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Abstract

Among the questions stemming from materials science and imaging that can be efficiently tack-
led with similar Calculus of Variations and PDEs techniques there are the multiphase problems.
In particular these are problems whose associated energy density, considered a domain represent-
ing a material sample or a grey-scale image, is either discontinuous, modeling possible abrupt
changes along interfaces between different subsets of the considered domain, or periodically os-
cillating, due to the periodic small-scale structure of the considered sample.
In the first part of this PhD thesis we focus on materials science problems with this struc-
ture, considering samples with heterogeneities or microstructure formations, respectively made
of different media in a fixed configuration or having multiple phases of the same material in the
microstructure.
Composite magnetoelastic materials are prime examples, as the combined elastic and magne-
tostrictive effects have different outcomes on the material sample depending on the underlying
microstructure and small-scale structure. In particular, we perform a simultaneous homog-
enization and linearization analysis for magnetoelastic energy functionals featuring a mixed
Eulerian-Lagrangian structure, and characterize their asymptotic behaviour in the sense of Γ-
convergence.
While the homogenization procedure is exploited in order to translate the effect of small-scale
structure of the composite to the macroscopic material response of the whole sample, the re-
laxation procedure follows a different approach, with the focus on characterizing the effective
behaviour of a material accounting for its internal microstructure. Among the samples bene-
fiting from this analysis are the two-well elastoplastic materials, namely characterized by two
different elastic phases which can interact with each other under suitable rank-one connected-
ness assumptions. In order to study them, we characterize the quasiconvex hull of the domain
of a chosen energy density, and provide upper and lower bounds on, respectively, its rank-one
convex and polyconvex envelopes. In some specific modeling cases, we also construct an explicit
trial function through a lamination procedure, which has the prescribed properties on most of
the domain. This is a first step towards the characterization of the quasiconvex envelope of the
energy density, for which an in-approximation result is needed.
In the context of image denoising and reconstruction procedures, as different intensity blocks in
a gray-scale image can be modeled as different phases of the same material, or different materials
in a composite sample, adjacent to each other, similar energy densities are to be considered. An
example of such densities characterizing the anisotropy arising in such multiphase scenarios are
the generalized Φ-functions, a class of maps that includes, for example, variable exponent maps
or double-phase integrands, and are the basis for the theory of generalized Orlicz (or Musielak-
Orlicz) spaces.
A natural question in this setting is to understand under what assumptions on the domain it
is possible to prove global higher integrability of minimizers of such related functionals. Con-
sidering double-phase-type functionals under a uniform local capacity density condition on the
complement of the considered domain, we prove global higher integrability of minimizers, an



integral Hardy inequality and the equivalence of this capacity density condition to a boundary
Poincaré inequality.
These generalized Φ-functions are not only useful as energy densities in order to model the
behaviour of grey-scale images or multiphase composites, but they can also have an active role
in algorithms for image denoising acting as regularizers, as they may have different effects on
different phases, again thanks to their ability to model and select different phases all at once.
After introducing the space of bounded deformation fields with generalized Orlicz growth, we
define a notion of Musielak-Orlicz anisotropic Total Generalized Variation, establish a duality
representation and show well-posedness of the corresponding image reconstruction problem.



Zusammenfassung

Zu den Fragen aus den Bereichen Materialwissenschaft und Bildgebung, die mit ähnlichen Tech-
niken der Variationsrechnung und partiellen Differentialgleichungen effizient gelöst werden kön-
nen, gehören die Mehrphasenprobleme. Dabei handelt es sich insbesondere um Probleme, bei
denen die zugehörige Energiedichte – betrachtet auf einem Bereich, der eine Materialprobe oder
ein Graustufenbild darstellt – entweder diskontinuierlich ist, was mögliche abrupte Änderungen
entlang der Grenzflächen zwischen verschiedenen Teilbereichen des betrachteten Bereichs mod-
elliert, oder periodisch oszilliert, was auf die periodische Feinstruktur der betrachteten Probe
zurückzuführen ist.
Im ersten Teil dieser Doktorarbeit konzentrieren wir uns auf materialwissenschaftliche Probleme
mit dieser Struktur und betrachten Proben mit Heterogenitäten oder Mikrostrukturformatio-
nen, die entweder aus verschiedenen Medien in einer festen Konfiguration bestehen oder mehrere
Phasen desselben Materials in der Mikrostruktur aufweisen.
Magnetoelastische Verbundwerkstoffe sind hierfür Paradebeispiele, da die kombinierten elastis-
chen und magnetostriktiven Effekte je nach der zugrunde liegenden Mikrostruktur und Feinstruk-
tur unterschiedliche Auswirkungen auf die Materialprobe haben. Insbesondere führen wir eine
gleichzeitige Homogenisierungs- und Linearisierungsanalyse für magnetoelastische Energiefunk-
tionale mit einer gemischten Euler-Lagrange-Struktur durch und charakterisieren deren asymp-
totisches Verhalten im Sinne der Γ-Konvergenz.
Während das Homogenisierungsverfahren genutzt wird, um den Einfluss der Feinstruktur des
Verbundwerkstoffs auf das makroskopische Materialverhalten der gesamten Probe zu übertra-
gen, verfolgt das Relaxationsverfahren einen anderen Ansatz, bei dem der Schwerpunkt auf der
Charakterisierung des effektiven Verhaltens eines Materials unter Berücksichtigung seiner in-
neren Mikrostruktur liegt. Zu den Proben, die von dieser Analyse profitieren, gehören die elasto-
plastischen Zwei-Phasen-Materialien, die sich durch zwei verschiedene elastische Phasen ausze-
ichnen, die unter geeigneten Annahmen zur Rang-1-Verbundenheit miteinander interagieren
können. Um diese zu untersuchen, charakterisieren wir die quasikonvexe Hülle des Definitions-
bereichs einer gewählten Energiedichte und geben Ober- und Untergrenzen für ihre konvexe
bzw. polykonvexe Hülle vom Rang-1 an. In einigen spezifischen Modellierungsfällen kon-
struieren wir zudem durch ein Laminierungsverfahren eine explizite Testfunktion, die auf dem
größten Teil des Definitionsbereichs die vorgeschriebenen Eigenschaften aufweist. Dies ist ein
erster Schritt zur Charakterisierung der quasikonvexen Hülle der Energiedichte, für die ein In-
Approximationsergebnis benötigt wird.
Im Zusammenhang mit Verfahren zur Bildrauschunterdrückung und -rekonstruktion sind ähn-
liche Energiedichten zu berücksichtigen, da verschiedene Intensitätsblöcke in einem Graustufen-
bild als unterschiedliche Phasen desselben Materials oder als verschiedene, nebeneinander liegende
Materialien in einer Verbundprobe modelliert werden können. Ein Beispiel für solche Dichten,
die die in solchen Mehrphasenszenarien auftretende Anisotropie charakterisieren, sind die ver-
allgemeinerten Φ-Funktionen, eine Klasse von Abbildungen, die beispielsweise Abbildungen mit
variablem Exponenten oder Zweiphasen-Integranden umfasst und die Grundlage für die Theorie



der verallgemeinerten Orlicz- (oder Musielak-Orlicz-) Räume bildet.
Eine naheliegende Frage in diesem Zusammenhang ist, unter welchen Annahmen bezüglich des
Definitionsbereichs es möglich ist, die globale höhere Integrierbarkeit von Minimierern solcher
verwandter Funktionale nachzuweisen. Unter Berücksichtigung von Funktionalen vom Doppel-
phasentyp unter einer einheitlichen lokalen Kapazitätsdichtebedingung auf der Komplementär-
menge des betrachteten Definitionsbereichs beweisen wir die globale höhere Integrierbarkeit von
Minimierern, eine integrale Hardy-Ungleichung und die Äquivalenz dieser Kapazitätsdichtebe-
dingung zu einer Poincaré-Grenzungungleichung.
Diese verallgemeinerten Φ-Funktionen sind nicht nur als Energiedichten nützlich, um das Ver-
halten von Graustufenbildern oder mehrphasigen Verbundstrukturen zu modellieren, sondern
können auch eine aktive Rolle in Algorithmen zur Bildrauschunterdrückung spielen, indem sie
als Regularisatoren fungieren, da sie – wiederum dank ihrer Fähigkeit, verschiedene Phasen
gleichzeitig zu modellieren und auszuwählen – unterschiedliche Auswirkungen auf verschiedene
Phasen haben können. Nach der Einführung des Raums der begrenzten Deformationsfelder mit
verallgemeinertem Orlicz-Wachstum definieren wir einen Begriff der anisotropen totalen verall-
gemeinerten Variation nach Musielak-Orlicz, etablieren eine Dualitätsdarstellung und zeigen die
Wohlgestelltheit des entsprechenden Bildrekonstruktionsproblems.
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Introduction

Many mathematical models for natural or synthetic materials can be described as problems
having a multiphase structure, where the word “phase” can either stand for proper different
phases in the microstructure formations of the material sample, for example as in ice crystals or
crystalline elastoplastic materials, or for different media adjacent to each other at a small-scale
level in a composite sample. Examples can be nacre, liquid-liquid mixtures of immiscible liquids
or high-contrast synthetic materials. Multiphase models are also widespread in the context of
imaging problems (denoising, reconstruction, etc.), since every sharp edge in a grey-scale image
can be considered as an interface between different phases. As the variational setting possesses
tools suited to analyze these kinds of models, in this thesis we focus on four different questions
arising in the variational modeling of multiscale problems in materials science and imaging, in
particular focusing on two topics: materials with heterogeneities or microstructure formations,
and the use of generalized Φ-functions as candidates for regularity issues and better reconstruc-
tion of noisy images.
In the context of materials with heterogeneities, we consider composite magnetoelastic materials,
whose associated energy functional features a mixed Eulerian-Lagrangian structure. The term
“magnetoelasticity” stands for the mutual interaction between magnetic fields and mechanical
deformations. On the one hand, if a magnetic field is applied to a magnetoelastic sample it
can induce a mechanical strain, possibly causing the material to change dimensions or shape.
On the other hand, mechanical deformations of the sample, such as stretching, compressing or
bending, can alter its magnetic properties, see [98]. Such materials are being exploited in a
range of advanced applications, for example in actuators, sensors and energy harvesting devices,
see respectively [11, 56, 90].
In the case of a single-crystal magnet an existence result for the minimization problem of mag-
netoelastic energy functionals was proven in [188] under a higher-order regularization corre-
sponding to the setting of non-simple materials. In the absence of a Hessian regularization,
the well-posedness of the minimization problem was established, under different assumptions, in
[149] and [15]. A linearization analysis was recently carried out in [5]. Further, a homogenization
analysis in a linear setting under the presence of rigid magnetic inclusions has been carried out
in [121]. Furthermore, in [45] a variational model describing the formation of domain structures
and accounting for magnetostriction in the small-strain setting is identified through a simultane-
ous linearization of the deformation and sharp-interface limit of the magnetization with respect
to the easy axes. The magnetostrictive effect, term coined in [99], namely the change in shape
or dimensions that some ferromagnetic materials undergo if exposed to a magnetic field, arises
because of the influence of the magnetic field on the alignment of magnetic domains within the
sample. This started a line of research devoted to the understanding of the role of complex
microstructures in special magnetostrictive materials, which exhibit significantly higher magne-
tostrictive strains, see [139, 92, 93].
The first result of this thesis is a simultaneous homogenization and linearization for magnetoe-
lastic materials with periodic microstructure in the sense of Γ-convergence. The mathematical
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Introduction 2

novelty here consists in a combination of two-scale convergence, see [174, 4, 156], with Eulerian-
Lagrangian methods, see [45, 46]. In particular, we also show that starting from a large-strain
setting and performing simultaneous homogenization and linearization yields in the limit the
same model obtained by first linearizing and then letting the width of the microstructure go
to zero. Following [6], we work under the assumption of a strong coupling condition, ensuring
that the admissible magnetizations do not jump across the interface between different crystal
magnets.
The homogenization procedure for complex heterogeneous materials translates the effect of the
microstructure to the macroscopic material response of the sample, namely asymptotically “sub-
stituting” them with uniform effective media. Many structured composited have been considered
in the literature, for example fiber-reinforced materials, see [32, 161, 107], auxetic metamaterials
of checkerboard-type, see [100, 146], and layered materials, see [65, 87]. More in general, for
high-contrast composites we refer to [35, 60, 85, 88] and the references therein. In order to
make large-scale simulations feasible, understanding the effect of the internal microstructure of
each component of the heterogeneous composite sample is a necessary step on its own, and one
example of materials with a complex internal microstructure are elastoplastic materials.
In particular, starting from the classical model of finite crystal plasticity introduced in [148, 152],
see also [182, 183], the gradient of every deformation y of an elastoplastic sample is assumed
to decompose into the product of an elastic strain, Fel, describing local rotation and stretching
of the crystal lattice, and a plastic one, Fpl, capturing local plastic deformations resulting from
the movement of dislocations. Plastic deformations of single crystals lead to the spontaneous
formation of microstructures, due to the discrete nature of crystalline slip systems which makes
the energy density associated to such samples not convex, and these microstructures influence
the macroscopic material response. This was the motivation for [180], which was the first work
of a large effort to understand plastic microstructure formation in a variational setting. When
studying macroscopic material behaviour of samples, on length scales much larger than that of
the microstructure, the idea is to solve locally a microscopic and scale-invariant problem, and
then transferring the gained insight at the macroscopic level by replacing the energy density with
its quasiconvex envelope, roughly speaking optimizing locally over all possible microstructures.
In [79] the class of admissible deformations y whose gradient can be written as ∇y = FelFpl
with Fel ∈ SO(2) and Fpl = I2+ γs⊗ s⊥, where γ ∈ R and s ∈ S1, was considered. Further, the
full relaxation of a corresponding energy density, depending linearly on the amount of slip γ,
motivated by the incremental problem for rate-independent finite plasticity in [180] and [160],
is determined. In [73] instead, the homogeneous single-slip model with linear self-hardening was
considered, namely an energy density linear in γ2, found considering the rigid-elasticity limiting
case of the model in [19, 159] for small critical stress. These first models for elastoplastic materi-
als gave rise to plenty of subsequent results, for example considering the asymptotic behaviour of
crystal plasticity, see [76], infinite-order laminates, as in [3], the evolution of laminates in finite
crystal plasticity, see [145], or extending the analysis to two or three active slip systems, as in
respectively [77] and [75]. One of the main points of materials science though is whether we are
able to find a composite such that the chosen combination of different materials exceeds their
individual constituents with regard to some physical characteristics, like strength, stiffness or
ductility. This question was the motivation behind the vast literature on composite elastoplastic
materials, see for example [113, 183] for heterogeneous elastoplastic materials, or [64] and [137]
for layered materials with one and two active slip systems respectively.
In particular, here we study two-well elastoplastic materials characterized by two different elastic
phases which can interact with each other under suitable rank-one connectedness assumptions,
instead of considering the elastic strain of the gradient of deformations as a pure rotation (as
in the single-well setting). After characterizing finite and infinite quasiconvex hulls of the class
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of admissible strains, we provide lower and upper bounds on, respectively, the polyconvex and
rank-one convex envelopes of our energy densities, as well as an explicit construction for a trial
function with prescribed properties on most of the domain, a first step in the direction of charac-
terizing the quasiconvex envelope of the energy. The two missing tools for this characterization,
beyond the scope of this thesis, are an in-approximation result for possibly unbounded sets, see
[122, 123] for the precise definition in the uniformly bounded setting, and an explicit proof of
the rank-one convexity of the quasiconvex envelope of the energy density chosen.
The second part of this thesis focuses on the class of generalized Φ-functions. This generalized
setting, which includes variable exponent maps, polynomials and the double-phase integrand
among others, gathers maps flexible enough to characterize the anisotropy arising in different
multiphase systems, supported by a strong general theory. As an example, in many material
models it is reasonable to assume a continuous anisotropy change, as for electrorheological fluid
dynamics where the anisotropy depends on the smooth electrical field, see [187]. These can be
modeled by functionals with a variable-exponent growth, namely F (x, t) ≈ tp(x) with a contin-
uous function p( · ). Other models instead, such as grey-scale images, are better described by
sharp transitions and, to this end, the theory for functionals with non-standard growth, also
known as (p, q)-growth, started getting developed in [201], see also [157], where minimizers of
such functionals were studied as models of anisotropic materials.
One special Φ-function is the double phase integrand, namely φ(x, t) := tp + a(x)tq, which has
the property that the growth rate can change harshly from p to q depending on whether the
modulating coefficient a is zero. In [72], see also [16, 17, 18, 71], the regularity theory of the
double-phase functional started getting developed and, since then, the interest in the topic has
only grown, see [51, 52, 53, 54, 55] among others. Since it is well-known that in the case of
minimizers of the p-energy the uniform p-capacity density condition (also known as uniform p-
fatness) of the complement of the chosen domain is optimal for the global higher integrability of
these minimizers, see [141], the first question that comes to mind is what the optimal condition
on the domain is if the p-integrand is replaced by the double-phase integrand. In order to answer
to this question, a lot of results have been proven. In particular, in [52] the authors were able to
deal with Reifenberg flat domains, while, based on the local result [128], in [140] a global higher
integrability result for an obstacle problem under the assumption of a measure density condition
on the boundary was obtained. However, the additional step from a measure density condition
to a capacity density condition involving a notion of capacity that is adapted to the double-phase
integrand was still missing, even though relative capacities for generalized Φ-functions such as
the double-phase integrand are already in use in the literature, see [20], and were inspired by the
definitions of capacities for variable exponents, see [95]. One may think that it is possible to give
an answer to the question using these notions of capacity, but our first contribution is to give a
counterexample. Indeed, in this context, a Maz’ya type inequality is a crucial intermediate step
in order to prove global higher integrability, but the expected statement does not hold with the
notion of capacity introduced in [20]. Our second contribution, then, consisted in proposing the
new concepts of infimal variational φ-capacity and infimal variational φ-fatness of sets, inspired
by [49]. After proving a self-improving property of the infimal variational φ-fatness, see also
[162] and [103] for the case of variable exponent, we deal with the global higher integrability,
showing that this notion of fatness on the complement of the domain is, again, not optimal, but
refining the existent results differentiating between phases in the proof.
This has to be seen as a first step into the direction of extending these results to the context of
generalized Φ-functions, thanks to the fact that an extended theory is available for them. Indeed,
generalized Φ-functions are the basis for the theory of generalized Orlicz (or Musielak-Orlicz)
spaces, a generalization of the Orlicz spaces, which are, in turn, a generalization of the standard
Lebesgue spaces. Variable exponent Lebesgue spaces appeared in the literature for the first time
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already in [178], but they were soon treated as a special case of so-called modular function spaces
studied in [171, 172], see also [170]. The standard reference for generalized Orlicz (or Musielak-
Orlicz) spaces is instead [169], which is the first comprehensive text on them, but leaving out
some topic, as they were studied after its publication. In particular, we refer to [127], and the
references therein, for a more modern theory of generalized Orlicz spaces. For Musielak-Orlicz
Hardy spaces we refer to [199], while [62] covers differential equations in Musielak-Orlicz spaces.
Among the vast literature in variable, Orlicz, and generalized Orlicz spaces, we also single out
the contributions [63, 95, 129, 130, 181] and the references therein.
The properties of generalized Φ-functions and Musielak-Orlicz spaces are useful also in order to
get better results in imaging problems, like denoising or reconstruction. Generally speaking, in
its simpler formulation, for a given bounded domain grayscale images are identified with func-
tions and, starting from a datum possibly corrupted by noise, a clean image is obtained through
the minimization of an energy functional whose structure relies on the competition between a
fidelity term, intended to keep track of the original datum, and a regularizing term, whose task
is to filter out the noise and return a clean image. Various types of variational regularizers have
been proposed in the literature and a classical example of functional in the literature is the
ROF model, where the regularizer is the total variation of u, see [186]. A known drawback of
such functional is the staircasing effect, which is the tendency of producing artificially piecewise-
affine artifacts in the image denoising, see [57, 138] among others. In order to counteract such
problems, several higher-order models have been introduced and a particularly successful one is
the second-order Total Generalized Variation introduced in [36]. At the same time, in order to
get a more accurate image denoising, anisotropic models have risen to prominence, allowing to
tailor the denoising effects to specific features of different parts of the images, see for example
[30, 57, 190]. Anisotropic models, at least in the ROF setting, have indeed proven to allow for
more accurate computations, as well as for a staircasing reduction and a sharper texture recog-
nition, see [58, 108, 151]. Among them [59], where the anisotropic ROF-type functional with a
generalized Φ-function as the regularizing term, in particular a variable exponent function, was
introduced. This variable exponent function though was not allowed to have linear growth at
any point of the domain in [59], so, in order to fix this issue, in [102] a more general regularizing
term defined in terms of generalized Φ-function, possibly having linear growth, was proposed. In
order to deal with this new term, a thorough mathematical foundation of the space of functions
with anisotropic bounded variation with generalized Orlicz growth has also been provided.
Our contribution is about characterizing a higher-order regularizing term, like in [36], with gen-
eralized Orlicz growth, namely considering the two improving effects at the same time. Indeed,
after introducing the space of bounded deformation fields with generalized Orlicz growth, we
define a notion of Musielak-Orlicz anisotropic Total Generalized Variation, establishing a duality
representation and showing well-posedness of the corresponding image reconstruction problem.

Original contributions of the thesis
We now proceed by describing in details the original contributions contained in this thesis.

Homogenization and linearization in magnetoelasticity
In Chapter 2 we prove simultaneous linearization and homogenization for magnetoelastic materi-
als, thus taking the first steps toward an extension of classical commutability results in nonlinear
elasticity, see [118] and [165], to a coupled setting. As illustrated by the following diagram, we
are able to prove that both the sequence of linearization and homogenization as a two-steps
analysis and the simultaneous process recover the same limiting functional, where the limit is
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to be understood in the sense of Γ-convergence, see Section 1.2. The precise definitions of the
functionals F δ

ε , F lin
ε and F lin

hom will be given below.

F δ
ε F lin

ε

F lin
hom??

Linearization

H
om
ogenization

Homogenization &
Linearization

H
om
ogenization

Linearization

Note that the first linearization result in the context of magnetoelastic materials is [5], where
different assumptions on the functionals were considered. The study of the missing dashed lines
in the diagram, namely the homogenization process first followed by the linearization procedure,
remains an open problem since, the interaction of non-impenetrability with microstructures is
currently not yet understood, not even in the setting of nonlinear elasticity, where magnetic
contributions are neglected. The key hurdle of this analysis is the simultaneous analysis, as it
has to somehow deal with this issue, even if not in a sub-sequential fashion.
For a given boundary datum h on a subset γ of ∂Ω fixed a priori, we consider the class of
admissible deformations

Y :=
�
w ∈ W 1,p

h (Ω;R
3) : det∇w > 0 a.e. in Ω, w is a.e. injective in Ω

	
.

To each deformation w ∈ Y we associate a suitable rescaled displacement u := w−id
δ . The

rescaled magnetoelastic energy of a periodic magnetoelastic component F δ
ε is then given, for

ε > 0 and δ > 0, by

F δ
ε (u,m) :=

1
δ2

ˆ
Ω
W

!
x

ε
, I3 + δ∇u(x),m(x+ δu(x))

(
dx

+
ˆ
Ω
a

!
x

ε

(
|∇m(x+ δu(x))|2 det(I3 + δ∇u(x)) dx+ µ0

2

ˆ
R3

|∇ψm|2 dx,
(1)

where the pairs (u,m) of admissible displacements and magnetizations belong to the class

Aδ :=
�
(u,m) ∈ W 1,p

g (Ω;R3)×W 1,2((id+ δu)(Ω); S2) : id+ δu ∈ Y
	
,

and where g := h−id
δ . We work under the assumption p > 3 in order for for the deformed

configuration to be pointwise well-defined. In (1), W encodes a nonlinear magnetostrictive
energy density such that

◦ W is Y -periodic in the first variable, where Y := [0, 1)3 is the unit cube in R3;
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◦ W is coercive, frame-indifferent jointly in the second and third variables, and normalized
in the second;

◦ W admits a second-order Taylor expansion centered at the identity, in particular

W ( · , I3 + F, · ) = 12 Q( · , F, · ) + r( · , F, · )

for every matrix F . Here Q is non-negative, Y -periodic in the first variable and quadratic
in the second, while r a higher-order remainder function.

The second term in (1) describes the magnetic exchange, penalizing the spatial changes of m.
The parameter a is a material length-scale tuning the strength of very short-range interactions
and, in this setting, is represented by a non-negative Y -periodic map bounded from above and
below by two constants. The last term instead encodes the contributions of the magnetic stray
field ψm, weak solution to the Maxwell equation

div(χΩwm) = µ0∆ψm in D′(R3),

where χΩwm denotes the extension of m by 0 to the whole space and where µ0 > 0 is the
permeability of the vacuum. Note that the deformed set Ωw is defined as Ωw := w(Ω) \ w(∂Ω).
Assuming that the temperature of the sample is fixed below the Curie threshold, we work under
the assumption that |m ◦w| = 1 a.e. in Ω, possible, instead of the usual |m ◦w| det∇w = 1 a.e.
in Ω, since the deformations are close to identity.
Setting δ := εα for α > 0, the main result of Chapter 2 is a characterization of the asymptotic
behaviour of the functionals F εα

ε as ε ↘ 0, in the sense of Γ-convergence. In particular, we prove
that the limiting functional F lin

hom is given, for every α > 0, by

F lin
hom(u,m) :=

1
2

ˆ
Ω
Qhom(∇u(x),m(x)) dx+

ˆ
Ω
Thom(∇m(x)) dx+ µ0

2

ˆ
Ω
|∇ψm(x)|2 dx,

for every (u,m) ∈ A0 := W 1,p
g (Ω;R3) × W 1,2(Ω; S2). The linearized and homogenized density

Qhom is a quadratic form defined as

Qhom(A, ν) := inf
�ˆ

Y
Q(y,A+∇ϕ(y), ν) dy : ϕ ∈ W 1,2

per(Y ;R3)
�
,

for every A ∈ R3×3 and ν ∈ S2, where Q is the linearization of W . In turn, Thom is the
homogenized exchange energy density, defined as

Thom(A) := inf
�ˆ

Y
a(y) |A+∇ϕ(y)|2 dy : ϕ ∈ W 1,2

per(Y ;R3)
�
,

for every A ∈ R3×3.
Our second contribution is to show that the functional F lin

hom can be recovered by first linearizing
the functional in (1) and then passing to the homogenization limit. In particular, this holds true
and the limiting linearized energy as δ ↘ 0, intermediate step for the proof, is given by

F lin
ε (u,m) :=

1
2

ˆ
Ω
Q

!
x

ε
,∇u(x),m(x)

(
dx+

ˆ
Ω
a

!
x

ε

(
|∇m(x)|2 dx+ µ0

2

ˆ
R3

|∇ψm|2 dx,

for all (u,m) ∈ W 1,p
g (Ω;R3)×W 1,2(Ω; S2).
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Relaxation of variational models for two-phase elastoplastic materials
In Chapter 3 we deal with materials which exhibit a plastic behaviour characterized by finite
crystal plasticity along one slip-direction s ∈ S1, see for example [136]. In particular, we adopt
the classical model of finite crystal plasticity introduced in [148, 152], see also [182, 183] for a
precise justification of the validity of this decomposition. For a bounded domain Ω ⊂ R2, we
assume that the gradient of every deformation y : Ω → R2 decomposes into the product of an
elastic strain, Fel, describing local rotation and stretching of the crystal lattice, and a plastic one,
Fpl, capturing local plastic deformations resulting from the movement of dislocations, namely
∇y = FelFpl. We further assume that the material is free to glide along the active slip system
(s, s⊥), namely that the plastic strain satisfies Fpl = I2 + γs ⊗ s⊥, where the map γ measures
the local amount of slip, see [73, 79]. To model the presence of the elastic phases, we assume
that the elastic strain Fel takes values pointwise in the class K := SO(2)A ∪ SO(2)B ⊂ R2×2,
where A,B ∈ R2×2, with detB ≥ detA > 0. Without loss of generality, up to multiplication by
A−1, polar decomposition and diagonalization, one can always choose

A := I2 =
�
1 0
0 1

&
and B :=

�
λ 0
0 µ

&
,

where 0 < λ ≤ µ and λµ ≥ 1, always considering A ̸= B. In this chapter we focus on the
non-degenerate regime λµ > 1. For every matrix M ∈ R2×2 such that detM ̸= 0, we define the
class of matrices

MM
s :=

�
F ∈ R2×2 : F = RM(I2 + γs⊗ s⊥), R ∈ SO(2), γ ∈ R

	
.

In particular, the gradients of the admissible deformations for our model take pointwise values
within the set Ms := MA

s ∪ MB
s . Inspired by the homogeneous single-slip model with linear

self-hardening introduced in [73], we set our energy density as

W (F ) :=
�
γ2 if F = RM (I2 + γs⊗ s⊥) ∈ Ms, with M ∈ {A,B},
+∞ otherwise in R2×2.

In order to prove a relaxation of the corresponding energy functional, a first necessary step is
to characterize the quasiconvex hull of the class of gradients of the admissible deformationMs.
In particular, we prove that, under the aforementioned assumptions,

(Ms)qc = Ns :=
�
F ∈ R2×2 : detF ∈ [detA, detB], |Fs| ≤ fA,B

s (detF )
	
,

where
fA,B
s (t) := |As|+ (t− detA) |Bs| − |As|

detB − detA,

for every t ∈ R, and that (Ms)rc = (Ms)pc = (Ms)qc. Additionally, setting

N ∗
s := Ns \

�
F ∈ R2×2 : detF ∈ (detA, detB), |Fs| = fA,B

s (detF )
	
,

we show that
Qco(Ms) =

�Ns if |Bs| = detA,

N ∗
s otherwise,

and again Rco(Ms) = Pco(Ms) = Qco(Ms). The different notations (Ms)qc, respectively
(Ms)rc and (Ms)pc, and Qco(Ms), respectively Rco(Ms) and Pco(Ms), stand for the finite and
the infinite quasiconvex, respectively rank-one convex and polyconvex, hulls. Note that a priori
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the two quasiconvex hulls QcoE and Eqc may be different since, a priori, even QcoE ⊆ Eqc. Our
result, though, is one of the few instances of explicitly computed finite and infinite quasiconvex
hulls which do not coincide. The second, and main, result of Chapter 3 yields lower and upper
bounds for the rank-one convex and polyconvex envelopes of W on a subset of Ne1 , as well as
an explicit characterization of these envelopes on the same set for λ = 1. We only focus on the
case s = e1 since the general slip direction regime is not easy to treat, because of the interplay
between the two elastic phases and the slip direction appearing in the plastic strain. Let us first
consider the map given, for F ∈ Ne1 , by

�W (F ) := (|Fe2|2 − 1) λµ− detF
λµ− 1 + 1

λ2
(|Fe2|2 − µ2) detF − 1

λµ− 1 ,

which corresponds to a convex combination of the associated single-well envelopes. Moreover,
let

ϕ(F ) := c(F ) (λµ− detF )(detF − 1)
! 1
λ2

− 1
(2 (Fe1 · Fe2)2

|Fe1|2 ,

ψ(F ) := c(F ) (λµ− detF )(detF − 1)
! 1
λ2

− 1
(2

|Fe2|2,

for F ∈ Ne1 , where
c(F ) := 1

λµ− 1
1

detF − 1 + 1
λ2 (λµ− detF ) > 0,

and set
Λ(F ) := (λµ− detF )(detF − 1)

|Fe1|2
for F ∈ Ne1 . Then we have that dom(W rc) ⊇ N ∗

e1 , and

W rc(F ) ≤
��W (F )− ϕ(F ) if F ∈ D,

+∞ otherwise,
and W pc(F ) ≥

��W (F )− ψ(F ) if F ∈ Ne1 ,

+∞ otherwise,

where D := N ∗
e1 ∩ {F ∈ R2×2 : |Fe1| ≤ detF

µ }. If, in particular, λ = 1, then W pc(F ) =
W rc(F ) = �W (F ) for every F ∈ D, and

W rc(F ) ≤
��W (F ) + Λ(F ) if F ∈ Ne1 \ D,

+∞ if F /∈ Ne1 .

On the one hand, in order to find the upper bound on the rank-one convex envelope of the energy
density, we compute the energy on proper families of rank-one lines. Since every rank-one line
may give a different value for the energy, the main struggle is choosing explicit rank-one lines
which give us a good enough energy estimate. On the other hand, in order to explicitly find the
lower bound on the polyconvex hull we need to prove that the function �W − ψ is polyconvex
and below the energy density W .
Proving that the quasiconvex envelope coincides with the other two, even if only in a subset
of Ne1 is a significant hurdle. Indeed, a priori it is known that if a function can attain infinite
values, then

convexity ⇒ polyconvexity ⇒ rank-one convexity,

whereas no specific implications are known for quasiconvexity. In order to characterize the
quasiconvex envelope, one needs to argue by combining convex integration and in-approximation
techniques, together with an explicit construction of a trial function with prescribed properties
on a big enough subset of our domain and a result proving that the quasiconvex envelope of
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the energy density is already rank-one convex. Even though this whole analysis is beyond
the scope of this thesis, as it would require to prove an in-approximation result for possibly
unbounded sets, which is a theoretical hurdle in itself, we provide a first step, namely the
construction of precise trial functions with prescribed boundary values. Therefore we prove a
result similar to [79, Theorem 4], in turn a variant of [167, Theorem 6.1], since we need the
constraint |(∇u)s| ≤ fA,B

s (det∇u) to hold pointwise and that an exact laminate between the
two given matrices is constructed on an arbitrarily large part of the domain. In particular, for
λµ > 1 and any s ∈ S1, we consider FA ∈ NA

s and FB ∈ NB
s be such that rank(FA − FB) = 1

and FAs ̸= FBs. Then, for every θ ∈ (0, 1) and δ > 0, there exist h0 > 0 and Ωδ ⊂ Ω, with
|Ω \ Ωδ| ≤ δ, such that the restriction to Ωδ of any simple laminate between the gradients FA

and FB, with weights θ and 1 − θ and period h < h0, can be extended to a finitely piecewise
affine function u : Ω→ R2 such that

(i) u(x) = (θFA + (1− θ)FB)x on ∂Ω,

(ii) det∇u ∈ [1, λµ],
(iii) |(∇u)s| ≤ fFA,FB

s (det∇u) ≤ fA,B
s (det∇u),

(iv) dist(∇u, [FA, FB]) ≤ δ on Ω.

Global higher integrability and Hardy inequalities for double-phase functionals
under a capacity density condition
In Chapter 4, we deal with functionals of double-phase type in a bounded and open set Ω ⊂ Rn.
In particular, we define

φ(x, t) := tp + a(x)tq,

where 1 < p < q < +∞, and where the modulating coefficient a : Rn → [0,+∞) satisfies

a ∈ C0,α(Rn) for some α ∈ (0, 1].

We assume that
q

p
≤ 1 + α

n
,

a standard assumption in regularity theory, since it is crucial for the Hölder continuity of min-
imizers of the double-phase functional and regularity results concerning their gradients, see
[18, 109, 112].
In order to prove the global higher integrability of quasi-minimizers, we need to notice that not
only the regularity of the boundary datum, but also the regularity of the underlying domain
itself is crucial. This leads us to introduce the concepts of infimal variational φ-capacity and
infimal variational φ-fatness of sets. In particular, given E a compact subset of an open set
O ⊂ Rn and considered a level t > 0, the variational level-t-capacity associated with φ is given
by

captφ(E;O) := inf
�ˆ

O

φ(x, |∇u|)
φ−
O(t)

dx : u ∈ Lip(O), u ≥ tχE , u
88
∂O
= 0



and the infimal φ-capacity of E in Ω is given by

capinfφ (E;O) := inf
t>0
captφ(E;O),

where
φ−
O(t) := tp + a−

Otq and φ+
O(t) := tp + a+Otq.
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and
a−
O := infx∈O

a(x) and a+O := sup
x∈O

a(x).

A closed set K ⊂ Rn is called locally infimally φ-fat at a point z ∈ K if there exist a constant
cfat and a radius 0 < ro ≤ 1 such that

capinfφ

�
K ∩B

 
z, r2

'
;B(z, r)

%
≥ cfat capinfφ

�
B

 
z, r2

'
;B(z, r)

%
holds for every radius 0 < r < ro. If K is locally infimally φ-fat at all z ∈ K with the same
parameters cfat and ro, we refer to K as locally uniformly infimally φ-fat.
The first result of this chapter is a Hardy inequality in integral form for functionals with a
double-phase integrand. Assuming that Ω ⊂ Rn is a bounded open set such that its complement
Rn \ Ω is locally uniformly infimally φ-fat, we prove that

ˆ
Ω
φ

!
x,

|u(x)|
dist(x, ∂Ω)

(
dx

≤ c

!
1 + diam(Ω)α+

n(p−q)
p [a]0;α∥∇u∥q−p

Lp(Ω)

( p
p−1

ˆ
Ω
φ(x, |∇u(x)|) dx

for every Lipschitz function u with compact support in Ω, with a constant c = c(n, p, q, ro, cfat).
Note that [a]0;α denotes the Hölder constant of a, namely

[a]0;α;O := sup
x,y∈O, x ̸=y

|a(x)− a(y)|
|x− y|α and [a]0;α := [a]0;α;Rn .

In order to understand better the concept of infimal φ-fatness of sets, we prove two additional
results. First, that the local infimal φ-fatness condition is self-improving, meaning that assuming
that E ⊂ Rn is a closed set which is locally uniformly infimally φ-fat with some constant cfat,
then there exists ε = ε(n, p, q, cfat) with 0 < ε < p− 1 and a constant ĉfat = ĉfat(n, p, q, cfat) such
that E is locally uniformly infimally φ

1− ε
p -fat for the constant ĉfat.

Our second result shows instead that the local p-fatness condition, namely the one computed
using φ = | · |p, the local infimal φ-fatness condition, a boundary Poincaré inequality, a pointwise
Hardy inequality, and a mean value version of the pointwise Hardy inequality are all equivalent.
In particular, given an open set Ω ⊂ Rn and given 0 < ro ≤ 1 and cfat > 0, then we have
the equivalence of the local p-fatness condition of Rn \ Ω, the local uniform infimal φ-fatness
condition of Rn \ Ω, the boundary Poincaré inequality

−
ˆ
B(z,r)

φ±
y,R(|u|) dx ≤ c

�
1 + a±

y,R(r∇u)q−p
B(z,r),p

%
−
ˆ
B(z,r)

|r∇u|p dx,

the pointwise Hardy inequality

φ±
y,R

�
(u)B(z,rz)

%
≤ c

�
1 + a±

y,R(rz∇u)q−p
B(z,2rz),p

%
−
ˆ
B(z,2rz)

|rz∇u|p dx,

where rz := dist(z, ∂Ω), and the mean value version of the pointwise Hardy inequality

φ±
y,R (u(z)) ≤ c

�
1 + a±

y,RM2rz(|rz∇u|p) q−p
p (z)

�
M2rz(|rz∇u|p)(z).

Here, we have denoted the integral average of a function u in a set E by

(u)E := −
ˆ
E
u dx = 1

|E|
ˆ
E
u dx,
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and the restricted centered maximal operator by

MRf(x) :=


|f(x)| if R(x) = 0,

sup
0<r<R(x)

−
ˆ
B(x,r)

|f(y)| dy if R(x) > 0,

for every f ∈ L1
loc(Rn).

Since we have proven that the local uniform infimal φ-fatness is self-improving, the global higher
integrability for minimizers of the double-phase functional in Ω under this condition on Rn \ Ω
would follow thanks to a standard argument. However, we are able to deal with a weaker
condition based on a combination of p- and q-fatness conditions for appropriate subsets of
Rn \Ω. In particular, our fatness assumption on a neighborhood of a boundary point x depends
on whether a vanishes in x. If this is the case, we assume that Rn \Ω is locally uniformly p-fat
around that point, otherwise q-fatness is sufficient. We consider functionals of double-phase
type

F :W 1,p(Ω)→ [0,+∞], F [u; Ω] :=
ˆ
Ω
F (x, u,∇u) dx,

where the integrand F : Ω×R×Rn → R is a Carathéodory function that satisfies the inequality

ν φ(x, ξ) ≤ F (x, u, ξ) ≤ Lφ(x, ξ) ∀ (x, u, ξ) ∈ Ω× R× Rn

with constants 0 < ν ≤ L. Moreover, we impose the strict inequality
q

p
< 1 + α

n
.

In order to state our result more precisely, let Ω ⊂ Rn be a bounded open set such that Rn \ Ω
is locally uniformly q-fat with parameters cfat > 0 and ro ∈ (0, 1]. Moreover, if there is a point
x ∈ ∂Ω such that a(x) = 0, we additionally assume that there exists ra > 0 such that Rn \ Ω is
locally uniformly p-fat with parameters cfat and r̂o ∈ (0,min{ro, ra}] at

P (ra) := ({x ∈ ∂Ω : a(x) = 0}+B(0, ra)) \ Ω.
Further, assume that

u ∈ f +W
1,φ(·)
0 (Ω), with f ∈ W 1,φσ0 (·)(Ω),

is a CQ-minimizer of F , where σ0 > 1 andW 1,φ(·) is the Musielak-Orlicz-Sobolev space associated
to φ, see Section 1.3. Then, we prove that there exist 1 < σ ≤ σ0 and c ≥ 1 such that!ˆ

Ω
φσ(x, |∇u|) dx

( 1
σ

≤ c

!
1 + diam(Ω)

ϱ

(n
�
ϱ

(1−σ)n
σ

ˆ
Ω
φ(x, |∇u|) dx+

!ˆ
Ω
φσ(x, |∇f |) dx

( 1
σ

+ a
− n

pα

P

�
,

where

aP :=


inf

x∈∂Ω\P ( ra2 )
a(x) if ∂Ω \ P ( ra2 ) ̸= ∅,

+∞ otherwise,
and

ϱ := min

r̂o,

�
aP

1 + [a]0,α

& 1
α

 ,

and we set r̂o = ro provided a > 0 on ∂Ω. Namely, we are able to prove a higher integrability
result for double-phase functionals with a selection on the fatness condition given on the subsets
depending on the modulating coefficient of our double-phase integrand.
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Functions of bounded Musielak-Orlicz-type deformation and anisotropic Total
Generalized Variation for image-denoising problems
The classical variational theory of image reconstruction is based on the minimization of a func-
tional of the form

I(u) := 12 ∥Ku− f∥H +R(u),
among all possible maps u : Ω→ R representing grey-scale images. The two contributions in I
encode, respectively, a fidelity term, defined for a given normed space H and a forward operator
K and intended to keep track of the original datum f , and the regularizing term, which fulfills
the role of filtering out the noise. In Chapter 5 of this thesis we propose a new regularizer based
on a Musielak-Orlicz generalization of classical Total Generalized Variation functionals. In order
to describe it, we first introduce a variant of the generalized variation associated to a generalized
Φ-function φ. Namely, for every bounded Radon measure v ∈ M(Ω;Rm) with m ∈ N, we define
the seminorm

2V m
φ (v) := sup

�ˆ
Ω
ψ · dv(x) : ψ ∈ C1

c (Ω;Rm), ∥ψ∥φ∗ ≤ 1
�
,

where φ∗ represents the conjugate function of φ. This allows us to introduce a novel anisotropic
functional setting of functions with bounded deformation, namely the space BDφ of bounded
deformation fields with generalized Orlicz growth, defined by

BDφ(Ω) :=
�
w ∈ Lφ(Ω;Rn) : ∥w∥BDφ(Ω) < +∞

	
,

with
∥w∥BDφ(Ω) := ∥w∥φ + 2V n×n

φ (Ew),

where Ew is the symmetrized gradient of w and where Lφ is the Musielak-Orlicz space associated
to φ. We refer to Section 1.3 for the precise definition. After analyzing its basic properties, we
establish a link to a modular representation, introducing the semi-modular

ϱ2V n×n
φ
(v) := sup

�ˆ
Ω
ψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

�
for any v ∈ M(Ω;Rn×n

sym ). After proving that the seminorm associated to this semi-modular is
equivalent to the seminorm 2V n×n

φ , we derive an explicit formula for the semi-modular in terms
of the modular ϱφ of the absolutely continuous part of the symmetric gradient and its singular
part with weight given by the recession function, namely

ϱ2V n×n
φ
(Eu) = ϱφ(|Eu|) +

ˆ
Ω
φ∞ d|Esu|,

where φ∞(x) := lim supt→+∞
φ(x,t)

t and where we use the notation Eu = EuLn + Esu. We
also provide a further study in the special case of variable Lebesgue integrability, namely
φ(x, t) := 1

p(x) t
p(x), since it is possible to relax some of the hypotheses in this special scenario.

In the second part of the chapter, we analyze a Musielak-Orlicz anisotropic Total Generalized
Variation class of regularizers. In particular, we define the anisotropic Total Generalized Varia-
tion of order 2 with weight α := (α1, α2) ∈ R+ × R+ as

TGV φ,2
α (u) := sup

�ˆ
Ω
u div2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

�
,
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for every u ∈ L1
loc(Ω). After studying the basic properties of TGV φ,2

α and of the space of
functions of bounded variation of order 2 with Orlicz growth and weight α, defined as

BGV φ,2
α (Ω) := {u ∈ Lφ(Ω) : TGV φ,2

α (u) < +∞},

endowed with the norm
∥u∥

BGV φ,2
α
:= ∥u∥φ + TGV φ,2

α (u),

we identify a dual representation of TGV φ,2
α . In particular, for every u ∈ L1(Ω) we show that

TGV φ,2
α (u) = min

w∈BD(Ω)

�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

	
.

Under the further assumption that u ∈ BV φ(Ω), defined similarly to BDφ(Ω), then we prove
that

TGV φ,2
α (u) = min

w∈BDφ(Ω)

�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

	
.

Lastly, we show stability with respect to the data and well-posedness of the minimization problem

min
u∈Lp(Ω)

1
2∥Ku− f∥H + TGV φ,2

α (u).

Even though we have not provided any numerical result showing that this is indeed an improved
regularizing term with respect to the preexistent ones, we expect it to incorporate both the
advantages of the higher-order regularizers and the ones of the anisotropic kind.

Outline
Chapter 1 is dedicated to general preliminaries. After stating some basics from linear algebra
and calculus of variations in Section 1.1, in Section 1.2 we recall the definitions of Γ-convergence
and two-scale converge and we state some preliminary results. In Section 1.3 we recall the
definition of (generalized) Φ-functions, semi-modulars associated to them and Musielak-Orlicz,
or generalized Orlicz, spaces, followed by some additional properties often required for these
Φ-functions to be usable.
In Chapter 2 we study simultaneous homogenization and linearization for magnetoelastic ma-
terials, additionally proving that the simultaneous linearization and homogenization procedure
has the same Γ-limit of the two-step analysis (at least if considered in this order). In partic-
ular, the precompactness of sequences with equibounded energy is the focus of Section 2.2. A
separate two-scale analysis of the asymptotic behaviour of the magnetizations is carried out in
Section 2.3. The proof of the main theorem is presented in Section 2.4. Finally, the sequential
linearization and homogenization is briefly discussed in Section 2.5.
Chapter 3 instead deals with two-well elastoplastic materials, in particular focusing on the re-
laxation procedure. After some preliminaries in Section 3.2, in Section 3.3 we characterize both
the infinite and finite quasiconvex hulls of the domain of the energy density considered. In
particular, we use results proven in Subsection 3.2.3, where we consider the one-well situation.
In Section 3.4 we take a first step towards a characterization of the quasiconvex envelope of the
energy density considered. In particular, we explicitly construct a trial function with prescribed
boundary values and gradient satisfying the necessary properties. In Section 3.5 finally we prove
bounds on the rank-one convex and polyconvex envelopes from, respectively, above and below.
In Chapter 4 we deal with the global higher integrability of double-phase functionals. In partic-
ular, in Section 4.2 we prove some preliminary results regarding the infimal φ-capacity and the
infimal φ-fatness condition, showing in particular that the infimal φ-capacity density condition
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and the p-capacity density condition are equivalent. In Section 4.3 we prove the self-improving
property of this infimal φ-fatness, while in Section 4.4 we collect auxiliary results already known
in the literature that we need in the proofs of our main theorems. In Section 4.5 we prove a
Maz’ya type inequality for certain functionals with (p, q)-growth that will be necessary in the
proofs of the first two main theorems. The proof of the integral Hardy inequality is carried
out in Section 4.6, and follows the overall strategy of the proof of [49, Theorem 2.4]. Next, in
Section 4.7, we establish the remaining implications arguing as in [142, Theorems 6.22 & 6.23].
In Section 4.8 we prove the global higher integrability result.
In Chapter 5 we provide the analysis of the second-order anisotropic Total Generalized Vari-
ation associated to generalized Φ-functions. In particular, Section 5.2 contains the definition
and main properties of the novel space of bounded deformation fields with generalized Orlicz
growth BDφ. More in detail, in Subsection 5.2.1 we establish a connection between BDφ and
an associated weighted-modular representation, while in Subsection 5.2.2 we further establish a
decomposition of the modular function in terms of the modular of the absolutely continuous part
of the symmetric gradient and a singular part weighted by the recession function. Eventually,
in Subsection 5.2.3 we specify our setting to the variable exponent case. The focus of Section
5.3 is on our anisotropic Total Generalized Variation. In Subsection 5.3.1 we establish its main
properties, and in Subsection 5.3.2 we identify its dual reformulation in terms of a notion of
anisotropic measure variation. Finally, in Subsection 5.3.3 we show stability with respect to the
data and well-posedness of the minimization problem.
Summing up, this thesis is mainly based on four of the papers I wrote during my doctoral studies
at Technische Universität Wien. In particular, three of them, namely [21, 24, 61], have been
submitted for peer-review to international-level journals. [21] has been written in collaboration
with F. Bäuerlein and L. Schätzler, while [24] in collaboration with G. Bertazzoni, E.
Davoli and E. Zappale, and [61] in collaboration with M. Cherdantsev, E. Davoli and
L. D’Elia. The fourth project [89], not yet submitted for publication, has been written in
collaboration with E. Davoli and C. Kreisbeck.
I hereby acknowledge that in all works written in collaboration all the authors have
contributed equally.



Chapter 1

General preliminaries

1.1 Some basics
In this section we collect some basics coming from the theories of linear algebra and calculus.
Since we explicitly use them throughout this written work, we report them here.

1.1.1 Results from linear algebra
We collect here a few well-known results in linear algebra. We begin with the Matrix Determinant
Lemma (see [97] for the proof).

Lemma 1.1. Let M ∈ R2×2 be invertible and let u, v ∈ R2. Then,

det(M + u⊗ v) = detM (1 +M−1u · v).

We then recall the Iwasawa (also known as polar, or KAN) decomposition of matrices, see [50,
Section 2].

Lemma 1.2. Let F ∈ R2×2 be invertible. Then F = KDN where K ∈ O(2), D is a diagonal
matrix with positive eigenvalues and N is an upper triangular unipotent matrix. Moreover, if
detF > 0, then F = RDN with R ∈ SO(2).

The following result provides conditions on the positive definiteness (or semi-definiteness) of
symmetric block matrices making use of the notion of Schur complements, see [132, Corollary
14.8.6] and [200, Theorem 1.12].

Theorem 1.3. Let M be a symmetric block matrix of real numbers of the form

M =
�
X Y T

Y Z

&
,

with X and Z square matrices. Then, if detX ̸= 0, M is positive (semi-)definite if and only
if X is positive definite and M/X := Z − Y X−1Y T is positive (semi-)definite. Analogously, if
detZ ̸= 0, then M is positive (semi-)definite if and only if Z is positive definite and M/Z :=
X − Y TZ−1Y is positive (semi-)definite.

15
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1.1.2 Results from calculus
In this subsection we list some established results and definitions that are going to be useful in
the following.
First, we give the definition of different kinds of norms and modulars, in order to be able to
generate spaces starting from these. Note that our terminology differs from the original one in
[169], but follows the lines of [102, 134] in order to get a clearer connection between the modulars
and their associated norms.

Definition 1.4. Let X be a real vector space and let ∥ · ∥ : X → [0,+∞] be a function on X.
Consider the following conditions:

(N1) ∥f∥ = 0 if and only if f = 0,

(N2) ∥af∥ = |a| ∥f∥ for all f ∈ X and a ∈ R,

(N3) ∥f + g∥ ≤ ∥f∥+ ∥g∥ for all f, g ∈ X,

(N3’) there exists c > 0 such that ∥f + g∥ ≤ c (∥f∥+ ∥g∥) for all f, g ∈ X.

We say that ∥ · ∥ : X → [0,+∞] is
• a quasi-seminorm if and only if it satisfies (N2) and (N3’),

• a seminorm if and only if it satisfies (N2) and (N3),

• a quasinorm if and only if it satisfies (N1), (N2) and (N3’),

• a norm if and only if it satisfies (N1), (N2) and (N3).

Note that conditions (N2) and (N3), equivalently (N2) and (N3’), already imply that if f = 0X
then ∥f∥ = 0, namely condition (N1) only adds one of the two implications.
Definition 1.5. Let X be a real vector space. A function ϱ : X → [0,+∞] is called a quasi-
semimodular on X if and only if

(i) ϱ(0X) = 0,

(ii) the function λ .→ ϱ(λx) is non-decreasing on [0,+∞) for every x ∈ X,

(iii) ϱ(−x) = ϱ(x) for every x ∈ X,

(iv) there exists β ∈ (0, 1] such that for every x, y ∈ X and every θ ∈ [0, 1]

ϱ (β(θx+ (1− θ)y)) ≤ θϱ(x) + (1− θ)ϱ(y).

If (iv) holds with β = 1, then ϱ is called semimodular. A quasi-semimodular is called a quasimod-
ular when ϱ(x) = 0 if and only if x = 0X . A modular is defined analogously from a semimodular.

Definition 1.6. Let X be a real vector space. If ϱ is a quasi-semimodular on X, then the
modular space

Xϱ := {x ∈ X : ∥x∥ϱ < +∞}
is defined by the quasi-seminorm

∥x∥ϱ := inf
�
λ > 0 : ϱ

!
x

λ

(
≤ 1

�
.
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To conclude this part about norms and modulars, we state the following result, often referred
to as the unit ball property. We refer to [95, Corollary 2.1.15] for a proof.

Lemma 1.7. Let X be a real vector space. Let ϱ be a semimodular on X and let x ∈ Xϱ. Then,

◦ If ∥x∥ϱ ≤ 1, then ϱ(x) ≤ ∥x∥ϱ,
◦ If ∥x∥ϱ > 1, then ∥x∥ϱ ≤ ϱ(x),

◦ ∥x∥ϱ ≤ ϱ(x) + 1.

The following result deals with a version of Young’s inequality in the context of convex analysis,
see [175, Lemma 1.7.3(i)] for a proof.

Lemma 1.8. Let I ⊂ R be an interval. Let f : I → R be a lower semicontinuous convex
function and let f∗ be its conjugate. Then

xy ≤ f(x) + f∗(y) for every x ∈ I and y ∈ I∗,

where I∗ := {y ∈ R : f∗(y) < +∞}. The equality holds if and only if y ∈ ∂f(x), namely the
subdifferential of f at x.

Staying in the context of convex analysis, the following result, proven in [12, Corollary 2.3], is a
Fenchel-Rockafellar duality result.

Lemma 1.9. Let X and Y be Banach spaces and let T ∈ Lin(X,Y ). Let φ : X → (−∞,+∞]
and ψ : Y → (−∞,+∞] be convex, lower semicontinuous and such that φ, ψ ̸≡ +∞. If5

λ≥0
λ[dom(ψ)− T (dom(φ))] = Y,

then
inf
x∈X
[φ(x) + ψ(Tx)] + min

f∈Y ∗[φ
∗(−T ∗f) + ψ∗(f)] = 0.

The next two results we report should be well-known in the literature, but since we were not
able to find a proper reference for them, we report their proofs as well.

Lemma 1.10. Let X be a Banach space with norm ∥ · ∥X , let ϕ : R → R be an even and convex
function, and let us define f : X → R as f(x) := ϕ(∥x∥X). Then

f∗(x∗) = ϕ∗(∥x∗∥X∗),

where X∗ denotes the dual of X with associated norm ∥ · ∥X∗ .

Proof. By definition

f∗(x∗) = sup
x∈X
[⟨x∗, x⟩ − f(x)] = sup

x∈X
[⟨x∗, x⟩ − ϕ(∥x∥X)] ,

which can be equivalently written as

f∗(x∗) = sup
t≥0

sup
∥x∥X=t

[⟨x∗, x⟩ − ϕ(t)]

= sup
t≥0

��
sup

∥x∥X=t
⟨x∗, x⟩

&
− ϕ(t)

�
= sup

t≥0
[ t∥x∗∥X∗ − ϕ(t)] .

(1.1)
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On the other hand, by definition

ϕ∗(∥x∗∥X∗) = sup
t∈R
[ t∥x∗∥X∗ − ϕ(t)] , (1.2)

hence it suffices to prove that (1.1) coincides with (1.2), namely that it suffices to take the
supremum on nonnegative real numbers. Using the fact that ϕ is even, for any t > 0 we have

−t∥x∗∥X∗ − ϕ(−t) = −t∥x∗∥X∗ − ϕ(t) ≤ t∥x∗∥X∗ − ϕ(t),

hence
sup
t∈R
[ t∥x∗∥X∗ − ϕ(t)] = sup

t≥0
[ t∥x∗∥X∗ − ϕ(t)] ,

which concludes the proof.

Lemma 1.11. Let Ω ⊂ R3 be a bounded domain and let (fε)ε ⊂ L1(Ω) be such that fε → 0
strongly in L1(Ω). If {fε}ε is bounded in Lr(Ω) for some r > 1, then fε → 0 strongly in Lr∗(Ω)
for any r∗ ∈ [1, r).
Proof. Note that {fε}ε is bounded in Lr∗ for every r∗ ∈ [1, r). Let us now fix one r∗ ∈ [1, r)
and let θ ∈ (0, 1) be such that 1

r∗ = 1−θ
r + θ. Since

�
|fε|r∗(1−θ)

	
ε
is bounded in L

r
r∗(1−θ) (Ω) and

|fε|r∗θ → 0 strongly in L
1

r∗θ (Ω), the claim follows directly from Hölder’s inequality.

The following result, named Vitali’s Convergence Theorem or Lebesgue-Vitali Theorem, relates
the concepts of equi-integrability and convergence in an Lp-space. We state it under the assump-
tion of a finite measure space, but a more general statement can be found in [111, Theorem 2.24].
Theorem 1.12. Let Ω ⊂ Rn be a finite-measure set and let 1 ≤ p < +∞. If {fn}n and f be
measurable functions. Then, the following are equivalent:

◦ fn → f strongly in Lp(Ω) as n ↗ +∞,

◦ fn → f in measure and {|fn|p}n is equi-integrable.

1.2 Γ-convergence and two-scale convergence
Throughout this section we denote by Ω ⊂ Rn an open and bounded set with Lipschitz boundary
and by Y := (0, 1)n the reference unit cell. This section partly follows the presentation of the
topic given in [126]. We start this section with the general topological definition of Γ-convergence,
which reads as follows, see [82, Definition 4.1].
Definition 1.13. Let (X, τ) be a topological space and let x ∈ X. Let N (x) ⊂ τ be the set of
all open neighborhoods containing x. For a sequence of functions {Fk}k such that Fk : X →
[−∞,+∞], the Γ(τ)-lim inf and the Γ(τ)-lim sup are defined as

(Γ(τ) - lim inf
k→+∞

Fk)(x) := sup
U∈N (x)

lim inf
k→+∞

inf
y∈U

Fk(y),

(Γ(τ) - lim sup
k→+∞

Fk)(x) := sup
U∈N (x)

lim sup
k→+∞

inf
y∈U

Fk(y).

If the Γ(τ)-lim inf and the Γ(τ)-lim sup coincide, the function F : X → [−∞,+∞] defined by

F := Γ(τ) - lim
k→+∞

Fk = Γ(τ) - lim inf
k→+∞

Fk = Γ(τ) - lim sup
k→+∞

Fk

is called the Γ(τ)-limit of the sequence {Fk}k. Equivalently, we say that the sequence {Fk}k
Γ(τ)-converges to F .
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If (X, d) is a metric space and the metric is clearly determined by the context, we write subse-
quently Γ(X)-limit and Γ(X)-convergence as well as Γ(X)-lim inf and Γ(X)-lim sup. Often we
refer to them as Γ-convergence, respectively the others, with respect to the topology of X and
these latter quantities might be more conveniently expressed as

Γ - lim inf
k→+∞

Fk(x) = inf
�
lim inf
k→+∞

Fk(xk) : {xk}k ⊂ X,xk
d→ x

�
,

Γ - lim sup
k→+∞

Fk(x) = inf
�
lim sup
k→+∞

Fk(xk) : {xk}k ⊂ X,xk
d→ x



.

In this case, the Γ-limit F is equally characterized, see [34, Definition 7.1], through the two
following conditions:

1. (Γ-lim inf inequality) For every x ∈ X and every sequence {xk}k ⊂ X with xk
d→ x there

holds
F(x) ≤ lim inf

k→+∞
Fk(xk),

2. (Existence of a recovery sequence) For every x ∈ X there exists a sequence {xk}k with
xk

d→ x such that
F(x) = lim

k→+∞
Fk(xk).

The second condition can be relaxed, see [33, Section 1.2], in the following sense:

1. (Existence of an approximate recovery sequence) For every x ∈ X and every δ > 0 there
exists a sequence {xk}k with xk

d→ x such that

F(x) + δ ≥ lim
k→+∞

Fk(xk).

Importantly, the main feature of Γ-convergence is the “Weierstrass theorem along the sequence”
{Fεk}k, see [34, p. 65]. This means that if the family of functionals {Fk}k is equi-mildly
coercive, then every convergent subsequence of a precompact sequence {xk}k of minimizers of
Fk converges to a minimizer of the limit functional, see [34, Theorem 7.2] and [33, Theorem
1.21] in the case of metric spaces. See also [82, Corollary 7.20] in the general topological setting.
There exist also generalized definitions of Γ-convergence when no topology is prescribed, but
merely a sense of convergence is given, see for example [88, Definition 2.1], but we do not need
them in this work.
We now recall some classical results on two-scale convergence we use in the following. Originally
introduced in [174] and further developed in [4], two-scale convergence is a notion of convergence
that is able to capture fine-scale periodic oscillations and preserve the information about the
oscillations in an additionally emerging micro-scale variable. It naturally allows to pass to the
limit in special integral expressions involving products of rapidly oscillating functions. The
following definition also takes into consideration the definitions given in [156].

Definition 1.14 (Weak two-scale convergence). Let 1 < p < +∞. We say that a bounded
sequence of functions {mε}ε ⊂ Lp(Ω;Rn) weakly two-scale converges in Lp(Ω;Rn) as ε ↘ 0 to
some limit m ∈ Lp(Ω× Y ;Rn) if

ˆ
Ω
mε(x) · ψ

!
x,

x

ε

(
dx →

ˆ
Ω

ˆ
Q
m(x, y) · ψ(x, y) dx dy ∀ψ ∈ Lq(Ω;Cper(Y ;Rn)),

where q = p
p−1 is the dual exponent of p. We write mε

w2−⇀ m.
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A connection between two-scale convergence and Lp-convergence is provided by the so-called
unfolding operator, see [69, 195, 196], but since we do not make use of this concept in this work,
we do not provide a definition.
An important property of functions in Lq(Ω;Cper(Y ;Rn)), also related to the fact that they
qualify as test functions in the previous definition for a specific exponent q, see [4, Proof of
Theorem 1.2]), is that they strongly two-scale converge in the following sense.

Definition 1.15 (Strong two-scale convergence). Let 1 < p < +∞ and {mε}ε ⊂ Lp(Ω;Rn)
be bounded. Then {mε}ε strongly two-scale converges in Lp(Ω;Rn) as ε ↘ 0 to some m ∈
Lp(Ω× Y ;Rn), and we write mε

s2−→ m, if it converges weakly two-scale to m and if there holds

∥mε∥Lp(Ω;Rn) → ∥m∥Lp(Ω×Y ;Rn).

In order to be able to use these concepts in the following, we need to understand which properties
hold in this setting. The first result we state, see [173, Proposition 2.1.13], deals with the two-
scale convergence of products of sequences.

Proposition 1.16. Let 1 < p < +∞ and let {uε}ε ⊂ Lp(Ω;Rn) weakly two-scale converge to u
in Lp(Ω × Y ;Rn). Let {χε}ε ⊂ L∞(Ω;Rn) be uniformly bounded. If χε → χ in measure with
χ ∈ L∞(Ω), then

χεuε
w2−⇀ χu weakly two-scale in Lp(Ω× Y ;Rn).

The next result deals with sequences of functions that have some regularity of their gradients.
We refer to [156, Theorem 20], see also [4, Proposition 1.14] and [70, Theorem 9.9], for this
statement and its proof.

Theorem 1.17. Let 1 < p < +∞ and let {uε}ε ⊂ W 1,p(Ω;Rn) be such that uε ⇀ u weakly in
W 1,p(Ω;Rn). Then,

uε
w2−⇀ u weakly two-scale in Lp(Ω;Rn)

and there exists u1 ∈ Lp(Ω;W 1,p
per(Y ;Rn)) such that, up to a subsequence,

∇uε
w2−⇀ ∇u+∇yu1( · , y) weakly two-scale in Lp(Ω;Rn×n).

The last result we need in the following deals with connecting lower semicontinuity of functionals
whose integrand is periodic in one variable with weak two-scale convergence. We refer to [173,
Proposition 3.2.2], see also [197, Proposition 1.3], for the proof.

Theorem 1.18. Let 1 < p < +∞ and let f : Ω × Rn × Rn×n → [−∞,+∞] be measurable and
Y -periodic in its second variable. For any ε > 0 we define

Gε : Lp(Ω;Rn)→ [−∞,+∞] s.t. Gε(u) :=
ˆ
Ω
f

!
x,

x

ε
, u(x)

(
dx

and

G : Lp(Ω× Y ;Rn)→ [−∞,+∞] s.t. G(u) :=
ˆ
Ω

ˆ
Y
f(x, y, u(x, y)) dx dy.

Then, the functionals {Gε}ε and G are well-defined. Moreover, if f is lower semicontinuous and
convex, then

lim inf
ε→0

Gε(uε) ≥ G(u)

provided that uε
w2−⇀ u weakly two-scale in Lp(Ω× Y ;Rn).
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1.3 Generalized Φ-functions and Musielak-Orlicz spaces
In this section we give a brief introduction to (generalized) Φ-functions and to generalized
Orlicz (or Musielak-Orlicz) spaces, following the lines of [127]. Since we are going to make use
of singular measures in the following, the assumptions always need to get adjusted to hold for
every point, as in [134]. In the sequel Ω denotes an open subset of Rn.

Definition 1.19. A function f : Ω → R is called L-almost increasing if there exists L ≥ 1
such that f(s) ≤ Lf(t) for every s ≤ t. If this inequality holds for L = 1, the function is called
non-decreasing. We define analogously L-almost decreasing and non-increasing functions.

Definition 1.20. We say that a function φ : Ω× [0,+∞)→ [0,+∞] is a weak Φ-function, and
we write φ ∈ Φw(Ω), if the following conditions hold:

• the function x .→ φ(x, |f(x)|) is measurable for every function f ∈ L0(Ω),

• the function t .→ φ(x, t) is non-decreasing for every x ∈ Ω,
• φ(x, 0) = limt→0+ φ(x, t) = 0 and limt→+∞ φ(x, t) = +∞ for every x ∈ Ω,

• the function t .→ φ(x,t)
t is L-almost increasing on (0,+∞) for every x ∈ Ω with a constant

L independent of x.

If, moreover, φ ∈ Φw(Ω) is convex and left-continuous with respect to t for every x ∈ Ω, then φ
is a convex Φ-function, and we write φ ∈ Φc(Ω). If φ does not depend on x, then we omit the
set and write φ ∈ Φw or φ ∈ Φc.
Note that since we deal with conjugates of functions possibly with linear growth at infinity, it
is needed to allow for extended real-valued Φ-functions. Moreover, often the Φ-functions with
dependence on x are referred to as generalized Φ-functions, see [127].
Now we are in the position of defining the generalized Orlicz spaces, also referred to as Musielak-
Orlicz spaces.

Definition 1.21. Let φ ∈ Φw(Ω) and let us define

ϱφ(f) :=
ˆ
Ω
φ(x, |f |) dx ∀ f ∈ L0(Ω).

Then, the set

Lφ(Ω) := (L0(Ω))ϱφ =
�
f ∈ L0(Ω) : ϱφ(λf) < +∞ for some λ > 0

	
is called a generalized Orlicz space, or Musielak-Orlicz space, with quasinorm given by ∥f∥φ :=
∥f∥ϱφ. We use the notation ∥f∥φ := ∥|f |∥φ for vector-valued functions.

The following lemma, see [127, Lemma 3.2.2], distinguishes when the quasinorm ∥ · ∥φ becomes
a norm, see Definition 1.4 for the details.

Lemma 1.22. Letting φ ∈ Φw(Ω), then ∥ ·∥φ is a quasinorm. If, instead, φ ∈ Φc(Ω), then ∥ ·∥φ
is a norm.

Similarly to Lemma 1.7, since the norm in the generalized Orlicz space is a modular norm, we
have the following result, often referred to as the unit ball property. We refer to [127, Lemma
3.2.3] for the proof.
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Lemma 1.23. Let φ ∈ Φw(Ω). Then

∥f∥φ < 1 =⇒ ϱφ(f) ≤ 1 =⇒ ∥f∥φ ≤ 1.

If, in addition, φ is left-continuous, then ϱφ(f) ≤ 1 if and only if ∥f∥φ ≤ 1.
Remark 1.24. Note that the implication ∥f∥φ = 1 =⇒ ϱφ(f) ≤ 1 fails if φ is not left-
continuous. Indeed, we can choose the functions

φ(x, t) :=∞χ[1,+∞](t) and f ≡ 1,

with the convention that ∞·0 = 0. Obviously we have φ ∈ Φw, so in particular in Φw(Ω). Then,
on the one hand ∥f∥φ = 1 since ϱφ(fλ) ≤ 1 if and only if λ > 1. On the other hand though,
ϱφ(f) = +∞.

Note that equivalent Φ-functions give rise to the same space, as shown by the next result, see
also [127, Proposition 3.2.4]. We use the notation f ≈ g meaning that there exist two constants
c1, c2 > 0 such that c1f ≤ g ≤ c2f .

Proposition 1.25. Let φ, ψ ∈ Φw(Ω). If φ ≈ ψ, then Lφ(Ω) = Lψ(Ω) and the associated norms
are equivalent.

Now we need to define some standard conditions on Φ-functions that grant them additional
properties, which sometimes are inherited by their conjugate functions as well. First we give the
definition of a modulus of continuity, remarking that we do not require concavity and we allow
extended real values.

Definition 1.26. We say that a function ω : [0,+∞) → [0,+∞] is a modulus of continuity if
it is increasing and such that

ω(0) = lim
t→0+

ω(t) = 0.

Definition 1.27. Let φ ∈ Φw(Ω) and let p, q > 0. Then we define the following conditions:

(A0) There exists β ∈ (0, 1] such that φ(x, β) ≤ 1 ≤ φ(x, 1
β ) for every x ∈ Ω,

(A1) For every K > 0 there exists β ∈ (0, 1] such that, for every x, y ∈ Ω,

φ(x, βt) ≤ φ(y, t) + 1 if φ(y, t) ∈
�
0, K

|x− y|n
�
,

(VA1) For every K > 0 there exists a modulus of continuity ω such that for every x, y ∈ Ω

φ

!
x,

t

1 + ω(|x− y|)
(
≤ φ(y, t) + ω(|x− y|) if φ(y, t) ∈

�
0, K

|x− y|n
�
,

(aInc)p There exists Lp ≥ 1 such that t .→ φ(x,t)
tp is Lp-almost increasing on (0,+∞) for every

x ∈ Ω,
(aDec)q There exists Lq ≥ 1 such that t .→ φ(x,t)

tq is Lq-almost decreasing on (0,+∞) for every
x ∈ Ω.

We say that (aInc) holds if (aInc)p holds for some p > 1. Equivalently, we say that (aDec) holds
if (aDec)q holds for some q > 1.

Remark 1.28. Note that, by Definition 1.20, every function φ ∈ Φw(Ω) satisfies (aInc)1.
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Note that if φ ∈ Φw(Ω), then φ( · , 1) ≈ 1 implies (A0). Moreover, if φ satisfies (aDec), then
(A0) and φ( · , 1) ≈ 1 are equivalent. Assumption (A1) is an almost continuity condition and
(aInc) and (aDec) are quantitative versions of the ∇2 and ∆2 conditions and measure lower and
upper growth rates. We define the condition (A1) as in [102]. We point out that it slightly
differs from [127, 133], where it is assumed that

φ(x, βt) ≤ φ(y, t) if φ(y, t) ∈
�
1, 1|B|

�
and x and y belong to the ball B. Lastly, the “vanishing (A1)” condition (VA1) is a continuity
condition for φ, introduced in [135] to prove maximal regularity of minimizers.
In order to state the last property which we need for our analysis in the following, we first need
to define the recession function of φ.

Definition 1.29. Let φ ∈ Φw(Ω). We call recession function of φ the function φ∞ : Ω →
[0,+∞] defined by

φ∞(x) := lim sup
t→+∞

φ(x, t)
t

for all x ∈ Ω.

Note that, since the continuity of φ is not necessarily inherited by φ∞, this makes the non-
autonomous case not trivial. We also need to define the following weaker version of (VA1)
where at least one of the points has to belong to the set {φ∞ < +∞}.
Definition 1.30. Let φ ∈ Φw(Ω). We say that φ satisfies restricted (VA1) if and only if it
satisfies (A1) and for every K > 0 there exists ω modulus of continuity such that

φ

!
x,

t

1 + ω(|x− y|)
(
≤ φ(y, t) + ω(|x− y|) if φ(y, t) ∈

�
0, K

|x− y|n
�
,

for every x, y ∈ Ω such that φ∞(x) < +∞ or φ∞(y) < +∞.

We now need to define the associate space of the generalized Orlicz space Lφ(Ω). In general,
the associate space is a variant of the dual function space which works better at the end-points
p = 1 and p =∞.
Definition 1.31. Let φ ∈ Φw(Ω). We define the associate space to Lφ(Ω) by

(Lφ)′(Ω) :=
�
u ∈ L0(Ω) : ∥u∥(Lφ)′ < +∞

	
where

∥u∥(Lφ)′ = ∥u∥φ′ := sup
∥v∥φ≤1

ˆ
Ω
uv dx.

Given a function φ ∈ Φw(Ω), its (Fenchel) conjugate function is defined as
φ∗(x, t) := sup

s≥0
[st− φ(x, s)]

and we can relate the associate space (Lφ)′(Ω) to the space defined by it, see [127, Theorem
3.4.6].

Theorem 1.32. Let φ ∈ Φw(Ω). Then (Lφ)′(Ω) = Lφ∗(Ω) and the norms are equivalent.
Moreover, for all u ∈ L0(Ω) we have

∥u∥φ ≈ sup
∥v∥φ∗ ≤1

ˆ
Ω
uv dx.
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Let us state some well-known properties of the conjugate function.

Lemma 1.33. Let φ ∈ Φw(Ω). Then,

(i) φ∗ ∈ Φc(Ω), meaning that φ∗ is always convex and left-continuous,

(ii) If p, q ∈ (1,+∞), then φ satisfies (aInc)p, respectively (aDec)q, if and only if φ∗ satisfies
(aDec)p′, respectively (aInc)q′,

(iii) If φ ∈ Φc(Ω), then

φ∗ �
x, φ(x,t)t

%
≤ φ(x, t) for every x ∈ Ω and t ∈ R+,

and φ∗∗ = φ,

(iv) If φ satisfies (A0) or (A1), then so does φ∗.

Conditions (i), (ii) and (iv) have been proven in [127], respectively in Lemma 2.4.1, Proposition
2.4.9 and Lemmas 3.7.6 and 4.1.7, while condition (iii) has been shown in [95, Corollary 2.6.3], see
also [127, Proposition 2.4.5]. Note that some results needed for these consideration, for example
[127, Lemma 2.4.3] or [127, Proposition 2.4.5], are only stated without the x-dependence, but
they hold true even in the generalized Orlicz setting.
Now we report the following result regarding some immersions of generalized Orlicz spaces into
Lebesgue spaces.

Lemma 1.34. Let Ω ⊂ Rn be open and such that |Ω| < +∞ and let φ ∈ Φw(Ω). If φ satisfies
(A0), then

L∞(Ω) �→ Lφ(Ω) �→ L1(Ω).

Moreover, if φ satisfies (aInc)p, then Lφ(Ω) �→ Lp(Ω).

Note that the continuous inclusion Lφ(Ω) �→ L1(Ω) comes from the fact that every weak Φ-
function satisfies (aInc)1, see Remark 1.28. This Lemma was shown in [127, Corollary 3.7.9 &
Corollary 3.7.10]. We point out that condition (A0) is essential both for establishing the above
embeddings and to ensure that Lφ(Ω) is a Banach space, as shown by the following theorem,
see [127, Theorem 3.7.13].

Theorem 1.35. Let φ ∈ Φw(Ω) satisfy (A0). Then, the space Lφ(Ω) is a Banach function
space.

In particular, if (A0) is violated, the first inclusion in Lemma 1.34 might fail to hold. We refer
to [127, Example 3.7.11] for a counterexample.

1.4 Miscellanea
In this last section of this chapter, we list further results already there in the literature which
are necessary in the following.



25 1.4. Miscellanea

Some results on deformations
The first theorem we need for this work is the seminal geometric rigidity result proven in [114],
see also [115]. For this specific formulation of the result we refer also to [78, Section 2.4] for the
case p ̸= 2 and to [41, Remark 2.6] for the second part of the statement.
Theorem 1.36. Let p ∈ (1,+∞) and let Ω ⊂ R3 be a bounded Lipschitz domain. Then, there
exists a constant C = C(Ω, p) > 0 such that for every y ∈ W 1,p(Ω;R3) there exists a constant
rotation R ∈ SO(3) satisfyingˆ

Ω
|∇y −R|p dx ≤ C

ˆ
Ω
distp(∇y, SO(3)) dx.

Further, the aforementioned constant rotation is independent of the exponent p. In other words,ˆ
Ω
|∇y −R|r dx ≤ C

ˆ
Ω
distr(∇y, SO(3)) dx

for every 1 < r ≤ p.

The next result deals with the properties of a deformed configuration. In particular, given
y ∈ W 1,p(Ω;R3) and Ω ⊂ R3 a bounded Lipschitz domain, we know that y(Ω) might not be
open, even if det∇y > 0 almost everywhere. To make up for this fact, the deformed configuration
was introduced, defined as Ωy := y(Ω) \ y(∂Ω). The following result is given in [44, Lemma 1.2]
and its proof relies on the concept of topological degree, see [110].

Lemma 1.37. Let p > 3 and let Ω ⊂ R3 be a bounded Lipschitz domain. Let y ∈ W 1,p(Ω;R3)
be such that det∇y > 0 almost everywhere in Ω. Then, the deformed configuration Ωy is an
open set that differs from y(Ω) by at most a set of zero Lebesgue measure. Moreover, Ωy = y(Ω)
and ∂Ωy = y(∂Ω).

We now recall two sufficient conditions for a deformation to be injective if the gradient of the
displacement is small enough in the operator norm, namely

|A|O := sup
ξ∈Rn\{0}

|Aξ|
|ξ| .

The first sufficient condition also entails that such deformation is orientation-preserving. The
proof can be found in [68, Theorem 5.5-1].

Theorem 1.38. The following two statements hold true.

(i) Let Ω ⊆ Rn be an open set and let w := id + u : Ω → Rn be differentiable in x ∈ Ω. If
|∇u(x)|O < 1, then det∇w(x) > 0.

(ii) Let Ω ⊆ Rn be a domain. Then there exists a constant c(Ω) such that any function
w := id+ u ∈ C1(Ω;Rn) with supx∈Ω |∇u(x)|O < c(Ω) is injective.

In [192, Chapter II, Theorem 2.3] a regularity result for vector-valued distributions with sym-
metrized gradient that is a bounded measure was proven under a C1 regularity assumption on
the boundary of the set. In [94] a similar result was proven under a weaker assumption on the
boundary of the set and in the setting of BV A spaces, where A is a first-order elliptic operator
such that it satisfies the rank-one property. Since in this work we only use it for A = E, namely
the symmetrized gradient, we state it in a simplified way.

Theorem 1.39. Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary. If u ∈ D′(Ω;Rn)
and Eu ∈ M(Ω;Rn×n) then u ∈ BD(Ω;Rn).
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The Maxwell equation
In this subsection we deal with a particular formulation of the Maxwell equation in the context
of magnetoelasticity and the existence of weak solutions to it. In particular, given an elastic
deformations of the reference configuration w : Ω → Ωw ⊂ R3 and a magnetization map m :
Ωw → S2, where S2 denotes the unit sphere in R3, Ω ⊂ R3 is a bounded Lipschitz domain and
Ωw is the deformed set, we define the equation

div(χΩwm) = µ0∆ψm in D′(R3), (1.3)

where χΩwm denotes the extension of m by 0 to the whole space. The stray field potential ψm

is the weak solution to the Maxwell equation (1.3), but in order to have a proper meaning of
a solution we need to introduce the Beppo Levi spaces, also called Deny-Lions spaces, see [91].
We define the Beppo Levi space as

L1,2(R3) :=
�
u ∈ L2

loc(R3) : ∇u ∈ L2(R3;R3)
	
. (1.4)

As shown in [91, Corollary 2.1], see also [158, Section 1.1.2], this space can be characterized also
as

L1,2(R3) =
�
u ∈ D(R3) : ∇u ∈ L2(R3;R3)

	
.

It was proven in [91, Corollary 1.1], see also [158, Section 1.1.13], that the space L1,2(R3)/R,
namely modulo the constant functions, is a Hilbert space if equipped with the inner product

(u, v) :=
ˆ
R3

∇u · ∇v dx.

A solution to (1.3) is a function ψm ∈ L1,2(R3) such that
ˆ
R3
(−µ0∇ψm + χΩwm) · ∇φdx = 0 ∀φ ∈ L1,2(R3),

The existence of the stray field potential ψm ∈ L1,2(R3) as a weak solution to (1.3) follows from
[15, Proposition 8.8], see also [41, Lemma 4.2]. We report the result, as it will be useful in the
following.

Lemma 1.40. For every v ∈ L2(R3;R3), there exists a unique ψv ∈ L1,2(R3), up to additive
constants, such that

ˆ
R3

v · ∇φdx =
ˆ
R3

∇ψv · ∇φdx ∀φ ∈ L1,2(R3)

and
∥ψv∥L1,2(R3) = ∥∇ψv∥L2(R3×R3) ≤ ∥v∥L2(R3;R3).

The Total Generalized Variation
In this subsection we report a couple of definitions and results dealing with the notion of Total
Generalized Variation introduced in [36]. In particular we deal with the second-order Total
Generalized Variation, defined as

TGV 2
α (u) := sup

�ˆ
Ω
u div2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥∞ ≤ α1, ∥divψ∥∞ ≤ α2

�
,
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for every u ∈ L1
loc(Ω), with α = (α0, α1) ∈ R+ × R+. We refer to the seminal paper [36] for a

general introduction and higher-order generalizations, and to [37] for an in-depth study of the
second-order formulation. The divergence of order 2 is defined as

div2ξ :=
n0

i=1

∂2ξii
∂x2i

+ 2
0
i<j

∂2ξij
∂xi∂xj

∀ ξ ∈ Rn×n
sym ,

see also [36] for higher-order notions of divergence.
The first result we report is a duality result of the second-order Total Generalized Variation, see
[37, Theorem 3.1].

Theorem 1.41. Let Ω ⊂ Rn be a bounded, connected and open set and let α = (α0, α1) ∈
R+ × R+. Then for any u ∈ L1(Ω) we have

TGV 2
α (u) = min

w∈BD(Ω)
{α1∥Du− w∥M + α0∥Ew∥M} .

The following result is instead a Poincaré-Wirtinger inequality in the context of the Total Gen-
eralized Variation, proven in [37, Proposition 4.1] in order to show existence of solutions for the
Tikhonov functional.

Proposition 1.42. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set and let α =
(α0, α1) ∈ R+ × R+. Let 1 < p < +∞ such that p ≤ n

n−1 and let P : Lp(Ω) → P1(Ω) a linear
projection onto the space of affine functions P1(Ω). Then, there exists a c > 0 such that

∥u∥p ≤ c TGV 2
α (u) ∀u ∈ kerP ⊂ Lp(Ω).



Chapter 2

Homogenization and linearization in
magnetoelasticity under small elastic
response

This chapter reports the contents of [61].

2.1 Introduction
In this chapter, we present a simultaneous linearization and homogenization analysis for magne-
toelastic materials. This can be seen as a first step towards extending the seminal commutability
results in the nonlinear elastic setting [118] and [165] to the magnetoelastic regime.
The mathematical modeling of multiphysics couplings is at the center of a vigorous research
effort, owing to the wide range of potential applications, spanning, among others, sensors and
actuators, as well as bioengineering devices. A crucial mathematical hurdle in describing such
nonlinear couplings is the mixed Eulerian-Lagrangian contributions in the energy functionals,
featuring energy densities defined both on reference configurations and on the actual ones.
We consider a model for a periodic ferromagnetic elastic composite under a small elastic re-
sponse regime. Starting from a fully non-linear elasticity setting combined with magnetization,
we pass to the limit as both the size of the periodicity and the elastic energy tend to zero. This
leads to simultaneous linearization in elastic properties and homogenization in elasticity and
magnetization via the Γ-convergence technique.
The variational theory of static magnetostriction (see, for example, [47]) stems from the assump-
tion that equilibria minimize an underlying energy functional, depending both on elastic defor-
mations of the reference configuration w : Ω→ Ωw ⊂ R3 and on the magnetizationm : Ωw → S2,
where S2 denotes the unit sphere in R3, Ω ⊂ R3 is a bounded Lipschitz domain and Ωw is the
deformed set. A simplified energy functional in the case of a single-crystal magnet reads as

G(w,m) :=
ˆ
Ω
W (∇w,m ◦ w) dx+ a

ˆ
Ωw

|∇m|2 dξ + µ0
2

ˆ
R3

|∇ψm|2 dξ. (2.1)

Here, W encodes a nonlinear, frame-indifferent, magnetostrictive energy density. The second
term in (2.1) describes the magnetic exchange, penalizing the spatial changes of m, while the
last term encodes the contributions of the magnetic stray field ψm. The positive parameters a
and µ0 are the exchange constant and the permeability of the vacuum, respectively. The stray
field potential ψm is the weak solution to the Maxwell equation

div(χΩwm) = µ0∆ψm in D′(R3), (2.2)

28
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where χΩwm denotes the extension of m by 0 to the whole space. In particular, ψm can be seen
as an element of the Beppo Levi space L1,2(R3), see Subsection 1.4. The existence of this weak
solution follows by Lemma 1.40. For ease of presentation, in (2.1) and throughout this chapter
we disregard the energy contributions due to crystalline anisotropy, antisymmetric exchange and
Zeeman energy, since they behave as continuous perturbations and could easily be included in
our analysis without further mathematical difficulties.
Well-posedness of the minimization problem for the functional in (2.1) in suitable classes of
admissible deformations and magnetizations has first been established in [188] under a higher-
order regularization corresponding to the setting of non-simple materials. Existence results in
the absence of Hessian terms have first been proven in [149], assuming incompressibility of the
admissible deformations, as well as in [15] under weaker coercivity conditions on the energy
density and weaker notions of deformed sets. Further improvements have been achieved in
[43, 42, 44]. We also mention [45] and [46] for a general study of Eulerian-Lagrangean models
accounting for material failure, as well as for a characterization of the emergence of domain
structures. A linearization analysis has been undertaken in [5]. A homogenization analysis in a
linear setting under the presence of rigid magnetic inclusions has been carried out in the recent
work [121].
In order to set the problem we first specify some notation. Let Ω ⊂ R3 be a bounded Lipschitz
domain, and let γ be an open subset of ∂Ω such that H2(γ) > 0, where H2 denotes the 2-
dimensional Hausdorff measure. From now on we assume Ω to be the reference configuration of
a composite magnetoelastic material. Let also p ∈ N be such that p > 3, and let Y := [0, 1)3 be
the unit cube in R3 which, with a slight abuse of notation, we implicitly identify with the unit
torus. We denote by g and h functions in W 1,∞(Ω;R3) encoding the boundary conditions on
γ. Further, we denote by {ei}3i=1 the canonical basis of R3. Given a vector u ∈ R3, we indicate
its components by u = (u1, u2, u3), and adopt the symbol ( · | · | · ) to describe the columns of
a matrix. We use the notation of Subsection 1.4 for Beppo Levi spaces. For a given sequence
{vε}ε and for r ∈ N, we write vε

w2−⇀ v weakly in Lr(Ω × Y ) to indicate that {vε}ε converges
weakly two-scale in Lr(Ω× Y ) to v. Analogously, we will use the notation vε

s2−→ v strongly in
Lr(Ω × Y ) to indicate its strong two-scale convergence. We refer to Section 1.2 for the precise
definitions. We indicate by c a generic positive constant, whose value may change from line to
line.
Following [6] we work under the assumption of a strong coupling condition, ensuring that the
admissible magnetizations do not jump across the interface between different crystal magnets.
Assuming a periodicity scale ε > 0, our stored energy is thus described by the functional

Gε(w,m) :=
ˆ
Ω
W

!
x

ε
, w(x), (m ◦ w)(x)

(
dx

+
ˆ
Ωw

a

�
w−1(z)

ε

&
|∇m(z)|2 dz + µ0

2

ˆ
R3

|∇ψm|2dx,
(2.3)

for pairs of admissible deformations and magnetizations (w,m), and with Gε(w,m) = +∞
otherwise. In the expression above, W : R3 ×R3×3 ×R3 → [0,+∞), is a Carathéodory function
satisfying the following assumptions:

(H1) Periodicity: W ( · , F, ν) is Y -periodic for any F ∈ R3×3 and for any ν ∈ R3.

(H2) Coercivity: there exists a constant C1 > 0 such that

W (y, F, ν) ≥ C1max
�
dist2(F ;SO(3)), distp(F ;SO(3))
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for some p > 3 and for any F ∈ R3×3, ν ∈ R3 and a.e. y ∈ R3. Moreover, we assume

W (y, F, ν) ≥ (detF )−s (2.4)

for any y ∈ R3, F ∈ R3×3 and ν ∈ R3 for some s > p
p−2 .

(H3) Frame indifference: W (y,RF,Rν) = W (y, F, ν) for any R ∈ SO(3), F ∈ R3×3, ν ∈ R3

and a.e. y ∈ R3.

(H4) Normalization: W (y, I3, ν) = 0 for any ν ∈ R3 and a.e. y ∈ R3.

(H5) Taylor expansion: W has a second-order Taylor expansion centered at the identity,
namely

W (y, I3 + F, ν) = 12 Q(y, F, ν) + r(y, F, ν),

for any F ∈ R3×3, ν ∈ R3 and a.e. y ∈ R3. Here Q : R3 × R3×3 × R3 → [0,+∞) is a non-
negative Carathéodory function which is Y -periodic in y and quadratic in F . Moreover,
we require Q to be bounded in the following sense: for any F ∈ R3×3 and ν ∈ R3,

ess-sup
y∈R3

Q(y, F, ν) ≤ C2 |F |2,

for some constant C2 > 0. We further require that for any ν ∈ R3 and a.e. y ∈ R3,
r(y, F, ν) ≤ r̃(|F |)|F |2 as |F | → 0, for a suitable continuous function r̃.

We observe that condition (2.4) is a strengthening of the assumption W (y, F, ν) ≥ (detF )−1

ensuring that the elastic energy blows up for an extreme compression, which is fundamental from
the modeling point of view. As a consequence of the mixed Eulerian-Lagrangean formulation of
the problem, we require a stronger coercivity condition, in order to obtain sufficient compactness
properties for the bounded energy configurations.
The map a : R3 → R in (2.3) is a Y -periodic function such that a ∈ L∞(Y ). Moreover, there
exist C3, C4 > 0 for which

0 < C3 ≤ a(y) ≤ C4 for a.e. y ∈ R3. (2.5)

We define the class AD of admissible deformations and magnetizations as

AD :=
�
(w,m) ∈ W 1,p

h (Ω;R
3)×W 1,2(Ωw; S2) : det∇w > 0 a.e. in Ω,

w is a.e. injective in Ω
	
,

where
W 1,p

h (Ω;R
3) :=

�
v ∈ W 1,p(Ω;R3) : v = h H2-a.e. on γ

	
.

Note that we work under the assumption p > 3 in order for the admissible deformations to have
a continuous representative, namely for the deformed configuration to be well-defined pointwise.
In the definition above and in (2.3), the deformed set Ωw is defined as Ωw := w(Ω) \w(∂Ω). In
principle, even for deformations w in our class, the set w(Ω) might not be open, whereas Ωw is
always an open set, see Lemma 1.37. We will use the notation

Y :=
�
w ∈ W 1,p

h (Ω;R
3) : det∇w > 0 a.e. in Ω, w is a.e. injective in Ω

	
(2.6)

for the class of admissible deformations only.
In the absence of a deformation, assuming that the temperature of the sample is fixed below the
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Curie threshold, the magnetization satisfies the Heisenberg constraint |m| = 1. In the presence of
a deformation instead, it is natural to assume that |m◦w| det∇w = 1, where the Jacobian takes
care of the change of the volume of an elementary sample. This, however, introduces considerable
technical difficulties in terms of the regularity of the involved quantities and when establishing
compactness properties of the magnetoelastic states. In our setting, when the deformations are
close to identity, we instead make the assumption

|m ◦ w| = 1 a.e. in Ω, (2.7)

dropping the term det∇w, which is reasonable from the modeling point of view and allows us
to avoid unnecessary technical complications. In the fully nonlinear setting, different formula-
tions of the Heisenberg constraint have been proposed in the literature, see [185] for a related
discussion.
The focus of our work is on a simultaneous homogenization and linearization analysis. To this
end, we introduce a scaling factor 1

ε2α for some α > 0 in front of the magnetostrictive energy
term in (2.8) below. An application of the geometric rigidity result proven in [114], see Theorem
1.36, then yields that our admissible deformations are close to the identity. Therefore, for every
deformation w ∈ Y and for any ε > 0 we introduce the rescaled displacement

u(x) := w(x)− x

εα
.

The parameter α, roughly speaking, describes the “relative speed” of the linearization and
homogenization processes. We recall that in the purely elastic setting, in contrast to what occurs
for dimension reduction problems, homogenization and linearization are known to commute
independently of the choice of α, see [165].
The rescaled magnetoelastic energy Fε reads as

Fε(u,m) :=
1

ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇u(x),m (x+ εαu(x))

(
dx

+
ˆ
Ω
a

!
x

ε

(
|∇m (x+ εαu(x)) |2 | det(I3 + εα∇u(x))| dx+ µ0

2

ˆ
R3

|∇ψm|2 dx,
(2.8)

for all (u,m) ∈ Aε, where the class Aε of admissible states is defined as

Aε :=
�
(u,m) ∈ W 1,p

g (Ω;R3)×W 1,2((id+ εαu)(Ω); S2) : id+ εαu ∈ Y
	
, (2.9)

where we set h = id + εαg in the definition of Y. We emphasize that, for ε small enough and
u ∈ W 1,p

g (Ω;R3), the map id+ εαu is a homeomorphism, so that the deformed set (id+ εαu)(Ω)
in the expression above is open and coincides, up to a set of measure zero, with Ω(id+εαu). This
observation is necessary remarking the difference in the way the boundary condition is formu-
lated in Aε compared to AD.
The main result of this chapter is a characterization of the asymptotic behaviour of the func-
tionals Fε as ε ↘ 0. The limiting functional Fhom is given, for every α > 0, by

Fhom(u,m) :=
1
2

ˆ
Ω
Qhom(∇u(x),m(x)) dx+

ˆ
Ω
Thom(∇m(x)) dx

+ µ0
2

ˆ
Ω
|∇ψm(x)|2 dx,

(2.10)

for every (u,m) ∈ A0, where

A0 :=W 1,p
g (Ω;R3)×W 1,2(Ω; S2).
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In (2.10), the linearized and homogenized density Qhom is a quadratic form given by

Qhom(A, ν) := inf
�ˆ

Y
Q(y,A+∇ϕ(y), ν) dy : ϕ ∈ W 1,2

per(Y ;R3)
�
, (2.11)

for any A ∈ R3×3 and ν ∈ S2, where Q is the one defined in (H5). In turn, Thom is the
homogenized exchange energy density, defined as

Thom(A) := inf
�ˆ

Y
a(y) |A+∇ϕ(y)|2 dy : ϕ ∈ W 1,2

per(Y ;R3)
�
, (2.12)

for any A ∈ R3×3. One may expect the minimization in (2.12) to be formulated over the tangent
bundle 6

s∈S2 Ts S2, where Ts S2 is the tangent space of S2 at the point s ∈ S2. This is indeed
the case in the general setting, where manifold-valued maps are taken under consideration. For
maps with values in S2 however, due to the sphere being invariant under rotations, it is possible
to reduce the problem to an unconstrained minimization, see [6, Section 3(b)], in particular [6,
Remark 3.3].
We are now in a position to state the main result of this chapter.

Theorem 2.1. Let Ω ⊂ R3 be a bounded Lipschitz domain and let α > 0 and p > 3. As-
sume (H1)–(H5) and (2.5). Then, the family of magnetoelastic energies {Fε}ε given by (2.8)
Γ-converges with respect to the convergence in Propositions 2.2 and 2.3 to the homogenized
functional Fhom defined by (2.10).

The proof of Theorem 2.1 hinges upon several intermediate results. The key hurdles are under-
standing the compactness properties of a sequence of states (uε,mε) ∈ Aε with equibounded
energies, and a characterization of the two-scale limit of the magnetization. These are the sub-
jects of Propositions 2.2 and 2.3, respectively. A crucial difficulty for both results is the fact
that the magnetization is an actual quantity and, thus, is defined and equibounded only on
the deformed set. This requires a careful simultaneous analysis of the displacement and the
magnetization, as well as a stability result for the inverse of the determinant of the admissible
deformations. This is the main motivation for assumption (H2), for it implies that for a bounded
energy sequence one has, for any ε > 0,777(det∇wε)−1

777
Ls(Ω)

≤ c for s >
p

p− 2 . (2.13)

Our second contribution is to show in Section 2.5 that the functional Fhom in (2.10) can be recov-
ered by first linearizing magnetostrictive contribution and then passing to the homogenization
limit. This is illustrated in the following diagram, where we denote by Glin

ε the corresponding
linearized functional.
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Gε Glin
ε

Fhom??

Linearization

H
om
ogenization

Homogenization &
Linearization

H
om
ogenization

Linearization

The study of the missing dashed lines, on the other hand, remains an open problem, for, even
in the setting of nonlinear elasticity (without magnetic contribution), homogenization under
non-impenetrability constraints is currently not fully understood.
The chapter is organized as follows. The precompactness of sequences with equibounded energy
is the focus of Section 2.2. A separate two-scale analysis of the asymptotic behaviour of the
magnetizations is carried out in Section 2.3. The proof of Theorem 2.1 is presented in Section
2.4. Finally, the sequential linearization and homogenization is briefly discussed in Section 2.5.

2.2 Compactness
In this section, we characterize compactness properties for sequences of displacements and mag-
netizations with equibounded energies, adapting the approach of [5]. Our main result is the
following.

Proposition 2.2. Let Ω ⊂ R3 be a bounded Lipschitz domain and let α > 0 and p > 3. Assume
(H1)–(H5) and (2.5). Let (uε,mε) ∈ Aε be such that, setting wε := id + εαuε, (2.7) holds for
every ε > 0 and

sup
ε>0

Fε(uε,mε) < +∞, (2.14)

where the family of energies {Fε}ε is defined as in (2.8). Then, there exists (u,m) ∈ A0 such
that, up to subsequences, there holds

wε → id strongly in W 1,p(Ω;R3),
uε ⇀ u weakly in W 1,2(Ω;R3),

det∇wε → 1 strongly in L
p
3 (Ω),

(det∇wε)−1 → 1 strongly in L1(Ω),
mε ◦ wε ⇀ m weakly in W 1,q(Ω;R3),
mε ◦ wε → m strongly in Lr(Ω;R3) for any r ∈ [1,+∞),

χwε(Ω)mε → χΩm strongly in Lr(R3;R3) for any r ∈ [1,+∞),
χwε(Ω)∇mε ⇀ χΩ∇m weakly in L2(R3;R3×3),
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where q := 2ps
p+s(p+2) ∈

�
1, 2p

p+2

%
, and s is the exponent in (2.13).

Proof. We split the proof into several steps for readers convenience.
Step 1. Convergence of wε and uε. Given a fixed ε > 0, we need to prove the inequalities

ˆ
Ω
|∇uε|2 dx ≤ c

�
Fε(uε,mε) +

ˆ
γ
|g|2 dH2

&
, (2.15)

and ˆ
Ω
|εα∇uε|p dx ≤ c ε2α

�
Fε(uε,mε) +

ˆ
γ
|g|2 dH2

&
. (2.16)

Indeed, obviously (2.15) yields the weak precompactness of the displacements {uε}ε inW 1,2(Ω;R3),
while (2.16) implies that

∥∇wε − I3∥Lp(Ω;R3×3) ≤ c ε
2α
p (2.17)

for a positive constant c independent of ε, which in turn implies that wε → id strongly in
W 1,p(Ω;R3).
Now, for any t ∈ [0,+∞), let us set jp(t) := max{t2, tp}. Thanks to (H2), we have that

ˆ
Ω
jp (dist (I3 + εα∇uε;SO(3))) dx

≤ c

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαu(x))

(
dx ≤ c ε2αFε(uε,mε).

(2.18)

In view of (2.18) and the definition of wε, by Theorem 1.36 we find a rotation Rε ∈ SO(3) such
that ˆ

Ω
|∇wε −Rε|2 dx ≤ c

ˆ
Ω
jp(dist(∇wε, SO(3))) dx ≤ c ε2αFε(uε,mε). (2.19)

On the one hand, by the triangle inequality and (2.19) we obtain

ε2α
ˆ
Ω
|∇uε|2 dx =

ˆ
Ω
|∇wε − I3|2 dx ≤ c

�
ε2αFε(uε,mε) + |Rε − I3|2

�
.

On the other hand, arguing as in [83, Proposition 3.4], we deduce

|Rε − I3|2 ≤ c ε2α
�
Fε(uε,mε) +

ˆ
γ
|g|2 dH2

&
. (2.20)

Combining the latter two estimates yields (2.15).
By (2.18) and Theorem 1.36, for the same rotation Rε in (2.19) there holds

ˆ
Ω
|∇wε −Rε|p dx ≤ c

ˆ
Ω
jp(dist(∇wε, SO(3))) dx ≤ c ε2αFε(uε,mε).

Hence, using the facts that p > d = 3 and that |Rε − I3| ≤ 2
√
d, since Rε ∈ SO(3), we obtain

ˆ
Ω
|εα∇uε|p dx ≤ 2p−1

!ˆ
Ω
|∇wε −Rε|p dx+ |Rε − I3|p

(
≤ c

�
ε2αFε(uε,mε) + |Rε − I3|2

%
,

which, together with (2.20), yields (2.16).
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Step 2. Convergence of det∇wε. Recalling that the determinant is a multilinear function, we
deduce that

det(∇wε) = det(e1 + εα∂1uε|e2 + εα∂2uε|e3 + εα∂3uε)
= 1 + det(εα∇uε) + det(e1|e2|εα∂3uε) + det(e1|εα∂2uε|e3) + det(e1|εα∂2uε|εα∂3uε)
+ det(εα∂1uε|e2|e3) + det(εα∂1uε|e2|εα∂3uε) + det(εα∂1uε|εα∂2uε|e3)
= 1 + det(εα∇uε) + εα∂3u

3
ε + εα∂2u

2
ε + ε2α∂2u

2
ε∂3u

3
ε − ε2α∂3u

2
ε∂2u

3
ε

+ εα∂1u
1
ε + ε2α∂1u

1
ε∂3u

3
ε − ε2α∂3u

1
ε∂1u

3
ε + ε2α∂1u

1
ε∂2u

2
ε − ε2α∂2u

1
ε∂1u

2
ε.

Thanks to the triangle inequality, for every σ ∈ N we find
ˆ
Ω
| det∇wε − 1|σ dx ≤ c

!ˆ
Ω
|εα∇uε|3σ dx+

ˆ
Ω
|εα∇uε|σ dx+

ˆ
Ω
|εα∇uε|2σ dx

(
.

Choosing σ := p
3 , we can apply Hölder’s inequality, since Ω is bounded, and (2.16) along with

(2.14), obtaining that det∇wε → 1 strongly in L
p
3 (Ω). More precisely, for ε > 0 small enough,

∥ det∇wε − 1∥
L

p
3 (Ω)

≤ c ε
6α
p . (2.21)

In particular, Vitali Convergence Theorem, see Theorem 1.12, ensures that, since |Ω| < +∞,
the sequence {det∇wε}ε is equi-integrable in Ω.
Step 3. Convergence of (det∇wε)−1. Since the sequence {(det∇wε)−1}ε is uniformly bounded
in Ls(Ω), see (2.13), it follows that {(det∇wε)−1}ε is equi-integrable in Ω. Now, for any suffi-
ciently small fixed δ > 0 and for any ε > 0, let us define the sets

Bδ
ε := {x ∈ Ω : | det∇wε(x)− 1| > δ} . (2.22)

By (2.21), (2.22) and Hölder’s inequality, since Ω is bounded,

|Bδ
ε | <

ˆ
Bδ

ε

| det∇wε(x)− 1|
δ

dx ≤ δ−1
ˆ
Ω
| det∇wε(x)− 1| dx

≤ c δ−1∥ det∇wε − 1∥
L

p
3 (Ω)

≤ c δ−1ε
6α
p ,

implying that, by the equi-integrability of {(det∇wε)−1}ε, we have
ˆ
Bδ

ε

888(det∇wε)−1 − 1
888 dx → 0

as ε ↘ 0. Moreover, by (2.21), for ε small enough
ˆ
Ω\Bδ

ε

888(det∇wε)−1 − 1
888 dx ≤ c

ˆ
Ω\Bδ

ε

|det∇wε − 1| dx ≤ c εα,

which yields the claim.
Step 4. Weak convergence of mε ◦ wε. First we show that

∥∇(mε ◦ wε)∥Lq(Ω) ≤ c with q := 2ps
p+ s(p+ 2) ∈

!
1, 2p

p+ 2

(
. (2.23)
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Let q be defined as above and note that 2p
p+2 < 2. For l := 2

q , and l′ = 2
2−q its conjugate

exponent, by Hölder’s inequality we have
ˆ
Ω
|∇(mε ◦ wε)|q dx

≤
!ˆ

Ω

888(∇mε ◦ wε)(det∇wε)
1
2
888ql dx( 1

l
!ˆ

Ω

888∇wε (det∇wε)−
1
2
888ql′ dx

( 1
l′

=
!ˆ

Ω

888(∇mε ◦ wε)(det∇wε)
1
2
8882 dx

( q
2
�ˆ

Ω

888∇wε (det∇wε)−
1
2
888 2q

2−q dx

& 2−q
2

.

We already know, thanks to (2.8) and (2.14), that the first term on the right-hand side is
uniformly bounded. Setting µ := p(2−q)

2q > 1, and denoting by µ′ = p(2−q)
p(2−q)−2q its conjugate

exponent, we infer
ˆ
Ω

888∇wε(det∇wε)−
1
2
888 2q

2−q dx ≤
!ˆ

Ω
|∇wε|

2qµ
2−q dx

( 1
µ
!ˆ

Ω
(det∇wε)−

qµ′
2−q dx

( 1
µ′

=
!ˆ

Ω
|∇wε|p dx

( 2q
p(2−q)

!ˆ
Ω
(det∇wε)−

pq
p(2−q)−2q dx

( p(2−q)−2q
p(2−q)

.

By Step 1 of the proof, the first term on the right-hand side of the above inequality is uniformly
bounded, since {wε}ε is uniformly bounded inW 1,p(Ω;R3). Moreover, thanks to (2.13) we know
that {(det∇wε)−1}ε is uniformly bounded in Ls(Ω), meaning that (2.23) follows by the choice
of the exponent q. This, along with the constraint |mε ◦ wε| = 1 a.e. in Ω for every ε > 0, see
(2.7), entails ∥mε ◦wε∥W 1,q(Ω;R3) ≤ c, implying that mε ◦wε ⇀ m weakly in W 1,q(Ω;R3), up to
a subsequence.
Step 5. Strong convergence of mε ◦ wε. In view of Step 4 of the proof, the Rellich-Kondrachov
Theorem ensures that

mε ◦ wε → m strongly in Lσ(Ω;R3) for any σ ∈ [1, q∗),

where q∗ = 3q
3−q is the Sobolev conjugate exponent of q. Due to the constraint |mε ◦wε| = 1 a.e.

in Ω for every ε > 0, see (2.7), the sequence {mε ◦wε}ε is uniformly bounded in any Lr(Ω;R3),
with r ∈ [1,+∞). Therefore, Lemma 1.11 implies that mε ◦ wε → m strongly in Lr(Ω;R3) for
any r ∈ [1,+∞).
Finally, this strong convergence implies that, up to a subsequence, mε ◦ wε → m a.e. in Ω.
Since, for every ε > 0, (uε,mε) ∈ Aε and |mε ◦ wε| = 1 a.e. in Ω, there holds m ∈ W 1,q(Ω; S2).
Step 6. Strong convergence of χwε(Ω)mε. In view of Lemma 1.11, in order to prove the strong
convergence χwε(Ω)mε → χΩm in Lr(R3;R3) for any r ∈ [1,+∞), it is enough to show the
uniform boundedness of {χwε(Ω)mε}ε in Lr(R3;R3) for any r ∈ [1,+∞) along with the strong
convergence in L1, namely

∥χwε(Ω)mε − χΩm∥L1(R3;R3) → 0 as ε ↘ 0. (2.24)

The uniform boundedness of {χwε(Ω)mε}ε in Lr(R3;R3) for any r ∈ [1,+∞) follows from the
saturation constraint (2.7) and the uniform boundedness of {det∇wε}ε in L1(Ω). Indeed, for
any fixed r ∈ [1,+∞),

ˆ
R3

|χwε(Ω)mε|r dz =
ˆ
wε(Ω)

|mε|r dz =
ˆ
Ω
|mε ◦ wε|r det∇wε dx

=
ˆ
Ω
det∇wε dx < +∞.

(2.25)
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We now turn to the proof of (2.24). The key idea of the proof is, for any ε, to reduce the bound
between mε and m to the bound between mε and mε ◦wε utilizing the result of Step 5, see (2.28)
below, and then using the Lipschitz continuity of mε on a slightly smaller set (via Lusin-type
approximation of Sobolev functions), to complete the argument.
For a fixed δ > 0, we set

Ωδ := {x ∈ Ω : dist(x, ∂Ω) > δ}.
Without loss of generality, we may assume that Ωδ is a Lipschitz set. Since wε → id strongly in
W 1,p(Ω;R3) and p > 3, we have that wε → id in C0(Ω;R3). Hence, thanks to the degree theory,
see [110] and [5, Proof of Proposition 3.1], for ε > 0 small enough one has Ωδ ⊂ wε(Ω). This
yields

∥χwε(Ω)mε − χΩm∥L1(R3;R3) =
ˆ
Ωδ

|χwε(Ω)mε − χΩm| dx+
ˆ
R3\Ωδ

|χwε(Ω)mε − χΩm| dx. (2.26)

The second integral on the right-hand side is negligible as δ ↘ 0. Indeed, since {χwε(Ω)mε}ε is
uniformly bounded in Lr(R3;R3) for any r ∈ [1,+∞), we infer that, as δ ↘ 0,
ˆ
R3\Ωδ

|χwε(Ω)mε − χΩm| dx ≤ c
�
L3(wε(Ω)△Ωδ) + L3(Ωδ △Ω)

�
→ cL3(wε(Ω)△Ω). (2.27)

Regarding the first integral on the right-hand side of (2.26) instead, recalling that Ωδ ⊂ Ω∩wε(Ω)
and utilizing the triangle inequality, there yields

ˆ
Ωδ

|χwε(Ω)mε − χΩm| dx ≤
ˆ
Ωδ

|mε −mε ◦ wε| dx+
ˆ
Ωδ

|mε ◦ wε −m| dx. (2.28)

By Step 5, the second integral on the right-hand side converges to 0 as ε ↘ 0. In view of Step
5, Vitali Convergence Theorem, see Theorem 1.12, yields the equi-integrability of {mε ◦ wε}ε.
Furthermore, by (2.25), it follows that {χΩδ

mε}ε is equi-integrable in Ωδ as well, indeedˆ
R3

|χΩδ
mε|r dz =

ˆ
Ωδ

|mε|r dz ≤
ˆ
wε(Ω)

|mε|r dz < +∞,

for every r ∈ [1,+∞) and uniform boundedness in a space Lr with r > 1 implies equi-
integrability. Therefore, for any η > 0 there exists ρ > 0 such that for any A ⊆ Ωδ measurable

L3(A) < ρ =⇒ lim sup
ε→0

ˆ
A
|mε ◦ wε −mε| dx < η.

Fix δ ∈ (0, δ) such that L3(Ωδ \ Ωδ) < ρ and set Aδ,ε := w−1
ε (Ωδ). For ε > 0 small enough, we

have that Aδ,ε ⊆ Ωδ (due to the degree theory, as before). Therefore,ˆ
Ωδ

|mε ◦ wε −mε| dx =
ˆ
Ωδ∩Aδ,ε

|mε ◦ wε −mε| dx+
ˆ
Ωδ\Aδ,ε

|mε ◦ wε −mε| dx. (2.29)

The integral over Ωδ \Aδ,ε can be estimated as follows. First, a change of variables implies that

L3(Ωδ) = L3(wε(Aδ,ε)) = L3(Aδ,ε) +
ˆ

Aδ,ε

(det∇wε − 1) dx.

Therefore, taking into account Step 2 of the proof, we have

lim sup
ε→0

L3(Ωδ \Aδ,ε) ≤ lim sup
ε→0

�
L3(Ωδ)− L3(Aδ,ε)

�
= lim sup

ε→0

�
L3(Ωδ \ Ωδ) +

ˆ
Aδ,ε

(det∇wε − 1) dx
�
< ρ.
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Then the equi-integrability of {mε ◦ wε}ε and {mε}ε on Ωδ yields

lim sup
ε→0

ˆ
Ωδ\Aδ,ε

|mε ◦ wε −mε| dx < η. (2.30)

We now evaluate the integral over Ωδ ∩ Aδ,ε in (2.29). To this end, we fix λ ∈ (−2α
p , 0)

and consider an extension M δ
ε ∈ W 1,2(R3;R3) of mε from Ωδ to R3 with ∥M δ

ε ∥W 1,2(R3;R3) ≤
c(Ωδ) ∥mε∥W 1,2(Ωδ ;R3). According to the Lusin-type approximation of Sobolev functions (see,
e.g., [114, Proposition A.1]), for every ε > 0 there exists a set Gδ,ε ⊂ R3 such that M δ

ε is
ελ-Lipschitz on Gδ,ε and

L3(R3 \Gδ,ε) ≤ ε−2λ
ˆ
Rd

888∇M δ
ε

8882 dx ≤ c(Ωδ) ε−2λ∥χΩδ
mε∥2W 1,2(Ωδ ;R3). (2.31)

Set Xδ,ε := w−1
ε (Gδ,ε). Since mε = M δ

ε on Ωδ ∩ Gδ,ε, utilizing the Lipschitz property of M δ
ε on

Gδ,ε and applying the Sobolev inequality along with the bound (2.17), we obtain
ˆ
Ωδ∩Aδ,ε∩Xδ,ε∩Gδ,ε

|mε ◦ wε −mε| dx =
ˆ
Ωδ∩Aδ,ε∩Xδ,ε∩Gδ,ε

|M δ
ε ◦ wε −M δ

ε | dx

≤ ελL3(Ω)∥wε − id∥C0(Ω;R3) ≤ c ε
2α
p
+λ

.

(2.32)

Since, by the choice of λ, the exponent 2α
p + λ is positive, then the integral above vanishes in

the limit. Observe that (2.31) immediately implies

lim
ε→0

L3(Ωδ \Gδ,ε) = 0.

In a similar way, using a change of variables and the growth assumption (H2), we infer

L3(Ωδ \Xδ,ε) =
ˆ
wε(Ωδ)\Gδ,ε

(det∇wε)−1 dx ≤ ∥(det∇wε)−1∥Ls(Ω)
�
L3(R3 \Gδ,ε)

� 1
s′

,

where we have indicated by s′ the conjugate exponent to s. Hence, by (2.31),

lim
ε→0

L3(Ωδ \Xδ,ε) = 0.

Thus, using the equi-integrability similarly to (2.30),

lim sup
ε→0

ˆ
(Ωδ∩Aδ,ε)\(Xδ,ε∩Gδ,ε)

|mε ◦ wε −mε| dx = 0. (2.33)

Combining (2.29), (2.30), (2.32) and (2.33), we conclude that

lim sup
ε→0

ˆ
Ωδ

|mε ◦ wε −mε| dx < η.

Finally, since η > 0 is arbitrary, from (2.26), (2.27) and (2.28) we obtain (2.24).
Step 7. Convergence of χwε(Ω)∇mε. First, note that ∇(χΩδ

mε) is bounded in L2(Ωδ;R3×3).
Indeed, by (2.5) and (2.14),

ˆ
Ωδ

|∇(χΩδ
mε)|2 dx =

ˆ
Ωδ

|∇mε|2 dx ≤
ˆ
wε(Ω)

|∇mε|2 dx ≤ 1
C3

Fε(uε,mε) < +∞. (2.34)
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Moreover, by (2.25), the sequence {χΩδ
mε}ε is bounded in L2(Ωδ;R3). Thus, {χΩδ

mε}ε is
bounded in W 1,2(Ωδ;R3) uniformly for every δ > 0. By a diagonal argument, there exists
η ∈ W 1,2

loc (Ω;R3) such that

χΩδ
mε ⇀ η weakly in W 1,2

loc (Ω;R
3).

By Step 6, it follows that η = χΩm. In particular, we have thatmε ⇀ m weakly inW 1,2(Ωδ;R3).
We now show the weak convergence of {χwε(Ω)∇mε}ε. To this end, for a test function φ ∈
L2(R3;R3×3), we deduce thatˆ

R3
(χwε(Ω)∇mε − χΩ∇m) : φdx

=
ˆ
Ωδ

(χwε(Ω)∇mε − χΩ∇m) : φdx+
ˆ
R3\Ωδ

(χwε(Ω)∇mε − χΩ∇m) : φdx.

Since Ωδ ⊂ wε(Ω)∩Ω and due the fact that mε = χΩδ
mε ⇀ m weakly in W 1,2(Ωδ;R3), the first

integral converges to zero. Applying the Cauchy-Schwartz inequality to the second integral, and
taking into account that χwε(Ω)∇mε and χΩ∇m are both bounded in L2(R3;R3×3), we have88888

ˆ
R3\Ωδ

(χwε(Ω)∇mε − χΩ∇m) : φdx

88888 ≤ c ∥φ∥L2(Cδ),

with Cδ := {x ∈ R3 : dist(x, ∂Ω) < δ} such that |Cδ| → 0 as δ → 0. This yields the
weak convergence of {χwε(Ω)∇mε}ε to χΩ∇m in L2(R3;R3×3) and concludes the proof of the
proposition.

2.3 Two-scale convergence of the magnetizations
Before carrying out our Γ-convergence analysis, we need to investigate the two-scale behaviour
of the gradients of the magnetizations. Recalling the definition of the energy Fε in (2.8), the
main result of this section reads as follows.
Proposition 2.3. Let Ω ⊂ R3 be a bounded Lipschitz domain and let α > 0 and p > 3. Assume
(H1)–(H5) and (2.5). Let (uε,mε) ∈ Aε be such that, setting wε := id + εαuε, (2.7) holds for
every ε > 0 and

sup
ε>0

Fε(uε,mε) < +∞,

where the family of energies {Fε}ε is defined as in (2.8). Then, there exists ϕ ∈ L2(Ω;W 1,2
per(Y ;R3))

such that, up to a subsequence,

(∇mε ◦ wε)(det∇wε)
1
2

w2−⇀ ∇m+∇yϕ( · , y) weakly two-scale in L2(Ω× Y ;R3). (2.35)

In order to prove this result, we need to establish some preliminary technical results. We first
observe that ∇mε ∈ L2(wε(Ω)) if and only if (∇mε ◦ wε)(det∇wε)

1
2 ∈ L2(Ω). Note that

∇(mε ◦ wε) = (∇mε ◦ wε)∇wε,

thus
(∇mε ◦ wε)(det∇wε)

1
2 = ∇(mε ◦ wε)(∇wε)−1(det∇wε)

1
2 . (2.36)

For brevity, in what follows we denote

gε := (∇wε)−1(det∇wε)
1
2 = adj(∇wε)(det∇wε)−

1
2 . (2.37)

Our first auxiliary result is the following.
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Lemma 2.4. Under the assumptions of Proposition 2.3, we have

gε → I3 in L1(Ω;R3×3).

Proof. Note that

|gε − I3| ≤ |adj(∇wε)− I3| (det∇wε)−
1
2 +

888(det∇wε)−
1
2 − 1

888 , (2.38)

and that 888(det∇wε)−
1
2 − 1

888 ≤ 888(det∇wε)−1 − 1
888 .

By Proposition 2.2, as ε ↘ 0

adj(∇wε)→ I3 in L
p
2 (Ω;R3×3). (2.39)

The claim follows then by Proposition 2.2 and Hölder’s inequality.

Remark 2.5. Note that for the above lemma it would have been sufficient to assume | det∇wε|−1 ∈
L

p
2(p−2) (Ω) instead of (2.13).

As a consequence of the previous lemma we obtain the following.

Lemma 2.6. Under the assumptions of Proposition 2.3, we have

gε → I3 in Lr∗(Ω;R3×3), for any r∗ < r := ps

p+ 2s ∈
!
1, p2

(
,

where s is the exponent in (2.13).

Proof. First we want to prove that gε ∈ Lr(Ω;R3×3) for some r > 1 and for any ε > 0. Indeed,
applying the generalized Hölder’s inequality and using (2.13) we infer

∥gε∥Lr(Ω;R3×3) ≤ ∥|adj(∇wε)|∥
L

p
2 (Ω)

777(det∇wε)−1
777
L

pr
p−2r (Ω)

= ∥|adj(∇wε)|∥
L

p
2 (Ω)

777(det∇wε)−1
777
Ls(Ω)

< +∞,

where we chose r as in the statement of the Lemma. The thesis follows then by combining
Lemma 2.4 with Lemma 1.11.

We are now ready to prove the main result of this section.

Proof of Proposition 2.3. For i, j ∈ {1, 2, 3} and any ε > 0, we set

(ĝε)ij(x) := min{|(gε)ij(x)|, 2} sign(gε)ij(x),

where gε is defined as in (2.37). Clearly, |ĝε − I3| ≤ |gε − I3|. By Lemmas 1.11 and 2.4 we find

ĝε → I3 in Lσ(Ω;R3×3) for any σ ∈ [1,+∞) (2.40)

as ε ↘ 0. Further, again from Lemma 2.4, it follows that |supp(gε − ĝε)| → 0 as ε ↘ 0. Then,
thanks to (2.36) and (2.37), we have that

|∇(mε ◦ wε)(gε − ĝε)| ≤ |∇(mε ◦ wε) gε|+ |∇(mε ◦ wε) ĝε|
≤ |∇(mε ◦ wε) gε|+ c |∇(mε ◦ wε)|
=

888(∇mε ◦ wε)(det∇wε)
1
2
888+ c |∇(mε ◦ wε)|,



41 2.4. Proof of Theorem 2.1

which, together with the fact that the two terms on the right hand side of the latter are bounded
in L2(Ω) and Lq(Ω) respectively, with q as in Proposition 2.2, entails that, for any test function
ψ ∈ C0(Ω× Y ), the sequence

�∇(mε ◦ wε)(gε − ĝε)ψ
 · , ·

ε

'�
ε
is equi-integrable. This remark,

combined with the vanishing support of {gε − ĝε}ε yields
ˆ
Ω
∇(mε ◦ wε)(gε − ĝε)ψ

!
· , ·

ε

(
dx → 0 as ε ↘ 0 (2.41)

for any test function ψ ∈ C0(Ω× Y ). By (2.40), for ψ as before, one has

ĝε(x)ψ
!
x,

x

ε

(
s2−→ ψ(x, y) strongly two-scale in Lσ(Ω× Y ;R3×3)

for any σ ∈ [1,+∞). Then, by properties of two-scale convergence, see Section 1.2, and by
Proposition 2.2, we infer the existence of a map ϕ ∈ L2(Ω;W 1,2

per(Y ;R3)) such that
ˆ
Ω
∇(mε ◦ wε)(x) ĝε(x)ψ

!
x,

x

ε

(
dx →

ˆ
Ω

ˆ
Y
[∇m(x) +∇yϕ(x, y)]ψ(x, y) dx dy,

for every ψ ∈ C0(Ω× Y ). This, together with (2.36) and (2.41), yields (2.35).

2.4 Proof of Theorem 2.1
This section is devoted to the proof of Theorem 2.1. Before going into the proof, in order to
identify a lower bound for the asymptotic behaviour of the magnetoelastic energy contributions,
we prove the following variant of [173, Lemma 2.3.2].

Lemma 2.7. Let Ω ⊂ R3 be a bounded domain and let α > 0. Let {vε}ε be a bounded sequence
in L2(Ω;R3) such that vε

w2−⇀ v weakly in L2(Ω× Y ;R3). If, for every ε > 0, we define

Eε :=
�
x ∈ Ω : |vε(x)| ≤ ε−α

2
	
,

then
χEεvε

w2−⇀ v weakly in L2(Ω× Y ;R3).

Proof. By definition of the sets Eε we have
ˆ
Ω
|vε(x)|2 dx ≥ ε−α

ˆ
Ω
[1− χEε(x)] dx.

Since |1 − χEε |r = 1 − χEε for all r ∈ [1,+∞), we deduce that 1 − χEε → 0 strongly in Lr(Ω)
for all r ∈ [1,+∞). Consequently, χEε → 1 strongly in Lr(Ω) and, in particular, in measure.
By applying Proposition 1.16 to the product χEεvε, we infer the thesis.

The section is subdivided as follows. In Subsection 2.4.1 we deal with the magnetostatic self-
energy term, while in Subsection 2.4.2 we prove the lower bound for our family of energy func-
tionals. In Subsection 2.4.3 we then construct the recovery sequences for the energies and we
prove their convergences, showing that they satisfy the properties in Proposition 2.2. Finally,
in Subsection 2.4.4 we show the optimality of the lower bound, and we complete the proof of
Theorem 2.1.
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2.4.1 Limit of the magnetostatic self-energy term
Regarding the magnetostatic self-energy term of the energy functional Fε given by (2.8), we
show something more than the expected lower bound, in particular we prove that

lim
ε→0

µ0
2

ˆ
R3

|∇ψmε |2 dx =
µ0
2

ˆ
R3

|∇ψm| dx. (2.42)

Let (uε,mε) ∈ Aε be such that wε = id + εαuε ∈ Y and supε>0 Fε(uε,mε) < +∞. Given
χwε(Ω)mε ∈ L2(R3;R3), thanks to Lemma 1.40 we know that there exists ψmε ∈ L1,2(R3) such
that it is the unique solution, up to additive constants, to the equation (2.2), or equivalently to

ˆ
R3

χωε(Ω)mε · ∇φdx =
ˆ
R3

µ0∇ψmε · ∇φdx ∀φ ∈ L1,2(R3),

and such that
∥ψmε∥L1,2(R3) = ∥∇ψmε∥L2(R3×R3) ≤ ∥χωε(Ω)mε∥L2(R3). (2.43)

By Proposition 2.2, we have that χωε(Ω)mε is bounded in L2(R3;R3) for any ε > 0 and this,
along with (2.43), yields

∇ψmε ⇀ ∇ψm weakly in L2(R3;R3),

where ψm ∈ L1,2(R3) is the unique solution, up to additive constants, to
ˆ
R3

χΩm · ∇φdx =
ˆ
R3

µ0∇ψm · ∇φdx ∀φ ∈ L1,2(R3).

Now, thanks to the linearity of the Maxwell equation (2.2), for any ε > 0, ψmε − ψm is the
unique solution, again up to additive constants, to

ˆ
R3
(χωε(Ω)mε − χΩm) · ∇φdx =

ˆ
R3

µ0(∇ψmε −∇ψm) · ∇φdx ∀φ ∈ L1,2(R3).

Note that, again by Lemma 1.40, it also holds that

∥∇ψmε −∇ψm∥L2(R3;R3) ≤ ∥χwε(Ω)mε − χΩm∥L2(R3;R3),

which in turn implies, thanks to Proposition 2.2, that {∇ψmε}ε strongly converges in L2(R3;R3)
to ∇ψm. Therefore (2.42) holds.

2.4.2 Lower bound
In order to deal with the lower bound for our family of energy functionals we first remark, by
the superadditivity of the lim inf, that

lim inf
ε→0

Fε(uε,mε) ≥ lim inf
ε→0

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαu(x))

(
dx

+ lim inf
ε→0

ˆ
Ω
a

!
x

ε

(
|∇mε(x+ εαuε(x))|2 det∇wε(x) dx

+ lim inf
ε→0

µ0
2

ˆ
R3

|∇ψmε |2 dx,

where the energies {Fε}ε are defined as in (2.8). We already dealt with the magnetostatic self-
energy term of the energy, see Subsection 2.4.1, therefore it is enough to compute separately the
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lower bounds of each of the two remaining terms. Let (uε,mε) ∈ Aε be such that, setting wε :=
id+εαuε ∈ Y, (2.7) holds for every ε > 0. From this point on, we can assume supε>0 Fε(uε,mε) <
+∞, otherwise the result is obvious.
Step 1. Lower bound for the elastic energies. In this step, we show that

lim inf
ε→0

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαuε(x))

(
dx ≥ 12

ˆ
Ω
Qhom(∇u(x),m(x)) dx,

with Qhom defined as in (2.11). To this end, we adapt the strategy used in [173, Theorem 5.2.1],
using the notion of two–scale convergence, cf. [4, 174].
By Proposition 2.2, we have uε ⇀ u weakly inW 1,p(Ω;R3), so in particular weakly inW 1,2(Ω;R3).
Thanks to Theorem 1.17 we get, up to subsequences,

uε
w2−⇀ u weakly two-scale in L2(Ω;R3),

∇uε
w2−⇀ ∇u+∇yu1( · , y) weakly two-scale in L2(Ω× Y ;R3×3) (2.44)

for some u1 ∈ L2(Ω;W 1,2
per(Y ;R3)). For every ε > 0, we define the set

Eε :=
�
x ∈ Ω : |∇uε(x)| ≤ ε−α

2
	
.

Due to (2.44) and the weak convergence uε ⇀ u inW 1,2(Ω;R3), granting us uniform boundedness
of the gradients, we can apply Lemma 2.7 obtaining

χEε∇uε
w2−⇀ ∇u+∇yu1( · , y) weakly two-scale in L2(Ω× Y ;R3×3). (2.45)

Thanks to the non-negativity of the energy density W , along with the fact that W has a
minimizer at I3 by (H4), we get

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαuε(x))

(
dx

≥ 1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εαχEε∇uε(x),mε(x+ εαuε(x))

(
dx.

(2.46)

Recall that, by (H5), we have8888W (y, I3 + F, ν)− 12 Q(y, F, ν)
8888 ≤ r̃(|F |)|F |2, (2.47)

for any F ∈ R3×3, for any ν ∈ S2 and for a.e. y ∈ R3, for a continuous function r̃. Furthermore,

∥εαχEε∇uε∥L∞(Ω;R3×3) ≤ ε
α
2 .

This, along with (2.47), implies that for small enough ε we can approximateW by the quadratic
form Q, in particular

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εαχEε(x)∇uε(x),mε(x+ εαuε(x))

(
dx

≥ 1
2ε2α

ˆ
Ω
Q

!
x

ε
, εαχEε(x)∇uε(x),mε(x+ εαuε(x))

(
dx− r̃(ε

α
2 ) ∥εαχEε∇uε∥2L2(Ω;R3×3)

= 12

ˆ
Ω
Q

!
x

ε
, χEε(x)∇uε(x),mε(x+ εαuε(x))

(
dx− r̃(ε

α
2 ) ∥εαχEε∇uε∥2L2(Ω;R3×3) .

(2.48)
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The second term on the right-hand side converges to 0 as ε ↘ 0 due to the boundedness of
∥εαχEε∇uε∥2L2(Ω;R3×3). Recall that quadratic forms are lower semicontinuous with respect to
the two-scale convergence, see Theorem 1.18. Therefore, thanks to (2.46) and (2.48), and in
view of (2.45) and the strong convergence of {mε ◦ wε}ε, see Proposition 2.2, we deduce that

lim inf
ε→0

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαuε(x))

(
dx

≥ lim inf
ε→0

1
2

ˆ
Ω
Q

!
x

ε
, χEε(x)∇uε(x),mε(x+ εαuε(x))

(
dx

≥ 12
ˆ
Ω

ˆ
Y
Q (y,∇u(x) +∇yu1(x, y),m(x)) dx dy

≥ 12
ˆ
Ω
inf

�ˆ
Y
Q (y,∇u(x) +∇yϕ(y),m(x)) dy : ϕ ∈ W 1,2

per(Y ;R3)
�

dx

= 12

ˆ
Ω
Qhom(∇u(x),m(x)) dx,

as desired.
Step 2. Lower bound for the exchange energy term. Regarding the exchange term of the en-
ergy functional, we show that

lim inf
ε→0

ˆ
Ω
a

!
x

ε

(
|∇mε(x+ εαuε(x))|2 det∇wε(x) dx ≥

ˆ
Ω
Thom(m(x),∇m(x)) dx,

with Thom being defined as in (2.12). To this end, we adapt the strategy used in [84, Theorem
2.2], again using the notion of two-scale convergence.
Chosen ψ ∈ C∞(Ω;W 1,2

per(Y ;R3)), we deduce that
ˆ
Ω
a

!
x

ε

(
|(∇mε ◦ wε)(x)|2 det∇wε(x) dx

≥ 2
ˆ
Ω

ˆ
Y
a

!
x

ε

( �
(∇mε ◦ wε)(x)(det∇wε(x))

1
2
�
: [∇m(x) +∇yψ(x, y)] dx dy

−
ˆ
Ω

ˆ
Y
a

!
x

ε

(
|∇m(x) +∇yψ(x, y)|2 dx dy.

Here, we have used the fact that the difference of the integrand on the left-hand side and the one
on the right-hand side is a perfect square. Now, by Proposition 2.3 we can pass to the two-scale
limit, yielding

lim inf
ε→0

ˆ
Ω
a

!
x

ε

(
|(∇mε ◦ wε)(x)|2 det∇wε(x) dx

≥ 2
ˆ
Ω

ˆ
Y
a(y)[∇m(x) +∇yϕ(x, y)] : [∇m(x) +∇yψ(x, y)] dx dy

−
ˆ
Ω

ˆ
Y
a(y)|∇m(x) +∇yψ(x, y)|2 dx dy.

By density, there exists a sequence {ψn}n ⊂ C∞(Ω;W 1,2
per(Y ;R3)) such that ψn → ϕ strongly in

L2(Ω;W 1,2
per(Y ;R3)) as n ↗ +∞, with ϕ as in (2.35). Hence, passing to the limit as n ↗ +∞,

we obtain
lim inf
ε→0

ˆ
Ω
a

!
x

ε

(
|(∇mε ◦ wε)(x)|2 det∇wε(x) dx

≥
ˆ
Ω

ˆ
Y
a(y)|∇m(x) +∇yϕ(x, y)|2 dx dy

≥
ˆ
Ω
inf

�ˆ
Y
a(y)|∇m(x) + Ξ(y)|2 dy : Ξ ∈ W 1,2

per(Y ;R3)
�

dx,
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concluding the proof of this subsection.

2.4.3 Recovery sequences
In this section, we are going to construct a recovery sequence and prove the necessary conver-
gences needed to prove the optimality of the lower bound. To this end, let u ∈ W 1,p

g (Ω;R3) ∩
W 2,∞(Ω;R3) and m ∈ W 1,2(Ω; S2). Moreover, partly following the strategy of [84, Theorem
2.3], let us define π as the pointwise projection operator from Uδ to S2, where Uδ is the tubular
neighborhood of size δ of the sphere S2. Note that it is possible to choose δ small enough so
that π ∈ C1(U δ; S2). For any ε > 0 and a.e. x ∈ Ω, consider the sequences

uε(x) := u(x) + εψ

!
x

ε

(
,

wε(x) := x+ εαuε(x),

( �mε ◦ wε)(x) := m(x) + εφ

!
x,

x

ε

(
(mε ◦ wε)(x) := π[( �mε ◦ wε)(x)],

(2.49)

where ψ ∈ C∞
c (Y ;R3) and φ ∈ C∞(Ω,W 1,∞

per (Y ;R3)). We want to prove that, as ε ↘ 0,

wε → id strongly in W 1,p(Ω;R3),
uε ⇀ u weakly in W 1,p(Ω;R3),

det∇wε → 1 strongly in L
p
3 (Ω), (2.50)

(det∇wε)−1 → 1 strongly in L1(Ω), (2.51)
mε ◦ wε ⇀ m weakly in W 1,q(Ω;R3), (2.52)
mε ◦ wε → m strongly in Lr(Ω;R3) for any r ∈ [1,+∞), (2.53)

χwε(Ω)mε → χΩm strongly in Lr(R3;R3) for any r ∈ [1,+∞), (2.54)
χwε(Ω)∇mε ⇀ χΩ∇m weakly in L2(R3;R3×3), (2.55)

where q := 2ps
p+s(p+2) ∈ (1, 2p

p+2), and where s is the exponent in (2.13). Moreover, we need to
prove that

(∇mε ◦ wε)(det∇wε)
1
2

w2−⇀ ∇m+∇yϕ( · , y) weakly two-scale in L2(Ω× Y ;R3), (2.56)

where ϕ ∈ L2(Ω;W 1,2
per(Y ;R3)) is the minimum of the homogenized problem in (2.12) when

integrated over Ω. Note that, by the Lions-Lax-Milgram Theorem, such a minimum ϕ exists
and is unique. It is easy to see that {uε}ε is a bounded sequence in W 1,p

g (Ω;R3), meaning that
also {wε}ε is bounded in W 1,p(Ω;R3), implying the first two convergences, in particular with
the second one being strong as well.
Regarding the determinants, proceeding as in Step 2 of the proof of Proposition 2.2, we get

ˆ
Ω
| det∇wε − 1|

p
3 dx ≤

ˆ
Ω
|εα∇uε|p dx+ 3

ˆ
Ω
|εα∇uε|

p
3 dx+ 6

ˆ
Ω
|εα∇uε|

2p
3 dx.

Since we know already that {uε}ε ⊂ W 1,p
g (Ω;R3) is bounded, then taking the limit as ε ↘ 0, we

get the convergence (2.50).
Note that we need to show that wε ∈ Y with h := id + εαg, see (2.6). Thanks to Theorem
1.38, we get the injectivity of wε and the sign condition det∇wε > 0, thanks to the fact that
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ε∥∇u∥∞ ≤ c(Ω). Following the argument in [5, Section 4], it is not difficult to see that wε is
bi-Lipschitz for small enough ε. In particular,

inf
x∈Ω
det∇wε =: lε > l > 0. (2.57)

Notice that wε being bi-Lipschitz implies the bound (2.13). Moreover, setting Bδ
ε as in (2.22),

namely
Bδ

ε := {x ∈ Ω : | det∇wε(x)− 1| > δ} ,

we have that, by Hölder’s inequality and (2.57),
ˆ
Bδ

ε

888(det∇wε)−1 − 1
888 dx = ˆ

Bδ
ε

|1− det∇wε|
det∇wε

dx

≤ 1
l
∥1− det∇wε∥

L
p
3 (Ω)

|Bδ
ε |

p−3
p → 0.

Therefore, convergence (2.51) follows by (2.50).
By the definition of the sequences in (2.49), it follows immediately that

mε ◦ wε → m = π[m] strongly in L2(Ω;R3), (2.58)

∇ �mε ◦ wε
s2−→ ∇m+∇yφ( · , y) strongly two-scale in L2(Ω×Q;R3×3).

Thanks to the first convergence and the fact that |mε ◦ wε| = 1 for any ε > 0 and a.e. x ∈ Ω,
see (2.49), we get (2.53) exploiting Lemma 1.11. As for the convergences (2.54) and (2.55), we
can proceed as in Steps 6 and 7 of the proof of Proposition 2.2.
Now, bearing in mind the regularity of φ, it follows that, for ε small enough, �mε ◦ wε ∈ Uδ for
a.e. x ∈ Ω. Moreover, the regularity of the projection π implies that there exists a constant
c > 0 such that

|∇mε ◦ wε| ≤ c |∇ �mε ◦ wε| a.e. in Ω.
In view of (2.58) as well as the boundedness of {∇ �mε ◦ wε}ε in L2(Ω;R3×3), the following
convergences hold up to a subsequence:

�mε ◦ wε ⇀ m weakly in W 1,2(Ω; S2),
mε ◦ wε ⇀ m weakly in W 1,2(Ω; S2).

Note that the second convergence implies directly (2.52), since q < 2. Moreover,

(∇mε ◦ wε)(det∇wε)
1
2

w2−⇀ (∇m+∇yφ( · , y))∇π[m] (2.59)

weakly two-scale in L2(Ω× Y ;R3×3). Indeed, a direct computation shows that, for a.e. x ∈ Ω,

(∇mε ◦ wε)(det∇wε)
1
2 =

�
∇m+ ε∇xφ

!
· , ·

ε

(
+∇yφ

!
· , ·

ε

(�
∇π[ �mε ◦ wε](det∇wε)

1
2 .

Deploying the regularity of φ, it follows that we have the following convergences:

ε∇xφ

!
· , ·

ε

(
→ 0 strongly in L∞(Ω;R3×3),

∇yφ

!
· , ·

ε

(
s2−→ ∇yφ( · , y) strongly two-scale in L2(Ω× Y ;R3×3).

Now, we show that

∇π[ �mε ◦ wε](det∇wε)
1
2 → ∇π[m] strongly in L2(Ω;R3×3). (2.60)
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Indeed, 777∇π[ �mε ◦ wε](det∇wε)
1
2 −∇π[m]

777
L2(Ω;R3×3)

≤
777(∇π[ �mε ◦ wε]−∇π[m])(det∇wε)

1
2
777
L2(Ω;R3×3)

+
777∇π[m]

�
(det∇wε)

1
2 − 1

%777
L2(Ω;R3×3)

.

(2.61)

The first term in (2.61) converges to zero as ε ↘ 0, since777(∇π[ �mε ◦ wε]−∇π[m]) (det∇wε)
1
2
7772
L2(Ω;R3×3)

=
ˆ
Ω
|∇π[ �mε ◦ wε]−∇π[m]|2 det∇wε dx

=
ˆ
Ω
|∇π[ �mε ◦ wε]−∇π[m]|2 (det∇wε − 1) dx+

ˆ
Ω
|∇π[ �mε ◦ wε]−∇π[m]|2 dx.

(2.62)

Since {∇π[ �mε ◦wε]}ε strongly converges in L2(Ω,R3×3) to ∇π[m] as ε ↘ 0, the second integral
on the right-hand side of (2.62) strongly converges to 0 in L2(Ω,R3×3). Moreover, due to the
strong convergence of {det∇wε}ε in L1(Ω), see (2.50), together with the fact that the regularity
of S2 provides an L∞-bound on ∇π[m], the first term on the right-hand side of (2.62) strongly
converges to 0 in L2(Ω,R3×3) as ε ↘ 0 as well. As for the second term in (2.61), first note that,
using the subadditivity of the function t .→ √

t for t ≥ 0, it follows that

(det∇wε)
1
2 − 1 ≤ | det∇wε − 1| 1

2 .

This, combined with the L∞-bound on ∇π[m], yields777∇π[m]
�
(det∇wε)

1
2 − 1

%777
L2(Ω;R3×3)

=
ˆ
Ω
|∇π[m]|2

�
(det∇wε)

1
2 − 1

%2
dx

≤ c

ˆ
Ω
| det∇wε − 1| dx,

where the right-hand side converges to 0 as ε ↘ 0 in L1(Ω), see (2.50). This proves (2.60),
which in turn implies (2.59).
Noticing that π[m] = m in Ω, we get that ∇m∇π[m] = ∇m for a.e. x ∈ Ω. Hence, (2.59) is
equivalent to

(∇mε ◦ wε)(det∇wε)
1
2

w2−⇀ ∇m+∇yφ( · , y)∇π[m] weakly two-scale in L2(Ω× Y ;R3×3).

We prove that the previous convergence is actually strong. Indeed, note that888∥(∇mε ◦ wε)(det∇wε)
1
2 ∥L2(Ω;R3×3) − ∥∇m+∇yφ∇π[m]∥L2(Ω×Y ;R3×3)

888
≤

777(∇mε ◦ wε)(det∇wε)
1
2 − (∇m+∇yφ∇π[m])

777
L2(Ω×Y ;R3×3)

and that
(∇mε ◦ wε)(det∇wε)

1
2 − (∇m+∇yφ∇π[m])

= (∇ �mε ◦ wε)∇π[ �mε ◦ wε](det∇wε)
1
2 − (∇m+∇yφ)∇π[m]

= (∇ �mε ◦ wε − (∇m+∇yφ))∇π[ �mε ◦ wε](det∇wε)
1
2

+ (∇m+∇yφ)
�
∇π[ �mε ◦ wε](det∇wε)

1
2 −∇π[m]

%
.
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The first term on the right-hand side converges to zero in L2(Ω;R3×3). Indeed, due to the
regularity of S2, we get an L∞-bound on ∇π. Furthermore, owing (2.49), we have that

∇ �mε ◦ wε − (∇m+∇yφ) = ε∇xφ

!
x,

x

ε

(
,

allowing us to conclude by the Lebesgue’s dominated convergence theorem. Likewise, we have
that the second term on the right-hand side strongly converges to 0 in L2(Ω;R3×3) as ε ↘ 0.
Therefore, we conclude that

(∇mε ◦ wε)(det∇wε)
1
2

s2−→ ∇m+∇yφ( · , y)∇π[m] strongly two-scale in L2(Ω× Y ;R3×3).

Thanks to the latter and to the regularity of the function φ, see (2.49), we have that

lim
ε→0

ˆ
Ω
a

! ·
ε

(
|∇mε ◦ wε|2 det∇wε dx =

ˆ
Ω

ˆ
Y
a(y)|∇m(x) +∇yφ(x, y)∇π[m(x)]|2 dx dy.

Now let us define
m1(x, y) := ϕ[∇m(x)](y),

where ϕ is the minimum of the homogenized problem in (2.12) when integrated over Ω. By
density, there exists a sequence {φk}k ⊂ C∞(Ω;W 1,∞

per (Y ;R3)) such that

φk → m1 strongly in L2(Ω;H1
per(Q;R3)).

Note that this yields

lim
k→∞

ˆ
Ω

ˆ
Y
a(y)|∇m(x) +∇yφk(x, y)∇π[m(x)]|2 dx dy

=
ˆ
Ω

ˆ
Y
a(y)|∇m(x) +∇m1(x, y)|2 dx dy.

(2.63)

This concludes the proof, since the limiting functional is equal to the right-hand side of the
above equality and this entails (2.56).

2.4.4 Optimality of the lower bound
In this section, we are finally going to prove the optimality of the upper bound, showing that
the sequences constructed in Subsection 2.4.3, in particular as in (2.49), allow us to recover the
upper bound needed in order to finish the proof of Theorem 2.1.

Proof of Theorem 2.1. We have proven already in Subsection 2.4.2 the Γ-liminf inequality with
respect to the convergences in Propositions 2.2 and 2.3. In order to deal with the upper bound
for our family of energy functionals, we first remark that, by the subadditivity of the lim sup,

lim sup
ε→0

Fε(uε,mε) ≤ lim sup
ε→0

1
ε2α

ˆ
Ω
W

!
x

ε
, I3 + εα∇uε(x),mε(x+ εαu(x))

(
dx

+ lim sup
ε→0

ˆ
Ω
a

!
x

ε

(
|∇mε(x+ εαuε(x))|2 det∇wε(x) dx

+ lim sup
ε→0

µ0
2

ˆ
R3

|∇ψmε |2 dx.

In Subsection 2.4.1 we dealt with the magnetostatic self-energy term of the energy, proving its
limit. Moreover, in Subsection 2.4.3 we constructed the recovery sequences of admissible states,
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see (2.9), converging as in Propositions 2.2 and 2.3, and we proved the optimality of the upper
bound for the exchange energy term, see (2.63). The last step in order to complete the proof is
to deal with the elastic term of the energy.
Let us consider the sequences constructed in (2.49). Keeping in mind the definition of Qhom,
see (2.11), and the density of the space C∞

per(Ω;R3) in W 1,2
per(Ω;R3), we know that for any fixed

η > 0 there exists ψ ∈ C∞
per(Ω;R3) such that, for any ν ∈ S2, we have
ˆ
Y
Q(y,∇u+∇yψ(y), ν) dy ≤ Qhom(∇u, ν) + η. (2.64)

Employing (2.47), we deduce that

lim sup
ε→0

1
ε2α

ˆ
Ω
W

! ·
ε
, I3 + εα

!
∇u+∇yψ

! ·
ε

((
,mε ◦ wε

(
dx

≤ lim sup
ε→0

1
2ε2α

ˆ
Ω
Q

! ·
ε
, εα

!
∇u+∇yψ

! ·
ε

((
,mε ◦ wε

(
dx

+ lim sup
ε→0

r(εα)
ˆ
Ω

8888∇u+∇yψ

! ·
ε

(88882 dx

≤ lim sup
ε→0

1
2

ˆ
Ω
Q

!
x

ε
,∇u(x) +∇yψ

!
x

ε

(
,mε ◦ wε(x)

(
dx

= 12

ˆ
Ω

ˆ
Y
Q(y,∇u(x) +∇yψ(y),m(x)) dx dy,

where in the last equality we used the Riemann-Lebesgue Lemma and the continuity of Q with
respect to the third variable alongside (2.54). Finally, using (2.64), it follows that

lim sup
ε→0

ˆ
Ω
W

!
x

ε
, I3 + εα

!
∇u(x) +∇yψ

!
x

ε

((
,mε ◦ wε(x)

(
dx

≤ 12
ˆ
Ω

ˆ
Y
Q(y,∇u(x) +∇yψ(y),m(x)) dx dy

≤ 12
ˆ
Ω
Qhom(∇u(x),m(x)) dx+ η

2 |Ω|,

and by the arbitrariness of η we get the desired upper bound for the elastic part. This concludes
the proof.

2.5 On the commutability of homogenization and linearization
As already highlighted in the introduction, a direct consequence of Theorem 2.1 is that, by
performing simultaneous homogenization and linearization, we identify the same limiting model
as by linearizing first and homogenizing afterward. This seems to suggest that homogenization
and linearization processes in this setting may be decoupled. We devote the last section of
the chapter to describe the iterated linearization and homogenization analysis in a bit more
details. We begin by stating a linearization result for the energies {Gε}ε defined in (2.3). To
this end, for ε > 0 and δ > 0 we first introduce the class of admissible deformations with scaled
displacements, namely

Aδ :=
�
(u,m) ∈ W 1,p

g (Ω;R3)×W 1,2((id+ δu)(Ω); S2) : id+ δu ∈ Y
	
,
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see also the definition of Aε in (2.9), as well as the rescaled energies

F δ
ε (u,m) :=

1
δ2

ˆ
Ω
W

!
x

ε
, I3 + δ∇u(x),m(x+ δu(x))

(
dx

+
ˆ
Ω
a

!
x

ε

(
|∇m(x+ δu(x))|2 det(I3 + δ∇u(x)) dx+ µ0

2

ˆ
R3

|∇ψm|2 dx,
(2.65)

for all (u,m) ∈ Aδ. The limiting linearized energy as δ ↘ 0 is given by the functional

Glin
ε (u,m) :=

ˆ
Ω
Q

!
x

ε
,∇u(x),m(x)

(
dx+

ˆ
Ω
a

!
x

ε

(
|∇m(x)|2 dx+ µ0

2

ˆ
R3

|∇ψm|2 dx, (2.66)

for all (u,m) ∈ W 1,p
g (Ω;R3) × W 1,2(Ω; S2). The compactness result in this setting is a direct

consequence of Proposition 2.2. We report its statement for the sake of completeness.

Proposition 2.8. Let Ω ⊂ R3 be a bounded Lipschitz domain and let p > 3. Assume (H1)–(H5)
and (2.5). Let (uδ,mδ) ∈ Aδ be such that, setting wδ := id + δ uδ, (2.7) holds for every δ > 0
and

sup
δ>0

F δ
ε (uδ,mδ) < +∞,

where the family of energies {F δ
ε }δ is defined as in (2.65). Then, there exists (u,m) ∈ W 1,p

g (Ω;R3)×
W 1,2(Ω; S2) such that, up to subsequences, there holds

wδ → id strongly in W 1,p(Ω;R3),
uδ ⇀ u weakly in W 1,2(Ω;R3),

det∇wδ → 1 strongly in L
p
3 (Ω),

| det∇wδ|−1 → 1 strongly in L1(Ω),
mδ ◦ wδ ⇀ m weakly in W 1,q(Ω;R3),
mδ ◦ wδ → m strongly in Lr(Ω;R3) for any r ∈ [1,+∞),

χwε(Ω)mδ → χΩm strongly in Lr(R3;R3) for any r ∈ [1,+∞),
χwδ(Ω)∇mδ ⇀ χΩ∇m weakly in L2(R3;R3×3),

where q := 2ps
p+s(p+2) ∈ (1, 2p

p+2), and s is the exponent in (2.13).

The linearization result reads then as follows.

Proposition 2.9. Let Ω ⊂ R3 be a bounded Lipschitz domain and let p > 3. Assume (H1)–(H5)
and (2.5). Then, the family of magnetoelastic energies {F δ

ε }δ given by (2.65) Γ-converges with
respect to the convergences in Proposition 2.8 to the linearized functional Glin

ε defined by (2.66).

Proof. We omit the proof of this proposition, for it follows by a direct adaptation of the argu-
ments in [5], along the lines of the proof of Theorem 2.1.

The homogenization result of the energies {Glin
ε }ε follows then as a corollary of the analysis in

[84]. We state it below, without proving it, for readers convenience.

Proposition 2.10. Let Ω ⊂ R3 be a bounded Lipschitz domain and let p > 3. Assume (H5) and
(2.5). Then, the family of energies {Glin

ε }ε given by (2.66) Γ-converges with respect to the weak
topology in W 1,p(Ω;R3)×W 1,2(Ω; S2) to the homogenized functional Fhom defined by (2.10).



Chapter 3

Relaxation of variational models for
two-phase elastoplastic materials

This chapter reports the contents of [89].

3.1 Introduction
A fundamental challenge in the modeling of smart materials, is to achieve a deeper understanding
of the reciprocal interaction between phase transitions, underlying mechanical properties, and
microstructure formation.
In this chapter, we begin the task of investigating the interplay of phase transitions and single-
slip finite crystal plasticity, and we provide first characterizations of its effects on microstructure
emergence through relaxation.
In order to describe our model, we need to introduce some notation. In the following, we
assume that the considered material exhibits a plastic behaviour characterized by finite crystal
plasticity along one slip-direction s ∈ S1 (see, for example, [136]). Here, we adopt the classical
model of finite crystal plasticity introduced by E. Kröner and E.H. Lee in [148, 152] (see
also [182, 183]): we assume that the gradient of every deformation y : Ω → R2, on a bounded
domain Ω ⊂ R2, decomposes into the product of an elastic strain, Fel, describing local rotation
and stretching of the crystal lattice, and a plastic one, Fpl, capturing local plastic deformations
resulting from the movement of dislocations, in particular

∇y = FelFpl. (3.1)

For some physical examples see also [13, 180]. We assume that the plastic strain satisfies

Fpl = I2 + γs⊗ s⊥,

where s⊥ is the normal to the slip plane identified by s and where the map γ measures the
local amount of slip (see [73, 79]). In other words, the material is free to glide along one single
active slip system. We consider the setting of two-well elastoplastic materials, from which the
name two-well elastoplastic model. In particular, we assume the elastic strain Fel to take values
pointwise in the class

K := SO(2)A ∪ SO(2)B ⊂ R2×2, (3.2)

where the matrices A,B ∈ R2×2, with detB ≥ detA > 0, encode the two different elastic phases.
As proven in [191], see also [184, Section 8.6], up to multiplication by A−1, polar decomposition

51
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and diagonalization, one can always assume, without loss of generality, that the matrices defining
the class K are

A := I2 =
�
1 0
0 1

&
and B :=

�
λ 0
0 µ

&
, (3.3)

where 0 < λ ≤ µ and λµ ≥ 1. Note that the cases λµ = 1 and λµ > 1 result in two different
analyses and in this chapter we only focus on the non-degenerate regime λµ > 1. Before the
next Remark, in which we differentiate the cases depending on the value of λ, we need to give
the definition of rank-one connectedness.

Definition 3.1. Given two matrices F,G ∈ R2×2 we say that F and G are rank-one connected
if and only if there exist n,m ∈ R2 such that

F −G = n⊗m. (3.4)

Let us remark that the condition (3.4) is equivalent to rank(F − G) ≤ 1. Moreover, one could
choose either n or m as a vector of norm one, namely in S1.

Remark 3.2. Again thanks to [191], the possible presence of rank-one connections among ma-
trices in K depends on the value of λ. In particular, we have three possible regimes:

(i) If λ > 1, then there are no rank-one connections in K;

(ii) If λ = 1 and A ̸= B, then each matrix in K is rank-one connected to exactly one other
matrix in K;

(iii) If 0 < λ < 1, then each matrix in K is rank-one connected to exactly two other matrices
in K.

In each of these regimes we have µ > 1, thanks to the facts that µ ≥ λ and detB ≥ detA ≥ 1.
Depending on the number of rank-one connections among matrices in the class K, see Remark
3.2, the elastic strain Fel can possibly transition from one phase to another along fixed directions.
Considering the elastic and plastic strains together as in (3.1), we can now define the class of
matrices

MM
s :=

�
F ∈ R2×2 : F = RM(I2 + γs⊗ s⊥), R ∈ SO(2), γ ∈ R

	
(3.5)

for every matrix M ∈ R2×2 such that detM ̸= 0, and we can notice that, in particular, the
gradients of the admissible deformations in our context take values pointwise within the set

Ms :=MA
s ∪MB

s . (3.6)

Inspired by the homogeneous single-slip model with linear self-hardening introduced in [73], see
also [76], we set our energy density in such a way it only depends on the amount of slip γ,
namely

W (F ) :=
�
γ2 if F = RM (I2 + γs⊗ s⊥) ∈ Ms, with M ∈ {A,B},
+∞ otherwise in R2×2.

(3.7)

The focus of this work is on taking a first step towards identifying the full relaxation of the
energy density (3.7), relying on the methods developed in [79] and [73]. In order to identify
the quasiconvex envelope of W , four ingredients are needed: an identification of the domain of
the quasiconvex envelope, a corresponding in-approximation (see [122, 123]), the construction
of suitable competitors for the energy relaxation, and an explicit computation of the relaxed
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function. In this chapter we fully address the first point, and provide first considerations for
the third and fourth ones, as the full characterization of the quasiconvex envelope is beyond the
scope of this thesis.
Our result is threefold: in Theorem 3.20 we characterize the quasiconvex hull of the set Ms.
In Theorem 3.28, by extending the strategy of [79, Theorem 4] (see also [167, Theorem 6.1]) to
the two-well setting, we provide an explicit finitely piecewise affine function coinciding with a
simple laminate on a big portion of the domain Ω, attaining prescribed boundary conditions, and
fulfilling a determinant and a closedness constraint with respect to given extremal points inMA

s

andMB
s . Eventually, focusing on the case s = e1, in Theorem 3.34, we provide upper and lower

bounds on the rank-one convex and polyconvex envelopes of the energy density, characterizing
them in some specific cases in which the bounds coincide.

3.2 Preliminaries and auxiliary results
This section is devoted to gather a few results concerning convexity notions and single-well
plasticity analyses.

3.2.1 Notation
We denote by e1 and e2 the standard unit vectors in R2 and, for every vector b = (b1, b2) ∈ R2,
we define its orthogonal as b⊥ = (−b2, b1) ∈ R2, i.e. the orthogonal vector to b having its same
norm, and obtained by rotating along the counterclockwise direction. The symbol ⊗ denotes
the tensor product between vectors in R2, namely u⊗ v := uvT ∈ R2×2 where u, v ∈ R2. Given
a matrix M ∈ R2×2, we denote it component-wise as

M =
�
M11 M12
M21 M22

&
.

We let | · | be the Frobenius norm for matrices, namely |M | :=
,
tr(MMT) where M ∈ R2×2,

and with : the scalar product associated with the Frobenius norm, namely A : B := tr(ABT).
With the same notation | · | we also indicate the standard vector Euclidean norm.
We use the standard notation for Lebesgue and Sobolev spaces. The partial derivatives (also
weak) are denoted by ∂i, where i stands for the ith variable (i = 1, 2). For u : R2 → R2 given by
u = (u1, u2) we denote its gradient as ∇u = (∂1u | ∂2u) ∈ R2×2. With the term finitely piecewise
affine function, we mean that the domain can be decomposed into finitely many subdomains
such that the function is affine on each of them.

3.2.2 Generalized convexity notions
Let us recall different convexity notions of functions and sets, as well as the main properties
of the corresponding envelopes and hulls. We adopt here the notation from [166] (see also
[167, 168]).
We start by recalling the definition of polyconvex functions, see [81, Definition 5.1], as it will
be explicitly used, together with Theorem 1.3, in the proof of the bound on the polyconvex
envelope of the energy density.

Definition 3.3. A function f : R2×2 → R ∪ {+∞} is said to be polyconvex if and only if there
exists g : R5 → R ∪ {+∞} convex such that

f(F ) = g(T (F ))
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where
T : R2×2 → R2×2 × R (3.8)

denotes the vector of minors, that is, T (F ) := (F, adj2F ) = (F, detF ) for F ∈ R2×2.

The following result summarizes the relation between different notions of convexity, see [81,
Theorem 5.3].

Theorem 3.4. Let f : R2×2 → R. Then

f convex ⇒ f polyconvex ⇒ f quasiconvex ⇒ f rank-one convex.

If f : R2×2 → R ∪ {+∞}, then
f convex ⇒ f polyconvex ⇒ f rank-one convex.

In this work we adopt standard notation for the different envelopes of a function, see e.g. [81].
In particular, for f : R2×2 → R ∪ {+∞}, we denote by f rc (respectively fpc and f co) its
rank-one convex envelope (respectively polyconvex and convex envelopes), namely the largest
rank-one convex (respectively polyconvex and convex) function below f . As in the extended-
valued case there are many definitions for the quasiconvex envelope of a function and these are
not equivalent, see e.g. [14, Example 3.5] and [74, Remark 3.5], we give the definition we are
using in the following.

Definition 3.5. Let f : R2×2 → [0,+∞] be a Borel-measurable function. Then the quasiconvex
envelope of the function f is defined as

fqc(F ) = inf
� 

B(0,1)
f(∇φ) dx : φ ∈ W 1,∞(B(0, 1);R2), φ(x) = Fx for x ∈ ∂B(0, 1)




for any F ∈ R2×2.

Remark 3.6. Note that, as observed in [74, Proof of Lemma 4.1], by general scaling and covering
arguments, the definition of fqc does not depend on the domain. In particular, for any F ∈ R2×2,
we can equivalently give the definition as

fqc(F ) = inf
� 

ω
f(∇φ) dx : φ ∈ W 1,∞(ω;R2), φ(x) = Fx for x ∈ ∂ω

�
for every bounded, open and nonempty polyhedron ω ⊂ R2.

We now recall the different notions of finite generalized convex hulls of sets.

Definition 3.7. Given a set E ⊂ R2×2, let us consider the class

FE :=
�
g : R2×2 → R : g

88
E
≤ 0

	
.

Following the lines of [81, Definition 7.25], we set

Eqc :=
�
F ∈ R2×2 : g(F ) ≤ 0 for every quasiconvex g ∈ FE

	
,

and we refer to this set as the quasiconvex hull of the set E. The definition is analogous for the
rank-one convex, polyconvex and convex hulls. In the literature, see e.g. [81, Section 7], these
are often also called “finite” hulls.
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Remark 3.8. By definition, each of the sets Erc, Eqc, Epc and Eco is always closed for any set
E ⊂ R2×2 considered, c.f. [81, Remark 7.26(ii)].

In analogy with [81] we also introduce the notion of generalized infinite convex hulls.

Definition 3.9. Given E ⊂ R2×2, we define the set QcoE (respectively RcoE, PcoE and coE)
as the smallest quasiconvex (respectively rank-one convex, polyconvex and convex) set containing
E, and we term it infinite quasiconvex hull (respectively rank-one convex, polyconvex and convex
hull) of E. We also recall that RcoE is also sometimes refererred to as the lamination convex
hull of E, c.f. [81, Remark 7.26(iii)].

Note that, a priori, the above hulls are not closed in R2×2. Moreover, considering the class of
functions

FE
∞ :=

�
g ∈ R2×2 → R ∪ {+∞} : g

88
E
≤ 0

	
,

the following representation was shown in [81, Notation 7.19 & Theorem 7.20].

Proposition 3.10. Let E ⊆ R2×2. Then,

Pco(E) =
�
F ∈ R2×2 : g(F ) ≤ 0 for every polyconvex g ∈ FE

∞
	
,

Rco(E) =
�
F ∈ R2×2 : g(F ) ≤ 0 for every rank-one convex g ∈ FE

∞
	
,

co(E) =
�
F ∈ R2×2 : g(F ) ≤ 0 for every convex g ∈ FE

∞
	
.

The next result, see [81, Proposition 2.36, Section 7.2.1, Remark 7.26(i) & Theorem 7.28], shows
how the different hulls are related to each other.

Proposition 3.11. Let E ⊂ R2×2. Then,

E ⊆ RcoE ⊆ QcoE ⊆ PcoE ⊆ coE,

and
E ⊆ RcoE ⊆ Erc ⊆ Eqc ⊆ Epc ⊆ Eco.

Moreover,
RcoE ⊆ Erc, QcoE ⊆ Eqc, PcoE ⊆ Epc, and coE = Eco.

We now state a characterization of the finite and infinite polyconvex hulls, see [81, Theorem
7.14 & Proposition 7.27].

Proposition 3.12. Let E ⊂ R2×2. Then, the following two representation formulas hold:

PcoE = π
�
co(T (E)) ∩ T

�
R2×2

%%
and Epc = π

�
(T (E))co ∩ T

�
R2×2

%%
,

where π : R2×2 × R → R2×2 is given by π(F, t) := F for every (F, t) ∈ R2×2 × R, and where T
is defined as in Definition 3.3.

The following three results deal with how the generalized hulls change under right and left
multiplication with matrices and with the characterization of envelopes of functions composed
with a matrix multiplication. We omit the proofs as they trivially follow by the definitions.
The first auxiliary result characterizes how polyconvex, rank-one convex and convex hulls change
under right multiplication.
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Lemma 3.13. Let E ⊂ R2×2 and let M ∈ R2×2 be such that detM ̸= 0. Then

(EM)rc = ErcM, (EM)pc = EpcM and (EM)co = EcoM.

Moreover,

Rco(EM) = Rco(E)M, Pco(EM) = Pco(E)M and co(EM) = co(E)M.

An analogous result holds also for the composition of functions with an invertible matrix.

Lemma 3.14. Let f : R2×2 → [0,+∞] be a Borel-measurable function and let M ∈ R2×2 be
such that detM ̸= 0. We define fM (F ) := f(FM) for all F ∈ R2×2. Then

f rc
M (F ) = f rc(FM), fqc

M (F ) = fqc(FM), fpc
M (F ) = fpc(FM) and f co

M (F ) = f co(FM)

for every F ∈ R2×2.

Lastly, a result similar to Lemma 3.13 holds for left-multiplication by a rotation.

Lemma 3.15. Let E ⊂ R2×2 and let Q ∈ SO(2). Then

(QE)rc = QErc, (QE)pc = QEpc and (QE)co = QEco.

Moreover,

Rco(QE) = QRco(E), Pco(QE) = QPco(E) and co(QE) = Q co(E).

3.2.3 Single-well single-slip plasticity
In this subsection, we prove some intermediate characterizations which will be instrumental for
characterizing the quasiconvex hull of the classMs, see Theorem 3.20, and for finding bounds on
the various envelopes of the energy densityW , see Theorem 3.34. In particular, see Propositions
3.17 and 3.19 below, we characterize the quasiconvex hull of the setsMM

s defined in (3.5) for any
invertible matrix M , and the quasiconvex envelopes of single-well energy densities. We begin by
showing an alternative representation ofMM

s for M invertible.

Lemma 3.16. Let M ∈ R2×2 be such that detM ̸= 0 and let s ∈ S1. The class MM
s , defined

as in (3.5), can be characterized by

MM
s =

�
F ∈ R2×2 : detF = detM, |Fs| = |Ms|

	
(3.9)

and it holds
MM

s =MI2
sM

M with sM :=
Ms

|Ms| . (3.10)

Proof. Since (3.9) is well-known for M = I2 (see e.g. [79, 73]), the characterization ofMM
s for

general invertible M follows, once (3.10) is established, in view of

det(FM−1) = 1 and |FM−1sM | = 1 ⇐⇒ detF = detM and |Fs| = |Ms|.
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To see (3.10), it suffices to show that for any R ∈ SO(2) and γ ∈ R, one has F = RM(I2+γs⊗s⊥)
if and only if

FM−1 = R(I2 + τsM ⊗ s⊥
M ) with τ = |Ms|2γ

|MT (Ms)⊥| ∈ R, (3.11)

which then implies that F ∈ MM
s if and only if FM−1 ∈ MI2

sM
. Indeed,

F = R(I2 + τsM ⊗ s⊥
M )M = R

�
I2 + τ

Ms

|Ms| ⊗
(Ms)⊥
|Ms|

&
M

= RM

�
I2 + γs⊗

�
MT(Ms)⊥
|MT(Ms)⊥|

&&
,

so that we may conclude observing that MT(Ms)⊥ is parallel to s⊥ by

MT(Ms)⊥ · s = (Ms)⊥ ·Ms = 0.

The next proposition generalizes [79, Theorem 1] to the case of a general invertible matrix M .

Proposition 3.17. Let M ∈ R2×2 be such that detM ̸= 0 and let s ∈ S1. Then,�
MM

s

%qc
= NM

s :=
�
F ∈ R2×2 : detF = detM, |Fs| ≤ |Ms|

	
= N I2

sM
M, (3.12)

with sM defined as in (3.10), and�
MM

s

%rc
=

�
MM

s

%pc
= Rco

�
MM

s

%
= Qco

�
MM

s

%
= Pco

�
MM

s

%
=

�
MM

s

%qc
.

Proof. Consider first the case M = I2, fixing a general s ∈ S1. The characterization�
MI2

s

%rc
=

�
MI2

s

%pc
=

�
MI2

s

%qc
= N I2

s (3.13)

has been shown in [79, Theorem 1], and the construction of the rank-one lines used in the proof
of [79, Theorem 1] yields that N I2

s ⊆ Rco(MI2
s ). Exploiting Proposition 3.11 we infer

N I2
s ⊆ Rco(MI2

s ) ⊆ Qco(MI2
s ) ⊆ Pco(MI2

s ) ⊆
�
MI2

s

%pc
= N I2

s ,

entailing the thesis.
Let nowM be as in the statement of the proposition. For every s ∈ S1 thanks to (3.13), together
with Lemma 3.16 and Lemma 3.13, we have

N I2
sM

M =
�
MI2

sM

%rc
M =

�
MI2

sM
M

%rc
=

�
MM

s

%rc
,

and
N I2

sM
M =

�
MI2

sM

%pc
M =

�
MI2

sM
M

%pc
=

�
MM

s

%pc
.

Arguing as in Lemma 3.16, we find NM
s = N I2

sM
M , with sM defined as in (3.10). The thesis

follows then by the previous equalities and Proposition 3.11.
The proof for the infinite convex hulls is analogous.

Next we provide a characterization of the generalized convex hulls of the classMM
s , as they will

be useful for characterizing the polyconvex hull of the classMs.
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Proposition 3.18. Let M ∈ R2×2 be such that detM ̸= 0 and let s ∈ S1. Then,

co
�
MM

s

%
=

�
F ∈ R2×2 : |Fs| < |Ms|

	
∪MM

s

=
�
F ∈ R2×2 : |Fs| ≤ |Ms|

	
\
�
F ∈ R2×2 : |Fs| = |Ms|, detF ̸= detM

	
,

and
�
MM

s

%co
=

�
F ∈ R2×2 : |Fs| ≤ |Ms|�.

Proof. We first notice that, once we prove for general s ∈ S1 that

co
 MI2

s

'
=

�
F ∈ R2×2 : |Fs| < 1

	
∪MI2

s ,

then the statement for general M follows from Lemmas 3.13 and 3.16, choosing s = sM , defined
as in (3.10), together with the fact that

co
 MI2

sM

'
M =

�
FM ∈ R2×2 : |FsM | < 1

	
∪MI2

sM
M

=
�
F ∈ R2×2 : |Fs| = |FM−1Ms| < |Ms|

	
∪MM

s .

In turn, the characterization of
�
MM

s

%co
is a direct consequence of Proposition 3.11. Further,

by the definition of infinite convex hull, we only need to show that

co
 MI2

s

' ⊇ �
F ∈ R2×2 : |Fs| < 1

	
∪MI2

s , (3.14)

and that the set on the right-hand side is convex. Obviously MI2
s is already included on the

left-hand side of (3.14), so it is enough to prove the other inclusion.
Step 1. We proceed by first proving (3.14) for s = e1. Without loss of generality, in view of
Lemma 1.2, it is enough to prove the statement for upper triangular matrices

F =
�
F11 F12
0 F22

&
. (3.15)

We claim that for every F satisfying (3.15) and such that |Fe1| < 1 there exists H ∈ R2×2

such that, setting F± = F ± H, it holds F± ∈ MI2
e1 . Note that, if the claim is satisfied, then

F = 1
2F

++ 1
2F

− and, thus, F ∈ co(MI2
e1). Assume thatH satisfies the following three properties:

cof(F ) : H = 0, detH = 1− detF and |Fe1 +He1|2 = 1.

Then, detF± = det(F ±H) = detF +detH +cof(F ) : H = 1 and |F±e1| = 1, thus F± ∈ MI2
e1 ,

as desired.
We distinguish three cases. If F = 0, the three conditions above are met for any chosenH ∈ MI2

e1 .
If F11 ̸= 0, we choose

H = 1.
1− |Fe1|2

�
0 detF − 1

1− |Fe1|2 F12
F11
(1− |Fe1|2)

&
,

and in the remaining case
H = 1

|Fe2|
�
Fe2

888 (Fe2)⊥
%
.

Step 2. Now, we prove (3.14) for general slip directions. Let s ∈ S1, with s ̸= ±e1, and consider
a matrix F ∈ R2×2 such that |Fs| < 1. We claim that we can change the orthogonal system in
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order to reduce the problem to the setting treated in Step 1.
In fact, set G := FS where S := (s | s⊥) ∈ SO(2). We first remark that |Ge1| = |Fs| < 1. In
view of Step 1, we can express G as G = 1

2G
+ + 1

2G
−, with G± ∈ MI2

e1 . Now, since F = GST,
we find F = 1

2G
+ST + 1

2G
−ST. The fact that G±ST ∈ MI2

s is a direct consequence of the fact
that STs = e1.
Step 3. The only property left to prove is that the set�

F ∈ R2×2 : |Fs| < 1
	
∪MI2

s =: S ∪MI2
s

is convex. In other words, for G, H ∈ S ∪MI2
s and θ ∈ (0, 1), we need to prove that

θG+ (1− θ)H ∈ S ∪MI2
s .

If at least one between G and H is in S, then

|(θG+ (1− θ)H)s| ≤ θ|Gs|+ (1− θ)|Hs| < 1,

and, hence, θG + (1 − θ)H ∈ S. If, instead, both G and H are in MI2
s , then a priori we only

know that
|(θG+ (1− θ)H)s| ≤ 1.

In any case in which the inequality above is strict, θG+(1−θ)H ∈ S. Therefore, it only remains
to be studied the setting in which G, H ∈ MI2

s and

|(θG+ (1− θ)H)s| = 1.

Notice that this is true if and only if Gs = Hs = Rs, with R ∈ SO(2), implying that

G = R(I2 + γs⊗ s⊥) and H = R(I2 + γ̄s⊗ s⊥).

Notice, though, that

θG+ (1− θ)H = R
�
I2 + [θγ + (1− θ)γ̄]s⊗ s⊥%

,

meaning that det[θG+(1− θ)H] = 1, which, together with the fact that |(θG+(1− θ)H)s| = 1,
implies that θG+ (1− θ)H ∈ MI2

s . This concludes the proof of the proposition.

The first result regarding generalized convex envelopes of energy densities of the form in (3.7)
was proven in [73, Theorem 1] in the caseM = I2. We provide here an extension to more general
single-well models.

Proposition 3.19. For s ∈ S1 and M ∈ R2×2 such that detM ̸= 0, let WM
s : R2×2 → [0,+∞]

be defined as

WM
s (F ) :=

�
γ2 if F = RM (I2 + γs⊗ s⊥) ∈ MM

s ,

+∞ otherwise.

Then,
�
WM

s

%pc
=

�
WM

s

%rc
=

�
WM

s

%qc
=W

M
s , with W

M
s given by

W
M
s (F ) :=


|MT(Ms)⊥|2

|Ms|6
�
|FM−1(Ms)⊥|2 − |Ms|2

%
if F ∈ NM

s ,

+∞ otherwise,
(3.16)

for all F ∈ R2×2.
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Proof. The idea is to transform the problem into the case M = I2, which is covered in [73,
Theorem 1]. SinceMM

s =MI2
sM

M , according to Lemma 3.16, and in view of the characterization
of F ∈ MM

s in terms of (3.11), we find that

WM
s (F ) =

|MT(Ms)⊥|2
|Ms|4 W I2

sM
(FM−1) for all F ∈ R2×2.

By [73, Theorem 1] the generalized convex envelopes of W I2
sM
all coincide and are given by

W
I2
sM
(F ) :=

�|Fs⊥
M |2 − 1 if F ∈ N I2

sM
,

+∞ otherwise.

Hence, the claim follows using NM
s = N I2

sM
M , see (3.10), and (3.11), together with Lemma 3.14.

Note that the positive constant |MT(Ms)⊥|2
|Ms|4 does not change the computations.

Note that in the special case where s = e1 and M is a diagonal matrix, (3.16) reduces to

W
M
e1 (F ) =


1

|Me1|2 (|Fe2|2 − |Me2|2) if F ∈ NM
e1 ,

+∞ otherwise,

while for M = I2 and a general s ∈ S1, one obtains

W
I2
s (F ) =

�|Fs⊥|2 − 1 if F ∈ N I2
s ,

+∞ otherwise,

which is exactly the statement of [73, Theorem 1].

3.3 Quasiconvex hull of the class of admissible gradients
The main focus of this section is on characterizing the quasiconvex hull of the setMs, defined
in (3.6), see also (3.5). This identification depends critically on the presence and number of
rank-one connections between matrices in the class K, recall (3.2), as well as on the active slip
direction s, and will be instrumental for the analysis in Section 3.5, as it represents the domain
of the quasiconvex envelope of the energy density.
Recalling Remark 3.2, we know that, if λ ≥ 1, then we have detB > detA, thus preventing
the quasiconvex hull of the classMs from being degenerate, namely excluding that (MB

s )qc ⊃
(MA

s )qc or (MB
s )qc ⊂ (MA

s )qc. This situation could instead happen if 0 < λ < 1 and detA =
detB = 1, see Remark 3.2(iii), namely if λµ = 1. In this work we focus only on the non-
degenerate case, namely we always assume

detB = λµ > 1. (3.17)

In this regime, our characterization of the quasiconvex, rank-one convex, and polyconvex hulls
ofMs reads as follows.

Theorem 3.20. Let s ∈ S1, let A,B ∈ R2×2 be defined as in (3.3) and assume (3.17). Then,

(Ms)qc = Ns :=
�
F ∈ R2×2 : detF ∈ [detA, detB], |Fs| ≤ fA,B

s (detF )
	
, (3.18)

where Ms is defined as in (3.6) and where

fA,B
s (t) := |As|+ (t− detA) |Bs| − |As|

detB − detA, (3.19)
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for every t ∈ R. Moreover,
(Ms)rc = (Ms)pc = (Ms)qc .

Additionally, setting

N ∗
s := Ns \

�
F ∈ R2×2 : detF ∈ (detA, detB), |Fs| = fA,B

s (detF )
	
, (3.20)

there holds
Qco(Ms) =

�Ns if |Bs| = |As|,
N ∗

s otherwise,
with

Rco(Ms) = Pco(Ms) = Qco(Ms).

Remark 3.21. Note that if λ > 1, then Qco(Ms) = N ∗
s for every s ∈ S1. In fact, since µ ≥ λ,

we see
|Bs| =

,
λ2s21 + µ2s22 > 1 = |As| for every s ∈ S1.

If, instead, 0 < λ ≤ 1, then |Bs| = |As| if and only if

|s2| =
-
1− λ2

µ2 − λ2
.

In particular, if λ = 1 then Qco(Ms) = Ns if and only if s = ±e1.

Remark 3.22. Note that in the definition of the set Ns, see (3.18), all the matrices in the class
have determinant in the convex hull of the set {detA, detB}, which coincides with the interval
[detA, detB]. For simplicity, throughout the proof of Theorem 3.20 we always use the explicit
values detA = 1 and detB = λµ of the two determinants and |As| = 1. In particular, we have

fA,B
s (t) = 1 + (t− 1) |Bs| − 1

λµ− 1 .

Note that, using the notation of Proposition 3.17, the setN ∗
s defined as in (3.20) can be rewritten

as
N ∗

s = NA
s ∪NB

s ∪ Xs,

with
Xs :=

�
F ∈ R2×2 : detF ∈ (1, λµ), |Fs| < fA,B

s (detF )
	
. (3.21)

We point out that the construction of rank-one lines in the proof of Theorem 3.20 has been
performed in order to later exploit them to obtain bounds on the relaxation of the energy, see
Section 3.5 below. We refer to Remark 3.25 below for some alternative constructions.

Proof of Theorem 3.20. For convenience of the reader, we split the proof into several steps. In
Step 1 we prove that N ∗

e1 ⊆ Rco(Me1) and that, for λ = 1, even Ne1 ⊆ Rco(Me1). In Step 2 we
generalize the argument to the case of slip directions s ∈ S1 with s ̸= e1, by performing a suitable
rotation of the rank-one lines constructed in Step 1. In Step 3 we provide a characterization
of the set co(T (Ms)), where T is defined as in (3.8), leading in Step 4 to outer bounds on the
polyconvex and infinite polyconvex hulls of Ms. Finally, in Step 5 we combine the previous
steps and complete the proof.
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Step 1. Rank-one convex lines for s = ±e1.
We describe here the argument only for s = e1, as the case s = −e1 follows along the same lines.
Recalling the definition of Rco(Me1), see Definition 3.9, from Proposition 3.17 we find

NA
e1 = Rco(MA

e1) ⊂ Rco(Me1) and NB
e1 = Rco(MB

e1) ⊂ Rco(Me1).

Therefore, it is enough to prove that every matrix in the set Xe1 , see (3.21), can be expressed
as a point on one of the rank-one convex lines connecting a matrix in NA

e1 with a matrix in NB
e1 ,

namely arguing via higher-order laminations.
Let now F ∈ Xe1 . Our goal is to identify n,m ∈ R2 \ {0} such that, considering rank-one lines
of the form

Ft = F + t Fn⊗m = F (I2 + n⊗m) for all t ∈ R, (3.22)

there exist tA, tB ∈ R with tAtB < 0 such that FtA ∈ NA
e1 and FtB ∈ NB

e1 . Note that, trivially,
F = F0.
Without loss of generality, by Lemma 3.15 we can assume, after a rotation, that F is of the form

F =
�|Fe1| x

0 detF
|Fe1|

&
with x2 = x2(F ) := |Fe2|2 −

!detF
|Fe1|

(2
. (3.23)

Recalling Proposition 3.17, the admissible weights tA and tB need to satisfy�
detF [1 + tA(n ·m)] = detFtA = 1,
detF [1 + tB(n ·m)] = detFtB = λµ,

(3.24)

as well as �|Fe1 + tAm1Fn|2 = |FtAe1|2 ≤ |Ae1|2 = 1,
|Fe1 + tBm1Fn|2 = |FtBe1|2 ≤ |Be1|2 = λ2.

(3.25)

In particular, by the two conditions in (3.24), we have that n ·m ̸= 0 and

tA =
1

n ·m
1− detF
detF and tB =

1
n ·m

λµ− detF
detF . (3.26)

We detail the different constructions of the rank-one convex lines for the cases λ = 1 and λ ̸= 1
in the following two sub-steps.
Step 1.a. Assume that λ = |Be1| = 1. Then F ∈ Xe1 satisfies, due to fA,B

e1 ≡ 1, that detF ∈
(1, µ) and |Fe1| < 1.
Substituting (3.26) into the conditions in (3.25), we find

|Fe1|2 +
!
m1|Fn|
n ·m

detF − 1
detF

(2
− 2 m1|Fn|

n ·m
detF − 1
detF

Fe1 · Fn

|Fn| ≤ 1,

|Fe1|2 +
!
m1|Fn|
n ·m

µ− detF
detF

(2
+ 2 m1|Fn|

n ·m
µ− detF
detF

Fe1 · Fn

|Fn| ≤ 1.

Note that it is possible to divide by |Fn| thanks to (3.23), as

|Fn|2 = (|Fe1|n1 + xn2)2 +
!detF
|Fe1| n2

(2
̸= 0.

To simplify the computations, we introduce the notation

a = a(F, n) := Fn

|Fn| · e1 ∈ [−1, 1] and y = y(F, n,m) := m1|Fn|
n ·m ∈ R.
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detF

|Fe1|

1 µ

λ = 1 MA
e1 MB

e1

Figure 3.1: A non-linear projection of the set Ne1 for λ = |Be1| = 1. The union of the two black
dots represents the setMe1 , while the red lines represent respectively NA

e1 and NB
e1 . The union

of the grey rectangle with the red lines and the two black points is the set N ∗
e1 , while the blue

line represents the set Ne1 \ N ∗
e1 . Due to the special interaction between λ and the direction of

the slip system s = e1, in this situation the blue line can also be recovered through rank-one
constructions.

By (3.23), the two inequalities rewrite equivalently as
!detF − 1
detF

(2
y2 − 2ya|Fe1|detF − 1

detF + |Fe1|2 − 1 ≤ 0,!
µ− detF
detF

(2
y2 + 2ya|Fe1|µ− detF

detF + |Fe1|2 − 1 ≤ 0.

A direct computation yields that both inequalities are fulfilled if and only if

y ∈ [c−, c+], (3.27)

where
c− = c−(F, n) := max

� detF
detF − 1 y

−,
detF

µ− detF (−y+)
�
,

and
c+ = c+(F, n) := min

� detF
detF − 1 y

+,
detF

µ− detF (−y−)
�
,

with
y± = y±(F, n) := a|Fe1| ±

,
a2|Fe1|2 + 1− |Fe1|2. (3.28)

We stress that, since |Fe1| < 1, the square root in (3.28) is well defined. In addition, c− < 0 and
c+ > 0, so that the interval in (3.27) always contains the origin. In particular, we infer that for
every n ∈ R2 \ {0}, there exists at least a vector m ∈ R2 \ {0} such that n ·m ̸= 0 and (3.27) is
verified. This completes the construction of the rank-one lines for s = e1 and λ = 1, and shows
that in this setting N ∗

e1 ⊆ Rco(Me1).
Due to the special interaction between λ = |Be1| = 1 and s = e1, in this regime we also obtain
that Ne1 ⊆ Rco(Me1).
In fact, let now F ∈ R2×2 be as in (3.23), with detF ∈ (1, µ), and satisfy |Fe1| = fA,B

e1 (detF ) =
1. Then, from (3.28), we deduce y− = 0 and y+ = 2a, yielding c− = c+ = 0. In particular,
(3.27) entails m1 = 0. A rank-one convex line satisfying both the above condition and m ·n ̸= 0
is thus constructed by choosing m parallel to e2, and n such that n2 ̸= 0. Notice that, with
this choice of the two vectors, we find |Fte1| ≡ |Fe1|. In other words, the rank-one convex line
preserves the norm of the first column of the matrix F .
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Step 1.b. Let us now focus on the remaining cases, namely λ = |Be1| ̸= 1. As highlighted in
Figure 3.2, in this regime we exhibit two different constructions in two complementary subsets
of the class Xe1 .

detF

|Fe1|

1 λµ

1

λ

λ− 2

MA
e1

MB
e1

detF

|Fe1|

1 λµ

λ

1

1− 2λ

MA
e1

MB
e1

Figure 3.2: Non-linear projections of the set Ne1 for, respectively, λ = |Be1| > 1 and λ =
|Be1| < 1. In both cases, the two black dots are the sets MA

e1 and MB
e1 , while the red lines

represent respectively NA
e1 and NB

e1 . The blue line represents the set Ne1 \ N ∗
e1 . The two sets

in different shades of grays represent the two subsets of matrices of N ∗
e1 which we recover with

different constructions.

Let first F ∈ Xe1 be as in (3.23) and such that

fA,B
e1 (detF ) > |Fe1| > fA,B

e1 (detF )− 2min{1, λ}. (3.29)

In particular, we have

|Fe1|2 +
�
fA,B
e1 (detF )−min{1, λ}

%2 − (min{1, λ})2 < 2
�
fA,B
e1 (detF )−min{1, λ}

%
|Fe1|,

This yields that we can always choose n ∈ R2, with n1 ̸= 0 and n2 ̸= 0, such that

|Fe1|2 +
�
fA,B
e1 (detF )−min{1, λ}

%2 − (min{1, λ})2
2
�
fA,B
e1 (detF )−min{1, λ}

%
|Fe1|

<
Fn

|Fn| · e1 < 1. (3.30)

Further, we choose m ∈ R2 such that m1, m2 ̸= 0, n ·m ̸= 0, and
n ·m

m1|Fn| =
λµ− 1

detF (λ− 1) . (3.31)

To conclude this step for the matrices F ∈ Xe1 such that (3.29) holds, we need to prove that,
for tA and tB as in (3.26) and with the choices of m and n described above, the inequalities in
(3.25) are satisfied.
Indeed, in the case λ > 1, by (3.23), (3.30), and (3.31), we find

|Fe1 + tAm1Fn|2 =
8888Fe1 +

(1− detF )(λ− 1)
λµ− 1

Fn

|Fn|
88882 = 8888Fe1 −

�
fA,B
e1 (detF )− 1

% Fn

|Fn|
88882

= |Fe1|2 +
�
fA,B
e1 (detF )− 1

%2 − 2 |Fe1|
�
fA,B
e1 (detF )− 1

% Fn

|Fn| · e1 < 1,

as well as

|Fe1 + tBm1Fn| ≤ |Fe1 + tAm1Fn|+ |(tB − tA)m1Fn| < 1 +
8888m1|Fn|

n ·m
λµ− 1
detF

8888 = λ.
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Similarly, if 0 < λ < 1 we infer

|Fe1 + tBm1Fn|2 =
8888Fe1 +

(λµ− detF )(λ− 1)
λµ− 1

Fn

|Fn|
88882 = 8888Fe1 −

�
fA,B
e1 (detF )− λ

% Fn

|Fn|
88882

= |Fe1|2 +
�
fA,B
e1 (detF )− λ

%2 − 2 |Fe1|
�
fA,B
e1 (detF )− λ

% Fn

|Fn| · e1 < λ2,

as well as

|Fe1 + tAm1Fn| ≤ |Fe1 + tBm1Fn|+ |(tB − tA)m1Fn| < λ+
8888m1|Fn|

n ·m
λµ− 1
detF

8888 = 1.
This completes the construction of rank-one lines for matrices F ∈ Xe1 satisfying (3.23) and
(3.29), namely the dark gray areas in Figure 3.2.
Let now F ∈ Xe1 satisfy (3.23) and

|Fe1| ≤ fA,B
e1 (detF )− 2min{1, λ}. (3.32)

In order to recover these matrices, we perform a third-order lamination, constructing rank-one
lines with endpoints belonging to N ∗

e1 and satisfying (3.29).
Let us choose n = e2 and m = −e1, and let us consider rank-one lines of the form

Ft = F − tFe2 ⊗ e1 for every t ∈ R. (3.33)

Since m · n = 0, we find that detFt = detF for every t ∈ R. To guarantee that these rank-one
lines have two endpoints in N ∗

e1 satisfying (3.29), we identify t1, t2 ∈ R such that |Ft1e1| =
|Ft2e1| = fA,B

e1 (detF )−min{1, λ}. With our choice of m and n, we choose t1 = t− and t2 = t+,
where t± are the two distinct solutions, thanks to (3.32), to the equation

|Fte1|2 −
�
fA,B
e1 (detF )−min{1, λ}

%2
= t2|Fe2|2 − 2t(Fe1 · Fe2) + |Fe1|2 −

�
fA,B
e1 (detF )−min{1, λ}

%2
= 0.

This completes the proof of the inclusion N ∗
e1 ⊆ Rco(Me1).

Step 2. Rank-one convex lines for general s ∈ S1.
In this second step of the proof we focus on the case of general slip directions s ∈ S1 and we
exploit the constructions developed in Step 1 to recover the matrices in Xs through rank-one
convex lines starting and ending in NA

s ∪NB
s .

Let s ∈ S1 \ {±e1} and consider first the case in which |Bs| ̸= |As| = 1. Letting F ∈ Xs,
recall (3.21), and S = (s | s⊥), we define the matrices G := FS, �A := AS and �B := BS. Since
det �A = detA = 1 and det �B = detB = λµ, we notice that

detG = detF ∈ (1, λµ) and |Ge1| = |Fs| < f
�A,�B
e1 (detG),

where

f
�A,�B
e1 (t) = | �Ae1|+

�
t− det �A% | �Be1| − | �Ae1|

det �B − det �A = |As|+ (t− detA) |Bs| − |As|
detB − detA = fA,B

s (t),

for every t ∈ R.
Assume first that G satisfies (3.29), equivalently

|Ge1| = |Fs| > fA,B
s (detF )− 2min{1, |Bs|}. (3.34)
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In view of Step 1.b, we obtain that G can be recovered by rank-one lines with extremal matrices
in N �A

e1 and N �B
e1 . In particular, we find n and m as in (3.30) and (3.31) such that the rank-one

line
Gt = G+ tGn⊗m (3.35)

defined for every t ∈ R, satisfies

GtA ∈ N �A
e1 and GtB ∈ N �B

e1 ,

with tA and tB as in (3.26). Since S ∈ SO(2), the line

Ft = Gt S
T = (G+ tGn⊗m)ST for every t ∈ R (3.36)

is still a rank-one line and it is such that, for every t ∈ R, detFt = detGt. Furthermore, since
STs = e1, we get that Fts = Gte1 for every t ∈ R. Thus,

detFtA = detGtA = 1 and |FtAs| = |GtAe1| ≤ | �Ae1| = |As|,
as well as

detFtB = detGtB = λµ and |FtBs| = |GtBe1| ≤ | �Be1| = |Bs|,
proving that FtA ∈ NA

s and FtB ∈ NB
s . This yields that every F ∈ Xs such that (3.34) holds is

recoverable through rank-one lines of the shape of (3.36), namely

Ft = (FS + t FSn⊗m)ST = F + t(FSn⊗m)ST. (3.37)

Consider now the case in which G satisfies (3.32), equivalently

|Ge1| = |Fs| ≤ fA,B
s (detF )− 2min{1, |Bs|}. (3.38)

As in Step 1.b, we consider rank-one lines of the form (3.35) with n = e2 and m = −e1 and we
identify two extremal matrices in N ∗

e1 . The thesis follows then by multiplying the identified rank-
one line by ST. This completes the proof of the inclusion N ∗

s ⊆ Rco(Ms) when |Bs| ̸= |As| = 1.
Let now s ∈ S1 \ {±e1} be such that |Bs| = |As| = 1. We claim that the construction in Step
1.a yields Ns ⊆ Rco(Ms). In fact, by considering again the matrices G := FS, �A := AS and�B := BS, where S := (s | s⊥) ∈ SO(2), Step 1.a yields n, m ∈ R2 \ {0} and rank-one lines as
in (3.35) such that, choosing tA and tB as in (3.26), it holds GtA ∈ N �A

e1 and GtB ∈ N �B
e1 . The

statement follows by multiplying the line from the right-hand side with ST. If in particular
|Fs| = 1 then, choosing m1 = 0 and m2, n2 ̸= 0, we infer Ns ⊆ Rco(Ms).
Step 3. Outer bound on the set co(T (Ms)).
In order to use Proposition 3.12 to find outer bounds on both the finite and infinite polyconvex
hull of the classMs, we first need to study the set co(T (Ms)), where T is defined as in (3.8).
We notice that, by Proposition 3.18,

co(T (Ms)) = co
�
(MA

s × {1}) ∪ (MB
s × {λµ})

�
= co

�
(co(MA

s )× {1}) ∪ (co(MB
s )× {λµ})

�
= co(ΨA

s ∪ΨB
s ),

where

ΨM
s := co(MM

s )× {detM} =
�
MM

s ∪ {F ∈ R2×2 : |Fs| < |Ms|}
%
× {detM}
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for every M ∈ {A,B} and s ∈ S1. Recalling the definition of the function fA,B
s in (3.19), we

claim that
co(ΨA

s ∪ΨB
s ) ⊆ CA,B

s := Ξ1s ∪ Ξ2s, (3.39)

where

Ξ1s :=
�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| < fA,B

s (t)
	

Ξ2s :=
�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| = fA,B

s (t), detF = fA,B
s (t) gA,B

s (t)
	
,

and with the linear map

gA,B
s (t) := detA|As| + (t− detA)

detB
|Bs| − detA

|As|
detB − detA = 1 + (t− 1)

λµ
|Bs| − 1
λµ− 1 (3.40)

defined for every t ∈ R.
By definition, ΨA

s ∪ΨB
s ⊆ CA,B

s , so in order to show (3.39) we need to prove that CA,B
s is convex.

Indeed, let (G, ρ), (H, η) ∈ CA,B
s and let ϑ ∈ (0, 1). If at least one of the two pairs belongs to Ξ1s

then, by the linearity of fA,B
s , we immediately infer that ϑ(G, ρ) + (1− ϑ)(H, η) belongs to Ξ1s

as well.
Assume now that both pairs belong to Ξ2s. Then,

|(ϑG+ (1− ϑ)H)s| ≤ fA,B
s (ϑρ+ (1− ϑ)η). (3.41)

If the inequality is strict, then ϑ(G, ρ) + (1 − ϑ)(H, η) belongs to Ξ1s. If, instead, (3.41) holds
with the equality, then

Gs = |Gs|
|Hs| Hs = fA,B

s (ρ)
fA,B
s (η)

Hs.

Recalling that detF = (Fs)⊥ · Fs⊥ for every F ∈ R2×2, we deduce

det(ϑG+ (1− ϑ)H) =
�
ϑ(Gs)⊥ + (1− ϑ)(Hs)⊥

�
·
�
ϑGs⊥ + (1− ϑ)Hs⊥�

= ϑ2 detG+ (1− ϑ)2 detH + ϑ(1− ϑ) |Hs|
|Gs| detG+ ϑ(1− ϑ) |Gs|

|Hs| detH

=
�
ϑfA,B

s (ρ) + (1− ϑ)fA,B
s (η)

� �
ϑgA,B

s (ρ) + (1− ϑ)gA,B
s (η)

�
= fA,B

s (ϑρ+ (1− ϑ)η) gA,B
s (ϑρ+ (1− ϑ)η),

thus entailing that ϑ(G, ρ) + (1− ϑ)(H, η) belongs to Ξ2s. This proves that CA,B
s is convex, and

yields (3.39).
We conclude this step by observing that, if |Bs| = |As| = 1, then fA,B

s (t) = |As| = 1 and
gA,B
s (t) = t

|As| = t for every t ∈ [1, λµ], so that

CA,B
s =

�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| < 1

	
∪

�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| = 1, detF = t

	
.

(3.42)

Step 4. Outer bounds on the polyconvex hulls ofMs.
In this step, we exploit the representation formulas of Proposition 3.12, with the notation in
Subsection 3.2.2 for the maps π and T , in order to characterize (Ms)pc and Pco(Ms).
Assume first that |Bs| ̸= |As| = 1. We claim that

co(T (Ms)) ∩ T (R2×2) ⊆
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ N ∗

s

	
. (3.43)
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Indeed,

Ξ1s ∩ T (R2×2) =
�
(F, detF ) ∈ R2×2 × [1, λµ] : |Fs| < fA,B

s (detF )
	

=
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ N ∗

s \ (MA
s ∪MB

s )
	
,

(3.44)

whereas

Ξ2s ∩ T (R2×2) =
�
(F, detF ) ∈ R2×2 × [1, λµ] :
|Fs| = fA,B

s (detF ), detF = fA,B
s (detF ) gA,B

s (detF )
�
.

Since the only solutions to the equation t = fA,B
s (t) gA,B

s (t) are t = 1 and t = λµ, we conclude

Ξ2s ∩ T (R2×2) =
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ MA

s ∪MB
s

	
. (3.45)

Claim (3.43) follows then by (3.44) and (3.45).
Thanks to the first representation formula in Proposition 3.12 and to (3.43), using the definition
of the orthogonal projection π given in Proposition 3.12, for |Bs| ̸= |As| = 1 we finally have

Pco(Ms) = π
�
co(T (Ms)) ∩ T (R2×2)

%
⊆ N ∗

s . (3.46)

Assume now that |Bs| = |As| = 1. Due to (3.42), we immediately get that

co(T (Ms)) ∩ T (R2×2) ⊆
�
(F, detF ) ∈ R2×2 × [1, λµ] : |Fs| ≤ fA,B

s (detF ) = 1
	

=
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ Ns

	
.

Again, in view of the first representation formula in Proposition 3.12 and the definition of the
orthogonal projection π, for |Bs| = |As| = 1 we infer

Pco(Ms) = π
�
co(T (Ms)) ∩ T (R2×2)

%
⊆ Ns. (3.47)

We proceed by studying the (finite) polyconvex hull of the classMs. Assume first that |Bs| ̸=
|As| = 1. Thanks to Proposition 3.11 and (3.39), we have

(T (Ms))co = co(T (Ms)) ⊆
�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| ≤ fA,B

s (t)
	

This implies that

(T (Ms))co ∩ T (R2×2) ⊆
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ Ns

	
.

In particular, by the second representation formula in Proposition 3.12, we obtain that, if |Bs| ̸=
|As| = 1, then

(Ms)pc = π
�
(T (Ms))co ∩ T (R2×2)

%
⊆ Ns. (3.48)

Assuming instead that |Bs| = |As| = 1, by (3.42) and Proposition 3.11 we have

(T (Ms))co ∩ T (R2×2) = co(T (Ms)) ∩ T (R2×2)

⊆
�
(F, t) ∈ R2×2 × [1, λµ] : |Fs| ≤ fA,B

s (t) = 1
	
∩ T (R2×2)

=
�
(F, detF ) ∈ R2×2 × [1, λµ] : F ∈ Ns
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and, again using the second representation formula in Proposition 3.12, we obtain that, if |Bs| =
|As| = 1,

(Ms)pc = π
�
(T (Ms))co ∩ T (R2×2)

%
⊆ Ns.

Step 5. Conclusion.
After Steps 1–4, we are now ready to conclude the proof of Theorem 3.20. We first focus on the
case |Bs| ̸= |As| = 1. Thanks to Step 2 and Proposition 3.11, we know that

Ns = N ∗
s ⊆ Rco(Ms) ⊆ (Ms)rc,

which, together with (3.48) and again Proposition 3.11, implies that

Ns ⊆ (Ms)rc ⊆ (Ms)qc ⊆ (Ms)pc ⊆ Ns.

Again from Step 2 and (3.46), exploiting again Proposition 3.11, we obtain

N ∗
s ⊆ Rco(Ms) ⊆ Qco(Ms) ⊆ Pco(Ms) ⊆ N ∗

s ,

thus yielding the thesis for |Bs| ̸= |As| = 1.
Let us finally focus on the case |Bs| = |As| = 1. Thanks to Step 2 and (3.47), exploiting again
Proposition 3.11, we obtain

Ns ⊆ Rco(Ms) ⊆ Qco(Ms) ⊆ Pco(Ms) ⊆ Ns,

while, thanks to Step 2, Proposition 3.11 and (3.48), we obtain

Ns ⊆ Rco(Ms) ⊆ (Ms)rc ⊆ (Ms)qc ⊆ (Ms)pc ⊆ Ns.

This, in turn, implies the thesis for |Bs| = |As| = 1.
Remark 3.23. There are only few known examples of sets whose finite and infinite quasiconvex,
respectively polyconvex and rank-one convex, hulls are explicitly shown to be different, see e.g.
[81, Example 5.18 & Proof of Theorem 7.28] for an example in which even taking the closure
of the infinite quasiconvex, respectively polyconvex and rank-one convex, hull, this does not
coincide with the finite one. By the proof of Theorem 3.20, we have that, if |Bs| ̸= |As| = 1,
then (Ms)pc ̸= Pco(Ms), which implies

Rco(Ms) = Qco(Ms) = Pco(Ms) = N ∗
s ⊂ Ns = (Ms)rc = (Ms)qc = (Ms)pc.

In this regime, we further have Pco(Ms) = (Ms)pc. We point out that this property is, in
general, not true, and only known to hold for compact sets (see [81, Theorem 7.28]), while Ms

is not even bounded.

Remark 3.24. Note that, in all rank-one constructions in the proof of Theorem 3.20, we have
several degrees of freedom in the choices of the vectors n and m, which were not explicitly used
in the proof. In the first part of Step 1.a, the vector n ∈ R2 must only satisfy n ̸= 0, while
m ∈ R2 must be such that m ̸= 0, n ·m ̸= 0 and (3.27) is verified. In the second part of Step 1.a,
when we consider matrices such that |Fe1| = |Be1| = |Ae1| = 1, we only fix the value m1 = 0,
whereas m2 must only fulfill m2 ̸= 0 and n ∈ R2 is chosen such that n2 ̸= 0 and n · m ̸= 0. In
Step 1.b instead, n has to satisfy (3.30) and be such that n1 ̸= 0 and n2 ̸= 0, whereas (3.31)
fixes only the ratio m1

m2
depending on the chosen n, but not the specific values of the components

of m. Note that anyway the vector m has to satisfy m1 ̸= 0, m2 ̸= 0 and n ·m ̸= 0.
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Remark 3.25. The choice of rank-one lines in Step 1 of the proof of Theorem 3.20 has been
made bearing in mind the energy bounds for the relaxation of the energy, see Section 3.5 below.
However, subsets of Rco(Ms) might be recovered via easier rank-one constructions.
In particular, choosing m = e2 yields “horizontal” rank-one lines in Figures 3.1 and 3.2, namely
such that |Fte1| = |Fe1| for every t ∈ R. These recover every matrix F ∈ Ne1 such that |Fe1| ≤
min{1, λ}, are easy to rotate, but not energetically optimal, see Remark 3.36. Furthermore, if
λ ̸= 1, we only obtain a proper subset of Rco(Ms).
Choosing, instead, n = e1 yields rank-one lines with a linear dependence between the values
detF and |Fe1|. In particular, these recover every matrix such that |Fe1| ≤ detF

µ . These lines
are easy to rotate, but do not provide a full identification of Rco(Ms).

Remark 3.26. Note that, even combining the two alternative approaches in Remark 3.25, and
the second order lamination in Step 1.a of the proof of Theorem 3.20, there are cases in the
regime 0 < λ < 1 in which these are not enough to recover every matrix in N ∗

e1, as shown by
Figure 3.3. In particular, this happens if 1− 2λ > λ, namely λ < 1

3 .

detF

|Fe1|

1 λµ

λ

1

1− 2λ

1
µ

MA
e1

MB
e1

Figure 3.3: Non-linear projections of the set Ne1 for 0 < λ = |Be1| < 1. The matrices above the
blue line are recovered through the second-order lamination in Step 1.b of the proof of Theorem
3.20. The matrices below, respectively, the red and purple lines are recovered through the,
respectively, first and second alternative construction in Remark 3.25. In light grey the matrices
that are not recovered through any of the considered second-order lamination.

3.4 An explicit lamination result
A key step in order to, in the future, identify the quasiconvex envelope of the energy density
defined in (3.7) is to construct suitable Lipschitz competitors u : Ω → R2 such that ∇u ∈
Ms attaining prescribed affine values on ∂Ω. By exploiting previous results on the single-well
problem, it may suffice to construct u with ∇u ∈ NA

s ∪NB
s a.e. in Ω, along with bounds on the

norm of the full gradient ∇u. In order to do so, an in-approximation result is needed, where the
in-approximation is a concept introduced by M. Gromov, see [122, 123], defined as follows.

Definition 3.27. Let K ⊂ Σ. A sequence of sets (Ui)i ⊂ Σ is an in-approximation of K in Σ
if and only if the sets Ui are open in Σ for every i ∈ N and the following three conditions are
satisfied:

(i) (Ui)i is uniformly bounded,

(ii) Ui ⊂ (Ui+1)rc for every i ∈ N,

(iii) Ui → K in the following sense: if Fi ∈ Ui and Fi → F , then F ∈ K.
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The set Σ can either be chosen as R2×2 or as {F ∈ R2×2 : M(F ) = c} with c ̸= 0 and
M : R2×2 → R being a minor.

The last ingredient to identify the quasiconvex envelope of the energy density (once we found
bounds from above and below on, respectively, the rank-one convex and polyconvex hulls) would
be a result proving that the quasiconvex envelope of the energy density chosen is already rank-
one convex. As it is not clear whether an in-approximation result could hold in this context with
the definition given byM. Gromov, see Definition 3.27, or whether it is possible to define a new
version of in-approximation without asking for the uniform bound on the sets considered, in this
thesis we only take the first step in this analysis, in particular providing an explicit construction
of trial functions with prescribed boundary values and whose gradients are in Ns, following a
similar strategy to [79, Theorem 4], see also [167, Theorem 6.1]. We stress that the two-well
nature of our model influences the convex constraints on the determinant and on the norm of
the matrix, thus rendering the analysis more difficult than [79, Theorem 4]. The main result of
this section reads as follows.

Theorem 3.28. Let Ω ⊂ R2 be a bounded domain. Let s ∈ S1 and let A,B ∈ R2×2 be defined
as in (3.3) and assume (3.17). Let FA ∈ NA

s and FB ∈ NB
s be such that rank(FA − FB) = 1

and FAs ̸= FBs. Then, for every θ ∈ (0, 1) and δ > 0, there exist h0 > 0 and Ωδ ⊂ Ω, with
|Ω\Ωδ| ≤ δ, such that the restriction to Ωδ of any simple laminate between the gradients FA and
FB, with weights θ and 1 − θ and period h < h0, can be extended to a finitely piecewise affine
function u : Ω→ R2 such that

(i) u(x) = (θFA + (1− θ)FB)x on ∂Ω,

(ii) det∇u ∈ [1, λµ],
(iii) |(∇u)s| ≤ fFA,FB

s (det∇u) ≤ fA,B
s (det∇u),

(iv) dist(∇u, [FA, FB]) ≤ δ on Ω.

Note that the conditions (ii) and (iii) imply that ∇u ∈ Ns a.e. in Ω. We point out that Theorem
3.28 holds for any choice of λ > 0 and s ∈ S1, even though in Section 3.5 we focus our discussion
of providing bounds on the envelopes of the energy density W only in the regime s = e1, and
even though they only coincide in a subset of Ne1 for λ = 1.
As pointed out in [167, Section 6, Remark 2], in two dimensions direct piecewise-affine construc-
tions using 20 gradients can be found, but as observed in [79] this technique does not allow
to enforce the constraint |(∇u)s| ≤ fA,B

s (det∇u). Furthermore, considering families of slightly
modified matrices (Aε)ε and (Bε)ε and then iterating is also not a viable option, since an infinite
number of iteration steps would destroy the laminar structure.
A key ingredient for the proof of Theorem 3.28 is the following Lemma, an equivalent result
to [79, Lemma 4] in our two-well setting, through which we obtain an explicit piecewise affine
construction making use of 15 affine pieces with 7 different gradients, which can be reduced to
12 and 5 if the central laminar region is eliminated, see Figure 3.5.

Lemma 3.29. Let λµ > 1 and θ ∈ (0, 1). Then, there exist ξ > 0 large enough and η0 > 0 such
that, for every ε > 0 and t > 0 satisfying max{εt, εt2} < η0, and for all L,H > 0 with H < L

ξ ,
there exists a finitely piecewise affine function u : Ω→ R2, setting Ω := [−L,L]× [−H,H], with
the following properties:

(i) u(x, y) = (x, y) on ∂Ω,
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(ii) u coincides with a laminate with period H between the matrices

�A := �
1 (1− θ)t
0 1

θ+(1−θ)λµ

&
and �B := �

1 −θt

0 λµ
θ+(1−θ)λµ

&
(3.49)

on [−L+ ξH,L− ξH]× [−H,H],

(iii) dist(∇u, [ �A, �B]) ≤ c ε(1 + max{t, t2}),
(iv) dist(∇u, { �A, �B}) ≤ c ε(1 + max{t, t2}) on ω := {(x, y) ∈ Ω : |x|+ ξ|y| ≤ L},
for a suitable constant c > 0, where ω is the open subset of Ω in which ∇u ̸= I2. The parameter
ξ can be chosen as 1

ε .

Proof. Consider the simple laminate defined by uL(0, 0) = (0, 0) and

∇uL(x, y) =
� �A if |y| < θH,�B if θH < |y| < H,

for every (x, y) ∈ Ω, see Remark 3.31 for the explicit expression. This function describes a
horizontal shear with a vertical compression of the area in which the gradient is �A. In addition,
it satisfies the boundary condition uL(x, y) = (x, y) on the top and bottom sides of Ω, but not on
the left and right ones, see Figure 3.4.a. We need to modify uL in the region L− ξH < |x| < L
in order to enforce the boundary condition on the latter two sides, in particular we will compose
uL with another piecewise affine function and then we will further modify it on a boundary
layer. Let now v : Ω→ R2 be defined by v(0, 0) = (0, 0) and

∇v(x, y) =


I2 if |x| < L− ξH,

C if L− ξH < |x| < L− (1−m)ξH,

D if L− (1−m)ξH < |x| < L,

see Remark 3.31 for the explicit expression, where C := I2 − q(1 − m) e2 ⊗ e1 and D := I2 +
qme2 ⊗ e1, and where the parameters m ∈ (0, 1) and q ∈ R will be chosen in the following. The
function v is a vertical shear that meets the boundary conditions v(x, y) = (x, y) on the left
and right sides of Ω, but not on the top and bottom, see Figure 3.4.b. Note that ∇v has unit
determinant in its domain and is everywhere close to the identity. In addition, v is the identical
map for |x| ≤ L− ξH and for x = ±L, see Remark 3.31.
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−H

H

L−L

θ
dH�A

�B

�B

(a)

−H

H

L−L L− ξH−L+ ξH

mξH (1−m)ξH

I2 C DCD

(b)

Figure 3.4: The two figures (a) and (b) represent the two laminates uL and v. Dashed lines indi-
cate the reference configuration, while full lines show the deformed configuration. The gradients
of uL and v are indicated on the corresponding subsets of the two deformed configurations.

Consider now the composition uL ◦ v. This is a piecewise affine map, see Figure 3.5.a, whose
gradient is either close to �A or �B everywhere, quantitatively

| �AC − �A| = q(1−m)
/
1
d2
+ (1− θ)2t2,

| �AD − �A| = qm

/
1
d2
+ (1− θ)2t2,

| �BC − �B| = q(1−m)

-
λ2µ2

d2
+ θ2t2,

| �BD − �B| = qm

-
λ2µ2

d2
+ θ2t2,

(3.50)

with d := θ + (1− θ)λµ.
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�A
�B

�B
�AC

�BC

�BC

�AD

�BD

�BD

(a)

XX ′′′

X ′X ′′

Y

Y ′

T

Z

Z ′

(b)

Figure 3.5: The composition of uL ◦ v generates a continuous piecewise affine function whose
gradient takes six different values on Ω, see (a). In (b) we see the set ω = XY X ′X ′′Y ′X ′′′ and
its extension to the original set Ω by the identity map (in gray). On the white part we define
u = uL ◦ v, whereas on the four colored triangles the function uL ◦ v is replaced by the affine
interpolation between the respective corners.

Consider now the set ω := {(x, y) ∈ Ω : |x| + ξ|y| ≤ L}, namely ω = XY X ′X ′′Y ′X ′′′ in
Figure 3.5.b. While we refer to Appendix 3.A for the details for the explicit construction of
the map u, we proceed here by providing an intuition of the argument. We set u := uL ◦ v in
the white region in Figure 3.5.b. In each of the four colored triangles (XY Z and the analogous
ones in the other quadrants of Figure 3.5.b) we define u to be equal to the affine interpolation
between the values attained by uL ◦ v on the three vertices. Since in X and Y both uL and v
coincide with the identity map, see Remark 3.31, it follows that u(x, y) = (x, y) on the segment
XY . Repeating the argument for the four slanted sides, we infer that u satisfies the boundary
condition u(x, y) = (x, y) on ∂ω. This means that u can be extended with continuity to Ω by
setting u(x, y) = (x, y) in the remaining triangles (XY T and its copies in the other quadrants
in Figure 3.5.b), resulting in a continuous and piecewise affine map on the whole original set Ω.
In particular, by choosing

q := 2θ(1− θ)t
ξm(1−m)

d

d+ ξ(λµ+ 1) ,

see (3.83), ξ big enough and m small enough, we also obtain

det∇u ∈
�
1
d ,

λµ
d

�
on XY Z and X ′Y Z ′,

see Appendix 3.A for the details. By symmetry, we obtain the same conditions for the other
two colored triangles in Figure 3.5.b. In particular, see again Appendix 3.A, we get that this
determinant is close to λµ

d .
For the details of the proof of (iii) and (iv) we refer to Appendix 3.B. Let us remark that
on the triangle XY T and its copies in the other quadrants, in gray in Figure 3.5.b, we get
dist(∇u, [ �A, �B]) = 0. Moreover, in the three central pieces of our set along the vertical axis we
get dist(∇u, { �A, �B}) = 0. Furthermore, thanks to (3.50), in the rest of the areas of the rectangle
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where u = uL ◦ v, the rest of the white subsets in Figure 3.5.b, we get

dist(∇u, [ �A, �B]) ≤ dist(∇u, { �A, �B}) ≤ c
1 + t

ξ
,

see (3.90). In order to prove the estimate in the last subsets of Ω, namely in the blue and red
areas of the set in Figure 3.5.b, we exploit the explicit construction we had in Appendix 3.A. In
particular, we get 888∇u− �B888 ≤ c

1 + t2

ξ
on XY Z and X ′Y Z ′,

see (3.91) and (3.92). Combining all these estimates together we get that, on the whole set Ω,

dist(∇u, [ �A, �B]) ≤ c
1 + t

ξ
+ c
1 + t2

ξ
≤ c
1 + max{t, t2}

ξ
,

while on the open subset where ∇u ̸= I2, namely ω = Ω ∩ {|x|+ ξ|y| ≤ L}, we can even say

dist(∇u, { �A, �B}) ≤ c
1 + max{t, t2}

ξ
.

Choosing ξ ≥ 1
ε and ε small enough we have the thesis.

Remark 3.30. In Lemma 3.29 we have performed a piecewise construction on ω by subdividing
the set into 15 components, and by obtaining a map u whose gradient attains 7 different values
(all with determinants in the prescribed interval and close either to �A or to �B), coinciding with
the identity on ∂ω, and being a laminate in the central part of the domain. By choosing L = ξH
we can simplify the construction to the case of 12 components and 5 different values for the
gradient.

Remark 3.31. The functions uL and v in the proof of Lemma 3.29, imposing continuity on the
interfaces between the affine pieces, can be written explicitly as

uL(x, y) =



�
x+ (1− θ)ty

y
θ+(1−θ)λµ

&T

if |y| ≤ θH,

�
x− θt sign(y)(|y| −H)

sign(y)H + λµ
θ+(1−θ)λµ sign(y)(|y| −H)

&T

if θH < |y| ≤ H,

and

v(x, y) =



�
x
y

&T

if |x| ≤ L− ξH,

�
x

y + q(1−m)(L− ξH − |x|) sign(x)

&T

if L− ξH < |x| ≤ L− (1−m)ξH,

�
x

y + qm(|x| − L) sign(x)

&T

if L− (1−m)ξH < |x| ≤ L.

Remark 3.32. Since we chose to work with the matrices C = I2 − q(1 − m) e2 ⊗ e1 and D =
I2+qme2⊗e1 in the proof of Lemma 3.29, we fixed the unit vectors e2 and e1 in our construction.
Generally speaking, this could be an additional degree of freedom that one could exploit, choosing
a general vector a ∈ R2. The second vector must be orthogonal to the first one though, otherwise
we do not preserve the unit determinant.
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We are now in a position to prove Theorem 3.28.

Proof of Theorem 3.28. For convenience of the reader, the proof is subdivided into several steps.
Step 1. Change of coordinates and statement reformulation. In this step we introduce a change
of coordinates allowing us to rephrase the statement of the theorem in the same setting consid-
ered in Lemma 3.29.
Let n ∈ R2 \ {0} and a ∈ S1 be such that FB − FA = a⊗ n, and define F := θFA + (1− θ)FB.
We observe that, setting Fa,n := a ⊗ F−Tn, it holds that the matrices FAF

−1 and FBF−1 are
perturbations of the identity, namely

I2 − FAF
−1 = (F − FA)F−1 = (1− θ)(a⊗ n)F−1 = (1− θ)(a⊗ F−Tn) = (1− θ)Fa,n

and, equivalently,

I2 − FBF−1 = (F − FB)F−1 = −θ(a⊗ n)F−1 = −θ(a⊗ F−Tn) = −θFa,n.

The matrix Fa,n has real eigenvalues ν1 = 0 and ν2 = F−Tn · a = F−1a · n. Hence, a real Schur
decomposition yields that there exist Q ∈ SO(2) and t ∈ R such that

Fa,n = QT
�
ν1 −t
0 ν2

&
Q = QT

�
0 −t
0 ν2

&
Q.

Note that, in general, the real Schur decomposition of a matrix holds with Q ∈ O(n), but for
matrices in R2×2 with two different eigenvalues it is possible to choose it with Q ∈ SO(2), due
to its constructive nature. Indeed, the matrix Q is selected by first identifying a normalized
eigenvector w associated to the first eigenvalue, which will form the first column of the matrix.
The second column is then given by augmenting w to an orthonormal basis, in such a way that
detQ = 1.
Now define

�A := QFAF
−1QT = Q [I2 − (1− θ)Fa,n]QT =

�
1 (1− θ)t
0 1− (1− θ)ν2

&

and �B := QFBF−1QT = Q (I2 + θFa,n)QT =
�
1 −θt
0 1 + θν2

&
.

Since det �A = detFA
detF and det �B = detFB

detF , a direct computation entails

ν2 =
detFB − detFA

detF = λµ− 1
detF and θ = detFB − detF

detFB − detFA
= λµ− detF

λµ− 1 ,

yielding that �A = �
1 (1− θ)t
0 1

detF

&
and �B = �

1 −θt

0 λµ
detF

&
.

Noticing that detF depends explicitly on θ, since the determinant varies linearly along the
rank-one line, meaning that detF = θ + (1− θ)λµ, we infer

�A = �
1 (1− θ)t
0 1

θ+(1−θ)λµ

&
and �B = �

1 −θt

0 λµ
θ+(1−θ)λµ

&
, (3.51)
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recovering the matrices in Lemma 3.29. For Ω and u as in the statement of the theorem, we
define the set �Ω := QFΩ and the map �u : �Ω → R2, given by �u(y) := Qu(F−1QTy) for every
y ∈ �Ω. Properties (i)-(iv) are then rewritten as follows. We have

(i′) �u(y) = Qu(F−1QTy) = y on ∂ �Ω,
we obtain the inclusion

(ii′) det∇�u ∈
� 1
θ + (1− θ)λµ,

λµ

θ + (1− θ)λµ

�
= [det �A, det �B] in �Ω

and, replacing the vector s with ŝ := QFs, we infer

(iii′) |(∇�u)ŝ| = |(∇u)s| ≤ fFA,FB
s (det∇u)

= |FAs|+ (det∇u− detFA)
|FBs| − |FAs|
detFB − detFA

= | �Aŝ|+ det∇u− detFA

detF
| �Bŝ| − | �Aŝ|
det �B − det �A

= | �Aŝ|+ (det∇�u− det �A) | �Bŝ| − | �Aŝ|
det �B − det �A = f

�A,�B
ŝ (det∇�u),

see (3.19) for the definition of the function fFA,FB
s . Concerning (iv) we have that on �Ω it holds

(iv′) dist(∇�u(y), [ �A, �B]) = dist(∇u(F−1QTy), [FA, FB]) ≤ δ.

We further notice that it is enough to prove the statement for t > 0. In fact, the case t = 0
is trivial, and if t < 0 it is enough to swap the roles of �A and �B. Without loss of generality,
as in [79, Proof of Theorem 4] we can assume that there exists η < δ

20 such that, defining
n := (− sin η, cos η), we have

ŝ · n⊥ > 0 and CTCŝ · n > 0 (3.52)

for C ∈ { �A, �B}. Indeed, since �A and �B are positive definite, it follows that �AT �A and �BT �B are
symmetric and positive definite. This implies that

�AT �Aŝ · ŝ > 0 and �BT �Bŝ · ŝ > 0. (3.53)

Moreover, �AT �A and �BT �B commute, since ( �AT �A �BT �B)T = �BT �B �AT �A. Since the product of
commuting positive definite matrices is also positive definite, this implies that �AT �A �BT �B is
positive definite, yielding �AT �Aŝ · �BT �Bŝ > 0. (3.54)

Considering (3.53) and (3.54) entails that the three vectors �AT �Aŝ, �BT �Bŝ and ŝ are contained in
a two-dimensional semi-cone with width strictly smaller than π

2 . This means that there exists a
vector n̄ ∈ S1 such that

ŝ · n̄⊥ > 0 and CTCŝ · n̄ > 0

for C ∈ { �A, �B}. Up to a rotation of the whole system, we infer (3.52).
We conclude this step by observing that it is sufficient to prove the statement for the reference
square (−1, 1)2. Indeed, by Vitali covering theorem for the Lebesgue measure, since �Ω is a
bounded set, there exist N, k ∈ N such that �Ω is covered by N disjoint copies of (−2−k, 2−k)2,
together with a remainder Ω′ such that |Ω′| < δ

2 . Note that N and k depend on δ. Once the
map �u is constructed in the reference square, the construction for �Ω is then obtained by scaling
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and translating �u in each of the N disjoint copies of (−2−k, 2−k)2, and by setting �u(x) = x in
Ω′, see [79, Proof of Theorem 4].
Step 2. Construction of û on (−1, 1)2. In this step, we exhibit an explicit construction of �u,
based on the composition of two deformations, see Figure 3.6. The deformation u2 will be a
laminate between �A and �B on a large part of the domain, in particular large enough to contain
Ωδ, and will coincide with the identity close to the boundary of Ω. In the central part of the
area where u2 coincides with a laminate, we will have |(∇u2)ŝ| ≤ f

�A,�B
ŝ (det∇u2), while close to

the boundary of this area (see the red rectangles in Figure 3.6), this inequality will be violated
by a small amount, controlled by dist(∇u2, [ �A, �B]). The deformation u1 will coincide with the
identity in the central part of the set �Ω, in particular on a subset of �Ω containing Ωδ, and it will
compensate the presence of error terms in the regions close to its boundary (see again the red
rectangles in Figure 3.6).

Sy0

α β
β

R1R2

Ωδ

�Ω

Figure 3.6: The two tilted rectangles, that will be called R1 and R2, represent the area of the
domain where u1 is not the identity. In their white subsets u1 coincides with a laminate between
the matrices α and β, defined below. The dashed rectangle represents the set Ωδ and is covered
by stripes Sy0+nh. In each stripe we apply Lemma 3.29 to define the map u2. This construction
differs from a simple laminate only in the red areas, which are contained in the region where
∇u1 = β. We will eventually define �u = u2 ◦ u1.

Step 2.1. Construction of u1. Let n = (− sin η, cos η) and η < δ
20 be as in (3.52). We claim that

there exists q > 0 such that, setting α := I2 + q n⊗ n⊥ and β := I2 − q n⊗ n⊥, it holds

|Cβŝ| < |Cŝ|, (3.55)

for all C ∈ [ �A, �B]. Indeed, for C ∈ { �A, �B} we have

|Cβŝ|2 − |Cŝ|2 = −2q
�
n · CTCŝ

% �
n⊥ · ŝ

%
+O(q2),
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which in turn, by (3.52) yields (3.55) for C ∈ { �A, �B} for q small enough. The fact that (3.55)
holds for all C ∈ [ �A, �B] follows then by convexity.
Let R1 be a rectangle with parallel sides to n and n⊥, see Figure 3.6, with width δ

2 along
n⊥, and compactly contained into [1 − δ, 1] × [−1, 1]. Let R2 be defined analogously within
[−1,−1 + δ] × [−1, 1], see Figure 3.6. We thus define u1 by applying [79, Lemma 4] to R1 and
R2 through the pair (α, β), and by setting u1(x) = x otherwise in [−1, 1] × [−1, 1]. Note that,
since the length of R1 and R2 in the direction n is larger than 1, the hypotheses of [79, Lemma
4] are satisfied for every δ < ξ1, with, using the notation in [79, Lemma 4], ε = 1, λ = 1

2 and
ξ1 := ξ ≥ 1, fixed as a global constant since q is as small as needed. Note that our q corresponds
to t in the notation of [79, Lemma 4].
We have that det∇u1 = 1 on the whole �Ω and we claim that, for q small enough, we obtain

|∇u1ŝ| ≤ f
�A,�B
ŝ (det∇u1) in �Ω. (3.56)

Indeed, by [79, Lemma 4], see also [79, Proof of Theorem 4], we infer

|∇u1ŝ| ≤ |I2 +∇u1 − I2| |ŝ| ≤ (1 + |∇u1 − I2|)|ŝ| ≤ (1 + c
√
q)|ŝ|. (3.57)

Now notice that
|ŝ| = |θFAs+ (1− θ)FBs| < θ|FAs|+ (1− θ)|FBs|, (3.58)

where we exploited the fact that FAs ̸= FBs. Since det∇u1 = 1 in �Ω, we find
f
�A,�B
ŝ (det∇u1) = | �Aŝ|+ (det∇u1 − det �A) | �Bŝ| − | �Aŝ|

det �B − det �A
= |FAs|+ (θ + (1− θ)λµ− 1) |FBs| − |FAs|

λµ− 1
= |FAs|+ (1− θ)(|FBs| − |FAs|)
= θ|FAs|+ (1− θ)|FBs|.

Using this last chain of equalities together with (3.57) and (3.58), we get (3.56), thanks to the
fact that q can be chosen as small as we need.
By construction, we also have the following properties

• |∇u1 − I2| ≤ c
√
q in �Ω,

• ∇u1 = I2 if (x, y) ∈ �Ω is such that |x| ≤ 1− δ,

• ∇u1 = β in the set of points (x, y) ∈ R1 at distance less than δ
8 from the left side of R1,

and such that |y| < 1− δξ1.

Step 2.2. Construction of u2. For h > 0 small and for y0 ∈ [−1, 1] such that |y0| ≤ 1− δξ1 − h,
consider strips of the form

Sy0 := [x0, x1]× [y0 − h, y0 + h] (3.59)
with x0 ∈ [−1,−1 + δ] and x1 ∈ [1 − δ, 1]. Notice that on the strip Sy0 the gradient ∇u1 only
attains the values I2 and β and that, in particular,

{(x, y) ∈ Sy0 : ∇u1(x, y) = β} = S0
y0 ∪ S1

y0 ,

where S0
y0 := [x0, x0 +

δ
16 ]× [y0 − h, y0 + h] and S1

y0 := [x1 − δ
16 , x1]× [y0 − h, y0 + h].

Let η0 be as in Lemma 3.29 and let ε > 0 be small enough such that max{εt, εt2} < η0 and such
that ε(1 + max{t, t2}) ≤ δ. We claim that

|Cβŝ|+ c ε(1 + max{t, t2})|βŝ| ≤ f
�A,�B
ŝ (detC) (3.60)
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for every C ∈ [ �A, �B] and for δ small enough. Indeed, by (3.55), there exists η1 > 0 such that
|Cβŝ| < |Cŝ| − η1. Noticing that |β|2 = 2 + q2, we deduce, by (3.58),

|Cβŝ|+ c ε(1 + max{t, t2})|βŝ| < |Cŝ| − η1 + δ
,
2 + q2 |ŝ|

= f
�A,�B
ŝ (detC)− η1 + δ

,
2 + q2 |ŝ| < f

�A,�B
ŝ (detC),

for C ∈ { �A, �B}, for δ small enough. Property (3.60) follows then by convexity.
Calling ε2 the biggest of the all possible ε satisfying the properties above, we have that for
h < h0 := 1

ε2
we cover the set (−1 + δ, 1 − δ) × (−1 + δξ1, 1 − δξ1) with stripes of the form

Sy0 + nh, see (3.59), where n is the vector from the construction of u1. In each stripe, we
construct u2 by applying Lemma 3.29 with matrices �A and �B and ε = ε2, whereas outside of
the stripes we define u2(x, y) = (x, y).
Step 2.3. Properties of �u := u2 ◦ u1. By construction, �u directly satisfies (i′), (ii′) and (iv′), de-
fined in Step 1. To complete the proof, we only need to check (iii′). In the outer part of the
domain, where ∇u2 = I2, property (iii′) follows immediately from (3.56). In the inner part of
the domain, where ∇u1 = I2, we have that ∇u2 only takes values �A and �B, hence (iii′) is a
consequence of the equality f

�A,�B
ŝ (detC) = |Cŝ| for C ∈ { �A, �B}. In the intermediate part, see

Figure 3.6, where ∇u1 = β and ∇u2 is close to [ �A, �B], property (iii′) is a corollary of (3.60).
The second inequality in (iii) follows by observing that

fA,B
s (det∇u)− fFA,FB

s (det∇u)

= |As| − |FAs|+ det∇u− 1
λµ− 1 (|Bs| − |FBs| − |As|+ |FAs|)

= det∇u− 1
λµ− 1 (|Bs| − |FBs|) + λµ− det∇u

λµ− 1 (|As| − |FAs|) ≥ 0.

Remark 3.33. Note that Theorem 3.28 would not work to recover the upper bound on the
quasiconvex envelope of the energy in the case λ = 1 for matrices on Ne1 \ N ∗

e1. Indeed, for
those matrices we constructed lines of the form Ft = F + t Fn⊗ e2, see Step 1.a of the proof of
Theorem 3.20. This means that Fte1 = Fe1 for every t ∈ R, but this contradicts the hypotheses
of the theorem.

3.5 Bounds on the relaxed energy density
In this section, we perform a first step for the relaxation analysis for the energy density W
defined in (3.7), in the case in which the slip direction s is horizontal, namely s = e1. In other
words, we analyze the density

W (F ) =
�
γ2 if F = RM (I2 + γe1 ⊗ e2) ∈ Me1 , with M ∈ {A,B},
+∞ otherwise in R2×2,

(3.61)

where A and B are defined as in (3.3). As in the rest of the chapter, we assume (3.17), namely
λµ > 1.
The main result of this section yields upper bounds for the rank-one convex envelope of W on
a set D ⊂ Ne1 , as well as lower bounds for the polyconvex envelope of W on Ne1 . Additionally,
for λ = 1, we provide an explicit representation for these envelopes on D and upper bounds for
the rank-one convex envelope of W on the whole Ne1 . Recall the definitions of Ne1 and N ∗

e1 in
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(3.18) and (3.20). In order to state our result, we need to introduce some auxiliary functions.
In particular, consider the map given, for F ∈ Ne1 , by

�W (F ) := (|Fe2|2 − 1) λµ− detF
λµ− 1 + 1

λ2
(|Fe2|2 − µ2) detF − 1

λµ− 1 , (3.62)

which corresponds to a convex combination of the associated single-well envelopes
�
WM

e1

%pc
=�

WM
e1

%qc
=

�
WM

e1

%rc
for M ∈ {A,B}, see Proposition 3.19. Moreover, let

ϕ(F ) := c(F ) (λµ− detF )(detF − 1)
! 1
λ2

− 1
(2 (Fe1 · Fe2)2

|Fe1|2 , (3.63)

ψ(F ) := c(F ) (λµ− detF )(detF − 1)
! 1
λ2

− 1
(2

|Fe2|2, (3.64)

for F ∈ Ne1 , where
c(F ) := 1

λµ− 1
1

detF − 1 + 1
λ2 (λµ− detF ) > 0, (3.65)

and set
Λ(F ) := (λµ− detF )(detF − 1)

|Fe1|2 (3.66)

for F ∈ Ne1 . Our main theorem reads as follows.

Theorem 3.34. Let s = e1 and let A,B ∈ R2×2 be defined as in (3.3), assuming (3.17). Then,
dom(W rc) ⊇ N ∗

e1, and

W rc(F ) ≤
��W (F )− ϕ(F ) if F ∈ D,

+∞ otherwise,
(3.67)

and

W pc(F ) ≥
��W (F )− ψ(F ) if F ∈ Ne1 ,

+∞ otherwise,
(3.68)

where D := N ∗
e1 ∩ {F ∈ R2×2 : |Fe1| ≤ detF

µ }. In particular, if λ = 1, then

W pc(F ) =W rc(F ) = �W (F ), (3.69)

for every F ∈ D, and

W rc(F ) ≤
��W (F ) + Λ(F ) if F ∈ Ne1 \ D,

+∞ if F /∈ Ne1 .
(3.70)

Remark 3.35. Note that if λ = 1 and F ∈ Ne1, then

�W (F ) = |Fe2|2 − (µ+ 1) detF + µ. (3.71)

In particular, notice that for λ = 1 the energy on Ne1 \D is higher than on D and, in particular,�W (F ) + Λ(F ) = |Fe2|2 − (detF )2 on Ne1 \ N ∗
e1.
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Proof of Theorem 3.34. We first remark that if F ∈ NM
e1 , forM ∈ {A,B}, then the two functions

ϕ and ψ, defined by (3.63) and (3.64), are zero and �W , see (3.62), coincide with the densityW
M
e1

in Proposition 3.19. In other words, the generalized convex hulls reduce to the single-well case.
In fact, if F ∈ NA

e1 , then detF = detA = 1 and

ϕ(F ) = ψ(F ) = 0 and �W (F ) = |Fe2|2 − 1, (3.72)

whereas, if F ∈ NB
e1 , then detF = detB = λµ and

ϕ(F ) = ψ(F ) = 0 and �W (F ) = 1
λ2
(|Fe2|2 − µ2). (3.73)

We also notice that the inclusion dom(W rc) ⊇ N ∗
e1 is a direct consequence of of Theorem 3.20.

For convenience of the reader, we split the remaining part of the proof into several steps.
Step 1. Upper bound for W rc. In this step, we establish the upper bounds in (3.67) and (3.70)
for W rc. In view of Theorem 3.4, the same upper bound holds then automatically also for
the polyconvex envelope. Thanks to our preliminary remarks, we can assume without loss of
generality that F ∈ R2 is such that detF ∈ (1, λµ), and satisfies |Fe1| < fA,B

e1 (detF ), if λ ̸= 1,
or |Fe1| ≤ 1, if λ = 1. Without loss of generality, since our energy density is invariant under
rotations, we can assume that F has the structure in (3.23).
Step 1.a. Assume first that λ = 1. In this case, ϕ(F ) = 0 for every F ∈ Ne1 .
Step 1.a.1 . Let first F ∈ D and consider rank-one lines as in (3.22), namely Ft := F (I2+tn⊗m)
for t ∈ R, with n,m ∈ R2 \ {0}. Recalling the construction of rank-one lines in Step 1.a of
Theorem 3.20, we introduce the sets

V1
e1 :=

�
n ∈ R2 : n ̸= 0

	
and

W1
e1(F, n) :=

�
m ∈ R2 : m1 ̸= 0, n ·m ̸= 0, m1|Fn|

n ·m ∈ IF,n

�
,

for every n ∈ V1
e1 and F ∈ N ∗

e1 \ (NA
e1 ∪ NB

e1 ). Letting a = a(F, n) := Fn
|Fn| · e1, the interval IF,n

is defined as

IF,n :=
�
max

�
detF

detF−1 y−, detF
µ−detF (−y+)

	
,min

�
detF

detF−1 y+, detF
µ−detF (−y−)

	�
,

where y± = y±(F, n) := a|Fe1| ±
.

a2|Fe1|2 + 1− |Fe1|2. Note that IF,n is always not empty
(see again Step 1.a of the proof of Theorem 3.20. Since D ⊂ N ∗

e1 , by Step 1.a in the proof of
Theorem 3.20, we find n ∈ V1

e1 and m ∈ W1
e1(F, n), getting in particular that n ·m ̸= 0. For tA

and tB as in (3.26), we get that FtA ∈ NA
e1 and FtB ∈ NB

e1 . Defining

θA :=
tB

tB − tA
= λµ− detF

λµ− 1 and θB :=
−tA

tB − tA
= detF − 1

λµ− 1 , (3.74)

the rank-one convexity of W rc, together with the preceding remarks and the fact that F =
θAFtA + θBFtB , entails

W rc(F ) ≤ θAW
rc(FtA) + θBW rc(FtB ) = θA�W (FtA) + θB�W (FtB ).

Observe that, by (3.72) and (3.73), we have

�W (FtA) = |FtAe2|2 − 1 = |Fe2 + tAm2Fn|2 − 1
= |Fe2|2 + t2Am

2
2|Fn|2 + 2tAm2(Fe2 · Fn)− 1,
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and �W (FtB ) = |FtBe2|2 − µ2 = |Fe2 + tBm2Fn|2 − µ2

= |Fe2|2 + t2Bm2
2|Fn|2 + 2tBm2(Fe2 · Fn)− µ2.

Thus, by (3.26) and (3.74), we infer the estimate

W rc(F ) ≤ |Fe2|2 − θA − θBµ2 + (θAt2A + θBt2B)m2
2|Fn|2 + 2m2(θAtA + θBtB)(Fe2 · Fn)

= θA(|Fe2|2 − 1) + θB(|Fe2|2 − µ2) + (θAt2A + θBt2B)m2
2|Fn|2,

getting

W rc(F ) ≤ �W (F ) + (detF − 1)(λµ− detF )
(detF )2

|Fn|2
(n ·m)2m

2
2 (3.75)

for every n ∈ V1
e1 and m ∈ W1

e1(F, n). Choosing n = e1, (3.27) rewrites as |Fe1| ∈ [c−, c+],
where

c− = c−(F, n) := max
� detF
detF − 1 y

−,
detF

µ− detF (−y+)
�

and
c+ = c+(F, n) := min

� detF
detF − 1 y

+,
detF

µ− detF (−y−)
�
,

with y± = |Fe1| ± 1. Obviously, |Fe1| > 0 ≥ c− for every m ∈ W1
e1(F, e1). We notice that

|Fe1| ≤ detF
detF − 1 y

+ = detF
detF − 1(|Fe1|+ 1) ⇐⇒ −|Fe1| ≤ detF

and
|Fe1| ≤ detF

µ− detF (−y−) = detF
µ− detF (−|Fe1|+ 1) ⇐⇒ µ|Fe1| ≤ detF.

Both inequalities are verified for every F ∈ D, independently of the choice of m. Thus, we
deduce the following energy bound

W rc(F ) ≤ �W (F ) + (detF − 1)(µ− detF )
(detF )2

m2
2

m2
1
|Fe1|2,

for every m ∈∈ W1
e1(F, e1). In particular, for every ε > 0, choosing!

m2
m1

(2
<

ε

|Fe1|2
(detF )2

(detF − 1)(µ− detF ) ,

(namely m2 ≪ m1), we find W rc(F ) ≤ �W (F ) + ε for every F ∈ D, which, in turn, yields (3.67)
for λ = 1.
Step 1.a.2 . Let now F ∈ Ne1 \D. Arguing as in Step 1.a.1, we choose n,m ̸= 0 such that m1 = 0
and n2 ̸= 0, namely we construct horizontal rank-one lines as in (3.22) such that |Fte1| = |Fe1|
for every t ∈ R. Substituting m1 = 0 into (3.75), we find

W rc(F ) ≤ �W (F ) + (detF − 1)(µ− detF )
(detF )2

|Fn|2
(n ·m)2m

2
2

= �W (F ) + (detF − 1)(µ− detF )
(detF )2

|Fn|2
n2
2

.

Recalling (3.23), we rewrite

|Fn|2
n2
2
= |n1Fe1 + n2Fe2|2

n2
2

= (n1|Fe1|+ n2x)2
n2
2

+ (detF )
2

|Fe1|2 .
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Choosing now n1 = − n2x
|Fe1| , we obtain

W rc(F ) ≤ �W (F ) + (detF − 1)(µ− detF )
(detF )2

(detF )2
|Fe1|2

= �W (F ) + (detF − 1)(µ− detF )
|Fe1|2 = �W (F ) + Λ(F ),

for every F ∈ Ne1 \ D. In particular, for F ∈ Ne1 \ N ∗
e1 we deduce

W rc(F ) ≤ |Fe2|2 − (detF )2. (3.76)

Step 1.b. Let λ ̸= 1 and assume that F ∈ D. We set n = e1 (see Remark 3.25) and consider
rank-one lines Ft := F (I2 + te1 ⊗ m) for t ∈ R, with m ∈ R2 \ {0} such that m1 ̸= 0. Letting
tA, tB be as in (3.26), and defining θA and θB as in (3.74), by Proposition 3.19 and the rank-one
convexity of W rc, we deduce again

W rc(F ) ≤ θAW
rc(FA) + θBW rc(FB) = θA�W (FA) + θB�W (FB).

Recalling that for λ ̸= 1 and n = e1

�W (FtA) = |Fe2|2 + t2Am
2
2|Fe1|2 + 2tAm2(Fe2 · Fe1)− 1

and

�W (FtB ) =
1
λ2
(|FtBe2|2 − µ2) = 1

λ2

�
|Fe2|2 + t2Bm2

2|Fe1|2 + 2tBm2(Fe2 · Fe1)− µ2
�
,

by (3.26) and (3.74) we deduce

W rc(F ) ≤ �W (F ) + (λµ− detF )(detF − 1)
λµ− 1 r(F,m, n),

where r = r(F,m, n) is defined as

r :=
!
(detF − 1) + λµ− detF

λ2

(
m2

2|Fe1|2
m2

1(detF )2
+ 2

! 1
λ2

− 1
(

m2(Fe2 · Fe1)
m1 detF

, (3.77)

for every m ∈ R2 \ {0} such that m1 ̸= 0. In particular, since r is a quadratic expression in m2
m1
,

with leading coefficient strictly positive, choosing

m2
m1
= −

! 1
λ2

− 1
( 1
(detF − 1) + 1

λ2 (λµ− detF )
Fe1 · Fe2
|Fe1|

detF
|Fe1| ,

since
min
m

r(F,m, e1) = − 1
(detF − 1) + 1

λ2 (λµ− detF )
! 1
λ2

− 1
(2 (Fe1 · Fe2)2

|Fe1|2 ,

we infer W rc(F ) ≤ �W (F ) − ϕ(F ), see (3.63). This completes the proof of the upper bounds in
(3.67).
Step 2. Lower bound for W pc. In this step we prove that the function

ψ(F ) :=
��W (F )− ψ(F ) if F ∈ Ne1 ,

+∞ otherwise,
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namely, the right hand side of the bound in (3.68), with ψ defined as in (3.64), is a lower bound
for W pc. We preliminary observe that ψ(F ) ≤ W (F ) for every F ∈ Me1 , indeed ψ(F ) = 0 and�W (F ) = W (F ) for F ∈ Me1 . Therefore, by (3.61) we directly obtain that ψ(F ) ≤ W (F ) for
every F ∈ R2×2. To obtain the claim, it remains to show that ψ is polyconvex on R2×2.
Let T (ξ) = (det ξ, ξ) for every ξ ∈ R2×2. Then, ψ(F ) = h(T (F )), where h : R×R2×2 → R∪{+∞}
is defined as

h(t, F ) :=
�
h(t, Fe2) if t ∈ [1, λµ] and |Fe1| ≤ fA,B

e1 (t),
+∞ otherwise,

with the linear function fA,B
e1 as in (3.19),

h(t, w) := |w|2
!
λµ− t+ 1

λ2
(t− 1)

(
− (λµ− t)− µ2

λ2
(t− 1)− g(t)

! 1
λ2

− 1
(2

|w|2, (3.78)

and
g(t) := (λµ− t)(t− 1)

t− 1 + 1
λ2 (λµ− t)

. (3.79)

By the definition of polyconvexity, see Definition 3.3, the thesis amounts to showing that h is
convex. Since the conditions defining the domain of h are convex, it is sufficient to prove that
h is convex on [1, λµ]× R2. A direct computation yields that

∇h(t, w) =

|w|2
�

1
λ2 − 1

%
+ 1− µ2

λ2 − g′(t)
�

1
λ2 − 1

%2 |w|2

2w
�
λµ− t+ 1

λ2 (t− 1)
%
− 2w g(t)

�
1
λ2 − 1

%2
 ,

and

Hh(t, w) =

 −g′′(t)
�

1
λ2 − 1

%2 |w|2 2wT
�

1
λ2 − 1

%
− 2wT g′(t)

�
1
λ2 − 1

%2
2w

�
1
λ2 − 1

%
− 2w g′(t)

�
1
λ2 − 1

%2
2 I2

�
λµ− t+ 1

λ2 (t− 1)
%
− 2 I2 g(t)

�
1
λ2 − 1

%2


=

 2
D(t)3

(λµ−1)2

λ2

�
1
λ2 − 1

%2 |w|2 2
D(t)2

�
1
λ2 − 1

%
(λµ−1)2

λ2 wT

2
D(t)2

�
1
λ2 − 1

%
(λµ−1)2

λ2 w 2
D(t)

(λµ−1)2

λ2 I2

 ,

where
D(t) := t− 1 + 1

λ2
(λµ− t) > 0 ∀ t ∈ [1, λµ],

see Appendix 3.C for the explicit computations. Rewriting the above Hessian matrix pointwise
as

Hh(t, w) =:
�
a(t, w) vT(t, w)
v(t, w) M(t)

&
,

and observing that D(t) > 0, and hence that M(t) is positive definite for any t ∈ [1, λµ], by
Theorem 1.3, we deduce that Hh is positive semi-definite if and only if the Schur complement of
the 2× 2 matrix M(t) at any point (t, w) ∈ [1, λµ]× R2 is positive semi-definite. This is given
by

(Hh/M) (t, w) = a(t, w)− (vTM−1v)(t, w)

for every (t, w) ∈ [1, λµ]× R2. Thanks to (3.93), see Appendix 3.C, we have (vTM−1v)(t, w) =
a(t, w) for every (t, w) ∈ [1, λµ]× R2, implying that (Hh/M) (t, w) ≡ 0 is a 1× 1 positive semi-
definite matrix. In view of Theorem 1.3, it follows that Hh is also positive semi-definite at any
point (t, w) ∈ [1, λµ]× R2, implying that the function h is convex on the same set. This yields
the lower bound in (3.68) and concludes the proof of this step, and of the theorem.
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Remark 3.36. As mentioned in Remark 3.25, other possible rank-one lines to recover part of
the set Rco(Me1) would be obtained by choosing m = e2, namely considering Ft = F + t Fn⊗ e2
for every t ∈ R. Already in the case λ = 1 these lines yield a higher energy bound than the ones
we are considering at the moment. Indeed, the choice m = e2 would imply m1 = 0, meaning that
we could follow the lines of the second part of the proof of Step 1.a, obtaining (3.66) as upper
bound on the whole set Ne1.

3.A Explicit construction for the proof of Lemma 3.29
In order to explicitly construct the function u on the two triangles XY Z and X ′Y Z ′ in Figure
3.5.b (the construction on the other two triangles is analogous up to different notational real-
izations) we need to perform an affine interpolation between the three vertices of the triangles.
Define

X0 := (L− ξH,H), X ′
0 := (L− ξH,−H) and Y0 := (L, 0).

We know already that in these points both functions uL and v coincide with the identity, see
Remark 3.31. Therefore, they are mapped by the function u to the points

X := X0, Y := Y0 and X ′ := X ′
0.

We also notice that the points Z0 := (L− (1−m)ξH, θH) and Z ′
0 := (L− (1−m)ξH,−θH) in

the reference configuration are mapped by u to, respectively,

Z := u(Z0) = uL(v(Z0)) = uL(L− (1−m)ξH, θH − qm(1−m)ξH)

=
�
L− (1−m)ξH + (1− θ)t[θH − qm(1−m)ξH]

1
d [θH − qm(1−m)ξH]

&T

and
Z ′ := u(Z ′

0) = uL(v(Z ′
0)) = uL(L− (1−m)ξH,−θH − qm(1−m)ξH)

=
�
L− (1−m)ξH − θt[(1− θ)H − qm(1−m)ξH]

−H + λµ
d [(1− θ)H − qm(1−m)ξH]

&T

,

see Remark 3.31 for the explicit formulation of uL and v.
Consider first the triangle XY Z (in red in Figure 3.5.b). We need to find a function uXY Z :
R2 → R2 defined by

uXY Z(x, y) =
�

ax+ by + c
a′x+ b′y + c′

&T

such that uXY Z(X0) = X, uXY Z(Y0) = Y and uXY Z(Z0) = Z. This implies

uXY Z(x, y) :=
�
ax+ ξ(a− 1)y − L(a− 1)

a′x+ (1 + a′ξ)y − La′

&T

,

with
a := 1 + (1− θ)t[θH − qm(1−m)ξH]

ξH(θ +m− 1)
and

a′ := 1
ξH(θ +m− 1)

�
−θH + 1

d
[θH − qm(1−m)ξH]

�
.
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As a consequence, we have

∇uXY Z =
�
a ξ(a− 1)
a′ 1 + a′ξ

&
and det∇uXY Z = a+ ξa′. (3.80)

Consider then the triangle in the fourth quadrant, namely X ′Y Z ′ (in blue in Figure 3.5.b). We
need to find a function uX′Y Z′ : R2 → R2 defined by

uX′Y Z′(x, y) =
�

αx+ βy + η
α′x+ β′y + η′

&T

such that uX′Y Z′(X ′
0) = X ′, uX′Y Z′(Y0) = Y and uX′Y Z′(Z ′

0) = Z ′. This implies

uX′Y Z′(x, y) :=
�
αx+ ξ(1− α)y + L(1− α)

α′x+ (1− α′ξ)y − Lα′

&T

,

with
α := 1− θt[(1− θ)H − qm(1−m)ξH]

ξH(θ +m− 1)
and

α′ := 1
ξH(θ +m− 1)

�
−(1− θ)H + λµ

d
[(1− θ)H − qm(1−m)ξH]

�
.

As a consequence, we have

∇uX′Y Z′ =
�
α ξ(1− α)
α′ 1− α′ξ

&
and det∇uX′Y Z′ = α− ξα′. (3.81)

We proceed by showing that we can choose our parameters in such a way that

det∇uXY Z ∈
�
1
d ,

λµ
d

�
and det∇uX′Y Z′ ∈

�
1
d ,

λµ
d

�
, (3.82)

keeping in mind that m ∈ (0, 1), q ∈ R and ξ must be large. Note that, writing down the
determinants explicitly, we have

det∇uXY Z = 1 +
(1− θ)t[θH − qm(1−m)ξH]

ξH(θ +m− 1) + ξ

ξH(θ +m− 1)
�
−θH + 1

d
[θH − qm(1−m)ξH]

�
= 1− θ

θ +m− 1 +
θH − qm(1−m)ξH

ξH(θ +m− 1)
�
(1− θ)t+ ξ

d

�
= − 1−m

m− (1− θ) +
θ − qm(1−m)ξ
ξ(m− (1− θ))

�
(1− θ)t+ ξ

d

�
and

det∇uX′Y Z′ = 1− θt[(1− θ)H − qm(1−m)ξH]
ξH(θ +m− 1)

− ξ

ξH(θ +m− 1)
�
−(1− θ)H + λµ

d
[(1− θ)H − qm(1−m)ξH]

�
= 1 + 1− θ

θ +m− 1 −
(1− θ)H − qm(1−m)ξH

ξH(θ +m− 1)
�
θt+ λµ

d
ξ

�
= m

m− (1− θ) −
(1− θ)− qm(1−m)ξ

ξ(m− (1− θ))

�
θt+ λµ

d
ξ

�
,
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and we exclude the choice m = 1− θ. Computing the difference of the two determinants we get

D := det∇uXY Z − det∇uX′Y Z′ = 2 θ(1− θ)t
ξ(m− (1− θ)) −

qm(1−m)
m− (1− θ)

�
1 + ξ

d
(λµ+ 1)

�
.

Now, let us choose q ∈ R such that D = 0, namely such that solves

qm(1−m)
m− (1− θ) =

2θ(1− θ)t
ξ(m− (1− θ))

d

d+ ξ(λµ+ 1) ,

implying
q := 2θ(1− θ)t

ξm(1−m)
d

d+ ξ(λµ+ 1) . (3.83)

Plugging it into the expression of det∇uX′Y Z′ , at this point equal to det∇uXY Z , we get

det∇uX′Y Z′ = m+ δ(ξ)
m− (1− θ) , (3.84)

with
δ(ξ) := −1− θ

d

ξ2λµ(λµ+ 1) + ξd(λµ− λµθt+ θt) + d2θt(1− 2θt)
ξ(d+ ξ(λµ+ 1)) . (3.85)

Notice that, if we rename the coefficients of the function for simplicity, namely

δ(ξ) = āξ2 + b̄ξ + c̄

d̄ξ + ēξ2
,

computing its derivative we get

d

dξ
δ(ξ) = (ād̄− b̄ē)ξ2 − 2c̄ēξ − c̄d̄

(d̄ξ + ēξ2)2
. (3.86)

Taking into account (3.85), we get

ād̄− b̄ē = −λµ(λµ+ 1)(1− θ)d2 + d2(λµ+ 1)(1− θ)(λµ− λµθt+ θt)
= d2(λµ+ 1)(1− θ)θt(1− λµ) < 0,

meaning that the numerator of the derivative is a parabola that opens downwards.
Let us consider the critical case first, namely θ = 1

2t . Assuming that this value falls into the
interval (0, 1), otherwise it is enough to just ignore this case, we get

lim
ξ→+∞

δ(ξ) = −λµ(1− θ)
d

=: δ∗ < 0 and lim
ξ→0+

δ(ξ) = −(1− θ)(λµ+ 1)
2d =: δ∗∗ < 0.

Note that δ∗ < δ∗∗ < −(1 − θ). By (3.84), we know we have to find m ∈ (0, 1) and ξ > 0 such
that (3.82) is verified. Assuming that det∇uX′Y Z′ = λµ

d , so det∇uXY Z as well, we get that we
have to find m ∈ (0, 1) and ξ > 0 such that

m = d

λµ− d

�
δ(ξ) + λµ(1− θ)

d

�
. (3.87)

Note that, in this case, by continuity of the function δ, we can always find ξ̄ ∈ (0,+∞) such
that δ(ξ̄) ∈ (δ∗, δ∗∗). In particular, since the derivative is always negative in this case, indeed
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c̄ = 0 in (3.86), for any ξ̄ ∈ (0,+∞) we fall into the interval. Now we aim to find m ∈ (m∗,m∗∗),
where

m∗ := 0 and m∗∗ := (1− θ)(λµ− 1)
2(λµ− d) = 12

d− 1
λµ− d

> 0

are computed plugging the two values δ∗ and δ∗∗ in (3.87). Obviously the two intervals (0, 1)
and (0,m∗∗) have a not empty intersection, implying the existence of m ∈ (0,min{1,m∗∗}) and
ξ > 0 such that det∇uX′Y Z′ = λµ

d . Since D = 0, then (3.82) is verified. In particular, we can
choose ξ very large and m close to 0, in order to avoid the possibility to recover the value m∗∗,
possibly not admissible (if bigger than 1).
Now, let us assume θ ̸= 1

2t . In this case we get

lim
ξ→+∞

δ(ξ) = −λµ(1− θ)
d

=: δ∗ < 0 and lim
ξ→0+

δ(ξ) = sign(2θt− 1) · ∞.

Let us split the analysis in two, namely considering the cases θ ∈
�
0, 1

2t

%
and θ ∈

�
1
2t , 1

%
separately. It is possible, since a priori we only know that t > 0, that for certain choices of t the
interval

�
1
2t , 1

%
is empty, but in this case we just ignore it. Moreover, we are looking for ξ big

enough, since we want to be able to choose it as 1
ε , meaning that we can always assume δ(ξ) < 0

and we can rewrite the function in (3.84) as

det∇uX′Y Z′ = m− |δ(ξ)|
m− (1− θ) . (3.88)

We now need to find ξ big enough and m ∈ (0, 1) \ {1− θ} such that (3.82) is verified.

1−|δ(ξ)|
θ

|δ(ξ)|
1−θ

λµ
d

1
d

det∇uX′Y Z′

m1− θ

Figure 3.7: Here is represented the function det∇uX′Y Z′ given by (3.88) as a function of m
for a given ξ big enough. The red strip represents the interval of the admissible values of the
determinant. Note that choosing δ(ξ) = δ∗ the two endpoints fall exactly at the two corners of
the red rectangle.

First, let us consider θ > 1
2t , meaning limξ→0+ δ(ξ) = +∞. We already know that the numerator

of the derivative in (3.86) is a parabola that opens downwards. Moreover, we have that d̄ = d2

and, since we are in the case θ > 1
2t ,

c̄ = −(1− θ)d2θt(1− 2θt) > 0,
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implying that −c̄d̄ < 0 and entailing that the numerator of the derivative is negative for ξ close
to zero, see (3.86). This yields that the derivative of δ(ξ) has either two or no changes of sign
in the interval (0,+∞) and it is such that

lim
ξ→0+

d

dξ
δ(ξ) = −∞ and lim

ξ→+∞
d

dξ
δ(ξ) = 0−.

This yields that choosing a value of ξ big enough implies that the function δ(ξ) computed in
that value is such that δ∗ < δ(ξ) < 0, meaning that we can always find a value of m such that
det∇uX′Y Z′ ∈ [ 1d , λµd ], in particular close to λµ

d , see Figure 3.7. Since D = 0, then (3.82) is also
verified.
Lastly, let us assume instead θ < 1

2t . This yields limξ→0+ δ(ξ) = −∞, meaning that the function
δ(ξ) defined in (3.85) is not monotone increasing. Indeed, we know already that the numerator
of the derivative in (3.86) is a parabola that opens downwards. Moreover, we have that d̄ = d2

and, since we are in the case θ < 1
2t ,

c̄ = −(1− θ)d2θt(1− 2θt) < 0,

implying that −c̄d̄ > 0, entailing that the numerator is positive for ξ close to zero. This yields
that the derivative of δ(ξ) has only one change of sign in the interval (0,+∞) and it is such that

lim
ξ→0+

d

dξ
δ(ξ) = +∞ and lim

ξ→+∞
d

dξ
δ(ξ) = 0−.

This implies that the function δ(ξ) admits a global maximum, possibly positive, in the interval
(0,+∞) and this maximum is strictly bigger than δ∗. Choosing ξ big enough implies that the
function δ(ξ) computed in that value is such that δ∗ < δ(ξ) < 0, meaning that we can always
find a value of m such that det∇uX′Y Z′ ∈ [ 1d , λµd ], in particular close to λµ

d , see Figure 3.7. Since
D = 0, then (3.82) is verified also in this last case.
Note that, by (3.85), (3.88) and by considering det∇uX′Y Z′ = λµ

d , we get that

m = m(ξ) = λµ(1− θ)
λµ− d

− 1− θ

λµ− d

88888ξ2λµ(λµ+ 1) + ξd(λµ− λµθt+ θt) + d2θt(1− 2θt)
ξ2(λµ+ 1) + ξd

88888
= λµ(1− θ)

λµ− d
− 1− θ

λµ− d

88888λµ+ −ξdθt(λµ− 1) + d2θt(1− 2θt)
ξ2(λµ+ 1) + ξd

88888 .
For ξ big enough, the function in the absolute value is positive, entailing

mξ = m(ξ)ξ = 1− θ

λµ− d

ξdθt(λµ− 1)− d2θt(1− 2θt)
ξ(λµ+ 1) + d

≈ ct, (3.89)

where c is independent of ξ and t. Indeed, if t = 1
2θ then

mξ = 1− θ

λµ− d

dθt(λµ− 1)
λµ+ 1 + d

ξ

≈ ct,

while in the case t ̸= 1
2θ , if max{ t

ξ ,
t2

ξ } is small enough, we have

mξ = 1− θ

λµ− d

dθt(λµ− 1) + d2θt(2θt−1)
ξ

λµ+ 1 + d
ξ

≈ ct.
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3.B Estimates in the proof of Lemma 3.29
In order to complete the proof of Lemma 3.29, we need to estimate the distance between the
gradient of the laminate we constructed in all the different parts, see Figure 3.5.b, and the two
matrices defined by (3.49). In order to do so, we consider every subset of the construction in
Figure 3.5.b on its own.
First of all, thanks to (3.50), in the white part of the rectangle in Figure 3.5.b, excluding the
central three pieces, we obtain

| �AC − �A| ≤ ct(1 + t) 1
ξ2m

,

| �AD − �A| ≤ ct(1 + t) 1
ξ2(1−m) ,

| �BC − �B| ≤ ct(1 + t) 1
ξ2m

,

with c being a constant independent of m, t and ξ. Note that for ξ big enough, we have m very
close to 0, implying that 1−m > m, allowing us to say

| �AD − �A| ≤ ct(1 + t) 1
ξ2m

.

This, together with (3.89), yields that considering the gradient in the white area of Figure 3.5.b
we get

dist(∇u, [ �A, �B]) ≤ dist(∇u, { �A, �B}) ≤ c(1 + t)1
ξ
. (3.90)

We are now left to prove a similar estimate in the blue and red areas of the set in Figure 3.5.b.
Let us start from the red areas, namely the triangle XY Z and its symmetric one, see again
Figure 3.5.b. Exploiting the explicit expression of q, see (3.83), and that l = ξH we get

a = 1 + (1− θ)θt
ξ(m− (1− θ)) −

2(1− θ)2t2θ
ξ(m− (1− θ))

d

d+ ξ(λµ+ 1)
and

a′ =
θ
�
−1 + 1

d

%
ξ(m− (1− θ)) −

2(1− θ)tθ
ξ(m− (1− θ))

1
d+ ξ(λµ+ 1)

in (3.80). This implies888∇uXY Z − �B8882 = θ2(1− θ)2t2
ξ2((1− θ)−m)2

!
1− 2(1− θ)td

d+ ξ(λµ+ 1)

(2

+ θ2t2
� 1− θ

(1− θ)−m

!
1− 2(1− θ)td

d+ ξ(λµ+ 1)

(
− 1

�2
+ θ2

ξ2((1− θ)−m)2
!
1− 1

d
+ 2(1− θ)t

d+ ξ(λµ+ 1)

(2

+
�

θ

(1− θ)−m

!
1− 1

d
+ 2(1− θ)t

d+ ξ(λµ+ 1)

(
+ 1− λµ

d

�2
=: (I) + (II) + (III) + (IV ).

Now we estimate each term on its own. Let us remark that if m is small enough, true since we
choose ξ big enough, then (1− θ)−m ≥ 1−θ

2 . Moreover, choosing
t
ξ small enough, we have

(I) = θ2(1− θ)2t2
ξ2((1− θ)−m)2

!
1− 2(1− θ)td

d+ ξ(λµ+ 1)

(2
≤ c

t2

ξ2
.
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For the second term, we have that, choosing max{ t
ξ ,

t2

ξ } small enough,

(II) = θ2t2
� 1− θ

(1− θ)−m

!
1− 2(1− θ)td

d+ ξ(λµ+ 1)

(
− 1

�2
≤ ct2

�!
m

(1− θ)−m

(2
+

! 1− θ

(1− θ)−m

2(1− θ)td
d+ ξ(λµ+ 1)

(2�
≤ c

t4

ξ2
,

where we exploited that m is of order t
ξ for ξ big enough, see (3.89). Assuming again that

t
ξ is

small enough, the third term can be estimated by

(III) = θ2

ξ2((1− θ)−m)2
!
1− 1

d
+ 2(1− θ)t

d+ ξ(λµ+ 1)

(2
≤ c
1
ξ2

,

while the fourth by

(IV ) =
�

θ

(1− θ)−m

!
1− 1

d
+ 2(1− θ)t

d+ ξ(λµ+ 1)

(
+ 1− λµ

d

�2

=

m
�
λµ
d − 1

%
(1− θ)−m

+ θ

(1− θ)−m

2(1− θ)t
d+ ξ(λµ+ 1)

2

≤ c

!
m+ t

ξ

(2
≤ c

t2

ξ2
,

again exploiting that m is of order t
ξ for ξ big enough, see (3.89). Plugging them together we

have that 888∇uXY Z − �B8882 ≤ c

�
t2

ξ2
+ t4

ξ2
+ 1

ξ2

�
≤ c
(1 + t2)2

ξ2
. (3.91)

Regarding the blue areas, namely the triangle X ′Y Z ′ and its symmetric one in Figure 3.5.b, we
can exploit again the explicit expression of q, see (3.83), and that l = ξH, getting

α = 1 + θ(1− θ)t
ξ((1− θ)−m) −

2(1− θ)t2θ2
ξ((1− θ)−m)

d

d+ ξ(λµ+ 1)

and

α′ = −
(1− θ)

�
λµ
d − 1

%
ξ((1− θ)−m) +

2(1− θ)tθ
ξ((1− θ)−m)

λµ

d+ ξ(λµ+ 1)
in (3.81). This implies

888∇uX′Y Z′ − �B8882 = θ2(1− θ)2t2
ξ2((1− θ)−m)2

!
1− 2θtd

d+ ξ(λµ+ 1)

(2

+ θ2t2
� 1− θ

(1− θ)−m

!
1− 2θtd

d+ ξ(λµ+ 1)

(
− 1

�2
+ (1− θ)2

ξ2((1− θ)−m)2
!
λµ

d
− 1− 2θtλµ

d+ ξ(λµ+ 1)

(2

+
� 1− θ

(1− θ)−m

!
λµ

d
− 1− 2θtλµ

d+ ξ(λµ+ 1)

(
+ 1− λµ

d

�2
=: (2I) + (3II) + (4III) + (4IV ).
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Considering the first term and choosing t
ξ small enough, we get

(2I) = θ2(1− θ)2t2
ξ2((1− θ)−m)2

!
1− 2θtd

d+ ξ(λµ+ 1)

(2
≤ c

t2

ξ2
,

For the second term, choosing max{ t
ξ ,

t2

ξ } small enough, we get

(3II) = θ2t2
� 1− θ

(1− θ)−m

!
1− 2θtd

d+ ξ(λµ+ 1)

(
− 1

�2
≤ ct2

�!
m

(1− θ)−m

(2
+

! 1− θ

(1− θ)−m

2θtd
d+ ξ(λµ+ 1)

(2�
≤ c

t4

ξ2
,

where we exploited that m is of order t
ξ for ξ big enough, see (3.89). Assuming again that

t
ξ is

small enough, the third term can be estimated by

(4III) = (1− θ)2
ξ2((1− θ)−m)2

!
λµ

d
− 1− 2θtλµ

d+ ξ(λµ+ 1)

(2
≤ c
1
ξ2

,

while the fourth by

(4IV ) = � 1− θ

(1− θ)−m

!
λµ

d
− 1− 2θtλµ

d+ ξ(λµ+ 1)

(
+ 1− λµ

d

�2

=

m
�
λµ
d − 1

%
(1− θ)−m

+ 1− θ

(1− θ)−m

2θtλµ
d+ ξ(λµ+ 1)

2

≤ c

!
m+ t

ξ

(2
≤ c

t2

ξ2
,

again exploiting that m is of order t
ξ for ξ big enough, see (3.89). Plugging them together we

have that 888∇uX′Y Z′ − �B8882 ≤ c

�
t2

ξ2
+ t4

ξ2
+ 1

ξ2

�
≤ c
(1 + t2)2

ξ2
. (3.92)

3.C Properties of the Hessian matrix in the proof of Theorem
3.34

In order to understand whether the Hessian matrix

Hh(t, w) =

 −g′′(t)
�

1
λ2 − 1

%2 |w|2 2wT
�

1
λ2 − 1

%
− 2wT g′(t)

�
1
λ2 − 1

%2
2w

�
1
λ2 − 1

%
− 2w g′(t)

�
1
λ2 − 1

%2
2 I2

�
λµ− t+ 1

λ2 (t− 1)
%
− 2 I2 g(t)

�
1
λ2 − 1

%2


=:
�
a(t, w) vT(t, w)
v(t, w) M(t)

&

of the function h defined by (3.78) on the set [1, λµ]× R2 is positive definite (or semi-definite),
we need to study the sign of its entries. Let us remind that the function g is defined as in (3.79),
namely

g(t) := (λµ− t)(t− 1)
t− 1 + 1

λ2 (λµ− t)
= −t2 + (λµ+ 1)t− λµ

D(t) .



Chapter 3. Relaxation of variational models for two-phase elastoplastic materials 94

Note that g(t) ≥ 0 for any t ∈ [1, λµ], with g(t) = 0 if and only if t = 1 or t = λµ. Moreover, its
denominator D(t) is strictly positive for any value of t ∈ [1, λµ]. Computing its first derivative,
one gets

g′(t) =
−(1− 1

λ2 )t2 − 2t(µλ − 1) + (µ2 − 1)
[t− 1 + 1

λ2 (λµ− t)]2
.

Moreover, computing the second derivative of the function g, one gets

g′′(t) = − 2 (λµ−1)2

λ2

[t− 1 + 1
λ2 (λµ− t)]3

= −(λµ− 1)2
λ2

2
D(t)3 .

Note that g′′(t) < 0 for any value of t ∈ [1, λµ] since D(t) > 0. Now, let us compute explicitly
the elements of the Hessian matrix of h. First,

a(t, w) := −g′′(t)
! 1
λ2

− 1
(2

|w|2 = 2
D(t)3

(λµ− 1)2
λ2

! 1
λ2

− 1
(2

|w|2.

Secondly,

M(t) := 2 I2
!
λµ− t+ 1

λ2
(t− 1)

(
− 2 I2 g(t)

! 1
λ2

− 1
(2

= 2 I2
�
λµ− t+ 1

λ2
(t− 1)− (λµ− t)(t− 1)

t− 1 + 1
λ2 (λµ− t)

! 1
λ2

− 1
(2

�

= 2
D(t)

(λµ− 1)2
λ2

I2.

Lastly, we have that

v(t, w) := 2w
! 1
λ2

− 1
(
− 2w g′(t)

! 1
λ2

− 1
(2

= 2w
! 1
λ2

− 1
(�
1− −(1− 1

λ2 )t2 − 2t(µλ − 1) + (µ2 − 1)
[t− 1 + 1

λ2 (λµ− t)]2
! 1
λ2

− 1
(�

= 2
D(t)2

! 1
λ2

− 1
( (λµ− 1)2

λ2
w.

In order to apply Theorem 1.3, since the matrixM(t) is positive definite for any point t ∈ [1, λµ],
we also need to check whether its Schur complement is positive definite (or semi-definite) at any
point (t, w) ∈ [1, λµ]× R2. That is defined as

(Hh/M)(t, w) = a(t, w)− (vTM−1v)(t, w).

Note that
M−1(t) = D(t)

2
λ2

(λµ− 1)2 I2,
implying that�

M−1v
%
(t, w) = D(t)

2
λ2

(λµ− 1)2
2

D(t)2
! 1
λ2

− 1
( (λµ− 1)2

λ2
w = 1

D(t)

! 1
λ2

− 1
(
w.

Multiplying on the left side with vT we get�
vTM−1v

%
(t, w) = 1

D(t)

! 1
λ2

− 1
( 2

D(t)2
! 1
λ2

− 1
( (λµ− 1)2

λ2
|w|2 = a(t, w). (3.93)

This implies that (Hh/M)(t, w) ≡ 0 at any point (t, w) ∈ [1, λµ] × R2, which is a positive
semi-definite matrix, implying that the Hessian matrix Hh is positive semi-definite again at any
point.



Chapter 4

Global higher integrability and
Hardy inequalities for double-phase
functionals under a capacity density
condition

This chapter reports the contents of [21].

4.1 Introduction
In the present chapter, we consider the global higher integrability of quasi-minimizers to func-
tionals of double-phase type in a bounded and open set Ω ⊂ Rn. To this end, not only the
regularity of the boundary datum, but also the regularity of the underlying domain itself is
crucial. In the special case of minimizers of the p-energy

ˆ
Ω
|∇u|p dx,

it is well-known that the uniform p-capacity density condition, also known as uniform p-fatness,
of the complement Rn \ Ω is optimal, see [141]. Thus, the question arises what the optimal
condition on Ω is if the integrand in the preceding functional is replaced by the double-phase
integrand

φ(x, t) = tp + a(x)tq, (4.1)

where 1 < p < q < +∞, and the modulating coefficient a : Rn → [0,+∞) satisfies

a ∈ C0,α(Rn) for some α ∈ (0, 1]. (4.2)

Starting from [157], P. Marcellini developed the theory for functionals with non-standard
growth, also known as (p, q)-growth, while in [201] V.V. Zhikov studied minimizers of such
functionals as models of anisotropic materials. In certain models, the assumption of a continuous
anisotropy change is reasonable, for example in electrorheological fluid dynamics where the
anisotropy depends on the smooth electrical field, see [187]. This is modeled by functionals
with a variable-exponent growth, namely F (x, t) ≈ tp(x) where the function p(·) is continuous.
Other models, such as composite materials, are instead described better by clear-cut transitions
and, to this end, M. Colombo & G. Mingione in [72] developed the regularity theory of the
double-phase functional (see also [16, 17, 18, 71]). Indeed, the integrand defined as in (4.1)

95
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has the property that the growth rate changes harshly from p to q depending on whether the
modulating coefficient a defined as in (4.2) is zero. From there, an extensive literature has been
produced both regarding the double-phase functional, see [51, 52, 53, 54, 55], and integrands
with non-standard growth, see for example [22, 80, 105, 106] for results regarding Lipschitz
regularity, [131, 135, 144, 176] for higher regularity results, [177] for partial Hölder regularity of
elliptic systems, and [26, 27, 116] for the case of obstacle problems with non-standard growth.
In particular, it turned out that the condition

q

p
≤ 1 + α

n
(4.3)

on the gap between the exponents p and q is crucial for the Hölder continuity of minimizers of
the double-phase functional and regularity results concerning their gradients, see [18, 109, 112].
Concerning global higher integrability, for the case of variable exponents we refer to [103, 104].
In the more delicate case of the double-phase integrand, S.-S. Byun & J. Oh in [52] were able
to deal with Reifenberg flat domains. Further, based on the local result [128], A. Karppinen in
[140] obtained a global higher integrability result for an obstacle problem under the assumption
of a measure density condition on the boundary. However, the question remains whether it can
be generalized to a capacity density condition involving a notion of capacity that is adapted to
the double-phase integrand. Note that Orlicz space capacities in the x-independent case go back
at least as far as [2], see also [1, 150], and relative capacities for generalized Φ-functions such
as the double-phase integrand are already in use in the literature, see [20], and were inspired
by the definitions of capacities for variable exponents, see [95]. A partial answer to the main
question above and related observations regarding such a notion of capacity are given in the
present chapter.
Indeed, in the special case of the p-energy, a key step toward global higher integrability is the
self-improving property of the uniform p-fatness condition. In the Euclidean case, it follows by
setting α = 1 in the more general result in [155] concerning (α, p)-fatness conditions related
to Riesz capacities. Another proof for the self-improvement of uniform p-fatness in (weighted)
Rn was given in [162], and more general metric spaces were treated in [29] and [153]. For the
case of variable exponents, we refer to [162] and [103], while in the case of certain log-scale
distortions of Ln, an analogous result was proven in [49]. In particular, we point out that the
proof by J. Lehrbäck, H. Tuominen & A. Vähäkangas [153] relies on the equivalence of
uniform p-fatness with boundary Poincaré inequalities and pointwise Hardy inequalities, and the
corresponding self-improving property of the boundary Poincaré inequalities; for an adaptation
to the Euclidean setting we refer to the monograph [142] by J. Kinnunen, J. Lehrbäck
& A. Vähäkangas. Therefore, we became interested in the connection between these types
of inequalities for the double-phase integrand and related capacity density conditions on the
complement of Ω. In this context, a Maz’ya type inequality is a crucial intermediate step. The
expected statement is

−
ˆ
B(z,r)

φ(x, |u|) dx ≤ C

capφ
�
{u = 0} ∩B

 
z, r2

'
, B(z, r)

% ˆ
B(z,r)

φ(x, |∇u|) dx

with a notion of capacity capφ that is adapted to the double-phase integrand. Somewhat sur-
prisingly we found a counterexample that shows that the preceding formula does not hold with
the notion of capacity introduced in [20], see Example 4.27.
This led us to introduce the concepts of infimal variational φ-capacity (see Definition 4.1) and
infimal variational φ-fatness (see Definition 4.2) of sets. They are based on the notions of level-t-
and infimal capacity used by S. M. Buckley & P. Koskela in [49] in the x-independent case.
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First, for a general open set O ⊂ Rn, we set

a−
O := infx∈O

a(x) and a+O := sup
x∈O

a(x)

and we let
φ−
O(t) := tp + a−

Otq and φ+
O(t) := tp + a+Otq.

For an open ball O = B(z, r) with center z ∈ Rn and radius r > 0, we will write a±
z,r := a±

B(z,r)
and φ±

z,r := φ±
B(z,r). In the x-independent case a ≡ ao ≥ 0 the following definition coincides with

the respective notion in [49].

Definition 4.1. Let E be a compact subset of an open set O ⊂ Rn and consider a level t > 0.
Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞. Then
the variational level-t-capacity associated with φ is given by

captφ(E;O) := inf
�ˆ

O

φ(x, |∇u|)
φ−
O(t)

dx : u ∈ Lip(O), u ≥ tχE , u
88
∂O
= 0




and the infimal φ-capacity of E in Ω is given by

capinfφ (E;O) := inf
t>0
captφ(E;O).

At this stage, we define local infimal φ-fatness analogously to [49]. Note that in the definition we
use the auxiliary functions 2φz,r, but later in Lemma 4.13, we prove that the following definition
is equivalent to the standard formulation of fatness given in (4.15).

Definition 4.2. A closed set E ⊂ Rn is called locally infimally φ-fat at a point z ∈ E if there
exist a constant cfat and a radius 0 < ro ≤ 1 such that

capinf2φz,r

!�
x ∈ B

�
0, 12

%
: z + rx ∈ E

�
;B(0, 1)

(
≥ cfat (4.4)

for any radius 0 < r < ro, where 2φz,r : B(0, 1)× [0,+∞)→ [0,+∞) is defined by

2φz,r(x, t) := φ(z + rx, t) = tp + a(z + rx)tq. (4.5)

If there is a set S ⊂ E such that E is locally infimally φ-fat at all z ∈ S with the same parameters
cfat and ro, we call E locally uniformly infimally φ-fat at S. Whenever S = E, we simply refer
to E as locally uniformly infimally φ-fat. Furthermore, we use the notation p-fat instead of
infimally φ-fat whenever φ = | · |p.
In Section 4.3 we prove that the local infimal φ-fatness condition is self-improving. Further, our
first main result allows to use the fatness condition on the complement of the domain Ω in order
to prove a Hardy inequality in integral form. The special case of this result for power functions
was first proven for p = 2 in [10], and it was generalized for p ≥ 1 in [155, 198]. For Lipschitz
domains, there are significantly more precise results, see for example [66]. Moreover, in [49, 48]
similar results were proven in the case of certain log-scale distortions of Ln.
Throughout the chapter, Lip0(Ω) denotes the space of Lipschitz functions u ∈ Lip(Ω) with
compact support supp(u) ⋐ Ω. Moreover, as usual, in the following we will denote the Hölder
constant of a by

[a]0;α;O := sup
x,y∈O, x ̸=y

|a(x)− a(y)|
|x− y|α and [a]0;α := [a]0;α;Rn .
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Theorem 4.3 (Integral Hardy Inequality). Let φ be defined according to (4.1) such that (4.2)
and (4.3) hold with 1 < p < q < +∞ and assume that Ω ⊂ Rn is a bounded open set such
that its complement Rn \ Ω is locally uniformly infimally φ-fat with a radius 0 < ro ≤ 1 and
fatness constant cfat > 0. Then, there exists a constant c = c(n, p, q, ro, cfat) such that the Hardy
inequality in integral form

ˆ
Ω
φ

!
x,

|u(x)|
dist(x, ∂Ω)

(
dx

≤ c

!
1 + diam(Ω)α+

n(p−q)
p [a]0;α∥∇u∥q−p

Lp(Ω)

( p
p−1

ˆ
Ω
φ(x, |∇u(x)|) dx

holds true for any u ∈ Lip0(Ω).
In order to state our second main result, we will denote the integral average of a function u in
a set E by

(u)E := −
ˆ
E
u dx = 1

|E|
ˆ
E
u dx,

and for an exponent 1 < m < +∞ we generalize this notation as

(u)E,m :=
!
−
ˆ
E
|u|m dx

( 1
m

.

Moreover, we need to introduce the restricted centered maximal operator, see [142, Definition
1.27].

Definition 4.4. Let R : Rn → [0,+∞] be a function. Then the restricted centered maximal
operator MR is defined as follows: for any f ∈ L1

loc(Rn), we have that MRf : Rn → [0,+∞] is
given by

MRf(x) :=


|f(x)| if R(x) = 0,

sup
0<r<R(x)

−
ˆ
B(x,r)

|f(y)| dy if R(x) > 0.

Our second main result shows that the local p-fatness condition, the local infimal φ-fatness
condition (4.4), a boundary Poincaré inequality, a pointwise Hardy inequality, and a mean value
version of the pointwise Hardy inequality are all equivalent; we also refer to Remark 4.28 for
further clarification. In particular, it is surprising that the boundary Poincaré inequality and the
pointwise Hardy inequalities, as stated in Theorem 4.5 and Remark 4.28, are already equivalent
to the local p-fatness condition.
Pointwise Hardy inequalities were introduced in [124] and [143], where it was already shown that
uniform p-fatness of the complement guarantees that the domain admits the pointwise p-Hardy
inequality. In [147] the converse, and thus the equivalence of the two was proven, see also [142,
Theorem 6.23]. In contrast, already in the case of power functions, the integral version of the
Hardy inequality is only equivalent to the local uniform p-fatness condition if p = n.

Theorem 4.5. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p <
q < +∞, assume that Ω ⊂ Rn is an open set, and let 0 < ro ≤ 1 and cfat > 0. Then, the
following conditions are equivalent:

1. Rn \ Ω is locally p-fat.

2. Rn \ Ω is locally uniformly infimally φ-fat with constants ro and cfat.



99 4.1. Introduction

3. For any z ∈ Rn \ Ω, y ∈ Rn, 0 < r < ro and R > 0 and any u ∈ Lip0(Ω) we have that

−
ˆ
B(z,r)

φ±
y,R(|u|) dx ≤ c(n, p, q, cfat)

�
1 + a±

y,R(r∇u)q−p
B(z,r),p

%
−
ˆ
B(z,r)

|r∇u|p dx.

4. For any z ∈ Ω such that rz := dist(z, ∂Ω) < ro, y ∈ Rn, R > 0 and u ∈ Lip0(Ω), we have
that

φ±
y,R

�
(u)B(z,rz)

%
≤ c(n, p, q, cfat)

�
1 + a±

y,R(rz∇u)q−p
B(z,2rz),p

%
−
ˆ
B(z,2rz)

|rz∇u|p dx.

5. For any z ∈ Ω such that rz := dist(z, ∂Ω) < ro, y ∈ Rn, R > 0 and u ∈ Lip0(Ω), we have
the pointwise Hardy inequality

φ±
y,R (u(z)) ≤ c(n, p, q, cfat)

�
1 + a±

y,RM2rz(|rz∇u|p) q−p
p (z)

�
M2rz(|rz∇u|p)(z).

Since the local uniform infimal φ-fatness is self-improving, see Section 4.3, at this stage it would
be possible to prove global higher integrability for minimizers of the double-phase functional in
Ω under this condition on Rn \ Ω. However, we are able to deal with a weaker condition based
on a combination of p- and q-fatness conditions for appropriate subsets of Rn \ Ω. While it is
probably still not optimal, our method is flexible enough to consider quasi-minimizers of general
functionals of double-phase type

F :W 1,p(Ω)→ [0,+∞], F [u; Ω] :=
ˆ
Ω
F (x, u,∇u) dx, (4.6)

where the integrand F : Ω×R×Rn → R is a Carathéodory function that satisfies the inequality

ν φ(x, ξ) ≤ F (x, u, ξ) ≤ Lφ(x, ξ) ∀ (x, u, ξ) ∈ Ω× R× Rn (4.7)

with constants 0 < ν ≤ L. Instead of (4.3), we impose the strict inequality
q

p
< 1 + α

n
. (4.8)

Remark 4.6. In order for the class of functionals given by (4.6) to take only finite values, the
right class of functions to consider is the Musielak-Orlicz-Sobolev space

W 1,φ(·)(Ω) :=
�
f ∈ W 1,1

loc (Ω) : f, |∇f | ∈ Lφ(·)(Ω)
	
, (4.9)

see [20, Definition 3]. Note that the double phase integral defined as in (4.1) is a generalized
convex Φ-function, see Definition 1.20. So, in particular, for the double-phase integrand, the
space Lφ(·)(Ω) is a Banach space, see Lemma 1.22.

Next, we define quasi-minimizers of F analogously to [176, Definition 2.1].
Definition 4.7. Assume that the functional F is given by (4.6) with an integrand satisfying
(4.7). A function u ∈ W 1,p

loc (Ω) is a quasi-minimizer, or CQ-minimizer, of F if F (x, u,∇u) ∈
L1
loc(Ω) and if there exists a constant CQ > 0 such that for any v ∈ W 1,p(Ω) with supp(u−v) ⊂ Ω

there holds
F [u; supp(u− v)] ≤ CQF [v; supp(u− v)]. (4.10)

If CQ = 1, we say that u is a minimizer of F .
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We are now ready to state the global higher integrability result. In particular, our fatness
assumption on a neighborhood of a boundary point x depends on whether a vanishes in x. If
this is the case, we assume that Rn\Ω is locally uniformly p-fat around that point. Otherwise, q-
fatness is sufficient. Such an assumption ensures that both fatness conditions are self-improving.
For a discussion of the optimality of the condition on Ω, we refer to Remark 4.31

Theorem 4.8 (Global Higher Integrability). Let φ be defined according to (4.1) such that (4.2)
and (4.8) hold with 1 < p < q < +∞. Let Ω ⊂ Rn be a bounded open set such that Rn \ Ω is
locally uniformly q-fat with parameters cfat > 0 and ro ∈ (0, 1] in the sense of Definition 4.2.
Moreover, if there is a point x ∈ ∂Ω such that a(x) = 0, we additionally assume that there exists
ra > 0 such that Rn \ Ω is locally uniformly p-fat with parameters cfat and r̂o ∈ (0,min{ro, ra}]
at

P (ra) := ({x ∈ ∂Ω : a(x) = 0}+B(0, ra)) \ Ω.
Further, assume that the integrand F of the functional F given by (4.6) satisfies (4.7), and that

u ∈ f +W
1,φ(·)
0 (Ω) with f ∈ W 1,φσ0 (·)(Ω),

where σ0 > 1, is a CQ-minimizer of F in the sense of Definition 4.7. Then, there exist 1 < σ ≤
σ0 and c ≥ 1, both depending on the data n, p, q, α, [a]0,α, ν, L, cfat, CQ, σ0 and ∥∇u∥Lp(Ω,Rn) +
∥∇f∥Lp(Ω,Rn), such that

!ˆ
Ω
φσ(x, |∇u|) dx

( 1
σ

≤ c

!
1 + diam(Ω)

ϱ

(n
�
ϱ

(1−σ)n
σ

ˆ
Ω
φ(x, |∇u|) dx+

!ˆ
Ω
φσ(x, |∇f |) dx

( 1
σ

+ a
− n

pα

P

�
,

where

aP :=


inf

x∈∂Ω\P ( ra2 )
a(x) if ∂Ω \ P ( ra2 ) ̸= ∅,

+∞ otherwise,
and

ϱ := min

r̂o,

�
aP

1 + [a]0,α

& 1
α

 ,

and we set r̂o = ro provided a > 0 on ∂Ω. We use the convention 1
∞ = 0.

Remark 4.9. Note that the dependence of the integrability exponent of Theorem 4.8 on the
gradient of u is expected for double-phase equations, since it already occurs in the interior, see
for instance [176, Lemma 2.14]. Further, tracking the constants in the proof of Gehring’s lemma,
see Lemma 4.24, shows that we may choose

σ = min

σ0, 1 +
1

c

!
1 + [a]0,α

�
∥∇u∥Lp(Ω,Rn) + ∥∇f∥Lp(Ω,Rn)

%β(q−p)
(


for some constant c = c(n, p, q, α, ν, L, cfat, CQ) ≥ 1 and β = β(n, p, q, α) ∈ (0, 1). In particular,
if a is constant, then σ does not depend on ∇u.
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As a topic for future research, it would be interesting to investigate the notion of infimal φ-
capacity for more general generalized Φ-functions φ, see Remark 4.6, and to extend our main
results to this setting.
The chapter is organized as follows. In Section 4.2 we prove some preliminary results regarding
the infimal φ-capacity and the infimal φ-fatness condition. In particular, in Theorem 4.14,
we show that the infimal φ-capacity density condition and the p-capacity density condition are
equivalent. In Section 4.3 we prove the self-improving property of this infimal φ-fatness, while in
Section 4.4 we collect auxiliary results already known in the literature that we need in the proofs
of our main theorems. In Section 4.5 we prove a Maz’ya type inequality for certain functionals
with (p, q)-growth that will be necessary in the proofs of the first two main theorems. The
proof of Theorem 4.3 is given in Section 4.6, and follows the overall strategy of the proof of [49,
Theorem 2.4]. Next, in Section 4.7, we establish the remaining implications in Theorem 4.5.
To this end, we proceed as in [142, Theorems 6.22 & 6.23]. At the end of the chapter, we are
concerned the application mentioned above, namely in Section 4.8, we prove the global higher
integrability result in Theorem 4.8.

4.2 Preliminaries on infimal capacity and capacity density con-
dition

In this section we prove some preliminary results regarding the infimal φ-capacity and the infimal
φ-fatness condition, with a particular focus on the equivalence between the different definitions
of local infimal φ-fatness and local p-fatness.
First, the following truncation lemma shows that it is enough to consider test functions with
values in [0, t] in the definition of the level-t-capacity.

Lemma 4.10. Let E be a compact subset of an open set O ⊂ Rn and let t > 0. Let φ be defined
according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞. Then, we have that

captφ(E;O) = inf
�ˆ

O

φ(x, |∇u|)
φ−
O(t)

dx : u ∈ Lip(O, [0, t]), u ≥ tχE , u
88
∂O
= 0



.

Proof. On the one hand, by definition of captφ(E;O) it is clear that

captφ(E;O) ≤ inf
�ˆ

O

φ(x, |∇u|)
φ−
O(t)

dx : u ∈ Lip(O, [0, t]), u ≥ tχE , u
88
∂O
= 0



.

On the other hand, assume that the family of admissible test functions for captφ(E;O), namely

At
E;O :=

�
u ∈ Lip(O), u ≥ tχE , u

88
∂O
= 0

	
,

is not empty, fix ε > 0 and choose uε ∈ At
E;O such thatˆ

O

φ(x, |∇uε|)
φ−
O(t)

dx ≤ captφ(E;O) + ε.

Observe that ut,ε := min{uε, t} ∈ Lip(O, [0, t]) with ut,ε ≥ tχE , ut,ε
88
∂O
= 0 and |∇ut,ε| ≤ |∇uε|,

see for instance [142, Theorem 2.25] for this property of truncated Sobolev functions. Together
with the fact that s .→ φ(x, s) is increasing, this implies that

inf
�ˆ

O

φ(x, |∇u|)
φ−
O(t)

dx : u ∈ Lip(O, [0, t]), u ≥ tχE , u
88
∂O
= 0




≤
ˆ
O

φ(x, |∇ut,ε|)
φ−
O(t)

dx ≤
ˆ
O

φ(x, |∇uε|)
φ−
O(t)

dx ≤ captφ(E;O) + ε.
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Since ε > 0 was arbitrary, this concludes the proof of the lemma.

Next, we prove the following upper bound for the infimal φ-capacity.

Lemma 4.11. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p <
q < +∞. For any compact subset E of an open set O ⊂ Rn we have that

capinfφ (E;O) ≤ capp(E;O).

Proof. Note that u is an admissible comparison function for cap1φ(E;O) if and only if tu is an
admissible comparison function for captφ(E;O), with t > 0. Thus, for an admissible function u
for cap1φ(E;O), we find that

ˆ
O

φ(x, |∇(tu)|)
φ−
O(t)

dx =
ˆ
O

tp|∇u|p + atq|∇u|q
tp + a−

Otq
dx =

ˆ
O

|∇u|p + atq−p|∇u|q
1 + a−

Otq−p
dx

≤
ˆ
O
|∇u|p dx+ tq−p

ˆ
O
a|∇u|q dx.

Hence, for any admissible u for cap1φ(E;O), we conclude that

capinfφ (E;O) = inf
t>0
captφ(E;O) ≤ inf

t>0

ˆ
O

φ(x, |∇(tu)|)
φ−
O(t)

dx

≤ inf
t>0

!ˆ
O
|∇u|p dx+ tq−p

ˆ
O
a|∇u|q dx

(
=
ˆ
O
|∇u|p dx.

Taking the infimum over all admissible test functions u for cap1φ(E;O) (note that the left-hand
side of the preceding inequality does not depend on u), we obtain the claim of the lemma.

Further, we have the following lower bound.

Lemma 4.12. Let E be a compact subset of a bounded, open set O ⊂ Rn. Let φ be defined
according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞. Then we have that

capinfφ (E;O) ≥ c(p, q)min

capp(E;O), |O|
�
capp(E;O)

|O|

& q
p

 .

Proof. Assume that u ∈ Lip(O) with u = 0 on ∂O and u ≥ χE . Since for any fixed x ∈ O and
t > 0

1
1 + a(x)tq−p

|∇u|p + a(x)tq−p

1 + a(x)tq−p
|∇u|q

is a convex combination of |∇u|p and |∇u|q, we obtain that
ˆ
O

φ(x, |∇(tu)|)
φ−
O(t)

dx ≥
ˆ
O

tp|∇u|p + atq|∇u|q
tp + atq

dx

=
ˆ
O

�
1

1 + atq−p
|∇u|p + atq−p

1 + atq−p
|∇u|q

�
dx

≥
ˆ
O
min{|∇u|p, |∇u|q} dx

=
ˆ
O

�
|∇u|pχ{|∇u|≥1} + |∇u|qχ{|∇u|<1}

�
dx.

(4.11)
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By Hölder’s inequality, we find that
ˆ
O
|∇u|qχ{|∇u|<1} dx ≥ |O|1− q

p

!ˆ
O
|∇u|pχ{|∇u|<1} dx

( q
p

.

Inserting this into the right-hand side of (4.11), we infer

ˆ
O

φ(x, |∇(tu)|)
φ−
O(t)

dx ≥
�´

O |∇u|pχ{|∇u|≥1} dx
% q

p�´
O |∇u|pχ{|∇u|≥1} dx

% q
p

−1 +

�´
O |∇u|pχ{|∇u|<1} dx

% q
p

|O| qp−1

≥ c(p, q)
 ´

O |∇u|p dx' q
p

max
��´

O |∇u|pχ{|∇u|≥1} dx
% q

p
−1

, |O| qp−1
�

≥ c(p, q)
 ´

O |∇u|p dx' q
p

max
� ´

O |∇u|p dx' q
p

−1
, |O| qp−1

	
= c(p, q)min


ˆ
O
|∇u|p dx, |O|

�´
O |∇u|p dx

|O|

& q
p


≥ c(p, q)min

capp(E;O), |O|
�
capp(E;O)

|O|

& q
p

 .

Taking the infimum over all admissible functions in the definition of captφ(E;O) on the left-hand
side of the preceding inequality and thereafter taking the infimum over t > 0 yields the claim of
the lemma.

In Definition 4.2, we defined the infimal φ-fatness using the auxiliary functions 2φz,r. In [142]
on the other hand, a closed set E ⊂ Rn satisfies a uniform p-capacity density condition if there
exists ĉfat > 0 such that

capp
�
E ∩B

 
z, r2

'
;B(z, r)

%
≥ ĉfat capp

�
B

 
z, r2

'
;B(z, r)

%
(4.12)

holds for any radius r > 0 and any point z ∈ E. However, a simple change of variables shows
that

capp
�
E ∩B

 
z, r2

'
;B(z, r)

%
= rn−p capp

!�
x ∈ B

�
0, 12

%
: z + rx ∈ E

�
;B(0, 1)

(
. (4.13)

Noting that
c(n, p) rn−p ≤ capp

�
B

 
z, r2

'
;B(z, r)

%
≤ c(n) rn−p, (4.14)

see for example [142, Lemma 5.35], we conclude that the definition of p-fatness relying on (4.12)
is equivalent to the notion of p-fatness that results from choosing the special case φ(s) = sp in
Definition 4.2.
In the next lemma, we establish the analogous characterization for infimal φ-fatness. To this
end, we prove that for any z ∈ E, where E denotes a closed set, (4.4) is equivalent to the
condition

capinfφ

�
E ∩B

 
z, r2

'
;B(z, r)

%
≥ c̃fat capinfφ

�
B

 
z, r2

'
;B(z, r)

%
(4.15)

for any 0 < r < r̃o ≤ 1.
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Lemma 4.13. Let E ⊂ Rn be closed and let z ∈ E. Let φ be defined according to (4.1) such that
(4.2) and (4.3) hold with 1 < p < q < +∞. Then (4.4) is satisfied with constants 0 < ro ≤ 1
and cfat if and only if (4.15) is satisfied with constants 0 < r̃o ≤ 1 and c̃fat. The constants ro
and r̃o, and cfat and c̃fat, respectively, only depend on n, p, q and each other.

Proof. Let φ(x, s) := sp + a(x)sq, and note that a−
z,r = infy∈B(z,r) a(y) = infx∈B(0,1) a(z + rx)

and thus
φ−
z,r(t) = 2φ−

0,1(t) := tp +
�
inf

x∈B(0,1)
a(z + rx)

&
tq.

Further, we find that u ∈ Lip(B(0, 1)) if and only if ũ = u
 · −z

r

' ∈ Lip(B(z, r)) with u88
∂B(0,1) = 0

if and only if ũ
88
∂B(z,r) = 0. Moreover, we have that�

x ∈ B
�
0, 12

%
: z + rx ∈ E

�
=

�
y − z

r
: y ∈ E ∩B

 
z, r2

'�
and hence that

u ≥ tχ�
x∈B(0, 1

2) : z+rx∈E

	 if and only if ũ ≥ tχ
E∩B(z, r2)

.

Thus, u is an admissible comparison map in the definition of

capt2φ
��

x ∈ B

!
0, 12

(
: z + rx ∈ E



;B(0, 1)

&

if and only if ũ is an admissible comparison map for

captφ

�
E ∩B

!
z,

r

2

(
;B(z, r)

&
.

For any fixed level t > 0, we compute that

ˆ
B(z,r)

φ(y, |∇ũ(y)|)
φ−
z,r(t)

dy =
ˆ
B(z,r)

φ
�
y,

888∇  
u
r

' �y−z
r

%888%
φ−
z,r(t)

dy

= rn
ˆ
B(0,1)

φ
 
z + rx,

88∇  
u
r

'
(x)

88'2φ−
0,1(t)

dx

= rn
ˆ
B(0,1)

2φ−
0,1

 
t
r

'
2φ−
0,1(t)

2φz,r
 
x,

88∇  
u
r

'
(x)

88'2φ−
0,1

 
t
r

' dx

≥ rn−p cap
t
r2φ
!�

x ∈ B
�
0, 12

%
: z + rx ∈ E

�
;B(0, 1)

(
≥ rn−p capinf2φ !�

x ∈ B
�
0, 12

%
: z + rx ∈ E

�
;B(0, 1)

(
,

(4.16)

where in the penultimate line, we used that r ≤ 1. Thus, assuming that (4.4) is true, by Lemma
4.11 and (4.14) we have that

ˆ
B(z,r)

φ(y, |∇ũ(y)|)
φ−
z,r(t)

dy ≥ cfat r
n−p

≥ c(n) cfat capp
�
B

 
z, r2

'
;B(z, r)

%
≥ c(n) cfat capinfφ

�
B

 
z, r2

'
;B(z, r)

%
.
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Taking the infimum over all admissible comparison maps ũ and all levels t > 0, this implies
(4.15) with constant c̃fat := c(n)cfat and radius 0 < r̃o ≤ 1.
Next, assuming that (4.15) holds and using Lemma 4.11, we obtain that
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%
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(4.17)

for sufficiently small radii r > 0. Indeed, in the last line of the preceding inequality, Lemma
4.12 and (4.14) yielded
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%% q
p
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≥ c(p, q)min

�
c(n, p)rn−p, c(n, p, q)rn−q�

= c(n, p, q) rn−p,

provided that the radius r is small enough depending on n, p and q. Therefore, applying once
again Lemma 4.12 and then (4.13) and (4.17), we conclude that

capinf2φz,r
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�
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Thus, (4.15) implies (4.4) with a constant cfat := c(n, p, q, c̃fat) and radius ro = ro(n, p, q, r̃o).

Lastly, in the next result we want to show the equivalence of local infimal φ-fatness and local
p-fatness.

Theorem 4.14. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p <
q < +∞. A closed set E ⊂ Rn is locally uniformly infimally φ-fat in the sense of Definition 4.2
if and only if it is locally uniformly p-fat.

Proof. On the one hand, assuming that (4.4) holds true, by Lemma 4.11 we have that
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;B(0, 1)

(
≥ cfat,

and by Lemma 4.13 we have the first implication.
On the other hand, for any radius r > 0 smaller than some r̂o = r̂o(n, p, q) ≤ 1, by (4.14) we
obtain that
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.

(4.18)
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Therefore, if E is locally uniformly p-fat, by Lemma 4.12 we find that
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for any radius 0 < r < r̂o(n, p, q), where in the last estimate we used Lemma 4.11. In view of
Lemma 4.13, this shows the claim of the lemma.

4.3 Self-improving property of the infimal φ-capacity density
condition

In this section we prove that the infimal φ-fatness condition is self-improving. We begin with a
slightly more precise version of the classical result for the p-capacity density condition. Essen-
tially, we refer to the proof of [142, Theorem 7.21], which relies on the equivalence of p-fatness
of the complement with the boundary Poincaré inequality [142, Theorems 6.22 & 6.23], and the
self-improvement of the boundary Poincaré inequality in [142, Theorem 7.24], with the minor
difference that we track the centers and radii of the balls in these proofs. While we will not
need the improvement in this section, we will use it in the subsequent section when proving the
global higher integrability result.

Theorem 4.15. Let 1 < p < +∞. Assume that E ⊂ Rn is a closed set and that there
exists B(x, ra) with x ∈ E such that E is locally uniformly p-fat in the sense of Definition 4.2
at E ∩ B(x, ra) with some constant cfat and r0 > 0. Then there exist ε = ε(n, p, cfat) with
0 < ε < p− 1 and a constant 2cfat = 2cfat(n, p, cfat) such that E is locally uniformly (p− ε)-fat at
E ∩B (x, r̃0) with the parameters 2cfat and r̃0, where r̃0 := 1

4 min {ra, r0}.
Proof. We can assume without loss of generality that

(Rn \ E) ∩B

!
x,
min {ra, r0}

2

(
̸= ∅,

since otherwise B(z, ϱ2) ⊂ E for every 0 < ϱ < min{ra,r0}
2 and z ∈ B

�
x, min{ra,r0}

4

%
. Thus there

is nothing to prove in this scenario.
From the proof of [142, Theorem 6.22] it is apparent that the local uniform p-fatness of E at
E ∩ B(x, ra) yields the boundary p-Poincaré inequality for any test function u ∈ Lip0 (Rn \ E)
and ball B(z, ϱ) with z ∈ E ∩B(x, ra) and ϱ < r0. Next, we need to ensure that this inequality
is self-improving by tracking the balls in the proof of [142, Theorem 7.24], in particular [142,
Lemma 7.29], where the p-fatness condition is applied to smaller balls contained in B(z, ϱ). In
our setting, the p-fatness condition can be used for every ball in B(z, ϱ), z ∈ E ∩ B

 
x, ra2

'
,

with parameters cfat and r0 > 0, provided that we have ϱ ≤ min � ra
2 , r0

�
. Thus, we obtain

the boundary (p − ε)-Poincaré inequality for any test function u ∈ Lip0(Rn \ E) and any ball
B(z, ϱ) with z ∈ E ∩ B

 
x, ra2

'
and ϱ ≤ min � ra

2 , r0
�
. Now, let us pay attention to the proof of

[142, Theorem 6.23], in particular the step from (b) to (c). There, a boundary point z ∈ ∂E is
selected corresponding to some y ∈ Rn \ E and the boundary Poincaré inequality is applied to
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the ball B(z, dist(y, ∂E)). In our setting we therefore need that dist(y, ∂E) ≤ min � ra
2 , r0

�
and

z to be contained in B
 
x, ra2

'
. This however is the case if y ∈ (Rn \E)∩B

�
x, min{ra,r0}

2

%
which

is nonempty by assumption. Therefore, we obtain the pointwise (p− ε)-Hardy inequality

|u(y)| ≤ c dist(y, ∂E)
�
M2dist(y,∂E)|∇u|p−ε(y)

% 1
p−ε

for any u ∈ Lip0(Rn \E) and any y ∈ (Rn \E) ∩B
�
x, min{ra,r0}

2

%
. According to [142, Theorem

6.23], namely the step from (c) to (d), this implies the pointwise (p−ε)-Hardy inequality for any
y ∈ (Rn \E)∩B

�
x, min{ra,r0}

2

%
. Let us now consider the step from (d) to (a) in the proof of [142,

Theorem 6.23]. There, the authors establish that E is (p−ε)-fat at a point z ∈ E in the sense of
Definition 4.2 with parameters r̃0 and 2cfat, provided that the pointwise (p− ε)-Hardy inequality
can be applied to every y ∈ (Rn \ E) ∩ B

�
z, r̃0

6

%
. But if we choose r̃0 = min{ra,r0}

4 and assume
z ∈ E ∩B (x, r̃0) this is quite certainly possible due to the previous comments. Therefore, E is
locally uniformly (p− ε)-fat at E ∩B (x, r̃0) with the constant 2cfat and r̃0 = min{ra,r0}

4 .

Based on Theorem 4.15 and the lower bound in Lemma 4.12, we are now ready to prove that
the infimal φ-fatness condition is self-improving.

Lemma 4.16. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p <
q < +∞. Assume that E ⊂ Rn is a closed set which is locally uniformly infimally φ-fat in
the sense of Definition 4.2 with some constant cfat. Then there exists ε = ε(n, p, q, cfat) with
0 < ε < p − 1 and a constant ĉfat = ĉfat(n, p, q, cfat) such that E is locally uniformly infimally
φ
1− ε

p -fat for the constant ĉfat.

Proof. Let δ > 0 to be chosen. We start the proof with the estimates
1
2
�
tp(1−δ) + a1−δtq(1−δ)

%
≤ max

�
tp(1−δ), a1−δtq(1−δ)

	
≤ (tp + atq)1−δ (4.19)

and

(tp + atq)1−δ ≤ 21−δmax
�
tp(1−δ), a1−δtq(1−δ)

	
≤ 2

�
tp(1−δ) + a1−δtq(1−δ)

%
, (4.20)

which are valid for every t ≥ 0 and a ∈ R≥0, in particular for the choices a = a(x) as in (4.2)
and a = a−

O for any open set O ⊂ Rn. Now, we define the auxiliary function �φ by
�φ(x, t) := tp(1−δ) + a1−δ(x) tq(1−δ).

Since the proof of Lemma 4.12 only relies on the boundedness of a, which is also satisfied by
a1−δ, we may apply Lemma 4.12 to �φ with the parameters (p(1 − δ), q(1 − δ)) replacing (p, q).
Furthermore, we observe that Theorem 4.14 yields the existence of c∗

fat > 0 depending only on
n, p, q and cfat such that E is locally uniformly p-fat with fatness constant c∗

fat. Now, Theorem
4.15 allows us to infer the existence of some ε = ε(n, p, c∗

fat) ∈ (0, p−1) and ĉ∗
fat = ĉ∗

fat(n, p, c∗
fat) >

0 such that E is locally uniformly (p− ε)-fat with fatness constant ĉ∗
fat, namely such that there
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.

Additionally, analogously to (4.18), see in particular [142, Lemma 5.35], for any radius r > 0
that is smaller than some r̂o = r̂o(n, p, q, ĉ∗

fat) ≤ 1 we have the chain of inequalities
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Hence, we conclude from Lemma 4.12, the penultimate inequality, and Lemma 4.11 that, choos-
ing δ = ε

p ,
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%
for any 0 < r < r̂o. This shows that E is uniformly infimally �φ-fat.
It remains to show that this is equivalent to uniform infimal φ1− ε

p -fatness for δ = ε
p . To this

end, consider any compact subset E of an open set O ⊂ Rn, and a function u ∈ Lip(O) that
satisfies u ≥ tχE for some t > 0 and u

88
∂O
= 0. Since (4.19) and (4.20) imply that

1
4

ˆ
O

φ1−δ(x, |∇u|)
(φ−

O)1−δ(t)
dx ≤
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O

�φ(x, |∇u|)�φ−
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we immediately deduce that

1
4 cap

inf
φ

1− ε
p
(E;O) ≤ capinf�φ (E;O) ≤ 4 capinfφ

1− ε
p
(E;O).

Together with the penultimate inequality, this shows that E is uniformly infimally φ1− ε
p -fat with

constant ĉfat := c(n, p, q) (ĉ∗
fat)

q
p , namely the claim of the lemma.

4.4 Auxiliary results
In this section, we collect auxiliary results that will be needed in the rest of the chapter.
First of all, note that by assumption (4.3), the exponent q always lies in one of the following
intervals, depending on p:

1 < q ≤ p+ αp

n
= n+ α

n
p ≤ np

n− p
if 1 < p < n,

1 < q < +∞ if p ≥ n.

(4.21)

We begin with the following Maz’ya inequality for the p-energy. While the statement holds for
general p-quasicontinuous functions, see [142, Theorem 5.47], we only formulate it for Lipschitz
continuous functions. For a more general version see [28, Theorem 6.21].

Lemma 4.17. Lat 1 < p < +∞ and let u ∈ Lip(Rn). Further, let 1 ≤ s ≤ np
n−p if p < n and

1 ≤ s < +∞ if p ≥ n. Then, for any ball B(z, r) ⊂ Rn there exists a constant c = c(n, p, s) such
that �

−
ˆ
B(z,r)

|u|s dx
& p

s

≤ c

capp
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{u = 0} ∩B

 
z, r2

'
;B(z, r)

% ˆ
B(z,r)

|∇u|p dx.
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For the Poincaré inequality for functions u with zero boundary values involving the double-phase
integrand φ, we refer to [176, Theorem 2.13], see also [72, Theorem 1.6 & Remark 2] for the case
q
p < 1 + α

n . By Hölder’s inequality, the statement of the following lemma holds in particular for
θ = 1.

Lemma 4.18. Let Ω ⊂ Rn be a bounded and open set and consider a ball B(z, r) ⊂ Ω with 0 <
r ≤ 1. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞.
Then, there exists a constant c = c(n, p, q) ≥ 1 and an exponent 0 < θ < 1 depending only on
n, p and q such that

−
ˆ
B(z,r)

φ

�
x,

|u− (u)B(z,r)|
r

&
dx ≤ c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

%�
−
ˆ
B(z,r)

φ(x, |∇u|)θ dx
& 1

θ

holds for any u ∈ W 1,p(Ω). Moreover, in the above estimate one can replace u − (u)B(z,r) by u

if u ∈ W 1,p
0 (B(z, r)).

Next, for the p-Hardy inequality we refer to [142, Theorem 6.25]. The following result was first
proven for p = 2 in [10], and it was generalized for p ≥ 1 in [155, 198]. While global p-fatness is
assumed in [142, Theorem 6.25], the proof shows that an analogous statement holds for bounded
sets Ω under the weaker local p-fatness condition.

Lemma 4.19. Assume that Ω ⊂ Rn is a bounded and open set such that Rn \Ω is locally p-fat
with parameters cfat > 0 and ro ∈ (0, 1], with 1 < p < +∞. Then, there exists a constant
c = c(n, p, ro, cfat) such that the p-Hardy inequality

ˆ
Ω

|u(x)|p
dist(x, ∂Ω)p dx ≤ c

ˆ
Ω
|∇u|p dx

holds for any u ∈ Lip0(Ω).
In the following, we use a Whitney cube decomposition of Ω, namely a decomposition into cubes
whose diameter is comparable to their distance from ∂Ω. The following statement can be found
in [189, Chapter VI], see also [142, Lemma 8.9].

Lemma 4.20. Assume that Ω ⊊ Rn is a non-empty open set. Then there exist pairwise disjoint
half-open dyadic cubes Qi ⊂ Ω, i ∈ N, such that Ω = 6∞

i=1 Qi and

diam(Qi) ≤ dist(Qi, ∂Ω) ≤ 4 diam(Qi) ∀ i ∈ N.

Remark 4.21. Let Ω ⊂ Rn be an open set and assume that W is a Whitney cube decomposition
of Ω according to Lemma 4.20. For k ∈ Z, define

Wk :=
�
Q ∈ W : diam(Q) = 2k

	
.

Checking the construction in [189, Chapter VI], we observe that for any k ∈ Z the Whitney cubes
Q ∈ Wk have vertices in 2kZn. Therefore, for any fixed constant C ≥ 1 and k ∈ Z, the enlarged
cubes CQ with side length C 2k and the same center as Q have bounded overlap depending only
on C and n in the sense that 0

Q∈Wk

χCQ(x) ≤ c(n,C) ∀x ∈ Ω.
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The following result concerning the restricted centered maximal operator, defined in Definition
4.4, can be shown by combining [142, Remark 1.29], [142, Theorem 3.4] and [142, (4.1)], see also
[142, (6.12)].

Lemma 4.22. Let u ∈ Lip(Rn), z ∈ Rn, r > 0 and s ∈ (1,∞). Then, we have that888u(z)− (u)B(z,r)
888s ≤ C(n, s)M2r(|r∇u|s)(z).

Now we recall the following iteration lemma, which is a special case of [117, Lemma 6.1].

Lemma 4.23. Let ϑ ∈ [0, 1), A,B ≥ 0 and α > 0. Further, let 0 < a < b and assume that
ϕ : [a, b]→ [0,+∞) is a bounded function satisfying

ϕ(t) ≤ ϑϕ(s) + A

(s− t)α +B for all a ≤ t < s ≤ b.

Then, there exists a constant c = c(α, ϑ) such that

ϕ(a) ≤ c

�
A

(b− a)α +B

�
.

The higher integrability will be proven by means of a Gehring-type inequality. According to
[117, Corollary 6.1 & Theorem 6.6] and [140, Lemma 3.7] we have the following result.

Lemma 4.24. Let z ∈ Rn and let r > 0. Let g ∈ L1(B(z, r)) and h ∈ Ls(B(z, 7r)), for some
s > 1, be non-negative functions. If there exist θ ∈ (0, 1) and c∗ > 0 such that

−
ˆ
B(z,r)

g dx ≤ c∗

�−ˆ
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gθ dx

& 1
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then there exist c = c(n, s, θ, c∗) > 0 and σ = σ(n, s, θ, c∗) > 1 for which there holds
�
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gσ dx
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≤ c
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�
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hσ dx

& 1
σ

 .

4.5 A Maz’ya type inequality involving the double-phase func-
tional

In this section, we show the following Maz’ya type inequality for certain functionals with (p, q)-
growth.

Lemma 4.25 (Maz’ya type inequality). Let z ∈ Rn, r > 0 and u ∈ Lip(B(z, r)). Let φ be
defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞. Let 1 ≤ m ≤ p
and, if m < n, additionally assume that q ≤ nm

n−m . Further, let us define

Z :=
�
x ∈ B

�
0, 12

%
: u(z + rx) = 0

�
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and let y ∈ Rn and R > 0 be arbitrary. Then there exists a constant c = c(n, p, q,m) such that
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≤
c(n, p, q,m)

�
1 + a±

y,R capm(Z;B(0, 1))
p−q
m (r∇u)q−p

B(z,r),m

�
capm(Z;B(0, 1))

p
m

�
−
ˆ
B(z,r)

|r∇u|m dx

& p
m

.

Proof. By (4.13), we can rewrite the classical Maz’ya inequality of Lemma 4.17, where instead
of p we consider the exponent m, as
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.

Since Lemma 4.17 is applicable with s = p and with s = q, due to (4.3) and the assumption of
the lemma, we obtain that
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This concludes the proof of the lemma.

Remark 4.26. The preceding premise q ≤ nm
n−m of the lemma is somewhat opaque. Accordingly,

in the following we will derive a parameter range for m where this inequality is satisfied. We
start with the observation that the requirement (4.3) on the ratio q

p implies the upper bound

q ≤ p

!
1 + α

n

(
≤ p+ p

n
.

From this upper bound we can deduce for 1 < p < n and 0 ≤ p̂ ≤ p− 1 that

n(p− p̂)
n− p+ p̂

− q ≥ n(p− p̂)
n− p+ p̂

− np+ p

n
= p2n− pn+ p2 − p̂(n2 + pn+ p)

n(n− p+ p̂)
and the latter is non-negative if

0 ≤ p̂ ≤ p2n− pn+ p2

n2 + pn+ p
.

We conclude that the assumption q ≤ nm
n−m of the previous lemma is satisfied if there holds

max
�
1, pn2 + pn

n2 + pn+ p



≤ m ≤ p.

In particular this parameter range is nonempty and contains p.
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Example 4.27. At this stage, a natural question is whether a Maz’ya type inequality of the
form

−
ˆ
B(z,r)

φ(x, |u|) dx ≤ C

capφ
�
{u = 0} ∩B

 
z, r2

'
, B(z, r)

% ˆ
B(z,r)

φ(x, |∇u|) dx

could hold with a capacity capφ that is better adapted to the double-phase integrand φ (for
example the variational φ-capacity defined in [20]) and a constant depending on the data n,
p, q, a and possibly on u or ∇u in a reasonable way. In particular, we expect that |u| and
|∇u| should appear on the right-hand side with a non-negative exponent. However, the following
counterexample shows that such an inequality can only hold with a notion of capacity satisfying

capφ

�
{u = 0} ∩B

!
z,

r

2

(
, B(z, r)

&
≤ capp

�
{u = 0} ∩B

!
z,

r

2

(
, B(z, r)

&

up to a multiplicative constant. The problem already appears for the x-independent integrand

φo(s) := sp + aos
q

with p ≤ n, ao > 0, and Lipschitz functions u with small function values and small gradient in
small balls.
Indeed, let us consider balls B(0, r) with 0 < r ≤ 1 and functions ur ∈ Lip(Rn) given by
ur(x) :=

 |x| − r
2
'
+. Since 0 ≤ ur ≤ 1 in B(0, r), we have that uqr ≤ upr in B(0, r) and thus that

−
ˆ
B(0,r)

upr dx ≤ −
ˆ
B(0,r)

φo(ur) dx ≤ (1 + ao)−
ˆ
B(0,r)

upr dx.

Using polar coordinates, we compute that

−
ˆ
B(0,r)

upr dx = −
ˆ
B(0,r)

!
|x| − r

2

(p

+
dx = c(n)r−n

ˆ r

r
2

!
t− r

2

(p

tn−1 dt.

Since
1

2n+p(p+ 1) r
n+p =

!
r

2

(n−1 1
p+ 1

!
r

2

(p+1

=
!
r

2

(n−1 ˆ r

r
2

!
t− r

2

(p

dt

≤
ˆ r

r
2

!
t− r

2

(p

tn−1 dt

≤ rn−1
ˆ r

r
2

!
t− r

2

(p

dt = 1
2p+1(p+ 1) r

n+p,

combining the preceding three inequalities yields

c(n, p) rp ≤ −
ˆ
B(0,r)

φo(ur) dx ≤ c(n, p, ao) rp.

Next, note that
∇ur(x) =

x

|x| χRn\B(0, r2)(x).

This means thatˆ
B(0,r)

φo(|∇ur|) dx =
ˆ
B(0,r)\B(0, r2)

(1 + ao) dx = c(n) (1 + ao)
!
rn −

!
r

2

(n(
= c(n) (1 + ao) rn.
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We conclude that an inequality of the form

−
ˆ
B(0,r)

φo(ur) dx ≤ Q(r)
ˆ
B(0,r)

φo(|∇ur|) dx

can only hold for a quantity

Q(r) ≥ c(n, p, ao) rp−n ≥ c(n, p, ao)
capp

�
{ur = 0} ∩B

 
0, r2

'
, B(0, r)

% .

For the last estimate, we have taken into account (4.14) and the fact that {ur = 0} = B
 
0, r2

'
.

In contrast, note that the variational φ-capacity of a compact set K in an open set O ⊃ K set
is defined by

capφ(K,O) = inf
�ˆ

O
φ(|∇u|) dx : u ∈ W 1,φ(O;R≥0) ∩ C0

c (O), u ≥ 1 in K

�
,

see [20, Proposition 20]. In our case, we have that W 1,φ(B(0, r)) = W 1,q(B(0, r)). In order to
estimate capφ

�
{ur = 0} ∩B

 
0, r2

'
, B(0, r)

%
, first note that by Poincaré’s inequality

c(n) rn =
8888B !
0, r2

(8888 ≤ ˆ
B(0, r2)

|u|q dx ≤ c(n, q) rq
ˆ
B(0,r)

|∇u|q dx

for any u ∈ W 1,q
0 (B(0, r)) such that u ≥ 1 in B

 
0, r2

'
and, analogously,

c(n) rn ≤ c(n, p) rp
ˆ
B(0,r)

|∇u|p dx

for the same class of functions. Recalling that r ≤ 1 and taking the infimum over all admissible
functions in the definition of capφ, this shows that

rn−q = max{rn−p, rn−q} ≤ 1
min{1, ao}

 
rn−p + aor

n−q'
≤ c(n, p, q, ao) capφ

�
{ur = 0} ∩B

 
0, r2

'
, B(0, r)

%
.

Since for any constant C there exists a radius rC such that C rq−n < rp−n for any 0 < r < rC ,
this in turn implies that capφ

�
{ur = 0} ∩B

 
0, r2

'
, B(0, r)

%−1
is essentially smaller than rp−n.

Therefore, a Maz’ya type inequality does not hold with this notion of capacity in the denominator
on the right-hand side.

4.6 From the fatness condition to an integral Hardy inequality
This section is devoted to the proof of Theorem 4.3, in particular proving an integral Hardy
inequality assuming the fatness condition on the complement of the domain Ω.

Proof of Theorem 4.3. Let us assume that diam(Ω) ≤ 1
2 . In that case, our goal is to prove that

there exists a constant c = c(n, p, q, ro, cfat) such that
ˆ
Ω
φ

!
x,

|u(x)|
dist(x, ∂Ω)

(
dx ≤ c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

% p
p−1

ˆ
Ω
φ (x, |∇u(x)|) dx (4.22)
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holds for any u ∈ Lip0(Ω). Provided that this is true, we can then show the claim for general
domains by transformation. Indeed, fix λ := diam(Ω) and set 2Ω := Ω

2λ , ũ(y) =
u(2λy)
2λ and2φ(y, t) = φ(2λy, t). Note that diam(2Ω) ≤ 1

2 and that 2φ(y, t) = tp+ ã(y)tq, where ã(y) := a(2λy)
is Hölder continuous to the exponent α with [ã]0;α = (2λ)α[a]0;α. Further, taking into account
that dist(2λy, ∂Ω) = 2λ dist(y, ∂ 2Ω) for any y ∈ 2Ω and that ∇ũ(y) = (∇u)(2λy), the preceding
inequality yields

ˆ
Ω
φ

!
x,

|u(x)|
dist(x, ∂Ω)

(
dx =

ˆ
2Ω φ

!
2λy, |u(2λy)|

dist(2λy, ∂Ω)

(
(2λ)n dy

= (2λ)n
ˆ
2Ω 2φ�

y,
|ũ(y)|

dist(y, ∂ 2Ω)
&

dy

≤ c (2λ)n
!
1 + [ã]0;α∥∇ũ∥q−p

Lp(2Ω)
( p

p−1
ˆ
2Ω 2φ (y, |∇ũ(y)|) dy

≤ c

�
1 + λ

α+n(p−q)
p [a]0;α

!ˆ
2Ω |(∇u)(2λy)|p(2λ)n dy

( q−p
p

� p
p−1 ˆ

2Ω φ (2λy, |(∇u)(2λy)|) (2λ)n dy

= c

!
1 + λ

α+n(p−q)
p [a]0;α∥∇u∥q−p

Lp(Ω)

( p
p−1

ˆ
Ω
φ(x, |∇u|) dx,

where c = c(n, p, q, ro, cfat).
In order to deduce (4.22) for domains with diam(Ω) ≤ 1

2 , we argue in the following way. Let W
be a Whitney cube decomposition of Ω in the sense of Lemma 4.20. For each cube Q ∈ W, let
xQ ∈ ∂Ω be a point such that dist(Q, ∂Ω) = dist(Q, xQ) and note that the ball BQ := B(xQ, rQ)
with rQ := 5diam(Q) contains Q. Moreover, there exists a constant C = C(n) such that the
cube CQ, namely the cube with the same center as Q and diam(CQ) = C diam(Q), contains
BQ. Next, for k ∈ N we set

Ωk :=
5

Q∈Wk

Q with Wk :=
�
Q ∈ W : diam(Q) = 2−k

	
,

and 2Ωk := +∞5
m=k

Ωm.

For ko := ⌈2 + log(C)⌉ and Q ⊂ Ωk for k ≥ ko, we have that CQ ∩ Ω ⊂ 2Ωk−ko . Moreover, there
exists k1 = k1(n, ro) > ko such that rQ < ro for any W ∋ Q ⊂ 2Ωk1 . Let u ∈ Lip0(Ω), 0 < β < 1
and let us abbreviate d(x) := dist(x, ∂Ω). Applying Lemma 4.25 to u/r1+β

Q with the parameter
choices (r,R, z, y,m) ≡ (rQ, rQ, xQ, xQ, p) and using the fatness condition (4.4) in conjunction
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with the upper bound from Lemma 4.11, for any W ∋ Q ⊂ 2Ωk1 we obtain that
ˆ
Q
φ

!
x,

|u(x)|
d1+β(x)

(
dx ≤

ˆ
Q
φ+
Q

! |u(x)|
d1+β(x)

(
dx

≤ c(q)
ˆ
BQ

φ+
xQ,rQ

�
r

−(1+β)
Q |u(x)|

%
dx

≤ c
1 + a+xQ,rQ

capp
!�

x ∈ B
�
0, 12

%
: u(xQ + rQx) = 0

�
;B(0, 1)

(1− q
p �

r−β
Q ∇u

%q−p

BQ,p

capp
!�

x ∈ B
�
0, 12

%
: u(xQ + rQx) = 0

�
;B(0, 1)

(
·
ˆ
BQ

888r−β
Q ∇u(x)

888p dx

≤ c

�
1 + a+xQ,rQ

�
r−β
Q ∇u

%q−p

BQ,p

� ˆ
BQ

888r−β
Q ∇u(x)

888p dx

with a constant c = c(n, p, q, cfat). By means of Hölder’s inequality, Hölder continuity of a, (4.3)
and the facts that 5 ≥ rQ ≥ d(x) for any x ∈ BQ, BQ ⊂ CQ and u ∈ Lip0(Ω), we estimate the
right-hand side of the preceding inequality by

a+xQ,rQ

�
r−β
Q ∇u

%q−p

BQ,p

ˆ
BQ

888r−β
Q ∇u(x)

888p dx

≤
�
a−
xQ,rQ

+ [a]0,α(2rQ)α
% �

r−β
Q ∇u

%q−p

BQ,p

ˆ
BQ

888r−β
Q ∇u(x)

888p dx

≤
ˆ
BQ

a−
xQ,rQ

888r−β
Q ∇u(x)

888q dx+ c [a]0,α r
α−n(q−p)

p

Q

777r−β
Q ∇u(x)

777q−p

Lp(BQ)

ˆ
BQ

888r−β
Q ∇u(x)

888p dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(ˆ
CQ∩Ω

φ
�
x,

888r−β
Q ∇u(x)

888% dx,

with a constant c = c(n, p, q). This leads us to
ˆ
Q
φ

!
x,

|u(x)|
d1+β(x)

(
dx ≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(ˆ
CQ∩Ω

φ
�
x,

888r−β
Q ∇u(x)

888% dx

(4.23)
for any cube W ∋ Q ⊂ 2Ωk1 with c = c(n, p, q, cfat). Summing the inequalities (4.23) related
to Q ∈ Wk for some k ≥ k1, using that the cubes CQ with Q ∈ Wk have uniformly bounded
overlap depending only on the space dimension n, see Remark 4.21, that CQ ∩ Ω ⊂ 2Ωk−ko for
any Q ∈ Wk, and finally that rQ = 5

√
n 2−k for any Q ∈ Wk, we infer

ˆ
Ωk

φ

!
x,

|u(x)|
d1+β(x)

(
dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

( 0
Q∈Wk

ˆ
CQ∩Ω

φ
�
x,

888r−β
Q ∇u(x)

888% dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

( +∞0
m=k−ko

ˆ
Ωm

φ
�
x,

8882kβ∇u(x)
888% dx.
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Now, summing over k ≥ k1, we conclude that
ˆ
2Ωk1

φ

!
x,

|u(x)|
d1+β(x)

(
dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

( +∞0
k=k1

+∞0
m=k−ko

ˆ
Ωm

φ
�
x,

8882kβ∇u(x)
888% dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

( +∞0
m=k1−ko

ˆ
Ωm

m+ko0
k=k1

φ
�
x,

8882kβ∇u(x)
888% dx.

(4.24)

At this stage, we compute

m+ko0
k=k1

φ
�
x,

8882kβ∇u(x)
888% = −10

j=k1−m

φ
�
x,

8882jβ2mβ∇u(x)
888%+ ko0

j=0
φ
�
x,

8882jβ2mβ∇u(x)
888%

≤
00

j=−∞
2jpβφ

�
x,

8882mβ∇u(x)
888%+ ko0

j=0
2jqβφ

�
x,

8882mβ∇u(x)
888%

=
�

1
1− 2−pβ

+ 2
(ko+1)qβ − 1
2qβ − 1

&
φ
�
x,

8882mβ∇u(x)
888%

≤
�

1
1− 2−pβ

+ 2koq
1− 2−qβ

&
φ
�
x,

8882mβ∇u(x)
888% .

(4.25)

In the last line, we have used that 0 < β < 1. By the mean value theorem, for s ∈ {p, q} there
exists 0 ≤ β̃ ≤ β < 1 such that

1− 2−sβ = 2−s0 − 2−sβ = −β

!
d

dβ
2−sβ

(
(β̃) = β ln(2) s 2−sβ̃ ≥ β ln(2) s 2−s,

which is equivalent to
1

1− 2−sβ
≤ 2s
ln(2)s β .

Inserting this estimate into the right-hand side of (4.25) and recalling that ko depends only on
n, we find that

m+ko0
k=k1

φ
�
x,

8882kβ∇u(x)
888% ≤ c(n, p, q) 1

β
φ
�
x,

8882mβ∇u(x)
888% .

In turn, plugging the preceding inequality into (4.24) and using that

2−m ≥ 12 diam(Q) ≥
1
4 diam(Q) +

1
16 dist(Q, ∂Ω) ≥ 1

16 d(x)

for any x ∈ Q ⊂ Ωm, we conclude that
ˆ
2Ωk1

φ

!
x,

|u(x)|
d1+β(x)

(
dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(
β−1

+∞0
m=k1−ko

ˆ
Ωm

φ
�
x,

8882mβ∇u(x)
888% dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(
β−1

+∞0
m=k1−ko

ˆ
Ωm

φ
�
x,

888d−β(x)∇u(x)
888% dx

≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(
β−1

ˆ
Ω
φ

!
x,

8888∇u(x)
dβ(x)

8888( dx.

(4.26)
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Moreover, since d(x) ≥ 2−k1 in the complement of 2Ωk1 , k1 depends only on n and ro, and we
have that β < 1, by applying the Poincaré inequality for functions with zero boundary values
of Lemma 4.18 (since supp(u) ⋐ Ω and diam(Ω) ≤ 1

2 , we may replace Ω with by a suitable ball
B(xo, 1) as the domain of integration) we obtain thatˆ

Ω\2Ωk1

φ

!
x,

|u(x)|
d1+β(x)

(
dx ≤

ˆ
Ω\2Ωk1

φ
�
x, 22k1 |u(x)|

%
dx

≤ c
�
1 + [a]0;α ∥∇u(x)∥q−p

Lp(Ω)

% ˆ
Ω
φ (x, |∇u(x)|) dx

(4.27)

with c = c(n, p, q, ro). Adding (4.26) and (4.27) and using that d(x) ≤ 1 and β < 1, we have
that ˆ

Ω
φ

!
x,

|u(x)|
d1+β(x)

(
dx ≤ c

!
1 + [a]0;α

777d−β(x)∇u(x)
777q−p

Lp(Ω)

(
β−1

ˆ
Ω
φ

!
x,

8888∇u(x)
dβ(x)

8888( dx

with a constant c = c(n, p, q, ro, cfat). Next, replacing u in the previous inequality by v := dβu ∈
Lip0(Ω) and using that

|∇v| ≤ β dβ−1u+ dβ |∇u|
leads us toˆ

Ω
φ

!
x,

|u(x)|
d(x)

(
dx =

ˆ
Ω
φ

!
x,

|v(x)|
d1+β(x)

(
dx

≤ c

!
1 + [a]0;α

777d−β(x)∇v(x)
777q−p

Lp(Ω)

(
β−1

ˆ
Ω
φ

!
x,

8888∇v(x)
dβ(x)

8888( dx

≤ c

!
1 + [a]0;α

777βd−1(x)u(x)
777q−p

Lp(Ω)
+ [a]0;α∥∇u∥q−p

Lp(Ω)

(
β−1

·
�ˆ

Ω
φ

!
x,

8888β u(x)
d(x)

8888( dx+
ˆ
Ω
φ (x, |∇u(x)|) dx

�
≤ c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

% �
βp−1

ˆ
Ω
φ

!
x,

8888u(x)d(x)

8888( dx+ β−1
ˆ
Ω
φ (x, |∇u(x)|) dx

�
.

(4.28)

In the penultimate line we have used that, by Theorem 4.14 and thanks to the assumption that
(4.4) holds, Rn \Ω is p-fat and thus the p-Hardy inequality in Lemma 4.19 holds. At this stage,
we derive a Hardy inequality by reabsorbing the first integral on the right-hand side of (4.28)
into the left-hand side. Indeed, we choose

β :=
�
2c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

%�− 1
p−1 < 1,

where we assumed without loss of generality that

c >
1

2(1 + [a]0;α∥∇u∥q−p
Lp(Ω))

.

Indeed, in the opposite case we can estimate c from above by the same number and then,
choosing β := 2−

1
p−1 , we have the desired statement. This choice of β yieldsˆ

Ω
φ

!
x,

|u(x)|
d(x)

(
dx ≤ 12

ˆ
Ω
φ

!
x,

|u(x)|
d(x)

(
dx+ c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

%
β−1

ˆ
Ω
φ (x, |∇u(x)|) dx

and hence ˆ
Ω
φ

!
x,

|u(x)|
d(x)

(
dx ≤ c

�
1 + [a]0;α∥∇u∥q−p

Lp(Ω)

% p
p−1

ˆ
Ω
φ (x, |∇u(x)|) dx, (4.29)

holds with a constant c = c(n, p, q, ro, cfat) for any u ∈ Lip0(Ω). This concludes the proof of the
theorem.
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4.7 Equivalence of fatness, the boundary Poincaré inequality,
and pointwise Hardy inequalities

In this section we finally show Theorem 4.5, in particular proving that the infimal φ-fatness
condition (4.4), the boundary Poincaré inequality and the pointwise Hardy inequality are all
equivalent. Moreover, in Remark 4.28 we give more details on what happens considering being
in the two different phases of the functional.

Proof of Theorem 4.5. As a first thing, note that the equivalence of (1) and (2) has already
been proven in Theorem 4.14. Now, we show the implication from (2) to (3). To this end, fix
z ∈ Rn \Ω, y ∈ Rn, 0 < r < ro, R > 0 and u ∈ Lip0(Ω). For the extension of u by zero, we have
that u ∈ Lip(B(z, r)). For simplicity, denote

Z :=
�
x ∈ B

�
0, 12

%
: u(z + rx) = 0

�
.

By Lemma 4.11 and (2) we have that

capp(Z;B(0, 1)) ≥ capinf2φ (Z;B(0, 1))
≥ capinf2φ !�

x ∈ B
�
0, 12

%
: z + rx ∈ Rn \ Ω

�
;B(0, 1)

(
≥ cfat.

Thus, applying Lemma 4.25 with the particular choice m = p and estimating the factor on the
right-hand side by the preceding inequality, we obtain that

ˆ
B(z,r)

φ±
y,R(|u|) dx ≤

c

�
1 + a±

y,R capp(Z;B(0, 1))
p−q
p (r∇u)q−p

B(z,r),p

�
capp(Z;B(0, 1))

ˆ
B(z,r)

|r∇u|p dx

≤
c

�
1 + a±

y,R c
p−q
p

fat (r∇u)q−p
B(z,r),p

�
cfat

ˆ
B(z,r)

|r∇u|p dx.

Dividing by |B(z, r)| yields (3).
We proceed by establishing that (3) implies (4). To this end, let z ∈ Ω with rz := dist(z, ∂Ω) <
ro, y ∈ Rn, R > 0 and u ∈ Lip0(Ω). Without loss of generality, we assume that u ≥ 0 (otherwise
one can replace u by |u|). We choose w ∈ ∂Ω such that |w − z| = rz. By the fact that
B(w, rz) ⊂ B(z, 2rz), Jensen’s inequality, (3), (4.21) and the classical (p, p)- and (q, p)-Poincaré
inequalities, see for instance [142, Theorem 3.14], we obtain that

φ±
y,R

�
(u)B(z,rz)

%
≤ c(q)

�
φ±
y,R

�
(u)B(z,rz) − (u)B(z,2rz)

%
+ φ±

y,R

�
(u)B(z,2rz) − (u)B(w,rz)

%
+ φ±

y,R

�
(u)B(w,rz)

%�
≤ c(n, q)

�
−
ˆ
B(z,2rz)

|u(x)− (u)B(z,2rz)|p dx+ a±
y,R−

ˆ
B(z,2rz)

|u(x)− (u)B(z,2rz)|q dx

+−
ˆ
B(w,rz)

φ±
y,R(u) dx

�

≤ c(n, p, q, cfat)
�
1 + a±

y,R(rz∇u)q−p
B(z,2rz),p + a±

y,R(rz∇u)q−p
B(w,rz),p

�
−
ˆ
B(z,2rz)

|rz∇u|p dx

≤ c(n, p, q, cfat)
�
1 + a±

y,R(rz∇u)q−p
B(z,2rz),p

�
−
ˆ
B(z,2rz)

|rz∇u|p dx,
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namely the claim of (4).
Next, we show that (4) yields (5). Here, we use the same notation as in the previous step. Using
Lemma 4.22 and (4), we conclude that

φ±
y,R(u(z)) ≤ c(q)

�
φ±
y,R

�
u(z)− (u)B(z,rz)

%
+ φ±

y,R

�
(u)B(z,rz)

%�
= c(q)

�
|u(z)− (u)B(z,rz)|p + a±

y,R |u(z)− (u)B(z,rz)|q + φ±
y,R

�
(u)B(z,rz)

%�
≤ c(n, p, q, cfat)

�
M2rz(|rz∇u|p)(z) + a±

y,R M2rz(|rz∇u|p) qp (z)

+
�
1 + a±

y,R (rz∇u)q−p
B(z,2rz),p

%
−
ˆ
B(z,2rz)

|rz∇u|p dx
�

≤ c(n, p, q, cfat)
�
1 + a±

y,R M2rz(|rz∇u|p) q−p
p (z)

�
M2rz(|rz∇u|p)(z),

namely we have the claim of (5).
Finally, we prove that (5) implies (2). At this stage, we assume that the constant on the right-
hand side of (5) only depends on n, p, and q, but not on any additional number cfat > 0. We
will then determine the constant cfat = cfat(n, p, q) in (2). Observe that a change of variables
as in (4.16) shows that the infimal φ-capacity density condition (4.4) is fulfilled if there exists
cfat > 0 such that the inequality

cfat φ
−
z,2r(t) ≤ −

ˆ
B(z,2r)

φ(y, 2r∇u) dy (4.30)

holds for every point z ∈ Rn \ Ω, level t > 0, radius 0 < 2r < ro and u ∈ Mz,2r, where

Mz,2r :=
�
u ∈ Lip0(B(z, 2r)) : u ≥ tχ(Rn\Ω)∩B(z,r)

	
.

Further, by Lemma 4.10, we may assume that 0 ≤ u ≤ t. At this stage, let us first consider the
case where

−
ˆ
B(z,r)

u dy >
t

4n+1 . (4.31)

Note that for any s ∈ [1,+∞), the classical Sobolev-Poincaré inequality, see for instance [142,
Theorem 3.17], implies that

t < 4n+1−
ˆ
B(z,r)

u dy ≤ c(n)−
ˆ
B(z,2r)

u dy ≤ c(n, s)
�
−
ˆ
B(z,2r)

|2r∇u|s dy
& 1

s

.

Applying the preceding inequality with the parameter choices s = p, q, we obtain that

φ−
z,2r(t) =

�
tp + a−

z,2rt
q
%
≤ c(n, p, q)−

ˆ
B(z,2r)

φ−
z,2r(2r∇u) dy ≤ c(n, p, q)−

ˆ
B(z,2r)

φ(y, 2r∇u) dy,

namely that (4.30) holds. Thus, (2) immediately follows if (4.31) holds for every u ∈ Mz,2r.
Let us now consider the case when (4.31) is not true for a function u ∈ Mz,2r. First, note that
since u is continuous, the sublevel set

F :=
�
y ∈ B

!
z,

r

4

(
: 0 ≤ u <

t

2

�
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is open. Furthermore, we have that F ⊂ Ω, since u ≥ tχ(Rn\Ω)∩B(z,r), and u ≥ t
2 on B

 
z, r4

' \F .
By these observations and the fact that (4.31) is false for u, for the measure of this set we obtain
that 8888B !

z,
r

4

(
\ F

8888 ≤ 2t
ˆ
B(z, r4)\F

u dy ≤ 1
2 · 4n |B(z, r)|,

which in turn implies that

|F | =
8888B !

z,
r

4

(8888− 8888B !
z,

r

4

(
\ F

8888 ≥ 1
4n |B(z, r)| −

1
2 · 4n |B(z, r)| =

1
2 · 4n |B(z, r)|.

To proceed, we define the cut-off function ψ : Rn → [0,+∞) by

y .→ max
�
0, 1− 4

r
dist

!
y,B

!
z,
3r
4

((�
and set

v := ψ(t− u) ∈ Lip(B(z, r)).
Note that supp(v) ⋐ Ω ∩B(z, r), since u ≡ t on B(z, r) ∩ (Rn \ Ω). Further, by construction
of ψ, we have that v = t − u in B

�
z, 3r4

%
, and hence that |∇u| = |∇v| almost everywhere in

B
�
z, 3r4

%
. By definition of the restricted centered maximal operator, we have that for every

x ∈ F there exists 0 < rx ≤ 2dist(x, ∂Ω) =: 2dx such that

M2dx
 |dx∇u|p'(x) = sup

0<r<2dx
−
ˆ
B(x,r)

|dx∇u|p dy ≤ 2−
ˆ
B(x,rx)

|dx∇u|p dy. (4.32)

Next, since z ∈ Rn \ Ω and x ∈ F ⊂ Ω ∩ B
 
z, r4

'
, we have that dx ≤ r

4 and thus rx ≤ r
2 .

Therefore, for any y ∈ B(x, rx) we find that

|z − y| ≤ |z − x|+ |x− y| ≤ r

4 + rx ≤ 3r4 .

In particular, this leads to B(x, rx) ⊂ B
�
z, 3r4

%
. On the one hand, this yields |∇u| = |∇v|

almost everywhere on B(x, rx). On the other hand, the universal bound for the radii rx allows
us to apply the Vitali-type 5r-covering lemma, see for instance [142, Lemma 1.13]. Therefore,
there exists a collection of disjoint balls B(xi, ri) with i ∈ N, chosen with xi ∈ F and ri := rxi ,
such that

F ⊂
+∞5
i=1

B(xi, 5ri).

Due to the lower bound on the measure of F , we deduce that

|B(z, r)| ≤ 2 · 4n |F | ≤ 2 · 20n
+∞0
i=1

|B(xi, ri)|.

At this stage, we apply the pointwise Hardy inequality (5). Since xi ∈ F , observe that v(xi) =
t − u(xi) ≥ t

2 for any i ∈ N and that ri ≤ 2dxi < 2r < ro. Thus, applying (5) to v(xi), using
(4.32), Jensen’s inequality and the fact that B(xi, ri) ⊂ B(z, 2r), and thus a−

z,2r ≤ a−
xi,ri , for any
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i ∈ N we infer

φ−
z,2r(t) ≤ 2qφ−

z,2r
 
t
2
' ≤ 2qφ−

z,2r (v(xi))

≤ c

�
1 + a−

z,2rM2dxi (|dxi∇u|p) q−p
p (xi)

�
M2dxi (|dxi∇u|p)(xi)

≤ c

1 + a−
z,2r

�
−
ˆ
B(xi,ri)

|dxi∇u|p dy
& q−p

p

−
ˆ
B(xi,ri)

|dxi∇u|p dy

≤ c−
ˆ
B(xi,ri)

�
|r∇u|p + a−

xi,ri |r∇u|q
�
dy

≤ c−
ˆ
B(xi,ri)

φ(y, r∇u) dy

with a constant c = c(n, p, q). From the previous chain of inequalities, we can immediately
estimate the measures of the balls B(xi, ri), i ∈ N, by

|B(xi, ri)|φ−
z,2r(t) ≤ c

ˆ
B(xi,ri)

φ(y, r∇u) dy.

Finally, using that the balls B(xi, ri), i ∈ N, are disjoint, the preceding inequality leads us to

|B(z, r)|φ−
z,2r(t) ≤ c(n)

+∞0
i=1

|B(xi, ri)|φ−
z,2r(t)

≤ c(n, p, q)
+∞0
i=1

ˆ
B(xi,ri)

φ(y, r∇u) dy

≤ c(n, p, q)
ˆ
B(z,2r)

φ(y, r∇u) dy.

Since this shows that (4.30) holds true, we finally obtain that (2) is satisfied. This concludes
the proof of the theorem.

Remark 4.28. When considering the double-phase integrand (4.1), it is often necessary to
distinguish between the p-phase, where a is close to zero, and the (p, q)-phase, where a is bounded
away from zero. More precisely, in a ball B(z, r) ⊂ Rn we consider the cases�

a−
z,r ≤ [a]0;αrα (p-phase),

a−
z,r > [a]0;αrα ((p, q)-phase).

(4.33)

In the p-phase (4.33)1, we have that

a+z,r = a−
z,r + |a+z,r − a−

z,r| ≤ [a]0;αrα + [a]0;α(2r)α ≤ 3[a]0;αrα, (4.34)

whereas in the (p, q)-phase (4.33)2, we find that

a+z,r ≤ a−
z,r + [a]0;α(2r)α < 3a−

z,r. (4.35)

While we have stated Theorem 4.5 independent of the p- and (p, q)-phases defined in (4.33), by
distinguishing between these phases, we may derive the following inequalities from Theorem 4.5
(3)-(5).
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Let us start with the boundary Poincaré inequality in (3) with parameters (y,R) ≡ (z, r). On
the one hand, in the p-phase (4.33)1, by (4.34) and (4.3), we find that

−
ˆ
B(z,r)

φ(x, |u|) dx ≤ −
ˆ
B(z,r)

φ+
z,r(|u|) dx ≤ c(n, p, q)

�
1 + a+z,r(r∇u)q−p

B(z,r),p

%
−
ˆ
B(z,r)

|r∇u|p dx

≤ c(n, p, q)
!
1 + [a]0,αrα−n(q−p)

p ∥r∇u∥q−p
Lp(B(z,r))

(
−
ˆ
B(z,r)

|r∇u|p dx

≤ c(n, p, q)
�
1 + [a]0,α∥r∇u∥q−p

Lp(B(z,r))

%
−
ˆ
B(z,r)

|r∇u|p dx

On the other hand, in the (p, q)-phase we use (4.35) and Hölder’s inequality to obtain that

−
ˆ
B(z,r)

φ(x, |u|) dx ≤ −
ˆ
B(z,r)

φ+
z,r(|u|) dx ≤ c(n, p, q)

�
1 + a+z,r(r∇u)q−p

B(z,r),p

%
−
ˆ
B(z,r)

|r∇u|p dx

≤ c(n, p, q)
�
1 + a−

z,r(r∇u)q−p
B(z,r),p

%
−
ˆ
B(z,r)

|r∇u|p dx

≤ c(n, p, q)

−ˆ
B(z,r)

|r∇u|p dx+ a−
z,r

�
−
ˆ
B(z,r)

|r∇u|p dx
& q

p


≤ c(n, p, q)−

ˆ
B(z,r)

�
|r∇u|p + a−

z,r|r∇u|q
�
dx

= c(n, p, q)−
ˆ
B(z,r)

φ−
z,r(|r∇u|) dx ≤ c(n, p, q)−

ˆ
B(z,r)

φ(x, |r∇u|) dx.

Similarly, assuming that rz ≤ 1, in the p-phase we estimate the right-hand side of (4) by

φ
�
z, (u)B(z,rz)

%
≤ φ+

z,rz

�
(u)B(z,rz)

%
≤ c(n, p, q)

�
1 + [a]0,α∥rz∇u∥q−p

Lp(B(z,2rz))

%
−
ˆ
B(z,2rz)

|rz∇u|p dx,

whereas in the (p, q)-phase we obtain that

φ
�
z, (u)B(z,rz)

%
≤ φ+

z,rz

�
(u)B(z,rz)

%
≤ c(n, p, q)−

ˆ
B(z,2rz)

φ−
z,rz(|rz∇u|) dx

≤ c(n, p, q)−
ˆ
B(z,2rz)

φ(x, |rz∇u|) dx.

Finally, choosing (y,R) ≡ (z, 2rz), (5) is already the expected statement in the p-phase. However,
in the (p, q)-phase, by Hölder’s inequality and the monotonicity of s .→ s

p
q we obtain that

φ(z, u(z)) ≤ φ+
z,2rz (u(z)) ≤ c(n, p, q)

�
1 + a+z,2rzM2rz(|rz∇u|p) q−p

p (z)
�
M2rz(|rz∇u|p)(z)

≤ c(n, p, q)
�
1 + a−

z,2rzM2rz(|rz∇u|p) q−p
p (z)

�
M2rz(|rz∇u|p)(z)

= c(n, p, q)

M2rz(|rz∇u|p)(z) + a−
z,2rz

�
sup

0<r≤2rz
−
ˆ
B(z,r)

|rz∇u|p dx
& q

p


≤ c(n, p, q)

M2rz(φ−
z,2rz(|rz∇u|))(z) + a−

z,2rz

 sup
0<r≤2rz

�
−
ˆ
B(z,r)

|rz∇u|q dx
& p

q


q
p


≤ c(n, p, q)M2rz(φ−

z,2rz(|rz∇u|))(z) ≤ c(n, p, q)M2rz(φ( · , |rz∇u|))(z).
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In the (p, q)-phase, proceeding as in the proof of Theorem 4.5 shows that the inequalities derived
in this remark are even equivalent to the local infimal φ-fatness of Rn \ Ω.

4.8 Global higher integrability for functionals of double-phase
type

The focus of this section is on proving the global higher integrability result of Theorem 4.8 and
that is achieved by the following covering argument.
We consider sufficiently small balls that cover Ω and distinguish between two types of balls,
namely the ones that are completely contained in Ω, and those that possess a nontrivial inter-
section with its complement. For these types of balls, we establish a reverse Hölder’s inequality.
Then, we combine the respective inequalities on the individual balls to obtain a global reverse
Hölder’s inequality. To treat the balls B that are not contained in Ω, we consider a ball B′

that covers B with center at the boundary ∂Ω and distinguish the cases where the center is
sufficiently close to the zero set of a in ∂Ω or not. In the first case, we obtain a reverse Hölder’s
inequality with the help of the locally uniform p-fatness, while in the other case we are still able
to obtain a reverse Hölder’s inequality, but making use of the locally uniform q-fatness. For balls
that are contained in Ω, a reverse Hölder’s inequality was already obtained; for our purposes we
combine arguments in the proof of [176, Lemma 2.14] with the claim of [176, Theorem 2.13] as
stated in Lemma 4.18.

Lemma 4.29. Let Ω ⊂ Rn be a bounded and open set, z ∈ Ω and 0 < r ≤ 1 be a radius
such that B(z, r) ⊂ Ω. Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with
1 < p < q < +∞. Further, assume that the functional F given by (4.6) satisfies (4.7), and that
u ∈ W 1,p(Ω) is a local CQ-minimizer of F in the sense of Definition 4.7. Then there exist an
exponent θ0 = θ0(n, p, q) ∈ (0, 1) and a positive constant c = c(n, p, q, ν, L, CQ) such that

−
ˆ
B(z, r2 )

φ(x, |∇u|) dx ≤ c
�
1 + [a]0,α∥∇u∥q−p

Lp(Ω)

%�
−
ˆ
B(z,r)

φθ(x, |∇u|) dx
& 1

θ

holds for every θ ∈ [θ0, 1].
Proof. Let 1

2 < t < s ≤ 1 and consider a cut-off function η ∈ C∞
0 (B(z, sr); [0, 1]) with η ≡ 1 in

B(z, tr) and |∇η| ≤ 2
(s−t)r . Using v := u− η

�
u− (u)B(z,r)

%
as a comparison map in (4.10) and

recalling that (4.7) holds, we obtain that

ν

ˆ
B(z,tr)

φ(x, |∇u|) dx ≤ ν

ˆ
B(z,sr)

φ(x, |∇u|) dx

≤ F [u; supp(v − u)] ≤ CQF [v; supp(v − u)] ≤ CQ L

ˆ
B(z,sr)

φ(x, |∇v|) dx

≤ CQ 2q−1 L

�ˆ
B(z,sr)\B(z,tr)

φ(x, |∇u|) dx+
ˆ
B(z,sr)

φ

�
x,
2|u− (u)B(z,r)|
(s− t) r

&
dx

�

≤ CQ 2q−1 L

ˆ
B(z,sr)\B(z,tr)

φ(x, |∇u|) dx+ CQ 22q−1 L

(s− t)q
ˆ
B(z,r)

φ

�
x,

|u− (u)B(z,r)|
r

&
dx.

Adding CQ 2q−1 L
´
B(z,tr) φ(x, |∇u|) dx on both sides and dividing the result by ν + CQ 2q−1 L,

we conclude that
ˆ
B(z,tr)

φ(x, |∇u|) dx ≤ ϑ

ˆ
B(z,sr)

φ(x, |∇u|) dx+ c(q, ν, L, CQ)
(s− t)q

ˆ
B(z,r)

φ

�
x,

|u− (u)B(z,r)|
r

&
dx,
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where
ϑ := CQ 2q−1 L

ν + CQ 2q−1 L
.

Since ϑ ∈ (0, 1), by applying Lemma 4.23 to ϕ :
�
1
2 , 1

�
→ [0,+∞) given by

ϕ(s) :=
ˆ
B(z,sr)

φ(x, |∇u|) dx

we infer ˆ
B(z, r2)

φ(x, |∇u|) dx ≤ c(q, ν, L, CQ)
ˆ
B(z,r)

φ

�
x,

|u− (u)B(z,r)|
r

&
dx.

Finally, we estimate the right-hand side of the preceding inequality by Lemma 4.18. This yields
the claim of the lemma.

The first step towards a boundary reverse Hölder’s inequality, namely a boundary Caccioppoli
inequality, was already proven in [140, Lemma 7.4] for minimizers. While the lemma applies
to a wide class of generalized Φ-functions φ, see Definition 1.20, including the double-phase
integrand, we just state it for the latter. For the sake of completeness, we adapt the proof to
the case of quasi-minimizers.

Lemma 4.30. Let Ω ⊂ Rn be a bounded and open set, z ∈ Ω and r > 0 such that B(z, r)\Ω ̸= ∅.
Let φ be defined according to (4.1) such that (4.2) and (4.3) hold with 1 < p < q < +∞.
Assume that the functional F given by (4.6) fulfills (4.7). Further, for f ∈ W 1,φ(·)(Ω) let
u ∈ f +W

1,φ(·)
0 (Ω) be a local CQ-minimizer in the sense of Definition 4.7. Then there exists a

constant c = c(n, q, ν, L, CQ) such that

188B  
z, r2

'88
ˆ
B(z, r2 )∩Ω

φ(x, |∇u|) dx

≤ c

|B(z, r)|
ˆ
B(z,r)∩Ω

φ

!
x,

|u− f |
r

(
dx+ c

|B(z, r)|
ˆ
B(z,r)∩Ω

φ (x, |∇f |) dx.

Proof. For 1
2 < t < s ≤ 1, we consider a cut-off function η ∈ C∞

0 (B(z, sr); [0, 1]) with η ≡ 1 in
B(z, tr) and |∇η| ≤ 2

(s−t)r . Choosing v := u− η (u− f) as comparison map in (4.10), we obtain
that

ν

ˆ
B(z,tr)∩Ω

φ(x, |∇u|) dx ≤ ν

ˆ
B(z,sr)∩Ω

φ(x, |∇u|) dx

≤ F [u; supp(v − u)] ≤ CQF [v; supp(v − u)] ≤ CQ L

ˆ
B(z,sr)∩Ω

φ(x, |∇v|) dx

≤ CQ 3q−1 L

� ˆ
(B(z,sr)\B(z,tr))∩Ω

φ(x, |∇u|) dx+ 2q
(s− t)q

ˆ
B(z,r)∩Ω

φ

!
x,

|u− f |
r

(
dx

+
ˆ
B(z,r)∩Ω

φ(x, |∇f |) dx
�
.

By adding CQ 3q−1 L
´
B(z,tr)∩Ω φ(x, |∇u|) dx on both sides and dividing the result by ν+CQ 3q−1 L,

we deduce thatˆ
B(z,tr)∩Ω

φ(x, |∇u|) dx ≤ ϑ

ˆ
B(z,sr)∩Ω

φ(x, |∇u|) dx+ c(q, ν, L, CQ)
(s− t)q

ˆ
B(z,r)∩Ω

φ

!
x,

|u− f |
r

(
dx

+ c(q, ν, L, CQ)
ˆ
B(z,r)∩Ω

φ(x, |∇f |) dx,
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where
ϑ := CQ 3q−1 L

ν + CQ 3q−1 L
∈ (0, 1).

At this stage, we conclude the claim of the lemma by applying Lemma 4.23 with ϕ :
�
1
2 , 1

�
→

[0,+∞) defined by
ϕ(s) :=

ˆ
B(z,sr)∩Ω

φ(x, |∇u|) dx.

With these prerequisites in mind, we can finally prove the global higher integrability, where the
main remaining task is to combine the Maz’ya inequality of Lemma 4.25 with the self-improving
property of the capacity, namely Theorem 4.15, and the previous boundary Caccioppoli inequal-
ity.

Proof of Theorem 4.8. Let z ∈ Ω. We distinguish two cases for the behaviour of the coefficient
a on the boundary. If a > 0 on the entirety of ∂Ω, we set P (ra) = P ( ra2 ) = ∅ and r̂0 = r0.
Otherwise, we define

P (ra) := ({x ∈ ∂Ω : a(x) = 0}+B(0, ra)) \ Ω

and note, by assumption of the Theorem, that every point of P (ra) is locally uniformly p-fat,
whereas Rn \ (Ω∪P (ra)) is locally uniformly q-fat for the parameters cfat and r̂o independently
of the considered case. Let us furthermore define the possibly empty set P := P ( ra2 ). Since the
set ∂Ω \ P is compact, if it is non-empty, the minimum

aP := inf
∂Ω\P

a(x)

exists and we have that aP > 0. Now, consider some arbitrary radius

0 < r ≤ 18 min
r̂o,

�
aP

2(1 + [a]0,α)

& 1
α

 ,

where we set aP = +∞ if P = ∅. We start by establishing a reverse Hölder’s inequality for
the ball B(z, r). Indeed, if B(z, r) ⊂ Ω, thanks to Lemma 4.29 there is nothing left to prove.
Otherwise, there exists y ∈ B(z, r) ∩ ∂Ω. Now, we consider the ball B(y, 2r) which contains
B(z, r) and extend the function v := u − f by zero to Rn. Note that since v ∈ W

1,φ(·)
0 (Ω), we

have that v ∈ W 1,p
0 (Ω) and v ∈ W 1,q(O) for every open O such that O ∩ Ω is contained in the

set {x ∈ Ω : a(x) ̸= 0}. Let us now establish the reverse Hölder’s inequality at the boundary.
To this end, we distinguish between two scenarios for the center y.
If there holds y ∈ P , we have, thanks to the choice of r and the definition of P, that every
point in the neighborhood B(y, ra2 ) \ Ω of y is locally uniformly p-fat in the sense of Definition
4.2. Since r ≤ r̂0

8 ≤ ra
8 , we have according to Theorem 4.15 that

capp−ε ((Rn \ Ω) ∩B(y, r);B(y, 2r)) ≥ c(n, p, cfat) capp−ε(B(y, r);B(y, 2r)),

where 0 < ε(n, p, cfat) ≤ p−1 is the constant of Theorem 4.15. For said constant, we can assume
without loss of generality that

ε(n, p, cfat) ≤ ε(n, q, cfat) (4.36)
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due to (4.3). We then obtain for the vanishing set Z := {x ∈ B(y, r) : v(x) = 0} of v the lower
bound

capp−ε(Z;B(y, 2r)) ≥ capp−ε((Rn \ Ω) ∩B(y, r);B(y, 2r))
≥ c(n, p, cfat) capp−ε(B(y, r);B(y, 2r))
≥ c(n, p, cfat) (2r)n−p+ε,

(4.37)

where we have used the monotonicity of the variational capacity and the lower bound (4.14).
In order to continue with the proof, we would like to apply Lemma 4.25 with a suitable parameter
m, namely a Maz’ya type inequality, to v. While the lemma is formulated for Lipschitz functions,
an approximation argument shows that it continues to hold for functions u ∈ W 1,m(Ω). To this
end, we have to distinguish between the cases p ≤ n and p > n. In the former case, we choose
p− p ε

q < m < p ≤ n such that

m ≥ p θ0, q ≤ nm

n−m
and q ≤ p+ mα

n
, (4.38)

while in the latter case we choose n < m < p such that

m > p− p ε

q
, m ≥ p θ0 and q ≤ p+ mα

n
, (4.39)

where θ0 = θ0(n, p, q) ∈ (0, 1) denotes the constant of Lemma 4.29. Note that such a choice of
m = m(n, p, q, α) is possible due to Remark 4.26 and assumption (4.8). Moreover, observe that
the latter upper bound on q implies the inequality

α− n(q − p)
m

≥ 0. (4.40)

Now, notice that Hölder’s inequality and (4.37) imply

capm(Z;B(y, 2r)) ≥ c(n, p, q, α, cfat)(2r)n−m

and therefore, after rescaling as in (4.13), that

capm
��

x ∈ B(0, 1/2) : u(y + 2rx) = 0
	
;B(0, 1)

%
≥ c(n, p, q, α, cfat).

If we define θ1 := m
p ∈ [θ0, 1), and apply Lemma 4.25 on v with the parameter choices

(r,R, z, y) ≡ (2r, 2r, y, y), thanks to the previous inequality we obtain that

−
ˆ
B(y,2r)∩Ω

φ+
y,2r

! |v|
r

(
dx

≤ c
�
1 + a+y,2r(∇v)q−p

B(y,2r),m

��
−
ˆ
B(y,2r)

|∇v|m dx

& p
m

= c
�
1 + a+y,2r(∇v)q−p

B(y,2r),pθ1

��
−
ˆ
B(y,2r)

|∇v|pθ1 dx

& 1
θ1

for a constant c = c(n, p, q, α, cfat). Let us now estimate the right-hand side further using the
inequality

a+y,2r ≤ a−
y,2r + [a]0,α(2r)α.
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We observe in a first step that Jensen’s inequality and the definition of a−
y,2r imply that

a−
y,2r (∇v)q−p

B(y,2r),pθ1

�
−
ˆ
B(y,2r)

|∇v|pθ1 dx

& 1
θ1

= a−
y,2r

�
−
ˆ
B(y,2r)

|∇v|pθ1 dx

& q
pθ1

≤ a−
y,2r

�
−
ˆ
B(y,2r)

|∇v|qθ1 dx

& 1
θ1

=
�
−
ˆ
B(y,2r)

�
a−
y,2r

%θ1 |∇v|qθ1 dx

& 1
θ1

≤
�
−
ˆ
B(y,2r)

φθ1(x, |∇v|) dx
& 1

θ1

≤ c

�
1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

�
φθ1(x, |∇u|) + φθ1(x, |∇f |)

�
dx

& 1
θ1

≤ c

�
1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1
+ c

1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ(x, |∇f |) dx.

with a constant c = c(n, p, q, α, cfat). Next, due to (4.40) and the fact that 2r ≤ 1 we observe
that

[a]0,α (2r)α(∇v)q−p
B(y,2r),pθ1

�
−
ˆ
B(y,2r)

|∇v|pθ1 dx

& 1
θ1

= [a]0,α (2r)α−n(q−p)
m ∥∇v∥q−p

Lpθ1 (B(y,2r))

�
−
ˆ
B(y,2r)

|∇v|pθ1 dx

& 1
θ1

≤ c [a]0,α ∥∇(u− f)∥θ1(q−p)
Lp(Ω)

·
� 1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1
+ 1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φ(x, |∇f |) dx
 ,

with a constant c = c(n, p, q, α, cfat). Combining the preceding estimates and using the fact that
φ(x, · ) ≤ φ+

y,2r( · ) on B(y, 2r), we get that

1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ

!
x,

|u− f |
r

(
dx

≤ c
�
1 + [a]0,α∥∇(u− f)∥θ1(q−p)

Lp(Ω)

� ��
1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1

+ 1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ(x, |∇f |) dx
� (4.41)

with a constant c = c(n, p, q, α, cfat).
Now, assume on the contrary that there holds y ∈ ∂Ω \ P , which can only be the case
if the set is non-empty. To treat this case, we observe that Rn \ Ω is locally uniformly q-fat
and, accordingly, Theorem 4.15 in conjunction with (4.36) yields that Rn \Ω is locally uniformly
(q − ε)-fat. Furthermore, we have in similarity to (4.37) that the estimate

capq−ε(Z;B(y, 2r)) ≥ c(n, p, cfat)(2r)n−q+ε (4.42)

holds. But this allows us to apply the classical Maz’ya inequality of Lemma 4.17 on v with
parameters (p, s) ≡ (q θ1, q), where m is again chosen according to (4.38) if p ≤ n and according
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to (4.39) if p > n, respectively, and θ1 := m
p . To ensure its applicability, we need to consider the

case q θ1 < n and verify the additional condition that q ≤ nθ1q
n−θ1q

. By definition of θ1, we have
m = θ1p which implies m < n. But this contradicts the choice (4.39) for m in the case p > n,
namely that n < m < p. Thus, there must hold p ≤ n. Now, we can use the second inequality
of (4.38) to derive the estimate

n− q θ1 ≤ n− p θ1 ≤ n p θ1
q

≤ nθ1

which yields the desired upper bound. Since q θ1 > q − ε, we further observe that Hölder’s
inequality and the inequality (4.42) imply that (4.42) also holds if q − ε is replaced with θ1q. If
we use this to estimate the right-hand side of Lemma 4.17, we observe that

−
ˆ
B(y,2r)

! |v|
r

(q

dx ≤ c(n, p, q, α)
�
−
ˆ
B(y,2r)

|∇v|qθ1 dx

& 1
θ1

.

By the assumptions on r we have that [a]0,α(2r)α < aP . This allows us to use the preceding
estimate and, in case q > p, Young’s inequality with exponents ( qp ,

q
q−p) to obtain

1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ

!
x,

|u− f |
r

(
dx

≤
�
aP + a−

y,2r + [a]0,α(2r)α
%
−
ˆ
B(y,2r)

! |v|
r

(q

dx+ a
− p

q−p

P

≤ 3a−
y,2r

�
−
ˆ
B(y,2r)

|∇v|qθ1 dx

& 1
θ1
+ a

− n
pα

P

≤ 3
�
−
ˆ
B(y,2r)

φθ1(x, |∇v|) dx
& 1

θ1
+ a

− n
pα

P ,

(4.43)

with c = c(n, p, q, α). We note that the same estimate also holds for q = p.
Now, we proceed with both cases simultaneously. To this end, we combine (4.41) and (4.43) and
we obtain the estimate

1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ

!
x,

|u− f |
r

(
dx

≤ c
�
1 + [a]0,α∥∇(u− f)∥θ1(q−p)

Lp(Ω)

� ��
1

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1

+ 1
|B(y, 2r)|

ˆ
B(y,2r)∩Ω

φ(x, |∇f |) dx
�
+ a

− n
pα

P .

If we further apply the Caccioppoli inequality of Lemma 4.30 together the previous estimate,
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we infer the estimate

1
|B  

z, r2
' |

ˆ
B(z, r2)∩Ω

φ(x, |∇u|) dx

≤ c

|B(z, r)|
ˆ
B(z,r)∩Ω

φ

!
x,

|u− f |
r

(
dx+ c

|B(z, r)|
ˆ
B(z,r)∩Ω

φ (x, |∇f |) dx

≤ c

|B(y, 2r)|
ˆ
B(y,2r)∩Ω

φ

!
x,

|u− f |
r

(
dx+ c

|B(z, 3r)|
ˆ
B(z,3r)∩Ω

φ (x, |∇f |) dx

≤ c
�
1 + [a]0,α∥∇(u− f)∥θ1(q−p)

Lp(Ω)

� ��
1

|B(z, 3r)|
ˆ
B(z,3r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1

+ c

|B(z, 3r)|
ˆ
B(z,3r)∩Ω

φ (x, |∇f |) dx+ a
− n

pα

P

�

≤ c

�
1 + [a]0,α

�
∥∇u∥Lp(Ω) + ∥∇f∥Lp(Ω)

%θ1(q−p)
� ��

1
|B(z, 3r)|

ˆ
B(z,3r)∩Ω

φθ1(x, |∇u|) dx
& 1

θ1

≤ + c

|B(z, 3r)|
ˆ
B(z,3r)∩Ω

φ (x, |∇f |) dx+ a
− n

pα

P

�
,

with a constant c = c(n, p, q, α, [a]0,α, ν, L, cfat, CQ). Note that, due to Lemma 4.29, the previous
inequality also holds if B(r, z) ⊂ Ω, and therefore, for every z ∈ Ω. Let us now define the
functions g, h : Rn → [0,+∞) as

g(x) :=
�
φ(x, |∇u|) for x ∈ Ω,
0 else,

and

h(x) := a
− n

pα

P +
�
φ(x, |∇f |) for x ∈ Ω,
0 else.

Then the preceding shows

−
ˆ
B(z, r2)

g dx

≤ c

�
1 + [a]0,α

�
∥∇u∥Lp(Ω) + ∥∇f∥Lp(Ω)

%θ1(q−p)
� �−ˆ

B(z,3r)
gθ1 dx

& 1
θ1
+−
ˆ
B(z,3r)

h dx

 .

Applying Gehring’s Lemma, namely Lemma 4.24, yields the existence of a constant c and expo-
nent 1 < σ ≤ σ0, both depending on n, p, q, α, [a]0,α, ν, L, cfat, CQ, σ0 and ∥∇u∥Lp(Ω)+∥∇f∥Lp(Ω),
such that �

−
ˆ
B(z, r2)

gσ dx

& 1
σ

≤ c

−ˆ
B(z,4r)

g dx+
�
−
ˆ
B(z,4r)

hσ dx

& 1
σ

 . (4.44)

At this stage, we prove global higher integrability by the following covering argument. Let

ϱ := 18 min

r̂o,

�
aP

2(1 + [a]0,α)

& 1
α

 .
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Consider the collection of balls

B :=
�
B

!
z,

ϱ

10

(
: z ∈ Ω

�
covering Ω. By Vitali’s covering theorem, see for instance [142, Lemma 1.13] for a version using
open balls, and the fact that Ω is compact, there exist k ∈ N and points z1, . . . , zk ∈ Ω such
that the balls B

 
zi,

ϱ
10

'
for i = 1, . . . , k are disjoint and

Ω ⊂
k5

i=1
B

!
zi,

ϱ

2

(
.

We have chosen this approach since it allows us to determine k in terms of n, Ω and ϱ. Indeed,
since B

 
zi,

ϱ
10

' ⊂ B
 
zo,

ϱ
10 + diam(Ω)

'
for any zo ∈ Ω and i = 1, . . . , k and since the balls

B
 
zi,

ϱ
10

'
are pairwise disjoint, we find that

k |B(0, 1)|
!

ϱ

10

(n

=
k0

i=1

8888B !
zi,

ϱ

10

(8888 ≤ 8888B !
zo,

ϱ

10 + diam(Ω)
(8888 = |B(0, 1)|

!
ϱ

10 + diam(Ω)
(n

.

Therefore, we have that
k ≤

!
1 + 10 diam(Ω)

ϱ

(n

.

Now, we apply (4.44) on the individual balls B
 
zi,

ϱ
2
'
. Taking into account also the preceding

estimate for k and recalling the definitions of g and h, we obtain that

!ˆ
Ω
φσ(x, |∇u|) dx

( 1
σ ≤

k0
i=1

�ˆ
B(zi, ϱ2 )

gσ dx

& 1
σ

≤ c
k0

i=1

ϱ (1−σ)n
σ

ˆ
B(z,3ϱ)

g dx+
�ˆ

B(z,3ϱ)
hσ dx

& 1
σ


≤ c k

�
ϱ

(1−σ)n
σ

ˆ
Ω
φ(x, |∇u|) dx+

!ˆ
Ω
φσ(x, |∇f |) dx

( 1
σ

+max
�
1, a

− n
pα

P

��

≤ c

!
1 + diam(Ω)

ϱ

(n
�
ϱ

(1−σ)n
σ

ˆ
Ω
φ(x, |∇u|) dx+

!ˆ
Ω
φσ(x, |∇f |) dx

( 1
σ

+ a
− n

pα

P

�
.

This concludes the proof of the theorem.

Remark 4.31. If a > 0 on the entirety of ∂Ω, the assumption on Rn \Ω in Theorem 4.8 reduces
to q-fatness, and if a ≡ 0 on ∂Ω, we assume that Rn \ Ω is locally p-fat. According to [31], in
both of these cases, the respective fatness condition is optimal. Moreover, the following example
shows that we have to assume local p-fatness of Rn \ Ω at least at the boundary points where a
vanishes.
Indeed, let 0 < p < n and let K ⊂ B(0, 1) be a compact set such that 0 ∈ K,

capp(K,B(0, 2)) > 0 and dimH(K) = n− p,

where dimH denotes the Hausdorff dimension. Further, set Ω := B(0, 2)\K, consider a function
g ∈ C∞

0 (B(0, 2)) with g ≡ 1 on K and let u denote the minimizer of the p-energy functional

v .→
ˆ
Ω
|Dv|p dx
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in the class g +W 1,p
0 (Ω). Since u is a weak solution to the p-Laplacian, ∂B(0, 2) is smooth and

g vanishes in the vicinity of ∂B(0, 2), we have that u ∈ C1,β
loc (Ω ∪ ∂B(0, 2)) for some β > 0, see

for example [125, 154, 193, 194], and therefore

sup
x∈B(0,2)\B(0,1)

|Du|(x) < +∞.

Furthermore, for any ball B(x, 4r) ⊂ Ω we have the quantitative estimate

sup
z∈B(x,r)

|Du|p(z) ≤ C(n, p) 1
rn

ˆ
B(x,2r)

|Du|p dz.

Now let r := dist(x,∂Ω)
4 in the above formula and note that 0 ∈ K implies that dist(x, ∂Ω) =

dist(x,K) for every x ∈ B(0, 1) \K. Then, we obtain that

|Du|p(x) ≤ sup
z∈B(x,r)

|Du|p(z) ≤ C(n, p)
dist(x, ∂Ω)n

ˆ
B(x,2r)

|Du|p dz

≤ C(n, p)
dist(x, ∂Ω)n

ˆ
Ω
|Du|p dz = C(n, p)∥Du∥pp,Ω

dist(x,K)n .

However, by [141, Remark 3.3], see also [142, Example 12.9] for an alternative proof, u is
not globally integrable to any higher exponent than p, namely there is no δ > 0 with Du ∈
Lp+δ(Ω). Now, we consider the double-phase integral with Lipschitz continuous coefficient
a(x) := dist(x,K) and any p < q < p (1 + 1

n). By the preceding estimate, we find that

κ := sup
x∈Ω

a(x)|Du|q−p(x) < +∞.

Further, since u is a minimizer of the p-energy functional, we obtain that

F [u; supp(u− v)] =
ˆ
supp(u−v)

(|Du|p + a(x)|Du|q) dx

≤ (1 + κ)
ˆ
supp(u−v)

|Du|p dx

≤ (1 + κ)
ˆ
supp(u−v)

|Dv|p dx ≤ (1 + κ)F [v; supp(u− v)],

for any v ∈ W 1,p(Ω) with supp(u − v) ⊂ Ω. This shows that u is a quasi-minimizer of F with
CQ = 1 + κ and thus every assumption of Theorem 4.8 but the local p-fatness condition in a
neighborhood of {x ∈ ∂Ω : a(x) = 0} is satisfied. Thus, in general the conclusion of Theorem
4.8 does not hold without this fatness condition, because we would otherwise get a contradiction
to the fact that Du /∈ Lp+δ(Ω) for any δ > 0.



Chapter 5

Functions of bounded
Musielak-Orlicz-type deformation
and anisotropic Total Generalized
Variation for image-denoising
problems

This chapter reports the contents of [24].

5.1 Introduction
Ever since the early 90s, the variational approach has been a cornerstone of the mathematical
image reconstruction. Generally speaking, in its simpler formulation, this methodology can be
summarized as follows: for a given bounded domain Ω ⊂ R2, grayscale images are identified
with functions u : Ω→ R. Starting from a datum f , possibly corrupted by noise, a clean image
is obtained through the minimization of an energy functional of the form

I(u) := α ∥Ku− f∥H + βR(u),

for α, β > 0. The structure of I relies on the competition between the fidelity term ∥Ku− f∥H ,
for a given normed space H and a forward operator K, intended to keep track of the original
datum f , and a regularizing term R(u), whose task is to filter out the noise and return a clean
image. The strength of both effects is quantified by the two tuning parameters α and β.
In this chapter we propose a novel regularizer based on a Musielak-Orlicz generalization of
classical Total Generalized Variation functionals, and provide a first study of the associated
space of functions with bounded deformation with generalized Orlicz growth.
Depending on specific applications, various types of variational regularizers have been proposed
in the literature. A classical example is the ROF model, where R(u) is the total variation of u,
see [186]. A known drawback of such functional is the so-called staircasing effect, namely the
tendency of producing artificially piecewise-affine artifacts in the image denoising, see [57, 138].
In order to counteract such problems, several higher-order models have been introduced. A
particularly successful one is the second-order Total Generalized Variation, defined as

TGV 2
α (u) := sup

�ˆ
Ω
u div2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥∞ ≤ α1, ∥divψ∥∞ ≤ α2

�
,

132
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for every u ∈ L1
loc(Ω), with α = (α1, α2) ∈ R+ × R+. We refer to the seminal paper [36] for a

general introduction and higher-order generalizations, and to [37] for an in-depth study of the
second-order formulation.
In the last few years, due to an increasing interest in accurate and adaptive image reconstruction,
an emerging trend has been considering anisotropic models, allowing to tailor the denoising
effects to specific features of different parts of the images. First steps in this direction have
already been taken, for example, in [30, 57, 190]. In particular, in [59] the authors have proposed
an anisotropic ROF-type functional with R of the form R(u) = ´

Ω ϕ(x, |Du|) dx with

ϕ(x, t) :=


1

p(x) t
p(x) if t ∈ [0, 1],

t− 1 + 1
p(x) if t > 1,

and with the variable exponent p : Ω→ [c, 2], with c > 1.
In parallel, the study of variational problems in variable, Orlicz, and generalized Orlicz spaces
has boomed in the past ten years. Among the vast literature, we single out the contributions
[63, 95, 127, 129, 130, 181] and the references therein.
The extension of the model in [59] to incorporate the case c = 1, as well as an Orlicz general-
ization for regularizers R(u) ≃ ´

Ω φ(x, |Du|) for Φ-functions φ possibly having linear growth,
see Section 1.3, is the subject of [102], where a thorough mathematical foundation of the space
of anisotropic functions with bounded variation with generalized Orlicz growth has also been
provided. A further step in this direction has been taken in [120], where the associated Euler-
Lagrange equations and gradient flows have also been analyzed, see also [119]. The effect of
an anisotropic norm in the Chan-Vese (or anisotropic Mumford-Shah) is the subject of [164].
Anisotropic models, at least in the ROF setting, have indeed proven to allow for more accurate
computations, as well as for a staircasing reduction and a sharper texture recognition. We refer
to [58, 108, 151] for an overview and further references.
Our contribution is twofold. First, we introduce a novel anisotropic functional setting of func-
tions with bounded deformation, namely the space BDφ of bounded deformation fields with
generalized Orlicz growth. After analyzing its basic properties, we establish a link to a modular
representation and provide a further study in the special case of variable Lebesgue integrability.
Second, we analyze a Musielak-Orlicz anisotropic Total Generalized Variation class of regulariz-
ers. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2. Inspired by [36], for a fixed
generalized weak Φ-function φ ∈ Φw(Ω) (see Section 1.3 for the detailed assumptions), we define
our anisotropic Total Generalized Variation of order 2 with weight α := (α1, α2) ∈ R+ × R+ as

TGV φ,2
α (u) := sup

�ˆ
Ω
u div2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

�
, (5.1)

for every u ∈ L1
loc(Ω), where ∥ · ∥φ∗ is the norm associated to the Fenchel conjugate function of

φ, see Definition 1.31, and where the divergence of order 2 is defined as

div2ξ :=
n0

i=1

∂2ξii
∂x2i

+ 2
0
i<j

∂2ξij
∂xi∂xj

∀ ξ ∈ Rn×n
sym ,

see also [36] for higher-order notions of divergence. Note that, in principle, TGV φ,2
α (u) might take

infinite values. A prototypical example of admissible functions φ is given by φ(t) := 1
p(x) t

p(x),
see [102, Example 4.3], with p : Ω → [1,+∞], thus possibly describing linear, superlinear or
even infinite growth in different portions of the domain.
After studying the basic properties of TGV φ,2

α , we identify a dual representation, and show
how classical existence and stability for classical Total Generalized Variation carry over to our
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Musielak-Orlicz setting.
The chapter is organized as follows. Section 5.2 contains the definition and main properties of the
novel space of bounded deformation fields with generalized Orlicz growth BDφ. In particular, in
Subsection 5.2.1 we establish a connection between BDφ and an associated weighted-modular
representation, while in Subsection 5.2.2 we further establish a decomposition of the modular
function in terms of the modular of the absolutely continuous part of the symmetric gradient and
a singular part weighted by the recession function, see Theorem 5.14. Eventually, in Subsection
5.2.3 we specify our setting to the variable exponent case. The focus of Section 5.3 is on our
anisotropic Total Generalized Variation. In Subsection 5.3.1 we establish its main properties,
and in Subsection 5.3.2 we identify its dual reformulation in terms of a notion of anisotropic
measure variation. Finally, in Subsection 5.3.3 we show stability with respect to the data and
well-posedness of the minimization problem.

5.1.1 Notation
The notation f ≈ g means that there exist two constants c1, c2 > 0 such that c1f ≤ g ≤ c2f .
Given an exponent p ∈ (1,+∞), we denote by p′ its Hölder conjugate exponent, namely p′ :=
p

p−1 . If p = 1, then its Hölder conjugate exponent is p′ = +∞ and vice versa. In the sequel Ω
denotes an open subset of Rn. We denote by L0(Ω) the set of measurable functions f : Ω→ R
and we use the notation Ck

c (Ω;Rn) := {σ ∈ Ck(Ω;Rn) : supp(σ) is compact in Ω} with
k ∈ N∪{+∞}. We denote with | · | the Frobenius norm for matrices, namely |M |2 := tr(MMT )
where M ∈ Rn×n, and with : the scalar product associated with the Frobenius norm, namely
A : B := tr(ABT ) for A,B ∈ Rn×n. With the same notation | · | we also indicate the standard
vector Euclidean norm, and with · the scalar product in Rn.
We denote by Rn×n

sym the space of real-valued n× n symmetric matrices. ByM(Ω;X) we denote
the space of all finite Radon measures in Ω with values in X, which can be R, Rn or Rn×n

sym
depending on the situation. Given a set O ⊂ X, we denote by IO the indicator function of the
set O, namely

IO(x) :=
�
0 if x ∈ O,

+∞ if x /∈ O,

and with χO the characteristic function of the set O, namely

χO(x) :=
�
1 if x ∈ O,

0 if x /∈ O.

Given a function u : Ω → Rm, we denote by Du its distributional gradient. We indicate by
BV (Ω;Rm) the space of functions u : Ω→ Rm such that Du ∈ M(Ω;Rm). If m = 1 we denote
the latter space simply by BV (Ω). When n = m, for any function u : Ω → Rn we use the
notation Eu for the distributional symmetric gradient of u, namely Eu = 1

2 [Du+(Du)T ], where
DuT stands for the transpose of Du. We write

BD(Ω) :=
�
u ∈ L1(Ω;Rn) : Eu ∈ M(Ω;Rn×n

sym )
	
.

We will often indicate by c a generic constant, whose value may change from line to line.

5.2 The space of bounded deformations fields with generalized
Orlicz growth

In [102, Definition 4.1], given a function φ ∈ Φw(Ω), an anisotropic total variation (there called
dual norm) is introduced exploiting the conjugate function of φ. Namely, for any u ∈ L1(Ω) we
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have
Vφ(u) := sup

�ˆ
Ω
u divw dx : w ∈ C1

c (Ω;Rn), ∥w∥φ∗ ≤ 1
�
. (5.2)

Moreover, the space of functions of bounded variation with generalized Orlicz growth is defined,
again following the lines of [102], as

BV φ(Ω) :=
�
u ∈ Lφ(Ω) : ∥u∥BV φ(Ω) < +∞

	
, (5.3)

where
∥u∥BV φ(Ω) := ∥u∥φ + Vφ(u). (5.4)

Equivalently, given φ ∈ Φw(Ω) in [25] a vectorial anisotropic total variation is introduced, namely
for any m ∈ N and u ∈ L1

loc(Ω;Rm) we have

V m
φ (u) := sup

�
m0
i=1

ˆ
Ω
ui divwi dx : w ∈

�
C1
c (Ω;Rn)

�m
, ∥w∥φ∗ ≤ 1



. (5.5)

One can equivalently write

V m
φ (u) = sup

�ˆ
Ω
u · divw dx : w ∈ C1

c (Ω;Rm×n), ∥w∥φ∗ ≤ 1
�
,

where the divergence divw is a vector in Rm, meaning that taken a matrix-valued field ξ its
divergence is computed row-wise, namely

(div ξ)i := div ξi =
n0

j=1

∂ξij
∂xj

, (5.6)

for any i ∈ [1,m] ∩ N and any ξ : Ω→ Rm×n. Moreover, we say that u belongs to BV φ(Ω;Rm)
if

∥u∥BV φ(Ω;Rm) := ∥u∥φ + V m
φ (u) < +∞.

In the case m = 1, (5.5) reduces to (5.2) and we denote BV φ(Ω;R) simply by BV φ(Ω).
Note that in a lot of works on Musielak-Orlicz spaces and Φ-functions, see for example [127] or
[102], the authors use the symbol C1

0 (Ω;Rn) to denote the space C1
c (Ω;Rn). For this reason, we

gave the definition of the total variation with our notation instead of the one used in [102].

Remark 5.1. Clearly, if φ(x, t) = |t|, then BV φ(Ω;Rm) = BV (Ω;Rm). In general instead,
without assuming any other property on φ except for it to be in the space Φw(Ω), the spaces
BV (Ω) and BV φ(Ω) are not related to each other. Considering Ω ⊂ Rn open and bounded, one
gets the continuous inclusion BV φ(Ω) �→ BV (Ω) assuming (A0) on the function φ, see Lemma
1.34. The fact that φ satisfies (aInc)1 is already included in the definition of weak Φ-function,
see Remark 1.28.

Remark 5.2. In [7] and [163], in the simple anisotropic case, namely φ(x, t) with linear be-
haviour in t, the dual function φ0 is used instead of the conjugate function φ∗ in order to
define a weighted total variation, there called generalized total variation. But under the as-
sumptions considered in [7] and [163], the two definitions coincide. Indeed, let us assume that
φ : Ω × [0,+∞) → [0,+∞) is a continuous function which is convex in the second variable,
satisfies (A0) and is such that

φ(x, t) = t φ(x, 1) for any x ∈ Ω and t ∈ [0,+∞).
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Assume further that there exist 0 < λ ≤ Λ < +∞ such that

λt ≤ φ(x, t) ≤ Λt for any x ∈ Ω and t ∈ [0,+∞).
Moreover, let us consider ψ : Ω × Rn → [0,+∞) defined by ψ(x, ξ) := φ(x, |ξ|) for any x ∈ Ω
and ξ ∈ Rn. Note that ψ is continuous, convex in the second variable and such that

ψ(x, tξ) = φ(x, |tξ|) = |t|φ(x, |ξ|) = |t|ψ(x, ξ)
and

λ|ξ| ≤ ψ(x, ξ) ≤ Λ|ξ|,
for every t ∈ R, every ξ ∈ Rn and every x ∈ Ω.
In [7], considered u ∈ BV (Ω) and under these assumptions on ψ, the anisotropic total variation,
there called generalized total variation of u with respect to ψ in Ω, has been characterized, see
in particular [7, Proposition 3.2], as

V ψ(u) := sup
�ˆ

Ω
u divw dx : w ∈ C1

c (Ω;Rn), ψ0(x,w(x)) ≤ 1 for all x ∈ Ω
�
, (5.7)

where ψ0,the dual function of ψ, is defined by

ψ0(x, ξ∗) := sup {(ξ∗, ξ) : ξ ∈ Rn, ψ(x, ξ) ≤ 1} .

Note that in [7] they use the notation C1
0 (Ω;Rn) to indicate the space that we denote with

C1
c (Ω;Rn). Then, given a function u ∈ BV (Ω), the anisotropic total variation of u with respect

to φ in Ω introduced in [102] as (5.2), coincides with the notion given by [7], namely (5.7).
Indeed, by [7, (5.10)] the right-hand side of (5.7) coincides with

sup
�ˆ

Ω
u divw dx : w ∈ C1

c (Ω;Rn),
ˆ
Ω
ψ∗(x,w(x)) dx < +∞

�
. (5.8)

Considering the even extension of φ(x, ·) for any x ∈ Ω, since φ(x, ·) is convex and in view of
our definition of ψ and Lemma 1.10, which guarantees that

ψ∗(x, · ) = φ∗(x, | · |) for a.e. x ∈ Ω, (5.9)

we have that (5.8) is equal to

sup
�ˆ

Ω
u divw dx : w ∈ C1

c (Ω;Rn),
ˆ
Ω
φ∗(x, |w(x)|) dx < +∞

�
. (5.10)

Taking into account [7, (2.18)], namely

ψ∗(x, ξ∗) =
�
0 if ψ0(x, ξ∗) ≤ 1,
+∞ if ψ0(x, ξ∗) > 1,

for every x ∈ Ω and every ξ∗ ∈ Rn, we have that (5.10) can be equivalently written as

sup
�ˆ

Ω
u divw dx : w ∈ C1

c (Ω;Rn),
ˆ
Ω
φ∗(x, |w(x)|) dx ≤ 1

�
, (5.11)

where (5.9) has been exploited again. Now, using the definition

∥w∥φ∗ := inf
�
λ > 0 :

ˆ
Ω
φ∗

!
x,

8888w(x)λ

8888( dx < 1
�
,

we get that (5.11) is equal to (5.2).
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In order to treat the minimization problem using TGV φ,2
α as a regularizer, see (5.1), we need

to introduce a variant of the generalized variation associated to φ defined in (5.2). For every
v ∈ M(Ω;Rm) with m ∈ N, we define

2V m
φ (v) := sup

�ˆ
Ω
ψ · dv(x) : ψ ∈ C1

c (Ω;Rm), ∥ψ∥φ∗ ≤ 1
�
. (5.12)

If we are working on a set A ⊂ Ω, then we will denote it by 2V m
φ (v;A).

Remark 5.3. Note that for any u ∈ BV (Ω), in order to know that at least that Du ∈ M(Ω;Rn),
an integration by parts yields 2V n

φ (Du) = Vφ(u),

where the second term is defined as in (5.2), namely the anisotropic total variation introduced
in [102].

In the following, we will either use the above notation for m = n or m = n×n. Note that in the
latter case the scalar product coincides with the one underlying the Frobenius norm in Rn×n,
namely reading for any v ∈ M(Ω;Rn×n

sym ) as

2V n×n
φ (v) = sup

�ˆ
Ω
ψ : dv(x) : ψ ∈ C1

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ 1

�
.

Considering test functions in C1
c (Ω;Rn×n

sym ) or C1
c (Ω;Rn×n) is equivalent when v ∈ M(Ω;Rn×n

sym ),
since the scalar product only takes into account the symmetric part of the test function. In
general the notation 2V n×n

φ could be used also for measures inM(Ω;Rn×n) without any symmetry
property, but that is not the case in this chapter. We avoid specifying the symmetry in (5.12)
in order to lighten the notation.

Remark 5.4. Considering an open set Ω ⊂ Rn, if v has the special structure v = Du−w, with
u,w ∈ M(Ω;Rn), an integration by parts entails

2V n
φ (Du− w) = sup

�ˆ
Ω
u divψ dx+

ˆ
Ω
ψ · dw(x) : ψ ∈ C1

c (Ω;Rn), ∥ψ∥φ∗ ≤ 1
�
,

see also [86]. Note that it is possible to rewrite it like this by [9, Exercise 3.2], indeed having
u ∈ M(Ω;Rn) and Du = v + w ∈ M(Ω;Rn) implies that u ∈ BV (Ω).
In the same way, if Ω is also bounded and Lipschitz, by Theorem 1.39, having Eu ∈ M(Ω;Rn×n

sym )
implies u ∈ BD(Ω). Namely, in the special case v = Eu ∈ M(Ω;Rn×n

sym ), (5.12) rewrites as

2V n×n
φ (Eu) = sup

�ˆ
Ω
E∗ψ · u dx : ψ ∈ C1

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ 1

�
, (5.13)

where E∗ψ = −divψ, and div denotes the matrix divergence of order 1, computed row-wise (so
with respect to columns), see (5.6).

Thanks to the definition of generalized variation associated to φ in (5.12), we can now define
the space of bounded deformation fields with generalized Orlicz growth, namely

BDφ(Ω) :=
�
w ∈ Lφ(Ω;Rn) : ∥w∥BDφ(Ω) < +∞

	
, (5.14)

where
∥w∥BDφ(Ω) := ∥w∥φ + 2V n×n

φ (Ew).
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Lemma 5.5. Let φ ∈ Φw(Ω). Then 2V n×n
φ is a seminorm.

Proof. We need to check that 2V n×n
φ satisfies conditions (N2) and (N3) in Definition 1.4. The

homogeneity property (N2) is obvious, in fact 2V n×n
φ (av) = |a|2V n×n

φ (v) for every v ∈ M(Ω;Rn×n
sym )

and any a ∈ R. In order to check (N3), namely the triangle inequality, let us consider v, w ∈
M(Ω;Rn×n

sym ). We have
ˆ
Ω
ψ : d(v + w) =

ˆ
Ω
ψ : dv +

ˆ
Ω
ψ : dw ≤ 2V n×n

φ (v) + 2V n×n
φ (w)

for any ψ ∈ C1
c (Ω;Rn×n

sym ) such that ∥ψ∥φ∗ ≤ 1. By taking the supremum over such ψ we have
the thesis.

Corollary 5.6. Let φ ∈ Φw(Ω), then ∥ ·∥BDφ(Ω) is a quasinorm. In addition, if φ verifies (A0),
or if φ ∈ Φc(Ω), then ∥ · ∥BDφ(Ω) is a norm.

Proof. Thanks to Lemma 1.22, together with Lemma 5.5, the fact that ∥·∥BDφ(Ω) is a quasinorm
is immediate. Moreover, by Lemma 1.22 and Theorem 1.35 respectively, again together with
Lemma 5.5, if φ ∈ Φc(Ω) or if φ verifies (A0) then we immediately get that ∥ · ∥BDφ(Ω) is a
norm.

Remark 5.7. As for BV (Ω) and BV φ(Ω), see Remark 5.1, without assuming any other property
on φ except for it to be in the space Φw(Ω), the spaces BD(Ω) and BDφ(Ω) are not related to
each other. Considering a set Ω open and bounded instead, one obtains the continuous immersion
BDφ(Ω) �→ BD(Ω) assuming (A0) on the function φ, see Lemma 1.34.

Remark 5.8. Since a priori we define the space starting from a function φ ∈ Φw(Ω), one may
wonder whether the space defined starting from φ∗∗, always a convex Φ-function, see Lemma
1.33(i), differs from the space BDφ(Ω), in particular

BDφ∗∗(Ω) :=
�
w ∈ Lφ∗∗(Ω;Rn) : ∥w∥BDφ∗∗ (Ω) < +∞

	
,

with
∥w∥BDφ∗∗ (Ω) := ∥w∥φ∗∗ + 2V n×n

φ∗∗ (Ew).

It is possible to prove that BDφ(Ω) = BDφ∗∗(Ω). Indeed the norms ∥ · ∥φ and ∥ · ∥φ∗∗ are
equivalent, thanks to Proposition 1.25, and the variations coincide by Lemma 1.33(iii). This
implies that the norms ∥ · ∥BDφ(Ω) and ∥ · ∥BDφ∗∗ (Ω) are equivalent as well.

With the next example we want to show that, at least considering some Φ-functions for which
a Korn-type inequality does not hold, the space BV φ(Ω) is a proper subset of BDφ(Ω) for a
fixed φ ∈ Φw(Ω). The example follows the lines of [8, Example 7.7], exploiting a construction
developed in [179], see also [192, Chapter I, Subsection 1.3].

Example 5.9. We first remark that (5.5), BV φ(Ω;Rn) ⊂ BDφ(Ω). We show that, at least in
some situations, the inclusion is strict. Indeed, without loss of generality we can consider an
open set Ω ⋑ B, with B a small ball centered at 0, and a function such that φ(x, t) = |t| for a.e.
x ∈ B. Then, the same field u provided by [8, Example 7.7], which has compact support in B
and is in BD(Ω) \BV (Ω;Rn) provides the desired example of a field in BDφ(Ω) \BV φ(Ω;Rn).
Note that many Φ-functions, for example many out of the ones listed in [127, Example 2.5.3],
fulfill the assumption of coinciding with |t| on a ball B, implying that this example holds true in
many contexts.
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The validity of Korn-type inequalities in the context of Orlicz spaces has been studied in different
contexts. For example in [39, Theorem 1.1] it was shown that the ∇2-condition and the ∆2-
condition are sharp conditions for Korn-type inequalities in Orlicz spaces (for the definition of the
latter two conditions see [181, Subsection 2.3] or [38, Equations (2.6) & (2.7)]). In [67, Theorems
3.1 & 3.3] the validity of Korn-type inequalities for Young functions was shown, while in [38,
Theorems 3.1 & 3.3] the equivalence of these Korn-type inequalities to two balance conditions,
similar to the ∇2- and ∆2-conditions, has been proven. Note that, under the assumptions
considered in [67] and [38], their definition of Young functions and our definition of convex Φ-
functions, when independent of x, are equivalent. In the context of generalized Orlicz spaces
(or Musielak-Orlicz spaces) instead, there are results in the case of variable exponents Lebesgue
spaces when the exponent is bounded away from 1, see [96, Section 5] and [95, Theorems 14.3.21
& 14.3.23], but not much else is known.

5.2.1 Weighted modular and associated norms
Analogously to [102, Definition 4.1], we define the anisotropic modular, or dual modular, as-
sociated to the anisotropic total variation 2V n×n

φ , defined as in (5.12). In particular, for any
v ∈ M(Ω;Rn×n

sym ) we define

ϱ2V n×n
φ
(v) := sup

�ˆ
Ω
ψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

�
. (5.15)

Lemma 5.10. Let Ω ⊂ Rn be bounded and open and let φ ∈ Φw(Ω). Then ϱ2V n×n
φ

is a semi-
modular.

Proof. We need to check that ϱ2V n×n
φ
satisfies the conditions of Definition 1.5. Conditions (i) and

(iii) are obvious, respectively thanks to the properties of φ∗ and that if ψ is an admissible test
function, then also −ψ is. Condition (iv), with β = 1, is also easy to prove using the linearity of
the first integral in the definition of ϱ2V n×n

φ
and the fact that the supremum of a sum is smaller

than the sum of the suprema.
We are only left to prove condition (ii), namely that the function λ .→ ϱ2V n×n

φ
(λv) on [0,+∞) is

non-decreasing for any v ∈ M(Ω;Rn×n
sym ). Indeed, if λ = 0, then ϱ2V n×n

φ
(λv) = 0, but we know

already that for any other µ > 0 then ϱ2V n×n
φ
(µv) ≥ 0, since we can always choose ψ = 0 as a

test function. Let us instead fix 0 < λ < µ < +∞. We point out that since both ψ and −ψ
are possible test functions, we can also just consider, without loss of generality, functions in the
space

T
+ :=

�
ψ ∈ C1

c (Ω;Rn×n
sym ) :

ˆ
Ω
ψ : dv(x) ≥ 0

�
,

since the second integral in the definition of the modular is always non-positive. Then we have

ϱ2V n×n
φ
(λv) = sup

�ˆ
Ω
λψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

�
= sup

�
λ

ˆ
Ω
ψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ T

+
�

≤ sup
�
µ

ˆ
Ω
ψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ T

+
�

= sup
�ˆ

Ω
µψ : dv(x)−

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

�
= ϱ2V n×n

φ
(µv),

for any v ∈ M(Ω;Rn×n
sym ), proving condition (ii).
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Note that, analogously to the anisotropic total variation, see Remark 5.4, considering a bounded,
Lipschitz and open set Ω ⊂ Rn, in the special case v = Eu ∈ M(Ω;Rn×n

sym ) the semimodular in
(5.15) rewrites as

ϱ2V n×n
φ
(Eu) = sup

�ˆ
Ω
[u · E∗ψ − φ∗(x, |ψ|)] dx : ψ ∈ C1

c (Ω;Rn×n
sym )

�
, (5.16)

where E∗ψ = −divψ.
Remark 5.11. On the one hand, note that testing (5.16) with ψ = 0, we get that the supremum
in ϱ2V n×n

φ
is always non-negative. On the other hand, if ϱφ∗(|ψ|) = +∞, then the integral in (5.16)

is equal to −∞, since the first term is finite. Here we used again Theorem 1.39 yielding that
Eu ∈ M(Ω;Rn×n

sym ) implies u ∈ BD(Ω). This means that test functions ψ with ϱφ∗(|ψ|) = +∞
can be omitted and ϱ2V n×n

φ
can be equivalently rewritten as

ϱ2V n×n
φ
(Eu) = sup

�ˆ
Ω
[u · E∗ψ − φ∗(x, |ψ|)] dx : ψ ∈ C1

c (Ω;Rn×n
sym ), ϱφ∗(|ψ|) < +∞

�
.

The analogous reasoning can be repeated for the general expression of ϱ2V n×n
φ

in (5.15).

In Lemma 5.10 we showed that ϱ2V n×n
φ
is a semimodular, implying that, thanks to the Luxemburg

method, we obtain a seminorm ∥ · ∥ϱ2V n×n
φ

. The following result relates the anisotropic variation
we introduced in (5.12) with the seminorm associated to the modular defined in (5.15), similarly
to [102, Lemma 4.7].

Lemma 5.12. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set. Let φ ∈ Φw(Ω)
and let u ∈ BDφ(Ω). Then

∥Eu∥ϱ2V n×n
φ

≤ 2V n×n
φ (Eu) ≤ 2 ∥Eu∥ϱ2V n×n

φ

.

Proof. Since u ∈ BDφ(Ω), the case 2V n×n
φ (Eu) = +∞ is excluded a priori. Moreover,

2V n×n
φ (Eu) = 0 =⇒ ϱ2V n×n

φ

!
Eu

λ

(
= 0

for every λ > 0, yielding ∥Eu∥ϱ2V n×n
φ

= 0. Lastly, since the claim is positively 1-homogeneous, we

can assume without loss of generality that 2V n×n
φ (Eu) = 1, since the case 2V n×n

φ (Eu) ∈ (0,+∞)
can always be reduced to it.
Now, by the definition of 2V n×n

φ , see (5.13), it follows that
ˆ
Ω
u · E∗w dx ≤ 2V n×n

φ (Eu) ∥w∥φ∗ = ∥w∥φ∗ ≤ 1 + ϱφ∗(|w|),

for any w ∈ C1
c (Ω;Rn×n

sym ), where the last inequality comes from a general property of the
Luxemburg norms, see Lemma 1.7. Thus, by the definition of ϱ2V n×n

φ
given in (5.15),

ϱ2V n×n
φ
(Eu) ≤ sup

w∈C1
c (Ω;Rn×n

sym )
[1 + ϱφ∗(|w|)− ϱφ∗(|w|)] = 1,

implying ∥Eu∥ϱ2V n×n
φ

≤ 1 by the definition of the norm generated by a modular, see Definition
1.6. This concludes the proof of the first inequality.
We next establish the opposite inequality 2 ∥Eu∥ϱ2V n×n

φ

≥ 1, which is equivalent to proving

ϱ2V n×n
φ

!2Eu

λ

(
> 1 for every λ < 1. (5.17)
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Indeed, on the one hand if ∥v∥ϱ2V n×n
φ

≥ 1, then by Definition 1.6 we have that

inf
�
k > 0 : ϱ2V n×n

φ

!
v

k

(
≤ 1

�
≥ 1,

entailing that for any λ < 1 it holds ∥v∥ϱ2V n×n
φ

> λ. By Lemma 1.23 then, this implies that
ϱ2V n×n

φ
( vλ) > 1 for any λ < 1. On the other hand, having ϱ2V n×n

φ
( vλ) > 1 for any λ < 1 entails

that, by Definition 1.6,

∥v∥ϱ2V n×n
φ

= inf
�
λ > 0 : ϱ2V n×n

φ

!
v

λ

(
≤ 1

�
≥ 1,

directly by the definition of infimum.
Now we need to prove (5.17). Thanks to the fact that φ∗ ∈ Φc(Ω), see Lemma 1.33(iii), and
thanks to Lemma 1.23, we have that ϱφ∗(|w|) ≤ 1 if and only if ∥w∥φ∗ ≤ 1, and we can
immediately conclude that

ϱ2V n×n
φ

!2Eu

λ

(
≥ sup

�ˆ
Ω

�2u
λ

· E∗w − φ∗(x, |w|)
�
dx : w ∈ C1

c (Ω;Rn×n
sym ), ∥w∥φ∗ ≤ 1

�
≥ 2

λ
2V n×n
φ (Eu)− 1 > 1.

This proves (5.17) and yields the thesis.

The following result, instead, relates the seminorm 2V n×n
φ , see Lemma 5.5, with the norm of

the symmetrized gradient, in particular considering the norm associated to the associate space
(Lφ∗(Ω;Rn×n))′. Obviously, in the associate space norm we test with functions in Lφ∗(Ω;Rn×n),
while in 2V n×n

φ the test functions are smooth. This means that some approximation is needed,
but a priori we are not able to use density in Lφ∗(Ω;Rn×n) since φ∗ is, in general, not doubling.
In order to state the result, we need the classical decomposition of the symmetrized gradient,
see for instance [23],

Eu = EuLn + Esu.

Moreover, let us remark the definition of the space LDloc(Ω), namely

LDloc(Ω) := {u ∈ L1
loc(Ω;Rn) : Eu ∈ L1

loc(Ω;Rn×n
sym )}.

The result, analogous to [102, Theorem 5.2], reads as follows.

Lemma 5.13. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φw(Ω) and let
u ∈ LDloc(Ω). Then 2V n×n

φ (Eu) ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Moreover, if additionally C1
c (Ω;Rn×n) is dense in Lφ∗(Ω;Rn×n), then

2V n×n
φ (Eu) = ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Proof. Since u ∈ LDloc(Ω), it follows by the definition of 2V n×n
φ that

2V n×n
φ (Eu) = sup

�ˆ
Ω
Eu : w dx : w ∈ C1

c (Ω;Rn×n
sym ), ∥w∥φ∗ ≤ 1

�
. (5.18)

The definition of the associate space norm (extended in a standard way to the vector valued
setting), see Definition 1.31, implies that, chosen w ∈ C1

c (Ω;Rn×n
sym ),ˆ

Ω
Eu : w dx ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′∥w∥φ∗ .
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Taking the supremum over the w ∈ C1
c (Ω;Rn×n

sym ) such that ∥w∥φ∗ ≤ 1, we conclude that2V n×n
φ (Eu) ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .
Under the density assumption, namely C1

c (Ω;Rn×n) being dense in Lφ∗(Ω;Rn×n), we next show
the opposite inequality, namely ∥Eu∥(Lφ∗ (Ω;Rn×n))′ ≤ 2V n×n

φ (Eu). Indeed, let w ∈ Lφ∗(Ω;Rn×n
sym )

with ∥w∥φ∗ = 1 and let {wj}j ⊂ C1
c (Ω;Rn×n

sym ) be a sequence such that wj → w in Lφ∗(Ω;Rn×n
sym )

and pointwise almost everywhere. Since we know that also wj

∥wj∥φ∗ → w in Lφ∗(Ω;Rn×n
sym ), we

may assume that ∥wj∥φ∗ = 1 for every j ∈ N. By Fatou’s Lemma, we have

lim inf
j→∞

ˆ
Ω
Eu : wj dx ≥

ˆ
Ω
Eu : w dx.

So, by (5.18) it follows that

2V n×n
φ (Eu) ≥ sup

�ˆ
Ω
Eu : w dx : w ∈ Lφ∗(Ω;Rn×n

sym ), ∥w∥φ∗ ≤ 1
�
.

Let h ∈ Lφ∗(Ω). We can set

w :=
� Eu

|Eu| h if |Eu| ̸= 0,
0 otherwise.

This gives

2V n×n
φ (Eu) ≥ sup

�ˆ
Ω
|Eu|h dx : h ∈ Lφ∗(Ω), ∥h∥φ∗ ≤ 1

�
= ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Hence 2V n×n
φ (Eu) = ∥Eu∥(Lφ∗ (Ω;Rn×n))′ . This concludes the proof.

In the second part of Lemma 5.13 we assume that C1
c (Ω;Rn×n) is dense in Lφ∗(Ω;Rn×n). If

φ∗ satisfies (A0) and (aDec), then this holds automatically by [127, Theorem 3.7.15] (note
that this theorem is stated for scalar functions, but the vectorial case can be deduced working
components-wise thanks to the equivalence of euclidean norms in spaces of finite dimension).
We know already that, by Lemma 1.33(ii) and (iv), φ∗ satisfies these conditions if and only if φ
satisfies (A0) and (aInc), meaning that it is not clear whether this density property is there or
not in the subsets where the function φ is linear.

5.2.2 Explicit expression of the anisotropic modular
In this subsection we derive an explicit formula for the dual modular ϱ2V n×n

φ
in terms of the

modular ϱφ of the absolutely continuous part of the symmetric gradient and its singular part
with weight given by the recession function, see Definition 1.29. In particular, analogously to
[102, Theorem 6.4], the main result of the section reads as follows.

Theorem 5.14. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω) ∩ C0(Ω ×
[0,+∞)) satisfy (A0), (aDec) and restricted (VA1). If u ∈ BD(Ω), then

ϱ2V n×n
φ
(Eu) = ϱφ(|Eu|) +

ˆ
Ω
φ∞ d|Esu|.

The following result is an immediate consequence of Theorem 5.14, when the generalized Φ-
function φ does not depend on x, namely when it is a classical Φ-function.
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Corollary 5.15. Let φ ∈ Φc satisfy (aDec). If u ∈ BD(Ω), then

ϱ2V n×n
φ
(Eu) = ϱφ(|Eu|) + φ∞|Esu|

in any Borel subset of Ω, and so

(1) BDφ(Ω) = BD(Ω) if φ∞ < +∞,

(2) BDφ(Ω) = LDφ(Ω) if φ∞ = +∞,

where
LDφ(Ω) := {u ∈ Lφ(Ω;Rn) : Eu ∈ Lφ(Ω;Rn×n

sym )}.

We observe that in (2) we cannot say that BDφ(Ω) =W 1,φ(Ω), see (4.9), since the latter equality
would follow from a Korn’s inequality. But, as proven in [39, Theorem 1.1], the latter holds for
classical convex Φ-functions if and only if φ satisfies both ∇2 and ∆2 conditions. Now, recall
first that φ ∈ Φc implies that φ = φ∗∗ and that the ∇2 condition for φ is equivalent, by [95,
Definition 2.4.10], to φ∗ satisfying ∆2. Furthermore, [95, Corollary 2.4.11] states that φ ∈ Φw
satisfies ∇2 if and only if it satisfies (aInc). By assumption, φ satisfies (aDec) but not (aInc),
thus φ satisfies ∆2 but not ∇2. As a particular case, one can consider φ(t) = t log(1 + t), see
[95, Remark 1.3].
In order to prove Theorem 5.14 we need the following lemma, proven in [102, Lemma 6.1], which
shows the importance of the recession function φ∞, see Definition 1.29.

Lemma 5.16. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω) satisfy
restricted (VA1). If ψ ∈ C0(Ω) with ϱφ∗(ψ) < +∞, then |ψ| ≤ φ∞.

In [129, Section 3 & Example A.1] it was shown that log-Hölder continuity is not sufficient
when working in BV p(·) and here, similarly, the (A1) condition (corresponding to log-Hölder
continuity in the general case of convex Φ-functions) is not sufficient in the previous result, as
in the following ones, in view of [102, Example 4.3]. That is why we make use of the restricted
(VA1) condition, which corresponds to strong log-Hölder continuity in the case of the variable
exponent function, see [102, Proposition 3.2].
In Propositions 5.17 and 5.19 we consider the singular and absolutely continuous parts of the
symmetric gradient separately. Then we combine them to handle the whole function in Theorem
5.14.

Proposition 5.17. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω) satisfy
(A0), (aDec) and restricted (VA1). If u ∈ BD(Ω), then

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Ω
φ∞ d|Esu|,

where
Tφ :=

�
ψ ∈ C1

c (Ω;Rn×n
sym ) : ϱφ∗(|ψ|) < +∞

	
. (5.19)

In order to prove Proposition 5.17, we need the following result, analogous to [102, Lemma 3.5],
which holds a characterization of the singular part of the symmetric gradient of our function.

Lemma 5.18. Let Ω ⊂ Rn be a bounded, connected and open set. If u ∈ BD(Ω), then

|Esu|(Ω) = sup
�ˆ

Ω
ψ : dEsu : ψ ∈ C1

c (Ω;Rn×n
sym ), |ψ| ≤ 1

�
.
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Proof. By the definitions of total variation of a measure and of weak derivative, together with
the fact that Eu = Eu+ Esu, we see that

|Eu|(Ω) = sup
ψ∈C1

c (Ω;Rn×n
sym ), |ψ|≤1

!ˆ
Ω
ψ : dEu+

ˆ
Ω
ψ : dEsu

(

≤ sup
ψ∈L∞(Ω;Rn×n

sym ), |ψ|≤1

ˆ
Ω
ψ : dEu+ sup

ψ∈L∞(Ω;Rn×n
sym ), |ψ|≤1

ˆ
Ω
ψ : dEsu

= |Eu|(Ω) + |Esu|(Ω).

Since |Eu|(Ω) + |Esu|(Ω) = |Eu|(Ω) as E and Es are mutually singular, each inequality has to
be an equality, and so the claim follows.

We can now give the proof of Proposition 5.17, following the lines of [102, Proposition 6.2].

Proof of Proposition 5.17. By the definition of the total variation of a measure, Lemma 5.16
and the definition of Tφ, see (5.19), we have

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu ≤ sup

ψ∈Tφ

ˆ
Ω
|ψ| d|Esu| ≤

ˆ
Ω
φ∞ d|Esu|.

In order to tackle the opposite inequality, let us define hk : Ω→ [0,+∞] by

hk(x) := lim
r→0+

inf
y∈B(x,r)

φ(y, k)
k

for any x ∈ Ω.

Notice that hk is lower semicontinuous with

hk ≤ φ( · , k)
k

≤ φ∞. (5.20)

From the first inequality it follows that φ∗( · , hk) ≤ φ( · , k), implying that ϱφ∗(hk) ≤ ϱφ(k) <
+∞ since φ satisfies (A0) and (aDec), and Ω is bounded.
Let us now remark that hk → φ∞ as k → +∞. Indeed, if φ∞(x) = +∞, then we can use (A1)
in all sufficiently small balls, since φ+(k) < +∞, to conclude that

hk(x) = lim
r→0+

inf
y∈B(x,r)

φ(y, k)
k

≥ φ(x, βk)− 1
k

→ βφ∞(x) = +∞ (5.21)

as k → +∞. If instead φ∞(x) < +∞, then we use the same inequality but now with β := 1
1+ω(r) ,

where ω is the modulus of continuity coming from the restricted (VA1) condition, and we obtain
the desired convergence as β ↗ 1.
Note that hk is increasing in k since φ is convex. Then, by monotone convergence,

ˆ
Ω
φ∞ d|Esu| = lim

k→∞

ˆ
Ω
hk d|Esu|.

Let us fix ε > 0 and assume that
´
Ω φ∞ d|Esu| < +∞. Then, we can find h = hk and K > 0

such that ˆ
Ω
φ∞ d|Esu| ≤

ˆ
Ω
h d|Esu|+ ε ≤

K20
j=1

ˆ
Ω

1
K

χ{h> j
K

} d|Esu|+ 2ε

= 1
K

K20
j=1

|Esu|
!�

h >
j

K

�(
+ 2ε.
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Since h is lower semicontinuous, then {h > j
K } is open and hence, by Lemma 5.18, we can

choose ψj ∈ C1
c (Ω;Rn×n

sym ) with |ψj | ≤ 1 such that
ˆ
Ω
φ∞ d|Esu| ≤ 1

K

K20
j=1

ˆ
{h> j

K
}
ψj : dEsu+ 3ε =

ˆ
Ω

K20
j=1

1
K

ψj

 : dEsu+ 3ε.

Defining ψε :=
1K2

j=1
1
Kψj , we can notice that ψε ∈ C1

c (Ω;Rn×n
sym ) and

|ψε| ≤ 1
K

K20
j=1

|ψj | ≤ 1
K

K20
j=1

χ{h> j
K

} ≤ h,

giving ϱφ∗(|ψε|) < +∞. Therefore ψε ∈ Tφ and
ˆ
Ω
φ∞ d|Esu| ≤

ˆ
Ω
ψε : dEsu+ 3ε ≤ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu+ 3ε.

The upper bound then follows letting ε ↘ 0. If instead ´
Ω φ∞ d|Esu| = +∞, then a similar

argument gives 1
3ε ≤ supψ∈Tφ

´
Ω ψ : dEsu and the claim again follows.

The following result deals with the absolutely continuous part of the symmetrized gradient,
similarly to [102, Proposition 6.3]. Note that removing the assumption that φ is continuous in
both variables is not trivial.

Proposition 5.19. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω)∩C0(Ω×
[0,+∞)) satisfy (A0) and (aDec). If u ∈ BD(Ω), then

sup
ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx = ϱφ(|Eu|).

Proof. The upper bound follows directly from Young’s inequality, indeed

sup
ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx ≤

ˆ
Ω
φ(x, |Eu|) dx = ϱφ(|Eu|).

In order to prove the lower bound let us choose {gi}i ⊂ C0(Ω;Rn×n
sym ) ∩ Lφ(Ω;Rn×n

sym ) such that
gi → Eu pointwise a.e and in L1(Ω;Rn×n

sym ). Then by Fatou’s Lemma and L1-convergence yields
ˆ
Ω
φ(x, |Eu|) dx ≤ lim inf

i→+∞

ˆ
Ω
φ(x, |gi|) dx and lim

i→+∞

ˆ
Ω
gi : ψ dx =

ˆ
Ω
Eu : ψ dx

for any ψ ∈ Tφ. Thus, it suffices to show that
ˆ
Ω
φ(x, |g|) dx ≤ sup

ψ∈Tφ

ˆ
Ω
[g : ψ − φ∗(x, |ψ|)] dx

for any g ∈ C(Ω;Rn×n
sym )∩Lφ(Ω;Rn×n

sym ). Moreover, replacing ψ by g
ε+|g| |ψ| and letting ε ↘ 0, we

see that g : g
ε+|g| |ψ| → |g| |w| pointwise. Thus, by monotone convergence, the vector-values of g

and ψ are irrelevant and we only need to show that
ˆ
Ω
φ(x, |g|) dx ≤ sup

ψ∈C1
c (Ω)

ˆ
Ω
[|g ψ| − φ∗(x, |ψ|)] dx (5.22)
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for any g ∈ C0(Ω) ∩ Lφ(Ω). We can also exclude test functions such that ϱφ∗(ψ) = +∞, see
Remark 5.11.
Now let us denote with φ′ the left-derivative of φ with respect to the second variable. Then φ′

is left-continuous and φ(x, s) ≥ φ(x, s0) + φ′(x, s0)(s − s0) by convexity. For any ε > 0, let us
define

ψε(x, t) :=
ˆ +∞

−∞
φ(x,max{τ, 0}) ζε(t− τ) dτ = (φ ∗t ζε)(x, t), (5.23)

where ζε is a mollifier in R with support in [0, ε] and where ∗t denotes the convolution only in
the second variable. Since φ and φ′ are increasing in the second variable and left-continuous,
we have that ψε ↗ φ and ψ′

ε ↗ φ′ as ε ↘ 0. Moreover, ψ′
ε = φ ∗t ζ ′

ε is continuous in both x,
since φ is, and t, as a convolution with a smooth function.
Let vi ∈ Cc(Ω) with 0 ≤ vi ≤ 1 and vi ↗ 1 as i → +∞. By the uniform continuity in supp vi,
we can choose δ = δε,i > 0 such that, for any ε > 0 and i ∈ N,

ψ′
ε(x, |g(x)| vi(x))− ε ≤ ψ′

ε(y, |g(y)| vi(y))

for all x ∈ B(y, δ) and y ∈ Ω. Then

ψε,i := max{ψ′
ε( · , |g| vi)− ε, 0} ∗x ηδ ≤ ψ′

ε( · , |g|) ≤ φ′( · , |g|),

where ηδ is a mollifier in R with support in [0, δ] and where ∗x denotes the convolution only in
the first variable. We have that ψε,i → φ′(·, |g|), so we conclude by Fatou’s Lemma that

ˆ
Ω
|g|φ′(x, |g|) dx ≤ lim inf

i→+∞, ε→0

ˆ
Ω
|g ψε,i| dx.

Since φ satisfies (A0) and (aDec), we see that

φ∗(x, |ψε,i|) ≤ φ∗(x, φ′(x, |g|)) ≤ |g|φ′(x, |g|) ≤ c φ(x, |g|),

where c > 0 is a constant. Since g ∈ Lφ(Ω) and φ satisfies (aDec), then ϱφ(g) < +∞. Thus, by
dominated convergence with upper bound c φ(·, g) yields

ˆ
Ω
φ∗(x, φ′(x, |g|)) dx = lim

i→+∞, ε→0

ˆ
Ω
φ∗(x, |ψε,i|) dx.

Since ψε is a valid test function and φ′( · , |g|) < +∞ a.e. in Ω, the last equality, together with
“Young’s equality”, see Lemma 1.8, implies that

sup
ψ∈C1

c (Ω), ϱφ∗ (ψ)<+∞

ˆ
Ω
[|gψ| − φ∗(x, |ψ|)] dx ≥ lim inf

i→+∞, ε→0

ˆ
Ω
[|g| |ψε,i| − φ∗(x, |ψε,i|)] dx

≥
ˆ
Ω
[|g|φ′(x, |g|)− φ∗(x, φ′(x, |g|))] dx =

ˆ
Ω
φ(x, |g|) dx,

proving (5.22) and completing the proof of the lower bound.

Remark 5.20. The natural idea would be to choose ψ := φ′(x, |g|) in the supremum in (5.22),
instead of the family of test functions that we chose in (5.23), where φ′ is the left-derivative of
φ with respect to the second variable. However, this function is not in general smooth and we
cannot use regular approximation by smooth functions since φ∗ is not doubling.

Having the two previous propositions at hands, we can now prove Theorem 5.14, exploiting the
ideas used in [102, Theorem 6.4].
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Proof of Theorem 5.14. Since Eu = Eu + Esu and since u ∈ BD(Ω), an integration by parts
implies that ˆ

Ω
u · E∗ψ dx =

ˆ
Ω
ψ : dEu =

ˆ
Ω
Eu : ψ dx+

ˆ
Ω
ψ : dEsu

for any ψ ∈ Tφ. Hence, the claim follows from Propositions 5.17 and 5.19 once we prove that

sup
ψ∈Tφ

�ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+

ˆ
Ω
ψ : dEsu

�
= sup

ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu.

The first inequality, namely “≤”, is obvious, so we only need to prove the opposite one. Let us
first assume that

ϱφ(|Eu|) +
ˆ
Ω
φ∞ d|Esu| < +∞ (5.24)

and let us fix ε > 0. We can always choose ψ1, ψ2 ∈ Tφ such that

sup
ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx ≤

ˆ
Ω
[Eu : ψ1 − φ∗(x, |ψ1|)] dx+ ε < +∞ (5.25)

and
sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu ≤

ˆ
Ω
ψ2 : dEsu+ ε < +∞. (5.26)

Since u ∈ BD(Ω) and ψ1, ψ2 ∈ Tφ, we have |Eu| |ψi| ∈ L1(Ω) and ϱφ∗(|ψi|) < +∞ for i ∈ {1, 2}.
Thus, by the absolute continuity of the integral, we can find δ > 0 such that88888

ˆ
Ω\Ω1

[Eu : ψi − φ∗(x, |ψi|)] dx
88888 ≤

ˆ
Ω\Ω1

[|Eu| |ψi|+ φ∗(x, |ψi|)] dx ≤ ε (5.27)

for i ∈ {1, 2} and any Ω1 ⊂ Ω with |Ω \ Ω1| < δ and88888
ˆ
Ω\Ω2

ψ2 : dEsu

88888 ≤
ˆ
Ω\Ω2

φ∞ d|Esu| ≤ ε

for any Ω2 ⊂ Ω with |Esu|(Ω \Ω2) < δ. Since suppEsu is a set with zero Lebesgue measure, we
can find a finite collection of open rectangles {Qi}i ⊂ Ω such that

|Esu|
5

i∈N
Qi

 > |Esu|(Ω)− δ and

888888
5
i∈N
2Qi

888888 < δ.

Let us now choose θ ∈ C1
c (Ω) such that 0 ≤ θ ≤ 1, θ = 1 in Ω2 := 6

i∈N Qi and θ = 0 in
Ω1 := Ω \6

i∈N 2Qi, and let us fix ψε := θ ψ2+ (1− θ)ψ1 ∈ C1
c (Ω;Rn×n

sym ). Since ψε is a pointwise
convex combination, we get

φ∗( · , |ψε|) ≤ φ∗( · ,max{|ψ2|, |ψ1|}) ≤ φ∗( · , |ψ2|) + φ∗( · , |ψ1|).
This yields that ϱφ∗(|ψε|) ≤ ϱφ∗(|ψ2|) + ϱφ∗(|ψ1|) < +∞, yielding ψε ∈ Tφ. We then get that

ϱ2V n×n
φ
(Eu) = sup

ψ∈Tφ

�ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+

ˆ
Ω
ψ : dEsu

�
≥
ˆ
Ω
[Eu : ψε − φ∗(x, |ψε|)] dx+

ˆ
Ω
ψε : dEsu

≥
ˆ
Ω1

[Eu : ψ1 − φ∗(x, |ψ1|)] dx+
ˆ
Ω2

ψ2 : dEsu− cθ

≥
ˆ
Ω
[Eu : ψ1 − φ∗(x, |ψ1|)] dx+

ˆ
Ω
ψ2 : dEsu− 5ε,
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where, thanks to (5.27),

cθ :=
ˆ
Ω\Ω1

[|Eu| |ψε|+ φ∗(x, |ψε|)] dx+
ˆ
Ω\Ω2

|ψε| d|Esu| ≤ 3ε

by the absolute integrability assumptions and by Lemma 5.16. By the choices of ψ1 and ψ2,
namely (5.25) and (5.26), we then get

ϱ2V n×n
φ
(Eu) ≥ sup

ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu− 7ε.

The lower bound then follows by letting ε → 0+. This concludes the proof in the case (5.24).
If, instead, ϱφ(|Eu|) = +∞ and

´
Ω φ∞ d|Esu| < +∞, we simply estimate

sup
ψ∈Tφ

�ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+

ˆ
Ω
ψ : dEsu

�
≥ sup

ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx− sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu

= ϱφ(|Eu|)−
ˆ
Ω
φ∞ d|Esu| = +∞.

We are only left to consider the case
´
Ω φ∞ d|Esu| = +∞. By the proof of Proposition 5.17

there exists ψε ∈ C1
c (Ω;Rn×n

sym ) such that
ˆ
Ω
ψε : dEsu >

1
ε

and |ψε| ≤ φ( · ,k)
k for some k = kε. For any function θ : Ω→ [0, 1], we have that

Eu : (θ ψε)− φ∗(·, |θ ψε|) ≥ Eu : (θ ψε)− φ∗
!
· , φ( · , k)

k

(
≥ −

�
φ+(k)

k
|Eu|+ φ+(k)

&
,

see Lemma 1.33(iii). Since the function on the right-hand side is integrable, we can choose δk > 0
such that its integral over any measurable set A with |A| < δk is at least −1. Furthermore, since
supp(Esu) has measure zero, we can choose θ ∈ C∞

c (Ω) as earlier to have support with Lebesgue
measure at most δk and such that satisfiesˆ

Ω
(θψε) : dEsu >

1
2

ˆ
Ω
ψε : dEsu >

1
2ε.

Then,
sup
ψ∈Tφ

�ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx+

ˆ
Ω
ψ : dEsu

�
≥
ˆ
Ω
(θψε) : dEsu+

ˆ
Ω
[Eu : (θψε)− φ∗(x, |θψε|)] dx ≥ 12ε − 1.

Letting ε → +∞, the claim follows. This concludes the proof of the theorem.

5.2.3 The variable exponent case
In this subsection we focus on the special generalized Φ-function

φ(x, t) := 1
p(x) t

p(x), (5.28)
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with p : Ω → [1,+∞) a measurable function. Such a p is called a variable exponent. Let us
recall that, choosing φ as in (5.28) and considering the set

Y := {x ∈ Ω : p(x) = 1}, (5.29)

we have that its conjugate φ∗ is of the form

φ∗(x, t) =


1

q(x) t
q(x) if x ∈ Ω \ Y,

∞χ(1,∞)(t) if x ∈ Y,
(5.30)

see [102, Example 4.3], where q is the function defined pointwise in Ω \Y by 1
q(x) +

1
p(x) = 1 and

with the convention that ∞ · 0 = 0. From now, given a set A ⊂ Ω, we write
p+A := ess-sup

x∈A
p(x) and p−

A := ess-infx∈A
p(x),

respectively q±
A for the conjugate exponent function q. In the following, we will assume p

+
Ω < +∞.

We start by recalling the following notion, introduced in [25].

Definition 5.21. A variable exponent p is said to be strongly log-Hölder continuous in Y if and
only if

p(x)− 1 ≤ ω(|x− y|)
log(e+ 1

|x−y|)
,

for every y ∈ Y and x ∈ Ω and for some ω : [0,+∞)→ [0,+∞) with limt→0 ω(t) = 0.

At this point, it is worth observing that the above property is weaker than the ‘classical log-
Hölder continuity’ as stated in [25, Definition 2.3], which is, in turn, equivalent to the restricted
(VA1) condition, introduced in Definition 1.30, for the function (5.28). In [25, Lemma 2.4] the
following technical result has been proven.

Lemma 5.22. Suppose that p is strongly log-Hölder continuous in Y . If ϱq(·)(w) < +∞ for
some continuous w, then |w| ≤ 1 in Y .

Remark 5.23. The explicit definition of the function φ in (5.28) entails some additional proper-
ties other than the explicit form of its conjugate function given by (5.30). Indeed, it is immediate
to see that φ ∈ Φc(Ω), see Definition 1.20 and [127, Section 7.1]. Moreover, arguing as in [127,
Lemma 7.1.1], it is easy to see that φ satisfies (A0), (aInc)p−

Ω
and (aDec)p+

Ω
, see Definition 1.27.

The first result we prove in this subsection is the equivalent of Theorem 5.14 in this specific
setting. In particular, we show that the same conclusion of Theorem 5.14 holds under less
restrictive hypotheses on our function φ. Before doing so, we need to recall the definition of the
modular associated to the variable exponent space when p+Ω < +∞, given in an equivalent way
to the one in [129, Subsection 2.2], namely

ϱLp(·)(Ω;Rn×n
sym )(u) :=

ˆ
Ω

1
p(x) |u(x)|

p(x) dx

for any u ∈ M(Ω;Rn×n
sym ). Now, the theorem reads as follows.

Theorem 5.24. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ be defined as in
(5.28) and let p : Ω → [1,+∞) be continuous in Ω and strongly log-Hölder continuous in Y ,
with p+Ω < +∞. If u ∈ BD(Ω), then

ϱ2V n×n
φ
(Eu) = ϱold(Eu) := |Eu|(Y ) + ϱLp(·)(Ω\Y ;Rn×n

sym )(Eu). (5.31)
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Proof. First, let us observe that the claim of Lemma 5.16 is automatically satisfied in the case
of φ given by (5.28) with the only requirement of strong log-Hölder continuity in Y and the
assumption that p+Ω is finite. Indeed, on the one hand, in view of (5.30) and Definition 1.29
(which is a limit in this specific case), it suffices to prove the inequality in the set Y given by
(5.29), since in Ω \ Y the recession function is +∞. On the other hand though, whenever we
choose ψ ∈ C0(Ω) with ϱφ∗(|ψ|) < +∞, then by (5.30) we have that φ∗(x, |ψ|) = 0 for almost
every x ∈ Y , implying that |ψ| ≤ 1 = φ∞(x) in Y , in view of Lemma 5.22, which proves our
claim.
As a second step, let us remark that choosing φ as in (5.28), with p( · ) continuous, Proposition
5.19 is valid. In fact, by assumption φ is continuous, and by Remark 5.23, we know that (A0)
and (aDec) are satisfied. Hence, we can conclude that

sup
ψ∈Tφ

ˆ
Ω
[Eu : ψ − φ∗(x, |ψ|)] dx = 1

p(x)

ˆ
Ω
|Eu|p(x) dx

for any u ∈ BD(Ω), where Tφ is defined as in (5.19).
We are left to prove that Proposition 5.17 holds true under these hypotheses and choosing φ as
in (5.28), namely proving that

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Ω
φ∞ d|Esu|.

Note that the inequality “≤” is immediately verified thanks to the fact that Lemma 5.16 holds
under our assumptions. So it suffices to prove that

ˆ
Ω
φ∞d|Esu| ≤ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu.

Thanks to the continuity assumption on p in Ω, we obtain that (5.20) and (5.21) hold. In
particular, the second one holds for any β ∈ [0, 1], due to the non decreasing monotonicity of
( · )p(x). Observe that hk is lower semicontinuous by definition (it is a lower semicontinuous
envelope, see [82, Chapter 1]) and increasing in k. Consequently the same arguments as in the
proof of Proposition 5.17 lead to the desired conclusion. Moreover, let us remark that for every
u ∈ BD(Ω) it holds

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Y
d|Esu| = |Esu|(Y ),

since φ∞(x) = 1 in Y as observed before, which indeed says that Esu is concentrated on Y .
Finally, following the same steps of the proof of Theorem 5.14, since under our hypotheses the
equivalent formulations of Lemma 5.16, Proposition 5.17 and Proposition 5.19 hold, we get the
thesis.

Remark 5.25. As a corollary of Theorem 5.24, under the same hypotheses we get the coinci-
dence of the spaces BDφ and BD ∩ LDp(·), with

LDp(·)(Ω) := {u ∈ Lp(·)(Ω;Rn) : Eu ∈ Lp(·)(Ω;Rn×n
sym )},

when φ is as in (5.28). Alternatively, this latter equality can be proven directly arguing as in [25,
Theorem 3.8] even removing the continuity hypotesis on p(·), replacing it by lower semicontinuity.
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5.3 The imaging problem
In this section we finally deal with the novel regularizer based on a Musielak-Orlicz generaliza-
tion of classical Total Generalized Variation functionals that we defined in (5.1), namely the
anisotropic Total Generalized Variation of order 2, with weight α := (α1, α2) ∈ R+ × R+, given
by

TGV φ,2
α (u) := sup

�ˆ
Ω
u div2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

�
,

where we consider u ∈ L1
loc(Ω). In Subsection 5.3.1 we prove some properties of this functional,

while in Subsection 5.3.2 we give a dual characterization of this functional exploiting the space
BDφ we defined in Section 5.2. Finally, in Subsection 5.3.3 we show how the anisotropic Total
Generalized Variation inherits classical existence and stability properties.

5.3.1 Basic properties of TGV φ,2
α (u)

Following the lines of [36], we define the space of functions of bounded variation of order 2 with
Orlicz growth and weight α as

BGV φ,2
α (Ω) := {u ∈ Lφ(Ω) : TGV φ,2

α (u) < +∞}, (5.32)

endowed with the norm
∥u∥

BGV φ,2
α
:= ∥u∥φ + TGV φ,2

α (u),

where the functional TGV φ,2
α is defined as in (5.1).

Remark 5.26. Note that it would also be possible to define the functionals TGV φ,k
α and the

spaces BGV φ,k
α (Ω) for general k ∈ N+ following the lines of [36]. Moreover, for k = 1 and

α ∈ R+, and chosen u ∈ L1
loc(Ω), we would have

TGV φ,1
α (u) = sup

�ˆ
Ω
u divψ dx : ψ ∈ C1

c (Ω;Rn), ∥ψ∥φ∗ ≤ α

�
= αVφ(u),

where the right-hand side is defined as in (5.2). Hence, we can indeed speak of a generalization
of an anisotropic total variation. Contrary to Remark 5.3, which was true for u ∈ BV (Ω) in
order to know at least that Du ∈ M(Ω;Rn), here it is enough to take u ∈ L1

loc(Ω).

In the following result we prove some basic properties of the anisotropic Total Generalized
Variation.

Proposition 5.27. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2. Let φ ∈
Φw(Ω) satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Then, the following statements hold:

(i) TGV φ,2
α is a seminorm on the normed space BGV φ,2

α (Ω).

(ii) For u ∈ L1
loc(Ω), there holds TGV φ,2

α (u) = 0 if and only if u is a polynomial of degree
either 0 or 1.

(iii) For every α̃ = (α̃1, α̃2) ∈ R+ × R+, the seminorms TGV φ,2
α and TGV φ,2

α̃ are equivalent.

(iv) TGV φ,2
α is rotationally invariant, namely for any matrix R ∈ SO(n) and u ∈ BGV φ,2

α (Ω)
we can define ũ(x) := u(Rx) and we have that ũ ∈ BGV φ,2

α (RTΩ) and TGV φ,2
α (ũ) =

TGV φ,2
α (u).
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(v) For r > 0 and u ∈ BGV φ,2
α (Ω), define ū(x) := u(rx). Then ū ∈ BGV φ,2

α (r−1Ω) and

TGV φ,2
α (ū) = r−n TGV φ,2

ᾱ (u) with ᾱ = (ᾱ1, ᾱ2) := (α1r
2, α2r).

Proof. We prove the five statements one by one.
(i). Thanks to the definition of the functional TGV φ,2

α given in (5.1), it is obvious to see that
the two conditions (N2) and (N3) in Definition 1.4 hold, implying that TGV φ,2

α is a seminorm.
Note that BGV φ,2

α (Ω) is a normed space because φ ∈ Φw(Ω) and satisfies (A0), so ∥ · ∥φ is a
norm, see Theorem 1.35.
(ii). Let us denote the set of the test functions for the functional TGV φ,2

α by

Kφ,2
α (Ω) :=

�
ψ ∈ C2

c (Ω;Rn×n
sym ) : ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

	
.

Let us first assume that u is a polynomial of degree either 0 or 1, implying that ∇2u = 0. Then,
since the test function ψ is in Kφ,2

α (Ω) and thanks to two integration by parts, it is obvious that
TGV φ,2

α (u) = 0.
Suppose now that TGV φ,2

α (u) = 0 for some u ∈ L1
loc(Ω). For any ψ ∈ C2

c (Ω;Rn×n
sym ), one can find

λ > 0 such that
∥λψ∥∞ ≤ α1 and ∥div(λψ)∥∞ ≤ α2.

Since φ satisfies (A0), meaning that φ∗ satisfies (A0) as well, see Lemma 1.33(iv), and since Ω
is bounded, thanks to Lemma 1.34 we have that λψ ∈ Kφ,2

α (Ω). Testing in (5.1) with λψ, we
then get ˆ

Ω
u div2ψ dx = 0 for any ψ ∈ C2

c (Ω;Rn×n
sym ),

implying that ∇2u = 0 in the weak sense. Since Ω is connected, this implies that u has to be a
polynomial of degree less than 2.
(iii). The equivalence of the seminorms TGV φ,2

α and TGV φ,2
α̃ can be proven noticing that,

chosen
c := max{α1, α2}

min{α̃1, α̃2} ,

we have that cKφ,2
α (Ω) ⊂ Kφ,2

α̃ (Ω), meaning that c TGV φ,2
α (u) ≤ TGV φ,2

α̃ (u) for any u ∈ L1
loc(Ω).

Interchanging the roles of α and α̃ gives us the desired equivalence.
(iv). Thanks to [36, (A.4)], we know that given a matrix R ∈ SO(n), then

ψ ∈ C2
c (RTΩ;Rn×n

sym ) ⇐⇒ 2ψ := (ψ ◦RT )RT ∈ C2
c (Ω;Rn×n

sym ),

with divl 2ψ = ((divl ψ) ◦RT )RT , with l = 0, 1 where div0 = id. Hence, for l = 0, 1,

∥divl 2ψ∥φ∗ = ∥((divl ψ) ◦RT )RT ∥φ∗ = ∥(divl ψ) ◦RT ∥φ∗ = ∥divl ψ∥φ∗ ,

implying that ψ ∈ Kφ,2
α (RTΩ) if and only if 2ψ ∈ Kφ,2

α (Ω). Lastly, for any ψ ∈ Kφ,2
α (RTΩ) we

have ˆ
RTΩ

u(Rx) div2ψ(x) dx =
ˆ
Ω
u(x) div2ψ(RTx) dx =

ˆ
Ω
u(x) div2 2ψ(x) dx,

yielding TGV φ,2
α (u ◦R) = TGV φ,2

α (u).
(v). Note that

div(v ◦ r−1In) = r−1(div v) ◦ r−1In,

implying that, chosen ψ ∈ C l
c(r−1Ω;Rn×n

sym ) and ψ̄ := r2 ψ ◦ r−1In, we have

∥divlψ̄∥φ∗ = r2−l∥divlψ∥φ∗ ,
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for l = 0, 1. As a consequence, ψ ∈ Kφ,2
α (r−1Ω) if and only if ψ̄ ∈ Kφ,2

ᾱ (Ω) with ᾱ = (ᾱ1, ᾱ2) :=
(α1r2, α2r). Lastly, this yields

ˆ
r−1Ω

u(rx) div2ψ(x) dx = r−n

ˆ
Ω
u(x) div2ψ(r−1x) dx =

ˆ
Ω
u(x) div2ψ̄(x) dx,

implying TGV φ,2
α (u ◦ r I2) = r−n TGV φ,2

ᾱ (u).

Note that it is possible to prove that TGV φ,2
α is weakly lower semicontinuous with respect to

the weak Lp convergence, as well as to the weak∗ convergence in L∞.

Lemma 5.28. Let Ω be a bounded set in Rn and let φ ∈ Φw(Ω). Then, TGV φ,2
α is weakly

lower semicontinuous in Lp(Ω) for every 1 ≤ p < +∞, as well as weak∗ lower semicontinuous
in L∞(Ω) for any α ∈ R+ × R+.

Proof. We only prove the lemma for p ∈ [1,+∞), as the case p = +∞ is analogous.
Chosen ψ ∈ C2

c (Ω;Rn×n
sym ) with ∥ψ∥φ∗ ≤ α1 and ∥divψ∥φ∗ ≤ α2 as in (5.1), then div2ψ ∈ L∞(Ω).

Then, chosen (uk)k ⊂ Lp(Ω) such that uk ⇀ u weakly in Lp(Ω) we get
ˆ
Ω
u div2ψ dx = lim inf

k→+∞

ˆ
Ω
uk div2ψ dx ≤ lim inf

k→+∞
TGV φ,2

α (uk).

The thesis follows by taking the supremum over all such ψ.

The next proposition is the equivalent of [36, Proposition 3.5] in our setting, proving that
BGV φ,2

α (Ω) is a Banach space.

Proposition 5.29. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2. Let φ ∈
Φw(Ω) satisfy (A0). Then, for any weight α = (α1, α2) ∈ R+ × R+ the space BGV φ,2

α (Ω) is a
Banach space if endowed with the norm ∥ · ∥

BGV φ,2
α

.

Proof. Thanks to Proposition 5.27(iii), we know that all the seminorms TGV φ,2
α , respectively

norms ∥·∥
BGV φ,2

α
, are equivalent for any α ∈ R+×R+, so we only need to prove that BGV φ,2

α (Ω)
is complete for some α ∈ R+ × R+.
Note that, since Ω is bounded and φ satisfies (A0), then by Lemma 1.34 we have Lφ(Ω) �→ L1(Ω).
This, together with Lemma 5.28, implies that TGV φ,2

α is a lower semicontinuous functional with
respect to Lφ(Ω) for any α and φ chosen as in the hypotheses.
Now let {un}n be a Cauchy sequence in BGV φ,2

α (Ω). This yields that {un}n is a Cauchy sequence
also in Lφ(Ω), implying the existence of a limit u ∈ Lφ(Ω) such that

TGV φ,2
α (u) ≤ lim inf

n→+∞ TGV φ,2
α (un),

thanks to the lower semicontinuity of the functional. As a consequence, u ∈ BGV φ,2
α (Ω) and the

only thing left to be shown is that u is the limit in the corresponding norm as well. In order to
do so, let us choose ε > 0 and n ∈ N such that for any n̄ ≥ n it holds that TGV φ,2

α (un − un̄) ≤
ε. Thanks again to the lower semicontinuity of the functional (with respect to the L1 weak
convergence), letting n̄ → +∞ we then get

TGV φ,2
α (un − u) ≤ lim inf

n̄→+∞ TGV φ,2
α (un − un̄) ≤ ε,

implying that un → u in BGV φ,2
α (Ω).
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5.3.2 Dual formulation
The first step in order to treat minimization problems in image denoising with this new reg-
ularizer is to prove an equivalent result to [37, Theorem 3.1], namely proving that (5.1) can
be rewritten equivalently as a minimization problem which can be interpreted as an optimal
balancing between the first and second derivative of u in terms of “sparse” penalization, see [37,
Remark 3.2]. In [37] this was done via the Radon norm (i.e. the norm inM associated to the
Radon measure Du), while here we need to use the variant of the generalized variation associ-
ated to φ defined in (5.12). Given the anisotropic nature of such regularizers, we expect them to
better capture fine texture details in the images. The result, providing a dual characterization
of TGV φ,2

α , reads as follows.

Theorem 5.30. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set. Let φ ∈ Φw(Ω)
satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Then for any u ∈ L1(Ω) we have

TGV φ,2
α (u) = min

w∈BD(Ω)

�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

	
, (5.33)

where TGV φ,2
α is defined as in (5.1) and where we have adopted the convention that the above

right-hand side is infinite if 2V n×n
φ (Ew) = +∞. If, additionally, u ∈ BV φ(Ω), defined as in

(5.3), then
TGV φ,2

α (u) = min
w∈BDφ(Ω)

�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

	
, (5.34)

where the space BDφ(Ω) is defined as in (5.14).

Proof. Let us define X2 := C2
0 (Ω;Rn×n

sym ), X1 := C1
0 (Ω;Rn) and Λ := div ∈ Lin(X2, X1). We

stress that
X2 = C2

c (Ω;Rn×n
sym )

∥·∥C2 and X1 = C1
c (Ω;Rn)∥·∥C1

. (5.35)
Chosen u ∈ L1(Ω), we define

F1(M) := I{∥·∥φ∗≤α2}(M), for any M ∈ X2

and
F u
2 (v) := I{∥·∥φ∗ ≤α1}(v)−

ˆ
Ω
u divv dx, for any v ∈ X1.

Since φ satisfies (A0), then by Lemma 1.33(iv) also φ∗ satisfies (A0) and, by Lemma 1.34, we
have that F1 and F u

2 are continuous in the C2- and C1-topologies, respectively. Then, thanks
to a density argument and to (5.35), we have that

TGV φ,2
α (u) = − inf

M∈X2
[F1(M) + F u

2 (ΛM)] .

Let us remark that we can write the space X1 equivalently as

X1 =
5
λ≥0

λ (domF u
2 − ΛdomF1) . (5.36)

Indeed, if z ∈ domF u
2 then, trivially, z ∈ X1 implies z ∈ 6

λ≥0 λ (domF u
2 − ΛdomF1) and for

some λ ≥ 0 it is always verified that z
λ ∈ domF u

2 . This implies that

X1 ⊂
5
λ≥0

λ (domF u
2 − ΛdomF1) .

On the other hand, the converse is true since X1 is a closed vector space (and domF u
2 and domF1

are subsets of X1).
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Now, since X1 is a closed set, it means that also the right-hand side of (5.36) is closed, which
allows us to use Lemma 1.9, a Fenchel-Rockafellar duality result, getting

TGV φ,2
α (u) = − inf

M∈X2
[F1(M) + F u

2 (ΛM)] = min
w∈X∗

1
[(F u

2 )∗(w) + F ∗
1 (−Λ∗w)] .

Now, exploiting the definition of Fenchel conjugate, we get

(F u
2 )∗(w) = α2 sup

v∈X1

�
⟨w, v⟩Y +

ˆ
Ω
u divv dx : ∥v∥φ∗ ≤ 1

�
,

for every w ∈ D′(Ω;Rn), and

F ∗
1 (−Λ∗w) = α1 sup

M∈X2
{⟨−Λ∗w,M⟩X : ∥M∥φ∗ ≤ 1} ,

for every w ∈ D′(Ω;Rn) with −Λ∗w ∈ D′(Ω;Rn×n), where ⟨ · , · ⟩X1 and ⟨ · , · ⟩X2 denote, respec-
tively, the duality products between X1 and X∗

1 and between X2 and X∗
2 . Now, we observe that

if F ∗
1 (−Λ∗w) = +∞, then by Lemma 1.34 we find ∥−Λ∗w∥M = +∞. Moreover, since −Λ∗ = E,

we infer that for every w ∈ D′(Ω;Rn) with −Λ∗w ∈ D′(Ω;Rn×n) we have

F ∗
1 (−Λ∗w) =

�
α1 2V n×n

φ (Ew) if Ew ∈ M(Ω;Rn×n)
+∞ if Ew ∈ D′(Ω;Rn×n) \M(Ω;Rn×n).

Analogously, by observing that, since u ∈ L1(Ω),

(F u
2 )∗(w) = α2 sup

v∈X1
{⟨Du− w, v⟩X1 : ∥v∥φ∗ ≤ 1} ,

for every w ∈ D′(Ω;Rn), the same argument as for F ∗
1 yields

(F u
2 )∗(w) =

�
α2 2V n

φ (Du− w) if Du− w ∈ M(Ω;Rn)
+∞ if Du− w ∈ D′(Ω;Rn) \M(Ω;Rn),

again for every w ∈ D′(Ω;Rn). Thus, to summarize, by classical properties of BD and BV , see
[192, Chapter II, Theorem 2.3] and [9], we have that the following characterization holds:

TGV φ,2
α (u) =


min

w∈BD(Ω)

�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

	
if u ∈ BV (Ω;Rn),

+∞ otherwise in L1(Ω;Rn).
(5.37)

To conclude the proof we observe that if u ∈ BV φ(Ω), then by Theorem 1.32 the above infimum
problem can be considered on the subspace of BD(Ω) where additionally ∥w∥φ∗∗ < +∞, namely
BDφ(Ω), see Remark 5.8.

Note that in the proof we exploited the condition (A0) on the function φ in order to have the
inclusions BV φ(Ω) �→ BV (Ω) and BDφ(Ω) �→ BD(Ω), see Remarks 5.1 and 5.7.
The following result reduces the functional-analytic setting to the space BV φ(Ω), see (5.3), by
establishing equivalence of the two spaces BGV φ,2

α and BV φ.

Corollary 5.31. Under the same assumptions of Theorem 5.30, we have that TGV φ,2
α (u) < +∞

if and only if u ∈ BV φ(Ω).
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Proof. By Remark 5.3, choosing w = 0 as a test function in the characterization of TGV φ,2
α (u),

namely (5.33), we directly infer

TGV φ,2
α (u) ≤ α2 2V n

φ (Du) = α2Vφ(u),

see (5.2), which, in turn, yields

∥u∥φ + TGV φ,2
α (u) ≤ max{1, α2}∥u∥BV φ(Ω).

Conversely, since 2V n
φ satisfies the triangle inequality, letting wu be the minimum in (5.33), we

deduce

α2Vφ(u) = α2 2V n
φ (Du) ≤ α2 2V n

φ (Du− wu) + α2 2V n
φ (wu) ≤ TGV φ,2

α (u) + α2 2V n
φ (wu).

Remark 5.32. Thanks to Proposition 5.27, in particular thesis (i), and to Corollary 5.31, we
have that TGV φ,2

α is a seminorm also on the space BV φ(Ω).

Remark 5.33. Differently from the classical TGV -setting, it is not clear whether it is possible
to show that there exists a constant C > 0 such that

1
C
∥u∥BV φ(Ω) ≤ ∥u∥φ + TGV φ,2

α (u)

or not. Roughly speaking, this is due to the absence of a Musielak-Orlicz equivalent of Sobolev-
Korn inequality. We refer the interested reader to the discussion and the references in Section
5.2.
We also stress that, as it follows from the analysis in Proposition 5.34,

1
C
(∥u∥φ + |Du|(Ω)) ≤ ∥u∥φ + TGV φ,2

α (u)

for every u ∈ BV φ(Ω).

Thanks to what we have proven in Subsections 5.2.2 and 5.2.3, we expect also the variation2V m
φ and, as a consequence, the total generalized variation TGV φ,2

α to have a decomposition
depending on the absolutely continuous part and the singular part of the gradient of the functions
u ∈ BV φ(Ω). We leave this open question for future works.

5.3.3 Existence and stability of solutions to the minimization problem
In this section we show how our notion of Total Generalized Variation inherits classical existence
and stability properties. Throughout this section we will always tacitly assume that TGV φ,2

α

is extended to +∞ outside of its domain. We first prove that a Poincaré-Wirtinger inequality
also holds in our setting, entailing the coercivity needed to prove the existence of solutions to
minimum problems in image denoising.
To this aim, from now on we denote by P1(Ω) the space of affine functions, as well as by
Π : L1(Ω)→ P1(Ω) a linear projection.

Proposition 5.34. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set. Let φ ∈ Φw(Ω)
satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Let 1 < p ≤ n

n−1 . Then, there exists a constant
c > 0 such that

∥u∥Lp(Ω) ≤ c TGV φ,2
α (u),

for every u ∈ kerΠ ∩ Lp(Ω).
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Proof. Because φ satisfies (A0), by Remark 5.1 we have BV φ(Ω) �→ BV (Ω) and so

|Du− w|(Ω) ≤ 2V n
φ (Du− w).

Analogously, thanks to Remark 5.7 we get BDφ(Ω) �→ BD(Ω), entailing

|Ew|(Ω) ≤ 2V n×n
φ (Ew),

for every w ∈ BD(Ω). In view of Theorem 1.41 and Proposition 1.42, we infer the existence of
a constant c > 0 such that

∥u∥Lp(Ω) ≤ c TGV 2
α (u) ≤ c [α2|Du− w|(Ω) + α1|Ew|(Ω)]

≤ c
�
α2 2V n

φ (Du− w) + α1 2V n×n
φ (Ew)

�
,

for every w ∈ BD(Ω). The thesis follows then by Theorem 5.30.

In view of the Lemma 5.28, we deduce existence of minimizers whenever TGV φ,2
α is augmented

by suitable fidelity terms. In what follows, given two Hilbert spaces X and H, we denote by
Lin(X;H) the set of linear and continuous operators between X and H.

Theorem 5.35. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set. Let φ ∈ Φw(Ω)
satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Let 1 < p ≤ n

n−1 . Let further H be an Hilbert
space, and let K ∈ Lin(Lp(Ω);H) be injective on P1(Ω). Then, for every f ∈ H, the minimum
problem

min
u∈Lp(Ω)

1
2∥Ku− f∥H + TGV φ,2

α (u) (5.38)

has a solution.

Proof. Arguing exactly as in the proof of [37, Theorem 4.2], in view of Propositions 5.27 and
5.34, we find that any minimizing sequence for (5.38) is uniformly bounded in Lp(Ω) for every
1 ≤ p ≤ n

n−1 . The thesis follows then by Lemma 5.28.

We conclude this section by showing stability of minimizers of (5.38) with respect to the fidelity
datum f .

Theorem 5.36. Let Ω ⊂ Rn be a bounded, connected, Lipschitz and open set. Let φ ∈ Φw(Ω)
satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Let 1 < p ≤ n

n−1 . Let H be an Hilbert space and
let K ∈ Lin(Lp(Ω);H) be injective on P1(Ω). Let {fk}k ⊂ H be such that fk → f strongly in
H. Then, setting

Fk(u) :=
1
2∥Ku− fk∥H + TGV φ,2

α (u), F0(u) :=
1
2∥Ku− f∥H + TGV φ,2

α (u),

for every u ∈ Lp(Ω), we have that {Fk}k Γ-converges to F0 with respect to the weak Lp-topology.

Proof. The limsup inequality is immediately verified by considering for each u ∈ Lp(Ω) the
constant recovery sequence ūk = u for every k ∈ N. To show the liminf inequality, let u ∈ Lp(Ω)
and let {uk}k ⊂ Lp(Ω) be such that uk ⇀ u weakly in Lp(Ω). The fact that

F0(u) ≤ lim inf
k→+∞

Fk(uk)

is a direct consequence of Lemma 5.28.

As a consequence of Theorem 5.36 we infer convergence of the associated minimizers.
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Corollary 5.37. Under the same hypotheses of Theorem 5.36, we have

(i) minFk → minF0.

(ii) Letting uk ∈ argmin Fk for every k ∈ N, we have that {uk}k is precompact in L
n

n−1 (Ω),
and that every limiting point u satisfies u ∈ argmin F0.

Proof. The result follows from the Fundamental Theorem of Gamma-convergence, see [33], by
combining Theorem 5.36 and Proposition 5.34.
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