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Es ist nicht das Wissen, sondern das Lernen, nicht das Besitzen, sondern das Erwerben,
nicht das Dasein, sondern das Hinkommen, was den grofiten Genufl gewdhrt.

It is not the knowledge, but the act of learning, not the possession of but the act of getting
there, which grants the greatest enjoyment.
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Kurzfassung

Ziel der vorliegenden Arbeit ist das mathematische Studium der Analysis diverser kine-
tischer und diffusiver Mehrkomponentensysteme, die in der Physik, der Biologie und der
Chemie ihre Anwendung finden, und gewisse Kreuzeffekte zwischen den Spezies aufweisen.
Die Arbeit ist in zwei Hauptteile gegliedert, und zwar in einen kinetischen Teil, der in
Kapitel 4 und Kapitel 5 behandelt wird, und in einen diffusiven Teil, der in Kapitel 6 und
Kapitel 7 ausgearbeitet wird.

Der erste Teil ist physikalischen Mehrkomponentensystemen kinetischer Gleichungen
gewidmet, und untersucht das Langzeitverhalten von Gasgemischen, welche aus mono-
atomischen, nichtreaktiven Gaspartikeln mehrerer Spezies bestehen. Unser Ziel ist es,
unter physikalisch méglichst plausiblen Voraussetzungen mit expliziten Methoden zu zeigen,
dass diese Gemische fiir hinreichend regulére Anfangsdaten mit exponentieller Abklingrate
zum globalen Gleichgewichtszustand konvergieren. Mathematisch verwenden wir hierfir
die mehrkomponentige Boltzmann-Gleichung auf dem dreidimensionalen Torus, welche
aus einem degeneriert-dissipativen Kollisionsoperator und einem konservativen Transport-
operator besteht. Im Gegensatz zur Theorie der klassischen einkomponentigen Boltzmann-
Gleichung treten hier wahrend des Kollisionsvorgangs zusatzliche Kreuzeffekten auf, die
dadurch entstehen, dass im Gasgemisch auch Teilchen unterschiedlicher Spezies miteinan-
der kollidieren konnen. Dieses Phanomen stellt somit die Hauptschwierigkeit unseres Pro-
blems dar. Unsere Studie fithren wir in zwei Teilen durch.

In Kapitel 4 arbeiten wir mit der linearisierten Gleichung und unter der vereinfachenden
Voraussetzung, dass alle Teilchen die gleiche Masse besitzen. Es gelingt uns, eine bisher
nur fiir den einkomponentige Boltzmannschen Kollisionsoperator gezeigte degenerierte Ko-
erzivitdtsungleichung auf den Mehrkomponentenfall zu verallgemeinern. Diese Ungleichung
wird in der englischsprachigen Fachliteratur neben dem Namen ”coercivity estimate” auch
unter dem Namen “spectral-gap estimate” angefiihrt, da sie nicht nur das degeneriert
dissipative Verhalten des Kollisionsoperators beweist, sondern weiters auch eine fiir das
Abklingverhalten wichtige Eigenschaft des Spektrums des Operators zeigt, ndmlich dass er
einen “spectral gap” besitzt. Mit Hilfe der Hypokoerzivitdtsmethode von C. Mouhot und
L. Neumann [113] zusammen mit der von uns verallgemeinerten Koerzivitétsungleichung
zeigen wir schlussendlich exponentielle Konvergenz zum globalen Gleichgewicht fiir Losun-
gen der mehrkomponentigen linearisierten Boltzmann-Gleichung.

In Kapitel 5 verfeinern wir unsere Studie in mehrfacher Hinsicht. Einerseits schwachen
wir die physikalischen Voraussetzungen an unser Modell insofern ab, dass wir nun auch
Gasgemische zulassen, die aus Spezies mit unterschiedlichen Massen bestehen. Andererseits
betrachten wir nicht mehr nur die um das globale Gleichgewicht herum linearisierte Glei-
chung, sondern erlauben kleine Storungen. Dies ist mathematisch dquivalent dazu, die volle
nichtlineare mehrkomponentige Boltzmann-Gleichung nahe des globalen Gleichgewichts zu



betrachten. Der Schwerpunkt unserer Untersuchungen liegt nun darin, in aus physika-
lischer Sicht bestmdglich passenden Funktionenrdumen eine rigorose Cauchytheorie (Exis-
tenz, Eindeutigkeit, exponenzielle Konvergenz zum Gleichgewicht) fiir diese Gleichung zu
beweisen, indem wir neueste Techniken fiir das mehrkomponentige Problem verallgemei-
nern. Dabei zeigen wir auch eine neue Carleman-Darstellung und eine Art Povzner Unglei-
chung fiir Gasgemische mit unterschiedlichen Massen. Ausgangspunkt ist wieder die li-
nearisierte Theorie, fiir die sich heraustellt, dass sich auch im Falle ungleicher Massen eine
Koerzivitatsungleichung herleiten ldsst. Nach Kombination mehrerer (zum Teil hypoko-
erziver) Methoden, wobei die Stiarke und Neuartigkeit dieser Kombination darin liegt, dass
sie ohne die sonst libliche Verwendung von Sobolevraumen héherer Ordnung auskommt, er-
halten wir schliefllich Existenz, Eindeutigkeit, und exponentielle Konvergenz zum globalen
Gleichgewicht der Losung im Raum LLL°(m), wobei m ~ (1 + |[v|¥) ein polynomielles
Gewicht der Ordnung k£ > kg, und kg ein physikalischer Schwellenwert ist. Im Spezialfall
von Spezies mit gleichen Massen und unter der ”hard-spheres” Voraussetzung liefert dies
den Schwellenwert kyp = 2, und somit (zumindest fast) den physikalisch “optimalen” Raum
aller Dichtefunktionen mit endlicher Masse und Energie.

Der zweite Teil dieser Arbeit ist diffusiven Mehrkomponentensystemen gewidmet, die in
der Populationsdynamik der Biologie (Kapitel 6) und in der Reaktionskinetik der Chemie
(Kapitel 7) eine wichtige Rolle spielen.

In Kapitel 6 untersuchen wir das nach Shigesada, Kawasaki und Teramoto [129] be-
nannte SKT-Modell der Populationsdynamik, welches ein Kreuzdiffusionsmodell ist, und
das Phanomen der rdumlichen Abkapselung von miteinander sich im Konkurrenzkampf
(z.B. um eine Futterquelle) befindenden Spezies beschreibt. Unser Ziel ist es, globale Exis-
tenz schwacher Losungen des SKT Models zu beweisen. Neu an unseren Ergebnissen ist,
dass wir (unter algebraischen Bedingungen an die Diffusionskoeffizienten) Existenz von
Losungen fiir eine beliebige Anzahl an Spezies zeigen kénnen. Bisherige Ergebnisse bein-
halteten (bis auf Spezialfélle in [51]) nur den Fall zweier Populationen. Dabei verwenden
und erweitern wir eine von A. Jiingel [94] entwickelte Entropiemethode, die uns die fiir
den Existenzbeweis wichtigen Gradientenabschatzungen liefert. Die Bedingungen an die
Diffusionskoeffizienten, die wir erhalten, stellen sicher, dass die Entropie monoton fallend
ist, und lassen sich salopp folgendermaflen charakterisieren: entweder wir bendtigen eine
aus der Theorie von Markovketten her bekannte Bedingung namens “detailed balance”,
oder die Kreuzdiffusionseffekte miissen schwach im Vergleich zu den Selbstdiffusionseffek-
ten sein. Mehrere Gegenbeispiele illustrieren, dass die Entropie (anfangs) monoton steigt
statt zu fallen, falls keine dieser beiden Bedingungen erfiillt ist. Schlussendlich leiten wir
eine graphentheoretische Bedingung her, unter der “detailed balance” erfiillt ist.

In Kapitel 7 beweisen wir den rigorosen Limes von verallgemeinerten Reaktions- Diffu-
sionssystemen aus der Reaktionskinetik zu neuartigen Kreuzdiffusionssystemen mit Reak-
tionstermen, indem wir annehmen, dass einige der chemischen Reaktionen im Vergleich zu
allen anderen extrem schnell ablaufen. Dieser Limes besitzt nun die interessante Eigen-
schaft, dass er Entropie erhaltend ist, und somit Entropien zu neuartigen Klassen von
Kreuzdiffusionssystemen mit Reaktionstermen generieren kann. Fiir den rigorosen Kon-
vergenzbeweis verwenden wir neben Entropieabschétzungen auch die von M. Pierre und
D. Schmitt entwickelte Dualitdtsmethode [121].



Abstract

The objective of this thesis is the analysis of kinetic and diffusive multi-species systems with
certain cross effects between the species, which are very important in many applications in
physics, biology and chemistry.

In the first part of this thesis, we study the multi-species Boltzmann equation for hard
potentials or Maxwellian molecules under Grad’s angular cut-off condition on the torus,
which describes the evolution of a dilute gaseous mixture. First, we work on the linearized
level with same molar masses, where we prove a multi-species spectral-gap estimate of
the collision operator, which leads to exponential trend to global equilibrium using the
hypocoercive properties of the linearized Boltzmann equation. Next, we study the full
Cauchy theory of the nonlinear multi-species Boltzmann equation close to global equilib-
rium for different molar masses in L} L (m), where m ~ (1 + |v|¥) is a polynomial weight
of order k > kg, recovering the optimal physical threshold of finite energy kg = 2 in the
particular case of a multi-species hard spheres mixture with same molar masses.

The second part of this thesis is devotet to cross-diffusion systems. First, we prove global
existence of weak solutions for a generalized SKT cross-diffusion population dynamics model
with an arbitrary number of species under detailed balance or weak cross-diffusion condition
using entropy methods. Finally, we study a rigorous fast-reaction limit from reaction-
diffusion systems to cross-diffusion systems using entropy estimates and additional duality
estimates. Since the reaction-diffusion system exhibits an entropy structure, performing
the fast-reaction limit leads to a limiting entropy of the limiting cross-diffusion system. In
this way, we obtain new entropies for new classes of cross-diffusion systems.
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Introduction






1. General introduction

This thesis is devoted to the analysis of kinetic and diffusive multi-species systems in
physics, biology and chemistry, where the interactions between the different species play
an important role. On both the kinetic and the macroscopic level of description, we will
study how these interactions create certain cross effects between the species, which are able
to describe cross-diffusion phenomena.

1.1. Overview

Kinetic theory [32, 33, 34, 138] is a part of non-equilibrium statistical physics, and
started in the 19th century with the founding works of J. Clerk Maxwell [107, 108] and
L. Boltzmann [59] on the evolution of a dilute gas, described by the Boltzmann equation.
The basic idea is to use a statistical description to model the evolution of a system consisting
of many particles, like a gas, plasma or galaxy, by assuming that it can be regarded as a
continuum, instead of describing the trajectory of each particle individually by Newton’s
laws of classical mechanics. However, the Boltzmann equation is not a “first principle”
of physics, but represents a mesoscopic level, since it can be formally derived from the
microscopic level of molecular dynamics of a gas (see [33][34]), and it was rigorously derived
from molecular gas dynamics in the Boltzmann-Grad limit (see for short times Landford’s
theorem [102], or more recently [70, 125]).

Cross diffusion in multi-species systems represents the effect when the gradient of
the concentration of one of the species induces a flux on the other species. Cross-diffusion
equations are macroscopic models, and they can be derived from kinetic equations in the
diffusive limit [21, 91, 18]. Cross diffusion was first conjectured by Onsager and Fuoss
[117] in 1932, and experimentally justified by Gosting and Dunlop [65] in 1955. One of
the most prominent experiments was performed by Duncan and Toor [64], showing that
cross effects between the species can completely change the diffusive fluxes. Nowadays,
the field of cross-diffusion in multi-species systems is a very active research area, see [95]
for a mathematical viewpoint, and [136] and the references therein for many experimental
results on cross-diffusion phenomena.

1.2. The main results

The results presented in this thesis can be summarized as follows. On the kinetic level,
assuming hard potentials or Maxwellian molecules under Grad’s cutoff assumption, we
prove an explicit spectral-gap estimate for the multi-species linearized Boltzmann collision
operator for same molar masses, and show exponential convergence to global equilibrium



1. General introduction

for the inhomogeneous linearized equation using hypocoercive techniques. Afterwards,
we study the Cauchy theory for the perturbed multi-species Boltzmann equation with
different molar masses in physically relevant function spaces, without using higher order
Sobolev regularity. The asymmetry due to the different molar masses leads to new multi-
species results, including a spectral-gap estimate for different molar masses, a multi-species
Carleman representation, and a new multi-species Povzner-type inequality.

On the macroscopic level, we investigate two different issues. First, we study the existence
of global weak solutions of a generalized Shigesada-Kawasaki-Teramoto type cross-diffusion
system for an arbitrary number of species under a detailed balance of weak cross-diffusion
condition, by using entropy methods. This has been proven (up to some very specific cases)
only for two species so far. Finally, by starting already from a macroscopic equation of
reaction-diffusion type, we perform a rigorous fast-reaction limit in order to obtain more
complicated cross-diffusion systems with known entropy structure in the limit. This is done
with the help of entropy estimates and additional duality estimates.

1.3. Presentation of the mathematical problems

We start our observations by considering a distribution function F;(t,z,v) for 1 < i < n,
which describes the probability density of the i-th species of a gaseous mixture of n > 2
different species with same molar masses on the phase space (z,v) € T3 x R3. The quantity
Fi(t, z,v) dzdv measures the number of particles of the species i in the mixture at time ¢
in an elementary volume of the phase space of the size dzdv centered at the point (z,v).
The particles are assumed to be mono-atomic and non-reactive, moreover, we restrict our
observations to classical mechanics, ignoring any kind of relativistic or quantum effects.
Then, the evolution of F; can be described by the multi-species Boltzmann equation

ath'—l-U-vchi:Qi(F), 1<1<n, t>0, (1.3.1)

with initial conditions and periodic boundary conditions. The term v - V F; models the
transport of the particles, whereas Q(F) = (Q1(F),...,Qn(F)) is the quadratic multi-
species Boltzmann collision operator, local in time ¢ and in position x, with

Qi(F)(v) =) Qij(F, Fj)(v), 1<i<n.
=1

It models the collisions between particles of the same (i = j) or of different (i # j) species,
where

Qij (Fi, Fy)(v) = ; /RgXS2 Bij(|v — v, cos(0)) (£ (v') F (v™) — F(v) Fy(v"))dv*do.

The most important property of the Boltzmann equation is the H-theorem, first proved by
L. Boltzmann for a single-species gas, and later for reactive multi-species kinetic models in
[122, 23, 52]. It states that the entropy is nonincreasing in time along the flow of (1.3.1)
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towards its global equilibrium called global Maxwellian M (v) = (M1(v), ..., My(v)), which
is a Gaussian function. This coincides with the Second Law of Thermodynamics, which
says that the physical entropy (which is the negative mathematical entropy) of an isolated
system is nondecreasing in time. Besides the existence of a unique global equilibrium,
there exist also local equilibria, which are in equilibrium with respect to the velocity v,
but not with respect to the position x. It turns out that the entropy stops decaying
whenever it reaches a local equilibrium, and only the interplay between the conservative
transport part and the dissipative collision part of the kinetic equation leads to convergence
to global equilibrium. This property of the Boltzmann equation and also of several other
kinetic models is called hypocoercivity [139]. It was first investigated for the single-species
kinetic Fokker-Planck equation in [54, 86], and then for the confined nonlinear single-species
Boltzmann equation assuming regularity in [55]. Hypocoercivity of a general class of linear
single-species kinetic models was investigated in [113] and in [58]. In both papers, a linear
energy method is established, which combines the coercivity of the collision operator in the
velocity space (spectral-gap estimate) together with transport effects in order to overcome
the lack of coercivity on the set of local equilibria. The abstract strategy presented in
[113] includes the linearized Boltzmann equation for hard spheres on the torus, yielding
exponential convergence in H'. The work [58] studies hypocoercivity for a large class
of single-species linear kinetic models on the whole space with confinement potential in
L?, but for only one-dimensional collision kernels. Recently, an abstract space-extension
technique was established in [78], which is capable of enlarging the functional space of the
explicit convergence result of a semigroup, by using a high-order quantitative factorization
argument on the resolvent of the semigroup. In this way, a first constructive proof of
exponential convergence for the full nonlinear Boltzmann equation for hard spheres was
proved in LLL°(1 + |v|*) for k > 2.

In Chapter 4, we show that also the multi-species linearized Boltzmann equation

8th+UVIfZ:LZ(f), 1<i<n, t>0,

with
Lij(fi, £) = M (Qi (M, M;/ij) + Qi (M £, My))

exhibits a hypocoercive property by generalizing the abstract hypocoercivity procedure of
C. Mouhot and L. Neumann [113] to the multi-species case. The core idea in [113] is to
construct a modified entropy by adding an additional mixed term of the form (2.1.15) to the
H'-norm with an appropriate weight, whose dissipation functional is coercive. This yields
exponential convergence to global equilibrium with an explicitly computable exponential
convergence rate in H!(T3 x R3). The crucial part for our multi-species problem will be to
show that an explicit spectral-gap estimate like in [111] holds true also in the multi-species
case, by carefully exploiting the multi-species conservation laws. These conservation laws
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turn out to be significantly different from the single-species ones due to certain cross effects
between the species, namely, that the mass of each species is conserved individually, but
only the sum of the momenta and the sum of the energies is conserved, which can be derived
from the multi-species H-theorem [52]. Thus, the idea is to study the differences of the
momenta and the differences of the energies, in order to handle the cross effects arising due
to the collisions between different species, see section 2.1.5, and in particular the estimate
on the differences of the energies and differences of the momenta presented in (2.1.11) for
an explicitly computable constant C' > 0:

—(I™(f), LA™ ()2 = C Y (Jus — ugl® + lei — 5]%),

ij=1

where we decomposed the linearized operator L = L™ + L into a mono-species part L™
and a bi-species part L’, and thus II™(f) denotes the orthogonal projection of f onto the
kernel of L™ in L?, and u; are the momenta and e; are the energies of f, defined in (4.4.4).
In this way, we obtain the explicit multi-species spectral-gap estimate

where A > 0 is an explicitly computable constant, L?(v) is a weighted (vector-valued) L2-
space weighted by the collision frequency v, and IT*(f) denotes the orthogonal projection
of f = (f1,...,fn) onto the null space of the linearized multi-species collision operator
L = (Ly,...,Ly,) with respect to the L? scalar product. This part of the thesis is based on
a research collaboration with A. Jiingel (TU Wien), C. Mouhot (University of Cambridge)
and Nicola Zamponi (TU Wien), and was published under the title Hypocoercivity for a
linearized multispecies Boltzmann system in the journal SIAM Journal on Mathematical
Analysis [46].

In Chapter 5, we extend the previous results, by establishing a full Cauchy theory in
LLL2(m) for the nonlinear multi-species Boltzmann equation with different molar masses
on the torus, where m ~ (1 + |v|k ) is a polynomial weight of order k > ko with an explicit
threshold kg, under the assumption that f; is close to global equilibrium, which is equi-
valent of solving the perturbed multi-species Boltzmann equation. In the particular case
of a multi-species hard spheres mixture with same molar masses, this result recovers the
optimal physical threshold of finite energy kg = 2, which was obtained for the single-species
equation in [78]. The strategy of our proof is to combine and adapt several very recent
methods, combined with new hypocoercivity estimates, in order to develop a new construc-
tive approach that allows to deal with polynomial weights without requiring any spatial
Sobolev regularity. Moreover, dealing with different masses induces a loss of symmetry in
the Boltzmann operator, which prevents the direct adaptation of standard mono-species
methods. Thus, our results include a refinement of the multi-species spectral-gap estimate
[46] (see Theorem 5.6), a multi-species Carleman representation (section 5.4.1), which takes
into account the concentric spheres arising due to the different masses already pointed out
by Pettersson in [119, p. 364], and a new multi-species Povzner-type inequality (see Propo-
sition 5.22). The different molar masses do not disturb too much the procedure for proving
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the multi-species spectral-gap estimate which we developed in [46] and presented in Chap-
ter 4. The Carleman representation for different molar masses has the interesting feature
of producing admissible Carleman sets of the form of a hyperplane that passes through
VE(v,v") defined in (5.4.7) and is orthogonal to v — v’ (similar to the single-species case),
or of a sphere defined in (5.4.9), depending on which change of variables we perform. For
the Povzner-type inequality, we used a method similar to [9, Lemma 1 and Corollary 3],
and our main idea is to consider kinetic energies m; |[v/|* and m; [v.|? in order to exhibit
the problematic term arising from m; — m;, which can be non-zero in the case of different
masses.

Before, global existence of L!-renormalized solutions was proved in [123] for reactive
multi-species Boltzmann systems with initial data only satisfying the natural condition
that total mass, energy and entropy are finite. In the recent work [27], additional L*>
stability estimates for the multi-species Boltzmann equation are derived. Other methods
for proving the compactness of the compact part of the multi-species linearized collision
operator can be found in [19, 22], and for previous results on a multi-species Povzner-type
inequality for a coupling of two Boltzmann-like equations modeling the evolution of dust
particles in a rarefied atmosphere, we refer to [36]. The work presented in this thesis is
based on a research collaboration with M. Briant (Paris 6), which will appear under the
title The Boltzmann equation for a multi-species mizture close to global equilibrium in the
journal Archive for Rational Mechanics and Analysis [28].

Starting from a diffusive scaling of the multi-species Boltzmann equation (1.3.1) under
the assumption of volume-filling and with € > 0 representing the mean-free path

1
EOff+v-Vuff = ng(fE), 1<i<n,

a class of cross-diffusion systems called Maxwell-Stefan equations can be derived in the
diffusive limit ¢ — 0, see [21, 91, 18]. Existence of solutions for this system was investigated
e.g. in [72, 12, 20, 96], including a global existence result of weak solutions under quite
general assumptions in [96] by using entropy methods. A general strategy, which generalizes
the approach in [96] of proving global existence of weak solutions for strongly coupled cross-
diffusion systems of the form

Ou — div(A(u)Veu) = f(u), u= (u1,...,uy), (1.3.2)

where the diffusion matrix A(u) is neither symmetric nor positive definite and f(u) repre-
sents the reaction part, was established in [94] (see also [95]) by the Boundedness-by-entropy
method. The core assumption for this method is the existence of an entropy, which is a
Lyapunov functional along the flow of the cross-diffusion system, such that this system can
be rewritten in (formal) gradient-flow form. In particular, we assume that equation (1.3.2)
can be written as

Opu — div <BV(Z;{> = f(u), (1.3.3)

where B is a positive semi-definite matrix and % is the variational derivative of the entropy
functional H[u] = [, h(u)dz with an entropy density h : (0,00)" — [0,00). If we identify
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% by its Riesz representative h'(u) (the derivative of h) and introduce the entropy variable
w = h/(u), we obtain the equation

O — div (B(w)Vw) = f(u). (1.3.4)
The simple calculation Vw = VA (u) = b’ (u)Vu yields B(w)h” (u) = A(u), which leads to
B(w) = A(u) (h"(u)) . (1.3.5)

Thus we can also study equation (1.3.4) and by supposing that A’ : (0,00)" — R" is
invertible, transform back from the w- variable to the u- variable.

The important consequence of the gradient-flow formulation is that by just assuming
the matrix B to be positive-semidefinite, we can show (omitting the reaction term) that
H [u(t)] is a Lyapunov functional along the solutions u(t) of the reaction diffusion system
(1.3.2), i.e.

d

d
pTiL [u(t)] = T

/ h(u)dx = —/ Vw : B(w)Vwdz = —/ Vu : b (u)A(u)Vudz < 0.

Q Q Q

The resulting entropy-dissipation inequality provides the necessary a priori estimates for
the gradients in order to apply a nonlinear Aubin-Lions lemma.

In Chapter 6, we extend the Boundedness-by-entropy method [94, 95] to a population
dynamics cross-diffusion system, which was first investigated by Shigesada, Kawasaki and
Teramoto in 1979 in order to study the segregation between two competing species due
to repulsive effects [129]. First global existence results for this so called SKT model in
the case of two species by using entropy methods were shown in [37, 38]. Later, these
techniques were refined for generalized SKT models by combining entropy estimates with
duality estimates [50, 51]. In [94], global existence of weak solutions for a generalized SKT
model was shown in the case of only two species. We extend this result to an arbitrary
number of species. The model has the form (1.3.2), with diffusion matrix

Pi

8uj

n
Agj(u) = digpi(u) + wi—(u),  pi(u) = ain+ Y _ aguf, a; >0, s>0,
k=1

and Lotka-Volterra competition term

fi(u):ui<b¢0—2biju3>, 0§O‘<25—1+2/d,
7j=1

on a d-dimensional open bounded domain Q C R?. For s = 1,n = 2 and o = 1, this yields
the classical SKT model of Shigesada, Kawasaki and Teramoto [129]. The existence proof is
carried out under a detailed balance or weak cross-diffusion condition. The detailed balance
condition is related to the symmetry of the mobility matrix, mirroring Onsager’s principle
in thermodynamics. Under detailed balance (and without reaction term), the entropy is
non-increasing in time, but counter-examples show that the entropy may increase initially
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if the detailed balance condition does not hold. The crucial gradient estimate in the linear
case s = 1 is derived from the following entropy-dissipation inequality:

d n n
%/H[U] + 4/ Zmaio|V\/ui|2dm + 2/ ZmaiiWuﬂde < O,
Q i—1 Q

=1

where 7; > 0 are positive constants inside the entropy functional
n
Hlu] = Z/ 7i(uilog u; — u; + 1) d,
—1JQ
=1

which satisfy the detailed balance condition
QG5 = T i, 1 < i,j <n.

These results are based on a research collaboration with X. Chen (Beijing University of
Posts and Telecommunications) and A. Jiingel (TU Wien), which is submitted under the
title Global existence analysis of cross-diffusion population systems for multiple species [39].

In Chapter 7, we study the rigorous derivation of a class of (reaction-) cross diffusion
systems in the fast-reaction limit, by already starting from a macroscopic equation of
reaction-diffusion type. We consider two concrete examples and use a strategy similar
to [16]. In the first model, we study the fast-reaction limit ¢ — 0 of a system of three
reaction-diffusion equations of the form

00k = M) = — ((65) — (18 a5 (45) ).
005 — Ao fal5) =+ ((65) — (18 45 (45)). (1.3.6

0w~ D i(05) = +— (a1 (0) — a5 5 (u5)).

for ¢ > 0 on a bounded domain © C R? together with no-flux boundary conditions and
nonnegative initial conditions. The functions u := u;(¢t,z) > 0 for i« = 1,2,3 represent
the concentrations of the i-th reacting species, and f;(u$) and g;(u5) are general smooth
functions with some restrictions on their growth. The advantage of this rather general
system is, that its structure is still simple enough that an entropy naturally appears as a
generalization of the physical entropy of systems arising from reversible reaction chemistry.
Then, by using entropy estimates and duality estimates, we show that this system converges
rigorously in the fast-reaction limit ¢ — 0 towards

q1(u1) — ga(u2)gs(usz) = 0, (1.3.7)
Oy (u1 + ’LLQ) — A, (fl (U1) + fQ(UQ)) =0, (1.3.8)
Oy (U1 + U3) — A, (fl (U1) + f3(U3)) =0. (1.3.9)

By using the algebraic condition (1.3.7) and performing the change of variables wy := uj+us
and w3 := uj + uz in (1.3.8) and (1.3.9), this limiting system turns out to be a system of
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two cross-diffusion equations for which an entropy exists: it is the limiting entropy of
the well-known physical entropy of the system (1.3.6) for ¢ — 0. In this way, we obtain
a new large class of cross-diffusion systems with known entropy structure. Our second
model is one example of a more complex situation, in which a system of four equations of
reaction-diffusion type converges in the fast-reaction limit towards a "hybrid” system of
reaction-cross diffusion consisting of three equations, still presenting an entropy structure.
In both rigorous convergence proofs, entropy estimates as well as duality estimates play an
important role. Entropy estimates are obtained from the entropy-dissipation inequality of
the Lyapunov functional of these systems:

T .
sup Hu®(t)] + / D.[u®(s)]ds < H[u""],
t€[0,T] 0

where H[u®(t)] is the entropy (Lyapunov function) along the flow of the system, and
D.[uf(t)] = —4H[u(t)] is the entropy dissipation. The use of duality estimates for
reaction-diffusion systems goes back to M. Pierre and D. Schmitt [121] and has been refined
in many variants since then, see e.g [49, 29]. Recently, they have been introduced also for
cross-diffusion systems, see for instance [50, 51]. We present two of the variants explicitly
in Lemma 7.5 and Lemma 7.21, which can be found in [49] and [29] respectively. The core
idea of these duality estimates is to gain regularity for a system of the type

Ou — Ag(Mu) =0, M=DM(t,x)>0, u=u(t,z) >0, u=(u,...,up),

with no-flux boundary conditions and regular initial conditions, roughly speaking, by mul-
tiplying the system by a positive solution of its adjoint problem backward in time, i.e. its
dual problem. This part of the thesis is based on a research collaboration with L. Desvil-
lettes (Paris Diderot) and A. Jiingel (TU Wien) under the title Cross-diffusion systems
and fast-reaction limit, and will be submitted soon.

1.4. Outline of the thesis

In Chapter 1, we introduce the mathematical problems investigated in this thesis, discuss
how they fit into the context of the existing literature, and briefly sketch some ideas of
the proofs. A more detailed introduction into the models presented in this thesis can be
found in Chapter 2 and Chapter 3, which are based on my own works [46, 28] and [39]
respectively. We refer to these two chapters for more details on the state of the art and
the methods used for the proofs. In Chapter 4, 5, 6, 7 we present the detailed proofs.
The proofs of the first three chapters (Chapter 4, 5, 6) can be found in [46, 28, 39].

10



2. Introduction to the kinetic multi-species
models

2.1. The linearized Boltzmann system with same molar masses

In Chaper 4, our goal is to prove an explicit spectral-gap estimate of the linearized Boltz-
mann operator for gas mixtures in the case of hard and Maxwellian potentials as well
as the exponential decay of solutions to a multi-species Boltzmann system. Spectral-gap
estimates and the large-time behavior of the mono-species Boltzmann equations were in-
tensively studied in the literature, but are unknown for multi-species systems. Our aim is
to extend the spectral-gap analysis to the case of the linearized multi-species Boltzmann
system modeling an ideal gas mixture. This is achieved by generalizing the coercivity
method of [113], including quantitative estimates on the spectral gap for the multi-species
collision operator. A crucial step of our analysis is the observation that the multi-species
version of the H-theorem implies conservation of mass for each species but conservation of
momentum and energy only for the sum of all species. As a consequence, we need to study
carefully the “cross-effects” of the collisions, i.e., how collisions between different species act
on distribution functions which are elements of the nullspace of the mono-species collision
operator. The crucial step is to relate these “cross-effects” to the differences of momentum
and energy.

2.1.1. The model for same molar masses

The evolution of a dilute ideal gas composed of n > 2 different species of chemically non-
interacting mono-atomic particles (see [52] for chemically reacting gases) with the same
particle mass (see Chapter 5 for different molar masses) can be modeled by the following
system of Boltzmann equations, stated on the three-dimensional torus T3,

OF; +v-ViFi = Qi(F), t>0, Fi(z,v,0)=Fr;(z,v), (z,v)€T?>xR> (2.1.1)

where 1 < i < n. The vector F = (F},...,F,) is the distribution function of the system,
with F; describing the ith species. The variables are the position & € T2, the velocity
v € R3, and the time ¢ > 0. The right-hand side of the kinetic equation in (2.1.1) is the
1th component of the nonlinear collision operator, defined by

Qi(F) =Y Qi4(F,Fy), 1<i<n,

j=1
where ();; models interactions between particles of the same (i = j) or of different species
(i # 7),
Qi (F;, Fj)(v) = /}R3 . Bij(Jv — v*|, cos ﬂ)(Fi’FJ(* — FiF]’-k)dv*da,
X

11
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with the abbreviations F} = F;(v'), F = F;(v*), F/* = F;(v"*), the three-dimensional unit
sphere S?, and
, v+t v —o¥ W VU v =0
v o= v = - 2.1.2
s T 2 2 7 (2.1.2)
are the pre-collisional velocities depending on the post-collisional velocities (v,v*). These
expressions follow from the fact that we assume the collisions to be elastic, i.e., the mo-

mentum and kinetic energy are conserved on the microscopic level:

1 1 1 1
! 1% * 112 1% |2 2 * |2
— — — + - . 2.1.3
vV +Uv =v+0v, 2’1)‘ —|—2|U ’ 2"1)’ 2‘?)‘ ( )
The collision kernels Bij are nonnegative functions of the modulus |’U — U*| and the cosine

of the deviation angle ¥ € [0, 7], defined by cosd = o - (v — v*)/|v — v*|.

Let us first recall the main properties of the nonlinear operator ();. Using the techniques
from [34, pp. 36-42], it is not difficult to see that @ := (Q1,...,Qy) conserves the mass of
each species but only total momentum and energy, i.e.

n
/r Z Qij (Fy, Fy)i(v)dv =0
R3 o1
if and only if ¢¥(v) € span{e(l),...,e(”),vll,vgl,vgl, lv]21}, where e is the ith unit
vector in R” and 1 = (1,...,1) € R™. It is shown in [52] that @ satisfies a multi-species
version of the H-theorem which implies that any local equilibrium, i.e. any function F

being the maximum of the Boltzmann entropy, has the form of a local Maxwellian M. =
(MIOC,I’ .o 7M10C,n) with

1Y ‘x7t _ ,t 2
Fi(e,0,8) = Mygg (0,6 = —10ei 20 JEELURY

ex
(27015 (T, t))3/2 2015 (2, 1)
where, introducing the total local density p),. = S Ploc.i

n n

1 1
= | Fd = Fovdv, 6,..= —— Filv — u|’*d
Plocs /R3 W loe Ploc ; R3 o Toc 3Ploc ;/RS flo = ufdv

are the (local) masses of the species, the total momentum and total energy, respectively.
On the other hand, the global equilibrium, which is the unique stationary solution F' to
(2.1.1), is given by M = (M, ..., M) with

Poo,i |U - Uoo|2
Fi(z,v) = M;(v) = ———-¢€ -,
z( ) Z( ) (27_‘.900)3/2 Xp( 2000 )
where now, setting peo = > i1 Poosis
1 1
Poci = / Fdxdv, s = — Fudrdv, 0y = —— Filv — u|2dxdv
T3 xR3 Poo JT3xR3 3poo JT3 xRS

do not depend on (z,t). By translating and scaling the coordinate system, we may assume
that ue = 0 and 0., = 1 such that the global equilibrium becomes

Poo,i  —|p|? .

12



2.1. The linearized Boltzmann system with same molar masses

2.1.2. Linearized Boltzmann collision operator

We assume that the distribution function Fj is close to the global equilibrium such that we
can write F; = M; + Mil/sz’ for some small perturbation f;, where M; is given by (2.1.4).
Then, dropping the small nonlinear remaining term, f; satisfies the linearized equation

8tfz+vvxf2:LZ(f)a t>07 fi(xavao) :fl,i(xuv)7 (I‘,U) ETg XRgu (215)

for 1 < i < n, where f = (f1,..., fn) and the ith component of the linearized collision
operator L = (L, ..., L) is given by

with

Lij(Fir £5) = My (Qui (M, M 5) + Qi (M £, £7))
= /R3 o BijMi1/2M;(h; + h;* — hi = hj)dvdo, h;:= Mi_1/2f7;. (2.1.6)
X

Here, we have used MZ'*M]’ = M M; for any 4, j, which follows from (2.1.3). Notice that we
have chosen the linearization considered in, e.g., [113, 135], which allows to work in a pure
wa framework without weight function. Another linearization is given by F; = M; + g;,
which we use in Chapter 5, making it necessary to work in a weighted L? space, where
the weight function is a Maxwellian of the form 1/M;. Note that this choice gives the
same results as with the linearization (2.1.6) since both linearizations correspond to the
same space of solutions. It turned out that in Chapter 4 the computations are easier using
(2.1.6), whereas in Chapter 5 they are easier using the other linearization.

The linearized Boltzmann system satisfies an H-theorem with the linearized entropy

H(f) = % > i fRs fAdv,
_% - Z/f fili(f)dv = =(f,L(f)rz =2 0,
=1 /R3

where (-, )72 is the scalar product on L? := L*(R3;R"). We will prove in Lemma 4.4 that
(f, L(f))L% = 0 if and only if Mi_l/in lies in span{e(l), oo e™ 0101, vs1, |v]?1}, which
is the null space Ker(L) of the linear operator L.

Our main goal is to show that, under suitable assumptions on the collision kernels,
there exists a constant A > 0, which can be computed explicitly, such that for all suitable
functions f, —(f, L(f))z2 > Allf — IT*(f)||3,, where IT* is the projection onto Ker(L) and
H is a subset of L2 (see Theorem 2.3 for the precise statement). This spectral-gap estimate,
together with hypocoercivity techniques, allows us to conclude that exponential decay of
the solutions f(t) towards the global equilibrium holds (see Theorem 2.4).

13



2. Introduction to the kinetic multi-species models

2.1.3. State of the art

The study of the linearized mono-species collision operator, in the spatially homogeneous
and hard-potential case, goes back to Hilbert [87]. For this operator, Carleman [30] proved
the existence of a spectral gap. The results were extended by Grad [74] for hard potentials
with cut-off. Baranger and Mouhot [4] derived constructive estimates in the hard-sphere
case. For Maxwell molecules, Fourier transform methods were employed in [35] to achieve
explicit spectral properties. A spectral-gap estimate for the linearized Boltzmann operator,
consisting of the sum of the linearized collision operator and the transport operator, was
first shown by Ukai [134]. Improved estimates (in smaller spaces of Sobolev type), still for
hard potentials, were established in [113]. In [114], spectral-gap estimates for moderately
soft potentials (without angular cut-off) were proved, improving and extending previous
results by Pao [118]. Hypoelliptic estimates for the linearized operator without cut-off can
be found in [1] and references therein. A spectral analysis with relaxed tail decay and
regularity conditions on the solutions was performed recently in an abstract framework
[78], which we will use in Chapter 5. Dolbeault et al. [58] derived exponential decay rates
in weighted L? spaces, which improves previous Sobolev estimates. For further references,
we refer to [114, Section 1.5].

Spectral properties of the linearized Boltzmann operator were already investigated by
Grad [75]. Based on these results, Schechter [128] located the essential spectrum of the
classical collision operator in L?. The spectrum of the Boltzmann operator for hard spheres
was also analyzed in LP for p # 2; see [100]. We refer to the recent work [63] for further
results in LP for 1 < p < oo and more references. A detailed analysis of the resolvent
and spectrum of the linearized Boltzmann operator can be found in [135, Section 2.2]. A
complete analysis for the essential and discrete spectra for the linearized collision operator
with hard potentials was performed in [112].

Before we state our main results, let us introduce the general assumptions.

2.1.4. Assumptions on the collision kernels

We impose the following assumptions on the collision kernels B;; arising in (2.1.6). For a
discussion of these assumptions, see section 4.1.2.

(A1) The collision kernels satisfy

Bij(Jv —v*|,cos¥) = Bji(Jlv — v*|,cos) for 1 <1i,j <n.

(A2) The collision kernels decompose in the kinetic part ®;; > 0 and the angular part
bi; > 0 according to

Bij(Jv —v*],cos¥) = Oy (|v — v™|)byj(cos ), 1<4,5 < n.

(A3) For the kinetic part, there exist constants Cy, Co > 0, v € [0,1], and § € (0,1) such
that for all 1 <4,5 <n and r > 0,

Cir7 < <I>Z-j(r) < Cg(’f’ + T‘_d).

14



2.1. The linearized Boltzmann system with same molar masses

(A4) For the angular part, there exist constants C3, Cy > 0 such that for all 1 <i,5 <n
and 9 € [0, 7],

0 < bij(cos®) < Cs]sind||cosd|, by;(cosd) < Cy.

Furthermore,

C’:= min inf / min {bii(al - 03),bii(02 - 03)}d03 > 0.
SQ

1<i<n gy,02€S?

(A5) For all 1 < i,j < m, b;; is even in [~1,1] and the mapping v — ®{;(|v|) on R3 is
locally integrable on R and bounded as |v| — co.

(A6) There exists 8 > 0 such that for all 1 < i,j7 < n, s >0, and o € [-1,1], we have
Bij(S,O') S ﬁBu‘(S,O’).

Following [113], since the functions b;; are integrable, we define

¢°:= min / bij(cos ) sin §do > 0. (2.1.7)
0

1,<i,5<n

2.1.5. Main results for same molar masses

We present the main results and discuss them briefly. The first result is a geometric
property of the essential spectrum of the linearized collision operator L and the linearized
Boltzmann operator G = L — T, where T denotes the transport part T =v - V.

Theorem 2.1 (Essential spectrum of L and L — T'). Let the collision kernels B;; satisfy
assumptions (A1)-(A4) and set

J = U Im(v;) C [vo,00),

where vy = min;—; _ p,sup,cps vi(v) > 0, where v; is the i-th component of the collision
frequency v;, given by

n
vi(v) = Z/Ra . Bij([v* = v|,cos9)M;dv*do, i=1,...,n. (2.1.8)
j=178"%

Then
O'ess(L) = *J, UGSS(L — T) = {)\ S C: %()\) € *J},

where oess(L) denotes the essential spectrum of the multi-species operator L.

Remark 2.2. We observe that if lim),|_,, v;(v) = oo for i = 1,...,n then
oess(L) = (—o00, —1g], oess(L—T)={A € C:R(\) < -}

Indeed, under the assumption v;(v) — oo as |v| — oo, the continuity of v;, and the
Weierstrafl theorem show that J = [, 00). Thus, the essential spectrum of the linearized
multi-species collision operator is very similar to the mono-species operator, where vy cor-
responds to the infimum in R? of the single collision frequency; see [111, Section 3] and
[112, Prop. 3.1]. O
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2. Introduction to the kinetic multi-species models

The proof of Theorem 2.1 is based on perturbation theory [97, Chap. IV] and is similar to
the proof for the mono-species collision operator [135], but we show new explicit spectral-
gap estimates related to the particular structure of the kernel in the multi-species case.
More precisely, we write L = K — A, where it turns out that K = L+A is compact on L? (see
section 4.3 for details). Weyl’s theorem [84, Theorem S] states that the essential spectrum
of L = K — A coincides with that of —A. Thus it remains to show that cess(A) = J.
This is done by using Weyl’s singular sequences, which allow for a sufficient and necessary
condition for A € C being an element of the essential spectrum of the selfadjoint operator
A.

The proof of the second statement in Theorem 2.1 is more involved since K is not compact
on L;fw and hence, Weyl’s theorem cannot be applied directly. The idea is to employ an
extended Weyl theorem, which states that the essential spectrum is conserved under a
relatively compact perturbation [97, Section IV.5.6, Theorem 5.35]. Indeed, if K is relatively
compact with respect to A + T then cess(L — T) = dess(K — (A+T)) = —oess(A + 1),
and it remains to compute the essential spectrum of A + T

The next theorem concerns an explicit spectral-gap estimate, which is our main result
here.

Theorem 2.3 (Explicit spectral-gap estimate). Let the collision kernels B;; satisfy as-
sumptions (A1)-(A4). Then there exists a constant A > 0 such that

— (F. LUz = Alf = T3, for all f €D, (2.1.9)

where IT" is the projection onto the null space Ker(L), D denotes the domain of L, and H
is a weighted L?(v) space weighted by the collision frequency v, see (4.1.6) for the precise
definitions. If additionally hypothesis (A6) holds, the constant A can be computed explicitly:

0D _ fellen
A=2" 5= 1,k
sc, mm{ "16C, + D f

where C™, D°, and Cj, are defined in (4.4.8), (4.4.13), and (4.4.15), respectively.

We present two proofs of this theorem. The first proof is non-constructive and relies on
an abstract functional theoretical argument, based on the decomposition L = K — A and
Weyl’s perturbation theorem. This abstract spectral-gap estimate is proved in Lemma 4.9.
The second proof provides a constructive spectral-gap estimate, generalizing the result in
[111] (also see [110, Theorem 6.1]) from the mono-species to the multi-species case. For
this, we split the operator L = L™ + L? in the mono-species part L™ = (LT*,..., L™) and
the bi-species part L = (L%, ..., L}),

LY'(fi) = Lu(fi £, LY =Y Lij(fir )
J#i
The proof consists of four main steps.
Step 1: Coercivity of the mono-species operator L™. The bi-species part of L satisfies

—(f, Lb(f))L% > 0 for all f € D. Furthermore, the results of [110, Theorem 6.1] show that
for the mono-species part,

— (£, L")z 2 C™|f =™ (f)|I}, for f € Dom(L™), (2.1.10)
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2.1. The linearized Boltzmann system with same molar masses

where the constant C™ > 0 can be computed explicitly and II™ is the projection onto
Ker(L™) (see Lemma 4.10). Inequality (2.1.10) may be interpreted as a coercivity estimate
for L™ on Ker(L™)*. It is related to the “microscopic coercivity” in [58, Section 1.3] for
the mono-species setting. Hence, we obtain the “naive” spectral-gap estimate

~(f, Lz = C™f =™ (f)|F for f € D.

This estimate is not sharp enough for the multi-species case since we need an inequality
for all f — IT*(f) € Ker(L)* and not only for f — IT™(f) € Ker(L™)*+ C Ker(L)*. By
projecting onto Ker(L™)" only, we neglect the “cross-effects” coming from the bi-species
part of the collision operator. Thus, we need a better estimate for —(f, L(f))z2, which is
achieved as follows.

Step 2: Absorption of the orthogonal parts. The contribution f+ := f — II™(f) in
—(f, Lb(f))L% can be absorbed by the H norm of f* (see Lemma 4.11), giving for a certain
n >0,

~(£. LUz = (€™ = am) I 1F = 2™ (), LT (1)) 2

Step 3: Coercivity of the bi-species operator LP. The projection IT™(f) depends on the
velocities u; and energies e; of the ith species, and thus, the cross terms can be bounded
by the differences of momentum and differences of energies,

(), () > C S (fui — g + Jes — e51?), (2.1.11)

i,j=1

for some constant C' > 0. This is the key step of the proof. The inequality may be con-
sidered as a coercivity estimate for the bi-species operator. A key observation is that the
differences of momenta and energies converge to zero as f approaches the global equilib-
rium. Whereas (2.1.10) acts on Ker(L™)+, (2.1.11) gives an estimate on the orthogonal
complement Ker(L™).

Step 4: Lower bound for the differences of momenta and energy. The last step consists in
estimating the differences |u; —u;| and |e; —e;| from below by the error made by projecting
onto Ker(L™)* instead of Ker(L)*:

n

D (i —wi? +lei = e5?) = CIIf = TH(F)IF, = 2C N f = ™ ()13

ij=1

Putting together the above inequalities, Theorem 2.3 follows; we refer to section 4.4 for
details.

As a consequence of the spectral-gap estimate, we are able to prove the exponential decay
of the solution f(¢) to (2.1.5) to the global equilibrium with an explicit decay rate.

Theorem 2.4 (Convergence to equilibrium). Let the collision kernels Bj; satisfy assump-
tions (A1)-(A5) and let f; € H},. Then the linearized Boltzmann operator G = L — T

with T = v -V, generates a strongly continuous semigroup S (t) on Halw, which satisfies

1Sa()(I = T)||g2, < Ce™, >0, (2.1.12)
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2. Introduction to the kinetic multi-species models

for some constants C', T > 0. In particular, the solution f(t) = Sq(t)fr to (2.1.5) satisfies
1) = foollm, < Ce™™ | fr = foollmz,, t=0, (2.1.13)

where foo := IIC(f1) is the global equilibrium of (2.1.5). Moreover, under the additional
assumption (A6) and lower bound in (A4), the constants C' and T depend only on the
constants appearing in hypotheses (M1)-(M3) in section 4.5 and in particular on X defined
in Theorem 2.5.

The idea of the proof is to employ the hypocoercivity of the linearized Boltzmann oper-
ator L — T, using the interplay between the degenerate-dissipative properties of L and the
conservative properties of 7. The aim is to find a functional H[f] which is equivalent to
the square of the norm of a Banach space (here, H ),

mllf I3, < HIF) < mall fIyy | for £ € HD,

leading to

SHFW) < —wlf O, >0, (2.1.14)

where k1, k2, kK > 0 and f(t) = Sg(t) f1- These two estimates yield exponential convergence
of f(t) in Hy,. It turns out that the obvious choice Hf] = allfllpz, +c2llVafllzz, +
cs||Vufllpz , does not lead to a closed estimate. The key idea, inspired from [139] and
worked out in [113], is to add the “mixed term” of the form

cs(Vaf,Vof)rz (2.1.15)
to the definition of H[f]. Then
d
S (Vaf:Vof)iz, = =Vaflliz +2(VaL(f), Vof)rz,

and the last term can be estimated in terms of expressions arising from the time derivative
of the other norms in H [f(t)]. Thus, choosing ¢; > 0 in a suitable way, one may conclude
that (2.1.14) holds.

In [113], the calculation of (2.1.14) is reduced to the validity of certain abstract conditions
on the operators K and A (see section 4.5). These conditions state that A is coercive in
a certain sense, K has a regularizing effect, and L = K — A has a local spectral gap.
The last condition is proved in Theorem 2.3, while the other conditions follow from direct
calculations, since the operators K and A are given explicitly. As a consequence, the proof
of Theorem 2.4 essentially consists in verifying the abstract conditions stated in [113]. In
contrast to the estimate of Theorem 2.3, where the multi-species character plays a role in
the spectral-gap estimate, there are no “cross-effects” here and the same modified functional
H [f] as above, including the mixed term, can be used. However, the decay rate 7 changes,
since the constant in hypothesis (M3) (see section 4.5) differs in the mono- and multi-species
case and 7 depends also on that constant.
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2.2. The Boltzmann system with different molar masses close to equilibrium

2.1.6. Comments and outlook

First, it seems to be not trivial to extend the results to the whole-space case. The problem
is that one loses the compactness in the z-space. One possibility is to assume some con-
finement potential which, under some appropriate weighted Poincaré inequality, can yield
compactness of the resolvent and hence a spectral gap. For instance, Duan [62] used non-
constructive techniques to prove decay rates for the mono-species linearized Boltzmann
equation. Still in the mono-species case, with one-dimensional collisional invariants and
using constructive methods, the decay is investigated by, e.g., Hérau and Nier [86] and Vil-
lani [139], working in the space H;w, and by Hérau [85] and Dolbeault, Mouhot, Schmeiser
[58], working in the space chcm' The tasks in the multi-species case are first to extend the
non-constructive methods, which probably does not contain new difficulties, and second to
devise a constructive method, which is more involved and work in progress; see [57].
Second, the convergence result based on hypocoercivity requires some regularity on the
initial data, namely f; € H;,v‘ The extension of the exponential decay to initial data
from Li}v is done in Chapter 5, where a Cauchy theory for the full nonlinear multi-species
Boltzmann equation in a perturbative framework is presented. In [58], exponential conver-
gence was proved for solutions to scalar linear kinetic equations in the whole space with a
confining potential, where just L? regularity for the initial data was needed, but only for
one-dimensional collision kernels which is not the case for the Boltzmann equation.
Third, the technique of proving a multi-species explicit spectral-gap estimate seems to
be quite robust also to other multi-species models, since it has been recently succesfully

adapted to the case of a multi-species Landau equation with soft potentials [77].

2.2. The Boltzmann system with different molar masses close to
equilibrium

In Chapter 5 our goal will be to extend the previous results obtained in Chapter 4 to the
more general case of a gaseous mixture with different molar masses. Furthermore, our goal
will be not only to study the trend to global equilibrium, but to perform a full Cauchy
theory for this equation, including also existence, uniqueness, positivity besides exponential
trend to equilibrium in appropriate functional spaces.

The physically most relevant space for such a Cauchy theory for this nonlinear equation
close to equilibrium is the space of density functions that only have finite mass and energy,
which are the first and second moments in the velocity variable. We will obtain this result
in the space LLL®(1 4 [v|*) for any k > ko, where kg is an explicit threshold depending
heavily on the differences of the masses, recovering the physically optimal threshold kg = 2
when all the masses of the mixture are the same and the particles are approximated to be
hard spheres.

Moreover, by combining very recent strategies in combination with new hypocoercivity
estimates, we develop a new constructive approach that deals with polynomial weights
without the need of any spatial Sobolev regularity. This is new even in the mono-species case
even though the final result we obtain has recently been proved for the mono-species hard
sphere model [78]) (which we therefore also extend to more general hard and Maxwellian
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2. Introduction to the kinetic multi-species models

potential kernels.).

Also, as a by-product, we prove explicitly that the linear operator L — v - V, gener-
ates a strongly continuous semigroup with exponential decay both in L?w (;fl/ 2) and in
L3, (<v>5 pt/ 2); such constructive and direct results on the torus are new to our knowl-
edge, even for the single-species Boltzmann equation.

At last, we derive new estimates in order to deal with different masses and the multi-
species cross-interaction operators, and we also extend recent mono-species estimates to
more general collision kernels. Note that the asymmetry of the elastic collisions requires to
derive a new description of Carleman’s representation of the Boltzmann operator as well
as new Povzner-type inequalities suitable for this lack of symmetry.

2.2.1. The model for different molar masses

Since we will use a slightly different notation in Chapter 5 compared to Chapter 4, let us
briefly introduce the model. For a detailed presentation of the properties of this model, we
refer to subsection 5.1.1 and 5.1.2.

We are now interested in the evolution of a dilute gas on the torus T® composed of
N different species of chemically non-reacting mono-atomic particles with different molar
masses, which can be modeled by the following system of Boltzmann equations, stated on
Rt x T3 x R3,

V1<i<N, OF(t,x,v)+v- -V, Fi(t,z,v) = Qi(F)(t, z,v) (2.2.1)
with initial data
V1<i<N,V(z,v) € T> xR? F0,2,v) = Fy,(z,0).
The distribution function of the system is given by the vector F = (F1,..., Fy), where F;

describes the ' species at time ¢, position = and velocity v.

The Boltzmann operator Q(F) = (Q1(F),...,Qn(F)) is given for all ¢ by

N
Qi(F) =Y Qi;(F;, Fy),
j=1
where @);; describes interactions between particles of either the same (i = j) or of different
(i # j) species and are local in time and space.

Qij (Fi, Fj)(v) = / Bij ([v — v, cos 6) [FZIF]/* - E‘Ff] dv.da,

R3xS?
where we used the shorthands F! = F;(v'), F; = F;(v), FJI* = Fj(v;) and F} = Fj(v.). Due
to the fact that now we allow also different molar masses for each species, the microscopic
collision rules have the following form:

vo= ——— (myu 4+ miv mi|v — Ug|o
iy (M msvs £ mylo — o) o
%
1 , and cosé?:<’v v‘,0>.
’ _
v, = ——————(M;v+ MUy — M|V — V4|0 *
b= o (o mye —mifo = v.o)
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2.2. The Boltzmann system with different molar masses close to equilibrium

which comes from the conservation of momentum and kinetic energy on the microscopic
level due to elastic collisions:

m;v + mjvx = miv’ + mjv;,
1 1 1 2 1
oM o] + 5 0. = oM ['|”+ 5" ||

) (2.2.2)

We want to mention the lack of symmetry between v’ and v), compared to v for the trans-
formation (v, vs) — (v, v) due to different masses, which creates additional technical dif-
ficulties. By translating and rescaling the coordinate system, we can always assume that
the only global equilibrium is the normalized Maxwellian

m;\ 3/2 )
Z) e i,

o (2.2.3)

n= (M)1gz‘§N with  p15(v) = oo, (
We mention that we have the following macroscopic conservation laws: conservation of the

total number density c; of each species, of the total momentum of the gas potso and its
total energy 3pocfoo/2:

VE>0, Cxoi= / Fi(t,z,v)dxdv (1<i<N)
T3 xR3

N
1
S v Fy(t, a,v) dod
Uso P ;/TSXRSmZU i(t,x,v) dedo (2.2.4)
1N
0o = / mi [v — tso|? Fy(t, @, v) dzdv,
1 Y/ T3xR3

3poc

where po = Zf\il M;Co,i is the global density of the gas. For more details on the modified
conservation rules and other differences due to these different molar masses, we refer to
subsection 5.1.2.

The aim is to construct a Cauchy theory for the multi-species Boltzmann equation (2.2.1)
around the global equilibrium g. In other terms we study the existence, uniqueness and
exponential decay of solutions of the form F;(¢,z,v) = u;(v) + fi(t,z,v) for all i.

Under this perturbative regime, the Cauchy problem amounts to solving the perturbed
multi-species Boltzmann system of equations

of +v-V.f =L(f) + Q(f), (2.2.5)
or equivalently in the non-vectorial form

V1<i<N, Ofi+v-Vufi=Lif)+ Qif),

where f = (f1,..., fn) and the operator L = (Lq,..., Ly) is the linear Boltzmann operator
given for all 1 <i¢ < N by
N
Li(f) = > Lii(fi, i),
j=1
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2. Introduction to the kinetic multi-species models

with

Lij(fis f3) = Qij (i, £5) + Qi (fis 115)-
As mentioned previously, we prove the existence, uniqueness, positivity and exponential
trend to equilibrium for the full nonlinear multi-species Boltzmann equation (2.2.1) in
LILZ (14 |v])*) with the explicit threshold k > ko defined in Lemma 5.20, when the

initial data Fg is close enough to the global equilibrium g. This is equivalent to solving
the perturbed equation (2.2.5) for small fy.

2.2.2. State of the art for the Cauchy problem

The perturbed single-species Boltzmann equation around a global Maxwellian has been
extensively studied over the past fifty years (see [135] for an exhaustive review). Start-
ing with Grad [76], the Cauchy problem has been tackled in L2H? (u~'/2) spaces [134],
in Hy , (,u_1/2(1 + |v|)k) [81][143] was then extended to Hj, (,u_l/Q) where an exponen-
tial trend to equilibrium has also been obtained [113][82]. Recently, [78] proved exis-
tence and uniqueness for single-species Boltzmann equation in more the general spaces

(Wf’l N W{f"q) Wﬁ’p ((1 + \v\)k) for a < 8 and 8 and k large enough with explicit thresh-

olds. The latter paper thus includes LILZ ((1+ |v[)¥). All the results presented above
hold in the case of the torus for hard and Maxwellian potentials. We refer the reader
interested in the Cauchy problem to the review [135].

All the works mentioned above involve to working in spaces with derivatives in the space
variable = (we shall discuss some of the reasons later) with exponential weight. The recent
breakthrough [78] gets rid of both the Sobolev regularity and the exponential weight but
uses a new extension method which still requires to have a well-established linear theory
in Hy , (u’l/z).

2.2.3. Assumptions on the collision kernels

We will use the following assumptions on the collision kernels B;;.
(H1) The following symmetry holds
Bij(Jv — vi|,cos6) = Bji(|v — vy|,cos0) for 1 <i,j <N.
(H2) The collision kernels decompose into the product
Bij(Jv — vil,cos0) = @i (Jv — vi|)bij(cos ), 1<1,j <N,
where the functions ®;; > 0 are called kinetic part and b;; > 0 angular part.

(H3) The kinetic part has the form of hard or Maxwellian (7 = 0) potentials, i.e.

@ij(]v—v*\):Cgf-]v—v*W, C;I;>0, ve0,1], V1<i,j<N.
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2.2. The Boltzmann system with different molar masses close to equilibrium

(H4) For the angular part, we assume a strong form of Grad’s angular cutoff (first intro-
duced in [74]), that is: there exist constants Cp1, Cpo > 0 such that forall 1 <i,j < N
and 6 € [0, 7],

0 < byj(cosf) < Cpy|sinf||cosb|, bj;(cosf) < Cho.

Furthermore,

C’:= min inf / min {bii(al - 03),bii(02 - 03)} dos > 0.
SQ

1<i<N 04,02€S?

Moreover, we shall use the (standard) shorthand notations
b%o = HbinLFSl . and lbij = ||bo COSHLéQ . (2.2.6)

and

(W) = /1 + v (2.2.7)

2.2.4. Main results for different molar masses close to equilibrium

As already explained, the ultimate goal in this chapter will be to perform a full perturbative
Cauchy theory for the multi-species Boltzmann equation (2.2.1). Along the way, we shall
also prove the following important results about the linear perturbed operator L — v - V.

Theorem 2.5. Let the collision kernels B;; satisfy assumptions (H1) — (H4). Then the
following holds.

(i) The operator L is a closed self-adjoint operator in L2 (u_l/z) and there exists \p, > 0
such that

v € L (M_I/Q) o L) (1) < AL E = 70 (173 a2y

(ii) Let E = L?E,U (“—1/2) or B =LY, (<v>f8p,_1/2) with 8 > 3/2. The linear perturbed
operator G = L —v -V, generates a strongly continuous semigroup Sg(t) on E and
there exist C'g, Ag > 0 such that

Vt>0, |[|Sa(t)(Id—Tig)|y < Cpe EY,

where 7, is the orthogonal projection onto Ker(L) in L? (u_l/Q) and Ilg is the orthogonal
projection onto Ker(G) in L:2r:7v (u*1/2).

The constants A\p,, Cg and A\g are explicit and depend on N, E, the different masses m;
and the collision kernels.
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2. Introduction to the kinetic multi-species models

Spectral gap for the linear operator in L2 (;Fl/ 2). It has been known for long
that the single-species linear Boltzmann operator L is a self-adjoint non positive linear
operator in the space L2 (ufl/ 2). Moreover it has a spectral gap Ag. This has been proved
in [30][74][75] with non constructive methods for hard potential with cutoff and in [6][7]
in the Maxwellian case. These results were made constructive in [4][111] for more general
collision operators. One can easily extend this spectral gap to Sobolev spaces H; (u‘l/ 2)
(see for instance [78] Section 4.1).

In Chapter 4 based on [46], we proved the existence of an explicit spectral gap for the
operator L for multi-species mixtures where all the masses are the same (m; = m;). Our
constructive spectral gap estimate in L2 (;L_l/ 2) proved in this chapter for different molar
masses closely follows the methods presented in Chapter 4 that consist in proving that the
cross-interactions between different species do not perturb too much the spectral gap that
is known to exist for the diagonal operator L;; (single-species operators). We emphasize
here that not only we adapt the methods of [46] to fit the different masses framework but
we also derive estimates on the collision frequencies that allow us to get rid of their strong
requirement on the collision kernels: B;; < 3B;; for all 4, j. The latter assumption is indeed
physically irrelevant in our framework.

L%ﬂ, (u‘l/ 2) theory for the full perturbed linear operator. The next step is
to prove that the existence of a spectral gap for L in the sole velocity variable can be
transposed to Li’v (u_l/ 2) when one adds the skew-symmetric transport operator —v - V.
In other words, we prove that G = L — v - V,, generates a strongly continuous semigroup
in L%v (u_l/ 2) with exponential decay.

One thus wants to derive an exponential decay for solutions to the linear perturbed
Boltzmann equation

of +v-V,f=L(f).

A straightforward use of the spectral gap A;, of L shows for such a solution

d
% ||f”2Lg‘v(“fl/2) < =2Xg Hf — TL (f)Hing’v(“—lm) s

where 71, stands for the orthogonal projection in L2 (;Fl/ 2) onto the kernel of the operator
L. This inequality exhibits the hypocoercivity of L. Roughly speaking, the exponential
decay in L?E,U (u‘l/ 2) would follow for solutions f if the microscopic part mj (f) = f — mp,(f)
controls the fluid part which has the following form

[v|> — 3m;?

V1 < { < Na WL(f)i(ta'mv,U) = ai(t’ I‘) + b(t, x) "V A+ C(t,.%‘) 92 : miﬂi(v)a

where a;(t,z),c(t,r) € R and b(t,z) € R3 are the coordinates of an orthogonal basis.

The standard strategies in the case of the single-species Boltzmann equation are based
on higher Sobolev regularity either from hypocoercivity methods [113] or elliptic regularity
of the coefficients a, b and ¢ [80][82]. Roughly speaking one has [80][82]

Amp(f) ~ 0*1f f + higher order terms, (2.2.8)
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2.2. The Boltzmann system with different molar masses close to equilibrium

which can be combined with elliptic estimates to control the fluid part by the microscopic
part in Sobolev spaces H®. Our main contribution to avoid involving high regularity is
based on an adaptation of the recent work [66] (dealing with the single-species Boltzmann
equation with diffusive boundary conditions). The key idea consists in integrating against
test functions that contains a weak version of the elliptic regularity of a(t, z), b(t,x) and
¢(t,x). Basically, the elliptic regularity of 7y, (f) will be recovered thanks to the transport
part applied to these test functions while on the other side L encodes the control by Wf (f).

It has to be emphasized that thanks to boundary conditions, [66] only needed the conser-
vation of mass whereas in our case this “weak version” of estimates (2.2.8) strongly relies
on all the conservation laws. The choice of test functions thus has to take into account
the delicate interaction between each species and the total mixture we already pointed out.
This leads to intricate technicalities since for each species we need to deal with different
reference rates of decay m;. Finally, our proof also involves elliptic regularity in negative
Sobolev spaces to deal with d:a, dib and 0O;c.

LgS, ((v)ﬁu_lm) theory for the full nonlinear equation. Thanks to the first two
steps we have a satisfactory L? semigroup theory for the full linear operator. Unfortunately,
as it is already the case for the single-species Boltzmann equation (see [33][34] or [138] for
instance), the underlying L%v—norm is not an algebraic norm for the nonlinear operator Q
whereas the Lg°,

The key idea of proving a semigroup property in L™ is thanks to an L? — L> theory “a la
Guo” [83], where the L>-norm will be controlled by the L2norm along the characteristics.
As we shall see, each component L; can be decomposed into L; = K; — v; where v;(f) =
v;(v) f; is a multiplicative operator. If we denote by Sg(t) the semigroup generated by
G = L —v-V,, we have the following implicit Duhamel representation of its i** component
along the characteristics

-norm is.

t
Salth = Ok [0 8¢ (s) ds,
0

Following the idea of Vidav [137] and later used in [83], an iteration of the above should
yield a certain compactness property. Hiding here all the cross-interactions, we end up
with

t
Sa(t) =e ) +/ e VW= Ke ()5 g
0

t s
+/ / e VWK eV =s)K [S(s1)] dsids.
o Jo

We shall prove that K is compact and is a kernel operator. The first two terms will be
easily estimated and the last term will be roughly of the form

t s
/ / / ISc(s1,2 — (t — s)v — (s — s1)v1, v2| dveduvidsids.
0 JO v1,v2 bounded

The double integration implies that v; and ve are independent and we can thus perform
a change of variables which changes the integral in v; into an integral over T2 that we
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2. Introduction to the kinetic multi-species models

can bound thanks to the previous L? theory. For integrability reasons, this third step
actually proves that G generates a strongly continuous semigroup with exponential decay
in L ((v)Pp=1/2) for g > 3/2.

Our work provides two key contributions to prove the latter result. First, to prove the
desired pointwise estimate for the kernel of K, we need to give a new representation of
the operator in terms of the parameters (v',v.) instead of (vi,0). In the single-species
case, such a representation is the well-known Carleman representation [30] and requires
integration onto the so-called Carleman hyperplanes (v' — v, v, —v) = 0. However, when
particles have different masses, the lack of symmetry between v’ and v, compared to v
obliges us to derive new Carleman admissible sets (some become spheres). Second, the
decay of the exponential weight differs from one species to the other. To obtain estimates
that are similar to the case of single-species we exhibit the property that K mixes the
exponential rate of decay among the cross-interaction between species. This enables us to
close the L estimate for the first two terms of the iterated Duhamel representation.

We now state the results we obtain for the full nonlinear equation.

Theorem 2.6. Let the collision kernels By; satisfy assumptions (H1) — (H4) and let E =
LILZ ((v)k) with k > ko, where ko is the minimal integer such that

k+2 k+2
_ [mi—my| | _ [mi—my| |
2 1 [HZ%X mitm; } + [1 <H%3X mi+m; >] 4mbgy
i j i, -
L= max s 7 oy

where lp,; and by are angular kernel constants (2.2.6).
Then there exist ng, Cg and Ag > 0 such that for any Fo = p + fo > 0 satisfying the
conservation of mass, momentum and energy (2.2.4) with use =0 and O = 1, if

[Fo — pll < mp

then there exists a unique solution F = p+1f in E to the multi-species Boltzmann equation
(2.2.1) with initial data fg. Moreover, F is non-negative, satisfies the conservation laws
and

vt >0, |F—plly<Cpe " |Fo—plp.

The constants are explicit and only depend on N, k, the different masses m; and the
collision kernels.

The extension to polynomial weights and Ll LS space is done by developing an analytic
and nonlinear version of the recent work [78], also recently adapted in a nonlinear setting
[26]. The main strategy is to find a decomposition of the full linear operator G into G1+A.
We shall prove that Gy acts like a small perturbation of the operator G, = —v -V, —v(v)
and is thus hypodissipative, and that A has a regularizing effect. The regularizing property
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2.2. The Boltzmann system with different molar masses close to equilibrium

of the operator A allows us to decompose the perturbative equation (2.2.5) into a system
of differential equations

ofi = Gp (fl) + Q(fl + fa, f1 + fz)
Ofo +v-V, s = L (fz) + A (fl)

The first equation is solved in L3, (m) or Ly L3° (m) with the initial data fo thanks to the
hypodissipativity of G1. The regularity of A (f1) allows us to use Step 3 and thus solve the
second equation with null initial data in L3°, ((v)? p %)). First, the existence of a solution
to the system having exponential decay is obtained thanks to an iterative scheme combined
with new estimates on the multi-species operators Gi and A. Then uniqueness follows a
new stability estimate in an equivalent norm (proposed in [78]), that fits the dissipativity
of the semigroup generated by G. Finally, positivity of the unique solution comes from a
different iterative scheme.

In the case of the single-species Boltzmann equation, the less regular weight m(v) one can
achieve with this method is determined by the hypodissipative property of G1 and gives
m = <v>k with & > 2, which is indeed obtained also in the multi-species framework of same
masses in the case of hard spheres. In the general case of different masses, the threshold
ko is more intricate (see Theorem 2.6), since it also depends on the different masses m;.

2.2.5. Comments and outlook

We make a few comments about the theorem above.
(1) As already mentioned, p can be replaced by any global equilibrium M(¢; o0, Uoo, Os0)-

(2) The natural weight for this theory is the one associated to the conservation of indi-
vidual masses and total energy: (1+ mf/ 2]1}\’“)13@-3 ~, which is equivalent to (v)* and
we keep the latter weight to work without vector-valued masses outside Subsection
5.5.1.

(3) The uniqueness has to be understood in a perturbative regime, that is among the
solutions that can be written under the form F = p 4+ f. We do not give a global
uniqueness in L1L ((v)¥) (as proved in [78] for the single-species Boltzmann equa-
tion).

(4) As a by-product of the proof of uniqueness, we prove that the spectral-gap estimate
of Theorem 2.5 also holds for E = LILZ ({v)*) with k > kq.

(5) In the case of identical masses and hard sphere collision kernels (b = 1) we recover
Cr = 4/(k+2) and thus ko = 2 which has recently been obtained in the mono-species
case [78].

(6) We want to mention, that a stability analysis of the global equilibrium in L settings
has been recently obtained in [27].
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3. Introduction to the diffusive multi-species
models

3.1. Cross-diffusion population systems for multiple species

Shigesada, Kawasaki, and Teramoto suggested in their seminal paper [129] a diffusive Lotka-
Volterra system for two competing species, which is able to describe the segregation of the
population and to show pattern formation when time increases. Starting from an on-lattice
random-walk model, this system was extended to an arbitrary number of species in [144,
Appendix]. While the existence analysis of global weak solutions to the two-species model
is well understood by now [37, 38], only very few results for the n-species model under
very restrictive conditions exist (see the discussion below). Here, we provide for the first
time a global existence analysis for an arbitrary number of population species using the
entropy method of [94], and we reveal an astonishing relation between the monotonicity of
the entropy and the detailed balance condition of an associated Markov chain.

3.1.1. The model
We consider the reaction-cross-diffusion equations
Oru; — div (ZAij(u)Vuj> =filu) InQ, t>0, i=1,...,n, (3.1.1)
j=1

with no-flux boundary and initial conditions

ZAij(u)Vuj v=0 ondQ, t>0, wu(-,0)=u) inQ. (3.1.2)
j=1

Here, u; models the density of the ith species, u = (u1,...,u,), @ C R? (d > 1) is a
bounded domain with Lipschitz boundary, and v is the exterior unit normal vector to 0.
The diffusion coefficients are given by

Op;

Aij (u) = (51]]),(11/) “+ u; 811,]'

n
(w), pi(u)=aip+ Zaikuz, ih,j=1,...,n, (3.1.3)
k=1

where a;0, a;; > 0 and s > 0. The functions p; are the transition rates of the underlying
random-walk model [95, 144]. The source terms f; are of Lotka-Volterra type,

fz(u) :ui<b¢0—2bijuj>, 1= 1,...,77,, (3.1.4)
j=1
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3. Introduction to the diffusive multi-species models

and we suppose that b;o, bj; > 0 (competition case). Note that (3.1.1) can be written more
compactly as

Opu — div(A(u)Vu) = f(u),  f(u) = (fr(u), ..., fa(u)).

3.1.2. State of the art

From a mathematical viewpoint, the analysis of (3.1.1)-(3.1.2) is highly nontrivial since
the diffusion matrix A(u) is neither symmetric nor generally positive definite. Although
the maximum principle may be applied to prove the nonnegativity of the densities, it is
generally not possible to show upper bounds. Moreover, there is no general regularity
theory for diffusion systems, which makes the analysis very delicate. Equations (3.1.1) can
be written in the form

Opu; — Auipi(u)) = fi(u), (3.1.5)

which allows for the proof of an L?** estimate by the duality method [48, 120], but we will
not exploit this method here, only in Chapter 7.

The case of n = 2 species and linear transition rates s = 1 corresponds to the original
population model of Shigesada, Kawasaki, and Teramota [129],

Opur — A(ur(aio + arrur + arpug)) = fi(u),

3.1.6
Ayug — A(ug(ag + azu1 + agus)) = fa(u). ( )

The numbers a;p are the diffusion coefficients, a;; are the self-diffusion coefficients, and a;;
for i # j are called the cross-diffusion coefficients. This model attracted a lot of attention
in the mathematical literature. The first global existence result is due to Kim [99] who
studied the equations in one space dimension, neglected self-diffusion, and assumed equal
coefficients (a;; = 1). His result was extended to higher space dimensions in [56]. Most
of the papers made restrictive structural assumptions, for instance supposing that the
diffusion matrix is triangular (ag; = 0), since this allows for the maximum principle in the
second equation [2, 103, 106]. Another restriction is to suppose that the cross-diffusion
coefficients are small, since in this situation the diffusion matrix becomes positive definite
[56, 141].

Significant progress was made by Amann [2] who showed that a priori estimates in the
WP norm with p > d are sufficient for the solutions to general quasilinear parabolic systems
to exist globally in time, and he applied his result to the triangular case. The first global
existence result without any restriction on the diffusion coefficients (except positivity) was
achieved in [69] in one space dimension and in [37, 38] in several space dimensions. The
results were extended to the whole space in [60]. The existence of global classical solutions
was proved in, e.g., [104], under suitable conditions on the coefficients.

Nonlinear transition rates, but still for two species, were analyzed by Desvillettes and
co-workers, assuming sublinear (0 < s < 1) [50] or superlinear rates (s > 1) and the weak
cross-diffusion condition ((s —1)/(s + 1))%2a12a91 < ajiage [51]. Similar results, but under
a slightly stronger weak cross-diffusion hypothesis, were proved in [94].

As already mentioned, there are very few results for more than two species. The existence
of positive stationary solutions and the stability of the constant equilibrium was investigated
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3.1. Cross-diffusion population systems for multiple species

in [3, 127]. The existence of global weak solutions in one space dimension assuming a
positive definite diffusion matrix was proved in [140], based on Amann’s results. Using an
entropy approach, the global existence of solutions was shown in [51] for three species under
the condition 0 < s < 1/v/3 (which guarantees that det(A(u)) > 0). To our knowledge,
a global existence theorem under more general conditions seems to be not available in the
literature. Here, we prove such a result and relate a structural condition on the coefficients
a;; with Onsager’s principle of thermodynamics.

3.1.3. Key ideas

Before we state the main results, let us explain our strategy. The idea is to find a priori
estimates by employing a Lyapunov functional approach with

Hu] :/Qh(u)da::/QZWihs(ui)dx, (3.1.7)

where m; > 0 are some numbers and

z(logz—1)+1 for s=1,

hs(z) = ¢ 2% — iz 41 for s # 1. (3.1.8)
5 —

Because of the connection of our method to nonequilibrium thermodynamics [95, Section
4.3], we refer to H[u] as an entropy and to h(u) as an entropy density. Introducing the

so-called entropy variable w = (w1, ..., wy) (called chemical potential in thermodynamics)
by
oh m; log u; for s =1,
i Ju; (u) = 787”1 (ui™t —1) fors#1,
S —_—

equations (3.1.1) can be written as
dpu(w) — div(B(w)Vw) = f(u(w)), B(w) = A(u)H (u)™?, (3.1.9)

where u(w) := (h')~!(w) is the inverse transformation and H(u) = h”(u) is the Hessian
of the entropy density. We claim that if f = 0 and B(w) or, equivalently, H(u)A(u) is
positive semi-definite (we say that an arbitrary matrix M € R™*™ is positive (semi-) definite
if 2T Mz > (>) 0 for all z € R”, 2z # 0.), H[u] is a Lyapunov functional along solutions to
(3.1.1). Indeed, a (formal) computation shows that
d
—Hu] = —/ Vw : B(w)Vwdz <0,
dt Q
which implies that ¢ — H[u(t)] is nonincreasing. The entropy method provides more than
just the monotonicity of H[u]. If, for instance, 2" H(u)A(u)z > 7, c;u® 222 for some
constants a > 0, ¢; > 0, it follows that

d 4 "~ /22
cltH[u]+042/gz;Ci|vui |“dx <0,
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3. Introduction to the diffusive multi-species models

/2

which yields gradient estimates for w;’”. This strategy was employed in many papers on
cross-diffusion systems; see, e.g., [37, 38, 50, 60, 69, 94, 144]. In this work, we introduce
two new ideas which we explain for the case s =1 (s # 1 is studied below).

It is known that the entropy (3.1.7) with m; = 1 is a Lyapunov functional for the two-
species model (3.1.6) with f; = fo = 0. This property is generally not satisfied for the
corresponding n-species system. Our first idea is to introduce the numbers 7 = (71, ..., 7,)
in the entropy (3.1.7). It turns out that (3.1.7) is a Lyapunov functional and H(u)A(u) is
symmetric and positive definite if

ma;; = mjaj; foralli,j=1,...,n. (3.1.10)

More precisely, this property is equivalent to the symmetry of H(u)A(u) (see Proposition
6.19). We recognize (3.1.10) as the detailed balance condition for the Markov chain associ-
ated to (ai;). The equivalence of the symmetry and the detailed balance condition is new
but not surprising. In fact, the latter condition means that 7 is a reversible measure, and
time-reversibility of a thermodynamic system is equivalent to the symmetry of the so-called
Onsager matrix B(w), so symmetry and reversibility are related both from a mathematical
and physical viewpoint. We detail these relations in Section 6.5.1. In Section 6.2.1, we
derive a refined estimate for H(u)A(u) leading to

H /Zﬂzalo‘Vf’ d.%'—i—?/ Zmaiiwuﬂzdxgo, (3.1.11)

=1

and thus giving an H' estimate for Vi (if ajp > 0) and wu; (if a;; > 0). This is the key
estimate for the global existence result. (Below we also take into account the reaction terms
(3.1.4).)

One may ask whether the detailed balance condition is necessary for the monotonicity of
the entropy. It is not. We show that if self-diffusion dominates cross-diffusion in the sense

S

Mo = min <an' - m Z (vaij — @)2> >0, (3.1.12)

and detailed balance may be not satisfied, then the estimate leading to (3.1.11) still holds
(with different constants), and global existence follows. (Throughout this work, we set
m; = 1 when detailed balance does not hold.) However, if conditions (3.1.10) or (3.1.12) are
both not satisfied, there exist coefficients a;; and initial data u® such that ¢ — Hu(t)] is
increasing on [0, tg] for some ¢y > 0; see Section 6.5.3. Numerical experiments (not shown)
indicate that after the initial increase, the entropy decays and, in fact, it stays bounded
for all time. We conjecture that the entropy is bounded for all time for all nonnegative
coefficients and nonnegative initial data and that global existence of weak solutions holds
for any (positive) coefficients a;;.

Our results can be extended to nonlinear transition rates of type (3.1.3). One may
choose more general terms aiju;j with different exponents s; but the results are easier to
formulate if all exponents are equal. Coefficients with exponents s # 1 were also considered
in [50, 51, 94] but in the two-species case only. We generalize these results to the multi-
species case for any n > 2. The entropy method has to be adapted since the inverse of
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3.1. Cross-diffusion population systems for multiple species

h.(z) = (s/(s —1))(2*7! — 1) cannot be defined on R and thus, u(w) = (h')~!(w) is not
defined for all w € R™. This issue can be overcome by regularization as in [50, 94]. In fact,

we introduce
n

he(u) = h(u) + &Y (wi(logu; — 1) +1).
i=1
Then h. : (0,00)" — R" can be inverted and (kL)™' : R® — (0,00)" is defined on R". As
a consequence, u; = (h.)~!(w); is positive for any w € R™ and even strongly positive if w
varies in a compact subset of R".

Unfortunately, the product H.(u)A(u), where H.(u) = h(u), is generally not positive
definite and we need to approximate A(u). In contrast to the approximations suggested
in [50, 94], we employ a non-diagonal matrix; see (6.2.5) below. More specifically, we
introduce A.(u) = A(u) +eA°(u) + Al (u) with non-diagonal A°(u), diagonal A*(u), and
n < 1/2 such that

2 Ho(uw)As(u)z > 2z H(u)A(u)z for all z € R™.

The choice of the non-diagonal approximation satisfying this inequality is nontrivial, and
this construction is our second idea.

3.1.4. Main results

First, we show that global existence of weak solutions holds for linear transition rates
(s =1). In the following, we set Q7 = Q x (0,7)).

Theorem 3.1 (Global existence for linear transition rates). Let T > 0, s = 1 and u° =
(u),...,ul) be such that u) >0 for i =1,...,n and [oh(u’)dz < co. Let either detailed

r'n
balance and a;; > 0 fori = 1,...,n; or (3.1.12) hold. Then there exists a weak solution

u=(ug,...,up) to (3.1.1)-(3.1.2) satisfying u; > 0 in Q, t > 0, and
ui € L*(0,T; H'(Q)), u; € L™(0,T; L' (),
u; € LPYY4Qr), ;€ LYO0,T;WH(Q)), i=1,...,n,

where ¢ = 2(d+ 1) and ¢’ = (2d +2)/(2d + 1). The solution u solves (3.1.1) in the weak
sense

/()T@tu, @)dt + /OT/QV¢ : A(u)Vudzdt = /OT/Qf(u) - pdxdt (3.1.13)

for all test functions ¢ € L9(0,T; W14(Q)), and the initial condition in (3.1.2) is satisfied
in the sense of WH4(Q)'.

The theorem can be generalized to the case of vanishing self-diffusion, i.e. a; = 0 if
detailed balance, a;9 > 0, and b;; > 0 hold; see Remark 6.12.

Our second result is concerned with nonlinear transition rates (s # 1). The entropy
inequality yields the regularity u; € L?*2/4(Qz) which may not include L? for “small”
exponents s < 1 and large dimensions d. For this reason, we need to suppose, in the
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3. Introduction to the diffusive multi-species models

sublinear case, the lower bound s > 1 — 2/d and a weaker growth of the Lotka-Volterra
terms:

fi(u):m(bio—szju?), 1=1,....n, 0§0<28—1+2/d. (3.1.14)
j=1

The superlinear case (s > 1) is somehow easier than the sublinear one since the entropy
inequality gives the higher regularity u; € LP(Qr) with p > 2. On the other hand, we need
a weak cross-diffusion constraint. More precisely, if detailed balance holds, we require that

s—1 &

— : o iy 1.1

wim min (00T D a) >0 (31.15)
J=1,j#i

and if detailed balance does not hold, we suppose that

. 1
7 1= Min <aii — m Z (s(aij +aj;) — 2@)) > 0. (3.1.16)

1:17"'7 . . .
J=1,j#i

For m > 2 and 1 < ¢ < oo we introduce the space
W) ={p € W™(Q): V¢ -v=0on 0N}. (3.1.17)

Theorem 3.2 (Global existence for nonlinear transition rates). Assume that T > 0, s >
max{0,1 — 2/d}, and let the initial data u® be such that u) > 0 for i = 1,...,n and
Jo h(u®)dz < co. If s < 1, we suppose that (3.1.14) and either detailed balance and a;; > 0
for i =1,...,n; or (3.1.12) hold. If s > 1, we suppose that (3.1.4) and either detailed
balance and (3.1.15) or (3.1.16) hold. Then there exist a number 2 < q < co and a weak
solution u = (uy,...,up) to (3.1.1)-(3.1.2) satisfying u; >0 in Q, t > 0, and

uf € L2(0,T; H'()), u; € L®(0,T; L {Lsh (),
ui € LP9(Qp), O € LY (0, T; WQ)Y), i=1,...,n,

where p(s) = 2s + (2/d) max{1,s}, 1/qg+1/¢ =1, and m > max{1,d/2}. The solution u
solves (6.1.1) in the “very weak” sense

/OT@tu, ¢)dt — /OT/quipi(U)Aﬁbidl‘dt = /OT/Qf(u) - pdxdt (3.1.18)

for all g = (¢1,...,¢n) € LY0,T;W,(Q)), and the initial condition holds in the sense of
W (9.

In the superlinear case, it can be shown that the solution satisfies (3.1.1) in the weak
sense (3.1.13); see Remark 6.16. Moreover, for any s > max{0,1 — 2/d}, it is sufficient
to consider test functions from L2(0,T;W2"(Q)) with 1/8 + 1/p(s) = 1, and the initial
condition holds in the sense of W2" (Q)’. We can generalize the theorem to the case of
vanishing self-diffusion if either s > max{1,d/2}; or 0 < s < 1,d =1, and o < s+ 1 hold;
see Remark 6.17.
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3.2. From reaction diffusion to cross diffusion in the fast-reaction limit

The lower bound s > 1—2/d can be avoided if the regularity u; € L?**(Qr) holds, which
is expected to follow from the duality method [48, 120]. Unfortunately, this method is not
compatible with our approximation scheme (see (6.3.1) below). This issue can possibly
be overcome by employing the scheme proposed in [51] which is specialized to diffusion
systems like (3.1.5). In this work, however, we prefer to employ scheme (6.3.1).

3.2. From reaction diffusion to cross diffusion in the fast-reaction
limit

The motivation of this work can be summarized in the following question: For which

nonnegative functions ps(w), p3(w) > 0 can we find an entropy for the cross-diffusion system

Opwz — Ay (pa(w)ws

Ows — Ay (p3(w)ws
n(x)-Vyw; =0 on 09, i=2,3

w;i(0,-) = wip(-) in Q, =23,

(3.2.1)

where w(t, z) = (wa(t, z), ws(t, 2)) with 2 on a bounded domain  C RV? This means that
we are looking for a Lyapunov functional H[ws(t), w3(t)] which is decreasing along the flow

of the system (3.2.1)

%H[wg(t),wg(t)] <0 vi>o.

The idea will be to start from a reaction-diffusion model with known entropy and by
performing a fast-reaction limit to obtain the entropy for the cross-diffusion system (3.2.1).

3.2.1. The strategy of our work

We present the motivation of our work on a toy problem, which was also studied in [16].
Given the (non-standard) cross-diffusion system

_ diys(w) +do

Oywa — Ay (p2(w)we) =0,  pa(w) = Gaw) £ 1 d; >0, 522
Ors — A (pa(w)un) =0, o) = 2 ED, g,
with
_\/(wg—w2+1)2+4w2 w3 —wg + 1 - w3
Po(w) = 5 - 5 , Y3(w) = T+ o(w)’ (3.2.3)

the question is whether we can find an entropy for this system. Indeed we can, namely we
will show that

Hfw(t)] = /Q (2w (w) (log Ya(w)ibs(w) — 1) + 1) da-+
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3. Introduction to the diffusive multi-species models

+/ (1h2(w)(log ha(w) — 1) + 1) dm+/ (3(w)(logz(w) — 1) + 1) da (3.2.4)
Q Q

is an entropy for (3.2.2), (3.2.3). Our strategy will be to start from a simpler reaction-
diffusion system with known entropy and to perform the fast reaction limit.

Let us start from a reaction-diffusion system for species A;, i = 1,...,3, of the form
O — dh A = = (u5 5 — )
Oy — do Ay — —é (u§ 1, — w2 (3.2.5)
O — d A = —— (050 — u),

with nonnegative initial conditions and no-flux boundary conditions, which describes the
reversible chemical reaction

Al = Ay+ As

with fast reaction rate 1/e > 0, where the functions u$ := ui(t,2) > 0 represent the
concentrations of species A; with diffusivities d; > 0 on a bounded smooth open domain
Q2 C RV, Since this system is coming from reversible reaction chemistry, it is not surprising
that it has an entropy of the form

3
@)= /Q (u (log s — 1) + 1) da. (3.2.6)

Performing the fast reaction limit € — 0 leads to the system

U2 U3 — U1 = O,
Or(u1 + u2) — Ag(dyug + daug) =0, (3.2.7)
O(ur +uz) — Ay(diuy + dsuz) =0,

which can be rewritten by using the algebraic condition u; = usus in the following way:

diuz + d
Outua(1 + ) + 8, | M E B (1 )| =0,
us + 1
diug + d
Outua(1 + 1) + 8, | B 1 )| = o.
ug + 1
Inverting the following change of variables
wo = uy + uy and w3 := uj +uz with w = (wa, ws), (3.2.8)
yields the relation
up = Pa(w,w3), uz = P3(wa, ws), (3.2.9)
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3.2. From reaction diffusion to cross diffusion in the fast-reaction limit

from which we obtain the desired cross-diffusion system (3.2.2)

dlwg(w) + d2 B
o= [ A ] =0

dipa(w) +d3 |
o= A 0

The key step is the inversion in (3.2.9), where 1 = (12,%3) := ¢! is the inverse of the
homeomorphism
R2 — R?Z
© 9 (uz,uz) = (u2(l + us), uz(l + uz)).

TV
=:wsy =w3

In this toy problem, this leads to the quadratic equation u% + (w3 — wa + 1)ug — we = 0,
which has the unique nonnegative solution

\/(wg—w2+1)2+4w2_w3—w2+1
2 2 '

R

Uz = P (w) = us = 3(w)

By performing the same limit ¢ — 0 and the same variable transformation (3.2.8),(3.2.9)
again, but now for the entropy (3.2.6), we obtain the limiting entropy (3.2.4).

3.2.2. Main results

Our goal will be to use the above sketched strategy on two generalized starting systems,
namely (3.2.10) and (3.2.15), in order to obtain new entropies for new large classes of
cross-diffusion systems. We briefly introduce both models considered and present the main
results.

Model 1

The first model is obtained by starting from the following reaction-diffusion system:

0wt — D (u5) = — (0 05) — g5 5(u5)).

9

Oy — A fo(u3) = % (01(u5) = a2 (u5) s (u5) ). (32.10)
0~ D i(05) = +— (a1 (0) — a5 5(u5)).

where the entropy of this system reads

€

3 u
HuE(0)] :; /Q hi(uS) dz, with hy(uf) = / log(gi(2)) dz. (3.2.11)
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3. Introduction to the diffusive multi-species models

The limiting cross-diffusion system for ¢ — 0 has the form
q1(u1) — ga(uz2)gs(us) = 0,
O (u1 + UQ) — A, (fl(ul) + fg(Ug)) =0, (3.2.12)
O (ur + uz) — Ag (fi(u1) + f3(uz)) =0,
which can be transformed by inverting the following homeomorphism
| {Ri — RZ,

(ug, uz) — (wa, w3), (3.2.13)

where wg := ug + ql_1 (g2(u2)gqs(us)) and ws := ug + ql_1 (g2(u2)qs(us)), and its inverse
=7l P(w) = (Y2(w), Pa(w)). (3.2.14)
This leads to the following cross-diffusion system

D A Kfl(q;l (o)) + B ) g

w2

N Kfl(q;l (s Us()) + 50 ] g

w3

The entropy can be expressed in the new variables w = (wg, ws3) in the following way

a7 * (a2 (2 (w))gs (¥3(w)))
Hlw(t)] = /Q/ log(q1(2)) dzdx

P2 (w) ¥3(w)
+// log(qz(z))dzd:v—{—// log(qs(z)) dzdz.
QJe QJe

The assumptions for the rigorous fast-reaction limit are the following;:

(B1) There exists a constant C; > 0, such that (for large x) it holds that
0 < fi(z) < Cra?log(z) forall >0, i=1,23.

(B2) There exist « > 0 and C > 0, such that

gi(r) > Cox® forall x>0, i=1,2,3.

(B3) For some s > 1 and 1 < p,p’ < oo with 1/p+1/p’ = 1, there exist positive constants
C3,Cy,C5 > 0 such that (for large z)

qi(z) < Csxfi(x) forall x>0,
q5' (z) < Cyzfa(x) forall x>0,

qspl () < Csxfs(x) forall z>0.
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3.2. From reaction diffusion to cross diffusion in the fast-reaction limit

(B4) The functions f; : Ry — Ry and ¢; : R — Ry are in C! with

fi(x) >0 and ¢ (z) >0 forall x>0, i=1,2,3.

(B5) There exists a constant Cs > 0, such that

¢i(z) < Csz (fifid}) (x) forall >0, i=1,23.
(B6) For a:R2 — R?2 with a(ug,us) = (az(uz,us), az(uz, us)) it holds that

RZ — Ry
a; : _
(ug, uz) = u; + q; " (QQ(U2)Q3(Q3)>/UZ'

are continuous for i = 2, 3.

The main theorem for this model reads as follows:

Theorem 3.3. Let assumptions (B1)-(B6) for fi : Ry — Ry and ¢; : Ry — Ry hold. Let
Q C RY be a bounded regular open set of RV, and let for any e > 0, uf, u5, ug denote a weak
solution of the reaction-diffusion system (3.2.10) with initial data u$(0,2) = ui™(x) € L™
forallz € Q,i=1,2,3.

Then the following holds: If ¢ — 0, there exists a subsequence of uj,u3,u§ (which we
still denote by us, u$, u5), which converges to uy,us, us in L}, ([0,00); L' ().

Moreover, this limit is a weak solution of the cross-diffusion system (3.2.12) belonging to

L ([0,00); L'(Q)).

loc

Model 2

The second model is a ‘hybrid” reaction-cross diffusion system in four species, which is
derived from the follwing reaction-diffusion system

( 1
Opui — dy Aguy = z (ugug — uj) + (ug — uj u3)
o5 — do Agus = —= (u5 usz — uj
O — ds A = — (w5 — ) + (uf — v 1)
Oug — dy Agug = —(uf — uj us)

with the entropy

4
HEE ) =S /Q (uf (log s — 1) + 1) da. (3.2.16)

=1
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The limiting system for (wa, ws, us) with wa = ua(1 + u3), w3 = us(1l + ug) reads

dipz(w) + do B
Orwa — Ay <¢3(w)+1 UJ2> = (U4 — 1/}%1/13(11)))’

d w d . .
Oyws — Ay (W w3> — 2(u4 _ ¢§¢3(w)), (3.2.17)

Opug — daAguy = —(ug — ps(w)).

and has the limiting entropy
Hlws(t),3 (1), ua(t)] = /Q (v2(w)ihs(w) (log(¥2(w)s(w)) — 1) +1) dz
+ Z /Q (¢i(w) (log(¥i(w)) — 1) + 1) dz +/ (ua(log(us) — 1) + 1) da.

i=2,3 Q
The main theorem concerning this model states the following.

Theorem 3.4. Let Q C RY be a bounded reqular open set of RN, and let for any e > 0,
ui, ug, u§, uj denote a weak solution of the reaction-diffusion system (3.2.15) with initial
data u'™ log(u™) € L*(Q).
Then the following holds: If e — 0, there exists a subsequence of uj,us, us, uj (which we
still denote by u§, u$, u§, ug), which converges to uy,us, us, us in L}, ([0,00); L' ().
Moreover, this limit is a weak solution of the reaction-cross-diffusion system (3.2.17)

belonging to L2 ([0, 00); L3()).

loc

The proof of this theorem is based on entropy and duality estimates.

3.2.3. State of the art

Our work generalizes the strategy initiated in [16, 79, 17] to perform a fast-reaction limit
from reaction-diffusion systems coming from reversible reaction chemistry to cross-diffusion
systems. The strategy presented on a toy problem in subsection 3.2.1 was already inves-
tigated in [79], and also generalized for more general starting systems including a model
with fast and slow reactions similar to our second model (3.2.15). However, the results con-
cerning the rigorous fast-rection limit of our first model (3.2.10) are (up to our knowledge)
completely new, only existence of solutions for fixed € > 0 has been already studied in [17,
Theorem 3, p.21] for models including our first model. Moreover, also our results about
how the limiting entropy looks like for the limiting cross-diffusion system are completely
new and cannot be found in any of these works, neither the robustness analysis for the
entropy performed in subsection 7.2.5.

Fast-reaction limits from reaction-diffusion systems have been well-known in the engi-
neering literature for a long time, but the rigorous mathematical treatment started only
very recently. For the presentation of the underlying mass action law of the reaction-
diffusion model, see [72]. In [89], a fast reaction limit from a reaction-diffusion system
modeling the chemical reaction A + B — C to a free boundary value problem was in-
vestigated. In [11], limits of ODE systems were studied with several fast-reaction and
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3.2. From reaction diffusion to cross diffusion in the fast-reaction limit

additional slow-reaction processes. This was extended in [13] to the case of a simple fast
reaction of the type A = B from a reaction diffusion to a nonlinear diffusion equation
using invariant sets. In [10], limits of reaction-diffusion systems with equal diffusion rates
were investigated using also invariant sets. In [5] and [14], Quasi-Steady-State Approxi-
mations (QSSA) of the form A + B = C = D + E with highly reactive intermediate C
were investigated. For fast-reaction limits in irreversible chemistry, see [15] for a limit to
a free boundary value problem, and for QSSA in irreversible chemistry, see [90] and [43].
We also want to mention the recent work [45], which focusses mainly on the modeling
aspects of singular limits from reaction-diffusion equations. Moreover, we want to men-
tion the works [92, 93, 88, 44, 53, 115] for a passage from reaction-diffusion equations to
SKT-type cross-diffusion models of population dynamics. We also want to mention, that
a rigorous fast-reaction limit starting from a kinetic system to a reaction-diffusion system
was investigated in [31, 116].
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4. The linearized multi-species Boltzmann
system

4.1. The model

In this chapter, we prove a new coercivity estimate on the spectral gap of the linearized
Boltzmann collision operator for multiple species under assumptions on the collision kernels
including hard and Maxwellian potentials under Grad’s angular cut-off condition. We
present two proofs: a non-constructive one, based on the decomposition of the collision
operator into a compact and a coercive part, and a constructive one, which exploits the
“cross-effects” coming from collisions between different species and which yields explicit
constants. Furthermore, the essential spectra of the linearized collision operator and the
linearized Boltzmann operator are calculated. Based on the spectral-gap estimate, the
exponential convergence towards global equilibrium with explicit rate is shown for solutions
to the linearized multi-species Boltzmann system on the torus. The convergence is achieved
by hypocoercive effects between degenerately dissipative collision term and conservative
transport term, proved by using the hypocoercivity method of Mouhot and Neumann.

For a presentation of the model, see subsection 2.1.1 and subsection 2.1.2. Here, we just
repeat the main definitions. We are interested in the linearized multi-species Boltzmann
System

6tfz+vvzfz:Lz(f)a t>07 fi(x,U,O) :ff,i(xvv)v (Q?,’U) €T3 XR?)? (411)

for 1 < i < n, where f = (f1,..., fn) and the ith component of the linearized collision
operator L = (Lq,..., Ly) is given by

j=1

with
Lij(fir £5) = M; Qi (Mi, M} 1) + Qi (M2 £, 7))
= / By M} MR, + WY — hi — hY)dv*do, Ry o= M; P fi (4.1.2)
R3xS2
The global equilibrium has the form
Mi(v) = 220 _e=P/2 1 <<, (4.1.3)

(271.)3/2
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4. The linearized multi-species Boltzmann system

and the collision frequency reads

n
vi(v) = Z/]R3 . Bij(|v* = v|,cos V) M;dv*do, i=1,...,n. (4.1.4)
j=17RX

4.1.1. Assumptions on the collision kernels

We repeat the assumptions on the collision kernels B;; arising in (4.1.2), already introduced
in subsection 2.1.4, and discuss them briefly.

(A1)

(A2)

(A4)

(A5)

(A6)

The collision kernels satisfy

Bij(Jv —v*|,cos¥) = Bji(Jlv — v*|,cos) for 1 <1i,j < n.

The collision kernels decompose in the kinetic part ®;; > 0 and the angular part
bi; > 0 according to

Bij(Jv —v*],cos) = @y (|v — v™|)bsj(cos V), 1<14,5<n.

For the kinetic part, there exist constants C7, Cy > 0, v € [0,1], and 6 € (0,1) such
that for all 1 <4,j <n and r >0,

017“7 < q)ij(’l“) < CQ(T+T_6).

For the angular part, there exist constants C3, Cy > 0 such that for all 1 <i,5 <n
and ¥ € [0, 7],

0 < bij(cos®) < Cs]sind||cosd|, bj;(cos?d) < Cy.

Furthermore,

C%:= min inf / min {bii(o*l - 03), bii(o2 - 03)}d03 > 0.
SQ

1<i<n g1,02€S2
For all 1 <i,j < n, b;; is even in [~1,1] and the mapping v — ®;;(|v|) on R3 is
locally integrable on R? and bounded as |v| — oo.

There exists f > 0 such that for all 1 < 4,5 < n, s > 0, and o € [—1,1], we have
Bij(S,O') S ﬁBii(S,O').

Following [113], since the functions b;; are integrable, we define
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4.1. The model

4.1.2. Discussion of the assumptions

The first hypothesis (A1) means that the collisions are micro-reversible. Assumption (A2)
is satisfied, for instance, for collision kernels derived from interaction potentials behaving
like inverse-power laws. The lower bound in hypothesis (A3) includes power-law functions
®;i(r) = r7 with v > 0 (hard potential) and v = 0 (Maxwellian molecules). The assumption
v > 0 is crucial since the linearized collision operator in the mono-species case for soft
potentials (v < 0) with angular cut-off has no spectral gap [4]; however, degenerate spectral-
gap estimates are possible [73, 110]. The upper bound in (A3) means that the kinetic part
is of restricted growth for both small and large values of |v — v*|. In hypothesis (A4), the
upper bound for b;; implies Grad’s cut-off assumption. The positivity of C® in Assumption
(A4) is used in the constructive proof of the multi-species spectral-gap estimate (Theorem
4.2) via the mono-species spectral-gap estimate which depends on C?; see also the proofs
of Theorem 1.1 in [4] and Theorem 6.1 in [110]. The positivity of C? is satisfied for the
main physical case of a collision kernel satisfying Grad’s cut-off, i.e. for hard spheres with
Bij(Jv — v*|,cos¥) = |v — v*|. Conditions (A1)-(A4) are also imposed in [4, 110, 111] for
the linearized mono-species Boltzmann operator.

Assumption (A5) imposes technical conditions needed to verify the abstract hypotheses
in [113]. More precisely, the evenness of b;; is employed to show hypothesis (M2) (see
section 4.5) and the properties on ®;; are used to verify (4.5.2) in hypothesis (M1). The
conditions on @;j are satisfied for hard and Maxwellian power-law potentials ®;;(r) = 77
with exponent v € [0, 1], for instance. Finally, condition (A6) states that the ratio of the off-
diagonal and diagonal collision kernels can be bounded uniformly from above by a constant
B > 0. This hypothesis will be needed for the explicit computation of the constants in
Theorems 4.2 and 4.3. More precisely, (A6) allows us to estimate the mono-species part of
the collision operator using the computation of [110]; see Lemma 4.10.

4.1.3. Notation and definitions

We call Dom(F’) the domain of an operator F' and Im(f) the image of a mapping f. We
introduce the spaces L2 = L?(R3;R"), wa = L?(T3 x R3;R"), Hxl,v = HYT? x R3;R"),

and
H:{fEL%:HfH%{:Z/ fl-zyidv<oo},
i—1 /R

p={renlf=3 [ i<l
=1

Here, v; is the collision frequency, defined in (4.1.4). For Maxwellian modelcules ®;;(r) =
const., the collision frequency is constant but for strictly hard potentials ®;;(r) = r7 with
0 < <1, y; is unbounded. In fact, it satisfies vo(1 + |v])? < v;(v) < v (1 + |v|)? for some
constants v; > vy > 0 [113, p. 991]. In the physically most relevant case of hard spheres
(v =1, bj = 1), the collision frequency can be computed explicitly, see formula (2.13) in
[34, Section 7.2]. For more properties of the collision frequencies, we refer to [32, Section
I11.3]. If the collision frequencies are bounded, H = L2. Generally, v; is unbounded and so,
H is a proper subset of L2. The norm on L2 (and similarly for the other spaces) is defined

(4.1.6)
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4. The linearized multi-species Boltzmann system

by
IIfIIig = Z/R3 fidv for f=(fi,....f,) € L2
=1

We distinguish the following linear operators. We define the operator A = (Aq,...,A,) :
Dom(A) — L? by
Al(f) :V'ifi7 ’L'Zl,...,’I’L,
where Dom(A) = {f € L2 : Af € L2} = D. It is closed, densely defined, selfadjoint and,
by Lemma 4.6 below, coercive. The linearized collision operator L : Dom(L) — L2, defined
in (4.1.2), can be written as L = K — A, where K := L + A, or, more explicitly,

1/2 5 rx * * * .
Ki(f) =Y /RS By M, M (B, + B — h)dv*do, i=1,...,n.
=1

It was shown in [19] that K is a compact operator in L2. Thus, Dom(L) = Dom(A) = D
and L is closed and densely defined. Furthermore, L is nonpositive and selfadjoint on L2.
We define the transport operator

T=v-V,:Dom(T) — L2,

where Dom(T) = {f € L3, : v-V.f € L3, }. Finally, we consider the linearized Boltzmann
operator
G =L —T:Dom(G) — L?,

which is unbounded, closed, and densely defined with Dom(G) = Dom(L) N Dom(T").

We denote by Ker(A) and Ran(A) the kernel and range of a linear operator A, respec-
tively. Its resolvent set is denoted by p(A) and its spectrum by o(A) = C\p(A). For a
linear unbounded operator A with o(A) C (—o0, 0], we say that A has a spectral gap when
the distance between 0 and o(A)\{0} is positive. Finally, the essential spectrum of A is
defined as the set of all complex numbers A € C such that A — Al is not Fredholm, where
1 is the identity operator. We refer to section 4.3 for details regarding this definition.
4.1.4. Main results

In this subsection, we list the main results of this part of the thesis. For a discussion of
these results, see section 2.1.5.

Theorem 4.1 (Essential spectrum of L and L — T'). Let the collision kernels B;; satisfy
assumptions (A1)-(A4) and set

J = Ui Im(v;) C [v,00),
where vy = minj—i, .y, Sup,eprs vi(v) > 0 (see Lemma 4.6). Then
O'egs(L) = —J, O'@ss(L - T) = {)\ S C: %()\) S —J}

The next theorem is the main result.
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Theorem 4.2 (Explicit spectral-gap estimate). Let the collision kernels B;; satisfy as-
sumptions (A1)-(A4). Then there exists a constant A > 0 such that

— (£, L(f) 2 = A f = T3, for all f €D, (4.1.7)

where IT* is the projection onto the null space Ker(L). If additionally hypothesis (A6)
holds, the constant X can be computed explicitly:

\ nD® i1 4C™CY,
= — = min —_
sC,. ! 160, + Db [

where C™, D°, and Cy, are defined in (4.4.8), (4.4.13), and (4.4.15), respectively.

Note that the constant C™ depends on the mono-species spectral-gap constant C? via
(4.4.8) below.

As a consequence of the spectral-gap estimate, we are able to prove the exponential decay
of the solution f(t) to (4.1.1) to the global equilibrium with an explicit decay rate.

Theorem 4.3 (Convergence to equilibrium). Let the collision kernels B;; satisfy assump-
tions (A1)-(A5) and let fr € Hxlyv. Then the linearized Boltzmann operator G = L — T

generates a strongly continuous semigroup Sg(t) on Hzl,v’ which satisfies

IS — )|y, < Ce™, t20, (4..8)
for some constants C, T > 0. In particular, the solution f(t) = Sg(t)fr to (4.1.1) satisfies
1F(t) = foollmz, < Ce™ | fr = foollmy,, t>0, (4.1.9)

where foo := I%(f1) is the global equilibrium of (4.1.1). Moreover, under the additional
assumption (A6) and lower bound in (A4), the constants C' and T depend only on the
constants appearing in hypotheses (M1)-(M3) in section 4.5 and in particular on A\ defined
in Theorem 4.2.

4.2. Properties of the kinetic model

We show some properties of the linearized collision operator (4.1.2) and the collision fre-
quencies (4.1.4). Let assumptions (A1)-(A4) hold. First we prove an H-theorem for (4.1.2).

Lemma 4.4 (H-theorem for the linearized collision operator). It holds that (f, L(f))r2 <0
forall f € D and (f, L(f))r2 = 0 if and only if f € Ker(L), where

Ker(L):{feL%:EIal,...,an,eeR, weR? VI <i<n,
fi = M (i +u-v+eo?)),

(]

and M; is given by (4.1.3).

49



4. The linearized multi-species Boltzmann system

The proof is similar to the mono-species case except that the elements of the null space
of L depend on the total mean velocity u and total energy e instead of the individual
velocities and energies. Therefore, we give a complete proof. We note that an H-theorem
for the nonlinear Boltzmann operator for a mixture of reactive gases was proved in [52].

Proof. By the change of variables (v, v*) — (v*,v) and (v,v*) — (v',v™*) and the symmetry
of B;j (assumption (A1)), we can write for f € L2,

1 . * * * *
(L= 5 O [ ByMM; (0 + 1 — by = 1)’ dudo,
ij=1 RO xS
where we recall that h; = M;lﬂfi. This shows that (f,L(f))rz < 0 for all f € D.
Moreover, (f,L(f))r2 = 0 if and only if
hi+h—h; —h5 =0 forall (v,0") € R®* xR? 1<ij<n. (4.2.1)

It is shown in [34, pp. 36-42] that (4.2.1) for ¢ = j implies that h; has the form h;(v) =
a; +u;p - v+ ei|v\2 for suitable constants «;, e; € R and u; € R3. Inserting this expression
into (4.2.1) leads to

ui - (v =) Fuj - (0 =)+ e[V = [ol?) e (|02 = [ P) = 0 (4.2.2)
for 1 < 4,57 < n. We consider the particular type of collisions with v/ = v*, v'* = v, and
|v| = |v/|. For such collisions, o = (v* — v)/|v* — v|. Then the above equation becomes

(u; —uj) - (v —v) =0, 1<i,j<n.

By rotating the velocities v, v’ in all possible ways, we deduce that (u; —u;) - w = 0 for all
w € R3 and thus, u; = uj for all 1 <i,57 <n. We set u := u;. This fact, together with the
conservation of momentum v’ — v + v™* — v* = 0, implies that (4.2.2) becomes

e[V = o) + e (W*]F = [v" ) =0, 1<ij<n

Taking into account the conservation of energy |v'|? — |[v]? + [v"*|> — [v*|? = 0, we infer that
(e; — ej)(|v']?> — |v|*) = 0 and consequently, e; = ¢; for all 1 < i,j < n. Set e :=e;. We
have shown that (f,L(f))zz = 0 if and only if there exist a1,...,a,, e € R and u € R3

such that for 1 <i <n, f;(v) = M-1/2(ozz- +u - v+ e|v]?). These functions clearly belong to

(2

Ker(L), which finishes the proof. O

The next result is concerned with the stationary solutions of (4.1.1).

Lemma 4.5. The global equilibrium foo = (foo,1,---sfoom) of (4.1.1), i.e. the unique
stationary solution, is given by

foo,i(v) = M‘l/z(ai +u-v +6|U|2), 1<i<n,

1

where o, e € R and u € R? are uniquely determined by the global conservation laws of
mass, momentum, and energy, i.e. by the equations

M (foi = fri)pw)dv =0, 1<i<n,
R

for ¥(v) = 1,01, v, v3, |v|?, where fr; are the initial data.
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4.2. Properties of the kinetic model

Proof. First, we claim that Ker(G) = Ker(L) N Ker(7T), where G =L —-T and T =v -V,
are considered on T3 x R3. The inclusion Ker(L) N Ker(T) C Ker(G) being trivial, let
f € Ker(G). Then, using the skew-symmetry of T,

0=(f.GNz, = (LN 2, — LTz, = (FL()rz,-

Lemma 4.4 shows that f € Ker(L). But this implies that T'(f) = L(f)—G(f) = 0 and hence
f € Ker(T'). This shows the claim. Let fo be a stationary solution. Then fo, € Ker(G)
and by our claim, f € Ker(L) NKer(T). Since Ker(T) = {f € L2, : V,f = 0} [25, Lemma
B.2], fs does not depend on x. Because of fy € Ker(L), Lemma 4.4 shows the result. [

Finally, we prove that the collision frequencies (4.1.4) are strictly positive with bounded
derivative.

Lemma 4.6. Let Assumptions (A2)-(A4) hold. The collision frequencies (4.1.4) satisfy

P pse
min inf vy(v) > v i 2920 P <7 i 3> >0, (4.2.3)
1<i<n veR3 ﬁ 2

where Cy > 0 is given by assumption (A3), £° > 0 is defined in (4.1.5), pso := > ie1 Pioo
(see (2.1.4)), and I’ is the Gamma function. Furthermore, if additionally (A5) holds, then
Vovi € LP(R3), implying that |v;(v)| < C,(1 + |v|) for some C, > 0 and for all v € R3,
1=1,...,n.

Proof. The decomposition of B;;, according to assumption (A2), implies that

n

vi(v) = Z/Ré 5 (Jv — v*|) M dv* /SQ bij(cosv)do.

7j=1
The integral
Cij ::/ bij(cosv)do = 277/ b;j(cos V) sin ¥dd
S2 0

does not depend on v or v*. We conclude from (A2)-(A4) that

— - * —|v*|? *
vi(v) = (27) 3/2201-]%07]-/@ ®ii(jv — v*)e V" 2ap (4.2.4)
j=1

C'lgbpoo
(2m)32 I

lv — U*|7e_|v*|2/2dv*.
3
Observe that the function

G(v) := lv — v*|Ve_|”*|2/2dU*
R3

is uniformly positive since the transformation v* — —v* and the elementary inequality

v =% + v+ 0¥ > (v —=v") + (v +0")|7 =27|V*|"
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for v € [0,1] lead to

1 * *
Gl) =3 /Rgﬂv — o T o e P gyt > 2 /R o e 2dyt = 2771G(0).

Actually, using spherical coordinates and the change of unknowns s = r2/2,

G(0) =4r /OO 20?2y — o1 +5)/2, /00 s(tD/2g=sqs = 2(0+5)/21 <M> )
2
0 0

Inserting the above estimate on G(v) into (4.2.4) shows (4.2.3).
It remains to prove that V,v; € L(R3). To this end, we compute

v —v*

- 3 * —|v*|2 *
V2i(v)] = (2m) %2 ;cijpoo,j /R o=l e ey
- - * —|v*|2 *
<R Y oy [ @l = oDl P (1.2.5)
j=1

For given R > 0, we decompose

|5 ([0D)] = 1255 (WD X gpe1<ry (v) + [@55 ([0 D) X (o) r} (V)

Assumption (A5) means that there exists R > 0 such that

195 (| - Dlxgi<ry € Lo(R?) and  |®45(] - Dixg >y € L (RY).

Thus, the right-hand side of (4.2.5) is bounded since it can be written as the sum of two
terms, each of which is the convolution of an L' and an L™ function. This shows that
Vovi € LP(R3). O

Remark 4.7. We observe that v; is generally not bounded since the kinetic part ®;;(r)
may grow like  as r — 00. It is possible to show that v; is bounded if ®;; is bounded. The
unboundedness of v; implies that the spaces L? and H are not isomorphic. O

4.3. Geometric properties of the spectrum

In this section, we prove Theorem 4.1 and give a non-constructive proof of the spectral-gap
estimate (4.1.7) in Theorem 4.2 by using arguments from functional analysis.

First, we study the essential spectrum of L and L — T'. There exist several definitions
of the essential spectrum of a linear operator. Given a linear, closed and densely defined
operator A : Dom(A) C X — X on a Banach space X, we define

oess(A) ={A € C: A— M is not Fredholm}.

We recall that a linear, closed, and densely defined operator A is Fredholm if its range
Ran(A) is closed and both its kernel and cokernel are finite-dimensional. For other def-
initions of the essential spectrum, we refer to [84]. The essential spectrum is closed and
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conserved under compact perturbations, i.e., the bounded operators A and B have the
same essential spectrum if A — B is compact (Weyl’s theorem; see [84, Theorem S].

If X is a Hilbert space and A is selfadjoint, it holds oess(A4) C R and for given A € R,
we have )\ € gess(A) if and only if A — Al is not closed or the kernel of A — A\ is infinite
dimensional. (This follows from the fact that Ran(A — AI)* = Ker(A — \I) for closed,
selfadjoint operators A [97, Chap. V.3.1].) Moreover, Weyl’s criterion holds [133, Lemma
5.17]: X € oess(A) if and only if A — A\ admits a singular sequence, i.e. a sequence (fx) C
Dom(A) such that (i) || fx|]|x =1 for all k£ € N; (ii) ||[(A— A) fx||lx — 0 as k — oo; and (iii)
(fx) has no convergent subsequences in X.

We decompose L as L = K — A, where K = (K1,...,K,), A = (A1,...,Ay), and

— - .. 1/2 * * * *
Kz(f) jzl/RsXSQ Bz]MZ’ M] (h;+h; —hj>d’0 ClO'7
Ai(f)=vifi, 1<i<n, (4.3.1)

and the collision frequencies v; are defined in (4.1.4). We recall from Lemma 4.6 that they
satisfy v;(v) > vg > 0 and |v;(v)| < C,(1 + |v]) foralli =1,...,n and v € R3.

Proof of Theorem 4.1. Since K is compact on X = L2 [19, Prop. 2], it follows that
oess(L) = oess(—A) = —oess(A). Thus, we will first study the essential spectrum of
A. The proof is divided into several steps. Recall that J = U} Im(v;) C [vp, 00).

Step 1: J C cess(A). Let A € J. There exists j € {1,...,n} and ¥ € R3 such that
A = v;(0). We define the sequence (f) C D by

a2
frao) = oy ey (<) iti = fua =0 i
Ok
where o, = 1/k, k € N. Clearly, condition (i) for the singular sequence is satisfied.

Furthermore,

— 2, = ” vi(v) = N2 fri(v)2dv
14 = A0l =2 [ 00) = AP fuslod

= (27ay,) 3/ /Rg(w(v) — 1;(9))%exp < v = mz) dv.

The limit of a sequence of Gaussians with variance tending to zero converges to the delta
distribution d3 (in the sense of distributions), which means that

=12
(27rak)_3/2/ u(v) exp (—M> dv — u(v) ask — oo
R3 20’k

for all functions u € C°(R?) with polynomial growth at infinity. Since |v;(v)| < C, (1 + |v]),
this condition is satisfied and we conclude that |[(A — AI)fi|[z2 — 0 as k — oo, showing
that condition (ii) holds.

Let us assume by contradiction that condition (iii) does not hold. Then there exists a
subsequence (f,) of (fx) that converges in L2 to some function f € L2. As a consequence,
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|fe,|> — |f]? in L! as £ — oo. In particular, f € L2. However, the distributional limit
| f,|*> = 65 and the uniqueness of the limit imply that &5 = |f |2 € L}, which is absurd.
Thus, condition (iii) holds, and we infer that A\ € ogegs(A). Then, since gegs(A) is closed,
J C O'ess(A). B .

Step 2: ogess(A) C J. Let A € R\J. Then there exists a constant ¢ > 0 such that for all

veR andi=1,...,n, vj(v) = A > ¢ If (fp) C D with || fg],2 = 1 for all k € N, we have

1A = AD)il2, = Z/ n(0) = N2 fia(o 2dv>c22/ fia(o)2do = 2 > 0

for all £ € N. Thus, condition (ii) cannot hold which implies that A & gegs(A).

Steps 1 and 2 imply that cess(A) = J.

Step 3: {A € C: R(\) € J} C oess(A+T). Let A € C be such that R(A) € J. It
follows from Step 1 that R(\) € cess(A). Since A is selfadjoint on the Hilbert space L2,
A —R(M)T is not closed or the kernel of A —R(A)I is infinite dimensional. As the operator
A — R(N)I is closed, its kernel must be infinite dimensional. Therefore, there exists a
sequence (fx) C L2 such that A(fk) R(A) fr =0 and (fk, fe)r2 = Ok for k, £ € N. Let us
define ¢(z,v) = exp(iS(A\)z - v/[v[?) and gr = ¢fy € L7 . Since |¢| =1, we have

(9, 90)12 , = (fi> fe)r2 = Oke  for k, L € N. (4.3.2)
Furthermore, ¢ € Dom(7T') and T'(¢) = i ()¢ for v # 0, and thus,
(A+T = M)gr = ¢(A = RN fie + fi(T —1S(A) )¢ = 0,

which shows that gx € Ker(A+T — A1) for k € N. This fact, together with relation (4.3.2),
implies that Ker(A + T — AI) is infinite dimensional. As a consequence, A + T — A/ is not
Fredholm and A € gegs(A + T'), which proves the claim.

Step 4: {N€ C:R(\) € J} C p(A+T). Clearly, this gives

Uess(A+T> CU(A+T) C {)\EC%()\) Ej}

Let A € C be such that R®(\) € R\J. We show first that Ker(A + T — \I) = {0}. We
assume by contradiction that there exists f € Dom(A + T') satisfying [[f|[z2 > 0 and
(A+T—XI)f = 0. In particular, there is an index £ € {1,...,n} such that [5s ny3 fidxdv >
0. Then, multiplying vy fi+T(f¢) = Afe by f, (the complex conjugate of f;) and integrating
in T3 x R3, we obtain

//Vg|fg]2dmdv+/ / fgv-fogdxdv:)\/ / | fe|*dzdv. (4.3.3)
R3 JT3 R3 JT3 R3 JT3

By the divergence theorem, the real part of the second integral vanishes,

28%/ fgv Vo fedxdy = / / (fov-Vafe+ fov-Vaf,)dzdo (4.3.4)
R3 3

:/ / U-Vm|f5|2dl‘d1]:0.
R3 JT3
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4.3. Geometric properties of the spectrum

Then, taking the real part of (4.3.3), we infer that

fR3 fTB ]f4|2da:dv ‘

Consequently, infps v, < R(A\) < supps v¢ and, thanks to the continuity of vy, R(A\) €
Im(vy) C J, which is a contradiction. Thus, Ker(A +T — X\I) = {0}. Similarly, we can
show that Ker((A +T — A\I)*) = Ker(A + T* — AI) = {0} as well.

The operator L — T is closed [135, Theorems 2.2.1 and 2.2.2]. Thus, the boundedness
of the compact operator K and the stability of closedness under bounded perturbations
[97, Chap. III, Problem 5.6] imply that A+ 7 = K — (L — T is closed (and also densely
defined). Hence, Ran(A + T — A\ )+ = Ker((A+T — A\I)*) = {0}, meaning that A + T — \I
is invertible. If f € L? , is given, there exists u € Dom(A+T) such that (A+T—\)u = f,
which translates into

(v — ROy + (T —iS\)uj = f, j=1,....n. (4.3.5)

R(\) =

We point out that, since v; is continuous, Im(v;) is an interval (or a point, in case that v;
is constant). This fact and the assumption R()\) ¢ J imply that either v; — R(\) > 0 in
R3 or vj — R(A) < 0 in R3. This means that the sign s; of v; — R()\) is constant in R3, for
j=1,...,n. By multiplying (4.3.5) by s;4;, integrating over T3 x R3, taking the real part,
and summing over j = 1,...,n, we find that

Z//\vy Mllus Pdzdo = 4 Z// (31, + T, ) dd.

The (real part of the) second term in (4.3.5) vanishes after integration; see (4.3.4). Since
A € R\J, by definition of J, there exists ¢y > 0 such that [v; — R(A)| > ¢, in R? for all
j=1,...,n. Then the Cauchy-Schwarz inequality shows that [lul|fz < c;1||fHL%7U. This
means that (A +7 — AI)~! is bounded, so A € p(A +T).

Steps 3 and 4 show that cgess(A+T) ={\ € C: R()\) € J}.

Step 5: cess(—A —T) = oess(K — A — T). The operator K is compact on L? but not
on L% v, 50 the claim does not follow from the original form of Weyl’s theorem. Instead we
will employ the fact that the essential spectrum is conserved under a relatively compact
perturbation [97, Section IV.5.6, Theorem 5.35]. More precisely, we prove that K is rela-
tively compact with respect to A + T, i.e., G, := K(A + T — zI)~! is compact on L?},v for
some z € C with R(z) € R\J. (Notice that by Step 4, z € p(A + T).) Then

oss(K — A —T) = oess(—A —T) = {A € C: R(\) € —J}. (4.3.6)

The second identity is a consequence of Steps 3 and 4.

To prove the compactness of G, we introduce the space W := ¢?(Z3; L?) of sequences
f = (fm) C LI with the canonical norm ||fllw = (3,,czs HmeQ )2, Clearly, W is
a Hilbert space with the scalar product (f,g)w = >_,.cz3(fm, gm) 2. Furthermore, we
introduce the Fourier mapping F : L2 (T? x R*) — W by

F(f)=(fm), fm(v)= /1r3 e 2T £ (g v)dx  for m € Z3, v € R3.
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4. The linearized multi-species Boltzmann system

This mapping is bounded, invertible, and has a bounded inverse. We wish to show that
G.=FG.F~': W — W is compact. Then also G, = F~'G_F is compact as a composition
of a compact and two bounded operators. This idea is due to Ukai; see e.g. [135, Section
2.2.1].

Since K and A do not depend on , it holds that G, = K(A+T—z)~!, where T = 2riv-m.
Let (f®)) = (fr(f)) C W be a bounded sequence in W, i.e., there exists ¢ > 0 such that
for all £ € N,

IFOUR = > 152172 < co- (4.3.7)

meZ3

As R(z) € R\J, there is a constant ¢, > 0 such that for all i = 1,...,n and v € R?,
|vi(v) + 27miv - m — z| > ¢,. Thus,

A+ T =) 00 =3 [ Jato) + 2o m — =)7L 10 P
SR 7

_ - k _
<ty [P = DI
=1

Summing these inequalities over m € Z3, we infer that
A+ T = 2)7 F O < 2 IFP Iy < cocs?

Consequently, the sequence g¥) = (A+ T - 2)7Lf (k) is bounded in W. In particular, for

any s € 2%, 9872, < ¥ ez ||gm>||L2 lg® 12, < coez?

sequence (gg )) C L2 is bounded in L2. Since K : L2 — L? is compact and Z3 is countable,
we may apply Cantor’s diagonal argument to find a subsequence (¢(*¢)) of (¢(¥)) such that
(K(g,gff))) is convergent in L2 as £ — oo, for all m € Z3.

We will show that (G.(f*))) is a Cauchy sequence in W. To this end, let £, s, N € N.

We write

. Hence, for any s € Z3, the

IG-(F*) = Go(F5 D) F = D 1K (g5F)) — K(g%)13 (4.3.8)
mezZ3
= > IK(g%)) - N+ Y 1K @GS = K(g5)|7,
Im|<N Im|>N

where [m| = 322, |my] for all m € Z3. First, we consider the second sum on the right-hand

side. Denote by || - || #(z2) the norm in the space of linear bounded operators on L2. By
(k)

the definition of ¢;,’, we obtain

Do IE@GR) = KW )7e = D KA+ 2mio-m = 2) 7 (fe) = f)II7,  (4.3.9)

|m|>N |m|>N
<2 ) KA+ 2miv-m = 2) 7|5 (150 ||%g+”f7(nS)||%g)-

|m|>N
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4.3. Geometric properties of the spectrum

For the operator norm, we employ Prop. 2.2.6 in [135], which can be applied since %(z) €
R\J:

| K (A + 27iv - m — z)_lﬂip(Lz) <eci(L+|m))~® for all m e 73
for some suitable constant ¢; > 0 (depending on z) and a suitable exponent a € (0,1)
(actually, « = 4/13). Let 0 < 5 < 2/3. By Holder’s inequality and (4.3.7), we estimate

ST IE G + 2miv-m = 2) P PR < e 3 (1 fml) = £9)2,°

[m|>N |m|>N
B/2 1-8/2
<@ 3 a0 (X 1 )
|m|>N |m|>N
B/2
§0061< Z (1+|m|)—2a/ﬁ>
|m|>N

Using this estimate in (4.3.9), it follows that

B/2
sup S IK(alt) ~ KD < 2e0er( 3 (14 )77

bseN SN Im|>N

The choice of 8 implies that 2a/8 > 3 and hence, the sum over |m| > N is finite. In
particular, Z\m|>N(1 +|m|)~22/8 — 0 as N — co. As a consequence, for given £ > 0, there
exists Nz € N such that

€

sup D [[K () = Kgia)1Z3 < 5

0,seN m[>N.

Finally, since (K (ggfé))) is convergent in L2 for all m € Z3, there is a number n = n(¢) > 0

such that for all £, s > 7,

> K (g8 - K(gl)3; < 5
|m|<Ne

Thus, choosing N = N, in (4.3.8), we deduce that (éz(f(ks))) is a Cauchy sequence in the
Hilbert space W and consequently, it is convergent. This shows that G, : W — W is a
compact operator and (4.3.6) holds. This finishes the proof of Theorem 4.1. O

Next, we show the spectral-gap estimate for the linearized collision operator L = K — A,
i.e. the first statement of Theorem 4.2. Since K is compact on L2, it remains to prove that
A:D C L2 — L2 is coercive.

Lemma 4.8. Let (A1)-(A4) hold. Then the embedding H — L? is continuous and A :
D — L2, defined in (4.3.1), is a linear unbounded operator with the property

(MM z = IF15 = Clfl7: for feH (4.3.10)

for some C > 0. Moreover, A can be extended by density to a linear bounded operator
A:H — H', where H' is the dual of H with respect to the L? scalar product. In particular,
the mapping H — R, f+— (A(f), f) is continuous, where (-,-) denotes the duality pairing
between H' and H.
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4. The linearized multi-species Boltzmann system

Proof. The strict positivity of v; in R? (see Lemma 4.6) implies that the embedding H < L2
is continuous. Then the definitions of A; and H show that for all f € H, (4.3.10) holds. For
given f € H, the element A(f) = (fiv1, ..., fuvyn) can be identified with the linear bounded
operator H — R, g — > " [ps gifividv and consequently, A(f) € H'. It is immediate to
see that [[A(f)||% = ||f|l#, so that A : H — H' is isometric and thus bounded. Moreover,
it follows that H — R, f +— (A(f), f), is continuous. O

The following result provides a spectral gap for general operators which decompose into
a compact and a coercive part.

Lemma 4.9. Let Hy and H be Hilbert spaces such that H — Hg continuously and let
L :H — H be a linear bounded operator such that L = K — A with linear bounded
operators A : H — H' and K : Ho — Ho. Furthermore, assume that

(i) for all f € H, (L(f), f) <0 with equality holding if and only if f € Ker(L);
(ii) the operator K : Ho — Ho is compact;
(iii) there exists Coy > 0 such that for all f € H, (A(f), f) > Col f|3,-

Then there exists a constant Cy > 0 such that
—(L(f), ) = CrlIf|3  for all f € H N Ker(L)".

Proof. We argue by contradiction. Let (f,) C H N Ker(L)* be a sequence such that
| fullz = 1 for n > 1 but (L(f,), fn) — 0 as n — oo. Since (f,) is bounded in the Hilbert
space H, there exists a subsequence, which is not relabeled, such that f,, — f weakly in
‘H. Because of the continuous embedding H — Hop, also f, — f weakly in Hg. Since
fn € Ker(L)* and Ker(L)* is weakly closed by Mazur’s lemma, f € Ker(L)*. As the
operator K : Hy — Ho is compact, by hypothesis (ii), the weak convergence of (f,,) in Ho
implies that K(f,) — K(f) strongly in Ho. Hence, (fn, K(fn))no — (f, K(f))n,. Since
A : H — H' is bounded, the mapping P : H — R, f — (A(f), f), is continuous. The
linearity of A and property (iii) imply that P is also convex. Thus, P is weakly lower
semicontinuous [24, Corollary 3.9]. Therefore,

_<L(f)vf> - <A(f)7f> - (K(f)vf)"Ho < hnrglogf (<A(fn)7fn> - (K(fn)7fn)7-lo) = O,

because (L(fn), fn) — 0 as n — oo by assumption. We infer from hypothesis (i) that
f € Ker(L). But also f € Ker(L)*, so f = 0. Then, by hypothesis (iii),

0<Cp= COHfTLH’?{ < <A(fn)7fn> = (K(fn)afn)Ho - <L<fn)’fn> — 0,
which is a contradiction. ]

Let Ho = L2. By [19, Prop. 2|, assumption (ii) of Lemma 4.9 holds. Furthermore,
Lemma 4.8 shows that (iii) holds true. Assumption (i) is a consequence of Lemma 4.4. Let
feDcHundset f=f—IT"(f) € Ker(L)*. Then

—(L(f), ) = (L), ) = ClIF I3 = Cllf = ()3

since L(f) € L2 and (L(f), f) = (f, L(f)) 2 for f € D. This proves the first statement in
Theorem 4.2.

58



4.4. Explicit spectral-gap estimate

4.4. Explicit spectral-gap estimate

We present a second proof of the spectral-gap estimate (4.1.7) with explicit constants. The
idea is to decompose the collision operator L into a mono-species and a multi-species part
and to exploit the fact that the conservation properties of L are different from those of the
mono-species part L™. Let assumptions (A1)-(A4) hold.

4.4.1. Decomposition

We decompose L = L™ + L where L™ = (L, ..., L™), L = (L%,... L%), and

n

LM(fi) = Lu(fi, 1), LU(f) = Lij(fi. fi)- (4.4.1)
J#i

Denoting by IT™ the orthogonal projection onto Ker(L™) (with respect to the scalar prod-
uct in L2), we can decompose f according to

=1t where fli= (), fri=f— 1l (4.4.2)
Lemma 4.4 shows that

f € Ker(L) if and only if f; = MI/Q(OQ‘ +u-v+elvf’) for aje € R, u € R® (4.4.3)
f € Ker(L™) if and only if f; = M2

i

(i +ui - v+ eifv]?) for ay,e; €R, u; € R?, (4.4.4)

and fll has clearly the form (4.4.4).
For later use, we define the following bilinear forms

—(f, L™(f Z / Bii Ai[hi])? M M dvdv* do, (4.4.5)
R6 xS2
—(f, LY ()2 = ZZ / Bij Aijlhi, hj)* M; M dvdv*do, (4.4.6)
=1 j#i

where h; = Mi_1/2fi and

4.4.2. Spectral-gap estimate for the mono-species part

Our starting point is the fact that the mono-species collision operator L™ has an explicitly
computable spectral gap. A spectral-gap estimate for the linearized collision operator with
n = 1 was proved in [110, Theorem 6.1, Remark 1]:

1 Am
/ B”Az[h] MM*dUdU*dO' >
4 Jroxs2 Poo,i

/ (fi = ™ (f:)*viidv, (4.4.7)
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4. The linearized multi-species Boltzmann system

where A\, = A (7, C1, C%) > 0, only depending on «y, Cp, and C? (see (A3)-(A4)), can be
computed explicitly,

vii(v) == / Bii(Jv — v*|, cos ¥) M, dv*do,
R3 xS2
and i € {1,...,n} is fixed. This yields the following estimate for L™, where we recall that

the space H is defined in (4.1.6).
Lemma 4.10. With L™ defined in (4.4.1), we have

—(£.L™(f))12 = C™||f — I™(f)II3; for all f € Dom(L™),

where

A" (v, Cy, Cb)
cm=2 Db/ 4.4.8
Bpoo ( )

and \™ = X" (v, C1, C®) is given in (4.4.7).
Proof. We sum (4.4.7) over i = 1,...,n and employ (4.4.5) to obtain
m m - m Vi
(L =AY [ = 1) (1.49)
i=1 Y% o0,

It remains to estimate v;; in terms of v;, defined in (4.1.4). The definition of M; implies
that M; = (poc,j/Peo,i)Mi. This fact, as well as definition (4.1.4) of v;, the lower bound
(4.2.3), and assumption (A6) give

n n
=Y Pl / BiMjdv'do < 8370 | ByM;dvdo = Prso .
j=1 Pocsi JR3 j=1 Pooi JR3 Pooyi

We conclude that vj;/peci > vi/(Bpoc), and inserting this bound into (4.4.9) yields the

result. O

Lemma (4.10) and the inequality —(f, L°(f)) Ly > 0 immediately show that

—(f, L(f) 2 = C™||f — IT™(f)|3, for all f € D.

However, we need the projection onto Ker(L)" instead of Ker(L™)+, which is contained in
Ker(L)*. Therefore, we will exploit the part —(f, L*(f)) 12 to derive a sharper estimate.
4.4.3. Absorption of the orthogonal parts

We prove that the contribution f* (introduced in (4.4.2)) in the term —(f, Lb(f))LgJ =
—(fI+ £ LI + f4)) 12 can be absorbed by the H norm of f=.

Lemma 4.11. Let n = min{1,C™/8}, where C™ > 0 is given in Lemma 4.10. Then, for
al f €D,

—(f, L(FDez = (€™ = am) | = £, = 21 2 (FD)a,

where fl = IT™(f) is the projection onto Ker(L™)*.
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Proof. By Lemma 4.10, we find that

— (f, L)z > C™F = B, = (£ L))z = C™If = FUIF, = n(f. LO(f)) 2. (4.4.10)

since —(1 —n)(f, Lb(f))LQ > 0 for n € (0,1]. We estimate first the expression A;;[h;, h;] i
definition (4.4.6), writing h” 1/2]"” and hi- = 1/2 -

70

Aijlhi, h)? = (Al Bl + Ayjlnt 1)
= Ayl B2 + Aijlnd B2 + 2455000, R Ay 0 nd)

1 0% 1777 v ]

Ag[pl B2 = Ay nt2

17'7%) 177

[\D\H

Inserting this estimate into (4.4.6) and (4.4.10) gives

(L L)z = C™FE + ”ZZ/

2] ’Lj h” hlj!]2MiMdedU*d0'
6 %« §2
i=1 j#i

6xS2 L

ZZZ /1R BijAgjlhi-, hy |2 M; M} dvdv* do. (4.4.11)

We claim that the last term on the right-hand side can be estimated from below by
2

| f+1I3,, up to a small factor. For this, we employ the invariance properties of B;; and the
identity M;M; = MZ’MJ’*

/ Bij Aij[hi-, hi > M; M} dvdv* do
R6xS?

< 4/ . Bij ()2 + ((h)*)? + (hih)? + ((h7)*)?) M M} dvdv*do
R6 xS2

<16 / Bij(hi")? M; M dvdv*do = 16 / Bij ()M dvdv*do.
R6xS2 R

6%« S2

Thus, the last term on the right-hand side of (4.4.11) can be estimated as

" "
—422/ BijAij[hi, b2 M; M} dvdv* do

7]

>—in S [ By Mt = —an Y [ (1 =
i=1 j#i i=1

taking into account definition (4.1.4) of v;. We infer from (4.4.11) that

L = (= anlf - I+ Y [ Bods il P dvdds,

6% S2 v
i=1 j#i x

and definition (4.4.6) yields the conclusion.
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4. The linearized multi-species Boltzmann system

4.4.4. Estimate for the remaining part

It remains to estimate the term —(fH,Lb(fH))L%

Lemma 4.12. For fll € Ker(L™), i.e. f” 1/2(Ozi +u; - v+ €;|v]?) for some ay, e; € R
and u; € R3, we have

n

b
—(L L (M) 2 > DZ > (Jui = wi + (e — ¢))?),

ij=1
where D® > 0 is defined in (4.4.13).

Proof. Thanks to the momentum and energy conservation, we obtain differences of the
momenta and energies, which will be crucial in the following:

w0 w0 = v —uy vt = (w—ug) - (V0 — ),
/*’2

eilv'? + e[ — eslul? — ej|v*|* = (ei — ) (| = [o]?).

Using these identities in Aj;; [hl',hg] where h” = a; + u; - v + ¢;|v]?, we find that

—(f1, Lo (M) 2 = ZZ/ BijAijlh), B2M M dvdv* do

6% S2
i=1 j#i xS

= - ZZ/ —uy) - (V' =)+ (ei — ) (JV]* — |v\2))2MiMfdvdv*da.

i=1 j#i 0§52
Using the symmetry of Bj; (thanks to assumption (Al)) and of M; M} with respect to v,

the function G (v,v*,0) = Bi;(ui —uj) - (v —v)(|v’|* — |v|?) is odd with respect to (v,v*, o)
and thus, the mixed term of the square in the above integral vanishes. Therefore, we obtain

= 15 [ Bl )0 = 0P + (e e - )
1=1 j#i
x M; M7 dvdv*do. (4.4.12)

Now, we claim that
/ 2 |qu - uj’2 /12
/ Bij((wi—uj)- (v =v))"M; M} dvdv*do = / Bijlv—v'|* M;Mj dvdv*do.
R6 xS2 3 R6 xS2

To prove this identity, we write u;; and vy for the kth component of the vectors u; and
v, respectively. The transformation (vy, vy, o) — —(vk, vy, ox) for fixed k leaves B;;, M;,
and M} unchanged but v} — —v; such that

/ * *
/RGXSQ BijvgveM; M7 dvdv*do =0 for £ # k.

62



4.4. Explicit spectral-gap estimate

Furthermore,
/ Bijopve MM dvdv*do =0 for £+ k,
R6xS2

since the integrand is odd. Therefore,

[ Bollus = w) - (0 = 0)* MM dvd*do
R6 xS2

3
Z Wik — Wjk) (Ui — Uje) / Bij(vy, — vg) (vy — ve) M; M7 dvdv*do
e l=1 R6 xS2
3
Z Uif — Uj k) / Bij(vg v,)? M;M; dvdv*do.
1 RS xS2

In fact, we can see that the integral is independent of k, and we infer that

/ Bij((ui — ug) - (v = ))* M;M; dvdv*do
6% S2 !

3

/12 * *
g Ui f — Uj k) / Bijlv —v'|*M;M; dvdv*do,
1 R6 xS?

oo\»—n

from which the claim follows.
Hence, (4.4.12) can be estimated as

3
—(L L ()2 = DO (Jus — wy* + (e — €5)7),
ij=1
where
1
Db = min Bijmin{ v — o', (Jv'|* — [v|*)? } M; Mdvdv*do. (4.4.13)
1<i,j<n JR6 g2 3 J

It remains to show that D® > 0. The integrand of (4.4.13) vanishes if and only if |[v/| = |v].
However, the set
X ={(v,v*,0) e R* xR3 x $? : |v'| = |v|}

is closed since it is the pre-image of {0} of the continuous function F(v,v*, o) = |[V'|*—|v
ie. X = F~1({0}), recalling that v' depends on (v,v*,o) through (2.1.2). Since X #
R3 x R3 x S?, its complement X¢ is open and nonempty and thus has positive Lebesgue
measure. Since the integrand in (4.4.13) is positive on X°, we infer that D® > 0. This
finishes the proof. O

/|2 |2’

4.4.5. Estimate for the momentum and energy differences

The last step is to derive lower bounds for the differences >, ;(|u; — uil®+ (e; —e;)?). First,
we recall some moment identities:

Midv = Pi, / Mivjvkdv = pi(Sjk, / Mi|U|4d’U = 15,07; (4.4.14)
R3 R3 R3

foralll1<i<nand1<j k<3
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4. The linearized multi-species Boltzmann system

Lemma 4.13. Let f € L? with fi” = Mil/z(ai +ui - v+ ei|v|?) for 1 <i<n. Then

o M} fidv = pi( + 3e3), /]R3 Mil/wadv = piti, /R3 M2 fio)2dv = pi(3a, + 15¢;).

Proof. Decomposing f = fl + f+, where fll = I (f) and f+ = f — IT™(f), we infer from
1/2 € Ker(L™) (see (4.4.4)) that (M 1/2,f1L)L7zj = 0 and hence, by (4.4.4) again,

(2 g = [ Milai-+ o+ eof?)do = piles + 3e:).
R

The other identities can be shown in a similar way. O

Lemma 4.14. For all f € D, we have
1 m
S (= sl + (= e)?) = (1 = T = 20F = (IR,

where u;, e; are the coefficients of the ith component of IT™(f) in (4.4.4), IT* is the
projection on Ker(L), C > 0 is given by

Cr = 60nps max (4.4.15)

1<k <5n

/ Yrpevidv|,

and (Yr) is an arbitrary orthonormal basis of Ker(L™) in L2.

Proof. We again decompose f = fl + f+ with fll = I1™(f) and f+ = f — fIl. Then
I1f =TT ()15 < 2(1F 13, + 1LY = T ()115,).- (4.4.16)

We estimate first the difference g := fl — IT*(f) = mI™(f) — II*(f) € Ker(L™) (note
that Ker(L) C Ker(L™)). Let (1) be an arbitrary orthonormal basis of Ker(L™) in L2.
Because of (4.4.4) and V,v; € L>(R3), we have ¢, € H. Then, by Young’s inequality, we
find that

2 5n

vi(v)dv = > (9, 9k)2(9: ¥e) 12 2/ Yrtevi(v

k,0=1

9113, 9,k L2V,

= Z (9 ¥r) 295 %e) L2 (Vi Vo) n

k=1

<1 max wk,wle 9,913 + (9, %0)12)

2 1<k <5n
k=1

_ 2
=5n max|(vx, Vo)l Z 9:¥k)72 = 5n | Jnax (e Yo)ul llgllzs-

64



4.4. Explicit spectral-gap estimate

Thus, we infer from (4.4.16) that
If = 1TE (P, < 20 f e+ 10m maxc (W o)l £ = ()5

Because of Ker(L) C Ker(L™), we have IT™IT* = IT* and
L = IECIZ, = 1112, — 2007 (), () s + MTE ()2,
= MZ2 =20/, ()2 + 1T (72 = 1172 = 1T ()17
Consequently, setting ko = 10n maxi<g ¢<p |(Vr, Ye)ul,
1f =I5B, < 201815+ ko (111172 = 11T5(H)1172)- (4.4.17)

Next, we compute the L2 norms of fll and IT*(f). Moment identities (4.4.14) show that
n
I =3 / Mo+ g0+ efof?)
= Z M (02 + (u; - v)? + e2|v|* 4 2aie;|v]*)dv

= Z Pooi(al + [ui* + 15€7 + 6aye;).
i=1

For the computation of the L? norm of IT%(f), we choose the following orthonormal basis
(¢j) = (4,i)i=1,....n of Ker(L) in L2:

¢J T — _1/2M1/261]7 ¢n+kz - p_1/2M1/2 Vg, ¢n+4,i = (61000)_1/2Mi1/2(’v|2 - 3)7

where 1 < j <n and 1 <k < 3. Then, using the moment identities of Lemma 4.13,

n+4 n n 2 n 2
HTEOIZ: = S (. 6)3 = Y pocile +3¢) + poo |3 P20 ui| + 6 ( pp‘”ﬂ ) .
Jj=1 =1 i=1 =1 Poo

Inserting the above identities for | fIl 12, and |[IT(f)||3, into (4.4.17), we conclude that

2
n n
Pooi Pooi
Lf = I3 < 201 = ()3 + kopoo | D %w? - ;g
i=1
2
ot (S (32t
=1 Poo
Then, if the inequalities
Z%O u 20| < Z lui — u;|?, (4.4.18)
=1 7,7=1
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4. The linearized multi-species Boltzmann system

n

2
pp":(;zei) < 3 (ei—ej)? (4.4.19)

ij=1

oo,zeg o

hold, the lemma follows with Cy = 6kopec-
It remains to prove (4.4.18) and (4.4.19). To this end, we define the following scalar
product on R3":

n
(u,v), = Z poo’zu,wvi, w=(ug,...,up), v=(v1,...,0,) € R,

i=1 7°

where u; - v; denotes the usual scalar product in R3. The corresponding norm is ||uf, =
(u,u),l,/2. Then 1 = (1,...,1) € R satisfies ||1]|, = 1. The elementary identity

lull = (u, 1)7 = [lu — (u,1),1]3

can be equivalently written as

2

ui|2 —

2 n
i1 Poo

n
L Poo,i
I=2 Poc
i=1

n
Poo,i

>

iy Poo

n
poo?j

U; — 7Uj
o P

Then7 using Z?:l pOOJ = poo;

2

2
n n
o Poo,i Poo,i L Poyj | _ Poo,i Pooyj .
=20 (1‘%) w= ) Tt = D T )
| i i=1 Ji

i=1
n 2 2
— Z Poo,i Z Poo,k Zj;ﬁi(poo,j/poo)(ui — uj)
i=1 Poo ki Poo Zk;,ei poo,k/poo
n 2 2
— Z Poo,i Z Poo.k Z)\j(ui —w)|
i=t oo Nz P ) [z

where \; = (poo,j/poo)(Zk#(poo,k/poo))_l. Since Zj# Aj = 1, we may apply Jensen’s

inequality to this convex combination, leading to

2
n .
=2 ol D3l IDSEVITEH

ki i
=yt (1 ) S < 3
since poo,j < Poc- This ends the proof. O

Now, we are able to prove Theorem 4.2.
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4.5. Convergence to equilibrium

Proof of Theorem 4.2. By Lemmas 4.11, 4.12, and 4.14, we obtain

n

b
~(F L)z 2 @ amlf = B+ TS (gl + (e~ )
>

2(0’“ 4n—> 17 - P+ 22 ||f ().

The first term on the right-hand side is nonnegative if we choose n = min{1,4C™C}/(16Cx+
D%)}, and estimate (4.1.7) follows with A = nD%/(8C,). O

4.5. Convergence to equilibrium

In this section, we prove Theorem 4.3. The idea of the proof is to adapt the hypocoercivity
method of [113] to the multi-species setting. To this end, we need to verify the structural
assumptions (H1)-(H3) in the paper of C. Mouhot and L. Neumann [113, Theorem 1.1],
which we call (M1)-(M3) here to avoid confusing with other assumptions in this thesis.
The setting is as follows.

Let L be a closed, densely defined, and self-adjoint operator on Dom(L) C L2 such that
L = K — A and the operators K and A satisfy the following assumptions:

(M1) The operator A is coercive in the following sense: There exist a norm ||-||3 on H C L2
and positive constants 7; (0 <4 < 4) such that for all f € Dom(L) C H,

voll fII72 < 7l I3 < (F, AN 2 < w2l fl1F (4.5.1)
(Vo Vol ()12 = 73] Vo3 — 7all fIl72- (4.5.2)

Moreover, there exists a constant Cr, > 0 such that for all f, g € Dom(L),
(L(f),9)rz < Crll fllacllgla- (4.5.3)

(M2) The operator K has a regularizing effect in the following sense: For all £ > 0, there
exists C'(g) > 0 such that for all f € H}

(Vof, VoK ()2 < €| Vo fll72 + C)IfII75-

(M3) The operator L has a finite-dimensional kernel and the following local spectral-gap
assumption holds: There exists A > 0 such that for all f € Dom(L),

~( L)z 2 Al = () 3
where IT" is the projection on Ker(L).

Assumption (M3) is a consequence of Theorem 4.2. Next, we verify assumption (M1).
Using Lemma 4.8 and the continuous embedding H — L2, we see that (4.5.1) holds. For
the proof of (4.5.2), we employ Young’s inequality:

(V faVA = / Vofi-V Vlfl)
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4. The linearized multi-species Boltzmann system

= Z </ [iVufi - Vyvidvo —I—/ |vai‘21/idv>
i=1 R3 ]R3

N V042
> =
_2;< \/R3 v; f@d +/ |V fz Vzd’l)>
> v3||Vo flIF = 7all F1I 72,

where 73 = 1/2 and 74 = maxi<;j<p SUP,cRr3 |Vovil2/(2v;). Note that 74 is finite since V,v;
is bounded and v; is strictly positive (see Lemma 4.6). Finally, inequality (4.5.3) follows
from the decomposition L = K — A, the compactness and hence continuity of K, the explicit
expression for A, and the Cauchy-Schwarz inequality applied to (L(f),g)zz-

It remains to verify assumption (M2). Let N := p_14/2]\4.1/2 = (2m) "%/ * exp(—|v|?/4).

00,1 3

We decompose K = KW — K@) where KU = (Kfj), ceey Kfzj)) and

1) _ 1/2 4 rx fi f/* *
K; B;j M;" " Mj;
Z/R?’XS2 J ((7”—/)1/2 + (M/*)1/2 dv da‘

K® = Z / By (M;M})2 frdv* do
; R3 xS2

for 1 <4 < n. Because of M; M;* = MM} for all k, we find that
* 1/2 1%
2y [ (MIYV2F (M) VRS .
Z/R3><SQB MM <(M,M,*)1/2 + WRTALE dv*do

1x\1/2 ¢t M 1/2 pr«
_Z/RS SQBngl/zM' <(M ) S + ( ) /s )dv*da
x

(LM " (M) P

_ Z/R3 ; Bij (ol N i + pXL2N' £1%) pLL2 N* dv* do.
X

The transformation o — —o leaves v and v* unchanged and exchanges v and v"*. Assump-
tion (A5) (b;; is an even function) ensures that B;; is unchanged under this transformation.
Therefore,

/ Bij fiIN"*N*dv*do = / Bij f1*N'N*dv*do,
R3x§2 R3xS2

and we can write K1) as
1 n
KN () =23 o2 02K D () + oKD (1), (4.5.4)

where
KPR = [ BVl NN oo, 1< gk <n.
R3 xS2
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4.5. Convergence to equilibrium

Note that K i(jl) = KJ(Z1 ). In a similar way, we can decompose the operator K(2):

E2(f) = Y (pcipci)/?N BisfiN*dv*do = 3 (psc.ipses) 2K (£),
j= R3xS? =
where
ED(f;) =N By N* f;dv*do.

R3xS2

Next, we estimate the derivatives of Ki(f). It is shown in [113, Egs. (5.15)-(5.18)] that
for all € > 0, there exists C(g) > 0 such that for any f € H!, 1 <i,5,k <n, and £ = 1,2,

IV K (Fi)l132 < el Vudill2s + CE)lI frll2- (4.5.5)

Then we infer from (4.5.4) that

2
IV KO (2 =3 Z LK 5 + ol E P ()|
i=1 j= L3

<7 Z H LSOV () + oAV KLY (f]))(

i,5=1
(1
<n f??&x pooz Zl ||V K fl ”L2
7-]
Thus, by (4.5.5), it follows that for ¢ = 1,

VoK O (NI < n*(max poei)? D EIVufillZz + CEILIT)-
=1

A similar computation shows that this estimate also holds for £ = 2. We infer that

n

2 N2 12
IVE(£)I7s < 40 (max poc,)’ Z (ElIVofillz2 + C@Iil172).

This proves assumption (M2) since £ > 0 is arbitrary.

Proof of Theorem 4.3. We have verified that (M1)-(M3) are satisfied. Then, using exactly
the same arguments as in the proof of Theorem 1.1 in [113], but now for the multi-species
case, we conclude the exponential decay (4.1.8) of the semigroup S¢(t), which is the first
property of the theorem.

It remains to show that the decay estimate (4.1.9) follows from (4.1.8). For this, we
write the initial value fr as f; = IT¢(f7) + (I — II%)(f), where IT€ is the projection onto
Ker(G) in L2 . Then the solution to (2.1.5) is given by

f(8) = Sa(t)fr = Sa(®) % (f1) + Sa(t)(I — T)(fr), t>0.
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4. The linearized multi-species Boltzmann system

We have already shown that
1Sc(t)(I = %) gllmy, < Ce ™ lgllmy, forallge Hy,, t>0.
In particular, the choice g = (I — IT¢)(f;) and the property (I — II%)? = I — IT¢ lead to
1867 — Tl < Ce (T — Tl .

It remains to prove that fo = IT9(f;) = Sa(t)II9(f1) is the global equilibrium. Since
GIIC(fr) = 0 and IT%(f;) does not depend on time, the constant-in-time function g =
ITG(fr) is the unique solution to the Cauchy problem

dg=Gg, t>0, g(0)=I%(fr).

This shows that IT%(f;) = Sa(t)g(0) = Sq(t)II¢(f7) and finishes the proof. O
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5. The nonlinear multi-species Boltzmann
system close to global equilibrium

In this chapter we use a setting with different molar masses, and a different linearization
compared to Chapter 4. Since we also slightly change the notation, let us briefly recap the
model used in this chapter. A more detailed introduction for this model can be found in
Section 2.2.1.

5.1. The model

5.1.1. Different molar masses

We want to study the evolution of a dilute gas on the torus T2 composed of N differ-
ent species of chemically non-reacting mono-atomic particles with different molar masses,
modeled by the system of Boltzmann equations on RT x T3 x R3,

V1<i<N, OFi(t,z,v)+v-V,Ei(t,z,v)=QiF)(t z,v) (5.1.1)
with initial data
V1<i<N,V(z,v) € T> xR Fj0,2,v) = Fo(z,v).

The distribution function of the system is given by the vector F = (Fi,..., Fy), with F;
describing the " species at time ¢, position = and velocity v.

The Boltzmann operator Q(F) = (Q1(F),...,Qn(F)) has the form
N
Qi(F) = Qi(Fi, Fy),
j=1

where @;; models interactions between particles of either the same (i = j) or of different
(i # j) species and are local in time and space.

Qij(Fi Fy)(v) = / By (Jv = val, cos 0) [FF}" — FiFy ] dv.do,

R3xS2

with the shorthands F] = F;(v'), F; = F;(v), FJI* = Fj(vi) and F} = Fj(vs). Since now
we allow also different molar masses for each species, the microscopic collision rules read
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

as follows:
v’ ! (miv + mjve +mjlv — vio)
*
1 , and cos9:<’U v|’0>'
/ —_—
V, = m (miv + m;Uy — mi"U - 'U*|O') *

Note that these expressions imply that we deal with gases where only binary elastic col-
lisions occur (the mass m; of all molecules of species i remains the same, since there is
no reaction). Indeed, v" and v/, are the velocities of two molecules of species i and j be-
fore collision giving post-collisional velocities v and v, respectively, with conservation of
momentum and kinetic energy:

m;v + mjvs = mivl + mjv>/k7
1 1 1 2 1 2
5 [o* - gmg on* = Smi [+ Smy [ul ]

(5.1.2)

5.1.2. The perturbative regime and its motivation

Using the standard changes of variables (v,v.) — (v/,v}) and (v,vs) — (vs,v) (note the
lack of symmetry between v’ and v/, compared to v for the second transformation due to
different masses) together with the symmetries of the collision operators (see [33][34][138]
among others and [52][46] and in particular [21] for multi-species specifically), we recover
the following weak forms:

/ Qij(Fu Fy)(0)i(v) dv = / | / Bij([v — v, cos(8) FiF (8 — 5) dodudo.
R3 RS JS2
and

/ Qij(Fiv FJ)(U)¢1(U) dv + / Qj@'(Fj,Fi)(U)ﬂ)j(v) dv =
N 1 y (5.1.3)
"2 /R /S By(jv = vl cos(0)) (F{F} = FyF}) (4] + ¥ — s — ) dodvdv..

Thus
N
> [ QB E) ) do =0 (5.1.4)
— JRr3
i,7=1
if and only if ¥ (v) belongs to Span {el, ...,eN, V11, VoI, v3m, |v!2 m}, where ey stands
for the k' unit vector in RY and m = (mq,... ,mp). The fact that we need to sum

over ¢ has interesting consequences and implies a fundamental difference compared with
the single-species Boltzmann equation. In particular it implies conservation of the total
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5.1. The model

number density co ; of each species, of the total momentum of the gas psus and its total
energy 3poolso/2:

VE>0, Ceoi= / Fi(t,x,v)dzdv (1 <i<N)
T3 xR3

Uoo = m;vF;(t, x,v) dedv
i [ et 519

0 — — e |? Fy(t, z, v) dzdo,
0 3poo;/ﬂ‘3 R317"LZ|U Uso|? Fy(t, x,v) dedv

where po = ZZ]\L 1 MiCoo,; is the global density of the gas. Note that this already shows
intricate interactions between each species and the total mixture itself.

The operator Q = (Q1,...,Qn) also satisfies a multi-species version of the classical H-
theorem [52] which implies that any local equilibrium, i.e. any function F = (F,..., Fy)
being the maximum of the Boltzmann entropy, has the form of a local Maxwellian, that is

mi [0 = hoc(t, )|
V1 S ) S N, Fi(t,l',’l}) = ClOC,i(t7$) (27‘(‘]{/‘391(]5:[;)> exp | —my——————— | -

Here kp is the Boltzmann constant and, denoting the total local mass density by pioc =
Zij\il M;Cloc,i,» We used the following local definitions

V1<i<N, cloei(t,z) = / Fi(t,x,v) dv,
R3

Z mivFi dv, Oc(t,x)

Z mi lv — Uloc|2 F; dv.
ploc i1

Uloc t x
3ploc =1

On the torus, this multi-species H-theorem also implies that the global equilibrium, i.e. a
stationary solution F to (5.1.1), associated to the initial data Fo(x,v) = (Fo1,...,Fon) is
uniquely given by the global Maxwellian

3/2 2
. m; vV—U
\V/ 1 S {2 S ]\]7 E(t7x,v) = FZ(U) = 00072‘ <27‘(’]{;Bleoo> exXp [—m1|00|] .

By translating and rescaling the coordinate system we can always assume that u., = 0 and
kpf~ = 1 so that the only global equilibrium is the normalized Maxwellian

. mi\3/2 _,.. |v|2
p=(ti)<icn  With  pi(v) = cooji (g) e M. (5.1.6)

The aim is to construct a Cauchy theory for the multi-species Boltzmann equation (5.1.1)
around the global equilibrium g. In other terms we study the existence, uniqueness and
exponential decay of solutions of the form F;(¢,z,v) = u;(v) + fi(t,z,v) for all i.
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Under this perturbative regime, the Cauchy problem amounts to solving the perturbed
multi-species Boltzmann system of equations

of +v-V,f =L(f) + Q(f), (5.1.7)
or equivalently in the non-vectorial form
V1<i<N, Ofi+v- Vafi=Li(f)+ Qi(f),

where f = (f1,..., fn) and the operator L = (L1, ..., Ly) is the linear Boltzmann operator
given for all 1 <i < N by

N
= Lij(fi i),
j=1
with
Lij(fi £3) = Qi (1a> £5) + Qij (fir 115)-
Since we are looking for solutions F preserving individual mass, total momentum and

total energy (5.1.5) we have the equivalent perturbed conservation laws for f = F — p which
are given by

vt >0, 0:/ fi(t,z,v)dzdv (1 <i<N)
T3 xR3

0= Z/3 m;v fi(t, z,v) dedv (5.1.8)

xR3

0= Z/ mi [v|? fi(t, x,v) dadv.
i=1

T3 xR3

5.1.3. Notations and assumptions on the collision kernel

First, to avoid any confusion, vectors and vector-valued operators in RY will be denoted
by a bold symbol, whereas their components by the same indexed symbol. For instance,

W represents the vector or vector-valued operator (Wi,..., Wx).
We define the Euclidian scalar product in R weighted by a vector W by
N
i=1

In the case W =1 = (1,...,1) we may omit the index 1.

Function spaces. We define the following shorthand notation

W) =/1+ Jv]*.

74



5.1. The model

The convention we choose is to index the space by the name of the concerned variable,
so we have for p in [1, +o0]

LP

or =L (0.T)), F=0"(RY), LL=1IF(T°), Lf=L"(R%).

For W = (Wy,...,Wy) : R® — R* a strictly positive measurable function in v, we will
use the following vector-valued weighted Lebesgue spaces defined by their norms

1/2

N
HfHL2(W) =2 Hfﬂﬁ:?(wi) ) HfiHL?(Wi) = HfiWi(U)HL,2 )
v _1 v v v
Z_N 1/2
W2z owy = (2 Wil vy ) o Willzz wy = il 2 W)l s
) 71 ’ v
N
Lo, (W) = 2 WillLge, (Wi - L, (Wa) = Rk av)
11 > il £l sup — (|fi(x,v)| Wi(v))
’ =1 ’ ’ (z,0)ET3xR3
N
HfHL})LgO(W) = Z HfiHL}JLgO(Wi)? HfiHL%Lg’(Wi) = ||sup |fi(z,v)| Wi(v)
=1 €T3

Ly

Note that L2(W) and Li’v (W) are Hilbert spaces with respect to the scalar products
N
<f7g>L%(W) = Z flugl 2(Wi) — / fzng dv,

N
2
(f, g>L§w(W) = Z fis 9i) L2, (W) = Z/BX sz'giVVi dxdv.

Assumptions on the collision kernel.
We will use the following assumptions on the collision kernels B;;.

(H1) The following symmetry holds

Bij(Jv — vy|,cos0) = Bj;(|v — vy|,cos0) for 1 <i,5 <N.

(H2) The collision kernels decompose into the product
Bij(Jv — v, cos8) = @;;(Jv — vi|)bij(cosh), 1<1,j <N,

where the functions ®;; > 0 are called kinetic part and b;; > 0 angular part. This
is a common assumption as it is technically more convenient and also covers a wide
range of physical applications.

(H3) The kinetic part has the form of hard or Maxwellian (7 = 0) potentials, i.e.

@ij(\v—v*|):C§|v—v*|7, C$>0, v€[0,1], V1<i,j<N.
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

(H4) For the angular part, we assume a strong form of Grad’s angular cutoff (first intro-
duced in [74]), that is: there exist constants Cp, Cpo > 0 such that forall 1 <i,j < N
and 0 € [0, 7],

0 < bij(cos#) < Cy1|sinb||cosb|, bi;(cosd) < Co.

Furthermore,

Cb = min inf / min {bii(Ul . O‘3),bii(0'2 . 03)} dos > 0.
s2

1<i<N o1,02€S?

We emphasize here that the important cases of Maxwellian molecules (v = 0 and b = 1)
and of hard spheres (y = b = 1) are included in our study. We shall use the standard
shorthand notations

by = ||bij||LF31;1] and Iy, = HbocosHLé2 . (5.1.9)

5.1.4. Main results

For the convenience of the reader, we summarize here the main results of this chapter. For
a discussion of these results, we refer to Subsection 2.2.4.

Theorem 5.1. Let the collision kernels Bj; satisfy assumptions (H1) — (H4). Then the
following holds.

(i) The operator L is a closed self-adjoint operator in L? (u‘1/2) and there exists A\r, > 0
such that

vEe L2 (W2), (6L () ey < —Ae = 7L (O (qyrrzge 1)

(ii) Let E = L2, (u‘1/2) or B = LY, (<v>5u_1/2) with 8 > 3/2. The linear perturbed
operator G = L — v -V, generates a strongly continuous semigroup Sg(t) on E and
there exist Cg, Ag > 0 such that

vt >0, [Sa(t)(Id—1g)|p < Cpe ",

where 7y, is the orthogonal projection onto Ker(L) in Lg (u‘l/z) and Ilg is the orthogonal
projection onto Ker(G) in L2, (“—1/2).

The constants \;,, Cg and A\g are explicit and depend on N, E, the different masses m;
and the collision kernels.

Remark 5.2. This Theorem is split into three parts, and handled separately in Theorem
5.6, Theorem 5.11 and Theorem 5.17.
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5.2. Spectral gap with different masses

The next result concerns the nonlinear equation close to global equilibrium.

Theorem 5.3. Let the collision kernels B;; satisfy assumptions (H1) — (H4) and let E =
LIL ((0)*) with k > ko, where kg is the minimal integer such that

k12 ht2
_ [mi—mj| | * _ lmi—m;| \ | 2
Cr =173 — max —2 < 1. (5.1.10)
v J i, ..
b ma 5 oy

where ly,; and b7 are angular kernel constants (5.1.9).
Then there emst N, Cp and Ag > 0 such that for any Fo = p+fo > 0 Satzsfymg the
conservation of mass, momentum and energy (5.1.5) with us =0 and o = 1, if

[Fo — pl| < e

then there exists a unique solution F = pu+f in E to the multi-species Boltzmann equation
(5.1.1) with initial data fo. Moreover, F is non-negative, satisfies the conservation laws
and

W20, [F -l < Cre o [Fo - ul.

The constants are explicit and only depend on N, k, the different masses m; and the
colliston kernels.

The proof of this theorem is pressented in Section 5.5.

5.1.5. Organisation of this chapter

Section 5.2 deals with the multi-species spectral gap of L in the case of different molar
masses. The semigroup property in wa (u‘l/ 2) is treated in Section 5.3. This property

is then passed on to Lg°, (<v>5,u*1/2) in Section 5.4. At last, we work out the Cauchy
problem for the full nonlinear equation in Section 5.5.

5.2. Spectral gap with different masses

5.2.1. First properties of the linear multi-species Boltzmann operator

We start by describing some properties of the linear multi-species Boltzmann operator
L = (L;);<;<y- First recall

with
Lij(fis fj) = Qij (14, [5) + Quj (fis 1t5)
= /R3 o Bij(|v = vil,co8(0)) (w5 fi + pif — w5 fi — paf) dvudo,
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

where we have used u;*,u;» = pip; for any 4, j, which follows from the laws of elastic
collisions (5.1.2).

In Chapter 4 (see also [46]), we proved an explicite multi-species spectral gap in the case
of species having same mass (m; = m;). Most of the proofs are directly applicable in the
case of different masses, and we therefore refer to this chapter for detailed proofs.

L is a self-adjoint operator in L2 (u_l/z) with <f,L(f)>L2(”,1/2) = 0 if and only if f
belongs to Ker(L).

Ker (L) = Span {¢1(U), cees ¢N+4(U)} )
where (#;);<;<n44 18 an orthonormal basis of Ker (L) in L? (u_l/ 2). More precisely, if we
denote 7y, the orthogonal projection onto Ker (L) in L2 (“71/2):

N+4

)= Y ([ 00000 o) 94(0),
k=1
and
€k = (5ik)1<z<N7
we can write
( 1
$p(v) = ——mex, 1<k<N
00,k
Vg—N

@le micm’i> (5.2.1)

1 v)? — 3m; !
v) = my g .
¢N+4( ) <§: >1/2 ( \/6 H .
Coo,i -
i=1

Finally, we denote 7i = Id — 7. The projection 7y, (f(¢,z,-))(v) of £(t,z,v) onto the

kernel of L is called its fluid part whereas ﬂf(f ) is its microscopic part.

L can be written under the following form
L=-v(v)+K, (5.2.2)

where v = (V) <, is a multiplicative operator called the collision frequency

N
vi(v) = vi(v), (5.2.3)
j=1

with

vij(v) = C;? /R3><82 bij (cos 0) [v — vy |” p;(vs) dodu,.
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5.2. Spectral gap with different masses

Each of the v;; could be seen as the collision frequency v(v) of a single-species Boltzmann
kernel with kernel B;;. It is well-known (for instance [33][34][138][78]) that under our

assumptions: v(v) ~ (1+]v|”) ~ (v)7. This means that for all 4, j there exist I/Z(]), l(J) >0
(they are explicit, see the references above) such that
3 (0) ~ B ( ) 5
Yo e R, vy’ (T4 o) Swij(v) <wvg” (L Jol),
Every constant being strictly positive, the following lemma follows straightforwardly.
Lemma 5.4. There exists a constant f > 0, and for all i in {1,...,N} there exist
I/Z»(O), VZ-(l) > 0 such that
Vo eR? v 1+ ) <viw) <o (1 + o)) (5.2.4)
Thus, we get the following relation between the collision frequencies
Yo e R, 1(v) < Brg(v). (5.2.5)

Remark 5.5. Estimate (5.2.5) is a crucial step in the proof of Lemma 5.7. In Chapter j
(see also [46]), the additional assumption B;; < CBy; for a constant C > 0 has been used
in order to get (5.2.5). We want to point out that despite of even having different masses
to handle, we manage to get rid of this assumption. The prize we have to pay is a slightly
more restrictive assumption on the collision kernel B in assumption (H3).

Next we decompose the operator L into its mono-species part L™ = (LI

i )1§i§N and its
bi-species part LP = (L?)1<;<n according to

L=L"+1° Lfi)=Lulfi, f2), L) =D Lij(fi, fy)- (5.2.6)
J#

Thus f can be written as
f = mpm () + 7pm (), (5.2.7)

where mpm is the orthogonal projection on Ker(L™) with respect to L2 (ufl/ 2), and

Tim = (1 — pm).

By employing the standard change of variables, the Dirichlet forms of L™ and LP have
the form

N
(L6 ) =~ Z /H Buapapt} (Aut [ i )” (5.2.8)
(C120) 0 = sy Lo B (4 [ ) 529)
i=1 j#i
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

with the shorthands

Ajj fiuflafjugl] = (fi ) + (fjuf)/* — (fin ") — <fj,l1«j_1>*. (5.2.10)

Since L™ describes a multi-species operator when all the cross-interactions are null,
mrm (£)s = maps(v) (ai(t, ) + wit, ) - v+ e;(t, z)|v]?), 1<i<N, (5.2.11)

where a; € R,u; € R? and e; € R are the coordinates of 7pm (f) with respect to a 5N-
dimensional basis, while

7L () = mapi(v) (ai(t, ©) + u(t,z) -v +e(t,z)|[v]?) 1<i<N, (5.2.12)

where a; € R,u € R? and e € R are the coordinates of 7r,(f) with respect to an (N + 4)-
dimensional basis.

Finally, since

/ i dv = ¢, / uilv\z dv = 3cimi_1, / ,u,i\v]4 dv = 15cim;2, (5.2.13)
R3 R3 R3
the following moment identities hold for a;, u;, e; defined in (5.2.11)

, fZ dv = ci(miai + 361'),
R

\ fiv dv = c;uy, (5.2.14)
R

/ filv? dv = ¢i(3a; + 15e;m; ).
R3

5.2.2. Explicit spectral gap

This subsection is devoted to the proof of the following constructive spectral gap estimate
for the multi-species linear operator L with different masses.

Theorem 5.6. Let the collision kernels B;j satisfy assumptions (H1)-(H4). Then there
exists an explicit constant A, > 0 such that

<f7L(f)>L%(u—1/2) < _/\LHf - WL(f)Hi%(@)wmu—lp) Vi e Dom(L)7

where Ar, depends on the properties of the collision kernel, the number of species N and the
different masses.

80



5.2. Spectral gap with different masses

The next two lemmas are crucial for the proof of Theorem 5.6, generalizing the strategy
of [46] presented in Chapter 4 to the case of different masses. The key idea is to decompose
L into L = L™ 4 LP (see (5.2.6)), and to derive separately a spectral-gap estimate for the
mono-species part L™ on its domain Dom(L™) (see Lemma 5.7), and a spectral-gap type
estimate for the bi-species part LP on Ker(L™) (see Lemma 5.8) measured in terms of the
following functional

N
v, e 5 (0 (0 -4)),

J
1,j=1

where for a fixed f € Ker(L™), ul(f ) and egf ) describe the coordinates of the it" component
of f with respect to the basis defined in (5.2.11). To lighten computations, we introduce
the following Hilbert space H := L? (1/1/2u_1/2), which is equivalent to L2 (<U>V/2;f1/2):

N
H = {f e L2(n~1?) . IF113, = Z/ vt dv < oo}. (5.2.15)
i—1 /R

Lemma 5.7. For all f in Dom(L™) there exists an explicit constant Cy > 0, such that
<f7 Lm(f)>L%(u—l/2) < _Cl”f - WLm(f)||i%(<v>'y/2“71/2)’

where C7 depends on the properties of the collision kernel, the number of species N and the
different masses.

Proof. By [111, Theorem 1.1, Remark 1] together with the shorthand introduced in (5.2.10),

1

_ SN2 _
4/ Bii (A [fimi ', fini'])” papf dvdvndo > )\mcoo,i/ (fi — mom (£)s)2vip; ' do,
RO xS? R3

where A, > 0 depends on the properties of the collision kernel, the number of species N

and the different masses. Summing this estimate over i = 1,..., N and employing (5.2.9)
yields
— (£, L)) 13 (y-172) = AT oo /%(fi - WLm(fi))Qf v. (5.2.16)
i=1 Re g

Now we can estimate v;; in terms of v; by using (5.2.5), and plugging this bound into (5.2.16)
together with the fact that # is equivalent to L2 ((v>7/2p_1/2) finishes the proof. O

Lemma 5.8. For all f in Ker(L™) N Dom(LP) there exists an explicit Co > 0 such that

(t, Lb(f)>L%(“_1/2) < —Ch E(F),
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

with the functional € defined by

N
E: Ker(L™) = RT, &(f) := Z <‘u§f) — ug-f)r + <e£f) - eg-f))Q) , (5.2.17)

i.j=1

where for fized £ € Ker(L™) it holds that ul(-f), egf) describe the coordinates of the it
component of f with respect to the basis defined in (5.2.11), and Ca2 > 0 is defined in
(5.2.19).

Remark 5.9. Note that for f in Ker(L™) it holds that
Ef)=0 & fc Ker(LP),

since Ker(L) = Ker(L™) N Ker(LP). This fact together with a multi-species version of the
H-theorem show that the left-hand side of the estimate in Lemma 5.8 is null if and only if
the right-hand side is null.

Proof. Let f € Ker(L™) N Dom(LP). Writing f in the form (5.2.11) and applying the
microscopic conservation laws (5.1.2) yields

Aijlfing ' Fipg ' = mi(ui — ug) - (V' = 0) + mile; — ;) (W' = [0]?),
and thus

ELP ) 1y (102

N
=0 [ Byl ) (0 = o)+ (= ) = o) P
i,j=1 xS
J#L
Using the symmetry of B;; and of p; 1 together with the oddity of the function G (v,v6,0) =
Bij(u; —uj) - (v — v)([v'|? — |v]|?) with respect to (v,v.,0) yields that the mixed term in
the square of the integral above vanishes. Thus we obtain

N
1
—(f.L (f)>Lg(u—1/2) T ;mz /RGXSQ B (5.2.18)
i#i
X (s = ug) - (v = 0)[* + (5 — )2 (V' = [v]*)*) pips dvdv.do.

We claim that the following holds

2
U; — U
/ Biji((wi —uj) - (v — v))2,ui,u; dvdv.do = M/ Bijlv — v/|2uiu;7 dvdv,do.
R6 xS2 3 R6 xS2
To prove this identity, we write u; ; and vy, for the kth component of the vectors u; and v,

respectively. The change of variables (vg, v}, o) — —(vg, vy, o) for fixed k leaves Byj, p;,
and 4 unchanged but vy — —v;, such that

/ Bijopvepips; dvdvedo =0 for £ # k.
R6 xS?
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5.2. Spectral gap with different masses

Moreover,

/6 . Bijogvepipe; dvdvedo =0 for £ # k,
RO xS

since the integrand is odd. Thus,
/ Bij((ui — uy) - (v — 0))?pigly dvdv,do
R6 xS2

3
= (wik — ujp)(uie — uﬂ)/ Bij(v, — vg) (vy — ve) pift; dvdvido
k=1 R6 xS2

3
= Z(u”“ — uj,k)2/ Bij(vi, — v;)Qui,u; dvdv.do.
e R6xS?

=

Since the integral is independent of k, we get
/ Bij((wi —uj) - (v — v))z,uiu; dvdv,do
R6xS?

3
Z(Ui,k - uj,k)Q/ Bijlv — i dvdv,do,
k=1 R6xS2

W —

which proves the claim.
This implies that for all f in Ker(L™) N Dom(LP) it holds that

(£, LP(6)) 13 (u-12) < —C2E(F),

where £(-) is defined in (5.2.17) and
1
min / m?B;; min {|v —J']3 (W) - |U|2)2} pipt; dvdv.do. (5.2.19)
RO xS? 3

The last part is to prove that Co > 0. For this we note that the integrand of (5.2.19)
vanishes if and only if [v'| = |v|. However, the set

X ={(v,v4,0) e R3xR® x §%: || = |v|}
is closed since it is the pre-image of {0} of the function H(v,vs, o) = |[v'|? — |v|? which is
continuous. Now X¢ is open and nonempty and thus has positive Lebesgue measure, and
since the integrand in (5.2.19) is positive on X¢, we get that Cy > 0, which finishes the
proof. O

Proof of Theorem 5.6. The proof will be performed in 4 steps, using the strategy worked
out in Chapter 4 in order to get an explicit spectral-gap estimate, but now for different
molar masses. To lighten notation, we will use the following shorthands for f € Dom(L):

fll = g (£), £L=f—fl nl =t pl BE =g (5.2.20)

7
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Step 1: Absorption of the orthogonal part.
The nonnegativity of —(f,LP(f)),, (u—1/2) > 0 and Lemma 5.7 imply that

~ (£, L(6)) 3 u-1/2y = ColIE = £V, — (£, LP(E)) 1o 1729, (5.2.21)
where 7 € (0, 1] and C; > 0 was defined in Lemma 5.7. Now it holds that

Aylhes 2 AL B = Ay i 12

177

and plugging this into (5.2.9) and (5.2.21) implies

—(E L)) gy (ur2) > Call P+ o ZZ / By Ayl W pspst dvdvdo

=1 j#i

N
Z Z Z/R BZ]AZ] hz 7h] ] Hlu;k d’UdU*dO'. (5222)

6x§2

Now we prove that (up to a small factor) the last term on the right-hand side can be
estimated from below by [[f*||,. For this we perform the standard change of variables
(v,v4) = (v4,v) together with i <» j and (v,v.) — (v',v}), and by using the identity

AP

,ulu] = ;v we obtain

Z Z/ Z hl 7h] ] leu';k dvdv,do

=1 j#i 052

<43y Lo Bl (B (B ()" oo
1=1 j#i

< 1622/ ul,u] dvdv,do.
=1 j#i

Taking into account the definition (5.2.3) of v;, we get for the last term on the right-hand
side of (5.2.22)

Z Z/ hf_v hj_] Nzﬂ;‘( dvdv,.do

%1#

—4n Z / Bij( fL )R 1 1 dvdv,do

i1 6% S2

>y [t o =l
=1
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5.2. Spectral gap with different masses

Finally (5.2.22) yields

—(f, L(f)>L%(u—1/2) 2 (C1 —4n) Hf —fl H2

77 Z / Bi;Aij hll,hy] ui,u;f dvdv.do.
R6 xS2
1=1 j#i

Thus
(£, L) 130172y < —(C1 — 4n) Hf f”H fH L) 1o u12), (5.2.23)
where 0 < n < min{1, C;/8}.

Step 2 : Estimate for for the remaining part. Due to Lemma 5.8 there exists an
explicit Co > 0 such that

<fH,Lb(f||)> <-0y€ (f“) .

Step 3 : Estimate for the momentum and energy differences.

We need to find a relation between &(fll), £ — fl || and [|f — 7r,(F)|| respectively. To this
end, we decompose f = fll + f+ recalling that fl = 7pm(f) and f+ = f — fll. Using an
arbitrary orthonormal basis (},);<j<sy of Ker(L™) in L2 (p=1/2), we first show that

L2 (w1/2)

I =7 (@)1 < 20815+ ko (1812, vy~ L2y i) s (5:220

where kg = 10N maxi<g e<5n [(Vk, Ye) |-
To this end, we start with

If = 7r(£)[3 < 201815 + I1E1 = 7o ()]15)- (5.2.25)

Denoting the last term by g := fll — 7, (f) € Ker(L™) (note that Ker(L) C Ker(L™)) and
using Young’s inequality implies
2

|gH'H - ga’lpk L2( 71/2)7#]4;71' l/i(U) dv

5N

= Z (e, ¢k>Lg(“*1/2)<g7¢€>L%(“*1/2)<¢k7¢€>H

k,0=1

1
<,
—21< z<5N

‘W’ka"pé H’ Z ( g,’(bk Lz( 1/2) + <g7 ¢E>Lg(“71/2)>

k=1

= 2
=5HN 1§1;<;I71?§XSN |<Ilnbka ¢E>7{’ HgHL%(“,l/Q).

Thus, (5.2.25) implies

_ < L1 I 2 )
I8 mn (O3, < 20643+ 10N e b el I — 7 (612 e
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Now Ker(L) C Ker(L™) implies nrpm7y, = 7y, thus
HfH - WL(f)Hiz)(;rl/z) = ||f“||12)(“—1/2) - ||7TL(f)||i%(“—1/2)>
which indeed yields (5.2.24).

Now the moment identities (5.2.13) and (5.2.14) yield

N
HfH ”i%(“—l/Q) = Z Coo z(m + mz!uz\2 + 156 + 6m;a;e;),
i=1
and
N+4
HWL(f)H%%(H—uz) = Z (f, ¢j>i%(u—1/2)
j=1
N

Z poozui

where (¢j)1<j<N+4 is the orthonormal basis of Ker(L) in L2(p~'/2) introduced in (5.2.1).

2 N 2
Cor
+ 6600 (Z COO’Z 6i> y

=1

:Zcooz mzaz+3ez +Poo
i=1

Inserting these expressions into (5.2.24), we conclude that

N N 2
Poc,i Poci
IF — 7 (£)[1F, < 201 = £11F, + Kopoo | D == ual* — —u;
im1 Poo
N o N 2
00,1 9 00,8
b | 30 e - (Z = )
=1 =1
The next step is to prove that the following estimates hold:
N ' N e N
L=y oty - ”°°ﬂuz < Jui -l (5.2.26)
=1 Peo i= ij=1
Y oo N e
Iy = Z%eg - (Z °‘”ei> < Z (5.2.27)
i=1 i=1 ij=1

Note that we only need to prove the estimate for I, since the arguments for I, are exactly
the same. In order to handle the expression I, we define for u = (u;)1<i<y and v =
(vi)1<i<n € R3Y the following scalar product on R3" with corresponding norm

N
Pooi
<u7V>P = Z pOOZui " Ui,y ||u||P = <ua u>;1)/2a

i=1 "%°
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5.2. Spectral gap with different masses

where u; - v; denotes the standard Euclidean scalar product in R3. Note that the vector
1=(1,...,1) € R?" satisfies ||1], = 1. Now we use the following elementary identity

lul; = (w,1)7 = [lu - (u, 1),1]]7,

which can be written as

2
N .

I = mep _
=1 Peo

Poo Poo

N 2 N N
Poo,i Poo,i Poo,j
E ;| = E U; — E 7Uj
i=1 i=1 j=1 Pec

By using the fact that Zjvzl Poo,j = Pocs WE get

2

2
N N
. Poo,i _ Poo,i o Pooyj | _ Poo,i Pooj o
Il_zpoo <1 >u2 Zpoouj _Zpoo Zpoo (s = uj)
i=1 =1

Poc j#i i
Inserting the additional factor (3 peok/poc)? leads to a convex combination of \; such

J#1

N 2
I = Z Poo,i Z Poo.k Zj;éi(ﬂoo,j/pooxui - Uj)
7 Poo ki Poo Zk;ﬁi poo,k/ﬂoo
N 2 2
_ Poo,i Z Poo,k Z \ (
S PoLa ) PV
i1 Peo ki Peo j#i

where \; = (poo,j/Poo)(Zk#(Poo,k/poo))*l. Thus we can apply Jensen’s inequality to this
convex combination and obtain

2 2 2

ki j#i ki G

Finally, we can estimate the right-hand side easily by using the definition of the \; and
that peoj < poo to obtain

N N
Poo,i Poo,i Poo,j 2 2
L < <1— ) u; — Ui < U; — Uq|°.
DDl U ;pwu i< 3 Jui =yl

ij=1

For I3 in (5.2.27) exactly the same calculations hold. This implies that
—e(81) < —Cy(If — o ()] — 201€ — £13,), (5.2.28)
where C5 = 1/C), > 0, with

Cr = 10N max

1<k (<5N max { Poc, 6Coo }

N
Z/ Y ivi dv
=1 /B3
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

recalling that (1)), <5y i an arbitrary orthonormal basis of Ker(L™) in L (n=172).

Step 4: End of the proof.
Putting together (5.2.23), Lemma 5.8, and (5.2.28) yields

(£, L)) 3 112) < —(C1 — an)||f — 13— Co/2 £(1)
< — (Ch — 4 — CoCan) |If — £1][3, — (C2Cm) /2| — 7i(F) |3
The first term on the right-hand side is nonnegative if we choose
0<n<min{l,C1/(4+ C2C3)},

and the desired spectral-gap estimate follows with A\, = (CoC35C4n)/2, where the additional
constant Cy > 0 takes care of the fact that H is equivalent to L? (<v>7/2pf1/2). O]

Remark 5.10. (1) We obtain the following relation between the spectral-gap constant \
derived for same masses m; = m; for 1 <1i,5 < N in Theorem 4.2 and our new
constant Ap, for different masses in Theorem 5.6 :

6
Az, = A min m?—poo )
1<i<N " max{poo, 6¢xo }
where poo = Zfil MiCoo,i AN Coo = Zfil Coo,i- Thus, increasing the difference be-
tween the masses m; makes the the spectral-gap constant A\p smaller, while in the
special case of identical masses the two spectral-gap constants A and A, are equal.

(2) Furthermore, the spectral-gap result of Theorem 5.6 only holds for a finite number of
species 1 < N < oo, since for N — oo we get that \;, — oo. It remains an open
problem whether or not it is possible to extend the result of Theorem 5.6 to the limit
N — o0.

5.3. L2-theory for the linear part with Maxwellian weight

This section is devoted to the study of the linear perturbed operator G = L — v - V, in
L%U (ufl/ 2), which is the natural space for L. We shall show that G generates a strongly
continuous semigroup on this space.

Theorem 5.11. We assume that assumptions (H1) — (H4) hold for the collision kernel.
Then the linear perturbed operator G = L—wv-V, generates a strongly continuous semigroup
Sa(t) on L7, (w2 which satisfies

YVt > 0, ||S(;(t) (Id— HG)HL% U(“71/2> < CGe_Act7
where Il is the orthogonal projection onto Ker(G) in L%v (u*1/2).

The constants Cg, A\g > 0 are explicit and depend on N, the different masses m; and the
collision kernels.
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5.3. L?-theory for the linear part with Maxwellian weight

Let us first make an important remark about IIg. Note that G(f) = 0 means
Vi e {17 s 7N} ) V(.’B,’U) € Tg X RS? v - v:vfz(xav) = Ll(f($7 ))(U>

Multiplying by ,uz._l(v)fi(x, v) and integrating over T3 x R? implies

0= [ (LalE@ ) £ D)y oy

and therefore by summing over i in {1,..., N}

0= /11‘3 (L(f(x,-)), f(z, -))L%(“_I/Q) dz.
The integrand is nonpositive thanks to the spectral gap of L and hence
Ve e T3 Yo e R3, f(z,v) = mL(f(z,-))(v)

and therefore L(f(z,-)) = 0. The latter further implies that v -V f(z,v) = 0 which in turn
implies that f does not depend on x [25, Lemma B.2].
We can thus define the projection in chc,v (,ufl/ 2) onto the kernel of G

N+4

M) = Y ([ (000 84(0))ovs dode) 9. (5.31)

k=1

where the ¢, were defined in (5.2.1). Again we define II§ = Id—IIg. Note that II§(f) =0
amounts to saying that f satifies the multi-species perturbed conservation laws (5.1.8), i.e.
null individual mass, sum of momentum and sum of energy.

In Subsection 5.3.1, we show the key lemma of the proof that is the a priori control of
the fluid part of Sg(t) by its orthogonal part, thus recovering some coercivity for G in the
set of solutions to the linear perturbed equation. Subsection 5.3.2 is dedicated to the proof
of Theorem 5.11.

5.3.1. A priori control of the fluid part by the microscopic part

As seen in the previous section, the operator L is only coercive on the orthogonal part. The
key argument is to show that we recover some coercivity for solutions to the differential
equation. Namely, that for these specific functions, the microscopic part controls the fluid
part. This is the purpose of the next lemma

Lemma 5.12. Let fo(x,v) and g(t, x,v) be in L2, (r=Y%) such that Tig(fo) = e (g) = 0.
Suppose that £(t, xz,v) in wa (u‘1/2) 1s solution to the equation
f=L(f)—v-V,f+g (5.3.2)

with initial value fog and satisfying the multi-species conservation laws. Then there exist an
explicit C; > 0 and a function Ng(t) such that for all t > 0
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

(Z) ’Nf(t)| <CL Hf(t)”QLg’v(“—l/z){

(i)

t t 2
2 1
/0 ITL(E)12; (12 ds SNE(t) = Ne(0) +CL/0 HWL (f)‘ 12 () %

t
el / gl e (e ds.
iz, ur2)

The constant C| is independent of £ and g.

The methods of the proof are a technical adaptation of the method proposed in [66]
in the case of bounded domain with diffusive boundary conditions. The description of
Ker(L) associated with the global equilibrium g is given by orthogonal functions in L2 but
that are not of norm one. Unlike [66] where only mass conservation holds but boundary
conditions overcome the lack of conservation laws, we strongly need the conservation of
mass, momentum and energy.

Proof of Lemma 5.12. We recall (5.2.1) the definition of 7r(f) = (mi(f));<;<n and we
define (a;(t,z))1<i<n, b(t,z) and ¢(t,x) to be the coordinates of 7, (f):

1

2| _ -
[v*] - 3m; mipi(v). (5.3.3)

V1<i<N, m(f)(t,z,v)=|a;t,x)+b(t,z) v+ c(t,) 5

Note that we are working with an orthogonal but not orthonormal basis of Ker(L) in
L%U (,u_l/ 2) in order to lighten computations. We will denote by p; the mass of m;u;.
The key idea of the proof is to choose suitable test functions ¥ = (¢;);,<y in H,, that
will catch the elliptic regularity of a;, b and ¢ and estimate them. o
For a test function @ = 9 (t, z, v) integrated against the differential equation (5.3.2) we
have by Green’s formula on each coordinate

td
/0 at A3xR3<¢,f>1 dxdvds = /T3XR3<’¢/7(t),f(t)>1 dxdv — /11‘3xR3<¢0’f0>1 dxdv

/ / (f,01p)1 d:cdvds—i—/ / )1 dxdvds
T3 xR3 Tsst

+Z// fiv - Vi, dxdvds—f—// 1 dzduds.
= Jo Jr3xms Tsst

We decompose f = 7,(f) + 7 (f) in the term involving v - V, and use the fact that
L (f) = L[z (f)] to obtain the weak formulation

- Z/ /MRS f)v- Vo dedvds = Wi (t) + Wa(t) + U3(t) + Walt) + U5(t) (5.3.4)
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5.3. L?-theory for the linear part with Maxwellian weight

with the following definitions

Uy (t) = /11‘3 R3<¢0,f0>1 dxdv — /11‘3 i, ((t),£(t))1 dzdo, (5.3.5)
N
Us(t) = ; /Ot /11‘3><R3 7 (£)4v - Vb dedods, (5.3.6)

Us(t) = ﬁ; /0 t /T SXR3L<wf(f))i¢i dwdvds, (5.3.7)

N -t
Uy(t) = Y /O /T Ji0si dduds, (5.3.8)
i=1 xR

Us(t) = /O/WXW(tp,ghdmdvds. (5.3.9)

For each of the functions a = (a;); <<, b and ¢, we construct a 4 such that the left-hand

side of (5.3.4) is exactly the L2-norm of the function and the rest of the proof is estimating
the four different terms W;(t). Note that Wy(¢) is already under the desired form

Uy (t) = Ne(t) — Ng(0) (5.3.10)
with |[Ng(s)| < C’||in2 (u1/2) if 1/%(3;,@)”11/2(1;) is in L2, for all i and their norm is

controlled by the one of f (which will be the case in our next choices).

Remark 5.13. The linear perturbed equation (5.3.2) and the conservation laws are in-
variant under standard time mollification. We therefore consider for simplicity in the rest
of the proof that all functions are smooth in the variable t. FExactly the same estimates
can be derived for more general functions and the method would obviously be to study time
mollified equation and then take the limit in the smoothing parameter.

For clarity, every positive constant will be denoted by Cj.

Estimate for a = (a;);.,. . By assumption f preserves the mass which is equivalent
to

0= / f(t,z,v) dedv = / (/ (£(t, 2, v), 1) =12 d’u) dr = / a(t,r) dr,
T3 xR3 T3 \JR3 T3

where we used the fact that p € Ker(G), fo € Ker(G)* and the orthogonality of the basis
defined in (5.3.3). Define a test function ¥, = (¢i); <<y by

bilt,v) = (o = i) v- Vailt,2)

where

_Am¢i(tv .’E) = ai(ta J))
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

and a; > 0 is chosen such that for all 1 < k <3

2 -1
— 3m
/ (|v|2_ai) u sz vpi(v) dv = 0.
RS

The integral over T3 of a;(t,-) is null and therefore standard elliptic estimate [67] yields:

V20, i)l < Collai(®)l 2 - (5.3.11)

The latter estimate provides both the control of Uy = Nf(a) (t) —Nf(a) (0), as discussed before,
and the control of (5.3.9), using Cauchy-Schwarz and Young’s inequality,

N ot
w0 < O3 [ IVals bl (o

Cl t 9 t )
< G alyguny ds+Cs [Nl ovsy 4 (5312)

where C1 > 0 is given in (5.3.13) below and where we defined p = (p;); ;< the vector of
the masses associated to (mip;)i1<i<n.

Firstly, we compute the term on the left-hand side of (5.3.4).

N
-> / / mi(£)v - Vb deduds
iz1 J0 JT3xR3
N t
= — Z Z / / ai(s,m) (/ (‘U‘Q _ ai) vjvkmi,ui(v) d'l}> 8%83%@ dxds
0 JT3 R3

i=1 1<j5,k<3
N t

_ Z Z / / b(s,z) - </ v (MZ — Oéi) vjvRm; ;i (v) dv) Oz ; Oz, ¢; dxds
i=1 1<j k<3’ 0 JT° R?
N t 2 -1

— Z Z / / c(s, ) (/ (|v|2 — ozi) Mgmivjvkm”%m)) Oz ; Oz, i
i—1 1<j k<3 ”0 JT° R3 2

The second term is null as well as the first and last ones when j # k thanks to the oddity
in v. In the last term when j = k we recover our choice of «; which makes the last term
being null too. It remains the first term when k£ = j. In this case, the integral in v gives a
constant C independent of i times p;. Direct computations give ; = 10/m; and C7 > 0.
It follows

N N
— Z/ / mi(£)v - Vo, dedvds = —Cy Z/ / a;(s,z)piDgdi(s, x) dxds
— Jo JT3xR3 — Jo Jms

N
— Clz/t/ a?pids
= Jo Jr3
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5.3. L?-theory for the linear part with Maxwellian weight

_ cl/o Ja(s) 12 (i ds (5.3.13)

We recall L = —v(v) + K where K is a bounded operator in L2 (p~%/2). Moreover, the
H2-norm of ¢;(t, z) is bounded by the L2-norm of a;(¢, ). Multiplying by le/2 (v)pi(v) =12
inside the " integral of Wy (5.3.6) and of W3 (5.3.7) a mere Cauchy-Schwarz inequality
yields

N ot
e, 1001< O [Vl [ O], o b
=170 . (5.3.14)

Cl t 2 n 2
ST ; ”a”Lg(pl/2) ds + Cy ; HWL(f)

L2, (n=1/?)

We used Young’s inequality for the last inequality, with C; defined in (5.3.13).

It remains to estimate the term with time derivatives (5.3.8). It reads

Wa(t) = i/t /11‘3xR3 fi (|U|2 - ai) v+ [0V 10| dxduds
- ZZ/ /T3 R3 ‘U\ —Oéz> V010, @i dxduds

i=1 k=1
- Z/ /Tang |v| - 041) v - [0)V¢i] dzdvds

Using oddity properties for the first integral on the right-hand side and then Cauchy-
Schwarz with the following bound

2
/11{3 <\v[2 — a,-) 0] i (v) dv = Cp; < 400

we get

N 4T3
[Wu(t)] < C [ lpi
4 ;/0 ;P

Estimating [|0,V¢q|| ;2 will come from elliptic estimates in negative Sobolev spaces. We
use the decomposition of the weak formulation (5.3.4) between ¢ and ¢t + ¢ (instead of
between 0 and t) with (¢, z,v) = ¢(z)e; € HL, where e; = (6ji)1<j<n- We furthermore
require that ¢(x) has a null integral over T3. 1) only depends on x and therefore W4(¢) = 0.
Moreover, multiplying by j;(v)u; ' (v) in the " integral of U3 yields

t+e
/ / ), 14i€;) 12 ( ,l/g)qb(x) dxdvds = 0,
T3

; f)HL%m(ui—l/?)] 10:Vadill 2 ds. (5.3.15)
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

by definition of Ker(L).
From the weak formulation (5.3.4) it therefore remains

/ () en £t + €)1 drdo — / 6(w){es, £(1))1 dadv
T3 xR3

T3 xR3
t+e t+e
= / / mi(£)v - Vao(x) dedvds + / / 7 (F)v - Vao(z) deduds
t T3 xR3 t T3 xR3
t+e
—i—/ / gi(s,x,v)¢(z) dedvds
t OxR3

which is equal to

[platt+a—awiow e = o[

3

=

pib(s, ) - Vod(x) duds
t+e
LY () Y2 10 (0) 20 -
+/t /11‘3XR3 i (£) s (v) pi(v) v - Vag(z)

t+e
+/ / gi(s,,v)p(x) drduds,
t QxR3

where C does not depend on 1.
Dividing by p;e and taking the limit as € goes to 0 yields, after a mere Cauchy-Schwarz
inequality on the right-hand side

< C[Ibtt @)l + |

Oa; (s, x)o(x) dz
']1‘3

n(6)

Lz, (l‘il/Q)] ||Vx¢($) HL%

+C |!9i\\L%U<Mf1/2> 161l 2

C | lbtt, )l + |

IN

i (6)

2, (u;1/2) + ”ngLEU (Nil/2)]
< V2

We used Poincaré inequality since ¢(z) has a null integral over T¢. The latter inequality
is true for all ¢ in H} with a null integral and therefore implies for all ¢t > 0

10eai (t, )| 31y < C [Hb(tva:)HLg + \

Wij_(f)HL%’v (,u;l/Q) + ||giHL%’v (Hi—1/2)] (5316)

where (7-[916)* is the dual of the set of functions in H with null integral.

Thanks to the conservation of mass we have that d;a;(t,z) have a zero integral on the
torus and we can construct ®;(¢, z) such that

_Amq)i(t7 .ZL‘) = 6ta'i<t7 .%')

and by standard elliptic estimate [67]:

@il < [|0eaill gy < C

bt ) 2 + |

7 (D)

o) 1 (o) |
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5.3. L?-theory for the linear part with Maxwellian weight

where we used (5.3.16). Combining this estimate with
10:V26ill s = VoA ™ 0uail| p < [[A7 0]y = 12illry

we can further control Wy in (5.3.15) using p; = \/pi/pPi

mwm@ﬁwf Lo

We now plug (5.3.13), (5.3.10), (5.3.14), (5.3.17) and (5.3.12) into (5.3.4)

t t
/0 ||a||i%(p1/2) ds ng(a)(t) —Nf(a)(()) +Ca7b/0 HbHig(pm) ds

+@£Mﬁm

+ ||g”i§w(ﬂl/z)} ds.

2 (“71/2)

%,1)< —1/2) + ”ngLg ( —1/2)) ds. (5.3.17)

(5.3.18)

Estimate for b. The choice of function to integrate against to deal with the b term is
more involved technically. We emphasize that b(t,z) is a vector (b1 (¢, ), ba(t, x), b3(t, x)),

thus we used the obvious short-hand notation

HbHLz p1/2) ZZH\FkaLz-

i=1 k=1

Fix J in {1,2,3} and the conservation of momentum implies that for all ¢ > 0

/ by(t,z)dx = 0.
T3

Define v, (t,z,v) = (¢is(t, 2,v)),<;<y With

Yig(t,z,v) = Zg@m (t,z,v),

with

7 _ e
]v|2vjvJ8xj¢J(t,x) 5 (1)32 —m; 1) 0y, 0yt x), ifjA£JT

() _ t
Pij (t,x,v) - 7
! (v?] - mlfl) Op,0s(t,x), if j=J.

Qmi

where

_Ax¢J(tv :U) = bJ(t) x)

Since it will be important, we emphasize here that for all j #£ k

/ (0]2 - mil) wi(v)dv =0 and / (vj2 - m;l) viui(v) dv = 0. (5.3.19)
R3 R3

95



5. The nonlinear multi-species Boltzmann system close to global equilibrium

The null integral of by implies by standard elliptic estimate [67]

W= 0. 6s(®)lgz < Collba®)lz (53.20)

Again, this estimate provides the control of ¥y (t) = Nf(‘]) (t) — Nf(J) (0) and of U5(¢) as in
(5.3.12):

C
‘\Ij5( 1/ HbJ”L2 1/2) d3+05/ HgHL2 ( 1/2) dS, (5321)

where C > 0 is given in (5.3.22) below.

We start by the left-hand side of (5.3.4). By oddity, there is neither contribution from
any of the a;(s,z) nor from c(s,z). Hence, for all ¢ in {1,...,N}

/ / f)v - Vabiy deduds
QXR3

Z Z/ /bl S, T </ ‘02|vlvkvjvjmi,ui(v) dv) 02,00, 05 (8, 1) drds
R3

1<k,I<3 I L
Z Z/ /bl s,x (/ (0]2 — ml_l) vlvkmmidv> Op). 0z, 05 dxds
L 1<ki<3 I L
Z / / bi(s,x </ (v?] — mi_l) VUM i (V) d’u) Oy, 02,05 dzds.
1<ki<3 R?

The last two integrals on R3 are zero if | # k. Moreover, when [ = k and [ # J it is also
zero by (5.3.19). We compute directly for [ = J

2
2 —1\,.2
/]RS (UJ -my ) vymipi(v) dv = mfzgpz

The first term is composed by integrals in v of the form

/3 v|? vrvjov i (v) dv
R

which is always null unless two indices are equals to the other two. Therefore if j = [ then
k = J and if j # | we only have two options: k= j and [ = J or k = [ and j = J. Hence,
foralliin {1,...,N}

/ / f)v - Vs deduds
Q><]R3

= — Z/o /fzbj(s,x)(‘?wjqubJ (/W |v\2va3miui(v) dv) dxds
i
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5.3. L?-theory for the linear part with Maxwellian weight

3.t
— Z/o Abj(s,$)8$ij¢J </Rd \U\ijg-v?]mim(v) dv) dxds
i

3 .
7 // 7
+— pibi(8,2)0%. 4 ¢deds—/ /pibJ $,%)0y,0:,05(s, ) drds.
m?; o Ja ]( ) JTJ m? o Jo ( ) JgYx g ( )
J#J

To conlude we compute for j # J
7
20,2, 2
' iti(v) dv = —p;
/Rg‘v ’vjvjmu(v) v mfp
and it thus only remains the following equality for all ¢ in {1,..., N}.
7 t
/ / f)v- Vs dedods = —3/ / piby(s, )Ny s(s,x) drds
Q><]R3 m; Jo Ja
7 [t 9

Summing over ¢ yields

_Z/ /Q R3 f)v-Vaipy = / ||bJ”L2( 1/2) dxduvds. (5.3.22)

We recall p = (pi);<;<n-

Then the terms Uy and W3 are dealt with as in (5.3.14)

we 23, 1< [l asr [ @], L s G2
It remains to estimate W, which involves time derivative (5.3.8):
N
Uy(t) = ZZ// fzatgow (s,z,v) dedvds
i=1 j=1 OxR3
N
= ZZ/ / 3,5%])(5 x,v) dedvds
i= 1] 1 QXRS
—1—22// |v Vv, ¢y drdvds
T
+ZZi2ml/ /QXIR3 v —my )(%Jqﬁjdxdvds.
=1 j=1
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

By oddity arguments, only terms in a;(s, z) and ¢(s, z) can contribute to the last two terms
on the right-hand side. However, j # J implies that the second term is zero as well as
the contribution of a;(s, x) in the third term thanks to (5.3.19). Finally, a Cauchy-Schwarz
inequality on both integrals yields as in (5.3.15)

N ot
wii<cy [ [umcuL; +|
=1

ni ()

L3 1}(,“'7;_1/2>] Hatvz¢JHL; ds. (5.3.24)

To estimate [|0;V ¢ || 2 we follow the idea developed for a(s, z) about negative Sobolev
regularity. We apply the weak formulation (5.3.4) to a specific function between ¢ and t+¢.
The test function is ¥ (z,v) = ¢(z)vym with ¢ in H! with a zero integral over T3. Note
that ¢ does not depend on ¢ so ¥4 = 0 and multiplying by p;(v)u; *(v) in the i integral
of U3 yields

Us(t) = /0 /11‘3 (L(f),UJ(mimhgigN)L%(Wl/g)@xkgb(a:) dzdvds = 0,

by definition of Ker(L).

It remains

C i b —b d
S [[ilbat+e) b)) do
N €
- ;/j* /Qng mi(f)vgv - Vyd(x) dedods
N €
+;/tt+ /QX]RS it (F)vgv - Veo(z) deduds

N t+e
+ / / givgo(x) drduds.
iz; t OxR3 ( )

As for a;(t, z) we divide by € and take the limit as € goes to 0. By oddity, the first integral
on the right-hand side only gives terms with a;(s,z) and ¢(s,z). The other two integrals
are dealt with by a Cauchy-Schwarz inequality and Poincaré. This yields

/ by (b, 2)6(z) da
Q

+lgllez, (u-12) | Vadllzz -
(5.3.25)

< Il + Iellzzgoo + [ O],

The latter is true for all ¢(x) in H} with a null integral over T3. We thus fix ¢ and apply
the inequality above to

—Ago(t,x) = Oby(t, x)
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5.3. L?-theory for the linear part with Maxwellian weight

which has a zero integral thanks to the conservation of momentum and obtain
_ 2 _
Hatvm¢(]H%§ = Hva 18thHL2 = / (VxA 1(9th) Vx¢(x) dx.
¥ Q

We integrate by parts
07200t = [ abs(t.0)o(a) do.
At last, we use (5.3.25)

[EAPHA

<C ”aHLg(pm) + ”CHLg(plm) + || (f) L2, (u12) + ”gHLg,U(,rm) Va2

lall 2 prr2y + llell g2 (prr2) + |72 (F) Lgv(;ﬂ/z)+”gHL%,v(u‘1/2) [VaAZ 0| 5

=C

= C|llall 2 (p172) + llell g2 (pr/2y + || (F) oy Flgllz 12y | 198Vl 2 -
L z(p ) z(p ) (u 1/2) z,v(u’ )

L2

z,v

Combining this estimate with (5.3.24) and using Young’s inequality with any &, > 0

t
a0 <es |l sy ds
0 (5.3.26)

t 2
2 1 2
+ Cs(en) /0 [HCHL%(,,UQ)+H7TL(f)\L%U (H1/2)+||g|yL%w(“_l/2)} ds.

We now gather (5.3.22), (5.3.10), (5.3.23), (5.3.26) and (5.3.21)
T () ) flal2 a2
| sl ey s <80 = NP0 e [ ally ey s+ Cocten) [ lely

t 2
2 1
+CJ(€b)/o [Hg”bim(u“z) +H”L(f)’L%,U(u—1/2>} “

Finally, summing over all J in {1,2,3}
Lo () () L Lo
/0 ||b||L926(p1/2) ds SNf (t) - Nf (O) + 5b/0 HaHL%(pl/Q) + Cb,c/o Hc”L%(plﬁ)

o [E7G]

with (4 . and Cj, depending on &,

(5.3.27)

2
el (| o

z,

Estimate for c. The contribution of ¢(t, z) is really similar to the one of a(t, z). Since
f preserves mass and energy the following holds

/ c(t,z) dz = 0.
T3
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Define the test function ¥ = (Y;c(t, 2, v)); ;< With

Yic(t,z,v) = (]v\2 — aic> v - Vide(t, )

where
=Dy oe(t,z) = c(t, x)
and oy, > 0 is chosen such that for all 1 < k <3

/RS (|v|2 - aic) v? pi(v) dv = 0.

Again, the null integral of ¢ and standard elliptic estimate [67] show

V20, [0e(®)ll < ootz - (53.28)

Again, this estimate provides the control of ¥; = Nf(c) (t) — Nf(c)(O) and of W5(t) as in
(5.3.12):

Cr (Y 2 Lo
Us5(t)| < — d C d 5.3.29
] < G [ el ds Cs [Nl oy s (5329
where C] > 0 is given in (5.3.30) below.

We start by the left-hand side of (5.3.4).
N
— Z/ / mi(£)v - Vb deduds
— Jo JT3xR3
N t
= — Z Z / / ai(37:17) </ (|U|2 _ aic) ’Uj’l)kmi/l,i(’l}) d’U) 8zj8$k¢c dxds
0o J1s R3

i=1 1<j,k<3
N t

_ Z Z / / b(s,z) - (/ v (MQ — aic) VUM 15 (V) dv) Oz ; Oz, bc dxds
i=1 1<j,k<3”/0 JT° R?
N t 2 -1

— Z Z / / c(s,x) (/ (‘U’Q — aic> M;mivjvkmimdv> OO, Pe-
i—1 1<j,k<3”0 /T R?

By oddity, the second integral vanishes, as well as all the others if j £ k. Our choice of o
makes the first integral vanish even for j = k. It only remains the last integral with terms
j = k and therefore the definition of A, ¢.(t, z) gives

N t t N
—Z/ / mi(£)v - Vb dedvds = Cl/ Z/ pic(s, x)* dxds
= Jo JT3xR3 0 Jre

e /0 le(s)llpa(pry ds. (5:3.30)

Again, direct computations give a;. = 5/m; and Cy > 0.
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5.3. L?-theory for the linear part with Maxwellian weight

Then the terms Uy and W3 are dealt with as in (5.3.14)

B2 () ds. (5.3.31)

ke {2,3), |t |</ el (o ds+02/ =)

As for a(t,x) the estimate on ¥y (5.3.8) will follow from elliptic regularity in negative
Sobolev spaces. With exactly the same computations as for (5.3.15) we have

wo<c [ |

Note that the contribution of 7y, was null by oddity for the a(t,z) and ¢(t, z) terms and
also for the b(t,z) terms thanks to our choice of a.

To estimate [|0;V el 2 we use the decomposition of the weak formulation (5.3.4) be-
tween t and ¢ 4 ¢ (insteadmof between 0 and ¢) with

10V apell 2 ds. (5.3.32)

2 (M_1/2)

W(t,z,0) = (mi(lol® = 3m; )o(a) )

1<i<N

where ¢ belongs to H! and has a zero integral on the torus. v does not depend on ¢ and
therefore W, (¢) = 0. Moreover, multiplying by j;(v)u; *(v) in the i*" integral of U3 yields

t o2 — 3mL
N / /3<L(f)’ (HQZmZNz >L%(u_1/2)3xk¢(x) dxdvds = 0,
0T 1<i<N

by definition of Ker(L).
From the weak formulation (5.3.4) it therefore remains

t+e ml v
O [ lelt+e) — el () do = / ﬁ@m il =3, .00

T3
t+e
+ / / ™ ml |U£ v- V()
T3 xR3

t+e m; |U‘ -3
+ ;/t /1r3xR3 gz(s,m,v)fdx).

As for a(t, z) we divide by € and take the limit as € goes to 0. By oddity, the first integral
on the right-hand side only gives terms with p;b(s, ). The last two terms are dealt with
by multiplying by s;(v)~/2u;(v)'/? inside each integral and applying a Cauchy-Schwarz
inequality. Note that again we also apply Poincaré inequality. This yields

/, Oe(t, x)o(z) dx
T3

gchw@@mywhaw + gl iz, (rroy | 1Vl -

22, (12
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

That estimate holds for all ¢(z) in H} with null integral over T3. We copy the arguments
made for a(t,z) or by(t,z) and construct

—A, D (t,z) = Oe(t, )
and obtain by elliptic estimates

Hatvx(ﬁcHL% == HvailatCHL% S HAilatCHH% = ||(b0||H31j
< Clloee(t, @)l gy

¢ 100y + [ )

IN

oy + Bl oo

Combining this estimate with (5.3.32) and using Young’s inequality with any . > 0

001 < [ by ds+Cste) [ [ o)

12, (w12)

el | o
(5.3.33)

We now gather (5.3.30), (5.3.10), (5.3.31), (5.3.33) and (5.3.29) into (5.3.4):
! 2 (c) () ¢ 2
el sy s <N = N0 e [y 0

+oden) [ [t

12, (w172)

(5.3.34)

2
gl vy | s

Conclusion of the proof. We gather together the estimates we derived for a, b and c.
We compute the linear combination (5.3.18) + a x (5.3.27) + 8 x (5.3.34). For all g, > 0
and e, > 0 this implies

t
/0 |:Ha”i?£(p1/2) +a Hb”i%(pl/Q + Hc”igc(pl/z)} ds

)
< Ne(t) — Ne(0) + Cy /Ot [Hﬂf(f)’

2
2
ng(“—l/z)+Hg”L%’U(H—1/2)} ds
t
+/0 {aab HaHii(pm) + (Cap + Bee) ”b”ig(pm) + aCy c(ep) HcHig(pm)} ds.

We first choose a > Cgp, then g, such that ae, < 1 and then 8 > aCj .(ep). Finally, we
fix e, small enough such that C,; + Se. < o . With such choices we can absorb the last
term on the right-hand side by the left-hand side. This concludes the proof of Lemma 5.12
since

2 2 2 2
HWL(f)HL:zM(MA/g) = Ha”L%(pl/z) + HbHL%(puz) + ”C||L%(pl/2) .
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5.3. L?-theory for the linear part with Maxwellian weight

5.3.2. Generation of a semigroup

We now have the tools to develop the hypocoercivity of G into a semigroup property.

Proof of Theorem 5.11. Let fo be in wa (u_l/ 2) and consider the following equation
of =L(f) —v-V,f (5.3.35)
with initial data fg.
Since the transport part —v -V, is skew-symmetric in Lfc,v (,uZ 1/2 ) (mere integration by
part) and L is self-adjoint, Ker(G) and (Ker(G))" are stable under (5.3.35). We therefore

consider only the case fo in (Ker(G))* and the associated solution stays in (Ker(G))* for
all ¢.

Moreover, L has a spectral gap Ar, and so by Theorem 5.6, if f = (fi)lgz‘gN is a solution
to (5.3.35) we have the following

1d
2dt H HL2 ( —1/2) = /’]1‘3><R3<8tf’ f>u—1/2 dxdv

= _Z/T3><R3 » (fi(t,z,v) ) Y(v) dzdv
+/T3<L(f>(t’x’ ), £(t, x, ')>Lg(ﬁr1/2) dz

=t o)

< —)\L L%,U(H_I/Q) .

(5.3.36)

We remind that 7 = Id — 7, where m, is the orthogonal projection (5.2.1) onto Ker(L)
in L2 (;1,_1/ 2). The norm is thus decreasing under the flow and it therefore follows that
G generates a strongly continuous semigroup on L2 (pfl/ 2), we refer the reader to [9§]
(general theory) or [134][135] (for the special case of single species Boltzmann equation).

Let f = Sg(t)fo and define ?(t,x,v) = eMf(t,z,v) for A > 0 to be defined later. f
satisfies the conservation laws and is solution in L:%’U (;1,_1/ 2) to the following equation

As for (5.3.36) we obtain the following estimate

~||12
¥

f = G(f) + Af.
2 t rs
Lg,v(uflﬂ) = Hfo”Lg%,v(H_l/Q) B QAL/O HWL (f)‘ L2, 1/2 ’

2
+2§/H‘
12 ,(n=1/2)
533@

Along with the latter estimate, we have the following control given by Lemma 5.12 with
g =M

[ @]

L2, (n=1/?)

ds

ds <Ng(t) — N3(0) + C1. /Ot Hﬁf(?)‘ i

L2 ,(n=1/?)
WHEE
e [

(5.3.38)

ds
)
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

~ 2
where C'| > 0 is independent of f and |Ny(s)| < C Hf(s)’

(5.3.37) yields

[Hﬂ ig’v(u—l/z) - EN?(t)} +C- /O t (HWL(?)‘

t ~
< [8oll2y vy — NFO) + (234 C0%) [
z,v 0
where C. = min{2A; — eC\,e}. By the control on |N7(s)| and the fact that

12 (ue12)’ then ¢ x (5.3.38) +

2

@)

2
L%,u(u‘1/2)>

L2 (=172

ds.

P
L2 ,(n=1/2)

2 2

~ 2
f)‘ L, (n=1/?)
we can choose ¢ small enough such that C. > 0 and then A small enough such that

(2/\ + €CL)\2) < C.. Such choices imply that H?‘

| =
RS ol e

i

is uniformly bounded in time

2
L2, (n=1/?)
by Clifollzz (1)

By definition of F, this shows an exponential decay for f and concludes the proof of

Theorem 5.11.
O

5.4. L°°-theory for the linear part with Maxwellian weight

As explained in the introduction, the L? setting is not algebraic for the nonlinear operator
Q. We therefore need to work in an L* framework. We first give a pointwise control on
the linear operator K in Subsection 5.4.1 and then we prove that the linear part of the
perturbed equation (5.1.7) generates a strongly continuous semigroup in L3°, ((v)? p 2)
in Subsection 5.4.2.

5.4.1. Pointwise estimate on the compact part
We recall that L can be written under the following form
L=-v(v)+K,

where v = (V) ., is a multiplicative operator satisfying (5.2.4):

v eR, v 1+ []) <viw) <01+ o)),

(2

with ui(o), I/Z-(l) > 0.

In the case of single-species Boltzmann equation, the operator K can be written as a
kernel operator ([75] or [34] Section 7.2) and we give here a similar property where the
different exponential decay rates, due to the different masses, are explicitely taken into

account. These explicit bounds will be strongly needed for the L°° theory.
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5.4. L*°-theory for the linear part with Maxwellian weight

Lemma 5.14. Let f be in L2 (u=1/2). Then for alli in {1,...,N} there exists k%) such
that
K;(f)(v) :/ (kD (v, v,), f(v,)) do,.
R3
Moreover there exist m, Cx > 0 such that for alli in {1,...,N} and for all1 < j < N

2
| 1012 = ox 12|

e (5.4.1)

—mv—vs|*>—m

1i(v)

<C
B\ by (v

‘k‘j(-i) (v, v4)

[]v O L [ el

The constants m and Ck are explicit and depend only on (m;), <« and the collision kernel
B. o

Proof of Lemma 5.14. By definition, K = (Kj;), ;< with

N
KMMM=§:/ Bij (|v = val ,co80) | f] + pif;" — pif; | dodv.. (54.2)
j=1 S2xR3

We used the identity p;(v)p;(vs) = pi(v')pj(v}) that is a consequence of the conservation
of energy during an elastic collision.

Step 1: A kernel form. The third term in the integral is already in the desired
form. The first two terms require a new representation of the collision kernel where the
integrand parameters will be v’ and v/, instead of v, and o. Such a representation has been
obtained in the case of a single-species Boltzmann equation and is called the Carleman
representation [30]. We derive below the Carleman representation associated with the
multi-species Boltzmann operator. We follow the methods used in [30][34] Section 7.2 and
[71]. However, the existence of different masses generates an asymmetry between v and v/,
as we shall see.

The laws of elastic collisions gives

v’:V—i—L]v—vqa and v;:V—Lh}—v*la
mi +m; m; +my;
where V is the center of mass of the particles ¢ and j:
m; m;
V = L o+ L p,.
m; +my; mi +m;
We can also express
my;
v=V+ J v—0 and v, =V — v—0
=) V)
Note that
v—v] = [ =, (5.4.3)
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

|v - U" < mZTirL ‘v’ — v, (5.4.4)
i J
lo—2l] < ] =4 (5.4.5)

The points v, vy, v" and v, therefore belong to the plane defined by V and Span(o, v —wv,).
We have the following geometric configuration, which gives a perfect circle in the case of
equal masses.

Geometrically, mj_l(v -V), mj_l(v’ ~ V), m; (v, — V) and m; * (v — V) are on the same
circle of diameter [m; ! (v"* — V) —m;(v' — V)| = mz+m |v — vi|. Therefore,
1 1 1 1
(o= V) = 0= V) (0= V) = (= V) ) =0
m; m; m; m;
Using the laws of elasticity to see that
mi +m; m; +my *

we end up with the following orthogonal property (that is also easily checked by direct

computations)
<v;— mi+mjv—mi_mjv’ ,v—v’>:(). (5.4.6)
2mj 2mj

We can now apply the change of variables (vy,0) — (v/,v}), where v' evolves in R?® and
vl in EU ',. B, is the hyperplane that passes through

Ve(v,v') = mlz;;mjv — mzz?;mj v’ (5.4.7)
j j

and is orthogonal to v — v; we denote dF(v,) the Lebesgue measure on it. Note that
v, = V (v, 0),) is now a function of v’ and v}:

/ / / — / —
V(' v,) = v, +mim; Ly — mim; Lo.

Up to the translation and dilatation (generating a constant Cj; > 0 only depending on m;
and mj;) from v to the origin of £}/, this change of variables works as derived in [71]. Our
operator thus reads

/ B(v — vy, U)f’gl* dvydo
R3 xS2

1 B (v — V(' ), %) . / . (5.4.8)
= Cjj _— - g dE(W,) | ffdv'.
" B,

3 |[v— | vl — /|

We can also give a Carleman representation where we first integrate against v/. In the
case m; = m; the orthogonal property (5.4.6) is entirely symmetric in v’ and v} and we
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5.4. L*°-theory for the linear part with Maxwellian weight

reach the same representation (5.4.8) with the role of v’ and v, swapped. This is the
classical case of a single-species Boltzmann operator.
In the case m; # mj, (5.4.6) is equivalent to

/2 ' m; m; ' 2m;  ,  my+m;
}v‘—Q v, v — Il ) = (v, - Lo
m; —m;j ms; —m;j m; —m;j m; —m;j
which is itself equivalent to
m; m;
/ / ()
vV | —L—v, - ———v
m; —m;j m; —m;j

The same change of variables as before but (vs, o) — (v}, v’) instead of (vi,0) — (v, v))
thus yields

2

2

(5.4.9)

‘mi—mj mi—mj

/ B(v — vy, a)f’g’* dvydo
R3 xS2

1 B ('l) — V('U,, 'l)fk), 4|ZZ:Z/|> , , Iy ,
:Cij/ =] / frdE®) | g7 du,
R3

v—vl \Jg ;

(5.4.10)

i |vl, — /|
where E;JU , stands for EZ]U, if m; = m; or for the sphere defined by (5.4.9); and dF is the
Lebesgue measure on it.

We therefore conclude gathering (5.4.2), (5.4.8) and (5.4.10) with a relabelling of the
integrated variables,

Bi; (v — Vi(u,vy), ﬁ%“

V|

N
Ki(f)(v) => Cy /]R3 ! )Ni(u) dE(u) | f; dv.
j=1

v —vs| JEi, lu — v,

Byj (v — V(vs, u), =2

> Tu—v.]

)m‘(U) dE(u) | 7 dv.

N 1
C.,

VUK

=]

N
- Z /R3 Bij (Jv = vi], cos 0) i (v) f; dvs.
j=1
(5.4.11)

This concludes the fact that K; is a kernel operator.

Step 2: Pointwise estimate. It remains to show the pointwise estimate (5.4.1). The
assumptions on B;; imply that

U — Vy

Bij <vV(v*,u), )‘ < Clv—V(vs,u)|?,

u— vy

where C' denotes any positive constant independent of v and v,. We shall bound each of
the three terms in (5.4.11) separately.

107



5. The nonlinear multi-species Boltzmann system close to global equilibrium

From elastic collision laws (5.4.3), for u in E¥, one has |v — V(ve,u)| = |u — vy|, and
hence
Bij <U = V(vs,u), 7‘3:&) 1 o lul?
L. i dE@)| <o [ — L e ap().
B, u =i B Ju—v ]

We can further bound, since (5.4.4) is valid on .,

|U_U*|Zw|v_v*|’
J
and get
By (0= V(ve,u), 222 c 2
- i(u) dE(u </ e "2 dE(u).
/;'EJ'U* ’u_’l}*’ ILL]( ) ( ) N |/U_/U*|17’Y VU* ( )

To estimate the integral over Ef)]v* we make the change of variables
u=Vg(v,v.) +w

with Vi (v, vy) the origin (5.4.7) of Ei,, and w in (Span(v — v,))*. Using (v, w) = (v, w)
we compute

1 , 2
uf? = Vi (o, 0.) + wl? =\w+2@+u»+£gowwo
1 2 m2 m;
i 2 ) 2 2
_ ‘w—i—Q(U—i-v*) +4n% v — vy —|—2mj(]v| o] )

Now we decompose v + v, = VL + VI where VI is the projection onto Span(v — v,) and
V1 is the orthogonal part. This implies

1
ul* = ‘w +5V

2
1 2
L H‘
+4‘V n

2
ms m;
o= vl o (ol o).
4ms 2m;
J
By definition,
2 (0400 —w)? ‘|”

‘VH‘ _ Ea

v — v,

and therefore the following holds

) Bij <’U — V(U*, u)v \Z:zil
Js

o= o] =

>uj(U) dE(u)
VU

2 w2 =oxi?]?

C —8T:L,Z. |U—’U*|2_%| Ulv_:{‘Q |

pilv) [ / TV apw) |
(v=v.)*

T o= i ()
(5.4.12)
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5.4. L*°-theory for the linear part with Maxwellian weight

The space (v —v,)* is invariant by translation of vector —271V+ and the exponential term

inside the integral only depends on the norm and therefore the integral term is a constant
not depending on v or v,.

We now turn to the term involving Ejﬂv , which is a bit more technical. In the case m; = m;
then Efjjv, = E;Jv, We therefore have the bound (5.4.12) to which we use p;(v)u; ' (v) =
Cijj(v)p; H(v) since m; = m;. B

Assume now that m; # mj. As for Ej,,, the elastic collision properties (5.4.3) and (5.4.5)
give for all v, in R? and w in Efﬂv*

By (v=V(uv.), 252 o e
o pi(u) dE(u)| < ——— e "2 dE(u).
B,

[u = vl T vl B,

Since E‘;%* is the sphere of radius

.
Ry, = —L— v — v
i — myl
and centered at e e
Oy, = Ly — Ly,
mg; — Mmyj mg; — My
We make a change of variables to end up on S%:
. By (0= V(wv.), 52
i () dE ()

lv— vl JEi lu — v,

VUx

(5.4.13)
S C’ |'U _ ,U*’Y/ 6_%|Rm}*’u+0vv*|2 do-(u)
S2

Decomposing the norm inside the integral and using Cauchy-Schwarz inequality yields

2
mims;

2(mi — mj)2 ‘
m;mg;

(m; —m;)? |

2o _ 5 |miv — mjv*|2
2(mi —m;) (5.4.14)

U — U] [miv — mjvy|

ms;
_7Z|va*u+0vv* U—’U*|2—

2 2
The idea is to express everything in terms of |v — v,| and % We recall that we

defined v +v, = V4 VIl with V+ orthogonal to Span(v —v,) and VIl = %(v —Vy).
We first use the identity

1
o= vl fmiv = mjo] = 7 [[(1+m)v = (1+my)o. = (1= mo = (1= m;)o. P

and then the following equality that holds for all ¢ and b,

2
a—>b a—l—b(v_v*)

5 (v+wvi) +

lav — bu, > =
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

2
L labp 1o = [0

(a — b
= Uz )VL’ 5 (5.4.15)
T -l
—b b b)?
+(CL )(a+ ) ‘1}’2—”0*’2 +(a+ ) ”U—’U*‘Q.
2 4
Direct computations from (5.4.14) then yield
m, RO O [ e i
~ZiR 0 e L B e Y (U N
2 | U'U*u—i_ VU — 8 8 ”U —/U*‘Q 4 ‘/U| |’U*|
m; 2
— ? ”U — U*| .

Taking (a,b) = (1,0) and (a,b) = (0,1) in (5.4.15) we have

2 22
mi —my [0 = 0]

7] 2:mi_mjlvl_‘2
” 4‘*’ 16 "U—U*|2
mi—l—mj( 2 2) mi—mj, 9
+ T (o — o) + o — .

At last we obtain

_?Z ‘RU’U*U + O'UU*|2 S - IZ ’U|2 + TJ ‘v*|2 -
2 5.4.16
+U ol” = Jo| v — vy | )

v— ] *

where U(z,y) is a quadratic form defined by

mi;+m; o Mj—m; m; +m; o
U =— — — )
(2,v) T P Y
The latter quadratic form is associated with the symmetric matrix
mi +m; m; —m;
6 16
_mi—m; o my +m;
16 16

which has a negative trace and determinant m;m;/64 > 0. It therefore is a negative definite
symmetric matrix and thus, denoting by —A(m;, m;) < 0 its largest eigenvalue we have

V(z,z) € R?, U(z,v) < —A(mi,my) [2° + 7]
Plugging the latter into (5.4.16) and going back to the integral of interest (5.4.13) we get
—u

/w ” — \Z_im) pri(u) dE(u)

| — v

o= v*l 7,
" (5.4.17)

[1v12—vei2)?
[v—vs |2

i (v)
f(vs)”

~X(mim ) o—v. P~ A(mimy)

<Clv—u"e
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5.4. L*°-theory for the linear part with Maxwellian weight

To conclude we turn to the last integral term in (5.4.11) which is easily bounded by
|Bij ([v = v, 08 0) pi(v)]| < CJv = 0| pri(v)

< O v — [ e a(malel*+mjlo.?) pi(v)
15 (vs)

Using Cauchy-Schwartz

2
|U_U*’ +—2:|U_’U*’2+‘<U U*,v+2v*>’
v — v |

v — vy

<l vl 4o+ o =2 (jof + o),

this implies

_va_v*ﬁ—%|'“'2-\v*‘2|2, pi(v)
|Bij (Jv — vi],cos0) pi(v)| < C'lo —vi"e  ° & Tl o (5.4.18)
115 (vs)
where m;; = min {m;, m;}.
Gathering (5.4.11)-(5.4.12)-(5.4.17)-(5.4.18) gives the desired estimate on k\ . O

The pointwise estimate on kj@ can be transferred into a decay of the Ll-norm with a

relatively important weight. This has been proved in [83, Lemma 7] for the right-hand side
of (5.4.1) with m = 1/8. The case of general m is identical and leads to

Lemma 5.15. Let 8 > 0 and 0 in [0,1/(32m)). There exists Cypg > 0 and g9 g > 0 such
that for alli, j in {1,...,N} and all € in [0,g9 ),

J.

From Lemma 5.14 and 5.15 we conclude that K is a bounded operator on L ((v)#p~1/2).

J101%=Jox |2

2 2
WP pi(w)™2 . Caag
(0n) Bl ()12 T Tt

em|v—uvy|*4em o Ton 2
—Ux

(@)
ki’ (v, vi)| e

v’

5.4.2. Semigroup generated by the linear part

Following ideas developed in [83] in the case of bounded domains, the L? theory could
be used to construct a L° one by using the flow of characteristics to transfer pointwise
estimates at x — vt into integral in the space variable. Such a method is the core of the L>
theory thanks to the following lemma.
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Lemma 5.16. Let 8 > 3/2 and let (H1) — (H4) hold for the collision kernel. Assume that
there exist Ty > 0 and A\, Cr, > 0 such that for all £(t,z,v) in LS, ((v)ﬁu_lﬂ) solution to

Of + v - Vof = L(f) (5.4.19)

with initial data fo, the following holds for all t in [0, Ty]
AMTo—2t !
||f(t)HL;?v(<v)BMfl/2) < MTom )||f0||Lg?v((v>B,L—1/2) +CT0/O ||f(5)||Lg’v(“71/2) ds.

Then for all 0 < A < min {\, Ag}, defined in Theorem 5.11, there exists C = C (B,X) >0
such that for all f solution to (5.4.19) in L2, (<v>f8u_1/2) satisfying Ilg(f) =0,

V620, 8Oz, (o2 < O oll e, ((uyop-rrz) -

Proof of Lemma 5.16. To shorten the computations we use the following notation wg(v) =
(0)P =12,
Let f be a solution to (5.4.19) in Lg%, (wp) associated with the initial data fo. Taking n

in N we can apply the assumption of the lemma to ?(t, x,v) = f(t +nTpy, x,v). This yields,
with a change of variables t — t — nTp,

(n+1)To
I8+ DTl e, ) P IEOTD e () + O [ I8l vy

nTy

We can iterate the process for f(n1p) as long as n # 0. We thus obtain

£+ DT 1, () <€ Bl e, ()

n (nt1-R)To (5.4.20)
+ Cr ek)‘TO/ f(s _ ds.
OkZO (n—k)Ty 1 oz )

We see that multiplying and dividing by (v)? gives

2
”fHLg?v(wﬁ) :

N
dv
IE17> (02 22/ fRut dedv < | TP / L
x,u(:u ) i1 T3 <R3 R3 (1+‘U|2)5

Since § > 3/2, the integral is finite and f also belongs to L?w (u‘l/z). By Theorem 5.11

it follows that f(t) = Sc(t) (fo) and thus if IIg(f) = 0 we have the following exponential
decay

V20, |E(0)l g2 (u12) < Coe ollps 12y < Cane™ Ifoll oo, ()
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5.4. L*°-theory for the linear part with Maxwellian weight

Plugging the latter into (5.4.20) and taking 0 < A< A1 < min {\Aqh

[£(( + Do) 2 ()

n (n+1—k)To
< ef(nJrl))\To +06,G Zek)\lTo/ 67)\15 ds ||f0||L§OU(WB)
k=0 (’n,fk‘)To ’
MTo
<

[e(n+1))\To n Csqe
A1

<Cyp Xe—(n+1)XTo Ifoll o (

(n+ 1)e(n+1)>\1T0] 0]l 2. (w;)

Wﬁ) )
where we used (n + 1)6*(”+1)>\1To < Cle—(n+1)ATh

At last, for ¢ > 0 there exists n in N such that nTy <t < (n+ 1)Tp. Using the inequality

satisfied by sup |f(t —nTo,z,v)| (wp): SAIe computations as above gives
0<t<Ty T,V B

”f(t)HLg?v(wﬁ) < Cf((n+ 1)T0)”Lgf’v(Wg) < Qe (nt)ATo HfOHLg?U(Wg)
—Xt
< Ce ™ folle (s
where C is any positive constants depending on Tj. This concludes the proof. O

We now state the theorem about the linear perturbed equation.

Theorem 5.17. Let 8 > 3/2 and let assumptions (H1) — (H4) hold for the collision
kernel. The linear perturbed operator G = L — v - V, generates a semigroup Sg(t) on
LZ, (<U>’8u_1/2). Moreover, there exists Moo and Cse > 0 such that

vE>0, [[Sa(t)(ld— HG)||Lg§v((v>ﬁ“—1/2) < Coge™ ™1,

where g is the orthogonal projection onto Ker(G) in Li’v (u_l/Q).
The constants Cse and oo are explicit and depend on 3, N and the collision kernel.

Proof of Theorem 5.17. As before, we use the shorthand notations wg = ()P =12 and
wpi = <U>6:U’i_l/2‘
Let fo be in Lg%, (wg) with 3 > 3/2. If f is solution of (5.4.19):

of = G(f)

in L3, (wg) with initial data fo then because 3 > 3/2 we have that f belongs to L2 ,, (n=1/?)

and f(t) = Sq(t)fo in this space. This implies first that f has to be unique and second that
Ker(G) and (Ker(G))* are stable under the flow of the equation (5.4.19). It suffices to
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

consider fy such that IIg(fo) = 0 and to prove existence and exponential decay of solutions
0 (5.4.19) in L%, (wg) with initial data fo.

We recall that v(v) = (v;(v))1<i<n is a multiplicative operator and so the existence of
solutions to equation (5.4.19) is equivalent to the existence of a fixed point to its Duhamel’s
form along the characteristics of the free transport equation. These characteristic trajec-
tories are straight lines of constant speed. We thus need to have existence and exponential
decay of a fixed point f = (f;);-;~ 5 to the following problem for all 4 in {1,..., N}:

t
filt,m,0) = e foy(x — vt,v) + / e K (£(s, 0 — (t = s)v,)) (v) ds.
0

Thanks to Lemma 5.14, each operator Kj; is a kernel operator and we thus have for all ¢ in

{1,...,N},

filt, z,v) =e VO foi(z — vt v)

+ Z/ /R I (v, 0.) fi(5,2 — (¢ — 5)v,0,) dvsds.

Iterating this Duhamel’s form we end up with the following formulation
Ffilt,z,v) = D\ (£0) (¢, z,v) + DY) (Fo) (£, ,v) + D (£)(t, 2, v) (5.4.21)
where we define

Dgi) (fo) = e Vi foi(x — vt v), (5.4.22)

‘ N ot .
DY (5) :Z /0 /R 3 =) s (03O (4 ) (5.4.23)

Xfoj (x — (t — $)v — sUx, vx) dvsds,

ZZ/ / / / Vj(v*)(s—sl)k(i)(v v*)k(j)(v* U**)
&3 Jrs 9 9 [ 9

7j=11=1
X fi(s1,2 — (t — $)v — (S — 1) Vs, Vs ) dVssdvydS1dsS. (5.4.24)

Thanks to this Duhamel’s formulation, the existence of a fixed point to (5.4.21) in
L° LY, (wg) follows from a contraction argument. The computations required to prove
such a contraction property follow exactly the ones leading to the exponential decay of the
latter fixed point. We therefore solely prove that if f satisfies (5.4.21) then f decreases
exponentially in Lg%, (wg).

We shall bound each of the terms (5.4.22), (5.4.23) and (5.4.24) separately. From (5.2.4),
for all 7 there exists u(()i) = min,cps {v;(v)} > 0. We define by 1 > 0 the minimum of the
l/éi) and every positive constant independent of i and f will be denoted by Cj.

The first term (5.4.22) is straightforwardly bounded.

| Dt} 1)

<e | for : 4.2
L;?v(wm)_e HfO’HL%‘,’U(wm) (5.4.25)
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5.4. L*°-theory for the linear part with Maxwellian weight

In the second term (5.4.23) we multiply and divide inside the v, integral by wg;(v«) and
take the supremum T3 x R3.

wgi(v) DY (fo) (1) <Cte™"
N ()

) Z (/ de) HijHLg?U(wﬁj)'

Applying Lemma 5.15 with § = ¢ = 0, the integral term is bounded uniformly in i, 7 and
v. Hence

(v, vy)

| Dtk

< Cote " ||foll ;o ) 5.4.26
L%‘,’v(w@z‘) = bare H OHL%v(Wﬂ) ( )

The third and last term (5.4.24) is more involved analytically and requires to consider
the cases |v| > R and |v| < R, for R to be chosen later, separately.

Step 1: |v| > R. We multiply and divide by wpg;(v.««) inside the v, integral of (5.4.24)
and take the supremum in space and velocity for f;. The exponential factor can be bounded
by

e—yi(v)(t—s)—l/j(v*)(s—sl) <e -2y —V—O(t s) ——(t sl)e%’s.

Hence, for all ¢, z and v,

\wmwwé“ (6) (t.2,v)

e [ R (B )

1<4,I<N
X |:/ k(i)(v’v*) M (/ M d’U**) dU*:| dslds.
R3 wgi(vs) \Jrs W1 (Vi)

i k:l(J)(v*, Vsex)
We use Lemma 5.15 twice to bound the term inside bracket independently of j, [ and v by

(5.4.27)

C2 C2
b« "B
1+Jv] " 1+R
We conclude
sup wgi(v)D:()f) (f) (t,x,v)| < Cs e et sup |e El HfHLm . (5.4.28)
[v|>R 1+ R 0<s<t (Wﬂ)

Step 2: |v| < R. In order for the change of variables y =  — (t — s)v — (s — s1) v, in the
v, integral to be well-defined we need s — s; bounded from below. Moreover, in order to
make the L?-norm appearing we would need to have kj(z) (v, vx) uniformly bounded which
is not the case. We therefore need to approximate it uniformly by compactly supported
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

functions, which is possible on compact domains. We take n > 0 and divide (5.4.24) into

four parts
t s . t s—n
o A S A B A
0 Js—n JR3xR3 o Jo lv|>2R JR3
t ps—nm . t rs—n )
L S R S A A Y
0 JO |v«|<2R J |vxx|>3R 0 JO |v«|<2R J |vsx|<3R

efw(v)(tfs)fuj (vx)(s—s1) < e*llo(tfsl)’

(5.4.29)

where, using

we have the following bound

d(z) < e volt=s1) Z k 2 (v,v4)k )(v*,v**)
1<j,I<N

X | fi(s1,2 — (t — 8)v — (8 — $1)Vs, Vax )| dvssdvsdsids.

The first integral in (5.4.29) is dealt with by using Lemma 5.15 twice, as for (5.4.27).

We get
t 81)
<oe® ([ 3 ann) s [ 2101 o

t s
o [ o=
0 Js—n JR3XR3
SnCe_VT sup |:€2 HfHLoo( ﬁ)].

0<s<t

(5.4.30)

For the second and third terms in (5.4.29) we remark that for [v| < R we always have
either |[v — vy > R or |vx — x| > R in the domain of integration and therefore we have
for any € > 0 either one of the following inequalities

e—msR2

IN

(@) me|v—vs|?
ki (v, ve)e™

‘k§i) (v, vx)

< e—maR2

‘kl(j) (Ui, V) kl(j) (Vg Vg ) el Vsl ‘ .

Now we take € small enough to apply Lemma 5.15 as before but with the first inequality
above for |v.| > 2R or the second inequality above for |v,| < 2R and |v.| > 3R. Exactly
the same computations as (5.4.27) before yields

b (i)
i i e
0 JO |ve|>2R JR3
t s5—n
(@)
wa; d
g /0 /0 /Iv*|22R/U**Z3 ’

At last, the last term in (5.4.29) deals with a set included in the compact support

< Ce MR Et qup [62 Hf||Loo( )}5.4.31)

0<s<t

< QemeR T sup [62 Hf||Loo( )}5.4.32)

0<s<t

O = {(U,’U*,U**) € R3, [v| < 3R, |vi| < 2R, |vii] < SR}.
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5.4. L*°-theory for the linear part with Maxwellian weight

As discussed earlier, Lemma 5.14 shows that kj(.i) (v,v.) has a possible blow-up in |v — v,|”.

However, since €) is compact we can approximate k:(.i) (v,vy), for all ¢ and j, by a smooth

and compactly supported function k( 9 (v v,) in the following uniform sense

sup [ [, = ki o, 00)
[v|<3R J|v«|<3R

Wgi(v) <1
L <= 4.
() dv. < (5.4.33)

Thanks to the following equality
k](-l) (v,v*)kl(])(v*,v**) = (k@ (v,v4) — k:g?j(v,v*» kl(])(v*, Vi)

é](v v*)kg)l(v*, Vi)

the last term in (5.4.29) is bounded by

s—n
lus|<2R |v**|<3R
C v

< Ze Bt sup [ez HfHLoo( )} sup sup / ’kl(j)(v*,v**)
R 0<s<t WO 1<iji<N \Ju.<2R o |<3R

C _wn vo j
R¢ 2! sup [e 2 1]l ;oo (WB)] sup <sup / ‘k%)j(v,v*)
0<s<t o 1<i,j<N \|v|<RJ|vi|<2R' 7

S [ [

1<_]l<N [vsx | <3R

where we made the usual controls (5.4.27) and used (5.4.33). We also defined y(v,) =
— (t — s)v — (s — s1)vx. The first two terms are dealt with using Lemma 5.15 while we

w,@l (U*) d'U
W3 (Vss)

Wgi(v)
dv,
Wp; (U*) )

[fi(s1, y(vs), ves )|

_|_

kg?j (v, v*)k‘g) (Vs Vsex)

can bound k%?jkg’)l by a constant Cr depending only on R (note that all constants only
depending on R will be denoted by Cpr). This yields

t s—n
S o™
0 JO [v«|<2R J |v+x|<3R

C _»n 571
fﬁeﬁwFW%mw+%Z// ﬂmumhumm

0<s<t [vsx | <3R

We first integrate over v,. We make the change of variables y = y(v,) which has a jacobian
|s — 51|73 < n73. Since we are on the periodic box, y has to be understood as the class of
equivalence of y(v.) and is therefore not one-to-one. However, v, being bounded by 2R we
cover T2 only finitely many times (depending on R). Hence,

t prs—nm
S ™
0 JO [v«|<2R J|vsx|<3R

_Y0y4 CR s—n
e 2" sup [62 fll oo // / Ji(81, Y5 Vs )| -
Sup, 1] o Z - | wx)|

<

= Q
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Finally, a Cauchy-Schwarz inequality against ul_l/ 2(1)**) / ,u,l_l/ 2(1)**) yields the following

estimate
t s5—n .
i [ o
0o Jo [vx| <2R J|vax | <3R

C _Yoy o} CR t
7 g 68 ]+ 8 IRy

(5.4.34)

IN

Plugging (5.4.30), (5.4.31), (5.4.32) and (5.4.34) into (5.4.29) gives the final estimate

; g _ 1 v
sup wm@)pguf)\ <Cye 2t <n+e mERQ+R> sup [620 HfHLgoU(wﬁ)]
lo|<R Ossst 7 (5.4.35)

t
+CR777t/O Hf(S)HL%’U(”fl/Q) ds.

We can now conclude the proof by gathering (5.4.21), (5.4.25), (5.4.26), (5.4.28) and
(5.4.35). We get that for all 7 in {1,..., N}

t
=1} _
F N g ) <0+ Cot) e Mol ) + Crnot | 16Oz v

1 )
+C 4 7m€R2+7 |: 2 ||f o ]
5(" ‘ 7) o2 107 iz, i)

(5.4.36)

We remind the reader that Cs and C5 are independent of 7, R and ¢; moreover £ > 0 is
fixed. We choose R large enough and 7 small enough such that

1 1
C —meR? — )<z
5(77—!-6 —l—R =5

and Ty > 0 such that
2(1 + C2T0)€—V0To = e_%OTO.

Such choices with (5.4.36) yields that for all ¢ in [0, Tp],

t
Yo _
I8N g (pruvz) < €2 7 Moll g (qyoprrz) + CTO/O 1E()llzs, -2y ds-

Lemma 5.16 then concludes the proof of Theorem 5.17. O
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5.5. The full nonlinear equation in a perturbative regime

5.5. The full nonlinear equation in a perturbative regime

This section is devoted to the proof of Theorem 5.3. We divide our study in three steps.
Subsection 5.5.1 deals with the existence of a solution with exponential decay to the per-
turbed multi-species Boltzmann equation that reads

Of +v-Vof =L(f) + Q(f). (5.5.1)

Then Subsection 5.5.2 proves the uniqueness of such solutions and, at last, Subsection 5.5.3
shows the positivity of the latter.

5.5.1. Existence of a solution that decays exponentially

We refer to the definition of IIg (5.3.1) and recall that IIg(f) = 0 is a convenient way to
say that f satisfies the conservation laws (5.1.5) with 0. = 1 and us = 0.
This subsection is dedicated to the proof of the following proposition.

Proposition 5.18. Let assumptions (H1) — (H4) hold for the collision kernel, and let
k > ko, where ko is the smallest integer such that Cy, < 1 where Cy, was given by (5.1.10).
There exists ny., Ci and A\, > 0 such that for any fo in LLLX ((v>k) satisfying llg(fo) = 0,
if

Ifoll <

then there exists £ in LIL ((v)*) with g (f) = 0 solution to (5.5.1) with initial data fo
such that

W20, (1€l e (qoye) < Cke ™ ol 1y oo (o)

The constants are explicit and only depend on N, k and the collision kernels.

Decomposition of the perturbed equation and toolbox

As explained in the introduction, the main strategy is to find a decomposition of the
perturbed Boltzmann equation (5.5.1) into a system of differential equations where we
could make use of the L semigroup theory developed in Section 5.4. More precisely,
one would like to solve a somewhat simpler equation in L} L ((v)*) and that the remain-
der part has regularising properties and could thus be handled in the more regular space
L3, (<v>3,u_1/2). Then the exponential decay of Sg(t) in the more regular space could be
carried up to the bigger space.
Remark that

L, (™) € LiLs (*).

We propose here a decomposition of the mutli-species linear operator G = L —v -V,
that follows the idea used in [78] for the single-species Boltzmann operator. We define for
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

§ € (0,1) to be chosen later the truncation function ©(v,v*,0) € C*°(R? x R?) bounded
by one on the set

{|U\ <6 ! and 26< v —v*| < 5~1 and |cosf| <1 —2(5},

and its support included in the set
{|U\ <2071 and §< v —v*| < 261 and |cosf] <1 —(5}.

Thus we can define the splitting

G=L-v-V,=AD 4+ BO _p _y.v,,

7

with the operators A(®) = (A@) and B(®) = (BZ-((S)) defined as
1<i<N 1<i<N

Wi fi 4 i f7 = paf;) bij(cos 0)|v — v*|Vdodv*,

3xS2

20 [0
N
Z / (1= Os) (1 fi + pifi* — paf;) bij(cos )|v — v*|"dodv*.
s 3%S2
Our goal is to show that A(®) has some regularizing effects and that Gy := B0 —v—¢.V,
acts like a small perturbation of G, := —v — v - V, and is thus hypodissipative.

Lemma 5.19. For any k in N, 8> 0 and § in (0,1), there exists C4 > 0 such that for all
£ in LLL (0)Y)
[ )

(o) = Oz (o)

The constant C4 is constructive and only depends on k, 3, 6, N and the collision kernels.

Proof of Lemma 5.19. As we proved it in Lemma 5.14, the operator A©®) can be written
as a kernel operator thanks to Carleman representation:
K

vie{l,...,N}, AP(f)(z,0) = / KL (0,0.), £(w,0.)) do..
R3

Moreover, by definition of A, its kernels kg)’(é) are of compact support which implies
the desired estimate. ]

Thanks to the regularizing property above of the operator A we are looking for solu-
tions to the perturbed Boltzmann equation

orf = G (f) + Q(f)
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5.5. The full nonlinear equation in a perturbative regime

in the form of f = fy + f, with f; in L)L ((v)*) and f3 in LZ, (<U>B,u’1/2) and (fy,f2)
satisfying the following system of equation

afi = GY(F)+Qf+f) and £(0,7,v) = fo(z,v), (5.5.2)
Ofs = G(f2)+AD(f) and f3(0,2,v) = 0. (5.5.3)

The equation in the smaller space (5.5.3) will be treated thanks to the semigroup gen-
erated by G in L*® ( (Y=t 2) whilst we expect an exponential decay for solutions in the
larger space (5.5.2). Indeed, B(®) can be controlled by the multiplicative operator v(v)
thanks to the following lemma.

Lemma 5.20. Define

Wk = (1 + m,’f/Q \vlk>1<‘ and Wygv = ((1 + mf/z ]v|k)z/z(v)> o
<i<N 1<i<N

There exists ko in N such that for any k > ko and § in (0,1) there exists Cp(k,0) > 0 such
that for all £ in LLL® (Wiv),

e

L) S CB(k, ) Ifll 11 Loo (wren) -

Moreover we have the following formula
Cp(k,d) = Cy + ex(9)

where €x(0) is an explicit function that tends to 0 as 0 tends to 0 and CYy is defined by
(5.1.10) and ko is the minimal integer such that Cy, < 1.

We make an important remark.

Remark 5.21. We emphasize here that for k > ko we have that lims_,o Cp(k,0) = Cy < 1.
Until the end we fix 0 > 0 such that Cg(k,dr) < 1. For convenience we will drop the
ezponent and use the following notations: B = B A = A Gy = G(lék) and finally
Cp = Cp(k,0). The equivalent of this result for the mono-species Boltzmann equation can
be found in [78, Lemma 4.4] for k > 2 which is recovered here when m; = m; (note that
our Lemma deals with more general collision kernels).

We also notice here that the weighted norm Wy required for this sharp lemma is equivalent
to (v)k.

The proof of Lemma 5.20 relies on a Povzner-type inequality. Such inequalities are now
common in the mono-species Boltzmann literature (for both elastic and inelastic collisions)

[124][109][8][9][78] and state that the integral on S? of [|v’|k + \vi]k] can be controlled
strictly by the integral on S? of Cy, [|v\k + ]v*ﬂ with C, = 4/(k +2) < 1 (for hard sphere
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

collision kernels) and a remainder term of lower order when k£ > 2. As we shall see, the
asymmetry brought by the difference of masses generates a larger constant C, that can still
be less than 1 if k is large enough.

The method proposed here to prove such a Povzner inequality is inspired by [9, Lemma
1 and Corollary 3]. The main idea is to consider kinetic energies m; |[v/|> and m; WL |? to
exhibit the problematic term arising from m; — m; which can be non-zero. We state our
result, which covers the mono-species case when m; = m;.

Proposition 5.22 (Povzner-type inequality). Let i and j in {1,...,N}. Then for all
k> 2,

Iy, k/2
/ |: k/2 ‘U ‘ + mk/2 |1) } ] do < bb%Ck m; |U‘2 +m; |U*‘2]
S2 j

where Cy was defined by (5.1.10) and ly,;, bg; by (5.1.9).

Proof of Proposition 5.22. By definition of v’ and v/, we can expand |v/|* and |v.|? as follows

1 i+ biide,
mlo? = Bt haleo)
1—ai — bis
mi " = B (e )

where we denoted by e the direction of the vector m;v + m;v, and we defined

E = m; [ol* +mj o,

1 m; —m; m; — m; m; —m; 9 m;m;
jj = — m; +mi————— v+ 44— (v, v4) |,
5= Bt | T [P ATEE T ) | 55
1 4m;m,
by = ——0 Iy — 0, . V.
i = F e+ my ) |v — vy| |miv + mju,|

We will drop the dependencies on v and v, The first important property to notice is that
for all o on S2, m; [v/[*> and mj [v.|* are positive and this implies

|al~j| <1, |CL7;j + bzg’ <1 and |CL7;]' — bzg‘ <1. (555)

Plugging these equalities inside the integral yields

/2[ WZ}U’ —i—mkm‘v ’ } do
S

k/2 k/2
_Ek:/2/ <1+aij+bij<€70>) : +(1_az‘j—2bz’j<670>> /] do
SQ

2
1
= 27?Ek/2/
-1

l—i—aij —i—bijz k/2+ 1 — Q45 —bz-jz k/2 d=
2 2
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5.5. The full nonlinear equation in a perturbative regime

8T
Iy 2Ek/2 [Frya(laij] , big) + Fiya(—lagl , ij)] (5.5.6)

where
1+a+b\P+tl  (14q—b\PT!
Fp(a,b):( 2 ) b( 2 )

When |a| < 1, a mere study of the function Fj(a,-) shows that the latter function is
increasing on [0,1 + a] if p > 0. Therefore, since |a;;| < 1, for & > 2 we can bound
Fy/o(laiz], bij) and Fyjo(— |aij|, bij) with their value at an upper bound on b;;. Using
(5.5.5) we see that 0 < b;; <1 — |a;j|. Bounding into (5.5.6), this gives

k/24+1 +(1- k/2+1

|aijl)

8 1 — [ay
/ (2 0|+ mf 2 ol ]| do < S E 2 (5.5.7)
S2

~—k+ 1—‘&1']"

To conclude the proof it suffices to see that the function

1— [a"?*0 4 (1 — |a])¥/2H!
1—a|

a ‘—

is increasing on [0, 1]. Proposition 5.22 will follow if |a;;| < [m; —m;| /(m; +m;).
Going back to the definition of a;; and decomposing v, as v = \v+4v+ with v1 orthogonal
to v we see that

_ 1 |mi —my|
|%”—E : :
m; +m;

% mg

2 - )2 _ 2,2
m; +my;

But then, direct computations show first

‘ mi—mj

mj < mj
mi +my

and second
2
‘mf +mymi(4X — X2 — 1) + A2m?| — (m; +mj)*(m; + N?m;)?
= —4mimj(1 — )\)2(77% + Amj)2 <0.

Hence

lai;] < |m; — mj| (m; + Nm;) v)? + m; ‘UL‘Q

s

= m; +m; FE

which terminates the proof of the proposition. O

Now we can prove the estimate on B().
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Proof of Lemma 5.20. We use the definition wy = (1 + mf/z [v[¥)1<i<n. Moreover, as we
will drastically bound B (f) by the absolute value inside the integral in v, it is enough to
show Lemma 5.20 only for f = f(v).

With the multi-species Povzner inequality (Proposition 5.22), the proof follows closely
the proof of [78, Lemma 4.4] with appropriate characteristic functions that fit the invariance
of the elastic collisions (5.1.2).

First we bound the truncation function from above by cutting the integral in the following
way

B©) )
H (®) LY (%)
N
< Z cy /RG . (1—6y) [uj | fil 4wl £ + Mi|f;~‘|} bij(cos0)|v — vi| Wy, dvsdo
ij=1
N
<y e / bij(cos )| — v V13| fil (TR, + Wk + W52 dvdu.do
ij—1 {| cos6]€[1-4,1]}
N
+ Z C$/| = bij(cos 0)|v — v.| p3| fil (W} + We;" + Wi )dvdv.do
i,j=1 VTS
N
+ Cicp‘/ 1 LF A+ 11|+l 11| big (cos ) o — v, |
le R

Note that we used the change of variables (v,vs,0) — (v, 0", v — v,/ |v — v4|) for M;*f{.
Then for ,u;fjl* we used first (v, vy, 0) = (vs, v, —0) which sends (Ugj,v;;) to (v;’;,v;z) and
then relabelling ¢ and j we come back to the first term f,* fl.

Defining the characteristic function y 4 on the set

A= {\/mz]v\2 + mjlve]2 > min {/my, /m; 67 or |u— v, > (5_1}

we can bound b(cos #) by its supremum b, and use the equivalence between v; and 1+ |v|”
to get
BO)(f)|
H ®) LY ()
< 0C(k) Il 11 (s
N
+ > C{{;/ XA [M}*\fﬂ + il £+ Hilfjﬂ bij(cos 0)|v — v.|"wg; dvdv.do
=1 R3xRR3 xS?

(5.5.8)

where C(k) will denote any positive constant independent on ¢ and f.

We shall deal with the second term on the right-hand side of (5.5.8) thanks to the Povzner
inequality. Indeed, the set A is invariant by the changes of variables already mentioned
(remember that when changing v to v, we also change i and j) and therefore
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5.5. The full nonlinear equation in a perturbative regime

S 7 o [ LA+ 1577+ il 1] i (cos ) o — v, dvdu.do
R3xR3xS2

4,j=1
N
=Yl [ xaby(eosO)u — v (R W + ) dodvdo
',j—l R3XR3xS?
S
1,j=1

+ 8w Z C'q)boo/3 xalv — v| V5| fi[wg; dvdvs
i,7=1

+4m Z C‘I)boo/ XA|’U — V| T3 | fi| W dvdus
1,j=1
(5.5.9)

We can use Proposition 5.22 for the first term on the right-hand side of the inequality.
Indeed,

— JR— — % we | d
, wkj+wkj — Wk — Wk, | do
S

Iy, k/2
< boé Cy <177,Z |U‘2 +m; ’U*‘z) —4mm

I, _ _
< 2k/2b7éck [(mi |v’2)k/2 1/2(mj |U*‘2)1/2 + (g |U‘2)1/2(mj |U*|2)k/2 1/2

]

by, k)2 /2 1k
—47r( o bOOCk>[ Bl + " v

k/2

[ofF — 4mm/? v, |*

Iy, .
For k > kg we have that C) < 1, hence %Ck < 1. We can thus plug this back into
ij
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k)2

(5.5.9) we find, recalling that wy; =1+ m; |v|*

f;c;;/

v (T 571+l £71) b (cos )] — v. [ dvdv,do
ij=1 R3 xR3 x

k— k—
5> Lo xalo = P il ] o]+ ol fon ] dode
ij—1 R3 xR

+ 127 Z C(I’boo /3XR3 xalv — v 5| fi| dvdvst

Jl

+ 8w Z C(I)boo/ XA|U—U*|V/LJ’fl’mk/2‘U*|k dvdv,
i,j=1

* k/2
+ G Z / xalv = v Vi | filmt? [o]F dvdo,
i,j=1 xR?

From here we can use that

XA (v, v.) < 2max {mg, m;} §(m; [v]* + my [v*]?)
2,
and the fact that v4+1 < kg < k to bound the first, second and third term on the right-hand
side by 6C' (k) [|f]| 11 (- And finally, we exactly have the definition of v;(v) in the last term
on the right-hand side. This gives

st

xa [ LFI w17 gl 1] s (cos 0) o = vV dvd,do

ij—1 R3 xR3xS?
; (5.5.10)
N
< Cr > I ill 2y g,y + SC R IE 1 ) -
i=1
Combining (5.5.8) and (5.5.10) yields the desired estimate. O
We conclude this subsection with a control on the nonlinear term.
Lemma 5.23. Define Q(f, g) by
N
1
V1<i<N, Qz f g Z QZ] fZ7g] + sz(gzvf])) (5'5'11)
j:l

Then for all £, g such that Q(f,g) is well-defined, the latter belongs to [Ker(L)]™:

L(Qt.g)) =0.
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5.5. The full nonlinear equation in a perturbative regime

Moreover, there exists Cq > 0 such that for all i in {1,...,N} and every f and g,

H@i(fa g)‘

L1150 (0)*) < Cg [ Hfl”L%LgO((y)k) IIgHL%LgO(MkU)

il 22 (e 18 gy |

The constant Cq is explicit and depends only on k, N and the kernel of the collision
operator.

Proof of Lemma 5.23. The orthogonality property is well-known for the single-species case
[25, Appendix A.2],[21] and follows in the same way as (5.1.3), (5.1.4). The estimate also
follows standard computations from the mono-species case, we adapt them to the case of
multi-species for the sake of completeness. Since we are dealing with hard potential kernels,
we can decompose the bilinear operator Q;;(fi, g;), for any ¢, j in {1,..., N}, as

Qulfess) = [, By (lo=vul.cos) fig dv.do

xS2

_ /3 ; Bij (Jv — vil,cos 0) fig; dv.do.
R3 xS

By Minkowski integral inequality we have for all ¢ in [1, 00),

Lo [euopra] "ws [ wr[[ [

1/q
—i—/ (v)* [/ ‘Bijfigﬂqu] dodv,dv.
S2xR3xR3 T3

Since the function (v,v.) — (v',v}) is its own inverse and does not change the value
of Bjj (Jv — v, cos6), we make the latter change of variables in the first integral and we

obtain
1/q
/<U>k [/ \Qij(fugjﬂqdm} dv
R3 T3

1/q
< / ()" + (w)¥) [ / ‘Bijfigﬂqu] dodv,dv
S2xR3xR3 T3

1/q

<oy ©F o) fo = o7 | [ g do| - dodudo,
S2ZxR3xR3 T3 I

q 1/q
dm} dodv,dv

The constant Cj; > 0 will stand for any constant depending only on m;, m;, the integral
over the sphere of b;; and C’%’- (see assumptions on the kernel B;j). Finally we use the fact
that [v — v.|” < (V)7 + (v*)7.

/]R?’ o [/Ts ’Qij(fi’gj)lqd:v} v dv

1/q
<cy (04 () + w47 / it de|  dodv,d.
SZxR3xR3 T3 /
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

We take the limit as ¢ tends to infinity and conclude

1Qi5 (Fi: i)y pese () < Cia | Mill Ly pee (o) 193112 pee oy
+ ”f’L||L}JLg°(<v)k+V) ng||L,L1)LgO(<U>k) .

We remind (5.2.4) which states that v;(v) ~ (v)? and the lemma follows after summing
over j, Cg being the maximum of all the Cj;. O

Study of the equations in L1L° ((v)")
We start with the well-posedness of the system (5.5.2) in L)L ((v)*).

Proposition 5.24. Let k > ko. Let fo be in LLLY ((v)F) and g in LPLLLY (v(v)*).
There exist n1, A1 > 0 such that if

foll (o) S and 3O A> 0 g0y ey < € Mol e ey €
then there exists a function fy in L°LILS ((v)¥) such that

Ofi =G1(f1))+Q(f1 +g) and f£1(0,z,v) =fo(z,v).
Moreover, any solution f1 satisfies

V>0, ()] 1y poo(upr) < Cre™ ol 1y oo (o) -

The constants Cy, 01, n1 and A1 are independent of fg and g and depends on N, k and the
collision kernel.

Proof of Proposition 5.24. We start by showing the exponential decay and then prove exis-
tence. As a matter of fact, we saw in Lemma 5.20 that the natural weight to estimate B is
Wi = 1+m*/2 |v|* which is equivalent to (v)*. We will therefore rather work in L1 L% (W)
which just modifies the definition for C1, §; and ;.

Step 1: a priori exponential decay. Suppose that f; is a solution to the differential
equation in LLL® (Wy) with initial data fp.
We recall that for ¢ in [1, 00),

N 1/q
= k/2),k 14
IExllzy 290 = ;:1: /Rg (14 m o) (/m | fual dw) dv.

Therefore we can compute for all 7 in {1,..., N}
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5.5. The full nonlinear equation in a perturbative regime

d
dt HfMHL})Lg (14mf 20"

i

= [ (et Y sl ([ st il aufs o)
R3 * T3

Observing that

Oifri = —v - Vafri — vi(v) fri + Bi (f1) + Qi (f1 +g),
that the transport gives null contribution
1
—y-

/ sen(fi;) | ful? v Vi fii do =
T3 q

/ Ve (|ful?) dz =0,
T3

that the multiplicative part gives a negative contribution,
= [ ) sl Ll do <~ (o) 11l
T x

and that by Holder inequality with ¢ and ¢/(q¢ — 1),

[ sl g <l (5.5.12)

we deduce

d

i

+ HQZ (fl + g)HL},Lg <1+m§/2|v|k)) .

First sum over ¢ in {1,..., N} and then let ¢ tend to infinity (on the torus the limit is
thus the L*°-norm). This yields for all ¢ > 0.

d

i ”ﬂ”L%Lg@(Vk) < - ||f1HL5Lgo(VWT() +B (fl)”L%L%’(WT()
+11Q(Fr + &)l 12 oo (wrr) -

(5.5.13)

We use Lemma 5.20 to control B, recalling that 0 < Cpg < 1, and the control of Q given
in Lemma 5.23 for Q (of course, since Wi ~ (v)* the Lemma still holds with a different
Cq). We get that for all ¢t > 0,

d
g Il remm = — |1 -0 —2Cq (HleL})LgO(Vk) + 2||gHL}ng°(w7k)>} 120l 21 20 (o)

+Cq llgM 1Ly o0 ) -

Since Cp < 1, if ||f1(0)| 11 oo (s i sufficiently small and thanks to the exponential decay of
llg(t)]] Lo L1 Lo () & direct application of Gronwall lemma yields the desired exponential
decay.
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Step 2: existence. Let f(°) = 0 and consider the following iterative scheme
BEEHY) oy v 0D =y (y) <f<n+1>> B (f(“)) +Q (f<n> i g>

with the initial data f®™+1)(0,z,v) = fo.
For each n in N, f®+1) is well-defined by induction since we have the explicit Duhamel
formula along the characteristics for all 7 in {1,..., N}

fi("H)(t,:c,v) — et f /Ot e~ vi(v)(t—s) |:Bi (f(n)> +Q; (f(n) + g)} (x — sv,v) ds.

We are about to show that (™) is a Cauchy sequence in LLL L (Wy).

neN

Direct computations on the nonlinear operator gives
o, (f(n""l) _ f(n)) S (f(n+1) _ f(n)) B (f(n) _ f(n—l))
+Q <f(n) _plo-1) pn=1) 4 g> +Q <f<n> tg £ f<n71)> 7

where we remind that Q was defined by (5.5.11) and that Q(a, a)—Q(b,b) = Q(a — b, b)+

Q(a,a—b) .
Taking the L.LS® (Wy)-norm of (f (n+1) _ ¢ (n)) and summing over ¢ from 1 to N gives
forallt >0

Hf<n+1>(t) — g (t)‘

L} Lge (W)

v

<3 [lan [ doem 00 (1w b e (100 - 00|
=170 9

where we defined
A, (f(n) _ f(n—l))
-B (f<n> —~ f<n*1>) +Q (f(n) _ 1) pn-1) g) +Q <f(n> 4 ) f<n71>> _

As v;(v) > 1y for all i and v we further get

ds

Ly L2 (W)

I ——

‘ A, <f<n> _ f<n71>) ‘

t
T W P

< [CB +Co <Hf<n>

t
% / e—l/()(t—s)
0

NS

LEL{Le (Wi L Ly Lge (W)

v

ds

Ly L2 (v W)

‘f(n)<s) _ f(n—l)(s)’

[ (I 1 )
0 L} L2 (vWy) L} L (vwi)
" elo ) 1) LI ()

(5.5.14)
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5.5. The full nonlinear equation in a perturbative regime

where, as above, we used Lemma 5.20 and the estimate of Lemma 5.23.

Let us look at the terms inside the time integrals. Thus, we take the L;L.L%® (vwy)-
norm of (£®*+) — £) and sum over i.

t
/ Hf<“+1>(s) —f(“)(s)‘
0
< (v)(s—s1) —_ (n) _ p(n—-1) H .
Z/ / /R3 Vi (0) i (v) HAn (f £ ) o (1) dsids
We exchange the integration domains in s and sj, which implies
[ -
Ly L2 (Wiv)

<Z/ /}R (/ —vi(0)(s—s1) ()ds> Tl HA (f<n> fln— >)HL20 (51) dsi.

Since the integral in s is bounded by 1, we use Lemma 5.20 and Lemma 5.23 again and
obtain

ds
LLLg ((v)kv)

/Ot “f(n+1)(s) — f(“)(s)‘ L () ds
O (L Y L Y .|
X /Ot Hf(“)(sl) —f(“_l)(sl)‘ ey B
t
e [/ (Hf(n)‘ LLE (Wiv) - Hf(n_l)‘ L%Lgo(wkv)) dsl}
" o J£6s) = £02) L3 L2 (W)

(5.5.15)

We now conclude the proof of existence. Indeed, exact same computations but sub-
tracting e V(")!fy instead of £™ lead to (5.5.14) and (5.5.15) with £~ replaced by 0.
Therefore, since Cp < 1 it follows that for [|fol 11700 ) and HgHL;”L%L;O(wTW
small we have that there exists C' > 0 such that for all n in N and all £ > 0,

ol

) sufficiently

L1 Loo (W) <C HfOHL}JLgO(wT{)

and

ds < C'|foll 11 100 (wpr) -

e llg
/0 Hf " (S)‘ L1 L% (Wiv) ds < C/o Hf LYL (Wiv)
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Therefore, denoting by C' any positive constant independent of £™ and g, adding (5.5.14)
and (5.5.15) yields

ds

Ly L2 (Wiv)

Hf<n+1>(t) £ (t)’

P /0 t [+ (s) — £ )|

< Cny sup Hf(“)(S) —f(“_l)(S)‘
s€[0,¢]

+ [Cp + Cm] /Ot Hf(n)(s) _ f(n—l)(s)’

Ly L2 (W)

ds.

Ly L2 (Wiv)

Since Cp < 1, choosing 71 such that Cp + Cn; < 1 implies that (f("))neN is a Cauchy
sequence in L{°LYLZ (Wy). Hence, (f ("))n cn converges to a function fy in L¥LLLY (Wy)
and since k > kg > v we can take the limit inside the iterative scheme and f; is thus a
solution of our differential equation. O

Study of the equations in L2, ((v)’p~1/2)
We turn to the system (5.5.3) in L35, ((v)pu=Y2) with 8 > 3/2 so that Theorem 5.17
holds.

Proposition 5.25. Let k > ko, § > 3/2 and let assumptions (H1) — (H4) hold for the
collision kernel. Let g = g(t,z,v) be in LLLLY ((v)*). Then there exists a unique

function f3 in LYPLY, ((0)P =12 such that
Ofa =G (f2) + A(g) and £2(0,z,v) =0.
Moreover, if Tlg (f2 +g) =0 and if
INg, g >0, Vt>0, Hg(t)”L}JLgO(@)k) < 7795/,—/\,91&7

then for any 0 < Ay < min {Ag, Ao}, with Ao defined in Theorem 5.17, there exist Co > 0
such that

The constant Cy only depends on As.

Proof of Proposition 5.25. Thanks to the regularising property of A, Lemma 5.19, A (g)
belongs to L{°Lg, (<’U>f3 pY 2). Theorem 5.17 implies that there is indeed a unique fa
solution to the differential system, given by

£y = /O Sa(t—s)[A () (s)] ds,

where Sg(t) is the semigroup generated by G in L2, ((v)Pp=1/2).
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5.5. The full nonlinear equation in a perturbative regime

Suppose that Ilg (f2 + g) = 0 and that Jn, > 0 such that Hg(t)||L1Loo(<v>k) < mge M

Using the definition of IIg (5.3.1), the projection part of fa is straightforwardly bounded
for all ¢t > 0:

e (F2) (Ol oe, (wyp-12) = 1M (8) Ol e, (@ypp-1/2) = O 181 L3 Lo ()

ot (5.5.16)

< CHGng €

Applying II& = Id — IIg to the equation satisfied by fa we get, thanks to the fact the
definition of IIg (5.3.1) which is independent of ¢,

00 |11g (£2)] = G |G (£2)] + 11 (A ().

This yields ,
G (52) = | Salt—s) [ (A () (5)] ds.

We now use the exponential decay of Sg(t) on (Ker(G))*, see Theorem 5.17.

t
SCOO/ o~ Aoo(t=9)
0

& (52) & (A () (s)

L (W)Pu=1/2) L2, ((@)Pu=1/2)

Using the definition of IIg (5.3.1) and then the regularising property of A Lemma 5.19 we
further bound, for a fixed Ap < min {Aso, Ag},

¢
L —Aoo(t—5) ,—Ags
HHG (fz)HLgf’v((v)ﬂu—l/z) = C‘X’CHGCACWQ/O € e " ds
< CCooCri, CaCyn, te™ MintAa Ao}t
< Cy(Ag)mge " (5.5.17)
Gathering (5.5.16) and (5.5.17) yields the desired exponential decay. O

Proof of Proposition 5.18

Take fo in LLLZ ((v)*) such that IIg(fo) = 0.
The existence will be proved by an iterative scheme. We start with fl(o) = féo) =0 and
we approximate the system of equation (5.5.2) — (5.5.3) as follows.

oY = Gy (HMY) - Q (e + 57)
0 - () 1A ().

with the following initial data

f§n+1)(0,x,v) = fo(z,v) and f;nﬂ)(o,x,v) =0.
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

Assume that (1 + C1C2) ||fo|| < m1, where C1, n1 were defined in Proposition 5.24 and
C5 was defined in Proposition 5.25. Thanks to Proposition 5.24 and Proposition 5.25, an

induction proves first that (fl(n)) N and (fén)> N are well-defined sequences and second
€ €
that for all n in N and all £ > 0 " "

IN

|6 )

)

—Ait
LLLg ((v)*) e ”fOHLngo(@w) (5.5.18)

(5.5.19)

— Aot
s (o) = OO Mol o)

with Ao < min {\;, Ao }. Indeed, if we constructed f{n) and fén) satisfying the exponential

decay above then we can construct fl(r”l) with Proposition 5.24 and g = fz(n), which has

the required exponential decay (5.5.18), and then construct fénJrl)

_ f£n+1)

with Proposition 5.25

and g . Finally, we have the following equality

o, (f(““) + f(““)) el (f(““) + gt ) +Q ( £t 4 fz(“)) .

Thanks to orthogonality property of Q in Lemma 5.23 and the definition of IIg (5.3.1) we
obtain that the projection is constant with time and thus

Mg (£ + 6*™) = g (fo) = 0.

Applying Proposition 5.25 we obtain the exponential decay (5.5.19) for f2(n+1).

We recognize exactly the same iterative scheme for f{‘+1 as in the proof of Proposition
5.24 with g replaced by fz(n). Moreover, the uniform bound (5.5.19) allows us to derive the

same estimates as in the latter proof independently of f2(n). As a conclusion, (fl(n)) N is
ne

a Cauchy sequence in L LLL® (<v>k) and therefore converges strongly towards a function
fi.

By (5.5.19), the sequence (fén)) . is bounded in L°L, ((v)?p~1/2) and is therefore
ne ’
weakly-* compact and therefore converges, up to a subsequence, weakly-* towards fa in

LEL, ((0)Pu=12).

Since the function inside the collision operator behaves like |v — v,|” and that in our
weighted spaces k > ko > 7, we can take the weak limit inside the iterative scheme. This
implies that (fy,fz) is solution to the system (5.5.2) — (5.5.3) and thus f = f; + f5 is
solution to the perturbed multi-species equation (5.5.1). Moreover, taking the limit inside
the exponential decays (5.5.18) and (5.5.19) yields the expected exponential decay for f.

5.5.2. Uniqueness of solutions in the perturbative regime

As said in Remark 2.2.5, we are solely interested in the uniqueness of solutions to the multi-
species Boltzmann equation (5.1.1) in the perturbative setting. In other terms, uniqueness
of solutions of the form F = pu + f as long as Fq is close enough to the global equilibrium
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5.5. The full nonlinear equation in a perturbative regime

p. This is equivalent to proving the uniqueness of solutions to the perturbed multi-species
equation

of = G(f) + Q(f) (5.5.20)

for fg small.

Proposition 5.26. Let k > ko and let assumptions (H1) — (H4) hold for the collision
kernel. There exists m, > 0 such that for any fo in LILY ((v)k), if ||f0HL1L°°((v)k) <

then there exists at most one solution to the perturbed multi-species equation (5.5.20).
The constant mi only depends on k, N and the collision kernels.

The uniqueness will follow from the study of the semigroup generated by G in a dissipa-
tive norm as well as a new a priori stability estimate for solutions to (5.5.20) in the latter
norm. They are the purpose of the next two lemmas.

Lemma 5.27. Let k > ko and let assumptions (H1) — (H4) hold for the collision kernel.
The operator G generates a semigroup in LIL ((v)k) Moreover, there exist Ci, A\ > 0
such that for all fo in LILY ((v)*) with Mg (fo) = 0

Vit >0, ||SG(f)||L%Lg°(<v>k) < Ckei)\kt ||f0||L11)Lg°(<v>k) )

Proof of Lemma 5.27. From Proposition 5.18 with a collision operator Q = 0 we have the
existence of a solution to the equation

af = G (f)

with initial data fo in LLLS° ((v)*). Moreover, that solution satisfies IIg(f) = 0 and it
decays exponentially fast with rate Ag.
Let g be another solution to the linear equation then

o(f-g)=[-v-Ve—v+B+A|(f-g).

Similar computations as to obtain (5.5.13) yield

d
at Hf - gHL%Lgo(@)k) < - ”f - g”L%Lgo(@)k,,) =+ HA(f - g)HL})LgO(@)k)
+IBE =)l Ly Lo () -

Using Lemma 5.19 and Lemma 5.20, there exists 0 < Cp < 1 such that

d
S NE= 8l e () S (1= CB)IE = &l g oo (oyin) + Ca IE — &l Ly e () - (5:5:21)

Since (1 — Cpg) > 0 we can further bound

d
¥ IIf — gHL%LgO((Uyc) <[Ca—(1-Cp)]|f - gHL})LgO((v)’“)
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

and a Gronwall lemma therefore yields f = g if gg = fp.
We thus obtain existence and uniqueness of solution to the linear equation which means
that G generates a semigroup in LLL%® ((v)k) Moreover it has an exponential decay of

rate Ay > 0 for functions in (Ker(G))™. O

We now derive a stability estimate in an equivalent norm that catches the dissipativity
of the linear operator.

Lemma 5.28. Let k > ko and let assumptions (H1) — (H4) hold for the collision kernel.
For a > 0, we define

+oo
6l = Wy + ) 19006) Ollzgus oy o

There exist n, o, C1, Co and A > 0 such that |||, ~ H‘”Lle(@)k) and for all fo in
LLLZ ((v)F) with g (fo) = 0 and such that

”fOHL%Lgo«wk) <

if £ in LLLY® ((v)*) with Ilg(f) = 0 is solution to the perturbed equation (5.5.20) with initial
data fo then

d
gl < = (€= Colifllo) I

where the subscript v refers to the fact that the weight is multiplied by v;(v) on each coor-
dinate.

kv

Proof of Lemma 5.28. Start with the new norm. Lemma 5.27 proved that for all fp such
that Il (fo) = 0 and all s > 0,

1Sc () (Fo)ll y 1o ((uy) < Cre™ Ifoll Ly pe (1upr)

and hence

Ck
o lfollpy oo ((opr) < Mfolla < <a + )\k> 1Boll 2y 2o (quy) -

Suppose that f is the solution described in Lemma 5.28. Same computations as to obtain
(5.5.13) and (5.5.21) yields

d

@ ||fHL11}Lgo(<v)k) < _(1 - CB) HfHL})Lgo((v)ky) +Ca Hf”L%Lgo(@)k) + HQ(f)HL})Lgo(@)k) .

To which we can apply Lemma 5.23:

d
(5.5.22)
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5.5. The full nonlinear equation in a perturbative regime

We now turn to the second term in the |||, , norm. For ¢ in [1,00) we denote ®4(F) =

sgn(F) |F|77!, where it has to be understood component by component. We thus have
d [T
G| 186 €D gra ey oo

[ [t iseemi
=7 [ @t isemiy

First, by definition of Sg(s) we have that

) Sa(s) [G(f)] dw) dvds

/ ¢ (Sa(s)(f)
</T P, (S (s)(F) Sa(s) [Q(D)] dx) duds

Oy (Sa(s)(£(1))) Sals) [G(E(H))] = % S (s)(E(2))]”-

Second, by Holder inequality with ¢ and ¢/(q — 1) (see (5.5.12)):

/TS y (Sa(s)(£(1)) Sa(s) [QUE®)] de < [1Sa(s)(E1)]T4" [1Sa(s)(QUED)) 12 -
We therefore get

Foo +o00
jt/o [Sa(s) (f(t))HL%Lg((UVc) ds S/o C% HSG(f(t))”L},Lg((v)k) ds

—+00
L /0 1S (s)(QUEN) 1 3 ((uyr) -

We make ¢ tend to infinity. Then we have IIg(Q(f(¢))) = 0 by Lemma 5.23 so we are able
to use the exponential decay of Sg(s) Lemma 5.27. This yields

d [T
i 186 EN sy ) ds <~ IEOl e (o

w0 ([ ) 1O g -

With Lemma 5.23 we control Q(f):

d 400
& 0 HSG(S) (f(t))HL%LgO((@k) ds < — ”f(t)||L1Loo(< >k)

(5.5.23)
C.C
k Q

To conclude we add « x (5.5.22) + (5.5.23),

d CiCq
—If]], . <— |a(l— - f f
o 1£]l4.0 < [a( CB) <0¢C@ + )\k > | ||L%Lgo(<v>k)] | HL})LgO((v)kV) (5.5.24)

+[aCa = £l 1y o (quyr) -

Choosing « such that (aCyg — 1) < 0 yields the desired estimate. O
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

We now prove the uniqueness proposition.

Proof of Proposition 5.26. Let f and g in LLL® (<U>k), k > ko, be two solutions of the
perturbed equation with initial datum fjy.
Thanks to Lemma 5.28, if HfOHLlLOO((v)k) is small enough we can deduce from the differ-

ential inequality that for all t > 0,

d
7 Ifllae = =Cr liflla g
and the same holds for g with the same constant C; > 0. We therefore have two estimates
on f and g. Either by integrating from 0 to ¢:

t
20 [y ds <O ol (5.5.25)
0

or by Gronwall lemma:
VE> 0, [IE()]0p < e [foll oy (5.5.26)

The same estimate holds for g.
Recalling the definition (5.5.11) of the operator Q, we find the differential equation
satisfied by f — g:
a(f-g)=G(f-g)+Q(f—gf)+Q(gf-g.

Using controls on B (Lemma 5.20), A (Lemma 5.19), Q (Lemma 5.23) and the semigoup
property (Lemma 5.27), exact same computations as for (5.5.24), gives

d CiCq
Gl < (- )~ (aCq+ L) (Il -+ lgll)| 1F - el

+ [aCa =14 Co (Ifllaps + I8has ) | IE— &l

Note that we used the equivalence of the ||-||,, norm and our usual norm (see Lemma
5.28).
First, by (5.5.26) and Cp < 1, if fy is small enough then for all ¢ > 0,

CxCo
<0.
<C0) (161 + ) <0

Second we take o small enough so that (a«C'4 — 1) < 0. Hence, integrating the differential
inequality from 0 to ¢:

t
I ~ 801 = Co | [ (IR + 18O ) ] sup 1) - )

s€[0,t]

o(1— Cp) — <acQ +

k,a *

To conclude we use (5.5.25) to obtain

2C
V20, 60~ g0)la < o Mol ( sup [£(s) - g(s)Hk,a) ,
k s€[0,t]
which implies f = g if o], ;. is small enough. O
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5.5. The full nonlinear equation in a perturbative regime

5.5.3. Positivity of solutions

This last subsection is dedicated to the positivity of the solution to the multi-species Boltz-
mann equation
oF +v-V,F=Q(F) (5.5.27)

in the perturbative setting studied above.

Proposition 5.29. Let k > ko, let assumptions (H1) — (H4) hold for the collision kernel,
and let fo be in LLL ((v)*) with g (fo) = 0 and

”fOHqu)LgO(@)k) < Tk

where n, > 0 is chosen such that Proposition 5.18 and Proposition 5.26 hold and denote f
the unique solution of the perturbed multi-species equation associated to fy.
Suppose that Fo = p+ 1o >0 then F=pu+f > 0.

Proof of Proposition 5.29. Since we are working with the Grad’s cutoff assumption we can
decompose the nonlinear operator into

Q(F) = —Qu(F) + Q2(F)

where
N
QuF) = Z/ — v, cos 0) FiF} dv.do
—1 /R3xS?2
N
Q2(F) = 2/3 2B¢j (|U—U*\,COSH)F{FJI~* dv,do.
j=1 R3 xS

Following the idea of [83], we construct an interative scheme for the multi-species Boltz-
mann equation

JFPTY 4. v, FOFY L Q(FFY F)) = Qqu(FM),

with the non-symmetriized bilinear form Q, defined as

N
ali(Fa G) = Z/ Bij (‘U - U*|>COS 9) FZG; d’U*dO'
R3 xS2

N
Qq(F,G) = Z/ — Vsl cos@)FG dv,do.
1 3xS2

Defining f™ = F™ — p we have the following differential iterative scheme

DY) 0 T, = —p (o) (FH) 4 K (£0) + Qg (£) = Qq (£, 1))
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5. The nonlinear multi-species Boltzmann system close to global equilibrium

As before, we can prove that (f (n))n e 18 well-defined and converges in LILZ ((v)F) towards
f, the unique solution of the perturbed multi-species equation and thus the same holds
for F™ converging towards F the unique perturbed solution of the original multi-species
Boltzmann equation.

We prove that F™ > 0 by an induction on N.
By definition we see that
QI(F(nJrl), F) = ¢ (F™)F+D)

)

and thus applying the Duhamel formula along the characteristics gives
FOHD (¢ 2 v)
t
= exp [—/ a(F™)(s, 2 — (t — s)v,v) ds] Fo(z — tv,v)
0

+/Ot exp {— /St g1 (F™)(s1,2 — (t — s1)v,0) dsl] Q2(F™) (5,2 — (t — s)v,v) ds.

By positivity of F® all the terms on the right-hand side are positive and therefore F*+1 >
0. Passing to the limit implies that F > 0. O
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The diffusive models
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6. Cross-diffusion population systems for
multiple species

Our goal in this chapter is the proof of global existence of weak solutions to reaction-cross-
diffusion systems for an arbitrary number of competing population species in a bounded
domain with homogeneous Neumann boundary conditions. In the case of linear transi-
tion rates, the model considered extends the two-species population model of Shigesada,
Kawasaki, and Teramoto. The existence proof uses a refined entropy method with the help
of a new approximation scheme. Global existence can be proved under a detailed balance
or weak cross-diffusion condition. The detailed balance condition is related to the symme-
try of the mobility matrix, which mirrors Onsager’s principle in thermodynamics. Under
detailed balance (and without reaction), we can show that the entropy is nonincreasing
in time, but counter-examples illustrate that the entropy can increase initially if detailed
balance is not satisfied.

6.1. The model

We briefly recall the model. As already introduced in Section 3.1, we consider the reaction-
cross-diffusion equations

Opu; — div (ZAij(u)Vuj> =filu) nQ, t>0, i=1,...,n, (6.1.1)
j=1

with homogeneous Neumann boundary conditions and initial conditions

)

S Ay(w)Vu; v =0 ondQ, t>0, ul(-,0)=u) inQ, (6.1.2)
j=1

where the variable u; describes the density of the ith species of u = (uq,...,u,), Q C R
(d > 1) is a bounded domain with Lipschitz boundary, and v is the exterior unit normal
vector to 0f2. The diffusion coefficients have the form

Opi
8’(1,]'

n
(w), pi(u) =ap+ Zaikuz, ihj=1,...,n, (6.1.3)
k=1

Aij(u) = dijpi(u) + w
with a0, a;; > 0 and s > 0. The reaction terms f; are of Lotka-Volterra type,

fz(u) = U; <bz‘0 - meUj), 1= 1,...,77,, (6.1.4)
j=1
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6. Cross-diffusion population systems for multiple species

and we assume that we are in the competition case, thus by, b;; > 0. We notice that
equations (6.1.1) can be also written in the following form

Ou; — Aupi(u)) = fi(u), 1<i<n. (6.1.5)
The entropy reads

H[u]:/Q d:z:—/Zm ;) (6.1.6)

where m; > 0 are some positive numbers and

z(logz—1)+1 for s =1,

hs(z) = ¢ 2°—sz 1 for s £ 1. (6.1.7)

s—1
If we use the so-called entropy variable w = (wy,...,w,) by
oh m; log u; for s =1,
W= Ou; (u) = { Sjil (ui™t —1) fors#1,
we can rewrite equations (6.1.1) as
dru(w) — div(B(w)Vw) = f(u(w)), B(w) = A®w)H(u)", (6.18)

with u(w) := (h')~!(w) describing the inverse transformation and H(u) = h”(u) the Hes-
sian of the entropy density.
Now we introduce two important conditions, a detailed-balance condition and a weak

cross-diffusion condition, which are important in the context of deriving the crucial gradient
estimate in Section 6.2.1, which has the form

H /Zmaz(ﬂv\F dac—i—2/ Zmam\Vul] dx < 0. (6.1.9)
i=1

This inequality implies an H' estimate for \/u; if a;g > 0, and an H' estimate for u;
if a;; > 0. First, it turns out that (6.1.6) is a Lyapunov functional and the condition
H(u)A(u) is symmetric and positive definite if

Q45 = TGy for all i,j = 1, e,y (6.1.10)

which we will call detailed balance condition.
Moreover, we show that if self-diffusion dominates cross-diffusion in the sense

S

wi= g, (o gy 20 () o 6111

and detailed balance may be not satisfied, then the estimate leading to (6.1.9) still holds
true, but with different constants, leading to global existence. We remark that we set
7; = 1 whenever detailed balance does not hold.
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6.1. The model

6.1.1. Main results

Theorem 6.1 (Global existence for linear transition rates). Let T > 0, s = 1 and u° =

(W), ..., ud) be such that u) >0 fori=1,...,n and [, h(u’)dz < co. Let either detailed
balance and a;; > 0 fori = 1,...,n; or (6.1.11) hold. Then there exists a weak solution

u=(ug,...,up) to (6.1.1)-(6.1.2) satisfying u; > 0 in , t > 0, and

ui € L*(0,T; H'(Q)), w; € L™(0,T; L)),
u; € L2+2/d(QT)7 atUi € Lq/(oa Ta WLQ(Q)/)’ L= ]-7 sy Ty

where ¢ = 2(d+ 1) and ¢’ = (2d +2)/(2d + 1). The solution u solves (6.1.1) in the weak
sense

/0T<8tu, P)dt + /OT /Q V¢ : A(u)Vudzdt = /OT/Qf(u) - ¢drdt (6.1.12)

for all test functions ¢ € LI(0,T; WH4(Q)), and the initial condition in (6.1.2) is satisfied
in the sense of W14(Q)'.

For a generalization of this theorem to the case of vanishing self-diffusion, see Remark
6.12.

The second result works for nonlinear transition rates (s # 1). In the sublinear case
(i.e. s < 1), we face the probem that the entropy inequality only yields the regularity
u; € L*+2/ 4(Qr). This doe not yield an L? estimate for “small” exponents s < 1 and large
dimensions d. Thus, we need to assume the lower bound s > 1 —2/d and a weaker growth
of the Lotka-Volterra terms:

f,(u) :ui<bio—Zbiju}7>, 1=1,...,n, 0§O’<28—1+2/d. (6113)
j=1

The superlinear case (i.e. s > 1) is in some sense easier than the sublinear one, because
the entropy inequality gives the higher regularity u; € LP(Qr) with p > 2. On the other
hand, we need a weak cross-diffusion constraint. Thus, under detailed balance, we require
that

s—1 «—

‘= mi i — i 1.14

(P (a“ s+1 Z 'aw) >0, (6.1.14)
J=1,j#i

and if detailed balance is not satisfied, we assume that
Mo := ':mjn ai; — ; Z (s(aij + aji) - 2%) > 0. (6.1.15)
i=1,...,n 2(8 + 1)

J=1,j#i

For m > 2 and 1 < ¢ < 0o we introduce the space

W (Q) ={p e W™I(Q): V¢ -v=0on o} (6.1.16)
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6. Cross-diffusion population systems for multiple species

Theorem 6.2 (Global existence for nonlinear transition rates). Assume that T > 0, s >
max{0,1 — 2/d}, and let the initial data u® be such that u) > 0 for i = 1,...,n and
Joh(w?)dz < co. If s < 1, we suppose that (6.1.13) and either detailed balance and a; > 0
fori=1,...,n; or (6.1.11) hold. If s > 1, we suppose that (6.1.4) and either detailed
balance and (6.1.14) or (6.1.15) hold. Then there exist a number 2 < q < oo and a weak
solution v = (u1,...,up) to (6.1.1)-(6.1.2) satisfying u; >0 in Q, t > 0, and

uf € L0, T; HY(Q)), wu; € L>®(0,T; L™ {1s}(Q)),
wi € LP)(Qr), Ow; € LY (0, T;W(Q)), i=1,...,n,

where p(s) = 2s + (2/d) max{1,s}, 1/¢g+1/¢ =1, and m > max{1,d/2}. The solution u
solves (6.1.1) in the “very weak” sense

/OT<8tu, (ﬁ)dt—/OT/QiZ:;uipi(u)Agbid:cdt—/OT/Qf(u).¢dwdt (6.1.17)

for all ¢ = (¢1,...,¢n) € LI(0, T; W, 4(Q)), and the initial condition holds in the sense of
Q).

Again, we can generalize the theorem to the case of vanishing self-diffusion if either
s > max{1,d/2}; or 0 < s < 1,d =1, and 0 < s+ 1 hold; which is sketched in Remark
6.17.

The chapter is organized as follows. Section 6.2 is concerned with the positive definiteness
of the matrices H(u)A(u) and H.(u)A:(u). The existence theorems are proved in Sections
6.3 and 6.4, respectively. In the final Section 6.5, we detail the connection between the
detailed balance condition and the symmetry of H(u)A(u), prove a nonlinear Aubin-Lions
compactness lemma needed in the proof of Theorem 6.2, and show that the entropy may
be increasing initially for special initial data.

6.2. Positive definiteness of the mobility matrix

We derive sufficient conditions for the positive definiteness of the matrix H(u)A(u). Let
Ry = (0,00). Recall that

n
§ : -1 —2

Aij (u) = (Sij <a¢0 + azku2> + saijuiuj s Hij (u) = (51']'871'1"&; .
k=1

The following result is valid for any s > 0.

Lemma 6.3. Let s > 0. Then, for any z € R"™ and u € R”,

n n
2 H(uwA(u)z > s Z miapoui 227 + s(1 — s) Z Wiaijujquzg
=1

i,j=1,i#j
n n

s o
+sYy ((s + Dmiaii — 5y (Vmidi \/Wf) wXTD2 0 (6.2.1)

i—1 j=1
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6.2. Positive definiteness of the mobility matrix

Proof. The elements of the matrix H(u)A(u) equal

n

(H(u)A(u))Zj = (5@'37‘& (aiouf_Q + Z aikuZuf_Q> + szaij (uiuj)sfl
k=1

= 0jj (smaigu +s(s+ 1)7rlallu2(s 1))

—92 _
+ 5@‘87&' E alkuZuf + (1 — 5Z'j)827TZ'aZ'j<’U,Z”UJj)8 1.
k=1, k#i

Therefore, for z € R™,

n n
ZTH(U)A(’U,)Z =5 Z maiouf_inQ +s(s+1) Z Wiaiiu?(s_l)zg

i=1
n n
2.2, 2 -1
+s g maiguiu; 2+ s E miaij(uiug)® " 225 (6.2.2)
h,j=1,i#] i,j=1,i#]

:111+"'+I4-

The sum I; is the same as the first term on the right-hand side of (6.2.1), and I5 equals
the first part of the last term on this right-hand side. The remaining terms are written as

n n
2 s, s—2_2 —-2_2
I3+ 1,=s E maiguiu; 2y + s(1—s) g Wzalju LTH
i,j=1,i#j i,5=1,1#]
n
2 s—1
+s E Wiaij(uiuj) ZiZj-
ij=1, i

The second term corresponds to the second term on the right-hand side of (6.2.1). Thus,
it remains to prove that

n n

J = Z ﬂ'lawujuf 22’124-82 Z Wiaij(uiuj)s_lzizj
i,j=1,i#j i,j=1,1#]
s% 2,26-1) 2
> —5 > (vma — vmag) u;
7=1

For this, we employ twice the inequality b* + ¢ > 2bc:

n n
2 s, 5—2_2 2 s, 5—2_2
J=s g TiQiuju; “Z; + S g TiQijuiu; "z
i,j=1,1<j i,j=1,1>j
n n
2 s—1 2 s—1
+ s E ;G (uluj) zZizj + 8 E Qg (uluj) ZiZj
ij=1,1<j ij=1,i>
n
2 s, s—2_2 50,5™ 2.2 -1
=s E (mawujuZ Zi + miajiuiugzy + (miaij + miag;) (uug)® zz-zj>
ij=1,i<j
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6. Cross-diffusion population systems for multiple species

n

> ) (2\/7W(uin)s_l\Zsz\ —(Wz’az’j+7Tjaji)(“i“j)s_1‘z"zj’>
ij=1,i<j
- 2
== D (vmay — )| (e (w5 )|
1,j=1,1<j
52 & 2
> -5 Y (VA - ) () + T )?)
i,7=1,1<J
s - 2/ s—1_12
=—5 > (vmay — vma) (g z)
ij=1,i7]
This finishes the proof. O

6.2.1. Sublinear and linear transition rates

For s < 1, Lemma 6.3 provides immediately the positive definiteness of H (u)A(u) if detailed
balance (6.1.10) holds. However, we can derive a sharper result.

Lemma 6.4 (Detailed balance). Let 0 < s < 1 and ma;; = mjaj for all i # j. Then, for
all z € R™ and u € R’

n
2 H(u)A(u)z > s Z miul "2 (a0 + (s + D)aguf) 22
i=1

2 [u; [u; 2
+ 5 | Z ‘ﬂ'iaij(uiuj»)sfl < ;Zzi + uij) . (623)
1,7=1,1#j

Proof. The sum of the terms I; and I in (6.2.2) is exactly the first term on the right-hand
side of (6.2.3). Using detailed balance, we find that

n n

S (7 S U;
s—1%7 2 s—1%1 2
I3+ Iy = = E Wiaij(uiuj) —z; + = E Wiaij(ujui) —Zj
2 U; 2 Uj
i,j=1,1#] 1,j=1,1#]
n
2
+s g miai; (uiug)®™ " 22,
i,j=1,i#j
2 n 2 n
S U4 S Us
s—1%7 2 s—1"1 2
= E E ﬂiaij(uiuj) 1721 + 5 E maij(ujui) ;Zj
ij=1,i#j ! ij=1,i#j J
° S "~ u
2 s—1 s—1%5 2
+s E maij(uiuj) zizj + 5(1 — S) E maij(uiuj) 1722
i.j=1,i#] i.j=1,i#j '
S "~ u
s—1 % 2
+ 5(1 — S) E maij(ujui) ufZ]
1.j=1,i#] !

The sum of the first three terms equal the second term on the right-hand side of (6.2.3),
and the remaining two terms are nonnegative since s < 1. O
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6.2. Positive definiteness of the mobility matrix

Remark 6.5. In the existence proof, we will choose z; = Vu; (with a slight abuse of

notation). Then the first term in (6.2.3) gives an estimate for Vuf/2 in L? (if a;p > 0) and
the better bound Vu; € L? (if ai; > 0). If a;; = 0, we lose the latter reqularity. This loss
can be compensated by the last term in (6.2.3) giving

\fv +\/>Vu3

and consequently a bound for V(uiuj)s/2 in L?. This observation is used in Remark 6.12.
O

Uzuj S ! 2|V(uluj)8/2|27 i # 7,

Lemma 6.6 (Non detailed balance). Let 0 < s < 1. If

Mo := Ioin_ (a - ﬁ Z (vaij — x/@)z) >0

1=

then H(u)A(u) is positive definite. Under the slightly stronger condition ny > 0, it holds
for all z € R" and v € R"} that

n

2 H(u )z > sZaouS 222 ¥ nos(s + I)Zu?(s_l)z?.
i=1
The lemma follows from Lemma 6.3 after choosing m; =1 for i = 1,...,n. Observe that

no > 0 holds if a;; > 0 for all 4 and (a;;) is symmetric.
It is possible to show the positive definiteness of H(u)A(u) without any restriction on
(a;j) (except positivity) if we restrict the choice of the parameter s; see the following lemma.

Lemma 6.7. Let a;; +aj; >0 fori,j=1,...,n and 0 < s < 59, where
2 /i Cin
Sp := min VYR < 1.

i,j=1,...n Qjj + Gj;

Then, for all z € R" and v € R"},
n
z H )z > sZalous 222 +s(s+1) Zaiiu?(sfl)zf.

Proof. We choose m; =1 for i =1,...,n. With the notation of the proof of Lemma 6.3, we
only need to show that I3 + I, > 0. Employing the inequality b? 4 ¢? > 2bc, we find that

n
I3+ 1i=s E (awujuf 222 + aﬂufuj 222 + s(ai; + aj;)(uiug)® lzizj>

ij=1,i<j

n
>s5 Y (2\/az‘jaji(uiuj)s_1lzizj\ — s(ay + aji)(uz'uj)s_l\zz‘sz

ij=1,i<j

n 2 i
=s > (ay+az) <afaﬂ - 8) (ugug)*Hziz),
i,j=1,i<j K 7

and this expression is nonnegative if s < sq. ]
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6. Cross-diffusion population systems for multiple species

6.2.2. Superlinear transition rates
Again, we assume first that detailed balance holds.
Lemma 6.8 (Detailed balance). Let s > 1 and ma;j = mjaj; for all i # j. If

) s—1 &
mo= i (o= 157 3 as) 20
J=1,j#i

then H(u)A(u) is positive definite. Furthermore, ifn; > 0, then, for all z € R™ and u € RY,

n n
2 H(u)A(u)z > s Z miaoul 222 +ms(s + 1) Z mu?(s_l)z?.
i=1 =1

Proof. 1t is sufficient to estimate the sum I3 + 14, defined in the proof of Lemma 6.3:

— S0 S22 gy S0 S22 NSl
I3+ 1y=s5 E (mauu-ui zi + miajuiul + s(miai; + mjaj;) (uiug) zlzj)

J
ij=1,i<j
n
=23 (2 Ty (ugg)* " |2z — s(miag + Wjajz’)(uwj)s*llzizjl)
i,0=1,1<j
n
=—s > (s(maij +mjagi) = 2\/W) (uite)* "z
ij=1,i<j
s n
> > (s(maij +mjaji) = 2¢W> ((wf™2)% + (w5 2)?)
i,0=1,1<J
n
. S s—1 2
= —5 Z (s(maij + Wjaji) -2 TFiCLijﬂ'jaji) (uz ZZ) .
ij=1, 4]

This expression simplifies because of the detailed balance condition:

n
Is+ 14> —s(s—1) Z Wiaij(uf_lzz’)27
i,5=1,i#j

and we end up with

n n n
s—1 _
2 H(u)A(u)z > s Z miaoui 222 + s(s + 1) Zm (aii - — Z aij>uf(s l)zi?,
i=1 '

— s+1

from which we conclude the result. O

Remark 6.9. Let n = 2. Then the condition 11 > 0 on the coefficients (aij) becomes
air > aja(s —1)/(s+1) and age > ag1(s —1)/(s+1). The product

2
s—1
ai1azy = <s+ 1) a12a21
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6.2. Positive definiteness of the mobility matrix

is the same as the condition imposed in [51, Section 5.1] but weaker than

2
s—1
ai1az2 > — 12021,

which was needed in [94, Lemma 11]. Furthermore, under the slightly stronger condition

n1 > 0, that is
- s—1\2
ala — | a2a
11022 ST 1 12021,

our weak solution satisfies the stronger estimate ui € L*(0,T; H'(2)) than that in [51,
Section 5.1]. O

Lemma 6.10 (Non detailed balance). Let s > 1 and let

, 1
72 := min <aii S 2(s+1) > (slaij +aji) - 2%)) > 0.

1217"'7 . Ny
J=1,5#i

Then H(u)A(u) is positive definite. Moreover, if no > 0, then, for all z € R™ and u € R,

n n
2T H(uw)A(u)z > s Z ajoui 222 + mas(s + 1) Z u?(s_l)zf.
i=1 i=1

Proof. We choose m; =1 for i = 1,...,n. Then, as in the previous proof,
s n
2(s—1
I3+ 14 > 3 Z (s(aij + aji) — QW)UZ (s )23
ij=1, i
and

7

n n
STH()A()z > Y aiou 222 + s(s +1) Y @i V27
=1

i=1
n
s 2(s—1
—5 2 (slay +ag) —2yagag)e; T2
i,j=1,i#j
n
=3 aiguf_sz
=1
" 1 - 2(s—1) _2
+ S(S + 1) Z Qgq — m Z (S(ai]’ + aj,-) - 2,/@1']'(1]'%') U, Zi .
i=1 ig=1,i#]
By definition of 79, the result follows. O
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6. Cross-diffusion population systems for multiple species

6.2.3. Approximate matrices

Our theory requires that the range of the derivative h’ equals R™. Since this is not the case
if s # 1, we need to approximate the entropy density and consequently also the diffusion
matrix. The approximate entropy density

he(u) = h(u) + SZ (ui(logu; — 1) + 1) (6.2.4)

i=1
possesses the property that the range of its derivative is R™. We set H(u) = h"(u) =
(6ijs7riuf*2)i7j:1w,n for its Hessian and
H.(u) = H(u) + cH°(u), Hg(u) = diju
Ac(u) = A(u) + A (u) + " Al (u), (6.2.5)

where 77 < 1/2 and

Uy %
A% (u) = 5ij7TiHi —(1- 5ij)77iaji7 Al () = dijui,

n
T Gyi | g L
,uz.—2 Z <7r+7rj>’ 1=1,...,n.

j=lg#i >

The approximation €7 A!(u) is needed to achieve bounds for et)/2y7y,; in L2, which are
necessary for the limit ¢ — 0. The off-diagonal terms in A°(u) are needed to preserve the
entropy structure in the sense that H.(u)A.(u) is still positive definite. This is shown in
the following lemma.

Lemma 6.11. Let s > 0. Then, for all z € R" and u € R},

i

n n
2V H. (u)Ac(u)z > 2" H(u)A(u)z +€"s Z T 22 4 gt Z 22.
i=1 i=1

Proof. We decompose the product H(u)A(u) as

H.(u)A:(u) = H(u)A(u) + e"Ho(u) A (u) + e (H(w) A(u) + H(u) A%(u))
+e2HO(u) A (u).

The £2-term becomes

n B u U
(HO(w) A°(w))i; = D Oy (%F’“uk - (- 6kj>’“ajk)
k=1 k Tk
= Gyt — (1 6y)

i Uy

We obtain for z € R™:

n n

T 770 0 Hi 2 aji

2z ' H(u)A (u)z—z;ﬁzzZ — Z %zizj
1=

iLj=Li#j "
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6.3. Linear transition rates: proof of Theorem 6.1

n

n
pi o 1 Aji 2 | 2
ZE ;Zzi_i E ];(zi_'_zj)

i=1

i =1, i#j
o i 2 Ji\ L2 v 2
RN DA ERE S (DI
i=1 " i=1 Nj=1,j#i i=1 Nj=1,j#i 7
=0.
Next, we consider the e-terms:

n
(HO ZJ = Z 5lku ((5@ <ak0 + Z akguz + sakkuz> + (1 — 5kj)sakju;_1uk)

/=1

= 51] (CLzOU + Z azEUZU + Sauus 1> + (1 - 5ij)3aiju§71’
/=1

(H(u)AO(u))Z] = Z(SikSﬂ'i (6k] Wi — (1 — 5]@) kajk)
k=1
= Sijsui y — (1 — dy5)sajus™!

Summing these expressions and neglecting some positive contributions, we find that

2T (HO(w)A(u) + H(u)A%(u)z > an (asou; ' + sazu; )z}

-1
+ s E — 0;j aw zlz] S g — 0;j aﬂu 22

t,j=1 t,j=1
n n
-1 s—1y .2 s—1_2
= g (aioui + sagu;” )z > s E agu; zi
i=1 i=1

Here we see how we constructed Agj(u): The off-diagonal coefficients are chosen in such a
way that the mixed terms in z;2; cancel, and the diagonal elements (namely 1;) are suffi-
ciently large to obtain positive definiteness of H°(u)A°(u). Finally, we have (H.(u)A*(u));;
= 6;j(smui~! +¢) and

which proves the lemma. O

6.3. Linear transition rates: proof of Theorem 6.1

In this section, we prove Theorem 6.1. Let T > 0, N € N, 7 =T/N, e > 0, and m € N
with m > d/2. This ensures that the embedding H™(2) — L>(2) is compact. We assume
that uY(z) € [a,b] for z € Q, i = 1,...,n, where 0 < a < b < co. Then, clearly, w® =
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6. Cross-diffusion population systems for multiple species

B (u®) € L>®(;R™). For general u? > 0, we may first consider u? = (Q:(u?),...,Q:(ul)),
where 0 < £ < 1 and Q). is the cut-off function

€ for 0 < z < ¢,
Q:(2) =4 =2 for e < z < e~ 1/2,
e~Y2 for z > e /2,

and then pass to the limit ¢ — 0. We leave the details to the reader.
Step 1: solution of an approzimated problem. Given w*~' € L>®(Q;R") for k € N, we
wish to find w* € H™(Q;R") such that

1 uwk _uwkfl . x . wk wkx
/Q(( ) —u(w™ ) ¢d+/V¢.B( )Vuwkd

—l—s/ < Z D*w* . D*¢ + w - ¢>d:r—/f ) - pda (6.3.1)
Q

|al=m

for all ¢ € H™(Q;R"). Here, u(w®) = (B)" (w¥), BwF) = A(u(w®))H (u(wk))=1,
a = (o,...,0q) € Nj with |a| = aq + ... + ag = m is a multiindex, and D =
o1/ (9§ - - 0xG) is a partial derivative of order m. If k = 1, we define w® = R'(u°).
Equation (6.3.1) is an implicit Euler discretization of (6.1.1) including an H™ regularization
term.

We recall that the entropy is given by

Hlu] = /Q u)dx = / thl u;)d hi(u;) = w;(logu; — 1) + 1.

Then the entropy variables equal w; = 90h/0u; = m;logu;. In particular, A’ : R — R"
is invertible on R", i.e., Hypothesis (H1) in [94] is satisfied. By Lemmas 6.4 and 6.6,
H(u)A(u) is positive definite, i.e., Hypothesis (H2) in [94] holds as well. (At this step, we
only need that H(u)A(u) is positive semi-definite.) Furthermore, f; grows at most linearly
which implies that

Zfz(u)m logu; < C¢(1+ h(u)),

where C'y > 0 depends only on (b;;) and 7. This means that Hypothesis (H3) in [94] is also
satisfied. Thus, we can apply Lemma 5 in [94] giving a weak solution w* € H™(Q;R") to
(6.3.1) satisfying the discrete entropy inequality

(1-Cyr) /Q h(u(w®))dx + T/ Vu® : B(w®)Vw"dz

+ET/ < > [Dw k!2—|—!wk\2>d:v</ﬂh( (w* 1)) dz + Cprmeas(9).
jaf=m

(6.3.2)
Step 2: uniform estimates. We set uF = u( k) and introduce the piecewise in time
constant functions w7 (z,t) = w¥(z) and w((z,t) = uF(z) for x € Q, t € ((k — 1)7, k7).
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6.3. Linear transition rates: proof of Theorem 6.1

At time t = 0, we set w(™(-,0) = b/ (u°) = w® and w7 (-,0) = u®. Let u(?) = (ug ),...,ug)).
We define the backward shift operator (o,u(™)(z,t) = u( “z)) forz € Q, t € ((k -
1)7, k7). Then u(7) solves

// W™ — ol )¢dxdt+/ /w Bw)Vw ™ dzdt

+e/ /(Z Dw™) . D% + w(™) . <Z>>d:1;dt / /f ) ¢dadt  (6.3.3)

for piecewise constant functions ¢ : (0,7) — H™(Q;R™). By a density argument, this
equation also holds for all ¢ € L?(0,T; H™(Q;R™)) [126, Prop. 1.36].
By Lemmas 6.4 and 6.6, we have

Vul : Bwh)Vut = Vi« H(uF) AP Vb > 2m0 3 [Vab 2,
=1

where 79 = min;—; _, ma; > 0 if detailed balance holds, and 19 > 0 is given by (6.1.11)
otherwise. By the generalized Poincaré inequality [132, Chapter 2, Section 1.4], it holds

that
/ ( Y Dk 4 rwkﬁ)dx > Cpll* | Zmy

laf=m

where C'p > 0 is the Poincaré constant. Then the discrete entropy inequality (6.3.2) gives
(1- cfr)/ h(uk)dx—i—QnoT/ (V2 + eCpr |t m
Q Q
< / h(u*~1)dz 4 Cyrmeas(9Q).
Q

Summing these inequalities over k =1, ..., j, it follows that

(1—cf7)/ h(uj)da:+2n07-2/ |Vu>|? dx+stTZ|ywkHHm
Q

7j=1
/ Ndx + Cyr Z/ Mdz + CpTmeas(9).

By the discrete Gronwall inequality [42], if 7 < 1/CY,

/h(uj dx—i—TZ/ \Vuk\2da:+57'ZHw 2y < C.
Q

7j=1

where here and in the following, C' > 0 denotes a generic constant independent of 7 and €.
Then, observing that the entropy density dominates the L' norm and consequently, u(7) is
uniformly bounded in L>(0,T; L*(Q;R™)), we obtain

w7 oo 0,720 (@) + 10 203101 ) + €W 20,78 0y < C- (6.3.4)
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6. Cross-diffusion population systems for multiple species

We wish to derive more a priori estimates. Set Q7 = Qx(0,T"). The Gagliardo-Nirenberg
inequality with p =2+ 2/d and 0 = 2d(p — 1)/(dp + 2p) € [0, 1] (such that Op = 2) yields
fori=1,...,n,

gy = / D)2 ot < C / I, g I Pt

< CH“ HLoo 0,T;L1(Q2 )”“(T ”L?(OTHl(Q)) <C (6.3.5)

In order to apply a compactness result, we need a uniform estimate for the discrete time
derivative of u{™). Let ¢ = 2(d+1) and ¢ € LI(0, T; W™9(; R™)). Then 1/p+1/q+1/2 =1
and, by Holder’s inequality,

() — g ¢dmdt‘ S 140 ) Lr@n IV 2o Vil ion
3,5=1

+ ellw™ L2 0.1 ) |81l L2071 )
+ 1 F @) Lo (o 10l La@r):

where ¢ = (2d + 2)/(2d + 1). Estimate (6.3.5) and the linear growth of A;;(u(™) with
respect to u(” show that the first term on the right-hand side is bounded. The second
term is bounded because of (6.3.4). Finally, |fi(u(7)| is growing at most like (uET))Q such
that

£ om < OO+ [0 2y ) < C,
since 2¢ < p. We conclude that
7™ = o i L o oy < C- (6.3.6)

Step 3: the limit (e,7) — 0. In view of (6.3.4) and (6.3.6), we can apply the Aubin-Lions
lemma in the version of [61], which yields the existence of a subsequence, which is not
relabeled, such that, as (1,¢) — 0,

u'™ — u strongly in L*(Qr) and a.e., (6.3.7)

u™ —~ u  weakly in L2(0,T; H'(Q)), (6.3.8)

ew™ — 0 strongly in L?(0,T; H™(R)), (6.3.9)

7w — ou) = d,u weakly in LY (0, T; W™9(Q)), (6.3.10)

where u = (u1,...,uy). In view of the a.e. convergence (6.3.7) and the uniform bound
(6.3.5), we have

u™ — u  strongly in LY(Qr) for all v < 2 4 2/d. (6.3.11)

Then, together with (6.3.8),

SOV Ty weakly in 1@,
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6.3. Linear transition rates: proof of Theorem 6.1

We deduce from the L¢ (Qr) bound for A(u(")Vu(™) that
BwMvVuw™ = AVl — A(u)Vu weakly in L7 (Q7).
Furthermore, taking into account (6.3.11) and the uniform bound for f;(u(") in LY (Qr),

fi(u™) = fi(u)  weakly in L (Qr).

Then (6.3.9) and (6.3.10) allow us to perform the limit (¢,7) — 0 in (6.3.3) with ¢ €
L9(0,T; W™4(Q)), which directly yields (6.1.12). Since dyu = div(A(u)Vu) + f(u) €
L0, T; Wh4(Q)), a density argument shows that the weak formulation holds for all ¢ €
LI(0, T; WhH4(Q)).  Moreover, u; € W54 (0, T; Wh4(Q)) < CO([0, T); Wh4(2)"), which
shows that the initial condition is satisfied in W4(Q2)’. This ends the proof.

Remark 6.12 (Detailed balance and vanishing self-diffusion). In the case of detailed bal-
ance, we may allow for vanishing self-diffusion. If a;; = 0 but a;g > 0, Lemma 6.4 implies
that only V(u (T))1/2 is bounded in L*(Qr). This situation was considered in [38] for the
two-species case, and we sketch the generalization to the n-species case.

Applying the Gagliardo-Nirenberg inequality similarly as in Step 2 of the previous proof,
we conclude that (uZ(-T))l/2 € LP(Qr) with p =2 +4/d. Then

d+2

197 it = 20w) i IV P lixen <€ 7= 777,

and thus, (UET)) is bounded in LI(0,T; WY4(Q)) instead of L?(0,T; H'()). This loss of
reqularity is problematic for the estimate of the discrete time derivative of uy). In order
to compensate this, we need the last sum in (6.2.3). Indeed, Remark 6.5 shows that for
any i # j, (u( )u( ))1/2 is bounded in L?(0,T; H' (). Moreover, (uZ(-T)ug-T))l/2 is bounded
in L*(0,T; Ll(Q)). We infer from the Gagliardo-Nirenberg inequality that (uET)uéT))l/Q is
bounded in LP(Qr) with p =2+ 2/d.

Next we exploit the structure of the equations,

> AVl = V@ pi®),  piu™) = aio + Y aul’)
Jj=1 j=1

Thus, to show that Aij(u(T))VugT) is bounded, we only need to verify that V(u( )u(T))
bounded:

IV (S oy < 200l o 19 (0l D) 2 2 < €

where ¢ = (2d+2)/(2d+1). The estimate for the Lotka-Volterra term is more delicate since
we have only the reqularity UET) € L1+1/d(QT). Here, we need to suppose that b;; > 0, since
this assumption provides an estimate for (uET))2 log uz@ in LY (Qr). Then the discrete time
derivative of ul(-T) is bounded in LY(0,T; W™4(Q)") — but not in LY (0, T; W™4(Q)"). By the
Aubin-Lions lemma, there exists a subsequence (not relabeled) such that, as (e,7) — 0,

uET) — u;  strongly in Lq/(QT)-
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6. Cross-diffusion population systems for multiple species

The problem now is to show that (a subsequence of) the discrete time derivative of ul(-T)

converges to Owu; since LY(0,T; W™4(Q)") is not reflevive. The idea is to apply a result
from [142] which provides a criterium for weak compactness in L'(0,T; X), where X is a
reflexive Banach space. For details, we refer to [38]. O

6.4. Nonlinear transition rates: proof of Theorem 6.2

The strategy of the proof is similar to the proof of Theorem 6.1 but the nonlinear transition
rates complicate the proof significantly. As outlined in Section 6.2.3, we approximate the
entropy density by (6.2.4) and the diffusion matrix by (6.2.5). Again, we assume without
loss of generality that u(z) € [a,b] for x € Q,i=1,...,n, where 0 < a < b < .

Step 1: solution of an approximated problem. We employ the transformation w; =
Ohe/Ou; and define B(w) = A.(u(w))He(u(w))~!. Given wk~! € L>®(Q;R™), we wish to
find w* € H™(Q;R™) solving

1 uwk _uwkfl . " . U)k wkx
/Q(( ) — u(w*™h) ¢d+/ﬂv¢.Bg( )Wawkd

—|—€/Q (g Do‘wk-D"‘qﬁ—l—wk-cb)dx:/gf(u(wk))-qbdx (6.4.1)

for all ¢ € H™(Q;R"). If k = 1, we define w® = hL(u®) such that u(w®) = u".
The construction of h. ensures that Hypothesis (H1) of [94] is satisfied. By Lemma 6.11,
Hypothesis (H2) holds as well. Also Hypothesis (H3) holds true since, for some Cy > 0,

flu) -w= Z (bio - Zb”u‘;> (suj 4+ euilogu;) < Cr(1 + he(u)),
=1 j=1

where 0 = 1if s > 1 and 0 < 0 < max{0,2s —1+42/d} if s < 1. We apply Lemma 5 in [94]
to deduce the existence of a weak solution w* € H " (Q;R™) to the above problem, which
satisfies the discrete entropy inequality

(1—-0Cyr) /Q he (u(w®))dx + T/QVwk : B (w®)VwPda

+€7—/ < Z |Dawk’2+’wk|2>d$§/hs(u(wk_l))dx+C'meeas(Q).
Q Q

|al=m

(6.4.2)

Setting u* := u(w*) and employing Lemma 6.11, the second integral can be estimated as
follows:

/ Vw® : B.(w*)Vuwdz = / uP o Ho(uP) AL (u®) VP dz
Q Q

n
> s(s+ 1)/ Zmin{aiiﬂ'ia no, ms, 2} (wf) >V |Vl Pda
Q

=1
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6.4. Nonlinear transition rates: proof of Theorem 6.2

n n
—I—z-:”s/ Zm(uf)s_”Vuﬂde —i—s”“/ Z \Vul|2dz
Qi1 2 =1

(6.4.3)

> O, /ZW )% [dx
4es )(s+1)/22 n+1/ k
FEaE /Zm[V 2dz+ ¢ Z|Vu|dm

where Cy = s 1 (s + 1) min{a1171, - - . , GnnTn, 70, N1, - - - N1, M2}
To finish this step, we wish to write the “very weak” formulation for the solution u(7),
which is defined from u* as in the previous section. First, we observe that

(B (w®)Vwk); = (A (uF)Vuk); = e(A°(uF)VuP); + e"(AL (uF)Vuk); + V (ulFpi (u))
= (A% Vi) + TV () + V(ubpi(ut))

Next, we choose a test function ¢ = (¢1,...,¢,) € L4(0,T; W, %)), where m >
max{1,d/2} and ¢ > 2 will be determined below. Recall that W,"%(Q) is defined in
(6.1.16). Integrating by parts in (6.4.1), u(™) solves

1 (T T n
/ / (u(T) — UTU(T)) - pdxdt — / / E uET)pi(u(T))A@dfvdt
T :

+¢ / / Vo : Au\VuDdadt — = / / Z V2N dudt (6.4.4)

+¢ / / ( > D™ D% +w™ ¢ )dwdt / / Fu) - pdadt.

lal=m

Step 2: uniform estimates. Arguing as in Step 2 of the proof of Theorem 6.1, we obtain
from (6.4.2) and (6.4.3) for suffiently small 7 > 0 the following uniform estimates.

Lemma 6.13. It holds fori=1,...,n that

||“(T)||Loo (0,7;Lmax{1s} () + H(uz('T))s”LQ(O,T;Hl(Q)) <C, (6.4.5)
2| (™Y D2 Lo gy + €210 Lo iy < C (6.4.6)
51/2||wz(7—)”LQ(O,T;Hm(Q)) <C. (6.4.7)

Here, we used the fact that [, he(u®)dx is uniformly bounded and that s < 1 implies

that (") < C(1 + h(u(7))) for some C > 0, from which we deduce that (uz(-T)) is bounded
in L>°(0,7T; L*(Q)). We need more a priori estimates.

Lemma 6.14. Let s > max{0,1 —2/d}. It holds that
1 oo @y + "N Loy @y < C (6.4.8)
where p(s) = 2s + (2/d) max{1, s} and r(s) = s+ 1+ (2/d) max{1,s} > 2.
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6. Cross-diffusion population systems for multiple species

Proof. The estimates are consequences of Lemma 6.13 and the Gagliardo-Nirenberg in-
equality. First, let s < 1. We employ the Gagliardo-Nirenberg inequality, with 6§ =
ds/(ds+1) € (0,1):

T T
(r T s)/s T)\s10p(s)/s T s)/s
[ A An< w;%sﬁso/nwﬁmﬁgm DR e e

T
(r)(1-6 Op(s)/s .
< Ol by [ VIRt =1

It holds that fp(s)/s = 2. By (6.4.5), [|ul™| o) (g, < C-
Next, let s > 1. Then, with § =d/(d+ 1) € (0,1),

(7 d () d) . 0) J
e >ﬁﬁ@QT<c/' e IR

i 0 d
< CH(Ui )) ||L2(0,T;H1(Q)H ||L°1° O)T(’stz(é?))) <G,

again taking into account estimate (6.4.5). This shows that (u(7)) is bounded in LP®)(Qr).
Finally, let max{0,1 —2/d} < s < 1. Then r(s) = s + 1+ 2/d. We apply the Gagliardo-
Nirenberg inequality with = d(s+1)/(2+d(s+1)) € (0,1) such that §-2r(s)/(s+1) = 2,

T\ (s s)/(s+1
= & ()R o)

'rs (s+1) s 2r(s)(1-0)/(s+1
<wc/ (/2 T G (0 0 2 2O D gy

EUHUET) ||rLr(s)(Q )

< CE”H( )(5+1 /2||L2 (0,T;HL(Q || (T)HLOO OTil(Q)) =G,

using (6.4.5) and (6.4.6). If s > 1, we have r(s) = s+1+42s/d, and applying the Gagliardo-
Nirenberg inequality with § = d(s+1)/(2s+d(s+ 1)) € (0,1), we obtain in a similar way
as above

T T\ (s s)/(s+1
R AT (O R A A
75 2r(s)0/(s+1 T\ (s 2r(s)(1-0)/(s+1
<wc/’ PRl [P A [C Dl v Al
< O (D) HV2)2, 0 1 a7 1 oty < €
This shows the lemma. ]

Lemma 6.15. Let s > max{0,1—2/d} and m > max{1,d/2}. Then there exist2 < q < 0o
and C' > 0 such that
7Yl — am(ﬂ||Lq,(07T;Wm,q(Q),) <C, (6.4.9)

and 1/q+1/q = 1.

Proof. Let ¢ € L4(0,T; W,"?(Q)), where ¢ > 2 has to be determined. Recall that W, (Q)
is defined in (6.1.16) and that m > max{1,d/2}. Then, by (6.4.4),

7_—1

Aw“—ammywxSdmmmmmmmmwmmmm®>
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6.4. Nonlinear transition rates: proof of Theorem 6.2

+§:nu“pz \thTHA¢MMCh'+5§:HAQ WV Ly 0m IV 31l a0
1,7=1

+= Znmewmmw+M“mwmmmr (6.4.10)

::Il+---+f5,

where 1/¢+1/¢ = 1.

By (6.4.7), I; is bounded. We deduce from (6.4.8) that uz(-T) (ug-T))S is uniformly bounded
in LP(5)/(s+1)(Q7), and so does uET)pi(u(T)). As s > 1—2/d, we have ¢; := p(s)/(s+1) > 1.
We conclude that I5 is bounded with ¢" < min{2, ¢;}.

Since A?j(u(T)) depends linearly on u(7), it is sufficient to prove that 5u£T)Vu(-T) is uni-
formly bounded in some L% (Qr) for all i,5. Let go = 2r(s)/(r(s) + 2), where r(s) =
s+ 1+ 2/d is defined in Lemma 6.14. As r(s) > 2, it holds that g2 > 1. Then, by Holder’s
inequality, (6.4.6), and (6.4.8),

e D2y | Lo o) < €T ONu | ey ) - €TV (1200 < C-

The property r(s) > 2 also implies that n/r(s) + (7 + 1)/2 < 1. This shows the bound on
Is with ¢ < min{2, ¢ }.

Set g3 = r(s)/2 > 1. Using the second estimate in (6.4.8) and 1 — 2/r(s) > 0, we find
that

En”(ugﬂ)QHL‘B(QT) — (1=2/r(s)m (En/T(S)||U§T)||LT(S)(QT))2 <C,

proving that I is bounded with ¢’ < min{2,¢s}.

Finally, in view of (6.1.13), | f;(u("))| grows at most like (ugT))H", where 0 = 11if s > 1
and 0 < 2s — 1+ 2/d if s < 1. Therefore, we have g4 := p(s)/(1 + o) > 1 and

@) ey < OO+ N g 0,) = CL+ DT ) < C.

Hence, I5 is bounded with ¢’ < min{2,¢q4}. We conclude that the lemma follows with
¢ =min{2,q1, ¢, ¢3,q4} > L and ¢ =¢'/(¢' — 1). O

Step 3: the limit (¢,7) — 0. Estimates (6.4.5) and (6.4.9) allow us to apply the nonlinear
Aubin-Lions lemma (Theorem 6.21 if s > 1/2 or Theorem 6.22 if s < 1/2) to obtain the
existence of a subsequence which is not relabeled such that, as (¢,7) — 0,

u™) = u  strongly in L7(Qr) forall 1 <~ < p(s).

In particular, u(™ — u a.e. in Qp. By estimates (6.4.5), (6.4.7), and (6.4.9), we have, up
to subsequences,

(u™)* = uf weakly in L2(0, T; H'(Q)),
gw(f) — 0 strongly in LZ(O, T Hm(Q))v
7__1(u(—r) . UTU(T)) — Jyu  weakly in Lq/(O,T; Wm’q(Q)/)'
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6. Cross-diffusion population systems for multiple species

We have shown in the proof of Lemma 6.15 that (ugT) pi(u(M)) is bounded uniformly in

Lr)/(+1)(Qq). Taking into account the a.e. convergence uET)pi(u(T)) — w;pi(u) in Qp, we

infer that

u”'pi(u™) = wipi(u)  strongly in L'(Qr).

Furthermore, we proved that (5”/’"(5”("“)/214%(u(T))Vug.T)) is bounded in L%(Qr) with
g2 = 2r(s)/(r(s) + 2) such that

0 T (1) _ _1—n/r(s)—(n+1)/2 r(s 1)/2 40 T (1)
5Aij(u( ))Vuj — gl=n/r(s)=n+1)/2 | n/r(s)+(n+1)/ Aij(u( ))Vuj
— 0 strongly in LY(Qr).

Here, we used the fact that 1/r(s)+ (n+1)/2 < 1 such that e!=7/7(5)=(1+1)/2 4 0 as e — 0.
We know from (6.4.8) that (577/’"(3)u§7)) is bounded in L?(Qr). Consequently,

<€77(1L(-T))2 = gn(1=2/7(s)) (5"/7"(5)%(-7))2 — 0 strongly in LY(Qr),

(3

since e71=2/7(5)) 5 (0 as ¢ — 0 because of r(s) > 2. Finally, fi(u(”) — f;(u) a.e. and the
uniform bound Hfi(u(T)HLLM(QT) < C with ¢4 = p(s)/(1 + o) > 1 imply that

fi(u(T)) — fi(u) strongly in Ll(QT).

Then, performing the limit (¢,7) — 0 in (6.4.4) with ¢ € L>(0,T; W.,">(Q)) , it follows
that u solves (6.1.17) for such test functions. A density argument shows that, in fact, u
solves (6.1.17) for ¢ € L4(0,T; W,"%(Q)), finishing the proof.

Remark 6.16 (Weak formulation). In the superlinear case s > 1, the solution constructed
in the previous proof satisfies (6.1.1) even in the weak sense (6.1.12) with test functions
¢ € LI(0, T; WhH4(2)). In order to see this, it is sufficient to show that

Aij(u(T))Vug-T) — Ay (w)Vu;  weakly in L (Qr)
for some 1 < ¢ < 2. Because of the structure of A;j, we only need to verify that
UZ(T) (ug-T))S_IVUST) N uiujflvu]' weakly in Lq/(QT),
(i) Vul? = uiVu;  weakly in L (Qr).

Indeed, we have the convergences uET) — wu; strongly in LV(Qr) for any 2 < v < p(s) and

(uz@)s — uf weakly in L*(0,T; H(Q)) and hence,
ul” (uﬁ”)“v@” = s IV (@) = sV = wiul 'V weakly in L (Qr),

(2 J J

choosing ¢' = 2v/(y+2) > 1. For the remaining convergence, we need to integrate by parts.
It holds for ¢; € L1(0,T; W4(Q)) that

T
/ /(UET))SVUET) - Voidxdt
0 Q
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/ / WV (W) Veidudt / / Tyoul) Agydaat
t
—>—/ ujVuf-quidxdt—/ /ufujA@dxdt:/ /usuj-V@dxdt.
0 0o Jo 0 Jo

A density argument shows that the weak formulation also holds for ¢; € L(0,T; Wh4((Q)).
O

Remark 6.17 (Vanishing self-diffusion). Assume that a;p > 0 and a;; = 0. The difficulty
is that we obtain a uniform bound only for V(ul(-T))S/2 instead for V(ul(-T))s in L*(Qr). In
order to compensate this loss of reqularity, we need additional assumptions, namely either
s > max{1,d/2} (superlinear rates); or 0 < s <1,d=1, and o < s+ 1 (sublinear rates).
Under these conditions, the statement of Theorem 6.2 holds true.

For the proof, we remark that the regularity for (uET))S in L2(0,T; HY(Q)) is employed
in the estimate of ugT) in LPS)(Qr). If only (uZ(T))S/2 is bounded in L*(0,T; H'()), the
Gagliardo-Nirenberg inequality gives a weaker result: for 0 < s < 1 with 6 = ds/(ds + 2)
and p=s+2/d,

1”14 00y = Il

7’5 2p/s 7'3 20p/s s (1-0)p/s
o W%@Qﬂ_c/ R e (e Al

< O 120 o o 10 | oy < €

since 20p/s = 2; and for s > 1 with @ = d/(d + 2) and p = s + 2s/d,
16”18 00y < CNTY 2120 1 1087 1S 0y < €

since 20p/s = 2. Consequently, (u, (r )) is bounded in LP(Qr) with p = s + (2/d) max{1, s}.
We claim that this estimate is suﬂiczent to derive a bound for the discrete time derivative.
Since the e-terms in (6.4.10) do not need the estimate for ulm in LP(Qr), it is sufficient to
bound ugT)pi(u(T)) and (ugT))"Jrl in some LY (Qr) with ¢ > 1. This is possible as long as
p>s+1andp>o+1, respectively. If 0 < s < 1, these two inequalities are equivalent to
d=1ando<s—1+d/2=s+1. If s> 1 (in this case 0 = 1), they give the restriction
s> d/2, thus s > max{1,d/2}. This shows the claim. O

6.5. Additional and auxiliary results

6.5.1. Detailed balance condition

We wish to interpret the detailed balance condition (6.1.10) and to explain how the num-
bers m; can be computed from the coefficients (a;;). We assume that the coefficients are
normalized in the sense that a;; > 0 and Zkzl’k# ar; < 1for all 4, j. The idea is to use a
probabilistic approach, interpreting the coefficients a;; as the transition rates between two
discrete states i and j of the state space S := {1,...,n}. Then

az-j = P(Xk = j‘Xk,1 = Z)
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is the conditional probability for a random variable X : N — S. This variable represents the
Markov chain associated to the stochastic matrix @ = (Qi;)i,; € R"*", defined by Q;; = a;;
fori# jand Qi =1 — Eizl’i# a;; for i = 1,...,n. A Markov chain is called reversible if
there exists a probability distribution 7 = (7,..., m,) on S (called an invariant measure)
such that

Qg5 = TjQj5, i,j: 1,...,77,. (6.5.1)

The Markov chain can be interpreted as a directed graph, where the states ¢ € S are the
nodes and the edges are labeled by the probabilities a;; going from state ¢ to state j.

The state space S can be partitioned into so-called communicating classes. We write
i — j if there exist ig,41,...,in41 € S such that a;y4, a4y iy - Gy, > 0 for ig = ¢ and
in+1 = j. We say that ¢ communicates with j if both ¢ — j and j7 — 4. A set of states
o C S is a communicating class if every pair in ¢ communicates with each other. This
defines an equivalence relation, and communicating classes are the equivalence classes.

Consider the following properties:

(A1) For all i,j € S, it holds that either a;; = a;; = 0 or a;jaj; > 0.

(A2) For any periodic cycle ig, i1, ..., im+1 = i,
m m
H Qigyigy1 = H Qg1
k=0 k=0

The detailed balance condition (6.5.1) implies (A1) and (A2). It is shown in [131] that the
converse is true and that the invariant measure m can be constructed explicitly.

Proposition 6.18. Let (A1)-(A2) hold. Then there exists an invariant measure ™ =
(71, ..., ™) such that the detailed balance condition (6.5.1) is satisfied. Moreover, m can
be computed explicitly by choosing an iy in each communicating class and defining m; for
19 and j belonging in the same class by

n—-1
Gigig41
T =
k=1 Qigey 1,
depending only on ig and j, where iy,iz,...,i, = j are such that a; ;. ., > 0 for k =

0,...,n—1.
For instance, if n = 3, we need to suppose (according to (A2)) that
12023031 = (13032021, (6.5.2)

and the invariant measure is given by m = ¢(1, a12/a21,a13/as1), where ¢ = (1 + a12/as1 +
aiz/az) "

The following result relates the detailed balance condition and the symmetry of the
matrix H(u)A(u).

Proposition 6.19. The following three properties are equivalent:
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(i) Graph-theoretical condition: (A1) and (A2) hold.
(i) Detailed balance condition: ma;; = miaj; for i # j.
(iii) Symmetry: The matriz H(u)A(u) is symmetric.

Proof. The implication (i) <= (ii) is shown in Proposition 6.18. The converse can be proved
directly using the detailed balance condition. Finally, the equivalence (ii) < (iii) follows
from an explicit calculation of H(u)A(u). O

Remark 6.20. The equivalence of the symmetry of H(u)A(u) and the detailed balance
condition is related to the Onsager principle of thermodynamics. Indeed, the diffusion
matriz B = A(u)H (u)~! in

dyu — div(BVw) = f(u),

where w = h'(u) is the vector of entropy variables, is the Onsager matriz which is sym-
metric, according to Onsager, if and only if the thermodynamic system is time-reversible.
Time-reversibility means that the Markov chain associated to the matriz (a;;) is reversible,
and the symmetry of B is equivalent to the symmetry of H(u)A(u). Thus, the equivalence
(ii) < (iii) corresponds to the equivalence of the symmetry of B and the time-reversibility.
For details on the detailed balance principle in thermodynamics, we refer to [47]. L]

6.5.2. Nonlinear Aubin-Lions lemmas

Let Q C R? (d > 1) be a bounded domain with Lipschitz boundary. Let (u(7)) be a family
of nonnegative functions which are piecewise constant in time with uniform time step size
7 > 0. We introduce the time shift operator (o,u(™)(t) = u("(t — ) for t > 7.

If there exist uniform estimates for the gradient (Vu(7)) and the discrete time derivative
71 (u(") — g,u(M), then, by the Aubin-Lions theorem and under suitable conditions on the
spaces, (u(T)) is relatively compact in some L? space. In the case of nonlinear transition
rates, we obtain uniform estimates only for (V(u(7)%), where s > 0. Then relative com-
pactness follows from a nonlinear version of the Aubin-Lions theorem [40]. We recall a
special case of this result.

Theorem 6.21 (Nonlinear Aubin-Lions lemma for s > 1/2). Let s > 1/2, m >0,1<¢ <
00, and there exists C' > 0 such that for all T > 0,

™) N 2o ravragy) + 7 ™ = ortd ™| 1 gy < C.
Then there exists a subsequence of (u(T)), which is not relabeled, such that, as 7 — 0,
u'™) = u strongly in L*(0,T; LP*(Q)),
where p > max{1,1/s} is such that the embedding W14(Q) — LP(S2) is compact.

Theorem 6.21 can be extended to the case s < 1/2 if (u(7)) is additionally bounded in
L>(0,T; LY(€)) which generally follows from the entropy inequality. This result is new.
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Theorem 6.22 (Nonlinear Aubin-Lions lemma for s < 1/2). Let max{0,1/2—1/d} < s <
1/2, m >0, and there exists C > 0 such that for all T > 0,

HU(T)HLOO(O,T;Ll(Q)) + H(u(T))SHL2(O,T;H1(Q)) + 77 - UTU(T)HLl(T,T;Hm(Q)’) <C.
Then there exists a subsequence of (u(T)), which is not relabeled, such that, as 7 — 0,
uw'™ = u  strongly in L*(0,T; LY (Q)).
Proof. The result follows from Theorem 6.21 and the Hoélder inequality. Indeed, we have

HV(U(T))1/2”L2(OTL1/(1*S)(Q)) = (25) 7" (u - ))1/2 SV( ) HL2(0TL1/<1 ) (Q))
< (25) 7Y (u)T22) (0,T;12/(1-25)(Q)) IV (™) 220,722 (02))

(1-2s)/2
= [ St @y IV @) 2 ziz20y) < C-
Therefore, (u(7)'/? is uniformly bounded in L?(0,7; WH%/(1-%)(Q)). By Rellich-Kondra-
chov’s theorem, the embedding WH/(1=9)(Q) < L?(Q) is compact for s > 0 if d < 2 and
s>1/2—-1/dif d > 3. Applying Theorem 6.21 with s =1/2, ¢ =1/(1—s), and p = 2, we
infer that (u(7) is relatively compact in L'(0,T; L' (Q)). O

6.5.3. Increasing entropies

If detailed balance or a weak cross-diffusion condition hold, we have shown that the entropy
is nonincreasing in time along solutions to (6.1.1)-(6.1.2). In this section, we show that the
entropy may be increasing for small times if these conditions do not hold. To simplify the
presentation, we restrict ourselves to the case n = 3 (three species), s = 1 (linear transition
rates), and Q = (0,1).

Lemma 6.23 (Vanishing diffusion coefficients a;). Let a13 = az2 = a1 =1 and a;; =0
else. For any e > 0, there exist initial data u° such that

dH
dt[ ]ZE

In particular, if t — Hu(t)] is continuous, there exists to > 0 such that t — H[u(t)] is
increasing on [0, to).

Proof. Observe that (6.5.2) is not satisfied, and hence detailed balance does not hold.
Furthermore, we have

1/U1 0 0 us 0 (3] U3/U1 0 1
HwAu)=| 0 1/ug 0 u up 0| = 1 up/ue 0
0 0 1/U3 0 us u2 0 1 U2/U3

Let 0 < € < 0.5 and define u® = (u,u9, u3) by uf(z) =1 for z € (0,1) and

3 for 0 < x < 0.5,
ud(z) = 3—e Yz —0.5) for0.5<z<0.54+¢,
2 for 0.54+¢e¢ <z <1,
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9 for 0 < x < 0.5,
uj(z) =< 9+eHx—05) for 0.5 <2 <0.5+e¢,
10 for 0.b4+¢e <z <1,
Then
1 1 [05+e 1 0
/ (0,u”) T H (u®) A(u®)dpulda = - ( o — 1+ ug(az)>d$
0 €= Jos uy () ug(z)
1/1 3 1
<—|lz—-1+=-)=—F—
“ € <2 + 9) 6e’
which implies that (dH/dt)[u’] > 1/(6¢). O

One may ask if a similar result as above holds if the diffusion coefficients a;9 do not
vanish, since they give positive contributions to the entropy production. The next lemma
shows that the entropy may be increasing even if a;y > 0 is chosen arbitrarily.

Lemma 6.24 (Positive diffusion coefficients a;g). Let a13 = asy = ag1 = 1, a;o > 0 for
i=1,2,3, and a;; = 0 else. For any e > 0, there ewist initial data u® such that

dH 1

dt €
In particular, if t — H[u(t)] is continuous, there exists to > 0 such that t — Hu(t)] is
increasing on [0, to).

[u] >

Proof. We choose the initial datum

_ azo(2az20 + aso)

0
u
1(7) 8agg + 4aso
4agg for 0 < z < 0.5,
ud(z) =< age(4d — e (z —0.5)) for 0.5 <z <0.54+¢,
3aag for 0.5+e <z <1,
8asgy + 4aszg for 0 < z < 0.5,
ul(z) =< ag(8 — e (z —0.5)) +4azy for 0.5 <z < 0.5 +e,
9aog + 4asp for 0.b+e <z <1,
Then
1
/ (0,u®) T H(u®) A(u®) 0,00
0
0.54+¢ 7,0 0
U a Uy +a
= / <(1)(8xug)2 + i(?(amug)2 + 6xu88$ug + 2030(611@)2) dx
0.5 Uy Uy us
a3y [O0F° ( 2a0 +as0 a0 Aaz + as >d:z:
e Jos 3(8aso + 4azp) 3azo 8ago + 4asg
2 2
azyy (1 1 1 ay
<0 - - 142 )=_20
=2 (12 3773 12¢’
which proves the result. ]
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7. From reaction diffusion to cross diffusion
in the fast-reaction limit

7.1. Motivation

Our goal is to derive new entropies to new classes of cross-diffusion systems by using a
fast-reaction limit. For a detailed presentation of our strategy, see Section 3.2.

7.1.1. OQutline

The first model consists of three species with one fast reaction and general reaction and
diffusion functions ¢; and f;, which we will study in Section 7.2. The second model is a “hy-
brid” reaction-cross diffusion system in four species with linear diffusivities and quadratic
reaction terms, studied in Section 7.3.

7.1.2. Notation

We will use the following notation in this chapter:

Ry :=[0,00), RY:=(0,00), Qp:=Qx(0,7T),

T
[will (210g L) (1) 12/0 /Quilog(ui)dxdt,

T
will (22 (10g £)2) (1) ::/0 /Q(Ui)Q(log(ui))Qdfcdt.

7.2. Rigorous limit from three species with one fast reaction

In this section we prove the rigorous limit of a quite general quasilinear reaction-diffusion
system consisting of three species with one fast reaction to a limiting cross-diffusion system
when the fast-reaction rate 1/¢ tends to infinity.

7.2.1. Model for three species with one fast reaction

The model

For the concentrations uf := u; (t,z) > 0 of species A;, i = 1,2,3, we consider the following
system of reaction-diffusion equations with fast-reaction term
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Ouui = A fi(u) = —= (@ (u5) - aa(u3) as(5)),
(an(05) — a2 () as(w5) ) (7.21)

() = aa(s5) as(0s5) ).

Opus — Ay fo(us) = +

M [ =0 | =0 | =

Ous — Ay f3(u§) = +
together with initial data
ui(0,2) =ul(z) >0, z€Q, i=1,...,3,

and homogeneous Neumann boundary conditions on the boundary 992 € C? of a bounded
smooth open subset Q of RY

n(x) - Vyui(t,z) =0, xz€0Q, i=1,...,3.

Limiting cross-diffusion system

Our goal is to study the fast-reaction limit ¢ — 0 such that v — u;, with u; satisfying the
limiting cross-diffusion system:

q1(u1) — q2(u2)g3(uz) =0,
Or (ur +u2) — Ay (f1(ur) + fa(u2)) =0, (7.2.2)
O (u1 +u3) — Ay (f1(ur) + f3(usz)) = 0.
7.2.2. Existence of solutions
Assumptions for subsection 7.2.2

Our first goal is to prove global existence of weak solutions to system (7.2.1) for fixed € > 0.
To this end, we impose the following set of assumptions for this subsection.

(C1) The functions f; : Ry — Ry are in C?(R4) with f;(0) = 0, and there exists a constant
C1 > 0 such that
fl(u;)) >Cy >0 forall w; >0, i=1,2,3.

Consequently, .
fi(u;) > Chu; >0 forall w; >0, i=1,2,3.

(C2) The functions ¢; : Ry — Ry are continuous. Moreover, there exists a constant Cy > 0,

such that
Uj

< forall w; >0, ¢1=1,2,3.

i(u;) < C
Qz(uz) 21“‘“1’

(C3) There exists a constant p > 0, such that u!*(z) > u >0, foral z€Q, i=1,23.
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Existence theorem
Theorem 7.1. Assume that (C1)-(C3) are satisfied with ui™(x) € L>=(Q), i =1,2,3.
Then for any fized € > 0, there exists a global weak solution u® = (uj,us,us) to system
(7.2.1), satisfying
ui >0, uf € L*0,T;HY(Q)), ufe€L™Qr), owse L*0,T;H1(Q)),

and uf satisfies for all ¢ € Cg°([0,T) x Q;R?) and for 8= (1,—1,—1) that

/0 ' /Q u®Opp dxdt + /0 ' /Q Vet : f'(uf)Vus dadt = (7.2.3)

_1\8 T i
] @) - e odode + [ (@)o(0.0) do.
(7.2.4)

Proof. Since € > 0 is fixed, we will omit for simplicity the e-dependency of u for this proof,
and assume without loss of generality that € = 1 for the right-hand side.

Step 1: solution for an approximated problem. Let 1 < k < N and T > 0. We consider
the time step 7 = T/N. Then, for uf~! € L>°(Q) we can introduce the following time-
discretized scheme in 7 > 0:

Given u*~1 = (uF 1 b= ub~1) € L°°(Q;R?) nonnegative and bounded, find the k-th
approximated solution u* = (u¥,uf, u) € L°°(Q;R3), such that (in the strong sense) it
holds

1/ k 1?71 _ . k = (uF i )
{ To(w —up ) = Agfiuy) = Qi(u") i, 1<i<3, (7.2.5)

Veulf(z) -n(z) =0 on 09,
where Q;(uf) = (—1)% (g1 (u5) — g2(u§)gs(u§)) with 8 = (1,—1,—1) is the i-th component
of the reaction term on the right-hand side. If k = 1, we set uf~!(z) := u{"(z) for the
initial condition.

In order to prove existence of smooth solutions for the scheme, we first show that due to
assumptions (C1) — (C3) there exists a constant C' > 0 uniform in time step 7 > 0, such
that

uf(w)ZC’>O, forall z€Q, 1=1,2,3.

To this end, we assume without loss of generality that i = 2, and define € ) such that
ub(T) = inf_ g ub(x). We need to distinguish the cases T € Q or 7 € 9Q. If T € 99,
we can use a strong Hopf lemma to obtain that V,u% - n(z) > 0, in contradiction to our
assumption of homogeneous Neumann boundary conditions. If # € Q, then V,u5(Z) = 0
and A uf(Z) > 0. Thus, by (C1),

Ao (f2(u5(T)) = f3 (W5 (@) [Vub (@) + f3(u5(2) Aoti () 2 0.
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Consequently, by assumption (C2), it holds for all 1 <k < N,

%( 5(2) —ug (@) 2 @1 (uf (@) — @2(u5(@))a3 (w5 (7)) = —CaCsu5 (7).

This yields

ub(F) > (14 CoCsr) L ™1 (@) > ... > (1 + CoCs7) Ful (@) > (1 + CoC3T/N) N > 0,

(7.2.6)
where we used assumption (C3) in the last step. Thus,
inf ub(z) > (14 CoC3T/N) Ny > 0. (7.2.7)
S

Since for N — oo the term (1 + C2C3T/N)~N 11 converges to exp(—CoC3T) > 0, the lower
bound in (7.2.7) is positive uniformly in 7 = T/N > 0. Exactly the same arguments are
also valid for u’f and u§ , leading to similar positive lower bounds uniform in 7 > 0.

Now, due to this strict positivity of uf uniform in 7 > 0 for 1 < k < N, assump-
tions (H1)-(H3) in [51, Theorem 2.2] are satisfied. In fact, assumption (H1) is clear, the
lower boundedness of f;(u;)/u; follows from assumption (C1), and for the boundedness of
q1(u}) Juf and go(ub)gs(uf)/uF, i = 2,3 in (H2) we can use the boundedness of g;(u¥) due
to (C2) together with the strict positivity of the u¥. For assumption (H3), that is proving
that f : Ri — Ri is a homeomorphism, we can use [51, Proposition 5.2]. Thus by applying
[51, Theorem 2.2], we get the existence of a strong solution (u*);<r<n_1 € L®(; R?). How-
ever, we notice that the L*>°-bound provided by this theorem is not uniform with respect
to the time step 7 > 0.

Step 2: uniform (in T) a priori estimates. Our strategy of proving that uf € L>°(Q)
uniformly in 7 is similar to the proof of the strict positivity of the u¥. Define 7 € Q such
that uf (Z) = sup, g uf(z). If T € 62, we can use again a strong Hopf lemma to obtain that
Vu5 - n(z) > 0, in contradiction to our assumption of homogeneous Neumann boundary
conditions. If T € €, it holds that V,uf(Z) = 0 and A u¥(Z) < 0. Moreover, it holds that

A (fi(wf (@) = [ (uf(@)|Vui (@) + f(uf (7)) Apuf (F) < 0.
Thus, due to assumption (C2), it holds for all 1 < k < N that

“(uh(@) - @) < o

yielding recursively
ub(T) < Cor +ub1(F) < ... < CoNT +ui"(3).
Since 7 = T'/N, this yields the uniform in 7 > 0 upper bound
45 | oo () < CoT + U] poo ) (7.2.8)

Same arguments are also valid for u§ and u}.
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Next, we derive a uniform estimate for the gradient V,u¥(x). Multiplying (7.2.5) by
¢ = uf and integrating in €2 yields

7_1/(u§—uf_1)u§ d:):—i—/ f{(uf)]Vuf]Qd:r—/Qz(uk)uf dx.
Q Q Q

By using assumption (C1) and (C2), we get

/(uf)de—FClT/ |Vl |? dz < Cgr/ufdx+/ ulul da.
Q Q Q Q

Using Young’s inequality and summing over k = 1,...,m yields

/(uzn)2 d:/v—|—2017'2/ |Vulf|? dz < QCQTZ/uf dx+/(u§")2dx. (7.2.9)
Q =179 k=179 Q

This yields the bound
Vel || 2(0) < Cr.

Now we define the piecewise constant functions in time u(7) (x,t) := u¥(z) for z in Q and
te ((k—1rkr], k=1,...,N, and at t = 0 set u(7)(-,#) = u""(x). Moreover, we define
the shift operator o,u(™ (z,t) := u*~1(z) for z in Q and t € ((k — 1)7, k7], k=1,..., N.

Identifying the sum over k£ = 1,..., m multiplied by the time step 7 as the time integral
over (0,7) in (7.2.9), we get that

HVJ;UET)HL2(O7T;L2(Q)) < Cr (uniformly in 7).
Summarizing, we have shown that
i oo o200 () + 08 20 e ) < Cr - (uniformly in 7). (7.2.10)

Finally, we need to derive a uniform estimate for the discrete time derivative. To this end,
let ¢ € L2(0,T; H*(Q;R3)). Then

T—l

T ~
/ (W™ — oru™)g dudt| < | £ (W)Vu| 20 IVl L22m + Ollbllicm

< Clloll 20,111 ()

Thus,

T = ool | 20 1m-1(0)) < O (7.2.11)

Step 3: passing to the limit 7 — 0. Due to the uniform estimates (7.2.10) and (7.2.11),
()
i

L?(Q2). Since uET) is uniformly bounded in L*°(Q7) and f’ and @ are continuous, also

we can use the Aubin-Lions lemma [40, Theorem 3| to derive that u;, ° — u; strongly in
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f'(u) and Q(u(™)) are uniformly bounded in L>(€7), moreover, we get the convergence
u;(7) = u; strongly in L*(Q) for all s < co and a.e. in Q7 (up to subsequences). Thus we
have

u'™ = strongly in L(0,T; L*(Q)), (7.2.12)

u™ —u  weakly in L?(0,T; H'(2)), (7.2.13)

F(wVul™ ~ X weakly in L2(0,T, L*(Q)), (7.2.14)

7 Hu — o) = du weakly in L2(0,T; H~1(Q)). (7.2.15)

Due to (7.2.12) and (7.2.13), it holds that
FWNVu™ = f(u)Vu  weakly in LP(Qp) for all p < 2,

and consequently X = f’(u)Vu. Similarly as in the proof of [41, pp. 1208-1209], we derive
from (7.2.12) and (7.2.11) that

/ / (o™ —u) . p) da:dt—>/ /u Oy dudt — /Quo-gb((),x)d:n.

This and the convergence results in (7.2.12)-(7.2.15) are sufficient to pass to the limit 7 — 0,
yielding (7.2.3).
O

Remark 7.2. In fact, assuming enough reqularity for the data, the solutions are even
classical solutions. This can be shown by a bootstrap argument.

7.2.3. Fast-reaction limit to a cross-diffusion system

Our next goal is to study the rigorous limit of system (7.2.1) to the cross-diffusion system
(7.2.2). To this end, we impose the following set of assumptions for this subsection.

Assumptions for subsection 7.2.3

(B1) There exists a constant C; > 0, such that (for large ) it holds that

0< fi(x) <Cy z2 log(xz) forall >0, i=1,23.

(B2) There exist a > 0 and Cy > 0, such that

gi(z) > Cozx® forall x>0, i=1,23.
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7.2. Rigorous limit from three species with one fast reaction

(B3) For some s > 1 and 1 < p,p’ < oo with 1/p+1/p’ = 1, there exist positive constants
Cs3,Cy, C5 > 0 such that (for large x)

qi(x) < Csxfi(z) forall x>0,
g’ (z) < Cyzfa(x) forall x>0,
qu/ () < Csxfs(x) forall x>0.

i- i -
(B4) The functions f; : Ry — Ry and ¢; : R} — Ry are in " with

fi(x) >0 and ¢ (z) >0 forall z>0, i=1,23.

(B5) There exists a constant Cg > 0, such that

gi(z) < Coz (fifiq}) (x) forall z>0, i=1,23.
(B6) For a:R2 — R2 with a(ug,us) = (a(uz,us), as(uz, u3)) it holds that

Ra_ — R+
Qa; : _
(uz u3) = i + 7 (q2(u2)as(a5) ) [

are continuous for ¢ = 2, 3.

Fast-reaction limit

Theorem 7.3. Let assumptions (B1) — (B6) hold. Let 2 CRY be a bounded regular open
set of RV, and let for any e > 0, u§,u, u§ denote a weak solution of the reaction-diffusion
system (7.2.1) with initial data us(0,z) = ui"(x) € L™ for allz € Q, i =1,2,3.

Then the following holds: If ¢ — 0, there exists a subsequence of uj,u5,u§ (which we
still denote by u§, u$,u§), which converges to uy,uz,us in L},.([0,00); L}(9)).

Moreover, this limit is a weak solution of the cross-diffusion system (7.2.2) belonging to

Lb,.(0,50); L} (©2)).

loc

A priori estimates
Defining the entropy

3

HiE@) =Y /Q hi(uf) dz, with hy(uf) = / " los(gi(2)) dz, (7.2.16)

i=1
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

the entropy dissipation along the flow of system (7.2.1) has the following form

D.fu (1)) =~ Hue (1)

= Z/ log ¢; (u5) Ous dx

_Z/< ) ) |Voul|? da

+ 2 [ (toztan (u5)) = Tox(aa(u3)asu5) ) (1) = o (u5)as(u)) o

> 0.

Integrating this in time leads to the standard entropy-entropy-dissipation inequality, where
the right-hand side is uniform in e:

sup Hlu / D.[uf(s)]ds < H[u'™]. (7.2.17)
t€[0,T)

Lemma 7.4 (Entropy estimates). The following estimates hold for u; with i =1,2,3:

Z/ / ( ) ) |Vouf|? dadt < Cr, (7.2.18)

/Q (108(a1(u5)) — log(a2 (u5)as (u5)) ) (a1 (u5) - qa(u)as(u5) ) dedt < =C, (7:2.19)

sup /u log(ui) dz < Crp. (7.2.20)
tef0,7] /0

Proof. Estimates (7.2.18) and (7.2.19) follow from the entropy-entropy-dissipation inequal-

ity (7.2.17).
Estimate (7.2.20) can be proved in the following way: Thanks to (B2) we know that

hi(x) = /w log(qi(2))dz > aC /m log(z) dz.

This together with (7.2.17) (and the conservations of [,(uf + u5)) yields

sup Z/ ui|log(uf)|dx < C sup H[u(t)] < Cr.
t€[0, 7] te[0,T]

O

Now we present the following duality lemma from [29], which is a variant of [121] intro-
duced by M. Pierre and D. Schmitt.
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7.2. Rigorous limit from three species with one fast reaction

Lemma 7.5 (Duality lemma). If for w >0 and A := A(t,x) > 0 it holds that

0w — Az (Au) <0 in €,
n(x) - Vz(Au) =0 on 09,
u(0,z) = u™(x) € L=(Q),

T T
/ /Au2 dzdt < C <1+/ /Ada:dt) ,
0 Q 0 Q

where C' depends only on [|[u™||fe(q).

then

Proof. We integrate 0yu — A, (Au) < 0 against a test function w > 0, which is defined as a
positive solution of the dual problem

onw + AA,w = — Au,
Vew-n(x) =0 on 09, (7.2.21)
w(T,-) =0.

Note that w is indeed nonnegative because u is also assumed to be nonnegative. This leads
to

T
/ / (wOu — wlA, (Au) ) dzdt < 0.
0o Jo

Integration by parts yields

T T
—/ /u@twdxdt—/(wu)(O) da:—/ /AquwdxdtSO
0 Q Q 0 Q

and using the dual problem (7.2.21) leads to

/0 ' /Q Au? dadt < /Q (wu)(0) d.

Using Holder’s inequality yields

T
/ / Au? dadt < u(0)] () / w(0)| da. (7.2.22)
0 Q Q

Next we multiply the dual problem (7.2.21) by A,w and integrate, which yields

T |V w|? T 2 T
—/ 8t/ dxdt—l—/ /A(Axw) dxdt = —/ /Aquwdxdt.
0 o 2 0o Jo 0o Jo

Using Young’s inequality leads to

1 2 ’ 2 e 2 L a2

— [ [Vzw(0)|" dz+ A(Azw)” dedt < — A(Azw)” dedt+ - Au® dxdt.
2 Ja 0o Ja 2Jo Ja 2 Jo Ja
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Thus

T
/ IVw(0)|* dz + / / 2 dadt < / / Au? dzxdt. (7.2.23)
Q 0 Q

Now we can write

T T
— / Oyw dt = / (AAmw + Au) dt.
0 0

/Q|w(0)|d$S/(]T/Q(|AAxw|+\Au|)dxdt.

Using Young’s inequality for both terms on the right-hand side leads to

/]w )| dx < = //Au dxdt + - //A cw)? dedt + = //Adxdt

and thanks to (7.2.23) we get that

/|w )| de < — / /Admdt+5/ /Au dxdt. (7.2.24)

Now we use (7.2.22) and (7.2.24) to obtain

/ /Au dadt < u(0)] = /w )| da
< [Ju(0 )HLoo(Q)( / /Ada:dt+€/ /Au da:dt)

which proves the duality lemma by choosing £ > 0 small enough. O

Thus

Lemma 7.6 (Duality estimate). It holds that

T
/ / <f1(u§) + fi(uf-)> (u +uf) dedt < Cp, i=2,3.
0 Q
Proof. It holds that

O (u§ +us) — A, <(fl(“§)+f(“6)(u1 + uf))) =0, i=2,3. (7.2.25)

€ €
uy + u;

Due to (B1) and (7.2.20) we know that

/ fi(ui) + filu )dxdt<C’/ /ullog ul)da:dt—i—/u log(u$) dedt < Cr.
Q

u + ug

Thus we can use Lemma 7.5 for equation (7.2.25) and get the desired estimate. O
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7.2. Rigorous limit from three species with one fast reaction

Lemma 7.7. Recalling that u!™(x) € L>°(Q) for i =1,2,3, we get the following estimates:

H(fh( N2 — (g2(u5)gs(ug)) o) < eCr,

g (ug) — ga(u3)gs(us )HLl @ < VeECr.

Proof. The elementary inequality

‘f—\[‘ b)(loga — logh), a,b>0,
together with Lemma 7.4 yields

@) - (aa(u)an) 2‘ 2

L2(Qr)
_4/ /‘(h ‘IQ(UQ)Q3(U3 1/‘ dxdt
< /O [ (005) = aatus)antu) ) (o a1 Lo (aa(up)as(u5))) e

< ECT?
which shows the first estimate. By using the Cauchy-Schwarz inequality, we get that

g1 (u1) — QQ(Uz)%(Us)HLl Qr) —

= [ [ (@06~ (@a8)s05) ) (@) + (8)as5) ) doat

1/2 1/2
1/2 1/2)2
< () Jm = (@t ) ([ Jontui) 2 + sy P
T
For the first factor we can use the first part of this lemma:
2
/ / ’ a1 (uf))/? — Q2(U§)(I3(U§))l/2‘ dxdt < \/eCr,
and the second factor is bounded due to Young’s inequality, (B3) and Lemma 7.6:
1/2)2
/ | @12 + (aa(u)an(u)) 7 dat <
T
2 / [ i) dodt+2 / | aaus)astes) dad
< C + C/ / Ulfl Ul + UQfQ(’LLQ) + U3f3( )) dxdt < CT
This finishes the proof of the second estimate. O

Lemma 7.8. It holds fori=1,2,3 that
IVauillior) < Cr,

which shows that u$ is bounded in L'(0,T; Wl’l(Q)).
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Proof. Tt holds by Cauchy-Schwarz that

[ o< ([ f (20 eormoirann)” ([ (3

Now it holds that
/ / ( ) )|V |? dedt < Cp

due to Lemma 7.4, and thanks to (B5) and Lemma 7.6 we get that

INAC

which finishes the proof. O

1/2
) d:vdt)

> ) dzdt < C/ ug fi(uf) dzdt < Crp,

Strong compactness for u;

The difficulty in proving strong compactness for «; in system (7.2.1) relies in the fact that
we cannot use the Aubin-Lions lemma [130] for u$ directly, due to blow-up in the time
dervatives d;uj for ¢ — 0. However, we are still able to prove strong compactness for the
u; with the help of the following lemmata.

Lemma 7.9. The sequences (u§ +u$), i =2,3 are relatively compact in L*(Qr).

Proof. For the terms uj + ug, i = 2,3, in system (7.2.1), we see that the right-hand side
does not blow-up for ¢ — 0, thus we apply the Aubin-Lions lemma to these terms and get
strong compactness for them.

The terms u§ + u$, i = 2,3, are bounded in L(0,7; W11(Q)) due to Lemma 7.8. For
the time derivatives O0¢(uj + u5), i = 2,3, we have that

O (uf + uf) = A (fr(uf) + fi(uf)).

Now it holds by Lemma 7.6, (B1) and Lemma 7.4 that

/OT/in(uf)dxdtS (/OT/sz(uf)uf d;pdt> 1/2 </0 fz( )d dt>1/2
¢ </0T/in(uf)U? dxdt) v </ /u log (u d:cdt)

< CTv

1/2

which implies that d;(u§ + u$) is bounded in L'(0,7; W~21(Q)). Thus by the standard
Aubin-Lions lemma [130] we get that (u§ + u$) is relatively compact in L' (Qr). O
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7.2. Rigorous limit from three species with one fast reaction

Lemma 7.10. The function
R - RE
| (w2, ug) — (uz + a7 (q2(u2)gs(us)), us + g7 * (Q2(U2)Q3(u3))>

s a homeomorphism on Ri.
Proof. The function ¢ can be written as
2 2
: R: — R%
(u2,us) — (az(uz, us)us, as(uz, us)us),

where for i = 2,3 we have a; : RZ — Ry with

T (g2(u2)gs(us)) .

ai(ug,ug) =14 2 »
7

By (B6) it holds that the functions a; are continuous on R? . Clearly they are lower bounded
by 1. Moreover, on Ry x R4 it holds thanks to (B4) that ¢ is strictly increasing (in the
sense that each component is strictly increasing w.r.t. each component), and on R} x R*
it holds that ¢ is C'. The determinant of the Jacobian of ¢ is strictly positive on R% xR%:

—1\/
det D(¢) =1+ (q;") (g2(u2)qs(us)) - (¢5(ua)gs(us) + q2(us)gs(uz)) >0 Vu; > 0.
Thus we can apply [51, Proposition 5.1] and get that ¢ is a homeomorphism on R2. [

Lemma 7.11. If (u5), i = 1,2,3 are sequences in Ry satisfying for e — 0 that

(ui+u5) = B a.e in Qp,

(uf +u§) > C  ace in Qp, (7.2.26)

and if additionally

(u — ¢7 (@2(ud)gs(u5))) = 0 ae. in Qp,

then it holds that

ujf —ur  a.e in Qr,
us — uz  a.e. i S,
uz = us a.e in Qp,

with
ug = Yo(B,C), wuz:=y3(B,C), wup:= ql_l (qg(l/Jg(B, C))q?,(wg(B, C))), (7.2.27)

where V¥ = (12,12) := ¢~ ', and ¢ denotes the homeomorphism introduced in Lemma 7.10.
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Proof. Due to the assumptions, it holds that

us + ql_l(QQ(ug)q:g(ug)) — B a.e. in Qrp,
u§ + g7 (qa(u§) gz (ug)) — C ae. in Q.

Moreover, since ¢ is bijective with the inverse 1) := ¢!, it holds that

(u5,u5) = ¥ (u5 + a7 ' (g2(u5)g3(u)), u§ + ¢y ' (g2(u3)gs(u3))) for all &> 0,
and since v is continuous, it holds a.e. in Q7 that
(uz, us) = lim (u3, u3)
= lim (1/12 (us + a7 H(a2g3), u§ + a1 ' (9203)) s 3 (us + a5 ' (g2q3), u§ + ql_l(Qqua)))
= (¢2(B7 C)a 1/}3(37 C))7

with B, C defined in (7.2.26). This shows that u5 — ug a.e. in Qp, and u§ — u3 a.e.
in Qp with ug = 99(B,C) and uz = 3(B,C). Finally, since u§ — ¢; *(q2(u5)qz(ug)) —
0 ae. in Qp, we get that uj — ¢; ' (¢2(¥2(B, 0))gs(13(B,C))) a.e. in Qp, which finishes
the proof. O

Theorem 7.12. Fori=1,2,3 it holds that
us — u; strongly in LY(Q7)  and a.e..

Proof. Due to Lemma 7.9 we have (for a subsequence) that uj + u§ — B a.e. in Qr
and uj +u; — C a.e. in Qp, and due to Lemma 7.7 it holds (for a subsequence) that
(u§ — a7 M(g2(ug)gs(u§))) — 0 a.e. in Q. Thus we can apply Lemma 7.11, and get that
ui — u; a.e. in Q.

Thanks to Lemma 7.4 we have for ¢ = 1,2, 3 that
i | Log L)) < CT,
thus by [105, Lemma 1.3] we get that

uf — u; strongly in L*(Qr).

Uniform integrability

Lemma 7.13. For ¢ — 0 it holds that

q1(u]) = q1(uy) strongly in Ll(QT),
g
2

q2(u3)qs(us) — qa2(u2)gs(us) strongly in Ll(QT).
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7.2. Rigorous limit from three species with one fast reaction

Proof. Due to Theorem 7.12 we know that uj — u; a.e. in Qp. Since g; is continuous, it
holds that

q(u§) = qi(u1) ae. in Qrp,
@2(u5)g3(u3) = ga(u2)g3(us) a.e. in Qp.

Thanks to (B3) and Lemma 7.6 we have for some s > 1:

a1 (vl Ls ) < Crs

&€
1
lg2(u3)g3(u3)lls(or) < Cr-

Thus ¢1(uj) and g2(u3)g3(us) are uniformly integrable, and applying [105, Lemma 1.3]
finishes the proof. O

Lemma 7.14. It holds that fi(u$) — fi(u;) strongly in L*(Qr) fori=1,2,3.

Proof. First we prove that f;(u) is uniformly integrable, where we recall that f; : Ry — Ry
with f/ > 0. In the case that that f; is bounded, this is clearly true. In the case that f;
is unbounded, f;l is also unbounded, and we proceed in the following way. Defining the
function
Ry = Ry
e (@),

for i = 1,2,3, it holds that ®; is strictly increasing and that ®;(z)/z — oo for z — oc.
Finally, thanks to Lemma 7.6 we have for all € > 0 and for i = 1,2, 3 that

/OT/Q@Gfi(Uf)I) dxdt:ATAuffi(uf)dxdthT,

Thus ( fi(us )) is uniformly integrable for i = 1,2,3 also in this case. Since f;(u) — fi(w;)
a.e. in Qp, we can apply [105, Lemma 1.3] to get the desired result. ]

Passing to the limit

The estimates derived in the last subsections are sufficient to pass to the limit € — 0 in the
weak formulation of the reaction-diffusion system (7.2.1). Thus we are now able to prove
Theorem 7.3.

Proof of Theorem 7.3. The only step which remains to prove is to pass to the limit ¢ — 0
for the terms u§ + uf, ¢ = 2,3 in the weak formulations of the reaction-diffusion system
(7.2.1). First we write down the equation satisfied for uj + v, i=2,3:

Ap(ui +uf) — Ay (fr(uf) + fi(uf)) =0
(uf +u5)(0,2) = (ui" + ") (),
n(x) - Vy(ui +ui)(t,z) = 0.
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

The weak form can be written in the following way: For any test function ¢ = ¢ (¢, x) in
the set

{1/) € 02([0, ) x Q) :1p(t) =0 for t > T and n(z) - Vuib(t,x) = O},
we have that
0= / (i + ) (£, )00t ) dudt + / (W™ + i) ()(0, 2) da
Qr Q

+ / (f1(ug) + fi(u§)) Agp(t, o) dadt.
Qr

Now, by using that

ui — u; strongly in LY(Qp), i=1,2,3,

) 1 , (7.2.28)
fl(ule) - fl(ul) Strongly in L (QT)’ = 17 27 37
we can pass to the limit ¢ — 0 and get that
0= / (u1 4+ w;)(t, 2)0pp(t, x) dedt + / (u 4+ ul™) (z)2p (0, ) dz
ar ¢ (7.2.29)

+/ (fi(ur) + fi(ui)) Agip(t, ) dadt.
Qr

Next we observe that thanks to Lemma 7.13 (second inequality) and Lemma 7.7, we get
q1(u1) — g2(u2)gs(us).
This finishes the proof. O

Remark 7.15 (Initial layers). The last proof shows that the initial data needs to be well-
prepared, i.e.

(Ui g (uf) = q(ut™)  a.e. in Q.

If this condition is not satisfied, there is an initial layer appearing. But due to the fact that
lq1(uf) — g2(u3)gs(u5) || 21 @p) < VEC,

this initial layer vanishes after o.—o(1)— time.

7.2.4. Transformed system

First we recall the definition of the homeomorphism ¢(u) = (p2(u), p3(u)) for u = (ug, us)
defined in Lemma 7.10:

p: RL RS (7.2.30)
(u2,u3) = (w2, w3),
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7.2. Rigorous limit from three species with one fast reaction

where w9 := ug + ql_1 (g2(u2)gs(us)) and w3 := uz + ql_1 (q2(u2)qs(us)), and its inverse

vi=eTh Y(w) = (Ya(w),Ys(w)). (7.2.31)

Thus we can formally rewrite the limiting system in terms of the new variables (wsg, ws) in
the following way:

Dy — A, [(fl(%_l (g2(v2(w))gs(¥3(w)))) + f2(1b2(w))> w2] ~0,

w2

N Kfl(q;l (stloass(D) + St )

w3

The entropy can be expressed in the new variables w = (wg, ws3) in the following way

a7 M (q2(t2(w))gs (s (w)))
Hlw(t)] :/Q/ log(qi1(z)) dzdx
C

ha(w) 3 (w)
—1—// log(qg(z))dzdx—i—// log(gs(2)) dzdx.
QJe QJe

7.2.5. Robustness of the method
Robustness of the method for quadratic diffusivities

Now we study the microscopic model with quadratic diffusivities f;(u5) = (uS 2, i=1,2,3,

where we allow a small pertubation of cross-diffusion terms in uf,u5 for 6 > 0,7 > 0:

O — Ay (uf (ui + 5u§)> _ !

- (@ (u1) — go(u3)as(u3)),

Opus — Ay (u% (u‘§ + 7u§)> = +% (Q1 (ui) — Q2(U§)Q3(U§))a (7.2.32)
()

O — D ((u5)*) = += (a1(ui) — g2(u3)a3(u5)).-

The following lemma shows that our method of obtaining entropies for the limiting cross-
diffusion systems is robust under small perurbation of cross-diffusion terms.

Lemma 7.16. Let 0 < § < 4 and 0 < v < 4. Assume that there exist positive constants
C1,Cy > 0, such that

/ / /
o, 2lw) o aln) o ar(u) (7.2.33)
g2(u2) — qi(u1) q2(u2)
Moreover, assume that
8 0Cs
0 — — > ——>0. .2.34
Then the entropy is decreasing along the flow of the pertubed system (7.2.32), i.e.
d
Ve >0: ﬁH[ua(t)] <0.
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Proof. Tt holds that

d

pn (q1 (ui))@tuﬁ dx + /Q log (qQ (ug))ﬁtu‘a dx + /Q log (q3 (ui))@tug dx

E

;

Il
S~

—

S

o

:_é /Q (1o (a1 (u5)) — log (a2(u5)as (u5)) ) (an (uF) — g2 (u5)as(1s5)) da
—2/9Zigg“ﬂvﬂ*ui””””‘?/gZ§§Z§§UEIVm<u5>\2dw
~2 [ BV e =5 [ . i
o [ B9 g s | B ) 906
— /Q Zigz;uéw(ul) Vo (us) dz

Using Young’s inequality

(1) 1/ 4;(u;) 2 1/ q;(u5) 2
() 1o, () - Vo) do < 2 [ D) v, @R dn+ 3 [ DY) g9, () 2 do
Gt Vet s Ve ) P g | 9 (5))

we get that

1) < =2 [ (log (0 (u)) ~ 1o (@2u)s(65)) ) (0 (05) — aaas() o

) [ftomsare (- [ S
o it () [

)
( 502) /e EZ V) de

Robustness of the method for cubic diffusivities

Now we study the microscopic model with cubic diffusivities f;(u$) = (uf)?’, 1=1,2,3,

where we allow a small pertubation of cross-diffusion terms in uj, u5 for 6 > 0,y > 0:

o — 8 (w (7 +5.(65)°) ) = — (n(0) — (o) as(5),
Ous — Ay (ug( (ug)2 + v (u‘i)2 )> = +§ (C]1 (uf) — Q2(U§)QS(U§)>v (7.2.35)

Opus — Do ((u5)*) = J% (a1 (u) — g2(u3)as(u3))-

The following lemma shows that our method of obtaining entropies for the limiting cross-
diffusion system is robust under small perurbation of cross-diffusion terms also for this
model.
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7.2. Rigorous limit from three species with one fast reaction

Lemma 7.17. Letd > 0, v > 0 and assume that there exist two positive constants Cp,Co >
0 such that assumption (7.2.33) holds. Moreover, assume that

3—5—0120, 3~ —86Cs > 0. (7.2.36)
1
Then the entropy is decreasing along the flow of the pertubed system (7.2.35), i.e.
d
Ve >0: @H[ug(t)] <0.

Proof. Tt holds that

d
SHIEO) = [ 10g (ar(05)) O dio + [ o (aa(u5)) D o+ [ Log ((05)) s da
Q Q Q

- ‘1/ (log (q1(uf)) — log (a2(u3)as(u5)) ) (a1 (uf) — a2(u5)as(u5)) da
g Ja
q

5(u3) 2
—3/ 353 (ug)? [Vug|? da
QQ3(U§)( 3 [Vusl
q/1<u§) €\2 £\|2 /qé(ug) £\2 e\|2
—3/ U Va(u dx —3 U Va(u dx
q/ uE
~o [ B 05 V. )
1
qé(u%) £\2 £\|2 /Qi(ui) €, € € €
— U Va(u dx — 26 uSusVa(ug) - Ve(us) dx
7 | B ) 192 05) V() - Vi)
/ g
-2 ZiEZggu;‘ugvx(uﬁ) V(1) da.
2

Using Young’s inequality in the following way

M (us
/Q Z%EZ;iugujvgc(ug) Vo(uf) da

L[ 6() o210 e g o b [ B (210 0 de
52/9%(“5) (45)” [V (uj)| d$+2/gqi(uf) (u5)” |V (u5)* d
leads to
SHIE0) < = [ (log (0(05)) = log (@2(u3)a63))) (11 (1) = (w5 1) o
-3 [ BV, 03 ds
N (3 o Cll> /Q ZiEZ? (u1)? |V (ui)]* da

)
_ A qé(ug) Ut 2 us 2 X
(3-7-00s) [ B 05 V.5

_ qi(ui) us 2 u 2 r — qé(ug) u 2 ul 2 o
[ B () V) e =y [ B ) V)
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

7.3. Rigorous limit from four species with one fast and one slow
reaction

In this section we prove the rigorous limit of a reaction-diffusion system with one fast
reaction and one slow reaction to a limiting cross-diffusion system when the fast-reaction
rate 1/e tends to infinity.

7.3.1. Model for four species with one fast and one slow reaction

Chemical system considered:

Fast reaction (rate 1/¢):
Al = A2 + A37

Slow reaction (rate 1):
Al +A3 = Ay

Corresponding system of PDEs for the concentrations u; := u(t,z) > 0 of species A;

for i = 1,2, 3,4 with diffusivities d; > 0:

1
O] — dy Ayuf = - (ugus — uj) + (ug — uj us)
1
Owus — do Agus = — = (u5us — us
1y — d2 Agzly 5( 2 U3 1) (7.3.1)
1
Opus — d3 Agu3 = —C (u3ug — ug) + (ug — uj u3)
Orug — dg Agui = —(uf — uj ug)

together with initial data
ui(0,z) = ul(z) >0, i=1,2,3,4, z€Q,

and homogeneous Neumann boundary conditions on the boundary 02 of a bounded smooth
open set  of RN

n(x) Vyui(t,x) =0, i=1,2,3,4, x €.

Formal limit: We are interested in the rigorous limit ¢ — 0, with wu; satisfying the
following reaction-cross-diffusion system:

uguz —uy =0,
O(u1 + u2) — Ay(diuy + doug) = ug — ug us,
Op(ur +uz) — Agp(diug + dsug) = 2 (ug — ug us).
Opug — dg Agug = —(ug — ug ug).

(7.3.2)
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7.3. Rigorous limit from four species with one fast and one slow reaction

7.3.2. Existence of solutions

Theorem 7.18. For any € > 0, there exists a weak solution u® € L} _([0,00); L*(;R*))
to system (7.3.1).

Proof. This follows from [49, Theorem 4.1]. O

7.3.3. Fast-reaction limit to a cross-diffusion system

In this section we will prove the rigorous limit of the reaction-diffusion system (7.3.1)
to the limiting reaction-cross-diffusion system (7.3.2). The idea of the proof is, that by
duality, we get an L?(log L)? estimate, which directly implies the uniform integrability
of the nonlinearities. By compactness properties (Aubin-Lions lemma), we get L*/3(Qy)-
compactness of (u$). Thus we get, up to a subsequence, convergence of the right-hand-side
in L'(Q7).

Theorem 7.19. Let Q C RY be a bounded regular open set of RN, and let for any e > 0,
ui, uj, u§, uj denote a weak solution of the reaction-diffusion system (7.3.1) with initial data
u™log(u™) € L?(Q).
Then the following holds: If e — 0, there exists a subsequence of uj,us, u3, uj (which we
still denote by u$,u$, u§, ug), which converges to uy,usz,us,us in L} ([0,00); L1(12)).
Moreover, this limit is a weak solution of the reaction-cross-diffusion system (7.3.2) be-
longing to L% (]0,00); L2()).

loc

7.3.4. A priori estimates

Using the entropy

4
H[uf ()] = Z} /Q (us (logus — 1) 4 1) dz, (7.3.3)
the entropy dissipation
D.[u (1)) = — 5 Hue ()]

along the flow of system (7.3.1) has the following form
! |V pus |2 1
D) =Y ds / Vet gy 4 1 / (u5us — uS)(log(ues) — log uf) da
i1 [e) Ui g Jo

+ /Q(ui — uju3)(log uj — log(uju3)) dx.

Integrating this in time leads to the standard entropy-entropy-dissipation inequality, where
the right-hand side is uniform in e:

T .
sup H[uf ()] + / D.Juf(s)|ds < H[u™). (7.3.4)
+€[0,T] 0
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Lemma 7.20 (Entropy estimates). Recalling that u'™log(u'™) € L%(S)), the following esti-
mates hold for u; with i =1,2,3,4:

5] Lo 0,751 10g 2y + 1 ()2 2 o1;m () < O,

/0 /Q (1 — 2 u5) (log i, — log(usus)) < Cr,
T
/0 /Q (5 — w5 (log uf — log(uus)) < eCr-

Proof. This follows directly from the entropy-entropy-dissipation inequality (7.3.4) by using
the fact that 4|V, (u$)Y2> = |Vus|?/us. O

The next lemma can be found in [49, Theorem 8.1].

Lemma 7.21 (Duality lemma). If h is a strong (i.e. C%([0,T] x Q)) nonnegative solution
to the parabolic problem

oth — A, (Ah) <0
Vi(Ah) -n(zx) =0 on 09, (7.3.5)
h(0,-) = h'(-) € L*(9),
where A is bounded from below and from above by some positive constants C1,Co > 0 in
the following way

0< (1 < A(:Ii,t) < Oy,
then
1All2(0p) < Crl|R(0)][ 220

Proof. We integrate 0sh — A, (Ah) < 0 against a test function w > 0 which is a defined as
a positive solution of the dual problem

— (Ow + AAyw) = O € C§° (), © >0,
n(z) - Vyw(t,z) =0 on 09, (7.3.6)
w(T, ) =0.

This leads to

T
/ / (wdh — wAL(Ah)) dzdt < 0.
0 Q

Integrating by parts yields

T T
—/ /h@tw d:):dt—/(wh)(O) d:):—/ /AhAxw dxdt <0,
0 Q Q 0 Q

and using the dual problem (7.3.6) leads to

/ /h@dmdt</(hw)( ) de.
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7.3. Rigorous limit from four species with one fast and one slow reaction

Next we multiply the dual problem (7.3.6) by A,w and integrate, which yields

T
—/ at/ |V w(t |2da:dt+/ / 2 dedt = / /@Awwd:c.
Q

Using Young’s inequality leads to

T
;/ Vzw(O)Ide—i—/ /A(A$w)2 dxdt
// L) dxdt+CC’1/ /®2d:cdt

where we recall that A > C; > 0. Thus

T T
/ / (Apw)? dedt < C / / 2 dxdt. (7.3.7)
0 Q 0 Q

Let us now estimate w(0) in L?(Q). For this we write

T
/ 0tw dt.
0

Thus by using the dual problem we get that

/Q (w(0))? dz = — /O ' /Q (Opw)w(0) dzdt = / / 0)O dxdt + / / 0)AA w dzdt.

Using Young’s inequality, we get that

T
/w(O)Qd:USC’/ /®2dxdt.
Q 0 Q

Putting all this estimates together leads to

/OT/QhG)dxdtg/Qh(O)w(O)dz

< w0 2o ()] £2(2)

< CA(0)] 20 //@Mm.

1Al 2 () < ClIR(O0) || L2

Thus by duality we get that

which finishes the proof.
Lemma 7.22 (Duality estimate). Fori=1,2,3,4 it holds that

1451 22 1og £)2(02r) < O
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Proof. Set
4
he = Z(uf Inwu; —uj +1),
i=1
4
We 1= Zdi (uf Inwuf —ui +1),
i=1

!Vu!

5._261

+ (ui — ujuz) (Inug

(u2 u3 — uj) (hl(ug us3)

— Inug)

— In(uf u3)),

then system (7.3.1) exhibits the following entropy structure

aths - Aa:wz-: = —Je-

This implies that the entropy density h, is a strong (i.e. C?([0, T] x 2)) nonnegative solution

to the parabolic problem
Othe — Ay (Ache) <0
Vi(Ache) - n=0 on 09,
he(0,-) = h™(-) € L*(9),

where A" > 0 is independent of €, and A, is bounded from below and from above in the

following way

0 < min d; < A,
1<i<4

with A = we/he,

max d;.
1<z<4

Thus we can apply Lemma 7.21 to h. and get the desired result.

Lemma 7.23. Recalling that u'™ log (u

1(u§)M? = (u5u$)"?|| 20
[u§ — ususl| g

Il(u) 2 — (u§u§) 2|l 207
Q)

Proof. The elementary inequality

tjva- [ <

together with Lemma 7.22 yields

(a —b)(loga —logb),

m) € L%(Q), we get the following estimates:

< eCr,
< eCr,
<Cr,
<Cr.

a,b>0,

4”( )1/2 ( € 8)1/2||L2 <4/ /‘ 1/2 ueus)1/2 dxdt
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7.3. Rigorous limit from four species with one fast and one slow reaction

T
< / / (u§ — u§u§) (log(u) — log(u5us)) dudt
0 Q

< eCr,

which shows the first estimate. By using the Cauchy-Schwarz inequality, we get that

[ut — waus|l L1y —/ / D2 — (ugu 3)1/2) <(U§)1/2 (u§u5)1/2) dxdt

1/2
</ / H2 _ u§u€)1/2 d:rdt> (/ / 24 u§u5)1/2> da:dt) .

The boundedness of the last factor by Lemma 7.22 and the previous estimate lead to

|uf — u5us|l L1 (ap) < VECT.

Similarly,
4”( )1/2 (u€u§)1/2”L2(Q <4/ /’ 1/2 usu€)1/2 dxdt
< / ] 05 = w5 o) — Tz )
0
S CT7

and again by using the Cauchy-Schwarz inequality, Lemma 7.22 and the previous estimate,
we get that

lui = wiull o) < Or-

Lemma 7.24. It holds that

IVaui |l Larsa,) < Cr
Proof. Using the fact that V,u§ = 24 /uf(V+/uf) with /uf bounded in L*(2 x [0, 7T]) due
to the duality estimate in Lemma 7.22 and V../u$ bounded in L?(Q x [0,T]) due to the

entropy estimate in Lemma 7.20, we get by using Holder’s inequality with p = 3,¢ = 3/2
and 1/p+1/q = 1, that the product V,u$ is bounded in L*/3(Q x [0, T]):

T T
/ /\quf|4/3da:dt:24/3/ /|\/uﬂ4/3|va;\/uﬂ4/3dxdt
0 Q 0 Q

T 3 , T
< 24/3 </ / |J/us|* dxdt) </ / |V U5 |2 dxdt)
0 JQ 0 JQ

<Cr.

2/3
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

7.3.5. Strong compactness

The difficulty in proving strong compactness for the species u$ in system (7.3.1) relies in
the fact that we cannot use the Aubin-Lions lemma [130] for u$ directly, due to blow-up in
the time dervatives Oyu; for ¢ — 0. However, we are still able to prove strong compactness
for the u$ with the help of the following lemmata.

Lemma 7.25. The sequences (u§ + u5) and (u§ +u§) are relatively compact in LY3(Qr).

Proof. For the sums uj + u§ and uj + u§ in system (7.3.1), we see that the right-hand
side does not blow-up for ¢ — 0, thus we apply the Aubin-Lions lemma to these terms
and get strong compactness for them. The terms uf + u5 and uj + u3 are bounded in
LA3(0, T; WH4/3(Q)) due to Lemma 7.24. For the time derivative 9 (u$ +u5), we have that

Op(u§ + u5) = diAzuf + daAgus + (uj — ujuy),
thus 0y (uj + u3) is bounded in
L20,T;W=22(Q)) N LY0,T; LY(Q)) € LY (0, T; W=21(Q))

due to the duality estimate in Lemma 7.22, and the same holds for 0;(uj + u3).
Summarizing, for f¢ = uj+u§ and f© = uj+uj respectively, the following estimates hold:
(f¢) is bounded in L*/3(0,T; W14/3(Q)), and (8, ¢) is bounded in L'(0,T; W~21(Q)), and
thus by the standard Aubin-Lions lemma [130] we get that (f¢) is relatively compact in
LA3(Qrp). O

Lemma 7.26. The function
: R2 — RZ
(z,9) = (1 +y)z, (1 +2)y)
is a homeomorphism on (R,)2.
Proof. The function ¢ can be written as
: R?2 — R?2
(z,y) = (alz, y)a,b(z,y)y),

where a : R2 — Ry, a(z,y) =14y and b:R2 — Ry, b(z,y) = 1+ 2. Thus we see that
a and b are continuous and lower bounded by 1. Moreover, on R, x R, it holds that ¢
is strictly increasing (in the sense that each component is strictly increasing w.r.t. each
component), and on R% x R% it holds that ¢ is C'. The determinant of the Jacobian of ¢
is strictly positive on R x R%:

det D(p)=1+z+y >0 Vr>0Vy>0.

Thus we can apply [51, Proposition 5.1] and get that ¢ is a homeomorphism on Ri. ]
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7.3. Rigorous limit from four species with one fast and one slow reaction

Lemma 7.27. If (ay), (by) and (c,) with n € N are sequences in Ry satisfying for n — oo
that

(an +by) > B a.e. in Qp,

(an +cn) = C  ace in Qp, (7.3.9)
and additionally
(an, — bpcn) = 0 a.e. in Qp,
then it holds that
(an) —a a.e in Qp,
(bp) > b  a.e in Qp,
(cn) — ¢ ace in Qp,
with
b:=19(B,C), c:=v¢3(B,C), a:=bc, (7.3.10)

where 1 = (2,13) := ¢~ ', and ¢ denotes the homeomorphism introduced in Lemma 7.26
R2 — R2
p:4 T * (7.3.11)
(@, y) = (@1 +y),y(1 +2)).

Proof. Due to the assumptions, we can write a,, = b, ¢, + €, with ¢, — 0 for n — oo, and
get that b,c, + b, + €, — B and b,c, + ¢, + €, — C. Thus it holds that

bn(l1+c¢,) — B ae in Qp,

. (7.3.12)
cn(14+0b,) = C ae in Qp.

Since ¢ is bijective with the inverse v := ¢!, it holds that
(bnycn) =¥ (bp(1+¢p),cn(l+by)) forall neN,

and since % is continuous, it holds a.e. in Q7 that

(b,c) = lim (by,cn) = lim ¥ (bp(1 4 ¢n), en(1 + b)) = (V2 (B, C), 93 (B,C) ),

n—0o0 n—oo

with B, C defined in (7.3.9). This shows that b, — b a.e. in Qp, and ¢, — ¢ a.e. in Qp
with b and ¢ defined in (7.3.10). Finally, since a,, — b,c, — 0 a.e. in Qp and b,c, — be a.e.
in Q7, we get that a,, — bc a.e. in Qp, which finishes the proof. ]

Theorem 7.28. Fori=1,2,3,4 it holds that

us — u; strongly in L?(Qr).
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Proof. Due to Lemma 7.25 we have that uj + u5 — B a.e. in Q7 and uj + u5 — C a.e. in
Qr, and due to Lemma 7.23 it holds that (u] — u5u§) — 0 a.e. in Qp. Thus we can apply
Theorem 7.27, and get that ui — u; a.e. in Q7.

Thus we have for i = 1,2, 3,4 that
u; = u; a.e. in Qp,
15 | L2 (1og LY2 () < O,
thus by [105, Lemma 1.3] we get that
uf — u; strongly in L*(Qr),

which finishes the proof. O

Corollary 7.29. For ¢ — 0 it holds that (ufuj) — wgu; strongly in LY(Qr) for all
i,j€{1,2,3,4).

Proof. Define ¢g° := ufu; and g := w;u; for 7,7 in {1,2,3,4}. Then it holds that ¢° — g¢
a.e. in Qr, and that [|g°(| 11 (10g ) < Cr due to the fact that

uiu$ log(ugus) = uf (uflog(uf)) + u (uf log(uf)) is bounded in LY(Qr).

Thus [105, Lemma 1.3] implies that g° — g strongly in L'(Q27), and thus (ufuf) — U

strongly in L'(Qr) for all i, € {1,2,3,4}. O

7.3.6. Passing to the limit

The estimates derived in the last subsections are sufficient to pass to the limit ¢ — 0 in the
weak formulation of the reaction-diffusion system (7.3.1). Thus we are now able to prove
Theorem 7.19.

Proof of Theorem 7.19. The only step which remains to prove is to pass to the limit ¢ — 0
for the terms uj + u3, uj +u3, u5 and uj in the weak formulations of the reaction-diffusion
system (7.3.1). First we write down the equation satisfied for uj + u§:

O (uf + u5) — dy Aguf — do Aguf = (uf — uf u3),
(uf +u5)(0,2) = uf" + ug",
n(x) - Vg (ui +us)(t,z) = 0.

The weak form can be written in the following way: For any testfunction ¢ = (¢, z) in
the set

{ve C?([0,00) x Q) : 9(t) = 0 for t > T and n(z) - Vo(t,z) = 0},

we have that

- /Q (0~ () d = /

(u§ + u3)0p(t, x) dedt + / (U™ + ud") (2)04(0, x) dx:
Qr

Q

+ / (dyuf + dous) Ayt (t, z) dedt.
Qp
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7.3. Rigorous limit from four species with one fast and one slow reaction

Now, by using the following results obtained above, namely that

uf — u; strongly in L*(Qr), i=1,2,3,4, (7.3.13)
ujus — w;u; strongly in LYQr), 4,5 €{1,2,3,4}, o

we can pass to the limit ¢ — 0 and get that

—/ (ug — urug)(t, ) dedt = / (u1 4+ u2)0up(t, x) dedt + / (u" 4+ uy") (2)04(0, ) dx:
Qr Qp Q

+/ (diug + doug) Agh(t, x) dxdt.
Qr

The procedure for uj + u§ is exactly the same, thus

—2/ (ug — uju3)(t, z)dzdt = / (u] 4+ u3)0p(t, x)dxdt + / (u" 4 u§") (2)0¢p(0, x)da
Qr Q Q

T

-I-/ (diu] + dsu3) Azp(t, z)dzdt.
Qr
converges for € — 0 to the limiting system
—2/ (ug — uruz)(t, x)dxdt = / (u1 + ug)opp(t, z)dzdt + / (u" 4+ ud) (2)04p(0, x)dx
Qr Qr Q
+/ (d1u1 + d3U3)A$’¢<t,Z’)dl’dt.
Qr
For uj, we obtain by the same arguments that

ug O (t, x) dzdt +/ ul(2)0p) (0, ) da
Q

/QT (u — uius)Y(t, x) dedt = /

Qr

+ / dyuz Az (t, x) dadt.
Qr
converges for € — 0 to

/ (ug —urug)y(t, x) dedt = / u O (t, x) dedt + / u(2)0p (0, ) da
Qr Qr Q
+/ dyug Az (t, x) dxdt.
Qp

Using Lemma 7.23 and Theorem 7.28, we get uous — u; = 0.

This shows that the reaction-diffusion system (7.3.1) converges weakly to the reaction-
cross-diffusion system (7.3.2), and since the duality estimate in Lemma 7.22 is uniform
in €, we get that the solution of the limiting cross-diffusion system (7.3.2) is bounded in
L? ([0,00); L?(£2)). O

loc
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

Remark 7.30 (Initial layers). The last proof shows that the initial data needs to be well-
prepared, i.e.

uy'ug' = ui"  a.e. in Q.

If this condition is not satisfied, there is an initial layer appearing. But due to the fact that
Jusug — uillp20.1;22(0)) < VeC,

this initial layer is vanishing after o.—o(1)—time.

7.3.7. Global strong solutions to the reaction-diffusion system

Theorem 7.31. Let Q be a bounded and regular (C*+® or C*) domain of RN for N <5
and d; > 0, i = 1,...,4. If the nonnegative initial data ué”, i = 1,...,4 are smooth
(C?(Q2)) and compatible with the Neumann boundary conditions, then for each fived € > 0
the solution of (7.3.1) is strong and unique.

Proof. We fix € > 0 for the entire proof. The idea now is to use the bootstrap argument of
[48, Proof of Theorem 3.1]. Due to the duality estimate of Lemma 7.22, we know that u$

is bounded in L2([0,T] x Q) for i = 1,...,4. Since
€ £ 1 € 1 €,€ 1 € s : 2
Owus — daAgus = —u] — —usus < —uj is bounded in L“(]0,7] x ),
€ € €

we can use the property of the heat kernel in Lemma 7.33 and get that

— 1 N -2
([0,00) x Q) for — > ——.

ue c qu
2 qo  2(N +2)

loc

The same argument holds for u5, namely since
1
opu§ — dsAgu§ < —u§ + u§ is bounded in L*([0,T] x Q),
€

we get by the property of the heat kernel in Lemma 7.33 that

1 N -2

€L Q) for — > ——.
uz € ([0,00) x Q) for q0>2(N+2)

loc

Thus by Young’s inequality with p =¢ =2 and 1/p+ 1/q = 1, we conclude that

ugug € L1? ([0,00) x Q) for — >

Again by Young’s inequality with p = (qo + 2)/q0,q = (g0 + 2)/2, where - > % and

0
1/p+1/qg =1, we conclude that
1 N

fui € LP* ([0 Q) for — :
ujuz € Ly, ([0, 00) x )Orp1>N+2
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7.3. Rigorous limit from four species with one fast and one slow reaction

Now we consider the reaction-diffusion equation satisfied for uj:

—_

1 N
Oug — dyAgui < —ujus bounded in LP1([0,T] x Q) for — > ——
tuy — dyAgug < —ujuz bounded in ([0,T] x Q) for o >N—i—2’

and again by the property of the heat kernel, we get that

— 1
e L ([0 Q) for — >
uy € loc([ 700) X ) or 0 N—{—Q’

and using the same arguments for uj leads to

— 1 N -2
€ e L9 ([0,00) x Q) for — > =
ul loc([ OO) ) or il N+2

For the remaining part of the proof we suppose that N = 5, since the case N < 5 can be
handled with the same arguments and possibly less steps of bootstrapping. For N = 5, we
have showed so far that

_ 1 — 1
WS, € L ([0,00) x Q) for — > > €, uE € L9 ([0, 00) x 9) for - > .

loc loc

qQo 14 a7
Since
dyus — diAyus is bounded in L7/3([0,T] x Q) for i = 2,3,

we get by the property of the heat kernel that u; € L;O_C‘S([O, ), Q), fori = 2,3, and a
small 6 > 0. Thus by using Young’s inequality with p =4,¢ =4/3 and 1/p+ 1/q =1, we
get that
uSu§ € L7A70([0,T) x Q),  w§u§ € L7479([0,T] x Q).
Thus
Opus — diAyus is bounded in L7/479(]0,T] x Q), fori = 1,4,
and by the property of the heat kernel we get that

7/2—48
loc

u; € L ([0, 00) x ), fori =1,4,

showing that
Ayus — d;Agus is bounded in L7/279([0,T] x Q), for i = 2,3,
and by the heat kernel we get that

ui € L2 ([0,00) x ), q2 € [1,+00), fori=2,3.

loc
Using Young’s inequality leads to

1 2
ujus € L™([0,T] x Q) for — > =,
T2

EN|

and together with the fact that

dyus — diAyus is bounded in L7/279([0,T] x Q), for i = 1,4
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7. From reaction diffusion to cross diffusion in the fast-reaction limit

and the property of the kernel leads to

us; € LP?

loc

([0,00) x ), g2 € [1,+00) for i = 1,4.
Finally, using the property of the heat kernel leads to
ui € LS([0,00) x Q), i=1,2,3,4.
Smoothness (C?([0, 0] x ©)) and uniqueness can be proved by using methods in [101]. [

Remark 7.32. The previous theorem only provides uniqueness for a given €, and this does
not imply any information about uniqueness of solutions to the limiting cross-diffusion
system (7.3.2). However, uniqueness of weak solutions to (7.3.2) may be obtained under
additional assumptions by using the technique of Gajewski [68].
7.3.8. Transformed system
Introducing the transformation ¢, with ¢(u) = (p2(u), @3(u)), u = (u2,us)

o {(R+)2 — (Ry)?

(ug,uz) — (w2, ws3), w = (wa,ws), wa:=uz(l+us), ws:=us(l+ug),
(7.3.14)

and its inverse

vi=eTl () = (Ya(w), P3(w)), (7.3.15)

we can rewrite the limiting system formally in terms of the new variables (wg, w3, u4) as

fucz = A (IR ) — (s~ vt
fuis — A (I ) — 24 - un(w),

Opus — dsAgus = — (ug — P3h3(w)).

The entropy can be expressed in the new variables w = (wg, w3, u4) in the following way

Hiws (1), ws (%), / (2w (w) (Log (v (w)iis(w)) — 1) + 1) da
+/Q ) (log(¢ha(w)) — 1) +1) da
+/Q )(log(¢ps(w)) —1) +1) d

+/ Uy logU4 —1)+1)d

{O
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7.4. Auxiliary result: regularizing effect of the heat kernel

The following result [48, p.5] concerning the regularizing effect of the heat kernel has been
used in this chapter.

Lemma 7.33. If f € LP([0,T] x Q), then the solution u := u(t,z) of
Ou— Ayu=f, fort €[0,T] and z € Q,
n-Vyu=0, fort €[0,T] and x € 0,
u(0,-) € L>®(Q),

lies in L1([0,T] x Q) for all q € [1,+00] satisfying

LN 111 2
p N+2 q q p N+2
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