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Abstract

Characterizing the capacity, i.e., the maximally possible throughput, of a given communication
channel is an important problem in information theory. In this dissertation, we study the capacity
of block-fading channels in the noncoherent setting where neither the transmitter nor the receiver
has a priori channel state information but both are aware of the channel statistics. We show that
the number of degrees of freedom—which characterizes the channel capacity at high signal-
to-noise ratio—conforms to an intuitive “dimension counting” argument based on the noiseless
receive vectors, and we analyze two special settings in more detail.

First, extending the well-established constant block-fading model, we consider the class of
generic multiple-input multiple-output (MIMO) Rayleigh block-fading channels. In these chan-
nels, we allow the fading to vary within each block with a temporal correlation that is “generic”
in the sense used in the interference-alignment literature. We show that the number of degrees of
freedom of a generic MIMO Rayleigh block-fading channel with 7" transmit antennas and block
length N is given by T'(1 — 1/N) provided that 7' < N and the number of receive antennas
is at least T(N — 1)/(N — T'). A comparison with the constant block-fading channel (where
the fading is constant within each block) shows that, for large block lengths, generic correlation
increases the number of degrees of freedom by a factor of up to four.

Furthermore, we consider an oversampled continuous-time, time-selective, Rayleigh block-
fading channel. Here, we show that sampling the filtered channel output at twice the symbol rate
results in a significant increase in the number of degrees of freedom.

The noiseless receive vectors of noncoherent block-fading channels and certain random vari-
ables arising in other applications are singular random variables, i.e., neither discrete nor con-
tinuous. This fact motivates the consideration of information-theoretic properties of integer-di-
mensional singular random variables in the second part of the thesis. For these random variables,
no satisfactory definition of entropy is available. We provide a definition of entropy and show
that it is a promising and useful extension of the established concepts of entropy and differential
entropy. As possible applications of the proposed entropy definition, we present two new results
in source coding. We show that the minimal expected binary codeword length of a quantized
integer-dimensional singular random variable can be characterized by the proposed entropy to
within an accuracy of one bit. Furthermore, we present a lower bound on the rate-distortion
function of an integer-dimensional singular source; this bound depends on the source only via

the entropy of the source.
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Chapter 1

Introduction

1.1 Background and Motivation

Information theory is a fundamental mathematical framework for describing and analyzing tele-
communication scenarios. For a specific channel model, i.e., a mathematical description of the
relation between transmit signal and receive signal, we can use information-theoretic tools to
design optimal transmission schemes or calculate the maximally possible throughputs (as char-
acterized by the channel capacity). However, the “specific channel model” we consider is always
a compromise between realistic assumptions on the one hand and a tractable mathematical model
on the other hand. An example of this dilemma is the question whether channel state information
(CSI) is assumed to be available. Under the assumption of perfect CSI, a classical result in infor-
mation theory states that the throughput achievable in multiple-input multiple-output (MIMO)
wireless systems grows linearly in the number of antennas [Telatar, 1999]. In practice, though,
the assumption of perfect CSI is a strong simplification, and the actually achievable through-
put is decreased by the need to acquire CSI [Marzetta and Hochwald, 1999, Zheng and Tse,
2002, Liang and Veeravalli, 2004, Schuster et al., 2009, Moser, 2009, Adhikary et al., 2013]. Es-
pecially in large networks or large-MIMO settings, the rate penalty due to channel estimation is
an important factor. A fundamental way to assess this rate penalty is to study capacity in the non-
coherent setting where neither the transmitter nor the receiver has a priori CSI but both are aware
of the channel statistics. Unfortunately, in this more realistic setting, the mathematical analysis
becomes much more difficult or even intractable. Thus, in most cases, a closed-form expression
of the capacity in the noncoherent setting is unavailable. However, the capacity at high signal-
to-noise ratio (SNR) has been characterized for several different noncoherent channel models, as

summarized in what follows.

Stationary Channel Models

One of the most prominent settings is a Rayleigh fading channel model where the fading gains
are modeled as a discrete-time stationary process. Focusing on this scenario, [Lapidoth and

Moser, 2003] proved that capacity grows double-logarithmically with the SNR if the fading

1



2 CHAPTER 1. INTRODUCTION

process is regular, i.e., if the present fading state cannot be inferred exactly from the past fading
states. To obtain a more detailed understanding of the high-SNR capacity for the case of regular
fading, one has to study the second-order term in the high-SNR capacity expansion, the so-
called fading number. Recently, the fading number has been characterized for several stationary
discrete-time channel models [Lapidoth and Moser, 2003, Lapidoth and Moser, 2006, Moser,
2009, Koch, 2009]. For the case of nonregular Rayleigh fading, where the present fading state
can be inferred exactly from the past fading states, the high-SNR capacity behavior depends
on the total bandwidth of the fading process, i.e., on the support of its power spectral density.
Specifically, the number of degrees of freedom (i.e., the first-order term in the high-SNR capacity
expansion, or equivalently the asymptotic ratio between capacity and the logarithm of the SNR
as the SNR grows large, also referred to as capacity pre-log) is given by the measure of the set
of frequencies at which the power spectral density vanishes [Lapidoth, 2005]. Moreover, it is
shown in [Koch, 2009] that Rayleigh fading yields the smallest number of degrees of freedom
among all stationary and ergodic fading processes whose distribution has no mass point at zero.

Continuous-Time Channel Models

The setting of continuous-time channels was recently analyzed in [Durisi et al., 2012] and [Gho-
zlan and Kramer, 2013]. In [Durisi et al., 2012], the capacity of continuous-time Rayleigh-fading
time-frequency selective channels was considered. More specifically, upper and lower bounds on
the high-SNR capacity were derived, which imply that the high-SNR capacity of a continuous-
time fading channel is close to that of a nonfading channel with the same SNR and bandwidth.
In [Ghozlan and Kramer, 2013], a continuous-time channel model with very specific assump-
tions on the channel statistics was considered, namely the phase-noise channel model. Rather
than using a matched filter and sampling its output at the symbol rate, the effect of using a dif-
ferent filter whose output is sampled multiple times per symbol period was studied. Specifically,
for the case of Wiener phase noise, it is shown that, by sampling the filter output signal a num-
ber of times per symbol period that grows with the square-root of the SNR, one can achieve
data rates that grow logarithmically with the SNR and a number of degrees of freedom of at
least 1/2. In contrast, using a matched filter whose output is sampled at the symbol rate yields

only a double-logarithmic growth of capacity with the SNR.

Block-Fading Channel Models

Another prominent setting of Rayleigh fading channels are MIMO block-fading channels. Here,
the statistics of the fading gains are defined for blocks of N channel inputs. Between blocks, the
fading changes to independent realizations, i.e., the channel is block-memoryless. The simplest
model conforming to these assumptions is the MIMO Rayleigh-fading constant block-fading
channel model [Marzetta and Hochwald, 1999]. In this model, the fading process takes on inde-
pendent realizations across blocks of N channel uses, and within each block the fading coeffi-

cients stay constant. Thus, the N-dimensional vector of channel gains between transmit antenna



1.1. BACKGROUND AND MOTIVATION 3
t € {1,...,T} and receive antenna r € {1,..., R} within a block of length N is

hr,t = Srt 1nxt- (11)

Here, 11 denotes the N-dimensional all-one vector and s,.; are CN(0,1) random variables
that are independent across the receive antennas r and the transmit antennas ¢. This results in the

input-output relation

T
Yo=Y srx+w,, r€{l... R} (1.2)

t=1
where y, € R¥ is the channel output at receiver r, x; is the channel input at transmitter ¢, and w,.
is additive white Gaussian noise. Once again, only a high-SNR characterization of the capacity
is available. [Zheng and Tse, 2002] proved that the number of degrees of freedom for the MIMO

constant block-fading model with 7" transmit antennas and R receive antennas is given by

M N
Xconst = M<l — N> , with M = min {T, R, {2J } (1.3)

For the case R + T < N, they also provided a high-SNR capacity expansion that is accurate
up to a o(1) term (i.e., a term that vanishes as the SNR grows). This expansion was recently
extended in [Yang et al., 2013] to the “large-MIMO” setting R + T > N.

In [Liang and Veeravalli, 2004], the high-SNR capacity of a continuous-time, time-selective,
frequency-flat, Rayleigh block-fading channel is studied. The corresponding discrete-time chan-
nel model, which is sometimes referred to as correlated block-fading model [Morgenshtern et al.,
2013], is a generalization of the standard block-fading model as it allows the fading process to
change within each block. In [Liang and Veeravalli, 2004], a lower bound on the number of
degrees of freedom was derived. However, this lower bound is tight only for the single-antenna
case: In a single-input multiple-output (SIMO) setting, the number of degrees of freedom can
be increased [Morgenshtern et al., 2010, Riegler et al., 2011, Morgenshtern et al., 2013]. This is
in contrast to the coherent setting, where increasing the number of receive antennas beyond the
number of transmit antennas does not provide a degrees-of-freedom gain. So far, no result on the
number of degrees of freedom in the correlated block-fading MIMO setting has been available.

The results reviewed above suggest that in block-fading channels, the number of degrees
of freedom characterizes the channel capacity in a regime where the noise can “effectively” be
ignored. The intuitive argumentation in [Morgenshtern et al., 2013, Section III] suggests that the
number of degrees of freedom can be obtained as the number of entries of the transmitted vector
x that can be deduced from the corresponding receive vector y in the absence of noise, divided
by the block length V.

Beyond Degrees of Freedom

Although the number of degrees of freedom is a first step towards characterizing the high-SNR

capacity of a channel, it only provides a rough estimate and is very sensitive to the fine details
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of the channel model. Thus, a high-SNR expansion of the channel capacity up to a constant
term (similar to the one available for the constant block-fading channel model [Zheng and Tse,
2002, Yang et al., 2013]) would be valuable. Whereas the number of degrees of freedom can
be determined by counting the entries of the transmitted vector x that can be deduced from
the noiseless receive vector, we expect that a more detailed information-theoretic analysis of
the relation between x and the noiseless receive vector will result in a more precise high-SNR
expansion of the channel capacity. An analysis of the information-theoretic properties of the

noiseless receive vectors appears to be a promising first step towards understanding this relation.

Entropy for Singular Random Variables

The most basic information-theoretic quantity that characterizes a random variable is entropy.
The classical definition of entropy for discrete random variables and its interpretation as informa-
tion content go back to [Shannon, 1948] and were analyzed thoroughly from axiomatic [Csiszar,
2008] and operational [Shannon, 1948] viewpoints. A similar definition for continuous random
variables, differential entropy, was also introduced by Shannon [Shannon, 1948], but its inter-
pretation as information content is controversial [Kolmogorov, 1956]. Nonetheless, information-
theoretic derivations involving undisputed quantities like Kullback-Leibler divergence or mutual
information between continuous random variables can often be simplified using differential en-
tropy. Furthermore, differential entropy arises in asymptotic expansions of the entropy of ever
finer quantizations of a continuous random variable [Kolmogorov, 1956, Sec. IV]. Thus, (dif-
ferential) entropy seems to be an appealing starting-point for our analysis of noiseless receive
vectors.

Unfortunately, in many interesting cases, the noiseless receive vectors are neither discrete
nor continuous and classical (differential) entropy cannot be used to characterize them. Such
singular random variables arise not only in the study of noiseless receive vectors. Indeed, two
other information-theoretic problems involving singular random variables have been described
recently: For the vector interference channel, a singular input distribution has to be used to
achieve full degrees of freedom [Stotz and Bolcskei, 2012]; and in a probabilistic formulation of
compressed sensing, the underlying source distribution is singular [Wu and Verdd, 2010]. Thus,
a suitable generalization of (differential) entropy to singular random variables has the potential
to simplify theoretical work in these areas and to provide valuable insights.

Another field where singular random variables appear is source coding. In many high-
dimensional problems, deterministic dependencies reduce the intrinsic dimension of a source.
Thus, the random variable describing the source cannot be continuous but often is not discrete
either. A basic example is a random variable x € R? supported on the unit circle, i.e., exhibiting
the deterministic dependence x3 + x3 = 1. Although x is defined on R? and both components
X1, X2 are continuous random variables, x itself is intrinsically only one-dimensional. The dif-
ferential entropy of x is not defined and, in fact, classical information theory does not provide a
rigorous definition of entropy for this random variable.

The case of arbitrary probability distributions is very hard to handle, and due to its generality
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even the mere definition of a meaningful entropy seems impossible. The two existing approaches
to defining (differential) entropy for more general distributions are based on quantizations of the
random variable in question. Usually, the entropy of these discretizations converges to infinity
and, thus, a normalization has to be employed to obtain a useful result. In [Rényi, 1959], this
approach is adopted for very specific quantizations of a random variable. Unfortunately, this
does not always result in a well-defined entropy and sometimes even fails for continuous ran-
dom variables of finite differential entropy [Rényi, 1959, pp. 197f]. Moreover, the quantization
process seems analytically difficult to deal with and no theory was built based on this definition
of entropy.! A similar approach is to consider arbitrary quantizations that are constrained by
some measure of fineness to enable a limit operation. In [Kolmogorov, 1956] and [Posner and
Rodemich, 1971], the authors introduce e-entropy as the minimal entropy of all quantizations
consisting of sets of diameter less than €. However, to specify a diameter, they have to define
a distortion function. Since all basic information-theoretic quantities (e.g., mutual information
or Kullback-Leibler divergence) do not depend on a specific distortion, it is hardly possible to
embed e-entropy into a general information-theoretic framework. Furthermore, once again the

quantization process seems to be difficult to deal with analytically.

1.2 Contributions

Extending the MIMO Constant Block-Fading Model (Chapter 2)

We extend the constant block-fading model to a much broader class of block-based input-output
relations. More specifically, we only keep the assumptions that (i) in one block of length NV, the
fading is Gaussian and (ii) the channel outputs y; are bilinear combinations of the channel inputs

xr, and the fading coefficients s; plus additive noise, i.e.,

Yi = Z Zi k1 X¥kSL T+ W . (1.4)
k.l

Here, the deterministic coefficients z; 5 ; determine the specific channel model and are known
to transmitter and receiver. The index sets of 7, k, and [ can vary depending on the specific
application, e.g., in a model with R receive antennas the index ¢ will take on Ny = RN different
values. We prove a lower bound on the number of degrees of freedom that is in agreement with

the intuitive “dimension-counting” idea described in Section 1.1.

Generic MIMO Block-Fading Channel (Chapter 3)

We consider two specific versions of the channel model (1.4) in more detail. The first is a
generic MIMO Rayleigh-fading block-fading system with 7' transmit and R receive antennas.
As in the constant block-fading model (1.1), we assume that the fading vectors h,.; are Gaussian

!This entropy should not be confused with the information dimension defined in the same paper [Rényi, 19591,
which is indeed a very useful and widely used tool.
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random vectors that are independent across the receive antennas r € {1, ..., R} and the transmit
antennas ¢t € {1,...,7}. However, we consider a more general correlation in time. More
specifically, we assume that in each block the correlation is described by ¢ > 1 independent

Gaussian random variables according to
Wyt = ZrsSra (1.5)

where Z,.; € CN*@Q with @ < N is a deterministic matrix and s, ; € C¥ contains independent
CN(0,1) entries, which are also independent across the receive antennas r and the transmit
antennas ¢.

By applying our degrees-of-freedom lower bound to MIMO block-fading channels modeled
according to (1.5), we show that when the deterministic matrices Z, ; are generic, the number
of degrees of freedom can be larger than in the constant block-fading case as given in (1.3).
Coarsely speaking, we can think of generic Z,; as being generated from an underlying joint
probability density function.>? We shall refer to (1.5) with generic Z,; as generic block-fading
model. Our specific contribution is as follows: we show that for almost all matrices Z, ;, the

number of degrees of freedom is given by

1
Xgen = T<1 - N) (1.6)

provided that ' < N/Q and R > T(N —1)/(N —TQ). We note that this result does not
encompass the case where all matrices Z,.; are exactly equal, and thus we do not know whether
(1.6) holds in that case. Therefore, the specific setting where all matrices Z,.; are exactly equal
remains an open problem. We also provide an upper bound and a lower bound on ), for the
complementary case R < T'(N —1)/(N -TQ).

The results of Chapter 3 have been published in [Koliander et al., 2014].

Oversampled Block-Fading Channel (Chapter 4)

As a second example of the channel model (1.4), we consider a continuous-time, time-selective,
frequency-flat, Rayleigh block-fading single-input single-output (SISO) channel. Focusing on
the channel model introduced in [Liang and Veeravalli, 2004], we investigate whether using a
matched filter whose output is sampled at the symbol rate is optimal from a degrees-of-freedom
point of view or using a different filter and more frequent sampling yields a higher throughput at
high SNR. We show that the latter is true. Specifically, we prove that the discrete-time channel
obtained by sampling the appropriately filtered channel output signal at twice the symbol rate
has at least 1 — 1 /N degrees of freedom provided that 2M +1 < N. Here, M reflects the “band-
width” of the channel fading process (note that the fading process cannot be strictly bandlimited
as we consider only finite-duration processes). In contrast, the discrete-time channel obtained

with symbol-rate sampling has only 1 — (2M + 1)/N degrees of freedom [Liang and Veer-

>We use the term “generic” in the same sense as it is used in the interference-alignment literature [Jafar, 2011].
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avalli, 2004, Th. 1]. Hence, we conclude that the underlying continuous-time, time-selective,
frequency-flat, Rayleigh block-fading channel has at least 1 — 1/N degrees of freedom, and that
matched filtering and symbol-rate sampling is not capacity-achieving at high SNR.

The results of Chapter 4 have been published in [Dorpinghaus et al., 2014].

Entropy of Integer-Dimensional Random Variables (Chapter 6)

Motivated by the fact that the number of degrees of freedom can be obtained via a heuristic
“dimension-counting” analysis of the noiseless input-output relation, we want to investigate the
information-theoretic properties of the noiseless receive vectors y, whose components are given
by (cf. (1.4))

yi = Z 2,k IXkSI - (1.7)
k,l

Because in many interesting cases y is singular, i.e., neither a discrete nor a continuous random
variable, even the definition of an entropy turns out to be a demanding task. As mentioned in
Section 1.1, the existing approaches to generalizing (differential) entropy are not true generaliza-
tions and depend on arbitrary assumptions, e.g., a specific distortion function. Thus, we propose
a generalization of entropy and differential entropy to a broader class of random variables. In
our approach, we first consider the probability mass functions of quantizations of the random
variable and define a density function as a normalized limit of these probability mass functions.
(In the special case of a continuous random variable, this results precisely in the probability den-
sity function due to Lebesgue’s differentiation theorem.) Then we take the expectation of the
logarithm of the resulting density function. Due to a fundamental result in geometric measure
theory, this approach can be used only for a specific class of random variables, since other-
wise the density function does not exist [De Lellis, 2008, Th. 3.1]. In fact, the existence of the
density function implies that the random variable is distributed according to a rectifiable mea-
sure [De Lellis, 2008, Th. 1.1]. Thus, the random variables considered in the second part of
this thesis are rectifiable random variables on Euclidean space. Coarsely speaking, these random
variables are “integer-dimensional,” i.e., they are concentrated on a subset of lower (integer) di-
mension. Although this is still far from the generality of arbitrary probability distributions, it
covers numerous interesting cases and gives valuable insights.

In addition to proposing a definition of entropy for integer-dimensional random variables,
we demonstrate connections to classical entropy and differential entropy and we prove a trans-
formation property and invariance under unitary transformations.

The results of Chapter 6 will be submitted for publication [Koliander et al., 2015].

Joint and Conditional Integer-Dimensional Entropy (Chapter 7)

Whereas the definition of joint (differential) entropy for discrete or continuous random variables
is straightforward, care has to be exercised in extending this concept to the case of integer-

dimensional random variables. In particular, even the question whether a component x of a
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rectifiable random variable (x, y) is again rectifiable is not trivial. We introduce joint entropy for
integer-dimensional random variables and discuss the connections between the entropy of the
components and the entropy of the joint random variable for various settings.

Extending the concept of conditional entropy is even more challenging. Based on the defini-
tion of a regular conditional probability, we present a rigorous definition of conditional entropy
for integer-dimensional random variables. Our analysis of the fine properties of conditional
entropy results in a generalization of the classical chain rule for entropy and shows interesting
connections between entropy and geometric properties of the random variables. Furthermore, we
demonstrate relations of our entropy with the mutual information of integer-dimensional random
variables. Finally, we show that our entropy satisfies an asymptotic equipartition property.

The results of Chapter 7 will be submitted for publication [Koliander et al., 2015].

Integer-Dimensional Source Coding (Chapter 8)

Based on the results obtained in Chapters 6 and 7, we demonstrate two applications of our en-
tropy definition to source coding. First, we study the minimal expected codeword length of
quantized integer-dimensional sources. More specifically, we consider partitions of the integer-
dimensional support set of the source random variable such that each set in the partition has
a Hausdorff measure not exceeding a predefined fineness, and we show that the minimal ex-
pected binary codeword length of the quantized random variable defined by these partitions can
be characterized by our entropy to within an accuracy of one bit.

The second application concerns the rate-distortion (RD) function of integer-dimensional
random sources. Based on the characterization of the RD function in [Csiszar, 1974], we prove
a lower bound on the RD function that depends on the source only via the entropy of the source.
We apply our lower bound to the specific setting of a uniform distribution on the unit circle in
R? and provide an upper bound that is within 0.2 nats of the lower bound.

The results of Chapter 8 will be submitted for publication [Koliander et al., 2015].

1.3 Notation

Sets are denoted by calligraphic letters (e.g., Z), and |Z| denotes the cardinality of the set Z.
The indicator function of a set Z is denoted by 17. Sets of sets are denoted by fraktur letters
(e.g., M). The set of natural numbers (including zero) {0, 1,2,...} is denoted as N. We use
the notation [M : N] to indicate the set {n € N : M < n < N} for M, N € N. The open
sphere with center z € RM and radius r > 0 is denoted by B,(z), i.e., B.(x) = {y € RM :
ly — x| < r}. The constant w(M) denotes the volume of the M-dimensional unit sphere,
ie., w(M) = 7/2/)T(1 + M/2) where I is the Gamma function. Boldface uppercase and
lowercase letters denote matrices and vectors, respectively. Sans serif letters denote random
quantities, e.g., A is a random matrix, x is a random vector, and s is a random scalar (A, x,
and s denote the deterministic counterparts). For a continuous random variable x, i(x) denotes

differential entropy [Cover and Thomas, 2006, Ch. 8]. Similarly, for a discrete random variable
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x, H(x) denotes entropy [Cover and Thomas, 2006, Ch. 2]. The superscripts © and ! stand
for transposition and Hermitian transposition, respectively. The all-zero matrix of size N x M
is written as Onx s, and the M x M identity matrix as I;. The entry in the ¢th row and jth
column of a matrix A is denoted by A; ;, and the ith entry of a vector x by x;. Foran M x N
matrix A, we denote by [A]g, where Z C [1: M| and J C [1: NJ, the |Z| x |J| submatrix
of A containing the entries A; ; with i € Z and j € J; furthermore, we let [A]; = [A][I1 M and
[A]7 & [A]ﬁ: m)- We indicate by [x]; € C the subvector of & containing the entries x; with
i € Z. The diagonal matrix with the entries of @ in its main diagonal is denoted by diag(x).
We let diag(A1, ..., Ak) be the block-diagonal matrix having the matrices A1, ..., Ax onthe
main block diagonal. By det(A), we denote the determinant of A, and by |A|, we denote the
absolute value of det(A). For x € R, we define || £ max{m € Z : m < z} and [2] =
min{m € Z : m > x}. We write E4|-] for the expectation operator with respect to the random
variable x. If the random variable x is clear from the context, we simply write E[-]. Pr{x € A}
denotes the probability that x € A, and x ~ CA(0, X) indicates that x is a circularly symmetric
complex Gaussian random vector with covariance matrix 3. The Jacobian matrix of a Lipschitz
function® ¢ is written as J4, and the Jacobian determinant is denoted _Z. For a function ¢ with
domain D and a subset D C D, we denote by ¢|5 the restriction of ¢ to the domain D. We use
the Landau notation f(p) = O(g(p)) to indicate that there exist constants c¢1,co > 0 such that
|f(p)| < ci1lg(p)| for p > co. Similarly, we use f(p) = o(g(p)) to indicate that for every € > 0
there exists a constant ¢3 > 0 such that |f(p)| < e|g(p)| for p > c3. The function sinc(-) is
defined as

: "
sinc(z) = jm(m)/ (m), fo#g (1.8)
, itzr =0.

For x € RM and y € RM2, we denote by py: RMi+M2 s RMi g (2 y) = x, the projec-
tion of RM1+M2 {0 the first M; components. Similarly, py: RMi+Me 5 RM2 (2 ) = y,
denotes the projection of RM1TM2 t the last My components. #™ denotes the m-dimensional
Hausdorff measure.* .Z* denotes the M-dimensional Lebesgue measure, and B, denotes the
Borel o-algebra on RM . For a measure ; and a measurable function £, the induced measure is
given as jf "1 (A) £ u(f1(A)). For two measures 1 and v on the same measurable space, we
indicate by p < v that p is absolutely continuous with respect to v (i.e., for any measurable set
A, v(A) = 0 implies x(A) = 0). For a measure 1 and a measurable set £, the measure p¢ is
the restriction of p to &, i.e., pulg(A) = u(ANE). The logarithm to the base e is denoted log,
and the logarithm to the base 2 is denoted 1d.

3By Rademacher’s theorem [Ambrosio et al., 2000, Th. 2.14], a Lipschitz function is differentiable almost every-
where and, thus, the Jacobian matrix and determinant are well defined almost everywhere.

“Readers unfamiliar with this concept may think of it as a measure of an m-dimensional area in a higher-
dimensional space (e.g., surfaces in R?).
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Degrees of Freedom of Noncoherent
Block-Fading Channels
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Chapter 2
Noncoherent Block-Fading Channel

The channel model considered in this chapter can be seen as a blueprint for various different
settings. Thus, at this point, we do not provide an interpretation in terms of antennas or time
slots. We give an input-output relation for a block of length N that obtains a physical meaning
only when narrowed down to a specific setting (as we will do in the subsequent Chapters 3 and 4).

For the proposed channel model, we prove a lower bound on the number of degrees of free-
dom that conforms to the intuitive “dimension counting” argument in [Morgenshtern et al., 2013,
Section III]. According to this argument, the number of degrees of freedom can be obtained as
the number of entries of the transmitted vector x that can be deduced from the corresponding

receive vector y in the absence of noise, divided by the block length N.

2.1 System Model

For a channel input vector x € C™x, a channel output vector y € C™, a fading vector s ~
CN(0,1Iy,), and an additive noise vector w ~ CN(0,Iy,), the input-output relation in one
block of block length NV is given by

yi = /px'Zis +w; 2.1)

forall i € [1: Ny|. Here Z; € CN«*Ns gpecifies which entries of x and s contribute to y;. In
many models, the matrices Z; will be sparse (e.g., if y1 depends only on x; and not on [x]j2. x|
then all rows of Z; but the first one are zero). The vectors s and w are assumed to be mutually
independent and to change in an independent fashion from block to block (“block-memoryless”
assumption). The block length N depends on the specific physical interpretation of the input-
output relation (2.1). In a single antenna system, N will be the number of input symbols Ny
that we can transmit in one block. However, in multiple antenna systems, the number of input
symbols can be larger than the block length, e.g., if we use 7" transmit antennas then the number

of transmitted symbols per block will satisfy Ny = T'N.

13
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We can rewrite (2.1) in vector notation as

y=\py+w (2.2)
where y = Bs with
XTZ1
A XTZQ
Ba | X, 23)
XTZNy

2.2 Dimension Counting

The most convenient way to analyze the structure of the matrices Z; is to consider the mapping
¢: CNH+Ns s CMNy defined by ¢(s, ) = y. More specifically, the rank of the Jacobian matrix

Do 00 0%
851 85N5 8:c1 81‘Nx
Jy(s,x) = : : : : e CNyx (NotNNs) (2.4)
O¢n,  Odn, O¢n,  Oon,
0s1 dsn, O ox N,

plays a pivotal role in our capacity analysis. We first provide an intuitive “dimension counting”
argument which results in the same number of degrees of freedom as the rigorous lower bound
established in the subsequent sections. Assume that Jy(s, ) has rank ¢ at some fixed point

(s, x), i.e., there exist ¢ linearly independent columns. For simplicity, we assume that

9 O 94 _Oh
081 Osn, Oz Oxy_n,
[To(s, ) = | : : : e CMyx¢
Ipn,  Odn, Opn, O,
681 88]\[5 8%1 8xg,Ns

has full rank ¢. The matrix [J,(s, )] is the Jacobian matrix of the function ¢ when con-
sidered as a function of (s, x1,...,z,_y,) and the remaining variables (xy_n,+1,...,ZnN,) are
treated as fixed parameters. From a communication viewpoint, we can interpret the variables
(T¢—Ny+1,---,TN,) as pilot symbols that are known to transmitter and receiver. By the inverse
function theorem, ¢ is one-to-one in a neighborhood of (s, x1, ..., zs_n,). Thus, from the obser-
vations ¢ and the parameters (z/—n,+1, - - -, TN, ), We can reconstruct (s, z1, ..., xy_n,) locally,
i.e., we can use { — Ng dimensions to transmit information. In the subsequent sections, we will
show that £ — Ny degrees of freedom can indeed be achieved.

Note that in general also the number of rows Ny is larger than the rank ¢ of the matrix. This
implies that the noiseless receive vector ¢ belongs to an ¢ dimensional subset and the random

variable y is not continuous. Hence, in our proof, we will reduce the receive vector to exactly
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¢ entries, such that Jy(s,x) contains only ¢ linearly independent rows. We expect that this
does not reduce the number of degrees of freedom but a more detailed capacity analysis should

consider the entire vector y.

2.3 Capacity and Degrees of Freedom

We want to characterize the capacity of the channel (2.1) as p goes to infinity. Usually we are
interested in a normalized capacity and not a capacity per block. Thus, we will divide the capacity
per block by the block length /V to obtain normalized values. Because of the block-memoryless
assumption, the coding theorem in [Gallager, 1968, Sec. 7.3] implies that the capacity of the
channel (2.1) is given by

1
Clp) = ysupL(x;y). (25)

Here, I(-;-) denotes mutual information [Cover and Thomas, 2006, p. 251] and the supremum is

taken over all probability distributions of x that satisfy the average-power constraint
E[Ix|*] < N. (2.6)

The number of degrees of freedom Y is defined as

2 fipy E0) .7)
p—oo log p
which corresponds to the expansion
C(p) = xlogp + o(log p) . 2.8)

Our main result is stated in the following theorem.

Theorem 2.1 The number of degrees of freedom x of the channel (2.1) is lower bounded by
1
X2 N(ﬁ — Ns) (2.9)

if there exist s € C™s and & € C™x such that the rank of the Jacobian matrix Jy(s,x) (see (2.4))

is larger than or equal to /.

The remainder of this chapter is a structured proof of Theorem 2.1. Because Theorem 2.1
is only of interest for £ > N (otherwise the lower bound is trivial), we will tacitly assume that
¢ > Ns in what follows.

2.4 Bounding /(x;y)

By (2.5), the capacity C(p) and, hence, x (cf. (2.7)) can be lower-bounded by evaluating 7(x;y)

for any specific input distribution that satisfies the power constraint (2.6). In particular, in what
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follows, we will assume x ~ CA(0, Iy, ). As

I(x;y) = h(y) = h(y|x) (2.10)
we can lower-bound /(x;y) by upper-bounding i (y|x) and lower-bounding h(y).

Upper Bound on /(y|x)

It follows from (2.2) and (2.3) together with s ~ CN(0,Iy,) and w, ~ CN(0,1Iy,) that y
is conditionally Gaussian given x, with conditional covariance matrix p BB + I Ny (note that
B = B(x)). Hence, h(y|x) = Ex[log ((me)™ |p BB + In,|)] according to [Neeser and
Massey, 1993, Th. 2]. By [Horn and Johnson, 1985, Th. 1.3.20], | p BB"+1,| = [p B"B+1y,
Furthermore, assuming without loss of generality that p > 1 (note that we are only interested in
BB 1y,

the asymptotic regime p — o), we have |p BB + Iy,| < ‘p(BHB +1In,)| = p™
Thus,

h(y|x) < E¢[log ((me)™p™s |BHB + 1y,
= Nslog p + Ex[log [BM"'B + I,

)]

| +00). (2.11)

By using Jensen’s inequality for the concave function log(-), we obtain

Ex[log |B"B + Iy,

| <logE,[|B"B + Iy,

] (2.12)

The right-hand side in (2.12) is independent of p and the determinant ’BHB + 1 Ns‘ is some
polynomial in the entries of x and x™! (cf. (2.3)). Since x ~ CN(0,1y,), all moments of x, and,
hence, the expectation Ey H BB+ 1 N, ] , are finite. Thus, the right-hand side in (2.12) is a finite
constant with respect to p. Hence, (2.11) together with (2.12) implies

h(y|x) < Nslogp+ O(1). (2.13)

Lower Bound on A (y)

By assumption, we know that there exist s € C™s and z € C™= such that Jy(x,s) has a
nonsingular ¢ x ¢ submatrix. We denote by Z the set of row indices and by D the set of column

indices specifying the nonsingular submatrix, i.e.,

det ([J4(z, 8)]T) # 0 (2.14)

with |Z| = |D| = ¢. The sets Z¢ = [1 : Ny + Ns| \ Z and D¢ £ [1 : Ny] \ D give the
remaining indices. The main idea behind the proof of the lower bound is that we only have to
take care of the observations indicated by Z and the ones in Z¢ can be ignored. To do so, it is
convenient to separate the Ny receive variables into a “useful” part, which is represented by [y]z

and a “redundant” part [y|ze.
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We can now lower-bound h(y) as follows:

h(y) =

(a)

h(lylz, [ylze)
=h

y
(Iylz) + h([ylze

MI)

2 h(yBl5lz + Wiz | wz) + Az
Dn(yvalylz) +O()

(d)

Zlog (vp)* + h(lylz) + 0(1)
= llog p+ h([y]z) + O(1). (2.15)

S, X, [Y]I)

Here, (a) holds by the chain rule for differential entropy [Cover and Thomas, 2006, Th. 8.6.2],
in (b) we used (2.2) and the fact that conditioning reduces differential entropy, (c) holds since
h([y]ze|s,x, [ylz) = h([w]z¢) is a finite constant, and (d) holds by the transformation property
of differential entropy [Cover and Thomas, 2006, eq. (8.71)]. Using (2.13) and (2.15) in (2.10),

we obtain

I(x;y) = (€ — Ns)log p + h([y]z) + O(1). (2.16)

The degrees of freedom lower bound (2.9) follows by inserting (2.16) into (2.5):

(£ — Ng)log p + h([j’_\’[m +0(1)

whence, by (2.7) and because h([y]z) does not depend on p,

=

> lim v (£ = Ns)logp+ O(1)

1
= — (£ — N,
p—rc0 log p N( )

provided that h([y]z) > —oc. To conclude the proof, we will next show that h([y]z) > —oc.

This is the most technical part of the proof.

2.5 Proof that h(]y]7) > —oc0

As [y]; is a function of s and x (see (2.2) and (2.3)), the idea behind our proof is to relate
h([y]7), which we are not able to calculate directly, to h(s,x), which can be calculated trivially.
The underlying intuition is that the image of a random variable of finite differential entropy,
such as (s, x), under a “well-behaved” mapping, such as (s, x) > [y];, cannot have an infinite
differential entropy. At the heart of the proof is the bounding of differential entropy under finite-
to-one mappings, to be established in Lemma 2.3 below.

To simplify notation we introduce the shorthand & = (s xT)T. We first need to characterize
the mapping between & and [y];. To equalize the dimensions—note that [y]; € C’ and & €

CNstNx_we condition on Ng + Ny — £ entries of &, defined by D¢ (recall that D was defined
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in (2.14)). This results in
h(lylz) = h(lylz|[]pe) - (2.17)

The remaining entries are given by [X|p.
Because of (2.17), it suffices to show that

h[ylz | &Kpe) > —o0. (2.18)

This will be done by relating h([y], ‘ []pe) to h([s]p). Before doing so, we have to understand

the connection between the variables [y]; and [&]p. This leads us to the following program:
(i) Define the polynomial mapping ¢(gz . relating []|p and [y];.
(ii) Prove that QS[@]DC satisfies the following two properties:

a) Its Jacobian matrix is nonsingular almost everywhere (a.e.) for almost all (a.a.) [SZ] p..
b) Itis finite-to-one' a.e. for a.a. [SE]p..

(iii)) Apply a novel result on the change in differential entropy that occurs when a random

variable undergoes a finite-to-one mapping to relate h([y]7 | [&]pe) to h(s, [&]p).
(iv) Bound the terms resulting from this change in differential entropy.

Step (i): We consider the [SE]p.-parametrized mapping
Pzl - C' = C' [F@p — [p(F)]; (2.19)

where ¢(8€) = gy is defined in (2.2) and (2.3), i.e., ¢[§]DC is the mapping ¢ defined in Section 2.2
projected to the indices given by Z and with fixed values [8Z] .. The components of the vector-
valued mapping ¢[§}DC are multivariate polynomials of degree 2 in the entries of [sz],. The

Jacobian matrix J¢[§] of qb[ﬁ]pp is equal to the submatrix specified by Z and D of the Jacobian
De g

([#lp) = [Jo(®)]7.

T | #0) a.e. for a.a. [ST] ..

Js given in (2.4) with fixed variables [ST]p., i.e., Jy,

E]DC

Step (ii-a): We have to show that J¢[§]DC is nonsingular (i.e.,
The determinant of Jd)[@]m is a polynomial p(Sg). By assumption, we know that p(S€) does
not vanish identically. Since a polynomial vanishes either identically or on a set of measure
zero [Gunning and Rossi, 1965, Cor. 10], we conclude that p(S€) does not vanish a.e. In other

words, the matrix Jy_, is nonsingular a.e. for a.a. [8Z]p..
’DC

Step (ii-b): We will invoke Bézout’s theorem [van den Essen, 2000, Prop. B.2.7] to show that
the mapping gb[ﬁ]pc is finite-to-one a.e. for a.a. [8€]p.. In what follows, note that for a given

[y]7 in the codomain of sz, - the quantity gb[fﬁl]Dc ([y]7) is the preimage

O ([912) = {[]p : dyam,, (L) = g}

' A mapping is called finite-to-one if every element in the codomain has a preimage of finite cardinality.
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and not the function value of the inverse function (which does not exist in most cases). Further-
more, for a given [St] ., we denote by M C C* the set of all [sT |p for which Jy . ([sx]p) is

DC
nonsingular, i.e.,

M2 {[@]p € C": | Ty ([&]p)| # 0} - (2.20)

Lemma 2.2 For a given [SE] 1., let M be defined as above. Then for all [g], € Dlsz] e (M),
’aﬁ[a )N /\/l‘ <m 2 2.

Proof. Let [§l7 € ¢az,, (M). The set <Z>[SE] ([y]) contains all points [&]p € C such that

(). ([88]p) = [y]7. Thus, these points are the zeros of the vector-valued mapping

&) ~ b, (o) — 9]z 2.21)

It follows from (2.19) that each component of the vector-valued mapping (2.21) is a polynomial
of degree 2. Hence, the zeros of the mapping (2.21) are the common zeros of ¢ polynomials
of degree 2. By a weak version of Bézout’s theorem [van den Essen, 2000, Prop. B.2.7], the
number of isolated zeros (i.e., with no other zeros in some neighborhood) cannot exceed m = 2!,

Since J¢[§]DC is nonsingular on M, the function ¢[§]DC restricted to M is locally one-to-one
[Rudin, 1976, Th. 9.24] and, hence, each zero of gf)[@]m — [g]z on M has to be an isolated zero.
Therefore, the number of points [st]p € M such that ¢g__ ([SE]p) = [y]7 cannot exceed
m. O

By Lemma 2.2, the function ¢g; Ipe for a given [SE] . is finite-to-one on the set M. Because
by Step (ii-a) the matrix J¢[§]DC([§]D) is nonsingular a.e. for a.a. [S%] ., and because Mcct

is the set of all [sz]p for which Jy .  ([8L]p) is nonsingular, we conclude that (g is finite-
DC

to-one a.e. for a.a. [&€] pe.

Step (iii): We will use the following novel result bounding the change in differential entropy

that occurs when a random variable undergoes a finite-to-one mapping.

Lemma 2.3 Let u € C" be a random vector with probability density function f,,. Consider
a continuously differentiable mapping «: C" — C™ with Jacobian matrix J,. Assume that Jy is
nonsingular a.e. and let M = {u € C" : |J,(u)| # 0} (thus, C"* \ M has Lebesgue measure
zero). Furthermore, let v £ k(u), and assume that for all v € C", the cardinality of the set
k~1(v) N M satisfies [~ (v) N M| < m < oo, for some m € N (i.e., ’{’M is finite-to-one).
Then:

1. There exist disjoint measurable sets {Uy}ic(1:m) Such that /{|uk is one-to-one for each
k € [1:m] and Uye(y.y) Un covers almost all of M.

2. For every choice of such sets {Uy } pe(1:m)»

h(v) 2 h(u) + | fulu) log (| (w)|?) du — H (k) (2.22)
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where k is a discrete random variable that takes on the value k£ when u € U}, and H denotes

entropy.
Proof. See Appendix A.1. 0
Since, by Step (ii-b), the mappings ¢[sz:] .| o7 are finite-to-one for a.a. [§E]p., we can use
Lemma 2.3 with u = [z, qﬁ[SE]DC, 6, m =m, and M = M and obtain
h(¢[sz1m (p)
/ sty (1) 108 (1 (1p) P) d([52]p) — HKiag,)  (223)

where k[ﬁ}Dc corresponds to the random variable k from Lemma 2.3 (since x = ¢[§]Dc, we
have a different k for each [g]p.). Because of [y]; = ¢, ([&]p), we have h(lylz| [ pe =
(8] pe) = h(¢pm,. ([&]p))- Thus, (2.23) entails

h([y]z | [pe)
—EMDJ (¢1s9,.. (%p))]
(o) + By | [ ity (010 08 (T, (5010) ") d30]0) — H (0, )|

(2.24)

Step (iv): We show now that the right-hand side of (2.24) is lower-bounded by a finite constant.
The differential entropy h([X]) is the differential entropy of a standard multivariate Gaussian
random vector and thus a finite constant. The entropy (k[ﬁ]DC) for a.a. 8] does not exceed

log (), where m = 2¢. Hence, it remains to lower-bound

[ / sty () 08 (1, ([0 2)d([]p)
- /C [ T (o) i (1) 108 (i, (010) ) (0L) d]0)
D[ @108 (T, (1)) dl) 2.25)

where (a) holds because [&],, and [&]p. are independent. A similar problem was solved in
[Morgenshtern et al., 2013] using Hironaka’s theorem on the resolution of singularities. Here,
we take a much simpler approach, which relies on the fact that det (J¢[§]DC) in (2.25) is an
analytic function [Rudin, 1987, Ch. 10] that does not vanish identically, and on a property of
subharmonic functions? (see [Azarin, 2009, Th. 2.6.2.1]).

Lemma 2.4 Let f be an analytic function on C" that is not identically zero. Then

12 [ exp(- gl og(/(©)]) dé >~ (226)

’See [Azarin, 2009, Ch. 2.6] for a definition of subharmonic functions.
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Proof. See Appendix A.2. O

The function fx is the probability density function of a standard multivariate Gaussian ran-
dom vector. Furthermore, since the function det(J¢[§]Dc([§]D)) is a complex polynomial that
is nonzero a.e. (see Step (ii-a)), it is an analytic function that is not identically zero. Hence, by
Lemma 2.4, the integral in (2.25) is finite. Thus, with (2.24), we obtain h([y];| [&X]p.) > —oo
and, because of (2.17), that h(]y];) > —oo. This concludes the proof.
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Chapter 3

Generic MIMO Block-Fading Channel

As a special setting of the general model (2.1), we consider a MIMO block-fading channel with
T transmit antennas, R receive antennas, and block length N. We assume that the fading of dif-
ferent transmit-receive antenna pairs is independent and that the fading vector for each transmit-
receive antenna pair depends only on () < N independent random variables. Furthermore, the
statistics of the fading coefficients are assumed to be “generic,” i.e., they can be thought of as
being generated from an underlying continuous probability distribution.

In this setting, we can use the lower bound on the number of degrees of freedom in Theo-
rem 2.1. In addition, we prove an upper bound that matches our lower bound for a wide range of
choices of T', R, (), and N.

3.1 System Model

The discrete-time fading process associated with each transmit-receive antenna pair conforms to

the following channel input-output relations within a given block of N channel uses:

y, = /p > diag(hy)x + w,, 7€ [L:R]. 3.1)
te([1:T]

Here, x; € CV is the signal vector originating from the tth transmit antenna; y, € CV is
the signal vector at the rth receive antenna; h,.; ~ CN (0, 3, +) is the vector of N channel
coefficients between the tth transmit antenna and the rth receive antenna; w,. ~ CN(0,Iy) is
the noise vector at the rth receive antenna; and p € R™ is the SNR. The vectors h,; and w,
are assumed to be mutually independent and independent across » € [1: R] and ¢t € [1:T],
and to change in an independent fashion from block to block (“block-memoryless” assumption).
The transmitted signal vectors x; are assumed to be independent of the vectors h,.; and w,.. We
consider the noncoherent setting, where transmitter and receiver know the covariance matrix X, 4
of h,; but have no a priori knowledge of the realization of h, ;.

Because the covariance matrix X, ; is positive-semidefinite, it can be factorized as 3, ; =
Zr,tZEt with Z,.; € CN*Q@and Q = rank(3, ;) = rank(Z, ;). We can then rewrite the channel
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24 CHAPTER 3. GENERIC MIMO BLOCK-FADING CHANNEL
coefficient vectors h,.; in terms of Z, 4, i.e.,
hr,t = Zr,tsr,t (3.2)

where s, ; € Ce, s;+ ~ CN(0,Ig). Using (3.2), the R input-output relations (3.1) can be
rewritten as
Y, =P Y diag(Zrysp) % + w,, 1€ [L:R] (33)
te[1:7T)
or in stacked form as
y = /py +w, withy = Bs (3.4)

wherey £ (yI - yL)T € CEN w2 (wl-- - wh)T € CEN, s £ (sT .- sH)T € CFTQ with
s, £ (s, spp)T € CT?, and

B;
B2 e CRNXRTQ  with B, 2 (X1Z,1--- Xy Z, 1) € CV*TQ  (3.5)
Br

where X; £ diag(x;) € CV*V. For later use, we also define x £ (x{ - --x%.)T € CTV and

Ziq - L

) )

zZ2| D | e CBRNXTC,
ZR1 - LRT

The matrix Z contains all information about the correlation of the channel coefficients h,. ; (recall
that ¥, = Z,:Z, t) We will refer to Z as coloring matrix and use the phrase “for a generic
coloring matrix Z” to indicate that a property holds for almost every matrix Z. Here, “almost
every” is understood in the precise mathematical sense that the set of all matrices Z for which
the property does not hold has Lebesgue measure zero.

In the special (nongeneric) case where () = 1 and each Z,; € CN*1 ig the all-one vec-

tor, (3.3) reduces to the input-output relation of the MIMO constant block-fading model given

by (cf. (1.1))
\/7Zs,«txt+wr, re(l:R]. (3.6)

te[1:T]

Comparing (3.3) and (2.1), we see that the generic MIMO block-fading model is a special

case of (2.1). More precisely, we can rewrite (3.3) for each receive symbol y, ; as

\[Z rt{z}srtxtz+wrz

te[1:T]

[Zr,l]{i} Sr1
= /p (X1, - x7) : + W, ; 3.7
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forr € [1:R]and ¢ € [1: N]. Note that y,; does not depend on all values of x and s. Thus, a
representation conforming to (2.1) would include many columns and rows containing only zeros.
In the representation (3.7) all these rows and columns are omitted and only the relevant entries

are stated.

3.2 Characterization of the Number of Degrees of Freedom

3.2.1 Main Result

Recall (see (2.5)) that the capacity of the channel (3.3) is given by

1
Clp) = wysupl(x;y) (3.8)

where, the supremum is taken over all probability distributions of x that satisfy the average-power
constraint
E[|x[*] < N. 3.9)

The number of degrees of freedom is given by

(3.10)

Our main result is stated in the following theorem.

Theorem 3.1 LetT < N/Q and R > T'(N—1)/(N—TQ). For a channel conforming to the
generic block-fading model, i.e., the channel (3.3) with generic coloring matrix Z, the number

of degrees of freedom is given by

Xgen = T<1_ ]1[) . 3.1

Proof. In Section 3.3, we will show that gen is upper-bounded by 7"(1—1/N) for all choices of
T,R,N,Q, and Z. In Section 3.4, we will apply Theorem 2.1 and show that this upper bound is
achievable when T'< N/Q, R > T(N—1)/(N—TQ), and Z is generic (see Corollary 3.5). [J

3.2.2 Comparison with the Constant Block-Fading Model

Recall that the number of degrees of freedom in the constant block-fading model (3.6) is given

by
N

M
Yoonst = M<1 - N) . with M = min {T, R, {QJ } (3.12)

Let us compare the maximal values of Xconst and Xgen for a fixed IV, which are obtained for
optimal choices of 7" and R. For the constant block-fading model with block length N, it can

be easily verified that the number of degrees of freedom X const given in (3.12) is maximized for
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5[] — TvR < o0 Xgen, max |
[ T, R < 100 Xconst, max

Xgen / Xconst
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Figure 3.1: Ratio between the maximal value of xgen (for @ = 1) and the maximal value of
Xconst @s @ function of IV, with and without a constraint on the maximal number of antennas. The
shaded areas indicate the regions of Xgen/Xconst delimited by the upper bound (3.13) and lower
bound (3.22) on Xgen.

M = |N/2]. Setting T = R = | N/2] to obtain M = | N/2], we conclude that the maximal

Xconst 1 given by
const,max *2 7]\7 .

This can be easily shown to be upper-bounded by N/4. For the generic block-fading model with
Q =1land T < N, it follows from (3.11) that the number of degrees of freedom is maximized
for T = N —1and R = (N —1)2, which results in

(N-1)?
Xgen,max — T .

Fig. 3.1 shows the ratio between the maximal value of e, (for the case (Q = 1) and the
maximal value of x.onst as a function of N. Because for the generic block-fading model the op-
timal number of receive antennas grows quadratically with N, which may yield an unreasonably
large number of antennas for practically relevant values of N (e.g., 1000 symbols or more), in
Fig. 3.1 we also show the ratio between the maximal values of xgen and Xconst under a constraint
on the maximal number of antennas. For the case R < T'(IN — 1)/(IN — T'), which is relevant
in the constrained setting, our upper and lower bounds on xge, (see (3.13) and (3.22) below)
do not match. The degrees-of-freedom region delimited by the two bounds is represented in
Fig. 3.1 by shaded areas. One can see from Fig. 3.1 that Xgen, max 1 about four times Xconst, max
when N grows large. However, when the maximal number of transmit and receive antennas is
constrained, the ratio Xgen / Xconst converges to 1.

We emphasize that the only difference between the channel models (3.3) for Q = 1 and (3.6)
is that the generic (but deterministic) vectors Z,; of (3.3) are replaced by the all-one vector

in (3.6). It is important to note that the generic vectors Z,; for which (3.11) holds include
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vectors that are arbitrarily close to the all-one vector. Hence, arbitrarily small perturbations of
the constant block-fading model may result in a significant increase in the number of degrees
of freedom. As we will demonstrate, the potential increase in the number of the degrees of
freedom obtained when going from (3.6) to (3.3) is due to the fact that, under the generic block-
fading model (3.3), the receive signal vectors in the absence of noise span a subspace of higher
dimension than under the constant block-fading model (3.6). We conclude that the commonly

used constant block-fading model results in largely pessimistic capacity estimates at high SNR.

3.2.3 Degrees of Freedom Gain

As discussed in Section 3.2.2, (3.11) implies that the maximal achieveable number of degrees
of freedom in the generic block-fading model can be about four times as large as the number
of degrees of freedom in the constant block-fading model (3.12). We will now provide some
intuition regarding this gain. For concreteness, we consider thecase T'=2, R=3,Q =1, N =4.
In this case, (3.12) and (3.11) give Xconst = 1 and Xgen = 3 /2, respectively.

The number of degrees of freedom characterizes the channel capacity in a regime where the
noise can “effectively” be ignored. Thus, according to the intuitive argumentation in [Morgen-
shtern et al., 2013, Sec. III], the number of degrees of freedom should be equal to the number
of entries of x € C® that can be deduced from the corresponding receive vector y € C'? in the
absence of noise, divided by the block length N = 4.

In the constant block-fading model (3.6), the noiseless receive vectors y,. = s, 1X1 + S, 2X2,
r = 1,2, 3 belong to the two-dimensional subspace spanned by {xi,x2}. Hence, the receive
vectors Y, Yo, Y3 are linearly dependent, and two of them contain all the information available
about x. From two of the receive vectors, we obtain 2 - 4 scalar equations in 8 4-4 scalar variables
(x,51,1,51,2,52,1,52,2). Since we do not have control of the variables s, ;, one way to reconstruct
x is to fix four of its entries (or, equivalently, to transmit four pilot symbols) to obtain eight
equations in eight variables. By solving this system of equations, we obtain the remaining four
entries of x. Hence, we can deduce four entries of x from y. We conclude that the number of
degrees of freedom is 4/4 = 1, which is in agreement with (3.12).

In the generic block-fading model (3.3), on the other hand, the receive vectors without noise
y, = diag(Z, 1s,1)x1 + diag(Z, 25, 2)%x2, 7=1,2,3

span a three-dimensional subspace almost surely. Hence, we obtain a system of 3 - 4 equations
in 8 + 6 variables (x,s1,1,51,2,52,1, 52,2, 53,1, $3,2). Fixing two entries of x, we are able to recover
the remaining six entries. Hence, the number of degrees of freedom is 6/4 = 3/2, which is in
agreement with (3.11).

This argument suggests that the reason why the generic block-fading model yields a larger
number of degrees of freedom than the constant block-fading model is that the noiseless receive

vectors span a subset of CV of higher dimension.
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3.3 Upper Bound

The results in this section provide the first part of the proof of Theorem 3.11. However, the
following upper bound on the number of degrees of freedom of the channel (3.3) holds for every
T, R,Q, N, and Z. The assumption of a generic coloring matrix Z required in Theorem 3.11 is

not necessary.

Theorem 3.2 The number of degrees of freedom of the channel (3.3) satisfies

1
Xgen < T<1— N) . (3.13)

Proof. We will show that the number of degrees of freedom is upper-bounded by T times the
number of degrees of freedom of a constant block-fading SIMO channel; the result then follows
from (3.12). To this end, we will rewrite each output vector y,. as the sum of the output vectors of
T SIMO systems with R() receive antennas each. This will be achieved by splitting the additive
noise variables appropriately.

From (3.3), the ith entry of the receive vector y,. is given by

f Z Z rt Srt xt] + [WT]z G.14)

te[1:T) qe[1:Q)]

for r € [1: R]. We first decompose the noise variables according to

Z Z (W t]; + [wyl; - (3.15)

te[1:T] ¢€[1:Q)]

Here, all [W, ], and [w/ ], are mutually independent and independent of all x; and s, ;. Further-
more, Wy ], ~ CN(0,1),

wil~en(oa- 3 3 12 ’)

te[1:T] qe[1:Q)]

and K is a finite constant satisfying!

rE[lR]zE[lN Z Z| Tth‘

te(1:T] g€[1:Q]

We next define 7' “virtual” constant block-fading SIMO channels with R() receive antennas

each:

Yortli = VEp [srtlg[xe]; + Woril;,  withi€[1:N],re[l:R],q € [1:Q)] (3.16)

for t € [1: T]. Inserting (3.15) into (3.14) and using (3.16), it can be verified that (3.14) can be

!This condition on K is required to ensure that the variance of all random variables [w?.); is positive.
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rewritten as

[y,]; = f SN 1Zediggrdi + W, (3.17)

te[1:T] ¢€[1:Q]

Lety, = (9}:1715 e 9;57R,t)T € CQEN_ By (3.17), the random variable y depends on x only
via the random variables {9t}te[1:T]- Hence, the data-processing inequality [Gallager, 1968,
eq. (2.3.19)] yields

I(x;y) < I(x;¥1,---,¥7) - (3.18)

The right-hand side of (3.18) can be upper-bounded as follows:

I(x;ylv""yT) :h(yla'--ayT) - h(yla"~ayT|x)

(a

= (Y, Y1) — Z h(y|x¢)

=

te[1:T]
< Z Yt|xt)]
te[1:7]
= > I(x;¥,)- (3.19)
te[1:T]
Here, (a) holds because y, . ..,y are conditionally independent given x, and (b) follows from

the chain rule for differential entropy and because conditioning does not increase differential en-
tropy. Since (by assumption) the input vector x satisfies the power constraint (3.9), we conclude
that, trivially, also each subvector x; satisfies the individual power constraint E[||x¢|?] < N.
Thus, the SNR (i.e., the expected power of the noiseless receive signal divided by the noise

power) of each “virtual” constant block-fading SIMO channel (3.16) is given by

EllvVEplsrdxl?] _ KpElllsrdlg"TElx ] _ KpN
E[[|wg.r.[[] Efl[wgrel1%] - N

By (3.12) and (2.8), the capacity of a constant block-fading SIMO channel of SNR K p is of the
form? (1—1/N)log(K p)-+o(log p). Since, by (3.8), the capacity is the supremum of the mutual

=Kp.

information divided by the block length, we can upper-bound each mutual information I (x;;y,),
t € [1:T] by N times the capacity. This results in

N 1
Ixi:9) < N( (1 +) 1oa(p) + oftog p>> — (N — 1)log(Kp) + oflog ) .
Hence, continuing (3.18) and (3.19), we obtain

I(xy) < Y I(xe;9)

te[1:T]

< T(N —1)log(Kp) + o(log p)

2Since the number of transmit antennas is one for a SIMO channel, we have M = 1 in (1.3).
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) T(N —1)logp + o(log p) (3.20)
where (a) holds because log(K p) = log p + log K. Thus, the mutual information /(x;y) with
x satisfying the power constraint (3.9) is upper-bounded by (3.20). Inserting (3.20) into (3.8)
yields

c(p) <72

log p + o(log p)

from which (3.13) follows via (3.10). L]

3.4 Lower Bound

A special case of the lower bound presented in this section concludes the proof of Theorem 3.11
(see Property (ii) in Corollary 3.5).

We first derive a lower bound on )gen assuming that T < min{7, R} transmit antennas are
effectively used (i.e., x5 417+ XT are set to zero). Then we maximize the lower bound by
identifying the optimal number 7" of transmit antennas to use.

Proposition 3.3 The number of degrees of freedom of the channel (3.3) for a generic color-

ing matrix Z is lower-bounded by

~ (= 1 T
Xgen > Xlow(T) = mln{T(l—N>,R<l—]\?>} (3-21)

for all T < min{T, R}.

Proof. The proof is an application of the general lower bound Theorem 2.1. The details will be

presented in Section 3.5. 0

The minimum in (3.21) is given by xjow(7') = T'(1 — 1/N) when the number R of receive
antennas is large enough (i.e., R > T(N —1)/(N —TQ)). In contrast, xjow (1) = R(1—=TQ/N)
when the number of degrees of freedom is constrained by the limited number of receive antennas
(ie. R<T(N —1)/(N —TQ)).

The main result of this section is stated in the following theorem.

Theorem 3.4 The number of degrees of freedom of the channel (3.3) for a generic coloring

matrix Z is lower-bounded by

1
Xgen Z Xlow = B max X]OW(T) = N (322)
T<min{T,R} n, if T > Topt
where RN
o os BN 3.3
T N+RQ-1 o
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n = max {R<1 - W) | Topt] <1 — ;f) } : (3.24)

Proof. The idea behind the bound xj,, in (3.22) is to obtain the tightest (i.e., largest) of the

lower bounds Xlow(f) in (3.21) for T transmit antennas by maximizing Xlow(f) with respect to

and

the number of effectively used transmit antennas T < min{7, R}. According to (3.21), Xlow(f)
is the minimum of two quantities where the first, f(l — 1/N), is monotonically increasing in
T and the second, R(1 — TQ/N), is monotonically decreasing in 7. Hence, xiow(T) attains
its maximum at the intersection point Toy defined in (3.23). If T < Top, we are for all T <

min{7', R} in the regime where Yjow(7") is monotonically increasing, and thus the best choice is

to use 7' = T transmit antennas (note that because T < Topt@f)RN /N = R, the choice T=T
in Proposition 3.3 is possible). Thus, in this case we have xj, = Xiow(T) = T(1 — 1/N),
which yields the first case in (3.22). If T' > T, we would like to use Tjp, transmit antennas,
but we have to take into account that 7, may be noninteger. Thus, we take the maximum of the

bounds xjow(7") resulting from the closest integers, Xiow (| Topt]) and Xiow ([Zopt|), Which yields
71 in (3.24). This concludes the proof. O

Remark 3.1 For N > 2, the optimal number of transmit antennas 7oy is upper-bounded as

follows:
N

6 .
In fact, Ty = RN/(N + RQ — 1) < RN/(RQ) = N/Q.

Ty < (3.25)

Remark 3.2 For N = () > 2, we have by (3.25) that T,,; < 1. Hence, T' > T, and thus,
by (3.22) and (3.24), X}, = 1 = max { R(1 — Q/N),0} = 0. Similarly, we obtain for N = 1

that Xjow(T) < 0 for all T, which yields Xiow < 0. Hence, our lower bound X, is trivial. In
these scenarios, the capacity grows double-logarithmically in the SNR p [Lapidoth and Moser,
2003, Durisi and Bolcskei, 2011].

Remark 3.3 The lower bound Y, in (3.22) can be equivalently expressed as

Xlow = min {T<1 — ]1[) , n} )
Corollary 3.5 Let N > 2. For the lower bound Y, in Theorem 3.4, the following proper-
ties hold:
(i) ForT > N/Q, we have T' > Ty and o, = 1.
(i) ForT < N/Qand R > T(N —1)/(N—-TQ),wehave T < Ty and xj,, = T(1—1/N).
(iii) ForT'< N/Qand R < T(N —1)/(N —TQ), we have T' > T and xj,, = 7.

(iv) For fixed N and @, the lower bound xj; , attains its maximal value for 7" = [ (N — 1)/Q]

transmit antennas and R = [(N — 1)?/Q] receive antennas; this maximal value of xj.
equals [(NV —1)/Q](1 —1/N).
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Proof. By (3.25), the inequality 7" > N/Q implies T' > Tqp, from which Property (i) follows
by (3.22). For T' < N/Q, the following equivalence holds:

(3.23) RN N -1

T<Typt = ————— <& T——7—+<R. 3.26

= om N+RQ -1 N-TQ = (5.26)

Thus, the conditions in Properties (ii) and (iii) imply 7" < Tope and T > Ty, respectively,

and the expressions of x; ., given in Properties (ii) and (iii) follow immediately from the case

distinction in (3.22).

To prove Property (iv), we first show that xj.., < [(N —1)/Q|(1—1/N) for arbitrary 7" and

R. Subsequently, we will show that this upper bound is achievable for the proposed number of

antennas. We first note that for each T < N /@, the lower bound Xlow(f) in (3.21) is monoton-

ically nondecreasing in R. Furthermore, for T>N /Q, Xlow(f ) is negative and can be ignored

in the maximization process, i.e., we have xj,, = maxz <min{T,R,N/Q} Xiow(T"). This implies

that j,, iS—as a maximum of nondecreasing functions—also monotonically nondecreasing in

R. Hence, to obtain an upper bound on X, . we can assume R arbitrarily large without loss of

generality. We choose R > (N — 1)2/Q. Simple algebraic manipulations yield the equivalence

(N —1)? RN N -1

R T, —
Sy " NTRO-1~ 0O

(3.27)

This implies [Top | @ > N —1 and further, because both sides of this strict inequality are integers,
that [Top | @ > N. Thus, the first argument of the maximum defining 7 in (3.24) satisfies

(- 19) <y

and, hence, 7 reduces to 7 = |[Top](1 — 1/N). By (3.22), we have that x; is either equal
to T(1 — 1/N) (for T < Top) or equal to n = [Tope) (1 — 1/N) (for T > Typ). In both
cases we have X} < |[Topt) (1 — 1/N). Since |Top] < [(N — 1)/Q] by? (3.25), this implies
Xiow < (N =1)/Q|(1 —1/N).

It remains to be shown that this upper bound is achievable. For R = [(N — 1)2/Q] >
(N —1)%/Q, we obtain (see (3.27) with “>” replaced by “>") that Top > (N — 1)/Q. Hence,
for T = [(N —1)/Q| < Typ, the lower bound (3.22) simplifies to xj, = T(1 — 1/N) =
|(N —1)/Q|(1 — 1/N). Thus, we have shown that x{ = is maximized for T' = [(N — 1)/Q]
and R = [(N — 1)2/Q] and its maximum equals [ (N — 1)/Q](1 — 1/N). O

Remark 3.4 Property (ii) in Corollary 3.5 shows that for a fixed T'< N/@, we can achieve
Xiow = 1'(1 —1/N) by using a sufficiently large number of receive antennas R. This coincides
with the upper bound presented in Section 3.3. Thus, in this regime, the number of degrees of

freedom grows linearly in the number of transmit antennas.

By (3.25), | Topt) < N/Q and thus Q|Top] < N. Since both sides of this strict inequality are integers, we have
Q|Topt] < N —1and hence |Top ] < (VN —1)/Q, which in turn implies | Top | < [(N —1)/Q].
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3.5 Proof of Proposition 3.3

In this section, we establish the lower bound (3.21). For N < TQ, the inequality in (3.21) is
trivially true, because in this case R(1 — T Q/N) < 0 and hence xjow < 0. Therefore, we focus

on the case
N>TQ

which will thus be assumed in the remainder of this section. Furthermore, recall that we assumed
in Proposition 3.3 that T < min{7, R}. Thus, setting x5 417+ - X7 to zero, we can replace T'

by T in the input-output relation (3.4). Finally, we shall assume that

T“(N—l)]

R<[ .
N-TQ

If more receive antennas are available, we simply turn them off. The following dimension count-
ing argument provides some intuition on why the use of more than [T(N — 1)/(N — TQ)]

receive antennas is not beneficial.

3.5.1 Dimension Counting

The noiseless receive vector y = Bs € CEN

in (3.4) corresponds to RN polynomial equations.
The unknown variables of these equations are the entries of the vectors s,; € C?, r € [1: R],
tel T ] (RT @ unknown variables) and of the transmitted signal vectors x; € CV, t € [1: ZF]
(TVN unknown variables). Consider now a pair (x¢, s,¢), consisting of a transmitted signal vector
x¢ and a fading vector s,.; that is a solution of y = Bs. Then the pair (¢;x¢, sr¢/c;), where c;
is an arbitrary nonzero constant, is also a solution of y = Bs. This implies that each x; can
be recovered from y only up to a scaling factor. To resolve this ambiguity, we fix one entry in
each x;. Hence, the total number of unknown variables becomes RTQ +TN —T. As long
as the number of equations is larger than or equal to the number of unknown variables, i.e.,
RN > RfQ + TN — T, we are able to recover* the N — 1 unknown entries of each x;. The
above condition is equivalent to R > T(N — 1)/(N — TQ). Hence, it is reasonable to consider
only the case R < [T(N — 1)/(N — TQ)], as the receive vectors resulting from the use of

additional receive antennas would not help us gain more information about the transmit vectors

{xt}te[lsf]'

3.5.2 Application of Theorem 2.1

Our proof is based on the general lower bound Theorem 2.1. In order to apply Theorem 2.1,
we have to show that the Jacobian matrix of the polynomial mapping ¢: CRT@+TN _, CRN

defined by ¢(s,x) = y has a nonsingular submatrix for a specific choice of s and x.

*Strictly speaking, this argument is true for linear equations. In our case, because we have polynomial rather than
linear equations, we obtain in general a finite number of solutions for the variables x and not a unique solution.
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A nonsingular submatrix of rank ¢ gives us the lower bound Xgen > (£ — RTQ)/N because
the dimension of the vector s is Ny = RT @. Thus, to obtain the lower bound presented in

Proposition 3.3 we have to choose
(2 min{RN,RTQ+TN —T}. (3.28)

If £ = RN we have to find a full rank submatrix of Jy, i.e., we only reduce the number of
columns, but keep all rows. Otherwise, i.e., if £ = RTQ + TN — T we can get rid of RN —
(Rf@ +TN —-T ) rows and find a smaller nonsingular submatrix. Since we assumed that
R<[T(N—1)/(N-TQ)] and N > TQ,

RN — (RTQ+TN —T)=R(N —TQ)—T(N —1)

< Fw‘fcﬂ (N —TQ) - T(N -1)
qN TQ-‘ jjé]i_fqlz)>(N_TQ)
<N—TQ. (3.29)

we remove at most N — TQ — 1 rows. We specify the rows we keep by Z = [1 : /].
Our goal is to show that there exists a set of indices D, and vectors s € CRTQ and & € CTN
such that the submatrix [Jy (s, z)]? is nonsingular for almost all coloring matrices Z. To this

end, we first look at the matrix [J4(s, z)]? in more detail. Recall that

B,
¢(s,x) =y = Bs, withB = (3.30)
Br
where
B, = (X121 XzZ ), with X; = diag(,). (3.31)
The Jacobian matrix [J, (s, )7 is equal to
Ay App )
[Jy(s,2))2 = [(B A))F eC™ withA=| : c | ecBNXTN (332)
Apy - Ap s
where _
A, £ diag(a,;), t€[1:T],r €[1:R], with @yt = Z,18;. (3.33)

We have to find (s, ) such that [J4(s, z)]? is nonsingular (i.e., |[J4(s, x)|?| # 0) for a
generic coloring matrix Z. For fixed values (s, z), the determinant of [J, (s, x)]Z is a polyno-

mial p(Z) (i.e., a polynomial in all the entries of Z). We will show that p(Z) does not vanish at a
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specific point (Z), i.e., p(Z) # 0. This implies that p(Z) is not identically zero. Since a polyno-
mial vanishes either identically or on a set of measure zero [Gunning and Rossi, 1965, Cor. 10],
we conclude that p(Z) # 0 for Z € Z, where Z is a set with a complement of Lebesgue measure
zero. In other words, for a generic coloring matrix Z, the matrix [J4(s, z)] is nonsingular.

It remains to find values (s, «) and a realization Z such that p(Z) # 0. This, in turn, requires

to find a specific set D. This is done in the proof of the following lemma.

Lemma 3.6 Let R > T, N > TQ, and R < [T(N — 1)/(N — TQ)]. Then there exists a
triple (Z, s, x) and a choice of D for which the determinant of the Jacobian matrix [J, (s, )|7

in (3.32) is nonzero.
Proof. See Appendix A.3. O

This concludes the proof of Proposition 3.3.
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Chapter 4

Oversampled SISO Block-Fading
Channel

We consider the continuous-time, time-selective, frequency-flat, Rayleigh block-fading single-
input single-output (SISO) channel introduced in [Liang and Veeravalli, 2004]. A discretization
of the channel using a matched filter and sampling at the symbol rate results in a well-known
discrete-time block-fading channel with a known number of degrees of freedom. To investigate
whether this approach is optimal, we consider a different filter and a higher sampling rate. This
results in a discrete-time block-fading channel that can be interpreted as a special case of the
general model (2.1). Thus, we can use Theorem 2.1 to obtain a lower bound on the number of
degrees of freedom. This bound shows that the number of degrees of freedom is higher than for

the standard matched-filter symbol-rate-sampling approach.

4.1 System Model

We consider the continuous-time, time-selective, Rayleigh-fading channel
y(t) = h(t)x(t) + w(t). 4.1)

Here, h(t) is the channel fading process, x(t) is the transmit signal, w(t) is additive white Gaus-
sian noise, and y(¢) denotes the channel output. All these random quantities are complex.

We restrict ourselves to transmit signals of the form
oo
x(t) = > \/pxi p(t — (i — 1)Ts) 4.2)
i=1

where in (4.2) the pulse p(¢) has unit energy and p(t) = 0if ¢t ¢ (0,Ts), with T's being the
symbol duration. For simplicity, in the following we will assume that p(¢) is a rectangular pulse,

1.e.,

p(t) = \/1T—S1[0,Ts)(t)-

37



38 CHAPTER 4. OVERSAMPLED SISO BLOCK-FADING CHANNEL

Recall that our aim is to establish an achievability result, i.e., a lower bound on the number of
degrees of freedom. Hence, we are allowed to select a specific pulse shape. The choice of a
rectangular pulse is convenient because it yields simpler mathematical expressions. In practice,
pulses with lower side lobes in frequency are preferable. Although our proof can be generalized
to a larger family of pulse shapes, we decided to omit this extension because it is rather technical
and may obfuscate the actual contribution.

We assume that the additive noise process w(t) is white zero-mean proper complex Gaus-
sian. The channel fading process h(t) is also assumed zero-mean proper complex Gaussian.
Furthermore, we consider a block-fading setting, i.e., we assume that the fading changes in-
dependently between blocks of a time duration 7" = NTg. On each block (for simplicity we

consider ¢ € [0,T]) we can decompose the fading process according to
o] A .
h(t)= > hpe>™1, te(0,T]
m=—o0

with zero mean complex Gaussian coefficients h,,. We assume that only a finite number of coef-
ficients h,, is random and all others vanish identically. This corresponds to a “band-limitation”

of the fading process.! Thus, we obtain
M
. t
h(t) = Y hpe®™r, te0,T].
m=—M

Here, we assume h £ (h_p; --- hy)T ~ CN(0,X) with a nonsingular covariance matrix
> e CeMANX@EMA1) W can rewrite h = Zs withs = (s_y; -+ sp)T ~ CN(0,Iaps11)

and a nonsingular matrix Z. Consequentially,
h(t) = f(t)Zs, te]0,T) (4.3)

where f(t) = (e‘jQﬂM% e ejQﬂM%). Inserting (4.2) and (4.3) into (4.1), we thus obtain

_ VP

N
y(t) Sf(t)ZSZ Xi L[(i—1)Ts,iTs) (t) +W(t), t€]0,T].
=1

JTs

4.2 Matched Filter Approach

Filtering the receive signal y(t) in (4.1) with p*(—t) and then sampling at symbol rate 1/Tg

yields for each fading block the following discrete-time input-output relation:

yi = / Ty (- (- DT dr

—00

"Note that the process cannot be strictly band-limited because it has only a finite time duration.
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1 iTs
- VTs Ji-rs

iTs
= @ f(1)Zsx; +w(r)dr

y(r)dr

- Ty (i—1)Ts

=VpxiriZs+w; (4.4)
where

M ; i—1) MY\ ., M@-1)
r; £ (SiHC <— N>e_92“M(N 2o sinc <N>€]2”M(N ! ) e C1x(@M+1)
and ,
1 iTg
W, w(T)dr.

VTs Ji-1)Ts
The additive noise random variables {w;} are i.i.d. zero-mean proper complex Gaussian. To

keep the notation simple and without loss of generality, we assume that the input-output relation

is normalized and that the {w; } have unit variance. Then p in (4.4) can be thought of as the SNR.

We can stack (4.4) for i € {1,..., N} and obtain the vector input-output relation
y = +/pdiag(x)RZs +w (4.5)
wherey = (y; --- yn)Tox 2 (x - xy)L, RE (rf -+ )T, andw = (wy -+ wy) ™.

Recall that the capacity of the discrete-time channel (4.5) is given by C(p) =1/N sup I(x;y)
where the supremum is over all probability measures on x that satisfy the average-power con-
straint E[|[x[|?] < N. No closed-form expressions for C(p) are known for the case N > 1.
Recall that the number of degrees of freedom Y is defined as

x = lim @ 4.6)

It follows from [Liang and Veeravalli, 2004, Th. 1] that

2M 41
N

x=1 4.7)
provided that 2M/ 4+ 1 < N. The intuition behind this result is as follows [Durisi and Bolcskei,
2011]: 2M + 1 out of the N available symbols per block need to be sacrificed to learn the
channels. This can be done for example by transmitting 2M + 1 pilot symbols per block. The
remaining N — 2M — 1 symbols can be used to communicate information. Hence, the number
of degrees of freedom, which can be thought of as the number of “dimensions” per channel use
available for communication is (N —2M —1)/N =1 — (2M + 1)/N.

Note that (4.7) provides a lower bound on the number of degrees of freedom of the underlying
continuous-time channel (4.1) because (4.7) is obtained i) by constraining the input signal to be
of the form (4.2) and ii) by using a matched filter and sampling at the symbol rate at the receiver

side. Both choices may be suboptimal.
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4.3 The Oversampled Input-Output Relation

We show in this section that the matched filter approach reviewed in Section 4.2 is suboptimal.
Specifically, we prove that by oversampling the filter output by a factor of two, 1 — 1/N degrees
of freedom can be achieved.

Our oversampled, discrete-time, input-output relation is obtained as follows: The receive
signal y(¢) is filtered using a rectangular pulse whose width is half the symbol time (i.e., half the
width of the transmit pulse p(t)). The resulting filtered output signal is then sampled at twice the

75
/2 2
TS (-1 TS

fori € {1,...,2N}. It is convenient to separately calculate y; for even and odd ¢, hence, we

symbol rate. Thus, we obtain

define y(© = (y1y3 -+~ yan—1)T and y© = (ya y4 -+ yon)T. For y(® we obtain

deT
\/Ts/z 1)Ts

f( VZ's x; + w(T)dr
TS (i—-1)Ts

pxir® Zs + w® (4.8)

7‘@(0) < <Sinc <— M> e TN (2=3) .. sine (2]\]4\7) ej”%(%g)) e CXBMFD (4.9)

2N
(O (%—*)Ts (r)d
=1/ T.
TS i—1)Ts
V TS/( )Ts

Similarly, we obtain for y(®)

pxir® Zs + w§ ) (4.10)
where
P2 <sinc (— 2]\]4\7) eI N (273) ... sinc (%)ej”?vf(?i—%)) e CIX@MED (4 q7)
and

iTs
wge)—‘/2/ w(7T)dTr
Ts (i-$)Ts
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Combining (4.8) and (4.10), the vector input-output relation in the oversampled case is given by

©) diag(x) R w(©
y . iag(x
(y@) a ﬁ(diag(x) R(e))Zs + (W<e>> (4.12)
where x £ (x1 -+ xx)T, w(®) £ (W(f) Wg\ef))T, w(©) 2 (w§°) ) Wg\?))T’ and
rge) rio)
R(e) é , R(o) é :
r](\e,) r](\(;)

Note that the input-output relations (4.8) and (4.10) are a special case of the channel model

(2.1). Asin (3.7) we again omit all rows and columns with zero entries and we see that the vector

(e) )

xT reduces to a single variable x; for all receive symbols y, and yio .

4.4 Degrees-of-Freedom Analysis

The capacity of the oversampled discrete-time channel (4.12) is given by
! @), y(©)
Clp) = wsup 1y, y'?)

where the supremum is taken over all input distributions that satisfy the average power constraint
E[||x||?] < N. The number of degrees of freedom is defined as in (4.6). Our main result is given

in the following theorem.

Theorem 4.1 The number of degrees of freedom of the channel (4.12) is lower-bounded as

>1 !
X Z N

In order to apply Theorem 2.1, we have to consider the function ¢: C2M+1+N _ C2N

which maps « and s onto the noiseless receive vector, i.e.,

diag(z) R
¢(s,2) = (diag(m)R(e)>Zs'

More specifically, if we can show that the Jacobian determinant of ¢ has rank ¢ for some choice

of s and x, then the number of degrees of freedom is lower-bounded as

x> (0~ (2D + 1), (4.13)

=2~

The Jacobian matrix Jy (s, ) is given by

T(s,) — (diag(a:)R(O)Z diag(R©) Z s)

€ C2NX(2M+14N)
diag(z)R®) Z diag(R® Zs)
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We choose = (1 --- 1)T, ie., diag(x) = Iy. Furthermore, we choose s # 0O such that
Z s is orthogonal to the first 2/ rows of R(®). This is possible because we assumed that Z is
nonsingular and s € C2M+1, By the following result, Zs is not orthogonal to all other rows of

R© and all rows of R,

T
Lemma 4.2 The matrix (R(O)T R(e)T) is full spark [Alexeev et al., 2012, Def. 1], i.e.,

every set of 2M + 1 rows is linearly independent.

Proof. By (4.9), we can rewrite

sinc (— —N)
O e—jw%%(e—jw%(%—m ejw%(?i—Q)) 2
(2
sinc (%)
fori € {1,..., N}. Similarly, by (4.11), we obtain
sinc (— W)
Pl = efjw%%(efjw%(%l) eﬁr%(?z’fl))
sinc (%)
fori € {1,..., N}. Thus, stacking the rows rge) and rgo) alternately, we obtain
0
rge) sinc (— M)
) pM1 N
— e TNV (4.14)
7»](\‘;) sinc (%)
O
where
eTITRO L. TR
Ve eTITNL L. gyl
eIt (2N=-1) . gim(2N-1)

The matrix V is full spark because it is a Vandermonde matrix with nonequal columns [Alexeev
etal., 2012, Lem. 2]. Thus, also the matrix in (4.14) is full spark and interchanging the columns

T
we finally obtain that (R(O)T R(C)T) is full spark. O

By Lemma 4.2, all elements in R(®) Z s are nonzero (otherwise Zs would be orthogonal to
2M + 1 linearly independent vectors and thus be zero). Hence, we can rewrite Jy(s, x) for our

choice of s and x as

[R©) Z] 120 0217 x N
Jy(s,x) = [R(O) Z] [2M+1:N] [diag(R(O)ZS)] [2M+1:N]
R©®Z diag(R®) Zs)
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where diag(R(®) Zs) is a nonsingular diagonal matrix. To show that J(s, ) has rank 2M + N,
we consider the square submatrix consisting of the rows in Z £ [1 : 2M]U [N +1 : 2N] and the
columns in D £ [1 : 2M + 1] U [2M + 3 : 2M + 1 + N]. We obtain the submatrix

[R) Z]1.001 0207 % (N=1)
[Js(s. )2 = | [R®Z]p, 015 (N—_1) (4.15)
(RO Z)p.y  [diag(ROZs)][

[R©) Z](1.20) )

The matrix [Jy(s, a:)]% in (4.15) is nonsingular if and only if the two matrices ( (RO 7]
{1}

and [diag(R®) Zs)] g%} are nonsingular. We already saw that diag(R(®) Z s) is nonsingular and,

[R) Z) 1001
by Lemma 4.2, ( ROZ),,

2M + N. Inserting into (4.13) results in

) is also nonsingular. Therefore, the rank of J(s,x) is at least

N-1)

> 1
X=N

which concludes the proof.
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Chapter 5

Conclusion of Part I

We characterized the number of degrees of freedom of block-fading channels in the noncoherent
setting. In particular, we proved a lower bound on the number of degrees of freedom that con-
forms to an intuitive “dimension-counting” argument. Our channel model encompasses corre-
lated block-fading MIMO channels as special cases, and it also allows the analysis of continuous-
time channels.

We considered two channel models in more detail. The first was a generic block-fading
MIMO channel model. Although this model seems to be just a minor variation of the classically
used constant block-fading model, our result shows that the assumption of generic correlation
may strongly affect the number of degrees of freedom. In fact, we showed that the (potentially
small) perturbation in the channel model that results from making the coloring matrix Z generic
may yield a significant increase in the number of degrees of freedom. This suggests once more
(see also [Lapidoth and Moser, 2003, Durisi et al., 2012]) that care must be exercised in using
this asymptotic quantity as a performance measure.

The highest gain in terms of the number of degrees of freedom is obtained for a sufficiently
large number of receive antennas. In this case, the number of degrees of freedom is equal to T’
times the number of degrees of freedom in the SIMO case, as long as the number 7" of transmit
antennas satisfies 7' < N/@. This may be of interest for the uplink of massive-MIMO systems
[Rusek et al., 2013].

It may appear questionable to assume that the coloring matrix Z is generic—an assumption
that is needed for our result to hold. In particular, the special case where all matrices Z,; are
exactly equal is nongeneric, and thus still an open problem. However, it should be noted that
any nonzero perturbation of the model with exactly equal Z, ;—be it arbitrarily small—yields
the generic model we considered. One may then argue that the assumption of exactly equal
Z, 1 1s an idealization that may be convenient in theoretical analyses but will not be satisfied in
practical systems. An important conclusion to be drawn from our analysis is the fact that, as far
as the number of degrees of freedom is concerned, the model with exactly equal Z, ; is highly
nonrobust, since arbitrarily small perturbations yield a potentially large change in the number of

degrees of freedom.
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An open problem is a characterization of the capacity of generic block-fading MIMO chan-
nels beyond the number of degrees of freedom. Such a characterization would help understand
whether the sensitivity of the number of degrees of freedom discussed above is an indication of a
similar sensitivity of the capacity that occurs already at moderate SNR, or merely an asymptotic
peculiarity. Furthermore, it would be interesting to develop a capacity characterization that is
nonasymptotic in the SNR for asymptotic block length. This might enable a capacity analysis
of, e.g., stationary channel models.

The second model we considered was a continuous-time, time-selective, Rayleigh block-
fading channel. We showed that in this scenario the number of degrees of freedom is lower-
bounded by 1 — 1/N. This number, which can be achieved by using a nonstandard receive filter
and sampling the filter output signal at twice the symbol rate, is independent of the rank 2M + 1
of the covariance matrix characterizing the temporal correlation of the fading inside each block.
In contrast, the standard approach of matched filtering and sampling at the symbol rate leads to
the looser lower bound 1 — (2M + 1)/N.

Coarsely speaking, oversampling yields an increase of the dimension of the output space
spanned by the receive samples. This increased dimension can be used to acquire knowledge
about the fading channel at the receiver. Indeed, as demonstrated in Section 4.4, one pilot symbol
per fading block is sufficient for the case of oversampling, whereas 2M + 1 pilot symbols are
required for the case of matched filtering and sampling at the symbol rate. This explains the
degrees-of-freedom gain resulting from oversampling. The processing needed to acquire this
additional channel knowledge is nonlinear, which is the reason why certain parts of the proof are
somewhat technical.

A generalization of our results to more general (nonrectangular) pulse shapes and different
fading statistics seems possible and constitutes an interesting line of future research. Further-
more, the combination of multiple antennas and oversampling could be analyzed using similar

techniques.



Part 11

Information Theory of
Integer-Dimensional Singular
Distributions
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Chapter 6
Integer-Dimensional Entropy

Motivated by the fact that the number of degrees of freedom can be obtained via a heuristic
“dimension-counting” analysis of the noiseless input-output relation, we want to investigate the
information-theoretic properties of random variables whose distribution is similar to that of the
noiseless receive vectors y in Section 2.1. As mentioned in Section 2.2, in many interesting
cases, y is a singular random variable, i.e., neither discrete nor continuous. Up to now, even
(differential) entropy—the most basic information-theoretic description of a random variable—
has not been available for singular random variables.

In this chapter, we extend the concept of (differential) entropy to a broad class of singular ran-
dom variables. More precisely, we consider integer-dimensional random variables and provide
a definition of entropy that encompasses the classical entropy and differential entropy as special
cases. Although the proofs are partly technical, the final results conform to intuition and have
the potential to simplify information-theoretic analyses involving singular random variables. We
show that the proposed entropy transforms in a natural manner under Lipschitz mappings, and

we derive a transformation property that relates our entropy to differential entropy.

6.1 Previous Work and Motivation

We first recall the definitions of entropy for discrete random variables [Cover and Thomas,
2006, Ch. 2] and differential entropy for continuous random variables [Cover and Thomas, 2006,
Ch. 8]. Let x be a discrete random variable with probability mass function py(x;) = Pr{x = x;},
1 € Z, where 7 is the finite or countably infinite set specifying all possible realizations x; of x.

The entropy of x is

H(x) & —Eyflog pu(x)] = = > pu(i) log p(:) - 6.1)
€T

For a continuous random variable x on R with probability density function fx, the differential

entropy is

hx) £ <Exllog fi0)] = = [ fula)loz fx(@) 12 (@), (62
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6.1.1 Rényi Entropy and = Entropy

There exist two previously proposed generalizations of (differential) entropy to a larger set of
probability distributions. The first generalization is based on quantizations of the random vari-
able to ever finer cubes [Rényi, 1959]. More specifically, for a (possibly singular) random vari-

able x € RM | the Rényi information dimension of x is

Lnx]
d(x) £ lim A2(50) (6.3)

n—oo  logn

and the Rényi entropy of dimension d(x) of x is defined as

WS (x) £ lim (H( L”XJ) —d(x)log n) (6.4)

n—00 n

provided the limits in (6.3) and (6.4) exist.

The definition of Rényi entropy corresponds to the following procedure:

1. Quantize the random variable x, by partitioning R into the cubes vai 1 [%, k":[l ), where
k= (k- ky)T € ZM, ie., consider the discrete random variable with probabilities

pe=Pr{xe 11 [%, %)}

2. Calculate the entropy of the quantized random variable, i.e., calculate the negative expec-

tation of the logarithm of the probability mass function py.

3. Add the correction term —d(x) logn to account for the dimension of the random variable

X.
4. Take the limit n — oo.

Although this approach seems reasonable, there are several issues. First, the definition of hg(x) (x)
seems to be difficult to handle analytically, and connections to major information-theoretic
concepts such as mutual information are not available. Furthermore, the quantization used is
just one of many possible—we might, e.g., also consider a shifted version of the set of cubes
HM [ k; kﬁ»l)

i=lln> n J°

An approach that overcomes the latter issue is the concept of € entropy [Kolmogorov, 1956,

Posner and Rodemich, 1971]. The definition of € entropy does not use a specific quantization but
takes the infimum of the entropy over all possible (countable) quantizations under a constraint
on the diameter of the quantization sets. This is motivated by data compression: the quantization
should be such that an error of maximally € is made (thus, the quantization sets have maximal
diameter ) and at the same time the minimal possible number of bits should be used to encode
the data (thus, the entropy is minimized over all possible quantizations). More specifically, for a
random variable x € RM, let B, denote the set of all countable partitions of RM into mutually

disjoint, measurable sets of diameter at most €. Furthermore, for a partition Q = {A; : i €
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N} € ., the quantization [x]g is the discrete random variable defined by p; = Pr{[x]q =i} =
Pr{x € A;} for i € N. Then the ¢ entropy of x is defined as

H.(x) 2 inf H([x]gq). 6.5
{(x) 2 inf Hi[x)a) (65)
Here, a problem is that H.(x) is only defined for a fixed € > 0 and the limit ¢ — 0 converges to
oo for nondiscrete distributions. However, as in the case of Rényi entropy, a correction term can
be obtained using the following seemingly new definition of information dimension:
H.(x)

l .
£

d*(x) = Ei_r}g) og

By [Kawabata and Dembo, 1994, Prop. 3.3], the definitions of information dimension using
Rényi’s approach and the € entropy approach coincide, i.e., d*(x) = d(x). This suggests the

following new definition of a d(x)-dimensional entropy.

Definition 6.1 Let x € R be a random variable with existing information dimension d(x).
Then the asymptotic € entropy of dimension d(x) is defined as

oo () £ lim (He(x) + d(x) loge) .

e—0

This definition corresponds to the following procedure:

1. Quantize the random variable x using an entropy-minimizing quantization! £ given a
diameter constraint ¢, i.e., consider the discrete random variable [x] with probabilities
pi = Pr{[x]q =i} = Pr{x € A;} for A; € 9, where the diameter of each A; is upper
bounded by e.

2. Calculate the entropy of the quantized random variable [x]q, i.e., calculate the negative

expectation of the logarithm of the probability mass function p;.
3. Add the correction term d(x) log ¢ to account for the dimension of the random variable x.
4. Take the limite — 0.

Although this entropy is more general than Rényi entropy, the fundamental problems persist:
we are still restricted to the choice of specific sets of small diameter (this is of course useful if
we consider maximal distance as a measure of distortion but can yield unnecessarily many quan-
tization points for areas of almost zero probability), and the definition still seems to be difficult
to handle analytically and lacks connections to established information-theoretic quantities such

as mutual information.

"We assume for simplicity that an entropy-minimizing quantization exists although in general the infimum in (6.5)
may not be attained.
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6.1.2 An Alternative Approach

Here, we propose a different approach, which is motivated by the definition of differential en-
tropy. The basic idea is to perform the entropy calculation at the end. Assuming x € R this

results in the following procedure:

1. For some € RM, divide the probability Pr{x € B.(x)} by the correction factor
w(d(x)) ™) (recall that w(d(x)) is the volume of the d(x)-dimensional unit sphere).?

2. Take the limit € — 0.

3. Calculate the entropy as the negative expectation of the logarithm of the resulting density

function.

More specifically, steps 1-2 yield the density function®

éhmw

Ox(x) o () 2900 (6.6)
and the entropy in step 3 is thus given by
HA) (x) & —Ey[log Ox(x)] . (6.7)

We will show that this definition of entropy will lead to definitions of joint and conditional
entropy, various useful relations, connections to mutual information, an asymptotic equipartition
property, and bounds relevant to source coding. However, it does have one limitation: as pointed
out in [Wu and Verdd, 2010, Sec. VII-A], the existence of the limit in (6.6) for almost every
x € RM is a much stronger assumption than the existence of the Rényi information dimension
(6.3). Loosely speaking, the existence of the limit in (6.6) requires that the random variable x is
almost everywhere d(x)-dimensional whereas the existence of the Rényi information dimension
merely requires that the random variable is “on average” of dimension d(x). By Preiss’ Theorem
[Preiss, 1987, Th. 5.6], convergence in (6.6) even implies that the probability measure induced by
the random variable x is rectifiable (see Definition 6.4 below), which means that our definition
does not apply to, e.g., self-similar fractal distributions. However, we are not aware of any
application or calculation of Rényi entropy (or the asymptotic version of € entropy) for fractal
distributions, and it does not seem clear whether Rényi entropy is well defined in that case
(although the information dimension (6.3) exists). An extension of our theory to mixtures of
rectifiable measures of different dimensions may provide an interesting direction for future work.

Motivated by the entropy expression in (6.7), a formal definition of the entropy of an integer-
dimensional random variable will be given in Section 6.3.1, based on the mathematical theory of

rectifiable measures discussed next.

The constant factor w(d(x)) is used to obtain equality with differential entropy in the special case d(x) = M. A
different factor would result in an additive constant in the entropy definition.
3 A mathematically rigorous definition will be provided in Section 6.2.2.
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6.2 Rectifiable Random Variables

As mentioned in Section 6.1.2, the existence of a d(x)-dimensional density implies that the
random variable x is rectifiable. In this section, we recall the definitions of rectifiable sets and
measures and introduce rectifiable random variables as a straightforward extension. Furthermore,
we present some basic properties that will be used in subsequent sections. For the convenience
of readers who prefer to skip the mathematical details, we summarize the most important facts
in Corollary 6.10.

6.2.1 Rectifiable Sets

Our basic geometric objects of interest are rectifiable sets [Federer, 1969, Sec. 3.2.14]. As the
definition of rectifiable sets is not consistent in the literature, we provide the definition most

convenient for our purpose. We recall that 2™ denotes the m-dimensional Hausdorff measure.

Definition 6.2 ([Ambrosio et al., 2000, Def. 2.57]) For m € N, an J#"-measurable set
E CRM (m < M) is called m-rectifiable* if there exist bounded sets A, C R™ and Lipschitz
functions fi,: Ay — RM, both for’ k € N, such that 7™ (€ \ Upep fe(Ar)) = 0. A set
£ C RM is called O-rectifiable if it is finite or countably infinite.

Remark 6.1 Hereafter, we will often consider the setting of m-rectifiable sets in R and

tacitly assume m € Nand m < M.
Rectifiable sets satisfy the following basic properties.
Lemma 6.3 Let £ be an m-rectifiable subset of RV
1. Any subset D C £ is also m-rectifiable.
2. The measure .77 ¢ is o-finite.

3. Let ¢: RM — RY with N > m be a Lipschitz function. If ¢(&) is /#™-measurable then

it is m-rectifiable.
4. For n > m, we have 7" (E) = 0.
5. Let & for i € N be m-rectifiable sets. Then | ;. &; is m-rectifiable.
6. R™ is m-rectifiable.

Proof. Properties 1-6 are well known; however, their proofs are not always provided in the

literature. Therefore, for the reader’s convenience, we provide proofs in Appendix B.1. O

Examples of rectifiable sets include affine subspaces, algebraic varieties, differentiable man-
ifolds, and graphs of Lipschitz functions. As the countable union of rectifiable sets is again

rectifiable, further examples are countable unions of any of the aforementioned sets.

“In [Ambrosio et al., 2000, Def. 2.57] these sets are called countably ™ -rectifiable.
Note that this definition also encompasses finite index sets k € {1, ..., K }; it suffices to set Ay, = @) for k > K.
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6.2.2 Rectifiable Measures

Loosely speaking, rectifiable measures are measures that are concentrated on a rectifiable set.
The most convenient way to define “concentrated on” mathematically is in terms of absolute

continuity with respect to a specific Hausdorff measure.

Definition 6.4 ([Ambrosio et al., 2000, Def. 2.59]) A Borel measure ;2 on RM g called
me-rectifiable if there exists an m-rectifiable set £ C RM such that pL M.

Remark 6.2 Let i be an m-rectifiable measure, i.e., u < #™|¢ for an m-rectifiable set
£ C RM. By Property 2 in Lemma 6.3, #™|¢ is o-finite, and thus, by the Radon-Nikodym
theorem [Ambrosio et al., 2000, Th. 1.28], du = f d#™|s with f being the Radon-Nikodym

.. du
derivative T

To avoid the nuisance of taking care whether 5 j;’fnlg — 0, we construct a rectifiable set &

such that % > 0 almost everywhere.

Lemma 6.5 Let y be an m-rectifiable measure on RM | i.e., u < ##™|¢ for an m-rectifiable
set £ C RM . Then there exists an m-rectifiable set £ C & such that

. p ™ &
dp — dp m| ___
2. 3 T = T H™| z-almost everywhere,

3. #’i‘g > 0 ™| z-almost everywhere.
Proof. See Appendix B.2. 0

Definition 6.6 For an m-rectifiable measure ji, an m-rectifiable set £ is called a support of

wif p < A e and djgi’,f% > 0 ™| c-almost everywhere.

Note that, by Lemma 6.5, a support exists for every m-rectifiable measure. However, a
support is not unique and only defined up to a set of J#""-measure zero.

For m-rectifiable measures, it is possible to interpret the Radon-Nikodym derivative as a
measure of “local probability per area.” This interpretation is based on the definition of the

Hausdorff density.

Definition 6.7 ( [Ambrosio et al., 2000, Def. 2.55]) Let 1 be a Borel measure. The m-
dimensional Hausdorff density of 1 is defined as

provided the limit exists.

If 11 is an m-rectifiable measure with < "¢, then the following result shows that o) is

indeed the Radon-Nikodym derivative d%ﬂi}iﬁ% and vanishes for .7#"*-almost all points not in €.
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Lemma 6.8 ([Ambrosio et al., 2000, Th. 2.83 and eq. (2.42)]) Let x be an m-rectifiable
measure, i.e., u < J"|¢ for an m-rectifiable set £. Then the m-dimensional Hausdorff density
¢, exists and coincides with the Radon-Nikodym derivative d%(iign‘g A | c-almost everywhere.

Furthermore, 0" is zero 7™ -almost everywhere on £°.

6.2.3 Rectifiable Random Variables

As we are only interested in probability measures and because information theory is often for-
mulated for random variables, we define m-rectifiable random variables. In what follows, we
consider a random variable x: (2, &) — (R 9B ,/) on a probability space (2, &, i), i.e., Q is
a set, S is a o-algebra on €2, and y is a probability measure on (2, S). The probability mea-
sure induced by the random variable x is denoted by ux~!. For A € By, ux~'(A) equals the
probability that x € A, i.e.,

pxL(A) = p(x1(A)) = Pr{x € A}. (6.8)

Definition 6.9 A random variable x: (2, &) — (RM, 95 ,/) on a probability space (2, &, p)

L on RM is m-rectifiable, i.e., there

is called m-rectifiable if the induced probability measure pux™
exists an m-rectifiable set & C RM such that ux~! < 7#™|¢. The m-dimensional Hausdorff

density of an m-rectifiable random variable x is defined as

@ 2 07 ) = iy PR B

r—0  w(m)rm

(6.9)

1

Furthermore, a support of the measure ux~" is called a support of x, i.e., £ is a support of x if

-1
pux—1 < #™|¢ and %(w) > (0 ™ |g-almost everywhere.

One can think of 8" as an m-dimensional probability density function of the random variable

Based on the results of Section 6.2.2, we can find a characterization of m-rectifiable random
variables that resembles well-known properties of continuous random variables. This characteri-
zation is stated in the next corollary. Note, however, that although everything seems to be similar
to the continuous case, Hausdorff measures lack substantial properties of the Lebesgue measure,

e.g., the product measure will not always be again a Hausdorff measure.

Corollary 6.10 Let x be an m-rectifiable random variable on R, i.e., ux~! < #™|¢ for
an m-rectifiable set £ C RM. Then there exists the m-dimensional Hausdorff density 07" and

the following properties hold.

1. The m-dimensional Hausdorff density 6" coincides with the Radon-Nikodym derivative
d —1
d,;;( mle

A |c-almost everywhere, i.e.,

-1
o () = X

=7 %m‘g(m) ™| g-almost everywhere. (6.10)
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. The probability Pr{x € A} for a measurable set A C R™ can be calculated as the integral

of 6; over A with respect to the m-dimensional Hausdorff measure restricted to &, i.e.,

Prix € A} = jx"1(A) = /Ae;n(x) AA™|s (). ©.11)

. The expectation of a measurable function f: R™ — R with respect to the random variable

x can be expressed as

Ef00] = [ | f() 05" (@) " e(a). (6.12)

. The Hausdorff density 6" is zero .7 -almost everywhere on £°.

. The random variable x is in £ with probability one, i.e.,

Pr{xc &} = ux"1(&) = /89;”(58) dt"e(x) =1. (6.13)

. There exists a support ECEofx.

. &€ is a support of x if and only if the Hausdorff density 6" is positive .7#”"*-almost every-

where on £.

Proof. By Definition 6.9, 0" = Hlﬁ(_l and, by Lemma 6.8, 921_1 exists and is equal to the

Radon-Nikodym derivative % A |c-almost everywhere. Thus, we obtain (6.10).

Furthermore, we have for any measurable set A C RM

Pr{x € A} @ x1 (A)

= /A dpx~1(x)

dpux~1
= x)dA" e (x
| i @ (@)

[ @) ()

i.e., (6.11) holds.

For a measurable function f: R™ — R, we have

Ex[f(x)] = (x) dpx~ ()

RM

B dpx—t m
= [ 1@ S @ (@)

CL [ ) 0 () A ™| () (6.14)

RM
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1.e., (6.12) holds.

By Lemma 6.8, 9}’:;_1 = 0 s -almost everywhere on £¢. Thus, since 67" = 9;’;_1, Prop-
erty 4 holds.

We have

Pr{x € &} ® ux (&) € px (&) + puxL(£9) 2 puxL(E U EY)

TS @Y = e (®Y)) D () = 1
where (a) holds because 7™ |¢(£¢) = 0 and ux~1 < #™|¢, (b) holds because of the additiv-
ity of the measure ux~!, and (c) holds because x ! (RM) = Q. Thus, (6.13) holds.

Because ux ! < #™|¢ and by Lemma 6.5, there exists a support £ C &. Thus, Property 6
holds.
By Definition 6.9, a set € satisfying ux~! < J#™|¢ is a support of x if and only if % >

0 ™ -almost everywhere on £. By (6.10), this is equivalent to 6} > 0 .7 -almost everywhere
on &£. Thus, Property 7 holds. O

A trivial but noteworthy fact is that the special cases m = 0 and m = M reduce to well-

known concepts.
Theorem 6.11 Let x be a random variable on R . Then:

1. xis O-rectifiable if and only if it is a discrete random variable, i.e., there exists a probability
mass function py(x;) = Pr{x = x;} > 0,7 € Z, where T is a finite or countably infinite
index set specifying all possible different realizations a; of x. In this case, 0 = py and

E ={x; : i € I} is a support of x.

2. x is M-rectifiable if and only if it is a continuous random variable, i.e., there exists a
probability density function fy such that Pr{x € A} = [, fx(x)dZ M{(z). In this case,
oM = £ £M_almost everywhere.

Proof. See Appendix B.3. O
The following theorem introduces a nontrivial class of m-rectifiable random variables.

Theorem 6.12 Let x be a continuous random variable on R™. Furthermore, let ¢: R™ —
RM with M > m be a Lipschitz mapping whose m-dimensional Jacobian determinant® Fs(x)
is nonzero .#™-almost everywhere and assume that ¢(R™) is #™-measurable. Then y = ¢(x)

is an m-rectifiable random variable on R .

Proof. According to Definition 6.9, we have to show that uy~! < #™|¢ for an m-rectifiable
set £ C RM. By Properties 3 and 6 in Lemma 6.3, the set £ 2 ¢(R™) is m-rectifiable. Thus,

5The m-dimensional Jacobian determinant is defined as _Z,(x) = +/det(D¢T () Do(x)), where Do(x) €
RM*™ denotes the (almost everywhere existing) Jacobian matrix of ¢. Note in particular that J¢(x) is nonnegative.
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it suffices to show that py~! < ™| #(Rm)> 1.€., that for any """ -measurable set A C RM
A yrmy(A) = 0 implies py~(A) = 0. To this end, assume that "]y gm)(A) = 0 for
an .#™-measurable set A C RM. Let f denote the probability density function of x. By the

generalized change of variables formula [Ambrosio et al., 2000, eq. (2.47)], we have

T x)d L™ (x) = x)ds™
/¢ RCEADIERT /¢ X @

zep~ ! (A)Ne~ ! ({y})

= x)dm
Joser X @it

weg1 (Ao ({y})
@ (6.15)

where (a) holds because 77 (A N ¢(R™)) = H™|grm)(A) = 0. Because Zy(z) > 0
Z"-almost everywhere, (6.15) implies f¢—1(A) f(x)dZL™(x) = 0. Thus, we have

ny (A) = x (671 (A)) = / f(@)dZ™ (@) = 0
¢~ 1(A)

6.3 Entropy of Rectifiable Random Variables

6.3.1 Definition

The m-rectifiable random variables introduced in Definition 6.9 will be the objects considered
in our entropy definition. Due to the existence of the m-dimensional Hausdorff density 6" for
these random variables (see (6.9)), the heuristic approach described in Section 6.1.2 (see (6.6)

and (6.7)) can be made rigorous.

Definition 6.13 Let x be an m-rectifiable random variable on RM. The m-dimensional

entropy of x is defined as
h™(x) & —Ex[log 6" (x)] = — /]RM log 07 () dpx ! (z) . (6.16)
By (6.12), we obtain
7 = = [ | 07 (@) oz (@) A e(a) = — [ 0 (a) oz} (@) A" (@) - 6.17)
where £ C RM is an arbitrary m-rectifiable set satisfying ux~! < J#™|¢.

6.3.2 Relation to Entropy and Differential Entropy

In the special cases m = 0 and m = M, our entropy definition reduces to classical entropy (6.1)

and differential entropy (6.2), respectively.
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Theorem 6.14 Let x be a random variable on R™. If x is a O-rectifiable (i.e., discrete)
random variable, then the 0-dimensional entropy of x coincides with the classical entropy, i.e.,
h0(x) = H(x). If x is an M-rectifiable (i.e., continuous) random variable, then the M-dimen-

sional entropy of x coincides with the differential entropy, i.e., b (x) = h(x).

Proof. Let x be a O-rectifiable random variable. By Theorem 6.11, x is a discrete random variable
with possible realizations @;, i € Z, the 0-dimensional Hausdorff density 69 is the probability

mass function of x, and a support is given by & = {x; : i € Z}. Thus, (6.17) yields

h'(x) = — / 0%(x) log 02 (x) d.#°(x) W Z Pr{x = «;}log Pr{x = x;} = H(x)
€ i€

where (a) holds because .7 is the counting measure.

Let x be an M -rectifiable random variable. By Theorem 6.11, x is a continuous random vari-
able and the M -dimensional Hausdorff density 27 is equal to the probability density function
fx- Thus, (6.16) yields

b (x) = —Ex[log 0} (x)] = —Ex[log fx(x)] ‘% h(x) .

O]

To get an idea of the m-dimensional entropy of random variables in between the discrete and
continuous cases, we can use Theorem 6.12 to construct m-rectifiable random variables. More
specifically, we consider a continuous random variable x on R™ and a one-to-one Lipschitz
mapping ¢: R™ — RM (M > m) whose Jacobian determinant _F4 is nonzero .Z"™-almost
everywhere. Intuitively, we should see a connection between the differential entropy of x and the
m-dimensional entropy of y £ ¢(x). By Theorem 6.12, the random variable y is m-rectifiable

and, because ¢ is one-to-one, we can indeed calculate the m-dimensional entropy.

Corollary 6.15 Let x be a continuous random variable on R”* with finite differential entropy
h(x) and probability density function f. Furthermore, let ¢p: R™ — RM (M > m) be a one-to-
one Lipschitz mapping with _#4 nonzero £ -almost everywhere and such that Ey[log _Z4(x)]
exists and is finite. Then the m-dimensional entropy of the m-rectifiable random variable y =
o(x) is

b (y) = h(x) 4 Ex[log 7 (x)] .

For the special case of an embedding ¢: R™ — RM, ¢(x1,... 2p) = (1 -+ 2y 0 --- 0)T,
this results in
"™ (X1, -y Xm, 0,...,0) = h(x). (6.18)

Proof. The first part is the special case N = m and £ = R of the more general result in
Theorem 6.16, which will be proved in Appendix B.4. The result (6.18) then follows from the
fact that, for the considered embedding, #4(x) is identically 1. O
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6.3.3 Transformation Property

One important property of differential entropy is its invariance under unitary transformations.
A similar result holds for m-dimensional entropy. We can even give a more general result for

arbitrary one-to-one Lipschitz mappings.

Theorem 6.16 Let x be an m-rectifiable random variable on RY with 1 < m < N, finite m-
dimensional entropy h™(x), support £, and m-dimensional Hausdorff density 6;". Furthermore,
let ¢: RN — RM with M > m be a Lipschitz mapping with’ ¢ q‘f # 0 H™|c-almost every-
where, ¢(€) ™ -measurable, and such that Ey[log 7, qf (x)] exists and is finite. If the restriction
of ¢ to £ is one-to-one, then y = ¢(x) is an m-rectifiable random variable and its m-dimensional

entropy is

b™(y) = b (x) + Ex[log 7§ (x)].
Proof. See Appendix B.4. 0

Remark 6.3 Theorem 6.16 shows that for the special case of a unitary transformation ¢

(e.g., a translation),

™ (¢(x)) = H"(x)
because 7 f (x) is identically one in that case.

Remark 6.4 In general, no result resembling Theorem 6.16 holds for Lipschitz functions
¢: R™ — RM (M > m) that are not one-to-one on £. We can argue as in the proof of Theo-

rem 6.16 and obtain that y = ¢(x) is m-rectifiable and that the m-dimensional Hausdorff density

0% ()
0 (y) = Y,
’ seo Ty 70 @)

18

%”m\d)(g)—almost everywhere. We then obtain for the m-dimensional entropy

o o) \ 0@\
5" (y) = /M)( 3 /g<x>>1g< 3 /;@))d%” ()

e~ ({y}) zcd~! ({y})

@ [ oo 0% (') ™o
—Lex<>1g< ) /;<xf>>d%<>

z'cod~ ({4(x)})

where (a) holds because of the generalized area formula [Ambrosio et al., 2000, Th. 2.91].
However, this cannot be easily expressed in terms of a differential entropy due to the sum in the

logarithm.

"Here /f denotes the Jacobian determinant of the tangential differential of ¢ in £. For details see [Ambrosio
et al., 2000, Def. 2.89].



Chapter 7

Joint and Conditional
Integer-Dimensional Entropy

An important concept in information theory is the amount of information that two random vari-
ables share. This concept is formalized by the mutual information, which constitutes the basis
for many fundamental information-theoretic results. To find connections between the mutual
information of integer-dimensional random variables and their entropy, we first define and study
joint and conditional entropy for integer-dimensional singular random variables. We then derive
expressions of the mutual information between integer-dimensional singular random variables
in terms of joint and conditional entropy. We also extend several classical results for joint (dif-
ferential) entropy, such as the chain rule and the asymptotic equipartition property. Finally, we
show that the classical rule that conditioning does not increase entropy may be violated if the

dimensions of the involved random variables do not match in a specific sense.

7.1 Joint Entropy

Joint entropy is a widely used concept although it can in fact be covered by the general concept
of higher-dimensional entropy, because a pair of random variables (x,y) with x € R and
y € RM2 can also be interpreted as a single random variable on RM1+M2_ Thus, our concept of
entropy automatically generalizes to more than one random variable. Using this interpretation,
we obtain from (6.16) for an m-rectifiable pair of random variables (x,y) (i.e., u(x,y)™! <
™| ¢ for an m-rectifiable set &)

H7(x,y) £ —Exy) [log 0% ) (x,¥)] (7.1)
—— [ Jos bl (@) dutx.y) (@.y)
RM
—— | o7 (@) log b, (@, y) A s(2,y) (1.2)
RM 24 Y
with M = M; + M. However, there are still some questions to answer:

61
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e Suppose we have an m;-rectifiable random variable x and an mg-rectifiable random vari-

able y on the same probability space. Can we conclude that (x,y) is (m1 +mg)-rectifiable?

e Conversely, suppose we have an m-rectifiable random variable (x,y). Can we conclude

that x and y are rectifiable?

e Assuming that x, y, and (x,y) are m1-, mg-, and m-rectifiable, respectively, is there a

relationship between the quantities h™! (x), h™2(y), and h"™(x, y) provided they exist?

Whereas no answers to these questions exist in complete generality, we will provide answers

under appropriate conditions on the involved random variables.

7.1.1 Product-Compatible Sets

One important shortcoming of Hausdorff measures (in contrast to, e.g., the Lebesgue measure)
is that the product of two Hausdorff measures is in general not again a Hausdorff measure.
However, restricting the Hausdorff measures to specific rectifiable sets will guarantee that the
product is again a Hausdorff measure (see Lemma 7.2 below). As this property will be used

throughout this section, we provide the following definition.

Definition 7.1 Let & C RM1 be an m-rectifiable set and let &, C RM2 be an my-rectifiable
set. We call & and &; product-compatible if

%ﬁml+m2‘glxg2 = %M1’51 X %ﬁmQ‘gz . (7.3)

The equality of measures in (7.3) is understood on the product o-algebra of the o-algebra of
all ™ -measurable sets in RM! and the o-algebra of all .7#"2-measurable sets in RM2. Thus,

(7.3) is equivalent to
%mﬁ—mQ (81 X 82) = (81)%7”2 (82) (7.4)

for all By C &; ##™1-measurable and all By C &y J7™2-measurable.
We can give some sufficient conditions for product compatibility. The result under Condi-
tion 1 is due to [Federer, 1969, Th. 3.2.23].

Lemma 7.2 Let & C RM1 be an m;-rectifiable Borel set, and let & C RM2 be an mo-
rectifiable Borel set. Each of the following conditions implies that & and & are product-

compatible.

1. The set & satisfies .77 (1) < oo. Furthermore, & = ¢(.A) with some Lipschitz
function ¢: R™2 — RM2 and some bounded set A C R™2.

2. The sets & and & can be decomposed as &1 = UkeN El(k) and & = UEGN é'ée), where
Sl(k) and 52(6) are Borel sets such that .72 (ka)) < oo and Sée) = ¢y(Ar) with Lipschitz
functions ¢, : R™2 — RM2 and bounded sets A, C R™2.
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3. We have &1 = Uy El(k), where El(k) are Borel sets such that .77 (ka)) < oc. Further-

more, mo = M.
4. We have m1 = 0, i.e., the set &7 is countable.

Proof. See Appendix B.5. O

One important property of product-compatible sets is that rectifiability of the sets implies

that the product is again rectifiable.

Lemma 7.3 Let & C RM: be m;-rectifiable, & C RM2 be mo-rectifiable, and & and &

be product-compatible. Then £ x & is (m1 + my)-rectifiable.

Proof. See Appendix B.6. O

7.1.2 Joint Entropy for Independent Random Variables

We start our investigation of joint entropy with independent random variables on product-com-

patible supports. In this case, it turns out that the m-dimensional entropy is additive.

Theorem 7.4 Let x: O — RMt and y: © — RM2 be independent random variables on a
probability space (€2, &, ). Furthermore, let x be m;-rectifiable with support £ and let y be
me-rectifiable with support £, where £ and & are product-compatible. Then the following
properties hold:

1. The random variable (x,y): Q — RM1+M2 ig (m; 4 my)-rectifiable.

2. The (m; + my)-dimensional Hausdorff density of (x, y) satisfies

Oy (2, y) = 65" () 672 (y) (1.5)
A™ T2 _almost everywhere.

3. & x &y is a support of (x,y).

4. If h1(x) and h"2(y) are finite, then the (m; + my)-dimensional entropy of the random

variable (x,y) is given by
H™2 (x,y) = ™ (x) + 72 (y) -
Proof. See Appendix B.7. O

A corollary of Theorem 7.4 is a result for sequences of independent random variables. This

setting will be important for our discussion of typical sets in Section 7.4.
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Corollary 7.5 Let x1., = (xi,...,X,) be a sequence of independent random variables,
where x; € RMi j e {1,...,n} is m;-rectifiable with support &; and m;-dimensional Hausdorff
density 0;7;‘1 Furthermore, let £ x & X --- x &_1 and &; be product-compatible for all i €
{2,...,n}. Then xy., is an m-rectifiable random variable on R, where m = > | m; and
M = Z?Zl M;, and a support of x1., is given by £ = & x & x -+ x &,. Moreover, the

m-dimensional Hausdorff density of x;.,, is given by

n

07 (w10) = [ [ 057 () - (7.6)

i=1
Finally, if h"(x;) is finite for i € {1,...,n}, then

n
b (1) = Y 5™ (xi) . (7.7)
i=1
Proof. The corollary follows by inductively applying Theorem 7.4 to the two random variables

(X1,...,%—1) and x;. O

7.1.3 Dependent Random Variables

The case of dependent random variables is more involved. The rectifiability of x and y does not
necessarily imply the rectifiability of (x,y) (which is expected, since the marginal distributions
carry only a small part of the information carried by the joint distribution). In general, even for
continuous random variables x and y, we cannot calculate the joint differential entropy h(x,y)
from the knowledge of the differential entropies h(x) and h(y). However, it is always possible

to bound the differential entropy according to [Cover and Thomas, 2006, eq. (8.63)]
h(x,y) < h(x) + h(y) . (7.8)

In general, no bound resembling (7.8) holds for our entropy definition. Indeed, the following

simple setting provides a counterexample.

Example 7.1 Let (x,y) € R? be distributed according to a uniform distribution on the unit
circle Sy, i.e., for any Borel set A C R2

1
) A) = Pr{(ey) € ) = [ e s (o)

RN
= | g s = o s ). 09

Choosing f1: [~m, 7] — R2, f1(t) = (cost sint)T results in S; \ f1([~7,7]) = 0. Thus,
according to Definition 6.2, the set S; is 1-rectifiable. By (7.9), we have u(x,y) ™! < #s,,
which implies that the random variable (x,y) is 1-rectifiable (see Definition 6.9). Again by (7.9),

du(xy) "t du(x,y)! . .
C’fj(.;ly‘)sl (z,y) = 1/(27). By (6.10), 6(1X7y) (x,y) = (’1;(;1)/')81 (x,y) and thus the 1-dimensional
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Hausdorff density of (x,y) is given by

1
1 _
Oy (@y) = 5

' -almost everywhere on S;. Using (7.2), we obtain

b (x,y) = — /S 0Ly (:9) og Ol (,y) A (2, )
1

[ L <1> A (2, y)

s, 2™ 2m
log(27)

T or
= log(2m). (7.10)

A (S))

One can easily see that x is a continuous random variable and its probability density func-
tion is given by fx(z) = 1/(mv1 — 2?). By symmetry, the same holds for y, i.e., f,(y) =
1/(w+/1 — y?). Basic calculus then yields for the differential entropy of x and y

h(x) = h(y) = log (g) : (7.11)
Since x and y are continuous random variables, it follows from Theorem 6.14 that, h!(x) = h(x)
and h'(y) = h(y). Thus,

() + B (y) = 2log (g) < log(2m)

Comparing with (7.10), we see that b (x,y) > b(x) + bl(y).

The reason for this seemingly unintuitive behavior of our entropy are the geometric properties
of the projection py: RM1+Mz 5 RM2 (3 y) = y, i.e., the projection of RM1 Mz {0 the
last M2 components. Although py is linear and has a classical Jacobian determinant _#,, of 1
everywhere on RM1+2  things get more involved once we consider py as a mapping between
rectifiable sets and want to calculate the Jacobian determinant /pgy of the tangential differential
of py which maps an m-rectifiable set £ C RM1+Mz 4 an mg-rectifiable set £ € RM2. In this
setting, /pf is not necessarily constant and may also become zero. Thus, the marginalization of
an m-dimensional Hausdorff density is not as easy as the marginalization of a probability density
function. The following theorem shows how to marginalize Hausdorff densities and describes

the implications on m-dimensional entropy.

Theorem 7.6 Let (x,y) € RM1¥M2 be an m-rectifiable random variable with m-dimension-
al Hausdorff density 9&‘ v) and support £. Furthermore, let £y 2 py(€) C RM2 be my-rectifiable
(my < m), A (&) < oo, and /pgy # 0 ™ |c-almost everywhere. Then the following

properties hold:
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1. The random variable y is ma-rectifiable.
2. There exists a support £2 C E of y.

3. The my-dimensional Hausdorff density of y is given by

mo o G(TZY)(Q: ) m—mso
= [ Py V@ 7.12)

"2 -almost everywhere, where £W) £ {z ¢ RM1 : (x,y) € £}.

4. An expression of the my-dimensional entropy of y is

0% (.’B y)
m (x,y) m—m m
2 o m lo 7&%” 2 d7™ (x 13
b / (x,y) y g(/g(y) jpy( 7 ) ( )) ( y) (71 )

provided the integral on the right-hand side exists and is finite.

Under the assumptions that & 2 px(&) is my-rectifiable (m; < m), ™ (51) < 00, and

/pgx # 0 A" |c-almost everywhere, a symmetric result holds for x.
Proof. See Appendix B.8. O

Remark 7.1 Some assumptions we made in Theorem 7.6 might not be necessary. In partic-
ular, we need the assumption .72 (E3) < oo only to be able to apply a modified version of the

coarea formula (see Theorem B.1 in Appendix B.8).
We will illustrate the main findings of Theorem 7.6 in the setting of Example 7.1.

Example 7.2 As in Example 7.1, we consider (x,y) € R? uniformly distributed on the unit
circle Sy, i.e., 0(1X v) (z,y) = 1/(27) " -almost everywhere on S;. In Example 7.1, we already
obtained h'(y) = log(m/2) (there, we used the fact that y is a continuous random variable
and that, by Theorem 6.14, h'(y) = h(y)). Let us now calculate h*(y) using Theorem 7.6.
Note first that p,(S;) = [—1, 1] which is 1-rectifiable and satisfies 71 ([—1,1]) = 2 < oo.
Next, we calculate the Jacobian determinant /p‘jl (x,y). Consider a point on the unit circle,
(£ +/1—y% +y) withy € [0,1]. At that point, the projection py restricted to the tangent
space of S; can be shown to amount to a multiplication by the factor \/1 — 32. Thus, /pfl ( +

V1—12, +y) = /1 — y?. Hence, we obtain from (7.13)

/ Oy (Y log</(y) ;g? ;d%l L(z )) 4 (z,y)

—E 4 >) 4 (@)

- lo
S 27r < 5 /1_
@ 1 / ( ) 1
= lo —=L___ | ds (z
—5- [ log Z f-y (z.y)
xe

S£y)
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— log <72T> (7.14)

where (a) holds because .77 is the counting measure and (b) holds because S}y) ={zeR:
(x,y) € S1} = {\/1 —y2, —/1— y?} contains two points for all y € (—1,1). Note that our
above result for h*(y) coincides with the result previously obtained in Example 7.1.

7.1.4 Product-Compatible Random Variables

There are special settings in which m-dimensional entropy more closely matches the behavior
we know from (differential) entropy. In these cases, the three random variables x, y, and (x, y)
are rectifiable with “matching” dimensions, and we will see that, an inequality similar to (7.8)
holds.

Definition 7.7 Let x be an m; -rectifiable random variable on RM! with support &1, and let
y be an my-rectifiable random variable on R*2 with support £. The random variables x and y
are called product-compatible if £ and &, are product-compatible and (x,y) is an (m; + ma)-
rectifiable random variable on RM1+M2 with support £ C £ x &s.

The most important part of Definition 7.7 is that the dimensions of x and y add up to the joint
dimension of (x,y). Note that this was not the case in Example 7.2, where x and y “shared” the
dimension m = 1 of (x,y). A simple example of product-compatible random variables is the
case of an m-rectifiable random variable x and an independent ms-rectifiable random variable
y with product-compatible supports & and &;. Indeed, by Theorem 7.4, (x,y) is mq + ma-
rectifiable with support £ x &£s.

Another example of product-compatible random variables can be deduced from Theorem 7.6:
Let (x,y) be (m1 + my)-rectifiable. Assume that & 2 py(£) € RM2 is my-rectifiable,
A#2(&y)) < oo, and /pgy +£ 0 A#™|g-almost everywhere. Furthermore, assume that & £
px(£) is my-rectifiable, 7™ (£]) < oo, and /pgx # 0 J¢™|g-almost everywhere. By Theo-
rem 7.6, x is m-rectifiable and y is mo-rectifiable. Thus, if in addition £ and & are product-
compatible then x and y are product-compatible.

The setting of product-compatible random variables will be especially important for our
discussion of mutual information in Section 7.3. However, already for joint entropy, we obtain

some useful results.

Theorem 7.8 Let x be an m-rectifiable random variable on R with support &1, and let

y be an me-rectifiable random variable on RM2 with support &. Furthermore, let x and y be
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product-compatible. Denote by Gz’zl;)rmg the (mq 4+ m2)-dimensional Hausdorff density of (x,y)

and by £ C &1 x &; a support of (x,y). Then the following properties hold:

1. The mg-dimensional Hausdorff density of y is given by

o) = | Oy (x,y) d™ () (7.15)
1

F™2-almost everywhere.

2. An expression of the mo-dimensional entropy of y is

h™2 (y /92:1;)””2 x,y)log </ 92::1;'7”2 y)d™ (z )) ds™ T2 (g )
(7.16)

provided the integral on the right-hand side exists and is finite.

3. The inequality
H™I2 (x,y) < 5™ (x) +H™2(y) (7.17)

holds, provided h™1 ™2 (x,y) exists and is finite.
Due to symmetry, equivalent properties hold for "' and h""* (x).

Proof. We present a proof of Properties 1 and 2 in Appendix B.9. Although a direct proof
of inequality (7.17) is possible, this task will be much easier once we considered the mutual
information between rectifiable random variables. Thus, we postpone the proof of Property 3 to
Corollary 7.19 in Section 7.3. O

7.2 Conditional Entropy

In contrast to joint entropy, conditional entropy is a nontrivial extension of entropy. We would
like to define the entropy for a random variable x on RM! under the condition that a dependent
variable y on R takes on a specific value y. This “conditional” random variable is usually
denoted as (x|y = y). For discrete and—under appropriate assumptions—for continuous ran-
dom variables, the random variable (x |y = y) is well defined and so is the associated entropy
H(x|y = y) or differential entropy h(x |y = y). Averaging over all y results in the well-
known definitions of conditional entropy H (x |y), involving only the probability mass functions
DP(x,y) @nd py, or of conditional differential entropy A (x | y), involving only the probability density

functions f(, ) and fy. Indeed, if x and y are discrete random variables, we have

Zpy (y;) H(x|y = y;) (7.18)
jEN
P(x,y) (:]32', yj) >
=- Dixy) (Tis Yj 10g<

3,7EN
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P(x,y) (X, Y)>:|
= —[E\ log ( (7.19)
(x,y) [ y(y)
and, if x and y are continuous random variables, we have
hixly) = [ 5w hixly = y)dy (7.20)
R]WQ
_ f(x,y)(ma y)
= - /RMﬁM2 f(x,y)($7y) log <fy(y)> d(z,y)
Foxy) (%, ﬁ)]
= —E« log | —=——||. (7.21)
( ,y)[ g< fy)

A straightforward generalization to rectifiable measures would be to mimic the right-hand sides
in (7.19) and (7.21) using Hausdorff densities. However, it will turn out that this naive approach
is only partly correct: due to the geometric subtleties of the projection discussed in Section 7.1.3,

we have to include a correction term that reflects the geometry of the conditioning process.

7.2.1 Conditional Probability

For general random variables x and y, a unique definition of a random variable (x|y = y)
is not possible and we have to resort to the concept of conditional probabilities, which can be
summarized as follows (a detailed account can be found in [Gray, 2010, Ch. 5]): For a pair
of random variables (x,y) on RM+M2 there exists a regular conditional probability Pr{x &
A|y =y}, i.e., for each measurable set A, the function y — Pr{x € A|y = y} is measurable
and Pr{x € A|y = y} defines a probability measure for each y € RM2. Furthermore, the
regular conditional probability Pr{x € A |y = y} satisfies

Pr{(x,y) € A; x Ay} = / Pr{x € A |y = y}duy (y). (7.22)
A2

However, the regular conditional probability Pr{x € A |y = y} involved in (7.22) is not unique.

Nevertheless, we can still use (7.22) for a definition of conditional entropy because any version of

the regular conditional probability satisfies (7.22). For the remainder of this section, we consider

a fixed version of the regular conditional probability and denote a random variable distributed

according to Pr{x € A|y =y} as (x|y =y).

7.2.2 Definition of Conditional Entropy

In order to be able to calculate the entropy of a random variable (x |y = y), we first have to
show that (x |y = y) is rectifiable. The next theorem establishes sufficient conditions such that
(x| y = y) is rectifiable for almost every y. As before, we denote by py : RMi+Mz _y RMz the

projection of RM1+M2 (0 the last My components, i.e., py(z,y) = y

Theorem 7.9 Let (x,y) be an m-rectifiable random variable on RM1+2 with m-dimension-

al Hausdorff density 0?; v) and support £. Furthermore, let Er 2 py(€) C RM2 be my-rectifiable
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(my < m), ™ (&) < oo, and /pgy # 0 ™ |c-almost everywhere. Then the following
properties hold:

1. The random variable (x |y = y) is (m — mg)-rectifiable for .72 |¢,-almost every y €
RM2_ where & C gg is a support! of y.

2. The (m — mgz)-dimensional Hausdorff density of (x |y = y) is given by

IE(x,y) 05 (y)

o7 "2 (x)

(x|y=9) (7.23)

S T2 oy -almost everywhere, for J#?|¢,-almost every y € RM2_ Here, as before,
EW & [ cRM: (z,y) € &).

3. For J#™2|¢,-almost every y € RM2, the (m — my)-dimensional entropy of (x |y = ¥) is

given by
0l (@, y) 0 (T, Y)
m—m (X7Y) ’ (X:Y) ’ m—m
rxly =y = | oo iy ) @),
Ew) /pé; (mv y) 6?y 2(y) /pgy($7y) 9y 2(:’/)
(7.24)
Proof. See Appendix B.10. O

As for joint entropy, the case of product-compatible random variables (see Definition 7.7) is

of special interest and results in a more intuitive characterization of the entropy of (x |y = y).

Theorem 7.10 Let x be an m; -rectifiable random variable on R with support &1, and let
y be an my-rectifiable random variable on RM2 with support . Furthermore, let x and y be

product-compatible. Then the following properties hold:
1. The random variable (x |y = y) is m1-rectifiable for ./#2|¢,-almost every y € RM2,

2. The m;-dimensional Hausdorff density of (x | y = y) is given by

mi1+ma
” _ Oy (@Y)

™| ¢, -almost everywhere, for 72 |g,-almost every y € RMz.

3. For J#™2|g,-almost every y € RM2, the m;-dimensional entropy of (x |y = y) is given

by
mi+mo m1-+ma
m (xy) (@:Y) ( (x,y) (‘va)> m
h™(x |y = :—/mlo Y T ) aem™(x) . (7.26)
x|ly=1y) . T 0 g ) ()

1By Theorem 7.6, the random variable y is mo-rectifiable with Hausdorff density 6y*2 (given by (7.12)) and some
support &2 C &s.
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Proof. See Appendix B.11. O

Note that Theorems 7.9 and 7.10 hold for any version of the regular conditional probability
Pr{x € A|y = y}. However, for different versions, the statement “for .22 |¢,-almost every
y € RM2” may refer to different sets of .7#2|¢,-measure zero, e.g., (7.23) may hold for different
y € RM2_ Thus, results that are independent of the version of the regular conditional probability
can only be obtained if we can avoid these “almost everywhere”-statements. To this end, we will
calculate the expectation of h”*~"™2(x |y = y). The resulting expression will no longer depend
on the specific version of the regular conditional probability. Anticipating this independence (cf.
Theorem 7.12) and motivated by (7.18) and (7.20), we define conditional entropy for rectifiable

random variables.

Definition 7.11 Let (x,y) be an m-rectifiable random variable on RM1+M2 and let y be ms-
rectifiable with ma-dimensional Hausdorff density 6y*? and support &. The conditional entropy
of (x|y) is defined as

hm T2 (x|y) £ g 0y (y) o™ " (x |y = y) A (y) (7.27)

provided the right-hand side in (7.27) exists and coincides for all versions of the regular condi-
tional probability Pr{x € A|y = y}.

The following theorem gives a characterization of conditional entropy and sufficient condi-
tions for (7.27) to be well-defined in the sense that the right-hand side in (7.27) coincides for all
versions of the regular conditional probability Pr{x € A|y = y}.

Theorem 7.12 Let (x,y) be an m-rectifiable random variable on RM1+M2 with m-dimen-
sional Hausdorff density 0&1 v) and support £. Furthermore, let & £ py(€) be mo-rectifiable,
A2 (&) < 00, and /p‘gy # 0 H™|c-almost everywhere. Then

9?;7y) (x’ y)
Oy (y)

provided the right-hand side in (7.28) exists and is finite.

h M2 (x|y) = —E(X,y) [log ( >] + E(w) [log /pgy (x,y)] (7.28)

Proof. See Appendix B.12. O

Note the difference between (7.28) and the expressions (7.19) and (7.21) of H(x|y) and
h(x|y), respectively: in the case of rectifiable random variables, we have to take the geometric
correction term [Ey ) [log jpgy (x, y)} into account. However, in the case of product-compatible

rectifiable random variables, this correction term does not appear.

Theorem 7.13 Let the m;-rectifiable random variable x on RM1 and the ms-rectifiable ran-

dom variable y on R*2 be product-compatible. Then

m1+ma

X (x7 Y)
H7 (x|y) = —E(xy) [log (%)] (7.29)
y
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provided the right-hand side in (7.29) exists and is finite.

Proof. See Appendix B.13. O

7.2.3 Chain Rule for Rectifiable Random Variables

As in the case of entropy and differential entropy, we can give a chain rule for m-dimensional

entropy.

Theorem 7.14 Let (x,y) be an m-rectifiable random variable on RM1+M2 with m-dimen-

m

sional Hausdorff density G(X v) and support €. Furthermore, let & £ py(€) be mo-rectifiable,
HM2(Ey) < o0, and /Pi # 0 ™| c-almost everywhere. Then

b™(x,y) = h™2(y) + b2 (x| y) — Exy) [log 75 (x,y)] (7.30)
provided the corresponding integrals exist and are finite.
Proof. By the definition of " (x,y) in (7.1) and the definition of h™2(y) in (6.16), we have

b (x,y) — b"2(y) + Exy) [log 7 (x,y)]
= _E(x,y) [IOg 0&17){) (Xa Y)] + IE:y [ IOg 0;712 (Y)] + IE:(x,y) [IOg jpf (X7 y)]

Oy (%)
~Exy) [log <( 2 >] +Exy) [log 75 (x.y)] - (7.31)
Oy**(y)

Because we assumed in the theorem that the integrals corresponding to the terms on the left-hand
side in (7.31) are finite, the right-hand side in (7.31) is also finite. By (7.28), the right-hand side
in (7.31) equals h™ ™2 (x| y). Thus, (7.30) holds. d

Next, we continue Examples 7.1 and 7.2 from Section 7.1 where we will see that the geo-

metric correction term in the chain rule, Ey y) [log jpf (x, y)] , is indeed necessary.

Example 7.3 As in Examples 7.1 and 7.2, we consider (x,y) € R? uniformly distributed on
the unit circle Sy, i.e., 0} )(x, y) = 1/(27) s -almost everywhere on S;. According to (7.14),

(xy
b'(y) = log (g) (732)
and, according to (7.10),
bl(x,y) = log(2r). (7.33)

To calculate the conditional entropy h°(x | y) (note that m — ma = 1 — 1 = 0), we consider the
regular conditional probability Pr{x € A|y = y}. It is easy to see that one possible version
of Pr{x € A|y = y} is the following: for y € (—1,1), the random variable (x|y = y) is a
binary random variable taking on the values £+ M with equal probability 1/2. The random
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variables (x |y = y) for |y| > 1 are irrelevant because Pr{y ¢ (—1,1)} = 0. Hence, the entropy
h%(x |y = y) is the binary entropy function at 1/2, i.e., log 2, for all y € (—1,1). Thus, also the
expectation with respect to y is the same, i.e.,

h(x|y) =log2. (7.34)

This is different from h'(x,y) — b'(y) = log(27w) — log(n/2), and therefore the conjecture
that a chain rule holds without a correction term is wrong. To calculate the correction term,

which is given by E(, [log /p‘jl (x, y)} according to (7.30), we recall from Example 7.2 that
p‘jl ( + /1 -2, :I:y) = /1 — 9?2 or, more conveniently, /p‘jl (cos ¢, sin ¢) = |cos ¢|. Thus,

we obtain
1
Bl [loz 735 (x09)] = [ 5oz 73 (@.9) 4 (2.)
1

]
:/ — log|cos ¢| do
0 2

= —log2. (7.35)

We finally verify that (7.35) is consistent with the chain rule (7.30). Starting from (7.33), we
obtain

b'(x,y) = log(27)
= log (;r) +log2 — (—log2)

=b'(y) +6°(x|y) — Eey) [log 2" (x,y)]

where the final expansion is obtained by using (7.32), (7.34), and (7.35).

Example 7.3 also provides a counterexample to the rule “conditioning does not increase en-
tropy,” which holds for the entropy of discrete random variables and the differential entropy of
continuous random variables. Indeed, comparing (7.11) and (7.34), we see that for the compo-
nents of a uniform distribution on the unit circle, we have h*(x) < h%(x|y). However, as we
will see in Corollary 7.19 below, this is only due to a “reduction of dimensions”: if x and y
are product-compatible, which implies that h™*(x) and h~"2(x | y) have the same dimension
mi = m—mg, conditioning will indeed reduce entropy, i.e., h (x| y) < ™ (x) (see (7.48) be-
low). Also the chain rule (7.30) reduces to its traditional form in the case of product-compatible

random variables, as stated next.

Theorem 7.15 Let the m-rectifiable random variable x on RM1 and the ms-rectifiable ran-

dom variable y on R™2 be product-compatible. Then

h™mE (x, y) = ™2 (y) + 5™ (x|y) (7.36)
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provided the entropies h™1 72 (x,y) and h™2(y) exist and are finite.

Proof. By the definition of h1 72 (x, y) in (7.1) and the definition of h™2(y) in (6.16), we have

H™Itm2 (xy) — h72 (y) = ~Ey) [log grmtme (x, y)} +Ey [log 9;’12 (Y)]

(x.y)
o (x,y)
(xy) ’
— Eyy | log (mﬂ . (7.37)
(x,y) [ 072 (y)
By (7.29), the right-hand side in (7.37) coincides with ™1 (x | y). Thus, (7.36) holds. O

We can extend the chain rule (7.36) to a sequence of random variables.

Corollary 7.16 Let x1., £ (x1,...,X,) be a sequence of random variables where each
x; € RMi i m,-rectifiable. Assume that x1.;,_; and x; are product-compatible fori € {2,...,n}.
Then
n
b (x1:n) = ™ (x1) + D 0™ (xi | x1i-1) (7.38)
i=2

with m £ >, m;, provided the corresponding integrals exist and are finite.

Proof. We prove (7.38) by induction. For n = 2, (7.38) reduces to (7.36). Thus, we only have
to show the inductive step. Assume that (7.38) holds for n — 1 random variables, i.e.,
b (%1:n-1) = b7 (%1) + D 57 (i [ K1:i-1) (7.39)

=2

for X1.,—1 such that each x; € RM: is m,-rectifiable, and X;.;_; and X; are product-compatible

fori € {2,...,n}. Choosing X; = (x1,x2) and X; = x;,1 fori € {2,...,n— 1}, (7.39) implies

b™ (x1:n) = B2 (x1,x2) + Y H™ (xi | X1:1) (7.40)
i=3

By (7.36), we also have
H™IFM2 (1 x9) = h™ (x1) + §"2(xo | x1) . (7.41)

Combining (7.40) and (7.41), we obtain (7.38). ]

7.3 Mutual Information

The basic definition of mutual information is for discrete random variables x and y with prob-
ability mass functions py(x;) and py(y;), and joint probability mass function py y(x;,y;). The

mutual information between x and y is given by [Cover and Thomas, 2006, eq. (2.28)]

A px,y(mivyj) )
(X,Y) i7j p ,y( yj) Og< X( l) y( ]) ( )
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However, mutual information is also defined between arbitrary random variables x and y on a
common probability space. This definition is based on (7.42) and quantizations [x]n and [y]s
[Cover and Thomas, 2006, eq. (8.54)]. We recall from Section 6.1.1 that for a measurable, finite
partition Q = {Ay,..., Ay} of RM1 (je., RM1 = Uf\;l A; with A; € Q mutually disjoint and
measurable), the quantization [x]q is defined as the discrete random variable with probability
distribution Pr{[x]q =i} = Pr{x € A;} fori € {1,...,N}.

Definition 7.17 ( [Cover and Thomas, 2006, eq. (8.54)]) Let x: @ — RMi andy: Q —
RM2 be random variables on a common probability space (2, &, i1). The mutual information

between x and y is defined as

I(x;y) & sup I([x]a; [yl»)

)

where the supremum is taken over all measurable, finite partitions £ of RM! and 9% of RM2,

By the Gelfand-Yaglom-Perez theorem [Gray, 1990, Lem. 5.2.3], mutual information can
also be expressed in terms of Radon-Nikodym derivatives: For random variables x:  — RM1

and y: Q — RM2 on a common probability space (2, &, 1),

du(x,y) ! _
L8 (5w dutey) )
RM1+M; d(ux X [y ) '
I(x;y) = if p(x,y) ™t < px—t x py”

1

00 else.
(7.43)

For the special cases of discrete and continuous random variables, there exists an expression
of mutual information in terms of entropy and differential entropy, respectively. We will extend
this expression to the case of rectifiable random variables. The resulting generalization will

involve the entropies h™(x), h™2(y), and h(x,y).

Theorem 7.18 Let x be an m;-rectifiable random variable with support & C RM1, Jet y
be an mo-rectifiable random variable with support £ C RMz et (x,y) be m-rectifiable with
support £ C &1 x £, and assume that £; and &; are product-compatible. The mutual information

satisfies:

1. If x and y are product-compatible (i.e., m = mj + my),

. m 9?;7Y)(w7y) m
I(XJ)—/ge(x,y)(%?J)lOg o ()07 (y) A" (x,y) . (7.44)

Furthermore,

I(x;y) = H™ (x) + 5™ (y) — ™ (x,y) (7.45)
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and

I(x;y) = 5™ (x) =™ (x|y) = H™2(y) = h™(y [x) (7.46)
provided the entropies h"*(x), h™2(y), and h™(x,y) exist and are finite.
2. If m < mq + mg then I(x;y) = oc.
Proof. See Appendix B.14. O

In Theorem 7.18, the case m < mj + mg can be interpreted as x and y “sharing” at least
one dimension. In a communication scenario, this would imply that it is possible to recon-
struct an at least one-dimensional component of x from y (and, also, to reconstruct an at least
one-dimensional component of y from x). Thus, an infinite amount of information could be
transmitted over a channel x — y (or y — x). This fits our result that (x;y) = oo in the case
m < mi+ ma.

A corollary of Theorem 7.18 is that for product-compatible random variables, we can upper-
bound the joint entropy by the sum of the single entropies and prove that conditioning does not

increase entropy.

Corollary 7.19 Let the m;-rectifiable random variable x on RM1 and the mo-rectifiable

random variable y on RM2 be product-compatible. Then
h7 T2 (x,y) < BT (x) + 6™ (y) (7.47)

and
H™ (x|y) < §™(x) (7.48)

provided the entropies h™1 (x), h™2(y), and h1 ™2 (x, y) exist and are finite.

Proof. The inequality (7.47) follows from (7.45) and the nonnegativity of mutual information.
Similarly, (7.48) follows from (7.46) and the nonnegativity of mutual information. ]

7.4 Asymptotic Equipartition Property

Similar to classical entropy and differential entropy, the m-dimensional entropy h™(x) satisfies
an asymptotic equipartition property (AEP). Let us consider a sequence X1., = (X1, ...,X,) of
independent and identically distributed (i.i.d.) random variables x;. Our main findings are similar
to the discrete and continuous cases: based on h™(x), we define sets .Aé”) of typical sequences
1., and show that, for sufficiently large n, a random sequence x;.,, belongs to AE”) with prob-
ability arbitrarily close to one. Furthermore, we obtain upper and lower bounds on the size of
Aé") given by e (¥)+€) and (1-— 5)6”(h7'L(x)_€), respectively. In the case of classical entropy
and differential entropy these properties are useful in the proof of various coding theorems as

they allow us to consider only typical sequences.



7.4. ASYMPTOTIC EQUIPARTITION PROPERTY 77

Our analysis follows the steps in [Cover and Thomas, 2006, Ch. 8.2]. However, whereas
in the discrete case the size of a set of sequences x;., is measured by its cardinality and in the
continuous case by its Lebesgue measure, in the present case of m-rectifiable random variables

x;, we resort to the Hausdorff measure.

Lemma 7.20 Let x1., = (X1, ...,X;,) be a sequence of i.i.d. m-rectifiable random variables
x; on RM  where each x; has the same m-dimensional Hausdorff density 67 and m-dimensional
entropy " (x). Then the random variable —(1/n) >, log 6"(x;) converges to " (x) in prob-
ability, i.e., for any € > 0

1 n
lim Pr{‘ - ;logﬁf‘(xi) —h™(x)

n— oo

> e} =0. (7.49)

Proof. By (6.16), we have h™(x) = —E [ log 6;*(x)], and by the weak law of large numbers, the
sample mean —(1/n) Y7 log 67" (x;) converges to the expectation —E, [ log 67 (x)] in proba-
bility. O

We can define typical sets in the usual way [Cover and Thomas, 2006, Ch. 8.2].

Definition 7.21 Let x be an m-rectifiable random variable on RM with support £ and m-
dimensional Hausdorff density 6;*. For ¢ > 0 and n € N, the e-typical set A§”’ C R"M g
defined as

1 n
A 2 {auanEE": ‘—»n > log 6 (2;) — b™ (x)
=1

< 5} . (7.50)

Note that A™ C £”. The assumption ., € £" simplifies working with A" This is not a
strong restriction because, by Property 4 in Corollary 6.10, 6" (x) = 0 5"*-almost everywhere
on &°.

The AEP for sequences of m-rectifiable random variables is expressed by the following

central result.

Theorem 7.22 Letx;., = (X1, ...,X;) be asequence of i.i.d. m-rectifiable random variables
x; on RM | where each x; has the same m-dimensional Hausdorff density 67, support £, and m-
dimensional entropy h"*(x). Furthermore, let £ and £ be product-compatible for all n € N.
Then the typical set Aﬁ”) satisfies the following properties.

1. For § > 0 and n sufficiently large,

Pr{xm, € AM} >1-4.

2. Foralln € N,
A AW < en0M0Fe) (7.51)



78 CHAPTER 7. JOINT AND CONDITIONAL ENTROPY
3. For § > 0 and n sufficiently large,

A AMY > (1 — )T )=E) (7.52)

Proof. See Appendix B.15. O



Chapter 8

Source Coding for Integer-Dimensional
Singular Random Variables

Based on the definitions and results provided in the preceding Chapters 6 and 7, we present two
applications of integer-dimensional entropy to the field of source coding. First, we extend the
classical result that the entropy of a discrete random variable provides a bound on the expected
codeword length to the much wider class of integer-dimensional random variables. Second, we
present a lower bound on the rate-distortion function of integer-dimensional sources. This bound

provides an extension of the continuous Shannon lower bound.

8.1 Entropy Bounds on Expected Codeword Length

A well-known result for discrete random variables is a connection between the minimal expected
codeword length of a lossless source code and the entropy of the random variable [Cover and
Thomas, 2006, Th. 5.4.1]. More specifically, let x be a discrete random variable on RM with
possible realizations {@; : ¢ € Z}. In variable-length lossless source coding, a one-to-one
function f: {x; : i € T} — {0,1}*, where {0, 1}* denotes the set of all finite-length binary
sequences, is used to represent each realization x; by a finite-length binary sequence s; = f(x;).

The expected codeword length is defined as

where /(s) denotes the length of a binary sequence s € {0, 1}*. The minimal expected binary
codeword length L*(x) is defined as the minimum of L ¢(x) over the set of all possible one-to-one
functions f. By [Cover and Thomas, 2006, Th. 5.4.1], L*(x) satisfies!

H(x)lde < L*(x) < H(x)1de +1. (8.1)

!'The factor 1d e appears because we defined entropy using the natural logarithm.

79
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For a nondiscrete m-rectifiable random variable x (i.e., m > 1), a lossless code of finite
codeword length does not exist. However, quantizations of x can be encoded using finite-length
binary sequences. We will present results for the minimal expected codeword length of con-

strained quantizations of x.

Definition 8.1 Let £ € RM be an m-rectifiable set. Furthermore, let Q = {A1,..., AN}
be a finite .72 -measurable partition of &, i.e., all sets .A; are mutually disjoint and .7""-mea-
surable, and Ufil A; = &. The partition £ is said to be an (m, §)-partition of € if ™ (A;) <6
foralli € {1,..., N}. The set of all (m, ¢)-partitions of £ is denoted 2]3%)5.

Note that the definition of an (m, §)-partition of an m-rectifiable set £ does not involve a
distortion function. On the one hand, this is convenient because we do not have to argue about a
good distortion measure. On the other hand, the points in a set .A; of a partition Q € ‘131(5’)5 are not
necessarily “close” to each other; in fact, .A; is not even necessarily connected. Thus, although
the partitions in ‘,137(57)6 contain measure-theoretically small sets, these sets might be considered
large in terms of specific distortion measures.

In what follows, we will consider the quantized random variable [x|q for Q € ‘Bfi)(s. We
recall that [x|q is the discrete random variable such that Pr{[x]q = i} = Pr{x € A;} for
i € {1,..., N}. We first prove an expression of the m-dimensional entropy of an m-rectifiable
random variable x as the infimum of the entropy of quantizations [x]q. This expression will be

used in the proof of Theorem 8.3.

Lemma 8.2 Let x be an m-rectifiable random variable with m > 1 and support £ satisfying
H™(E) < 00. Let qs&f}oo denote the set of all finite, measurable partitions of £. Then

X—l
h™(x) = inf (— 3" px T (A) log <M>> (8.2)

QEPi o Aef
— inf (H([X]Q) + ) uxH(A) 1ogjfmyg(A)> : (8.3)
QP Aeq
Proof. See Appendix B.16. O

The terms in (8.3) give an interesting interpretation of m-dimensional entropy. Looking for
a quantization that minimizes H ([x]q) corresponds to minimizing the amount of data required
to represent this quantization. Of course, the minimum is simply obtained with the partition
Q = {&}, which gives H([x]q) = 0. But in (8.3), we also have a term that penalizes a bad
“resolution” of the quantization: If the quantized random variable [x|q is with high probability—
corresponding to ux~'(A) being large—in a large quantization set A, then this is penalized
by the term px~1(A)log #™|¢(A). Thus, (8.3) shows that m-dimensional entropy can be
interpreted in terms of a tradeoff between fine resolution and efficient representation.

We now turn to a generalization of (8.1) to rectifiable random variables.
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Theorem 8.3 Let x be an m-rectifiable random variable with m > 1 and support £ satis-
fying () < oo. For any Q € ‘B;f )5, the minimal expected binary codeword length of the
quantized random variable [x]q satisfies

L*([X]a) = b™(x)lde — 1. (8.4)

Furthermore, for each £ > 0, there exists 6. > 0 such that the following holds: for each § €
(0, d.), there exists a partition Qs € ’1355 )5 such that

L*([X]g;) < p™(x)1de —1dd +1+¢. (8.5)

Proof. See Appendix B.17. We note that the proof is based on (8.1) and the representation of
h™(x) given in Lemma 8.2. O

The bound (8.4) shows the following: if we want a quantization £ of x with good resolution
(in the sense that 77" (A) < ¢ for all A € ), then we have to use at least ™ (x) 1d e —1d J bits
to represent this quantized random variable. However, by (8.5), we know that for a sufficiently
fine resolution (i.e., § < d.), we have to use at most 1 + ¢ additional bits (in addition to the lower
bound h™(x) ld e — 1d §) to achieve the desired resolution.

We will now apply Theorem 8.3 to sequences of i.i.d. random variables. To this end, we
(em)

consider quantizations of an entire sequence, [Xi.,]q = [(X1,...,Xp)]q With Q € B, ..

We denote by L ([x1.n]q) £ L*([x1.n]a)/n the minimal expected binary codeword length per
source symbol.

Corollary 8.4 Letx;., = (x1,...,Xy) be a sequence of i.i.d. m-rectifiable random variables
(m > 1) on RM with m-dimensional entropy h™(x) and support & satisfying ™ (E) < oo.
Furthermore, assume that £ and € are product-compatible for i € {1,...,n — 1}. Then, for
each € > 0, there exists d. > 0 such that the following holds: for each § € (0, d.), there exists a
partition Q € ‘B(Sn)

nm.gn Such that the minimal expected binary codeword length per source symbol
satisfies

h"(x)1de —1dd < L) ([x1:n]a) < b™(x)1de —1d 4§ + = ;’; c. (8.6)

Proof. By Corollary 7.5, the random variable x1., is nm-rectifiable with support £” and nm-di-
mensional entropy h""(x1.,,) = nh"(x). Thus, by Theorem 8.3, there exists 4, > 0 such that
the following holds:

() Forall § € (0,0.) there exists a partition Q € ‘ij;)g satisfying

nh™(x)1de —1dd < L*([x1:n]a) < nb™(x)1de —1dd + 1 +¢.

Choosing 0. = 51", we have for § € (0,6.) that 6" € (0,4.). Thus, by (%), there exists a
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partition Q € 232%7)& satisfying

nh™(x)lde —1d 6" < L*([x1:n]q) < nb™(x)lde —1d 6" + 1 + €.
Dividing by n gives (8.6). O

Corollary 8.4 shows that the upper bound on the expected codeword length per source symbol

becomes closer to the lower bound h"*(x) Id e —1d § if we are allowed to quantize and code entire
(&™)

nm,o

sequences. However, note that using the quantization 9 € 13 » of the joint random variable
X1.n, W cannot always reconstruct each x; to within a set A; satisfying 52" (A;) < 6. All we
know is that each A € Q satisfies 77" (A) < ¢™, i.e., the overall resolution of the sequence is

good, but the resolution of each individual source symbol is not guaranteed to be also good.

8.2 Shannon Lower Bound for Integer-Dimensional Sources

The problem considered in rate-distortion (RD) theory is to represent a given random variable
x using as few values as possible while keeping the expected distortion below some thresh-
old [Gray, 1990, Ch. 4]. We will consider throughout this section a distance distortion function
d(-,-) on RM x RM ie, d(xz,y) = d(x — y,0). Furthermore, we assume that d(-,-) sat-
isfies inf, cpa d(z,y) = 0 for each z € RM. The RD function is then defined as [Gray,
1990, eq. (4.1.3)]

R(D) & inf I(x;
( ) E(x,y)[clll(’;J)}SD (x’y)

for D > 0. Here, the above constrained infimum is taken over all joint probability distributions
(x,y) with the fixed probability distribution of x as the first marginal. We assume that there exist
D > 0 such that R(D) is finite, and we denote by Dy the infimum of these D. Furthermore, we
assume that there exists a finite set B C R™ such that

E [ in d(x, } < 0.
x| min (x,y)| <o
This assumption guarantees that there exists a finite quantization of x with bounded expected
distortion. Under these standard assumptions, we have the following characterization of the RD
function [Csiszar, 1974, Th. 2.3]: For each D > Dy,

R(D) = max max (— sD + Ex[log as(x)]) (8.7)
520 as(x)
where the second maximization is with respect to all functions® as: RM — (0, 00) satisfying
for each y € RM
Ex [ars(x)e 9] < 1. (8.8)

2 Although in [Csiszar, 1974, Th. 2.3] as(2) > 1 is assumed, (8.7) also holds for as () > 0 because of [Csiszr,
1974, Lem. 1.2 and Lem. 1.4].
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8.2.1 Shannon Lower Bound

The most common form of the traditional Shannon lower bound [Gray, 1990, Ch. 4.3] for a

discrete source x is the following inequality
R(D) > H(x) — max H(w) (8.9)

where the maximum is taken over all random variables w whose expected distortion relative to O
isequalto D, i.e., E,, [d(w, 0)] = D. An important part of the bound (8.9) is that the contribu-
tion of the source x and the contribution of the distortion D and distortion function d(-, -) become
separated. For a fixed distortion function and a given distortion, we can calculate max H (w) and
then use the bound (8.9) for different sources x simply by calculating their entropy H (x).

For a continuous random variable x on RM, a bound similar to (8.9) can also be derived
under certain assumptions. However, it is more convenient to state the continuous Shannon

lower bound in the following parametric form [Gray, 1990, Ch. 4.6]
R(D) > h(x) — sD — log~(s) (8.10)
where
3(s) 2 / e=3(@.0) 4 M () 8.11)
RM

and (8.10) holds for all s > 0. The right-hand side of (8.10) can be maximized with respect to s
and it turns out that [Gray, 1990, Lem. 4.6.2]

min (sD +1log7(s)) = max h(w)

where the maximum is taken over all continuous random variables w whose expected distortion
relative to 0 is equal to D, i.e., Eyw[d(w,0)] = D. This results again in the simple formula
(cf. (8.9))

R(D) > h(x) — max h(w).

Because the parametric bound (8.10) is more convenient in most cases and already allows us
to separate the source from the distortion, we will concentrate on a generalization of (8.10) to
rectifiable random variables. To this end, we will use the characterization of the RD function in

(8.7) with a specific choice of the function c.

Theorem 8.5 Let x be an m-rectifiable random variable with support £, and let

v(s) 2 sup / e~*d@Y) 4™ (x), fors >0. (8.12)
yGRM E

Then for each s > 0 the RD function is lower bounded by

R(D) > Rsis(D,s) £ h™(x) — sD —logv(s). (8.13)
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Proof. We start by noting that (8.12) implies
/e_Sd(w7y) d™ (x) < (s) (8.14)
£
forall y € RM. Let s > 0 be fixed. By (8.7),
R(D) > —sD + Ex[log a5(x)] (8.15)

for every function a; satisfying (8.8). We have

1 —sdx m —sd(m,) m(p
& anme ) = [F @ g @

- —sd(m ) m
= L @

(8%4)7 s)
v(s)
=1

for all y € RM. Therefore, the choice a4(x) £ WM(S) satisfies (8.8). Inserting ag(x) =

W into (8.15), we obtain

R(D) > —sD + By {log W}

= —Ex[log 6" (x)] — sD — Ex[logy(s)]
=h"(x) — sD —log(s).

O]

Note that for continuous random variables with positive probability density function almost
everywhere (i.e., M-rectifiable with support RM), the definitions of 5(s) in (8.11) and ~(s) in
(8.12) coincide. Indeed, because d(x,y) = d(x — y,0) and a translation by y does not change
the value of the integral over RM (8.11) becomes (recall that #M = £ M)

|t azii@) = [ oo ana) (8.16)
RM RM

forany y € RM . Because the left-hand side in (8.16) does not depend on y, taking the supremum
overy € RM in (8.16) results in

/ e d@0) g M () = sup/ e U@Y) 4.7M ()
RM RM

which is (8.12). Thus, in this case, the Shannon lower bounds (8.10) and (8.13) coincide. How-

ever, for continuous random variables with a smaller support £ C RM | the Shannon lower bound
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(8.13) is tighter (i.e., larger) than (8.10). This is due to the fact that (8.13) incorporates the addi-
tional information that the random variable is restricted to £.

The optimal choice of s in (8.13) depends on D and is in general hard to find. In fact, we do
not even know whether the optimal (i.e., largest) lower bound Rgg(D, s) is achieved for a finite
sor Rgip(D, s) increases as s goes to co. The following lemma shows that the latter alternative

is not possible.

Lemma 8.6 Let x be an m-rectifiable random variable with support £ and finite m-dimen-
sional entropy h™(x). Then for D > Dy the lower bound Ry g(D, s) in (8.13) satisfies

lim Rgip(D,s) = —o0. (8.17)
$§—00
Proof. See Appendix B.18. O

If R (D, s) is continuous, Lemma 8.6 implies that the global maximum of Rgy g (D, s) for
a fixed D > Dy exists and is either a local maximum or the boundary point s = 0. If (s) is

differentiable with respect to s, we can specify the local maxima of Rsyg(D, s).

Corollary 8.7 Let x be an m-rectifiable random variable with support £, and let y(s) (see
(8.12)) be differentiable with respect to s. Then for D > Dy the lower bound Rgig(D,s) in
(8.13) is maximized either for s = 0 or for some s > 0 satisfying

D= Ds) 226 (8.18)

Proof. Because 7(s) is differentiable, we can differentiate Rsys (D, s) with respect to s and then
set the result to zero to obtain a necessary condition for a local maximum. Solving the resulting
equation for D yields (8.18). Thus, for a given D > Dy, Rs (D, s) can only have a local
maximum s € (0, 00) for s satisfying (8.18). By Lemma 8.6, the global maximum can either be

a local maximum or is achieved for s = 0, which concludes the proof. U

If () is differentiable, Corollary 8.7 provides a “parametrization” of the graph of the largest
bound Rsi (D, s), i.e., we can characterize all pairs (D, supg~ RsLs(D, s)) for D > Dj.

Corollary 8.8 Let x be an m-rectifiable random variable with support £, and let y(s) (see
(8.12)) be differentiable with respect to s. Then

{(D, sup Rsip (D, s)) cR%:D > DO}
s>0

C {(D(s), Rsg(D(s),5)) : s >0} U{(D,h™(x) —log #™(E)) : D > Dy}
(8.19)

Proof. Let (D, Rs.g(D, s)) belong to the set on the left-hand side in (8.19). By Corollary 8.7,

this implies s = 0 or D = D(s).
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Case s = 0: In this case, we have

(D, RSLB(D7 S)) == (D, RSLB(D7 0))

G D hm(x) — log1(0))

D (D, ™ (x) — log #™(E)) (8.20)

where (a) holds because v(0) (®.12 Je1d#™(x) = #™(E). By (8.20), (D, RsLe(D, s))
belongs to the second set on the right-hand side in (8.19).

Case D = D(s): We have (D, Rgig(D,s)) = (ﬁ(s),RSLB(E(S),S)), which belongs to
the first set on the right-hand side in (8.19).

In either case (D, Rsi (D, s)) belongs to the right-hand side in (8.19), which concludes the
proof. O

Corollary 8.8 implies that we can construct the graph of the best Shannon lower bound
by constructing the pairs (5(3),RSLB(ﬁ(s),3)) for all s > 0 and the pairs (D, h™(x) —
log ™ (&)) for all D > Dy and taking the upper envelope of the resulting set. This idea

results in the following program:

(P1) For s > 0, calculate D(s).

(P2) Plot the s-parametrized curve (D(s), Rsig(D(s), s)).
(P3) Plot the horizontal line (D, §™ (x) — log #™(E)) for D > Dy.
(P4) The upper envelope of the resulting curve is the best Shannon lower bound.

Remark 8.1 One can show that, under certain smoothness conditions, the supremum in

(8.12) is in fact a maximum, and D(s) can be rewritten as
D(s) = D*(s) & — / d(z, §(s))e *4@96) ™ ()
£
where g(s) is the maximizing value in the definition of v(s) (see (8.12)):

7(s) £ arg max / e UM@Y) 4™ (x) . (8.21)
yGRM E

(Thus, v(s) = [, e—sd®9()) 4™ (x).) Therefore, we can also apply the program (P1)—(P4)
with D*(s) in place of D(s). In fact, even if v(s) is not differentiable, we can use the program
(P1)—(P4) with D*(s) to obtain a lower bound on the RD function (although, we do not know the
optimality of the resulting bound). Indeed, by Theorem 8.5, the points calculated in steps (P2)

and (P3) indicate lower bounds on the RD function.
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8.2.2 Shannon Lower Bound on the Unit Circle

To demonstrate the practical relevance of Theorem 8.5, we apply it to the simple example
given by £ = &, i.e., the unit circle in R2, and squared error distortion, i.e., d(x,y) =
|z — yl||%. In order to calculate ¥(s), we first show that g(s) in (8.21) exists, i.e., that y(s) =
max, cg2 fSl e~sl2=vl” 47" (&) for all s > 0. Let s > 0 be arbitrary but fixed. Note that we
)T

can restrict to y = (y1 0) *, with y; > 0, because the problem is invariant under rotations. Thus,

/ e—sH:l:—y||2 d%l($) — / e—s((z1—y1)2+x§) d%l (iU)
Sl 81

and therefore we have to maximize the function
) & [ Dt @)
S1

on [0,00). To this end, we consider the derivative f.. Because ##|s, is a finite measure and
e~ s((@i—y1)?+23) < 1 for (z1 :BQ)T € 51, we can change the order of differentiation and integra-

tion. This results in the expression
filyr) = / 2s(x1 — y1) e (@ =V 428 ot () (8.22)
S1

Because 21 < 1 for x € 81, we have f/(y1) < 0 fory; > 1, i.e., fs is monotonically decreasing
on (1,00). Thus, the function fs can only attain its maximum in the compact interval [0, 1].
Because f; is a continuous function, we conclude that y(s) = max,cge | s, e~sle=vl* 71 ()

exists for each s > 0.

To characterize v(s) in more detail, we consider the equation f/(y1) = 0 to find local max-

ima. By (8.22) and because x% + 23 = 1 for z € Sy, f(y1) = 0 is equivalent to

200 [ (a1 =g 0 4 () = 0. (323)
S1

2 . . .
Furthermore, because 25~ 5(1+41) > () and using the transformation x1 = cos ¢, o = sin ¢, we

obtain that (8.23) is equivalent to

2T
/ (cosp — y1) €291 dp = 0. (8.24)
0

Because we know that the function f7 can only have zeros on [0, 1], we can solve (8.24) numeri-
cally for any fixed s > 0 and compare the values of f; at the different solutions and at the bound-
ary points 0 and 1 to find v(s). In Fig. 8.1, the values of y(s) are depicted for s € [0.01, 5000].
We now have all the ingredients to calculate the parametric lower bound Rgyg(D, s) in (8.13)
for any given distortion D and an arbitrary source x on S;. In particular, let us consider the case

of a uniform distribution of x on Sy, in which h*(x) = log(27) (see (7.10)). In Fig. 8.2, we show
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Figure 8.1: Graph of 7(s) for different values of s.
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Figure 8.2: Shannon lower bound Rg; (1072, s) for s € [1, 94].

the lower bound Rsi (D, s) for s € [1,94] and distortion D = 1072, It can be seen that the
maximal lower bound Rg; g (10_2, s) is obtained for s ~ 50. To plot Fig. 8.2, we had to calculate
~(s) for many different values of s. We also used “trial and error” to find the region of s where
the maximal lower bound Rgy 5 (10_2, s) arises. To avoid this tedious optimization procedure for
all values of D under consideration, we can simply use the program (P1)-(P4). In Fig. 8.3, we
show the resulting graph for s € [1, 10°] corresponding to bounds on R(D) for D € [5-1074,1].

We also show in Fig. 8.3 an upper bound using the following result.

Theorem 8.9 Let the random variable x on R? be uniformly distributed on the unit circle.

For any n € N,
R(D(n)) < logn (8.25)
where )
D(n)=1- (" sin W) . (8.26)
T n

Proof. See Appendix B.19. U
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Figure 8.3: Parametrized Shannon lower bound constructed by (P1)-(P4) and upper bound (8.25)

on the RD function for a source x on R? uniformly distributed on the unit circle and squared error
distortion.

The upper bound depicted in Fig. 8.3 was obtained by linearly interpolating the upper bounds
(8.25) corresponding to different values of n (and, hence, D(n)). This is justified by the convex-
ity of the RD function [Cover and Thomas, 2006, Lem, 10.4.1].
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Chapter 9

Conclusion of Part 11

We presented a generalization of entropy to singular random variables supported on integer-
dimensional subsets of Euclidean space. More specifically, we considered random variables
distributed according to a rectifiable measure. Similar to continuous random variables, these
rectifiable random variables can be described by a density. However, in contrast to continuous
random variables, the density is nonzero only on a lower-dimensional subset and has to be in-
tegrated with respect to a Hausdorff measure to calculate probabilities. Our entropy definition
is based on this Hausdorff density but otherwise resembles the usual definition of differential
entropy. However, this formal similarity has to be interpreted with caution because Hausdorff
measures and projections of the rectifiable sets do not always conform to intuition. We thus
emphasized mathematical rigor and carefully stated all the assumptions underlying our results.

We showed that for the special cases of rectifiable random variables given by discrete and
continuous random variables, our entropy definition reduces to the classical entropy and the
differential entropy, respectively. Furthermore, we established a connection between our entropy
and differential entropy for a rectifiable random variable that is obtained from a continuous
random variable through a one-to-one transformation. For joint and conditional entropy, our
analysis showed that the geometry of the support sets of the random variables plays an important
role. This role is evidenced by the facts that the chain rule may contain a geometric correction
term and conditioning may increase entropy.

Random variables that are neither discrete nor continuous are not only of theoretical inter-
est. Continuity of a random variable cannot be assumed if there are deterministic dependencies
reducing the intrinsic dimension of the random variable, which is especially likely to occur in
higher-dimensional problems. As a basic example, we considered a random variable x € R?
supported on the unit circle, which is intrinsically only one-dimensional. Here, the differential
entropy of x is not defined and, in fact, classical information theory does not provide a rigorous
definition of entropy for this random variable.

As an application of our entropy definition to source coding, we provided a characterization
of the minimal codeword length of quantizations of integer-dimensional sources. Furthermore,

we presented a result in rate-distortion theory that generalizes the Shannon lower bound for
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discrete and continuous random variables to the larger class of rectifiable random variables. The
usefulness of this bound was demonstrated by the example of a uniform source on the unit circle.
The resulting bound appears to be the first rigorous lower bound on the rate-distortion function
for that distribution.

Possible directions for future work include the extension of our entropy definition to dis-
tributions mixing different dimensions (e.g., discrete-continuous mixtures). The extension to
noninteger-dimensional singular distributions seems to be possible only in terms of upper and
lower entropies, which could be defined based on the upper and lower Hausdorff densities' [Am-
brosio et al., 2000, Def. 2.55]. Furthermore, our entropy can be extended to infinite-length
sequences of rectifiable random variables, which leads to the definition of an entropy rate gener-
alizing the (differential) entropy rate of a sequence of discrete or continuous random variables.
Finally, applications of our entropy to source coding and channel coding problems involving

integer-dimensional singular random variables are largely unexplored.

"The upper and lower Hausdorff densities exist for arbitrary distributions, whereas, by Preiss’ Theorem [Preiss,
1987, Th. 5.6], the existence of the Hausdorft density implies that the measure is rectifiable.
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Appendix A

Proofs of Part I

A.1 Proof of Lemma 2.3

A.1.1 Proof of Statement 1

To prove that almost all of M can be covered by the union of disjoint measurable subsets U,
we will use the following lemma, which is an application of the result reported in [Federer,
1969, Cor. 3.2.4].

Lemma A.1 Let A C C" be a Lebesgue measurable set and x: C" — C" a continuously
differentiable mapping (e.g., the mapping in Lemma 2.3). Then there exists a Lebesgue measur-
able set BC AN {u € C" : |J.(u)| # 0} such that K‘B is one-to-one and x(A) \ k(B) =N,
where N is a set of Lebesgue measure zero.

We will use Lemma A.1 repeatedly to construct the disjoint sets {U4; } je[1:m)-

Lemma A.2 Let x and M be as in Lemma 2.3, i.e., k: C" — C" is a continuously differ-
entiable mapping with Jacobian matrix .J,, such that J,.(u) is nonsingular a.e. and M = {u €
C": |J.(u)| # 0}. Assume that for all v € C™, the cardinality of the set 1 (v) N M satisfies
|k~ (v) N M| < m < oo, for some m € N (i.e., K‘M is finite-to-one). Then, for k € [1:m)],
there exist disjoint Lebesgue measurable sets {1/} } jc(1.,) With U; € M such that /@‘ U, is one-to-

one for j € [1:k]. Furthermore, there exists a set Ny, of Lebesgue measure zero such that

/il(v)ﬂ<./\/l\ U uj>

JE[1:k]

<m-—-k, forallvE/£<M\ U Z/Ij>\./\fk. (A.1)

jE[1:k—1]

Proof. We prove Lemma A.2 by induction over k.

Base case (proof for k = 1): By Lemma A.1 with A = M, we obtain a set 5 C M (recall
that M = {u € C": |J,(u)| # 0} and thus M N {u € C": |J,(u)| # 0} = M) such that
/@‘B is one-to-one. Furthermore, (M) \ k(B) = N for a set N7 of Lebesgue measure zero.
Because x(BB) C (M), this implies k(M) \ N1 = x(B). Thus, for each v € k(M) \ N1, there
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exists u € B such that k(u) = v. Equivalently, k=1 (v) N B # 0. Hence, for v € k(M) \ M1,

57 () N (MAB)| = [(x7 () N M)\ (57 (v) N B)|

9 w) M| = & (v) N B
® 1wy A M| -1

<m-1 (A2)

where (a) holds because £~ (v)NB C k=1 (v)N.M, (b) holds because £~ (v) N is nonempty
and contains at most one element since n‘ 5 s one-to-one, and (c) holds because we assumed
that [k ~1(v) N M| < m. We setUy = B and, by (A.2), the property (A.1) is satisfied for k = 1.

Furthermore, /’é}‘ w, =K is one-to-one, which concludes the proof for the base case.

s
Inductive step (transition from k to k + 1): Suppose we already constructed the & disjoint
measureable sets {U/; }jc[1.] and the set N satisfying (A.1). To simplify notation, define

Ut e | oy

JE[1:K]
Note that (A.1) can now be written as

K w)n (MN\UF)| <m—k, forallv € n(M\UFE)\ NG (A3)
By Lemma A.1 with A = M\ U k], we obtain a set B3 such that /<,| 5 18 one-to-one and
BC M\ulk. (A4)

Furthermore, x (M \ UM \ k(B) = Nig1 for a set Ny 1 of Lebesgue measure zero. Because
k(B) C k(M \UM), this implies r (M \ U] \ Nis1 = £(B). Hence, for v € r(MA\UM)\
Nyt 1. there exists u € B such that x(u) = v, or equivalently, £~ (v) N B # (). Thus, similarly
to (A.2), we obtain for v € r (M \ UK]) \ (./\N/'k+1 UN)

() N (MN\UFY\B)| = [ (5 (v) 0 (MA\UM))\ (57 (v) N B)|
Dk~ (w) 0 (MAUE) | = |5~ (v) N B

O |k (v) N (M \Z/l[k])| -1

(©)
<m-—k—1 (A.5)

where (a) holds because <~ (v) N B C x~H(v) N (M \ U"), (b) holds because x~*(v) N B
is nonempty and contains at most one element since KZ‘ 5 1s one-to-one, and (¢) holds because
of our induction hypothesis (A.3). Setting Uy, 1 = B, the left-hand side in (A.5) is equal to
000 () )] = o) () on
(M O\ ul+1) )| <m—k—1forallv e /{(/\/l \ Ukl \ (/\N/'kﬂ U N%). This is exactly the
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property (A.3) with k replaced by k + 1 and Ay, replaced by NV, 11 2 N1 UNj. Furthermore,
we have by (A.4) that Uy, ; = B C M\ U and thus U,y NU; = O for j € [1:k]. Finally,

/{’ = /-e‘ is one-to-one, which concludes the proof. O
Uy 11 B

The sets {U; } je[1:m] constructed in Lemma A.2 are disjoint and H‘ . 1s one-to-one forall j €
J

[1:m)]. It remains to be shown that /"™ = | je1:m) Uj covers almost all of M. To this end, we
first show that x (M\UI™) \ N, is empty. Assume by contradiction that v € r(M\UM)\N,.
By (A.1) with k = m, we have that for all v € (M \ UM ) \ N,

!Ffl(v) N (M \L{[m])} <m-m=0

i.e., there exists no u € M\ U ™I such that x(u) = v. This is a contradiction to the assumption
v € k(M \ UM\ N, and thus we conclude that there is no v € x(M \ UM) \ NV, ie.,
k(M \UM)\ N, = 0. Hence, we have

r(MA\U™) C N, (A.6)

We next use the integral transformation reported in [Federer, 1969, Th. 3.2.3] to obtain

(A.6)
/ |Jn(u)|2du§m/ dv < m dv=0.
M\UIm r(M\UIMT) Nm

Because the function |J; ()| is positive on M, it follows that the Lebesgue measure of the set
MA\U "] has to be zero, i.e., U™ covers almost all of M. This concludes the proof of part 1.

A.1.2 Proof of Statement 2

To establish statement 2, i.e., the bound (2.22), we first note that

h(v) > h(v]k) = Y h(v|k=k)ps (A7)
ke[l:m]

where k is the discrete random variable that takes on the value k when u € Uj,, and p;, = Pr{u e
U} = ka fu(u) du. We assume without loss of generality! that py #0, k € [1:m]. Since /i‘uk is
one-to-one, we can use the transformation rule for one-to-one mappings (see, e.g., [Morgenshtern
etal., 2013, Lemma 3]) to relate h(v|k=Fk) to h(u|k=Ek):

hvlk=k) = hulk=k)+ | fupcs0) (T (w)]) du. (AS8)

'If pr =0 for some k, we simply omit the corresponding term in (A.7).
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The conditional probability density function of u given k=Fk is fy—r(u) = Ly, (u) fu(u)/pi.
Thus, h(ulk=k) = — fuk(fu /pk) log (fu( )/pk) du, and (A.8) becomes

h<v|k=k>=1<— futwptog (P qu s [ fu(U)log(!Jn(u)lz)dU>

Pk

1( ol o fu(u du+/fu ) log (| (u >\>du+pklogpk).
Pk

Inserting this expression into (A.7), and recalling that the sets U}, are disjoint, that /™ =

U ke[1im] Uy, covers almost all of M, and that C" \ M has Lebesgue measure zero, we obtain

hv) > ( / Fulw) log fu(w) du + fu<u>1og<un<u>2>du+pklogpk)

ke[l:m]

== g fuwdu+ [ fuu)log( ) du+ 3 piloz

utml ke€[1l:m]

—H(k)

= —/ fu(u)log fu(u) du —i—/ fu(w)log(|J.(w)|?) du — H (k)
(Cn (Cn
+/ fu(w)log(|J.(w)?) du — H(k).
(Cn

A.2 Proof of Lemma 2.4

Since f is not identically zero, there exists a £y € C" such that f(&;) # 0. The function
g(&) = f(&€ + &) is an analytic function that satisfies g(0) # 0. By performing the change of

variables & — & + &g, we can rewrite /7 in (2.26) in the following more convenient form:

L= / _exp(—[[€ + &*) log(lg(€)]) dé
We have

1€ + &ll* < (Il + 1l

I€1” + 21€lll1€oll + l1€ol®

€117 + 2 max{[|€]|*, 1€o*} + &l

311€11% + 3]l (A9)

IAN

IA

Using (A.9), we lower-bound I; as follows:

L>e /@ exp(~3]€1P) log(lg(€)]) € 2 Iy (A.10)



A.3. PROOF OF LEMMA 3.6 99

where ¢ = exp(—3||&o]|?). We next define the mapping ¢: R*® — C"; = — ([m][lm} +

ilx] [n+1:2n]), and rewrite I5 in (A.10) as

I, = c/ exp(—3||z|?) u(zx) dz (A.11)
R2n

with u(x) £ log(|g(¢(x))]). Since g(0) # 0, we have that u(0) > —oo. By [Azarin, 2009, Ex-
ample 2.6.1.3], u(x) is a subharmonic function. We shall use the following property of subhar-
monic functions, which is a special case of the more general result reported in [Azarin, 2009,
Th. 2.6.2.1].

Lemma A.3 Let u be a subharmonic function on W C R?", If {x € R?": ||z|| < r} CW

for some r >0, then

1

u(0) < W

/ (@) A ()
Sy

where S, = {x € R?": ||| = r} and the constant w(2n) denotes the area of the unit sphere in
R,

Using a well-known measure-theoretic result (see, e.g., [Federer, 1969, Th. 3.2.12]), we have

for u(z) = log(|g(¢(x))|)
/ exp(=3||z|?) u(z) de = /OO (/ u(x) ds(:c)) exp(—3r?)dr. (A.12)
R27 0 ",
Inserting (A.12) in (A.11), we obtain

I = c/ooo (/ru(m) ds(m)) exp(—3r2) dr

(a) o]
> COop u(O)/ eXp(_37«2)742n—1 dr
0

®)
> —00.
Here, (a) is due to Lemma A.3 and (b) holds because u(0) > —oo and

0< / exp(—3r%)r*"1dr < oo
0

Using (A.10), we conclude that I; > —oc.

A.3 Proof of Lemma 3.6

Since the proof of Lemma 3.6 is quite technical, we shall first (in Section A.3.1) illustrate its key
steps by focusing on the special case T = 2,R=3,N =4, and Q = 1. The proof for arbitrary
ZF, R, N, and ) will be provided in Section A.3.2.
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A.3.1 Special Case T = 2, R=3,N=4,Q=1

By (3.28), we have ¢ = 12 and, thus, Z = [1 : 12]. Furthermore, we choose D¢ = {7,12}.
Hence, recalling that & = (s1,1 S2,1 53,1 51,2 52.2 53,2 T z3)T, we have
— T
[st]pe = ([@1]; [22]5)

and
[E]p = (s1,1 52,1 53,1 S1,2 S2.2 832 [®1]5 [T1]5 [®1]y [w2]; [@2]3 [22],)T

We also choose z as the all-one vector. For these choices, the Jacobian [Js(s, 2)]? in (3.32) is

equal to the following matrix

Zy 1), [Z1,2]4 0 [Z1,2],51,2
Z1,1]y [Z1,2], [Z1,1]551,1 0
Z1 15 [Z1,2]

Zy1 1]y ]

3 [Z1,1]3511 [Z1,2]551,2
[Z1,2], [Z1,1]y81,1 [Z1,2]451,2
[Z21], [Z2,2]; 0 [Z2,2],52,2
[Z21]5 [Z2,2], [Z2,1]552,1 0
[Z2,1]5 [Z2,2]5 [Z21]352,1 [Z2,2]352,2
[Z21], [2Z2,2]4 [Z21],521 [Z2,2],52,2
(Z3,1]; [Z3.2]; 0 [Z3,2],53,2
[Z3.1]5 [Z5,2]5 [Z3.1]553.1 0
[Z3,1]5 [Z3,2]5 [Z5,1]383,1 [Z3,2]353,2
[Z3.1]4 [Z3,2], [Z5,1]453,1 [Z3,2] 53,2

(A.13)

[
[
[
[

We have to find Z and s such that the determinant of this matrix is nonzero. Setting [Z3 2], =
[Z31]y=1[Z32]3=[Z3,1], =0, the entries highlighted in gray in (A.13) become zero. Further-
more, choosing nonzero [Z3 1], [Z3,1]3, [Z3.2]s, [Z3,2]4, $3.1, and s3 2 and operating a Laplace
expansion on the last four rows in (A.13), it is seen that the determinant of the matrix in (A.13)

is nonzero if and only if the determinant of the following matrix is nonzero:

[Z11]; [Z1,2]; 0 [Z1,2]151,2
[Z1,1], [Z1,2], (Z1,1]551.1 0
[Z11]5 [Z1,2]5 0 [Z1,2]351,2
(Z11]4 [Z1,2]4 (Z1,1]451,1 0
[Z21], [Z2,2]; 0 [Z2,2],52,2
[Z21]5 [22,2]5 [Z2,1]552.1 0
[Z2,1]5 [Z2,2]3 0 [Z2,2]352,2
[Z2,1]4 [Z2,2]4 [Z2,1]452.1 0

(A.14)

The matrix in (A.14) is the Jacobian matrix corresponding to the case T = 2,R =2 N =4,
and @ = 1. In other words, by performing the matrix manipulations just described, we reduced
the case & = 3 to the case & = 2. A similar idea will be used in the proof for the general
case provided in Section A.3.2, where we will reduce R inductively until R = T. Setting
s1,2 = s2.1 = 0, the entries highlighted in gray in (A.14) become zero. By choosing nonzero

(Z11)9:[Z11]45[Z2,2)1,[Z2,2]3, 51,1, and s 2 and operating a Laplace expansion on the last four
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Figure A.1: Construction of the sets P; for T = 4, N = 6, and ¥ = 14.

columns, it is seen that it is sufficient to show that the determinant of the following matrix is
nonzero:
[Z14]; [Z1,2]
(Z11]3 [Z1,2]3
[Z2,1], [Z2,2
[Z2,1]4 [Z2,2

2

4
This can be achieved, e.g., by setting all off-diagonal entries (i.e., [Z1 1], [Z1,2];, [Z2,1]4, and
[Z22]5) to zero and choosing all diagonal entries (i.e., [Z11];, [Z12]3, [Z2,1]5, and [Z22],)

nonzero.

A.3.2 Proof for the General Case
We have to find Z, s, @, and D such that |[J,(s, )] | # 0.

Construction of D

We start by constructing the set D. As in the special case above the set D includes all indices
pointing to variables in s (i.e., [1 : RTQ] C D). For the indices of  we will define sets
P; C [1: NJ that specify the indices of every @; not belonging to D (we can think of P; as

specifying the positions of the pilot symbols at transmit antenna t), i.e.,
D ={RTQ+i+ (t—1)N:ieP,te[1:T]}. (A.15)

Because we need |D| = £, the sets {P;}, c(1.7] have to satisfy

Z | Pt

te[1:T]

D]
= RTQ+TN —¢
2 RTQ + TN — min{RN, RTQ + TN — T}
= max{T,RTQ — (R—T)N}
9. (A.16)

(1>
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(We use the subscript R in ¥ because the dependence on R will be important later.) To provide
intuition about our choice of the sets Py, we use a card game metaphor. Consider a deck of
TN cards showing numbers from 1 to N sorted as follows: 1,2,...,N,...,1,2,..., N (.e.,
the sequence 1,2, ..., N repeated T times). The idea is to choose the ¥ g positions of the pilot
symbols by assigning the indices i € [1: N] to the sets P; in the same way as the first ¥ cards
are distributed to T players (in Fig. A.1, we give an example of the algorithm for ¥z = 14,
N = 6, and T = 4): The first card shows 1 and goes to Py, i.e., 1 € Py, and in the same way
we proceed with 2 € Ps; . .. ,f € Pz (this corresponds to the 1st to 4th card in Fig. A.1). When
we run out of sets (players), we start with the first set (player) again: T+1eP,T+2e Py,
etc. After the card showing index N (recall that P; C [1: N]), the next card starts with index 1
again (in Fig. A.1, the 6th card shows N = 6 and goes to P and the 7Tth card shows 1 and goes
to P3). This scheme works as long as we avoid assigning an index to a set P; to which that index
was already assigned in a previous round. (In Fig. A.1, this would happen after the 12th card.
The 13th card shows 1 and the algorithm would set 1 € P;, which was already assigned to P;
in the first round.) To avoid this issue, we introduce an offset and skip one set (resulting in the
13th card going to P in Fig. A.1) and proceed as before. The algorithm stops when ¥ indices
(cards) have been assigned to the sets (players) P;.

We now present a mathematical formulation of the algorithm we just outlined. Let the func-
tion 3: [1:TN] — [1:T] x [1: N] be defined as

] . i—1 * 1
B = /81(;) s (J + LCIS(T,N)J) mod™ 1" . jEe[1:TN]. (A.17)
Ba(4) jmod* N

Here lem(-, -) denotes the least common multiple and a mod*b = a — b|(a — 1)/b] denotes

the residuum of a divided by b in [1: 0] (and not in [0: b — 1] as commonly done). We use the
function 3 to assign up to TN elements (note that 9 < TN ) to the sets P; as follows: for
j € [1:9g)], the function f3, (j) specifies t € [1:T] (equivalently, one of the sets Py, t € [1:T7]),
and the function f2(j) specifies the index ¢ € [1: N] that is assigned to P, (again invoking our
card game metaphor, the jth card shows the index 32(j) and is assigned to player Pg, (;)). Using

B1(7) and B2(j), we can compactly describe each set P, as follows:
P2 B (BN () N [1:0R]), te[1:T). (A.18)

Here, the set 5] 1(t) consists of all values j € [1 : TN | that correspond to an assignment of an
index i to the set P;. Since we only want to assign a total of 1 indices, we take the intersection
with [1:9g]. For each j € 87 '(t) N [1:9g], the function B3 now chooses an index i € [1: N],
and we obtain the definition (A.18).

The sets P; in (A.18) satisfy the properties listed in the following lemma.

Lemma A.4 Suppose that R > T, N > TQ, and R < [T(N —1)/(N — TQ)]. Let the
sets { P} te[1:7) be defined as in (A.18). Then the following properties hold:
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0 Xepa Pl = Vg

(i) [P, < TQ;
fR>T , let {75,5} te[1T] be the corresponding sets for the case of R — 1 receive antennas, i.e.,
Pi2 BB (1) N [L:0R]). (A.19)
Furthermore, we set
L2 P\ P (A.20)
and
L2 | L. (A21)
te[1:T)

Then the following properties hold:

(iil) L:N Ly =0 fort #¢/;

(iv) £y C[1:N — ~], where
vy& RN —¢; (A.22)

(v) There exist sets Gy C [L: N — 4], t € [1:T] satisfying

a) |G| = Q,

b) GiNGy =Ofort #t,

¢) GNPy # 0,

d) Ute[hf] Ge =G £ [1:N —1] \Z-

Proof. See Appendix A.4. O

Remark A.1 Property (i) states that the sets P; have the correct size (see (A.16)). Proper-
ties (iii), (iv), and (v) state that we can partition the set [1: N — ~] into oT disjoint sets £; and
Gu, t,t' € [1:?] G.e.,G:NGy =0,G, N Ly =0, and L; N Ly = O for t # t) such that in each
Gy there is a point gy € Py.

Construction of Z, s, and x

It remains to find a triple (Z, s, x) such that det ([J¢(s, x)]?) is nonzero (with the choice of D
described above). This will be done by an induction argument over R > T. For this purpose, it
is convenient to define the sets

Dy 2 [1:N]\ P;. (A.23)

Note that by (A.15) and because D = [1: RT'Q + T'N] \ D¢, we have that

D =[1:RTQ +TN]\ D°
= [1:RTQ +TN|\{RTQ+i+ (t—1)N :i € Pyt e [1:T]}



104 APPENDIX A. PROOFS OF PART I
= [1:RTQIU{RTQ+i+ (t—1)N :i e D;t e [1:T]} (A.24)

i.e., Dy C [1: N] specifies the positions of the symbols in the vector x; specified by D. We will

make repeated use of the next result, which follows from [Horn and Johnson, 1985, Sec. 0.8.5].

Lemma A.5 Let M € C" ", and let £, F C [1:n] with || = |F|. If [M][f;n]\g =0or

[M]g:n]\f: 0, and if [M]? is nonsingular, then det(M) # 0 if and only if det ([M] EZR?) #
0.

Remark A.2 Lemma A.S is just an abstract way to describe a situation where given a matrix
M, one is able to perform row and column interchanges that yield a new matrix of the form
<’3 g), where A and C' are square matrices. In this case, a basic result in linear algebra states
that the determinant of M equals the product of the determinants of A and C, and hence,

assuming that C is nonsingular, det(M) # 0 if and only if det(A) # 0.

We will now present the inductive construction of Z, s, and x.

Induction hypothesis: For T < R < [TV(N - 1)/(N — TQ)], TQ < N (as assumed
throughout the proof), and {P,} re[17
(1---1)T such that det ([Jy4(s, x)]?) is nonzero.

Base case (proof for R=T): When R =T, (A.16) reduces to 3, 71| Pi| = T*Q. Using
Property (ii) in Lemma A.4, this implies that |P;| = T'Q. Furthermore, / = RN (see (3.28)),
resulting in Z = [1: RN]. To establish the desired result, we first choose s,; = 0 for r # t.
With this choice, the matrix [Js(s, 2)]? in (3.32) looks as follows:

| as in (A.18), there exists a triple (Z, s, x) with x =

1 T OTT T T T

where we used the sets {D; given in (A.23), and where (cf. (3.31)) B, = (Z,1--- Z_=),

- }tE[lzf}
for r € [1:77] and (cf. (3.33))

At,t = diag(am), te [lf], with Qgt = Zt’tsm . (A26)

We choose? [Zm]pr e CTQ*Q guch that the square matrices [BT]PT = [(Zr,l er)]% €
(CTQXTQ are nonsingular. Furthermore, we have that [At,t]% = 0 (by (A.26), A;; is a diagonal
matrix, and because P;ND; = (), the matrix [At,t]g: contains only off-diagonal entries). We will
use Lemma A.5 with M = [J,(s, x)]Z given by (A.25), n = T2Q +|D|, € = P (i.e., the rows
where [A;;]P* is zero), and F = [1 : T2Q) (i.e., the columns of all B,., r € [1:T7). This choice
yields [M ]g = diag ([Bi]p,- - - I:BT]Pf)’ which is nonsingular because it is a block diagonal

“Note that so far we used the index ¢ in the sets P;. Now we consider the matrix [B;]p, for t = r. Thus, it is
convenient to use only the index 7.
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matrix where each block on the diagonal, [B, ], , was chosen nonsingular. Furthermore, we have

. . Ds
that [M]2 " = diag ([411]2",.. ., [Az 7lp,

are met and, hence, det(M) = det ([J4(s,)]F) # 0 if and only if the determinant of the

following matrix is nonzero:

) = 0. Thus, the requirements of Lemma A.5

MITNT = - (A27)

Because of (A.26), we have [At,t]g’; = [diag(at,t)]gi. Hence, the matrix in (A.27) is a diagonal
matrix and can be chosen to have nonzero diagonal entries by choosing [Ztt]Dt and s;; such
that [at 4], = [Z¢4] (iySt.t # 0 for all i € D, (again see (A.26)). Thus, its determinant is nonzero
and, in turn, det(M) # 0.

Inductive step (transition from R — 1 to R): Assuming that Z,; and s,; for ¢t € [1: T],
r € [1: R — 1] have already been chosen such that the determinant of [Jy (s, z)]? is nonzero
in the R — 1 setting, we want to show that there exist Zr; and sp¢, t € [1 : f] for which
the determinant of the matrix [J4(s, )]2 in (3.32) is nonzero. To facilitate the exposition, we
rewrite the matrices involved in a more convenient form. For the case of R receive antennas,

denoted by the superscript [R], we rewrite the Jacobian matrix [Jy(s, z)]? in (3.32) as

B, [A P - [ALT]Df
A » : :
J (s, )| = _ A28
D Dz
[Br] [1:N—~] {Ava][ﬁN—ﬂ [AR,T][I:]}V—W]

where we used (A.24) and that Z = [1 : RN — ~]. For the R — 1 case, the Jacobian matrix is

given by
B, [Am]ﬁl [Alj]ﬁf
[J;R_l](s,w)]g — : : (A.29)
Bp1 [Ap_1]P" - [Ap_, 7177
where
D, 2 [1:N]\ P, (A.30)

with the sets ﬁt introduced in Lemma A.4. Note that in (A.29), we do not need to truncate
the matrix when selecting the rows in the set 7 as required by (3.32). This follows because ¢ =
(R—1)N for R—1 < T(N —1)/(N —TQ) (which holds because R < [T(N —1)/(N—-TQ)7)
and, hence, Z = [1: (R — 1)N].

Let G, G;, and L; be defined as in Lemma A.4. Set [Zth]g\gt = Oforallt € [1:7], and
choose [Zr g, € C@*Q nonsingular for all ¢ € [1:7T]. With these choices, and recalling that
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we set £ = (1---1)T in the induction hypothesis (whence X; = I), it follows from (3.31)
that [Bgrlg = ([Zr1lg -+ [Zy 7)) is nonsingular. Next, for each t € [1 . T), select an index
g; in the set Gy NP, (note that7 this set is non-empty due to Property (v-c) in Lemma A.4).
Furthermore, choose sg; to be orthogonal to the rows of (Z R,t} G\ {g:} e C@-1xQ gpd to
satisfy [Zp ¢] {9} SR # 0 (note that since s, € C@, it is always possible to choose s;.; such
that it is orthogonal to () — 1 vectors of a set of () linearly independent vectors and not orthogonal

to the last one). Recalling (3.33), we have
[Ar/g = [diag(ar,)]g. t€[1:T]

where [ap;]; = [ZR7t]{i}sR,t = 0fori € G\ G by our choice [ZR7t]g\gt = 0, and for 7 €
Gt \ {g:} because we chose sp; to be orthogonal to the rows of [Z R7t}gt\ (g1} Thus, [AR]g has

only one nonzero entry [a R,t] which is in the g;th column. But since g; € P; and P, N D; = (),

gt’
taking only the columns indexed by D; results in [A R’t]gt = 0. We will use Lemma A.5 with
M = [J(E)R}(s, x)|P given in (A.28), n = |D|, £ = {i + (R — 1)N : i € G} (i.e., the rows of
[BR] [1:n—) SPecified by G), and 7 = [(R-1)TQ+1: RTQ)] (i.e., the columns of [ BR| [1:N—))-
This choice yields

[M}? = [Bglg = ([ZR,I]Q [ZR,T]Q)
which is nonsingular as noted above. Furthermore, we have

mn 1 D~
(MIF = (0 [ARyJD - [Ag7lgT) = 0.

Hence, the requirements of Lemma A.5 are satisfied. We obtain that the determinant of M =

[J Q[SR}(S, x)|? in (A.28) is nonzero if and only if the determinant of the following matrix is

nonzero:
B, [Alvl]Dl .. [Al’T]DT

[ ][1:n]\5 Br_; [AR—l,l]D1 [AR—LT]Df ( )
D Dy
0 [Aralz" o [AgglET

Here, we used Property (v-d) in Lemma A.4, i.e., that [1: N —~] \ G = L.

So far, we specified only the rows [Zg];. Because G N L =10 by Property (v-d) in
Lemma A.4, we can still freely choose the remaining rows [Zp ] - We first choose the rows
indexed by £; such that [Zp ] £, SRt does not have zero entries (e.g., (Z th]{i} = Sg,t for
i € Ly, resulting in [ZR 4] (iySRt = |sr+]|? # 0). Next, we choose the remaining rows, indexed

by E\ L, to be zero, i.e., [ZR’t]E\L = 0. With these choices and using (3.33), we obtain
t

[AR’t]lﬁziﬁz = 0 and det ([AR’*/]Z) # (0. We apply Lemma A.5 once again, with M = K given

in(A31),n=(R—1)TQ+|D,E=[(R—1)N +1: (R—1)TQ+|D|] (i.e., all rows below



A.4. PROOF OF LEMMA A4 107

Bpgr_4), and
F=U {i+(R-0DTQ+ Y Dulsics}

te[1:T] t'el:t—1]

(i.e., the columns of [A R7t]g for all ¢ € [1:T7). This choice results in

LT)

[M]Z = diag ([AralZ, - [Ag 7] P

which is nonsingular because det ([A R,t]ﬁ) # 0. Furthermore, we have

Ln)\F D1\ L D#\ Ly
M = (0 (AR 7 Ay 77 T) =0,
Thus, the requirements of Lemma A.5 are satisfied. We obtain that the determinant of K
in (A.31) is nonzero if and only if the determinant of the following matrix is nonzero:
By [A PV (A G]PTVEE

)

(M = : : . (A.32)

[1:n]\&
BR—l [AR_Ll]Dl\El ... [AR—I T]Df\ﬁf‘

By the definitions £; = P, \ Ps, Dy = [1: N] \ P, and D, = [1:N]\ Py (see (A.20), (A.23),

and (A.30)), we obtain Dy \ £; = ([1:N]\ P\ (P \ Py) Y [1:N]\ P, = D, forall t € [1:T],

where (a) holds because P; C P;. Thus, [M]HZR? in (A.32) is equal to [JLR_I](SJ)]?
in (A.29). Altogether, we obtain that the determinant of [J(E)R] (s,)]? in (A.28) is nonzero if

and only if the determinant of [M ]HZR? = [Jd[)R_l}(s,a:)]f5 in (A.29) is nonzero. But the

determinant of [J(E)R_ U (s, ac)]?I? is nonzero by the induction hypothesis.

A.4 Proof of Lemma A.4

A.4.1 Bijectivity of 3
In order to prove Lemma A.4, we will use the following property of the function 3 in (A.17).
Lemma A.6 The function 3 defined in (A.17) is bijective.
Proof. To facilitate the exposition, we introduce the notation
L2 lem(T,N).
Recall that B(j) = (B1(4) Ba(4))" with B1(j) = (j + [(j — 1)/L]) mod* T € [1: 7] and

B2(j) = jmod* N € [1:N], forj € [1 :fN]. We start by proving that 3 is one-to-one. Assume
that there exist ji, j» € [L:TN] with j; < j, such that 8(j1) = B(j2). From 82(j1) = B2(ja),
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it follows that j; mod* N = j» mod* N and, hence,’ jo = j; + nN for some n € [0:T — 1].
Similarly, 51 (j1) = 51(j2) implies that

. J1—1 ) Jjo—1 ~
N —mT
]1+{ 7 J J2+{ I J m

for some m € N, and thus

. i1 —1 . i1 +nN-—1 ~

or, equivalently,

(A.33)

mT — nN = {]1+TLN—1J — Vl_lJ .

L L
We can write j; = kL + 7; with some k € N and j; € [1: L] and simplify (A.33) as follows:

T — N — kL + 7 +nN-1 7 kL +751—1
L L
jl‘l‘ﬂN—l jl—l
A A S S I A
1 el R
@{WLNAJ (A.34)

Here, (a) holds because j; —1 < L and thus [(71 —1)/L] = 0. We will next show that the
right-hand side of (A.34) is zero, by establishing the following chain of inequalities:

0<

Vl +ZN_1J @ Vl +"2N_1J 9 {TN;”J © {gcd(jﬂv, N)— H — gcd(T,N) — 1.

(A.35)
Here, (a) holds because 71 < ji, (b) holds because j; +nN = j, < TN, and (c) holds
because TN = ged(T, N)L [Hardy and Wright, 1975, Th. 52] (here, ged(+,+) denotes the
greatest common divisor). Note now that gcd(f, N) divides the left-hand side of (A.34) and,
hence, also the right-hand side. But by (A.35), the right-hand side of (A.34) is an element of
[0:ged(T, N) — 1]. Hence, it must be zero, and thus (A.34) becomes

(A.36)

T — N — {WN—lJ _o.

L

Therefore, 71 + nIN—1 < L. Since nN < 1 + nN —1, we obtain n/N < L. Furthermore,
by (A.36), we have that mT = nN. Thus, nN is a common multiple of T and N that is less
than the least (positive) common multiple. Therefore, n = 0 and, hence, j; = j1 + nN = ja.
We have thus shown that 3(j1) = (B(j2) implies j; = jo, which means that 3 is one-to-one.
Since the domain of 3, [1: T'N], and its codomain, [1: T x [1: N], are finite and of the same

3Recall that we defined a mod* b 2 a — b|(a — 1)/b] to be the residuum of a divided by b in [1: ] (and not in
[0:b — 1] as commonly done).
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cardinality (namely, TN ), we conclude that 3 is also bijective. O

We will now prove the individual properties stated in Lemma A.4.

A.4.2 Proof of Property (i)

We first show that /82’ﬂ—1(t) is one-to-one, i.e., if B2(j1) = B2(j2) for j1,72 € Bfl(t) then
1

j1 = jo. To this end, let j1, jo € Bl_l(t) (i.e., B1(j1) = B1(j2) = t) and assume that B2(j1) =

B2(j2) = i. Then B(j1) = B(j2) = (t 7). Since B is one-to-one by Lemma A.6, we conclude

that j; = jo. Hence, (32 is one-to-one. Furthermore, since 61_1(75) N[l:¥g] C Bl_l(t), we

have (cf. (A.18))

‘ﬁfl(t)

P = [B2(B7(t) N [1:0R])| = |87 (2) N [1:9g]| (A37)

fort e [1: f] To conclude the proof, we will use the following basic lemma.

Lemma A.7 The sets {Bl_l(t)}te[l:ﬂ form a partition of the domain [1:T'N] of A1, i.e.,
B N B =0, fort,t’ € [1:T) with ¢ # ¢/ (A.38)
and
U 87t =[1:TN]. (A.39)
tE[l:T]

Proof. This lemma follows from the definition of a function, i.e., the fact that §; maps every

element in the domain to exactly one element in the codomain. O

By Lemma A.7, we obtain

S Pl =" ST BN N 19|

te[1:7) te[1:7)

( U ﬁll(t))ﬁ[liﬁ}z]
te[1:7)

1:fN] N [1:193”

= min{TN,9g}. (A.40)

(A.38)

(A.39) ‘ [

Since N > TQ, we have that ¥ = max{T,RTQ — (R—T)N} = max{T,TN — R(N —
f@)} <TN. Combining this with (A.40), we conclude that

> P =g,

te[1:T)
A.4.3 Proof of Property (ii)

We will make use of the following lemma.
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Lemma A.8 Let p,q € N with p < ¢q. Then

Hj €lp+1:q]: (j—i—a)mod*b:c}‘ < F];p—‘

forall a,b,c € Nwithb > 2,¢>1,and c < b.

Proof. We prove Lemma A.8 by contradiction. Assume

|{j€ [p—i—l:q]:(j—l—a)mod*b:cH > [q;p_‘ 2 4.

Thus, the set {j € [p+1:q] : (j +a)mod* b = c} contains at least d + 1 elements {diYienidas)s
i.e., there exist at least d + 1 distinct elements j; € [p + 1: ¢| satisfying (j; + a) mod™ b = c.
Hence, there exist distinct k; € N, 7 € [1:d + 1] such that

jita=c+kbelp+1:q. (A.41)

Assume, without loss of generality, that k; < k;;1 for i € [1:d]. Because k; € N, we obtain
ki < k;+1 — 1 and thus, iteratively, k1 < kg — 1 < k3 — 2 < .- -, and finally

ki < kgyr —d. (A.42)

Hence,

A42) q—p
b

. . (A4 (
Jiv1 — 1 = kayb—Fkib= (kg1 —k1)b > db=|——|b>q—p
which contradicts ji, jar1 € [p+ 1:¢]. O

To prove Property (ii), we first establish an upper bound on 9. We have that

RTQ—(R-T)N=(R-T)TQ— (R—T)N +T2Q

=(R—T)(TQ - N)+T°Q
e —

——
>0 <0
<T%Q
and, hence,
9r = max{T,RTQ — (R—T)N} < T?Q. (A.43)

To bound the size of the sets Py, we use (A.37) and the definition of 31 to conclude that

Pl = |{j € [1:9R] : B1(4) = t}]

:Hje[l:ﬂR]:(jJrV;J)mod*fzt}’. (A44)
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Choose m € N such that (m — 1)L < 9r < mL. We can partition the set [1:19r] as follows:
[1:9g] = ( U [nL+1:(n+ 1)L]> U[(m—1)L+1:95]. (A.45)
n€0:m—2]

Note that the intervals [nL +1: (n+1)L],n € [0:m — 2] and [(m — 1)L + 1 : Y] in (A.45)

are disjoint and satisfy

V_lJ _ forje [nL+1:(n+1)L] (A.46)
1

L forj e [(m—1)L+1:9g].
Thus, using (A.45) and (A.46) in (A.44), we obtain

Pl= > |{ienL+1:(n+1)L]:(j+n)mod T =t}|
ne(0:m—2]
+{je[m-1)L+1:9g]:(j+m—1)mod" T =t}|. (A47)

By Lemma A.8, we have

' : mod* T = L
{ije[nL+1:(n+1)L]:(j+n)mod" T =t}| < [l = (A.48)
and
{5 € [(m—1)L+1:98]:(j +m—1)mod* T = t}| < PR(Tl)ﬂ (A.49)

Thus, inserting (A.48) and (A.49) into (A.47), we obtain

i < (m—l);+ PR(@DLW

T
- |7
T
we[re)
T
= TQ

where (a) holds because L/T € N (recall that L = lem(T', N)).

A.4.4 Proof of Property (iii)

To prove Properties (iii)—(v), we calculate the difference ¥p_1 — 9. Because we assumed that
R<[T(N—1)/(N—TQ)],wehave R —1 < T(N — 1)/(N — TQ). This is easily verified
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to be equivalent to (R — 1)7Q — (R — 1 — T)N > T.. Hence, using (A.16),

Op_1 = max{T,(R—1)TQ — (R—1-T)N}
= (R—1)TQ—(R—1—-T)N. (A.50)

Thus, we have

Ip-1—9r=(R—1)TQ—(R—1—T)N —max{T,RTQ — (R—T)N}
=RTQ— (R—T)N+ N —TQ —max{T,RTQ — (R—T)N}
=N -TQ - max{T — (RTQ — (R~ T)N),0}
=N-TQ -~ (A.51)

where v was defined in (A.22). Furthermore, by (3.29), y < N — fQ and thus (A.51) implies
Yr_1 —Ur > 0. (A.52)

We are now ready to prove Property (iii). From the definitions P; = [ (ﬁf "yn:o R])
in (A.18) and Py 2 Bo (871 (t)N[1:0,_1]) in (A.19), it follows that £; = P, \ P; (recall (A.20))

can be written as

L= BBy t) N [1:9p-1]) \ B (B (1) N [1:0R))

@ 8o((87(6) N [L:9R1 )\ (B7(8) N [1:9))
= Bo (B () N [IR + 1:9Rr1]) (A.53)

where (a) holds because 3, is one-to-one (see Section A.4.2). Since S2(j) = jmod* N,

}Bf ()
the function s is one-to-one on every set consisting of up to N consecutive integers. In partic-
ular, (A.52) and (A.51) imply that ‘[193 +1 :19R_1H =91 —9g=N—-TQ — ~ and hence
ﬁQ‘[ﬁRH:ﬁR—ﬂ is one-to-one. Because by Lemma A.7 the sets Bl_l(f), tell: f] are pairwise
disjoint, we conclude that the sets 3,1 (t) N [9g + 1:9p_1], t € [L:T] are pairwise disjoint too.

Hence, by (A.53) and because 32 ‘[ is one-to-one, the sets £, are pairwise disjoint.

Yr+1:9R 1]

A.4.5 Proof of Property (iv)
By (A.53), we have

Lo =B2(B () N[R +1:9p-1]) € Ba([L:0R1]) - (A54)
Hence, it remains to prove that

Ba([1:9r_1]) C[1: N —~]. (A.55)
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Recall that we assumed R < [T(N — 1)/(N — TQ)]. f R < [T(N — 1)/(N — TQ)], then
R < T(N—1)/(N—=TQ) (because R € N), which implies RN —(RTQ+TN —T) < 0; hence,
it follows from the definition of y in (A.22) that v = 0. In this case, it follows from the definition
of B3 in (A.17), i.e., B2(j) = jmod* N for j € [1: TN], that (A.55) is trivially true. For the
complementary case R = [T(N —1)/(N — T'Q)], we note that RN — (RTQ +TN —T) > 0
and hence, using the definition of « in (A.22),

N—~ = N—(RN—RTQ—-TN +T)
RIQ—(R—1—T)N-T
> (R—-1DTQ—-(R—1-T)N

Dy

Thus, [1:9r_1] C [1: N — ] and, further, S2([1: Vp-1]) C B2([1: N —~]) = [1: N — 1],
i.e., (A.55) is again true. Combining (A.54) and (A.55) concludes the proof that £; C [1: N —~].

A.4.6 Proof of Property (v)

We have
EY
te[1:T]
201 BB N9k + 1:9R-1])

te[1:T]

2 @( U (511@)0[193“;?931]))

te[1:T]

@(( U Bll(t)> N[Wr+ 1:7931]>
te[1:T]
(A39)

=" Bo([Vr + 1:9r_1]) (A.56)

—

where (a) holds because 35 is one-to-one on every set consisting of up to N consecutive integers.
Thus, Z‘ = ‘62([193 +1 :193_1])‘ =9g_1—Ug A3 N _ TQ — ~. Furthermore, Property (iv)
implies that the set £ is a subset of [1 : N — 4], and hence we obtain for the size of G = [1 :

N-A\L

Gl = |[1:N =4\ L| =N —y = (N -TQ—~) =TQ.
Thus, we can partition G as G = re[1:7] G, with disjoint G; of size () each. We have thus shown
the existence of sets G; satisfying (v-a), (v-b), and (v-d).

It remains to show (v-c), i.e., that we can choose {G; } te] such that each G; has a nonempty

I:T]
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intersection with P;. Because (32 is one-to-one on sets of up to /V consecutive integers and

Ipa—(Or—T)E"N-TQ -7 +T=N-—4-T(@Q-1)<N 4

we obtain that 35 ’ o is one-to-one. Thus,

r—T+1:0p_1]

ﬁQ([?ﬁ‘R — f—i— 1:193]) N 62([193 + 1:193_1]) = 62([193 — T—i— 1:193] N [193 + 1:@3_1])
Ba(0)
0

(A.57)
Inserting (A.56) into (A.57), we obtain
Bo(Wr — T+ 1:9p)NL=10. (A.58)

By the fact that [ — T + 1:95] C [1:9z_1] and (A.55), we have that 5([9 — T + 1:95]) C
B2([1:9r-1]) C [1: N — +]. Hence, (A.58) implies that

Bo(Wr —T +1:95)) C[1:N —~]\L=G.

Thus, we identified T elements Bo (9 — T +1), B2(9r —T +2), ..., B2(9g) in the set G, which
will now be used to construct the sets G;. We will show that we can assign a different index

tell: T | to each of these T elements such that the element with index ¢ belongs to P;, i.e.,
Bo([9r — T+ 1:9g])) = {g1,- .., 97}, withg, € Pp,t € [1:7]. (A59)

The desired sets G; are then obtained by assigning g; to G;, for t € [1 :T ]. Thus, recalling that
|G¢| = Q, Gy consists of g, € P; and ) — 1 additional elements taken from the set G \ Sa([9r —
T’ +1:9 R])

In order to prove (A.59), we distinguish two cases.
CasenL ¢ [9p — T + 1:95 — 1] foralln € N

In this case, there exists m € N such that mL < ¥ — T and (m + 1)L > Y. Thus, for all
j€[Wr—T+1:95], we have

j—1 Op—T mL|
) e e o
and i~ 1 9 (m+1)L
J— R m B
{L JﬂLJg{L J—m+1. (A61)

Combining (A.60) and (A.61), we obtain that the offset in (A.17) satisfies |(j — 1)/L| = m for

all j € [9r — T + 1:9g]. Thus, we have 3 = (j + m) mod* T, which implies

‘[191{—’1:-"—1:19}{} (‘7)
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that 81 ([9r — T + 1:95]) = [1:T]. Hence, we can write

W —T+1:0g) = {ji....jz}, wherej, € B (t) fort € [1:T).
We then obtain

Bo([Wr — T+ 1:08]) = {B2(j1)s - .., B2(jz)}

and assign the indices ¢ € [1 : T | according to g; = f2(7:). By construction, we have both

gt = BQ(jt) S BQ(B;I(t)) and gy = 52(%) S BQ([’ﬂR — T—l— 1:’[9R]) - BQ([lZ’ﬂR]), so that we
also have

9t € Ba(BT (W) N [1:9R]) = Py

(recall (A.18)). Thus, our choice of the g; satisfies (A.59).

CasenL € [9gr — T + 1:95 — 1] for somen € N
We first note that

Bo([0p — T + 1:9g]) = Ba([9r — T + 1:nL]) U Bo([nL + 1: 9g))

(@) Ba2([Ir T+ 1:nL])UBy([nL — L+ 1:9r — L))

= Ba(Wr =T+ 1:nL])UBs([(n— )L +1:9p — L])  (A62)
where (a) holds because (recall that L = lem (7', N) is a multiple of V)
Ba(j) = jmod* N = (j — L) mod* N = B(j — L)
for j > L. We will next calculate the offset | (j —1)/L] in (A.17) for j belonging to either of the

intervals in the arguments in (A.62), i.e.,j € [Jg — T +1:nL]orj € [(n —1)L+1: 95 — LJ.
Note that

nLe[Wp—T+1:95 —1] (A.63)
and
L>T. (A.64)
Thus, we have
(A.63) (A.64) ~
(n—1)L=nL—-L < 9p—L < V9p-T (A.65)
and
(A.63) ~ (A.64)
9rp < nL+T < (n+1)L. (A.66)
~ (A.65)

For j € [193—f+1:nL},weobtainthatj—1 >9p—T > (n—1)Landj—1<nL-1.
Hence,n — 1 < (j — 1)/L < n and further

V;}J:n—L forje [0p—T + 1:nL]. (A.67)
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(A66)
Similarly, for j € [(n—1)L+1:9gr—L],weobtain j—1 <Jdp—L—-1 < (n+1)L—L—-1=

nL—1landj—1> (n—1)L. Thus,n —1 < (5 — 1)/L < n and further

VZlJ:n—l, forje[(n—1)L+1:9p—L]. (A.68)

Combining (A.67) and (A.68), we conclude that the offset in (A.17) satisfies

V—LlJ =n—1, forje[p—T+1l:nl]U[(n-1)L+1:0r—L].  (A69)

Let us next consider 3; on the sets [9g — T + 1:nL] and [(n — 1)L + 1: ¥ — L]. We obtain

Bi([Wr — T + 1:nL])
= {k=510)= 0+~ D/L))mod" T : j € Wr — T + 1:nL]}
A = B() =G +n—1)mod* T : j € g — T+ 1:nL]}
= {k=jmod*T:j € [Wp—T+n:nL+n—1]}

W (ke [1:7): Im € Nsuchthat b+ mT € [0g — T +n:nl +n— 1]} (A70)
where (a) holds because k = j mod* T is equivalent to j = k+mT for some m € N. Similarly,

Bi([(n—1)L+1:9g — L))
= {k=50G)=G+1G-1)/L))mod*T:j € [(n—1)L+1: 95— L]}
Nk =p1() = (G +n-Dmod* T : j €[(n—1)L+1:9p — L]}
= {k=jmod*T:je[(n—1)L+n:0r—L+n—1]}
= {ke€[1:T]: 3m & Nsuchthatk + mT € [(n — 1)L +n: g — L +n —1]}

@ (ke[1:7): Im e Nsuchthat b+ mT € [nL +n: 9g +n—1]}  (AT])

where (a) holds because a shift of the interval by L (which is a multiple of T) can be compensated

by choosing a different m € N. Combining (A.70) and (A.71), we obtain

Bl([ﬁR—TV—I— L:nL]U[(n — 1)L +1: 9g — L])
={ke [1:T] : 3m € N such that
k+mT e [ﬂR—Tv+n:nL+n—1]U[nL+n:§R+n—1]}
={ke[1:T]:3m € Nsuchthatk + mT € [9g — T +n:9p +n — 1]}
@ .7 (A72)

where (a) holds because [0 — T + n: ¥ +n — 1] is an interval of length T and thus for every
k € [1:T] we can find an m € N such that k + mT € [9g — T + n: 95 +n — 1]. Similarly to
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the previous case, (A.72) allows us to write

Wr—T+1:nL)U[(n—1)L+1:9p — L] = {}1,...,J5}
where j; € 8 (t) for t € [1:T]. By (A.62), we then obtain

Bo([0r — T +1:9g]) = Bo([9r — T+ 1:nL] U[(n— 1)L+ 1: 95 — L))
={B2(01), .-, B2007)} -

By the same arguments as in the previous case, we find that assigning g, = 52(J;) satisfies (A.59).
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Appendix B

Proofs of Part 11

B.1 Proof of Lemma 6.3

We first assume m > 1; the case m = 0 will be considered separately.

B.1.1 Casem >1

By Definition 6.2, there exist Lipschitz functions f; and bounded sets .A; C R™ such that

A" (5\ U fk(Ak)> =0. (B.1)

keN

Proof of Property 1: We first note that D\ J,.c fx(Ax) € €\Upen fr(Ar) and thus, by the
monotonicity of measures, ™ (D\ Upen fr(Ak)) < ™ (E\Upen fr(Ax)) = 0. Therefore,
by Definition 6.2, D is m-rectifiable.

Proof of Property 2: We have to show that R is the countable union of sets of finite .7 |¢

measure. We have

RM — U fk(Ak) U (RM\ U fk(.Ak>) . (B.2)

keN keN

Thus, if we can show that all sets on the right-hand side of (B.2) have finite .7 |¢ measure, we
can conclude that 77" |¢ is o-finite. To this end, we first consider the sets fx(Ay). We have for
all k e N

A" e (fr(Ar)) <A™ (fr(Ar))
(Lip(f))"Z"™ (Ar)

00 (B.3)

A
INe

A
N

where (a) holds because of [Ambrosio et al., 2000, Prop. 2.49(iv)] and (b) holds because bound-

119
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ed sets have finite Lebesgue measure. Furthermore,

%m\g@M\ U fk(Ak)> =" (8\ U fk(Ak>> =0 (B.4)
keN keN
where (B.1) was used. Hence, by (B.3) and (B.4), all sets on the right-hand side of (B.2) have

finite 5" | measure, which concludes the proof of Property 2.

Proof of Property 3: We consider the Lipschitz functions ¢ o fr. We have that ¢(E) \
Uren @(f5(Ax)) € ¢(E \ Ugen fx(Ak)). Thus, we obtain

o <¢<5>\ U ¢><fk<Ak>>) <A <¢ (5\ U fk<«4k>)>

keN keN

< (Lip(g)mem (5\ U fk<Ak>)

keN

=

=0

where (a) holds because of [Ambrosio et al., 2000, Prop. 2.49(iv)]. Thus, by Definition 6.2, with
the sets A, and the Lipschitz functions ¢ o f, the set ¢(€) is m-rectifiable.

Proof of Property 4: By the o-subadditivity of 7" [Ambrosio et al., 2000, Def. 1.2], we
have

() < (0 U A ) + 50 A (D). ®5)

keN keN

To prove Property 4, i.e., () = 0, it suffices to show that all the terms on the right-hand
side of (B.5) are zero. We have

A AD) € Win(F)" (A 2 o

where (a) holds because of [Ambrosio et al., 2000, Prop. 2.49(iv)] and (b) holds because the
Hausdorff measure 7" is identically zero on R™ [Ambrosio et al., 2000, Prop. 2.49(ii)]. Fur-
thermore, by [Ambrosio et al., 2000, Prop. 2.49(iii)], ™ (5 \ Uren fk(Ak)) = 0 (see (B.1))
implies 2™ (£ \ Uyen fe(Ak)) = 0. Thus, all the terms on the right-hand side of (B.5) are zero
and Property 4 holds.

Proof of Property 5: We have to show that there exists Lipschitz functions g, and bounded

sets BBy such that
%m<U5i\Ugg(Bg)> =0. (B.6)

€N leN

Now because &; is m-rectifiable for each ¢ € N, there exist Lipschitz functions f,gi) and bounded
sets Ag) C R™ such that

ar(en U a0 ) =o

keN
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for each ¢ € N. Thus,

an(Jen U i) < o (e U 0m)) -o.

€N 1,keN 1€EN keN

This implies that (B.6) is satisfied (with g, = f,gi) and B, = A,(j)), and thus (J;c & is m-
rectifiable.
Proof of Property 6: We have to show that there exist Lipschitz functions fj;, and bounded
sets Ay, such that
A (RM\ U fk(Ak)> =0. (B.7)
keN
We choose each fi = idgm, i.e., equal to the identity on R™ (which is obviously Lipschitz

continuous). Furthermore, we set Ay = B;(0). We obtain

U £ (Ax) = [ Br(0) =R™

keN keN

and, hence, (B.7) holds.

B.1.2 Casem =0

Recall that a O-rectifiable set is countable and .7° is the counting measure. Property 1 follows
because each subset of a countable set is countable. Property 2 holds because the counting
measure of a countable set is o-finite. Property 3 holds because the image of a countable set
under any function is again countable. Property 4 can be shown as follows. By [Ambrosio et al.,
2000, Prop. 2.49(iii)], every finite set .4 has Hausdorff measure 77" (A) = 0 for n > 0. By
the o-additivity of Hausdorff measures, this also holds for countable sets. Finally, Property 5

follows because the countable union of countable sets is again countable.

B.2 Proof of Lemma 6.5

We consider an arbitrary version of the Radon-Nikodym derivative ddi“ that is .72 -measur-

%m|g
able. Thus, the set

pe <dc;i\s>_l({o}) N {S e dc;/;\s(s) N 0}

is #’™-measurable. We set £ £ £ \ D = £ N D¢ and note that £ is, as the intersection of the
2™-measurable sets £ and D¢, again 7" -measurable. Thus, by Property 1 in Lemma 6.3, the

set £ C & is m-rectifiable. We have for any p-measurable set B

dp
(B) B dH™|¢ |
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dp
_ %m
/Bme dA™|e

(a) du
dz7m
Br& dA™|g
dp
= m B.8
/ dA™|e 427 (B5)

where (a) holds because dj%ﬂg —0onDandE\E = E\(E\D) = EN(ENDO)E =
EN(ECUD)=ENDCD.
Proof of Property 1: By (B.8), ™ |z(B ) = 0 implies u(B) = 0, i.e., we have u < ™ |5.
Proof of Property 2: Again, by (B.8), & /fm is a version of the Radon Nikodym derivative

du du du
dr)i”’"|£~’ ’d%m\g = |z

Proof of Property 3: Because M;liﬁl'g > 0 on D¢ and £ C D¢, we also have % >0
z A

H™| z-almost everywhere.

™ | z-almost everywhere.

B.3 Proof of Theorem 6.11

Proof of Statement 1: Let x be O-rectifiable with support £, i.e., ux~! < #9|¢ for a O-rectifiable
set £. Recall that a O-rectifiable set £ is by definition countable, i.e., € = {x; : i € Z} fora
countable index set Z. By (6.13), Pr{x € £} = 1, which implies that x is a discrete random

variable. Finally,

(@) = Prix = a;} < ix 7 ({a})

duxt (a) dux— (6.10)
- [ e@antle@ @ ) P e

where (a) holds because . is the counting measure.

Conversely, let x be a discrete random variable taking on the values x;, « € Z. We set
£ 2 {x; : i € T}, which is countable and, thus, O-rectifiable. Because £ includes all possible
values of x, we have Pr{x € £¢} = ux~1(£¢) = 0. For A C RM, the measure 7#°|¢(.A) counts
the number of points in A that also belong to €. Thus, for any set A such that s#|¢(A) = 0,
we obtain that A N & = () and hence A C £°. This implies ux~1(A) < ux~1(€¢) = 0. Thus,
we showed that ux~1(A) = 0 for any set A with s#°|¢(A) = 0, i.e., ux~! < #9|¢. Hence, x
is O-rectifiable.

Proof of Statement 2: Let x be M-rectifiable on RM, ie., ux=! < #M|¢ for an M-
rectifiable set £. Because M is equal to the Lebesgue measure .2, we obtain ux~! <
M| < M Thus, by the Radon-Nikodym theorem, there exists the Radon-Nikodym deriva-
tive fy = % satisfying Pr{x € A} = [, fx(z ) d.ZM (z) for any measurable A C RY  ie.,
x is a continuous random variable. By (6.10), 82 = f, M _almost everywhere.

Conversely, let x be a continuous random variable on R with probability density function
fx. For ameasurable set A C RM satisfying M (A) = 0, we obtain ux 1 (A) = Pr{x € A} =
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S fx(x) dZM () = 0. Thus, we have ux ' < £ Because LM = M = Mg, this
is equivalent to ux~! < M |par. Because, by Property 6 in Lemma 6.3 RM is M -rectifiable,
it follows from Definition 6.9 that x is an M -rectifiable random variable.

B.4 Proof of Theorem 6.16

We first note that the set ¢(€) is m-rectifiable because £ is m-rectifiable and because of Prop-
erty 3 in Lemma 6.3. To prove that y is m-rectifiable, we will show that uy ! < 7 ™| (&)~ For

a measurable set A C RM | we have

py ' (A) = Pr{g(x) € A}
= Pr{xe ¢ '(A)}

61 / 0 () dA™¢ ()
o-1(A)

) (@) )
- /.. mgf¢<y>f¢( ) Ax)

(a) 0 (o~ (y)) m
- /W(g) SEo i) W)

_ [ K@) 4 em
_[4/¢< {8 e 1) (B.9)

Here, (a) holds because of the generalized area formula [Ambrosio et al., 2000, Th. 2.91], and
¢~ p(E) — £ is well defined because ¢ is one-to-one on £. For a measurable set A C RM
satisfying 7™ 4g)(A) = 0, (B.9) implies puy ' (A) = 0, i.e., uy ™! < ™| 4g). Thus, y is an

m-rectifiable random variable.

By (B.9), H.01 W) (oincides with the Radon-Nikodym derivative —% " and th
y (B.9), mcomm es with the Radon-Nikodym derivative Ty AN thus, we

0 (o ' (y)  duy! (6.10)

obtain

FE ) ey T W) B0
H™| 4(e)-almost everywhere. We conclude
B (y) = — /¢ A AOREA
(B.10) 03 (¢~ (y)) o 03 (¢~ (y)) m
T Jae FEG ) (/¢< ) 4 w)
(@) b (@) |, (O (@) ) ™ (o
N Ch </¢<x>>/¢( Jax @)

/Hm )log 07 (x) A2 (x /9 log/%( x)dA™ (x)
= §™(x) + Ex[log 7 (x)]
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where (a) holds because of the generalized area formula [Ambrosio et al., 2000, Th. 2.91].

B.5 Proof of Lemma 7.2

We first prove product-compatibility of £ and £ under the individual Conditions 1-3 for the
case mi, ma > 1. Subsequently, we will prove that £ and £; are always product-compatible if
m1 = 0, which covers all cases where at least one random variable is discrete.

By [Federer, 1969, Th. 3.2.23], Condition 1 implies that £, and £; are product-compatible.

To prove product-compatibility under Condition 2, we first construct a sequence of mutually
disjoint sets gl(k) whose union equals that of the sets Sl(k), ie., Uren gl(k) = Uken El(k). Let
gp) £ 51(1) and define inductively gl(k) £ El(k) \ Ut gl(l) for k > 2. All sets gl(k) are Borel
sets and 77" (gl(k)) < ™ (El(k)). Similarly, we construct a sequence of mutually disjoint
Borel sets 5;” by defining 52(1) £ 551) and gQ(Z) £ 82“) \UZ) ENQ(Z) for £ > 2. Recall that
JE (é'{k)) < 00, which implies

A (ERY < i (EP) < 00 (B.11)

Furthermore, recall that 52(@ = ¢¢(Ay) with Lipschitz functions ¢;: R™2 — RM2 and bounded
sets Ay € R™2, Thus, 52@) C ¢¢(Ag), which implies 52(6) = ¢y (.Ag N qb[l(gy))). By (B.11)
and because the set Ay N qbg_l (55“) is bounded, the sets gl(k) and 8~2(é)
Condition 1 and we obtain (cf. (7.3))

satisfy the assumptions in

pmtme |§£k) I |§1(k> X JM? |§§E> ) (B.12)

B =
We then have for any measurable sets B; C RM1 and By C RM2

%m1+m2|61><£2(61 % 52) — %m1+m2

~—~

(Bl X Bz) N (51 X 52))

(By x By) N ( e < U 55“))
(By x By) N < UERESY é;‘”))
)

(By x Ba) N < U (gik) X 52(6))
k,fEN

= ppmitme

= pprmitme

= pprmtme

N -~/ N~

_ %"‘MQ( U (8 x By (Y X5§@)>>

k,teN

@ Z pmatme ((Bl x By) N (5’1(’“) X 52(6)))
k0N

— m1+ma2
= k%:N%ﬂ g g (Br % Ba)
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(B.12) " "
= Z (% 1’£~§k) X S 2’g§g))(81><l32)
k(€N
= S (BN &) (Byn EY)
k(€N

_ (Z%ml (B, mE{'f))) <Z%m2 (B2 55“))

keN leN
— ™ <61 Y é’“{k)) A <82 nU 5;“)
keN ¢eN
= ™ (81 N 51) %mQ(BQ N 52)
= A" e, (Br) A e, (B2)
where (a) holds by the o-additivity of measures and the disjointness of the sets gl(k) X 52(8).
By the uniqueness of the product measure of o-finite measures, we obtain JZ™T"2|¢ L o =

H g, X ™2 |g,. Hence, according to Definition 7.1, £; and &; are product-compatible.

Condition 3 is a special case of Condition 2. Because mg = My, we can simply choose the
¢ in Condition 2 as the identity on R2 and A, = & N B,(0), i.e., the intersection of & with
spheres of radius ¢ centered at 0. We then obtain 52(5) £ ¢o(Ap) = Ay and, further, | reN 52(6) =
Uren Ae = E2. Because each A, is bounded and Séz) is Borel (being the intersection of the
Borel sets £ and B,(0)), all assumptions in Condition 2 are satisfied and, thus, & and & are

product-compatible.

Finally, we turn to Condition 4, i.e., the case m; = 0. Let By x By C RM1+M2 pe 3 Borel
rectangle. Because for m; = 0 the set & is countable (see Definition 6.2), the set B; N &;

is countable and a sum B,ne, @z With nonnegative summands az is always well defined.
Furthermore, (By x B2) N (€1 x &2) = Ugzep,ne, ({2} x (B2 N &y)). Thus,

A g xey (Br x Ba) = A ((By x Ba) N (&1 x &2))

_ jfm( U ({x}x(Bgﬁ&))>

xeB1NEL

—

2 Z M2 ({m} X (BQ N 52))

xeBINEL

® S (BN &)

xeB1NEL

= Z ‘%ﬂm2‘52(32)

xeB1NEL

S 0, (By) A7 e, (By)

N

where (a) holds by the o-additivity of the Hausdorff measure, (b) holds because the Hausdorff
measure does not depend on the ambient space [Ambrosio et al., 2000, Remark 2.48], and (¢)

holds because 7 is the counting measure and thus #°|¢, (B;) equals the number of ele-
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ments in By N &;. By the uniqueness of the product measure of o-finite measures, we obtain
A2 g e, = AV, x A ™2|g,, which is (7.3) for my = 0.

B.6 Proof of Lemma 7.3

We consider the cases m; = mo = 0; my,mge > 1; and m; = 0, me > 1 separately (due to
symmetry, it is not necessary to consider the case mg = 0, m; > 1).

Case m1 = mo = 0: By Definition 6.2, the sets £&; and & are countable. Because the
product of countable sets is countable, the set &1 x &3 is countable, i.e., O-rectifiable.

Case m1, mo > 1: By Definition 6.2, there exist bounded sets .4; C R™* and B, C R™2
and Lipschitz functions ¢y, : A, — RM1 and ¢: By — RM2 for k, ¢ € N, satisfying

S (51\ U ¢k(-Ak)) =0 (B.13)
keN
and
A (62\ U w<6e)> =0 (B.14)
LeN

respectively. The sets A x By C R™ T2 are again bounded and the functions (¢, ¥¢): Ax X

By — RMi+Mz are Lipschitz. Furthermore, we have

Y e ((51 x &)\ U (Dk, Vo) (Ap x Bz))

k,teN

= ppmitme <(51 x &)\ ( U ée(4r) x W(Bf)>>

keN LeN

@ s ((5 (20U M@))) U ((a\ J or)) » 5))
¢eN keN

< gpmiTme <51 x (52\ U W(&z))) + ((51 U d’k(Ak)) x 52)

£eN keN

© e (&) (52 U wusg)) o™ (51 U ¢k<Ak>> H™(E)

LeN keN

9y

where (a) holds because for arbitrary sets Fi, Fa, F3, Fu
in X.Fé)\ LFE X.Fﬁ):: C?i X (]ﬁ \.Fﬁ))LJ((]a,\.Fé) X.Fé)

(b) holds because &£ and & are product-compatible (see (7.4)), and (c) is obtained by inserting
(B.13) and (B.14). Thus, according to Definition 6.2, £ x &; is (m + my)-rectifiable.
Case m; = 0, mg > 1: Because & is countable, the product £ x &> is simply the countable
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union
&1 x & = U{w}xé’g.
xel
Here, each set {x} x &5 is, by Property 3 in Lemma 6.3, mo-rectifiable because it is the Lips-
chitz image of the mo-rectifiable set £ under the embedding ¢, : RM2 — RMi+M2 g (4) =
(x,y). Thus, & x & is the countable union of mo-rectifiable sets and, hence, by Property 5 in

Lemma 6.3, again mo-rectifiable.

B.7 Proof of Theorem 7.4
Proof of Property 1: We first show that for any j(x, y) ~'-measurable set A C RM1+Mz
pix,y)7H(A) = Pr{(x,y) € A} = /A@Q“ ()03 (y) dA™ "2 ey (®,y) . (B.1S)

To this end, we first consider the rectangles A; x As with A; C RM: ™1 _measurable and
Ay C RM2 ™2 _measurable. We have

Pr{(x,y) € A; x Az} @ Pr{x € A;} Pr{y € Ay}

D[ @ armi@ [ gewar

2

U / O ()02 () (™ e, X A5, (@)
.A1 ><A2

9@ e e wy) B16)
A1 x Az

where (a) holds because x and y are independent, (b) holds by Fubini’s theorem, and (c¢) holds
because £; and & are product-compatible (see (7.3)). Because the rectangles generate the
(x,y) " '-measurable sets, (B.16) implies (B.15). For a y(x, y) ~'-measurable set A C RM1 M2
satisfying ™1 T™2 | o o (A) = 0, (B.15) implies p(x,y) 1 (A) = 0, and thus, p(x,y)"! <
S |&, x&,- Furthermore, since & is m-rectifiable and &; is mo-rectifiable, it follows from
Lemma 7.3 that & X & is (my + my)-rectifiable. Thus, according to Definition 6.9, (x,y) is an

(mq + mg)-rectifiable random variable.

Proof of Property 2: Again by (B.15), we see that ;" 6{"* is equal to the Radon-Nikodym
ati du(xy) " du(x,y) ! _ gmatm
derivative TP e On the other hand, by (6.10), e 0 (x}y) (x,y)
A E2 | g,-almost everywhere. Therefore, 65" (x)6y*(y) equals the Hausdorff density
0m1+m2
(x,y)

0% (x)0y* (y) and 0?;1;{”"”2 (x,y) are both zero, and thus equal, 51 T2-almost everywhere

on (&1 x &)°. Hence, 97&1;)””2 (x,y) = 0, ()02 (y) s™ T"2-almost everywhere.

Proof of Property 3: According to Property 7 in Corollary 6.10, we have to show that

(x,y) HA™ T2 e o, -almost everywhere. Moreover, by Property 4 in Corollary 6.10,
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0m1 +ma2

(xy) (z,y) > 0 ™ T2 almost everywhere on & X &, i.e., that the set

N & {(z.y) € & x & : 0" (x,y) = 0} (B.17)

has 7™ 12 _measure zero.

Because & is a support of x, we have )" (x) > 0 "™ -almost everywhere on £;. Thus,
the set N7 € R on which 67" (x) = 0 must have an intersection with & of "1 -measure
zero, i.e.,

A e (NM1) =0 with N7 £ {z € & : 0" (z) =0} . (B.18)

Along the same lines, we obtain
A e, (N2) =0 with Ny £ {y € & : 6] (y) = 0}. (B.19)

Because, by (7.5), 9&”;;"‘2 (x,y) = 0" (x)03* (y), each (x,y) € N satisfies either ;" (x) =
Oor 6y (y) = 0,ie., (x,y) € N1 x&Eor (x,y) € &1 xNa. Thus, N C (N7 x E2) U (E1 x Na),

and we conclude

AMEM(N) < A2 (NG x E) U (€ x M)

(a)
< L%am1+m2<N1 X 52) _’_%mﬁrmz(gl XNQ)

b
O 1) (V) A2 5, (E2) + H™ |, (E1) 72 e, (N2)

© 0 (B.20)

where (a) holds by the subadditivity of measures, (b) holds because £; and & are product-
compatible (see (7.4)), and (c) holds because 7 |, (N7) = 0 and 2 |¢,(N3) = 0.

Proof of Property 4: We have

h™t™2 (x,y)

12)
20 T ) )
1

—
S
N

- / 0 ()00 () log (6 ()8 (1)) AA™ ™2 e, (. y)
RMp+M,

—
=
=

—/ 0 ()0 (y) log (0 (2)052 () d(A™ g, x H™2|e,) (. y)
RM1+Msg
= —/ / 0 ()62 () (log 0" () + log % (y)) dA™ |, () ™, (y)
RM2 JRM1
= - /R 0 (@) log 0 () dA™ g, () —/ 072 (y) log 072 (y) dA™ ¢, (y)
1

RMo
b™ (%) + 5™ (y).-

—
3]
~

—~
=

(6.16)

Here, (a) holds because of (7.5), (b) holds because &£ and & are product-compatible, (c)



B.8. PROOF OF THEOREM 7.6 129

holds by Fubini’s theorem, and (d) holds because, by (6.13), [, 07" () dS#™ ¢ () =
f]RMQ d,}fm2’52( ) =1.

B.8 Proof of Theorem 7.6

We will use the generalized coarea formula [Federer, 1969, Th. 3.2.22] several times in our
proofs. Unfortunately, the classical version only holds for sets of finite Hausdorff measure.

Thus, we first present adaptation that is suited to our setting.

Theorem B.1 Let £ C RMi+Mz pe an m-rectifiable set. Furthermore, let £ £ py(€) C
RM2 be my-rectifiable, 522 (&) < oo, and /pgy # 0 . |c-almost everywhere. Assume that
g: & — Ris an J#""-measurable function satisfying either of the following properties:

(i) g(x,y) > 0 #™-almost everywhere

(i) [elg(z, y)|dA™ (x,y) < oo

Then for all .7 -measurable sets .A; C RM1 and .7#™2-measurable sets Ay C RM2,

/ g(w,y) dA" (@,y) = / ( / M dspm—m (m))d%m ()
(A1 XAQ)ﬁg AsNés Aq NEW) /py (CC, y)
(B.21)

where £W) £ {2 € RM1 : (x,y) € £}. Furthermore, the set A; N EW) is (m — my)-rectifiable
for #™2-almost every y € RMz,

Proof. By Property 2in Lemma 6.3, 7™ |¢ is o-finite. Thus, we can partition £ as £ = | J;c Fi
with mutually disjoint sets F; satisfying J#™(F;) < oo. For A; C RMt j#™ _measurable and

Ay C RM2 zm2_measurable, we have

/ o, y) ™ (1, y)
(A1 xA2)NE

/ o, y) A" (x, y)
€N (A1 xA2)N

(a) 9(z,y’) _ /
(@ LA™ (x,y )>da%”m2(y)
/AQHSQ </A1><A2)ﬂpy1({y})ﬂ]-'i JE(x,y)

(B.22)

where (a) holds by the classical version of the general coarea formula [Federer, 1969, Th. 3.2.22]
(note that £ and F; have finite Hausdorff measure) and because /pgy # 0 .| c-almost ev-
erywhere. If (i) holds, then by Fubini’s theorem, we can change the order of integration and
summation in (B.22). If (ii) holds, we will apply Lebesgue’s theorem of dominated conver-

gence [Ambrosio et al., 2000, Th. 1.21] to swap integration and summation. To this end, we
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have to show that the functions

g(:c y,) - /
——=— A" (x,y')
Z /Al ><A2)ﬂpy {y} ﬂf /py (:D Yy )

are absolutely bounded by an .7#"2| 4,n¢,-integrable function. By the triangle inequality, we

obtain

|fN ‘<Z/A |g(w,y),| d%mfmz(a:?y/)

1< Az)Npy  ({y}NF jpf(m’ Y )

l9(z,y")| _ ,
< AL T A (2, y) (B.23)
%\; / (A xAz)nwy  ({upnF: A(EY)

We claim that the right-hand side of (B.23) is an integrable function. Indeed, we have

E T, ' m—m m
/ < / » Md% 2(m7y/)>d% 2(y)
A0 €N ('Ale?)mpy ({y})ﬂ]—'l j)ﬁ'y (CU, Yy )

lg(z,y')| _ / )
= d" " (x,y') |dAT(y
Z//420€2 (/(‘A1><.A2)ﬁpy1({y})ﬂ}—i /pf(mvy/) ( ) ( )

1€N

Z/A gl@,y)| 4™ (x,y)

ieN 1xA2) ﬁ]'—l

—
S
N

—~
=
=

- / 9, )| dA™ (@, y)
(A1 xA2)NE

< /g 9@, y)| ™ (@, y)
(¢)

< 00

where (a) holds by Fubini’s theorem, (b) holds by the general coarea formula [Federer, 1969,
Th. 3.2.22], and (¢) holds due to (ii).

Therefore, in either of the cases (i) or (ii), we can swap summation and integration on the
right-hand side of (B.22). We thus obtain

/ o, y) dA™ (@, y)
(./41 ><./42)

foelX
9z y) A" (g, y’)>d<%”m2 (v)

€N
/.AQQ(SQ (A1xAz2) ﬁpy {yhne /Py (:D y)

(J
(a) /A . ( I@Y) g s (z, y’)) A (y)
(/

(A1 x Az) mpy (yhre F (@, y)
AQQ@Q

g($ay/) - ’
— 2 d" " (2, y ))djf””(y)
/(.A1 XAQ)OP;I({y} NF; /pf ($, y/)

=

) m—mso m2
- /,,ymy) % ())d% )
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where (a) holds because 3y’ = y for all (z,y’) € p; ' ({y}). and (b) holds because the Haus-
dorff measure does not depend on the ambient space [Ambrosio et al., 2000, Remark 2.48], i.e
integration with respect to .22 on the affine subspace p, ' ({y}) C RM1+Mz2 apd on RM
coincide. Thus, we have shown (B.21).

By [Federer, 1969, Th. 3.2.22], the sets p, ' ({g}) N F; are (m — mg)-rectifiable for 72"-
almost every y € RM2. By Property 5 in Lemma 6.3, also the union Uien py_l({y}) NnNF =
py L({y}) NE is (m — my)-rectifiable for .7#™2-almost every y € RM2. The Lipschitz mapping
px: RMiAMz2 s RM1 1y (2 4) = x satisfies

px(py '({yH) NE) = {z e RYM s (2,9) e py ' ({y}) N €}
={zcRM : (z,y) &}
— )

Thus, £®) is obtained via a Lipschitz mapping from the set py_l({y}) N &, which is (m — ma)-
rectifiable for .7#™2-almost every y € RM2. Therefore, by Property 3 in Lemma 6.3, £¥)
is again (m — mey)-rectifiable for .7#™2-almost every y € RM2. Finally, by Property 1 in
Lemma 6.3, the same is true for A; N EW). O

We now proceed to the proof of Theorem 7.6.
Proof of Property 1: We have for any #"™2-measurable set A C RM2

py ' (A) = Pr{y € A}
= Pr{(x,y) € RM x A}

- / o (@, y) dA™ (@, y)
(RM1 x A)NE
07 (T, Y)
(a) / (x,y) .Y m—m ) m
= I g2 () | dom2 (y
Aﬂgg( cw JE(x,y) (=) W)

- /A (/g@ Z;pyy)(my) A (@ )>d=%”m2\52(y) (B.24)

where in (a) we used (B.21) with g(z,y) = 0lx, y)( ,y) > 0. For an .7""?-measurable set
A satisfying 2|z (A) = 0, (B.24) implies py LA =0, ie, py ! < A2\ g . Thus,
according to Definition 6.9, y is mq-rectifiable.

Proof of Property 2: By Property 6 in Corollary 6.10 and because uy ! < #™2| & there
exists a support &y C &, of the random variable y

Proof of Property 3: Again by (B.24), [+, - Uy (@:9)

I @)
;Tﬂl By (6.10), d%)mQ‘I equals 6)"2(y). This implies (7.12).
Proof of Property 4: Similar to (B. 24) we obtain

ds#™ "2 (x) is the Radon-Nikodym

derivative

b2 (y) = — / 072 (y) log 0772 () A.A™ (3)

&
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(7.12) / ( / . ng:((w’ )) dsm ™ (x >)

xlog( /g y H;pr)(( 5) A2 (& )) ds™ (y)

:‘/ (/gu» ﬁ%y)f ’.3))

oy ()W A (@) ) A @) A )
S —/50&3,)(36,@ log (/g(g) W djfm_m(@) dA™ (x,y)

where in (a) we used (B.21) with A; = RM1, A4y = RM2, and

Oty (T, Y)
— m (xy) V72 m—ms (5
g(x,y) =20 m,ylog(/ — ds#7 2a3>.

(Here, g(x,y) is #™|c-integrable by assumption, i.e., Condition (ii) in Theorem B.1 is satis-
fied.) Thus, (7.13) holds.

B.9 Proof of Theorem 7.8

Proof of Property 1: We have for any .7#%-measurable set A C RM>
py '(A) = Pr{y € A}
= Pr{(x,y) € RM x A}

-/ O (2, ) A (2, )
(RM1 x A) Y

a

—
N

/ 0 () A ()
(RM1x A)N(E1xE2) ’

N /]RMl A 9?;3;;"12 (m’ y) dsgmime ‘51 x & (:E, y)

®) mi1+m m m
:/RMl Ae(xvl;)r M, y) A gy x AT e, ) (2, y)

O ([ o anm @) armsw (B.25)
A g o7

where (a) holds because, by the product-compatibility of x and y, £ C & x & and be-
cause, by Property 4 in Corollary 6.10, 022};;’”2 (x,y) is zero for ™ T2 almost all (x,y) €
£°¢, (b) holds because & and & are product-compatible, and (¢) holds by Fubini’s theorem.
By (B.25), fSl Hmﬁm? (x,y)d™ (x) is the Radon-Nikodym derivative %, which,

by (6.10), equals 9”“( ). This implies (7.15).
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Proof of Property 2: Similar to (B.25), we obtain

b2 (y) = — /g 072 (y) log 077 () A.A™ (3)

(715)_ mi+m m
2oL @)

<log ([ oz @) @)

- _ 9m1+m2 x,y
L (L ey

<o [ oy ))arm @) arm )

(a / m1-+m
D[ gmmigy
e e, oy (@)

 log ( /5 O (3, y) dA™ (& >) A(A™ g, x A™e,) (@, y)
1

~

b m m m m m m m
:_/5 O 2(w,y)log</6 o (&, y) A (@ )) A2 (g )
1Xc2 1

O Loyon ([ g @ wan @) armey)

—~
=

—

where (a) holds by Fubini’s theorem, (b) holds because & and & are product-compatible, and
(c) holds because, by the product-compatibility of x and y, £ C &; x &2 and because, by Prop-
erty 4 in Corollary 6.10, Gzl;)rmg(ac, y) = 0 for ™12 almost all (x,y) € £°. Thus, (7.16)
holds.

B.10 Proof of Theorem 7.9
Proof of Property 1: Let Ay C RM and Ay C RM2 be Borel sets. Then

Pr{(x,y) € A; x As} "2 >/A Pr{x € A; |y =y} duy ()
2

@ /A Prix € A |y = y} 00" () AA™ e, (y)
2

G /,4 Prixe Ay |y =y} 0 (y) d™ | (y)  (B26)

where (a) holds because, by (6.10), 6" is equal to the Radon-Nikodym derivative J fm;‘g and
(b) holds because, by Property 4 in Corollary 6.10, 62 (y) = 0 for 7#2-almost all y € £5. On
the other hand, we have

Pr{(xy) € A x Ay} = o (2,y) A7 (2, y)
(.Al XAQ)ﬁg
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a 00 (T, y
(:)/ B (/ ( 7?( ) dapm—m2 (x)>d%m2 (y)
An& \JAnew Zp, (T, Y)
Oy (@ Y)
(x,y) ’ m—m. m
= —=d7 2($)>d,%” 2|z (y) (B.27)
/.»42 (/AHTS(?/) /pgy(:nuy) €2
where in (a) we used (B.21) with g(x,y) = 07"

x y)(m, y) > 0. Combining (B.26) and (B.27), we
obtain that for /22| g,-almost every y and every ™ -measurable set A; C RM!

m

07\ (x,y)
Prixe A |y =y} 0 (y) = /A ()

2T g () (B.28)
1NEW) jpgy (IB, y)

Because (B.28) holds for .72 | gg—almost every y and & C &, (B.28) also holds for 5#"2|¢, -
almost every y. Furthermore, because & is a support of y, we have 072 (y) > 0 J72|g,-
almost everywhere. Thus, we obtain for /#"2|¢,-almost every y and every ¢ -measurable
set A; C RM

Pr{xe Aj|ly=y} = — d" "2 (x
xedly=9}=] 0 Ty im) (=)
07 (T, )
(<) A2 () (B.29)

" A y) 07 (y)

Therefore, Pr{x € |y = y} < " ™2|.,. By Theorem B.1, the set £¥) is (m — ma)-
rectifiable for J#"2|¢,-almost every y. Hence, according to Definition 6.9, (x|y = y) is (m —

mg)-rectifiable for 7#""2|¢,-almost every y.

_ o™ (,
Proof of Property 2: By (B.29), Z;iix_emgy‘:ﬁ = T ((;YL()Z;ZQ @) for J2|¢,-almost every
¢ y b
y. Furthermore, by (6.10), dbr{xe-ly=y} _ gm—m2 Hence, we see that (7.23) holds.

dATTT2 (xly=y)
Proof of Property 3: By (6.17), we have

ey =) = = [ (@) g 07 (@) ).

The result (7.24) then follows by (7.23).

B.11 Proof of Theorem 7.10

Proof of Property 1: Let Ay C RM and Ay C RM2 be Borel sets. Then

(7.22

Pr{(x,y) € Ay x Ag} "2 )/,4 Pr{x € A |y =y} duy ' (3)

@/A Pr{x € Ay |y =y} 05 (y) 47" |e,(y) (B.30)
2
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where (a) holds because, by (6.10), 0y'? is equal to the Radon-Nikodym derivative %. On
« 2
the other hand, we have

PI‘{(X, y) € Al X A2} = 0?;1;)”)12 (ma y) d%mri—mg (wa y)
(.A1 ><.A2)I"15 ’

—

a

N

/ O (2, ) A ()
(A1 xA2)N(E1xE2) ’

1 X A2

b) m m m m
O amir @y A s < ) @)
.A1><.A2

9 ([ g armia @)t e
As Al ’

where (a) holds because, by the product-compatibility of x and y, £ C & X & and because,
by Property 4 in Corollary 6.10, Gzzly')”@ (z,y) = 0 for ™ +™2_almost all (x,y) € &, (b)
holds because &; and &, are product-compatible, and (¢) holds by Fubini’s theorem. Combining

(B.30) and (B.31), we obtain that for .7#2|¢,-almost every y and every Borel set A; C RM1
Prix e Ay =) = [ 00" @) s ().
1

Because &, is a support of y, we have 02 (y) > 0 72 |¢,-almost everywhere. Thus, we obtain

for J#™2|¢,-almost every y and every Borel set A4; C RM1
mi+mg

0(x7y) (m? y)
4 57 (Y)

Therefore, Pr{x € - |y = y} < #"™|¢,. The set & is m;-rectifiable and thus, according to

Pr{xe A1 |ly=y} = dA" g, () . (B.32)

Definition 6.9, (x| y = y) is m;-rectifiable for 7#""2|¢,-almost every y.
dPr{xe-|y=y} _ Oy @)

Proof of Property 2: By (B.32), P s for 2| ¢,-almost every y.
dA™ gy by (y) 2
Furthermore, by (6.10), %’1‘?{:74} = Gg‘l‘yzy). Hence, we see that (7.25) holds.

Proof of Property 3: By (6.17), we have
57 (xly = ) = = [ 0y (@) lor 0, (o) A (@),
1

The result (7.26) then follows by (7.25).

B.12 Proof of Theorem 7.12

Starting from (7.27), we have

h™m2 (x| y) = /g 072 () 52 (x |y = ) dA(y)
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(7é4)_/ emz(y)</ 97&’)’)(:1:7y)
£ cw FE(x,y) 07 (y)
egzy)(way)

Edbrmrre

Oty (T, Y)

N ‘/52 </¢~<y> };yf)@,j)
« log< iz (@ 9) : )) d%me(x)>d%m2(y)

JE(x,y) 0y (y

_ / o (@, y) log </pgy o (y)> dA™(x,y)
. /ny) .y (1 g<0(97,32(( ) )> —log/pf(w,y)> A" (x,y)

0 gy (X:¥)
©.12) (x,y)\ %
Exy) [10?; (M)] +Exy) [log /pgy (x.y)]

—
S
Nai

where in (a) we used (B.21) with A; = RM1, A4y = RM2, and

9m (a:? y)
(xy)
| . )1 — ) B.33
9(93 y) - 6( 7y)(ﬂ y) g </p5y(w,y) 9y Q(y)) ( )

(Here, g(x,y) is #™|c-integrable by assumption, i.e., Condition (ii) in Theorem B.1 is satis-
fied.) Thus, (7.28) holds.

B.13 Proof of Theorem 7.13

By the product-compatibility of x and y, we have a support £ of x, a support & of y, and a
support £ C &1 x & of (x,y) . Starting from (7.27) with m = m; + ma, we obtain

h™ (x]y) = . 0y (y) h™ (x|y = y) dA™ (y)
2
Oy " (@ y) 00" (. y)
(7.26) m (x,y) ’ (x,y) ’ m m
= — 92y</ = log< - )dji”lw)djf?y
5w, ) 5w @ )4
[ ([ e wios (o0 ey Yy
= - x T, Yy)log | — o T Y
& (x,y) 002 (y)
prtme
@ — m1+ms (—(a:,y) my mo
N /R]L41+1\/I2 H(XN) (z,y) log < Hmz (,y d(s# ‘51 X A |52)(m,y)
0) Oy (2, y)

- /RM1+MQ 92;171;;7”2 (@.y)log <(X9mz(y> AT e xes (@, Y)
y

_/9m1+m2($ y) log ( Z:’ly—;mQ(w,y)) dmtm (g y)
g oY) ’ Oy (y) ’

—~
8}
~
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€12 -E [ log < szvlyJ)er (x,y) ) ]
(x,y) 3;712 (y)

where (a) holds by Fubini’s theorem, (b) holds because £; and & are product-compatible, and
(c) holds because £ C &; x & and because, by Property 4 in Corollary 6.10, 9?;71;;"12 (z,y) =0
for ™1+ ™2 almost all (x,y) € £°. Thus, (7.29) holds.

B.14 Proof of Theorem 7.18

1 -1

We first note that the product measure pux™ can be interpreted as the joint measure of

X py
independent random variables x and y, where x has the same distribution as x and y has the same
distribution as y. Because x is m-rectifiable and y is mo-rectifiable, the same holds for x and
y, respectively. Furthermore, the Hausdorff densities satisfy 67" (x) = 6" (x) and 9;”2 (y) =
6y*?(y). By Properties 1-3 in Theorem 7.4, the joint random variable (x,y) is (m1 + ma2)-
rectifiable with (mq + my)-dimensional Hausdorff density

O™ (0, y) = 65" ()65 (y) = 6" ()67 (y) (B.34)

and support & x &;. The rectifiability of (x,y) with support & x & implies that the measure

pux—1t x py~tis (my + me)-rectifiable and
pxt <o py Tt < M2 o e (B.35)

Proof of Statement 1 (case m = mq + my): For any measurable set A C RM1+M2 e have

u(x,y)~ <A>(“” / m () A5z, )

/ 9()( y) T y d%m|81><52(m7 y)

®) 9(x )( ) mi mg m
Y e @ @) A e .1)

Oy (@, Y)
(B-_34) (x,y) ’ m m
= /tmemg()@(i,y)(w»y)d% lex&s (2, Y)

c) (x _ _
/ 9m1 y 9m2 (y) d(,ux x uy 1)(53, y)- (B.36)
Here, (a) holds because £ C &; x & and because, by Property 4 in Corollary 6.10, 0?; v) (x,y) =

0 on &¢, (b) holds because 65" (x)0y"(y) > 0 on & X &, and (c) holds because, by (6.10),

o) = % H™ ¢, xe,-almost everywhere. By (B.36), we obtain that u(x,y) ™! <
) 1X

pux~1 x py~! with Radon-Nikodym derivative

0(';")’) (x7 y) )
<" (z)0y" (y)

du(x,y) ™
d(px=t x py~

y(@v) = (B.37)
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Inserting (B.37) into (7.43) yields

0 vy (T, )
I(x;y) = / log <(y>> du(x,y) (z,y)
RM1+Mg

X" (z)0y* (y)
0y (@, y)
©10) [ ym (xy)\*7 m
= log | Zm 7 oma B.
P (X,Y)(m’y) 0g (9?1 (mw;ﬂz (,y)> A" (x,y) (B.38)

which is (7.44). Furthermore, we can rewrite (B.38) as

0% ) (@, y)
) 612 e
Tixy) = E(”)[log (9”(;)9;"(1/))]

= Epxy)llogtg ) (x,¥)] = Eqxy log 65" (x)] — Ex,y)[log 65" (y)]
= —h"(x,y) — Ex[log 65" (x)] — Ey[log 65" (y)]
= —b"(x,y) +H"™ (x) + b (y) (B.39)

which is (7.45).
Finally, we obtain (7.46) by inserting (7.36) into (B.39). The second expression in (7.46) is

obtained by symmetry.

Proof of Statement 2 (case m < m1 + mg): We first show that uu(x,y) ™! < ux=1 x py~='
To this end, we assume that u(x,y) ™! < pux=! x py=?
(B.35), we have pu(x,y) ™! < ux=t x py~! < s#m™tm2|o o . By Property 4 in Lemma 6.3
and because m; + mg > m, we obtain S 1T2(E) = 0, and thus, "1 T2|¢ e, (E) <
At m2(£) = 0. On the other hand, u(x,y)~!(£) = 1. Thus, we have a contradiction to

u(x,y)~t < ™Mo o Hence, p(x,y) "t € ux—t x puy~!and, by (7.43), I(x;y) = oo.

and will obtain a contradiction. Using

B.15 Proof of Theorem 7.22

Property 1 follows immediately from Lemma 7.20. Indeed, because of (7.50), equation (7.49)
can be rewritten as

lim Pr{xp., ¢ A™} =0.

n—oo

This implies that there exists ng € N such that Pr{x;., € Aé")} > 1— 4, for all n > nyg.

We will next prove Property 2. For x1., € Ag"), it follows from (7.50) that
1 n
—— logb*(z;) —h™(x) < e
ni
which implies

exp (Zlogez(n(wz)) > efn(hm(x)+€)

i=1
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or equivalently

ICOE
=1

We have

1> Pr{xy, € Agn)}

= nm
B /Agm Ot ) (L, - -

)d%ﬂnm\gn(ml, ce ,acn)

(1.6) oy
. A<n><ﬂex (@)
€ =1

(B.40)

(b))

&) dF en (21, - -

> / €O AR e (@)

= ¢ " )FE) g, (Ag"))

(;) e—n(hm(x)Jrs)%nM(Agn))

where (a) holds because A,§") C &". The inequality (B.41) is equivalent to (7.51).

It remains to prove Property 3. For x1., € Aén), it follows from (7.50) that

1 n
—— > log (i) — b (x) > —¢
=1

which implies

ﬂ 0 (i) <
i=1

(™ ()—2)

) Tn)
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(B.40)

(B.41)

(B.42)

By Property 1, there exists ng € N such that Pr{x;., € A[(:-n)} > 1 — ¢ for all n > ng. Thus, we

have for n > ng

1-6< Pr{xl;n S Agn)}

- [4(”) 9&?...,%)(%1, .
(7.6) n .
- /A<n> ( H 05" (a;)

i=1
(B.42)

)d,%””m\gn(asl, ce ,CCn)

2 / R P PAC TR
ALY

= e )=E) g o, (AN

—

where (a) holds because A™ C gn. The inequality (B.43) is equivalent to (7.52).

2 e—n(hm(x)—s)%nm(Agn))

L) A | en (221, - .

, Tn)

(B.43)
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B.16 Proof of Lemma 8.2

We will use two alternative characterizations of the Kullback-Leibler divergence Dy (1) be-
tween probability measures ; and v on RM . Usually, the Kullback-Leibler divergence is defined
by [Kullback and Leibler, 1951]

duy .
N log(m)dum ifp<y
Dy (pllv) £ /R ay®)) ) (B.44)

00 else.

By the Gelfand-Yaglom-Perez theorem [Gray, 1990, Lem. 5.2.3], this definition coincides with
the following: Let 93 denote the set of all finite, measurable partitions of RV, i.e., for Q =
{A1,..., An} € ‘B the sets A; are mutually disjoint and measurable and satisfy vazl A =
RM . Then

Dy (ullv) = sup > pu(A)log (M) : (B.45)

QeP 4o v(A)
For our setting, we have to generalize the equivalence of the definitions (B.44) and (B.45) to mea-
sures v that are not necessarily probability measures. Although the Kullback-Leibler divergence
is usually defined only for probability measures, we will use (B.44) to define the Kullback-
Leibler divergence Dk (14||v) for an arbitrary finite measure . Based on this definition, we then

obtain again the expression (B.45):

Lemma B.2 Let ;1 be a probability measure and v be a finite measure on RV | i.e., v(RM) <

kL(pl|v) = sup Z A) log < Ej;) . (B.46)

QP Aen

o0o. Then

Proof. We consider the cases ;1 < v and 1 € v separately.

Case ;1 <& v: In this case, there exists a set Ag such that u(Ap) > 0 and v(Ap) = 0. We
then choose the partition Q¢ = {Ao, A§} and obtain

s 3 s (557 ) = 32 wcayios ()

= 1(Ao) < jg; + p(AS) log <“(A5)>

which coincides with Dgy (u1]|v) according to (B.44).

Case ;1 < v: We first note that v(RM) # 0. Indeed, assuming v(R™) = 0 would imply
p(RM) = 0 due to the absolute continuity ;1 < v. This is a contradiction since we assumed that

1 is a probability measure, i.e., u(RM) = 1.
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The measure © defined by 7(A) £ v(A)/v(RM) is a probability measure and, by (B.45),

Dxr(pl|2) = sup Z log< Ej§>

AGQ
v M
= sup Y p(A)log (W)

— sup < > u(A)logv(®Y) + > pu(A)log (l:(ﬁ))

@ log v(RM) + gup Z w(A)log <u> (B.47)

where (a) holds because Y- 4.q 11(A) = p(RM) = 1 for all Q € P. On the other hand, by
(B.44), we have

Deuul?) = [ 105 (@) duto

= log v(RM) + Dy (u||v) . (B.48)

Here, (a) holds because g“ = gﬁ fiiZ and d” = v(RM), and (b) holds because [;y du(z) =
w(RM) = 1. Combining (B.47) and (B.48), we obtain

(«4)) M
] A)l — log V(R D . B.49
og V(R +31€11%A§eg og( " og V(R™) + Dxr(p|lv) (B.49)

Here, log v(RM) is finite because v/(R*) is nonzero and finite. Therefore, (B.49) implies (B.46).
O

We now proceed to the proof of Lemma 8.2. For an m-rectifiable random variable x with
support & satisfying 7™ (E) < oo, we can rewrite the m-dimensional entropy h™(x) using
(B.46). To this end, we first note that h"™(x) can be interpreted as a negative Kullback-Leibler

divergence with respect to the Hausdorff measure 77" |¢. Starting from (6.16), we obtain
(0 =~ [ | 1og6'(@) dux ! (@)
RM

(6.10) dpux1 )
A0

/. og( : %m,g@)) dy ()
B.44 _ m
2 _ Dy (x| ™ e)
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Here, for the last step, we used that £ is a support of x, which implies ux~! < J#™|¢ (see
Definition 6.9). By (B.46), we thus obtain

x—1
h™(x) = — sup Z px 1 (A)log (M) . (B.50)

Because px~1(£¢) = 0 and ™ |¢(£°) = 0, we have for all Q € L

-1 ) i HANE)
J%;]MX (A)log <%m|g.»4> %ux (ANE)log <<7fm|g(./405)>
(A log [ L2 A).
=2 ) os ()

where 9 2 {.A NE:AeQ} e m&f}oo. Hence, the supremum in (B.50) does not change if we
replace B by ‘Bm o0, and thus,

_ “1(A)
m(x) = — LA (“X(> . B.51
b™ (x) Q:;%wg)ﬂx (A)log A (B.51)

Swapping minus sign and supremum in (B.51), we obtain

"(x)= in - x ! o LI(A)

0= int 3 iAo (2 ) .
- m - x! og pux ! x~ 1 oo ™
N Qemiw < AEG;Q# (A) log ux(A) +A§€;3“ (A)log 2 |5(A)>
- Qelq?a (H([X]Q) + %};“X—l(«“) log «%”mls(A)> : (B.53)

Here, (B.52) is (8.2) and (B.53) is (8.3).

B.17 Proof of Theorem 8.3

B.17.1 Proof of Lower Bound (8.4)

LetQ € ‘B;?(S be an (m, d)-partition of £ according to Definition 8.1, i.e., Q = {A1,..., An}
where 7" (A;) < §foralli € {1,...,N} and Ufil A; = £. Note that 9 also belongs to
q3$,f?oo. Then, starting from (8.3), we obtain

o=t () = S Ao 710
N
< (o) + 3 ! (4 log 27 e(A)

i=1
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(a)
)+ Z px (A logd

Y H(Xq) + logd

where (a) holds because .72 |¢(A;) < & and (b) holds because SV | ux—1(A;) = ux"1(€) =
1. Multiplying by 1d e, we have equivalently

(5™ (x) —logd)lde < H([x]q)lde. (B.54)

By (8.1), we have
H([X]Q) lde < L*([X]Q). (B.55)

Combining (B.54) and (B.55), we obtain
(57 (x) — log 8) lde < L*(x]a)

which implies (8.4).

B.17.2 Proof of Upper Bound (8.5)

We first state two preliminary results.

Lemma B.3 Let x be an m-rectifiable random variable with m > 1 and support £ satisfying
HA™(E) < oo. Furthermore, let Q = {Ay,..., An} € ‘Bmoo satisfy 2™ |¢(A;) # 0 for
i € {1,...,N}. Let A; be the disjoint union of A; 1,..., Ak, ie. A = U5, A;; and
Ay N A; j, = 0 for ji # jo. Finally, let Q = {A11,..., A1y, ANy -« - s AN gy |- Then

=3 x (A log (;;mk 2 > Z x~H(A) log (%) (B.56)

Aeq

Proof. The inequality (B.56) can be written as

N e oo (XA Rt LA Vog [ X (As)
Z“ gnor (5 ) > 2.2 eon ( Zr 3% )

Therefore, it suffices to show that
MEORWR x!(As)
(A 1o <M(> <5 (A ) o <Ma>
2 ( ) g %mlf(Az) jz::l:u ( J) g %m‘g(/li,j)

fori € {1,...,N}. This latter inequality follows from the log sum inequality [Cover and
Thomas, 2006, Th. 2.7.1]. UJ
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Lemma B.4 Let x be an m-rectifiable random variable with m > 1 and support £ satisfying
JM(E) < oo. For e > 0 there exists a partition Q € ‘B,(n,i)oo such that 77 |¢(A) # 0 for

A€ Qand _1(.,4)
> — “1(A)1 ( pX ) - B.57
¥> = 2 A St ) ~ g (B3

Proof. By (8.2), there exists a partition 9 = {A1,..., An} € ‘Bm o such that

x)>— 3 ux M (A)log (2%5(2)) - 2136 . (B.58)
Ae

If ™| c(A;) # 0fori € {1,..., N} weare done. Otherwise, assume without loss of generality
that 7™ |¢(A;) = 0fori € {k+1,...,N}, and #™|c(A;) # 0fori € {1,...,k}. Because
pux~t < Mg, we also have ux"1(A;) = Ofori € {k+1,...,N}. We define Q =
{A1 U Ufikﬂ A, As, . ,Ak}. Note that 57" |¢(A) > 0 for A € Q. Furthermore,

_ <1 o px(A)
2 mxA)] ¢ (Fmeen)
N —1 N
_ ! N 1oe [ % (A1 UL A)
= —pu (.AlU.U A’>lg<%mlg(«41UUfV_k+lAi)>

i=k+1
px ' (A)
- Z“" Ai)log (%ﬂm\gw)

@ () log (jfmg ) ) ;ux (A:) log (W)
23ty ()
=Y (A log (M) (B.59)

AeQ

where (a) holds because

Mx_1<A1 U ij Ai> = ux (A1) +,ux_1< L]j Ai\Al) = ux1 (A1)

i=k+1 i=k+1

=0

and

N N
amle( a0 U ) =omis(an + e A A =)
i=k+1 i=k+1
=0
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and (b) holds because ux~1(A;) = 0fori € {k+1,..., N}. Inserting (B.59) into (B.58) results
in (B.57).

O]

We now proceed to the proof of (8.5). Let Q = {A;,..., Ax} € mﬁf?oo satisfy (B.57) and
™| (A;) # 0 (which exists due to Lemma B.4). Furthermore, let ¢’ = 5=

21de.Wedeﬁne

5.2 (1—e) ie{?}%} e (A) (B.60)

which is nonzero because J#™|¢(A;) # 0. For 6 € (0,0.), we partition each set A; into
’ijmléé‘(-Ai)—‘

disjoint subsets A; ; of equal Hausdorff measure, i.e.,

T e (A;
A" e(Aij) = ls(A:)

Vi”’"ls(fli)" '
5
Using the shorthand notation J; 5 = %, we obtain

Ji
:%pm|g(¢4m‘) = 7’55 <.

B.61
sl (B.61)

Let us denote by Q; the partition of £ containing all sets 4; ;. Then (B.61) implies Qs € ‘337(5 )5
Furthermore,

F™| e (A;
%mL‘J(Ai,j) _ |5( )

 [Jis]

i

 [Jis] ’

_ [Jis] — ([Jis] — Jis) 5
[Jis]

()

(a) 1
1— ) B.62
Z ( w) (5.62)

where (a) holds because [J; 5] — J; 5 < 1. We can bound [J; 5] as

[Jis] > A e(Ai)  Ae(Ai) oo

%m’g(Ai) S 1
0 Oc (1 —e ) mingepr, vy " e(Ar) — 1—e
(B.63)
Inserting (B.63) into (B.62), we obtain for all sets A; ; € Qs

1 /
H e (Aij) > (1 - — )5 e cd. (B.64)
1—e—¢
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Combining our results yields

@5 . px 1 (A) ) ,
m(x) > — X Alog< —€
70" 3w (Ao (5
®50 A
>—Z,ux1 log(m>—6
i e (A)
-1
B Z px(A) log <,ux 6,(;4)> g
AeQs
= = > px M(A)log (ux(A)) + (logd — ') Y px(A) — ¢
AeQs AeQs
@ _ Z pux 1 (A)log (ux_l(A)) +logd — 2¢’
AeQs

= H([x]a,) + logd — 2¢’

(i) L*([X]Qa) —1

e +logd — 2¢ (B.65)

where (a) holds because > 4, pux~(A) = px~1(€) = 1 and (b) holds by the second inequal-
ity in (8.1). Finally, rewriting (B.65) (recall &’ =57 de) gives

L*([x]q,) < bh™(x)lde —logdlde+1+¢

which is (8.5).

B.18 Proof of Lemma 8.6

Because ™ (x) is finite and does not depend on s, it is sufficient to show lims_,+, sD+logy(s) =

00. We have

sD—i—log’y(s)(géz)sD—i—log( sup /eSd(w’y) d%”m(a:)>
yeRM J&

) sup sD + log </e_8d(m’y) d%”"%:c))
&

—
S

yeR]\/f

= sup log< / —sd(@y) d%”m(a:)>
yGRJW

= sup log< V) A (x )>
yERJM g

®)

> sup log D=d@y)) 7™ (x)
yERM SOBD/Q

©

> sup log</ e djfm( )>
yERNI SOBD/Q
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D
= s—+ sup log " (ENBo(y)) (B.66)

2 yeRM 2
where (a) holds because log is a monotonically increasing function, (b) holds because exp is
a positive function, and (c) holds because d(x,y)) < D/2 for all x € Bp(y). Because

2
pux~1(E) = 1 (see (6.13)) the absolute continuity ux~! < ™ |¢ implies 7#™(E) > 0. Thus,
there exists a y € RM such that § £ 7™ (€ N Bp(y)) > 0. Hence, by (B.66),
2

D
sD + log~(s) > sE—i—logé.

This yields for any K > 0
sD +log~(s) > K .

for s > % —logd, i.e., limg_,o0 sD + logy(s) = cc.

B.19 Proof of Theorem 8.9

Consider the source x as specified in Theorem 8.9. By the source coding theorem [Gray, 1990,
Th. 11.4.1], every code for x with expected distortion D must have a rate! greater than or equal to
R(D). Thus, if we can find an encoding function f: R? — {1,...,n} and a decoding function
g: {1,...,n} — R? such that E,[||lx — g(f(x)||?] < D, then the rate, logn, must satisfy
logn > R(D).

We directly design the composed function ¢,, £ go f. Because x has probability zero outside
S1, we only have to define g, on the unit circle. Furthermore, because f maps « to a set of at
most n distinct values, ¢, = g o f can also attain at most n distinct values. We define ¢,, to map
each circle segment defined by an angle interval [i2Z, (i + 1)27), i € {0,...,n — 1}, onto one
associated “center” point, which is not constrained to lie on the unit circle. To this end, we only
have to consider the circle segment defined by {x = (cos ¢ sin$)T : ¢ € [~7/n,n/n)} since
the problem is invariant under rotations. Because of symmetry, we choose the “center” associated
)t )t

with this segment to be some point (21 0)7, i.e., gn(x) = (x1 0)T for all z = (cos ¢ sin ¢

with ¢ € [—7/n,m/n). The expected distortion is then obtained as

2 1 2
Ex[[[x = ¢n(x)]?] :/0 o (:?jj) - %((Zij)) 10
n [T/n cos ¢ 21\ ||?
R (Siw) - (0> “
w/n
— % o ((cos ¢ — x1)* + sin® ¢) d¢

'Because we use the natural logarithm, the rate is measured in nats, i.e., the rate is defined using the natural
logarithm. Furthermore, we do not code several symbols at once (i.e., we do not use a block code), but code only
one symbol at a time. Thus the rate, which is number of nats used per source symbol is simply the logarithm of the
number of codewords.
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n w/n
= (1+x%—2:1:1cos¢>) do
™ J—n/n
2
14220 n T (B.67)
n

Minimizing the expected distortion with respect to x; gives the optimum value of x; as

x] = —sin —. (B.68)
T on

The corresponding quantization function will be denoted by ¢. Inserting (B.68) into (B.67)

yields D(n) in (8.26):
n s 2 n s 2
1+ (sin) —2(sin>
™ n ™ n

D(n).

Ex[[Ix — ¢, (x)II°]

Thus, we found a code with expected distortion D(n). The rate of this code is log n. Hence, the

inequality (8.25) is satisfied.



List of Abbreviations

CSI channel state information
MIMO multiple-input multiple-output
SNR  signal-to-noise ratio

SIMO single-input multiple-output
SISO  single-input single-output

RD rate-distortion
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