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Abstract

Evidence for scattering of light by light has been found recently in heavy ion collisions
by the ATLAS collaboration at the LHC. These collisions produce strong magnetic
fields that can influence the probability of light-light scattering events. Motivated
by these findings we investigate low energy light-light scattering in the presence of
spatially homogeneous magnetic background fields in the Euler-Heisenberg theory.
We derive the scattering matrix element for four external photons in Euler-Heisenberg

theory. With this we compute the full analytical differential cross section in the limit
of weak fields and numerically for arbitrary field strengths. For spinor QED we find
that scattering parallel to the magnetic field is suppressed. For scattering processes
in which none of the involved photons is parallel to the magnetic field we find that
the differential cross section for unpolarized photons averaged over final polarizations
grows quadratically with the field strength were maximum growth can be found if
the scattering plane is perpendicular to the field strength. For scalar QED we find
no quadratic growth and the cross section drops quartic in the magnetic field. We
conclude that the quadratic growth in the spinor case has its cause in the interaction
of spin and magnetic field and show this claim in the worldline formulation of the
one loop QED action. For charged vector particles we find a divergence of the cross
section at B/B. = 1 which we identify as a consequence of a phase transition to a
superconducting vacuum state.
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Chapter 1

Basics

1.1 Historical overview

Classically scattering of light by light is forbidden because of the linearity of the
Maxwell equations. However if one also takes quantum effects into account one finds
a non-zero probability for light-light scattering.

This was first discovered by two students of Heisenberg, Euler and Kockel in 1935
[1] where they computed the leading corrections to Maxwells electrodynamics in the
low frequency limit (low photon energy compared to the electron mass). They found

1 1 hc 1
L=—-(E*-B) 4+ —— — |(E* - B*)?+ 7(E-B)? 1.1
(B~ BY) 4 g (B2 B2 4 T(B - B) (L)

with Ey = m2ct/e3. They also computed the light-light scattering cross section for

which they obtained
2\ R\t 1

in the center of mass system.

Later in 1936 Euler and Heisenberg [2] extended the results and obtained the full
nonlinear correction for spatially homogeneous background field. They obtained an
integral representation of the Lagrangian

L= 1(E2 - B+

2
62 00 6—77 ‘
/ dn— [mg(E -B)
0 n

cos (ﬁ\/EZ — B2+ 2i(E-B) | + conj.

2mhe

cos (ELI@\/EQ - B2+ 2{(E- B)) — conj.

2

L E %(E2 - B?)] (1.3)
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with the critical field strength £ = m2c®/(eh). The result of Euler and Kockel
can be regained from this by expanding the integral term in quartic order around the
vacuum. This Lagrangian is nowadays called the Fuler-Heisenberg Lagrangian. With
it one can compute the cross section of light-light scattering for spatially homogeneous
background fields (what we will do later) but one can also investigate other non-trivial
effects that are not apparent in the classical theory and even non-perturbative effects
like electron positron pair creation creation in strong electric background fields.

In a more modern language the work of Heisenberg and Euler can be understood
as finding the low energy effective field theory of quantum electrodynamics (QED)
in a constant background field by integrating out internal fermion loops. A more
extensive discussion about the history of the Euler-Heisenberg Lagrangian can be
found in [3].

Soon after the discovery by Euler and Heisenberg, Weisskopf found a simpler
derivation that he also used to obtain the Fuler-Heisenberg Lagrangian for scalar
QED

/;(1) - _ 1 /00 @ene&, 2i62772(E ) B)
scalar Inhe 0 ,'73 . .
cos ( eny/E2 — B2+ 2i(E - B) | — conj.
21

+1—T(B2—E2)

(1.4)

Further development by Fock [4], Stiickelberg [5] and later by Feynman [6] led to the
so-called world-line representation

*d
£ = —/ —ne_WZ"/d4a:/ Dz e 5l (1.5)
0 S z(0)=z(n)=z

where S[x] is the classical action for a charged particle (which works for both, scalar
and spinor QED) to propagate on a space-time trajectory x#(7) for total proper
time s. The world line representation can be used to derive the Euler-Heisenberg
Lagrangian in a simpler way [7] and to get a different perspective on the problem. A
deeper discussion of the mentioned topics can be found in [8, O].

The first experimental evidence for light-light scattering was found in 1953 by
Robert R. Wilson [10] in the form of Delbriick scattering, the scattering of photons at
the electromagnetic field of an atomic nucleus. Only recently in 2017 direct evidence
for light-light scattering was found in heavy ion collisions at the ATLAS Collaboration
at the LHC [II]. In these non-central heavy ion collisions very strong magnetic
fields are created perpendicular to the scattering plane. The magnetic fields decay
rapidly but reach fields strengths of up to B/ B, ~ 10° with the critical magnetic field
B.=m?/e [12,[13]. At photon energies of the order of 100 MeV, also charged virtual
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scalar and vector particles (in particular pions, kaons and rho mesons) can contribute
at leading order in .

1.2 Basics and units

From now on we will us natural units with A = 1 = ¢ and the elementary charge
e = V4ra with a being the fine structure constant. There are several equivalent
ways to write down the Euler-Heisenberg Lagrangian

L= —iFWF’” + LW, (1.6)

Using the Lorentz invariants
F= iF“”FW = %(32 ) (1.7)
G = 1FWF —~E-B (1.8)

with the Hodge dual FH = %e“”aﬂFa/B, we can write the integral term £() of the
Euler-Heisenberg Lagrangian as

L0 = b @ —ism? {(es \Q[cot(es (VF2+G>+ F) %)

82 Jo 3

X coth(es (VF2+G?— %) g es)’F — 1}

(1.9)

If one further defines

a=(VF2+G2+ F)? (1.10)
b= (VP G- F)V? (1.11)

(one can show that +a and =4ib are the eigenvalues of the matrix F), ) then the
Euler-Heisenberg for spinor QED can be rewritten as

and

o _ 1 /0 ds 22 em?s [(es)2ab cot(ebs) coth(eas) — %(68)2((12 —b%)— 1} (1.12)

spinor {72 $3

and for scalar QED

A /OOO ﬁe—m%{ (esfab 1o —52)—1] (1.13)

scalar 1672 g3 Sjnh(ebn) sin(ecm) 6

These are the representations we will mostly work with.
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Supersymmetric quantum electrodynamics (SUSY QED), a theory that contains
two complex scalar fields and one Dirac fermion, can then be described with

+ (1.14)

spinor*

1 1
oy =220

scalar

For charged vector particles with a gyromagnetic ratio g = 2 an effective one-loop
Lagrangian was first obtained by Vanyashin and Terent’ev in [14] where they found
that the Lagrangian has the integral representation

2orods| _, » sin eas 2 sin ebs
E(l)ze_ Pl —im2s b . —e My —b
A2 Jo s c “\Psinhebs  © ‘ “ sinh eas
3 “ds _, o e2ab 1 e?
e —m - b2 2 )
i 1672 /0 P <Sin ebssinheas s> 6 ( @)

We will refer to this as vector QED.

(1.15)




Chapter 2

The scattering matrix element

2.1 Euler-Heisenberg 4-Vertex

In QED the lowest order contribution to light-light scattering comes from diagram
(2.1)) that couples four external photons through an internal fermion loop.

h P4
A Y (2.1)
b2 P3

The effective theory is obtained by integrating out these internal loops. In this effec-
tive theory we can then describe the same process with a tree level diagram where
quantum correction of the internal fermion loop is incorporated in the new vertex.
Figure shows this in Euler-Heisenberg theory.

b1 D4

@ (2.2)

D2 b3

Evaluation of (2.2)) then gives us the matrix element for light-light scattering. There-
fore, if we want to compute the light-light scattering matrix all that is left to do is to
compute the tree-level four-Vertex in Euler-Heisenberg theory.

5



6 CHAPTER 2. THE SCATTERING MATRIX ELEMENT

To do that we need to evaluate the path integral
1
Z(J) =(0[0), = /DA exp (i/d‘lx[—ZF“”FW + JrA, + /;(1)])

Using functional derivatives 5 J( j one can rewrite this as

ifdzl %75 - )
2() ¢ (tote [pacssscir s

The second term which describes the result in the free field theory can be computed
explicitly

Zo = / DA ] ik Fv )

wesp |2 [ LK Gy P g
2] (2m) k? — e

 exp [2 / dizdty J, (x )M(ax—y)@(y)]

where A" denotes the photon propagator and we wrote proportional to account for
normalization factors. For the full derivation see for example [15]. With this we can
write

Z(J) o exp [i/d x.cl<zw‘5< )ﬂ X exp B/d‘*m{y Ju(x)A“”(a:—y)Jy(y)}.
(2.3)

We are interested in the result for a constant homogeneous background field AEG
therefore we can perform a Taylor expansion of £ around A, = AE’G:

1 9 o
ot o (1) ABG W4
£ (z 5Ju(q:)) £ +Zn' OF,,,, - 0F,, £5(A)

" (1) II (a”k Ak a”'“wim)

k=1

A,=ABG

where 0" - Jf( j can be understood as 9 o 55— J . If we plug this in and perform
the dual Taylor expansion of the exponentials We get the sum of all Feynman diagrams.
For the effective tree-level diagram with four external photon lines (Diagram ({2.2]))
the lowest order contribution is given by the term with four derivatives. Ignoring the
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higher order terms we obtain for the time ordered product of four operators at tree
level

<0| TAPl (‘I1>AP2 (x2)AP3 x3)AP4(I4) |O> =

4
— it / dy]] (agm"kpk (zx —y) — OEAM, (2 — y))
k=1
S —C IO
OF 0 - OF, #

)
A,=ABG

where W (J) is given by the sum of all fully connected diagrams with no tadpoles and
at least two sources. Using the LSZ formula for photons we find that the scattering
matrix element (f|i) = (v(3) +v(4)|v(1) +v(2)) is given by

iy =it [ Ty e (=0) (0] T (20) A, (22) Ay (29) Ay 20) [0}

Inserting our expression for the time ordered 4 product gives

4
<f|2> — ZZ4Z4/d4de4xj Ejp-je_ikja;j (ayﬂj(sl/jpj (.’L‘] — y) — ayyjéij (m] — y))
7j=1

an
(1)
X aFulyl “. 8Funyn L (A,u,(y))

A, =ABG
The integration over d*x is trivial because of the Dirac delta and we obtain

4

(fli) =i / dty et rthathatkoy TT (a;;ke;f —~ a;kegf)
j=1
an
x iLMW(A .
aF;ulq et aF,unl/n ( u(y)) Au:AEG

The remaining integral performs a Fourier transformation after which we obtain

4
. . k Vi 1% j 871 . 1
(liy=a]] (kf e — ke ) OF ., - ..aFNnVnZE( '(44)

i=1

(2.4)

A,=ABG
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2.2 Geometry and Kinematics

With the general form of the matrix element at hand we can start with the evaluation.
We are investigating the process v(k1) + v(k2) — v(ks) + v(k4) in the center-of-mass
system. The scattering plane is the linear span of

~

k =(1,0,0) (2.5)
k' = (cos,sing,0) (2.6)

with the scattering angle n. and the momentum vectors of our photons in this system
are given by

ky = (w, wk), (2.7)
ks = (w, —wk), (2.8)
ks = (w,wk'), (2.9)
kg = (w, —wk'), (2.10)

where w denotes the photon energy. For linear polarizations we denote the unit
polarization vectors in and out of the scattering plane with €' and €] respectively.
They are chosen so that they form a right-handed orthogonal basis together with the
photon momenta:

& =(0,1,0), el =(0,0,1), (2.11)
& =(0,1,0), &2 =(0,0,—1), (2.12)
&) = (—sinn, cosn,0), et =(0,0,1), (2.13)
& = (—sinn,cosn,0), & = (0,0,—1) (2.14)

With the preparations being done we can finally work out the

2.3 Light-light scattering matrix element

As discussed in section the matrix element for low energy light-light scattering is
given by the derivative of the Euler-Heisenberg Lagrangian. It turns that in order to
obtain these derivatives it is useful to introduce the three-vectors

F* =B +/E

With these the Lorentz invariant F and G can be expressed as
1

1
F =3B —E) = (FZ+F7),

G=-E-B= %(F*Q _FY),
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We can use this to express the partial derivatives with respect to F* in terms of
derivatives with respect to our Lorentz invariants

0 1 0 0

OFE = §FT (— F z@) + rest. (2.15)
Where rest denotes all the other derivatives. We can ignore them when we apply the
derivative to the Euler-Heisenberg Lagrangian because it only depends on F and G.
Our incoming photon field tensors can also be expressed as three vectors

f21/:|0: ( :t ZEZ/O)
ff/i =w(—k == zez/o)
fzg/% = LU( / :i: Zez/o)
ff/% = w( "X 6z/o + 26z/o)

With our new vector notation for the fields we can rewrite the matrix element
(2.4]) in terms of the vectors given above

0 0
_ 1+ 1— 2+ o 2—
0 8 0
3+._ 3— . _ 7 a+ 7 4— | (1)
X (f'r aF,:r +f7' aFr_)(fT +f7‘ _) X £ Y

oF+ OF;
where r, s,t and u are three dimensional indices that need to be summed over. Ex-

plicitly performing the multiplication gives the following expression

M= prepppsip 0L
rr I R rOFFOFOF S
+ (f1+f2+f3+f4f + fl+f2+f4+f37 + fl+f3+f4+f27
oA
2+ 34 p4+ £1—
+fr f'r' fr fr )aFT+aF;_aFt+aFJ

T T TR T T
3 4 1— p2— 2 4 1— p3— a4£(1)
+fr+fr+f'r fr +f'r+fr+fr fT >8FT+3F;8E_8FJ
SOl S P Y Pl el S AR A ol

+RRTRTRT)

oA
OF-0F-0F, OF;f

oL
OF-0F-0F, OF;

+ R
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This rather lengthy expression can be expanded by expressing the derivatives with
respect to F* through derivatives with respect to F and G using ([2.15). This makes
taking the derivatives easier and the problem numerically nicer to handle. We obtain

gL 1 2L 9L
OF+OFTOF T OF+ _Z(dmdt“+55t5’““+5”’“5”)< PF %G >
+ %(&quFj b FFFY 4 0 FYE 4 6,
FL o
O FrFF +6,,FTF" _
+ 0ty Iy, + s t)x(ag]_- 38]:32g>
1 Lo oo
_F+F+F+F+ _
HETR ( 9F 682]-“82Q>
oL 1 BLcmH o3l
LGy FF + 6, F F +6,FF
oFoF oFyoF, 8\ Fu O EE A ok “)< PF +8]—"(92§)
1. (9L 9L
—FYEYEF _
+167"5t“(84]-" a4g)
oL _15 5 2L N o2
OF+OF+OF, 0F- 4 "™\ 92F ' 8¢

1 BLo 9L
—(6,sF F 6 FTF
+8(5rs t u(Stu r s )( 83‘/_" +af.a2g)

(545(1) 2L 345(1))

1
—FFYEFF- 2
+ rTs St Tu OAF + 32f82g+ 34g

16

oL 1 S . S
gF-aF-oF aF; 50t Fu T 0B ot ok k)
r s t u
otLm gt
( HF  0'G )

3L 3L
< FFE amw)

1
—F F F F
+16 r s t u

o)
OF-0F 0F, 0F

(2.17)

1 o*Lm 2L
:Z—l(érs(stu - 5st6ru - (5su5'rt) ( 82F - 829) )
+ é((Stqu_Fr_ — 0B F — 0 FF, — 0,5 F F,

PLv  oPLW
— 6 FF, — 6, ,F, F —
5rt s m 5ru s t )X ( ang 38f82g)

o) o)
( HF 682]-"82§>

1
—F F_ FF
+ 16 r s t u
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Above we neglected terms with an uneven number of G derivatives because they
vanish for £ = 0.

These expressions were computed in Mathematica. In the general case where
we had to integrate numerically we performed the differentiation on the integrand
and integrated afterwards. The swap of differentiation and integration is justified
if the differentiated integrand is integrable. This is the case because the numerical
integration is performed on a compact interval and the fact that the integrand is a
C® function in a and b. This implies that the differentiated function is continuous
and therefore integrable on every compact interval.
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Chapter 3

Results for spinor QED

3.1 Method

The matrix element described in - was evaluated using Mathematica 10.1.
The proper time integration was only evaluated analytically in the weak field limit.
In the general case we evaluated the integrals numerically using the built-in functions
for numerical integration.

We evaluated the matrix element for the case of a spatially homogeneous magnetic
background field and vanishing electric background i.e. 9;B = 0 and E = 0. To do
this we used the Lagrangian given in Taylor expanded in a around a = 0 to
fourth order. This enabled us to take the limit a — 0 nicely which is the limit of
vanishing electric fields.

For the low field limit we also performed a Taylor expansion in b around b = 0.
Furthermore we define the critical field strength

B.=—=¢ 3.1
é (3.)
and the ratio of the magnetic field and the critical field strength is denoted by
B
= —. 3.2
— 32)

3.2 No background fields

In this section we want to present the well known scattering cross section for light-
light scattering in vacuum. This has been obtained the first time by Euler and Kockel
in 1935 [1]. The differential cross section for the scattering process y(e1) + y(e2) —
v(€3) + v(€4) in the center-of-mass frame is given by

do 1 9
0= W\quzem\ :

13
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105° %0 75°

165°

180°

195°

255 270° 285

Figure 3.1: The differential cross section for unpolarized initial states with summation
over final polarizations without background fields.

The differential cross section for unpolarized initial states with summation over
final polarizations is then obtained by averaging over initial polarizations

dotopol 1 1 2
dS2 B (1671')2(,021 Z |M61626364| .

€1€2€3€4

For light-light scattering this gives the well known result

dompl 1390w’
— =3 “n)?.
dQ  B=o (1807r)2m8(  cos™n)

Figure [3.1] shows the angular dependence of the cross section given above. The total
cross section is given by the solid angle integral

1 do
— - [ 4022
“ 2/ddQ

1 . do
= §/dnd98mnd—9
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Table 3.1: The Lagrangian coefficient for 1} without the factor C' = 23.

mA
C1 Ca 1 Ca
Spinor QED 485 % % %
Scalar QED = = 2= =
SUSY QED % % % %
Charged Vector bosons % % —% —%

where the factor of 1/2 appears because we have identical particles in the final state.

With this we obtain
unpol 937 atw®

B=0""10125 mm?

in agreement with the results in the literature (for example [9]).

3.3 Weak Magnetic fields

The case of weak magnetic fields covers background fields with ¢ < 1. In this regime
we can use the Taylor expansion for

o 1+z z3+
cothz =—-4+-——+...
z 3 45
and
; 1 z 23
cotz=—- — - — — —
i z 3 45

to obtain a weak field approximation of our Lagrangian (1.12]).

o €M e (045070 4 B
872 J, 45
52a% + Ta*b? — Ta*b* — 21)6> n

~(es) 945

This integration can be performed analytically. Using ({1.10]) and ([1.11]) we can express
the result in terms of the Lorentz invariants F and G

LF TG
[»(1) = le + CQQ — Clﬁ — 62? (33)

[

. ~ ~ 2 .
With ¢ = £C, ¢y = 20,6, = $£0, 6, = 22C and € = 2. (3.3) also describes the

weak field Lagrangian for scalar QED, supersymmetric QED and even for charged
vector bosons if one chooses the coefficients according to table [3.1]
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With this Lagrangian we can obtain an analytical expression for the matrix el-
ements for photons with polarization in (i) and out (o) of the scattering plane for
weak magnetic background fields. The curly brackets denote the direction of the
magnetic field. The results given show the lowest order correction in the magnetic
fields meaning the expression are exact up to correction of order O(£%). The first,
second and third row each show the corresponding terms for magnetic fields in z, y
and z direction

M —3061 661
w(’:oo = 4c1(3 + cos?n) + —30¢, €+ 426, p E%cos?n,
—18¢1 + 1664 —6¢;
—1861 + 462 —661 — 462
Miisi _ 4,3 4+ cos? —18¢; +4éy &2 —6¢1 + 126, p €2 cos?
= c1(3 +cos®n) + 8¢1 +4¢y &+ 6¢1 + 12¢5  p £°cos™n,
“ —66¢, —6¢,
M ~12¢) — 66 2%
T" = —8¢; + 4cy(1 + cos*n) + 24¢1 — 264 £+ —14¢y p % cos®n,
“ 24¢, — 14¢ —2¢,
Miioo
= 8ci + 4deg(1 4 cos? )
2461 — 269 —12¢; — 26,
+ 8 =126 — 66y p 24K 126, — 106, p E%cos?n,
24¢1 — 146, —2¢o
Mioio 2
i 4(c1 + c2)(1 4 cosn) + 2(ca — ¢1)(3 + cos™n)
3¢1 — 9¢ —3¢1 + ¢
+{ 36 —9¢ P+ =36 — 156, pEfcos®n

9¢1 — 19¢, —9¢1 — 5és
o Moioi
==

Miooi/oiio = Mioio/oioi

cosn——cos M
All of the other matrix elements (those with an odd number of i’s and o’s) vanish
identically. Notice that the symmetries Moo = Misii| g_g and Mijoo = Mogii| g
which are valid in vacuum are broken for finite magnetic background fields.
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With these matrix elements we can compute the full differential cross section
for unpolarized incoming photons and summed over final photon polarizations in a
magnetic background with B = (B,, B,, B.):

do.unpol wﬁ
0 e (3¢ — 2c1e9 + 3¢3)(7 + cos 2n)?
N who1
51272 B2

B2(—1017c¢'¢; + 327¢1¢0 + 161c165 — 391ca6y
+ (60cocy + 4ealo — 132¢1¢1 — 28¢1¢2) cos 2
— (3eaC1 — aCe — 3161 — By ) cosdn)
+ B2(—1563c'¢; + 501¢1¢, 4 459¢165 — 813¢a¢y
+ (292¢1¢9 — T08¢1¢1 + 252¢9¢1 — 444c9¢5) cos 2n
+ (15¢2¢1 — 23¢9¢o — 33¢161 + 17¢1¢2) cos4n)
+ B2(—1875¢'¢; 4 657¢1¢o + 667c1és — 107328,
+ (108¢o¢1 — 420¢1¢1 — 204¢9¢C + 100c¢;¢2) cos 2n
+ (€162 — 9161 + 3oty — 3ol cos 4n
+ B, B, ((516¢1¢1 — 156¢1¢o — 276¢1 69 + 396¢2¢5) sin 27

+ (300161 - 186102 - 226162 + 26C262) sin 477) + 0(54)

Performing the solid angle integral we obtain the total cross section

706

Wb B2
+ 15_7TBT§<_570161 + 18¢1¢y + 10¢1 Gy — 23c965)

wS B+ B? A ) A A
+ 1207]_7(—7176101 + 243¢1¢c9 + 233¢1Co — 3916202)

Inserting the values of spinor QED for ¢y, ¢o, ¢; and ¢, gives

97304 38224B2 + 65602(B2 + B2)
— - = Lo 3.4
( 2043312 tok )> (3.4)

One thing that is immediately apparent is that the lowest order contribution in the
magnetic fields is negative, meaning the cross section seems to be diminishing for
stronger fields. However it turns out that for most magnetic field directions there is
another effect that kicks in at around £ ~ 1 and which eventually leads to a quadratic
growth. We will discuss the reason for this and the behavior at strong fields in chapter

@

unpol

Tspinor = 7019578
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do T
(—)"™ for n=0and —
dQ 2

P S S S S S S S RS S S |
0.1 0.2 03 04 05

Figure 3.2: The left plot shows the differential cross section for unpolarized initial
photons summed over final photons in the weak field approximation for B = (0,0, B)
with £ varying from 0 (most transparent) to 0.4 (least transparent). The plot on the
right shows the differential cross section as a function of the field strength for the
scattering angles 0 (blue) and 7/2 (orange).

We want to explain the case of scattering in a magnetic field perpendicular to
the scattering plane in a little bit more detail. This case should serve as an example
showing the effects of the magnetic field on the cross section. After setting B, and
B, to zero the differential cross section simplifies to

do™™Pol  139q4w0 5 9
20 (180m)zm O eos )
a4w6
— §2m(86167 + 20756 cos(2n) + 341 cos(4n)) + O(&Y)

and in particular for forward scattering where n = 0

dotopol 1390w’ 648
{1 - 52—1 +0(&Y

dQ (45m)2m?

The effect of this quadratic contribution can be seen in figure [3.2

139

3.4 Strong magnetic fields

The case of strong magnetic fields covers background fields with & > 1. The plots
were all obtained by numerical computations. Analytical results are harder to come
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by in this regime however there are some approximations that can be done. The full
unrenormalized Euler-Heisenberg term is

1 > 2
£ = ——2/ @e_m s {(es)Qab cot(ebs) Coth(eas)]. (3.5)
0

spinor 87

The variables a and b behave in the limit of £ — 0 and B — oo (assuming a,b > 0)
according to

1
2

1 |
o {\/134 ~2BE? 4 %) + (B-B)? + (B - EQ)] - B,

N

b= [\/}1(34 —2B2E?+ E?)+ (E-B)? — %(BQ — EQ)] — 0.

Therefore in the limit above we find that
coth(eas) — 1

and therefore for the integrand (3.5))

L g [(es)Qab cot(ebs) coth(eas)] Ly L {(es)%b cot(ebs)] |

53 53

point wise. Furthermore we can perform a Taylor expansion in b around b = 0 using
1 1

cot(esb) = =5 — zesb—....
Using these approximations and renormalizing the theory we obtain a new ap-
proximate expression for our Lagrangian
1 62 e 2
Eip?nor,strong fields — Wab4/0 ds S2eim .
This can be integrated analytically and we obtain
2

1) _ € 4
‘Cspinor,strong fields — Wab : (36)

As we will see, this Lagrangian contains all dominant effects for light-light scattering
in the regime for ultra strong magnetic fields.

J. Heyl and L. Hernquist also found an expression for the Euler-Heisenberg La-
grangian in the limit where the component of the electric field parallel to the magnetic
field; ultra strong magnetic fields (B — oo) and vanishing electric fields are a special
case. With the assumption given above they found that if the Lagrangian is expressed
as a series in E - B, then the lowest contributions are

2 Ina In2 a Ina 3
ﬁ(l)- - _° 2 —— —mA+— —(1 1—1 —+ —
Spinor = 53,7 a D nA-+ 1 —1—4(11@—1— nm)+ 3 + 16 57
;2= b2(1 +1In2—~)+ b2+b4+ +
8 T A DTy
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Here v is the Euler-Mascheroni constant and In A is defined by

InA= % —¢(W(=1) =0.24875 . .. (3.8)
with the first derivative of the ¢ function (). The Lagrangian (3.6)) is contained in
the last term in (3.7)).

We will use the Lagrangian to obtain a very compact form of the differential
cross section for ultra strong magnetic field later. However, first we want to discuss
the general features that can be observed in this limit.

3.4.1 Angular dependency of the cross section

We are investigating the angular dependence of the cross section for strong magnetic
fields. The angular dependence of the cross section depends heavily on the orientation
of the magnetic field. What we find is that scattering processes in which the involved
photons (in- and outgoing photons) are moving orthogonal to the magnetic field
are amplified and scattering processes in which one of the photons moves parallel
to the magnetic field are suppressed. The left plot of figure |3.3| shows the angular

Figure 3.3: The scattering cross sections for B = (0, B,0) (left) and B = (0,0, &)
(right) for unpolarized incoming photons and summed over final photons with £ vary-
ing from 6 (most transparent) to 10 (least transparent). The cross section increases
quadratically with increasing magnetic fields.

dependence for B = (0, B, 0) for different £&. We find quadratic growth of the cross
section as a function of the magnetic field strength for every scattering angle except
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+7/2 where the outgoing photons propagate parallel to the magnetic field. The
maximum amplification is at 0 and m where the angle between scattered photons and
the magnetic field vector is maximal.

A special configuration is B || z where the magnetic field is orthogonal to the
scattering plane and scattering in every direction is equally amplified. We then find
no angular dependence in the cross section as can be seen in the plot on the right
hand side in figure [3.3]

Another special case is for magnetic fields parallel to the incoming photons i.e.
B || %, where scattering in every direction is suppressed and the cross section is
proportional to 1/£2. This can be seen in figure where we plotted the differential
cross section for different magnetic field strengths. Notice that unlike in figure the
cross section diminishes with growing magnetic field strengths. In the general case
where the photons are neither orthogonal nor parallel to the magnetic field the angle
to the magnetic field decides the amount of amplification. In general we observe that,
except for processes where photons move parallel to the magnetic field, the differential
cross section increases quadratically in &.

Figure 3.4: The scattering cross sections for B = (B, 0,0) for unpolarized incoming
photons and summed over final photons with £ varying from 6 (most transparent)
to 10 (least transparent). The cross section decreases quadratically with increasing
magnetic fields.

Figure shows an example of the general case where the magnetic field is nei-
ther orthogonal nor parallel to the scattering plane for three different magnetic field
strengths. We find the mentioned quadratic growth for every scattering angle with
the maximum amplification at 37/4 and —n/4 where the angle between scattered
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Figure 3.5: The scattering cross sections for B = B/2(1, 1, v/2) for unpolarized incom-
ing photons and summed over final photons with ¢ varying from 6 (most transparent)
to 10 (least transparent). The cross section increases quadratically for every scatter-
ing angle

photons and the magnetic field vector is maximal and the minimal amplification at
+7/4 where the angle between photons and magnetic field vector is minimal.

A precise formula for the observed behavior can be obtained from our approx-
imation . We find that for a magnetic field B = (B,, By, B,) the asymptotic
behavior of the unpolarized scattering cross section summed over final polarizations
is given by

unpol 5 6
d spinor,strong ~ BQ arw

ds} 225mm

2 2\2
12 (By + Bz)
x ((B; — B2) cos(2n) + B2 — 2B, By sin(2n) + B} + 2B2)*.

which can be further simplified to

d unpol 4 6

spinor,strong ~_ oW . .
det & x 2257r2m8£2 sin® asin® B (3.9)

where « and [ are the angles between the magnetic field B and the incoming and
outgoing photons k and k. Tt shows exactly the features described above and gives
the exact coefficient for the quadratic growth in the field strength. Performing the
solid angle integral we can compute the total cross section for ultra strong magnetic

background fields. We obtain
anpol 1604w

O spinor,strong = m§2 SiH4 Q, (310)
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Figure 3.6: The Matrix elements M., and M;;; for the case of a Magnetic field
B = (0,0, B) scaled to 1 for £ = 0. The matrix element M,y (blue) with all
polarizations parallel to the magnetic field shows quadratic growth for small and linear
growth for strong magnetic fields. The element M,;; (orange) with polarizations
perpendicular to the magnetic field drops proportional to 1/ for strong fields.

where « is again the angle between the magnetic field B and the incoming photons.

3.4.2 Effects for specific polarizations

If the background fields are turned off, matrix elements are identical if every photon
polarization is swapped. This means for example that M,,,, = M;;; for vanishing
background fields. Turning on the magnetic field breaks this symmetry. Not only
that but in the limit case of strong magnetic fields it is ”maximally” broken in the
sense that a matrix element where the polarization of every photon is parallel to
the magnetic field shows linear growth for strong magnetic field whereas the matrix
element where the polarizations of all photons are orthogonal to the magnetic field
drops proportional to 1/£. Figure shows this for the special case of a magnetic
field orthogonal to the scattering plane. What we find is that a matrix element shows
no linear growth if and only if the polarizations of the incoming or the outgoing
photons are orthogonal to the magnetic field B. Furthermore only scattering processes
where some of the photons have polarizations orthogonal to the scattering plane and
therefore parallel to the magnetic field show linear growth in the limit of strong fields.

Another effect of the magnetic background is that certain scattering processes that
are forbidden in vacuum can take place in a magnetic background. Take for example
the scattering process v1(0) + 72(7) — 73(7) 4+ 74(7) that is forbidden in vacuum and
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do T 3
(—)"forn= —and —
dQ 4 2

Figure 3.7: The left plot shows the differential cross section of 0i — i for B =
B/2(1,1,1/2) with ¢ varying from 0 (most transparent) to 5 (least transparent). The
plot on the right shows the differential cross section as function of the magnetic field
for the scattering angles 7/4 (blue) and 37/4 (orange).

also for some magnetic field configurations (for example when the field is pointing in
#,7 or 2 direction) but for a magnetic field B = B/2(1,1,v/2) for which we plotted
the differential cross section in figure [3.7] we find a non-vanishing differential cross
section for finite field strength that grows quadratically for stronger fields.

We covered all the generic cases (magnetic field in &,y or Z direction for differ-
ent polarizations of the incoming and outgoing photons) in the appendix. We found
intricate angular distributions that differ immensely for different polarization config-
urations. Furthermore for different circular polarization we found no differences in
the strong field behavior.

Using the ultra-strong field approximation we described in the first chapter
we can derive the strong field behavior of a matrix element for 7;(e;) + va2(e2) —
v3(€3) + 74(€4). We find that the strong field approximation is given by

Mspinor,strong ~ &Oﬂ <£)4é— ﬁel . B + O(l) (3 11)
€1€2€3€4 - 15 m :
I=1
where B = B/|B|. The formula is in agreement with the observed cross sections
discussed above. In the case where all polarizations are orthogonal to the magnetic
field the product above equals zero and we find no linear growth in the matrix element.
Maximal growth is achieved exactly when all polarizations are parallel to the magnetic
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do T
(—)""*° for n=0and —
2

dQ

Figure 3.8: The left plot shows the differential cross section for unpolarized photons
summed over final polarizations for a magnetic background field B = (0,0, B) with
¢ varying from 0 (most transparent) to 5 (least transparent). The plot on the right
shows the differential cross section as function of the magnetic field for the scattering
angles 0 (blue) and /2 (orange)

background field.

3.5 Intermediate magnetic field strengths

We saw in the section about weak magnetic fields that the lowest order contribution
to the differential cross section leads to a quadratic reduction, however in the limit
of strong fields we find quadratic growth in the magnetic field. It is an interesting
question to ask what the full picture for arbitrary magnetic fields looks like. The
following three figures show the differential cross section for different magnetic field
strengths with the magnetic field pointing in z,y and 2 direction.

Figure 3.8 shows the case of a magnetic field in 2 direction. We saw earlier that in
this configuration the differential cross section in the strong field limit is independent
of the scattering angle. This is clearly visible in the left plot. It is interesting however
that the differential cross section decreases and only at a field strength around & ~ 1
(the exact value depends on the scattering angle) starts to grow.

Similar behavior can be observed in the case where the magnetic field points in
¢ direction. This is depicted in figure 3.9 In this case scattering in ¢ direction
is suppressed by the magnetic field because the outgoing photons point parallel to
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do 7T
(—)""*° for n=0and —
2

dQ

Figure 3.9: The left plot shows the differential cross section for a magnetic back-
ground field B = (0, B,0) with £ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)

the magnetic field. Also the differential cross section for scattering in z direction
decreases at first until the quadratic growth kicks in at around & ~ 1.35.

For magnetic fields in & direction see figure|3.10, Here scattering in every direction
is suppressed because the magnetic field is parallel to the incoming photons. The
differential cross section decreases for & — oo proportional to 1/£2.

As the last example we show the evolution of the differential cross section for a
magnetic field B = B/v/2(1,1,0). Figure shows the unpolarized cross section for
this case for different field strengths. For the limit of strong fields the cross section
has the angular distribution described above, however for weaker fields we find that
the cross section seems to rotate counter clockwise first and clockwise afterwards.
The plot on the right gives some insight in what is happening. Scattering at /4
and 37 /4, while being equally likely in vacuum, shows rather different behavior when
turning on the magnetic background. While in the limit of strong fields scattering at
37 /4 increases quadratically, for weaker fields it seems to decrease faster as compared
to scattering at /4.
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do T
(—)"™ for n=0and —
dQ 2

Figure 3.10: The left plot shows the differential cross section for a magnetic back-
ground field B = (B,0,0) with ¢ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)

Figure 3.11: The left plot shows the differential cross section for a magnetic back-
ground field B = B/v/2(1,1,0) with ¢ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue), 7/4 (orange), 7/2 (green) and
3m/4 (red).
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Figure 3.12: The total cross section for a magnetic field orthogonal to the incoming
photons for spinor QED (blue) and its weak field approximation (blue dashed) and
scalar QED (orange) and its weak field approximation (orange dashed).

Finally we want to present the total cross section as a function of the magnetic
field strength for magnetic fields orthogonal and parallel to the collision axis. The
case of a orthogonal magnetic field is of particular importance as this is also the field
direction (orthogonal to the scattering plane) present at heavy ion collisions at the
LHC. We also added the weak field approximation for comparison and the respective
total cross section for scalar QED with two complex scalars. The total cross section for
the weak field limit was computed analytically using the Lagrangian described above.
The general total cross section was computed numerically using Mathematica’s built-
in functions for numerical integration. Figure [3.12] shows the the result of these
computations for a magnetic field orthogonal to the incoming photons and & from 0
to b scaled to the total cross section for spinor QED in vacuum. For spinor QED
the strong field behavior shows quadratic growth, for small field strengths we find
that it decreases quadratically and in agreement with the results from the weak field
approximation. For the scalar case we find that it decreases rapidly for large field
strengths. We will discuss this in the next chapter. Figure [3.13|shows the total cross
section for a magnetic field in 2 direction i.e. parallel to the collision axis. Here the
total cross section decreases for growing field strength.
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Figure 3.13: The total cross section for a magnetic field parallel to the incoming
photons for spinor QED (blue) and its weak field approximation (blue dashed) and
scalar QED (orange) and its weak field approximation (orange dashed).
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Chapter 4

Results for scalar QED

4.1 Method

The computations (not the results) for the case of scalar QED are almost identical
to spinor QED with the only difference being the different Lagrangian. Again we
used Mathematica 10.1 and the built-in functions for numerical integration for the
numerical results. We evaluated the matrix element for the case of E = 0 and
a spatially homogeneous magnetic background field and used the same evaluation
methods as described in the section for spinor QED.

4.2 No background fields

We found for the differential cross section for unpolarized initial photons and summed
over final photons the expression

do 170w 5 19
__Maw? 4.1
79~ 2(180m)mE O T eos ) (4.1)

It has the same angular dependency (see figure [3.1) as in the spinor case but has a
smaller absolute value. With this we obtained the total cross section by performing
the solid angle integration

B 1 do B 119 atw®
773 A0~ 20250 7m®

(4.2)

Comparing this with the case of spinor QED we find that the total cross section of
scalar QED is about 6.4% of the one for spinor QED i.e.

Iscalar . 0.064 (4.3)

Ospinor

31
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4.3 Weak Magnetic fields

Here we discuss the effects for & << 1. As in the spinor case we can Taylor expand
the Lagrangian [1.13| using

1 1
inhz =2+ -2+ —2"+... 4.4
sinhz =z + 22° + 552 + (4.4)
and
sinz—l—lz?’—i—izf’—i— (4.5)
= G 50 .

The Taylor expanded Lagrangian can be integrated analytically and we arrive at
expressionwith = %C, Ccy = %C, ¢ = %C’, Cy = %C’ and C' = 27 in
agreement with table |3.1] Using the general results we computed in the chapter for
spinor QED we can obtain the results for scalar QED by using the appropriate values
for C1,Co, él and 62.

Doing this we obtain the total cross section for unpolarized incoming photons

summed over the polarizations for outgoing photons in scalar QED

oot 119070 1129482 + 16802(B2 + B?)
Oscalar QED — 202507rm8 2043332 '

(4.6)

Comparing this with we find that the coefficients of the second order corrections
are approximately twice as big, meaning the cross section in the scalar case decreases
faster with rising magnetic field strengths then in the case of spinor QED.

4.4 Strong magnetic fields

In the discussion of strong magnetic fields in the spinor case we derived a very simple
Lagrangian by taking the asymptotic version of the integrand of the Euler-Heisenberg
Lagrangian. Performing the same naive computation in the scalar case we find that
in the limit of vanishing electric and ultra-strong magnetic field, i.e. B — oo, E' — 0
which implies a — o0,b — 0, the integrand converges point wise to 0 with the
asymptotic behavior proportional to (eas)e™ .

This leads us to expect that the strong field behavior in the scalar case is signifi-
cantly different from the spinor case. And indeed, the quadratic growth of the cross
section could not be observed for any configuration of the magnetic background field.
This means the quadratic growth is not a generic feature but originates from the
interaction of the magnetic field with the magnetic moment of the virtual particles
of spinor QED. We will discuss this in more detail later, for now we want to present
the behavior of the differential cross section for unpolarized photons summed over
final photon polarizations for different directions and magnitudes of the magnetic
background.
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do T
(—)""°' forn=0and —
2

dQ

Figure 4.1: The left plot shows the differential cross section for unpolarized photons
summed over final polarizations for a magnetic background field B = (0,0, B) with
¢ varying from 0 (most transparent) to 1 (least transparent). The plot on the right
shows the differential cross section as function of the magnetic field for the scattering
angles 0 (blue) and /2 (orange)

4.5 Intermediate magnetic field strengths

The figures (.1, and (4.3 show each the differential cross section for magnetic field
strengths varying from ¢ = 0 to £ = 1. The graph on the right shows the differential
cross section for scattering at angles 0 and 7/2 as a function of the magnetic field
strength €. We find that contrary to the case of spinor QED the differential cross
section does not exhibit the quadratic growth for strong magnetic fields. Instead the
differential cross section decreases proportional to 1/£%. Notice that this is an even
faster decline than in the cases in spinor QED for which scattering is suppressed;
there we only found that the differential cross section decreased proportional to 1/£2.

In figure we want to show the behavior in the somewhat general case of the
magnetic background field B = B/2(1,1,/2) for field strengths of £ = 8,9,10 to
demonstrate that the features described above still hold for larger field strengths.
The graph on the right hand side of the figure showing the differential cross section
as a function of the field strength is scaled to the differential cross section at & = 0 for
better comparison with the figures above. Notice that while in the spinor case (3.5
the differential cross section showed a clear orientation with regards to the magnetic
field direction (The maxima were exactly in the directions with the biggest angle
between photons and the magnetic field and the minima in the directions with the



34 CHAPTER 4. RESULTS FOR SCALAR QED

do T
(—)"™° for n=0and —
2

dQ

0.2 04 0.6 08 1.0

Figure 4.2: The left plot shows the differential cross section for a magnetic back-
ground field B = (0, B,0) with ¢ varying from 0 (most transparent) to 1 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)

do 7T
(—)""*° for n=0and —
dQ 2

0.2 04 0.6 08 1.0

Figure 4.3: The left plot shows the differential cross section for a magnetic back-
ground field B = (B,0,0) with £ varying from 0 (most transparent) to 1 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)
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smallest angle) in the scalar case the angular distribution of the cross section seems
to be only slightly affected by the direction of the magnetic field.

do T
(—)""*° for n=0and —
dQ 2

dQ
0.00040 |
0.00035 |
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Figure 4.4: The left plot shows the differential cross section for a magnetic back-
ground field B = B/2 (1,1, /2) with ¢ varying from 8 (most transparent) to 10 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field scaled to the value at £ = 0, for the scattering angles 0 (blue) and
/2 (orange)
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Chapter 5

Results for SUSY QED

Supersymmetric QED is a theory with two charged scalar particles and one charged
Dirac fermion. It turns out that the cross section for vanishing background fields has
an especially simple analytical form as was discussed in [16]. It reads

4,,6
unpol Ta'w

TSUSY QED = J5— 5" (5.1)

Comparing this with the result for spinor and scalars we find that the total cross
section is significantly increased:

O_unpol
SUSY QED __ 1 ¢q
unpol
Ospinor QED
O_unpol
—SUSY QED . 96.47
unpol
Oscalar QED
To find the cross section for non-vanishing magnetic background fields we can use
the general expression that was already evaluated in the chapter about spinor QED.
Inserting the corresponding values for SUSY QED from table gives the total cross

section for unpolarized initial photons summed of final photon polarizations

unpol Tatw’ 10433 + 158(35 + Bg)
7sUSY QD = s\ 1T 352

+ (9(54)), (5.2)

which has a somewhat simpler form than the corresponding results in spinor and
scalar QED. Again, it decreases quadratically for weak magnetic fields.

An interesting feature of SUSY QED that appears for weak magnetic fields is
that for some configurations we find that scattering processes are forbidden that are
allowed in spinor and scalar QED. Take for example the scattering process (i) +
Y2(7) = 73(0) + 14(0) in SUSY QED (Figure where scattering at B =0 in 2
direction is forbidden, even though this process is allowed in spinor (Figure

37
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do v
(—)"° for n=0and —
2

dQ

Figure 5.1: The left plot shows the differential cross section for a magnetic back-
ground field B = (0, B,0) with £ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)

and scalar QED (Figure . Furthermore if we turn on the magnetic field we find
that for & ~ 0.7 scattering in y is again forbidden in SUSY and allowed in spinor
and scalar QED. We find destructive interference between the scalar and the fermion
content.

For strong magnetic fields we saw in the last chapter that the differential cross
section for scalar QED decreases rapidly for strong magnetic background fields. This
means the strong field behavior of SUSY QED is completely dominated by the Dirac
fermion. It shows the same quadratic growth as spinor QED.

We want to show the behavior by taking a look at the case of a magnetic back-
ground field in § direction. This can be seen in figure[5.1] Comparing this with figures
and for the respective plots for spinor and scalar QED we see that it decreases
faster for weak fields but for strong fields it shows the same behavior as spinor QED,
i.e. quadratic growth for every scattering angle expect +m/2 where we find that the
differential cross section decreases proportional to 1/£2.

For the sake of consistency and so that this thesis can be used as an atlas for
light-light scattering cross sections we produced the plots for magnetic fields in &

(Figure and 2 (Figure direction.
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do T
(—)"™ for n=0and —
dQ 2

Figure 5.2: The left plot shows the differential cross section for a magnetic back-
ground field B = (B,0,0) with ¢ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)

do T
(—)""*° for n=0and —
dQ 2

Figure 5.3: The left plot shows the differential cross section for a magnetic back-
ground field B = (0,0, B) with ¢ varying from 0 (most transparent) to 5 (least
transparent). The plot on the right shows the differential cross section as function of
the magnetic field for the scattering angles 0 (blue) and 7/2 (orange)
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Chapter 6

Results for vector QED

In this chapter we want to investigate the scattering behavior in a theory of charged
vector particles with a gyromagnetic ratio of g = 2. For this case an effective one-loop
Lagrangian was first described by Vanyashin and Terent’ev in [14] where they found
that the Lagrangian has the integral representation

2 [e%s} . .
rm_ ds |:6_im28a(b sineas a) B €_m28b<a sinebs b)}

Ar? Jo s sinh ebs sinh eas
3 [Cds 2 eab 1 €
=2 —m - b2 2 ]
* 1672 /0 P (sin ebssinheas s> 6 ( @)

The mass always carries an infinitesimal —ze to ensure the correct boundary condi-
tions; this also ensures convergence of the integral.

Again we performed the Taylor expansion around b = 4 up to fourth order. After
the expansion the first of the three terms in the Lagrangian (the term with a complex

(6.1)

exponential) can be integrated analytically. This way we do not have to tackle the
difficult problem of numerically integrating the first, highly oscillatory, term. After
the Taylor expansion, integration and taking the limit to an infinitesimal e (hidden
in m) the first term can be written as

2
_a_eQ (ae 10g<1 — a26—4) —m? log<1 — a%) +m? 10g<1 + a%) — 2ae)
8 m m m

) a?et L 7a*e5(a?e? + 3m*)
247%(a2e? — m*) 72072 (m* — a?e?)

(6.2)
+0(°),

the rest of the Lagrangian was integrated numerically.

It should be noted that the Taylor expansion does not mean that the cross section
computed will only be an approximation. The cross section can be written as a
function of the Lagrangian derivatives with respect to a and b up to fourth order
evaluated at b = 0. But because the nth coefficient in the Taylor expansion is anyway
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the nth derivative of the Lagrangian evaluated at 0 the derivatives of the Taylor
expanded Lagrangian coincide with the derivatives of the original Lagrangian at b = 0.

The b independent part of the Lagrangian has a non-zero imaginary part for
a > —5 = B.. Furthermore, as we will see below, the cross section blows up at § = 1.
The theory seems to describe a false vacuum for a > B.. We believe that this, and
the behavior at £ = 1 is related to the phase transition to superconductivity that
is proposed in [I7] where it was found that the vacuum of charged vector particles
with a gyromagnetic ratio of g = 2 in a strong magnetic fields seems to be unstable
towards a superconducting phase.

It should be noted here that the Lagrangian we used describes a pointlike particle.
An interpretation of our findings for composite particles like rho mesons (as considered
in [I7]) is only justified for photons with sufficiently big wavelengths so that the
substructure of the vector particles becomes irrelevant.

Before we present the numerical results let us discuss the total cross section in the
weak field limit. This can be obtained from our general expression by inserting the
values from table 3.1l We obtain for the total cross section

(6.3)

ol 2751w’ 211846 B + 318298(B2 + B?)
O vector QED — 250m87r 173313B02

The lowest order correction to the total cross section for small field strengths is
positive! This means the cross section increases compared to the cases of spinor,
scalar and SUSY QED discussed above where we found that small magnetic fields act
decreasing on the total cross section. Comparing the cross section at B = 0 with the
corresponding value for spinor QED we find that

unpol

O vector QED

unpol
Uspinor QED

~ 1145 (6.4)

We plotted the total cross section for 0 < £ < 1 in figure [6.1] It shows the
total cross section for a magnetic field orthogonal (blue) and parallel (orange) to the
scattering axis and also the respective weak field approximations (dashed). We find
that the weak field limit is a good approximation for £ < 0.2. The cross section grows
faster for a magnetic field orthogonal to the scattering axis. As described above for
& — 1 the cross section diverges.

It should be noted that this divergence does not result from numerical errors as it is
also present when one analytically investigates the derivatives of the first, analytically
integrated, term of the Lagrangian given in (6.2). It is therefore indicative of the
breakdown of perturbation theory and the results for the calculations close to the
critical field strength and for ¢ > 1 might not draw the exact picture anymore. This
can also be seen in the Lagrangian, where we observe a non-zero imaginary part for
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¢ > 1 where the cross section diverges. The imaginary part of the Lagrangian can be
seen indicative of an unstable false vacuum in this regime.

Nevertheless we still want to present our computations of the total cross section
for the case of magnetic fields stronger than the critical field strength i.e. £ > 1 while
keeping in mind that the behavior of the cross section around & = 1 results from a
breakdown of perturbation theory.

a($)

10 -

Figure 6.1: The total cross section for 0 < £ < 1 scaled to the value for £ = 0 for a
magnetic field orthogonal (blue) and parallel (orange) to the scattering axis with the
respective weak field approximations (dashed) on a logarithmic scale.

a(d)

1000 ~

10 -

0.100

Figure 6.2: The total cross section scaled to the value for & = 0 for magnetic fields
orthogonal (blue) and parallel (orange) to the scattering axis for 0 < £ < 5 with
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logarithmic scale.

This case is plotted in figure for magnetic fields orthogonal (blue) and parallel
(orange) to the scattering axis. The plot also shows better the faster divergence in
the case of a magnetic field orthogonal to the scattering axis.

Finally, we also plotted the cross sections for the non-vanishing matrix elements
in the cases of magnetic fields in 2, ¢ and Z direction in the appendix. Note that
in these plots the plot in the middle, showing the behavior of the cross section as

a function of the magnetic field strength, has logarithmic scale unlike the plots for
spinor, scalar and SUSY QED.



Chapter 7

Discussion

We saw in the chapters above that for SUSY and spinor QED the cross section for
unpolarized incoming and averaged over final photons grows quadratically in the
magnetic field strength in the limit of strong fields. However in the case of scalar
QED this is not the case, as the cross section was found to diminish proportional to
1/€% Tt is therefore natural to assume that the interaction of the spin of the Dirac
fermions with the magnetic background field is responsible for the quadratic growth.

To see that this is indeed the case we will use the so-called world-line approach
to QED. The formalism was invented by Richard Feynman and presented the first
time in the appendix of his famous papers about QED [6] [I8]. An overview of the
worldline formalism and how it can be used in QED can be found in [19] 20}, 21], [7].
We will present the computation for spinor QED. The case of scalar QED can be
obtained from this case by ignoring the spin term in the end. A full derivation for
scalar QED can be found in [9].

To start we need to derive the worldline formulation for the effective one-loop
action in a constant homogeneous background field for QED. This means we want an
expression for I' = [ d*zLeg so thatﬂ

/ DA exp(il'[A / DA DY DY exp { / d4x< — }lFWFW + (i) — m)w)l
(7.1)
From this we can deduce

exp(il'[A / D1 D) exp { / d4x< — }lFWFW + (i) — m)@b)} (7.2)

To evaluate the integral we note that for n complex Grassmann variables ¢; and a

ITo ensure correct boundary conditions one has to set m — m — ie. Unless stated otherwise we
will always mean m — ie when we write m for the rest of the article.
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Matrix M;; we obtain for the Gaussian integral

For Dirac fields the index becomes a continuous index and for i) —m = M;; we obtain
the functional determinant

[ oD e {@ [ (@(up - mm)] — N det (i) —m),
where the proportionality constant A is fixed by normalization. With this we get
exp(iT[4,)) = [ DIDY e [z / d‘*w( AR - mw)]
= Nexp [z / d4x< — }1 WF‘“’N det (i) — m),

and thus )
exp [iF[A#] - i/d4xZF“”FW] = N det (i) —m). (7.3)

The functional determinant can be computed by using the identity In(det A) =
tr(In A). Taking the logarithm on both sides of (|7.3) gives

il'[A,] +i/d4xiFquW —InN = tr[In (i) — m)].

The trace is independent of the chosen basis which allows us to compute it in position
space

(i) —m)] = /d“x Te[ (el (i) — m)|2)]

where Tr denotes the trace over the spinor indices. With this expression for the
effective action we can write down an expression for the effective Lagrangian (T" =

[ d*zLeog(z)):

Lo = —i w M — i Tr [ (@|In (i) — m)|z)]. (7.4)

We want to compute Tr[ (z[ln(i) — m)|z)]. To do this we will first introduce

Schwinger’s proper-time formalism. The expression G := - lDz can be understood
(3 —m

as the formal solution of
(i) —m)G =1.
Here 1 denotes the identity operator, which makes (x| G ly) the propagator of a Dirac

particle. Using ‘
¢ _ / dSGiS(A—H'G)
A +ie 0
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we obtain

(@l Gly) = (ol o)

— (] (i + m)i / dseistm ) | )

0
where we introduced the proper time s. Convergence of this integral is ensured
because of the —ie term in m. With this we can finally derive an expression for the

effective Lagrangian.
For this we take the derivative of L,

dm?

Lanlo) = g T el o)

where we used the fact that the trace of an odd number of gamma matrices is zero.
Integrating by m? gives

1 [ ds ;
Log = —~F, F" + L / 45 —ism? oy [ (;zg\e_ww2 |a:)} + const. (7.5)
4 2J)y s

The result for scalar QED differs in that instead of ) = (p — eA(2))? — $F,,0" we
have (p — eA(%))%

We can now use the path integral formulation of ordinary quantum mechanics.
To do this we interpret

= (5 = eA(@))* = S Fuo™

as a Hamilton operator of a fermion in an electromagnetic field. Then (z| e=isH ly)
can be understood as the propagator of a fermion particle which has the path integral
representation

(o] e |y) = / Y ) e (z /0 Cdr L(s, z)) (7.6)

(0)=z

where £ = pi — H denotes the Legendre transform of the Hamiltonian H. For the
case of spinor QED we find
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with o# = %[7“, 7’| (The result for scalar QED consists of only the first two terms).
Inserting this in ((7.6)) we obtain for the propagator of a closed loop

i 2(s)=2 1/ dzm\? it e
—isH _ s - 1% _ _gM
(x]e |z) = /2(0)—m Dz(T) exp ( Z/dT 4< 7 ) +eA 75 T 5° FW)

z(s)=x sk 2 FH
= /Z(O)_x Dz(7) exp ( — i/dT i <%> + eA”ddiS) olz(1), Al
(7.7)

with ofz(7), A] = TrPexp (ig[y“,v”] IN dTFW(z(T))) where Tr denotes the Dirac

trace and P the path ordering symbol.

Now for the case of scalar QED one obtains the same expression just without the
spin part. It is therefore clear that the reason for the quadratic growth for strong
magnetic fields is the term o[z (7), A]. Writing F,, = fu, + F,° with the constant
background field F»* and the photon field f,, we find that o[z(7), A] contains con-
tributions from the interaction of the spin magnetic moment with the background
field and with the scattered photons. We are now going to ignore the latter to inves-
tigate how far the strong field behavior can be understood as a consequence of the
background field alone.

Doing this we can evaluate the expression explicitly

onals(r),Anc] = TPexp (100,71 [CarEBEGa))
B )
e (1)

= 4 cosh(esBgg). (7.9)

Notice that the result is independent of z(7) which means we can pull it out of the
path integral. The full result of is therefore the product of and the result
of the path integral for scalar QED (for a full derivation see [7]). Inserting this
in our Lagrangian and renormalizing the expression we obtain

1 1 Cds _ o cosh(esBgg)
L=—=F,F" — — —e M 2ab -1
g tm 87r2/0 53¢ ((es)a sinh(esa) sin(esb) (7.10)
1
- 6(63)2(172 —a® + 3B3qe?)).

And the differential cross section computed with this Lagrangian shows indeed
the quadratic growth in cases where it is expected. Furthermore it reproduces the
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same angular angular distribution for the differential cross section for strong magnetic
fields as we saw in the chapter about spinor QED. However we find that the coefficient
of the growth of matrix elements and differential cross section does not match the
result of the full Lagrangian. We think this is an artifact of the neglected interaction
between in- and outgoing photons and the spin of the fermion content.

And indeed, if one adds the cos(esb) term to the Lagrangian, which represents the
interaction of the electric fields of the photons with the spin of the fermions to obtain
the renormalized Lagrangian

1 1 o h(esB
- —Ltp _/ ﬁe_mzs((es)Qabcos (es: BG) cot(esb) 1
4 82 Jo 83 sinh(esa) (7.11)

1
— 6(68)2(2172 —a® + 3B3ge?)),

then one finds that a better match between the gradient of the matrix elements. We
also found that the effects of polarizations on the scattering amplitudes are different

in this approximation. For example in the case of a magnetic field B = Z we find
1

for the matrix element M., the expected linear growth however for M,;; the z

decay is not there. We found however that changing from ([7.11]) to the renormalized
Lagrangian

1 v 1 & dS —m2s
L= -1 ' PP _@/O el ((es)?ab coth(esBpg) cot(esb) (7.12)

b?2 BQ
_(aa 2,0 652>’

B 3B 3

where we replaced sinh(esa) with sinh(esB), leads to almost the same results as for
the full Euler-Heisenberg Lagrangian.

The discussion above shows that the interaction of the spin magnetic moment
with the constant magnetic background field alone is not sufficient to explain the full
behavior for strong magnetic fields in spinor QED. And in fact one can show that
the behavior only holds in this way for fermions with a gyromagnetic ratio g = 2.
We implicitly assumed this when we used the Euler-Heisenberg Lagrangian. This
can be seen in the derivation of the Euler-Heisenberg Lagrangian presented in [9],
in chapter 33.1 where fermions with g = 2 are discussed. For a fermion with g # 2
the derivation remains almost the same with the only difference being that the spin
magnetic moment energy carries an extra factor of g/2. One can then see that only
for g = 2 does the spin magnetic moment energy cancel exactly with the energy of
the lowest Landau level. If one derives the Euler-Heisenberg Lagrangian for a general
g, not necessarily equal to 2, one finds that the effective Lagrangian is then given by
with the numerator replaced with cosh(esag/2) cos(esbg/2) and as we saw in
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- the behavior of the theory depends very sensitively on the fact that the
numerator and the denominator cancel each other in the limit of strong fields.

We find that only for ¢ = 2 does the numerator compensate the exponential decay
of the sinh(esa) in the denominator and we can find the quadratic growth described
here. For g < 2 the quadratic growth of the cross section disappears and we have a
situation similar to the case of scalar QED where the integrand decreases exponen-
tially with the field strength. For g > 2 the derivation in [9] breaks down because the
integrand diverges for every finite b and one cannot perform the rotation to imaginary
proper time s. Because the asymptotic behavior of a quadratic growth depends on
g being exactly 2 the effect only remains as long as we ignore the anomalous mag-
netic moment. Therefore we expect that eventually the corrections to the anomalous
spin-magnetic moment will have a non-negligible effect on the strong field behavior.

For more information on this matter and also a discussion on the implications
of these computations for heavy ion collisions at the LHC see [23], especially the
discussion at the end and appendix B.3.
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Appendix A

Polarized differential cross sections

A.1 Introduction

We plotted the differential cross section for each matrix element. For every matrix
element we prepared three graphs. The polar plot on the left shows the cross section
for € = 0,0.5,1,1.5,2,2.5,3. The graph in the middle shows the the cross section
as a function of the magnetic field for scattering angles n = 0 (blue) and n = 7/2
(orange) scaled to the value for vanishing background field (except for the cases that
are zero for vanishing background). The plot on the right shows the behavior for
stronger fields, more specifically it shows the cases ¢ = 8,8.5,9,9.5,10. The plot
on the left and right hand side are scaled to the largest value present. Conclusions
for the magnitudes of the cross sections can only be drawn from the graph in the
middle. The matrix elements not plotted are either identical to the one shown or
vanish completely. More specifically we have Mo = Mivoi, Miovio = Moioi and all
matrix elements with an odd number of i’s and o’s are zero. Note that this is only
the case for the magnetic field configurations considered here. In general we found
that for non-vanishing background field every matrix element is non-zero for some
configurations. The section about vector QED is different in that the plots on the
left hand side show the differential cross section for £ = 0,0.1,0.2,0.3,0.4,0.5. The
plot in the middle shows the differential cross section as a function of £ from £ = 0
to & = 0.9 with a logarithmic scale. Finally the plot on the right hand side shows the
differential cross section for £ = 0.9 i.e. near the divergence.

%)



56 APPENDIX A. POLARIZED DIFFERENTIAL CROSS SECTIONS

A.2 Spinor QED
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Figure A.3: Differential cross section for M;e,.
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A.2.2 B in y direction

o o
(d—)(w 144 forn=0and B

dQ

0.5 1.0 15 20 25 3.0

(—) for n=0and
= orn=0and —
30 0000 3

do m
(—=).100) for n=0and E

Figure A.9: Differential cross section for M;;e,.



A.2. SPINOR QED 59

(d ) for n=0and
il orn=0and —
) {0.0,1,1} 2

(2% s00n for n=0.and 2
— for n=0and —
a .00 for n 2

do
—(&)
do
7
Mn st Mn
12 2
sf
n aF ,,
13 3 13
12 12
2F
1
. . . n ¢
05 1.0 15 20 25 30

(=), for n=0and
= forn=0and —
a9 2

do
do

M

12 12

b n

137 13
12

Figure A.12: Differential cross section for M;,,.



60 APPENDIX A. POLARIZED DIFFERENTIAL CROSS SECTIONS

A.2.3 B in z direction
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A.3 Scalar QED

A.3.1 B in x direction
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A.3.2 B in y direction
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A.3.3 B in z direction
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Figure A.34: Differential cross section for M.
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Figure A.39: Differential cross section for M;;,.
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Figure A.45: Differential cross section for M;;,,.



A4. SUSY QED 71

(da) P o dn

—)po1nforn=0and —

30/0011 2

do

—(&

a0

10K

081

06

04

02

—

. . . . . Lo
05 1.0 15 20 25 30
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Figure A.53: Differential cross section for M;,,;.
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