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Abstract—Stochastic Boolean satisfiability (SSAT) provides
a compact framework for PSPACE-complete decision-making
under uncertainty. Despite the theoretical inclusion of universal
quantifiers (∀), existing solvers typically restrict inputs to random
(

R

) and existential (∃) quantifiers, limiting applications to single-
player games against nature. In this work, we generalize SSAT
to include universal quantification, enabling the modeling of
competitive two-player games under uncertainty. Theoretically,
we establish a reduction from finite two-player zero-sum stochas-
tic games with perfect information to general SSAT. Unlike
QBF-based solvers that yield binary deterministic outcomes, our
approach computes rational-valued Nash equilibrium payoffs as
satisfying probabilities. Practically, we extend SharpSSAT to
create the first solver capable of handling all three quantifier
types. It supports equilibrium value computation and generates
strategies for both players (Skolem for ∃ and Herbrand for
∀). By utilizing an implicit representation, our solver offers
a more scalable alternative to traditional explicit-state game
theory algorithms. Experimental results demonstrate that our
solver effectively reasons about complex stochastic adversarial
interactions that were previously difficult to encode.

I. INTRODUCTION

Stochastic Boolean satisfiability (SSAT), first presented as
games against nature [1], is a powerful logical formalism for
decision-making under uncertainty. SSAT generalizes the well-
known Quantified Boolean Satisfiability (QSAT) problem by
incorporating random quantifiers alongside existential and, in
some formulations, universal quantifiers. QSAT can be reduced
in polynomial time to SSAT with only existential and random
quantifiers, and the decision problem for solving such formulas
is PSPACE-complete, the same complexity as QSAT. This
PSPACE-completeness persists even when universal quantifi-
cation is permitted [1].

SSAT solvers are under active development, much moti-
vated by emerging applications in optimization and proba-
bilistic reasoning, as well as the progress in SAT solving
and model counting [2]. Several SSAT solvers have been
developed to date, such as DC-SSAT [3], SSAT-Prime [4],
ClauSSat [5], ElimSSAT [6], and SharpSSAT [7]. How-
ever, these solvers are designed under the assumption that
SSAT formulas include only existential and random quanti-
fiers. Although this assumption works for a variety of ap-
plications, e.g., in artificial intelligence and electronic design
automation, it limits expressiveness in domains that naturally
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involve adversarial interactions. To the best of our knowledge,
no existing method is known to reduce a prenex-CNF SSAT
formula containing both universal and existential quantifiers
to one with only universal or existential quantifiers, except for
an indirect Turing machine conversion. Consequently, existing
solvers cannot be applied to these adversarial problems without
significant modification.

This limitation motivates the extension of SSAT solvers to
support general SSAT formulas that incorporate existential,
universal, and random quantifiers. Although the addition of
universal quantification does not increase the computational
complexity beyond PSPACE, it introduces significant theoret-
ical and practical challenges. First, from a game-theoretic per-
spective, the natural interpretation is a three-agent setting: the
existential and universal players, with competing objectives,
both act under uncertainty generated from random variables
representing nature, a disinterested agent. This interpretation
is formally defined in Section III. Second, from a practical
standpoint, in addition to solving such formulas for the equi-
librium value, it is also desirable to give strategy profiles of
the equilibrium, expressed as Skolem and Herbrand functions,
for the existential and universal players, respectively.

The utility of this extension can be demonstrated by finite
(in the horizon and decision space) two-player zero-sum
stochastic games with perfect information, where one player
aims to prevent the other from reaching a goal. Such games can
be naturally encoded as SSAT formulas, where the existential
player intends to satisfy the formula and the universal player
intends to falsify it. We establish in Section IV a polynomial-
time reduction (Theorem 3) from finite two-player zero-sum
stochastic games with perfect information to SSAT problems,
demonstrating that the satisfying probability of the SSAT
formula corresponds to the Nash equilibrium payoff for the
existential player. This connection underscores the potential
for applying SSAT as a tool for computing the equilibrium of
two-player zero-sum games under uncertainty.

The computational complexity of finding Nash equilibria
has been extensively studied. For instance, both the com-
putation and approximation of Nash equilibria in two-player
games have been shown to be PPAD-complete [8]. However,
these results primarily focus on explicit game representations,
i.e., matrix games or normal-form games, where the payoff
values for all possible strategies are stored explicitly in tables.
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In contrast, finite-state machine games defined in Section IV
represent payoffs implicitly and thus scale to settings where
strategy–payoff enumeration is infeasible.

A closely related line of research involves Boolean games,
as introduced in [9], [10]. Boolean games are two-player,
zero-sum, simultaneous-move games represented by a single
propositional formula and a variable partition. Deciding the
existence of a pure Nash equilibrium for Boolean games is
Σp

2-complete [11], while computing the equilibrium payoffs is
EXP-complete [12], [13]. Despite their similarities, Boolean
games and finite-state machine games differ in that the former
is deterministic and simultaneous (thus having imperfect in-
formation), while the latter is probabilistic and sequential with
perfect information.

In the realm of sequential perfect-information games, a
recent work [14] applied QBF solvers to compute winning
strategies for general two-player zero-sum games described
in the Game Description Language (GDL), a logic language
based on normal logic program syntax. These games are
specified using stable model semantics rather than classical
propositional logic, necessitating translations to answer set
programming. While effective for deterministic environments
with binary win-loss outcomes, such QBF-based approaches
do not naturally accommodate stochastic elements. Our work
aims to bridge this gap by applying SSAT to general game
solving, thereby enabling reasoning under uncertainty and
rational-valued outcomes.

In this paper, we present extensions of existing SSAT
solving techniques and incorporate them into the SSAT solver
SharpSSAT, which is built upon the CNF model counter
sharpSAT [15] and supports efficient Skolem function gen-
eration. In Section V, we extend SharpSSAT to not only
compute the satisfying probability of general SSAT formulas,
but also to extract corresponding strategy functions for both
players. Experimental results are shown in Section VI, which
demonstrate the practical utility of the solver in efficiently
computing Nash equilibrium strategies for finite two-player
zero-sum stochastic games with perfect information, particu-
larly showcasing its scalability advantage over existing exact
algorithms.

II. PRELIMINARIES

In this work, symbols “⊤” and “⊥” denote Boolean values
true and false, respectively. Let B = {⊤,⊥}. Symbols “¬”,
“∨”, “∧”, “ ↔ ” denote the usual Boolean connectives nega-
tion, disjunction, conjunction, and equivalence respectively.
A literal is either a Boolean variable or the negation of a
Boolean variable. For a literal l, var(l) denotes the underlying
variable of l. A literal l with var(l) = x is called positive
if l = x and negative if l = ¬x. A clause is a disjunction
of literals with unique underlying variables. A conjunctive
normal form (CNF) formula is a conjunction of a set of
clauses. Vars(ϕ) for a formula ϕ denotes the set of all variables
on which ϕ depends. An assignment τ : A → B is a mapping
from a subset of variables A ⊆ Vars(ϕ) to Boolean values.
For convenience, an assignment can also be specified by a

conjunction of literals (also called a cube), representing the
assignment to the underlying variables such that each literal
in the set evaluates to ⊤. An assignment is called complete
if A = Vars(ϕ). The formula ϕ under assignment τ , denoted
ϕ[τ ] or ϕτ and also called the cofactor of ϕ with respect to
τ , is obtained by the substitution ϕ[τ(x)/x] for each variable
x ∈ A with its assigned value τ(x).

A stochastic Boolean satifiability (SSAT) formula Φ over
a set of variables X = {x1, . . . , xn} can be expressed in
the form Φ = Q1x1 . . . Qnxn.ϕ, where Qi ∈ {∃, ∀,

Rp} is
either an existential quantifier ∃, a universal quantifier ∀, or
a random quantifier

Rp associated with a probability p, and
ϕ is a propositional formula with Vars(ϕ) ⊆ X . We refer
to Q = Q1x1, . . . , Qnxn and ϕ as the prefix and matrix
of Φ, respectively. Also we refer to XE = {xi | Qi = ∃},
XA = {xi | Qi = ∀}, and XR = {xi | Qi =

Rp} as the set of
existential, universal, and random variables, respectively. The
dependency set Di of variable xi is {xj ∈ XA ∪XR | j < i}
if xi ∈ XE and {xj ∈ XE ∪XR | j < i} if xi ∈ XA.

Given an SSAT formula Φ, the satisfying probability
of Φ is computed recursively by the rules: Pr[⊤] = 1,
Pr[⊥] = 0, Pr[∃xΦ] = maxb∈B Pr[Φ[b/x]], Pr[∀xΦ] =
minb∈B Pr[Φ[b/x]], and Pr[

Rp xΦ] = pPr[Φ[⊤/x]] + (1 −
p) Pr[Φ[⊥/x]]. The function problem of SSAT asks for the
value of Pr[Φ], while the decision problem of SSAT asks to
decide whether Pr[Φ] ≥ θ for some threshold θ.

Building on the concepts of Skolem-function models and
Herbrand-function countermodels for quantified Boolean for-
mulas [16], we define a Skolem strategy s∃ ∈ S∃ as a
collection of Skolem functions s∃,i for each existential variable
xi ∈ XE . Each function s∃,i is a propositional formula with
Vars(s∃,i) ⊆ Di. Analogously, a Herbrand strategy s∀ ∈ S∀
consists of Herbrand functions s∀,i for each universal variable
xi ∈ XA, where each s∀,i is a propositional formula with
Vars(s∀,i) ⊆ Di.

The satisfying probability of an SSAT formula Φ = Q.ϕ
under a Skolem (resp. Herbrand) strategy s∃ (resp. s∀) is
defined as Pr[Φ[s∃]] (resp. Pr[Φ[s∀]]), where Φ[s∃] (resp.
Φ[s∀]) denotes the formula obtained by substituting each
occurrence of xi ∈ XE (resp. xi ∈ XA) in the matrix
ϕ with s∃,i (resp. s∀,i). Note that the prefix Q after the
substitution can be reduced to only containing universal (resp.
existential) and random quantifiers when a Skolem (resp.
Herbrand) strategy is applied to Φ. Alternatively, we may also
substitute both Skolem and Herbrand strategies in Φ, denoted
by Φ[s∃, s∀], and in this case, the substitution starts from
the innermost non-random quantified variable, and the prefix
Q can be reduced to only containing random quantifiers. A
Skolem strategy s∗∃ is called optimal if Pr[Φ[s∗∃]] ≥ Pr[Φ[s∃]]
for all s∃ ∈ S∃. Similarly, a Herbrand strategy s∗∀ is optimal
if Pr[Φ[s∗∀]] ≤ Pr[Φ[s∀]] for all s∀ ∈ S∀.

We also extend the notion of the application of an assign-
ment τ to strategies by defining s∃[τ ] to be s∃,i[τ ] for every
i such that xi ∈ XE .

622



III. SSAT AS TWO-PLAYER GAMES

We adopt standard game-theoretic notation, based on the
framework established by [17], to formalize the interpretation
of SSAT as an alternating-move game.

Definition 1. A finite two-player zero-sum stochastic
game with perfect information is a seven-tuple (T,P, u, π,
{Av}v∈V \Z , {δv}v∈V \Z , d), where T = (V,E) is a finite
directed rooted tree, with an initial game state (root node)
v0 ∈ V and terminal game states (leaf nodes) Z ⊆ V ,
P = (P1, P2) consists of the maximizing player P1 and
minimizing player P2, u : Z → R is the payoff function
for the maximizing player, π : V \ Z → {P1, P2, N} is a
label on the internal nodes, with π(v) = Pi indicating that
it is the move of Pi in the game state v, and π(v) = N
indicating that it is the random move of the nature agent, Av

is a finite set of possible actions of π(v) for each v ∈ V \ Z,
δv : Av → {w ∈ V | E(v, w)} is a bijection between actions
and the next states for each v ∈ V \Z, and d(v) is a probability
distribution of Av when π(v) = N [17].

This game model assumes perfect information in the sense
that at every possible game state, each player knows the
complete history of prior actions, including random moves,
and can anticipate the resulting state for any sequence of
actions and random moves. Since the game tree is finite, such
games have both a finite horizon (i.e., tree height) and finite
decision choices (i.e., actions at each state).

While general multi-player games may assign distinct, po-
tentially uncorrelated payoff functions to each player, two-
player zero-sum games are strictly competitive. Specifically,
one player’s gain is precisely the other’s loss. Thus, specifying
a payoff function for the maximizing player P1 suffices, as
P2’s payoff is implicitly defined as its negation.

A (pure) strategy for player Pi, for i ∈ {1, 2}, is an
element of the strategy space as a Cartesian product Si =∏︁

v:π(v)=Pi
Av , which is the collection of all the actions avail-

able for the player in each state. A strategy profile is a tuple
containing one strategy for each player. Given a strategy profile
(s1, s2) ∈ S1 × S2, the probability distribution of terminal
game states Z is determined by d. The expected payoff of the
game corresponding to the strategy profile (s1, s2) is denoted
E[u|s1, s2].

A strategy profile (s∗1, s
∗
2) ∈ S1 × S2 is a (pure-strategy)

Nash equilibrium if E[u|s∗1, s∗2] ≥ E[u|s1, s∗2] for all s1 ∈ S1,
and E[u|s∗1, s∗2] ≤ E[u|s∗1, s2] for all s2 ∈ S2, i.e., no player
can improve their expected payoff by changing their own
strategy.

We interpret an SSAT formula Φ = Q.ϕ with variables
x1, . . . , xn as a two-player zero-sum game with perfect infor-
mation. Define the set of game states as V = B≤n =

⋃︁n
i=0 Bi,

i.e., the set of bit strings of length up to n. Note that v = B0,
i.e., the empty string, corresponds to the root node. Also,
define the edge relation as (v, w) ∈ E iff w = vb, i.e., the
concatenation of bit string v with a bit b ∈ B. Note that
the terminal states correspond to the complete assignments

z ∈ Bn. The players P1 and P2 correspond to the existential
and universal players, respectively. The payoff function is
defined as u(z) = 1 if ϕ[z1/x1, . . . , zn/xn] = ⊤, and
u(z) = 0 if ϕ[z1/x1, . . . , zn/xn] = ⊥. For a node v ∈ Bi,
let π(v) = P1 if xi+1 is existentially quantified, π(v) = P2 if
universally quantified, and π(v) = N if randomly quantified.
The action set at each non-terminal state is Av = B, and the
transition function is δv(b) = vb. The probability distribution
d(v) on actions is defined so that d(v, {⊤}) = p when xi+1 is
quantified by

Rp. We refer to this interpretation as the SSAT
game induced by Φ.

We remark that for a node v ∈ Bi, the SSAT game of
Φv = Φ[v] can be viewed as a subgame of Φ induced
by v, with game states Vv =

⋃︁n
k=i Bk and strategy space

Svj =
∏︁

w:π(vw)=Pj
Aw, j ∈ {1, 2}. Skolem and Herbrand

strategies correspond precisely to pure strategies in S∃ = S1

and S∀ = S2, respectively, modulo choices made at “don’t
care” game states when a player fixes a strategy. This corre-
spondence is reflected in the fact that Skolem strategies do not
depend on existential variables, and dually, Herbrand strategies
do not depend on universal variables. Moreover, for any pair
of Skolem and Herbrand strategies s1 and s2, the satisfying
probability Pr[Φ[s1, s2]] coincides with the expected payoff
E[u|s1, s2] of the strategy profile.

In general, a game may lack a pure Nash equilibrium, as
illustrated by the well-known rock-paper-scissors game, which
involves simultaneous moves and thus falls outside the class of
games with perfect information [18]. However, for the special
case of games with perfect information, there always exists
a pure strategy Nash equilibrium, which can be computed
via backward induction [19]. This strategy is subgame-perfect,
which means that every subgame achieves Nash equilibrium
under this strategy profile. In our context, the value Pr[Φ]
corresponds definitionally to the expected equilibrium value of
the pure strategy equilibrium derived by backward induction
on the SSAT game.

Lemma 1 (Equilibrium existence [19]). A finite two-player
stochastic game with perfect information always has a Nash
equilibrium in pure strategies.

Another issue is the uniqueness of payoffs in Nash equi-
libria. In general, a game may admit multiple equilibria with
different expected payoffs, e.g., the Battle of the Sexes game
[20]. However, for two-player zero-sum games, a classical
result states that the expected payoff for any equilibrium is
the same.

Theorem 1 (Minimax theorem [21]). For any finite two-player
zero-sum stochastic game with perfect information, where P1

is the maximizing player and P2 is the minimizing player, we
have

min
s2∈S2

max
s1∈S1

E[u|s1, s2] = max
s1∈S1

min
s2∈S2

E[u|s1, s2].

The minimax theorem supports the faithfulness of our game-
theoretic interpretation of SSAT formulas. That is, if both
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players select their optimal strategies, the existential player
can always expect a reward of Pr[Φ].

Furthermore, the following lemma asserts that the value
obtained by following a strategy is bounded by the equilibrium
value of the game if the opponent acts optimally.

Lemma 2. For every possible Skolem strategy s∃ of an SSAT
formula Φ, we have Pr[Φ] ≥ Pr[Φ[s∃]]. Similarly, for every
possible Herbrand strategy s∀ of an SSAT formula Φ, we have
Pr[Φ] ≤ Pr[Φ[s∀]].

The detailed proof, by induction on the structure of Φ, can
be found in the Appendix at [22].

Theorem 2. Given an SSAT formula Φ, we have

min
s∀∈S∀

Pr[Φ[s∀]] = max
s∃∈S∃

Pr[Φ[s∃]] = Pr[Φ],

Proof. By Lemma 1, there is a pure strategy Nash equi-
librium (s̃∃, s̃∀), obtained by backward induction, such that
Pr[Φ[s̃∃, s̃∀]] = Pr[Φ]. Therefore,

Pr[Φ[s̃∀]] = max
s∃∈S∃

Pr[Φ[s∃, s̃∀]] = Pr[Φ[s̃∃, s̃∀]] = Pr[Φ],

where the first equality holds by induction, as in the case
of SSAT without universal quantifications. By Lemma 2,
it follows that mins∀∈S∀ Pr[Φ[s∀]] = Pr[Φ]. Similarly,
maxs∃∈S∃ Pr[Φ[s∃]] = Pr[Φ].

IV. ENCODING TWO-PLAYER GAMES WITH SSAT

In this section, we highlight the practical expressiveness of
the generalized SSAT in addressing two-player games, which
serves as motivation for further research in SSAT solving. We
begin by providing a concrete representation for the games
defined in Definition 1. Next, we demonstrate a polynomial
reduction from these games to SSAT formulas. This trans-
formation allows us to convert a wide range of two-player
games into SSAT problems, thus enabling the application of
SSAT solvers with strategy generation capabilities for two-
player games.

Definition 2. A finite-state machine game is a tuple

Γ = (y, c,a1,a2, r, (p1, . . . , pn), δ,u, h)

where y = (y1, . . . , yq) are the state variables, c ∈ Bq

is the initial state, a1 = (a1,1, . . . , a1,m1) and a2 =
(a2,1, . . . , a2,m2

) are the input variables from players P1 and
P2, respectively, r = (r1, . . . , rn) are the Bernoulli random
variable inputs, with (p1, . . . , pn) being the probabilities for
each variable to be ⊤, δ : Bq × Bm1 × Bm2 × Bn → Bq

is the state-transition function, u = (u0, . . . , umu−1), for
u : Bq → Bmu , is the integer payoff function represented
in binary of length l, and h ∈ N is the horizon. In each game
state y, the game evolves according to the following steps in
sequence: 1) player P1 selects an action a1 ∈ Bm1 , 2) player
P2 observes a1 and selects an action a2 ∈ Bm2 , 3) a list of
independent Boolean values r is selected where each value
ri is ⊤ with probability pi, and 4) the game state transitions

to δ(y,a1,a2, r). The payoff for P1 is
∑︁

0≤i<mu,ui(y)=⊤ 2i

after h state transitions, while the payoff for P2 is its negation.

We note that although this representation allows for two
moves of different players and a random move (to select r)
before the state transitions, it preserves the perfect information
property required by Definition 1, as no decisions are made
simultaneously without observation.

Moreover, the state-transition function δ is flexible enough
to enforce the turn order defined by π as in Definition 1. We
can introduce an additional input ‘no-op’ variable for both
players, which indicates that the player does not perform any
action when ‘no-op’ input is true while all other input variables
are false. If an inactive player performs any action other than
a mandatory ‘no-op’, the game state will transition to a losing
state. Similarly, we distinguish between deterministic and
random game states by controlling the influence of the random
inputs r. For deterministic game states v with π(v) ̸= N ,
we define δ to be independent of r. For random game states
v with π(v) = N , we define δ to depend solely on r.
Consequently, the finite-state machine games can model any
abstract game characterized by Definition 1, limited only by
the approximation error in discretizing a real-valued payoff u
into a fixed-width binary integer u.

Given a game Γ, we want to solve for its equilibrium
value with an SSAT problem. Therefore, we need a formula
to convert binary representations to satisfying probabilities in
order to encode the payoff function as an SSAT formula.
We propose an encoding by dividing the binary represen-
tation and weighting the probabilities adequately. Let χk

be defined recursively by χ0 = t0 and χk+1 = (wk ∧
χk[t2k/t0, . . . , t2k+1−1/t2k−1]) ∨ (¬wk ∧ χk), with fresh in-
dexed variables ti and wi. Then, the variables used in χk are
Vars(χk) = {t0, t1, . . . , t2k−1, w0, . . . , wk−1}.

Lemma 3. For any assignment τ : {t0, t1, . . . , t2k−1} → B,
we have

Pr[

R22k−1
/(22

k−1
+1) wk−1 . . .

R2/3 w0.χk[τ ]]

=
∑︂

0≤i<2k,τ(ti)=⊤

2i/(22
k

− 1).

This is exactly the integer represented by τ , divided by
(22

k −1). The detailed proof, by induction on k, can be found
in the Appendix at [22].

We note that the size of the propositional formula χk is
linear in 2k as each ti appears exactly once in the formula,
with each occurrence of wi combining two sub-formulas with
disjoint variables. This compact conversion of binary repre-
sentations to satisfying probabilities allows for the encoding
of two-player games with a more diverse payoff than a binary-
outcome game.

Given Γ = (y, c,a1,a2, r, (p1, . . . , pn), δ,u, h), we define
its encoding as an SSAT formula:

624



ΦΓ =∃y(0)∃a1(0)∀a2(0)

Rp1 r
(0)
1 . . .

Rpn r(0)n

∃y(1)∃a1(1) . . .

Rpn r(h−1)
n ∃y(h)

∃t0 . . . ∃t2k−1

R22k−1
/(22

k−1
+1) wk−1 . . .

R2/3 w0.

(y(0) ↔ c) ∧
h−1⋀︂
i=0

(y(i+1) ↔ δ(y(i),a1
(i),a2

(i), r(i)))

∧
mu−1⋀︂
i=0

(ti ↔ ui(y
(h))) ∧

⎛⎝2k−1⋀︂
i=l

¬ti

⎞⎠ ∧ χk,

where k = ⌈log2mu⌉, and the notation x(i) stands for
the value of x at timestep i. A quantification of a list of
variables serves as a shorthand for quantifying its individual
components, whereas the equivalence between two lists of
variables is defined as the conjunction of the equivalences of
their corresponding components.

Theorem 3. For any finite-state machine game Γ, its expected
Nash equilibrium value is equal to (22

k − 1) · Pr[ΦΓ].

The detailed proof, by induction on the horizon h, can be
found in the Appendix at [22].

With Theorem 3, finding the value of a finite-state machine
game Γ can be converted to the problem of solving an SSAT
formula ΦΓ, with the number of variables ∈ O(h(q +m1 +
m2+n)+mu), and the matrix formula size ∈ O(h(∥δ∥+q)+
∥u∥+mu)), where ∥ϕ∥ is the size of a propositional formula
ϕ. Therefore, for a horizon h specified in unary, this reduction
is polynomial.

V. COMPUTING NASH EQUILIBRIUM AND STRATEGIES OF
SSAT GAMES

A. DPLL-based Solving

SharpSSAT [7] is a DPLL-based SSAT solver that incor-
porates multiple techniques from model counting and SAT
solving, including component analysis with caching, clause
learning, pure literal elimination, and early return at existential
quantifiers.

We extend the techniques used in SharpSSAT to support
efficient solving of general SSAT formulas with universal
quantification, as shown in Algorithm 1, where the modifica-
tions are highlighted, including Boolean constraint propagation
in Line 1, component analysis in Line 2, pure literal detection
in Line 3, and the implementation of universal quantification
in Lines 12 and 13. In addition, we perform universal clause
detection as a prescreening check before the recursive proce-
dure of Algorithm 1, and extend the prior strategy generation
algorithm [7] substantially.

1) Universal Clause Detection: To enable the solver’s
capability in detecting trivial instances before applying Algo-
rithm 1, we detect universal clauses, that is, clauses composed
entirely of universally quantified literals. Such clauses can be
trivially falsified by the universal player, regardless of the
existential player’s choices. If a universal clause exists, we

Algorithm 1 solveSSAT
Input: An SSAT formula Φ, Component Cache C
Output: pret = Pr[Φ]

1: BCP(Φ)
2: componentAnalysis(Φ)
3: pureElimination(Φ)
4: pret ← 1
5: for Φi ∈ Components(Φ) do
6: if (pi,Φi) ∈ C then
7: pret ← pi
8: continue
9: x← chooseBranchVar(Φi)

10: p0 ← solveSSAT(Φ[0/x], C)
11: p1 ← solveSSAT(Φ[1/x], C)
12: if x ∈ XA then
13: p← min(p0, p1)
14: else if x ∈ XE then
15: p← max(p0, p1)
16: else
17: p← (1− Pr[x]) · p0 + Pr[x] · p1
18: if p = 0 then
19: removePollutedCache(C,Φi)
20: addLearnedClause()
21: pret ← 0
22: break
23: pret ← pret · p
24: C ← C ∪ (Φ, pret)
25: return pret

terminate early and skip Algorithm 1. This observation is
leveraged during strategy generation: when a universal clause
is identified, we construct a Herbrand strategy that falsifies it.

2) Boolean Constraint Propagation: During Boolean con-
straint propagation (BCP) [23], a value of a variable at
the outermost quantifier level is determined, and unit clause
constraints are propagated. If a unit clause consisting of a
universally quantified literal is encountered, we immediately
return a satisfying probability of 0 (because the universal
player can falsify this clause), allowing the solver to prune the
current search branch early. This modification is necessary to
prevent unsound implications, in contrast to the cases of unit
existential or random variables, in which the literal is implied
true and propagated to other constraints.

3) Component Analysis: Component analysis is a key
technique in model counting used to avoid redundant com-
putation by exploiting formula decomposability [24], [25].
Component analysis is also sound for SSAT formulas with
existential and random quantifiers [4]. This result can be
naturally extended to SSAT formulas that include universal
quantifiers. Consequently, minimal modification to the original
SharpSSAT data structures is required to support instances
involving universal variables.

Theorem 4 (Component Analysis). Given an SSAT formula
Φ = Q.ϕ1 ∧ ϕ2, where Q may contain existential, universal,
and random quantifiers, and Vars(ϕ1) ∩ Vars(ϕ2) = ∅, we
have

Pr[Φ] = Pr[Q.ϕ1] Pr[Q.ϕ2].

This can be proven by induction on the number of variables,
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as detailed in the Appendix at [22].
4) Pure Literal Detection: A literal l is pure in a CNF

formula ϕ if ¬l does not appear in ϕ. The appearance of a pure
literal l in ϕ indicates that the underlying Boolean function is
unate in var(l), i.e., the implication ϕ[¬l] → ϕ[l] is valid. In
this case, we can safely assert that l should be set to ⊤ (resp.
⊥) if var(l) ∈ XE (resp. XA), even if var(l) is not in the
outermost quantifier level [26].

We enhance the detection of pure existential literals during
component analysis by considering the effect of pure literal
assignments to infer more pure literals in the process. This
enhancement allows making fewer decisions during solving,
with little overhead compared to ignoring the effects of clauses
satisfied by pure literals. We note that the detection of pure
universal literals is not currently implemented in SharpSSAT
due to its complications in the BCP and conflict learning
process, and we leave it for future work.

Remark. The original SharpSSAT performs an early re-
turn and skips computing the values of the remaining sub-
components at a branch x = ⊤, for existential x, if its
satisfying probability is guaranteed to be lower than the other
branch x = ⊥ [7]. Performing early return on existential
variables is sound for SSAT formulas that contain existential,
universal, and random quantifiers. However, performing early
returns on random and universal variables is unsound. A
counterexample is provided in the Appendix at [22].

Theorem 5. Given a general SSAT formula Φ that involves
existential, universal, and random quantifiers, the extended
SharpSSAT algorithm computes Pr[Φ].

The detailed proof can be found in the Appendix at [22].
5) Trace Representation: The SSAT solving steps, called

the trace [7], are recorded as a directed acyclic graph of
decision nodes with a non-decision root node representing the
start of solving.

Definition 3. Let Φ = Q.ϕ be an SSAT formula . A trace T is
a directed acyclic graph T = (V,E) with a root node v0 ∈ V
representing the initial formula Φ. Each internal decision node
v ∈ V \ {v0} represents a component encountered during the
solving process, labeled with its respective branching variable
v.x. A directed edge e = (v, w) ∈ E is labeled with a
Boolean assignment b ∈ {⊤,⊥} to v.x, connecting to a child
node w that represents one of the independent sub-component
formulas derived via component analysis. Edge labels along
e store the set of implied existential or universal literals L
discovered via BCP or pure literal elimination for the specific
component’s formula and decision variable assignment.

The independent components decomposed by component
analysis produced from a decision are all attached to the same
decision branch of its parent node. For nodes with existential
or universal decision variables, the decision that leads to the
optimal result for the player is recorded as winBranch, which
is the result that leads to the maximum (resp. minimum)
probability for the existential (resp. universal) player. At each

Algorithm 2 extractHerbrandStrategyFromTrace
Input: A trace T
Output: s∀ = {sx | x ∈ XA}

1: for each decision node v ∈ T do
2: v.τ ← ∅ // Preconditions for v
3: for x ∈ XA do
4: sx ← ⊥
5: L← universal literals implied by preprocessing
6: s∀ ← updateHerbrandFunc(s∀, L,⊤)
7: for c ∈ T.root.children do
8: c.τ ← {⊤}
9: for each decision node v ∈ T in topological order do

10: λ←
⋁︁

λ′∈v.τ λ
′

11: if v.x ∈ XA then
12: if v.winBranch = ⊤ then
13: for c ∈ v.posBranch do
14: c.τ ← c.τ ∪ λ
15: lv.x ← v.x
16: else
17: for c ∈ v.negBranch do
18: c.τ ← c.τ ∪ λ
19: lv.x ← ¬v.x
20: L← universal literals implied by lv.x
21: s∀ ← updateHerbrandFunc(s∀, L ∪ {lv.x}, λ)
22: else
23: λ′ ← λ ∧ v.x
24: L← universal literals implied by v.x
25: s∀ ← updateHerbrandFunc(s∀, L, λ′)
26: for c ∈ v.posBranch do
27: c.τ ← c.τ ∪ λ′

28: λ′ ← λ ∧ ¬v.x
29: L← universal literals implied by ¬v.x
30: s∀ ← updateHerbrandFunc(s∀, L, λ′)
31: for c ∈ v.negBranch do
32: c.τ ← c.τ ∪ λ′

33: return s∀ = {sx | x ∈ XA}

Algorithm 3 updateHerbrandFunc
Input: Herbrand strategy s∀, literal set L, precondition λ
Output: Updated Herbrand strategy s∀

1: for l ∈ L do
2: x← var(l) // assert sx ∈ s∀
3: if l is positive then
4: sx ← sx ∨ λ
5: return s∀

decision, all the unit clauses with existential or universal
variables will be recorded separately during BCP, since the
existential (resp. universal) player must make the choice to
satisfy all the unit clauses (resp. falsify one of the unit
clauses) in order to maximize (resp. minimize) the satisfying
probability of this component. Similarly, when a pure literal
with an existential variable is discovered, the corresponding
choice to maximize the satisfying probability is also chosen
by the existential player. We say that these choices made
by the existential (resp. universal) player are the existential
(resp. universal) literals implied by the branch decision, which
are recorded for each decision branch. The implied literals
obtained before the recursive SSAT solving phase, such as
those from universal clause detection, will be attached to the
root node, in which the precondition is set as ⊤.
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6) Skolem and Herbrand Strategy Generation: When the
solving phase is completed, we extract the Skolem and Her-
brand strategy profile from the trace with respect to their
respective variables’ decisions in each node. For the original
SharpSSAT Skolem function generation [7], one only needs
to generate a set of Skolem functions for existential variables
with respect to the random variable in its dependency set,
traversing the trace exactly once. When the formula contains
universal variables, we must generate both Skolem functions
s∃ and Herbrand functions s∀ with respect to their own
dependency sets, each traverses the trace once separately.
Algorithms 2 and 3 describe the process for Herbrand strategy
generation.

Algorithm 2 traverses the trace in a topological order
(Line 9). When each node is reached, the algorithm first calcu-
lates in Line 10 its precondition, i.e., the disjunction of all the
path condition formulas that reach this node. The formula set
v.τ is used for each node v to record the preconditions, which,
together with the branching decision, forms the precondition λ
in which the strategy should make a decision of {⊥,⊤} on a
certain variable x, such as the minBranch decision on universal
variables in Line 12, and the implied universal literals induced
from BCP and pure literal detection in Lines 13, 18, 24, and
29. Since the corresponding strategy function sx is initialized
as ⊥, the function will only be updated if the decision made
for x should be ⊤ under the precondition λ (Algorithm 3).

The Skolem strategy generation algorithm is largely similar
to Algorithm 2, except that the universal variable set XA in
Lines 3 and 11 of Algorithm 2 is replaced with the existential
variable set XE and L should be assigned with existential
literals instead of universal literals in Lines 5, 20, 24, and 29
to generate the Skolem strategy for each existential variable.

Theorem 6. Given a general SSAT formula Φ that involves
existential, universal, and random quantifiers, the strategy
profile generated from Algorithm 2 and its Skolem strategy
counterpart is a Nash equilibrium on the SSAT game of Φ.

Proof. We first prove that Pr[Φ[s∃]] = Pr[Φ[s∀]] = Pr[Φ]
by induction on the structure of the trace. With this fact,
we further show that the strategy profile (s∃, s∀) is a Nash
equilibrium. The detailed proof can be found in the Appendix
at [22].

B. BDD-based Solving

Because there are no other SSAT solvers that support
universal quantification, to serve as a baseline for compari-
son with our DPLL-based solving, we present a BDD-based
alternative. Specifically, we represent the matrix ϕ of the
SSAT formula Q.ϕ with a Reduced Ordered Binary Decision
Diagram (ROBDD) [27], where the BDD variables are ordered
according to the prefix Q, such that the variables appearing
earlier in the prefix are closer to the root of the BDD.

To support efficient BDD construction, we utilize dynamic
reordering. Variables of an SSAT formula are called of the
same quantification level if they are adjacent in the prefix
and have the same quantifier type. Variables of the same level

Algorithm 4 computeSatisfyingProbabilityWithBDD
Input: An SSAT formula Φ
Output: Pr[Φ]

1: BDD.groups← Φ.quantification levels
2: g ← BDD.One
3: for each clause c ∈ Φ.matrix do
4: g ← g ∧ c
5: BDD.One.pr ← 1
6: BDD.Zero.pr ← 0
7: for each non-leaf node v traversing g bottom-up do
8: if v.x ∈ XE then
9: v.pr ← max(v.then.pr, v.else.pr)

10: else if v.x ∈ XA then
11: v.pr ← min(v.then.pr, v.else.pr)
12: else
13: p← probability associated with v.x
14: v.pr ← p · v.then.pr + (1− p) · v.else.pr
15: return g.pr

can be permuted in the prefix without affecting the satisfying
probability. This freedom allows us to apply group sifting [28]
to optimize the variable order while maintaining the levelized
structure required by different quantification blocks.

Once the BDD is constructed, the satisfying probability
Pr[Φ] is computed with a bottom-up traversal as outlined in
Algorithm 4. For each node v representing a Boolean function
ψv , we compute Pr[Q.ψv] based on the quantifier of the
variable associated with v.

To perform strategy generation for BDD-based solving, we
can simply record the optimal branch decision made at each
node with an existential or universal variable in Algorithm 4,
and treat the entire BDD structure as a trace to perform
strategy generation with the same process as SharpSSAT
(Section V-A6), but with empty implied literals for each
decision branch.

VI. EXPERIMENTS

A. Benchmarks

Our total benchmark suite consists of 696 SSAT instances
across 25 benchmark families. The statistics of all bench-
mark families can be found in the Appendix at [22]. We
adapted 20 of these families from the benchmark set used
in ClauSSat [5] by randomly replacing existential and
random quantifiers with universal quantifiers for each instance.
Detailed descriptions of these benchmarks can be found in
[5]. Although these families do not represent the actual en-
coding of two-player games, they are included to provide
diversity for testing. In addition, to evaluate the performance
of SharpSSAT in two-player zero-sum games, we created
five new benchmark families based on well-known two-
player games: breakthrough-rand, candy-nim-rand,
dots-and-boxes-rand, nim-rand, and pig. As de-
fined in Definition 2, all encoded games have payoffs rep-
resented by fixed-width binary integers and enforce a finite
horizon for termination. The transition and utility functions of
the games are initially specified in Verilog HDL, which is then
further synthesized into and-inverter graphs (AIG) using the
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synthesis tool Yosys [29]. After that, we convert the games
to SSAT formulas and apply Tseitin transformation [30] to
rewrite the matrix in CNF.

The benchmark breakthrough-rand is a randomized
variant of Breakthrough, a two-player board game invented
by Dan Troyka in 2000 [31]. It is played on a rectangular
board with each player’s pawns filling their respective two
home rows. Players take turns to move one of their pawns
one square straight or diagonally forward. Diagonal moves
into an opponent’s occupied square result in a guaranteed
capture, while straight forward captures succeed only 50%
of the time. If the forward capture fails, both pawns remain
in their original positions. A player wins by either moving a
pawn to the opposite edge of the board or capturing all of their
opponent’s pawns. The payoff for P1 is 2 if P1 wins, 0 if P2

wins, and 1 in any state where neither player has yet won.
The nim-rand benchmark encodes a randomized variant

of the classic two-player game Nim. There are n piles of stones
with c stones each. On each turn, a 6-sided die is rolled to
decide the number of stones they must remove from a single
selected pile. If the pile contains fewer stones than the die roll,
the player takes all the stones from it. A player wins by taking
the final stone from the board. The payoff for P1 is 2 if P1

wins, 0 if P2 wins, and 1 in any state where neither player
has yet won.

The candy-nim-rand benchmark modifies only the pay-
off structure of nim-rand similar to Candy Nim [32], [33].
The players aim to maximize their accumulated stones, but the
primary objective is to capture the final stone, which awards
a bonus payoff equivalent to l stones. Thus, the payoff for P1

is the number of stones taken by P1, plus the bonus l if they
take the final stone from the board.

The benchmark dots-and-boxes-rand encodes a two-
player game in which, unlike the previous games, the moving
player cannot be inferred directly from the depth of the game
state. In dots-and-boxes-rand, two players compete on
a rectangular grid of dots. Each player takes turn to draw
a horizontal or vertical line between two neighboring dots.
When the line drawn by a player forms a 1×1 box, the player
gains one point and gets to draw an additional line with 50%
probability. The payoff for P1 is the points gained by P1.

The benchmark pig encodes the two-player dice game
Pig [34]. On each turn, the active player rolls a die and chooses
to either hold or roll. If the player chooses to hold, they score
the sum of their rolls for that round and pass the turn to the
opponent; choosing to roll attempts to accumulate additional
points. The turn ends immediately if the active player rolls a
1, in which case they score zero points for that round. The
first player to reach a target score wins. The payoff for P1 is
2 if P1 wins, 0 if P2 wins, and 1 in any state where neither
player has yet won.

B. Evaluation

We evaluated the performance of our extensions to
SharpSSAT, with optional pure literal detection. Because
there are no SSAT solvers that support universal quantifiers,
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we implemented a BDD-based baseline solver in C++ using
ROBDD compilation via the CUDD package [35] for com-
parison (Section V-B). All experiments were conducted on a
single CPU core of an Intel Xeon w7-2495X with 512 GB of
RAM running on Ubuntu 22.04. Each instance was run once,
given a time limit of 1000 seconds, and the component cache
of SharpSSAT was restricted to 64 GB.

Table I compares SharpSSAT with and without pure literal
detection against the BDD baseline, without generating strate-
gies, where the number of instances per benchmark family
(#I), the number of solved instances (#S), Penalized Average
Runtime (PAR2) in seconds, and average memory usage
for solved instances (MEM) in MB are reported. Overall,
SharpSSAT solved more instances within the runtime limit
compared to the baseline solver for all benchmark families,
demonstrating the effectiveness of DPLL search with compo-
nent caching over a variety of SSAT formulas. We note that for
the instances generated by our proposed reduction, enabling
pure literal detection does not significantly affect the solver’s
runtime. This is because the Tseitin variables for the state-
transition functions are combined with random variables in
χk to form the final matrix. As a result, most variables appear
in both phases in the matrix, and pure literal elimination does
not take effect.

Note that because SharpSSAT was able to solve more
large instances within the runtime limit, this contributed to
SharpSSAT’s larger average memory usage compared to the
BDD-based solver.

Figure 1 depicts the sorted runtime of solving the complete
set of instances under three solver settings. Among the com-
pared settings, SharpSSAT with pure literal elimination out-
performs the others. The result demonstrates the effectiveness
of pure literal elimination.

To evaluate the overhead of strategy generation, we con-
ducted experiments to compare SharpSSAT with and with-
out enabling strategy generation. SharpSSAT successfully
generated the strategies for all instances that were solved
without enabling strategy generation. As shown in Fig. 2a, the
runtime overhead of strategy generation is minor, averaging a
16% increase across all instances. This outcome highlights
the efficiency of our witness extraction algorithm. Although
strategy generation requires maintaining the trace throughout
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TABLE I
EXPERIMENTAL RESULTS COMPARING SHARPSSAT AND THE BASELINE SOLVER.

SharpSSAT baseline
w/o pure lit. w/ pure lit.

Family #I #S PAR2 MEM #S PAR2 MEM #S PAR2 MEM
tlc 13 13 0.00295 6 13 0.00294 6 0 2,000.00 N/A
gttt 3x3 9 9 0.0754 15 9 0.0769 13 0 2,000.00 N/A
ev-pr-4x4 7 7 0.00406 6 7 0.00446 5 0 2,000.00 N/A
arbiter 10 5 1,100.09 1,091 7 605.40 24 0 2,000.00 N/A
Tree 14 14 0.00396 10 14 0.00387 10 12 288.48 38
RobotsD2 10 4 1,231.47 5,364 4 1,202.49 347 0 2,000.00 N/A
depots 9 3 1,333.34 5 3 1,333.34 5 0 2,000.00 N/A
pipesnotankage 9 1 1,777.78 5 1 1,777.78 5 0 2,000.00 N/A
Counter 8 6 538.40 4,127 6 537.29 20 4 1,024.91 295
Connect2 16 16 5.17 71 16 0.0347 68 1 1,880.13 1,080
Adder 6 5 333.33 4 5 333.33 4 2 1,333.39 28
k branch n 10 3 1,400.00 9 3 1,400.00 9 0 2,000.00 N/A
conformant 24 15 750.01 7 15 750.01 7 0 2,000.00 N/A
tiger 5 5 0.00143 4 5 0.000442 4 2 1,216.79 86
ToiletA 77 77 9.41 197 77 9.53 131 18 1,543.65 96
sand-castle 25 24 144.06 2,733 24 141.41 1,497 15 809.56 68
MaxCount 25 10 1,201.25 146 10 1,201.31 112 2 1,879.39 143
MPEC 8 8 1.99 53 8 2.17 7 0 2,000.00 N/A
PEC 8 5 750.02 9 5 750.02 7 0 2,000.00 N/A
stracomp 60 15 1,522.81 5,254 48 416.40 221 6 1,819.76 80
breakthrough-rand 60 43 648.05 1,090 43 652.72 1,089 0 2,000.00 N/A
candy-nim-rand 79 79 25.39 604 79 27.79 604 18 1,551.80 58
dots-and-boxes-rand 45 42 190.41 96 41 215.16 95 5 1,811.84 68
nim-rand 79 73 166.16 78 73 167.30 78 20 1,507.91 57
pig 80 80 85.23 1,983 79 103.87 1,712 15 1,633.53 80
total 696 562 417.89 850 595 319.32 505 120 1,666.10 85

the solving process, resulting in increased memory usage,
the peak memory consumption remains roughly twice that of
solving without strategy generation in most cases, which can
be seen in Fig. 2b.

Furthermore, we studied the effects of pure literal detection
on the quality of generated strategies. We compared the size
of the synthesized circuit (in AIG nodes) for each strategy
with and without pure literal elimination in Fig. 3. Strategy
circuits were synthesized using ABC [36] and optimized with
the dc2 command. We excluded trivial strategies with zero
AIG nodes from the comparison. In Fig. 3, each data point
plots the circuit size generated with pure literal detection
(vertical axis) against the size generated without it (horizontal
axis). Most of the strategy functions are roughly the same size
with and without pure literal elimination. Almost 80% of the
cases have strategy sizes within a 5% deviation, while some
extreme instances may see up to 99% reduction when allowing
pure literal elimination. This improvement is expected, as
identifying pure literals enables pruning of the search space
and eliminates unnecessary dependencies for variables at in-
ner quantifier levels. The variation can be explained by the
way the SSAT instances are generated. As mentioned in the
analysis of Table I, the specific formula structures of the
game-based instances limit the utility of pure literal detection.
Consequently, their generated strategies will only have limited
size improvements, since the strategy size of an instance is
linear in the size of the trace created from the solving process.

In contrast, some benchmarks lack this structural property,
enabling significant reductions of strategy sizes.

Our generated strategy profiles (s∃, s∀) for SSAT formulas
Φ were verified by first forming Φ[s∃] and Φ[s∀], defined
in Section II, with a procedure similar to the AIG method
described in Section VI-A. Then SharpSSAT was applied
again to confirm that Pr[Φ[s∃]] = Pr[Φ[s∀]] = Pr[Φ], which
shows that (s∃, s∀) is an equilibrium by Theorem 6.

To evaluate the efficiency of our encoding of finite two-
player zero-sum games with perfect information, we compared
SharpSSAT against OpenSpiel [37], an established frame-
work for game theory research, across five stochastic game
families. We implemented the benchmark families in C++
to leverage OpenSpiel’s exact Nash equilibrium algorithm
expectiminimax for stochastic games [38]. The timeout
limit is set at 10,000 seconds for both solvers.

As summarized in Table II, our approach outperforms
OpenSpiel overall, solving more instances faster and reduc-
ing the PAR2 score by over two-thirds. However, OpenSpiel
manages to solve more instances in breakthrough-rand
and dots-and-boxes-rand than SharpSSAT. We at-
tribute this to the relatively limited role of stochastic elements
for these games.

The performance of SharpSSAT and OpenSpiel as ex-
act Nash equilibrium solvers is depicted in Fig. 4. For smaller
game instances, OpenSpiel generally evaluates faster than
SharpSSAT. In the initial scaling phases across the plots,
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Fig. 2. Runtime and memory usage comparison of SharpSSAT with and without strategy generation.

TABLE II
EXPERIMENTAL RESULTS OF EXACT NASH EQUILIBRIUM COMPUTATION COMPARING SHARPSSAT AND OPENSPIEL .

SharpSSAT OpenSpiel
Family #I #S PAR2 MEM #S PAR2 MEM
breakthrough-rand 60 49 4075.71 2,222 60 365.68 9
candy-nim-rand 79 79 27.79 604 69 2,753.82 9
dots-and-boxes-rand 45 43 973.51 99 44 700.70 9
nim-rand 79 77 740.32 128 68 2,887.42 9
pig 80 80 92.00 1,983 52 7,340.18 9
total 343 328 1039.04 1,004 293 3,167.19 9
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Fig. 3. Strategy size comparison with and without pure literal elimination.

data points frequently appear above the y = x reference line.
This is expected, since OpenSpiel computes state transitions
and payoffs directly without the upfront processing overhead
associated with CNF encoding.

As the problem size and the horizon of the game increase,
SharpSSAT demonstrates a substantial scalability advantage
in candy-nim-rand, nim-rand, and pig. In these three
families, there are clear crossover points in the plots where

SharpSSAT overtakes OpenSpiel, demonstrated by the
main clustering of data points shifting below the y = x line
as execution times grow. Most notably, OpenSpiel hits the
10,000 seconds timeout limit on numerous hard instances in
these families, while SharpSSAT successfully solved these
identical game instances, frequently in under 100 seconds.

The breakthrough-rand game is a notable exception
to this trend. In this benchmark family, OpenSpiel main-
tains a performance lead across nearly all tested instances.
SharpSSAT experiences timeouts on several instances that
OpenSpiel solves within the time limit. These results
reinforce our earlier observation that explicit state search
algorithms like expectiminimax remains competitive for
games with less stochastic influence.

VII. CONCLUSIONS

We extended SharpSSAT as the first SSAT solver with
strategy generation that handles formulas involving existential,
universal, and random quantifiers. We also proposed a poly-
nomial reduction from an implicitly specified finite two-player
zero-sum stochastic game with perfect information to SSAT.
This generic transformation enables the computation of Nash
equilibrium and the corresponding strategy profile for two-
player games with the extended SSAT solver. Experimental
results demonstrate the practicality of SharpSSAT in solving
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Fig. 4. Runtime comparison between SharpSSAT and OpenSpiel across five stochastic game families.

general SSAT formulas and Nash equilibrium computation for
games with strong stochastic influence.

For future work, we plan to integrate more enhancement
techniques, such as pure universal literal elimination, universal
reduction [39], and dependency schemes [40] into SSAT
solvers and strategy generation. In addition, we plan to create
more game benchmarks and provide correctness proofs by
extending CPOG [41], [42]. For real-world applications beyond
game equilibrium calculation, we plan to investigate SSAT
encoding for other multi-agent systems such as the design of
secure circuits resilient to adversarial attack.
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