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Abstract

While classical electrodynamics predicts that light waves pass through each other without
interaction, quantum field theory in the form of the Standard Model allows for nontrivial
photon-photon scattering. In the language of Feynman diagrams, these arise through
virtual charged particles, such as electrons. Additional contributions originate from the
strong interaction sector, described by quantum chromodynamics (QCD), since quarks
carry electric charge. However, the non-perturbative nature of QCD—characterized by
confinement and large coupling—precludes a straightforward calculation of these effects.

Hadronic light-by-light (HLbL) scattering plays a crucial role in the Standard Model
prediction of the anomalous magnetic moment of the muon, aµ. The muon magnetic
moment is particularly sensitive to heavy virtual states, making it a powerful probe
for physics beyond the Standard Model. For a long time, the theoretical uncertainty
associated with HLbL was considered a major obstacle to achieving a precise Standard
Model prediction of aµ. In recent years, however, substantial progress has been made
through data-driven dispersive approaches and lattice QCD calculations, significantly
reducing the uncertainty to a level comparable with experimental precision. Nevertheless,
important numerical and conceptual challenges remain.

In this thesis, we investigate HLbL scattering and its contribution to aµ within holographic
models of QCD. In the large-Nc limit, holography provides valuable insight into contribu-
tions from single resonances—including ground-state pseudoscalar, scalar, axial-vector,
and tensor mesons—as well as their infinite towers of excitations. Particular emphasis
is placed on the role of the U(1)A anomaly and on short-distance constraints, and how
these features influence the prediction for aµ. Our analysis indicates that tensor meson
contributions may play a key role in resolving the current tension between dispersive and
lattice determinations.
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Kurzfassung

Während Licht in der klassischen Physik ungehindert durch sich selbst hindurchdringt, sagt
die Quantenfeldtheorie in Form des Standardmodells nichttriviale Streuprozesse voraus.
In der Sprache der Feynman-Diagramme entstehen diese durch virtuelle Teilchen, etwa
durch Elektronen. Da auch Quarks elektrisch geladen sind, tragen zusätzlich starke Wech-
selwirkungen zur Streuung bei, die von der Quantenchromodynamik (QCD) beschrieben
werden. Allerdings erschweren Confinement und große Kopplungsstärken eine direkte
Berechnung dieses Effekts erheblich.

Die hadronische Licht-an-Licht-Streuung (HLbL) spielt eine zentrale Rolle bei der the-
oretischen Bestimmung des anomalen magnetischen Moments des Myons, aµ. Da das
magnetische Moment des Myons besonders empfindlich auf Beiträge schwerer Zustände
reagiert, stellt es eine vielversprechende Messgröße für Physik jenseits des Standard-
modells dar. Aufgrund der Komplexität der HLbL-Streuung galt ihr Beitrag lange als
limitierender Faktor für die Präzision von aµ. In den vergangenen Jahren wurden jedoch
durch dispersive Ansätze, die auf experimentellen Daten basieren, sowie durch Gitterrech-
nungen erhebliche Fortschritte erzielt, sodass die theoretische Unsicherheit mittlerweile
in die Nähe der experimentellen Genauigkeit gerückt ist. Dennoch bestehen weiterhin
bedeutende numerische und konzeptionelle Herausforderungen.

Diese Dissertation widmet sich der HLbL-Streuung und ihrem Beitrag zu aµ im Rahmen
holographischer QCD-Modelle. Im Limes großer Farbladungszahl Nc liefert die holo-
graphische Beschreibung wertvolle Einblicke in die Beiträge von pseudoskalaren, skalaren,
axialvektoriellen und tensoriellen Mesonen sowie deren radial angeregten Zuständen. Ein
besonderer Fokus liegt auf der U(1)A-Anomalie und den Zwangsbedingungen im Limes
großer Impulse sowie deren Einfluss auf das anomale magnetische Moment. Unsere Anal-
yse deutet darauf hin, dass insbesondere Beiträge von Tensor-Mesonen eine bedeutende
Rolle hinsichtlich der derzeitigen Unstimmigkeit zwischen dispersiven und gitterbasierten
Bestimmungen spielen könnten.
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Introduction and overview





Our most successful description of physics at the smallest scales is the Standard Model of
particle physics. It is based on gauge fields associated with the group G = SU(3) ×
SU(2) × U(1) and matter fields transforming in specific (chiral) representations of
Spin(3, 1)×G [1]. The vacuum of the theory breaks part of this gauge symmetry sponta-
neously, thereby generating masses for some fermions and gauge bosons. Mathematically,
this framework constitutes a quantum field theory (QFT). When the coupling constants
are small, QFTs can be analyzed efficiently using perturbation theory, typically formulated
in terms of Feynman diagrams. This is indeed the case for the SU(2)×U(1) sector over a
wide range of energies (essentially below the Landau pole of the U(1) factor). The SU(2)
gauge fields do not confine due to the Higgs mechanism, and their coupling remains
sufficiently small for perturbation theory to be applicable.

The SU(3) sector, known as quantum chromodynamics (QCD), is fundamentally different
in this respect. QCD describes the strong interactions that bind quarks and gluons into
mesons and baryons—dynamics that cannot be understood using conventional weak-
coupling techniques. It is the most important strongly coupled quantum field theory
currently known, as it governs the behavior of most visible matter in the universe. In
the fifty years since its discovery, substantial progress has been made in understanding
its qualitative features. The discovery of asymptotic freedom [2, 3] established that the
ultraviolet cutoff can be taken to infinity while maintaining a well-defined QFT. Chiral
symmetry breaking can be understood through anomaly matching [4]. Confinement is
demonstrated in lattice gauge theory [5] and supported by detailed numerical studies of
the quark-antiquark potential. The ’t Hooft large-Nc expansion further clarified many
structural aspects of QCD, including the origin of the η� mass via the Witten-Veneziano
mechanism.

Progress in quantitative predictions and computational techniques, however, has beenmore
gradual. The most successful framework in this regard is lattice QCD, in which spacetime
is Wick-rotated and discretized. Over the past two decades, lattice QCD has advanced
tremendously and is now capable of computing four-point functions—including dynamical
(unquenched) quarks—with accuracies at the level of 10-15%, and two-point functions
at the percent level over a wide range of external momenta. Despite these impressive
achievements, the method has certain limitations. The calculations are computationally
expensive and face significant challenges when addressing real-time dynamics or systems
at finite chemical potential.

A major breakthrough in the study of strongly coupled quantum field theories came
with the discovery of gauge-gravity dualities. The Anti-de Sitter/Conformal Field Theory
(AdS/CFT) correspondence [6, 7] provided a profound new perspective by relating certain
strongly coupled QFTs to weakly coupled gravitational theories in higher-dimensional, neg-
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atively curved spacetimes. Although originally formulated for supersymmetric conformal
field theories, the correspondence was later extended to a broader class of models [8–10].
Within this framework, phenomena such as confinement and chiral symmetry breaking
can be described geometrically in terms of bulk dynamics and D-brane embeddings. The
duality is particularly powerful in the strongly coupled large-Nc limit, where stringy
and quantum corrections are suppressed and semiclassical gravity provides a reliable
description.

More generally, it is widely believed that any gravitational theory defined on an asymptot-
ically AdS spacetime—viewed as an effective field theory with a cutoff—can be mapped
to a QFT without gravity on the boundary. This insight has led to the development of
bottom-up models, which are not directly derived from string theory but nevertheless
capture essential features of strongly coupled dynamics. While typically restricted to
the large-Nc limit, such models can provide qualitative and sometimes semi-quantitative
insights into QCD phenomena of phenomenological interest.

A particularly important class of observables arises from electromagnetic processes in-
volving hadrons. Quarks—the fundamental constituents of hadrons—carry electric charge
[11] and therefore couple to photons. Because QCD is strongly coupled in the rele-
vant regime, providing quantitative predictions for such processes is often challeng-
ing. Theoretically, the relevant information is encoded in matrix elements of the form

Φ|T{Jµ1(x1) . . . Jµn(xn)}|Ψ�, where Jµ = ψ̄Qγµψ is the electromagnetic current, Q
is the quark charge matrix, and Φ,Ψ denote QCD states such as the vacuum or hadronic
states. These matrix elements play a central role in a wide range of observables, includ-
ing electromagnetic corrections to hadron masses [12], deep inelastic scattering [13],
and hadronic contributions to the anomalous magnetic moment aµ = (g − 2)/2 of the
muon [14]. On the experimental side, many of these processes can be measured directly
or indirectly, leading to a close interplay between theory and experiment.

In particular, the hadronic contributions to the muon anomalous magnetic moment are
currently under intense investigation. The exceptional experimental precision and the
sensitivity of aµ to heavy new physics make it a powerful probe of physics beyond the
Standard Model. The Fermilab Muon g−2 collaboration recently released its final analysis,
based on all six data-taking runs, achieving an uncertainty of 14.5 × 10−11 [15], when
combined with previous experiments, an improvement by roughly a factor of four over
the earlier BNL E821 experiment [16]. Shortly before this result, the Muon g − 2 Theory
Initiative published an updated White Paper [14], following several years of coordinated
theoretical effort since the 2020 report [17], providing the most precise current Standard
Model prediction for aµ.
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Among the various contributions, hadronic light-by-light scattering (HLbL) is the most
challenging technically. It is governed by a four-point function of electromagnetic currents
in QCD and currently carries the largest relative theoretical uncertainty. A reliable deter-
mination requires control over both the low-energy hadronic regime and the high-energy
domain where quarks and gluons become the relevant degrees of freedom. Even at a
conceptual level, several challenges remain, particularly in connecting different theoretical
approaches at intermediate energies.

The aim of this thesis is to investigate HLbL within holographic models of QCD. In addition
to providing insight into how hadronic descriptions can be matched to short-distance
constraints, these models yield competitive numerical predictions for g − 2 and highlight
the potential importance of excited meson states. A key focus is the role of tensor mesons,
for which holographic QCD suggests that they may account for the current difference
between dispersive and lattice results.

This thesis is structured into two parts:

I Hadronic light-by-light scattering and the anomalous magnetic moment of the muon

II Holography and HLbL

Part I focuses on HLbL scattering and its theoretical foundations. Of crucial importance is
the Bardeen-Tung-Tarrach (BTT) tensor decomposition. We then highlight some aspects
of its dispersive reconstruction from on-shell observables. The operator product expansion
(OPE) is used to investigate the short-distance behavior of HLbL. The symmetric longitudi-
nal short-distance constraint and the Melnikov-Vainshtein constraint in particular play an
important role in hadronic models. We then turn to lepton magnetic moments and review
the most relevant contributions to the muon g − 2. A summary of the current status on
the hadronic vacuum polarization contribution is presented. Then, we show how HLbL
scattering contributes to the muon g − 2 in the form of the master equation.

Part II of this thesis is devoted to holographic models of QCD and their predictions for
HLbL and its various components. We review the construction of bottom-up hard-wall
models and compute pseudoscalar and axial-vector contributions in the non-singlet sector.
We then present two alternative implementations of the U(1)A anomaly and compare
the results with dispersive approaches. Next, we investigate the role of excited states
in satisfying short-distance constraints for the longitudinal components of the HLbL
tensor. In hard-wall models, axial-vector states in particular are responsible for non-trivial
contributions to SDCs. In contrast, excited states in the soft-wall model lead to divergences
that necessitate modifications of the setup. Finally, we analyze tensor mesons, which
are modeled via fluctuations of the five-dimensional metric. In this sector, holographic
predictions differ significantly from conventional approaches such as the quark model.
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However, like axial-vector mesons, they play an important role in SDCs and simultaneously
reproduce low energy experimental data. Remarkably, the resulting contributions to g− 2
have the appropriate magnitude and sign to reconcile the tension between lattice and
dispersive results reported in the 2025 White Paper.
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Part I

Hadronic light-by-light
scattering and the anomalous

magnetic moment of the muon





Introduction 1
In this part, we lay the groundwork for hadronic light-by-light (HLbL) scattering and
the muon g − 2. We begin by reviewing essential definitions and properties of the HLbL
tensor. By far the most important observable in which the HLbL tensor plays a crucial
role is the anomalous magnetic moment of the muon. Many of the techniques employed
in HLbL scattering analyses are therefore specifically tailored to the muon g − 2. For this
reason, we subsequently survey lepton magnetic moments al, with particular emphasis on
hadronic contributions. Throughout this work, references to the magnetic moment of a
particle implicitly denote its magnetic dipole moment; for brevity, the qualifier “dipole”
will often be omitted.

In chapter 2, we review the Bardeen-Tung-Tarrach (BTT) tensor decomposition of the HLbL
tensor and discuss various short-distance constraints. The high complexity of light-by-
light scattering necessitates a systematic decomposition into appropriate tensor structures,
which also constitutes a prerequisite for any dispersive analysis. Short-distance constraints
provide valuable insight into the high-energy behavior of the coefficient functions in the
chosen tensor basis. We then outline aspects of the dispersive reconstruction of the HLbL
tensor in four-point kinematics, with a particular focus on single-particle intermediate
states, corresponding to the leading large-Nc contribution.

In chapter 3, we first define lepton magnetic moments and discuss their salient properties,
as well as aspects of their experimental determination. We then generalize the concept to
relativistic frameworks such as Dirac theory and quantum field theory. A brief review of
theoretical and experimental progress is provided, along with a summary of the current
status of the muon g−2. We subsequently examine hadronic contributions in greater detail,
beginning with hadronic vacuum polarization (HVP). Finally, we present an overview of
HLbL contributions to aµ across different approaches, including data-driven dispersive
methods, lattice calculations, and field-theoretic frameworks.
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Hadronic light-by-light
scattering: theoretical
foundations

2

2.1 Definition and BTT decomposition

TheHLbL tensor Πµνρσ is defined via the connected four-point function of electromagnetic
currents in QCD as

Πµνρσ(q1, q2, q3) =

− i

�
d4x1d

4x2d
4x3e

−i(q1x1+q2x2+q3x3)
Ω|T{Jµ(x1)Jν(x2)Jρ(x3)Jσ(0)}|Ω�conn.,
(2.1)

where Ω denotes the (unique) QCD vacuum state and the mostly minus convention for
the metric is used. The electromagnetic current is given by

Jµ = ψ̄Qγµψ, (2.2)

with ψ the quark spinor containing Nf flavor components and Q the quark charge matrix
in units of the electron charge e.

We focus primarily on the case1 Nf = 3, for which

Q = 1
3diag(2,−1,−1). (2.3)

Since the current is a composite operator, it must be regularized (e.g. via point-splitting)
and renormalized by subtracting singular terms. This procedure can be carried out pertur-
batively in the strong coupling constant. In general, the resulting operator depends on a
renormalization scale µ because of ambiguities in the subtraction of singularities. However,
1 The charm-quark mass is sufficiently large to allow for a perturbative treatment of the HLbL tensor in the
Euclidean regime q2 = −Q2, even for moderately small Q. Moreover, the strong coupling αs(mc) is small
enough to suppress higher-loop and instanton contributions. For a detailed study of the charm contribution
to HLbL and the muon g − 2, see [18]. In the Lorentzian regime, however, the presence of charm bound
states prevents a purely perturbative evaluation. For the muon g − 2, knowledge of the Euclidean HLbL
tensor is sufficient.
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for a conserved symmetry current, this scale dependence cancels exactly. The spinors
in (2.2) are bare quark fields, implying that the electromagnetic current has vanishing
anomalous dimension [19].

For StandardModel observables, such as leptonmagnetic moments, this four-point function
appears in Feynman diagrams where its four legs are connected to the remainder of the
diagram via photon propagators (see figure 2.1).

Fig. 2.1.: Hadronic light-by-light scattering contribution to the muon g − 2.

Current conservation implies the Ward identities

{qµ1 , qν2 , qρ3 , (q1 + q2 + q3)σ}Πµνρσ(q1, q2, q3) = 0, (2.4)

and Bose symmetry requires invariance under the simultaneous exchange of any two
momenta and their corresponding Lorentz indices. In particular, exchange symmetry
involving the fourth index implies

Πµνρσ(q1, q2, q3) = Πσνρµ(q4, q2, q3), (2.5)

where q4 = −(q1 + q2 + q3).

We now sketch a recipe for decomposing the HLbL tensor into a sum over tensor structures
and structure functions first presented in [20], which in turn is based on [21, 22]. In four
spacetime dimensions, the tensor has 256 components. Lorentz invariance constrains
its decomposition to tensor structures built from the metric ηµν and the momenta qµi .
Assuming a vanishing QCD θ-angle and a real positive quark mass matrix, parity (P )
and charge-parity (CP ) are conserved, so no εµνρσ tensor appears in the decomposition2.
Following [20], one can construct 138 such tensor structures, of which 95 can be eliminated
using the Ward identities (2.4).

One approach to enforcing the Ward identities is to apply projectors to the 138 structures
Lµνρσ
i . The resulting 43 linearly independent structures then contain factors such as

(qi · qj)−1, which introduce artificial singularities when momenta become orthogonal.
2 Products of an even number of ε tensors do not violate P or CP , but they can always be rewritten in terms
of the metric and Kronecker deltas.
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Correspondingly, certain linear combinations of the coefficient functions must vanish
as qi · qj → 0, so that the full HLbL tensor is regular. These linear combinations are
said to possess a kinematic zero. The full HLbL tensor can have singularities for certain
configurations of momenta, which correspond to intermediate on-shell particles. However,
structures such as (qi · qj)−1 also diverge when all momenta are Euclidean, where the
HLbL tensor is expected to be smooth.

One may attempt to remove these singularities in the tensor structures by forming suitable
linear combinations of them and multiplying by factors of qi · qj . However, some of these
new structures are then proportional to positive powers of qi · qj , which vanish when
qi · qj = 0. As a result, the HLbL tensor cannot be fully described in this region without
introducing singular coefficient functions. Both kinematic singularities and zeros are
undesirable, particularly in dispersive approaches.

In dispersion theory, the structure functions are reconstructed from their physical sin-
gularities, which are related to scattering processes via unitarity. Coefficient functions
exhibiting such artificial divergences are therefore inconvenient in this framework. The
structure functions are typically expressed in terms of scalar kinematic variables, including
qi · qj , and are assumed to be analytic except at configurations corresponding to timelike
momenta. The presence of kinematic zeros would violate this analyticity assumption and
is thus equally problematic.

To avoid these issues, one introduces 11 additional tensor structures that remain finite as
qi ·qj → 0, allowing for structure functions free of kinematic singularities and zeros. These
additional structures are not independent but can be expressed as linear combinations of
the original 43 away from the singular kinematic region, leading to a redundancy in the
coefficient functions. This redundancy is harmless and can even be exploited to simplify
specific contributions [23]. Although not a basis in the technical sense anymore, we will
still refer to the extended set of 54 tensor structures as a basis. In this basis, singularities
and branch cuts correspond only to intermediate states and physical thresholds3.

While in some frameworks, such as holographic models, one may compute the HLbL
tensor directly without resorting to a tensor decomposition, many tools developed for
the muon g − 2 rely on the dispersive decomposition described above. In particular, the
anomalous magnetic moment aµ can be expressed as a three-dimensional integral over the
coefficient functions multiplied by known kernel functions. A direct computation from

3 Unfortunately, single particle intermediate states can sometimes re-introduce artificial singularities in Πi.
As each structure function must, by construction, be free of kinematic singularities a cancellation among
different intermediate states (often an infinite number of them), described by sum rules, must occur. This
happens in the general case of tensor mesons, which introduces some difficulties phenomenologically, as
experimental data is often limited to the lowest lying mesons.
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the full tensor would otherwise be considerably more involved. We therefore adopt this
decomposition and denote the corresponding structure functions by Π̂i.

The HLbL tensor can thus be written as

Πµνρσ(q1, q2, q3) =
54!
i=1

T̂µνρσ
i Π̂i. (2.6)

Explicit expressions for the basis tensors T̂µνρσ
i can be found in [20]. For general kinematics,

the structure functions depend on all Lorentz-invariant scalar products of the momenta.

We will primarily be interested in g − 2 kinematics, where q4 → 0 and the structure
functions reduce to Π̂i = Π̂i(q21, q22, q23), depending only on three scalar variables. As we
will review in Sec. 3.4, only the part of the HLbL tensor linear in q4 contributes to aµ
(the O((q4)0) vanishes). Consequently, only 19 of the 54 tensor structures are relevant.
Moreover, Bose symmetry implies crossing relations among the corresponding structure
functions, such that some can be obtained from others by permutation of their arguments.
A minimal generating set sufficient for determining the contribution to the muon g − 2 is
given by

Π̂i, i = 1, 4, 7, 17, 39, 54. (2.7)

In principle, other kinematic regimes of the HLbL tensor are also of interest in phenomeno-
logical applications. For example, connecting two of its photon legs with a propagator and
integrating over the loop momentum yields electromagnetic corrections to the current
two-point function 
Ω|T{Jµ(x)Jν(0)}|Ω� (NLO HVP). This corresponds to the kinematic
configuration q1 + q2 = 0 (and thus q3 + q4 = 0), without requiring any momentum to
be small. Although such corrections are relevant for the muon g − 2, they will not be
considered further in this thesis. From this point onward, we restrict ourselves to the
q4 → 0 regime and the corresponding generating set of structure functions (2.7).

2.2 OPE and short-distance constraints

For HLbL contributions to the muon g − 2, the low-momentum region, where
�
−q2i ≡

Qi � 2–5 GeV, is the most relevant. This will become clear in section 3.4, where the
contribution to aµ is expressed as a three-dimensional integral whose integrand decreases
rapidly for momenta above a few GeV. Another important observation of Sec. 3.4 is that the
structure functions Π̂i, which enter the integrand, are evaluated exclusively at Euclidean
momenta q2i = −Q2i . Consequently, the intricate singularity structure expected for
Lorentzian momenta—such as poles and branch cuts—can be entirely avoided.
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Although the region in which some of the Qi are large is numerically less significant,
any low-energy description should smoothly match onto the short-distance constraints
implied by the operator product expansion (OPE) and perturbative QCD. At first sight,
the existence of such constraints may appear surprising, since in g − 2 kinematics the
momentum q4 is vanishingly small, seemingly precluding a straightforward perturbative
treatment.

In this section, we motivate and derive several short-distance constraints on the HLbL
tensor. We focus in particular on two kinematic regimes: the corner region, defined by
Q21 ∼ Q22 � Q23 � Λ2QCD, and the symmetric region, where Q2i ∼ Q2 � Λ2QCD for all
i.

The short-distance constraints in the corner region were first systematically analyzed by
Melnikov and Vainshtein [24], whose approach we follow closely.

It is a standard result that the large-momentum behavior of Euclidean correlation functions
is governed by their short-distance singularities in position space. For example, a general-
ization of the Riemann-Lebesgue lemma implies that the Fourier transform of a smooth,
compactly supported function decreases faster than any power ofQ−1 at large momenta 4.
Therefore, only regions in which the correlation functions develop singularities contribute
to the asymptotic behavior. In the following, we assume that this reasoning applies to
the HLbL tensor. Although one expects it to be smooth, except at coincident points, in
the Euclidean regime it is certainly not compactly supported. The fall-off behavior of the
connected four-point function is controlled by the massM of the lightest state in each
channel and is expected to behave as e−Mx. The exponential suppression leads to the
same conclusions as if the HLbL tensor were compactly supported. When theories have
massless particles, this reasoning is invalidated by the appearance of IR divergences.

In the corner region, we choose momenta q1 = q and q2 = −q − q3, with all momenta
taken to be Euclidean (spacelike), and define Q =

�−q2 � Q3 =
�
−q23 . For now, we

only require Q � ΛQCD. In this configuration, most of the momentum flows between
the currents with indices µ and ν of Πµνρσ(q1, q2, q3), while only a comparatively small
momentum q3 is transmitted to the remainder of the correlator. This separation of scales
allows one to apply the OPE to the product

Jµ(x)Jν(y) ∼
!
i

cµνi (x− y)Oi(x) (2.8)

inside the four-point function.

4 By partial integration, |Qkf̃(Q)| ≤ � |∂kf(x)|d4x. The RHS is finite by assumption for any k ∈ N implying
|f̃(Q)| ≤ CkQ

−k for any k.
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Let us briefly comment on the validity of the operator product expansion (OPE) in QCD.
In perturbation theory, the OPE was rigorously established in [25]. In conformal field
theories, the OPE is exact and possesses a finite radius of convergence, a property that
follows from the discreteness of the Hamiltonian spectrum in unitary CFTs formulated on
a spatial sphere. In QCD, by contrast, the OPE in its most general form is expected to be
an asymptotic expansion, although a rigorous proof is lacking. Moreover, determining
the coefficients cµνi (x− y) purely within perturbation theory is not sufficient, as demon-
strated in [26]. While the leading short-distance singularities are correctly captured by
perturbative calculations, nonperturbative effects—such as instantons—can contribute at
subleading orders. In the applications considered here, however, we do not probe the
regime where such instanton contributions become relevant.

The lowest-dimension operator appearing on the right-hand side of (2.8) is the identity.
Since we are interested in the connected part of the four-point function, this contribution
can be neglected. At mass dimension three, fermion bilinears appear, and one finds

Jµ(x)Jν(0) = − 1
π2
εµν αβ

xα

x4
(ψ̄Q2γ5γβψ)(0) + . . . . (2.9)

Operators of dimension four also contribute, but their coefficients are less singular as
x→ 0 and are therefore suppressed at high energies.

The axial current

Jµ
5Q = ψ̄Q2γ5γβψ = (Q2)aψ̄taγ5γβψ ≡ (Q2)a(Ja

5 )µ (2.10)

is not conserved due to the axial anomaly. The matrix Q2 can be decomposed in terms of
the generators ta of the Lie algebra u(Nf ). The singlet (t0) component is affected by the
U(1)A anomaly, which will be discussed in detail in chapter 7. As a result, this component
acquires a scale dependence, and its divergence is proportional to the topological charge
density.

Substituting (2.9) into the Fourier-transformed four-point function, the remaining dynam-
ics are encoded in the vector-vector-axial (V V A) correlator. Themost relevant contribution
to g−2 arises from the longitudinal component Π̂1. Its short-distance behavior is governed
by the divergence of the V V A correlator, which is fixed non-perturbatively by the chiral
anomalies of QCD, up to contributions from the U(1)A anomaly.

More explicitly, the V V A correlator is defined as [27]

Wµνρ(k1, k2) = i

�
d4x
�
d4yei(k1·x+k2·y)
Jµ(x)Jν(y)Jρ

5Q(0)�. (2.11)
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In the HLbL context, it is evaluated at k2 = q4 → 0, and only terms linear in q4 are relevant,
while k1 = q3. In this limit, the tensor decomposition reduces to two structures,

Wµνρ(k1, k2) =
2!

i=1
Wi(k21) kσ2 (τi)µνρ σ(k1), (2.12)

with

τµνρσ1 (k1) = εµνασk1αk
ρ
1 , (2.13)

τµνρσ2 (k1) = εµρασkν1k1α − εµνραkσ1 k1α. (2.14)

In the chiral limit the anomalous Ward identities of the SU(Nf )L × SU(Nf )R currents
imply

W1(k21) = Nc

9π2
1
k21
, (2.15)

for arbitrary k1 at Nf = 3. The pole at k21 = 0 reflects the presence of massless pseu-
doscalar Goldstone bosons.

The axial U(1)A anomaly modifies this picture: the η� meson acquires a mass, and the
singlet axial current is no longer conserved. Although instanton contributions might
appear exponentially suppressed at large Nc, the Witten-Veneziano relationm2η� ∼ N−1

c

shows that this is not the case. Nevertheless, the U(1)A symmetry is effectively restored
as Nc →∞, so (2.15) remains valid at leading order in Nc.

In the corner region, Q� Q3,ΛQCD, this leads to the Melnikov-Vainshtein constraint

Π̂1(q2, q2, q23) = − 2
q2
W1(q23) = −2Nc

9π2
1

q2q23
. (2.16)

in the chiral and large-Nc limit, but for arbitrary q23 .

For the remaining structure functions Π̂i, with i ∈ 4, 7, 17, 39, 54, the projection is not
unambiguous if one includes only the axial current operator in the OPE (2.9), as shown
in [28]. Since we set q1 = q and q2 = −q − q3, and subsequently retain only the leading
behavior in q, this effectively corresponds to taking the limit q1 → −q2 in the tensor
structures T̂µνρσ

i (q1, q2, q3). In this limit, many tensor structures become degenerate,
rendering the projection onto the corresponding coefficient functions ambiguous. A
straightforward projection is therefore only possible for Π̂1 (and for Π̂2 and Π̂3, which
can be obtained from Π̂1 by momentum permutations).

To obtain a complete description of the subleading terms in q2, it is therefore necessary
to include dimension-four operators in the OPE (2.9). This program has been carried out
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in [29], where the other corner regions, Q2 ∼ Q3 � Q1 and Q1 ∼ Q3 � Q2, were also
analyzed.

For phenomenological reasons, it would be desirable to extend the result (2.16) for the
asymptotics of Π̂1 beyond the chiral and large-Nc limit. This is indeed possible by choosing
Q3 � ΛQCD and employing background-field methods [30], in which the soft current is
represented by an external gauge field Vµ.

In the case of the V V A correlator, one first considers


Jµ(x)Jρ
5Q(0)�V , (2.17)

where 
· · · �V denotes the path integral evaluated in the presence of an additional term in
the action,

ΔS =
�
d4xJµ(x)Vµ(x). (2.18)

By functionally differentiating with respect to Vµ, one recovers the V V A correlator.5 As
x approaches the origin, the OPE is expected to remain valid, but it must now include
explicit dependence on the background field Vµ(0) (or, more precisely, its field strength).
The OPE depends on the background field in a local manner, i.e. only the values of Vµ(x)
and its derivatives at x = 0 appear.

In addition to its role in the OPE, the background field must also be taken into account
in the vacuum expectation value 
· · · �V . Performing the OPE for Jµ(x)Jρ

5Q(0) yields an
expansion

"
i c

µρ
i (x)Oi(0) in local operators Oi that include the background field. For

the V V A correlator, one must then evaluate 
Oi(0)�V to linear order in Vµ. When Oi

is proportional to Vµ, this evaluation is straightforward. However, when Oi is a quark
bilinear such as ψ̄Γψ, one generally has


ψ̄Γψ(x)�V = σΓ +
�
d4y cµνΓ (x− y)Fµν(y) +O(F 2), (2.19)

where Fµν is the field strength associated with Vµ. The constant σΓ denotes the vacuum
expectation value of the operator in the absence of the external field. The function cµνΓ (x−y)
is a non-perturbative correlator.

If the external photon field Vµ varies only slowly, this expression can be approximated by
a local expansion, effectively encoding the dependence in a single constant Cµν

Γ :


ψ̄Γψ(x)�V = σΓ + Cµν
Γ Fµν(x) +O(∂F (x)) +O(F 2). (2.20)

5 When coupling to a background field, additional counterterms are generally required to render the theory
finite. In the present case, these are quadratic in Vµ and can be neglected.
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The constant Cµν
Γ cannot be determined perturbatively and must be obtained from other

methods. Thus, upon restricting to slowly varying fields, the dependence of 
Oi(x)�V on
Vµ(x) becomes effectively local.

In principle, higher-order terms in Vµ in (2.19) can be simplified in an analogous manner
when the field varies slowly. Therefore, at any fixed order in Vµ, the quantity 
Oi(x)�V is
determined by a finite number of constants and can be expressed as a local polynomial in
Vµ(x) and its derivatives.

The operator of lowest dimension in the OPE of (2.17) is I× Fµν itself, while the next-to-
leading operator is ψ̄[γµ, γν ]ψ, whose expectation value in the background field can be
parametrized as [31, 32]

i

2
ψ̄[γµ, γν ]ψ(x)�V = eqXqF
µν(x), (2.21)

where eq denotes the quark charges and Xq is related to the magnetic susceptibility of
QCD.

In the case of the V V A correlator, the operator ψ̄[γµ, γν ]ψ is suppressed at large momen-
tum relative to the leading contribution, and one obtains [33]

W2(k21) = −1
2
Nc

9π2
1
k21
, (2.22)

as well as (2.15) for large K2
1 = −k21 . These results are valid away from the chiral limit

and for arbitrary Nc, provided thatK2
1 � Λ2QCD. They coincide with the result of a naive

leading-order perturbative calculation of (2.11). The background-field OPE thus provides a
rigorous justification of the perturbative result.

We can use this result to deduce

lim
Q3→∞

Q23 lim
Q→∞

Q2Π̂1(−Q2,−Q2,−Q23) = −Nc

3
2

3π2 . (2.23)

The order of limits is crucial and reflects the fact that the OPE is first applied to the pair
of currents before analyzing the large-Q3 behavior of the V V A correlator. This result
constrains only the asymptotic behavior in Q3, in contrast to (2.16) which holds for all
Q3, but in return it remains valid for finite quark masses and arbitrary Nc.

Similar arguments allow one to derive a short-distance constraint in the symmetric regime,
where −q2i = Q2 � Λ2QCD. In this case, one must consider the OPE of three currents
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in the presence of the background field Vµ. The details can be found in [31]. For the
longitudinal component, one obtains

lim
Q→∞

Q4Π̂1(−Q2,−Q2,−Q2) = −Nc

3
4

9π2 . (2.24)

The remaining components have also been worked out in the literature, and the expressions
for all Π̂i agree with those obtained from a simple quark-loop calculation. As in the case
of the V V A correlator, the background-field OPE provides a non-perturbative justification
of the perturbative result.

For both the short-distance constraint in the corner region [29] and in the symmetric
region [34], αs corrections have been computed. These corrections increase to approxi-
mately 10% as the momenta approach Q ∼ 2 GeV from above6. Below this scale, the αs

expansion begins to break down. As expected, the corrections become negligible in the
asymptotic limit of large momenta.

The short-distance constraints (2.23) and (2.24) are essential ingredients in the phenomeno-
logical description of HLbL scattering. Historically, however, they have also been a source
of confusion. As will be shown in the next section, within the conventional dispersive
formalism each individual intermediate state contributes zero to both constraints. In Ch. 8,
we demonstrate how this apparent discrepancy can be resolved in holographic models
through the inclusion of infinite towers of axial-vector and tensor mesons.

2.3 HLbL in the narrow resonance approximation

In this section, we describe some aspects of the conventional dispersive approach to HLbL
scattering. The method is involved, and we will only briefly outline its elements.

The first step, already reviewed in section 2.1, is to construct a basis for the HLbL tensor
that is free of kinematic singularities and zeros. The next step is to formulate a dispersive
representation for the structure functions Π̂i. These scalar functions depend on the
variables q21, q22, q23, q24 , as well as the three Mandelstam variables

s = (q1 + q2)2, (2.25)

t = (q1 + q3)2, (2.26)

u = (q2 + q3)2, (2.27)

6 The corrections are of opposite sign to the constraints (2.23) and (2.24), thus decreasing them in magnitude.
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which satisfy

s+ t+ u =
4!

i=1
q2i . (2.28)

In reduced kinematics, the variables s, t, u reduce to q23, q22, q21 , respectively. However, in
the conventional dispersive approach, one aims to reconstruct the Π̂i for non-zero q24 and
only subsequently takes the limit q4 → 0.

The Mandelstam variables are analytically continued to complex values, and Cauchy’s
integral formula can be applied—for instance, at fixed t and u:

Π̂i(s, t, u) = 1
2πi

�
C
ds� Π̂i(s�, t, u)

s� − s
, (2.29)

provided that Π̂i is analytic in s within the region enclosed by the contour C . As long
as no singularities are encountered, the contour may be deformed without changing the
value of the integral. The singularities of the structure functions are assumed to lie on
the positive real axis and correspond to single-particle poles or multi-particle thresholds.
The contour C can then be deformed to encircle only these singularities and closed at
|s| = ∞, which may require subtractions (although not in the HLbL case). Along the
positive real axis, unitarity allows one to express the HLbL tensor in terms of processes
involving on-shell intermediate states. A complete dispersive treatment is considerably
more involved than this outline suggests.

From this point onward, we focus primarily on single-particle intermediate states7 , as
these are leading in the large-Nc limit and then dominate the HLbL contribution to g−2.

The relevant physical processes are amplitudes describing the decay of an on-shell hadron
X into two generally off-shell photons, commonly referred to as transition form factors
(TFFs):

Mµν
X (q1, q2) = i

�
d4xeiq1x
Ω|T{Jµ(x)Jν(0)}|X, p�, (2.30)

where q2 = p − q1. The one-particle state |X, p� is specified by its momentum, with
p2 = m2, and for spin ≥ 1, a polarization vector or tensor.

The notion of a one-particle state is not entirely precise in QCD. Within QCD, the only
stable particle with the appropriate quantum numbers to contribute as a single intermediate
state to g− 2 is the π0 meson. Narrow-width states such as η and η� eventually decay into
7 Multi-particle intermediate states, such as π+π− are also phenomenologically important in aµ. The pion
vector form-factor, needed to compute part of the aµ contribution, is however very well constrained
experimentally and thus rather precisely known.
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multi-pion final states. In the large-Nc limit, however, these widths vanish, and the notion
of a one-particle state becomes well defined. Phenomenologically, there is often no unique
prescription for treating such states. For example, scalar intermediate states in HLbL are
clearly distinguishable from two-pion states in large-Nc frameworks such as holography,
whereas in phenomenological analyses light scalars such as f0(500) are often effectively
included in the two-pion contribution.

The amplitudes (2.30) can be decomposed into Lorentz structures, similarly to the HLbL ten-
sor itself. For pseudoscalar states, there is no polarization vector, and current conservation
allows only a single tensor structure:

Mµν
P (q1, q2) = εµναβq1αq2βFP (q21, q22). (2.31)

The scalar function FP (q21, q22) encodes all dynamical information and is commonly re-
ferred to as the transition form factor. At first sight, it is not obvious for which values of
q21 and q22 this function is defined, since q1 and q2 are constrained by q1 + q2 = p with
p2 = m2.

However, it is straightforward to show that for any (x, y) ∈ R2, one can find momenta
q1, q2 such that q1 + q2 = p and q21 = x, q22 = y. To illustrate this, consider the case most
relevant here, where both momenta are spacelike, x, y < 0. Without loss of generality,
assume x < y, and perform a Lorentz transformation to the rest frame pµ = (m, 0, 0, 0)µ.
The time components E1, E2 of q1 and q2 are then

E1 = ±
�
x+ q2, (2.32)

E2 = ±
�
y + q2, (2.33)

where q2 is the squared spatial momentum. Reality requires q2 ≥ |x|. The remaining
condition is

E1 + E2 = m. (2.34)

One can distinguish two cases. In the first case y − x ≥ m2 and in the second case
0 < y − x < m2. In the first case we take the negative sign for E1 and the positive sign
for E2. At q2 = |x| (the smallest allowed q2), E1 + E2 is bigger than (or equal to)m, and
as q2 →∞, it goes to zero, hence by continuity there exists a q2 for which E1 +E2 = m.
In the second case we take the positive sign for both Ei. At q2 = |x|, 0 ≤ E1 + E2 < m,
while when q2 →∞, E1 + E2 goes to infinity. Again there must exist a point at which
E1 + E2 = m. Similar arguments apply when either one or both of the virtualities are
timelike.
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Fig. 2.2.: Inelastic scattering of e+ and e− producing π0 via its transition form factor.

The transition form factors are intrinsically non-perturbative and cannot be computed
in perturbative QCD. In principle, they can be calculated using lattice QCD, although
significant challenges remain; evenwhen q1 and q2 are spacelike, the state |X, p� represents
Minkowskian physics. The TFF can however be determined by computing a Euclidean
three-point function involving two currents and, say for X = P , a pseudoscalar operator
OP . Separating OP from the currents in Euclidean time τ , one expects

Mµν(q1, q2)× 
p|OP (0)|Ω� × e−EP τ , (2.35)

as τ →∞, with EP = m.

The overlap 
p|OP (0)|Ω� can be extracted from a two-point function. The limit τ →∞
cannot be taken exactly due to the finite and periodic nature of the lattice. Another
difficulty is the definition of TFFs for unstable particles. At present, lattice calculations
exist for the π0, η, and η� TFFs, computed with the methodology described in [35]. The
resulting π0 contribution to g − 2 has an uncertainty of approximately 4%, while η and
η� contributions are associated with ∼ 17% and 27% errors respectively. At present it is
unclear whether this program can be carried out effectively for axial-vector and tensor
meson states.

Experimentally, TFFs can be measured, for example, in processes such as e+e− → e+e−π0

as shown in figure 2.2. These experiments primarily measure singly-virtual behavior
FP (−Q2, 0), due to limited statistics in doubly-virtual processes.

A crucial ingredient in reconstructing TFFs from data is their behavior at large virtualities.
For −q2i = Q2 � Λ2QCD, the OPE (2.9) implies

FP (−Q2,−Q2) = 2fπ
3Q2 , (2.36)
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where fπ is the pion decay constant. Using light-cone expansion methods, Brodsky and
Lepage derived [36–38]

FP (−Q2, 0) = 2fπ
Q2

. (2.37)

More generally, [39, 40] obtained asymptotic expressions for arbitrary Q21, Q22 at large
Q21 +Q22. For pseudoscalars, one finds

FP (q21, q22) = −4
!
a

Caf
a
P

� 1
0
du

φ(u)
uq21 + (1− u)q22 − u(1− u)m2P

, (2.38)

where faP are the decay constants of the meson P with respect to the axial current Ja
5 ,

Ca = tr(Q2ta) and φ(u) is the so-called pseudoscalar wave function.

The light-cone expansion extends beyond the rigorous OPE framework. Its factorization
structure can be justified using soft-collinear effective theory (SCET), where φ(u) is defined
as a non-perturbative matrix element. Conformal symmetry arguments [41] suggest

φ(u) = 6u(1− u). (2.39)

Similar expressions for the corresponding wave functions for scalar, axial-vector and tensor
mesons were also given in [40]. Although not rigorously justified away from Q1 = Q2,
such asymptotic forms are often used for phenomenological guidance.

The HLbL amplitude can then be reconstructed dispersively from the TFFs. For instance,
in g − 2 kinematics, a pseudoscalar intermediate state contributes

Π̂1(q21, q22, q23) = FP (q21, q22)FP (q23, 0)
q23 −m2P

, (2.40)

and zero to Π̂i for i = 4, 7, 17, 39, 54. In later sections we will also consider the contribu-
tions of axials and tensors.

This expressionmakes it clear why satisfying theMelnikov-Vainshtein (2.23) and symmetric
(2.24) constraints is challenging in hadronic models. Using the asymptotic behavior of the
TFFs, one finds that any finite number of pseudoscalar states yields Π̂1 ∼ Q−4

3 Q−2 in the
corner limit and ∼ Q−6 in the symmetric limit, whereas the short-distance constraints
require Q−2

3 Q−2 and Q−4, respectively. Contributions from other low-spin states behave
similarly, and multi-particle states are suppressed at largeNc. This leaves two possibilities:
either higher-spin states contribute with the required scaling, or an infinite tower of
low-spin states must be resummed. The latter appears more natural.
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A similar problem occurs when considering two-point functions of currents in QCD.
Perturbative calculations imply that 
Jµ(q)Jν(−q)� contains logarithmic factors ln(−q2)
at large Euclidean momenta. Any single resonance (of arbitrary spin) supplies a propagator,
which is given by

1
q2 −m2

× (polynomial in q), (2.41)

and8 cannot reproduce the logarithmic behavior9. An infinite tower of states of fixed spin
can easily reproduce the asymptotic QCD result for certain behaviors of massesmn and
decay constants fn with the mode number n. Within holographic models higher spin
states would originate from stringy modes. However, as we will see, the infinite tower of
axial-vector and tensor mesons is sufficient to satisfy the HLbL scattering short-distance
constraints.

8 The resonance also supplies �Ω|Jµ(0)|q� and its complex conjugate, which are only polynomial in q.
9 In fact only spin 0 and 1 states can contribute at all to the correlator of two currents. The overlap

�Ω|Jµ(0)|q, ε�, where εµ1...µn(p) is the symmetric traceless polarization tensor, simply vanishes for spin
≥ 2. The overlap is linear in the polarization tensor, which is annihilated when contracted with q. By
writing down all possible Lorentz structures, one can see that they are annihilated by ε.
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Lepton magnetic moments 3
3.1 Definition, measurement and classical

expectation

A physical object is said to possess a magnetic dipole moment if the presence of a constant
external magnetic field induces an interaction term of the form

ΔH = −µimBi (3.1)

in the Hamiltonian of the system. Equation (3.1) admits both a classical and a quantum-
mechanical interpretation.1

In classical physics, an electrically charged particle in circular motion carries a magnetic
moment given by µim = q

2mL
i, where Li denotes its angular momentum and q its charge.

In quantum mechanics, particles may additionally possess intrinsic spin and therefore an
intrinsic magnetic moment. For the (negatively charged) leptons of the Standard Model,
one writes

µim = −g e

2m Si, (3.2)

where Si = σi/2 is the spin operator (with σi the Pauli matrices), and g is the so-called
gyromagnetic ratio, or g-factor. In classical physics one would expect g = 1.

The consequences of (3.2) are striking and have lead to the discovery of the spin of the
electron itself [42]. When an inhomogeneous magnetic field in the z-direction is applied,
spin-up electrons experience a force in the negative z-direction, while spin-down electrons
experience a force in the positive direction. As a result, a beam of unpolarized electrons
splits into two distinct components. More generally, a beam of particles with spin s would
split into 2s+ 1 components. The separation between these components is proportional
to the g-factor, which for electrons and muons is found to be very close to g = 2.
1 Within quantum field theory, µi

m depends on the subset of states under consideration. Moreover, in quantum
theories the Hamiltonian typically depends on the vector potential Aµ rather than directly on the field
strengths. Among other consequences, this leads to the Aharonov-Bohm effect. Locally, however, one may
use gauge freedom to cast the Hamiltonian into the form (3.1).
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A more precise determination of g can be achieved in storage ring (synchrotron) experi-
ments. Leptons moving at relativistic speeds are confined to circular orbits by an external,
approximately uniform magnetic field. This magnetic field interacts with the magnetic
moment, leading to spin precession.

We briefly outline the essential features of the recent measurement of the muon magnetic
moment by the Fermilab collaboration. A proton beam with an energy of approximately 8
GeV per proton strikes a target, producing positively charged pions. These pions subse-
quently decay via the weak interaction into µ+ + ν̄µ. Due to the violation of parity (P )
in the weak interaction, the resulting muons are polarized. In the rest frame of the pion,
the muon and the antineutrino are emitted back-to-back with momenta pi and −pi. Since
only left-handed neutrinos and right-handed antineutrinos exist in the Standard Model,
the muon spin is aligned along its momentum pi.

The polarized muons are then injected into a storage ring with a uniform magnetic field
Bi. The Lorentz force causes the muons to follow circular trajectories, while additional
quadrupole electric fields are used to stabilize the beam. The magnetic field is oriented
perpendicular to the initial spin polarization, inducing Larmor precession of the muon
spin. If g were exactly equal to 2, the spin direction would return to its initial orientation
after each revolution2. However, since in reality g > 2, a relative angle between the spin
and the momentum direction accumulates over time.

The muon eventually decays via the weak interaction into an electron and two neutrinos.
Because parity is violated in this decay, the emitted electron is preferentially aligned with
the muon spin direction at the time of decay. By measuring the momentum distribution of
the decay electrons, one can therefore reconstruct the time evolution of the muon spin and
extract the value of the g-factor. In practice, the experimental analysis is considerably more
involved, but the essential principle is as described above. More details and references can
be found in [44, 45].

3.2 Dirac equation and quantum field theory

Now, we turn to relativistic quantum mechanics and quantum field theory and their
predictions for g. We also aim to understand the impact of heavy degrees of freedom on
the lepton g-factors.

2 In non-relativistic physics, the spin would return to itself after one revolution if g = 1. The missing factor
of 2 was found by Thomas in Ref. [43] by considering special relativity.
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A major step toward unifying quantum mechanics and special relativity was achieved by
Paul Dirac in 1928 with the discovery of the Dirac equation [46], which can be viewed as a
“square root” of the relativistic Klein-Gordon equation. It reads

(i /D −m)ψ = 0, (3.3)

where ψ is a four-component spinor field transforming under the Clifford algebra, and
/D = γµDµ. The covariant derivative Dµ = ∂µ − ieAµ incorporates the coupling to
the electromagnetic vector potential Aµ and ensures gauge covariance of the equation
under transformations of Aµ and ψ. The parameterm is interpreted as the particle mass.
Since the equation contains only a first-order time derivative, it is already in Hamiltonian
form.

In the non-relativistic limit, the spinor approximately behaves as

ψ(t, xi) = e−imtψ0(t, x), (3.4)

where ψ0 = (ϕ, χ)T varies slowly in time. In this approximation, the lower two compo-
nents of the Dirac equation instantaneously determine the “small” components χ in terms
of the “large” components ϕ. Neglecting electric fields, the upper components satisfy the
Pauli equation [47]

i∂tϕ =
� 1

2m2 (−i∂i − eAi)2 − e

2mσiBi
�
ϕ, (3.5)

which, using Si = σi/2, unambiguously predicts g = 2.

This elegant theoretical result, however, is not the complete story. Precision measurements
by Polykarp Kusch and Henry M. Foley [48, 49] revealed a small deviation,

ae ≡ (ge − 2)/2 ∼ 0.00119± 0.00005, (3.6)

for the electron.

The non-zero anomalous magnetic moment ae was explained shortly thereafter by Julian
Schwinger [50], who obtained

ae = α

2π +O(α2) ∼ 0.00116 +O(α2), (3.7)

where α = e2

4π (in natural units), is the electromagnetic fine-structure constant. The
Feynman diagram corresponding to this result is shown in Fig. 3.1. Within quantum
electrodynamics (QED), lepton magnetic moments receive radiative corrections that can
be computed perturbatively as a power series in α.
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Fig. 3.1.: Feynman diagram for the Schwinger term (3.7).

We now examine how the magnetic moment is defined in quantum field theory and how
it relates to the non-relativistic definition. One introduces a background electromagnetic
field coupled to the quantum field theory under consideration, which in our case will be
the Standard Model or a relevant subsector thereof.

In the non-relativistic setting, the coupling of the magnetic moment to an external magnetic
field gives rise to a spin-dependent contribution to a scattering amplitude,

M∼ 
p�, σ�|ΔH|p, σ�
∼ e

2mδσσ�(p+ p�)iÃi(p− p�) + g
e

2m(Si)σσ�B̃i(p− p�), (3.8)

where σ, σ� = ±1/2 denote the initial and final spin configurations of the lepton.

In quantum field theory, a weak external electromagnetic potential similarly induces an
amplitude

M∼ e

�
d4x
p�, σ�|Jµ(x)|p, σ�Aµ(x). (3.9)

The matrix element 
p�, σ�|Jµ(0)|p, σ� can be decomposed into two independent Lorentz
structures,


p�, σ�|Jµ(0)|p, σ� = ū(p�, σ�)
�
γµF1(k2) + i

2mσµνkνF2(k2)
�
u(p, σ), (3.10)

where k = p − p�, σµν = i
2 [γµ, γν ], and u(p, σ), ū(p�, σ�) are spinors describing the

external states. The form factor F1(k2) determines the electric charge and its momentum
dependence, with normalization F1(0) = e. Taking the non-relativistic limit, one finds

g = 2 + 2F2(0). (3.11)

This provides a convenient relativistic definition of the g-factor. In perturbative theories,
such matrix elements can be computed using Feynman diagrams.
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For the electron, this definition is well justified, since it is stable within the Standard Model
and can appear as an asymptotic state. In contrast, the mu and tau leptons are unstable
and decay into lighter particles. Strictly speaking, they do not correspond to asymptotic
states, and the standard Lehmann-Symanzik-Zimmermann (LSZ) formalism does not apply
straightforwardly: the propagator has no pole on the real axis.

A better motivated definition of electric and magnetic properties of unstable particles can
be found in [51]. A definition invariant under field redefinitions requires considering a
three-point function 
OŌJµ� and its poles in the complex momentum plane.

In practice, one proceeds by computing one-particle-irreducible diagramswith an incoming
and outgoing lepton line and a current insertion. The external propagators are amputated,
and spinors u(p, σ) and ū(p�, σ�) attached. By Lorentz invariance, the decomposition (3.10)
still applies.

It is also worth noting that correlation functions involving fermion fields are generally
not gauge invariant, since gauge transformations act locally on ψ(x). In principle, gauge-
invariant constructions require the inclusion of Wilson lines. In practical perturbative
calculations, however, one typically works in a fixed gauge, and physical observables such
as g − 2 are gauge independent.

The numerically dominant contributions to both the electron and muon magnetic moments
arise from QED, where all five-loop diagrams have been evaluated [52,53]. The electroweak
sector is also under perturbative control, where all two-loop contributions have been
included [54, 55]. The combined numerical uncertainty of these two sectors lies below
0.5 × 10−11 for the muon, which is way below the experimental uncertainty of 14.5 ×
10−11.

An important distinction between the electron, muon, and tau lies in their sensitivity to
physics at higher energies. Already in 1956, V. B. Berestetskii, et al. in [56] pointed out
that contributions from particles of massM scale as

a
Heavy
l ∼ m2l

M2 . (3.12)

Thus, while heavy particles decouple in the limit M → ∞, for finite M the effects
are parametrically enhanced for heavier leptons. For equal experimental precision, the
sensitivity to physics beyond the Standard Model is therefore larger for the muon than
for the electron by roughly four orders of magnitude. The tau lepton would be even more

3.2 Dirac equation and quantum field theory 31



sensitive, but its very short lifetime makes precision measurements extremely challenging.
The current experimental bound is

−0.0042 < aexp.τ < 0.0062, (3.13)

at the 95% confidence level; thus far, the limited experimental accuracy prevents mean-
ingful constraints on new physics.

The enhanced sensitivity of the muon also implies that hadronic contributions from
quantum chromodynamics (QCD) are significantly more important for aµ than for ae.
These contributions are the dominant source of theoretical uncertainty, due to their non-
perturbative nature. They are conventionally separated into hadronic vacuum polarization
(HVP) and hadronic light-by-light scattering (HLbL).

In the following sections, we briefly review the current theoretical understanding and
phenomenological status of these two contributions.

3.3 Hadronic vacuum polarization contribution

The hadronic vacuum polarization (HVP) contribution is determined by the two-point
correlation function of electromagnetic currents in QCD,

Πµν(q) = i

�
d4xeiqx
Jµ(x)Jν(0)� = (ηµνq2 − qµqν)Π(q2), (3.14)

and is illustrated in Fig. 3.2. Strictly speaking, the above expression for Πµν(q) is not
yet well defined, since the Fourier transform of 
Jµ(x)Jν(0)� does not exist in a naive
sense. Although the position-space correlator is well defined for x $= 0, the singularity at
x = 0 is too severe to permit a direct Fourier transform. The short-distance behavior can
be determined from the lowest-order Feynman diagram; higher-order corrections in the
strong coupling are subleading at small x due to asymptotic freedom.

In perturbative quantum field theory, one introduces a regularization of the Feynman
diagrams and adds counterterms to cancel divergences. The resulting amplitudes depend
on a regulator ε, which is removed in the final result. For finite ε, the regulated correlator

Jµ(x)Jν(0)�ε is regular for all x and can be Fourier transformed. Similarly, the quantity��

d4x d4y Aµ(x)Aν(y)
Jµ(x)Jν(y)�ε (3.15)
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is well defined, but diverges in the limit ε→ 0. To cancel this divergence, one introduces
an additional counterterm proportional to�

d4xFµνF
µν . (3.16)

This procedure yields a well-defined coupling of QCD to a non-dynamical external vector
potentialAµ. The usual ambiguity in the finite parts of the counterterms is fixed onceAµ is
promoted to a dynamical field and appropriate renormalization conditions are imposed.

Fig. 3.2.: Hadronic vacuum polarization contribution to the muon g − 2.

The Feynman diagram shown in Fig. 3.2 can be reduced to a single integral over Euclidean
momenta, leading to

aHV P
µ = 4π2

�
α

π

�2 � ∞

0
dQ2f(Q2)

�
Π(−Q2)−Π(0)

�
, (3.17)

where

f(Q2) =
m2µQ

2Z3(1−Q2Z)
1 +m2µQ

2Z2
, Z = −

Q2 −
�
Q4 + 4m2µQ2

2m2µQ2
, (3.18)

andmµ is the muon mass. The two most successful approaches to determining Π(−Q2)
are lattice QCD and data-driven dispersive methods.

In lattice QCD, a position-space version of (3.17) is employed. In recent years, numerical
simulations have improved dramatically, culminating in the current average [14]

aHVP
µ |lat. = 7132(61)× 10−11. (3.19)

In the data-driven approach, the function Π(q2) is reconstructed from its singularities
along the positive real axis, which are related to physically measurable cross sections via
unitarity. The g − 2 contribution can then be rewritten as

aHVP
µ |disp. =

�
αmµ

3π

�2 � ∞

sthr
ds
K̂(s)
s2

Rhad(s) , (3.20)
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with kernel function

K̂(s) = 3s
m2µ

K(s) , x = 1− βµ
1 + βµ

, βµ =

�
1− 4m2µ

s
,

K(s) = x2

2 (2− x2) + (1 + x2)(1 + x)2
x2

�
log(1 + x)− x+ x2

2

�
+ 1 + x

1− x
x2 log x .

(3.21)

The hadronic R-ratio is given in terms of the total cross-section for annihilation of e+e−

into hadrons as
Rhad(s) = 3s

4πα2σ
�
e+e− → hadrons(+γ)

�
, (3.22)

which is defined photon-inclusively, so that the integration starts at the threshold sthr =
M2

π0 due to the e+e− → π0γ channel. The various exclusive channels contributing to the
cross section have been measured with roughly percent-level precision and are shown in
Fig. 3.3.

Fig. 3.3.: Relevant channels contributing to the hadronic R-ratio as a function of
√
s. Figure taken

from [14].

At present, different measurements of the hadronic R-ratio are not fully consistent with
one another. Fig. 3.4 summarizes the resulting values for aµ. The CMD-3 collaboration,
as well as analyses based on hadronic τ decays, obtain significantly larger values than
other experiments such as BaBar, KLOE, and BESIII. In contrast, lattice QCD compu-
tations are mutually consistent and remove the previously large discrepancy with the
experimental world average (shown in red). The origin of the discrepancies among the
different data-driven determinations is currently unknown and will require substantial
further investigation. A more detailed comparison can be found in the 2025 White paper
(WP2025) [14].
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At present, lattice results do not indicate significant beyond-the-Standard Model contribu-
tions to g − 2, although their theoretical uncertainty is still nearly four times larger than
the experimental one. Future improvements in lattice simulations will therefore be crucial
for making this comparison more precise and conclusive.

−30 −20 −10 0 10 20 30

1010 × (aSMµ − aexpµ )

WP25

Avg. 4

Avg. 3

Avg. 2B

Avg. 2A

Avg. 1

BMW-20

Mainz/CLS-24

RBC/UKQCD-24+18

BMW/DMZ-24

τ

CMD-3

SND20

BESIII

KLOE

BaBar

CMD-2

SND06

Fig. 3.4.: Summary of different determinations of aHVP
µ from [14]. In green, phenomenological

approaches, based mostly on the hadronic R ratio, are shown. Blue results are lattice
simulations. The red band indicates the experimental result and its uncertainty.

3.4 Hadronic light-by-light scattering contribution

Hadronic light-by-light (HLbL) scattering is a considerably more complicated process
and contributes to the anomalous magnetic moment via the Feynman diagram shown in
Fig. 2.1. We will be somewhat brief in this section, since we will consider the individual
subcontributions in much more detail in the second part of this thesis.
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Compared to hadronic vacuum polarization (HVP), which is of order O(α2), HLbL con-
tributes at order α3. It is therefore numerically smaller, but due to its much greater
complexity, the associated uncertainties are of a similar magnitude to those of HVP.

Using techniques based on Gegenbauer polynomials, the original two-loop integral can be
reduced to a three-dimensional integral [20],

a HLbL
µ = α3

432π2
� ∞

0
dΣ Σ3

� 1
0
dr r
�

1− r2
� 2π
0

dφ
12!
i=1

Ti(Σ, r, φ) Π̄i(Q21, Q22, Q23) .

(3.23)

This so-called master formula involves twelve analytically known kernel functions Ti and
a set of structure functions Π̄i, which are linear combinations of the Π̂i [57]:

Π̄1 = Π̂1, Π̄2 = Π̂2, Π̄3 = Π̂4, Π̄4 = Π̂5, Π̄5 = Π̂7, Π̄6 = Π̂9,
Π̄7 = Π̂10, Π̄8 = Π̂11, Π̄9 = Π̂17, Π̄10 = Π̂39, Π̄11 = Π̂50, Π̄12 = Π̂54.

(3.24)

The hatted quantities belong either to the set 1, 4, 7, 17, 39, 54 or are related by crossing
symmetry,

Π̂2 = C23
�
Π̂1
�
, Π̂5 = C23

�
Π̂4
�
, Π̂9 = C12

�C13�Π̂7��,
Π̂10 = C23

�
Π̂7
�
, Π̂11 = C13

�
Π̂17
�
, Π̂50 = −C23

�
Π̂54
�
, (3.25)

where C12
�
f(q21, q22, q23)

�
= f(q22, q21, q23), and similarly for other permutations.3

As in the case of HVP, the two main approaches to evaluating HLbL are dispersive methods
and lattice QCD. The dispersive framework is also employed later in this thesis to evaluate
contributions from intermediate particle states with input from holographic QCD. Its
various components are discussed in more detail in part II. Using phenomenological input,
the most current dispersive average is given by

aHLbL
µ |disp. = 103.3(8.8)× 10−11. (3.26)

Lattice calculations obtain a somewhat larger value,

aHLbL
µ |lat. = 122.5(9.0)× 10−11. (3.27)

A graphical comparison of these results is shown in Fig. 3.5.

3 The exchange acts on the momenta, not on the argument slots of the function. This distinction becomes
relevant when applying multiple crossing operations.
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Fig. 3.5.: Summary of phenomenological and lattice determinations of aHLbL
µ from [14]. Lattice

values (in blue) and phenomenological results (in green) are broadly consistent, while the
newer, more precise lattice approaches favor a somewhat higher overall value.

Although the two approaches are broadly consistent, there remains a tension at the level
of approximately 1.5σ. A combined average can be formed using a scale factor, but
the resulting uncertainty is comparable to the experimental one and should ideally be
reduced.

Large-Nc hadronic models, such as holographic QCD, are generally expected to exhibit
uncertainties at the level of ∼ 15%. Consequently, they are not competitive in the
hadronic vacuum polarization (HVP) sector, where lattice and dispersive approaches have
achieved precisions of ∼ 1%. By contrast, hadronic light-by-light (HLbL) scattering has a
comparatively larger uncertainty and a number of unresolved conceptual issues for which
alternative approaches, such as hQCD, can suggest solutions, as well as provide competitive
numerical estimates. An important novel aspect of this thesis is the investigation of tensor-
meson contributions, which have previously been considered negligible. Recent progress
in the construction of a new dispersive basis for the structure functions Π̂i(q21, q22, q23)
in [23] has partially resolved the problem of kinematic singularities in tensor-meson
contributions, thereby bringing renewed attention to this sector.

Their contributions within the hQCD framework—of interest both from a phenomenologi-
cal standpoint and in light of short-distance constraints—are analyzed in chapter 10.
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Part II

Holography and HLbL





Introduction 4
In quantum chromodynamics, the low-energy regime is strongly coupled, making it
inaccessible to conventional perturbative techniques. In the absence of sufficient data,
such theories can often only be investigated effectively using lattice approaches. In certain
cases, however, it is possible to find weakly coupled dual descriptions for strongly coupled
gauge theories.

The type of dualities relevant to this thesis originally arose from different descriptions of
D-branes in string theory and are holographic in nature. They relate a strongly coupled four-
dimensional gauge theory to a weakly coupled gravitational theory in higher dimensions.
We will discuss prominent examples, as well as structural aspects of these dualities in
chapter 5. The background geometry of the gravitational theory is negatively curved in
these cases, with Anti-de Sitter space AdS being the prototypical example. The gravitational
theory may be treated as an effective theory, with a Newton constant G ∼ 1/N2

c , where
Nc is the number of colors of the dual gauge theory. The leading large-Nc contribution to
observables of the gauge theory can thus be computed by semiclassical techniques in the
holographic dual1.

For QCD, no controlled holographic dual is known, but there exist string-theoretic ap-
proaches that reproduce many of its nontrivial features at low energies. Insights gained
from these constructions can be used to build gravitational models ”by hand”, allowing for
greater flexibility than in top-down string theory. There are strong indications that any
such gravitational theory on asymptotically AdS is holographic, although going beyond
the leading 1/Nc contribution requires a UV completion of the gravitational theory, for
example via string theory. We will describe a particular class of such constructions—the
so-called hard-wall models—in chapter 6.

These models naturally contain, among other states, pseudoscalar and axial-vector mesons
that contribute as intermediate states to HLbL scattering. At the level of individual mesons,
the relevant quantity determining the HLbL contribution is the transition form factor
(TFF), which quantifies the decay of a meson into two (generally virtual) photons. The
holographic predictions for π0 and a1 compare very well with dispersive reconstructions.
1 The dictionary relating quantities on the two sides is rather involved. Many issues regarding black holes,
worm holes and associated factorization problems are the topic of active research. We will exclusively
concern ourselves with Euclidean correlators in the vacuum with a single asymptotic boundary, for which
the holographic dictionary is well understood.
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Additionally, we show that the asymptotic behavior of the TFFs is consistent with results
obtained from light-cone expansion techniques.

To also describe η, η�, f1, f �
1, . . ., it is necessary to incorporate effects of theU(1)A anomaly

into the holographic model. We present two complementary ways of implementing the
anomaly in chapter 7. Holographic predictions for axial-vector contributions, which
previously appeared excessive compared to early estimates in the 2020 White Paper
(WP2020) [17], have recently been confirmed with striking precision by independent
phenomenological approaches.

Excited states emerge naturally in hQCD as higher Kaluza–Klein modes associated with the
holographic extra dimension. Their contributions to HLbL and aµ are particularly difficult
to estimate using dispersive techniques, yet they play a crucial role in connecting the
low-energy hadronic description with high-energy OPE constraints of QCD. In chapter 8,
we focus on the pseudoscalar and axial-vector contributions to the symmetric longitudinal
SDC and the Melnikov-Vainshtein (MV) SDC, showing that the latter can be fully saturated.
A deficiency in the former is resolved when tensor mesons are included. In this way, hQCD
provides a smooth interpolation between the IR and UV regimes and offers potentially
valuable insight into the matching procedure required in dispersive approaches—arguably
one of its main strengths.

An alternative approach to bottom-up holographic models is provided by soft-wall models,
which implement confinement via a quadratic dilaton profile and successfully reproduce
the Regge-like behavior ofm2n ∼ n of radially excited states such as higher-mass vector
mesons. Thesemodels can also be analyzed in the context of HLbL and g−2, but this reveals
an unexpected divergence. In chapter 9, we show that, under reasonable assumptions,
a broad class of holographic soft-wall models leads to a divergent HLbL tensor. This
divergence originates from the summation over the infinite tower of states, or equivalently
from the large-z region when expressing the HLbL tensor in purely five-dimensional
terms. Allowing for a scalar-extension of the conventional Chern-Simons term, some
models can be rendered finite and well-defined, while others remain problematic and
must be discarded. The modified models, however, are somewhat unsatisfactory from a
phenomenological perspective.

Finally, in chapter 10 we consider contributions from tensor mesons, which are naturally
incorporated in holographic models as modes of the metric tensor. As noted earlier,
their infinite tower contributes to the symmetric longitudinal short-distance constraint,
allowing for a complete match, when appropriately fitted. The mass, as well as the TFF of
the lowest-lying state, shows remarkable agreement with existing experimental data on
f2(1270). hQCD places particular emphasis on the two structure functions FT

1 ,FT
3 of the

tensor TFF, whereas quark models include only a nonzero F1. This discrepancy leads to
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contributions to aµ of similar magnitude, but opposite sign. We also argue that, within
the framework of resonance chiral theory, a strong hierarchy between FT

1 and FT
3 should

not be expected, in accord with the hQCD prediction. Furthermore, hQCD predicts sizable
contributions to aµ from the first few excited tensor states when reconstructing Π̂i from
on-shell TFFs.

Remarkably, the tensor meson contributions predicted by these holographic models have
precisely the right magnitude and sign required to resolve the current 1.5σ tension between
the full dispersive HLbL contribution and the corresponding lattice calculation.
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Gauge gravity duality and
the long road to
holographic QCD

5

In this chapter, we aim to discuss holographic dualities that can be motivated from string
theory. Following some general considerations, we sketch the most important steps that
have led to the discovery of the AdS/CFT conjecture. After presenting its main features,
we exhibit some constructions leading to non-conformal dual QFTs with reduced super-
symmetries. Along the way, we emphasize crucial properties that capture confinement,
chiral symmetry breaking, the anomaly structure and other phenomena that one also
expects to appear in QCD.

The first indications that information may be stored very differently in a gravitational
theory than in ordinary QFT arose from considerations of black holes. Hawking’s analysis
[58] of QFT on a classical black hole background revealed that black holes emit particles
(in our universe, mostly photons and gravitons) at a temperature1

T = 1
8πM . (5.1)

This suggests that the black hole itself behaves as a thermal system in (local) equilibrium2

with its radiation. The temperature is inversely proportional to the massM (or energy
E = M ) of the black hole. According to the first law of thermodynamics, a thermal system
can be assigned an entropy via dE = TdS, which, in a putative quantum gravity theory,
should be explained in terms of the density of microstates ρ(E) = eS(E). Using the fact
that the area of the horizon of a black hole is A = 4π(2M)2, one obtains

S = A

4 , (5.2)

1 The speed of light c, the (reduced) Planck constant �, Newton’s constant GN and the Boltzmann constant
kB are set to one.

2 In an asymptotically flat spacetime, the radiation carrying energy escapes to future null infinity. The black
hole therefore slowly loses mass over time and shrinks. It is unstable and more accurately described as
a resonance. By contrast, a large black hole in Anti-de-Sitter space can be stable, since for appropriate
boundary conditions the radiation is reflected at the boundary and falls back into the black hole.
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a result that is striking when compared to conventional physical systems. In the absence
of gravity, the entropy of a classical or quantum system confined to a finite volume V
typically scales with V , rather than with its boundary area A.

It is therefore clear that the coupling to gravity fundamentally alters the density of mi-
crostates of any physical system. A gas of particles in a volume V would have an entropy
scaling∼ V , but it becomes unstable to gravitational collapse into a black hole if the energy
is sufficiently large. The actual entropy is then ∼ A instead. Thus, in certain regimes, the
density of states of a gravitational system behaves more like that of a non-gravitational
system in one fewer spatial dimension.

The preceding argument is, of course, only heuristic, but together with related consider-
ations it led ’t Hooft [59] and Susskind [60] to conjecture that the physics of a system
including gravity can be described by a non-gravitational theory on its boundary. In [60]
possible connections to string theory were already suggested, but it took roughly three
more years before a concrete realization of such a duality was proposed. One crucial ingre-
dient was a framework in which gravity could be consistently placed in a ”box”—namely
Anti-de Sitter (AdS) space.

5.1 AdS/CFT

In [6], Maldacena analyzed two complementary descriptions of Dirichlet-branes (in short
D-branes), which are extended objects in superstring theory [61, 62]. At small string
coupling gs, a Dp-brane is described as a p + 1-dimensional hypersurface on which
fundamental strings can end. If x : Σ →M denotes the embedding of a two-dimensional
string worldsheet Σ, with tension T ∼ α�−1, into spacetimeM , then its boundary satisfies
x(∂Σ) ⊂ Dp, where Dp denotes the p + 1 dimensional worldvolume of the Dp-brane.
The fermionic worldsheet fields must also satisfy boundary conditions chosen such that
half the bulk supersymmetries are broken. These Bogomol’nyi-Prasad-Sommerfield (BPS)
objects are stable and carry Ramond-Ramond (RR) charge [63]. They can be excited and
their degrees of freedom can interact with closed strings propagating in the bulk.

At weak string coupling gs, the low-energy regime (E � α�−1/2) is described by a gauge
theory living on the brane worldvolume, together with the bulk supergravity theory. For
Nc coincident D3-branes3, this theory is the maximally supersymmetric, conformalN = 4
super-Yang-Mills (SYM) theory with gauge group U(Nc).

3 For Nc branes, the effective expansion parameter is gsNc, not gs.
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To understand the interaction between the open- and closed-string sectors, one expands
all fields around their background and rescales the fluctuations to obtain canonically
normalized kinetic terms. The interactions within the closed-string sector, as well as
between closed and open strings, are then proportional to positive powers of α�. This
implies that for E � α�−1/2 these interactions can be neglected [64]. The resulting theory
consists of a free bulk supergravity theory decoupled from an interacting N = 4 U(Nc)
SYM with gauge coupling g2YM = 2πgs. This description is valid at low energies and for
gsNc � 1 and gs � 1, the latter ensuring control over the bulk sector.

At large gsNc (but still small gs), the low-energy supergravity theory admits extended
solutions of the classical equations of motion carrying RR charge and preserving the same
amount of supersymmetries as D3-branes. The background solution (in mostly plus metric
convention) reads

ds2 = H(r)−1/2ηµνdxµdxν +H(r)1/2δijdxidxj , (5.3)

eφ = gs, (5.4)

C4 = (1−H(r)−1)dx0dx1dx2dx3 + . . . , (5.5)

with r2 = "9i=4 xixi and H(r) = 1 + (L/r)4. The omitted terms in C4 are fixed by
requiring self-duality of the five-form field strength F5.

The parameter L describes the five-form flux and thus needs to be quantized. If the number
of discrete fluxes is Nc, then

L4 = 4πgsNα�2. (5.6)

For the supergravity approximation to be valid, L must be large compared to the string
length

√
α�, ensuring small curvatures.

The geometry has two distinct regions: the asymptotic r � L region, where the metric
approaches flat space, and the r � L region. In the asymptotic region, low-energy
excitations are described by free supergravity. The relevant notion of energy is that
measured at spatial infinity. If an observer at fixed r measures the local energy Er with a
detector, then the energy seen at infinity is redshifted according to E∞ = H(r)−1/4Er <

Er . Thus for sufficiently small r, even highly energetic local excitations appear as low-
energy states to an observer at infinity.

In the small r region,

H(r) ∼ L4

r4
, (5.7)
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and the geometry is isomorphic to AdS5 × S5, with equal curvature radii for both factors.
At low energies, the small r region decouples from the asymptotic region at large r. If
the wavelength ω−1 of a classical wave is much longer than the average gravitational size
∼ L, the wave simply passes through the object4 with absorption and scattering effects
going to zero as ω → 0 [65]. Thus, for both small and large values of gsNc, the low-energy
theory splits into two decoupled sectors. For gsNc � 1 we have free supergravity in ten
dimensions and 3 + 1 dimensional N = 4 U(Nc) SYM with g2YM = 2πgs. For gsNc � 1
one obtains free supergravity in ten dimensions plus string theory on AdS5 × S5 with
curvature radius L4 = 4πgsNcα

�2.

Maldacena’s conjecture identifies string theory on AdS5 × S5 with the N = 4 SYM
theory. At first glance, this appears bold, since each description is valid in a different
regime. However, one may attempt to extend the weak-coupling description to large
gsNc by resumming higher-genus contributions. Assuming that the bulk sector continues
to decouple at low energies, the resulting theory remains a 3 + 1-dimensional N = 4
supersymmetric theory. Such theories are essentially unique, up to the choice of gauge
group and coupling. The boundary conditions near the conformal boundary of AdS
determine the precise gauge group, which can be U(Nc), SU(Nc), or PSU(Nc).

The number of colors Nc and ’t Hooft coupling λ = g2YMNc on the gauge theory side are
related to the string theory parameters gs, L, α� via

gs = g2YM

2π , (5.8)

L4

α�2 = 2g2YMNc = 2λ. (5.9)

Although L sets the curvature scale in the bulk, it does not correspond to an intrinsic scale
in the boundary theory, which is conformal. Since gs � 1 is required while λ� 1, this
regime necessitates large Nc.

Excitations localized in the AdS5 × S5 part of the full geometry have vanishingly small
energy E∞ due to the redshift. This explains the necessity to consider the full string
theory instead of its supergravity approximation. At large ’t Hooft coupling λ = g2YMNc,
stringy excitations become very massive in units of L−1. When Nc →∞, the coupling of
the supergravity sector to massive stringy excitations goes to zero. In this limit, it is thus
appropriate to use the supergravity approximation. As soon as Nc, λ are finite, there will
always be processes that can excite massive strings. Accordingly some aspects of the dual
gauge theory, such as operators of very high scaling dimension, can only be described by
4 This decoupling argument is somewhat heuristic and actually not fully correct. Interactions of the r 
 L
region and the throat region r ∼ L persist at low energy. From the point of view of the AdS5 × S5 theory,
their effects are described by boundary conditions at the conformal boundary of AdS [65].
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the full string theory. However, many interesting properties are fully determined by the
supergravity EFT, where stringy- or loop-corrections can be parametrically suppressed by
increasing Nc, λ.

In its weakest form, the conjecture can thus be stated as:

N = 4 SYM theory with gauge group G = U(Nc), SU(Nc), or PSU(Nc) at large Nc and
large λ = g2YMNc is equivalent to classical type IIB supergravity on AdS5 × S5, with Nc

units of five-form flux through the S5. The precise gauge group depends on the choice of
boundary conditions at the asymptotic boundary.

If true, this conjecture implies that strongly coupled QFT observables can be computed
using semiclassical gravity5.

A first non-trivial check of this conjecture is the matching of symmetries. The identity
component of the orientation-preserving6 isometry group of (Lorentzian) AdS5 × S5 is
SO(2, 4)× SO(6). Any conformal field theory has SO(2, 4) symmetry, corresponding
to conformal transformations. The global SU(4) R-symmetry group that rotates the 4
supercharges Qα

i in the N = 4 theory matches the double cover of SO(6)7. Additional
discrete symmetries and higher-form symmetries depend on the choice of gauge group
and have more subtle realizations in the bulk.

To explore the correspondence further, one needs a precise dictionary between observables
on both sides. While the original motivation is often phrased in Lorentzian terms, it is
technically more convenient to work in the Euclidean path-integral formulation. Canonical
quantization of gravity is complicated by constraint equations, whereas the path-integral
approach provides a more practical framework (despite subtleties such as the conformal
mode problem). In the following, we motivate a prescription to calculate correlation
functions of operators in the dual QFT from the weakly coupled gravitational theory.

In the weak-coupling picture (gsNc � 1), consider a coherent state of dilatonic fluctuations.
For sufficiently small amplitudes and frequencies, these are described by classical wave
solutions that propagate freely in the bulk. The wave propagates freely in the bulk, but
when it hits the D3 branes, it interacts with the degrees of freedom living on the brane.

5 Semiclassical gravity by itself is not a UV-complete theory. In Lorentzian signature, smooth initial data
can evolve into black hole configurations with singularities, requiring a full UV-complete description such
as string theory. Such processes are however parametrically suppressed at large Nc and λ. In this limit,
observables are expected to be independent of the UV completion.

6 Both the gravitational theory and the CFT have chiral fermions which require an orientation in their
definition.

7 Fermions transform non-trivially under a 2π rotation of the S5, so the relevant symmetry groups are the
respective double covers.
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When such awave reaches the D3-branes, it couples to theworldvolume degrees of freedom.
A dilaton fluctuation with momentum p and amplitude φ0 induces an insertion

exp
�
i

�
d4x

√
g φ0e

ipxLN=4(x)
�

(5.10)

into the path integral of the N = 4 theory. More general fluctuations induce

exp
�
i

�
d4x

√
g φ(x)LN=4(x)

�
. (5.11)

Similarly metric fluctuations δgMN induce a coupling of the form

exp
�
i

2

�
d4x

√
g Tµν(x)δgµν(x)

�
, (5.12)

where Tµν is the energy momentum tensor. Correlation functions in the gauge theory
can then be obtained by functionally differentiating the partition function with respect to
the induced values of the bulk fields.

At large ’t Hooft coupling λ, the appropriate description of the branes is given by the
supergravity solution (5.3). A wave propagating in the asymptotically flat region remains
essentially unperturbed until it reaches the throat region. From the near-horizon perspec-
tive, this behavior can be interpreted as a boundary condition imposed at r = ∞. This
motivates the following nontrivial correspondence [7]: turning on a source in the N = 4
theory by adding a term

�
d4xφ0(x)O(x) to the action corresponds, on the gravitational

side, to fixing the boundary value φ0(x) of the corresponding bulk supergravity field
φ(x, r) in AdS5

ZN=4(φ0(x)) = ZAdS5(φ(x, r) → φ0(x)). (5.13)

For brevity, we have suppressed the S5 factor, since fields on S5 can in principle be
expanded in (generalized) spherical harmonics, yielding a tower of fields transforming
in representations of SO(6) - SU(4). Every bulk AdS field thus corresponds to a CFT
operator in the boundary theory. The conformal boundary of AdS is identified with the
spacetime on which the N = 4 theory is defined.

Since the gravitational theory is described in this way by a lower dimensional QFT, this
provides a concrete realization of the ideas of ’t Hooft and Susskind. The quantitative
relation (5.13) enables precise predictions. In the limit of large Nc and large λ, where
semiclassical gravity is valid, the relation reduces to

WN=4[φ0] = SSugra[φclass.], (5.14)
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where WN=4[φ0] denotes the generating functional of connected Green’s functions in
the N = 4 theory and SSugra[φclass.] is the supergravity action evaluated on a solution
φclass. to the classical equations of motion satisfying appropriate boundary conditions. This
relation is one of the central results of the correspondence, as it allows one to compute
correlation functions of local operators8 in strongly coupled SYM via classical calculations
in supergravity on AdS5. As it has been presented above, the relation remains somewhat
schematic, since important details about boundary conditions and counterterms have not
yet been specified. We now aim to supply some important details.

Conformal symmetry of QFT (on a flat background) implies

ZN=4[φ0(x)] = ZN=4[λ−4+Δφ0(λ−1x)], (5.15)

for an operator of scaling dimension Δ, provided no conformal anomaly appears. This
behavior must be reproduced by the gravity partition function. To see this, it is convenient
to switch to Poincaré coordinates in which the metric takes the form9

ds2 = L2

z2

�
ηµνdx

µdxν − dz2
�
. (5.16)

In these coordinates, the asymptotic boundary lies at z = 0, while the location of the
D3-branes corresponds to z →∞. Near the conformal boundary z = 0, a generic bulk
field corresponding to a source φ0(x) behaves as

φ(x, z) ∼ zαφ0(x). (5.17)

The isomorphism z → λz, x→ λx transforms the field to

φ�(x, z) = φ(λ−1x, λ−1z), (5.18)

which matches the conformal scaling in the boundary theory provided α = 4−Δ. Thus,
the scaling dimension of the operator O(x) determines the asymptotic falloff of the dual
bulk field near the boundary of AdS5. Conversely, given a solution regular in the interior,
one can extract the scaling dimension of the dual operator from its small-z behavior. The
exponent α in (5.17) is determined by the bulk equations of motion. If the bulk field is a
scalar field with a five-dimensional massm, the solutions obey (5.17) where α obeys

α(α− 4)− L2m2 = 0. (5.19)

8 While we have written the relation schematically for a scalar field such as the dilaton, analogous boundary
conditions can be imposed for all supergravity fields, each corresponding to a different operator in the dual
N = 4 theory.

9 We adopt a mostly minus convention from this point onward.
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The bulk mass in units of L thus describes the scaling dimension of the dual operator.

A direct evaluation of the supergravity action on such solutions typically yields divergences,
originating from powers of z−1 in the metric. These divergences can be regulated by
introducing a cutoff at z = ε and imposing boundary conditions there. A detailed analysis
[66–69] shows that, as ε → 0, all divergences are local and can be canceled by adding
counterterms of the form

SCT = f(ε)
�
z=ε

d4x
√
γP (φ(x, z)), (5.20)

where γ is the induced metric on the z = ε surface and P (φ(x, z)) is a polynomial of the
supergravity fields φ(x, z) and their derivatives at the point (x, z). The function f(ε) is
generically a power of ε, possibly including logarithmic terms.

With these refinements, (5.14) becomes a precise and powerful tool for computing corre-
lation functions in strongly coupled SYM. Although not derived rigorously, it is widely
believed to hold exactly. Over the past decades, it has passed numerous nontrivial tests
without contradiction. Similar prescriptions exist for extended operators, such as Wilson
and ’t Hooft lines, which are described by strings and probe branes in the dual theory.

While this “weak” form of the AdS/CFT correspondence is commonly used as a computa-
tional tool, a much stronger version of the conjecture posits a full equivalence: N = 4
SYM in 3+1 dimensions, for arbitraryNc and λ, is exactly dual to type IIB string theory on
asymptotically AdS5 × S5 backgrounds. In this strong form, even dynamical processes in
Lorentzian signature involving black holes—where semiclassical gravity breaks down due
to singularities—can, in principle, be studied using the dual QFT. This provides a powerful
framework for addressing deep questions such as the microscopic origin of the black hole
entropy S = A/4 or the information loss paradox in black hole evaporation [70].

5.2 AdS/QCD ?

The AdS/CFT correspondence as introduced in the previous section involves the highly
specific N = 4 supersymmetric conformal field theory. In contrast, the phenomenologi-
cally most relevant strongly coupled theory in our universe is quantum chromodynamics
(QCD), the theory of the strong interactions. Owing to its non-perturbative dynamics, one
of the few reliable ways to extract quantitative results is through large-scale numerical
simulations10.
10These simulations, known as lattice gauge theory, have provided essential insights into the spectrum, thermal
properties, and Euclidean correlation functions, and continue to improve. Despite significant progress,
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Since the discovery of the N = 4 duality, considerable effort has been devoted to con-
structing less supersymmetric and non-conformal versions, with the long-term goal of
identifying a holographic dual of pure Yang-Mills theory or even QCD. In this section, we
review several notable developments in this direction and highlight some general lessons
that have emerged.

In Maldacena’s original work [6], constructions involving M2- and M5-branes (the latter
corresponding to NS5-branes in type IIA string theory) were also discussed, leading to
AdS4×S7 andAdS7×S4 backgrounds. Although explicit descriptions of the corresponding
worldvolume CFTs were not known at the time, nontrivial information about M-theory
on these backgrounds could nevertheless be inferred from general principles of quantum
field theory.

Up to this point, holographic dualities involved only matter in the adjoint representation
of the gauge group. An important step forward was made in [71], where matter in the
fundamental representation was introduced via Nf flavor D-branes. The resulting (super-
symmetric) matter multiplets contain both fermionic quarks and bosonic fundamental
fields. In the regime Nf/Nc � 1, one can work in the probe approximation, neglecting
the backreaction of the flavor branes. Among the massless excitations of a stack of Nf

flavor branes are non-Abelian U(Nf ) gauge fields, whose boundary values act as sources
for conserved currents in the dual field theory.

However, the background generated by Nc D3-branes still corresponds to N = 4 SYM, in
contrast to pure Yang-Mills theory. A simpleway to reduce conformal and supersymmetries
is to add a relevant scalar operator to the N = 4 action, which can be straightforwardly
accomplished by prescribing a non-zero boundary term for the corresponding supergravity
field in the bulk. Accounting for backreactions to the metric then leads to non-conformal
behavior. A possibility to reduce supersymmetry was proposed in [72], where D3-branes
are placed on a space of the form R1,3 × Y6, with Y6 exhibiting a conical singularity. This
means that there exists a point p ∈ Y6 (at r = 0) around which the metric takes the form

ds2 = dr2 + r2gij(x)dxidxj . (5.21)

Removing the singular point, the space is topologically R×X5. If (X5, gij) differs from
the round S5, the geometry is singular. Placing Nc D3 branes at R4 × p and taking the
low-energy limit yields a near horizon geometry of the form AdS5 ×X5.

Since the isometries of X5 determine the R-symmetry of the dual field theory—and thus
its supersymmetry—backgrounds with X5 $= S5 lead to reduced supersymmetry. In the

real-time dynamics—especially in the presence of dynamical quarks—and physics at nonzero baryon chemical
potential remain challenging and are still poorly understood on the lattice.
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example of the conifold singularity [72], X5 = (SU(2)× SU(2)) /U(1) and one obtains
a dual N = 1 superconformal field theory with gauge group SU(Nc) × SU(Nc) and
bifundamental matter fields.

It is also possible to introduceM fractional D3-branes at the conical singularity, which can
be understood as D5-branes wrapping collapsed two-cycles. This setup was analyzed in
[9,73]. The resulting gauge theory hasN = 1 supersymmetry and a gauge group SU(Nc+
M)× SU(Nc). Conformal invariance is broken and the theory exhibits confinement in
the IR, along with chiral symmetry breaking. The holographic dual of pure N = 1 gauge
theory was investigated in [10]. However, the corresponding geometries typically contain
regions of large curvature, reflecting the weakly coupled (asymptotically free) regime of
the dual gauge theory. In all confining examples, the effective five-dimensional metric
deviates necessarily from pure AdS.

A conceptually simple way to break both conformal symmetry and supersymmetry is to
compactify a higher-dimensional theory on a circle with antiperiodic boundary conditions
for fermions. This idea was implemented by Witten in [74] using a stack of Nc D4-
branes in type IIA string theory on R1,8 × S1, where the D4-branes wrap the circle of
radius R. The D4-branes can themselves be interpreted as low energy descriptions of
parallel M-theory fivebranes (which realize a conformal six-dimensional theory with (0,2)
supersymmetry [75]) compactified along one direction.

D4-branes host Yang-Mills fields with a gauge coupling g5, adjoint fermions and scalar
fields. The anti-periodic spin-structure gives the fermions masses of the order 1/R while
scalar bosons get masses at one-loop of the order of Ncg

2
5/R

2. The low-energy theory
is then effectively four-dimensional pure Yang-Mills with coupling g24 = g25/R at the
cutoff scale 1/R. The theory at energies E ≥ R−1 is of course still described by the
five-dimensional D4-brane worldvolume theory.

The dual geometry is smooth and non-singular for R > 0. To obtain the pure d = 4
Yang-Mills theory at all energies, one would want to take R→ 0, with the scaling g24 ∼
(ln(ΛR))−1 for a fixed scale Λ. However, as R→ 0 a singularity develops, necessitating
the full string-theoretic description. As in other constructions (e.g. Maldacena-Nuñez [10]),
duals of asymptotically free theories generically involve regions of large curvature. Due
to technical difficulties in quantizing string theory in backgrounds with Ramond-Ramond
fluxes, a full worldsheet description is not currently available. Nevertheless, at finite R
and large Nc, λ, the supergravity approximation is valid and reproduces key qualitative
features of four-dimensional Yang-Mills theory, such as confinement and a mass gap. This
suggests that the finite-R theory may be continuously connected to the R → 0 limit,
making the D4-brane construction a valuable qualitative and semi-quantitative tool.
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In [76, 77], Sakai and Sugimoto extended this setup by introducing Nf D8- and D8-branes,
thereby incorporating fundamental chiral, left- and right-handed fermions. In the weakly
coupled picture, these arise from strings stretching between the D4- and D8-branes. In
the strong-coupling regime, the D8-branes are embedded into the D4-brane background
in the probe approximation, valid for Nf/Nc � 1. The global U(Nf )L × U(Nf )R flavor
symmetry of QCD corresponds to a local gauge symmetry and associated Yang-Mills fields
on the branes. The D8 and anti-D8 branes join in the interior of the bulk, thereby inducing
chiral symmetry breaking11 U(Nf )L × U(Nf )R → U(Nf )V .

Remarkably, the resulting low-energy spectrum includes pseudoscalar Goldstone bosons
as well as vector and axial-vector mesons. The color D4-branes generate a nontrivial
four-form flux dC3, which induces a Chern-Simons term for the gauge fields A on the
flavor branes

Tp

�
D8
C3 ∧ trF 3 = SCS[A]. (5.22)

If one were to place the theory on a closed five-dimensional manifoldM5, that bounds a
six dimensional manifoldM6, the Chern Simons term is concisely expressed as

SCS[A] ∼
�
M6

trF 3. (5.23)

This term precisely reproduces the chiral anomalies of QCD. Generalized anomalies of
QCD, discovered in Ref. [79], are reproduced in this holographic model, as shown in [80].
The U(1)A anomaly is also correctly realized in this holographic framework [76, 81, 82].
The resulting Witten-Sakai-Sugimoto model has proven to be a powerful theoretical
laboratory and an important source of inspiration for bottom-up approaches to holographic
QCD [83].

The constructions discussed above represent only a small subset of the many models
developed in the literature. Nevertheless, they already capture key qualitative features
of QCD, including confinement, chiral symmetry breaking, and the correct anomaly
structure. In the next chapter, we will construct a simple bottom-up holographic model
that incorporates these features while allowing greater flexibility in matching low-energy
experimental data and short-distance constraints.

11Explicit chiral symmetry breaking by quark masses can incorporated with the prescription of Ref. [78].
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Bottom-up holographic
models in AdS5

6
In this chapter we introduce and motivate bottom-up models of holographic QCD, which
were first presented in [84–87] as effective descriptions of low-energy QCD. We review
their construction in section 6.1 with a focus on so-called hard-wall models. Soft-wall
models exhibit subtle divergences in the HLbL tensor, which are analyzed in detail in
chapter 9.

The reduction to four dimensions and the associated meson spectrum is presented in
Sec. 6.2. The interactions of mesons with vector currents and their implications for photon
decays, which is an important ingredient in HLbL scattering and aµ contributions, is
studied in section 6.3. Although these models were primarily intended as low-energy
descriptions of QCD, recent studies have revealed remarkable agreement with perturbative
QCD of transition form factors at asymptotically large momenta.

Transition form factors can be used to calculate the contributions of individual mesons to
HLbL scattering. We present explicit formulas and numerical values for the muon g − 2
contribution of π0 and a1 in Sec. 6.3. The results compare remarkably well to available
experimental data and dispersive analyses.

A detailed analysis of the singlet sector, which affects the pseudoscalars η, η� and the axial-
vector mesons f1, f �

1, requires the inclusion of the U(1)A anomaly which is accomplished
in chapter 7.

In the present chapter, we concentrate mainly on the ground state mesons. Contributions
of excited states and their role in short-distance constraints are presented in Ch. 8.

6.1 Construction of bottom-up models

In the standard holographic dictionary, a local operator in the CFT corresponds to a
quantum field in the bulk spacetime. The larger the scaling dimension of the operator, the
larger the mass of the associated bulk field, and hence the less relevant it becomes at low
bulk energies.
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QCD becomes strongly coupled at the GeV scale. One would therefore expect a holographic
dual, in the form of a supergravity theory, to provide an accurate description of QCD
primarily below this scale. The asymptotically free high-energy regime of the strong
interactions is expected to lie beyond the supergravity approximation of any candidate bulk
dual. Ideally, one should therefore construct the bulk theory using operator dimensions
evaluated at the GeV scale. However, this is technically challenging, as operator dimensions
typically receive large quantum corrections1 in this regime, which are not accessible via
perturbation theory.

On a pragmatic level, the holographic models that use the free operator dimensions already
reproduce many nontrivial hadronic properties surprisingly well. We will also see that
even though the UV of the bulk theory is expected to differ from the asymptotically
free QCD, the model nevertheless reproduces important short-distance constraints on
transition form factors and HLbL scattering. We therefore proceed by assigning bulk
masses according to the canonical dimensions of QCD operators.

In top-down holographic duals of four-dimensional field theories, the bulk spacetime is
ten- or eleven-dimensional. Besides the four field-theory directions, typically only one
additional dimension is non-compact, while the remaining dimensions form a compact
internal space. In the case of the N = 4 correspondence, this internal space is S5, and a
Kaluza-Klein reduction leads to an effective five-dimensional description. Motivated by
this, we construct a framework with a single additional bulk dimension.

The putative holographic dual of QCD should therefore include bulk fields correspond-
ing to the lowest-dimension operators, with particular emphasis on symmetry currents.
At dimension three, QCD contains fermion bilinears of the form ψ̄ΓFψ, where Γ ∈
{1, γ5, γµ, γ5γµ, [γµ, γν ]} and F is an arbitrary flavor matrix. For Nf = 3, which we will
consider, F can be decomposed into the basis ta, where a = 0, . . . , 8. When a = 1, . . . , 8,
the generators are given by ta = λa

2 , where λa are the Gell-Mann matrices, and in the
case a = 0, t0 = I/

√
6. The basis is normalized such that tr(tatb) = δab/2.

The Noether currents corresponding to (1−γ5)γµ, (1+γ5)γµ are dual to bulk gauge fields
associated with U(Nf )L × U(Nf )R symmetry2 L,R. The boundary coupling tr(LµJ

µ
L)

(and analogously for R) is invariant under gauge transformations L → g−1
L (L + d)gL

up to anomalies. The bulk action should thus be invariant (up to boundary terms) under

1 Noether currents and the energy momentum tensor are important exceptions.
2 The U(1)A axial symmetry is broken by quantum effects but is expected to be restored in the large-Nc limit.
In the holographic dual this breaking can be implemented via a Higgs-like mechanism as discussed in Ch. 7.
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arbitrary extension of the gauge transformation into the interior. At lowest order in
derivatives, this leads to a five-dimensional Yang-Mills action,

S[L,R] = − 1
4g25

� √
gtr
�
F 2L + F 2R

�
. (6.1)

Before proceeding, let us explain why the gauge couplings for L and R must be equal.
Turning on boundary values L(0) and R(0) induces a coupling of the form

∼ itrL(0)µ Jµ
L + itrR(0)µ Jµ

R. (6.2)

Under a charge conjugation transformation C in the QCD path integral

ψ�
L = −iσ2ψ∗

R,

ψ�
R = iσ2ψ∗

L,

A�
µ = −AT

µ , (6.3)

where AT
µ is the matrix transpose of the gluon field and σ2 the second Pauli matrix, we

see that

Z(L(0), R(0)) = Z(−R(0)T ,−L(0)T ). (6.4)

On the holographic side, it implies that the action has a symmetry L→ −RT , R→ −LT

which is only possible for equal gauge couplings.

It is convenient to introduce vector and axial combinations,

VM = (LM +RM )/2, (6.5)

AM = (LM −RM )/2. (6.6)

By an appropriate gauge choice, one can set Lz = Rz = 0 everywhere3. A mode
decomposition along the holographic direction then yields towers of four-dimensional
vector and axial-vector mesons. Up to subtleties involving zero modes and boundary
conditions, the fields L and R give rise to states with quantum numbers JPC = 1−− and
1++, respectively, forming flavor nonets at each level.

Let us briefly comment on charge conjugation. Within a given nonet, some states have
C = +1 and others C = −1. The physically observed states will generally not be in one
of these eigenstates. When assigning a C-parity to an entire nonet, we typically refer to
the neutral states with vanishing electric charge and third component of isospin I3 = 0.

3 Gauge transformations must preserve the imposed boundary conditions at the UV and IR boundaries.
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The operators with Γ = 1, γ5 are dual to a complex bifundamental scalar field X , trans-
forming asX → gLXg

−1
R under bulk gauge transformations. We assume that the potential

V (XX†) is dominated by its quadratic term, −m2Xtr(XX†), withm2X = −3 (in units of
the AdS radius), reproducing the UV scaling dimension Δ = 3 of the quark bilinear4. The
corresponding action is

S[X] =
� √

g tr
�
|DX|2 + 3|X|2

�
, (6.7)

with covariant derivative

DMX = ∂MX − iLMX + iXRM . (6.8)

The classical background solution takes the form X0 = vq/2 = (mqz + σz3)/2, where
mq acts as a source inducing the boundary coupling

ψ∗
LmqψR + ψ∗

Rm
†
qψL, (6.9)

which is always real irrespective ofmq . One can show, as before, that the transformation
L→ −RT , R→ −LT , X → XT is a symmetry of the bulk action5.

Decomposing X into Hermitian and anti-Hermitian parts and performing a Kaluza-Klein
reduction yields towers of scalar (0++) and pseudoscalar (0−+) mesons.

Finally, the operator ψ̄[γµ, γν ]ψ is expected to correspond to an antisymmetric tensor field
SMN in the bulk. However, constructing a consistent action is subtle, since ψ̄[γµ, γν ]γ5ψ
is not independent but related via

ψ̄[γµ, γν ]γ5ψ = i

2ε
µν
αβψ̄[γα, γβ ]ψ. (6.10)

A naive complex tensor field would therefore contain too many degrees of freedom, and
one must impose a suitable self-duality condition. This issue was addressed in [89–91],
where it was shown that the corresponding four-dimensional Lagrangian describes 1+−

mesons such as the b1 and h1. We will not pursue this sector further, since such mesons
cannot decay into two (possibly virtual) photons due to C-parity and therefore do not
contribute to HLbL scattering.6

4 Scalar fields in AdS can have m2 as low as −4/L2, without introducing tachyonic fluctuations and instabili-
ties. The lower bound is known as the Breitenlohner-Friedman (BF) bound [88].

5 Under C , the quark mass mq gets sent to mT
q . Diagonal mq with complex entries thus do not violate C

symmetry, but they do violate CP symmetry.
6 There are also mesons with quantum number 1−+, such as the π1(1400). These cannot be described as
qq̄ bound states and do not appear in the spectrum of the holographic model introduced in the main text
so far. It is believed that the bulk field describing such mesons is dual to dimension five operators like
ψ̄Gµνψ, ψGµνγ

νtaψ and corresponding operators with a γ5 inserted between the spinors. For progress in
this direction, see [92, 93].
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At dimension four, QCD operators include quark bilinears with an additional (gauge-
covariant) derivative, as well as the Lagrangian density trGµνG

µν and the instanton
density trGµνG̃

µν . Among these operators, the most important is the energy-momentum
tensor Tµν , which is dual to the bulk metric gMN . We defer a holographic treatment of
trGµνG

µν and trGµνG̃
µν to chapter 7, where they are related to the U(1)A anomaly and

the physics of the η� meson.

In the context of HLbL scattering, tensor mesons are of particular interest, as the size of
their contribution to g − 2 is an open question. In QCD, these states are associated with
operators constructed from the quark part of the energy-momentum tensor, supplemented
by an insertion of a flavor matrix ta,

Oa
µν ∼ ψ̄γµt

aDνψ −Dµψt
aγνψ + (µ↔ ν). (6.11)

In top-down constructions, the supergravity approximation is devoid of modes that are
dual to such a flavor multiplet of operators. It is generally expected that stringy modes
with masses ∝ 1/

√
α� account for them. We do not attempt to describe such operators

holographically, but we discuss them in more detail in chapter 10. Nonetheless, hQCD
contains gluonic tensor meson towers, which arise as modes of the bulk metric gMN .

The action of the bottom-up holographic model (up to boundary terms) is completed by
the Chern-Simons term

SCS[L,R] = SCS[L]− SCS[R],

SCS[B] = Nc

24π2
�

tr
�
BF 2B + i

2B
3FB − 1

10B
5
�
, (6.12)

given here in differential form notation. This term encodes the chiral anomalies of QCD
currents. It should be noted that it reproduces the consistent anomaly; obtaining the
covariant anomaly requires the addition of a Bardeen-Zumino counterterm [94]. TheChern-
Simons term will be of crucial importance for the transition form factors of pseudoscalars
and axial-vectors. As it contains no free parameters and is independent of the metric, it is
particularly predictive.

The bulk action of a minimal bottom-up model, which permits to include quark masses, is
therefore

S =− 1
4g25

� √
g tr
�
F 2L + F 2R

�
+
� √

g tr
�
|DX|2 + 3|X|2

�
+ SCS[L,R]

+ Sgrav[g]. (6.13)

6.1 Construction of bottom-up models 61



The gravitational sector is taken to be the Einstein-Hilbert action with a negative cos-
mological constant. As shown in appendix B, the most general five-dimensional metric
compatible with four-dimensional Poincaré invariance can be written as

ds2 = w(z)2
�
−dz2 + ηµνdx

µdxν
�
, (6.14)

where w(z) is the warp factor. In the absence of sources, the Einstein equations with
negative cosmological constant admit the solution w(z) = 1/z, corresponding to AdS5
where the radius has been set to 1. In this case, the symmetry is enhanced from the
four-dimensional Poincaré group to the full conformal group SO(4, 2).

Given the action (6.13), and assuming vanishing gauge fields in the vacuum, one might
still expect contributions to the Einstein equations from a nontrivial scalar background
X0(z). However, such contributions involve traces over flavor indices and therefore scale
with Nf , whereas the five-dimensional Newton constant (to be determined later) scales
inversely with a power of Nc. In the large-Nc limit with fixed Nf , backreactions can thus
be neglected to leading order.

One of the defining features of QCD is confinement. In theories without fundamental
matter, a standard diagnostic is the Wilson loop operatorW (C) associated with a closed
curve C . In holographic duals, the expectation value of the Wilson loop—more precisely,
a supersymmetric generalization involving scalar fields—is computed, at leading order in
Nc, by minimizing the area of a classical fundamental string worldsheet Σ that extends
into the bulk and ends on the contour C at the boundary.

Confinement is signaled by an area law,


W (C)� ∼ e−A(C)/L2
c , (6.15)

where A(C) is the area enclosed by C , and Lc is a characteristic length scale of the
theory.

Such behavior cannot arise in pure AdS space due to its scaling symmetry. Suppose one
has determined the minimal surface corresponding to a given contour C . Under a scaling
isometry, the boundary contour is rescaled, but the induced metric on the worldsheet—and
hence its area—remains unchanged. More formally, ifX : Σ → AdS is the embedding and
φ an isometry, then the transformed worldsheet is characterized by φ ◦X . Denoting the
pullback of a map f by f∗, the induced metric is given by (φ ◦X)∗g = X∗(φ∗g) = X∗g,
since φ∗g = g. This implies7 that 
W (C)� remains constant upon rescaling C , rather than
exhibiting an area law.
7 Strictly speaking, the worldsheet area is divergent, behaving as A(Σ) ∼ L(C)/ε when regulated at z = ε.
A counterterm −L(C)/ε renders the result finite. The renormalized area remains invariant under scaling.
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To model confinement, one must therefore modify the geometry probed by the string. A
simple and phenomenologically successful approach is to introduce a cutoff at z = z0 and
impose boundary conditions at this surface. Such constructions are known as hard-wall
models. The cutoff explicitly breaks scale invariance down to the Poincaré group. As the
size of the boundary contour increases, the corresponding minimal surface extends deeper
into the bulk, but cannot penetrate beyond z0. Instead, it accumulates near this cutoff,
leading to an area law behavior.

Strictly speaking, the string probes the string-frame metric, which involves the dilaton and
the Einstein-frame metric. The dilaton field has not yet been introduced and is typically
absent in hard-wall models. Its dual QCD operator is the Lagrangian densityLQCD. Models
in which confinement is implemented via a nontrivial dilaton profile are known as soft-wall
models. These will be discussed in detail in chapter 9. We defer their analysis because they
exhibit subtle divergences; even when these can be resolved, such models tend to be less
successful phenomenologically than hard-wall constructions in the context of HLbL.

More sophisticated approaches to confinement involve modifying both the metric and the
dilaton while maintaining consistency with the background equations of motion. Examples
include IHQCD [95, 96] and V-QCD [97], where suitable potentials are introduced. We
will not pursue these models further here.

Finally, the specification of boundary conditions completes the construction. At z = ε,
boundary conditions are imposed according to the standard AdS/CFT dictionary: in the
path integral, one fixes the coefficient of the non-normalizable mode, corresponding to
turning on a source for the dual operator in the boundary theory.

At z = z0, there are typically multiple consistent choices for boundary conditions at the
level of the quadratic terms in the action. They influence the spectrum and TFFs, however
their effect is negligible [98] and well covered by the ∼ 15% uncertainty associated to
1/Nc corrections . Hence we restrict ourselves mostly to Neumann boundary conditions.

6.2 Spectra and dimensional reduction

The spectrum of the theory can be analyzed in several equivalent ways. Using the holo-
graphic dictionary, one may compute correlation functions of the operators introduced
earlier. Poles in these correlators at momenta q2 = m2n correspond to physical particles,
and the residues are related to their decay constants. An alternative, and often more direct,
approach is to perform a mode decomposition along the holographic coordinate z. Bulk
fields such as LM (z, x) and RM (z, x) are expanded in a basis of functions depending only
on z, with four-dimensional fields as coefficients.
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In this way, the holographic action can be rewritten as a four-dimensional action of an
infinite number of fields. To determine the mass spectrum, it suffices to analyze the
quadratic part of the Lagrangian.

Let us illustrate this procedure in practice. We work in the gauge Lz = Rz = 0, in which
ghost fields decouple. If the gauge fields satisfy Neumann boundary conditions

F zµ
L |z0 = F zµ

R |z0 = 0, (6.16)

the gauge choice Lz = Rz = 0 can always be imposed without affecting the UV boundary
conditions at z = 0. Although the Chern-Simons term generally changes by a boundary
contribution at z = z0, this does not affect the quadratic Lagrangian.

For the vector combination Vµ = (Lµ +Rµ)/2, the quadratic action reads

SV = − 1
2g25

�
dzd4x

√
gF 2V , (6.17)

where FV is understood to only contain terms linear in V . We decompose the vector field
in terms of mode functions vn(z)

Vµ(z, x) =
!
n

vn(z)V (n)µ (x). (6.18)

and assume that the path-integral measure factorizes,

DV =
�
n

DV (n). (6.19)

Since the bulk fields vanish at the UV boundary in the absence of sources, we impose
vn(0) = 0. A convenient choice for the basis functions vn(z) is given by the eigenfunctions
of the Sturm-Liouville operator

z∂zz
−1∂z (6.20)

with eigenvalue −m2n.

In other words, the modes satisfy

∂z

�
∂zvn
z

�
+ m2n

z
vn = 0, (6.21)

subject to the Neumann boundary condition v�
n|z0 = 0. The situation only differs from

the standard Sturm-Liouville problem in the fact that the coefficient functions in the
operator (6.20) are singular at z = 0. A pragmatic way of circumventing the additional
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mathematical machinery necessary in such a case, is to simply consider the problem on
a regularized interval [ε, z0]. Regular Sturm-Liouville theory then predicts a countable,
discrete set of eigenvaluesm2n. The eigenvalue problem is well posed and any function
satisfying the boundary conditions can be decomposed into the basis {vn}. Obviously the
limit ε→ 0 has to be taken carefully.

With the normalization

1
g25

� z0

0
dz
vnvn
z

= 1, (6.22)

the action reduces to a sum of four-dimensional Proca actions
"

n S
(n)
Proca, where

SV
Proca[V ] =

�
d4x

�
−1

4(F a
µν)2 + m2V

2 (V a
µ )2
�
. (6.23)

The mass of the massive vector field V (n)µ (x) is given by the eigenvaluem2n.

The mode equations can even be solved analytically by

vn(z) = g5
√

2zJ1(γ0,nz/z0)
z0J1(γ0,n) , (6.24)

where Ji are Bessel functions of the first kind and γ0,n are the zeros of J0. The correspond-
ing masses are given by

mn = γ0,n/z0, (6.25)

which fix

z0 = 3.10196 GeV−1 (6.26)

upon fitting the lightest mode to the ρ meson mass mρ = 775.26 MeV. Since γ0,n ∼ n

at large mode numbers, the vector meson masses fail to reproduce a Regge-like behavior
m2n ∼ n. This is a common problem of holographic hard-wall models and can be addressed
in soft-wall models. We will extensively investigate soft-wall models in chapter 9.

For the axial-vector field Aµ(z, x), the situation is more involved due to mixing with
fluctuations of the bifundamental scalar field X .

The scalar acquires a background profile

X0(z) = (mqz + σz3)/2, (6.27)
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which encodes explicit and spontaneous chiral symmetry breaking. The solution to the
equations of motion is unique, when specifying the boundary conditions, which determines
a relation σ = σ(mq). Physically viable relations can only be accomplished by adding
to the action a boundary potential ΔSbdry. = −z−4

0
�
z=z0

d4xVb(XX†). The generalized
Neumann boundary condition on X then reads (in the Lz = Rz = 0 gauge)

−∂zX|z0

z30
− z−4

0
δVb
δX† = 0. (6.28)

The parameters in the boundary potential thus determine σ(mq). A concrete realization
has been presented in [99, 100]. The boundary potential influences the observables we will
study only through the background solution8 X0. Since we fit the free parameters of the
model to experimental data, we may as well just fit σ instead of fitting the parameters in
Vbdry.. Henceforth we can thus ignore the boundary potential.

We parametrize fluctuations as

X = eiη(X0 + S)eiη, (6.29)

where S and η are Hermitian matrices9. The boundary condition (6.28) implies the Neu-
mann boundary condition

∂zη|z0 = 0 (6.30)

for the pseudoscalar fluctuation.

The quadratic Lagrangian contains mixing between the axial fieldAµ and the pseudoscalar
field η,

L = − 1
4g25z

�
−2(∂zAµ)2 + (∂µAν − ∂νAµ)2

�
+

v2q
2z3
�
−(∂zη)2 + (∂µη −Aµ)2

�
,

(6.31)

where Lorentz indices are contracted with ηµν and flavor indices have been suppressed.

To diagonalize the system, we shift

Aµ = Ãµ + ∂µϕ, (6.32)

8 In contrast, scalar mesons, which we do not study in this thesis, depend directly on Vb.
9 Any complex matrix M can be decomposed into a product of a hermitian matrix H and a unitary matrix U
via the polar decomposition M = HU . The exponential map allows one to express U as U = e2iη , for η
hermitian. Then M = eiηH �eiη , with H � = e−iηHeiη being hermitian as well.
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where ϕ obeys

1
g25
∂z

�1
z
∂zϕ

�
+
v2q
z3

(η − ϕ) = 0. (6.33)

Given any η, there is a unique solution to (6.33), which may be found with the Green’s
function method. This transformation decouples the Ãµ sector (from now on we drop the
tilde again) from the η, ϕ sector at the quadratic level. Expanding

Aµ(z, x) =
!
n

ξn(z)A(n)µ (x), (6.34)

and choosing ξn(z) to satisfy

∂z

�
∂zξn
z

�
+ m2n

z
ξn − g25

v2q
z3
ξn = 0, (6.35)

with normalization

1
g25

�
dz
ξ2n
z

= 1, (6.36)

one again obtains a tower of Proca fields. The additional term proportional to v2q shifts
the axial-vector masses relative to the vector sector and prevents an analytical solution to
the mode equations. However, analogously to the vector sector, Sturm-Liouville theory
guarantees the existence of the basis {ξn(z)}.

It is straightforward to solve the mode equations numerically, for example with a shooting-
procedure. One specifies initial data ξ(z0) = 1, ξ�(z0) = 0 and numerically solves the
differential equation for a given fixed value ofm2 until z = 0 (or in practice until a small
cutoff z = ε). The boundary value ξ(0) can now be treated as a function ofm2 which only
vanishes for certain discrete values ofm2. The resulting modes then simply need to be
normalized as in (6.36).

The mode equations for the a = 0, 8 sectors are coupled due tomq $= ms and the U(1)A
anomaly. This somewhat more complicated case will be investigated in Ch. 7. For now we
proceed in the a = 3 sector.

In the η, ϕ sector, we expand

η(z, x) =
!
n

ηn(z)γn(x), (6.37)

ϕ(z, x) =
!
n

ϕn(z)γn(x), (6.38)
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and

Dη =
�
n

Dγn. (6.39)

The field ϕ is not explicitly integrated over in the path integral , it depends on η. Accord-
ingly there is no measure Dϕ.

From (6.33), it follows that the functions ϕn satisfy

1
g25
∂z(1

z
∂zϕn) +

v2q
z3

(ηn − ϕn) = 0. (6.40)

For a suitable choice for ηn it is possible to reduce the quadratic Lagrangian to an infinite
tower of pseudoscalar Lagrangians

S =
!
n

�
d4x

�
(∂µγn)2

2 − m2n
2 γ2n

�
. (6.41)

Let us sketch the procedure to arrive at the simplified form (6.41) from the quadratic
holographic action (6.31). Inserting the mode decomposition (6.37) into the Lagrangian
(6.31), one gets

L =
!
mn

�
Bmn∂µγn∂

µγm
2 − Cmn γnγm

2

�
(6.42)

from the pseudoscalar sector, with

Bmn =
�
dz

�
∂zϕn∂zϕm

g25z
+
v2q
z3

(ηn − ϕn)(ηm − ϕm)
�

=
�
dz

v2q
z3
ηn(ηm − ϕm),

(6.43)

where we have used (6.40) in the last step, and

Cmn =
�
dz

v2q
z3
∂zηn∂zηm. (6.44)

The Lagrangian diagonalizes for the appropriate choice for the modes ηn, which obeys

∂z

�
v2q∂zηn

z3

�
+m2n

v2q
z3

(ηn − ϕn) = 0, (6.45)

together with

�
dz

v2q
z3
ηn(ηn − ϕn) = 1. (6.46)
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The differential equation for η depends on ϕ, so one needs to solve (6.45) together with
(6.40). Let us briefly investigate the Sturm-Liouville problem defined by (6.40) and (6.45).
By defining yn = (∂zϕn)/z, the coupled system can be reduced to [98, 101]

∂z (β∂zyn) +m2nβyn − zyn = 0, (6.47)

where

β = z3

g25v
2
q

, (6.48)

with the normalization becoming

1
g25

� z0

0
dz βy2n = 1. (6.49)

In the UV, yn obeys

lim
z→0β(z)∂zyn = 0, (6.50)

while in the infrared, yn(z0) = 0 holds. The y eigenvalue equation is again a regular
Sturm-Liouville problem on [ε, z0], leading to a countably infinite number of modes yn
which act as a basis. Thus, given any function η(z) satisfying ∂zη|z0 = η(0) = 0, the
function

β−1∂zη (6.51)

obeys the same boundary conditions as the modes yn and can be decomposed as
"

n cnyn

in this basis. The function η itself is then given by

η(z) =
!
n

cn

� z

0
dz�β(z�)yn ≡

!
n

cnηn(z), (6.52)

where the integration constant has been determined by demanding η(0) = 0. The set of
modes ηn defined by (6.45) and (6.40) is thus appropriate for the decomposition (6.37).

Couplings between the four-dimensional particles now follow from the interacting part of
the holographic Lagrangian upon inserting the mode decomposition. One still needs to
remember that one has to evaluate the interaction terms at Aµ + ∂µϕ due to the shift in
integration variables (6.32).
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For convenience, we introduce the following notation. Given any η(z) and its associated
ϕ(z), we write

Φ(z) =
�
ϕ(z)
η(z)

�
, (6.53)

and define the inner product with Φ̂ as

(Φ̂,Φ) =
� z0

0
dz

v2q
z3
η̂(η − ϕ) (6.54)

=
� z0

0
dz

�
1
g25

∂zϕ̂∂zϕ

z
+
v2q
z3

(η̂ − ϕ̂)(η − ϕ)
�
. (6.55)

The modes Φn = (ϕn, ηn) are orthonormal with respect to this inner product. It can
alternatively be expressed as

(Φ̂,Φ) = 1
g25

�
dz (zŷy + β∂z ŷ∂zy) , (6.56)

where y = ∂zϕ/z and similar for ŷ. This definition will be useful later on in the derivation
of the anomaly relation for the π0 TFF.

As in the axial-vector case, analytical solutions for the modes do not exist, but finding
solutions to the mode equations numerically is straightforward. The a = 0, 8 modes mix
and additionally couple to a glueball field an(z), which will be shown in Ch. 7. For now
we focus on the a = 3 sector.

Decay constants of particles can also be computed using the mode decomposition. For
vector mesons, the decay constants F a

n are defined through the matrix element10


Ω|Jµa(0)|n, p, ε(p)� = F a
nε

µ(p), (6.57)

where Jµa is a current of U(Nf )V . In the holographic framework, coupling the current to
an external source is implemented by prescribing a nonzero boundary value for the dual
bulk gauge field. Accordingly, we decompose the bulk vector field into a non-normalizable
(source) part V̄ , which obeys V̄µ(z → 0, x) = vµ(x), and a normalizable part expanded in
modes:

Vµ(z, x) = V̄µ(z, x) +
!
n

vn(z)V (n)µ (x). (6.58)

The non-normalizable mode is a classical background and is not integrated over in the
path integral. Importantly, the precise bulk profile of V̄µ is irrelevant: different choices (e.g.
10In some literature, decay constants of vector and axial-vector states are instead defined as F̄ a

n = F a
n/mn.
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constant in z or solutions to bulk equations of motion) lead to equivalent four-dimensional
physics, differing only by field redefinitions of the modes V (n)µ .

The decay constants arise from terms in the effective four-dimensional action that are
linear both in the source vµ(x) and in the fields V (n)µ . One obtains

F a
n = lim

z→0
1
g25

∂zv
a
n(z)
z

. (6.59)

Using the explicit vector mode solutions, one finds that the ρ0 decay constant depends on
the parameter g5, unlike its mass. This allows one to determine g5 phenomenologically11

[102]:

g25 = 0.894(2π)2 (Fρ-fit). (6.60)

The ρ0 meson plays a central role in hadronic physics, especially in processes involving
photons. Its decay constant directly enters the process γ∗ → π+π− , which dominates
the hadronic vacuum polarization contribution to the anomalous magnetic moment aHVP

µ .
It is also an important intermediate state in transition form factors, where it mediates in-
teractions with photons through vector-meson dominance. We refer to this determination
of g5 as the Fρ-fit (or low-energy fit).

An alternative determination comes from matching the two-point function 
JµJν� at
large Euclidean momentum Q2 to perturbative QCD. This yields

g25 = 12π2/Nc = (2π)2 (OPE-fit), (6.61)

which we refer to as the OPE-fit. The difference of about 10% is consistent with the
expected magnitude of 1/Nc corrections to Fρ.

The OPE-fit is better suited for short-distance (high-energy) behavior, while the Fρ-fit is
expected to bemore accurate at low energies. TheFρ-fit also captures gluonic corrections to
the short-distance behavior at moderately largeQ (∼ 2−5 GeV) surprisingly well [34,103].
As the integrands of the g − 2 master integral (3.23) are mostly localized below this scale,
we generally prefer the Fρ-fit for numerical estimates, but consider both fits to estimate
systematic uncertainties.

11The gauge coupling g2
5 has length dimension 1. Strictly speaking, the numerical value in the text refers to

the dimensionless ratio g2
5/L, but L has been set to 1.
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For axial-vector mesons, decay constants are defined analogously, with the vector current
replaced by the axial current Jµa

A . The holographic result is

F a
n = lim

z→0
1
g25

∂zξ
a
n(z)
z

, (6.62)

where ξan are the axial-vector bulk modes.

For pseudoscalar mesons, decay constants are defined by12


Ω|Jµa
A |n, p� = ipµfan . (6.63)

In holography, one finds

fan = − lim
z→0

1
g25

∂zϕ
a
n

z
. (6.64)

The equations of motion for axial and pseudoscalar modes depend on the background
profile

vq = mqz + σz3, (6.65)

which encodes the quark mass and chiral condensate.

We determine these parameters by fitting the mass and the decay constant of the neutral
pion π0, which is particularly important due to its dominant contribution to hadronic
light-by-light (HLbL) scattering.

Its two-photon coupling is fixed by the chiral anomaly in the chiral limit and depends
directly on its decay constant. For the Fρ-fit, we obtain;

mq = 2.328 MeV, σ = (0.3185 GeV)3 (Fρ-fit), (6.66)

and for the OPE-fit:

mq = 2.139 MeV σ = (0.3279 GeV)3 (OPE-fit). (6.67)

Together with z0 and g5, these parameters fully determine the spectrum and the HLbL
contribution of the a = 3 sector of pseudoscalars and axial-vectors. The masses and decay
constants of groundstates and the first few excited states, along with the two-photon decay
rate and the g − 2 contribution (which will be properly defined in the next section), are
displayed in Table 6.1.

12The factor of i is a convention.
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g25 = (2π)2

π0 π∗ a1 a∗
1 a∗∗

1 a∗∗∗
1 a∗∗∗∗

1
m 0.135∗ 1.891 1.363 2.137 2.987 3.935 4.916
f ∨ FA/mA 0.09221∗ 0.00157 0.175 0.204 0.263 0.311 0.330
FP (0, 0) ∨A3(0, 0) 0.277 -0.203 20.96 3.31 -0.336 2.16 0.370
aµ × 1011 66.1 0.73 7.83 1.24 0.44 0.28 0.11

g25 = 0.894(2π)2

π0 π∗ a1 a∗
1 a∗∗

1 a∗∗∗
1 a∗∗∗∗

1
m 0.135∗ 1.841 1.278 2.047 2.936 3.902 4.891
f ∨ FA/mA 0.09221∗ 0.00173 0.173 0.217 0.280 0.329 0.330
FP (0, 0) ∨A3(0, 0) 0.276 -0.199 19.46 4.87 -0.413 2.05 0.325
aµ × 1011 63.4 0.71 7.09 1.47 0.42 0.26 0.10

Table 6.1.: Results for pseudoscalar and axial-vector mesons in the isotriplet sector for the OPE-fit
and the Fρ-fit. The numbers marked with a star are fitted to the experimental values.
All quantities in units of (powers of) GeV.

A brief comment on scalar mesons: experimentally observed low-lying scalars such as
f0(500), f0(980) and a0(980) are better described as meson-meson (molecular) states
rather than quark-antiquark bound states [57]. Such states are difficult to capture in
large-Nc models, where they are expected to dissolve. In the hard-wall model, scalar
resonances arise from fluctuations of the field S in (6.29). They depend on the type of
boundary condition and thus the boundary potential, but their masses typically range from
1.5− 1.8 GeV. A phenomenological study of scalars in hQCD13 can be found in [100].

In the next section, we compute transition form factors for pseudoscalar and axial-vector
mesons, compare them with experimental and dispersive results, and use them as input
for evaluating HLbL scattering contributions to the anomalous magnetic moment g − 2.

6.3 Transition form factors and HLbL

The transition form factor (TFF) describes the interaction between an on-shell hadronic
state X and two (generally off-shell) photons:

Mµν
X (q1, q2) = i

�
d4xeiq1x
Ω|T{Jµ(x)Jν(0)}|X, p�, (6.68)

where q2 = p− q1.
13See also Ref. [104], where scalar glueballs and their radiative decays were investigated in the Witten-Sakai-
Sugimoto model.
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For pseudoscalar states, as discussed in part I, Lorentz invariance and parity fix the
amplitude in terms of a single tensor structure:

Mµν
P (q1, q2) = εµναβq1αq2βFP (q21, q22). (6.69)

To compute the scalar functionFP (q21, q22) holographically, we focus on terms in the action
that are quadratic in the source field V̄ . Working at leading order in large-Nc, loop effects
can be neglected, and matrix elements reduce to


Ω|γn(x)|m, p� = e−ipxδmn, (6.70)

where γn(x) is the four-dimensional quantum field that appears in the decomposition of
η(z, x) and ϕ(z, x).

The TFF is determined by terms linear in γn and bilinear in V̄ in the holographic action. It
is convenient to choose V̄ as a solution of the linearized bulk equations (in the Vz = 0
gauge)

1
g25
∂z
∂zV̄µ
z

− 1
z

(∂2V̄µ − ∂µ∂ · V̄ ) = 0. (6.71)

Imposing the boundary condition ∂zV̄ |z0 = 0, one finds in momentum space

V̄µ(z, q) =
�
P ν
µ (q)J (z, q2) + qµq

ν

q2

�
vν(q), (6.72)

where P ν
µ (q) = δνµ − qµq

ν/q2 and vν(q) is the Fourier transform of the source vµ(x). The
function J (z, q2) approaches 1 when z → 0 and is given by

J (z, q2) = Qz

�
K1(Qz) + K0(Qz0)

I0(Qz0)
I1(Qz)

�
, Q =

�
−q2, (6.73)

where Ii andKi denote modified Bessel functions of the first and second kind respectively.
For q2 > 0, this expression is understood via analytic continuation from q2 < 0. Both V̄µ
and J are commonly referred to as the vector bulk-to-boundary propagator. With this
choice, the quadratic part of the holographic action contains no terms linear in V̄ .
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The vector two-point function can be computed holographically in terms of J by func-
tionally differentiating the on-shell action twice with respect to the source vµ(x). From
the terms quadratic in V̄µ, one obtains

i

�
d4xeiqx
Jµa(x)Jνb(0)� (6.74)

= δab
�
q2ηµν − qµqν

��
− 1
g25q

2
∂zJ (z, q2)

z

$$$$
z=ε

− subtractions
�
. (6.75)

The subtraction terms arise from a holographic counterterm

Sct ∼ log(εµ)
� √

γFV µν(ε, x)Fµν
V (ε, x), (6.76)

where γ is the induced metric at z = ε and µ is a renormalization scale. In position space,
this counterterm is irrelevant except at coincident points of the currents14. Inserting (6.73)
into (6.74) and matching to perturbative QCD at large Q2 = −q2 yields g5 = 2π for
Nf = Nc = 3.

To represent the electromagnetic current, we incorporate its flavor structure via

vµ(q) = Qv̂(q), (6.77)

with Q the quark charge matrix defined in (2.3). Since the matrices encoding the neutral
π0 and the bulk-to-boundary propagator are diagonal in flavor space, all interaction terms
involving commutators vanish. This includes contributions from the gauge kinetic term
and from covariant derivative of the scalar field

DMX ⊃ i[VM , X]. (6.78)

The only non-zero contribution to the pseudoscalar TFF arises from the Chern-Simons
[105, 106] term, whose trilinear part reads

Sint.[V,A] = Nc

12π2
�

tr(AF 2V + V FAFV + V FVA). (6.79)

Notably, this term is independent of both the background metric and the condensate
X0(z).

14This parallels the discussion in Sec. 3.3.
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After performing the shift Aµ → Aµ + ∂µϕ (to decouple A from η in the quadratic action),
the Chern-Simons action contains γnV V terms. Substituting V̄ for V the TFF is obtained
via

i
δ

iδv̂(x)
δ

iδv̂(0)
Ω|iSint|n, p�, (6.80)

followed by a Fourier transform. Using (6.70), this yields

FP
n (q21, q22) = − Nc

2π2
1
3

� z0

0
dztrQ2�2ϕ�

n(z)J (z, q21)J (z, q22)

− ϕn(z)
�
J (z, q21)J (z, q22)

�� �
, (6.81)

where ϕn = ϕ3nt
3.

After partial integration, one finds

FP
n (q21, q22) = − Nc

2π2
� z0

0
dztrQ2

�
ϕ�
n(z)J (z, q21)J (z, q22)



+ boundary terms, (6.82)

with non-vanishing boundary terms.

SinceJ (z, 0) = 1, this expression is inconsistent with the QCD chiral anomaly, which fixes
FP
π0(0, 0) = 1/(4π2fπ) for the neutral π0 in the chiral limit. The correct normalization is

recovered only after including suitable boundary terms in the action.

To demonstrate this, we analyze the equations

1
g25
∂z(1

z
∂zϕS) +

v2q
z3

(ηS − ϕS) = 0, (6.83)

∂z

�
v2q∂zηS

z3

�
+ q2

v2q
z3

(ηS − ϕS) = 0, (6.84)

in the limitmq → 0. Note that they differ from the pseudoscalar mode equations by the
substitutionm2n → q2.

We expand the solution in modes,

ΦS(z, q2) =
�
ϕS(z, q2)
ηS(z, q2)

�
=
!
n

cn(q2)
�
ϕn(z)
ηn(z)

�
=
!
n

cn(q2)Φn(z). (6.85)
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Solutions exist for arbitrary q2 if the boundary conditions at z = 0 are relaxed. To calculate
cn(q2) we form the inner product defined in (6.54), which yields

(ΦS ,Φn) = 1
q2 −m2n

lim
z→0

�
−(ηS − ϕS)

v2q
z3
η�
n

�
. (6.86)

We choose the UV boundary conditions ϕS(0) = 0 and ηS(0) = 1, which imply

cn(q2) = fnm
2
n

q2 −m2n
. (6.87)

At q2 = 0, the solution ηS simplifies to ηS(z) = 1 on the whole interval because (6.83)
and (6.84) imply

q2

g25
∂zϕS =

v2q
z3
∂zηS . (6.88)

It remains to be shown that

1
g25
∂z(1

z
∂zϕS) +

v2q
z3

(ηS − ϕS) = 0 (6.89)

can be solved for ηS(z) = 1, while obeying the boundary conditions. We can in fact take
η to be more general in the above equation. The homogeneous part of the equation has
two fundamental solutions which at small z behave like z0, z2 respectively.

From these fundamental solutions, we construct a Green’s functionG(z, z�)which vanishes
as z → 0 by using the fundamental solution which goes like z2 for z < z�. For z > z�

we use a suitable linear combination of the two fundamental solutions whose derivative
vanishes at z = z0. Then

ϕS =
� z0

0
dz�G(z, z�)ηS(z) (6.90)

solves the equation. The integral is finite because the interval is compact and the integrand
is continuous.

The η component of ΦS at q2 = 0 thus reads

1 = −
!
n

fnηn(z), (6.91)
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for all z. In holography, as in QCD, the axial current Jµ 3
A is conserved when the background

fields are turned off and whenmq = 0. This impliesm2nfn → 0 asmq → 0. For generic z,
ηn(z) has a limit asmq → 0, hence the sum reduces to the massless mode

1 = −f0η0(z). (6.92)

Thus, the massless mode exists and has a constant15 wave function η0(z) = −1/fπ .

This analysis shows that (6.82) does not reproduce the correct chiral limit when q21 = q22 =
0. Therefore additional boundary terms must be included, leading to [98]

FP
n (q21, q22) = − Nc

2π2
� z0

0
dz trQ2

�
ϕ�
n(z)J (z, q21)J (z, q22)



+ Nc

2π2 (ϕn(z0)− ηn(z0))J (z0, q21)J (z0, q22)). (6.93)

With this form, the correct chiral limit is recovered. A fully rigorous derivation of cor-
responding boundary terms from an action principle remains an open problem due to
some subtleties of the abrupt cutoff at z = z0. In this context, the IR brane should only
be viewed as an effective description of confinement, requiring external input, such as
consistency with the anomaly in the chiral limit, to fix the boundary terms in the TFF. The
additional boundary terms in (6.93) are also consistent with predictions from models that
implement confinement with smooth dilaton profiles such as soft-wall models [107].

Let us compare the holographic predictions to experimental data for the neutral π0. In the
comparison with phenomenology, we use both the OPE-fit and the Fρ-fit with non-zero
quark masses. Experimentally, the two-photon coupling F exp(0, 0) ∼ 0.274 GeV−1 is in
very good agreementwith the values obtained from both fits, as shown in Table 6.1. For non-
zero virtualities, we compare to experimental data as well as to dispersive reconstructions
of the pion TFF in Fig. 6.1.

A particularly appealing feature of the holographic expressions is their agreement with the
light-cone expansion at large Q2i = −q2i . We introduce the variables Q2 = (Q21 +Q22)/2
and w = (Q21 − Q22)/(Q21 + Q22), and consider the limit of large Q while keeping w
fixed within the interval [−1, 1]. At large Q, the bulk-to-boundary propagators J are
non-vanishing only at very small z. Consequently, the boundary terms can be neglected,
and additionally, the term in J proportional to I1 can also be dropped.

15The wave function η(z) converges to a constant as mq → 0 in the sense of the inner product (6.54), but it
does not converge pointwise. At mq �= 0, η(0) = 0.
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Fig. 6.1.: Holographic results for the OPE-fit (blue) and the Fρ-fit (red) compared to experimental
data, as well as dispersive reconstructions [108] for singly and doubly virtual kinematics.
Figure taken from [14].

At small z, one has ϕn ∼ g25z
2fn/2. After changing variables to ξ = zQ, one obtains

FP
n (−Q21,−Q22) →

g25
4π2

fn
Q2

√
1 + w

√
1− w

� ∞

0
dξξ3K1(ξ

√
1 + w)K1(ξ

√
1− w).

(6.94)

This integral can be evaluated explicitly, yielding [105, 109]

FP
n (−Q21,−Q22) →

�
g5
2π

�2 fn
Q2

1
w2

�
1 + 1− w2

2w log 1− w

1 + w

�
. (6.95)

For g5 = 2π, this expression exactly reproduces the known asymptotic result of [36, 37,
39, 40]. The ∼ 10% reduction of g25 in the Fρ-fit provides an effective description of the
expected αs corrections to the TFF at large but finite momenta, as holographic models
generally approach the asymptotic behavior more rapidly than QCD. The decay constant
fn parametrizes the magnitude of the TFF at large Q2. In the chiral limit fn → 0 for all
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states except the ground state Goldstone boson π0, indicating a qualitative change in the
asymptotics for the excited states.

Let us also emphasize the appearance of logarithmic terms in (6.95), which cannot be
reproduced in approaches that include only a finite number of intermediate vector meson
states. A finite tower would yield contributions of the form

"
nm cnm(q21 −m2n)−1(q22 −

m2m)−1 and cannot generate this type of non-analytic structure. In holographic QCD, the
infinite tower of vector mesons is encoded in J (z, q2), which possesses infinitely many
poles on the positive real axis.

For axial-vector states, the amplitude Mµν
A given in (6.68) is linear in the polarization

vector εαA(p),

Mµν
A (q1, q2) = Mµνα

A (q1, q2)εAα(p). (6.96)

Since εαA(p) is transverse to pα, the most general Lorentz structure for axial-vector states
involves three independent tensor structures Tµνα

i ,

Mµνα
A (q1, q2) = i

m2A

3!
i=1

Tµνα
i FA

i (q21, q22), (6.97)

which are given by

Tµνα
i =

�
εµνβγq1βq2γ(qα1 − qα2 ),

εανβγq1βq2γq
µ
1 + εαµνβq2βq

2
1,

εαµβγq1βq2γq
ν
2 + εαµνβq1βq

2
2

�
. (6.98)

Bose symmetry of the external photons impliesFA
1 (q21, q22) = −FA

1 (q22, q21), andFA
2 (q21, q22) =

−FA
3 (q22, q21).

In holographic QCD, the TFF is computed in close analogy to the pseudoscalar case. The
Chern-Simons term is the only contributing term, yielding

Mµνα
A = i

Nc

4π2 tr(t
3Q2)εµναβ�q1βq22An(q22, q21)− q2βq

2
1An(q21, q22)

�
, (6.99)

where

An(q21, q22) = − 2
q21

� z0

0
dz ξ3n(z)∂z

�
J (z, q21)

�
J (z, q22). (6.100)
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In the axial-vector case additional boundary subtractions were also necessary to arrive at
(6.100). In terms of the basis introduced above, one finds FA

1 = 0 and

FA
2 (q21, q22) = −m2A

Nc

4π2 tr(t
3Q2)An(q21, q22), (6.101)

while FA
3 follows from crossing symmetry.

The expression (6.100) appears to diverge at q21 = 0. However, the ratio ∂zJ (z, q21)/q21 is
in fact regular for all q21 and admits a smooth limit as q21 → 0. Consequently, the amplitude
An(0, 0) is finite, and the on-shell decay amplitude

MA→γγ = Mµνα
A (q1, q2)εµ(q1)εν(q2)εAα(p) (6.102)

vanishes, in agreement with the Landau-Yang theorem [110, 111], which forbids the decay
of an axial-vector particle into two real photons. Boundary terms located at z = z0,
which were dropped when deriving (6.100) from the Chern-Simons term, would violate
the Landau-Yang theorem and are thus excluded. Similar to the pseudoscalar case, models
where confinement is incorporated by smooth backgrounds can be used to motivate the
above form. Phenomenological analyses of the a1, f1, and f �

1 TFFs are currently broadly
consistent with FA

1 = 0 [112].

For the normalizationA(0, 0) of the a1(1260), the phenomenological estimate of Ref. [113],
of A(0, 0) = 19.3(5.0) GeV−2 is consistent with values 20.96 GeV−2 and 19.46 GeV−2

obtained from the OPE-fit and Fρ-fit, respectively.

The singly-virtual behavior of the recently dispersively reconstructed a1 TFF from Ref. [27]
nicely confirms the holographic predictions, as illustrated in Fig. 6.2. The Fρ-fit result is
completely withing the dispersive error band, while the OPE-fit slightly overestimates
it.

The asymptotic behavior of the axial TFF can be derived in close analogy to the pseudoscalar
case, yielding [114]

An(Q21, Q22) → C
12π2Fn

NcQ4
1
w4

	
w(3− 2w) + 1

2(w + 3)(1− w) log 1− w

1 + w



, (6.103)

with C = g25Nc/(12π2). The light-cone expansion result [40] (obtained only after the
holographic result) is reproduced exactly for g5 = 2π, while the reduced coupling in the
alternative fit effectively capturesO(αs) corrections at large but finite momenta and leads
to improved agreement with phenomenology at moderate Q.

In Table 6.1, we also present results for the first excited pseudoscalar state as well as
for several axial-vector excitations. Apart from the masses, experimental information
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Fig. 6.2.: hQCD results for the singly-virtual a1 TFF (LMR22) with the OPE-fit in blue, and the
Fρ-fit in red, compared to the dispersive result of Ref. [27]. The asymptotic limit [40] is
shown as a dotted (dash-dotted) gray line without (with) mass corrections. Figure taken
from [14].

on these states remains rather limited. Nevertheless, excited states play a crucial role in
implementing the short-distance constraints of the HLbL tensor. Their contributions will
be discussed in detail in chapter 8.

Let us finally turn to the hadronic light-by-light (HLbL) tensor and the contributions of
pseudoscalar and axial-vector states to (g− 2)µ. There are at least two distinct approaches
to computing the HLbL tensor within holographic QCD.

In the holographic framework, there is a straightforward prescription for computing a
correlator of four electromagnetic currents Jµ. One introduces a source for Jµ by turning
on a non-zero boundary value for Vµ(z, x) and then functionally differentiates the partition
function four times with respect to this boundary value. At tree level, this procedure yields
expressions involving vector bulk-to-boundary propagators and bulk-to-bulk propagators,
represented by the Witten diagrams shown in Fig. 6.3. As we will demonstrate later,
the bulk-to-bulk propagators can be decomposed into a sum over intermediate states,
schematically of the form

Gϕϕ(z, z�, q2) =
!
n

ϕn(z)ϕn(z�)
q2 −m2n

. (6.104)

The contribution of an individual state to HLbL scattering or (g − 2)µ can then be defined
by restricting this sum to a single term.

An alternative approach to computing the HLbL tensor in hQCD is motivated by dispersion
theory, which uses only on-shell quantities as input. The established four-point kinematics
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Fig. 6.3.: Witten diagrams in AdS representing the leading Nc contribution to the HLbL tensor.
Single lines and dots denote vector bulk-to-boundary propagators and interaction terms,
respectively, while double lines represent bulk-to-bulk propagators. Figure taken from
[14].

dispersive framework requires only transition form factors (TFFs)16 at leading order in
Nc. Dispersion theory fully reconstructs the HLbL tensor and agrees with the direct
holographic computation. However, the definition of individual sub-contributions may
differ between the two approaches; only the sum of all contributions is required to agree.
Within the established four-point kinematics framework, the expressions for individual
pseudoscalar and axial-vector contributions coincide, whereas differences arise for scalar
and tensor mesons. We will return to this ambiguity in chapter 10.

As discussed in part I, the contribution of the HLbL tensor relevant for (g− 2)µ is fully de-
scribed by six scalar functions Π̂i(q21, q22, q23) with i = 1, 4, 7, 17, 39, 54. The pseudoscalar
contributions take a particularly simple form,

Π̂1(q21, q22, q23) = FP (q21, q22)FP
n (q23, 0)

q23 −m2n
,

Π̂i = 0, i = 4, 7, 17, 39, 54. (6.105)

For early work on pseudoscalar contributions to g − 2, see [116].

16A more recently developed dispersive approach [115], which imposes q4 = 0 from the outset, requires
additional input, namely V γ∗γ∗γ at leading order. This approach avoids kinematic singularities in tensor
TFFs at the cost of introducing further input.
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For axial-vector states, Ref. [23] introduces an optimized basis free of kinematical singu-
larities. Restricting to FA

1 = 0, as is the case in holography, the result reads

Π̂A
1 = FA

2 (q23, 0)
2m6A

�
(q21 − q22)FA

a (q21, q22) + (q21 + q22)FA
s (q21, q22)



,

Π̂A
4 =

FA
2 (q22, 0)(q21 − q22 + q23)

�FA
3 (q21, q23)

�
2m4A(q22 −m2A) +

�
q21 ↔ q22

�
,

Π̂A
7 =

�FA
2 (q22, 0)

�FA
a (q21, q23)

�
m4A(m2A − q22)

− �q21 ↔ q22
��− FA

2 (q22, 0)FA
2 (q21, q23)

m4A(m2A − q22)
,

Π̂A
17 = FA

2 (q23, 0)FA
s (q21, q22)

2m4A(m2A − q23)
+
�FA

2 (q22, 0)
�FA

a (q21, q23)
�

2m4A(m2A − q22)
+
�
q21 ↔ q22

��
,

Π̂A
39 =

!
q2
i �=q2

j �=q2
k

Π̂A,123
39 (q2i , q2j , q2k), Π̂A,123

39 (q21, q22, q23) = FA
2 (q23, 0)FA

s (q21, q22)
4m4A(m2A − q23)

,

(6.106)

Π̂A
54 =

FA
2 (q23, 0)

�FA
a (q21, q22)

�
2m4A(q23 −m2A) +

�FA
2 (q22, 0)FA

s (q21, q23)
2m4A(q22 −m2A) − �q21 ↔ q22

��
,

where the (anti-)symmetric combinations FA
s (FA

a ) are defined by

FA
s (q21, q22) = FA

2 (q21, q22)−FA
3 (q21, q22),

FA
a (q21, q22) = FA

2 (q21, q22) + FA
3 (q21, q22). (6.107)

The contributions of pseudoscalar and axial-vector states to the muon anomalous magnetic
moment can then be computed using the master formula (3.23), which we reproduce here
in a form most suitable for numerical evaluation:

aHLbL
µ = 2α3

3π2
� ∞

0
dQ1

� ∞

0
dQ2

� 1
−1
dτ
�

1− τ2Q31Q
3
2

×
12!
i=1

Ti(Q1, Q2, τ)Π̄i(−Q21,−Q22,−Q23), (6.108)

whereQ23 = Q21+Q22+2τQ1Q2. The functions Π̄i are linear combinations of the Π̂i defined
in (3.24), and the kernels Ti are known analytically and can be found in Ref. [57]. Including
the integral over z, which appears in all TFFs, eq. (6.108) becomes a five-dimensional
integral (plus some four- and three-dimensional integrals corresponding to the boundary
terms in the pseudoscalar TFF) with a numerically known integrand. While the bulk-to-
boundary propagator J is known analytically, the mode functions for pseudoscalar and
axial-vector states are obtained numerically.

With an efficient numerical integration strategy, the contributions of individual intermedi-
ate states can be computed with satisfactory precision.
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The dominant contribution arises from the neutral π0, yielding aπ0
µ = 63.4× 10−11 in the

Fρ-fit, in excellent agreement with the most precise dispersive estimate, 63.0+2.7−2.0 × 10−11.
The corresponding values for the OPE-fit can be found in Tab. 6.1, although for comparison
with phenomenology we focus on the Fρ-fit. Lattice calculations yield a somewhat lower
average value of 58.8(2.2)× 10−11 [14]. The first excited state in the holographic model
has a mass of 1.841 GeV, which is somewhat higher than the π(1300), and contributes
approximately 0.7× 10−11. Since the normalization FP

π0(0, 0), as well as the asymptotic
behavior are completely fixed by the pion decay constant f0π , it is reasonable to expect
comparatively smaller 1/Nc corrections than usual. This is also supported holographically,
as the Chern-Simons term is completely fixed, and reflected in the numerical values of
Tab. 6.1.

The a1 meson contributes 7.1 × 10−11, which appears rather large compared to the
estimate of 6(6)× 10−11 for the entire axial-vector multiplet quoted in the 2020 White
Paper. However, significant progress has been made since then in constraining axial-vector
TFFs [112], leading to a more recent dispersive estimate of aa1

µ (disp.)|IR = 3.8(7)× 10−11.
This value is not directly comparable to the holographic result, as it is obtained by restricting
the integral in (6.108) to the infrared region Qi < 1.5 GeV. In holographic QCD, the
corresponding infrared contribution is aa1

µ (hQCD)|IR = 4.2 × 10−11, which is in very
good agreement with the phenomenological result.

The first few excited axial-vector states contribute roughly 30% of the ground-state con-
tribution, which is significantly larger than the ∼ 1% observed in the pseudoscalar sector.
This sizable contribution from excited states can be traced back to the role of axial-vector
mesons in satisfying short-distance constraints, as we will discuss in chapter 8. The anal-
ysis of η, η�, f1, f �

1, and related states requires incorporating the U(1)A anomaly, which
will be the subject of the next chapter.
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Incorporating the U(1)A

anomaly
7

7.1 Overview

In this chapter, we consider the U(1)A anomaly in detail. It is a crucial ingredient in the
phenomenological description of the η and η� mesons, as well as the corresponding axial-
vector states f1 and f �

1. We first review key definitions and properties of the axial anomaly
in Sec. 7.2. In Sec. 7.3, we present an extension of the bottom-up model introduced in the
previous chapter that captures the anomaly. We compute properties of the relevant mesons
and their interactions with photons. Their contributions to g − 2 are compared to recent
dispersive results, showing remarkable agreement. Finally, in Sec. 7.4, we consider an
alternative approach to modeling the U(1)A anomaly, motivated by tachyon condensation
models, and compute the decay f1/f �

1 → e+e−.

7.2 The U(1)A anomaly in QCD

TheU(1)A, or axial, anomaly is a fundamental property of QCD that influences low-energy
hadron physics in many ways. It describes the failure of the flavor-singlet axial current
Jµ
5 = ψ̄γµγ5ψ to be conserved, even in the chiral limit, thereby reducing the global

symmetry group of QCD. The divergence of this current can be computed exactly in terms
of the QCD field strength tensor Gαβ and its Hodge dual G̃αβ = 1

2εαβγδG
γδ :

∂µJ
µ
5 = −2Nf

αs

16πε
αβµνGa

αβG
a
µν = −Nf

αs

4πG
a
αβG̃

aαβ . (7.1)

This result can be derived from loop diagrams [117, 118] or via Fujikawa’s method [119].

The fact that the RHS of (7.1) can be written as a total derivative implies that in a pertur-
bative expansion around the trivial gauge field, the charge associated to the current is
conserved. If this were true non-perturbatively as well, then QCD would fail to describe
the strong interactions. If, in the chiral limit, the putative axial U(1)A symmetry would
preserve the vacuum, it would lead to a parity-doubled spectrum [120], and if it were
spontaneously broken, an η� Goldstone boson. Non-vanishing quark masses would break
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the symmetry explicitly, but not strong enough to correctly describe the particle spectrum
of the strong interactions appropriately [121].

In the path integral, it is however necessary to include topologically non-trivial gauge field
configurations, so-called instantons [122], which ultimately lead to the breaking of the
axial U(1)A even whenmq = 0. A detailed discussion of instantonic field configurations,
winding numbers of associated gauge transformations and index theorems can be found
in appendix A. In the remainder of this section, we first discuss the instanton number,
the topological susceptibility, and finally the implications of the U(1)A anomaly for the
low-energy particle spectrum.

The existence of instantons also allows for a non-trivial extension of QCD by adding a
multiple of the term

I(G) = − αs

16π

�
d4x εµναβGa

µνG
a
αβ = −αs

8π

�
d4xGa

µνG̃
aµν (7.2)

to the action. The so-called instanton number I(G) vanishes for all topologically trivial
field configurations, but when evaluated on instantons, always gives an integer. This
fact is proven in appendix A when the Euclidean spacetime is the four-sphere S4. The
new term in the path integral thus reads exp (iθI(G)), where θ ∼ θ + 2π. A useful
property that follows from (7.1) is the transformation behavior of the fermion path integral
measure [119]

DψDψ̄ → ei2NfαAI(G)DψDψ̄ (7.3)

under axial rotations1

ψL → eiαAψL,

ψR → e−iαAψR. (7.4)

The significance of this result can be seen, upon choosing αA = θ/(2Nf ). In this case, the
factor in (7.3) exactly cancels the newly added iθI(G) in the exponential. In the chiral
limit, the transformations (7.4) are symmetries of the Dirac action, which implies that the
partition function is in fact independent of θ.

This has several implications for the spectrum of particles in QCD. One can investigate
these matters more systematically in the limit of large-Nc, where meson and glueball
states are expected to become stable [123, 124].

1 Actually, Fujikawa first showed (7.3), by considering a regulated gauge-invariant version of the fermion
measure. Using this result, he derived (7.1).
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Since the partition function is independent of θ in the chiral limit, differentiating it twice
with respect to θ yields

V4χtop.(0) = 0, (7.5)

where V4 is the spacetime volume and

χtop.(Q2) = g4

(32π2)2
�
d4xeiQx
Ga

αβG̃
aαβ(x)Gb

γδG̃
b γδ(0)� (7.6)

is known as the topological susceptibility 2.

At large Nc, one may separate contributions without quark loops and identify them with
the pure Yang-Mills topological susceptibility. Diagrammatic arguments suggest that
perturbative contributions vanish at Q2 = 0, because the instanton density is a total
derivative, but nonperturbative effects generate a nonzero value χglue

top. (0) $= 0.

In the large-Nc theory, the degrees of freedom are glueballs and mesons which become
stable as Nc →∞. An alternative representation of the topological susceptibility is

χtop.(Q2) = χ
glue
cont. +

!
g

|cg|2
−Q2 −m2g

+ 1
Nc

!
m

|cm|2
−Q2 −m2m

, (7.7)

with cg, cm ∼ O(1). The first two terms on the RHS are associated to the pure-glue theory
and the last term denotes mesonic degrees of freedom, which are associated to quarks.
Since χtop.(0) = 0 in the presence of massless quarks, the leading O(1) glue contribution
must be canceled by meson contributions. For generic mm, cm, and assuming that the
sums converge for generic Q2, this is impossible, because the term in (7.7) associated with
the quark (or meson) degrees of freedom is only O(1/Nc).

It is however possible, if a meson exists with mass squared scaling as 1/Nc, which obeys

m2η� = 1
Nc

|cη� |2
χ
glue
top. (0)

. (7.8)

The coefficient

cη� =
�
Nc

g2

32π2 
Ω|G
a
αβG̃

aαβ(0)|η�� (7.9)

2 In a Hilbert space description additional contact terms are required because of time derivatives inGµν [125].
This is reflected by the contact term in (7.7)
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can be simplified using the anomaly equation (7.1) to

cη� = i
�
Nc

m2η�fπ

2Nf
, (7.10)

where 
Ω|Jµ
5 |η�� = ipµfη� and fη� ∼ fπ was used.

Combining the equations, one arrives at the Witten-Veneziano formula [125, 126]

m2η� =
4N2

f

f2π
χ
glue
top. (0). (7.11)

Since fπ ∼
√
Nc, the η� becomes massless only in the large-Nc limit, where U(1)A is

effectively restored.

The anomalous breaking of U(1)A can also be modeled in the low-energy chiral perturba-
tion theory. At infinite Nc, the global symmetry group3

G = U(Nf )L × U(Nf )R
ZNc

(7.12)

breaks spontaneously to

H = U(Nf )
ZNc

, (7.13)

and the low-energy theory is described by a nonlinear sigma model with fields

U : M → G/H ∼= U(Nf ), (7.14)

whereM is the spacetime. Recently Ref. [79] succeeded in deriving an anomaly constraint
for certain discrete symmetries of QCD. Via anomaly matching, it was possible to exclude
the alternative, more exotic symmetry breaking patterns proposed in [127].

The kinetic term is

L = −f2π tr(U−1∂µUU−1∂µU), (7.15)

and interactions are constructed from uµ = U−1∂µU . The scale fπ is needed to give L
the right dimension.

3 The division by ZNc occurs since the transformation of the quark fields with a phase ei
2π
Nc

k ∈ ZNc can be
undone by a gauge transformation.
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To incorporate the U(1)A anomaly in the low-energy theory, one must include symmetry-
breaking terms such as

ΔL = σ(detU + detU †), (7.16)

which break4 U(1)A. The coefficient σ can be matched to reproduce the η� mass (7.11).

In the next section, we aim to reproduce the essential features of the U(1)A anomaly
within a bottom-up holographic model and explore its implications for the muon g − 2.

7.3 The Katz-Schwartz model

As shown in the previous section, the operator tr(GαβG̃αβ) plays an essential role in the
U(1)A anomaly, which significantly influences the η� mass. It has scaling dimension 4
in the UV and should, together with the operator GαβG

αβ , which has same UV scaling
dimension, be included in a holographic description of QCD.

In themodel proposed by Katz and Schwartz [128], a complex scalar field Y = |Y |eia
�
2/Nf

is introduced. The phase a(z, x) is dual to−�2Nf times the instanton density αs
8πG

a
µνG̃

aµν ,
while the modulus describes the operator GµνG

µν . Properties of the model in relation to
the phenomenology of the U(1)A anomaly, as well as Euclidean correlation functions of
singlet currents and the instanton density, were studied in [129].

The field Y must transform under a representation of the bulk gauge group U(Nf )L ×
U(Nf )R. Since explicit breaking of a gauge symmetry by terms in the action would render
the theory inconsistent, the only way to introduce breaking of U(1)A in the dual QFT is
via a Higgs mechanism, where the background solution is not invariant under the full set
of gauge transformations. This mechanism already appears in the background solution of
the bifundamental scalar

X0(z) = 1
2(mqz + σz3). (7.17)

While the quark masses (interpreted as explicit chiral symmetry breaking in QCD) can
be turned off, σ $= 0 still induces a Higgs mechanism corresponding to spontaneous
symmetry breaking. These effects also break U(1)A, but additional breaking due to the
anomaly is required and is encoded in a background value Y0(z).

4 In the large-Nc limit, this term produces interactions incompatible with the expected large-Nc scaling,
favoring instead a | log detU |2 structure [124]. For the holographic TFFs, this does not play a role however.
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It is natural that Y transforms only under the U(1)A subgroup and therefore couples to
the gauge fields as5

DMY = ∂MY + i�
2Nf

(L0M −R0M )Y. (7.18)

Bulk scalar fields dual to operators of dimension 4 do not have a bulk mass term. Together
with gauge invariance, this leads to the matter Lagrangian

LX,Y /
√
g = tr

�
|DX|2 + 3|X|2

�
+ 1

2(ln zΛ)2 |DY |
2 + κ0

4
�
Ȳ Nf det(X) + h.c.

�
.(7.19)

The interaction term is the leading contribution in a derivative expansion consistent with
the gauge symmetry6, while the (ln zΛ)2 prefactor is introduced phenomenologically to
mimic the running of the strong coupling αs [130]. The scale Λ corresponds to the QCD
scale and is taken to be z−1

0 . When constructing an alternative realization of the U(1)A
anomaly in Sec. 7.4, such prefactors can be argued to arise from potentials induced from
string theory corrections. In the present case, they are just phenomenological ingredients
that model the scale dependence of αs.

Neglecting the backreaction of the interaction term Ȳ Nf detX + h.c, the solution to the
linear background equation of motion for Y is


Y � = D0 +D1z
4
	
(ln zΛ)2 − 1

2 ln zΛ + 1
8



. (7.20)

After shifting the axial gauge field Aµ → Aµ + ∂µϕ to decouple the axial-vector sector
from the η, a fields, the quadratic Lagrangian for pseudoscalar fluctuations reads

LP = 1
g25

(∂z∂µϕa)2
2z − M2

ab

2z3 (∂zηa)2 + M2
ab

2z3 (∂µηa − ∂µϕ
a)2

− Ỹ0
2

2z3 (∂za)2 + Ỹ0
2

2z3 (∂µa− ∂µϕ
0)2 − κ

v2qvs

2z5

�
Ỹ00
4

�Nf

(η0 − a)2, (7.21)

5 Strictly speaking, the coupling (7.18) corresponds to a transformation behavior Y g =�
det gR det g−1

L

�1/Nf Y . Taking the Nf ’th root of det g can lead to discontinuities when the
spacetime allows for non-contractible loops. A proper coupling to gauge fields would include an additional
factor of Nf in (7.18) corresponding to Y g = det gR det g−1

L Y . However, the resulting pseudoscalar and
axial-vector Lagrangian, as well as their two-photon interactions remain the same after a redefinition of
constants. We thus stay within the framework of [128].

6 This interaction term would correspond to (7.16) in the four-dimensional theory, instead of the | log detU |2
term favored by large Nc diagrammatic rules. This does not affect HLbL, where self-interactions of η, η� are
irrelevant to leading order in Nc.
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where Ỹ0 = 2�
2Nf

(− ln zΛ)−1
Y � and Ỹ00 = −Ỹ0 ln zΛ. Some constants have been

combined with κ0 into κ.

The five dimensional mass termM2
ab is

M2
ab = 1

3

�
2v2q + v2s

√
2(v2q − v2s)√

2(v2q − v2s) v2q + 2v2s

�
. (7.22)

In the singlet sector the strange quark mass, which appears in vs = msz + σz3, also plays
a significant role. Its value is fitted to the combination of kaon7 and pion masses

m2K ≡ 1
2(m2K± +m2K0)− 1

2(m2π± −m2π0) = (495.007MeV)2, (7.23)

which is less sensitive to isospin breaking contributions.

As observed in [128, 129], the spectrum of particles appears to depend only very weakly
on κ, when κ� 1 is very large. The background Ỹ0 can be written as

Ỹ0 = C0
− ln zΛ − Ξ0z4

�
ln zΛ− 1

2 + 1
8 ln zΛ

�
, (7.24)

with constants C0 and Ξ0.

Matching the large-Q2 behavior of the correlator


∂µJ0µ5 ∂µJ
0µ
5 � ∼ −Nfα

2
s

16π4 Q
4 logQ2 + . . . (7.25)

requires Ỹ0 to reproduce the QCD running of αs. This is achieved by choosing [128]

C0 =
�

2Nf/(2π2β0) =
�

2/3/(3π). (7.26)

The parameter Ξ0 describes the gluon condensate 
trGµνG
µν� ∼ Ξ0 and is fixed by fitting

the η, η� spectrum with the least squares method.

In the axial-vector sector, the Lagrangian becomes

LAxial = 1
2g25z

(∂zAa
µ)2 − 1

2g25z
(∂νAa

µ)2 + M2
ab

2z3 A
a
µA

b
µ + Ỹ 20

2z3 (A0µ)2. (7.27)

The anomaly therefore affects not only the pseudoscalar spectrum—where an additional
degree of freedom a appears—but also the masses and mixing of axial-vector states. The
field a encodes the gluonic content of pseudoscalar mesons and allows one to compute
7 Form-factors of kaons were studied using holographic models in [101].
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gluonic decay constants fGn = (−�2Nf )
Ω|K|Pn� (where K is the instanton density)
via

fGn = Ỹ 20 ∂zan/z
3
$$$
z→0 . (7.28)

The pseudoscalar spectrum is obtained by solving the linearized equations of motion
(repeated flavor indices are summed over):

∂z

�1
z
∂zϕ

a
n

�
+ g25

M2
ab

z3

�
ηbn − ϕb

n

�
+ δa0g25

Ỹ 20
z3

�
an − ϕ0n

�
= 0, (7.29)

∂z

�
Ỹ 20
z3
∂zan

�
+m2n

Ỹ 20
z3

�
an − ϕ0n

�
+ κNf

v2qvs

z5

�
Ỹ00
4

�Nf �
η0n − an

�
= 0, (7.30)

m2n
g25

1
z
∂zϕ

a
n − δa0

Ỹ 20
z3
∂zan − M2

ab

z3
∂zη

b
n = 0. (7.31)

Neumann boundary conditions at z = z0 are imposed, while normalizability requires all
fields to vanish at z → 0.

These coupled differential equations encode the mixing between ηa, ϕa, and the additional
singlet degree of freedom a associated with the anomaly. In particular, the δa0 terms show
explicitly that the anomaly affects only the singlet sector, as expected.

In the pseudoscalar case the norm reads

�
dz

�
Mab

z3
(ηan(ηbm − ϕb

m)) + Ỹ0
2

z3
an(am − ϕ0m)

�
= δnm. (7.32)

Axial-vector meson modes obey the equation of motion

∂z

�1
z
∂zξ

a
n(z)
�

+ 1
z
m2A,nξ

a
n(z)− g25(M2

ab + δ0aδ0bỸ
2
0 )

z3
ξbn(z) = 0, (7.33)

subject to the normalization condition

1
g25

�
dz

z
ξamξ

a
n = δmn. (7.34)

Similarly, Neumann boundary conditions are imposed at z = z0, while normalizability
demands ξan(0) = 0.
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The parameters of the model are then fixed phenomenologically. Having already fixed
Λ, κ, C0, the only remaining parameter is Ξ0 which is determined by a least square fit of
mη andmη� . The two different fits for g5 lead to two different optimal values for Ξ0:

Ξ0 = 0.01416 (Fρ-fit), Ξ0 = 0.01051 (OPE-fit), (7.35)

in units of GeV4. With these values, the η and η� masses are reproduced at the percent
level, as shown in Tab. 7.1.

Due to the mixing of a = 8 and a = 0 sectors, the modes describing a particular state
have nonzero ϕ8 as well as ϕ0. This implies that the decay constants fan of a given meson,
defined via

fan = −g−2
5 ∂zϕ

a
n/z
$$$
z→0 , (7.36)

possess a non-trivial flavor structure. For η, η�, they have been computed also on the
lattice8 in [131] which agree reasonably well with holographic results shown in Tab. 7.1.

Transition form factors are computed, as usual, from the Chern-Simons term and take the
form

FP
n (q21, q22) = tr(taQ2)Fa

n(q21, q22), (7.37)

with [98]

Fa
n(q21, q22) = − Nc

2π2
��

dzϕ�a
n (z)J (z, q21)J (z, q22)

− [ϕa
n(z)− ηan(z)]J (z, q21)J (z, q22)

$$$
z0

�
. (7.38)

As in the a = 3 sector, the subtraction of the boundary term at z = z0 is required to obtain
the correct normalization in the chiral limit9.

The flavor-decomposed form factors Fa
n(q21, q22) are not directly observable experimentally.

However, in principle they can be accessed in lattice QCD by varying the quark charge
matrix10. It is worth noting that the specific decomposition

FP
n =

!
a

tr(taQ2)Fa
n (7.39)

8 In QCD, f0, fG depend on a renormalization scale µ which makes a direct comparison somewhat difficult.
9 Pseudoscalar transition form factors in the Katz-Schwartz model were also studied previously in Ref. [132].
Their expressions, however, differ from (7.38) by a boundary term and therefore yield an incorrect chiral
limit.

10When coupling to QED, charges must of course be quantized, but purely within QCD, currents with arbitrary
Q are well-defined.
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Ξ0 = 0.01051
g25 = (2π)2

η η� G/η�� η(3) η(4) η(5)

m 0.557 0.950 1.992 2.390 2.954 3.214
m−mexp +1.7% -0.8%
f8 0.101 -0.0385 -0.0267 0.0116 -0.0228 -0.0049
f0 0.0272 0.113 0.0049 -0.0492 -0.00115 -0.0214
fG -0.0298 -0.0774 0.053 0.233 0.1483 0.269
F8(0, 0) 1.55 -0.431 1.19 -0.0478 -0.887 0.167
F0(0, 0) 0.468 1.40 0.0051 0.904 0.0300 0.0867
FP (0, 0) 0.276 0.340 0.116 0.241 -0.0772 0.0397
FP −Fexp +1(2)% -0(2)%
aµ × 1011 19.3 16.9 0.19 0.53 0.043 0.008

Ξ0 = 0.01416
g25 = 0.894(2π)2

η η� G/η�� η(3) η(4) η(5)

m 0.561 0.947 1.943 2.428 2.914 3.317
m−mexp +2.4% -1.1%
f8 0.103 -0.0393 -0.0299 0.0112 -0.0253 -0.00767
f0 0.0298 0.121 0.00761 -0.0522 0.00320 -0.0128
fG -0.0313 -0.0821 0.048 0.260 0.1236 0.214
F8(0, 0) 1.53 -0.442 1.149 -0.0312 -0.877 0.129
F0(0, 0) 0.444 1.31 -0.000026 0.837 0.0307 0.130
FP (0, 0) 0.268 0.313 0.111 0.225 -0.0760 0.0477
FP −Fexp -2(2)% -8(2)%
aµ × 1011 17.6 14.9 0.18 0.45 0.039 0.007

Table 7.1.: Results for the isoscalar pseudoscalar sector, for the Katz-Schwartz model in the OPE-fit
and the Fρ-fit. All dimensionful quantities in units of (powers of) GeV.

is not a generic prediction of all holographic models. In particular, alternative implementa-
tions of the U(1)A anomaly—such as via superconnections—lead to a different dependence
on Q2, as will be discussed in the next section.

The two-photon decay rates for η and η� determined by FP (0, 0) agree remarkably well
with data; the OPE-fit is fully consistent with the experiment, while in the Fρ-fit, the
normalization for η� is underestimated by about 8% as shown in Tab. 7.1. The transition
form factors show good agreement with experimental data in the singly-virtual case, for
both η and η�, as illustrated in Fig. 7.1. In the doubly-virtual regime, however, a comparison
with the dispersive analyses of [133, 134] reveals that the holographic predictions lie
systematically above the dispersive band at larger momenta.
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Fig. 7.1.: Comparison of the singly- and doubly-virtual hQCD results for the η and η� TFFs in the
Katz-Schwartz model (LMR22) with OPE-fit of g2

5 (blue lines) and a 10% reduced coupling
g2

5 (red lines) from fitting Fρ instead, compared to the dispersive results of Refs. [133, 134]
and experimental data. Figure taken from [14].

Correspondingly, the holographic predictions for the muon g − 2 contribution of

aηµ(OPE-fit) = 19.3× 10−11, aηµ(Fρ-fit) = 17.6× 10−11, (7.40)

aη
�

µ (OPE-fit) = 16.9× 10−11, aη
�

µ (Fρ-fit) = 14.9× 10−11, (7.41)

are slightly larger than the newer dispersive values

aηµ(disp.) = 14.72(87)× 10−11, (7.42)

aη
�

µ (disp.) = 13.50(72)× 10−11, (7.43)

while being compatible with the earlier estimates reported in the 2020 White Paper [17].

The axial-vector transition form factors also follow from the Chern-Simons action and are
given by11

An(Q21, Q22) = tr(taQ2)Aa
n(Q21, Q22), (7.44)

11There is a slight change in notation compared to the earlier definition in the a = 3 sector, where the factor
tr(t3Q2) was not included.
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Ξ0 = 0.01051 Ξ0 = 0.01416
g25 = (2π)2 g25 = 0.894(2π)2
f1 f �

1 f1 f �
1

m 1.481 1.810 1.410 1.820
m−mexp +15% +27% +10% +28%
F 8A/mA 0.176 -0.0299 0.176 -0.0167
F 0A/mA 0.0365 0.201 0.0292 0.219
A8(0, 0) 20.77 -3.842 19.58 -2.556
A0(0, 0) 3.857 20.07 2.690 19.00
θA 79.5◦ -10.8◦ 82.2◦ -7.7◦

A(0, 0) 3.05 5.09 2.62 4.93
m∗ 2.246 2.862 2.153 2.891
m∗∗ 3.058 3.869 3.004 3.907
aµ × 1011 5.71 14.3 4.34 13.6
a∗
µ × 1011 0.36 1.01 0.33 0.91
a∗∗
µ × 1011 0.11 1.11 0.05 0.99
a∗∗∗
µ × 1011 0.01 0.33 0.02 0.24
a∗∗∗∗
µ × 1011 0.01 0.28 0.05 0.15

Table 7.2.: Axial-vector meson spectrum, and properties in the f1, f
�
1 sector for Fρ-fit and OPE-fit.

All quantities in units of (powers of) GeV.

with
Aa

n(Q21, Q22) = 2
Q21

� z0

0
dz

	
d

dz
J (z, q21)



J (z, q22)ξan(z). (7.45)

The numerical results for the axial-vector sector are summarized in table 7.2. The predicted
masses are somewhat larger than the experimental values. In addition, the mixing angle

θA = arctan
�
A0(0, 0)
A8(0, 0)

�
, (7.46)

is found to be ∼ 80◦ in the holographic model, which is significantly larger than the
phenomenological estimate θexp.A = 56(5)◦.

Observables associated with individual states such as f1 or f �
1 are highly sensitive to this

mixing angle. As a consequence, a direct comparison of quantities such as A(0, 0) or the
corresponding contributions to aµ with dispersive results is not particularly meaningful.
This issue can be substantially improved in holographic models that implement the U(1)A
anomaly via superconnections, as shown in the next section. Such constructions, however,
require a modification of the Chern-Simons term and consequently alter the transition
form factors, leading to a somewhat less satisfactory description in the a = 3 sector.
Despite the limitations in the mixing angle, the present model provides a more accurate
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overall description of the π0 and a1 sectors and will therefore be used as our reference
model.

Interestingly, although the individual contributions of f1 and f �
1 to aµ are strongly depen-

dent on θA, their sum is much less sensitive and yields

a
f1+f �

1
µ = 17.94× 10−11 (7.47)

for the Fρ-fit. Restricting the integration in the master formula to the infrared region
Qi < 1.5 GeV gives

a
f1+f �

1
µ |IR = 8.9× 10−11. (7.48)

in remarkable agreementwith recent phenomenological analyses [135], which find 8.4(1.4)×
10−11 for the same quantity12.

Excited pseudoscalar and axial-vector states also provide non-negligible contributions,
although a direct comparison with phenomenology is less straightforward. In dispersive
approaches, the master integral for g − 2 is typically divided into three regions: (i) the
infrared region (Qi < 1.5 GeV), (ii) the ultraviolet region (Qi > 1.5 GeV), and (iii) an
intermediate mixed region.

The ultraviolet and mixed regions are described using perturbative QCD and the operator
product expansion, including gluonic corrections, without explicit reference to narrow
resonances. Contributions from higher resonances, such as excited pseudoscalars and
axial-vectors, are thus implicitly included in the perturbative description.

In contrast, the infrared region requires an explicit hadronic description in terms of
resonances. A smooth matching between the low-energy hadronic regime and the high-
energy perturbative regime is essential. In phenomenological analyses, this is often
achieved through the introduction of effective poles, which model the cumulative effect of
higher excitations on the low-energy integrand.

Within the holographic framework, all momentum regions are described by the same set
of expressions, leading to an automatic matching between infrared and ultraviolet regimes.
The comparison with dispersive results in the mixed and ultraviolet regions is not entirely
satisfactory without including tensor mesons. Their contributions to all three regions are
analyzed in chapter 10, but in the caption of Tab. 7.3 we have indicated their effect on the
mixed and UV region.

12Functional methods, based on the Schwinger-Dyson equations arrive at somewhat smaller values [136].
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Region a...µ × 1011 hQCD[LMR22(Fρ-fit)] dispersive[HSZ]

IR a1 4.2 3.8(7)
f1 + f �

1 8.9 8.4(1.4)
AV ∗ 0.7
PS∗ 1.7
eff.poles 2.0
Sum 15.4 14.2(1.6)

Mixed a1 2.4
f1 + f �

1 7.1
AV ∗ 1.9
PS∗ −0.04
Sum 11.4† 15.9(1.7)

UV 5.7† 6.2+0.2−0.3
IR+Mixed Sum 26.8† 30.1(1.9)

Table 7.3.: Comparison of dispersive results (HSZ) from [135] with hQCD predictions with Fρ-fit
in units of 10−11. As mentioned in the main text, the comparison is not completely
satisfactory, as tensor and scalar meson contributions are not yet included in the mixed
and UV regions for hQCD. Tensor mesons, which will be investigated in Ch. 10, increase
the first two values marked by a dagger: 11.4 → 13.5 and 5.7 → 6.3. The inclusion of
tensor meson contributions in the mixed and UV regime thus leads to an even better
agreement with phenomenological approaches. The sum of IR and mixed, presented in
the last line, increases to 29.0.

The agreement shown in Tab. 7.3 is thus quite remarkable, both for the total contributions
and for individual subcomponents.

This lends support to the observation—first suggested by holographic studies—that axial-
vector contribution were underestimated in the 2020 White Paper. At that time, their
contributions were given as

aaxials+SDC
µ (WP2020) = 21(16)× 10−11. (7.49)

The updated estimate in the 2025 White Paper

aaxials+SDC
µ (WP2025) = 36.4(4.6)× 10−11 (7.50)

is in very good agreement with the holographic result

aaxials+MV-SDC+P ∗
µ (hQCD) = 35.4+3.0−0.0 × 10−11. (7.51)

Here, the lower value corresponds to the Fρ-fit, while the difference to the OPE-fit is
taken as an estimate of the systematic uncertainty. The overall agreement is striking,
given that additional uncertainties arise from 1/Nc corrections, which are expected to be
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of order 15%. Axial-vector contributions will be revisited in chapter 8 in the context of
short-distance constraints, where their role can be understood more systematically.

7.4 Superconnections

In the previous section, the U(1)A anomaly of QCD was incorporated by introducing a
new complex field Y , dual to the two gluonic dimension-4 operators, and by writing down
interaction terms consistent with the gauge symmetry of the five-dimensional theory.
In top-down string theory constructions, however, the U(1)A anomaly can be realized
through a different mechanism.

In this section, wewant to describe thismechanism and construct a simple bottom-upmodel
which incorporates it. We then analyze the spectrum in a similar fashion to the previous
chapter and work out the g−2 contributions. The end of this section contains a comparison
of the different holographic models, as well as a computation of f1/f �

1 → e+e−.

A description of (nearly) massless quarks in QCD-like theories is possible with Nf Dp-
branes and Dp-branes placed on top of each other and intersecting the Nc color branes.
This configuration is unstable: in flat space, the flavor branes and antibranes dynamically
annihilate, producing lower-dimensional branes and strings.

This instability appears in the string spectrum as a tachyon T with [137–139]

m2 = − 1√
2α� , (7.52)

where α� is the square of the string length ls. Importantly, in AdS space, a negative mass
squared does not necessarily lead to an instability, provided the Breitenlohner-Freedman
bound [88] is satisfied:

m2 > − 4
L2
. (7.53)

In the following, we set the AdS radius L = 1.

From the worldsheet perspective, the tachyon corresponds to an open string stretching
between the Dp-brane and the anti-Dp-brane. The associated field is bifundamental: it
transforms in the fundamental representation of the Dp-brane gauge groupU(Nf )L and in
the antifundamental representation of the Dp gauge groupU(Nf )R. Thismatches precisely
the transformation properties of the scalar field X in bottom-up hard-wall models.
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Strictly speaking, avoiding the instability in AdS would require curvatures of order of
the string scale, necessitating the use of full string theory rather than its supergravity
approximation. Nevertheless, predictive holographic QCD models based on tachyon
condensation (such as [140–143]) can be constructed by working within the supergravity
approximation and parametrizing the effects of stringy modes via effective potentials.
When constructing the bottom-up model later, we will follow this methodology.

The conventional Chern-Simons term present in the action of a stack of Nf Dp-branes
refers only to the U(Nf ) connection on the brane. However, in a brane-anti-brane system,
the gauge fields L,R combine with the tachyon T into a superconnection

iA =
�
iL DT †

DT iR

�
. (7.54)

The action then includes the Chern-Simons term constructed from this superconnection,
which gives rise to topological couplings of the tachyon T and the gauge fields. Recently,
superconnections have also been related to the anomaly in QCDwith spacetime-dependent
quark masses in [144], which furthermore suggested connections to string theory and
holography.

Before constructing a bottom-up model based on this structure, we briefly review some
relevant mathematical background about superconnections.

Superconnections were introduced by Quillen [145] in the study of topological invariants
of vector bundles. Let EL and ER be vector bundles over an oriented manifoldM . We
form their Whitney sum

E = EL ⊕ ER. (7.55)

Both bundles are assumed to carry Hermitian metrics, and are associated with principal
bundles with gauge groups GL and GR. In our application, we take GL = GR = U(Nf ),
with both EL and ER constructed from the fundamental representation.

We define a Z2 grading

ε : E → E, ε2 = 1, (7.56)

which acts as +1 on EL and −1 on ER.

We then form the tensor product with the algebra of differential forms

Ω(M) = ⊕dimM
k=0 Ωk(M). (7.57)
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We define a total grading on the bundle Ω(M)⊗ E as the sum of the grading on E and
the form degree k mod 2.

Locally, sections of this bundle are of the form�
αi
0 + αi

1 + αi
2 + . . .

β ĩ
0 + β ĩ

1 + β ĩ
2 + . . .

�
=
�
αi
0 + αi

2 + . . .

β ĩ
1 + β ĩ

3 + . . .

�
+
�
αi
1 + αi

3 + . . .

β ĩ
0 + β ĩ

2 + . . .

�
,

where i, ĩ are indices of U(Nf )L, U(Nf )R respectively and the subscript indicates the
form degree. The RHS indicates the decomposition with respect to the total grading13 of
Etotal = Ω(M)⊗̂E.

An important object is the endomorphism algebra End(Etotal) ≡ Ω(M)⊗̂End(E) of
the bundle, i.e. maps Etotal → Etotal which are linear on the fibers. Locally, they are
represented by matrices �

A B

C D

�
, (7.58)

where A,B,C,D are matrix valued forms. When the ranks r1, r2 of the vector-bundles
EL and ER are the same, they are all square matrices, but if not, then B,C are r1 × r2

and r2× r1 matrices respectively, while A is a r1× r1 matrix andD a r2× r2 matrix. The
endomorphism is called even/odd if A,D are sums of even/odd forms and B,C sums of
odd/even forms.

The composition rule of two such endomorphisms can be derived by considering forms ω, η
of definite parity and endomorphismsX,Y of E also of definite parity. Their composition
is defined as

(ωX)(ηY ) = (−1)d(η)d(X)ωηXY. (7.59)

The algebra of endomorphisms is a superalgebra, where d denotes the Z2 degree. When
representing endomorphisms by matrices with form entries as in (7.58), the composition
is not given by simple matrix multiplication. The rule (7.59) necessitates additional minus
signs depending on the degrees.

A superconnection is then defined as an operatorD acting on sections ofEtotal satisfying

D(ωα) = (Dω)α + (−1)d(ω)ωDα, (7.60)

13The symbol ⊗̂ denotes the tensor product as graded vector spaces.
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where ω ∈ Ω(M). Locally it is of the form

D = d+ θ = d+
√

2πα�
�
iL T

T † iR

�
,

where θ is odd. In our case, we take L,R to be the U(Nf )L×U(Nf )R gauge fields, which
are 1-forms, and T is the 0-form field corresponding to the tachyon14. The factor of

√
2πα�

is conventional.

The associated curvature D2 does not act like a derivative; instead, it is an element of
End(Etot.), i.e., a form-valued matrix. Locally D2 = 2πα�iF , where

iF =
�
iFL − T †T DT †

DT iFR − TT †

�
. (7.61)

Using the supertrace

Str
�
A B

C D

�
= trA− trD, (7.62)

one can construct characteristic forms, which are differential forms on the base manifold.
A central result is that �

K
Strei2πα�F ≡

�
K

Str(eD2)

is independent of the superconnection of the bundle for any closed submanifoldK ⊂M

and always gives an integer (after suitable normalization of the connection). In our
convention, the integral

�
K only picks up the part of Strei2πα�F whose form-degree is

equal to the dimension ofK .

Any two different superconnections D̃,D on the same bundle thus obey

Str(eD2) = Str(eD̃2) + dΩ,

where Ω is a form on the base spaceM . It is globally well-defined, but it is not unique
because Ω + dω satisfies the same properties.

Note that on an open patch U , any connection is topologically trivial, so we may write
globally

Str(eD2) = dΩ, (7.63)

where now Ω is a higher form U(1) gauge field.
14Quillen considered more general cases as well, but in our case the dynamical fields are determined by string
theory.
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In the case that we will eventually consider, all bundles are topologically trivial because
the spacetimeM is contractible15, which means that there is a trivial connection D̃ = d

whose curvature vanishes. Any other connection thus obeys

Str(eD2) = dΩ,

and additionally Ω is a global form, defined up to exact terms.

An explicit form of Ω can be given as [145]

Ω(A) = 2πα�i
� 1
0
dt Str exp(2πα�iFt)∂tAt, (7.64)

where At is a one-parameter family of superconnections with A0 = 0 and A1 = A. It
should however be noted that one may add exact terms to Ω.

For building a suitable bottom-up model, let us take inspiration from string theory. We
stress that the following considerations do not constitute a derivation of a model; rather,
they serve to highlight some of the salient features of string theory and to subsequently
imitate a subset of them in a bottom-up holographic framework.

The Dirac-Born-Infeld (DBI) action of Nf coincident branes and antibranes is given by
[140, 146]

SDBI = −Tp
�
dp+1xe−φSymTr

�
Vt(T †T )

�
− detBL

+ Vt(TT †)
�
− detBR

�
, (7.65)

with

Vt(TT †) = e−2πα�T †T , (7.66)

BL,MN = (g +B)MN + 2πα�FL
MN + 4πα�2�(DMT )†DNT + (DNT )†DMT

�
,

BR,MN = (g +B)MN + 2πα�FR
MN + 4πα�2�DMT (DNT )† +DNT (DMT )†�,

15We want to point out that, although always true for closed manifolds M , this statement requires careful
considerations of boundary conditions when M has a boundary. In certain cases, one would like to
specify a fixed gauge field (with fixed transition functions), on the boundary. It can then happen that
there are topologically non-trivial bundles even if the space is contractible. As an example, consider the
two-dimensional disk D (which is contractible) and divide it into two patches overlapping around the
diameter. The transition function is then given by a map g : [0, 1] → G. Assuming the bundle restricted
to the boundary is trivial, it obeys g(0) = g(1) = 1. Because the gauge transformations in the individual
patches are required to be trivial on the boundary, the bundles onD are classified by π1(G). In the hard-wall
AdS case we consider later, these subtleties do not matter.
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and

DMT = ∂MT + iTLM − iRMT. (7.67)

To connect this setup to five-dimensional hard-wall models, we assume that the spacetime
is given by AdSz0

5 ×K , where AdSz0
5 denotes the cut-off version of AdS and K is some

compact internal space. The Dp-branes are taken to fully wrap AdSz0
5 as well as a subset

of the compact directions of K , implying p ≥ 4. For concreteness, we work in type IIA
supergravity, where stable D-branes have an even number of spatial dimensions. The
background geometry may be viewed as being generated by Nc D4-branes, which also
source Ramond-Ramond four-form flux. We then perform a dimensional reduction to
AdSz0

5 , assuming trivial dependence on the compact directions for all fields.

Strictly speaking, only the lowest-order terms in α� in (7.65) have been shown16 to follow
from worldsheet string theory. Accordingly, we restrict ourselves to these lowest-order
contributions, which read

SDBI = − 1
4g25

�
AdS5

√
g tr
�
F 2L + F 2R

�
+ 2
g25π

�
AdS5

√
g tr
�
DMTDNT

†gMN + 1
2α�TT

†
�
. (7.68)

We have assumed a constant dilaton and identified g−2
5 = (2πα�)2Tpe−φ0V (K), where

V (K) denotes the volume of the compact space that has been integrated out. Upon
additionally setting 1/(2α�) = 3/L2, the action becomes identical to that of the standard
hard-wall model with the identification

X = 1
g5

 
2
π
T †. (7.69)

The DBI action thus reduces to the bottom-up hard-wall action under the assumptions
stated above. Moreover, this identification provides a relation between the tachyon T and
the scalar field X . String theory also contains bulk Ramond-Ramond fields Ck, described
locally by k-forms. These fields couple to the brane degrees of freedom via

SCS = Tp

�
Σp+1

C ∧ Str exp[i2πα�F ], (7.70)

where

C =
!
n

(−i) p−n+1
2 Cn. (7.71)

16The explicit form of the potential Vt given above is also only rigorously established to order α�.
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In contrast to the DBI action, this Chern-Simons term has been derived to all orders in α�

from boundary string field theory [146, 147]. For our purposes, it is sufficient to retain the
terms in (7.70) that are quadratic in the fields as well as the terms that generate interactions
relevant for transition form factors (TFFs). Assuming that the background is generated by
a brane configuration producing four-form flux, as in the Witten-Sakai-Sugimoto model,
the only relevant dynamical RR field is C3. The resulting Chern-Simons action in the
bottom-up model then takes the form

Tp

�
AdS5

C3dΩ1 + Nc

(2π)2
1

(2πα�)3
�
AdS5

Ω5. (7.72)

The bottom-up model is completed by including the action of the closed string sector,
truncated to the metric and C3. Altogether, this yields

S = − 1
4g25

�
AdS5

√
g tr
�
F 2L + F 2R

�

+
�

AdS5

√
g tr
�
DMXDNX

†gMN + 3XX†�

+ Nc

(2π)2
1

(2πα�)3
�

AdS5

Ω5

+
�

AdS5

1
2B(z)dC3 ∗ dC3 + Tp

�
AdS5

C3 dΩ1, (7.73)

where we have already expressed the tachyon T in terms of the scalar field X using
(7.69).

The action for C3 has been supplemented by a phenomenological profile B(z), which
models the running of the coupling constant in a manner similar to the Katz-Schwartz
model discussed in the previous section. As before, the scalar field acquires a vacuum
expectation value X0 = diag(vq, vq, vs)/2, encoding both spontaneous and explicit chiral
symmetry breaking. We will occasionally refer to T0, which is related to X0 via (7.69).
Since we have identified the string-theoretic tachyon T with the dimension-3 scalar X ,
we must use α� = 1/6 (in units of the AdS radius) throughout. Contrary to the Katz-
Schwartz model, there is no operator dual to the Yang-Mills Lagrangian density GµνG

µν .
Via dualization of C3, we will soon show that it describes the instanton density.

A somewhat unsatisfactory aspect of our considerations is that, although we have retained
the full α� dependence in the Chern-Simons term, we were only able to include the lowest-
order terms in α� in the DBI action. Our limited knowledge of the non-Abelian DBI
action already presents a difficulty even in the case where the tachyon vanishes. One
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might speculate that the F 2L +F 2R term is modified to Vt(T †T )F 2L + Vt(TT †)F 2R for weak
gauge-field strengths but arbitrary tachyon. The tachyon then condenses to some vacuum
expectation value T0(z) and thereby modifies the entire spectrum of vector, axial-vector,
and pseudoscalar mesons across the full flavor multiplet.

On the one hand, this is precisely the mechanism required to describe the splitting of the
ρ, ω, φ vector mesons which is missing in the traditional hQCDmodels. On the other hand,
it introduces considerable arbitrariness through the choice of the potential. A consistent
treatment would also require the inclusion of self-interactions of X , which would in
turn modify the background solution. Since our primary goal is to obtain an effective
description of the U(1)A anomaly, we defer the study of higher-order α� corrections in
the DBI action to future work.

Let us emphasize that the Ω5 term in the action is not uniquely determined, due to
the ambiguity of adding dω4 for any ω4. Such terms give rise to UV and IR boundary
contributions in the hard-wall model. In general, when boundaries are present, one can
always add terms localized on the boundary. Boundary terms at z = 0 are typically
non-zero only when sources are turned on. In that case, they correspond to adding the
same terms—local functionals of the sources—to the QCD action. The conventional Chern-
Simons term, for example, describes the consistent anomaly in QCD [94]. By adding
a Bardeen-Zumino counterterm [148], one can instead obtain the covariant anomaly.
Boundary terms at z = 0 can thus be fixed by requiring that the new Chern-Simons term
reduces to the conventional one.

In the IR, the situation is more subtle. Boundary terms can modify the boundary conditions
and, consequently, the variational principle itself. As in the hard-wall models considered
previously, we proceed by first analyzing the spectrum of the quadratic bulk action. The
computation of TFFs then requires appropriate boundary terms so that the chiral limit
and the Landau-Yang theorem are reproduced consistently.

The field C3 can be dualized and described by a (circle-valued) scalar field a with the
action

Sa =
� 1

2B(z)(da− TpΩ1) ∗ (da− TpΩ1). (7.74)

To obtain a more explicit expression for Ω1, we use the transgression formula (7.64) and
restrict to one-forms, yielding

Ω1 = 2πα�tr
�
2η d exp(−2πα�T 20 )

+ (L−R) exp(−2πα�T 20 )
�
, (7.75)
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up to terms quadratic or higher order in fluctuations. A change Ω1 → Ω1 + dω0 can be
absorbed by a shift in a.

The quadratic Lagrangian then reads

B̃(z)
2

√
ggMN (∂Ma− tr(VtAM + η∂MVt))

×(∂Na− tr(VtAN + η∂NVt)), (7.76)

with Vt = exp(−2πα�T 20 ), where some constants have been absorbed into B(z), which
we have relabeled as B̃(z).

Let us relate B̃(z) to the phenomenological running of the strong coupling constant. A
simple way to do so is to expand (7.76) at small z and compare it to the Katz-Schwartz
model action for pseudoscalars or axial-vectors discussed in the previous section. One
finds �

B̃(z)Nf

2 = Ỹ0 = C0
− ln zΛ − Ξ0z4

�
(ln zΛ)− 1

2 + 1
8 ln zΛ

�
. (7.77)

As before, C0 is fixed by the OPE and Ξ0 is a free parameter fitted to the η, η� meson
masses.

The analysis of the spectrum is now largely analogous to the Katz-Schwartz model, and
we refer to [149] for details, such as boundary conditions. We again consider both the
OPE-fit and the Fρ-fit, determining Ξ0 via a least-squares fit tomη andmη� .

The computation of TFFs proceeds in principle in full analogy with the previous model,
but is more involved here because, for vq $= vs, no fully explicit expression for Ω5 is
available.

Recall that Ω5 is given by the five-form component of

Ω(A) = 2πα�i
� 1
0
dt Str exp(2πα�iFt)∂tAt. (7.78)

Instead of choosing a one-parameter family with A0 = 0, we take

iAt = t

�
iAL

iAR

�
+
�

T †

T

�
. (7.79)

The resulting Ω̃(A) differs from Ω(A) only by a function of T , which does not contribute
to the TFF.
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Further simplifications arise from the fact that all mesons of interest, as well as the photons,
are described by diagonal flavor matrices t0, t3, t8. A lengthy computation then yields

FP (q21, q22) = − Nc

2π2
1
3

�
dz trQ2

×
�
e−2πα�T 2

0
�
2ϕ�J1J2 − ϕ(J1J2)��

+ 2(e−2πα�T 2
0 )�ϕJ1J2

�
+ Nc

2π2
�
dz tr (e−2πα�T 2

0 )�Q2ηJ1J2, (7.80)

where J1,2 denote the bulk-to-boundary vector propagators,

J (z, q2i ) = Qiz

�
K1(Qiz) + K0(Qiz0)

I0(Qiz0)
I1(Qiz)

�
. (7.81)

Up to boundary terms, this expression can be rewritten as

FP (q21, q22) = − Nc

2π2
�
dz trQ2

�
e−2πα�T 2

0 ϕ�J1J2

+ (e−2πα�T 2
0 )�(ϕ− η)J1J2

�
, (7.82)

which, as shown in [149] implies the sum rule

!
n

FP
n (0, 0)fan = Nc

2π2 tr(Q
2ta), (7.83)

and accordingly reproduces the chiral anomalies in themq → 0 and large-Nc limit.

Predictions for decay constants, two-photon amplitudes, and the contribution to (g − 2)µ
are collected in table 7.4.

In the Fρ-fit, the aµ values for η, η� are somewhat closer to recent dispersive results [133]
than in the Katz-Schwartz model. The normalizations FP (0, 0) are generally underesti-
mated, while the large-Q2 behavior exceeds that observed in experiment and dispersion
theory. These two effects partially compensate each other, resulting in improved agree-
ment for aµ, although this appears to be somewhat coincidental. The scalar extension
of the Chern-Simons term also affects the a = 3 sector and leads to poorer agreement
with phenomenology. The normalization FP (0, 0) for the neutral π0 is still reproduced
remarkably well; however, because the scalar-extended TFF predicts a stronger UV be-
havior, the value aµ = 73.3× 10−11 significantly overshoots the dispersive estimate of
approximately 63× 10−11.
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Ξ0 = 0.0158 Ξ0 = 0.0177
g25 = (2π)2 g25 = 0.894(2π)2

η η� G/η�� η(3) η η� G/η�� η(3)

m 0.564 0.944 1.655 1.856 0.572 0.934 1.514 1.764
m−mexp 3.0% -1.4% 4.4% -2.5%
f8 0.102 -0.034 0.0053 -0.009 0.103 -0.035 0.0055 -0.03
f0 0.023 0.100 0.044 0.025 0.026 0.105 0.0445 0.040
fG -0.029 -0.067 -0.129 -0.069 -0.031 -0.070 -0.108 -0.059
FP (0, 0) 0.265 0.305 0.175 -0.171 0.257 0.276 0.203 0.0218
FP −Fexp -3% -11% -6% -20%
aµ × 1011 19.4 14.9 1.97 0.87 17.2 12.2 2.6 0.1
F̆P (0, 0) 0.284 0.433 -0.253 0.054 0.282 0.423 -0.245 -0.060
F̆P − F̆exp +4% +26% +3% +23%
ăµ × 1011 18.7 21.4 0.83 0.17 17.7 20.1 0.89 0.03

Table 7.4.: Results for the a = 0, 8 sector for OPE-fit and Fρ-fit. To understand the effect of T0(z)
in the TFFs, we have also considered a version where T0(z) was set to zero by hand in
the TFF formula (7.82) which is marked by a breve (˘). All dimensionful quantities are
given in units of (powers of) GeV and the central experimental value Fexp(0, 0) is 0.274
and 0.3437 GeV−1 for η and η� respectively according to PDG [150].

Q2FP
π0(−Q2, 0) [GeV]
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Fig. 7.2.: Singly-virtual TFF for the neutral π0 in OPE-fit (blue) and Fρ-fit (red) compared to
experimental data as compiled in [17]. The dashed lines correspond to the CS’ model,
where no scalar extension of the Chern-Simons term is used. The full lines, where non-
monotonic behavior and poorer agreement to data can be observed, corresponds to the
CS” model. Figure taken from [149].
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To better understand the role of T0(z) in the TFFs, we have also considered a variant in
which T0(z) is set to zero by hand in the TFF formula (7.82). These results are indicated by
a breve (˘) in table 7.1. We refer to this setup as the CS’ model, while the model retaining
the full T0 dependence is denoted CS”. The CS’ model keeps the a = 3 sector, where good
agreement with dispersive results and experimental data was found, unchanged, while the
a = 0 sector experiences tachyon effects exclusively through (7.76). Figure 7.2 compares
the singly-virtual TFF of the neutral pion Q2FP

π0(−Q2, 0) in the two different models to
experimental data. When the scalar extended Chern-Simons term (CS”) is used, the data is
overestimated for Q ∼ 5− 10 GeV, and even non-monotonic behavior occurs.

In the CS’ model, the normalizations F̆P (0, 0), especially for the η�, turn out to be too
large, leading to poor agreement of aµ with dispersive approaches.

Decomposing the modes as ϕ = ϕata, η = ηata, the TFF can be written as a sum

FP = F8 + F0, (7.84)

which is distinct from the Katz-Schwartz model decomposition (7.39). An analogue of the
mixing angle can nonetheless be defined via

θ = arctan F
8(0, 0)/tr(t8Q2)

F0(0, 0)/tr(t0Q2) , (7.85)

and similarly for the axial-vector mesons, where it is denoted by θA.

In the axial-vector case, we obtain

An(Q21, Q22) = 2
Q21

�
trQ2e−2πα�T 2

0 ξnJ �
1J2. (7.86)

Numerical results are shown in table 7.5. The masses exhibit a slight improvement com-
pared to the Katz-Schwartz model. Notably, the mixing angle θA comes very close to
the experimental value of 56(5)◦. However, the TFFs decrease too slowly compared to
singly-virtual data from L3, as illustrated in Fig. 7.3, when the full T0 dependence is re-
tained. Better agreement is obtained when the T0 dependence is omitted, as indicated by
the dashed curves in Fig. 7.3.

Although Fig. 7.3 suggests improved agreement with data when setting T0 = 0 in the
Chern-Simons term, the normalization Ă(0, 0) significantly overshoots the experimental
values. Data from L3 indicate |A(0, 0)| = 3.5(4) for f1 and |A(0, 0)| = 2.6(4) for f �

1,
which are better described by the models that retain a non-trivial T0.
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Ξ0 = 0.0158 Ξ0 = 0.0177
g25 = (2π)2 g25 = 0.894(2π)2
f1 f �

1 f1 f �
1

m 1.503 1.625 1.463 1.583
m−mexp +17% +13% +14% +11%
m∗ 2.450 2.547 2.402 2.405
m∗∗ 3.425 3.491 3.388 3.450
F 8A/mA 0.162 0.108 0.178 0.089
F 0A/mA 0.091 -0.139 0.078 -0.154
θA 62.78◦ -40.05◦ 68.96◦ -32.8◦

A(0, 0) 3.16 -2.06 3.00 -2.48
aµ × 1011 8.51 3.45 7.22 4.70
a∗
µ × 1011 3.99 0.93 4.38 1.05
a∗∗
µ × 1011 0.79 0.28 0.91 0.26
a∗∗∗
µ × 1011 0.38 0.14 0.38 0.14
a∗∗∗∗
µ × 1011 0.26 0.1 0.24 0.07
θ̆A 56.61◦ -33.2◦ 63.515◦ -26.4◦

Ă(0, 0) 4.89 -3.71 4.17 -4.04
ăµ × 1011 13.97 6.95 10.42 8.43
ă∗
µ × 1011 2.14 0.50 2.61 0.61
ă∗∗
µ × 1011 0.95 0.30 1.11 0.27
ă∗∗∗
µ × 1011 0.41 0.15 0.39 0.15
ă∗∗∗∗
µ × 1011 0.24 0.1 0.23 0.07

Table 7.5.: Properties of f1, f
�
1 and their excitations in the OPE-fit and the Fρ-fit. As in the pseu-

doscalar case, we also exhibit the case when T0 is set to zero in the Chern-Simons term
Ω5, which is indicated by a breve (˘). All dimensionful quantities are given in units of
(powers of) GeV.
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Fig. 7.3.: Singly virtual f1, f
�
1 TFF compared to data from L3 [151,152] (shaded areas) for the OPE-fit

in blue and the Fρ-fit in red. Solid/Dashed lines denote predictions from Ω5 with/without
non-trivial T0. Figure taken from [149].
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There also exists experimental data on the decay process f1 → e+e−, which directly
probes the TFF. The SND collaboration reports [153] a branching ratio

Be+e− = 5.1+3.7−2.7 × 10−9. (7.87)

This process proceeds via the Feynman diagram shown in Fig. 7.4. It is a Lorentzian process
and is therefore sensitive to the TFF in the timelike region. As a large-Nc model, the
holographic framework does not fully capture certain effects, such as the finite width of
the ρ meson. The impact of this limitation on the present process is difficult to quantify,
but one can nonetheless evaluate the diagram using the holographic TFF.

A

e+

e−

Fig. 7.4.: One-loop Feynman diagram of the decay of an axial-vector meson into an electron positron
pair. The blob indicates the axial-vector TFF.

Using the tensor decomposition of [112], the amplitude forA→ e+e− can be written as

M = e4(εµūγµγ5v) Nc

4π2
��

d4k

(2π)4
A12 +A21

k2

+ 1
2

�
d4k

(2π)4 (A12
q22

+ A21
q21

)
�

=: e4(εµūγµγ5v)M̄, (7.88)

where A12 = A(−q21,−q22), A21 = A(−q22,−q21) with q1 = p1 − k and q2 = p2 + k.

A direct numerical evaluation of the loop integral is challenging, but it can be simplified
by decomposing the TFF as

A(−q21,−q22) =
!
α,β

Mαβ
1

q21 −m2α + iε

1
q22 −m2β + iε

, (7.89)

using the mode expansions

J (z, q2) =
!
α

fαvα(z)
q2 −m2α + iε

,

∂zJ (z, q2)
q2

=
!
α

1
m2α

fαv
�
α(z)

q2 −m2α + iε
. (7.90)

The modes vα are the same ones used for the mode decomposition of Vµ(z, x) in Sec. 6.1.
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It is important to note that the second relation is not obtained by simply acting with q−2∂z
term-by-term on the first expansion; doing so would lead to a divergent sum. Using these
expressions, the coefficientsMαβ can be determined numerically.

Introducing two Feynman parameters and performing one of the parameter integrals, the
loop integral reduces to

M̄ = Nc

4π2
−i

(4π)2
!
αβ

Mαβ

� 1
0
du1

�
− 1
m2β

log
�
−m2Au1(1− u1) +m2αu1 − iε



+ 1
m2β

log
�
(m2β −m2Au1)(1− u1) +m2αu1 − iε



+ 2
m2β −m2Au1

log
�
u1m2α + (1− u1)(m2β −m2Au1)− iε

u1m2α − iε

��
. (7.91)

This integral can be evaluated numerically with reasonable efficiency. It is important not to
set Feynman iε to zero from the outset, as the logarithms may otherwise develop negative
arguments for smallm2α,m2β . In practice, the sums over vector-meson modes α, β must
be truncated. Convergence is already observed for α, β ∼ 10, but we include up to 50
modes for numerical stability.

The decay rate is then given by

Γe+e− = 64π3α4
3 mA|M̄|2. (7.92)

In the CS” model (with full T0 dependence), one finds

Bf1
e+e− × 109 = 2.48 (OPE-fit) and 2.0 (Fρ-fit), (7.93)

B
f �

1
e+e− × 109 = 0.55 (OPE-fit) and 0.76 (Fρ-fit), (7.94)

while in the CS’ model (with T0 = 0 in the TFF)

B̆f1
e+e− × 109 = 4.74 (OPE-fit) and 1.54 (Fρ-fit), (7.95)

B̆
f �

1
e+e− × 109 = 3.25 (OPE-fit) and 1.79 (Fρ-fit). (7.96)

As noted earlier, the CS’ model overestimates the normalization A(0, 0), and the corre-
sponding branching ratios B̆ are therefore likely too large. The predictions of the CS”
model lie near the lower edge of the SND measurement 5.1+3.7−2.7 × 10−9. Future, more
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precise measurements should help reduce the uncertainty and possibly provide results for
f �
1 as well.

Let us conclude this chapter by comparing the different models in the Fρ-fit, as summarized
in Tab. 7.6 (for comparisons based on the OPE-fit, see [149]). All three models predict
rather similar total contributions, although the individual sub-contributions differ. The
CS” model yields larger contributions from the π0 and from excited states, while the
ground-state axial-vector and η, η� contributions are smaller. The η, η� contributions in
the CS’ model are comparatively large, leading to the highest overall value for aµ.

A detailed agreement with dispersive estimates at the level of individual sub-contributions
is achieved only in the Katz-Schwartz model. Its main shortcoming is the less accurate
prediction of the f1, f �

1 mixing angle and their masses, as discussed in the previous section,
but the sum of the aµ contributions of f1 and f �

1 is only weakly dependent on the mixing
angle. The contributions from excited states were obtained using the methods presented
in the next chapter, although a reasonable estimate can also be obtained by computing aµ
for the first few excited states and extrapolating.

a...µ × 1011 KS(Fρ-fit) CS”(Fρ-fit) CS’(Fρ-fit)
π0 63.4 68.8 64.3
η 17.6 17.2 17.7
η� 14.9 12.2 20.1
G/η�� 0.2 2.6 0.9"

PS∗ 1.4 3.2 0.8
π0 + η + η� 95.9 98.2 102.1
PS poles total 97.5 104 104
a1 7.1 4.9 7.6
f1 + f �

1 17.9 12.0 18.9"
a∗

1
2.6 2.3 1.7"

f
(�)∗
1

3.5 7.9 5.9
AV+LSDC total 31.1 27.0 34.0
AV+P*+LSDC total 32.7 32.8 35.7
total 129 131 138

Table 7.6.: Predictions for the Katz-Schwartz (KS), CS” (full dependence on T0) and CS’ (T0 = 0 in
Ω5) models in the phenomenologically more viable Fρ-fit. Despite some differences in
the individual subcontributions, the KS and CS” models predict strikingly close numbers
for the total contribution. The CS’ model is rather similar to the KS model in the a = 3
sector, but overshoots it for η, η�, f1, f

�
1 sector.
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Excited pseudoscalar and
axial-vector contributions
to the muon g − 2

8

8.1 Introduction

In the previous chapter, we investigated the contributions to the muon g − 2 from the
lowest-lying pseudoscalar and axial-vector multiplets, as well as from a few excited states.
Numerically, one observes that the contributions of the excited resonances drop off rather
quickly. In practice, it is therefore often sufficient to consider only the first few states
explicitly and to neglect—or, more appropriately, to estimate—the remaining tower.

Nonetheless, it would be desirable to compute the contribution of the entire tower without
truncating to a finite number of states. In addition to numerical improvements, it is
important to verify the convergence of the infinite sum. As we will show in chapter 9, this
sum does not converge in holographic soft-wall models and requires a modification of the
model itself.

Additionally, as pointed out in Ch. 2, individual intermediate states fail to contribute to the
symmetric longitudinal short-distance constraint as well as to the Melnikov-Vainshtein
constraint of the HLbL tensor. Only an infinite tower of resonances can sum to a non-
vanishing result, as first demonstrated in [28].

In this chapter, we therefore construct the structure functions Π̂i describing the entire
infinite set of excited pseudoscalars and axial-vectors. We find that it is possible to express
them as integrals

�� z0
0 dzdz�(. . .) over the holographic coordinate, where the integrand

contains photon bulk-to-boundary propagators J and certain Green’s functions that
appear in the bulk-to-bulk propagators of pseudoscalar and axial-vector fields. There are
also terms involving a single dz integral or no integrals at all, associated with boundary
terms in the TFFs. The Green’s functions can be given in closed form near the z = 0
conformal boundary and computed numerically otherwise. This representation of the Π̂i

then permits a straightforward analysis of the SDCs of the HLbL tensor. In particular, we
find that axial-vectors can saturate the MV constraint while contributing about 81% to
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the symmetric longitudinal constraint [114]. Pseudoscalars, on the other hand, are found
to fall off too quickly to contribute to the SDCs [98].

8.2 Pseudoscalars

In principle, one could compute the light-by-light tensor entirelywithin the five-dimensional
formulation without ever resorting to four-dimensional particle states and their TFFs. Ob-
taining Πµναβ(q1, q2, q3) in this way is computationally manageable, but subsequently
decomposing it into the tensor structures Tµναβ

i and structure functions Π̂i can require
substantial additional effort. For this reason, and because the end result is the same,
we follow an alternative route. The expressions for Π̂i for individual pseudoscalar and
axial-vector states are known from the dispersive analysis [23], and we simply sum the
individual contributions using holographic sum rules.

To illustrate the strategy and avoid cluttering the notation, we focus on the a = 3 sector,
where the pseudoscalars yield

Π̂1 =
!
P

FP (q21, q22)F(q23, 0)
q23 −m2P

=
�
Nc

2π2
�2 1

36
1

q23 −m2n
×

!
n

��
dzϕ�3

n (z)J (z, q21)J (z, q22)−
�
ϕ3n(z)− η3n(z)



J (z, q21)J (z, q22)

$$$
z0

�
×
��

dz�ϕ�3
n (z�)J (z�, q23)−

�
ϕ3n(z�)− η3n(z�)



J (z�, q23)

$$$
z0

�
. (8.1)

Before proceeding, we define1

yn =
�
β(z)∂zϕ

3
n

z
, (8.2)

with β(z) = z3/(v2qg25). The coupled equations for ϕ3n and η3n can then be reduced to a
Schrödinger equation

−y��
n + Vy(z)yn = m2nyn, (8.3)

where

Vy = 1√
β

�
β�

2
√
β

��
+ z

β
. (8.4)

1 In Sec. 6.2, yn was defined without the factor
�

β(z). From now on, we define it as in (8.2).
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The inner product between two modes (Φn,Φm) can also be expressed in terms of yn, ym
as

(Φn,Φm) = m2n
g25

� z0

0
dz ynym = δmn. (8.5)

The pseudoscalar HLbL contributions can be fully expressed in terms of yn and ∂zyn, since
∂z(yn/

√
β) = −(ηn − ϕn)/β. The crucial quantity determining the HLbL contribution of

the full tower of pseudoscalars is the bulk-to-bulk propagator

Gyy(z, z�, q2) =
!
n

yn(z)yn(z�)
q2 −m2n

. (8.6)

We aim to find an equation that allows us to determine this propagator without explicitly
summing over modes. A straightforward computation shows that

−∂2zGyy + Vy(z)Gyy = q2Gyy −D(z, z�), (8.7)

where D(z, z�) ="n yn(z�)yn(z�). The delta function has a representation δ(z − z�) ="
n(m2n/g25)yn(z�)yn(z�) which implies

(−∂2z + Vy(z))D(z, z�) = g25δ(z − z�). (8.8)

We first solve (8.8) subject to D(z0, z�) = 0 and ∂z
�
D(z, z�)/

�
β(z)

�
|z=0 = 0 and

subsequently use the result to determine Gyy .

Clearly, the equation for D(z, z�) can be solved by combining two fundamental solutions
of the corresponding homogeneous equation, which can be computed numerically if
necessary. The equation for Gyy can then be solved in a similar fashion. For the large-Qi

behavior of Π̂1, only the region of small z, z� is relevant, since for large Q the vector
bulk-to-boundary propagator J (z, q2) is localized near z = 0. Boundary terms in the TFF
at z = z0 can be neglected, as

J (z0, q2) ∼ e−z0Q 1√
2πz0Q

+ . . . . (8.9)

At small z, there is a qualitative difference in Vy depending on whethermq $= 0 ormq = 0.
For small but finitemq and z < m−1

q ,

Vy ∼ − 1
4z2 −

4σ
mq

+ . . . . (8.10)

In contrast, in the chiral limit one has V chiral
y ∼ 15/(4z2) + . . .. The limitsmq → 0 and

z → 0 do not commute, indicating a qualitative change in short-distance behavior when
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mq $= 0. This is also reflected in the TFFs, which scale as fnQ−2 for large Q1 ∼ Q2 ∼ Q.
In the chiral limit, fn → 0 for all states except the massless Goldstone bosons, thus
changing the decay with Q for the excited modes. To study the short-distance behavior in
full generality, we therefore keepmq $= 0 and use the small-z expansion above.

At small z, the most general solution to the homogeneous part of (8.8) is

c1
√
zJ0(2z

�
σ/mq) + c2

√
zY0(2z

�
σ/mq). (8.11)

By appropriately choosing c1 and c2, one obtains solutions DL and DR satisfying the UV
and IR boundary conditions, respectively. At small z,

DL =
√
zJ0(2z

�
σ/mq), (8.12)

DR =
√
zY0(2z

�
σ/mq). (8.13)

The solution for D(z, z�) can then be written as

D(z, z�) = g25W (z�)−1
�
θ(z� − z)DR(z�)DL(z) + θ(z − z�)DL(z�)DR(z)

�
, (8.14)

with constant Wronskian

W (z�) = DR(z�)D�
L(z�)−DL(z�)D�

R(z�) = −2/π. (8.15)

To determineGyy , we first construct the corresponding Green’s functionG and then use

Gyy(z, z�, q2) = −
� z0

0
dz̃ G(z, z̃, q2)D(z̃, z�). (8.16)

The Green’s function is given by

G = θ(z� − z)GR(z�)GL(z) + θ(z − z�)GL(z�)GR(z), (8.17)

with

GL(z) =
√
zI0

�
z

�
mqQ2 − 4σ

mq

�
, (8.18)

GR(z) =
√
zK0

�
z

�
mqQ2 − 4σ

mq

�
. (8.19)
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Since we will consider limits, Q2 � 4σ/mq we may replace z
�

(mqQ2 − 4σ)/mq → Qz.
At short distances, the HLbL contribution

Π̂1 →
�
Nc

2π2
�2 1

36

�� z0

0
dzdz�J (z, q21)J (z, q22)J (z�, q23)

z�
β(z)

z��
β(z�)

Gyy(z, z�, q23)

(8.20)

can be given analytically.

In corner kinematicsQ1 = Q2 = Q andQ2 � Q23, so we switch variables to ξ = Qz, ξ� =
Q3z�. The function Gyy is itself given by an integral over z̃ for which we use ξ̃ = Q3z̃.
We may then approximate

D( ξ̃

Q3
,
ξ�

Q3
) = −g25

�
ξ̃ξ�

Q3

�
θ(ξ� − ξ̃) log(ξ�/Q3) + θ(ξ̃ − ξ�) log(ξ̃/Q3)

�
. (8.21)

Similarly

G( ξ
Q
,
ξ̃

Q3
, q23) =

�
ξ̃

Q3

�
ξ

Q
K0(ξ̃). (8.22)

The integral yielding Gyy may be calculated explicitly

Gyy( ξ
Q
,
ξ�

Q3
, q23) = − g25

Q23

1√
Q3Q

�
ξξ� log(Q3). (8.23)

Inserting this into Π̂1 gives

Π̂a=3
1 → −

�
g5
2π

�2 m2q
6π2

log(Q23)
Q2Q43

(8.24)

for the a = 3 pseudoscalars, which was first shown in [98] via slightly different methods.
For a = 0, 8, the equations involve also the glueball field a(z, x), but for large Q3, Q,
the result is the same as if one would have ignored a(z, x) and the U(1)A anomaly. This
is consistent with QCD, where the U(1)A anomaly appears through instantons, which
are, however, subleading compared to the perturbative results at large momenta. The
short-distance behavior including the a = 0, 8 sectors is then simply (8.24) multiplied
by a factor of 4 (coming from the flavor traces). Any single resonance only contributes
Q−2Q−4

3 in corner kinematics, but when summing over the infinite tower, a logarithmic
enhancement occurs. It is however not enough to contribute anything to the MV-SDC
which requires Q−2Q−2

3 behavior.
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The symmetric kinematic configuration Q1 = Q2 = Q3 = Q, which in the literature has
not yet been fully worked out for pseudoscalars, can also be investigated with the above
techniques. One obtains

Π̂1 =
�
g5
2π

�2 �Nc

6π

�2 m2q
Q3

�� ∞

0
dξdξ� �ξξ� [ξK1(ξ)]2 ξ�K1(ξ�)Gyy( ξ

Q
,
ξ�

Q
, q2). (8.25)

When computing Gyy(ξ/Q, ξ�/Q, q2) via (8.16), we perform the variable redefinition
z̃ = ξ̃/Q. A useful intermediate result is

G( ξ
Q
,
ξ̃

Q
, q2) =

�
ξξ̃

Q

�
θ(ξ̃ − ξ)I0(ξ)K0(ξ̃) + θ(ξ − ξ̃)I0(ξ̃)K0(ξ)

�
, (8.26)

which leads to

Gyy(ξ/Q, ξ�/Q, q2) = −g
2
5 logQ
Q3

�
ξξ�
	
K0(ξ)

� ξ

0
dξ̃ ξ̃I0(ξ̃) + I0(ξ)

� ∞

ξ
dξ̃ ξ̃K0(ξ̃)



= −g

2
5 logQ
Q3

�
ξξ�
	
ξK0(ξ)I1(ξ) + ξI0(ξ)K1(ξ)



. (8.27)

SinceK1 = −K �
0 and I1 = I �

0, the expression in the square brackets is identically equal
to one, due to the Wronskian identity for Bessel functions. In summary, the symmetric
short-distance region reads

Π̂1 → −
�
g5
2π

�2 m2q
6π2

log(Q2)
Q6

. (8.28)

As in the MV constraint, the result represents the contribution of the a = 3 sector and the
whole multiplet is obtained by multiplying by 4. There is again a logarithmic enhancement
when summing the entire tower, but even then pseudoscalars fail to reach theQ−4 behavior
required by the OPE.

8.3 Axial-vectors

Much more interesting is the case of axial-vectors, which actually supply a non-trivial
contribution to the short-distance constraints as first shown in [114].

It is advantageous to define

χn(z) = ξ3n(z)√
z
, (8.29)

where ξ3n is the axial-vector mode, and to express all quantities with respect to χn(z).
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In this formulation, the mode equations for ξ3n take on a Schrödinger-like form in terms of
χn, involving an effective axial potential Vχ.

Upon using the holographic expression for the transition form factor of the n’th axial-
vector meson, all dependence on the mode n in the structure functions Π̂A

i , given in (6.106),
can be collected into expressions like

χn(z)χn(z�)
q2 −m2n

. (8.30)

This shows that the contribution of the full tower is governed by the Green’s function

Gχχ(z, z�, q2) =
!
n

χn(z)χn(z�)
q2 −m2n

. (8.31)

Using the equations of motion satisfied by the modes χn, together with their completeness,
one obtains

(−∂2z + Vχ)Gχχ = q2Gχχ −
!
n

χn(z)χn(z�) = q2Gχχ − g25δ(z − z�). (8.32)

This equation, supplemented by the boundary conditionsGχχ(0, z�, q2) = 0 and ∂zGχχ|z0+
Gχχ|z0/(2z0) = 0, can be solved numerically to arbitrary precision, in complete analogy
with the pseudoscalar case. Consequently, the axial-vector contribution to g − 2 can
be expressed as an integral over

�
dQ1dQ2dτ

�
dzdz� with a numerically determined

integrand.

The short-distance behavior of Π̂A
i can, however, be analyzed explicitly. To illustrate the

procedure, we consider Π̂A
1 , which for Q1 = Q2 = Q is given by

Π̂A
1 (q2, q2, q23) = − 1

36

�
Nc

2π2
�2 ��

dzdz� ∂z
�
J (z, q2)2

� ∂z�J (z�, q23)
q23

√
zz�Gχχ(z, z�, 0).

(8.33)

For large Euclidean momenta, the bulk-to-boundary propagators J are strongly localized
near the conformal boundary at z = 0. Therefore, it again suffices to determine the
behavior of Gχχ(z, z�, 0) in the limit of small z and z�.

In contrast to the pseudoscalar case, the quark massmq does not affect the leading behavior
of the axial potential Vχ. One finds

Vχ ∼ 3
4z2 + . . . , (8.34)
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where the subleading corrections admit a smooth limit asmq → 0. As a result, the quark
mass can be neglected when analyzing the short-distance behavior of Gχχ.

In the small-z region, the Green’s function takes the form [114]

Gχχ(z, z�, 0) = −g
2
5
2

θ(z� − z)z
 
z

z� + θ(z − z�)z�
�
z�

z

 . (8.35)

In corner kinematics, where Q2 � Q23, performing the change of variables z = ξ/Q,
z� = ξ�/Q3 and simplifying the resulting expression yields [114]

Π̂A
i |a=3 → −1

4

�
g5
2π

�2 2
3π2

1
Q2Q23

. (8.36)

After multiplying by a factor of 4 to account for the full flavor multiplet, this result exactly
reproduces the Melnikov-Vainshtein constraint of perturbative QCD for g5 = 2π. While
the contribution of any individual axial-vector meson falls off too rapidly, the sum over
the infinite tower enhances the short-distance behavior sufficiently to match the required
scaling.

The symmetric short-distance constraint can be analyzed in a similar manner, leading
to [114]

Π̂A
1 |a=3 → −1

4

�
g5
2π

�2 4
9π2

1
Q4

IA, (8.37)

where

IA = 9
4

� ∞

0
dξ ξ4K1(ξ)3 ≈ 0.8122. (8.38)

Thus, in symmetric kinematics, the axial-vector tower saturates approximately 81% of the
corresponding short-distance constraint.

Among the structure functions Π̂i with i = 1, 4, 7, 17, 39, 54, the longitudinal component
Π̂1 is by far the most relevant for the muon g − 2, contributing roughly 60% of the
total [149]. Its short-distance behavior therefore has the largest numerical impact on the
final result. Short-distance expansions for the remaining structure functions are known in
both symmetric kinematics [34] and corner kinematics [29]. An extensive holographic
analysis of the SDCs of transverse structure functions Π̂i with i = 4, 7, 17, 39, 54 will
be published in [154]. Results for symmetric kinematics, which are influenced by tensor
degrees of freedom, are shown in Sec. 10.5.
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The first hadronic model incorporating infinite towers of states in the context of short-
distance constraints on Π̂1 was developed in [28]. In that framework, pseudoscalars
were responsible for saturating the constraint, albeit only away from the chiral limit. In
contrast, holographic models—which correctly reproduce the chiral limit—attribute the
dominant short-distance contributions to axial-vector states. While the MV constraint is
fully satisfied in the OPE matching, approximately 19% remains missing in the symmetric
configuration. As will be shown in chapter 10, this missing contribution can be supplied
by tensor meson towers, which affect the symmetric kinematics while leaving the corner
region unchanged.

Finally, it should be noted that QCD short-distance constraints receive gluonic corrections
at large but finite momenta. At energy scales of 2-3 GeV, these corrections amount
to an approximate 10% reduction of the asymptotic MV and symmetric expressions.
This observation is consistent with the phenomenological reduction of g25 in the Fρ-fit.
Overall, holographic QCD provides a framework that smoothly interpolates between low-
energy hadronic descriptions in terms of individual resonances and the asymptotically free
perturbative regime. In particular, it quantitatively demonstrates how this matching occurs
in the intermediate energy region without introducing additional degrees of freedom.
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The soft-wall model and its
divergences

9
9.1 Overview and introduction

A popular class of bottom-up holographic models of QCD are the so-called soft-wall models.
In contrast to hard-wall models, the IR cutoff that introduces confinement is smooth and
is implemented via a non-trivial dilaton profile.

The class of models considered in this chapter can be described by the following general
action

S = Sgrav.+dil.[g, φ]

− 1
4g25

�
d5x

√
ge−φtr

�
F 2L + F 2R

�
+
�
d5xe−φ|DX|2 + SCS[L,R] + . . . . (9.1)

This is very similar to the action of the hard-wall model, albeit with additional dilaton
factors inserted. In concrete realizations, one must specify the gravity-plus-dilaton action
as well as the higher-order terms not explicitly written above. For our purposes, however,
this will not be necessary, and we will be able to analyze a very broad class of models.

We will show that, under two rather natural additional assumptions, the model above is
ill-defined and can only be rendered consistent under certain conditions. The problem-
atic divergences are most clearly visible in the HLbL contributions of axial-vectors and
pseudoscalars. Our analysis will lead us to the conclusion that the only way to remedy
the model is to modify the Chern-Simons term. From the perspective of brane physics in
string theory, the most natural alternative is provided by the Chern-Simons term of the
superconnection constructed from L,R,X , which was already presented in Sec. 7.4. Some
models in the literature can indeed be salvaged in this way, although certain predictions—
particularly those concerning photon decays—must then be recomputed. Other models
remain ill-defined even after this modification and appear to have to be discarded.

In Sec. 9.2, we restrict ourselves to backgrounds that reproduce Regge behavior for radial
excitations of the ρ meson, allowing us to determine the asymptotic form of a specific
combination of background fields. In section 9.3, we use this result to show, in full
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generality that the HLbL tensor diverges. We then discuss a possible remedy—a modified
Chern-Simons term—and conclude.

9.2 Backgrounds, vector mesons and Regge
trajectories

Assuming that the four-dimensional Poincaré group is among the isometries of the gravi-
tational background, one can introduce coordinates such that

ds2 = −dz�2 + w(z�)2dx2Mink. (9.2)

This metric can be further simplified by a coordinate transformation z� = z�(z) satisfying
dz�/dz = w(z�), yielding1

ds2 = w(z)2(−dz2 + dx2Mink). (9.3)

The result (9.2) can be established by considering the action of the Poincaré group on the
five-dimensional bulk spacetime as shown in appendix B.

Given the general form of the action (9.1), one would first like to determine the background
solutions for the warp factor w(z) of the metric, the dilaton φ(z), and the chiral symmetry
breaking condensate X0(z). Typically, they can be found by solving the equations of
motion subject to boundary conditions. However, as is shown in this section, two rather
natural assumptions, which may be interpreted as definitions of soft-wall models, allow
one to fix the combination w(z)e−φ(z) at large z without solving complicated coupled
equations of motion. This will provide us with enough information to prove that the HLbL
tensor diverges in the next section.

Assumption 1: We assume that z ∈ (0,∞) is a non-compact coordinate and that the
background solutions are regular for all z, while still allowing for asymptotic divergences
as z →∞. At small z those solutions should describe AdS5, and thus

w(z) → 1/z, φ→ 0, X → 0. (9.4)

In QCD one observes Regge trajectories for mesons of increasing spin J

m2J ∼ J. (9.5)

1 By a small abuse of notation, we denote w(z�(z)) simply as w(z).
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Fig. 9.1.: Plot of the squared massesm2
n of ρ−mesons against the mode number n, from [87]. An

alternative way to group the experimentally known ρ mesons into Regge trajectories was
presented in [157], where also daughter trajectories are considered.

In a putative holographic dual of QCD (or, more generally, of any gauge theory), mesons
with spin J > 2 would not be described by massless supergravity fields, but rather by
massive excitations of the fundamental string. Quantitative descriptions of such states
in the bulk theory are challenging due to the limited understanding of string theory in
non-trivial Ramond-Ramond backgrounds. An approximate treatment within the Witten-
Sakai-Sugimoto model can be found in [155].

There is, however, also phenomenological evidence [156] for Regge-like trajectories for
radial excitations of mesons,

m2n ∼ n. (9.6)

A plot of the masses of the lowest vector-mesons is shown in Fig. 9.1.

Excitations of pseudoscalars, axial-vectors, scalars, and tensors are already described as
higher modes of five-dimensional fields and are therefore encoded in the massless fields of
supergravity2.

Hard-wall models do not give linear trajectories: due to the sharp cutoff, one findsm2n ∼ n2.
Soft-wall models on the other hand, where confinement is implemented smoothly, allow
2 In contrast, it is speculated in [155] that some states like ρ(1450) could arise from massive string modes
instead of as higher modes of the massless fields.
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for Regge behavior, as first demonstrated in [87], where a specific warp factor w(z) and
dilation e−φ were used. Since we are interested in a larger class of models, we don’t want to
immediately restrict to the specific configuration given in [87]. Instead we want to inspect
all backgrounds, which lead to Regge behavior, at the same time. Let us first show that
the behavior of vector-meson masses is governed by the combination ρ(z) = w(z)e−φ.

In soft-wall models, the holographic wave functions for vector mesons ψV satisfy

∂z (ρ(z)∂zψV (z)) +m2nρ(z)ψV (z) = 0, (9.7)

where ρ(z) = w(z)e−φ combines the warp factor and dilaton backgrounds.

By introducing the redefinitionψV = ξV /
√
ρ, this equation can be recast into a Schrödinger-

like form

−∂2zξV + VV (z)ξV = EV ξV , (9.8)

for ξV with a potential

VV = 1
2
ρ��

ρ
− 1

4

�
ρ�

ρ

�2
. (9.9)

The energy eigenvalues3 of this Schrödinger equation are related to the meson masses via
EV

n = m2n.

The behavior of ρ thus determines both the shape of the holographic wavefunctions for
vector mesons and their mass spectrum. To reproduce the phenomenology of radial
excitations in the vector sector, we impose Assumption 2: The function ρ(z) is such that
EV

n ∼ n at asymptotically large n. Let us derive a more explicit form for ρ(z).

We analyze the asymptotic spectrum using the WKB approximation. In regions where
EV > VV (z), the general solution is

ξV = A�
k(z)

ei
� z

k + B�
k(z)

e−i
� z

k, (9.10)

where k(z) =
�
EV − VV (z).

In the regime EV < VV (z), the solution takes the form

ξV = A��
κ(z)

e
� z

κ + B��
κ(z)

e−
� z

κ, (9.11)

3 Note that they have dimensions of mass2.
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where κ =
�
VV (z)− EV .

These approximations are valid when k�
k2 � 1 or κ�

κ2 � 1.

We restrict to normalizable solutions, since only these correspond to four-dimensional
particles. For vector mesons, the normalization condition is given by

g−2
5

� ∞

0
ξ2V dz = 1. (9.12)

Positive energies require VV (z) to be bounded from below. Since we assumed that the
backgrounds are non-singular, it is also necessary that VV → ∞ as z → ∞. If VV (z)
were bounded from above (and below by assumption), then the solutions to the eigenvalue
equation at large energies would resemble plane waves of the form e±iωz with EV ∼ ω2,
leading to a continuous spectrum and non-normalizable states.

At small z the dilaton is approximately constant and the AdS warp factor w ∼ z−1 implies
VV ∼ 3

4z2 . In this region, it is possible to solve for the mode equations analytically in
terms of Bessel functions. The interval, for which this approximation is appropriate is
denoted by [0, z1] and called region I. It is to convenient to let z1 depend onmn to have
more control when patching together the solutions [158].

To the right of z1 lies region II, where EV > VV and the oscillatory WKB solution (9.10)
applies. Near the turning point zr , where k = 0, a different approximation is required.
Expanding the potential around z = zr and retaining only the linear term yields solutions
in terms of Airy functions; this defines region III. Finally, in region IV, one uses the
exponentially decaying WKB solution (9.11). The different regions are illustrated in Fig. 9.2
for the particular soft-wall model introduced4 in [87]. More details on the validity of the
approximations in the respective regions can be found in [158].

For a given EV , more than four regions could in principle occur, for example if the
potential exhibits additional local maxima. However, for asymptotically large energies,
EV � VV (z) throughout region II, and the WKB approximation provides a reliable
description of the modes. Even when Fig. 9.2 is too simple to represent more complicated
models, it nevertheless capture the essential features at both small and large z, which is
sufficient for our purposes.

Matching the solutions across the different regions yields a quantization condition that
can be satisfied smoothly in the limit EV →∞, but only for discrete values of EV :� zr

zl

k(z) dz = nπ + . . . (9.13)

4 The simplicity of the background used in this model allows for analytic solutions for ξV (z), and no WKB
analysis is necessary in this special case.
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Fig. 9.2.: A plot of the vector potential VV (z) for the soft-wall model used in [87]. At the points
zl, zr the potential VV is equal to the energy EV of the fourth excited ρmeson, indicating
the points where k2 = 0. The points z1, z2, z3, indicated by black vertical lines, separate
the different regions described in the main text. An analogous figure for the pseudoscalar
potential of the model in [159] can be found in [158].

where n is an integer and the omitted terms are of order one.

As shown in detail in [158], one may approximate the RHS of (9.13) by

√
EV zr(EV ) ∼ nπ, (9.14)

for large EV . Regge behavior then requires zr(EV ) ∼
√
EV , or equivalently VV (z) ∼ z2

at large z. Using the definition (9.9), this condition can be translated into an equation for
ρ(z) at large z.

To ensure that the potential remains bounded from below, the term ρ��/ρ in (9.9) must
dominate over (ρ�/ρ)2. We are thus led to solve

ρ��(z) =
�
4c4z2 + r(z)

�
ρ(z), (9.15)

where r(z) ∼ zα with α < 2 encodes subleading contributions, and c is a mass scale (the
factor of 4 is introduced for convenience).
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To determine the asymptotic behavior of ρ(z), we again employ the WKB approximation,
obtaining

ρ(z) = w(z)e−φ = 1√
κρ
e−
�

κρ

∼ e−c2z2 e− 1
4c2
�

r(z)/z
√
z

, (9.16)

where
κρ =

�
4c4z2 + r(z). (9.17)

Notably, the exponentially growing WKB solution κ−1/2
ρ e

�
κρ must be discarded, as it

would lead to a tower of massless scalar mesons, signaling a breakdown of vector flavor
symmetry [160].

The assumption of Regge behavior for vector mesons, together with the requirement of
regular backgrounds, thus leads to a useful asymptotic expression for ρ(z) = w(z)e−φ. In
the following, we will use this result to analyze the axial-vector Green’s function and its
contribution to the HLbL tensor. In particular, the factor e−c2z2 in ρ(z) will be shown to
induce divergences, necessitating a modification of the model.

9.3 Axial-vectors and divergences in HLbL
scattering

As shown in chapter 8, determination of the axial-vector contribution to HLbL scattering
requires knowledge of the bulk-to-bulk propagator GA(z, z�, q2), which obeys

1
g25
∂z(ρ(z)∂zGA) + q2

g25
ρ(z)GA − vq(z)2w(z2)ρ(z)GA = δ(z − z�). (9.18)

In addition to ρ(z), this equation also depends on the combination w(z)vq(z), which
contains the chiral symmetry breaking condensate X0 = v/2. Nevertheless, we will now
show that the solution to (9.18) results in divergent structure functions Π̂i of the the HLbL
tensor, irrespective of the precise behavior of w vq .

For the determination of the g−2 contribution it is sufficient to study the Euclidean regime
q2 = −Q2. The scalar functions Π̂i of the BTT tensor decomposition in q4 → 0 kinematics
can then be expressed as double integrals

��
dzdz� of GA(z, z�, q2) times three vector
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bulk-to-boundary propagators J (or ∂zJ ). For example the axial-vector contribution to
Π̂1 reads

Π̂1 = −g25
�
Nc

12π2
�2 ��

dzdz� GA(z, z�, 0) #J (z, q23)

×
�
q21
#J (z�, q21)J (z�, q22) + q22

#J (z�, q22)J (z�, q21)
�
, (9.19)

where #J (z, q2) ≡ ∂zJ (z, q2)/q2.

Having determined the large-z behavior of ρ(z), we now analyze the asymptotic behavior
of J (z, q2), #J (z, q2), and GA(z, z�, q2), and ultimately of integrals such as (9.19).

The vector bulk-to-boundary propagator J satisfies

1
g25
∂z(ρ(z)∂zJ ) + q2

g25
ρ(z)J = 0. (9.20)

which can be rewritten as a Schrödinger-like equation for ξV = √
ρJ with a quadratic

potential VV ∼ c4z2 at large z. This equation can be solved analogously to the harmonic
oscillator (or via the WKB method), yielding the asymptotic behavior

J (z, q2) ∼ z−Q2/2c2
, (9.21)

for large z. Notably, the fall-off behavior is not exponential.

In the axial-vector sector we proceed by defining GA = 1√
ρG̃ and transforming the

equation into Schrödinger form

−G̃�� + (Q2 + VA)G̃ = − g25√
ρ
δ(z − z�). (9.22)

The Schrödinger potential for the axial sector contains contributions from the chiral
condensate vq(z) and simply reads

VA = VV + g25w(z)2vq(z)2. (9.23)

In addition to requiring a finite HLbL tensor, we also demand finite transition form factors
(TFFs). For axial-vectors, these are proportional to�

dz ξn(z) #J (z, q21)J (z, q22), (9.24)

where ξn(z) is the axial-vector wave function.
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If we assume that w(z)2vq(z)2/z2 → 0, such that VV approximates VA at large z, then, in
analogy with (9.21), the axial wavefunction behaves as ξn(z) ∼ z(M

A
n )2/2c2 at large z. This

implies that for fixedMA
n , the TFFs diverge whenever Q21 +Q22 ≤ (MA

n )2. It is therefore
necessary that w(z)2vq(z)2 competes with or dominates VV at large z. If one additionally
requires Regge behavior for axial-vector mesons, this suggests w(z)2vq(z)2 ∼ z2. In the
following, however, we will not restrict ourselves to this special case.

To solve for G̃, we first determine the two fundamental solutions χL, χR of the homoge-
neous equation and combine them using Heaviside step functions:

GA(z, z�, q2) = g25�
ρ(z)
�
ρ(z�)

×W−1(z)
�
θ(z� − z)χR(z�)χL(z) + θ(z − z�)χL(z�)χR(z)

�
. (9.25)

The WronskianW = χ�
L(z�)χR(z�)− χL(z�)χ�

R(z�) is independent of z�.

At small z, where the geometry is AdS-like, one finds

χL(z) =
√
zI1(Qz), (9.26)

χR(z) =
√
zK1(Qz), (9.27)

while at large z the WKB approximation yields

χL(z) ∼ 1√
κA

e
�

κA , (9.28)

χR(z) ∼ 1√
κA

e−
�

κA , (9.29)

with κA(z) =
�
Q2 + VA(z).

In principle, one could determine the proportionality constants in (9.28), (9.29) by matching
to the small-z solutions (9.26), (9.27). While this can be done smoothly in the limitQ→∞,
it is not necessary for our purposes. For the case of Π̂1 in (9.19), the virtuality Q of the
axial bulk-to-bulk propagator vanishes, rendering such matching unreliable. It is sufficient
to determine GA up to an overall proportionality constant in order to study convergence
at large z, z�. The validity of the WKB approximation at large z can be verified by checking
that κ�/κ2 � 1.

Since GA(z, z�, q2) is symmetric in z and z�, we may symmetrize the remaining integrand
and restrict the integration to the region below the diagonal z = z�, multiplying the result
by a factor of 2.

9.3 Axial-vectors and divergences in HLbL scattering 135



In this region, for large z, z�, one finds

GA(z, z�, q2) ∝ g25�
ρ(z)ρ(z�)

e
� z�
z

κA(ẑ)dẑ

2
�
κA(z)κA(z�)

, (9.30)

while the remaining factors in the integrand behave as power-laws due to (9.21).

We now focus on a narrow strip of width 2δ around the diagonal by introducing coordinates
y = z+z�

2 and η = z−z�
2 . In this strip (and below the diagonal), η ∈ [0, δ], where δ is much

smaller than any other length scale in the problem. This region is singled out because, as
can be shown with additional effort, the integral converges away from the diagonal, while
divergences arise precisely along it [158].

For η ≪ y, one finds

� z�

z
κA(ẑ)dẑ = −2ηκA(y) +O(η2), (9.31)

Since δ is chosen to be very small, κA can be treated as approximately constant over the
integration region, allowing us to neglect the O(η2) terms. This leads to

GA ∼ ec
2y2−2ηκA(y)+O(η2), (9.32)

up to power-law prefactors.

Performing the η integration and collecting power-law contributions into functions p(y)
and p̃(y), the integral (9.19) restricted to this strip can be written schematically as

�
dy ec

2y2
p(y)(1− e−δκA(y))

2κA(y) →
�
dy ec

2y2
p̃(y) →∞. (9.33)

The integral over y clearly diverges due to the exponential factor ec2y2 , independently of
the behavior of κA.

The axial-vector contributions to the other BTT functions Π̂i are also given by double
integrals

��
dzdz� involving products of vector bulk-to-boundary propagators J (and

their derivatives), which behave as power-laws at large z, z�, together with a factor of
GA(z, z�, q2). The above analysis therefore applies directly, establishing divergences for
all Π̂i.

Pseudoscalars contribute only to Π̂1, but an analogous analysis shows that their con-
tribution also diverges. There is no cancellation between pseudoscalar and axial-vector
divergences in Π̂1. Moreover, these divergences cannot be removed by holographic renor-
malization, as they originate from the large-z, z� region. Holographic renormalization
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only addresses divergences arising from the small-z, z� region, which are absent in HLbL
scattering. However, the contributions of individual pseudoscalar or axial-vector mesons
are finite, since their holographic wave functions vanish to good approximation beyond
some zcrit.. From this perspective, it is the sum over the infinite tower of mesons that
results in the divergence.

Thus, seemingly mild assumptions lead to divergences in the HLbL tensor and a breakdown
of the model. These divergences occur already at tree level in the bulk loop expansion
and therefore cannot be removed by adding counterterms. A modification of the model is
therefore unavoidable.

Relaxing the assumption of smooth backgrounds typically introduces curvature singulari-
ties, indicating that the supergravity approximation breaks down and that the full string
theory must be considered. While this may in principle resolve the issue, it is extremely
difficult to analyze due to the limited understanding of non-perturbative string theory.

Duals of asymptotically free theories typically contain regions of large curvature, requiring
the full string theory. However, we expect that this would appear in the small z region,
while at larger z, curvatures remain bounded and a supergravity approximation is appro-
priate. Modifications in the small z region do not influence the previous conclusions and
do not cure the divergences. Introducing additional fields is also unlikely to resolve the
issue.

The interaction vertex governing TFFs and HLbL scattering originates from the Chern-
Simons term, whose structure ensures the correct reproduction of SU(Nf )L × SU(Nf )R
chiral anomalies. As shown in Sec. 7.4, the Chern-Simons term is not completely unique
andmay be generalized. In string theory, the worldvolume theory of a stack ofNf D-branes
contains a standard Chern-Simons term. When a stack of D-branes and anti-D-branes are
brought together, a tachyonic mode appears, and the two Chern-Simons terms combine
into that of a superconnection. This modified term reproduces the same anomalies without
introducing new parameters.

As discussed in Sec. 7.4, the corresponding TFF integrands acquire additional damping
factors exp

�−2πα�T 20 (z)
�
. Identifying the tachyon with the bifundamental scalarX via

T 20 = g25π

2 X20 = g25π

8 v2, (9.34)

these factors can suppress the divergence.
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In order for that to happen, the factor e−2πα�T 2
0 needs to suppress the e+c2z2 factor coming

from 1√
ρ which requires

2πα�T 20
z2

>
c2

2 , (9.35)

at large z.

Only models satisfying this condition can yield finite HLbL contributions. Models in which
vq(z) grows too slowly or approaches a constant cannot be cured by this modification.

It is not known whether there exist further generalizations of the Chern-Simons term,
including more fields such as the dilaton for example, while still describing the flavor
anomalies of QCD appropriately.

Different soft-wall models exhibit different asymptotic behaviors of vq(z). The model
of [107, 159, 161] has vq(z) ∼ σz3 and can be made finite using the modified Chern-
Simons term. Unfortunately the aµ contributions are considerably larger than established
dispersive results when using a fit of the model tuned to pion masses and decay constants.
The π0 contribution for example turns out to be 89 × 10−11 which overestimates the
dispersive result of ∼ 63× 10−11 significantly.

In the improved holographic models of [162, 163] the background vq(z) approaches a
constant and thus the model remains ill-defined even after modifying the Chern-Simons
term.

Models considered in [164,165] with vq(z) ∼ z can be rendered finite if the proportionality
constant is sufficiently large.

The identification (9.34) may also be modified by an overall constant without affecting
anomaly matching. Adjusting this constant allows one to interpolate between different
numerical predictions while maintaining finiteness.

There are also models which do not fall into the rather general class of models described
in this chapter, such as V-QCD models. They are considerably more complicated and
incorporate a variety of potentials in the action which are fitted to lattice data. Nonetheless
the WKB analysis reveals a completely analogous large z structure. The axial-vector and
pseudoscalar meson masses follow a Regge trajectory corresponding to a vq(z) ∼ z

behavior. V-QCD models automatically incorporate a scalar-extended Chern-Simons term
and a particular choice of parameters is necessary to obtain finite answers. More details
can be found in [158].

Soft-wall models are therefore intrinsically linked to Chern-Simons terms constructed from
superconnections. The requirement that T0 ∼ v be unbounded and diverge asymptotically
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has an important physical consequence: chiral symmetry is not restored for highly excited
meson states, in agreement with earlier arguments presented in [166].

In summary, this chapter has revealed the presence of subtle divergences in soft-wall
models under very general conditions. These divergences originate from the large-z
region, where one would ordinarily expect the supergravity approximation to a putative
holographic dual of QCD to remain valid. Importantly, they arise solely from two basic
ingredients: the regularity of the background fields and the requirement of Regge behavior
for vector mesons. The analysis applies broadly to models containing a dilaton, a warped
metric, a chiral symmetry breaking scalar, and U(Nf )L × U(Nf )R gauge fields, without
imposing any additional assumptions on the detailed form of the backgrounds.

A key outcome is that the possibility of curing these divergences by modifying the Chern-
Simons term depends sensitively on the asymptotic behavior of vq(z). Only for sufficiently
rapidly growing vq(z) can the divergences be suppressed. Consequently, if a holographic
dual of QCD of the type considered here is to be viable, the inclusion of a scalar-extended
Chern-Simons term is not optional but required.
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Tensor meson
contributions

10
10.1 Overview

In this chapter, we turn our attention to spin-2 excitations in QCD, namely 2++ tensor
mesons. For applications to the muon g − 2, the last section has revealed problems for
soft-wall models. For this reason, and because of their success in describing pseudoscalar
and axial-vector contributions, we again work with hard-wall models in this chapter.

In a holographic framework, these states are described by symmetric rank-two fields whose
masses are related to the scaling dimensions of the corresponding dual operators. However,
one encounters a mismatch: in QCD there exists an entire flavor multiplet of operators
T a αβ , whereas in the supergravity approximation on the bulk side only a single spin-two
field is present, namely the metric gMN , which is dual to the total energy-momentum
tensor.

The boundary operators have scaling dimension four in the ultraviolet and are given by

Tαβ
a ∝ Pαβ

µν

�
ψ̄taγµDνψ −Dµψtaγνψ

�
, (10.1)

where

Pαβ
µν = δ(αµ δβ)ν − ηαβηµν , (10.2)

and ta denotes a generator in flavor space (e.g. one of the Gell-Mann matrices).

Experimentally, the observed tensor mesons indeed organize into flavor multiplets. From
a holographic perspective, this feature is difficult to reproduce without incorporating
stringy excitations beyond the supergravity approximation. Despite this limitation, the
contribution to the muon g − 2 arising from the tower of glueball states associated with
the five-dimensional metric can be computed straightforwardly. Remarkably, these states
contribute to longitudinal short-distance constraints and, when combined with axial-
vector contributions, can fully saturate them after an appropriate matching of the five-
dimensional Newton constant. This matching further suggests that the metric glueballs
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can be interpreted as effective degrees of freedom resulting from integrating out the full
flavor multiplet.

This chapter is organized as follows. In Sec. 10.2, we derive the effective four-dimensional
Lagrangian and the bulk-to-bulk propagator starting from the five-dimensional Einstein-
Hilbert action. In section 10.3, we compute the transition form factors and compare our
formalism to approaches based on resonance chiral theory. In Sec. 10.4, we contrast the
dispersive reconstruction of the Π̂i functions with the model results and demonstrate in
section 10.5 that tensor mesons contribute to the symmetric longitudinal short-distance
constraints. Finally, in Sec. 10.6, we evaluate their contribution to the muon g − 2 and
compare it with existing dispersive results based on quark models. We conjecture that
tensor mesons in holographic QCD may help explain the current discrepancy between
dispersive and lattice determinations of the hadronic light-by-light contribution.

10.2 Holographic description and mass spectrum

2++ tensor mesons in holographic QCD are usually described as fluctuations of the
metric tensor. Their masses and decay constants follow from the Einstein-Hilbert action
[167, 168]

SEH = −2kT
�
d5x

√
g (R+ 2Λ). (10.3)

The full action also contains boundary terms that ensure awell-defined variational principle.
At the z = 0 boundary, we include the standard Gibbons-Hawking-York [169, 170] term,
which allows for Dirichlet boundary conditions.

We work perturbatively around AdS5 by inserting

ds2 = ηµνdx
µdxν − dz2

z2
+ hMNdx

MdxN

z2
(10.4)

into (10.3) and expanding inhMN . Within holography, a nonzero boundary valuehµν(x, 0) ≡
h0µν(x) corresponds to an insertion of the stress-energy tensor in the partition function of
the dual theory.

At the z = z0 boundary of the hard-wall model, we choose

Sbdry. = 4kT
�
z=z0

d4x
√
γ, (10.5)
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where γ is the induced metric. This term can be interpreted as arising from a 3-brane with
tension T = 4kT . To obtain a well-defined variational principle (at least around AdS5),
we impose Neumann boundary conditions,

nM∇M

�
hKL

z2

� $$$$
z0

= 0, (10.6)

where nM = zδMz is the normal vector to the z = z0 surface and ∇M is defined with
respect to the background metric. The notation

$$
z0

indicates that the indices K,L are
projected onto the tangent space of the boundary. In the following, we work in the gauge
hµz = hzz = 0, in which many expressions simplify. The IR boundary condition then
reduces to ∂zhµν

$$
z0

= 0.

To analyze the particle spectrum, wemay set h0µν = 0. The quadratic part of the Lagrangian
for the fluctuations is then

LL = kT

� 1
2z3 (∂ρhµν)2 − 1

z3
(∂νhνµ)2 + 1

z3
∂νh

ν
µ∂

µhρρ

− 1
2z3 (∂µhρρ)2 − 1

2z3 (∂zhµν)2 + 1
2z3 (∂zhρρ)2

�
. (10.7)

Performing a mode decomposition

hµν(z, x) =
!
n

hn(z)h(n)µν (x), (10.8)

for a suitable set of basis functions hn(z), one obtains at quadratic order a tower of
Fierz-Pauli Lagrangians [171]

S =
!
n

�
d4xLFP [h(n)µν (x)], (10.9)

describing massive spin-2 particles. The explicit form of the Fierz-Pauli Lagrangian is
given by

LFP [hµν ] = 1
2(∂ρhµν)2 − (∂νhνµ)2 + ∂νh

ν
µ∂

µhρρ −
1
2(∂µhρρ)2 − (mT

n )2
2 ((hµν)2 − (hρρ)2)

= 1
2h

αβOαβγδh
γδ. (10.10)

The functions hn(z) entering (10.9) satisfy the mode equation

∂z

�
∂zhn(z)
z3

�
+ (mT

n )2
z3

hn(z) = 0, (10.11)
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together with the normalization condition

kT

�
dzz−3(∂zhn)2 = (mT

n )2, (10.12)

and the boundary condition ∂zhn|z0 = 0.

This eigenvalue problem admits solutions only for discrete masses

mT
n = γ1,n

z0
, (10.13)

where γ1,n are the zeros of the Bessel function J1(x). The corresponding eigenfunctions
are

hn(z) =
�

2/kT
z0J2 (γ1,n)z

2J2(γ1,nz/z0). (10.14)

The mass of the lowest tensor meson is given by 1.235 GeV, which differs by only about
3% from the experimental value 1.2754 GeV for f2(1270) [167, 172].

In four dimensions, the field hµν(x) has ten off-shell degrees of freedom. However, the
equations of motion derived from the Fierz-Pauli Lagrangian impose the constraints
∂µhµν = 0 and hµµ = 0, thereby reducing the number of propagating degrees of freedom
to five, as appropriate for a massive spin-2 particle.

The parameter kT is absorbed into the normalization of the tensor modes and therefore
only becomes relevant when interactions are considered. One way to fix kT is by matching
to the experimentally measured two-photon decay width of the lowest tensor meson
f2(1270). Alternatively, kT can be determined by comparison with the QCD operator
product expansion (OPE) of the stress-energy tensor two-point function.

In holography, this correlator is obtained by specifying a boundary value hµν(0, x) ≡
h0µν(x) and differentiating the on-shell action twice:


TµνT ρσ� = 4δ
2Son−shell
δhµνδhρσ

→ −1
2kTP

µνρσQ4 lnQ2, (10.15)

where

Pµνρσ = 1
2(PµρPνσ + PµσPνρ − 2

3PµνPρσ) (10.16)
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is the transverse-traceless projector with Pµν = ηµν − qµqν/q
2. Matching to the QCD

result [173], as done in [167], yields

kT =
�
NcNf

80π2 + N2
c − 1

40π2

�
. (10.17)

In the following, we will primarily use this value for Nf = Nc = 3. In a later section, we
revisit this choice in light of short-distance constraints on the light-by-light scattering
tensor, where a slightly smaller value of kT with modified Nc and Nf scaling proves
advantageous.

Finally, we collect some useful expressions for propagators. The propagator corresponding
to the Fierz-Pauli Lagrangian for a tensor field of massm is obtained by inverting Oαβγδ

in (10.10). In Fourier space, this yields

Gµναβ
m (q) = −i

q2 −m2

�1
2(Pµα

m P νβ
m + Pµβ

m P να
m )− 1

3P
µν
m Pαβ

m

�
, (10.18)

where

Pµν
m = ηµν − qµqν

m2
. (10.19)

To compute the contribution of the full tower of tensor modes to the muon g − 2, we
also require the bulk-to-bulk propagator of hµν(z, x). Rather than solving directly for
this Green’s function in AdS5, one may use the mode decomposition together with the
Fierz-Pauli propagator:�

d4xeiqx
hµν(z, x)hαβ(z�, 0)� =
!
n

hn(z)hn(z�)Gµναβ
mn

(q). (10.20)

On the right-hand side, all n-dependence can be organized into the combinations

Gi(z, z�, q2) =
!
n

� 1
m2n

�i hn(z)hn(z�)
q2 −m2n

, i = 0, 1, 2. (10.21)

A direct computation shows that G0 satisfies

∂z

�
∂zG0(z, z�, q2)

z3

�
+ q2

z3
G0(z, z�, q2) = δ(z − z�)

kT
. (10.22)
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For spacelike momentum q2 = −Q2, this equation can be solved explicitly in terms of
modified Bessel functions:

G0(z, z�, q2) =− k−1
T θ(z� − z)z2z�2I2(Qz)

�
K1(Qz0)I2(Qz�)

I1(Qz0)
+K2(Qz�)

�
− k−1

T θ(z − z�)z2z�2I2(Qz�)
�
K1(Qz0)I2(Qz)

I1(Qz0)
+K2(Qz)

�
. (10.23)

Using the recursion relation

Gi(z, z�, q2) = Gi−1(z, z�, q2)−Gi−1(z, z�, 0)
q2

, (10.24)

the functions with i = 1, 2 can be obtained straightforwardly. Although not required
for the full five-dimensional propagator, the case i = −1 in (10.21) can also be explicitly
given

G−1(z, z�, q2) = q2G0(z, z�, q2)− z3δ(z − z�)
kT

. (10.25)

The cases i = −2,−3, . . . are not relevant, since the corresponding sums over infinitely
many modes diverge.

10.3 Interaction with photons

The interaction of an on-shell tensor meson with two (generally virtual) photons is de-
scribed by the matrix element

&λTαβ(p)Mµναβ
T (q1, q2)

= i

�
d4x eiq1·x
0|T{Jµ(x)Jν(0)}|T (p, λT )�. (10.26)

Using Lorentz invariance, parity conservation, and Bose symmetry (q1, µ ↔ q2, ν), the
amplitude can be decomposed into five independent tensor structures:

Mµναβ
T (q1, q2) =

5!
i=1

m
e(i)
T Tµναβ

i (q1, q2)FT
i (q21, q22), (10.27)

where e(1) = −1 and e(i) = −3 otherwise. Although additional structures can be written
down, they vanish when contracted with the polarization tensor &λTαβ .
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The explicit basis Tµναβ
i is chosen such that it is free of kinematic singularities [40]:

Tµναβ
1 = gµαP νβ

21 + gναPµβ
12 + gµβP να

21

+ gνβPµα
12 + gµν(qα1 q

β
2 + qα2 q

β
1 )

− q1 · q2(gµαgνβ + gναgµβ),
Tµναβ
2 = (qα1 q

β
1 + qα2 q

β
2 )Pµν

12 ,

Tµναβ
3 = Pµα

11 P
νβ
22 + Pµβ

11 P
να
22 , (10.28)

Tµναβ
4 = Pµα

12 P
νβ
22 + Pµβ

12 P
να
22 ,

Tµναβ
5 = P να

21 P
µβ
11 + P νβ

21 P
µα
11 ,

with
Pµν
ij = gµνqi · qj − qνi q

µ
j . (10.29)

To compute the tensor-photon-photon amplitude holographically, we turn on a boundary
value for the vector gauge field, Vµ(0, x) = Qvµ(x) and functionally differentiate the
on-shell action twice with respect to vµ(x).

The relevant part of the holographic action is the gauge field kinetic term

STγγ = − 1
2g25

�
d5x

√
g tr
�
F V
MNF

MN
V

�
, (10.30)

where F V
MN = ∂MVN − ∂NVM − i[VM , VN ]. Taking into account the tensor fluctuation,

the effective action becomes

S = − 1
2g25

�
d4q1
(2π)4

d4q2
(2π)4

�
dz

z
hν1ν2(z,−q1 − q2)vµ1(q1)vµ2(q2)

×trQ2
�

(T3)µ1µ2
ν1ν2

∂zJ (z, q21)
q21

∂zJ (z, q22)
q22

+ (T1)µ1µ2
ν1ν2J (z, q21)J (z, q22)

�
.

(10.31)

From this action, two non-zero structure functions arise for the tensor meson described
by the holographic wave function h(z):

FT
1 (q21, q22)/mT = − 1

g25
trQ2

� z0

0

dz

z
h(z)J (z, q21)J (z, q22), (10.32)

FT
3 (q21, q22)/m3T = − 1

g25
trQ2

� z0

0

dz

z
h(z)∂zJ (z, q21)

q21

∂zJ (z, q22)
q22

, (10.33)

Since ∂zJ (z, q2) ∼ q2, both FT
3 (0, 0) and FT

3 (0,−Q2) are finite. Therefore, FT
3 does not

contribute to real photon decay nor to singly-virtual processes.
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For the choice of kT in (10.17), the holographic prediction for the two-photon decay rate
of the ground state tensor meson is

Γγγ = 2.46 keV, (10.34)

which agrees remarkably well with the experimentally measured value of Γexp
γγ = 2.65(45)

keV [150] of f2(1270).

Additionally the singly-virtual data from the Belle collaboration [174] is rather nicely
matched by the holographic FT

1 TFF shown Fig. 10.1 and referred to there as HW (Hard
Wall). We compare this to predictions from the quark model (QM) [175] with scale
parameter ΛT = Mρ or ΛT = MT .

As previously noted, singly-virtual helicity data is completely insensitive to FT
3 , and

currently no experimental constraints exist for this structure function. Within holography,
however, FT

1 and FT
3 necessarily appear together, since both originate from the same

√
gF 2V term. One cannot appear without the other unless diffeomorphism invariance is

broken. However, FT
3 would contribute in doubly virtual processes such as T → e+e−

and can be indirectly tested by experiment. At the moment only upper limits for the
branching rations of f2(1270) and a2(1320) are available [176].

At large virtualities, light-cone sum rules predict [40]

FT
1 (q21, q22) →

4"aCaF
a
Tm

3
T

Q4
fT1 (w),

FT
i (q21, q22) → −4"aCaF

a
Tm

5
T

Q6
fTi (w), i ∈ {2, 3, 4, 5}, (10.35)

with asymmetry functions

fT1 (w) = 5(1− w2)
8w6

�
15− 4w2 + 3(5− 3w2)

2w ln 1− w

1 + w

�
,

fT2 (w) = − 5
8w6
�

15− 13w2 + 3(1− w2)(5− w2)
2w ln 1− w

1 + w

�
,

fT3 (w) = − 5
8w6
�

15− w2 − w4 + 6w2 − 15
2w ln 1− w

1 + w

�
,

fT4 (w) = − 5
24w6

�
45 + 30w − 21w2 − 8w3 + 3(1 + w)(15− 5w − 7w2 + w3)

2w ln 1− w

1 + w

�
,

fT5 (w) = − 5
24w6

�
45− 30w − 21w2 + 8w3 + 3(1− w)(15 + 5w − 7w2 − w3)

2w ln 1− w

1 + w

�
,

(10.36)

and tensor decay constant FT .
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Fig. 10.1.: Comparison of singly-virtual tensor TFFs for helicities λ = 2, 1, 0 with Belle data
[174] for the f2(1270), normalized by Ff2(0, 0) ≡

�
FT

1 (0, 0)2 + FT
2 (0, 0)2/24 =�

5Γγγ/(πα2MT ). Figure taken from [172]. The helicity components are linear combi-
nations of FT

i and can be found for example in [40].
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The holographic model yields

F1 → −CTm
3
T

Q4
× 4
w4

�
3− 2w2 + 3(1− w2)

2w ln 1− w

1 + w

�
, (10.37)

F3 → −CTm
5
T

Q6
× 4
w4

�
3 + 3− w2

2w ln 1− w

1 + w

�
. (10.38)

While the detailed w-dependence differs, the correct Q2 scaling and overall magnitude are
reproduced.

Before moving to short-distance constraints on the HLbL tensor and the contributions to
themuon g−2, we first establish a connection to resonance chiral theory [177,178]. Starting
from the holographic description, we derive a four-dimensional effective Lagrangian in
which a tower of vector mesons mediates the interaction between tensor mesons and
photons. In doing so, we demonstrate that a nonzero contribution to FT

3 can be obtained
when vector mesons are modeled by Proca fields, without violating gauge invariance,
in contrast to the conclusions of Ref. [179]. We then translate our results into the more
commonly used formalism in which vector mesons are described by antisymmetric tensor
fields, and in this language we observe a curious interchange in the relative importance of
the interaction terms responsible for generating FT

1 and F T
3 .

To derive the four-dimensional effective action, we decompose the five-dimensional vector
gauge field, already in the gauge Vz = 0, into a non-normalizable and a normalizable part
according to

Vµ(z, x) = V̄µ(z, x) +
!
n

vn(z)V n
µ (x), V n

µ (x) ≡ v(n)aµ ta. (10.39)

The non-normalizable component satisfies V̄µ(0, x) = Qvµ, whereas the normalizable part
vanishes at z = 0. As in previous chapters, the modes vn(z) constitute an orthonormal
basis and are chosen to satisfy

∂z

�
∂zvn
z

�
+ m2n

z
vn = 0, (10.40)

together with the normalization condition g−2
5
�
dzz−1v2n = 1. With this choice, the four-

dimensional fields V n
µ (x) are described by a canonically normalized Proca Lagrangian,

LProca = −1
4(F a

µν)2 + m2V
2 (V a

µ )2. (10.41)

There is, in principle, some freedom in choosing the non-normalizable mode, since any
choice that reproduces the same boundary value at z = 0 is acceptable. The difference
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between two such choices is itself normalizable and can therefore be interpreted as a field
redefinition of the modes V n

µ (x) [172]. In order to obtain an effective Lagrangian that
closely resembles the expressions familiar from resonance chiral theory, we adopt the
simple choice

V̄µ(z, x) ≡ Q vµ(x). (10.42)

Substituting this decomposition into the gauge field kinetic term yields the four-dimensional
action

S4D =
!
n

SProca[V n
µ (x)] +

!
n

tr(Qta) Fn

m2n

�
d4xF an

µν (x)fµν(x)

+ tr(Q2)
2g25

log(ε/z0)
�
d4xfµν(x)fµν(x), (10.43)

where fµν = ∂µvν−∂νvµ. This expression must be supplemented by a counterterm arising
from holographic renormalization, which effectively replaces log(ε/z0) by − log(µz0).
The decay constants Fn, which have mass dimension two, are defined by

Fn = −g−2
5 lim

ε→0

�
ε−1∂zvn(ε)

�
. (10.44)

The interaction terms between tensor mesons, vector mesons, and the photon field vµ are
obtained by including metric fluctuations in the action. The contributions relevant for F1
read [172]

STV V |FT
1

= cγγ

�
d4x hαβ(x)fαµ(x)fβν(x)ηµν +

!
n

caγn

�
d4x hαβ(x)fαµ(x)F a n

βν (x)ηµν

+ 1
2
!
mn

c(1)mn

�
d4x hαβ(x)F a m

αµ (x)F a n
βν (x)ηµν , (10.45)

with

cγγ = tr(Q2)
g25

�
dz

z
h(z), (10.46)

caγn = 2 tr(Qt
a)

g25

�
dz

z
h(z)vn(z), (10.47)

c(1)mn = 1
g25

� z0

0
dz
h(z)
z

vm(z)vn(z). (10.48)
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The interaction terms contributing to F3 are instead given by

STV V |FT
3

= −1
2
!
mn

c(3)mn

�
d4x hαβ(x)V a m

α (x)V a n
β (x), (10.49)

with

c(3)mn = 1
g25

� z0

0
dz
h(z)
z

v�
m(z)v�

n(z). (10.50)

As expected, the transition form factors resulting from this action match with (10.32) and
(10.33) upon inserting mode decompositions for the bulk-to-boundary propagatorJ (z, q2).
However, different mode expansions of J (z, q2) are possible, and their properties require
some care.

A simple representation is

J (z, q2) =
∞!
n=1

Fnvn(z)
q2 −m2n

, (10.51)

which converges pointwise for all z > 0 although it vanishes at z = 0. Since J ap-
pears under an integral in the transition form factors, this mismatch at the boundary is
inconsequential.

Nevertheless, this representation is not suitable for our purposes, because differentiating it
term by term leads to a divergent series, and therefore does not correctly reproduce ∂zJ ,
which is required for FT

3 .

A more useful representation can be obtained from the identity

∞!
n=1

Fnvn(z)
m2n

= −1, (10.52)

valid for all z > 0. This leads to the expansion

J (z, q2) = 1 +
∞!
n=1

q2

m2n

Fnvn(z)
q2 −m2n

, (10.53)

which holds for all z and can be differentiated term by term, since the resulting series
remains convergent.

Because the masses scale asm2n ∼ n2 in the hard-wall model, this expansion converges
more rapidly for fixed z and q2. However, its truncated version does not reproduce
the correct large q2-behavior, since it approaches a nonzero function of z, whereas the
alternative expansion scales as 1

q2 and therefore captures the correct asymptotics.
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By explicitly computing the transition form factors in the four-dimensional effective theory,
one finds that the result corresponds precisely to inserting this improved mode expansion
into the holographic expressions. Moreover, while the expansion can be differentiated
term by term to reproduce ∂zJ , this property holds only up to two derivatives; taking a
third derivative renders the series divergent again.

More generally, one can construct expansions that remain convergent under a prescribed
number of derivatives by defining recursively

Ji+1(z, q2) = Ji(z, q2)− Ji(z, 0)
q2

, (10.54)

where J0(z, q2) ≡ J (z, q2).

For i > 0, these functions admit the mode expansion

Ji(z, q2) =
!
n

� 1
m2n

�i Fnvn(z)
q2 −m2n

. (10.55)

Therefore given some k ∈ N, an expansion that can at least be differentiated (2k + 1)
times with respect to z while remaining convergent reads

J (z, q2) =
k!

j=0
(q2)jJj(z, 0) +

!
n

�
q2

m2n

�k+1
Fnvn(z)
q2 −m2n

. (10.56)

The functions Jj(z, 0) may be derived from the explicit analytic formula for J (z, q2)
using (10.54), or inductively by integrating

∂z

�
∂zJi+1(z, 0)

z

�
= −Ji(z, 0)

z
, (10.57)

subject to the boundary conditions Ji(0, 0) = J �
i (z0, 0) = 0 for i > 0 and with the initial

condition J0(z, 0) = 1. Increasing k improves differentiability but worsens the large-q2

behavior when the expansion is truncated.

In the so-called minimal model of Ref. [179], the tensor-vector-vector interaction (10.49) is
identical to the one given above, but the vector-photon coupling is taken to be of the form
SV γ ∼

�
d4x V µ

n (x)vµ(x), which leads to a non-transverse, and hence gauge-violating,
TFF.

This issue has generated some confusion in the literature (see footnote 23 in [14]), and
one might even be tempted to conclude that the corresponding interaction term should be
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discarded. The holographic construction shows that such a conclusion would be incorrect.
Indeed, performing the field redefinition

V a µ
n (x) = W a µ

n (x) + 2tr(Qta) Fn

m2n
vµ(x), (10.58)

one recovers precisely the same vector-photon interaction as in the aforementioned
reference, while the interactions responsible for FT

3 arise consistently from substituting
this redefinition into the tensor-vector-vector terms. In this way, one obtains a fully
gauge-invariant realization of the interactions generating FT

3 .

An alternative description of vector mesons employs antisymmetric tensor fields Vµν ,
which is more common in phenomenological applications [180, 181]. On shell, this formu-
lation carries the same number of degrees of freedom as the Proca description, and the
two are related by

V n
µ = 1

mn
∂νV n

νµ, Vµν = −Vνµ. (10.59)

Mathematically this approach is equivalent to the Proca-field description which can be
proved with field redefinitions in the path-integral.

Using the corresponding propagator


V µν
n (x)V ρσ

n (y)� = 1
m2n

�
d4q

(2π)4 e
−iq(x−y) −i

q2 −m2n

×
�
ηµρηνσ(−q2 +m2n) + ηµρqνqσ − ηµσqνqρ − (µ↔ ν)

�
,

(10.60)

one finds that the interactions reproducing the holographic transition form factors take
the form

S4D|FT
1

=
!
m,n

mmmnc
(1)
mn

�
d4xhαβ(x)V n

ακ(x)V m
βλ(x)ηκλ, (10.61)

S4D|FT
3

=
!
m,n

c
(3)
mn

mnmm

�
d4x hµν(x)∂ρV n

ρµ(x)∂σV m
σν(x). (10.62)

In this formulation, the interactions contributing to FT
1 involve two fewer derivatives than

those contributing to FT
3 , whereas in the Proca formulation the situation is effectively

reversed. In particular, the Proca interaction terms contain structures of the form T∂V ∂V ,
which are subleading in a derivative expansion compared to the terms generating FT

3 .
This suggests that both FT

1 and F T
3 should be regarded as equally important within a

low-energy effective theory.
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In conclusion, the holographic transition form factors reproduce the observed two-photon
decay rate and provide a good description of the existing singly-virtual data, while also
exhibiting qualitative agreement with light-cone sum rule predictions. Moreover, both
structure functions can be reconstructed within a low-energy effective theory in a man-
ifestly gauge-invariant manner. Finally, when the full infinite tower of tensor states is
taken into account, new contributions to the short-distance constraints of the HLbL tensor
arise, as will be discussed in section 10.5.

10.4 Pole and non-pole reconstruction of the
light-by-light tensor

The dispersive reconstruction of single intermediate spin-2 particle contributions to the
HLbL amplitude was first described in [23]. Within this framework, complications arise in
the general case when all tensor form factors FT

i are non-zero. In such cases, one must
verify whether certain sum rules are satisfied.

However, these complications are absent in the simplified case where only FT
1 and FT

3 are
non-zero, as predicted by the leading-order (in Nc) holographic result. For completeness,
we reproduce the explicit formulas for an individual intermediate tensor meson—originally
derived in [23]—in appendix C. A key advantage of this dispersive approach is that it relies
exclusively on on-shell data, which is, at least in principle, experimentally accessible. Let
us mention at this point an alternative dispersive approach developed in [115], where
tensor meson contributions are free from kinematic singularities also in the general case.
However, in this framework one also needs to understand the V γ∗γ∗γ process, requiring
additional experimental input. The new dispersive formalism also indicates a reshuffling
contribution to short-distance constraints. Although interesting for future studies, we do
not consider this approach further in this thesis.

In contrast, within any given field-theoretical model, sum rules are satisfied automatically
and one may compute the HLbL tensor directly and subsequently project it onto the
Bardeen-Tung-Tarrach (BTT) basis. In holographic QCD, the tensor contribution to the
HLbL amplitude is constructed from four vector bulk-to-boundary propagators, two TV V
vertices, and a tensor bulk-to-bulk propagator. This structure is represented by the Witten
diagram shown in Fig. 10.2.

It is important to emphasize that, in the expression for the TV V vertex given in eq. (10.31),
terms proportional to the trace hµµ(z, x) were previously neglected. This simplification
is justified in the context of transition form factors, where the tensor meson is on-shell
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Fig. 10.2.: The Witten diagrams relevant for the tensor contribution to the HLbL tensor. Single
lines represent vector bulk-to-boundary propagators, while the double line indicates a
tensor bulk-to-bulk propagator.

and therefore traceless by virtue of its equations of motion. However, in a non-dispersive
computation these trace terms must be retained, since both the Fierz-Pauli propagator and,
equivalently, the tensor bulk-to-bulk propagator are not trace-free and thus sensitive to
them.

To proceed, we decompose the bulk-to-bulk propagator using the Fierz-Pauli propagator
Gµναβ

m (q) as

Gµναβ
T (z, z�, q) =

!
n

hn(z)hn(z�)Gµναβ
mn

(q). (10.63)

We then outline the procedure for computing the HLbL tensor corresponding to an indi-
vidual term in this sum. The full result is obtained by summing over all modes n.

For a single tensormeson, theTV V vertex—including previously neglected trace contributions—
is given by

Mµν
αβ(q1, q2) = (T1)µναβ

�
− trQ2

g25

��
dz

z
h(z)J (z, q21)J (z, q22)

+(T3)µναβ
�
− trQ2

g25

��
dz

z
h(z)∂zJ (z, q21)

q21

∂zJ (z, q22)
q22

+ηαβPµ
σ(q1)P ν

ρ(q2)ησρ
�
trQ2
g25

��
dz

z
h(z)∂zJ (z, q21)∂zJ (z, q22)

+1
2ηαβ

�
(q1)σPµ

ρ(q1)− (q1)ρPµ
σ(q1)

�
(qσ2P νρ(q2)− qρ2P

νσ(q2))

×
�
trQ2
g25

��
dz

z
h(z)J (z, q21)J (z, q22), (10.64)
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which can be simplified to

Mµν
αβ(q1, q2) =

�
(T T
1 )µν αβ − (TS

1 )µνηαβ
�
F1(q21, q22)

+
�
(T T
3 )µν αβ − (TS

2 )µνηαβ
�
F3(q21, q22), (10.65)

where the form factors are defined as F1 = 1
mT
FT
1 , F3 = 1

m3
T
FT
3 .

The Lorentz structures (TS
i )µν , defined in [40] and typically used for the decomposition

of scalar TFFs, read

(TS
1 )µν = q1 · q2ηµν − qµ2 q

ν
1 , (10.66)

(TS
2 )µν = q21q

2
2η

µν + q1 · q2qµ1 qν2 − q21q
µ
2 q

ν
2 − q22q

µ
1 q

ν
1 . (10.67)

Combining this vertex with the Fierz-Pauli propagator, the contribution of a single tensor
meson to the HLbL tensor reads

Πµ1µ2µ3µ4(q1, q2, q3, q4) = iMµ1µ2
αβ(q1, q2)iGαβγδ

m (q1 + q2)iMµ3µ4
γδ(q3, q4)

+iMµ1µ3
αβ(q1, q3)iGαβγδ

m (q1 + q3)iMµ2µ4
γδ(q2, q4)

+iMµ1µ4
αβ(q1, q4)iGαβγδ

m (q1 + q4)iMµ2µ3
γδ(q2, q3), (10.68)

where all three channels—corresponding to permutations of external momenta—are in-
cluded.

As noted earlier, obtaining the complete Witten diagram requires summing over the full
tower of tensor states. In appendix C, we provide the projections onto the BTT basis
relevant for the muon anomalous magnetic moment aµ, now including the full vertex with
trace terms.

Unsurprisingly, these expressions differ from those obtained in the purely dispersive
approach. Consequently, the contributions of individual tensor modes to themuon g−2 are
not identical between the twomethods. This highlights the importance of clearly specifying
whether dispersive or model-dependent techniques are employed when comparing results
across the literature.

Nevertheless, when summing over the complete set of intermediate tensor states, the
dispersive results for the muon g− 2 contribution converge to those obtained from the full
Green’s function calculation. This agreement provides an important consistency check.

The formulas obtained after resumming the whole tower of tensor mesons are presented
at the end of appendix C.
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10.5 Longitudinal short-distance constraints and
tensor mesons

The short-distance constraints on the structure function Π̄1 introduced in part I , have
already been analyzed in the context of holographic pseudoscalar and axial-vector mesons
in chapter 8. Although axial-vector mesons were shown to account for a substantial
portion of these constraints, approximately 19% of the longitudinal symmetric short-
distance constraint remained unaccounted for when g5 was fixed using the operator
product expansion (OPE).

At first glance, the contribution of tensor mesons to Π̄1 = Π̂1 may appear surprising. This
is because the corresponding tensor structure involves epsilon tensors,

T̂µνλσ
1 = εµναβελσγδq1αq2βq3γq4δ, (10.69)

which do not explicitly appear in either the transition form factors or the Fierz-Pauli
propagator. However, by using the identity

εµναβελσγδ = 4!δµ[λδ
ν
σδ

α
γ δ

β
δ], (10.70)

the epsilon tensors can be rewritten in terms of Kronecker deltas. This replacement
ultimately leads to the tensor contributions presented in appendix C.

We now begin the analysis of the short-distance constraints for the full tensor contribution
given in Eq. (C.3). To this end, we consider the kinematic configuration where q21 = q22 =
−Q2 and q23 = −Q23. In this regime, one can perform a partial integration to obtain

Π̄T
1 (Q,Q,Q3) = −4

�
trQ2
g25

�2 � z0

0

dzdz�

zz� J (z, q2)J (z�, q2)∂z
�J (z�, q23)
Q23

∂z�G0(z, z�, 0),

(10.71)

where the Green’s function is given by

G0(z, z�, 0) = − 1
4kT

min(z4, z�4). (10.72)

In the symmetric limit Q3 = Q� ΛQCD , this expression simplifies to

Q4Π̄T
1 (Q,Q,Q) → 4

kT

�
trQ2
g25

�2 � ∞

0
dξK1(ξ)

� ξ

0
dξ�ξ�3K1(ξ�) ∂ξ�

�
ξ�K1(ξ�)

�
, (10.73)
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which evaluates numerically to

4
kT

�
trQ2
g25

�2
× (−0.15285). (10.74)

This corresponds to approximately 12.23% of the OPE QCD result when using the original
Katz-Lewandowski-Schwartz (KLS) normalization [167] for kT given in (10.17).

For the Melnikov-Vainshtein limit Q� Q3 � ΛQCD in can be shown that

Π̂T
1 ∼

log(Q3/Q)
Q4

, (10.75)

which means that tensors do not contribute to the MV constraint.

This somewhat unexpected behavior suggests that tensor mesons can provide precisely
the missing contribution to the symmetric short-distance constraints, while leaving the
asymmetric constraints unaffected. However, the numerical coefficient is not large enough
to fully account for the missing 19%. Furthermore with (10.17) and g25 = 12π2

Nc
, the large

Nc scaling of (10.73) is O(N0
cN

2
f ), while in pQCD, one obtains a O(NcNf ) scaling.

This discrepancy is closely tied to the holographic description of tensor mesons as metric
fluctuations. These modes are flavor singlets and couple to the gluonic component of
the energy-momentum tensor, whereas in QCD one expects an entire flavor multiplet of
tensor mesons coupling to the quark component.

If one attempted to model the tensor multiplet in AdS using a field haMN , this would
inevitably introduce additional scalar and vector degrees of freedom. The gauge symmetries
that allow one to impose the condition hMz = 0 in the metric formulation would no longer
be present.

Consequently, one would need to construct a suitable representation of the gauge group
U(Nf )L × U(Nf )R in which haMN appears only as one component, in order to write
down gauge-invariant interactions with LM and RM .

The simplest representation containing the adjoint of U(Nf )V (the diagonal subgoup) is
the bifundamental representation. Fields in this representation are described by complex
matrices, which implies the introduction of additional multiplets of pseudoscalars, axial-
vectors, and axial tensors. Clearly, this constitutes a significant amount of additional
structure merely to accommodate tensor mesons. At present, a holographic description
of tensor mesons in terms of open strings ending on flavor branes is not available and is
expected to be highly nontrivial.
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In the absence of a satisfactory holographic model for flavored tensor mesons, one may
instead proceed by interpreting the flavor-singlet glueball, described by metric fluctu-
ations hµν , as an effective degree of freedom representing the full multiplet [182]. In
this approach, the parameter kT is refitted such that the missing 19% of the symmetric
SDC is entirely supplied by the tensor contribution. This implies kT ∼ O(NcNf ), which
simultaneously corrects the previously incorrect large-Nc scaling of Π̂i at high virtualities.
The contributions of the individual members of the flavor multiplet can then be obtained
by distributing the glueball result according to ideal mixing, namely (69 + 25 + 6)%
corresponding to f2, f �

2 and a2 respectively [182].

As discussed earlier, gluonic corrections to the HLbL tensor at large—but not asymptotically
large—values ofQ can be incorporated through a reduction of g5 in the Fρ-fit. Axial-vector
meson contributions reduce uniformly as they are proportional to g25 , but because tensor
contribution are proportional to 1/g45 , a moderate reduction of kT is then sufficient in
describing gluonic corrections.

With this adjusted value of kT , either in the OPE-fit or in the Fρ-fit, hQCD becomes the
first—and currently only—hadronic model simultaneously reproducing both the MV and
symmetric longitudinal SDC in full. In the corner region, the relevant degrees of freedom
are the axial-vector mesons, while in the symmetric limit both axial-vector and tensor
mesons contribute. In both cases, the full infinite tower of excited states plays a crucial
role.

Tensor mesons also significantly improve the matching to transverse short-distance con-
straints, which concern Π̂i for i = 4, 7, 17, 39, 54. In the symmetric limit, the constraints
in fact all coincide1 with the naive quark loop (QL) as derived in [34]. In hQCD both
axial-vector and tensor mesons contribute in this regime, which is shown in Tab. 10.1.

î A/QL T/QL sum[%]
1 81.2 18.8 100
4 37.5 70.4 108
7 75.0 31.6 107
17 59.0 3.3 62
39 68.8 28.9 98

Table 10.1.: Contributions of axial-vector (A) and tensor (T) sectors to the structure functions with
î = 1, 4, 7, 17, 39 in symmetric kinematics. The results are divided by the quark loop
(QL) and given in percent.

Except for Π̂17, where non-perturbative corrections are generally expected to be stronger
than in the other structure functions [154], the inclusion of tensor mesons results in a very

1 The function Π̂54 identically vanishes for symmetric arguments.

160 Chapter 10 Tensor meson contributions



good match to the quark loop [183]. Further details, as well as an analysis of the transverse
structure functions in the corner region Q21 ∼ Q22 � Q23 are work in preparation [154].

The tower of tensor mesons therefore emerges as an essential ingredient for the correct
implementation of short-distance constraints within holography. Contributions from
excited tensor states to the muon anomalous magnetic moment g−2 have so far only been
partially included. Within the dispersive approach, these effects are implicitly contained
in the OPE expressions for Π̂i , contributing primarily in the mixed and ultraviolet regions.
However, as will be demonstrated in the next section, holography predicts additional
sizable contributions from the tensor tower in the infrared region. In the dispersive
framework, such effects would be incorporated through so-called effective poles, which
have so far only been implemented in the pseudoscalar and axial-vector sectors.

10.6 Contribution to the muon g − 2

In this section, we finally turn to the contribution of tensor mesons to the muon g − 2.
Althoughmany results exist in the literature, a representation free of kinematic singularities
has only recently been developed in [23]. Building on this, the same authors evaluate
in [135] the contribution from the lowest-lying tensor meson using a simple quark model
for the transition form factor that includes only a nonzero FT

1 .

In contrast, the holographic approach necessarily yields a nonzero FT
3 , which generates a

contribution to aµ of comparablemagnitude but with the opposite sign. A direct comparison
between our results and dispersive results is however only meaningful when employing
the pole formulas described in appendix C. Tensor mesons have also been investigated
within the holographic soft-wall model in [159] in the context of HLbL. However, the
analysis included only helicity-2 contributions to aµ, and therefore represents a partial
evaluation.

We also compute the contributions using the non-pole representation and include the full
tower of tensor states. Encouragingly, when summing over the entire tower, the results
converge to the same value irrespective of whether pole or non-pole formulas are used.

The quark model, whose only nonzero TFF FT
1 is compared with the holograpic FT

1 and
singly-virtual Belle data in Fig. 10.1, used in [135] can be evaluated for the f2(1270) for
ΛT = Mρ or ΛT = MT , where the g − 2 value is calculated to be

aQM, f2
µ (Mρ)|IR = −1.91(32)× 10−11, (10.76)

aQM, f2
µ (MT )|IR = −5.58(95)× 10−11. (10.77)
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for the IR region of the master integral. For the whole multiplet, the estimate with
ΛT = Mρ reads

a
QM,f2+f �

2+a2
µ (Mρ)|IR = −2.5(8)× 10−11. (10.78)

The corresponding pole results obtained with the holographic transition form factor for
various values of kT are summarized in table 10.2. The holographic model, in the Fρ-fit
with kT determined by the symmetric longitudinal SDC obtains

a
hQCD,f2+f �

2+a2
µ |IR = 2.9(4)× 10−11. (10.79)

One can make an even more direct comparison for f2(1270) by refitting kT to reproduce
the experimentally measured two-photon decay width of f2 and additionally setting the
masses entering the g − 2 integrals to their experimental values to obtain

ahQCD,f2
µ = 2.28× 10−11. (10.80)

MT [GeV] Γγγ [keV] IR Mixed UV sum [10−11]
1.235 (f2) 2.46 7.00 − 4.87 = 2.13 0.40 − 0.23 = 0.16 0.005 2.31
1.2754(8) 2.65(45) 6.59 − 4.31 = 2.28 0.37 − 0.22 = 0.16 0.004 2.44(41)
1.3182(6) 1.01(9) 2.19 − 1.34 = 0.85 0.12 − 0.07 = 0.05 0.001 0.90(8)
1.5173(24) 0.08(2) 0.10 − 0.04 = 0.06 0.005 − 0.002 = 0.003 < 0.0001 0.06(2)

f2 + a2 + f �
2 8.87 − 5.69 = 3.19 0.50 − 0.29 = 0.21 0.005 3.40(42)

1.235 2.3+0.8+0.2 9.61 − 6.68 = 2.93 0.55 − 0.32 = 0.23 0.007 3.17
1.235 2.6+0.9+0.2 10.76 − 7.48 = 3.28 0.61 − 0.36 = 0.25 0.008 3.55

Table 10.2.: Results for the muon g − 2 contribution of the ground state tensors using the pole
formulas of [23]. The first line corresponds to the original kT fit (10.17), while in
the last two lines kT has been refitted to match the LSDC in the OPE-fit and Fρ-fit
respectively and are interpreted as the contribution of the whole multiplet. In slanted
fonts in the middle of the table, the masses and real two-photon rates have been refitted
to experimental data, which show rather good agreement with the refitted kT values.
In all columns the values are written as a sum of the contribution from the first two
structure functions Π̄1,2 and the other 10.

Although the magnitudes are similar, the sign difference arises from the additional nonzero
structure function FT

3 , as can be verified by artificially setting FT
3 = 0 in the holographic

calculation. Since FT
3 is known to be nonzero at least in the asymptotic regime from

light-cone expansion arguments, the holographic results indicate that the quark model
predictions may receive substantial corrections once FT

3 is properly included. Indeed

lim
Q→∞

FT
3 (−Q2,−Q2)

FT
1 (−Q2,−Q2) = m2T

Q2
×

16
9 [40]
2
3 hQCD

, (10.81)
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which means that hQCD even underestimates the magnitude of the asymptotic behavior
of FT

3 , at least in comparison to FT
1 .

Tensor meson contributions were also investigated within resonance chiral theory (RχT)
in Ref. [178]. Based on the available experimental data and matching to the asymptotic
expansions of TFFs of [40], they find aRχT,f2+f �

2+a2
µ |IR = 1.7(4.4)× 10−11 for the lowest

tensor meson multiplet, when restricting to FT
1 and FT

3 . Due to the limited information
on FT

3 , large uncertainties are associated with the RχT result, which is consistent with
both the quark model, as well as with hQCD, however slightly favoring the latter.

From a theoretical perspective, there is no compelling reason to single out specific structure
functions FT

i , except for i = 1, 2, which contribute to real two-photon decay. In principle,
one should therefore also include FT

2 , FT
4 , and FT

5 in the g − 2 evaluation alongside FT
1

and FT
3 . Within holographic QCD, these additional form factors are difficult to compute

precisely and are expected to arise from loop effects in AdS5, making them subleading in
1/Nc, in apparent tension with light-cone expectations. From the perspective of resonance
chiral theory, however, FT

1 and FT
3 seem to be equally important at low energy.

Furthermore, given that the singly-virtual Belle data are already well described by FT
1

alone, it is reasonable to expect that FT
2 and FT

5 are sufficiently small to be neglected
at first approximation. Since FT

4 is related to FT
5 via FT

4 (q21, q22) = FT
5 (q22, q21), it can

be omitted on similar grounds. This leaves FT
1 and FT

3 as the dominant low-energy
structure functions. Nevertheless, this argument remains tentative and ultimately requires
validation from additional experimental or lattice data, particularly in the doubly virtual
regime.

Within holographic QCD, one can also evaluate the contributions of excited tensor states
using either pole or non-pole representations. The corresponding results in the Fρ-fit, are
presented in table 10.3. Although the two approaches exhibit noticeable differences for the
first few modes, they converge to the same result when the full tower is included. Notably,
the non-pole representation converges significantly faster than the pole representation.
The infinite tower has been evaluated using the Green’s function methods described in
appendix C.
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MT [GeV] apole
µ [10−11] afull

µ [10−11]
1.235 10.20 − 7.03 = 3.17 12.81 − 4.45 = 8.36

1.235|IR 9.61 − 6.69 = 2.92 11.86 − 4.45 = 7.41
2.262 2.98 + 0.78 = 3.76 1.78 − 0.30 = 1.48
3.280 1.32 + 0.41 = 1.73 0.74 − 0.15 = 0.59
4.295 0.58 + 0.19 = 0.77 0.30 − 0.05 = 0.26
5.310 0.34 + 0.12 = 0.47 0.18 − 0.03 = 0.15

[1.2–5.3] 15.42 − 5.52 = 9.90 15.81 − 4.98 = 10.83
[1.2–5.3]|IR 13.21 − 5.04 = 8.17 13.35 − 4.83 = 8.52
[1.2–10.4] 15.95 − 5.31 = 10.65 16.08 − 5.03 = 11.05

[1.2–10.4]|IR 13.35 − 4.94 = 8.40 13.36 − 4.85 = 8.51
[1.2–∞] 16.19 − 5.05 = 11.14

[1.2–∞]|IR 13.37 − 4.85 = 8.52
Table 10.3.: The aµ contributions of ground state and excited tensor multiplets with pole and non-

pole (denoted by afullµ ) formulas in the Fρ-fit. While individual contributions differ
between the two approaches, their total approaches the same value.

For the two available fits, the total contribution to aµ of tensor mesons, as well as their
contribution in the infrared and mixed regions amount to

aT,totalµ × 1011 =

11.1 (Fρ-fit)

12.4 (OPE-fit)
,

aT,totalµ |Mixed × 1011 =

1.9 (Fρ-fit)

2.1 (OPE-fit)
,

aT,totalµ |IR × 1011 =

8.5 (Fρ-fit)

9.5 (OPE-fit)
. (10.82)

The contribution of the lowest mass multiplet is given at the bottom of Tab. 10.2. As in
the axial-vector case, our preferred model is the Fρ-fit, since it better captures subleading
effects in the short-distance regime providing the central value of the final holographic
prediction

aT,totalµ = 11.1+1.3−3.0 × 10−11,

aT,totalµ |IR = 8.5+1.0−2.3 × 10−11. (10.83)

As a theoretical error estimate, the upper values correspond to the OPE-fit and the lower
values to the original KLS value for kT . In summary, the positive sign of the tensor
contribution in holographic QCD arises from the nonzero FT

3 structure function. While
FT
1 originates from the F 2µν term, FT

3 is generated by the F 2zµ term, implying that both
contributions are intrinsically linked by five-dimensional coordinate invariance.
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Although the holographic model shows excellent agreement with singly-virtual helicity
amplitudes measured by Belle, experimental data in the doubly virtual regime are essential
to fully constrain FT

3 . Interestingly, there is currently some tension between dispersive
evaluations based on the negative quark-model result and lattice calculations, in which a
clean separation of tensor contributions is not possible.

Replacing the quark-model tensor contribution with the holographic result (including
effective tensor poles) shifts the dispersive estimate from 101.9× 10−11 to approximately
113× 10−11. This value is in excellent agreement with lattice results such as 109.6(15.9),
124.7(14.9), and 125.5(11.6)× 10−11 reported by the Mainz group [184, 185], the RBC-
UKQCD collaboration [186], and the BMWc collaboration [187], respectively.
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Conclusions and final remarks





In this thesis, we have presented predictions of holographic hard-wall models of QCD
for hadronic light-by-light scattering and the muon g − 2. At the level of individual
resonances, we analyzed low-lying pseudoscalar, axial-vector, and tensor mesons and
compared the results to available experimental and phenomenological data. The key
observable in this context is the transition form factor, which describes the decay of a
meson into two, generally off-shell, photons. The neutral π0 is the lightest state with a
non-vanishing TFF and therefore provides the dominant contribution to the anomalous
magnetic moment of the muon. In the holographic framework, it arises as a mode in the
Kaluza-Klein decomposition of the five-dimensional flavor gauge fields L,R and the scalar
field X . Its TFF is determined by the Chern-Simons term, reflecting its direct connection
to the chiral anomaly of QCD. Within the phenomenologically preferred Fρ parameter fit,
we find excellent agreement with dispersive reconstructions of both the π0 TFF and its
contribution to g − 2.

Axial-vector mesons are naturally incorporated in the holographic model as fluctuations
of the axial gauge field Aµ = (Lµ − Rµ)/2. At the time of the WP2020 and before the
first holographic studies on axials appeared, their contributions were estimated to be
relatively small and had rather large associated uncertainties. In the holographic setup,
the Chern-Simons term governs the axial TFFs and predicts a vanishing FA

1 structure
function at leading order inNc. The holographic predictions of the a1 TFF have since been
confirmed by dispersive results in triangle kinematics [27] for the singly virtual behavior
as well as by the phenomenological studies of [188], which are consistent with FA

1 = 0.

To extend the analysis beyond π0, a1 and their excitations, it is necessary to incorporate
strange quark mass effects and the U(1)A anomaly. We explored two approaches for this
purpose: the Katz-Schwartz model and the superconnections model. Both frameworks
allow for a quantitative study of the TFFs and g − 2 contributions of the η, η�, f1, f �

1 and
their excited states. The η, η� contributions are found to be slightly larger than recent
dispersive results, primarily due to a somewhat stronger ultraviolet behavior. However,
these differences remain modest and could plausibly be attributed to subleading 1/Nc

corrections.

In the axial sector, the KS model suffers from an incorrect mixing angle, which complicates
a direct comparison at the level of individual TFFs. Nevertheless, the total contribution to
g − 2 agrees remarkably well with phenomenological expectations.

The superconnections model improves the axial mixing pattern but at the expense of a
less accurate description in the pseudoscalar sector. While it enables improved predictions
for processes such as f1/f �

1 → e+e−, the KS model remains the preferred framework for
g − 2 phenomenology.
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At large photon virtualities Q1, Q2, the TFFs admit asymptotic expansions that contain
logarithmic terms, signaling the presence of an infinite tower of vector-meson intermediate
states. In the pseudoscalar and axial-vector sectors, these holographic results fully repro-
duce the structure expected from perturbative light-cone expansions based on conformal
methods [40].

Excited states are difficult to incorporate in dispersive approaches and are therefore
included necessarily only partially in evaluations of aHLbL

µ . Their contributions, however,
can be numerically significant and play an essential role in matching to perturbative
QCD constraints. Within the holographic framework, we find that axial-vector states, in
particular, can fully saturate theMelnikov-Vainshtein short-distance constraint and account
for approximately 81% of the symmetric constraint when the full tower of excitations is
included and g5 = 2π.

Tensor mesons arise in the holographic model as fluctuations of the five-dimensional
metric gMN . Their TFFs are predicted to exhibit both non-zero FT

1 and FT
3 structure

functions, in contrast to quark model calculations, which yield onlyFT
1 $= 0. The predicted

mass spectrum and singly virtual behavior of FT
1 agree well with experimental data. The

presence of a non-zero FT
3 , which becomes accessible only in doubly virtual processes,

leads to g − 2 contributions with a sign opposite to the case FT
3 = 0. This feature is at

the heart of the current discrepancy between different theoretical approaches to tensor
contributions.

The infinite tower of tensor mesons also contributes to the symmetric longitudinal short-
distance constraint. By fitting the remaining 19% not accounted for by axial states,
we obtain tensor TFFs and normalizations that are fully consistent with experimental
observations. This simultaneous agreement with low-energy data and high-energy QCD
constraints represents one of the main strengths of the holographic approach.

In addition to predicting tensor contributions with a sign opposite to quark model esti-
mates, holographic QCD also yields sizable contributions from excited tensor states in the
dispersive reconstruction of the Π̂i. Remarkably, these contributions have precisely the
magnitude required to resolve the current 1.5σ tension between data-driven dispersive
calculations and lattice simulations. As a result, the combined average becomes more
precise. This situation is illustrated in Fig. 10.3.

In summary, recent developments in both holographic and dispersive approaches have
demonstrated that axial-vector contributions were underestimated in the 2020White Paper.
At present, tensor mesons emerge as the most critical and least understood component,
with holography predicting positive contributions. Independent studies are ongoing and
will be crucial in clarifying their role.
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Fig. 10.3.: Comparison of various approaches to aHLbL
µ . The lattice (blue) and the phenomenological

(green) averages can be combined at the expense of introducing a scale factor of 1.5. The
hQCD result (in red) indicates that tensor mesons shift the phenomenology average to
the right and very close to the lattice. Holographic results inserted into figure from [14].
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Appendices





Details on the U(1)A

anomaly
A

In this appendix we consider some interesting aspects of theU(1)A anomaly in the modern
language of symmetry defects. We first show that any attempt to define a gauge-invariant
charge associated to axial U(1)A transformations fails, due to the presence of gauge
transformations with non-trivial degree (or winding number). We then connect this back
to instantons and analyze properties of fermions propagating on an instanton background,
focussing particularly on their chiral zero-modes. From the non-conservation of theU(1)A
current, we show how to derive a special case of the Atiyah-Singer index theorem.

In differential form notation, writing J5 = J5µdxµ and absorbing a factor of −ig into the
gauge field, one obtains

d ∗ J5 = Nf

4π2 trG
2. (A.1)

Since both sides involve composite operators that are subtle to define in an interacting
quantum field theory, let us temporarily consider a simplified setting in which the SU(Nc)
gauge field is treated as non-dynamical, i.e., it is not integrated over in the path integral.
In this case, the path integral, where only the fermions are integrated over, is quadratic
and can be solved exactly. We take Jµ

5 to be the normal-ordered version of ψ̄γµγ5ψ.

In this simplified setting, does Eq. (7.1) truly represent a symmetry breaking? The answer
is surprisingly subtle.

For a conserved 1-form current (i.e., d ∗ J = 0), one can define

Q(Σ) =
�
Σ
∗J, (A.2)

and insert it into the Euclidean path integral. Upon smoothly deforming Σ into Σ� without
crossing any operator insertions, one finds

Q(Σ)−Q(Σ�) =
�
V
d ∗ J = 0, (A.3)

where V is the volume swept out during the deformation, satisfying ∂V = Σ − Σ�.
Thus, Q(Σ) depends only on the topology of Σ, not on its shape. The operator Q(Σ), or
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its exponentiated form Uα(Σ) = eiαQ(Σ), is referred to as a topological (or symmetry)
defect.

In spacetimes of the form R×M3, where R denotes time andM3 space, one may shift the
defect Σ = {t} ×M3 in time without affecting correlation functions. This corresponds to
the operator statement that Q(Σ) commutes with the Hamiltonian H .

Although the current in Eq. (A.1) is not conserved, the right-hand side can locally be
written as a total derivative:

Nf

4π2 trG
2 = Nf

4π2d
�
tr(AdA+ 2

3A
3)
�
, (A.4)

where A is the SU(Nc) connection. The expression CS3(A) = tr(AdA + 2
3A

3) is the
three-dimensional Chern-Simons term.

In general, a gauge field is defined patchwise [189] on spacetime via Lie algebra-valued 1-
formsAα on open sets Uα, together with transition functions tαβ(x) ∈ SU(Nc) satisfying
the cocycle condition tαβtβγtγα = 1. On overlaps, the fields satisfyAα = t−1αβ(Aβ +d)tαβ .
Gauge transformations act as Aα → g−1

α (Aα + d)gα, and tαβ → g−1
β tαβgα.

While such considerations are essential for nontrivial topologies, they can be ignored in
flat R4. However, R4 is non-compact, and boundary conditions become important. To
avoid these complications, we instead work on compact Riemannian manifolds such as S4

and T4, which are topologically nontrivial. In the infinite volume limit, one expects1 to
recover the QFT on R4 .

For the moment, we assume that the codimension-one hypersurface Σ is contained within
a single patch2, so that the gauge field can be described as a Lie algebra-valued one-form in
a neighborhood of Σ. Even in this situation, the group of gauge transformations remains
sensitive to topology.

The “improved” current is defined as

∗Jimp = ∗J5 − Nf

4π2 tr(AdA+ 2
3A

3). (A.5)

1 Taking the V → ∞ limit often requires special care. In finite volume, any symmetry, such as chiral symmetry
for example, is always preserved by the vacuum in a quantum theory [190]. A naive infinite volume limit
produces a symmetric vacuum that violates cluster decomposition. To avoid this, one can introduce a small
non-zero quark mass, take the V → ∞ limit, followed by a mq → 0 limit to reproduce chiral QCD. The
limits do not commute. We assume the infinite volume limits to be defined in this way.

2 In the more complicated situation where a patchwise definition is necessary, the definition of the improved
charge (A.6) requires additional terms localized at the effectively two-dimensional shared boundaries of
Uα ∩ Σ [191].
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Although this current is not gauge invariant, we may still attempt to integrate it over Σ.
The corresponding charge is

Qimp(Σ) =
�
Σ
∗J5 − Nf

4π2
�
Σ
tr(AdA+ 2

3A
3), (A.6)

which by construction is topological. Under a gauge transformation Ag = g−1(A+ d)g,
the Chern-Simons term transforms as

CS3(Ag) = CS3(A) + CS3(g−1dg) + d(Adgg−1). (A.7)

The total derivative term vanishes when integrating over a closed three-cycle Σ, while�
ΣCS3(g−1dg) is, in general, nonzero. The quantity

nw = − 1
24π2

�
tr(g−1dg)3 (A.8)

is known as the (generalized) winding number, or degree of the map g [192, 193], and is
always an integer. Accordingly

CS3(g−1dg) = 8π2nw. (A.9)

Therefore, under a gauge transformation, the improved charge is not invariant for nonzero
nw:

Qimp → Qimp + 2Nfnw. (A.10)

In the case of formulating the theory on S4, one may choose Σ = S3, in which case
g : S3 → SU(Nc) can wind an integer number of times around any SU(2) ∼= S3

subgroup. The winding number is then given by nw. This winding gauge transformation
is defined only in a neighborhood of the defect surface Σ = S3.

An advantage of this argument is its locality: the gauge dependence of Qimp depends
only on physics near Σ, not on global structure. What about three-surfaces with topology
different from S3? For any such surface, there exist maps g : Σ → SU(Nc) with nontrivial
winding number, so there is no gauge-invariant definition of Qimp(Σ).

The existence of such maps follows from the non-trivial winding on S3 and can be seen
as follows. Consider a winding gauge transformation on S3 with degree nw. It can also
be interpreted as a smooth map gw on a three-dimensional ball gw : B3 → G, which is
constant on ∂B3. On any Σ, consider a small ball B3(ε) of radius ε, and define a smooth
gauge transformation, which is equal to gw on B3(ε) and constant on the rest of Σ. From
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the integral definition (A.8) of the winding number, this map has nonzero integer winding
number nw.

The exponentiated operator Uα(Σ) = eiαQimp is gauge invariant for α = 2π
2Nf

k, with
k = 0, 1, . . . , 2Nf − 1, and therefore defines a valid topological operator when the
SU(Nc) gauge field is integrated over in the path integral. Hence, the classical U(1)A
symmetry is broken down to Z2Nf

in the quantum theory3.

Conservation laws for this discrete symmetry can be derived by linking operators that
transform under Z2Nf

. There is no remaining continuous symmetry and no conserved
current, which can be interpreted as the solution to the so-called U(1) problem [121]. This
insight was instrumental in understanding QCD as the theory of the strong interactions.
The would-be charge of an unbroken U(1)A has odd parity and would imply either parity
doubling in the spectrum (in the unbroken case) [120], or the existence of a massless
Goldstone boson (in the spontaneously broken case). Neither 4 is observed in nature, in
agreement with the anomalous breaking in Eq. (A.1).

So far, instantons have not explicitly appeared. Instantons are topologically nontrivial
field configurations with integer-valued instanton number [122]

I(G) = − 1
8π2
�
M

tr(G2) (A.11)

and satisfy the (anti-)self-duality condition G = ± ∗ G. This condition automatically
implies that they solve the Yang-Mills equations of motion due to the Bianchi identity.

Instantons provide an alternative perspective on the breaking ofU(1)A. Global symmetries
can be viewed as transformations of the fundamental fields in the path integral that leave
the measure times e−SE invariant. Under a chiral rotation of the quark fields, the fermionic
measure transforms as

DψDψ̄ → ei2NfαAI(G)DψDψ̄ (A.12)

for some U(1)A angle αA. Due to instantons, this phase factor can be nontrivial and spoil
invariance.
3 For QED, the situation is more subtle and interesting. When the gauge group is U(1), it has recently
been demonstrated, that improved charges, labeled by fractions p/q, and defined via topological QFT are
conserved and gauge invariant. The classical axial symmetry becomes a non-invertible rational symmetry
in the quantum theory [194, 195]. Discussions about extensions to a full non-invertible U(1) symmetry can
be found in [196, 197].

4 In the spontaneously broken case, the Goldstone boson associated to the axial U(1) would acquire a mass
due to explicit symmetry breaking by quark masses. However, as shown in Ref. [120], it would be much too
light, to be identified with the η� meson, ruling out this possibility.
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The existence of maps g : S3 → SU(Nc) implies the existence of instanton configurations
on S4. One may divide S4 into two hemispheres meeting at an S3 equator. A configuration
with nonzero instanton number is specified by gauge fields AN , AS , and a transition
function tNS on the equator with nonzero winding. The instanton number is then

I(G) = − 1
8π2
�
S4

tr(G2) = − 1
8π2
��

N
tr(G2N ) +

�
S
tr(G2S)

�
= − 1

8π2
��

∂N

�
CS3(AN )− CS3(AS)

��
= − 1

8π2
�
S3

CS3(t−1NSdtNS) = −nw,
(A.13)

where Eq. (A.7) was used. This configuration need not be self-dual or satisfy the equations
of motion, but it demonstrates the existence of nontrivial topological sectors.

Similar to before, we can use existence of instantons on S4 to prove the existence of
instantonic field configurations on any 4-manifold. We may simply divide any 4-manifold
M into a small 4-ball B4 at some x0 and its complement M − B4. We could take the
1-form AM−B4 onM −B4 to be zero and prescribe some winding g : S3 → SU(N) on
the boundary ∂B4 = S3. The 1-form inside the ball could then be taken to be AB4 =
f(r)g−1dg, where f(r) is 1 at the boundary r = 1 and goes smoothly to zero at the origin
r = 0 of B4.

Although such configurations do not satisfy the equations of motion, they show that
sectors with nonzero instanton number exist and should contribute to the path integral.

When fermions, whose measure transforms like (A.12), propagate in an instanton back-
ground, chiral zero modes appear, causing the partition function to vanish unless appro-
priate operator insertions are included.

One can give a quick argument for the appearance of zero modes on S4 along the fol-
lowing lines. The fermionic path integral is quadratic and can be defined by specifying a
propagator for the Dirac operator /D, together with a regularized and renormalized func-
tional determinant Det( /D). This is typically achieved using zeta-function or heat-kernel
regularization, although the precise method is not important here, as we are primarily
interested in the zero modes.

We expect that for any local operator O(x),

lim
ε→0

�
Bd(ε)

ddx 
O(x) . . .� = 0 (A.14)

for any small d-dimensional ball of radius ε, since correlation functions are continuous
except where two or more insertion points coincide. The other insertions, indicated by . . .
are assumed to be localized away from x.
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Now insert
�
B4(ε) d

4x ∂µJ
µ
5 (x) into the Euclidean QCD path integral on S4. We do not

normalize by Z(S4) but instead work with the unnormalized path integral. Using Stokes’
theorem, we rewrite this as an integral over the bounding S3(ε), and then apply Stokes’
theorem again to convert the surface integral into a bulk integral over S4 −B4(ε). Since,
by Eq. (A.14), the insertion vanishes in the ε→ 0 limit, we obtain, using Eq. (A.1),

2NfI(G)Z(S4) = 0. (A.15)

Thus, in an external gauge field with nonzero instanton number, Z(S4) must vanish,
indicating the presence of zero modes. Let us determine some properties of these zero-
modes.

Given modes of the Dirac operator

i /Dψi(x) = λiψi(x), (A.16)

where ψi(x) are c-number valued spinor fields, normalized as�
ψ†
i (x)ψj(x)d4x = δij , (A.17)

one can decompose the Dirac field ψ as

ψ(x) =
!
i

θiψi(x), (A.18)

ψ̄(x) =
!
i

θ∗
i ψ

†
i (x). (A.19)

The quantities θi are Grassmann valued and are integrated over in the path integral. Note
that the Dirac matrices γµ are block-off-diagonal and thus the Dirac operator changes
the chirality. Only the λi = 0 Eigenmodes can have definite chirality. Restricted to zero
modes, the fermionic path integral is of the form

� nL�
iL=1

(dθ∗
L iL

dθL iL)
nR�

iR=1
(dθ∗

R iR
dθR iR) = 0, (A.20)

where we have further separated the θi corresponding to zero modes into left- and right-
handed variables. Grassmann-valued integrals obey�

dθ∗dθ (θ∗θ) = 1. (A.21)

To obtain a non-zero answer, it is thus necessary to introduce nL factors of θ∗
L iL

θL iL and
nR of θ∗

R iR
θR iR into the path integral.
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We introduce5 ψ̄PLψ(x) at points x1, . . . , xk and ψ̄PRψ(y) at points y1, . . . , yl on S4.
Inserting

�
B4(ε) d

4x ∂µJ
µ
5 (x) into a path integral with insertions

ψ̄PLψ(x1) . . . ψ̄PLψ(xk) ψ̄PRψ(y1) . . . ψ̄PRψ(yl), (A.22)

where B4(ε) does not contain any of the points xi, yj , we can repeat the above steps to
obtain (understood inside the path integral)



�

2Nf
1

8π2
�
S4−
"

i
Bi

4(ε)
tr(G2) + 2

!
i

�
∂Bi

4(ε)
Jµ
5 nµ

√
h

�
. . .� = 0. (A.23)

Here, the regions Bi
4(ε) are small four-balls around the insertion points xi and yi and . . .

denote the insertions (A.22).

Using


∂µJµ
5 (x) . . .� = 


� k!
iL=1

2δ(x− xiL)−
l!

iR=1
2δ(x− yiR) + 2Nf

8π2 tr(G
2)(x)

�
. . .�,

(A.24)

we simplify the second term in Eq. (A.23) and obtain

(2k − 2l − 2NfI(G)) 
. . .� = 0. (A.25)

A non-vanishing path integral can be obtained for k = nL and l = nR implying

nL − nR = NfI(G). (A.26)

which is a special case of the Atiyah-Singer index theorem [198, 199]. The U(1)A anomaly
not only allows one to detect the presence of zero modes, but also shows an asymme-
try (A.26) of left- and right-handed zero modes. The argument above may be repeated
analogously for manifolds other than S4, with similar conclusions. A more exhaustive
treatment of Dirac operators coupled to gauge fields can be found in [200].

In full QCD, one must sum over all SU(Nc) bundles with different instanton numbers.
Without quark insertions in the chiral limit, the presence of zero modes restricts the sum
to the sector I(G) = 0. Introducing a small quark mass—necessary in any case to select
the correct vacuum—provides sources that saturate the zero modes, allowing all instanton
sectors to contribute.

5 This composite operator can be defined as limδ→0 ψ̄(x)PLψ(x+ δ) and analogously for PR.
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When integrating over the gauge connection in each instanton sector, several technical
complications arise. Due to scale invariance of the classical action, instantons can have
arbitrary size. Naively integrating over small instantons leads to divergences, but the
running of the coupling renders the integral finite. On R4, arbitrarily large instantons
lead to infrared divergences, and multi-instanton configurations overlap, invalidating the
dilute instanton gas approximation. These issues are avoided on compact spaces such as
S4, where the instanton moduli space is compact (after Uhlenbeck compactification [201]).
Although the integration over instanton sectors does not seem to introduce fundamental
obstructions, explicit calculations are technically very challenging.
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Poincaré symmetry and the
holographic bulk metric

B
In this appendix we want to exhibit the consequences of four-dimensional Poincaré
symmetry on the five-dimensional bulk metric. We show that it constrains the metric to
be of the form

ds2 = dz2 + w(z)2dx2Mink.. (B.1)

We start by choosing a basis {Eµ} for the Killing vectors associated with the translation
subgroup of the Poincaré group, which we assume to be linearly independent. Up to
a sign, there is then a unique normalized vector field Ez orthogonal to all Eµ. Since
translations commute, [Eµ, Eν ] = 0. Furthermore, [Eµ, Ez] = LEµEz vanishes because
it is orthogonal to both Ez and Eν :

(Ez)aLEµE
a
z = 1

2LEµ (Ea
z (Ez)a) = 0, (B.2)

(Eν)aLEµE
a
z = LEµ ((Eν)aEa

z )− Ea
zLEµ(Eν)a = −Ea

z [Eν , Eµ]a = 0. (B.3)

Here we have used that Eµ is a Killing vector of the metric. Because the commutators
vanish, one can use Ez and Eµ to construct a coordinate system (z, xµ) in a neighborhood
of a point such that

Ez = ∂z, (B.4)

Eµ = ∂µ, (B.5)

in which the metric takes the form

ds2 = −dz2 +Wµν(z)dxµdxν . (B.6)

The components are independent of x since Eµ = ∂µ is a Killing vector. The coordinate
system can be constructed using the flows ΦN (t) : M →M , defined by

d

dt
ΦN (t)|y = EN |y, (B.7)
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forN = z, µ. These flows commute and define a map (z, x0, . . . , x3) → Φz(z) ◦Φ0(x0) ◦
. . . ◦ Φ3(x3)p, where p is a reference point, and thus locally define a coordinate system.

Lorentz boosts with parameter ωµν induce Killing vectors Eµν on the manifold which can
be decomposed as

Eµν = c z
µν Ez + c α

µν Eα, (B.8)

with coefficients antisymmetric in µν. The tensors c z
µν (z, x) and c α

µν (z, x) can be deter-
mined from the Killing equation and the commutation relations of the Poincaré group.

The zz-component of the Killing equation LEµνg = 0 reads

∂zc
z

µν , (B.9)

implying that c z
µν is independent of z. Since Eµ and Eµν result from the infinitesimal

action of the Poincaré group, they must satisfy the commutation relations of the Poincaré
algebra

[Pµ, Pν ] = 0, (B.10)
1
i
[Mµν , Pρ] = ηµρPν − ηνρPµ, (B.11)

1
i
[Mµν ,Mρσ] = ηνρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ, (B.12)

where Pµ = ∂µ/i andMµν = Eµν/i. Equation (B.11) implies

∂ρc
z

µν = 0, (B.13)

∂ρc
α

µν = ηµρδ
α
ν − ηνρδ

α
µ . (B.14)

The tensor c z
µν is thus also constant wrt. x. The µz-component of the Killing equation

then simplifies to

Wαβ∂zc
α

µν = 0. (B.15)

The matrixWαβ must be invertible because of non-degeneracy of the full metric. Combin-
ing the previous results, one obtains

c α
µν = (ηµρδαν − ηνρδ

α
µ)xρ + d α

µν , (B.16)

where d α
µν is independent of z, x. We have thus determined c z

µν and c α
µν up to constants.

It will not be necessary to determine d α
µν , which can anyway be reabsorbed by linear

redefinitions of x. To find c z
µν , we consider the z-component of equation (B.12). The LHS
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contains derivatives of c z
µν and vanishes, while the RHS only vanishes if c z

µν = 0. Lorentz
transformations therefore do not affect the z-coordinate at all and act on the x-coordinates
in the expected way. Finally, the µν-components of the Killing equation read

Wαν(ηρµδασ − ησµδ
α
ρ ) +Wαµ(ηρνδασ − ησνδ

α
ρ ) = 0, (B.17)

which fixesWµν = w(z)2ηµν , proving (B.1).
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Tensor meson
contributions to Π̂i

C

In this appendix we record formulas for the contribution of tensor mesons to the structure
functions Π̂i of the HLbL tensor. We reproduce the pole formulas of [23] in Sec. C.1.
The formulas obtained directly from the holographic framework for individual tensor
meson contributions are given in Sec. C.2. Finally, when summing over all intermediate
tensor mesons, concise formulas for the total tensor contribution can be found. They are
presented in Sec. C.3.

C.1 Pole terms only

Within the dispersive framework of [23], the tensor contributions with nonzero FT
1 ,FT

3
are given by

Π̂1 = FT
1 (q22, 0)

�
−F

T
1 (q21, q23)
m4T

+ (−m2T + q21)FT
3 (q21, q23)

m6T

�
+

FT
1 (q21, 0)

�
−F

T
1 (q22, q23)
m4T

+ (−m2T + q22)FT
3 (q22, q23)

m6T

�
,
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Π̂4 = 1
3m8T (m2T − q23)

FT
1 (q23, 0)

�
8m4T q23FT

1 (q21, q22)+�
6m6T − 3m2T (q21 − q22)2 + 3m4T (q21 + q22)−�
4m4T + (q21 − q22)2 + 5m2T (q21 + q22)

�
q23)FT

3 (q21, q22)
�

+

1
m8T −m6T q

2
2
FT
1 (q22, 0)

�
m2T (−4m2T + q21 + 3q22 + q23)FT

1 (q21, q23)+

�
m4T − q21q

2
2 + 2m2T q23 − q23(q21 + 2q22 + q23)

�
FT
3 (q21, q23)

�
+

1
m8T −m6T q

2
1
FT
1 (q21, 0)

�
m2T (−4m2T + 3q21 + q22 + q23)FT

1 (q22, q23)+

�
m4T − q21q

2
2 + 2m2T q23 − q23(2q21 + q22 + q23)

�
FT
3 (q22, q23)

�
,

Π̂7 =− 2(m2T − q21 + q22)FT
1 (q23, 0)FT

3 (q21, q22)
m8T −m6T q

2
3

+

FT
1 (q22, 0)

�
−2m2TFT

1 (q21, q23) + 2(m2T + q23)FT
3 (q21, q23)

�
m8T −m6T q

2
2

−

FT
1 (q21, 0)

�
2m2TFT

3 (q22, q23)
�

m8T −m6T q
2
1

,

Π̂17 = 1
3m8T (m2T − q23)

FT
1 (q23, 0)

�
− 2(3m4T + 2m2T q23)FT

1 (q21, q22)

+
�
3m2T (q21 + q22) + 2(m2T + q21 + q22)q23

�
FT
3 (q21, q22)

�
+ (−q21 + q23)FT

1 (q22, 0)FT
3 (q21, q23)

m8T −m6T q
2
2

+ (−q22 + q23)FT
1 (q21, 0)FT

3 (q22, q23)
m8T −m6T q

2
1

,
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Π̂39 =
FT
1 (q23, 0)

�
4m2TFT

1 (q21, q22) +
�
4m2T − 2(q21 + q22)

�FT
3 (q21, q22)

�
2m6T (m2T − q23)

+
FT
1 (q22, 0)

�
4m2TFT

1 (q21, q23) +
�
4m2T − 2(q21 + q23)

�FT
3 (q21, q23)

�
2m6T (m2T − q22)

+
FT
1 (q21, 0)

�
4m2TFT

1 (q22, q23) +
�
4m2T − 2(q22 + q23)

�FT
3 (q22, q23)

�
2m6T (m2T − q21)

,

Π̂54 =(q21 − q22)FT
1 (q23, 0)FT

3 (q21, q22)
m8T −m6T q

2
3

+
FT
1 (q22, 0)

�
2m2TFT

1 (q21, q23)− (q21 + q23)FT
3 (q21, q23)

�
m8T −m6T q

2
2

+
FT
1 (q21, 0)

�
−2m2TFT

1 (q22, q23) + (q22 + q23)FT
3 (q22, q23)

�
m8T −m6T q

2
1

. (C.1)

C.2 Non-pole terms

Using the projection techniques of [20, 23, 57] one may calculate the relevant structure
functions Π̂i which can be straightforwardly used in the master formula for the g − 2.
They read:

Π̂1 =FT
1 (q22, 0)

�
−2FT

1 (q21, q23)
m4T

+ 2q21FT
3 (q21, q23)
m6T

�

+ FT
1 (q21, 0)

�
−2FT

1 (q22, q23)
m4T

+ 2q22FT
3 (q22, q23)
m6T

�
,
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Π̂4 = 1
3m8T

FT
1 (q23, 0)

�
2m2T q23FT

1 (q21, q22)−
�
(q21 − q22)2 + (q21 + q22)q23

+m2T
�
q21 + q22 + q23

��
FT
3 (q21, q22)

�
+ 1

3m8T (m2T − q23)
2FT

1 (q23, 0)
�

2m2T q23(m2T + q23)FT
1 (q21, q22)

+
�
2m4T (q21 + q22 + q23)− q23

�
(q21 − q22)2 + (q21 + q22)q23

�
−m2T

�
(q21 − q22)2 + 2(q21 + q22)q23 + q43

��
FT
3 (q21, q22)

�
+ 1
m8T −m6T q

2
2
FT
1 (q22, 0)

�
m2T
�
−2m2T + q21 + q22 + q23

�
FT
1 (q21, q23)

−
�
m2T (q21 − q22 − q23) + q23(q21 + q22 + q23)

�
FT
3 (q21, q23)

�
+ 1
m8T −m6T q

2
1
FT
1 (q21, 0)

�
m2T
�
−2m2T + q21 + q22 + q23

�
FT
1 (q22, q23)

+
�
m2T (q21 − q22 + q23)− q23(q21 + q22 + q23)

�
FT
3 (q22, q23)

�
,

Π̂7 =− 2(m2T − q21 + q22)FT
1 (q23, 0)FT

3 (q21, q22)
m8T −m6T q

2
3

+
FT
1 (q22, 0)

�
−2m2TFT

1 (q21, q23) + 2(m2T + q23)FT
3 (q21, q23)

�
m8T −m6T q

2
2

− 2FT
1 (q21, 0)FT

3 (q22, q23)
m6T −m4T q

2
1

,

Π̂17 =− 1
3m8T

�
2m2T (3m2T + 2q23)FT

1 (q21, q22)FT
1 (q23, 0)

m2T − q23

− 1
m2T − q23

�
3m2T (q21 + q22) + 2(m2T + q21 + q22)q23

�
FT
1 (q23, 0)FT

3 (q21, q22)

+ 3m2T

�
(q21 − q23)FT

1 (q22, 0)FT
3 (q21, q23)

m2T − q22
+ (q22 − q23)FT

1 (q21, 0)FT
3 (q22, q23)

m2T − q21

��
,
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Π̂39 =
FT
1 (q23, 0)

�
2m2TFT

1 (q21, q22) +
�
2m2T − q21 − q22

�FT
3 (q21, q22)

�
m8T −m6T q

2
3

+
FT
1 (q22, 0)

�
2m2TFT

1 (q21, q23) +
�
2m2T − q21 − q23

�FT
3 (q21, q23)

�
m8T −m6T q

2
2

+
FT
1 (q21, 0)

�
2m2TFT

1 (q22, q23) +
�
2m2T − q22 − q23

�FT
3 (q22, q23)

�
m8T −m6T q

2
1

,

Π̂54 =(q21 − q22)FT
1 (q23, 0)FT

3 (q21, q22)
m6T
�
m2T − q23

�
+
FT
1 (q22, 0)

�
2m2TFT

1 (q21, q23)− q21FT
3 (q21, q23)− q23FT

3 (q21, q23)
�

m6T
�
m2T − q22

�
−
FT
1 (q21, 0)

�
2m2TFT

1 (q22, q23)− q22FT
3 (q22, q23)− q23FT

3 (q22, q23)
�

m6T
�
m2T − q21

� . (C.2)

C.3 Resummed holographic structure functions for
HLbL

Defining #J (z, q2) = J �(z, q2)/q2 and usingGi(z, z�, q2) from eq. (10.24) the infinite sum
over intermediate tensor meson contributions yields

Π̂1 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

2
z1z2

G0(z1, z2, 0)��
J (z1, q22)J (z2, q21) + J (z1, q21)J (z2, q22)

�
J (z2, q23)

−
�
q21J (z1, q22) #J (z2, q21) + q22J (z1, q21) #J (z2, q22)

� #J (z2, q23)
�
, (C.3)
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Π̂4 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

1
3z1z2�

− 2J (z1, q23)
� #J (z2, q21) #J (z2, q22)

�
2(q21 + q22 + q23)G0(z1, z2, q23)

−
�
2q23(q21 + q22) + (q21 − q22)2 + q23

2�
G1(z1, z2, q23)

− q23
�
q23(q21 + q22) + (q21 − q22)2

�
G2(z1, z2, q23)

�
+ 2q23J (z2, q21)J (z2, q22)

�
G1(z1, z2, q23) + q23G2(z1, z2, q23)

��
+ J (z1, q23)

� #J (z2, q21) #J (z2, q22)
�
(q21 + q22 + q23)G0(z1, z2, 0)

+
�
q23(q21 + q22) + (q21 − q22)2

�
G1(z1, z2, 0)

�
− 2q23G1(z1, z2, 0)J (z2, q21)J (z2, q22)

�
+ 3J (z1, q22)

�
G0(z1, z2, q22)

�
(q21 − q22 − q23) #J (z2, q21) #J (z2, q23) + 2J (z2, q21)J (z2, q23)

�
+ (q21 + q22 + q23)G1(z1, z2, q22)

�
q23
#J (z2, q21) #J (z2, q23)− J (z2, q21)J (z2, q23)

��
+ 3J (z1, q21)

�
G0(z1, z2, q21)

�
2J (z2, q22)J (z2, q23)− (q21 − q22 + q23) #J (z2, q22) #J (z2, q23)

�
+ (q21 + q22 + q23)G1(z1, z2, q21)

�
q23
#J (z2, q22) #J (z2, q23)− J (z2, q22)J (z2, q23)

���
,

Π̂7 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

2
z1z2� #J (z2, q21) #J (z2, q22)J (z1, q23)
�
G0(z1, z2, q23) + (q22 − q21)G1(z1, z2, q23)

�
− #J (z2, q21)J (z1, q22) #J (z2, q23)

�
G0(z1, z2, q22) + q23G1(z1, z2, q22)

�
+ J (z1, q21) #J (z2, q22) #J (z2, q23)G0(z1, z2, q21)

+ J (z2, q21)J (z1, q22)J (z2, q23)G1(z1, z2, q22)
�
,
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Π̂17 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

1
3z1z2�

G1(z1, z2, q23)
�
6J (z1, q21)J (z1, q22)J (z2, q23)

− (3(q21 + q22) + 2q23) #J (z2, q21) #J (z2, q22)J (z1, q23)
�

+ 3 #J (z2, q23)
�
(q21 − q23) #J (z2, q21)J (z1, q22)G1(z1, z2, q22)

+ (q22 − q23)J (z1, q21) #J (z2, q22)G1(z1, z2, q21)
�

+ 2q23G2(z1, z2, q23)
�
2J (z1, q21)J (z1, q22)J (z2, q23)

− (q21 + q22) #J (z2, q21) #J (z2, q22)J (z1, q23)
��

,

Π̂39 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

1
z1z2�

− 2
� #J (z2, q21) #J (z2, q22)J (z1, q23)G0(z1, z2, q23)

+ J (z2, q23)
�J (z2, q21)J (z1, q22)G1(z1, z2, q22)

+ J (z1, q21)J (z2, q22)G1(z1, z2, q21)
��

+ #J (z2, q23)
� #J (z2, q21)J (z1, q22)((q21 + q23)G1(z1, z2, q22)

− 2G0(z1, z2, q22)) + J (z1, q21) #J (z2, q22)((q22 + q23)G1(z1, z2, q21)− 2G(z1, z2, q21))
�

+ J (z1, q23)G1(z1, z2, q23)
�
(q21 + q22) #J (z2, q21) #J (z2, q22)− 2J (z2, q21)J (z2, q22)

��
,
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Π̂54 =
�
tr(Q2)
g25

�2 �� z0

0
dz1 dz2

1
z1z2�

(q22 − q21) #J (z2, q21) #J (z2, q22)J (z1, q23)G1(z1, z2, q23)

+ J (z1, q22)G1(z1, z2, q22)
�
(q21 + q23) #J (z2, q21) #J (z2, q23)

− 2J (z2, q21)J (z2, q23)
�

+ J (z1, q21)G1(z1, z2, q21)
�
2J (z2, q22)J (z2, q23)

− (q22 + q23) #J (z2, q22) #J (z2, q23)
��

. (C.4)
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