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Motivation

In the field of acoustic topology optimization, there
has recently been growing interest in optimizing macro-
structures for focusing devices such as the sonic black
holes (SBHs) by Mousavi, Berggren, Hégg, et al. [1],
which are the airborne equivalents to structural acous-
tic black holes (ABHs) [2]. Acoustic wave propagation
problems are inherently sensitive, which complicates the
search for black-and-white solutions. They require ad-
vanced filters or parameterization to obtain good conver-
gence and a useful design.

In this contribution, we explore density-based parameter-
ization methods, starting with the classic solid isotropic
material with penalization (SIMP) approach, in which
practically every finite element mesh cell is an optimiza-
tion variable [3]. In contrast, the contemporary feature-
mapping model uses high-level geometric objects as pa-
rameters. Here, we compare a classical feature-mapping
approach with linked rounded bars [4] with a shape-
optimization variant [5]. Both mapping approaches sig-
nificantly reduce the number of optimization parameters
in the system, thereby increasing regularization. Al-
though the method is mathematically more complex, the
increased controllability is a useful tool for design con-
trol, e.g., for manufacturability via 3D printing, and the
inherently black-and-white designs are particularly inter-
esting for sub-wavelength optimization.

Modelling

To optimize the material distribution, we first have to
establish a method of modelling the acoustic wave prop-
agation. We start with the Helmholtz equation for inho-
mogenous media
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with angular frequency w and unknown pressure field p €
Q. The material is described via bulk modulus k£ and
material density pg. To model the setup for our numerical
study, shown in Fig. [3] we need to define the boundary
conditions (BCs)
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with excitation normal velocity v, and absorbing bound-
ary condition (ABC) terms on both ends of the waveg-
uide. The combination of Neumann BC and ABC on ey
acts as transparent excitation. Using the finite element

method (FEM), the acoustic model given in Egs.
to is dicretized on a grid and transformed into a dis-
crete system of the structure

(—w*M + jwC +K)p = f. (4)

S

The different contributions of mass in M, ABCs in C
and stiffness in K are combined into the system matrix
S [6].

Parameterization

To enable the choice of material or no material, for a con-
stant FEM grid, we introduce an element-based physical
pseudo density p., which is used to scale the material pa-
rameters inversely; resulting in unchanged material for
pe = 1 and very stiff material for p. ~ 0. This ap-
proach can be nicely integrated in the assembly of the
FEM model from Eq. , using
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with the assembly operator A taken from [6].

To the widespread SIMP approach, the parameters of the
optimization are the pseudo-desnities themselves, which
we collect in the parameter vector

p=[p1 p2 ... pe]" (6)

We map them to the physical pseudo-densities via a
radius-based density filter and penalization [3]; however,
for wave propagation problems, we neglect penalization
and rather choose projection [7] to achieve a binary de-
sign. The procedure is summarized as

p(p; R, B) = H(p; B) = H(u(p; R); B), (7)

with the projection function H with steepness paramter
B and radius based density filter ;4 with radius paramter
R. The advantages of this method are its simplicity and
low regularization (high degrees of freedom (DOFs)), but
the latter can pose problems when you want to enforce
specific properties on the design.

This is precisely where feature-mapping methods come in
handy. We introduce high level features with a paramter
set dim(x) < dim p. Because we want to use the same
FEM grid and physical parameterization as in Eq. ,
we need a mapping from feature parameters x to physi-
cal pseudo densities p, which usually follows a three-step
process.
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Figure 1: SM uses midpoints a and widths w, aligned with
the FEM grid, to parameterize the feature boundaries.

1. Define a differentiable scalar minimum distance
function to the feature edges d(x; x), which becomes
negative inside the feature.

2. Project this distance function with H(d;3) to
achieve a scaling suitable for pseudo-densities, which
is, however, still continuous.

3. Numerically integrate this field over each element,
to obtain the respective physical pseudo-density p,.

The procedure is summarized as

I
p(x: B) =D H(d(xk; x); B)- (8)
k=1

The full procedure is differentiable, which allows the com-
putation of gradients with respect to the parameters and
the use of the same optimizers as in SIMP. For more de-
tails on feature-mapping methods, we refer to the review
paper [8].

The first variation of the feature-mapping approach con-
sidered in this work is shape-mapping (SM) [5]. The
shapes in this method are linear splines, with one dimen-
sion aligned to the nodes of the FEM grid. For the other
dimension, the spline points are defined via midpoints a;
and widths w; collected in the parameter vector

wNy]T7 (9)

with the number of nodes in y-direction IV,. To illustrate
how these shapes look like, we provide a sketch in Fig.
The SM approach follows the same procedure introduced
in Eq. . To obtain a continous distance function we
have to linearly interpolate between the base points of
the splines, which yields the profile functions s(y, x) and
5(y, x), as well as the midpoints a(y,x). The distance
function follows as

. x) = {S(y”‘) o
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if z < a(y,x)

x —3(y,x) otherwise.

For shape mapping, we use Heaviside-type projection,
similar to the projection used in the SIMP method,

1- min
Hy(x,x;8) = L

T eBdxx) 41 + Pmin, (10)

with a minimum pseudo-density of ppin = 1% 1079, For a
more detailed discussion of the method, the combination
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Figure 2: FM uses startpoint x,, endpoint x4, and width ¢ to
parameterize the feature boundaries. The distance function
is computed via the helper vectors u, v and w.

of several profiles and the respective gradients, we refer
to the introductory paper [5].

The second studied method is the round-capped-bar pa-
rameterization [4]. As the name implies, the features
consist of bars, with defined start- and endpoint, x, and
Xq, and a thickness ¢, illustrated in Fig. {2l The ends are
closed with semicircles to simplify the distance function.
This method has a very low parameter count, resulting
in the parameter vector

x=[x} x7 ], (11)

Because of its direct applicability in structural mechanics
and resulting wide usage, we will refer to it as feature-
mapping (FM). We derive the mathematical formulation
from the basic concept in Eq. , starting with the dis-
tance function

[IvI|—¢t ifu-v<0
[lwl| —¢ ifu-v>u-u (12)

[lu x v||ﬁ —t otherwise,

de(x,x) =

with utility vectors

U=Xq—Xp, V=X—Xp, W=X—Xq. (13)

The different parts of the distance function cover the dif-
ferent cases, depending on which feature edge the point of
interest x is closest to. For the projection of the distance
function, we use a cubic spline step

1 ifde < —h
He(x, xt,i5h) = § o(de(x, xt,6),h) if —h<di<h
Pmin otherwise,
(14)
with
3(1 = pmin) (de  d 1+ pmin
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This has the benefits of precise step width control and
efficient computation, making this formulation superior
to the Heaviside projection in many applications.

Because a single bar is often not enough to achieve an op-
timal design, they are usually used in combination, sub-
ject to certain constraints. In this study, we used three
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Figure 3: Sketch of the simulation setup, with air domain
Qacou, optimization domain (2,p¢, and the boundaries I'exc and
T'out set to mimic an infinite baffle with invisible excitation.

connected bars with their thicknesses linked, resulting in
a total of 9 parameters. A more detailed discussion on
the method, especially on the combination of shapes and
differentiability, can be found in the original publication
14).

Broadband Objective

To conduct optimization, one needs to define a scalar
functional to minimize. We aim to optimize structures
for wave focusing; therefore, our cost function is propor-
tional to the reflected wave amplitude, which we want to
minimize. Note that, for lossless acoustics, this is equiva-
lent to maximizing the outlet pressure, but we found the
first approach converged faster in our example.

The cost function is defined as

J~(p—p)TL(p—p1)", (16)

with the DOFs at the input I'ex. selected with the
surface-weighted diagonal selector matrix L. In Eq. 7
we subtract p; from the totad pressure at the output
nodes, which is the incident wave pressure caused by the
excitation, computed as

1
Pr = 5P0C0Un on Fexc- (17)
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This concept is a cheap wave-decomposition method that
allows us to consider only backward-propagating waves.
To enable multi-frequency optimization, we use the arith-
metic mean of the cost functions across several frequen-
cies. This is a simple approach, but of course it requires
solving the FEM system for each optimization frequency.

Numerical Study

In this work, we test different feature-mapping variants
against the classic SIMP approach, with special empha-
sis on wave-focusing applications in SBH-type devices,
where the wavelengths significantly exceed the size of the
focusing structure. Therefore, we use the setup shown in
Fig. [3l a width step from Wi, = 25 mm to Wyt = 5 mm
in a planar waveguide. The transistion zone has a maxi-
mum length of L = 50 mm, with equal length for inlet L;,
and outlet Lqo,;. We discretize the model with a regular
grid, using 50 quadrilateral linear elements in the width
direction, resulting in 300 elements in the length direction
for the total domain. The target frequency range extends
from 1kHz to 3kHz using 5 equally spaced frequencies.
For this range, we are well below the waveguide’s off-axis
modes, ensuring plane-wave propagation.

The results of these optimization runs are shown in Fig.
where we show the physical pseudo-density fields and the
respective transmission coefficients for each method. We
observe that all three designs show the same topological
properties, but SIMP and SM form a three-cavity struc-
ture, while FM has one cavity and then a gradual width
change towards the output. This is clearly a result of the
strong regularization in FM, which uses only 9 parame-
ters.
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Figure 4: Resulting density fields for the three tested meth-
ods (top) and their respective transmission coefficients over
frequency of the thresholded design.

Despite the significant differences in regularization, all
designs achieved globally optimal transmission across
most of the target frequency range. In the lower fre-
quency range, the SIMP design is slightly better, in-
dicating that a good low-frequency design needs more
design freedom than the low parameter counts of the
other designs allow. For high frequencies, all designs per-
form well, with the feature-mapping methods rolling off
more smoothly. One significant observation is that the
three-bar parameterization, despite its simplicity, per-
forms very closely to the two other, more complex shapes,
indicating that the multi-chamber design might not be so
impactful as believed.

The studies were conducted on an Xeon E5-2640-based
server on four logical cores using the open-source FEM
software openCFS [9]. Despite its extensive simulation
capabilities, openCFS also implements many optimiza-
tion features, which we extended for this study. To solve
the optimization problem, we used the sparse nonlinear



optimizer (SNOPT) [10], because it proved to be most
stable for our studies.

The benchmark results of our numerical studies are pre-
sented in Fig. [5]for each parameterization method. SIMP
converged the slowest, taking 650s for about 300 itera-
tions. SM took 378s and also less iterations. The com-
monality between the two is the use of a Heaviside-type
projection, for which we achieved good results by starting
with a low [S-factor for good gradient conditioning and
steadily increasing it to force the solution to be binary.
To make this process easy on the optimizer, we keep the
[B-factor constant until we converge with a Karush-Kuhn-
Tucker (KKT) of 1 x 1075 or reach the 500-iterations
limit. Then we restart the optimization with an exponen-
tially stepped B-factor, warm-started with the previous
design. We repeat this process for a total of ten steps.
The round-capped-bar FM approach uses a polynomial
projection function that obviates this process. Here we
can directly use the target step width of £ = 1 mm ad see
great convergence in only 53s.
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Figure 5: Benchmark results on four logical cores of an Xeon
E5-2640. Cost function over iterations for each method; for
the first two, we plot the stepped S-factor logarithmically
on the right, with the constant regions indicated by a gray
background.

Conclusion and Outlook

The tested parameterization approaches enabled the syn-
thesis of drastically simplified designs, due to their high
regularization. On the contrary, this drastic reduction
in parameters also slightly reduced the low-frequency fo-
cusing of the structures. Computationally, both feature-

mapping approaches performed better than the full pa-
rameter SIMP model. Furthermore, round-capped-bar
FM significantly outperformed SM, mainly due to the
robust polynomial step projection function. We hope
this study will be helpful for future research in acoustic
topology optimization, and encourage the reader to try
one of the tested feature-mapping approaches.
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