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ARTICLE INFO ABSTRACT

Keywords: Bone mineralization critically influences bone strength and fracture risk, yet the dependency on bone porosity
Bone mineralization dynamics across the range from cortical to trabecular bone remains incompletely understood. We present a novel
Bone porosity mathematical framework that explicitly models bone mineralization dynamics as a function of bone turnover,

Mathematical modeling

h > which can be linked to porosity. Unlike existing fixed-porosity models, our approach incorporates porosity-
Trabecular-cortical variations

Specific surface dependent cellular activity based on remodeling surface availability, enabling analysis across the entire
Turnover rate porosity range. We tested three biologically motivated hypotheses to explain mineral content variations with
Mineral apposition rate porosity, involving variations in turnover rate, targeted resorption and mineral apposition rate. Through
Trabecular microarchitecture systematic hypothesis testing validated against experimental data, we successfully reproduced the characteristic
relationship between material and apparent density observed across varying bone porosities. Results indicate
that porosity-dependent turnover and mineral apposition rate primarily drive mineralization. Global sensitivity
analysis confirmed the mineral apposition rate as the most influential parameter. Additionally, our analysis
supports that dispersion in mid-porosity experimental data can be explained by trabecular microarchitectural
variations, specifically the proportion of rod-like versus plate-like structures affecting specific surface area. This
framework provides a mechanistic explanation for bone mineralization variations across the porosity range.

1. Introduction formed [8]. The last phase of bone remodeling is mineralization, where

ions precipitate to form hydroxyapatite (Ca,,(PO,)s(OH),) in the newly
formed osteoid. [9]. Rapid primary mineralization rapidly occurs after
osteoid formation, reaching approximately 50% of the final mineral
content, followed by slower secondary mineralization [2].

Variations in biomechanical properties, microarchitecture, physico-
chemical environments, and loading requirements between trabecular
and cortical bone suggest different mineralization processes [10-12].
Cortical bone consists of dense osteons with direct vascular supply,
while trabecular bone forms a less dense network that relies on diffu-
sion for mineral exchange [13], affecting the availability of (Ca>*) and
(P,) for hydroxyapatite precipitation [12]. Furthermore, variations in
specific surface area — the bone surface available for cellular remodeling
— dictate turnover rates [14,15]. The lower specific surface of cortical

Compromised bone quality is a primary determinant of fracture risk,
particularly in osteoporosis where anti-resorptive therapies increase
mineral density [1-4] but may suppress remodeling, leading to older,
more brittle tissue over time. Bone quality is a multiscale attribute
involving microarchitecture, remodeling dynamics, and mineral con-
tent [1]. Bone mineralization dynamics are particularly important for
the elastic modulus and fracture resistance of bone tissue [5-7], but
remain incompletely understood.

Bone remodeling is the fundamental process involving bone re-
sorption by osteoclasts and formation by osteoblasts to maintain bone
quality and calcium homeostasis. Under normal physiological condi-
tions, bone homeostasis is maintained through balanced remodeling
in which the amount of bone resorbed equals the amount of bone
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Acronyms

BMDD bone mineral density distribution

BCPM bone cell population model

RVE representative volume element

VOI volume of interest

TGF-$ transforming growth factor p

RANK receptor activator of nuclear factor xf

RANKL receptor activator of nuclear factor xp
ligand

OPG osteoprotegerin

PTH parathyroid hormone

MCSF macrophage colony stimulating factor

BMU basic multicellular unit

LCN lacunar-canalicular network

DMB degree of mineralization of bone

BSU bone structural unit

microCT micro-computed tomography

FEA finite element analysis

bone results in extended tissue aging, progressive mineral accumulation
and higher degrees of mineralization [11]. These differences can also be
observed in Bone Mineral Density Distribution (BMDD) analyses [16],
which show a peak shift from trabecular to cortical bone, attributed to
bone turnover rate and mineralization kinetics [11,16].

Boivin and Meunier’s model proposed that bone turnover alone
regulates bone matrix mineralization [17], with high turnover bone
(trabecular) having lower mineralization than low turnover bone (cor-
tical). Recent experimental findings challenge this model, highlighting
the complexity of bone mineralization. Studying mineral accumulation
in bone requires advanced imaging techniques to track changes over
time [18]. Previous studies have shown differences in mineralization
between trabecular and cortical bone [16,19-22], but most focus on
fixed porosity values, limiting the analysis of mineralization dynamics
across the porosity range. Zioupos et al. [23] addressed this gap by
experimentally measuring mineral content across volumes of interest
(VOIs) with varying porosity from one elephant femur. The speci-
men allows for high-resolution analysis of bone composition across
a human-like structural organization [23]. They present a distinctive
relationship between apparent density (bone mass per tissue volume)
and material density (bone mass per bone matrix volume) in both
trabecular and cortical VOIs across a porosity spectrum (Fig. 1). The
boomerang-shaped curve suggests complex mineralization dynamics
with systematic variations as porosity changes.

Mathematical modeling offers a complementary approach to study-
ing mineralization dynamics and allows for exploring mechanisms that
are difficult to access experimentally. Existing bone cell population
models (BCPMs) have evolved from basic temporal dynamics [25-
29] to include spatial dependencies [15] and mineralization [30].
Other modeling approaches analyzed BMDD variations and density
relationships [24], but remain limited to fixed porosity values.

We extend these models by incorporating porosity-dependent cel-
lular activity based on specific surface area [14,15] to analyze min-
eralization parameters across the full range of porosity. This enables
a unified analysis of mineralization dynamics across the full porosity
spectrum, rather than focusing solely on differences between trabecular
and cortical bone. Building on previous work [16,17,24], we test three
biologically motivated hypotheses:

Hypothesis 1 The differences in turnover rate — governed by porosity-
dependent variations in available bone surface for remodeling
— solely explain the observed mineral content variations with
porosity.
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Fig. 1. Apparent density (Dn.app) vs. material density (Dn.mat) across the
porosity range: The figure was generated using data tabulated by Berli
et al. [24], originally reported by Zioupos et al. [23]. Markers are shaded
and labeled by bone volume fraction (fr, ).

Hypothesis 2 Combined effects of porosity-dependent turnover rate
and targeted resorption in different bone compartments deter-
mine the mineral content variations with porosity. Targeted
resorption refers to the preferential resorption of more highly
mineralized (older) bone tissue by osteoclasts, while recently
formed, less mineralized bone may be temporarily protected
from resorption.

Hypothesis 3 Combined effects of porosity-dependent turnover rate
and differences in mineralization kinetics, specifically the min-
eral apposition rate, determine mineral content variations.

To test these hypotheses, we use a computational model of bone remod-
eling in steady-state conditions (remodeling equilibrium). We address
the following objectives:

» Develop a bone remodeling model linking mineralization and
turnover rates to porosity, from trabecular to cortical bone.

+ Implement a mineralization algorithm with varying kinetics and
age-based targeted resorption.

+ Validate the model against experimental data [23] to reproduce
the characteristic density relationship and explain mid-range data
dispersion.

+ Identify key parameters for mineralization dynamics via global
sensitivity analysis.

By linking porosity to mineralization dynamics, this study overcomes
imaging limitations and provides the basis of multiscale bone quality
assessment and the analysis of bone pathologies.

2. Methods
2.1. Mathematical model of mineralization in homeostasis

We integrate a porosity-dependent BCPM [15], which links cell
concentration to bone turnover through the available specific surface
area, with a mineral-tracking algorithm [30,31]. The latter tracks the
mineral content of individual bone patches within a representative
volume element (RVE) as they age. Typical RVE sizes are approximately
10 X 2 X 2 mm for cortical bone [15] and 5 X 5 X 5 mm for trabecular
bone [32,33] — dimensions large enough to capture microstructural
features such as Haversian canals and trabecular rods, yet small enough
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to avoid macroscopic effects such as overall bone shape [34]. The
model predicts density relationships across the porosity range to inves-
tigate the mechanisms underlying the characteristic boomerang-shaped
curve.

2.1.1. Bone cell concentrations depending on porosity

To analyze mineral distributions across the porosity range, we adapt
the BCPM by Lerebours et al. [15] to describe cell concentrations as a
function of bone volume fraction (fp,g). The latter is defined at the
RVE scale as bone volume per total volume (fp, 5 = Vrp/Vrrve)- It
relates to the fraction of tissue scale porosity — defined as volume of
pore space per volume of the RVE (f1,po, = V1ipo/Vrirve = 1 — fris)-
Porosity includes the Haversian system in cortical bone and marrow
spaces in trabecular bone.

While the original model simulated spatial adaptation to loading,
we focus on a single RVE in steady state (bone remodeling in equilib-
rium without long-term changes in porosity). This simplification allows
us to isolate how porosity levels and specific surface area influence cell
population dynamics and mineralization under homeostatic conditions,
regardless of spatial variations due to position-dependent mechanical
loading.

The concentrations of active osteoclasts (Coca) and osteoblasts
(Cop,) are modeled through the differentiation of uncommitted
(Oc,,0b,) and pre-progenitor (Ocp,Obp) populations. These dynamics
are governed by intra-/inter-cellular communication pathways — in-
cluding receptor activator of nuclear factor kf (RANK), the respective
ligand (RANKL), transforming growth factor f (TGF-p), parathyroid
hormone (PTH), and mechanical signals (Sy,..,) — which regulate dif-
ferentiation (%), apoptosis (<), and proliferation rates (£?). The BCPM
describes the temporal evolution of these populations as

d
@ COCP (frem. 0 = @coCu (Cumcesrr CrankL) - Coc, (f1e8)

~ Zcq., (Crankr) - Coc, »
P
d
3 Coe, s 1) = gcocp (CrankL) - Coc, = Fco,, (Crar-p) - Coc,»

d
3 Cov, (f1e8:1) = Dy, (Crar-p) - Cov, (fres) + f@c0hp (Steeh) * Cob,

- chbp (Crar-p) - Con,»
£ Con, 8 = Ty, (Crcr)* Con, = Feey, * Con,: (1)
Concentrations Cy with X € {macrophage colony stimulating factor
(MCSF), TGF-8, RANKL} and regulatory parameters follow standard-
ized bone histomorphometry nomenclature [35]. Detailed mathemati-
cal formulations and parameter values are provided in the Supplemen-
tary Material.

For normal physiological conditions, we solve for steady-state con-
centrations by setting all temporal derivatives in Eq. (1) to zero.
Lerebours’ model relates cell concentrations and bone volume fraction
through the turnover rate (TR, change of bone volume fraction per unit
time). In homeostasis, the turnover rate reflects the balance between
bone formation and resorption:

TR(/18) = BFR - Cop,, (Coc, (f1t.8)> Cob, (f1e.8))
=BRs.R - Co, (Coc, (f1t.8): Cob, (f1e.8)): 2

where BFR and BRs.R are the formation and resorption rates (bone
volume fraction formed or resorbed per unit cell concentration and
time). The relationship between active cells and bone volume frac-
tion is mediated through uncommitted cell concentrations [15,36],
reflecting the biological communication between cell lineages. Active
osteoclasts release signaling factors (e.g., TGF-g) during resorption that
influence osteoblast differentiation from the uncommitted pool, creat-
ing interdependence between both lineages’ uncommitted populations.
Using the explicit turnover rate derived in Section 2.1.2, we determine
Cov, (f1e.8) and Co (fr. ) before solving for the steady-state of (Eq. (1))
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Fig. 2. Bone cell concentrations in steady-state: Concentration of active
(Cop, > Co.,) and uncommitted (Coy, , Co,, ) Osteoblasts and osteoclasts depend-
ing on the bone volume fraction (fr ), calculated from Eq. (2) and the
equilibrium solution of Eq. (1).

to calculate the remaining cell concentrations (Co.,, Coc,» Cob,» and
CObp).

The concentrations peak at fr, g ~ 0.7 (Fig. 2), aligning with the
maximum turnover rate dictated by the bone’s specific surface area
(Section 2.1.2).

2.1.2. Dependency on bone volume fraction: Specific surface and turnover
rate

The turnover rate is determined by the specific surface area, defined
as “internal surface area per unit volume of the bone” [14]. Mathe-
matically, it is expressed as the void surface per total bone volume in
the RVE (S, = Syq/Vrg) [14] and can be expressed as a function of
porosity:

S (fripo) =322 fripo — 9393 po + 13415 po — 101 £, po +28.812 1. (3)

This polynomial relationship was fitted to experimental measurements
of specific surface across a range of porosity values [14]. The poly-
nomial relationship captures the dominant trend, with scatter (see
also Fig. 6) reflecting the geometric variability in bone microstructure.
Bones with equal porosity can have different specific surface values due
to variations in pore sizes and shapes. Subsequent studies [37] vali-
dated and further refined this relationship. In dense bone, increasing
porosity adds accessible surface, while in sparse trabecular bone, higher
porosity reduces the remaining structural surface (Fig. 3).

Following Lerebours et al. [15], we assume turnover directly mirrors
this geometric availability as formation and resorption depend on
active bone cells that can only operate on available bone surfaces
(Section 1). We calibrated the turnover rate to experimental data from
Parfitt [38] (Fig. 3) via a scaling parameter crg

TR(f1e8) = c1r - Si(f1eB)s (€]

where crg = 5.961 x 107> was determined by minimizing the sum of
squared errors.

This feedback between porosity and turnover is fundamental to
our model, as it dictates how remodeling-driven mineralization varies
across the full porosity range. The turnover rate follows a
non-monotonic trend, where decreasing bone volume fraction increases
available surface area in dense cortical bone but reduces it in sparse
trabecular networks (Fig. 3).
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Fig. 3. Bone turnover rate and specific surface depending on bone volume
fraction: The specific surface curve (5,, dashed line, left y-axis) represents the
polynomial fit (Eq. (3)) to a point cloud from Martin [14]. The turnover rate
(TR, solid line, right y-axis) was determined by scaling this specific surface
relationship to match experimental bone turnover data (data points, right y-
axis) from Parfitt [38].

2.1.3. Mineralization depending on aging tissue

After establishing porosity-dependent cell concentrations and
turnover rates, we now address how these dynamics influence bone
mineralization. We implement the first-in-first-out queuing algorithm
developed by Martinez-Reina et al. [31] to track bone tissue age
(defined as the time elapsed since formation).

The aging queue (Fig. 4) at time step 7;,
B = [B(’;,B?,.._,B;',...,B;'_I,Bj;], (5)
consists of elements B', each representing bone tissue added at day #,_ j
that is not yet fully resorbed. The double-indexing notation is necessary
because the element does not simply represent all bone volume formed
j days ago; rather, it accounts for the fraction that remains after daily
resorption.

The queue is updated at each time step following a forward Euler
algorithm. The step size (4¢) is the difference between current (7;) and
subsequent time step (¢;, ).

1. Newly formed bone volume enters at index zero:

#1[0] = By = [y ®)

with formed bone volume fraction,
1
fm:fl = Ar-BFR - Cop, (141, f1iB)-

2. Existing elements advance one position (aging) and are partially
resorbed. Following the mineralization lag time (MIt), defined
as mean time interval between the deposition of unmineralized
bone matrix and the onset of its mineralization [35], elements
are reduced proportionally to their size. The size of an element
refers to the bone volume fraction stored in that queue element,
and “proportional” means that resorption occurs according to
the element’s percentage of the total bone volume fraction at
that time step. This results in

B, if j < Mit

~ T~

RBlit1[j + 11= B’_i+1 - i
U s+ B.’(l—%), if j > Mit

Tt.B

[
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with resorbed bone volume fraction,

fore = 4t - BRsR - Co. (4, frp)-

In steady-state, f;"LB = ;’:]‘3, holds for all i. During initialization,

the last element of the queue (index n) is used to ensure mass
conservation by storing any remaining bone volume fraction:

n—1
B+ [n] = B;,’“ — f%+ll3 _ Z B;i+l' ®)
i=0
Once steady-state is reached, the entire bone volume fraction is
distributed across elements with ages less than n, making the last
element zero.

3. Let t; be the time a bone patch remains in the queue until
fully resorbed. Since our queue length n is designed to exceed
tg, the total bone volume fraction is distributed across the first
tr elements, with later elements remaining zero. Consequently,
the total bone volume fraction must equal the sum of all queue
elements:

IR

lit1
>
i=0

Unlike earlier models limited by queue capacity [31], our vectorized
approach handles over 40,000 elements, ensuring the entire tissue
lifespan is captured without residual elements.

This algorithm supports time-dependent and steady-state simula-
tions. This study specifically analyzes bone remodeling under steady-
state conditions. We initialize the queue with all-zero elements and iter-
atively update them until the initial bone volume fraction is distributed
across queue elements and equilibrium is reached, characterized by
constant queue values.

Each element accumulates mineral based on its age according to
a refined exponential law [33,39] including lag phase of duration
Mlt during which no mineralization occurs, followed by primary and
secondary phase:

M) = { 0,

Mmax(l _ e—MAR(l—MlI))’

= f1in ©

if 1+ < Mlt

if 1 > Mt an

where MAR is the mineralization rate and M,,, is the maximum
mineral content. Parameter values are given in the Supplementary
Material. The average mineral volume fraction is then calculated as the
weighted sum of all queue elements:

R B - M()
Fiin
Both numerator and denominator represent volume fractions of the
RVE, ensuring the result is mineral content per bone volume.
Bone material density (Dn.mat) is determined by the volume frac-
tions of mineral, organic and water phases [31] following

v = an

Dn.mat =DnM: f3, +Dn.O - fo +Dn.W - fy,, 12)

where f, and fy are the volume fractions of organic material and
water relative to Vy . The volume fraction of organic material is
assumed to be constant [24,30,33] with water being progressively
replaced by mineral [40]: fy,+fo+/w = 1. Apparent density is defined
in [30] as

Dn.app = Dn.mat - fo, g. 13)

The average material and apparent density can be calculated depending
on the average mineral content after initialization of the queue as
fu = f;w" (Eq. (11)). This framework enables a unified analysis of min-
eralization dynamics across the full porosity range under steady-state
conditions.
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Fig. 4. Illustration of the aging queue: This graph shows how bone remodeling is tracked over time. The queue manages newly formed bone patches as they
age, with elements being updated at each time step to account for formation, maturation, and eventual resorption. Element size determines how these processes

are quantified in the model.

2.2. Parameter identification

Because measuring mineralization rates directly is experimentally
challenging, we calibrate MAR by minimizing the least-squares er-
ror between simulated and experimental density data [23]. Following
the modeling framework in Hypothesis 3 (Section 2.4), the objective
function (E = E(MAR)) is defined as

. G, g 2
. Z Dn.app®™(f5, ;) = Dn.app™™ (£, )
- pard ADn.app®*P

< Dn.mate"p(f%'l B~ Dn.matSim(f%l B) )2
+ . . ’

(14

ADn.mat*P

where 4 denotes the experimental densities range, f{t.B represent spe-
cific bone volume fractions. The experimental material and apparent
density are denoted by Dn.mat®*P and Dn.app*P. The corresponding sim-
ulated densities are denoted by Dn.mat*™ and Dn.app*™. We minimize
Eq. (14) using a bounded minimization algorithm (L-BFGS-B), with
parameter bounds informed by Martinez-Reina et al. [31].

2.3. Sensitivity analysis

We conduct a sensitivity analysis using Sobol’ indices [41] to de-
termine the impact of three key parameters — mineralization lag time
(Mlt), mineral apposition rate (MAR), and maximum mineral content
(M_,.x) — on characteristic boomerang-shaped relationship. These pa-
rameters directly control the mineralization process (Eq. (10)), while
other model parameters are either biologically constrained or have
negligible impact on the steady-state of bone remodeling. We define
a proximity metric, P, to quantify the density divergence between the
cortical and trabecular extremes:

P(params) = Dn.mat(0.9, params) — Dn.mat(0.1, params), (15)

with params = {MIlt, MAR, M. }. A small value of P indicates similar
densities, resulting in a boomerang profile. A large value of P indicates
divergent densities, leading to a more monotonic relationship. We
choose this proximity measure as a computationally efficient approach,
despite the availability of more complex shape comparison metrics.
Parameter ranges were determined based on [30]: M, € [0.1,1],
Mit € [0, 100] days, MAR € [10~, 10~2]. First- and second-order indices
were calculated using Saltelli’s sampling scheme (N = 2!9) via the
SALib library [42,43] to account for both individual (first-order) and
interactive (second-order) effects on the variance of P.

2.4. Formulation of hypotheses

We analyze biological mechanisms that might drive the observed
relationship between apparent and material density. We propose three
hypotheses, following previous work [16].

Hypothesis 1. The turnover rate differences explain the mineral con-
tent variations with porosity.

This base case represents the model framework described in Sec-
tion 2.1. It assumes that variations in mineral content are driven
solely by turnover rates governed by specific surface area. We main-
tain consistency across the porosity range for all other biological and
mineralization parameters.

Hypothesis 2. Combined effects of porosity-dependent turnover rate
and targeted resorption in different bone compartments determine the
mineral content variations with porosity.

This hypothesis posits that osteoclasts preferentially target older
bone tissue with higher mineral content while maintaining the first
hypothesis. Less mineralized regions are indicative of recently formed
bone, which may be temporarily protected from resorption. Targeted
resorption does not violate the steady-state assumption of the system:
while individual bone packets are selectively resorbed based on age or
mineral content, the overall balance between formation and resorption
rates remains equal.

We implement this concept through two approaches. First, we
restrict the second update rule (Eq. (7)) of the queuing algorithm to

B, if j < fpre

~

Bi+i[j+1]= B = 5

Tt.B

16

~.

with targeted resorption of bone patches older than a preferential age
Ipref'

The second approach follows Berli et al. [24], who studied the
boomerang-shaped curve relating apparent and material density us-
ing basic multicellular units (BMUs). BMUs are temporary, spatially
organized groups of osteoclasts and osteoblasts responsible for bone
remodeling. Their work assumes that BMUs in trabecular bone resorb
half the area (semi-osteon) compared to those in cortical bone (osteon).
We implement this by scaling the resorption rate as

BRs.R/2, if fr g <03
BRs.R(frp) = ABRs.R - (fr 5 +0.2), if03< fr g <08 a7z
BRs.R, otherwise.

Hypothesis 3. Both turnover rate and mineralization kinetics differ-
ences explain the mineral content variations with porosity.

We propose that mineralization kinetics vary with porosity, while
maintaining the first hypothesis. This is supported by possible differ-
ences in ion accessibility and mineral accumulation rate, as discussed
in the introduction. We replace the constant mineral apposition rate in
Eq. (10) with a porosity-dependent function:

MAR ¢

MAR(frp) = —/—— 18)
fres
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Fig. 5. Idealized trabecular geometries: A cubic volume of interest (Le*) con-
taining either rod- or plate-dominated structures. While a parallel arrangement
is shown for clarity, the derived specific surface relationships depend only on
scalar geometric parameters, not on specific structural organization.

where MAR,; is the reference rate from Hypothesis 1. This formulation
captures the inverse relationship between mineralization rate and bone
volume fraction.

2.5. Modeling morphological variation and dispersion

The experimental apparent-vs-material density relationship shows
significant dispersion in the mid-range of bone volume fractions. Tra-
becular bone consists of a mix of rods and plates, and the relative
proportions of these structures can differ even when bone volume
fractions are the same. We hypothesize that this scatter arises from
morphological variability — specifically the heterogeneous mix of rods
and plates in trabecular bone [44]. While two regions may exhibit an
identical bone volume fraction (fy, ), their specific surface area can
vary depending on their micro-architectural organization. We suggest
that the extreme cases of exclusively rod-like or plate-like structures
define the bounds of the experimental data cloud. To quantify this, we
analyzed the specific surface (.5,) of two idealized geometries within a
volume of interest of length Le. (Fig. 5).

We recall the definition of specific surface: S; = VSV . For
Tt.RVE
rod-dominated structures (number N.Ro, radius Rd), it holds ltﬁat
R R
R _ Ve _ NRo-rz-Rd GRo _ Sy’ NRo-2r-Rd 19
B VirvE Le? T4 Viree Le?

For plate-dominated structures (number N.Pl, thickness Th), it holds
that

Pl Pl
Vi _NPI-Th P = Sy

_ NP2
VIeRvE Le

It = = (20)
e VI RVE Le
Comparing the specific surface relationships Sf" / SE' for a given value

frup such that fr, g = fRo, = fF it follows that

Tt.B?
N.PI = I‘”‘;’h—”m“dz @
and ultimately
SLRO - Ih 22)
5;’1 Rd

Martin’s original work on specific surface theory [14] proposed bound-
ary curves to encapsulate most measured data points of specific surface
with notable dispersion in the mid-range of bone volume fractions
(Fig. 6). We generate analogous boundaries by applying multiplication
factors to the specific surface equation (Eq. (3)) in our model.

For rod-dominated structures at a fixed bone volume fraction, the
specific surface is inversely proportional to the rod radius

2. fRo

t.B

For a given porosity, smaller rod radii result in higher specific surface
area and consequently higher turnover rates, affecting mineral content
distribution. This shows how structural factors control bone remodeling
dynamics beyond bone volume fraction.

Ro __
S0 =
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Specific Surface [mm™1]

0.0 0.2 0.4 0.6 0.8 1.0
Bone Volume Fraction [-]

Fig. 6. Specific surface with experimental data: The S,-curve (Eq. (3), solid)
is scaled (dashed) by 1.459 (top) and 0.734 (bottom) to enclose the majority
of data points. Symbols denote healthy (solid) and diseased (open) human
bone from multiple anatomical sites circles: femoral bone (circles); iliac crest
(squares); rib (diamonds); vertebra (triangles). The figure was adapted from
Martin [14] and Pivonka et al. [36], which contain original data and details.

0.5

0.4

0.3

Sobol Index

- 0.2

- 0.1

- 0.0

Mumax Mit MAR

Fig. 7. Sobol’ sensitivity analysis: mineral apposition rate (MAR) and its
interaction with maximum mineral content (M,,,,) dominate model variance,
mineralization lag time (MIt) has no significant contribution. First-order in-
dices explain variance by individual parameters, while second-order indices
show variance explained by parameter interactions. Negligible negative values
represent numerical noise.

3. Results
3.1. Parameter sensitivity

The mineral apposition rate is the most important factor in control-
ling mineralization patterns in our model, as shown in our sensitivity
analysis (Fig. 7). The model is most sensitive to variations in mineral
apposition rate (highest first order index), particularly when interacting
with maximum mineral content (highest second order index). Total-
order indices assign MAR a contribution of 62.4% to the total model
output variance, followed by M, with 37.6% and Mit with 0.1%.
This highlights the importance of porosity-dependent mineralization
kinetics in analyzing experimental observations (Hypothesis 3).
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Fig. 8. Comparison of mineralization hypotheses and microarchitectural effects on density relationships. Labels next to data points show bone volume fractions.
(a) Hypothesis 1 fails to capture the boomerang shape using only turnover variations. (b) Hypothesis 2 (targeted resorption) partially replicates the trend but fails
in the low bone volume fraction range. (c) Hypothesis 3 (porosity-dependent kinetics) fully reproduces the experimental boomerang curve. (d) The rod-to-plate
morphological boundaries (Section 2.5) successfully enclose the experimental data cloud, explaining the observed dispersion.

3.2. Dependence of mineralization dynamics on porosity

For the first hypothesis relying on turnover differences alone (Hy-
pothesis 1), our model produces values within the correct range for
both apparent and material density and successfully replicates the
cortical branch of the experimental data (Fig. 8a). However, it fails to
reproduce the characteristic boomerang-shaped curve observed exper-
imentally. The model correctly shows that apparent density increases
with increasing material density for denser bone structures, but it does
not capture the inverse relationship expected at lower bone volume
fractions. Our findings do not support the hypothesis that turnover rate
differences alone explain the variations in mineral densities between
cortical and trabecular bone.

Targeted resorption by osteoclasts (Hypothesis 2) is modeled based
on either preferential age (Eq. (16)) or modification of the resorp-
tion rate (Eq. (17)). Using the first approach, the model accurately
reproduces the upper branch (cortical bone) and transition towards the
central region of the data cloud, but fails to capture the return along
the lower branch (trabecular bone) (Fig. 8b). Instead of bending back
toward higher material density values, the simulated trajectory drops
almost vertically beyond the turning point, missing the characteristic
boomerang-like distribution observed in the experimental data. The
second approach partially replicates the experimental data trend but
deviates in regions of lower bone fractions (< 0.3) corresponding to
trabecular bone (Fig. 8b). The model curve for mid-range and lower
bone volume fractions appears offset from the center of the experimen-
tal data cloud, while the cortical branch aligns well with experimental

measurements. The second approach implements two key methodolog-
ical concepts: (1) determining cell concentration (particularly active
osteoclasts) based on specific surface area, and (2) applying a bone
volume fraction-dependent restriction to the resorption rate (Eq. (17)).
We note that the effect of bone volume fraction is considered twice:
in calculating the cell concentrations; and in modifying the resorption
rate of active osteoclasts.

Our sensitivity analysis shows that mineral apposition kinetics are
a primary driver of model variance. Hypothesis 3 assumes that both
turnover and mineral apposition rate depend on porosity. This ap-
proach successfully reproduces the characteristic boomerang-shaped
curve observed in experimental data as well as the value range, suggest-
ing that porosity-dependent mineralization kinetics are essential for the
relationship between bone structure and mineralization patterns (Fig.
8¢).

3.3. Impact of morphological variation on density patterns

To account for the experimental data dispersion, we established
a framework to model the influence of micro-architectural hetero-
geneity. We derived boundaries that largely enclose our experimental
mineral density data (Fig. 8d) by applying multiplication factors to
the specific surface equation (Eq. (3)). The upper bound represents
the plate-dominated extreme, while the lower bound represents the
rod-dominated extreme as derived above.

The ratio of boundary .S;-curves (1.459/0.734 1.99) closely
matches the theoretical rod-to-plate ratio (Th/Rd = 81 pm/44.15 pm

~
~
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~ 1.83) derived from human morphometric analysis [45]. Values
were collected from trabecular bone samples from multiple donors
to capture the natural variability in trabecular geometries [45]. This
validates our geometric interpretation: dispersion is driven by rod-
plate heterogeneity in the mid-range (0.3-0.8 f1, ), while the more
homogeneous configurations at extreme porosities reduce variance.

Detailed mineralization queue dynamics including distribution pat-
terns are provided in Appendix A.

4. Discussion

This study introduces a mathematical framework that captures the
relationship between material and apparent density across the full
porosity range. Our sensitivity analysis (Section 3.1) identified the
mineral apposition rate (MAR) as the primary contributor (62.4%) to
model variance. This quantitative result justifies focusing on porosity-
dependent mineralization kinetics as the likely mechanism behind
the observed density patterns. By incorporating porosity-dependent
turnover and mineral apposition rate, our approach replicates the
boomerang-shaped curve observed in experimental studies without
assuming osteoclastic targeted resorption. Although physiologically
coherent, our results suggest that targeted resorption alone cannot
explain this behavior.

Hypothesis 1 attributed this variation solely to differences in
turnover rate based on the validated concept of specific surface [14,37].
We found that this mechanism alone could not reproduce the experi-
mental curve for trabecular bone (Fig. 8a). Hypothesis 2 introduced
targeted resorption through age-based restrictions on younger bone
patches and porosity-dependent resorption rate based on Berli et al.’s
model [24]. While Hypothesis 2 partially replicated the boomerang
curve (Fig. 8b), it introduced a methodological inconsistency. By ap-
plying a resorption restriction based on bone volume fraction while
already accounting for cell concentration via specific surface area,
the model effectively ‘double-counts’ the influence of porosity. This
suggests that a more consistent framework should rely on either surface
availability or resorption restrictions, but not both simultaneously.

Hypothesis 3, which integrates porosity-dependent turnover and
mineral apposition rate, aligns most closely with both experimental
data and physiological reasoning (Fig. 8c). Trabecular bone is highly
vascularized but lacks the dense intracortical vascular network present
in cortical bone, and blood vessels are not in immediate proximity to
the mineralizing bone surface [46]. Nutrient and ion supply therefore
relies on diffusion, resulting in different local concentrations of cal-
cium and phosphate ions and a distinct physicochemical environment.
These differences likely influence the kinetics of hydroxyapatite pre-
cipitation [12]. Trabecular bone has a higher turnover rate due to its
role in calcium homeostasis and its unique microarchitecture, which
results in a higher surface-area-to-volume ratio [14,37]. Together, these
factors support the porosity-dependent mineralization behavior caused
by variations in turnover and mineral apposition rate. Our findings are
consistent with the work of Lerebours et al. [16], who demonstrated
higher mineral content in cortical compared to trabecular bone and
hypothesized underlying differences in mineralization kinetics.

The dispersion observed in the mid-porosity range is well-explained
by micro-architectural heterogeneity. Our geometric analysis (Sec-
tion 2.5) confirms that the dispersion boundaries (Fig. 8d) correspond
to the theoretical ratio of rod-to-plate geometries derived from litera-
ture [45]. While cortical bone shows tighter clustering due to the more
uniform osteonal architecture [47], the wide dispersion in trabecular
regions reflects the varying proportions of rods and plates in different
anatomical sites.

Direct comparison of our results with human bone mineralization
data is challenging, as no comparable dataset of mineral density across
the full porosity range currently exists. Farlay et al. (2022) [48]
analyzed 60 iliac biopsies from untreated postmenopausal osteoporotic
women, examining mineralization at the bone structural unit (BSU)
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level. They distinguished between osteonal and interstitial bone within
cortical and trabecular compartments. The study reported unexpect-
edly small differences in degree of mineralization of bone (DMB)
(1.029 + 0.043 g/cm? for cortical and 1.003 + 0.031 g/cm’ for
trabecular bone) when considering whole compartments as well as
at the BSU level (Table 1 in [48]). Differences between cortical and
trabecular bone were substantially smaller than differences between
osteonal and interstitial bone within each compartment. This suggests
that microstructural organization may play a more significant role. The
authors proposed that better accessibility of calcium and phosphate
ions in trabecular bone could influence mineralization Kkinetics, or
alternatively, that differential regulation mechanisms may prevent
cortical bone from becoming overmineralized. Both explanations align
with our hypothesis of porosity-dependent mineral apposition rates
driven by distinct physicochemical microenvironments. Farlay et al.
(2019) [49] analyzed transiliac biopsies from 20 healthy pre- and
postmenopausal women and found cortical DMB of approximately
1.02 g/cm?® and trabecular DMB of approximately 1.00 g/cm? (Fig. 1
in [49]), with trabecular bone volume fraction of 21.9 + 6.2% (Table 1
in [49]). These small differences in material density despite substantial
variations in porosity between compartments are consistent with our
model results and the underlying data. Similar patterns were observed
by Nuzzo et al. [50] in their analysis of iliac crest specimens from
osteoporotic patients before and after treatment, with cortical and tra-
becular compartments showing DMB values in a comparable range and
minimal differences between compartments (Table 1 in [50]). The DMB
values reported in these iliac crest studies are lower than the material
density range in our study (1.4-2.1 g/cm?). Differences in anatomy and
mechanical environment could cause this discrepancy, as the iliac crest
experiences relatively lower mechanical demands and the elephant
femur bears substantial weight-bearing loads. Zioupos et al. [51] also
analyzed 67 human femoral heads from fracture patients and reported
trabecular material density values that fall within the same range as
their elephant bone measurements (Fig. 4 in [51]). Data points are
similar to the lower branch of the boomerang-shaped material-apparent
density relationship. This cross-species consistency in the fundamental
relationship between material and apparent density, despite absolute
value differences across anatomical sites, validates the generalizability
of our porosity-dependent mineralization framework. The pattern that
emerges across these independent datasets — similar material densities
between cortical and trabecular bone at the tissue level, combined
with the characteristic boomerang curve spanning the full porosity
range — demonstrates that our model captures physiologically relevant
mineralization behavior that transcends specific anatomical locations
and species.

Our model focuses on tissue scale porosity as the primary deter-
minant of mineralization differences between cortical and trabecular
bone, without explicitly incorporating the lacunar-canalicular network
(LCN). While the LCN is essential for nutrient exchange, the available
evidence on how LCN properties systematically differ between cortical
and trabecular bone is scarce, with reported variations confounded by
differences in species, anatomical site, and developmental history [52,
53]. We therefore assumed its contribution to be relatively uniform
across bone compartments at the scale of our analysis. Recent high-
resolution synchrotron micro-computed tomography (microCT) studies
by Gauthier et al. [54,55] revealed differences in LCN architecture
between osteonal and interstitial bone tissue. LCN properties have
been shown to influence local mineral content [56-58]. However,
these observations pertain to microstructural distinctions within cor-
tical bone rather than systematic differences between cortical and
trabecular compartments. It could be hypothesized that trabecular
bone - characterized by higher turnover — might exhibit different
LCN characteristics than cortical bone with more interstitial tissue, but
direct comparative data remain scarce. Given the current evidence, we
consider tissue scale porosity to be the dominant factor driving the
compartmental differences we observe, consistent with the hypothesis
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testing of Lerebours et al. (2020) [16] and supported by physiological
reasoning regarding nutrient supply and physicochemical microenvi-
ronment [12]. As research on the LCN’s influence on mineralization
kinetics continues to advance, future refinements to our framework
may need to incorporate LCN-related parameters.

We acknowledge several limitations. The experimental data used for
validation originates from a single bone sample of an elephant [23].
The source publication provides justification for the applicability of the
results in a human context. We substantiated the applicability by using
human data to obtain the boundary curves in Section 2.5. Computation-
ally, the aging queue implementation requires substantial memory and
time resources, particularly for long-term simulations. While currently
feasible in steady-state simulations, optimization strategies may be
necessary for broader applications. Additionally, some model param-
eters — such as ligand-receptor binding rates — cannot be measured
experimentally. However, these values have been established in prior
validated BCPMs, reducing the impact of this limitation. The timescale
for mineralization in our model follows an exponential law reaching
a plateau over several years. While some experimental studies suggest
shorter duration, our choice aligns with established numerical frame-
works [31,39] that account for the long-term variability in mineral
density distribution. Our model is built upon published and validated
models and theories [14,15,30,31]; our results are consistent with the
hypotheses testing from Lerebours et al. [16]; and our results show
consistency with known physiology.

Future efforts will extend this framework to bone pathologies and
mechanical feedback loops. By assigning local Young’s moduli based
on porosity-dependent ash fractions [10], this model provides a foun-
dation for multiscale coupling with finite element analysis (FEA). While
current results establish the compositional basis for investigating bone
quality, a complete characterization of bone stiffness and strength may
require accounting for the structural orientation of collagen [40,59,
60]. Future work will address algorithmic optimization of the aging
queue to support the computational demands of long-term, organ-scale
modeling.

5. Conclusion

This study introduces a novel mathematical framework that explic-
itly models bone mineralization dynamics as a function of porosity. Our
model successfully reproduces the characteristic boomerang-shaped
relationship between material and apparent density across varying
porosity. Systematic hypothesis testing shows that combined effects
of porosity-dependent turnover rate and mineral apposition rate best
explain this relationship. The demonstrated link between porosity and
mineralization dynamics represents a step toward more comprehensive
bone quality modeling.
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Appendix A. Mineralization dynamics in high versus low porosity

We can analyze the distribution of total bone volume fraction
(fr¢g) throughout the aging queue and the detailed mineralization
patterns across different porosities. By mapping mineral content to
each element in the aging queue, we create a “mineral queue” that
visualizes mineralization within a specific RVE. While our model cannot
reproduce conventional BMDD curves as it relies on averaged bone
volume fractions without spatial information, it provides insight into
mineralization at the RVE level with specific porosity.

The distribution pattern of bone volume fraction (fy.g) in the
aging queue shows distinct characteristics. Elements within the miner-
alization lag time (unaffected by resorption) contain the highest bone
volume fractions, decreasing over time due to ongoing resorption. In
cortical bone, the bone volume fraction is distributed across more
queue elements, with each element containing a higher fraction of bone
volume (Fig. A.9a,blue).

Mineral content follows our porosity-dependent mineralization law
(Hypothesis 3, Section 3.2), increasing more rapidly for lower bone
volume fractions and approaching maximum mineral content exponen-
tially (Fig. A.9b). The model combines aging queue distribution with
mineralization law, leading to a specific relationship between element
size and mineral content. Young elements contain little mineral due
to low mineralization, while old elements contain little mineral due
to their small volume despite being highly mineralized. Elements with
intermediate bone volume fractions have the highest mineral content
levels, leading to a right-skewed mineralization distribution (Fig. A.9c).
Similar to classical BMDD curves, we observe a shift in the distribution
peak when comparing different total bone volume fractions (e.g., 0.3
versus 0.8).

The relationship between element size and mineral content shows
that (Fig. A.9d) newly formed, larger elements start with minimal min-
eral content (osteoid in mineralization lag time). As elements decrease
in size due to resorption, their mineral content increases. However,
there is an inflection point where, despite increasing mineral density,
the total mineral content per element start to decrease as it is multiplied
by the diminishing bone volume.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.bone.2026.117905.

Data availability

The code used in this study is available in the GitHub repository
[61]. The repository contains all relevant scripts, model implementa-
tions, and documentation necessary to reproduce the results presented
in this work.
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Fig. A.9. Mineralization and aging properties for two different bone volume fractions: (a) The aging queue distributes the total bone volume fraction across its
elements according to formation and resorption activities. (b) The mineralization law determines the mineral content depending on the age of the bone patch.
(c) Combining (a) and (b) determines the mineral content attached to the bone volume fraction in the aging queue elements. (d) The relationship between bone
volume fraction and assigned mineral content of a queue element is initially inverse — as one decreases, the other increases — up to an inflection point, beyond
which the relationship becomes direct, with both decreasing.
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