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Abstract. Program synthesis is the task of automatically deriving a
program that has been specified by a user in advance. Combining auto-
mated theorem proving with program synthesis enables the automated
construction of proven-to-be-correct programs, thereby ensuring software
reliability. In this paper, we consider the superposition-based calculus
extended to support synthesis of recursion-free programs allowing rea-
soning with uncomputable symbols. We present cases where the calculus
fails and refine it to solve them. We prove that the refined calculus is
sound. Finally, we also prove completeness in the following sense: if at
least one computable program satisfying the given specification exists,
we show that the modified calculus finds one.

Keywords: Program Synthesis -+ Saturation - Superposition -
Theorem Proving

1 Introduction

Program synthesis focuses on constructing programs from a given functional
specification. There are many different approaches for solving different flavors of
this problem, including ones that guarantee that the found program satisfies a
logical specification [14,15,24]; techniques that synthesize a program based on a
set of input-output examples [8,10,26]; and LLM-based methods which require
external correctness checking [18]. In this paper, we focus on an automated deduc-
tive synthesis approach using a superposition-based theorem prover, in which a
saturation-based framework proves a given specification while simultaneously
generating code conforming to that specification.

Recent work in [15] extracts a recursion-free program from a superposition-
based proof of a logical specification (requirement) on the program. Our app-
roach explores and revises this framework and solves program synthesis in the
presence of uncomputable symbols [14,15]. Doing so, we impose the following syn-
tactic restrictions on the program to be synthesized: (i) the program should use
only so-called computable symbols, while (ii) its functional specification may use
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both computable and uncomputable symbols. Uncomputable symbols include,
for example, symbols annotated as such by the user of the synthesis system,
allowing for better control of what the output program should (not) use. Uncom-
putable symbols may, however, also include fresh symbols, such as Skolem func-
tions, introduced during the proving process.

Motivating Example. We motivate our work using an example adapted
from [12,22]. Consider the following constraints from the FLoC 2026 workshop
schedule:

1. On Friday (f), the Vampire (v) workshop is taking place. Using the unary
predicate w for workshops, we assert w(v).

2. On Saturday (s), the PAAR (p) workshop is taking place (thus, w(p)).

3. Today (x) is either Friday (f) or Saturday (s).

Our task for program synthesis is to infer what workshop y takes place depending
on x, with the condition that w is uncomputable, i.e. the answer should not
contain w.

We encode this instance of program synthesis as follows. For readability, we
might omit parentheses in unary symbol applications throughout the paper, e.g.
we might write wv instead of w(v). We are looking for a program that is a witness
for y in the following formula:

¢: VzIdy.((z=fVvezrs)A(zrfow)A(zrs—wp)—wy). (1)

A program that is a witness for y in (1) is called a solution of the synthesis
problem specified by (1); see Sect. 3 for precise formulation of program synthesis
and its solution. In the case of (1), two possible programs found by our approach
are if x =~ f then v else p and if x ~ s then p else v. d

Synthesis and Saturation. In our approach to program synthesis, we build on
the saturation-based framework for program synthesis with uncomputable sym-
bols using the superposition calculus, as introduced in [15]. While the approach
was shown to be correct in [15], the question of completeness remained open
until now. In this paper, we close this gap by investigating the completeness of
the calculus under the assumption of realizability: if a computable program satis-
fying the specification exists, is the calculus guaranteed to derive it? We identify
properties that make the calculus of [15] inherently incomplete. We adjust the
calculus accordingly, resulting in our SUPRA framework (Sect.5). We further
prove completeness of SUPRA under the assumption of realizability (Sect.5).

This paper starts with preliminaries in Sect. 2, summarizing necessary notions
of first-order logic and automated reasoning. Section 3 defines our synthesis prob-
lem and presents a framework for solving it, by revising the setting of [15]. Fol-
lowing are our main contributions:

— We introduce a new superposition-based calculus for synthesis (Sect.4). Our
calculus is coined as Superposition with Realizability Assumptions, in short
SUPRA. Motivated by examples that cannot be solved by [15], SUPRA
includes tailored conditions for term orderings and selection functions.
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—  We prove completeness of our SUPRA calculus (Sect. 5). By completeness we
mean that, if at least one computable program satisfying a given specification
exists, our SUPRA calculus finds one such program.

We then review related work in Sect. 6, and conclude our paper in Sect. 7. The
(omitted) proofs of our results from Sects.4 and 5 are given in the extended
version [11] of this paper.

2 Preliminaries

First-order Logic. We assume familiarity with standard multi-sorted first-order
logic (FOL) with equality, where equality is denoted by ~. We consider a fixed
signature X' consisting of a finite set of function symbols with associated arities
and a set of variables V; variables are not part of the signature. We define the
set of terms 7(X U V), or simply 7 when it is clear from the context, in the
standard way over X U V. We denote variables by x,y, z; terms by s,t,l,r, k;
literals by L, K; clauses by C, D; and formulas by F, G, all possibly with indices.
Further, we write a for Skolem constants. We denote lists of literals by £ and
KC. We denote the empty list of literals by e. Let L be a literal and £ a list
of literals, then LL denotes the list of literals having L as a head and L as a
tail. We write a for the tuple of variables or terms ai,...,a,. When a term ¢
is of the form f(t), we say that f is the top-level symbol of t. By cnf(F) we
denote the clausal normal form (CNF) of the formula F. We reserve the symbol
O for the empty clause which is logically equivalent to L. We write L for the
literal complementary to L. We write ¢ % s as a shorthand for —(¢ ~ s). We use
the symbol & to denote either ~ or %. An expression is a term, literal, clause,
or formula. We write £; = F5 to denote syntactic equality of two expressions.
If an expression does not contain variables, we call it ground. We write E[t]
to denote all (possibly zero) occurrences of the term ¢. Then, F[s] denotes the
expression E[t] where all occurrences of ¢ are replaced by the term s. Formulas
with free variables are considered implicitly universally quantified; that is, we
consider closed formulas. A substitution o is a mapping from variables to terms
such that the set {z | o(x) # z} of variables is finite. A substitution o is a
unifier of two expressions F and E’ if Fo = E’c, and is a most general unifier
(mgu) if for every unifier § of F and E’, there exists substitution 7 such that
6 = or. We denote the mgu of expressions Fy, Fs, E1, B with mgu(F1, E7) and
mgu((En, Es), (EY, ES)) for the mgu of tuples.

Saturation-Based Proving and Superposition. A saturation-based prover works
with clauses. To prove a theorem G from axioms Aj,..., A, (assumed to be
clauses), the prover: (1) negates and clausifies G, obtaining clauses cnf(—-G) =
{C1,...,Cn}; (2) forms the saturation set S = {Cy,...,Cnm, A1,...,An}; (3)
repeats the following: chooses clauses Dq,..., D € S, uses an inference rule
to derive a new clause D from D,..., Dy, and adds D into S. Deriving the
empty clause O at any point in step (3) concludes the proof, because it means
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that =G is inconsistent with the axioms, which is equivalent to G following from
the axioms. A common calculus (a set of inference rules) used in saturation-
based provers is the superposition calculus [20]. The calculus is parametrized by
a simplification order > on terms (see next paragraph) and a selection function,
which selects in each non-empty clause some non-empty subset of literals. We
denote selected literals by underlining them. An inference rule can be applied
to the given premise(s) if the literals selected in the rule are also selected in the
premise(s). For a certain class of selection functions, the superposition calculus
is sound (if O is derived from F', then F' is unsatisfiable) and refutationally
complete (if F is unsatisfiable, then [0 can be derived from it).

Rewriting and Simplification Orders. A binary relation — over the set of terms
is a rewrite relation if (i) I — r = 10 — rf and (ii)) | — r = s[l] — s[r| for
any terms [, r, s and substitution . We write < to denote the inverse of —.
We call an ordered pair [ — r a rewrite rule if (i) [ is not a variable and (ii)
[ contains all variables that occur in r. A rewrite system R is a set of rewrite
rules. We denote by — g the smallest rewrite relation that contains R. A term
l is irreducible in R if there is no r s.t. | —r r € R. We denote with —7 the
reflexive-transitive closure of —g. A term r is a normal form of a term [ w.r.t
R if | =% r and r is irreducible in R. A rewrite order is a strict (irreflexive)
rewrite relation. A reduction order is a well-founded rewrite order. We consider
reduction orders which are total on ground terms; such orders are also called
simplification orders. A precedence relation, denoted by >, is a total order on
the signature .

The lexicographic path order (LPO), denoted by >0, is parameterized by
a precedence relation >>. Let s,¢ be terms with s = f(s1,...,8,) and >I§§ the
standard lexicographic ordering extension of >|,,. We write s o, ¢ if:

1. t is a variable and a proper subterm of s, or

2. there is ¢ € {1,...,n} such that s; =50 ¢, or

3.t = f(t1,eytn), (S1y-.-,8n) >l‘;); (t1,...,tn) and s >ipo tj, for all j €
{1,...,n}or

4. t=g(t1,....tm), [ > gand s =0 tj, for all j € {1,...,m}.

It is known that LPOs are simplification orders [20].

We view equalities as bags, finite multisets, and define and extend the term
orderings on bags. The bag extension for an ordering > on a set X is a binary
relation on bags over X, denoted by =" defined as the smallest transitive
relation on bags such that {z,y1,...,yn} =" {21, ..., Zom, Y1, -+, Yn} if 2 = 25
for all i € {1,...,m} and m > 0. If = is well-founded, then =% is too. We
order equality literals by mapping each equality s = ¢ to the bag {s,t} and
each disequality s % t to the bag {s,s,t,t}, and then using =% over these
bags. Finally, we order clauses by taking the bag extension of the bag extension
for literals. We only write Fq = FE5 for two expressions F; and Ey when it is
clear from the context which ordering is used. We also write F; = E5 instead of
E, - EsV E; = Es.
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3 The Synthesis Problem and How to Solve It

In this section, we adjust notions [15] to the purposes of our work. We assume
a fixed signature X.

Definition 1 (Synthesis Specification). Let Y. be a subset of X and ¢ a
closed formula in first-order logic over X of the form:

Vz3y.F(Z,y). (2)

We define a synthesis specification, or simply specification, A as the pair
(X, ). We call any symbol in Y. computable w.r.t. A, or just computable when
A is clear from the context. Further, any symbol in X'\ X, is uncomputable w.r.t.
A, or just uncomputable. We denote the set of uncomputable symbols by X,,.

An expression containing an uncomputable symbol is called uncomputable.
Ezpressions that are not uncomputable are called computable. a

To synthesize programs for specifications, we use an if-then-else term con-
structor, denoted by ite.

Definition 2 (ite and Program Terms). We define the conditional term con-
structor ite as follows. Let F' be a formula over X and p,q be terms. When
F is true, then ite(F,p,q) is interpreted as the interpretation of p; otherwise,
ite(F, p, q) is interpreted as the interpretation of q. We call F the ite-condition.

We define program terms as the smallest set P such that (i) T C P, and
(ii) ite(l = r,p,q) € P for any l,r € T, and p,q € P. We denote program terms
by p, q, possibly with indices. A term that does not contain a conditional term
constructor is called a simple term. d

We note that any term with the ite symbol containing arbitrary Boolean
expressions as conditions can be translated into an equivalent program term in

P.

Definition 3 (Solution for a Specification). Let A = (X.,Vz3y.F[z,y]]) be
a specification. A computable p[Z] € P is called a solution for the specification A
if VZ.F [z, p[z]0] is valid for an arbitrary substitution 6 grounding pla] for fresh
constants a. d

Note that if Z are the only variables in p[Z], then the condition for p[Z] being
a solution reduces to Vz.F[Z, p[Z]] being valid. On the other hand, if p[Z] contains
variables Z other than Z, then p[Z] represents a class of solutions, one for each
grounding of Z.

Definition 4 (Realizable Specification). Let A be a specification. We call A
realizable if there exists a computable program term that is a solution to it. 1

We are now ready to state the problem that is the focus of the present paper.
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41 THE SYNTHESIS PROBLEM UNDER REALIZABILITY ASSUMPTIONS ’;

Given a realizable specification A, the synthesis problem under realizability
assumptions is the task of finding a solution to A.

In the following, we refer to the synthesis problem under realizability assump-
tions simply as the synthesis problem.

Saturation-based Synthesis Framework. One approach to solving synthesis prob-
lems is the saturation-based synthesis framework introduced in [15], which
extends a saturation-based first-order theorem prover into a synthesizer. The
framework constructs a program for specification A in parallel with searching
for a proof that specification (2) holds. Intuitively, y in (2) represents the output
for the inputs z, and thus substitutions into y in the proof correspond to frag-
ments of the sought program. To track these substitutions throughout the proof,
the framework of [15] uses a mechanism called answer literals [7]. In this paper,
we use constrained clauses, called answer clauses, rather than adding answer
literals to clauses.

Definition 5 (Answer Clause). Let C be a clause and p a program term. We
call the expression C[p] an answer clause. We call p the answer for the answer
clause C[p]]. We denote answer clauses with C and D, possibly with indices. Given
a substitution o, we write C[p]o to denote Co[po]. 0

W.lo.g. we assume that axioms A;,..., A, are a part of specification (2);
that is, F[z,y] is of the form (A1 A --- A A,) — G[z,y]. To derive a pro-
gram, the framework first preprocesses (2) like a saturation-based prover would:
the formula —VZ3y.F[Z,y] is converted to the equivalent 3zZVy.—F[Z,y] and
skolemized, obtaining the equisatisfiable Vy.—F[a,y],® which is then clausified,
resulting into cnf(—Fa,y]) = {C1,...,Cn}. The framework then extends the
clauses C1,...,C),, among which are also the axioms, into answer clauses
C1lyl,--.,Cwly],* and initializes the saturation set S = {C1[y],...,Cwnly]},
called the initial set from A. We denote the consecutive steps of clausification
and extending clauses into answer clauses by cnf(=F[&, y])[y]-

Definition 6 (Semantics of Answer Clauses). C[p] is true with respect
to a given specification A = (X, YZIy.F[Z,y]), if the universal closure of C' V
Fla,p] is true, where w.l.o.g. we assume C[p] and Fa,y] to have disjoint sets
of variables.? d

To work with answer clauses, we use an extension of the superposition cal-
culus [20]. Using this calculus, we saturate S like a saturation-based prover: we
extend the set S by new clauses derived by rules from the calculus based on

! Since the skolems & represent the input of the sought program, they are computable.

2 In [15], only the clauses C containing y are extended into answer clauses C[y]. In
this paper we extend all clauses C in preprocessing, including axioms, into answer
clauses C[y].

3 [15] uses analogous semantics while denoting C[p] by C V ans(p).
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premises already present in the set. We call S the set saturated from A. The
work [15] proves that the saturation approach is sound: it only derives valid
answer clauses, and thus when the answer clause O[p[@]] is derived, it is guar-
anteed that p[Z] is a solution for A. However, [15] makes no completeness claims.
In the following section, we show an example for which the approach fails to
derive a program even though a computable program exists.

4 Superposition with Synthesis

In this section, we present our new calculus SUPRA, adapted from [15]. We
discuss the orderings and selection constraints that guide SUPRA (Sect.4.1).
We also introduce an abstraction mechanism that separates computable and
uncomputable terms via an inference rule, in addition to SUPRA (Sect. 4.2).

4.1 The SUPRA Calculus

Our new calculus for Superposition with Realizability Assumptions, in short
SUPRA, is summarized in Fig.1. Compared to [15], we do not use so-called
computable unifiers (abstracting unifiers preventing uncomputable symbols from
appearing in the answer term), but most general unifiers and only allow an infer-
ence when the answer term after applying o is computable. Further, we include
the rule Supy;, which unifies the answer terms p,q from premises, while [15]
included a superposition rule which did not unify p, ¢ but rather added a con-
straint p % ¢ into the resulting clause. Finally, for simplicity, we work only with
equality predicates; thus, we do not include binary resolution or factoring rules
as in [15].

We next establish soundness of SUPRA; this result guarantees that the pro-
grams derived by SUPRA are solutions of the synthesis specification.*

Theorem 1 (Soundness). The SUPRA calculus is sound with respect to the
semantics of answer clauses.

It follows from Theorem 1 that SUPRA derives solutions to synthesis specifica-
tions.

Corollary 1 (Solution to the Synthesis Problem). Given a synthesis spec-
ification A = (X.,VZ3y.F[z,y]), if SUPRA derives O[p[a]] from the initial set
of A, then p|Z] is a solution for A.

The rules of SUPRA are, however, not the only ingredient necessary to guaran-
tee that a solution for a realizable specification will be derived. The following
example illustrates how a derivation can get stuck.

* We provide detailed proofs for all our results in the extended version [11] of this
paper.
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Lx=rvCp] ')AtV D[q] (1) 7 =meu(L,l").
(S“Pc) ~ P Szt q where g; " is not a variable
(4)

roflo, to¥ sll'lo

s[r]=tvCV DJite(l=r,q,p)]o
ite(l~r,q,p)o is computable

o=mgu((L,p),(',q))
" is not a variable

roiflo, to sll'lo

po is a computable simple term

N a
(Supy) I=rvCp] s[l']~tVvD[q] where g
(4

s[r]=tvCVD[p]o

e (1) o =mgu(s,t)
(EqRes) 70[@1]0 where (2) po is computable
~ VIR 1) o=mgu(s,l)
~UVIRTVC (
(EqFac) sszt\/taérer[[E)p]]}L where (2) to ¥ so, ro - to

(3) po is computable

Fig. 1. Rules of SUPRA, where all maximal literals in a clause are selected (denoted
underlined), and C[p]o denotes the application of o on C[p].

Ezample 1. Our motivating example corresponding to the specification (1) can
be expressed as a synthesis specification with computable symbols f, s, p
and v. That is, A : ({f,s,p,v}, ). We consider predicate symbols as func-
tion symbols mapping values to {T, L} in a two-sorted logic. We will try
to derive a solution for A using SUPRA. The initial set from A, where « is
the Skolem constant introduced for z and numbers denote clause labels, is
{@Q) arfvarmsy].(2) azsVwply],(3) azfVvw]y] (4) ~wy[y]} We use
a selection function that selects either (i) all maximal literals or (ii) at least
one negative literal.> Let = be an LPO with the following symbol precedence:
s>f>p>v>w> a We obtain the following derivation, where we write
SE for a Sup inference followed by an EqRes inference:

1) (2)

) axfVarslyl a sV wply] 3)
se) afVvwply] aZfvwly] (4)
o wp V wv[y] —wy[y] (4)
56 w[p] ~wy[y]

(inference not possible)

Here we get stuck, as no more inferences are possible. Superposition into
(4) ~wy[y] with wv[p]] cannot be applied, because v and p do not unify; more-
over, we cannot create an ite with condition wv, because w € X,. However, as
mentioned before, A is realizable, e.g. by the solution ite(z = f, v, p). We did not
derive a solution due to the selection of computable literals in clauses which also
contained uncomputable literals. d

5 Such a selection function is called well-behaved and is sufficient to achieve refutational
completeness in standard superposition reasoning.
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Remark 1. Since [15] does not restrict selection nor simplification orders in any
way, the failed derivation from Example 1 can be replicated by the calculus of [15].
Therefore, the calculus [15] does not always find a solution if one exists — it is
not complete under realizability assumptions. d

Based on Example 1, we observe that we have to select uncomputable literals
before computable ones. To this end, we make uncomputable terms bigger than
computable terms in the simplification order and restrict the selection functions
admissible for SUPRA to always select all maximal literals. We formally refine
the simplification order used by SUPRA as follows.

Definition 7 (Partitioned Ordering). An ordering > on terms is called par-
titioned if for any ground uncomputable term s and any ground computable term
t it holds that s » t. a

We require that the simplification order that parameterizes SUPRA is parti-
tioned. In the rest of the paper, we will use an LPO with a precedence function
where any uncomputable symbol is greater than any computable symbol. Not
only can these types of LPOs be used for SUPRA, but also specific KBOs that
are partitioned orderings, see [11] for further discussion.

Ezample 2. Let = be an LPO based on w > v > p > s > f. With a selec-
tion function selecting all maximal literals w.r.t. >, we find a solution for A
from Example 1:

(2 (4

— #svVwply] —wyly] (1) (4) (3)
a % s[p] a~fvamsfy] -wyly] a#fVvw]y]
(SE) SE)
a =~ f[p] a#fv]
(SE) . —
Ofite(a = f,v,p)] 0

4.2 Abstraction of Computable Terms in Uncomputable Literals

While our motivating example (1) shows that inferences with uncomputable
literals should be applied before inferences with computable literals, sometimes
this cannot be enforced, as some uncomputable equations can only be used in
a superposition inference after performing a superposition into them with a
computable equation.

Ezxample 3. Consider constants a, b, ¢, d, e, unary symbols f, g, h, and the speci-
fication:

({a,b,e.d, e}, Jy.(fd# eV (d#cAgy~ga)V (fereAhy = hb))).

We perform the following derivation using an LPO = with h > g > f >
e>d > c> b> a. The leaves are obtained from the initial set of the above
specification:
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(2

) - d~cV gy # galy] (3)
P L ely] d = cla] ey SOV hbly]
P fe = efitex cya] fe# elb]
(Supg) ———— —

(inference not possible)

The last step of the derivation is not possible, because the answers b and
itex cya do not unify, and we cannot construct an ite in the answer, because the
condition fc = e is uncomputable. d

The general observation we make from Example 3 is that we should resolve
all uncomputable literals, even those containing computable subterms, before
applying inferences with computable symbols. For this purpose, we abstract the
computable subterms of uncomputable literals, thus separating reasoning with
uncomputable and computable symbols. We do this by adding an auxiliary infer-
ence rule Abs, which replaces its premise by its consequence, indicated by the
crossed-out premise. We apply Abs exhaustively on each clause before we allow
any further inferences:

(1) s At
(2) there is a substitution 6 s.t. s[k]0
M is uncomputable and k6 is computable
= where (3) no proper superterm of k in s[k]
slel A tvzE kv Clp] satisfies property (2)
(4) k is not a variable
(5) z is a fresh variable

(Abs)

Lemma 1. The rule Abs is sound with respect to the semantics of answer
clauses.

To apply the rule in practice, we use the following syntactic conditions in
place of condition (2) of Abs.

Lemma 2. Condition (2) of rule Abs holds iff (2a) k is computable, and (2b)
either s[k| is uncomputable, or it contains a variable not contained in k, and
there exists at least one uncomputable term.

Example 4. The derivation from Example 3 changes as follows when using Abs:

(3

feev Y]
(Abs) fe e vl B

fe# eV hy # ha Va i blyl

ER
@ (1) ((Ab)) fe # e etblz]
s
d =~ cV ga galy] fd s=—efyl fz%eVzcVazblz]
(Abs) e =] (Abs) (ER) == =
d=cVgy £ gzVai®aly] fz =R eVai®dy] fz % eV z % c[b]
(ER) (SE)
dxcVaz@alx] y#dVy#clb]
(ER) ——— (ER) ——
£ d ~ cla] d # c[b]
(SE) O[itex cba]

Our new Abs rule allowed us to solve the specification of Example 3, deriving
the program ite~s cba.
a
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5 Completeness of SUPRA Under Realizability
Assumptions

In this section, we prove that the SUPRA calculus is complete with respect to
realizability assumptions. In particular, we show that if there exists a solution
to the specification A, then SUPRA used exhaustively with the rule Abs is guar-
anteed to derive some (possibly different) computable program, which is also
a solution for A since SUPRA is sound (see Sect.4.1). Our main result is the
following theorem.

Theorem 2 (Completeness Under Realizability). Let A = (X, Vz3dy.
F[z,y]) be a specification. If A is realizable, then SUPRA with Abs derives an
answer clause of the form O[p[a]] from A where p|Z] is a computable program
term that is a solution to A.

We prove Theorem 2 similarly to the completeness proof of the superposition
calculus [21], by contradiction. We assume that S is a set saturated from A up
to redundancy and abstracted (Definition12), and that O[p[a]] ¢ S for any
pla). Yet, we assume that A is realizable and that ¢[Z] is a solution to it — i.e.,
that Vz.F[z, t[Z]] is valid. W.l.o.g. we assume ¢[Z] does not contain any variables
except for Z. We then consider a grounding of S using t[@] (Definition 15) and
construct an interpretation for it (Definition 10). However, since the grounding of
S is equisatisfiable with —F[@, t[a]], which is unsatisfiable because VZ.F[Z, t[Z]]
is valid, the interpretation should not be a model of S. We then consider the
smallest clause C in the grounding that is false in the interpretation. Based on
it, we either find an even smaller clause in the grounding that is also false in
the interpretation, or show that the clause in .S, instance of which is C, should
have been removed by Abs, since S is abstracted. In either case, we obtain a
contradiction. We split this part of the proof into two steps: first, in Lemma 4
we show that all computable clauses in the grounding of S are satisfied in the
model; then in Lemma 6 we extend this property to all uncomputable clauses.

Our construction involves substituting program terms into clauses — the term
t[@] is substituted for y in cnf(=F[a&, y])[y]. If t[a] contains ite terms, we have to
unroll them by creating multiple instances of the clause and adding the condi-
tion(s) from the ite into them. We collect the unrolled condition literals in lists
and separate them from the original clause, using so-called conditional clauses,
as defined below.

Definition 8 (Conditional Clause, c-clause). Let C' be a clause and L a list
of literals. A conditional clause, c-clause for short, is an expression of the form
C Vv L. We call L the condition of the c-clause C' vV L. The c-clause C V L is
logically equivalent to the clause C'V \/ ., L. We denote c-clauses with C and
D. We use the notation C'Y to denote the c-clause C' V e. a

We extend the ordering > over clauses to c-clauses as follows.
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Definition 9 (Ordering on c-clauses). We define an ordering > over c-
clauses as follows. First, we extend > to lists of literals. We have L = € for
any non-empty L and LL ~ KK if either (i) L = K or (ii)) L =K and L > K.
We have C vV L = D v K if either (i) C = D, or (i1) C =D and L = K. 1

We now define a model for sets of c-clauses. As usual in superposition com-
pleteness proofs, we use rewrite systems as interpretations, where any equa-
tion s & t is true in a rewrite interpretation R, denoted R F s = t, if
s and t have the same normal form in R. As usual, when s,t are ground,
REs#¢t < RF s=t A cclause C Vv L is true in R if C or L con-
tain at least one literal L such that R F L.

Definition 10 (Model for c-clauses). Let S be a set of ground c-clauses. For
every c-clause C € S, we define in parallel two sets of term rewrite rules Rg
and R;C as partial interpretations by induction on the relation > on ground
c-clauses. First, we define:

<C ._ D
Rs®:= |J Rs
D<C,DeS

A ground c-clause C of the form l ~r Vv C V L is called productive if

L is computable,

l~71VC is false in R,

if l=7rV C is not computable, then all literals in L are false in R;C,
l =~ r is strictly mazimal in C,

l=r,

C is false in R§CU{l — 7},

1 is irreducible in Rg°©.

RS G Lo~

In this case, we also say that C produces the rule I — r. Now we define

RC R3CU{l —r}, if C produces | — r;
T RS, otherwise.

Finally, we define the total interpretation Rs for S as Jccg R(g, As usual, an
interpretation which satisfies a set of c-clauses S is called a model of S. 4

We state two standard properties about the model.
Lemma 3. Let S be a set of ground c-clauses.

1. Rg is a convergent rewrite system.

2. R(g E C if and only if for all D = C we have RZ F C, if and only if Rs F C.

We will construct a model for a set which is saturated up to redundancy and
abstracted, with the following redundancy notions.

5 This ordering preserves well-foundedness.
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Definition 11 (Redundant Answer Clause/Inference). An answer clause
C is redundant w.r.t. S if every ground instance of C follows from smaller ground
instances in S. Let N be the set of all ground instances of answer clauses in S.
An inference Cy,...,C,, F D is redundant w.r.t. S if for each 0 grounding for
C1,...,C, and D either

1. DO - C;0 for some 1l <i<mn, or
2. DO follows from the set {C | C € N and C;0 > C for some1<i<n}. O

Definition 12 (Saturation Up to Redundancy, Abstracted Set). A set of
answer clauses S is saturated up to redundancy if, given non-redundant answer
clauses Cy,...,C, € S, any SUPRA inference C1,...,C, F D is redundant w.r.t.
S.

If there is no clause C € S on which Abs would apply, then we call S abstracted.d

In the remainder of this section, we assume A = (X, VZ.3y.F[Z,y]) to be a
fixed but arbitrary specification, and S a set of answer clauses saturated up to
redundancy from A and abstracted. We assume O[p] ¢ S for any p € P. Note
that the set of all ground instances of S might be unsatisfiable even if there is no
computable solution for the specification, just an uncomputable one. Therefore,
we cannot show refutational completeness of SUPRA. Instead, we show that
from S, we can construct a counter-model for any computable program being
a solution to A. Formally, we show that given any ground computable program
term t[@] (possibly using ite), the formula cnf(—=F[a,t]) is satisfiable. Towards
this, we first eliminate ite from answer clauses Cy[t],...,Cp[t] coming from
preprocessing, resulting in c-clauses.

Definition 13 (ite Normal Form). Let C = Cly][y] be an answer clause and
t a program term. The ite normal form of C w.r.t. t, denoted iteNF(C,t), is the
set of c-clauses defined inductively as follows:

1. If Cly] contains y and t is of the form ite(L, s1, s2), then it is
{DVLL|DVLeiteNF(C,s1)}U{D vV LL| DV L € iteNF(C, 52)},
2. otherwise, it is {C[t]V}. 0

Intuitively, we obtain a c-clause C[s] V L by elimination of ite from C[t]
when L is the list of negations of ite-conditions needed to reach the branch term
s in t.

For any ground computable program term ¢, we construct a set of ground
c-clauses S’ such that if S’ is satisfiable, then cnf(—F[a,t]) is also satisfiable.
Then, we show that the total model R satisfies S’. The computable part of S’
is defined as follows.

Definition 14 (Computable Grounding). We define the computable
grounding of S, denoted cGr(S), as the set of c-clauses that contains:

1. all computable ground instances of c-clauses in iteNF(C,t') for all C in the
initial set of A and program terms t', and
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2. all computable ground c-clause instances of answer clauses in S. a

We prove that the model Regr(s) satisfies all computable clauses in cGr(S).
The proof is very similar to standard completeness proofs, since the rules of
SUPRA for computable clauses correspond to the standard superposition rules:
we do not apply any extra restrictions to inferences between computable clauses,
and any inference between them results in a computable clause. By induction
on > over c-clauses, we obtain the following.

Lemma 4. If Ofp] ¢ S for any computable p € P, then Rege(sy F C for all
C € cGr(9).

To obtain S’, we extend the set ¢Gr(S) with uncomputable ground clauses. This
set also depends on a computable program term ¢, and is called a grounding of
S w.r.t. t.

Definition 15 (Grounding w.r.t. a Program Term). Let t € P be ground
and t" be the normal form of t w.r.t. Regr(s). We define the grounding of S w.r.t.
program term ¢, denoted Gr(S,t). In parallel, we define the derivation length
for each uncomputable C in Gr(S,t), denoted dI(C).

We define Gr(S,t) as the minimal set of c-clauses containing cGr(S) such that:

1 For any answer clause C in the initial set of A, the set Gr(S,t) contains all
ground instances of c-clauses in iteNF(C,t').

For any C added to Gr(S,t) by this step, we define dI(C) = 0.

2 For any inference Ci[p1],...,Cunlpn] = Clplo such that Ci[p;] € S for all
1 <i < mn, and C[p] € S, if there is a substitution 0 such that o6 = 6,
Gr(S,t) contains uncomputable c-clauses C10 V Ly, ...,Cn0 V L, and there
is j, 1 < j < n, such that for all 1 < ¢ < n, either L; =€, or L; = L;, then
CO v L; is in Gr(S,t).

Take the inference and 0 such that max(dl(C10 V Ly),...,dI(CL0 V L,)) is
minimal. We define dI(CO v L;) = max(dl(C10 V L4),...,dI(C,0 V L)) +
1. a

In the remainder of this section, we assume that ¢ is an arbitrary but fixed
ground computable program term. One key step in our main result is to show
that inferences between uncomputable answer clauses with non-unifiable answers
are not needed for a refutation that yields a computable answer. Towards this,
we prove the following lemma about the grounding of S w.r.t. ¢, using induction
on the derivation length of c-clauses.

Lemma 5. There is a set of lists of computable ground literals A that satisfies
the following properties:

1. Any uncomputable C € Gr(S,t) is of the form C vV L where L € AU {e}.

2. For any L € AU{e}, there is a ground computable simple term tp such that
for any uncomputable C' vV L € Gr(S,t), substitution 8, and clause C[p] € S
such that CO = C’, it holds that p is a simple term and pd =tz or p is a
variable not in C.
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3. If e ¢ A, then for any uncomputable C'V € Gr(S,t), substitution 0, and
clause Cp] € S such that CO = C', it holds that p is a variable not in C.

4. For any L, € A such that L # K, L and K contain a complementary
literal.

Intuitively, any list of literals £ in A corresponds to the negation of ite-conditions
needed to reach some branch term, i.e. a simple term s in t. The lemma states
that:

(i) Any c-clause C in Gr(S,t) represents an instance of an answer clause C[p] in
S with either the empty condition, meaning that p is any program term not
depending on C, or with some conditions £ in A such that s is an instance
of p.

(ii) Any two lists of conditions in A contain a pair of complementary literals.

This ensures that inferences between uncomputable c-clauses corresponding to
different branches from ¢ are not needed, because if one of them is productive
(Definition 10), the other one is necessarily satisfied by the model. Now we can
prove that Rgr(s,), obtained by extending R.gr(s) with uncomputable clauses,
is a model of Gr(S,t), and thus also of =F[a, t].

Lemma 6. If Opla]] ¢ S for any computable program term pla], then the
formula —~F[a,t] is satisfiable for any ground computable program term t.

We conclude this section with the proof of our main result.

Proof (of Theorem?2). Since A is realizable, there is a program term ¢[Z] with
no variables except for z, such that Vz.F[z,t[Z]] is valid. By contraposition
of Lemma6 it then follows that Op[a@]] € S for an abstracted set S saturated
up to redundancy from A. Since SUPRA and Abs are sound (Theorem 1), p[Z]
is a solution to A. Qa

6 Related Work

Saturation-Based Synthesis. A saturation-based solution to the synthesis of
recursion-free programs is introduced in [15]. We show that [15] is not com-
plete. We introduce the SUPRA calculus to simplify the reasoning of [15], as (i)
we assume all clauses to be answer clauses, and (ii) use most general unifiers
instead of the arbitrary computable unifiers of [15] in inferences. Further, (iii)
SUPRA implements a new abstraction rule Abs, needed for completeness under
realizability assumptions.

Deductive Approaches to Synthesis. Our work, as well as [13,15], are based on the
deductive synthesis approach of [19], adapted for resolution [17]. The mechanism
in [28] restricts allowed programs, and subsumes our computability restrictions.

The work of [15] extends [13] with induction to support synthesis of recur-
sive programs, with a proof of soundness and implementation, but without any
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completeness guarantees. Our notion of realizability does not cover recursive
programs, as their construction requires a mechanism for defining new functions
not included in the computable symbols we work with.

A practical approach for synthesis in the presence of uncomputable symbols
uses quantifier elimination and SMT solving [14], and requires F[Z,y] to be
quantifier-free in (2) but may use linear arithmetic. The approach is complete
only when F[Z,y] uses theories that admit quantifier elimination, which excludes
e.g. equalities or uninterpreted functions.

The SyGuS [2| format allows specifying programs in a fragment of first-order
logic extended by theories and optionally a grammar for the sought programs.
Some prominent SyGusS solvers are cvceh [24] and DryadSynth [16], as evidenced
by the SyGuS competition [3]. Component-based synthesis methods construct
programs from logical specifications using a predefined set of functions. The app-
roach of [27] is deductive, while [9,29] use SMT solving. The GAPT framework [6]
synthesizes programs from proofs, by computing witnesses of second-order for-
mulas with quantifier elimination [1], or by extracting programs from natural
deduction proofs in classical logic [25].

Related Completeness Results. Our completeness proof is inspired by standard
completeness proofs for superposition [21]. Yet, our model construction only
works for groundings that substitute computable program terms into the specifi-
cation due to realizability assumptions. This relates our work to [28]. Finally, [30]
proved that a general synthesis system for recursive programs cannot exist. This
does not contradict our findings, as we claim completeness under the assumption
that a program exists.

Restricted Inferences. A rule similar to Abs is used in [4,21] to disallow super-
positions into certain terms, while [5] introduces unification constraints to the
clause level that are similar to abstracted terms. In [23], the unification algorithm
is extended by abstraction to enhance theory reasoning within superposition,
abstracting terms on demand to enable inferences while postponing expensive
theory reasoning.

7 Summary and Outlook

We tackle program synthesis and introduce the SUPRA calculus for saturation-
based proof search. Our calculus revises [15] by using an abstract unification
rule, which unravels computable subterms from uncomputable literals such that
uncomputable literals can be resolved without disobeying the computability con-
straint of the calculus. We also use specific simplification orders and selection
functions in SUPRA, ensuring that uncomputable literals are always selected if
there are any in a clause. SUPRA changes the notion of clauses with answer
literals to constrained clauses to make reasoning simpler. Not only do these
adaptions retain soundness of SUPRA, but they enable proving completeness of
SUPRA under the assumption that synthesis specifications have a solution. A
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natural direction for future work is investigating completeness under realizabil-
ity assumption for synthesis of recursive functions using calculi that make use
of induction.
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