it suffices to show that

/ o(z,]gl) dz < sup / lg: % — o™ (&, [¥])] de
Q Q

PeT?

Sym sym
see that g : %MMM — |g| |w| pointwise. Thus, by monotone convergence, the vector-values of g
and v are irrelevant and we only need to show that

for any g € C(; REX™) N LP(Q; REX™M). Moreover, replacing ¢ by %mlz/)] and letting € \, 0, we

/ (o, lgl) dz < sup / gl — o* (&, [9])] da (5.22)
Q Q

YeCl(Q)
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for any g € C°(2) N L¥(2). We can also exclude test functions such that g« (1)) = +o0, see
Remark [5.111
Now let us denote with ¢’ the left-derivative of ¢ with respect to the second variable. Then ¢’
is left-continuous and ¢(x, s) > ¢(x, so) + ¢'(x, s0)(s — so) by convexity. For any € > 0, let us
define

“+oo

Ve(z, t) == / o(z,max{7,0}) ((t — 7) dT = (p *¢ () (2, 1), (5.23)

—0o0
where (. is a mollifier in R with support in [0,¢] and where *; denotes the convolution only in
the second variable. Since ¢ and ¢’ are increasing in the second variable and left-continuous,
we have that 1. ¢ and ¢, 7 ¢ as e \ 0. Moreover, 1. = ¢ %; ¢/ is continuous in both z,
since ¢ is, and t, as a convolution with a smooth function.
Let v; € Ce(2) with 0 < wv; <1 and v; /1 as i — +00. By the uniform continuity in supp v;,
we can choose § = d.; > 0 such that, for any ¢ > 0 and ¢ € N,

Y, |g()|vi(z)) — e < YLy, lgy)| vi(y))

for all x € B(y,d) and y € Q. Then

1/15,1‘ = maX{T/}é( ) |g|v’t) - 870} *z 18 < 1/};( ) |g|) < ()O/( ) |g|)7

where 75 is a mollifier in R with support in [0, §] and where *, denotes the convolution only in
the first variable. We have that 1. ; — ¢/(-, |g|), so we conclude by Fatou’s Lemma that

1
—+o00,e—0

ol alalyda < timint [ gl o

Since ¢ satisfies (A0) and (aDec), we see that

" (x, [eil) < 0" (x,¢ (2, 1g])) < gl ' (,19]) < co(z,|g]),

where ¢ > 0 is a constant. Since g € L¥(Q2) and ¢ satisfies (aDec), then o,(g) < +oo. Thus, by
dominated convergence with upper bound c (-, g) yields

/ (@, 0@, g)) de = lim / " (2, ] do.
Q Q

i——+00,e—0

Since 1), is a valid test function and ¢'(-,|g|) < 400 a.e. in Q, the last equality, together with
“Young’s equality”, see Lemma |1.8] implies that

sup /Q[Iglbl—so*(%\w)] drx > lim inf /Q[lgl |the,il — " (2, [vhe,il)] da

chcl (Q)v Qp* ('¢')<+OO i——+00,e—0
> [ Tlol e ll) = "ol d = [ algh

proving (5.22)) and completing the proof of the lower bound. Ol

Remark 5.20. The natural idea would be to choose 1 := ¢'(x, |g|) in the supremum in (5.22)),
instead of the family of test functions that we chose in , where ' is the left-derivative of
o with respect to the second variable. However, this function is not in general smooth and we
cannot use regular approxrimation by smooth functions since p* is not doubling.

Having the two previous propositions at hands, we can now prove Theorem exploiting the
ideas used in [102, Theorem 6.4].
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147 5.2. The space of bounded deformations fields with generalized Orlicz growth

Proof of Theorem[5.1]). Since Fu = Eu + E*u and since u € BD(2), an integration by parts

implies that
/u-E*@Ddaz:/w:dEu:/Eu:wdx+/¢:dE5u
Q

for any ¢ € T¥. Hence, the claim follows from Propositions [5.17] and [5.19] once we prove that

Sup, {/Q[EU¢¢—<P*($,|¢D] dw+/w:dEsu}
= sup /Q[Euzw—cp*(a:,W] )] dx + sup /w dE*u.

YET? YeT?

The first inequality, namely “<” is obvious, so we only need to prove the opposite one. Let us
first assume that

0, (|€ul) +/ e d|E*u| < 00 (5.24)
9)

and let us fix € > 0. We can always choose 1,12 € T¥ such that

sup [ (6w — (] do < /Q Eu: ity — o (@ i) de+e < +oo  (5.25)

YeT? JQ

and

sup / Y dE*u < / Yo 1 dE°u + ¢ < 400. (5.26)
peT? JQ Q

Since u € BD(£2) and 91,12 € T%, we have |Eul |1;] € L(Q) and gy+(|1)i]) < +oo for i € {1,2}.
Thus, by the absolute continuity of the integral, we can find § > 0 such that

/ (Eu - s — o, Ja])] e
9)¥oN
for i € {1,2} and any Q; C Q with [\ Q] < ¢ and

< / X d|Eful < e
O\

for any 2y C Q with |E®u|(2\ Q2) < 0. Since supp E®u is a set with zero Lebesgue measure, we
can find a finite collection of open rectangles {Q;}; C €2 such that

U 2@

1€N

< / [Eul |9l + (@ [ei) dz < e (5.27)
o\

’l,/}g :dE®u
Q\Q2

< 0.

| E¥ul (U Qi) > |E%ul(Q) — 6 and

€N

Let us now choose 6 € C}(Q) such that 0 < 6 < 1, § = 1 in Qg := U;ey Qi and 6 = 0 in
Q1 = 0\ Ujen 2Qs, and let us fix ¢ := 0 1py + (1 —0) € CH(EREST). Since 1). is a pointwise
convex combination, we get

(- 1e]) < @ (- max{[al, [0 ]}) < 9% (- [al) + &7 (-, [ )):
This yields that g, ([0e]) < 0+ ([th2]) + 04+ (|#1]) < +o00, yielding 1. € T¥. We then get that
oppen(Bw) = sup { [ (Eusw (e o] de+ [ 02 dEf
> [ lews o= ¢ @l da+ [ v s dBou
> [ feusin -t lillde+ [ va:dBu -
Q1

> /Q[Su s — @ (x, [91])] dx + /Q"L/JQ : dE®u — 5e,
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where, thanks to ((5.27)),
coim [ lEullel+ o molde+ [l diE] < 3e
Q\Ql Q\QQ

by the absolute integrability assumptions and by Lemma [5.16] By the choices of ¥; and 9,
namely (5.25) and (5.26)), we then get

Qann(Eu) > sup /[gu 2 — " (x, [¢])] dx + sup / Y dE°u — Te.
YeT? JQ YeT? JQ

The lower bound then follows by letting ¢ — 0%. This concludes the proof in the case ([5.24)).
If, instead, o, (|€u|) = 400 and [, ™ d|E*u| < 400, we simply estimate

Sup, {/Q[fuzw—so*(wv\w)] dw+/w:dESU}
> sup /Q[su:w—so( )] da — sup/z/» A

YeT'® peT?
— 0p(€u]) - /Q o™ d|E*u) =

We are only left to consider the case [, ™ d|E*u| = +oc0. By the proof of Proposition
there exists 1. € CL(Q;R2X™) such that

sym
1
/ be: dE*u > -
Q g
and |1 < “" €0 for some k = k.. For any function 6 : Q — [0, 1], we have that

we 0) 0w 2 s 0 o (L EH ) 2 (ﬂ"“) eul + w(k)) ,

see Lemma (iii). Since the function on the right-hand side is integrable, we can choose d; > 0
such that its integral over any measurable set A with |A| < §j is at least —1. Furthermore, since
supp(F*u) has measure zero, we can choose 0 € C2°(12) as earlier to have support with Lebesgue
measure at most 0 and such that satisfies

1 1
:dE? - :dE* —.
/Q(ng) d u>2/ﬂzpE d u>2€

Then,
sup {/ [Eu:tp — " (z, [¥])] dz +/ T dEsu}
peTe Q Q
# 1
>/(0w5) : dE5u+/[5u (0v2) — o (w0, |0e)] d > 5~ 1.
Q Q 1)
Letting € — 400, the claim follows. This concludes the proof of the theorem. O

5.2.3 The variable exponent case

In this subsection we focus on the special generalized ®-function

() 1= — 101, (5.28)
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149 5.2. The space of bounded deformations fields with generalized Orlicz growth

with p : © — [1,+00) a measurable function. Such a p is called a variable exponent. Let us
recall that, choosing ¢ as in (5.28) and considering the set

Yi={zeQ : plx) =1}, (5.29)

we have that its conjugate ¢* is of the form

o 11 if 2 €Q\Y,
o t) = {1 (5.30)
OOX(1,00) (t) ifrxrey,

see [102, Example 4.3], where ¢ is the function defined pointwise in 2\ Y by ﬁ + ﬁ =1 and

with the convention that oo - 0 = 0. From now, given a set A C (), we write

pj := ess-sup p(x) and P = ess-inf p(z),
€A z€A

respectively qi for the conjugate exponent function ¢q. In the following, we will assume pg < 4o00.

We start by recalling the following notion, introduced in [25].

Definition 5.21. A variable exponent p is said to be strongly log-Holder continuous in Y if and
only if
w(lz —yl)

B log(e + |$iy|)7

p(x) —

for every y € Y and x € Q and for some w : [0,4+00) — [0, 4+00) with lim;_,ow(t) = 0.

At this point, it is worth observing that the above property is weaker than the ‘classical log-
Holder continuity’ as stated in [25, Definition 2.3], which is, in turn, equivalent to the restricted

(VA1) condition, introduced in Definition for the function (5.28)). In [25, Lemma 2.4] the
following technical result has been proven.

Lemma 5.22. Suppose that p is strongly log-Hélder continuous in Y. If g4 (w) < 400 for
some continuous w, then |w| <1 inY. O

Remark 5.23. The explicit definition of the function ¢ in (5.28) entails some additional proper-
ties other than the explicit form of its conjugate function given by (5.30). Indeed, it is immediate
to see that p € (), see Definition and [127, Section 7.1]. Moreover, arguing as in [127,
Lemma 7.1.1], it is easy to see that ¢ satisfies (A0), (aInc)p5 and (aDec)pg, see Deﬁnition.

The first result we prove in this subsection is the equivalent of Theorem in this specific
setting. In particular, we show that the same conclusion of Theorem holds under less
restrictive hypotheses on our function ¢. Before doing so, we need to recall the definition of the
modular associated to the variable exponent space when pg < 400, given in an equivalent way
to the one in [129, Subsection 2.2], namely

1
QLP(-)(Q;RS;;DH (u) ::/Qp(x)|u(x)|p(:v) dr

for any u € M(Q;REX™). Now, the theorem reads as follows.

Sym

Theorem 5.24. Let Q@ C R" be a bounded, connected and open set. Let ¢ be defined as in
(5.28) and let p : Q@ — [1,+00) be continuous in 2 and strongly log-Holder continuous in 'Y,
with pd < +oo. If u € BD(Q), then

Ognxn (Bu) = 0o (Bu) := [Bul(Y) + 010 (v mazm (EW)- (5.31)
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Proof. First, let us observe that the claim of Lemma [5.16] is automatically satisfied in the case
of ¢ given by with the only requirement of strong log-Holder continuity in Y and the
assumption that pg is finite. Indeed, on the one hand, in view of and Definition m
(which is a limit in this specific case), it suffices to prove the inequality in the set Y given by
(5.29)), since in 2\ Y the recession function is +o0o. On the other hand though, whenever we
choose 1) € C%(Q) with g, (|¢]) < +o0, then by we have that ¢*(x, [1)|) = 0 for almost
every z € Y, implying that || < 1 = ¢™(x) in Y, in view of Lemma which proves our
claim.

As a second step, let us remark that choosing ¢ as in , with p(-) continuous, Proposition
is valid. In fact, by assumption ¢ is continuous, and by Remark we know that (A0)
and (aDec) are satisfied. Hence, we can conclude that

1
sup [ (eusv— (ool do = o [ jeupt) do
vete Jo p(z) Jo
for any v € BD(2), where T¥ is defined as in (5.19).

We are left to prove that Proposition holds true under these hypotheses and choosing ¢ as

in (5.28), namely proving that

sup /w:dEsu—/goood\Esu].
peTe Ja Q

Note that the inequality “<” is immediately verified thanks to the fact that Lemma holds
under our assumptions. So it suffices to prove that

/goood|E5u| < sup /d}:dESu.

Q PeT? JQ

Thanks to the continuity assumption on p in €, we obtain that (5.20) and (5.21) hold. In
particular, the second one holds for any 8 € [0, 1], due to the non decreasing monotonicity of
(-)P@). Observe that hy, is lower semicontinuous by definition (it is a lower semicontinuous
envelope, see [82] Chapter 1]) and increasing in k. Consequently the same arguments as in the
proof of Proposition lead to the desired conclusion. Moreover, let us remark that for every
u € BD(?) it holds

sup /@Z) cdE*u :/ d|E*u| = |Efu|(Y),
YeTe Ja Y

since p>°(z) =1 in Y as observed before, which indeed says that E*u is concentrated on Y.
Finally, following the same steps of the proof of Theorem since under our hypotheses the
equivalent formulations of Lemma [5.16] Proposition [5.17] and Proposition [5.19 hold, we get the
thesis. O

Remark 5.25. As a corollary of Theorem [5.24), under the same hypotheses we get the coinci-
dence of the spaces BD¥ and BD N LDPO) | with

LDPO(Q) := {u € LPV(QR™) : Eue LPO(Q;RIM)},

Sym

when ¢ is as in (5.28)). Alternatively, this latter equality can be proven directly arguing as in [25),
Theorem 3.8] even removing the continuity hypotesis on p(-), replacing it by lower semicontinuity.
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5.3 The imaging problem

In this section we finally deal with the novel regularizer based on a Musielak-Orlicz generaliza-
tion of classical Total Generalized Variation functionals that we defined in (j5.1]), namely the
anisotropic Total Generalized Variation of order 2, with weight o := (a1, a2) € RT x R, given
by

TGV (w) 1= sup | / udivide : ¥ € CHORY, [Vl < an, |div e < o
Q

where we consider u € Llloc(Q). In Subsection we prove some properties of this functional,
while in Subsection [5.3.2] we give a dual characterization of this functional exploiting the space
BD? we defined in Section Finally, in Subsection [5.3.3] we show how the anisotropic Total
Generalized Variation inherits classical existence and stability properties.

5.3.1 Basic properties of TGV %?(u)

Following the lines of [36], we define the space of functions of bounded variation of order 2 with
Orlicz growth and weight « as

BGVPA(Q) == {u e L?(Q) : TGVS?(u) < +oo}, (5.32)

endowed with the norm
lull gy = llully + TGVE? (w),

where the functional TGV #? is defined as in (5.1)).

Remark 5.26. Note that it would also be possible to define the functionals TGV.P* and the
spaces BGV.P*(Q) for general k € Nt following the lines of [36]. Moreover, for k = 1 and
a € RT, and chosen u € Li. (), we would have

TGV (u) = Sup{/ udivipdr : ¢ € CHELR™), ||
Q

o < a} = aV,(u),

where the right-hand side is defined as in (5.2). Hence, we can indeed speak of a generalization
of an anisotropic total variation. Contrary to Remark which was true for uw € BV (Q) in
order to know at least that Du € M(;R™), here it is enough to take u € Li ().

In the following result we prove some basic properties of the anisotropic Total Generalized
Variation.

Proposition 5.27. Let Q) be a bounded, connected and open set in R™, with n > 2. Let p €
D, (Q) satisfy (A0) and let o = (a1, 2) € RT x RT. Then, the following statements hold:

(i) TGV$? is a seminorm on the normed space BGV.2(Q).

(ii) For u € Li (), there holds TGV2(u) = 0 if and only if u is a polynomial of degree

loc
either 0 or 1.

(iii) For every & = (&1, &z) € RT x RT, the seminorms TGV9? and TGV:S‘f”2 are equivalent.

(iv) TGV P2 is rotationally invariant, namely for any matriz R € SO(n) and u € BGVF?2 ()
we can define @(r) = u(Rx) and we have that i € BGVE2(RTQ) and TGVE?(4) =
TGV22(u).
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(v) Forr >0 and u € BGV$2(Q), define u(x) := u(rz). Then u € BGVS2(r=1Q) and

TGVP2(1) = r " TGV (u) with @ = (ay, ag) := (1r?, agr).

Proof. We prove the five statements one by one.

(i). Thanks to the definition of the functional TGV, ?? given in (5.1)), it is obvious to see that
the two conditions (N2) and (N3) in Definition [1.4] hold, implying that TGV,#? is a seminorm.
Note that BGV2(€2) is a normed space because ¢ € ®,,(0) and satisfies (A0), so || - ||, is a
norm, see Theorem [1.35

(ii). Let us denote the set of the test functions for the functional TGV$*? by

K£2(9) = {$ € CAURED) ¢ [¢llyr < on, [ldiv ] < ).

Let us first assume that u is a polynomial of degree either 0 or 1, implying that V?u = 0. Then,
since the test function v is in K%?(2) and thanks to two integration by parts, it is obvious that
TGVF2(u) = 0.
Suppose now that TGV#?(u) = 0 for some u € Lj,.(Q). For any ¢ € CZ(Q; RLX"), one can find
A > 0 such that

Wl €1 and  divOWE)]loe < .

Since ¢ satisfies (A0), meaning that ¢* satisfies (A0) as well, see Lemma [1.33|(iv), and since Q
is bounded, thanks to Lemma we have that A\ € K£?(Q2). Testing in (5.1)) with A, we
then get

/ udividz =0 for any 1 € CCZ(Q;R:an?)a
Q

implying that V?u = 0 in the weak sense. Since € is connected, this implies that u has to be a
polynomial of degree less than 2.
(iii). The equivalence of the seminorms T'GV#? and TGV&‘”2 can be proven noticing that,

chosen
~ max{ar,as}

min{aq, o}’
we have that ¢ K£2(Q) C Kg’z(ﬂ), meaning that ¢ TGV#2(u) < TGVd“D’Z(u) for any u € LL (Q).
Interchanging the roles of o and & gives us the desired equivalence.
(iv). Thanks to [36, (A.4)], we know that given a matrix R € SO(n), then

2/ T . DNXN T T\ pT 2(0). XN
¢ € CC(R Q7Rsy>;n) — TP T WOR )R € CC(Q7Rsy>;n)7
with div! ¢ = ((divl9) o RT)RT, with [ = 0,1 where div® = id. Hence, for [ = 0,1,

ldiv' &l = [|((div' ) o RT)RT |+ = [|(div' ) 0 BT ||+ = [|dliv! 9|+,

implying that ¢ € K£2(RTQ) if and only if V€ K22%(Q). Lastly, for any 1 € K£?(RTQ) we
have

v = [ u(z)div? Teyde = | w(z)divie(z) dx
| ) di@) e = [ ue) (7 ) de = | @) diviie) de

yielding TGV#2(u o R) = TGVE2(u).
(v). Note that
div(vor ',) = r~}divv) o r'1,,

implying that, chosen ¢ € CL(r~1Q;R™?*") and 1) := 24 o 7~ 'I,,, we have

Sym

HdivliﬁHw = r2il||divlw”<p*a
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for | = 0,1. As a consequence, 1 € K£2(r~1Q) if and only if ¢ € KZ?(Q) with & = (a1, as) :=
(172, apr). Lastly, this yields

iv? =r" [ w(z)div’y(rtz)de = | u(z)diviy(z)de
[, utra v de = [ u@)aivie e de = [ ue) dvi) .

implying TGVE2(uorly) = r " TGVE? (u). O

Note that it is possible to prove that TGV? is weakly lower semicontinuous with respect to
the weak LP convergence, as well as to the weak™ convergence in L°°.

Lemma 5.28. Let Q be a bounded set in R™ and let ¢ € ®,(2). Then, TGV$? is weakly
lower semicontinuous in LP(QY) for every 1 < p < 400, as well as weak* lower semicontinuous
in L>®(Q) for any a € Rt x RT.

Proof. We only prove the lemma for p € [1,400), as the case p = 400 is analogous.
Chosen ¢ € C2(Q; RX1) with [|1h]|p+ < aq and [|div ||y« < ag as in (B.1]), then divZy € L>(9).

Sym

Then, chosen (ug), C LP(Q) such that up — u weakly in LP(€2) we get

/ udiviy dz = lim inf/ uy divZe) dz < liminf TGVE2 (uy,).
Q k—+o00 Jq k—+o00
The thesis follows by taking the supremum over all such . O

The next proposition is the equivalent of [36, Proposition 3.5] in our setting, proving that
BGV#2(€) is a Banach space.

Proposition 5.29. Let Q) be a bounded, connected and open set in R™, with n > 2. Let p €
®,,(Q) satisfy (A0). Then, for any weight o = (a1,az) € RY x RT the space BGV2(Q) is a
Banach space if endowed with the norm || - || gy 02-

Proof. Thanks to Proposition (m), we know that all the seminorms TGV$?2, respectively
norms ||+ || gy 02, are equivalent for any a € R+ xRT, so we only need to prove that BGV$2(12)
is complete for some o« € RT x RT.

Note that, since €2 is bounded and ¢ satisfies (A0), then by Lemmawe have L#(Q) — L1(Q).
This, together with Lemma implies that TGV is a lower semicontinuous functional with
respect to L¥(Q) for any « and ¢ chosen as in the hypotheses.

Now let {uy, },, be a Cauchy sequence in BGV,?2(Q). This yields that {u, }, is a Cauchy sequence
also in L¥(Q), implying the existence of a limit u € L¥(Q2) such that

TGV ?(u) < liminf TGVE? (uy,),
n—-+0o
thanks to the lower semicontinuity of the functional. As a consequence, u € BGV$2(2) and the
only thing left to be shown is that u is the limit in the corresponding norm as well. In order to
do so, let us choose ¢ > 0 and n € N such that for any 7 > n it holds that TGV$2(u, — uz) <
. Thanks again to the lower semicontinuity of the functional (with respect to the L' weak
convergence), letting n — +oo we then get

TGVE(wn — ) < lim inf TGV (un — i) <,

implying that u, — u in BGV#2(Q). O
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5.3.2 Dual formulation

The first step in order to treat minimization problems in image denoising with this new reg-
ularizer is to prove an equivalent result to [37, Theorem 3.1], namely proving that can
be rewritten equivalently as a minimization problem which can be interpreted as an optimal
balancing between the first and second derivative of u in terms of “sparse” penalization, see [37,
Remark 3.2]. In [37] this was done via the Radon norm (i.e. the norm in M associated to the
Radon measure Du), while here we need to use the variant of the generalized variation associ-
ated to ¢ defined in (5.12)). Given the anisotropic nature of such regularizers, we expect them to
better capture fine texture details in the images. The result, providing a dual characterization
of TGV$+2, reads as follows.

Theorem 5.30. Let Q C R™ be a bounded, connected, Lipschitz and open set. Let ¢ € ®,,(Q)
satisfy (AO) and let a = (o, 2) € RY x RT. Then for any u € L' () we have

»,2 _ . Tn o [/nXn
TGV *(u) = werggl(m {OéQVLp (Du —w) + a1V (Ew)} , (5.33)

where TGV?? is defined as in (5.1) and where we have adopted the convention that the above
right-hand side is infinite if V;*"(Bw) = +oo. If, additionally, u € BV¥(S2), defined as in

B-3). then

©,2 _ . Tn o [/ nXn
TGV *(u) = weénég(ﬂ) {ang (Du —w) + a1V (Ew)} , (5.34)

where the space BD¥(Q)) is defined as in (5.14]).
Proof. Let us define Xy := CZ(; R, X7 := CH(;R™) and A := div € Lin(Xz, X1). We

sym
stress that

X, = 2Rt and Xy = Ol R e, (5.35)
Chosen u € L*(92), we define
Fl(M) = I{”‘HWSQQ}(M)’ for any M e Xo

and
FQu(’U) = I{||'||¢*§061}(v) — / wdive dzx, for any v € Xj.
Q

Since ¢ satisfies (A0), then by Lemma [1.33|(7v) also ¢* satisfies (A0Q) and, by Lemma [1.34] we
have that Fy and F§ are continuous in the C?- and C'-topologies, respectively. Then, thanks
to a density argument and to (5.35]), we have that

;2 — _ 3 u
TGV (u) MHeng [F1(M) + F3'(AM))].

Let us remark that we can write the space X; equivalently as

X1 = |J A(domFy' — AdomFY). (5.36)
A>0

Indeed, if z € dom[y' then, trivially, z € X7 implies z € Uy>o A (domFy' — AdomF1) and for
some A > 0 it is always verified that § € domF3'. This implies that

X1 ¢ | A(domFy — AdomFy).
A>0

On the other hand, the converse is true since X is a closed vector space (and domF3' and domF}
are subsets of X7).
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Now, since X is a closed set, it means that also the right-hand side of (5.36]) is closed, which
allows us to use Lemma [I.9] a Fenchel-Rockafellar duality result, getting

TGV () =~ inf [FA(M) + F(AM)] = min ()" (w) + FY (~A"w)].

Now, exploiting the definition of Fenchel conjugate, we get

(F3)*(w) = ao sup {(w,v)Y —|—/ udivodz @ ||v||ox < 1},
veEX QO

for every w € D'(Q; R™), and

Ff(—A"w) = a1 sup {(—A*w, M)x : [|M],- <1},
MeXso

for every w € D'(Q;R"™) with —A*w € D'(; R™*™), where (-, -)x, and (-, - )x, denote, respec-
tively, the duality products between X; and X and between X, and X35. Now, we observe that
if Ff(—A*w) = 400, then by Lemmall.34 we find || — A*w| o« = +o0. Moreover, since —A* = E,
we infer that for every w € D'(2; R") with —A*w € D'(Q; R™™ ™) we have
Fr(—Afw) = {alVJfX"(Ew) if Bw e M(Q;R™™)
+00 if Bw € D'(Q;R™™)\ M(Q; R™™).

Analogously, by observing that, since u € L' (1),

(Fy')*(w) = ag sup {(Du —w,v)x, : |[v]fer <1},
veEX

for every w € D'(Q; R™), the same argument as for F} yields

agf/g(Du —w) if Du—we M(2;R")

(F5)" (w) = . R, n
+00 if Du—w € D'(Q;R") \ M(;R"™),

again for every w € D/(Q; R™). Thus, to summarize, by classical properties of BD and BV, see

[192, Chapter II, Theorem 2.3] and [9], we have that the following characterization holds:

i v _ [7nXn . on
TGVE2() = Lucbbioy {02V (Du — w) + 0a VX" (Bw)} if u € BV(;R?),
oo otherwise in Ll(Q; R™).

(5.37)

To conclude the proof we observe that if u € BV¥(Q), then by Theorem the above infimum
problem can be considered on the subspace of BD(2) where additionally ||w||y« < 400, namely
BD?(Q), see Remark [5.8| O

Note that in the proof we exploited the condition (A0) on the function ¢ in order to have the
inclusions BV?(2) < BV (Q2) and BD?(2) < BD(2), see Remarks [5.1| and

The following result reduces the functional-analytic setting to the space BV¥?(£2), see , by
establishing equivalence of the two spaces BGVO‘f’2 and BV¥.

Corollary 5.31. Under the same assumptions of Theorem we have that TGV$?(u) < +o00
if and only if u € BV¥?(Q).
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Proof. By Remark choosing w = 0 as a test function in the characterization of TGV.#2(u),
namely ((5.33)), we directly infer

TGVE?(u) < aaV(Du) = asVy(u),
see (|5.2)), which, in turn, yields
[ull, + TGV (u) < max{1, ao}||ull pye ().

Conversely, since f/g satisfies the triangle inequality, letting w, be the minimum in (5.33)), we
deduce

asVy(u) = OéQ‘Z;L(D’LL) < agIN/(;‘(Du —wy,) + aQVg(wu) <TGV (u) + ag‘N/g(wu).
O

Remark 5.32. Thanks to Proposition [5.27, in particular thesis (i), and to Corollary we
have that TGV is a seminorm also on the space BV? ().

Remark 5.33. Differently from the classical TGV -setting, it is not clear whether it is possible
to show that there exists a constant C' > 0 such that

1
clullve) < llufle + TGV (u)

or not. Roughly speaking, this is due to the absence of a Musielak-Orlicz equivalent of Sobolev-
Korn inequality. We refer the interested reader to the discussion and the references in Section
22

We also stress that, as it follows from the analysis in Proposition|5.3

1
& lulle + [Dul(@) < llull + TGVE?(u)

for every u € BV¥9(Q).

Thanks to what we have proven in Subsections [5.2.2] and [5.2.3] we expect also the variation
f/(;” and, as a consequence, the total generalized variation TGV to have a decomposition
depending on the absolutely continuous part and the singular part of the gradient of the functions
u € BV?(£2). We leave this open question for future works.

5.3.3 Existence and stability of solutions to the minimization problem

In this section we show how our notion of Total Generalized Variation inherits classical existence
and stability properties. Throughout this section we will always tacitly assume that TGV$*?
is extended to 400 outside of its domain. We first prove that a Poincaré-Wirtinger inequality
also holds in our setting, entailing the coercivity needed to prove the existence of solutions to
minimum problems in image denoising.

To this aim, from now on we denote by P!(Q) the space of affine functions, as well as by
I1: LY(Q) — PL(Q) a linear projection.

Proposition 5.34. Let Q C R™ be a bounded, connected, Lipschitz and open set. Let p € ®, ()
satisfy (A0) and let @ = (a1, 00) € RT x RY. Let 1 < p < 5. Then, there exists a constant
¢ > 0 such that

[ullLr(@) < cTGVE?(w),

for every u € ker I N LP(§2).
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Proof. Because ¢ satisfies (A0), by Remark [5.1) we have BV¥(Q2) — BV () and so
|Du —w|(Q) < V(Du —w).
Analogously, thanks to Remark [5.7 we get BD?(Q) < BD((2), entailing
Bu|(9) < 72" (Bw),

for every w € BD(2). In view of Theorem and Proposition we infer the existence of
a constant ¢ > 0 such that

ullLr(@) < TGV (u) < ¢lag|Du — w|(Q) + a1 | Bw| ()]
<ec [agvg(Du —w) + aﬂN/gX"(Ew)} ,

for every w € BD(Q). The thesis follows then by Theorem [5.30} O

In view of the Lemma [5.28] we deduce existence of minimizers whenever TGV#2 is augmented
by suitable fidelity terms. In what follows, given two Hilbert spaces X and H, we denote by
Lin(X; H) the set of linear and continuous operators between X and H.

Theorem 5.35. Let 2 C R™ be a bounded, connected, Lipschitz and open set. Let ¢ € ®, ()
satisfy (AO) and let a = (a1,a2) € RY x RT. Let 1 < p < 5. Let further H be an Hilbert

space, and let K € Lin(LP(Q); H) be injective on PY(Q). Then, for every f € H, the minimum
problem

1
in —||Ku-— TGV P2 .
uéil%?nﬂ” u— fllg + TGV (u) (5.38)

has a solution.

Proof. Arguing exactly as in the proof of [37, Theorem 4.2], in view of Propositions and
we find that any minimizing sequence for ([5.38)) is uniformly bounded in LP(Q) for every
1 < p < 5. The thesis follows then by Lemma O

We conclude this section by showing stability of minimizers of (5.38)) with respect to the fidelity
datum f.

Theorem 5.36. Let 2 C R™ be a bounded, connected, Lipschitz and open set. Let ¢ € ®, ()
satisfy (AO) and let o = (o1, 0) € RT X RY. Let 1 < p < 5. Let H be an Hilbert space and
let K € Lin(LP(2); H) be injective on PY(). Let {fi}r C H be such that fr — f strongly in
H. Then, setting

1 1
Fio(u) = 5[l Ku — fullm + TGVE?(u),  Folu) := SIEw = fllm + TGVE?(u),

for every u € LP(Q), we have that { Fi }r I'-converges to Fo with respect to the weak LP-topology.

Proof. The limsup inequality is immediately verified by considering for each u € LP(f2) the
constant recovery sequence uy = u for every k € N. To show the liminf inequality, let u € LP(Q)
and let {ug}r C LP(Q) be such that up — u weakly in LP(Q). The fact that

Fo(u) < lim inf 7 (uy)

—+00
is a direct consequence of Lemma [5.28 ]

As a consequence of Theorem [5.36] we infer convergence of the associated minimizers.
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Corollary 5.37. Under the same hypotheses of Theorem |5.36, we have
(1) min Fj, — min Fy.

(ii) Letting up € argmin Fjy for every k € N, we have that {uy}y is precompact in L%(Q),
and that every limiting point u satisfies u € argmin Fy.

Proof. The result follows from the Fundamental Theorem of Gamma-convergence, see [33], by
combining Theorem [5.36] and Proposition [5.34] O
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